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ABSTRACT

Topics in High-Dimensional Data Analysis

With the advancement of technologies, high-dimensional data have become more and
more popular. One aspect of these data is that each subject often contains many features
and has a possibly complicated intrinsic structure. It has motivated enormous research to
tackle these challenges. This dissertation works on three different but related problems.
Two of them are rooted in functional data, an extreme case of high-dimensional data,
where each subject is a smooth curve and has infinite many values. For the third problem,
we analyze the bootstrap method in the context of high-dimensional principal component
analysis (PCA).

In the first proportion of this dissertation, we discuss the scalar-on-function linear
regression model in the sparse observation case and propose two methods to estimate
the linear relationship. This also leads to a new framework for prediction with sparse
functional covariates. Rates of convergence in estimation and prediction are established
for both approaches.

Next, we look at the emerging field of applying modern deep learning to functional
data. We focus on both regression and classification tasks with functional input and finite
(possible non-linear) index relations. The new methodology learns to apply parsimonious
dimension reduction to functional inputs and focus only on information relevant to the
target rather than irrelevant variation in the input function in an end-to-end fashion,
removing the manual selection of principal components in classical solutions.

Lastly, we turn to the bootstrap method and analyze how well it can approximate
the joint distribution of the leading eigenvalues of the sample covariance matrix in high
dimensions and establish non-asymptotic convergence rates of approximation. It is also
demonstrated that applying a transformation to the sample eigenvalues prior to boot-

strapping can lead to inference benefits.
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Chapter 1

Introduction

1.1 Functional Data Analysis

Functional data is a type of data observed continuously on a compact interval and takes the
form as a random function. The statistical analysis of functional data is called functional
data analysis (FDA). In an abstract sense, typical examples of functional data are random
trajectories over a real-valued closed interval. Assume that the interval is [a, b] with a < b
Functional data defined on [a, b] are often denoted as X;(t), t € [a,b], and i is the index
of a sample trajectory. The subject X;(¢) is intrinsically infinite-dimensional, which is a
fundamental property that distinguishes functional data from other data types. In the
literature, it is commonly assumed that X;(¢) are smooth functions (i.e., continuously
differentiable up to some order), which brings benefits when encountering the challenges
posed by high-dimensionality in statistical analysis. In scientific studies and real world
application, functional data appear frequently in datasets of air pollution, fMRI scans,
growth curves, and sensors like wearable devices.

Except for some ideal settings where functional data are fully observed, they are usually
sampled intermittently at discrete time points, e.g., t1,...,t, € [a,b]. Depending on the
number m of sampling points, functional data are often categorized into dense, sparse or
neither. For example, with the advance of technology, a machine records data regularly

and intensely with t;,1 —t; = t; — ¢, and the sampling number m is sufficiently large

LOften the domain interval is called time interval, which refers to the random curves observed during
a period of time. But time is not the only domain measurement. It can be spatial as well.



often grows with the sample size n. On the other extreme, the case when m is bounded
by a finite small integer is called the sparse sampling scheme. Each subject can have its
own sampling plan, in other words, they have different number of observations. Although
there is no uniform consensus on which case should be considered dense or sparse, Zhang
and Wang (2016) developed a unified theory for functional data and criteria characterizing
sampling plans based on the average number of each curve’s observations. We refer readers
to the theorems and discussions in the paper and the references therein.

In the literature, functional data are also considered smooth stochastic processes. In
fact, there are two different perspectives on functional data. The first view is to treat
functional data as random elements in a Hilbert space, which allows us to develop core
statistical properties, such as mean and covariance. The second view analyzes functional
data from the stochastic process perspective. Classical results such as Mercer’s theorem
and Karhunen-Loeve theorem are useful in this perspective to study the covariance of
functional data and related problems. The difference between these two perspectives are
subtle and worth clarification. Often not mentioned, a Hilbert space with specific charac-
terization of measurability is necessary to study functional data from both perspectives
simultaneously. We refer readers to Chapter 7 in |[Hsing and Eubank (2015) for a rigorous
treatment and more discussions. In the rest chapters, we will always assume that this
requirement holds so that tools from both views are available for us to do theoretical
analysis.

Following the random element perspective, we define the mean of functional data as
wu(t) = E[X;(t)], and then the covariance is computed as I'(s, t) = E[(X;(s) — u(s))(X;i(t) —
w(t))]. Unlike the finite-dimensional case where mean and covariance can be estimated
as sample averages, most of the time, the estimation for functional mean and covariance
requires careful handle of observations, as functional trajectories are discretely observed
and even contaminated by measurement errors. For dense functional data, we can pre-
smooth individual curves and then treat smoothed versions as fully observed data. For
sparse functional data, pre-smoothing is infeasible, but the estimation is still possible by

borrowing information from neighboring data and across all subjects, such as local poly-



nomial smoother (Fan and Gijbels, 2018; [Yao et al., 2005a; Zhang and Wang, 2016). One

powerful tool that connects functional data to the finite-dimensional world is functional
principal component analysis (FPCA). It works like principal component analysis (PCA)
for finite-dimensional data. Under mild regularity conditions, the covariance I'(s,t) can
be expressed in a summation of countable eigen-components thanks to Mercer’s theorem.

To be more specific, a typical decomposition is
D(s,t) = > Meou(s)n(t), (1.1.1)
k=1

where \;, are eigenvalues and ¢y (t) are corresponding eigenvectors of the operator defined
by I'(s,t). Applying Karhunen-Loeve theorem, a random trajectory X;(t) can be written
as a series X;(t) = pu(t)+> o, Aidr(t), where the random scores A;;, are uncorrelated and
uniquely characterize the properties of X;(¢). Then the functional dimension reduction
can be achieved through the approximate process X;ni(t) = p(t) + Sone, Agdr(t) for an
appropriate integer M. The selected M scores can also be viewed as a vector summary of
the original process and used in downstream tasks.

There is a wide range of studies on applications and methodologies in FDA, such as

regression (e.g., Brumback and Rice (1998);|Cai and Hall (2006); Cardot et al. (1999, 12003);
Cardot. and Sarda (2005); [Chen et al. (2011); Dou et al. (2012); [Hall and Horowitz (2007);

Hilgert et all (2013): et al AZOO ): [Jam (‘20( : [Malfait and Ramsav ({2003); Miiller

and Stadtmiiller (2005); Ramsay and Dalzell (1991); Wang et al. (2010); [Yao et all (2005b);

Zhu et _all (2014) and many others), classification (e.g., |Araki et all (2009); (Chang et al
2014); Delaigle and Hall (2013); [Ferraty and Vieu (2003); Hall et al. (2001); .James (2002);

James and Hastie (2001); Leng and Miillen (2006b): Matsui et all (2011); Miiller and
Stadtmiiller (2005); Rincén and Ruiz-Medina (2012); Wang et al. (2007); [Zhu et al. (201

Y

2010)) and clustering (e.g., |Abraham et _all (2003); |Chiou (2012); IChiou and i (2007);

Coffey et a 14): |Garcia-Escudero and Gordaliza (2005); \Giacofci et al. (2013); Heinzl
and Tutz (2014); Jacques and Preda (2013, 2014); [Kayano et al. (2010); [Li and Chio
2011); [Peng and Miiller (2008); Serban and Wasserman (2005) and others). Furthermore,

the development in software focusing on FDA makes these methods accessible to various

real problems. For instance, the R project has a page dedicated to various packages of



FDA tools (CRAN Task View: Functional Data Analysis), including fda, fdapace, and
many others.

Contributing to the literature, we devote two chapters to two different yet interesting
problems in FDA. In Chapter [2, we study the estimation and predictions problems in the
functional linear model for sparse functional covariates. While the dense case has been
well studied, the sparse case, due to limited observations, is more challenging and not care-
fully examined. T'wo methods are introduced, one through normal equation and the other
through reproducing kernel Hilbert space, to estimate slope functions in functional linear
models. In addition, our work also proposes a solution to an open problem: the prediction
task in the same setup. The methodology is accompanied with numerical simulations and
real data analysis. In Chapter [3] we explore some possibilities of applying deep learning
to FDA. More recently, thanks to rapid advancements in computing, neural networks and
deep learning become popular again, and they have shown success in various tasks that
are previously considered hard, including computer vision and natural language process-
ing. However, their applications in FDA remain scarce. In this chapter, we introduce a
network architecture called Adaptive Functional Neural Networks (AdaFNN), which oper-
ates on functional input directly and is trained in an end-to-end manner. We establish the
universal approximation theory for this network and empirically illustrate the advantages

of this approach over numerous classification /regression tasks with functional data.

1.2 The Bootstrap Method

Statistics is the science of empirical experience. Population quantities are estimated from
the limited amount of data collected from the real world. Besides, a fundamental task in
statistics is to understand how accurate the estimation is. If we were able to repeat the
estimation on newly collected data many times, the estimate would vary. To know how
trustworthy the estimate from one sample is, we would like to quantify its uncertainty.
Many statistics and probability concepts are developed to serve this purpose. One simple
measure is the variance, which gives a quantitative measurement how far an estimate

deviates from its true value on average. A more informative tool is confidence interval,


https://cran.r-project.org/web/views/FunctionalData.html

or the more general notion confidence region, for a population quantity, and it contains
finer evidence on the estimate’s distribution. Unlike many textbook examples where these
uncertainty measures can computed analytically, the real world problems are more cruel,
and simple formulas seldom exist. In many cases, people rely on asymptotic distribu-
tions to make such quantification, based on a beautiful wish that the sample collected
is large enough and the sample distribution is close to its asymptotic limit. With the
same purpose but in a different direction, the bootstrap methods are developed to tackle
these problems directly without access to exact mathematical derivation. They are com-
putationally intense algorithms based on the concept of resampling from empirical data.
Since the introduction of the method (Efron, [1979), it has gained great popularity across
the subject of statistics, from classical multivariate analysis to high-dimensional problems.
(The original bootstrap paper is among the top papers downloaded from Project Euclid.)
More recently, it has been successfully applied to study the error estimates and uncer-
tainty in randomized algorithms (Chen and Lopes, 2020; ILopes et all, 2020, 2018, 2019;
Lunde et all, [2021)).

We illustrate the core of bootstrap in the following example on constructing confidence
intervals for scalar parameters. Let X be a random variable with a distribution function
F(-), and ¢(-) is a functional defined in the space of X. Given a sample { Xy, Xo,..., Xy},
of i.i.d. copies of X, we want to estimate the quantity t = E[¢(X)] = [ ¢(x)dF(x). For
example, if ¢(z) = x, then ¢ is the mean E[X]. If we denote the empirical distribution
function as F' = L3 Ox,, where dx, (+) is a unit point mass at X, then a sample estimate
of tist = [(x)dF(z) = L3 o(Xi). Alevel (1 —a) (a € (0,1)) confidence interval
for t can be constructed as E— ql_a/Q,?— qa/g], where go/2 and g_q /2 are the a/2-th and
(1 — «/2)-th quantiles of the random quantity t—t respectively. Since both quantiles are
often unknown in practice, they need to be estimated from the data. The bootstrap can
be used to achieve this goal. Let {X7,..., X} be a bootstrap sample by sampling with
replacement from {Xi,...,X,}. The bootstrap distribution is written as F*. Then a
bootstrap estimate of t is t* = [ d(z)dF*(z) = L3 #(X}). Repeating the procedure

many times yields multiple realizations of t* — ¢, whose a/2-th and (1 — a/2)-th quantiles,



written as Go/2 and Gy_q 2, are available. Under certain regularity conditions, we can use
Jaj2 and q1_q 2 as estimates for g,/2 and g_o/2. So a bootstrapped confidence interval
for ¢ is E— cﬁ,a/%?— Qas2). This example is only a glimpse of how to use bootstrap
procedures to quantify estimation uncertainty. Its practical application is much wider.
More generally, bootstrap methods allow us to approximate the distribution of t—t using
the bootstrap distribution of t* — 7.

The classical theory of bootstrap dates back to 1980s. Bickel and Freedman (1981);
Freedman (1981); [Singhl (1981)) are among the first to establish the theoretical foundation
for applying bootstrap to standard problems, such as mean estimation and linear regres-
sion models. Since then many tools have been developed to understand the bootstrap
method and improve its accuracy in various cases. For example, the Edgeworth expan-
sion (Hall, 2013) uses an approximate series to analyze and improve the performance of
bootstrap. The empirical processes theory (Vaart and Wellner, 1996) is also helpful for
establishing some foundations of bootstrap methods. However, the classical theory stud-
ies bootstrap in low-dimensional cases where the sample size n grows to infinity but the
data dimension remains constant. Conclusions are often developed in asymptotics even
though the method works in finite sample scenarios. It is of theoretical and practical
importance to extend the analysis to higher dimensional scenarios and give finite sample
guarantees for bootstrap methods. Indeed, there has been research studying bootstrap
performance in various high-dimensional cases. To give a few examples, Chernozhukov
et al. (2014, 2017a, [2022); ILopes et _all (2020) analyze the performance of bootstrap for
the max statistics in high dimensions; others (Bunea and Xiad, 2015; Jung et al., 2018;
Koltchinskii et all, 12020; [Koltchinskii and Lounici, 2017; [Lounici, 2014; Naumov_et_all,
2019) study bootstrapping statistics related to spectral decomposition and projections;
and Han et _all (2018); [Lopes et _all (2023) look at bootstrapping the operator norm er-
ror for high-dimensional covariance estimation. More recently, Lopes (2022) obtains the
near-1/4/n rate for the Berry-Esseen bounds for bootstrap approximation in the context
of a sum of n random vectors that are p-dimensional (the data dimension p is allowed to

grow exponentially in n) and have sub-Gaussian or sub-exponential entries.



Contributing to the research on high dimensional PCA, we provide some theoretical
supports for bootstrapping the leading eigenvalues of covariance matrices in high dimen-
sions in Chapter . We start with a review on the current state of related research and
give an overview of our contributions. Under some reasonable assumptions, we show that
the vanilla and transformed bootstrap can achieve a dimension-free rate. As an evidence
to the theory, several simulation real data analysis studies are provided to demonstrate

the accuracy of the bootstrap and its transformed variants.



Chapter 2

Prediction in Linear Models for

Sparse Functional Covariates

Estimation and prediction in functional linear models with scalar response and fully or
densely observed functional covariates have been widely studied in the literature. However,
the extension to sparsely observed functional covariates remains an open problem. We
provide a solution by imputing the sample functional path and substituting the imputed
path into the original functional linear model. We show why such a substitution method
works and propose two estimation approaches: one through the normal equation, which
targets the population quantities, and the other estimates the slope function using a
reproducing kernel Hilbert space approach. We establish asymptotic properties of these
estimators and their corresponding prediction methods. Numerical performance of the
proposed methods is evaluated through simulations and illustrated with data from the
Framingham Heart Study.

The prediction in functional linear models with scalar response and fully or densely
observed functional covariates has been widely studied in the literature. However, the
extension to sparsely observed functional covariates remains an open problem. In this
chapter, we provide a solution by imputing the sample functional path and substitut-
ing the imputed path into the original functional linear model. We show that with this
substitution the regression parameters in the original model can still be consistently esti-

mated and propose a prediction procedure based on the imputed path. Two estimation



approaches are studied: one is done through the normal equation which targets the pop-
ulation quantities, and the other estimates the slope function using a reproducing kernel
Hilbert space penalty. The estimated slope function can be further applied in the pre-
diction task. In addition, we establish asymptotic properties of these estimators and the
prediction method. Numerical performance of the proposed methods is studied through

simulations and illustrated with data from the Framingham Heart Study.

2.1 Introduction

Given a random scalar response Y and its functional predictor X (¢), the functional linear

model refers to the relationship
b
Y = a+/ Co(t) X (t)dt + e, (2.1.1)

where € is a random noise, (y(t) is the slope function defined on the closed interval [a, b],
and « is a real number. Without loss of generality, we can take [a, b] = [0, 1] and write the
integral as fab Co(t) X (t)dt = (¢, X)2. Equation (ZI.1)) is called functional linear model
(FLM), it has been studied by many ((Cai and Hall, 2006; (Cardot et _all. 11999; Crambes
et al., 2009; Hall and Horowit4, 2007; [Shinl, 2009), including its extension to function-on-
function linear model, first introduced in Ramsay and Dalzell (1991)) and further explore in
Yao et al) (2005h). It can also be viewed as an extension of the traditional linear regression
model where the inner product is operated on two vectors in a finite-dimensional Hilbert
space.

To carry out the estimation of the unknown slope function (,, some constraints are
needed. One option is to assume that (; falls into the space spanned the eigen-functions
of the covariance I'(s,t) = E[(X(s) — u(s))(X(t) — p(t))], where u(t) = E[X(¢)]. Then
the slope function satisfies the normal equation: [ T'(s,#)(o(s)ds = cov(X(¢),Y). When
the covariance I'(s, t) admits the spectral decomposition I'(s,t) = "7, M@y (s)Px(t), the
slope function satisfies: (o = Y, zx®,(t), which can be estimated through the estimates
of z; and ¢;. Such an approach has been extensively studied when the sample path X; is
either fully observed or densely sampled. A caveat is that this approach requires delicate

regularization for the infinite-dimensional functional covariate X; and synchronization of



(o with the eigenfunctions of I'(s, t) (Cardot et all, 1999; [Hall and Horowitz, 2007).

An alternative is to assume that {, belongs to a function space S. Under this condi-
tion, the estimation can be conducted through a constrained least-squares optimization
problem:

n

1 2
in — Y —(Xi, () — )7, bject t It < C,
aeﬂ%}&s 0 ; ( (Xi, ()2 — @) subject to  penalty(() <
where {(X;,Y;)}", are i.i.d. copies of (X1, Y1), and C' is some fixed positive constant that
regularizes the estimated slope function. Solving this optimization problem is equivalent

to solving its penalization form:

min {l Z (Y — (X5, () — a)2 +p- penalty(()}, (2.1.2)

a€eR,CeS n =1

where p > 0 is the tuning parameter corresponding to the constraint constant C'. Often the
penalty term determines which space the estimated slope function falls into. So, choosing
a penalty is equivalent to imposing constraints on (. For example, using penalty({) =
1¢?)12 is equivalent to assuming that ¢ is second-order differentiable and () has bounded
Lo-norm, and it is the same as the assumption that S is a Sobolev space. A more
general constraint can be that the function space S is a Reproducing kernel Hilbert space
(RKHS) and the penalty is the corresponding RKHS norm (Berrendero et _all, 2019; Cai
and Yuan, [2012; |Crambes et_al., 2009: [LLi_and Hsing, 2007; [Shin _and Lee, 2016: Sun
et al., 2018; [Yuan and Cai, 2010). Such an approach typically requires fully observed
sample paths X;, but can also be employed to densely sampled X;. see, e.g.. (Cardot et al.
(2003) for error-free observations and |Crambes et _al. (2009); ILi_and Hsing (2007) for
noisy observations. Alternatively, one can pre-smooth each individual path to get a “fully
observed” function, then apply existing methodology for fully observed functional data.
However, the sampling frequency needs to be very intensive in order for the subsequent
inference to go through, so this does not always work. In addition, it’s not obvious how to
assess whether the sampling frequency meets the assumption needed for the pre-smoothing
method.

How to estimate (; when sample curves are only sparsely observed has rarely been

explored. Furthermore, when making predictions, all existing approaches encounter the

10



challenge that a reliable estimate of the regression function, i.e. the index ((y, X;)2, is
difficult to attain for subjects with only a few measurements on X;(¢). Recognizing this
challenge, |Gajardo et al! (2021) focused on predicting the distributions of a truncated
conditional process of (X, ()2 under the assumption that X is a Gaussian process. In this
paper, we target directly the prediction of (X, (), based on a new observation. To do so,
we first need to resolve the estimation problem of (j.

The estimation procedures based on normal equation should still work even when
individual paths cannot be densely sampled, as they target population parameters, such
as covariance and cross-covariance. We provide supporting theory for the normal equation
approach in Section 2.4.1l The estimation is more challenging for the RKHS approach
because the estimation of (y(t) involves the evaluation of the ((y, X;)2 as triggered by
the formulation (21.2]). For instance, when the penalty term is the RKHS norm of a
candidate function ¢, we need to find o € R and ¢ € H(K) that minimize the loss

n

(oG = 13 (i X =) ol @13)
In order to evaluate the loss ¢ we need to have good approximations of (¢, X;)s which
is not feasible for sparsely observed covariates. Thus, sparse functional covariates bring
dual challenges to the RKHS approach in functional linear models (Z1.1]), both in terms
of estimation and prediction. We address these challenges for the RKHS approach in
Section and show that both consistent estimation for the slope function (y(¢) and
prediction are still possible, for sparsely observed covariates X;(t), possibly contaminated
with noise. We also aim at prediction for both approaches In Section when only
sparsely measured functional covariates are available.
Our approach is simple and aims at imputing each of the unobserved process X;(t)
by X;(t) so that the integral ((o, X;)s is replaced by ((o, X;)2, which can be evaluated

effectively. However, in order for this to work, the linear structure between Y; and X;(t)

must be retained by the same slope function (y(t) and intercept «y, so the surrogate model

should be
1
0

11



where Y, ap and (y(t) are the same as in the original model (2.1.1]), but e; is a new random
noise variable that replaces ¢;. One approach to impute X;(¢) is to use the Principal Analy-
sis by Conditional Estimation (PACE) approach inYao et al) (2005a) on the observed path
points, i.e., for each i = 1,...,n, X;(t) = E[X,(t) | Wi(T;)], where T; = (Tjy, ..., Tin,)
is the vector of sampling schedule for subject i and W, (T;) = (W;(Ti1), ..., Wi(Tn,)) is
the corresponding vector of the noisy observations of X;(¢) at different time points. Note
that both the sampling schedule and number of measurements N; may vary with subjects.
Indeed such an imputation approach has been explored in the literature for the RKHS
approach. |Avery et al) (2014) numerically demonstrates that this method works reason-
ably well in both simulations and real datasets, but no theoretical justification has been
offered. We fill this theoretical gap and show that the imputation approach also works
in a more general setting than previously described in [Yao et all (2005a). At first glance
such an imputation approach should not work for sparsely sampled X;(t) because X;(t)
cannot approximate X;(t) consistently, so there will be non-ignorable prediction errors
in the imputed process, which normally would trigger a bias in the resulting estimators.
Intriguingly, we show in Theorem [I] that this particular imputation does not induce bias
into the regression estimates.

In practice, the imputed process Xi(t) cannot be fully observed either and needs to
be approximated from the data. There are two sources of approximation errors, one from
approximating f(z(t) by a finite dimensional projection and the other from estimating this
finite dimensional projection. We show that under some weak assumptions the estimation
of X;(t) does not affect the estimation of (o(t) much and establish the consistency of the
proposed estimator in the Lo-norm for sparsely observed functional covariates. For the
prediction problem, we propose to replace the new covariate X*(¢) with an estimate of
its imputed process X*(t). Let X*(¢) denote its estimate, then the prediction for a new
subject with covariate X*(¢) is thus <C0,)A( *}9. Theoretical properties of the proposed
prediction method are studied in Section

To summarize, we consider two different approaches in scalar-on-function linear mod-

els for sparsely observed functional covariates. A main novelty of our approach is the
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discovery that through a Berkson type of measurement errors, the original functional co-
variate X; and the imputed covariate process X; share the same regression parameters.
For each approach, we consider both the estimation and prediction problems. A summary

of the main contributions of this paper follows.

1. We resolve a long-standing open problem to make predictions for functional linear

model based on sparsely observed data.

2. We provide theoretical support to estimate the regression coefficient functions in

sparse case under both the normal equation and RKHS framework.

Section [2.2] contains the model setup and estimation procedures. In Section 2.3 we
discuss the imputation method. The estimation of the slope function under the two
frameworks is presented in Section 2.4 Numerical implementation of the estimators is
provided in Section .6l Simulated experiments and data analysis are also conducted to

demonstrate the proposed method in the same section. Lastly, proofs are in Section ?77.

2.2 Sampling Plan and Surrogate Model

We will use Lo(7T) and Ly(7?) to denote the space of square-integrable functions defined
on T and T xT. If R(s,t) is a function in £5(7?), the linear operator Ly : Lo(T) — Lo(T)
is defined according to Lz(f) = [ R(s,t)f(s)ds, and || Lg|lop denotes its operator norm.
For the sake of brevity, we assume 7 = [0,1] and write [ fi(t)fo(t)dt = (f1, fo)2 and
fﬂ hi(s,t)ha(s,t)dsdt = (hy, he)o whenever the context is clear. Lastly, we use ||f]2 to
denote the Lo-norm of f.

Assume that X;(t) is a mean-square continuous process in Lo(7) with mean pu(t) =
E[X;(t)] and covariance I'(s,t) = cov(Xi(s), Xi1(f)), and €; is a random variable with
mean 0 and finite variance o?. The sample {(X;,Y;)}", are i.i.d. copies of (Xi,Y}).
We consider the setting where the full process X;(t) cannot be observed continuously as
measurements can only be taken at random discrete time points. In addition, the discrete
observations may contain noise. Assumptions on the sampling plan with measurement

errors are summarized in Assumption [ below.
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Assumption 1 (Sampling Plan).

(A1.1)

(A1.2)

(A1.3)

The integer-valued random variables {N;}I'_, are i.i.d., and there exists a constant

¢ > 0 such that P(sup; N; < ¢) = 1.

The ith sample path X;(t) is sparsely sampled at N; time points
Ti = (ﬂlu s 771iNi>T-

The observation vector is (X;(Ty), ..., Xi(Tin,))". Each X;(Tj;) is contaminated by

a noise variable n;; and the observed noisy data are

Wi(Ty;) = Xi(Ti;) + i,

where {mj};v:il are measurement errors with mean zero, finite variance 0,27, and are
independent across 1. We write
Wi(T)) = (Wi(Ty),...,WiTin,)) " (2.2.1)

For the ith subject, the time points {Tij}év;'l form an i.1.d. sample from a continuous
random variable T defined on T . The density of T is bounded above and below from

zero. Furthermore, the second order derivative of the density is also bounded.

Remark. Functional data that satisfy Assumptions (AL1]) and (AIL2) are usually referred

to as sparse functional data (Yao_ et al), [2005a), which occurs frequently in longitudinal

studies. They are harder to handle than fully or densely observed functional data due to

the

I'(s,

irregular sampling design in Assumption (ALI) (Wang et all, 2016). O

Since the mean function u(¢) can be estimated at a faster rates than the covariance

t) (Yao et al), 2005a; [Zhang and Wang, 2016) and the slope function (y(t) in the

sparse case, it is customary to assume p(t) = 0 and consider the model

Y, = / G OX(DdE 4 e (2.2.2)

= (Co, Xi)2 + €,
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where both Y; and X;(t) are centered, and 7 = [0, 1]. The results in this paper also apply
to the general case when pu(t) # 0 with additional technical details.

While the challenges for estimation using sparse functional data have largely been
resolved for estimating the mean and covariance function (Yao et all. 2005a; Zhang and
Wang, 2016), predictions in functional linear model remains unresolved due to the lack
of data to evaluate the index ((y, X;)2 in (2.1.1]). We propose to use the imputed process
X; = E[X;|W,(T;)] to replace the unobservable X; and re-write (ZZ2) as

Y, = <C07Xi>2 + (o, Xi — X@>2 + €,
= (G0, Xi)2 + e, (2.2.3)

where ¢; = ((o, X; — )~Q>2 + ¢;. Theorem [ confirms the validity of the surrogate model
(2:2.3)) based on the imputed processes.

Theorem 1. Suppose Assumption [l holds. The new noise e; is uncorrelated with X,

and so model [2.23) is a functional linear model with the same slope function (y(t) as

model (2.2.2).

Remark. An interesting phenomenon emerges from Theorem [ as what we did is to
replace the original covariate X;(t) in (Z2.2) with the imputed X (¢), which results in
an error-in-variable model as the error (X; — X;)(t) is non-ignorable in size for sparsely
observed X (¢). Usually, this will induce a bias but we do not have such a bias issue
because we have a special type of error-in-variable of the Berkson type, where the er-
ror is uncorrelated with the (imputed) covariate (Berkson, [1950). While it seems that
a more efficient imputation method would be to replace E[X;(¢)|W;(T;)] in (Z23]) with
E[X;(t)|W,(T;),Y;] as the latter utilizes the additional information on Y;. However, this
would lead to residuals that are correlated with the covariates, hence this strategy will

not work. O

With the help of Theorem [II we can use the surrogate model ([2:2.3)) to predict the

target (Co, Xi)2. However, the imputed process X;(t) is unobservable in practice, so we
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need to find a good approximation of X,(t) Luckily, this is feasible and will be elaborated

in the next section.

2.3 Imputation

It is common to assume that the covariance I'(s,t) admits the expansion

[(s,t) = Z)\kd)k(s)¢k(t)a (2.3.1)

where {\;} are eigenvalues of I'(s,t) and satisfy Ay > Ay > A3 > ..., and {¢x(t)} are
the corresponding eigenfunctions. Hence, for each sample trajectory X;(¢), we have the

following Karhunen-Loeve expansion
Xi(t) = p(t)+)  Auwd(t), (2.3.2)
k=1

where A;, = (X;, dr)2, E[Ax] = 0 and var(A;) = M.
Through conditioning and by assuming that p(t) = 0, the imputed process is

Xi(t) = ) Auen(t), (2.3.3)
k=1
where A, is defined as A, = E[A;x|W;(T;)]. Below we introduce some regularity condi-
tions on the process.
Assumption 2 (Regularity on Functional Data).
(A2.1) The process satisfies ||E[Xf(t)]H1 < 00 .

(A2.2) Let oy > 1 be a fized constant not depending on n. For k > 1, Ny =< k™.

(A2.3) Let 6y = minj<<x(N — Ny1). There exist fized constants ¢ > 0 and v > ay such

that o), < k=7 /c.

2.3.1 Truncation of the imputed process

Since the X; is defined via an infinite series, we choose a positive integer M,, which

increases to infinity as n — co, and truncate X;(t) to

Xin, () = iflikgbk(t). (2.3.4)
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Proposition 1. Suppose that Assumption[2 holds, then

| Xi(t) — Xint, (1)|], = Op(Mo~(7172),

2.3.2 Estimation of the truncated imputed process

The PACE method aims at estimating A;; through its best linear predictor.
Assumption 3 (Conditional score).

(A3) E[Ayx|W,(T;)] is a linear function of W;(T;), i.e. there exists a scalar a;, and a
vector by, such that

Remark. In the supplement, we provide an example to show that Assumption (A3)
holds beyond the Gaussian assumption. In particular, Assumption ([A3]) holds when X;
and the measurement errors n;; are jointly elliptical (see Bali and Boente (2009): Boente
et al. (2014) for the definition of elliptical distributions). Intriguingly, the jointly elliptical
assumption may not hold for multivariate ¢ distributions in the presence of measurement
errors. Therefore, we propose an alternative assumption and further discussion in the
supplement (Section [A.11]) that replaces W;(T;) by X;(T;) in Assumption (A3]). This
alternative assumption, which only assume that E[A;;|X;(T;)] is a linear function of
X, (T;), facilitates consistent estimation of the slope function ¢, and only requires that X;
is elliptical.

The fact that all A;;, n;;, X;(t) are mean zero implies that the scalars a;, are all zero,

and the vector b;; is the weight in the least square solutions, which leads to

Ay = cov(Aik,Wi(Ti))T[cov(Wi(Ti))}

-1

W, (T)),
= Ak‘ﬁ;ZQ\}i(Ti)Wz‘(Ti); (2.3.5)

where ¢, = ((bk(Tﬂ), o, Op (TZ-NZ.))T and Xw,(t,) denotes the covariance matrix of W;(T;).
Denote /)\\k, ggk, iWi(Ti) as the estimates of A, ¢, Xw,(r,). The relation ([23.35]) thus lead

to the estimate gik for fllik, with

A = M@LEw, oy WilT). (2.3.6)
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Consequently, the truncated imputed process X@Mo (t) will be approximated by

X; Mo Z Azk¢k (2.3.7)

Proposition 2. Let the equal-weight-per-observation scheme ((2.3) and (2.4) in Zhang
and Wang (2016)) be the weighing scheme used to estimate the mean u(t) and covariance

[(s,t). Suppose that Assumptions([d, [2, and[3 hold. Then

1K (6) = Xine. ()], = Op(M<"* (l0g(n) /).

Remark. The proof of Proposition [2] is based on the bound on sample eigenfunctions,

[ngﬁj o;113] < n’2E[|If — F||zp}, which is commonly applied in the literature and can be
found in|Bosq (2000); Hsing and Eubank (2015);|Li and Hsing (2010). Recently, Zhou et al.
(2022) pointed out that this bound can be sharpened by replacing the eigen-gap assump-
tion ([A2.3) with a stronger assumption and by further imposing assumptions on the first
two derivatives of the eigenfunctions. Under their assumptions we are able to improve the
estimation error in Proposition B to || X, (t) — X (8)]2 = Op (M, (log(n) /n)Y/3). Con-
sequently, the new bounds on <$j and X’i,MO can also be applied to improving Theorem
and Theorem B with considerable technical tedium. However, their approach requires fine

tuning of the smoothing parameter for eigenfunctions. Details are thus omitted in this

paper.

2.4 Estimation of (,

The previous section establishes the validity of making predictions through the imputed
process of conditional expectation and how to estimate the conditional processes. To
predict the response from a new sparsely sampled functional trajectory, we need to know
or be able to estimate the slope function (y. This section is devoted to two approaches to

estimate (p, one through the normal equation and the other through the RKHS approach.
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2.4.1 Estimation of (; through the normal equation

Assume that the slope function is in the space spanned by {¢x(t)}72,. It the follows from
the spectral decomposition of I'(s,t) in (2.3.]) that {y can be represented as

o0

G = szﬁbk(t), (2.4.1)

k=1

where zp = (o, dr)2. We make the following assumption on zj.

Assumption 4 (Decay rate of z).

There exists fized constants ¢ > 0 and By > 0 such that |z,| < ck=P1.

Then (, also satisfies the following population equality:

EY;X;(t)] = E[{Co, Xi)2X:(1)],

— Z Nezndn(t). (2.4.2)

Write g(t) = E[Y1X:(¢)], then it admits the series expansion g(t) = > ;| grdx(t) with
gr = zKAk. Based on (Z4.0]) and ([Z24.2)), an estimator can be found through

ult) = >

k=1

>/>|m>

E (1), (2.4.3)

where gy, Xk, and (Ek(t) are empirical estimates from a random sample. In particular,
:\\k and (/ﬁ\k(t) can be estimated from a covariance estimate, e.g., the one in [Yao et al.

(2005a)b); Zhang and Wang (2016). Also note that

gr = EY1 A1) = E[Y1(Xy, ¢r)2] = (E[Y1 X1 (2)], o (t))2, (2.4.4)

where g(t) = E[Y X;(f)] can be estimated through a local linear polynomial smoother
similar to the estimation of E[X(¢)] (Zhang and Wang, 2016). Therefore, g is estimated

by Gk = (7, o).
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Theorem 2. Suppose Assumptions[d, [2, and [ hold. Then
[Gut) = Golt)][; = Op (VP MDA,
where 1 = (log(n)/n)?® and ry = (log(n)/n)'/3. With the choice
M = (n/log(n))/ G,

we obtain

2(a1+v)+1>

HZM(t)—Co(t)Hz = Op((log(n)/n)%_é a1 A1

2.4.2 Estimation of (; in RKHS

For the normal equation approach above, we adopted the conventional approach of us-
ing a local linear smoother to estimate the unknown components. Although a different
smoother, such as RKHS could also be adopted in principle, the theory would not be
comparable as stronger assumptions are typically imposed on the mean and covariance
estimation of functional data (Cai and Yuan, 2010, 2011). We thus resorted to the com-
mon approach in the literature to assume that (5 belongs to an RKHS H(K') with kernel
K(s,t).

If X;(t) are fully observed, the RKHS estimator of the slope function can be obtained
through

n

G(t) = argminceH(K){ % z; (Yi— <C>Xi>2)2 +p HCH;(K) } (2.4.5)
The sparse sampling assumption deprives the index (¢, X;)2 a good approximation. Our
proposal is to replace X; by an imputed process X;, which can be estimated well by
)A(Z-,MO (t) as shown in Section 23] The the slope function can be estimated through the

following penalized regression:

~ 1

G (1) = argmin{eH(K){ o Z (Vi — <C:)?i,Mo>2)2 +p HCHZ(K) } (2.4.6)
=1

The rest of the section establishes the convergence rate of Z:DMO
It is well known, e.g. from Theorem 7.6.4 of Hsing and Eubank (2015), that H(K)
has the property H(K) = Lg1/2(L2]0,1]), where the operator Ly satisfies Ly (f) =
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Lys2(Lgiy2(f)). Hence, there exists a unique element fy € £5[0,1]/ker(Lg1/2) such
that the true slope function (o(t) can be expressed as (o = Ly2(fy). Denote I'(s,t) =
cov(X;(s), X1(t)) as the covariance of the imupted process and define the bivariate kernel
function R(s,t) so that it satisfies Lgr(f) = Lg1/2(Li(Lg1/2(f))). Then Lg is compact,

and R(s,t) admits the following spectral decomposition

= Z Oron(s)er(t)

where {(0k, pr(t))}52, are the eigen-pairs of R(s,t) and 6; > 5 > --- > 0. The function

fy can be expressed as

= ) fren(d). (2.4.7)
k=1
The following assumption imposes regularity conditions on 6 and fj.

Assumption 5.

(A5.1) There exist constants ¢ > 0 and By > 1/2, not depending on n, such that |fy| < ck="2.

(A5.2) There ezists as > 1, not depending on n, such that 6y < k=2,

Theorem 3. Under assumptions(, [3, [3, and[3d, we have
16 () = Q(B)]|, = Op(p” + p 2 (Mo D72 4 M (log(n) /n)'/3)),

where v —% € (0,1). With the choices

M, = (n/ log<n))1/(3(a1+1)/2+3'y)

and

p=((ar =1)/2)/B2+v)((ar +1)/2+ 7)),

we have
v (ag-1)/2

1Goa, (8) = Go(®)]], = ((log( )/n)%%v v+(a1+1)/2)'
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2.5 Prediction

Denote Eas a generic estimator for (o. For the observation vector W*(T*) of a new
trajectory X* that is independent of the sample, written as (X*(17),..., X*(Ty)), its
truncated estimate using (2Z3.7) is )A(f(/[ = 2/[:"1 Engk(t), where the eigen-components
ggk(t) are estimated from the existing sample, and the scores 2",; are calculated according
to (23.0]) using the new observed vector W*(T*). Then <Z, )?K/Ioh can be used to predict
(¢, X*),, where X* = E[X*|W*(T*)] is the imputed process of X* Our analysis will
focus on the prediction error E[((Z, X; 22— (Co, X*)9)2| E] as we have replaced the linear
regression model (ZI]) with the surrogate model (21.4)) based on Theorem [Il Theorem [l
establishes the oracle rate for prediction when the slope function is known. Then we show

in Theorem [l the prediction rate when a generic ( estimator is used.

Theorem 4. Assume that the slope function (y is known. Let X* denote a new functional

trajectory, and its conditional process is X* = E[X*|W*(T*)]. Then,
Uk U 2 2_o1-1
E[((Go, X*)2 = (6o, Kin)2) "] = Op((log(n)/n) "5 ).
The next theorem quantify the prediction error rate when (j is estimated.

Theorem 5. Suppose that an estimator Z has the asymptotic property:

IC = Golla = 0,(0).

Then using this estimator in replacement of (o in prediction, we have

E[((¢o, X)o — (6, Xip)2)?] = Op(8% + Mo~ 4 M20FD (log(n) /n)*?).

We note that if the goal is prediction, the estimate with the optimal rate of convergence
for the regression function (3 does not lead to the optimal rate for prediction. This
is because optimal prediction involves some level of over-fitting. Fortunately, given a
particular method, it is possible to determine which estimation rate will lead to the
optimal prediction rate. We demonstrate this for both the normal equation (Theorem [()

and the RKHS (Theorem [1) methods.
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Theorem 6 (Prediction using normal equation). Suppose that Assumptions [, [2 and

hold. If the normal equation is used to estimate (y, then

min{o;,281}—1

E[((Go, X)2 = (G, X31.)2)"] = Op((log(n) /) Towssrimtaramt ).

Theorem 7 (Prediction using RKHS). Suppose that Assumptions[D, (3, [3, and[d hold. If
the RKHS approach (Z40) is used to estimate (o, then

2 2vo ay—1

E[((Go, X")2 = (Goares Xin)2) '] = Op((log(n)/m)> 755z m=51),

(2B2+3a2—1) /a2
24+(28243a2—1)/az *

where v, =

2.6 Numerical Experiments

2.6.1 Simulation Studies

We consider three different distributions for the functional covariate. The random function
X (t) is generated from X = 300 . Zydi(t), where ¢ = (—1)*"'k~, pi(t) = 1 and
pri1(t) = v2cos(knt), k > 1. The scores Zj, are the random components from one the

following cases:
(1) Zy,...,Zs are i.i.d. uniform random variables defined on [—+/3,v/3].
(2) Zy,...,Z5 are i.id. from standard Gaussian random variables N(0,1).

(3) The vector (Z1,...,Zs)" is a multivariate t-distribution with uncorrelated coordi-

nates and degree of freedom is 5.

Scenarios (2) and (3) are motivated by the elliptical family of distributions. The noise
of the responses follows Gaussian distribution N(0,0.5%), and the measurement error is
another Gaussian random variable N(0,0.1%). The true slope function is taken as

50

Gt) = D A(=D)FE2pi(0).

k=1
We employ both the normal equation and the reproducing kernel Hilbert space ap-

proach to estimate the slope function. For the first approach, we use the estimator defined
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in (Z4.3]). The cross-covariance g(t) and covariance I'(s,t) are estimated from observed
sample. The number of eigen-components used in the approximation is selected according
to the elbow rule in the scree plot. Two or three components were selected on average in
the simulation.

For the second approach, we first show how to obtain a numerical estimate of the
target function in a generic RKHS. Recall that the proposed estimator is found through

a penalized regression:

RS >
argminCeHK{ﬁ z:(yZ —(Xim., ()a)® + pHCH;(K)} (2.6.1)

i=1
Decompose H(K) into two orthogonal subspaces, i.e., Hx = Ho © Hi, where Hy =
span{wy(t) }+_, is finite-dimensional with orthogonal basis functions, and H, is its orthog-
onal complement with kernel K. It is straightforward to verify (Wahba, [1990) that there
exists d = (dy,...,d,)" € R? and ¢ = (cy,...,¢c,)" € R" such that

P n
C/\,Mo (t) = Z dkwk(t) -+ Z CiLKl (Xl,Mo)(t> (262)
k=1 i=1
The following result shows how vectors ¢ and d are computed.
Theorem 8. The vectors d and ¢ in [2.6.2)) satisfy

Ac+V¥d = vy,
U'ec = d,
where
A = npl+ 3,

-~

S, = / / R (5K (5, ) Xy, (Ddsdt, 1<,j <n,
[0,1]2
1 AN

0

Then, he vectors d and c are given by

c = (A+¥TU) Ty,

d = UVT(A+TTU)y.
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Theorem [§ can be easily derived using the representer lemma for smoothing splines
(Wahbal, [1990) with a new penalized term in the [ - || k) instead of || - ||z (k,). Using the
H(K)-norm as the penalization term avoids the numerical instability in solving for vectors
d and c (page 13 in [Wahba (1990)). We can now estimate the coefficients in (2.6.2) as
long as the RKHS H(K) is known. For this purpose, we select the following RKHS as

our estimation space:

H(K) = Wy[0,1] = {ﬁ ‘ 3, 81 are absolutely continuous and 3 € £,[0, 1]},

where
1 1
K(s,t) = WBQ(S)Bz(t) — 534(!5 —t|),
1
By(t) = t2—t+6,
1
By(t) = t* =283+ — —
4(1) + 30’

and the subspace H, is span{1,¢}. Then, the solution of (2Z.6.I]) in the format of (2.6.2))

can be written as
Gonlt) = di+dt+> e / R ()K (¢, )ds. (2.6.3)
i=1 0

The penalty parameter p is selected by GCV as the minimizer of

1y -yl
(1 Lte(H(p)))*

where y and y are the true and estimated response values, respectively, and

GCV(p) =

H(\) = (VU + S)(npl + X + 0T~

For both estimation approaches, the covariance of the functional data and its eigen-
components are estimated using FPCA() provided in the R package fdapace(Zhou et all,
2022). The Fraction-of-Variance (FVE) threshold used during the SVD of the fitted co-
variance function is 0.95, and the output time grid is a grid of 51 equally spaced points

on [0, 1] including both end points.
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Three different sample sizes n = 50,200, 500 are considered in the simulation study.
Each experiment was repeated 1000 times. To approximate the integral, we divided [0, 1]
into 50 equal width sub-intervals and used the trapezoidal rule. For each scenario, we

consider 2 sampling schemes:
(a) randomly sample 5 ~ 10 time points with measurement errors,
(b) sample all time points without measurement errors.

We report three quantities to measure each approach’s relative accuracy normalized by
the Lo-norm of the true slope function, the variability of the estimation, and integrated
mean squared error. Denote the average of the estimated slope functions by ((t) =

%Z?zl Zi(t), and three quantities are computed according to
(i) the relative bias in the £y-norm bias, = ||y — C|2/]|Col|2,
(ii) the sample estimation variance var = = > | fol(@(t) — ((t))%dt,

(iii) the integrated mean squared error (IMSE) of the estimator imse = var + fol(f (t) —
Go(t))?dt.

Table 2.1l presents the estimation accuracy under models (1)-(3) using both the normal
equation approach (abbreviated as N.) and the reproducing kernel Hilbert space approach
(abbreviated as R.) when measurement error is present and sampling plan (a) is used.
Table is organized in the same way except that the results are based on the dense
sampling plan (b) for comparison purpose.

Table 2.1] shows, as expected, that a larger sample size leads to a smaller estimation
error in both estimation methods. A similar pattern is also observed in Table 2.2 where
both the estimation error and variability have smaller magnitude due to the dense sam-
pling plan and no measurement errors. Furthermore, it is interesting that the RKHS
approach works even when Assumption (B]) is violated. Model (1) generates functional
covariates using uniform random scores, and in this case equation (2:3.1) is not the true
conditional mean but rather the best linear predictors. Models (2) and (3) are from el-

liptical families, and they satisfy Assumption Bl when no measurement error is present.
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n = 50 n = 200 n = 500

model method | bias, var IMSE | bias, var IMSE | bias, var IMSE
N. 0.1719 1.1837 1.6954 | 0.1322 0.2776 0.5803 | 0.1280 0.1172 0.4009

! R. 0.0996 0.8253 0.9973 | 0.0567 0.1946 0.2503 | 0.0479 0.0713 0.1111
N. 0.1754 1.3934 1.9260 | 0.1360 0.3907 0.7109 | 0.1274 0.1613 0.4424

’ R. 0.1054 1.0844 1.2766 | 0.0623 0.2515 0.3188 | 0.0477 0.0844 0.1238
N. 0.1834 2.2424 2.8252 | 0.1513 0.7914 1.1877 | 0.1361 0.3485 0.6692

’ R. 0.1175 1.9404 2.1794 | 0.0722 0.6776 0.7679 | 0.0528 0.2826 0.3310

Table 2.1: The relative bias, variance and IMSE of the estimation of both methods under

the sparse sampling plan (a).

The performance of the RKHS approach are indeed satisfactory. This demonstrates the

robustness of this method. We also note that the RKHS approach tends to perform better

in our experiments. In practice, the normal equation approach relies on delicate synchro-

nization between the population covariance (its eigenfunctions) and the slope function,

which is more affected by the covariance estimation and other hyperparameters choices

during the estimation procedure.

n = 50 n = 200 n = 500

model method | bias, var IMSE | bias, var IMSE | bias, var IMSE
N. 0.1417 0.2085 0.5562 | 0.1336 0.0509 0.3601 | 0.1323 0.0213 0.3247

! R. 0.0390 0.2488 0.2751 | 0.0265 0.0681 0.0803 | 0.0199 0.0344 0.0413
N. 0.1428 0.2230 0.5763 | 0.1347 0.0536 0.3676 | 0.1331 0.0214 0.3281

’ R. 0.0364 0.2622 0.2852 | 0.0272 0.0640 0.0768 | 0.0217 0.0326 0.0408
N. 0.1486 0.3791 0.7616 | 0.1359 0.1104 0.4302 | 0.1341 0.0490 0.3603

’ R. 0.0363 0.2137 0.2365 | 0.0233 0.0491 0.0585 | 0.0192 0.0222 0.0286

Table 2.2: The relative bias, variance and IMSE of the estimation of both methods under

the dense sampling plan (b).
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2.6.2 Framingham Heart Study

We apply the proposed prediction method to the sparse functional data in the Framingham
Heart Study (D’Agostino et all, 2001). The original data consist of the body mass index
(BMI) of 5,209 subjects (2,336 men and 2,873 women) recruited at ages between 28 and
62, but we only have access to the data for 1213 individuals. The BMI is a risk factor for
cardiovascular disease, and it is computed from the height (in meter) h and weight (in
Ibs) w of each subject as 703 - w/h?. Our goal is to predict the BMI of an individual at
an older age (65 to 70) using the BMI trajectory of this individual from age 35 to 60. To
avoid complications due to death, we exclude subjects who died before 70. This results
in 880 subjects. Since the BMI values were recorded longitudinally at different ages for
different subjects, we have irregularly and sparsely recorded functional covariates with an
average of 9 BMI measurements per subject. For the response, we use the average BMI
recorded between age 65 to 70 to ensure that all subjects have a scalar response.

Both the normal equation and RKHS approaches described in the previous simulation
section were used to estimate the slope function. For covariance estimation, the FVE
threshold was set at 0.99. Figure 2.1] shows the slope function estimated from both
methods. To avoid the boundary effects, we highlight the results (red and blue) that
are at least one bandwidth away from the boundaries. The two approaches give slightly
different but similar estimates that exhibit an increasing trend, which starts with near
zero slopes before age 45 then a prominent increase in slopes in order ages. This suggests
that more recent BMI values are more predictive of future BMI values. The r? value is
76.38% for the normal equation approach and 77.63% for the RKHS approach, indicating
a good fit of the functional linear regression model.

To evaluate the performance of both methods in prediction, we randomly hold out
10% of the data (i.e., 80 subjects) for prediction and use the remaining data to estimate
the slope function. The estimate is denoted as ET The imputed functional covariates in
the hold-out dataset are estimated using (2.3.0) and (2.3.7). We use the relative absolute

1

error, defined as - >, [ — y;|/|y;l, as the quality measure. Here the index j loops

over the hold-out set, and there are m = 80 subjects in this set. The relative absolute
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= normal equation
RKHS

35 40 45 50 55 60

Figure 2.1: The slope function estimated from the normal equation approach and the
RKHS approach. The z-axis represents the age.

error is 8.39% for the normal equation approach and 7.43% for the RKHS approach,
indicating that both prediction approaches are effective with the RKHS approach slightly

outperforms the normal equation approach.
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Chapter 3

Deep Learning for Functional Data
Analysis via Adaptive Bases

Despite their widespread success, the application of deep neural networks to functional
data remains scarce today. The infinite dimensionality of functional data means standard
learning algorithms can be applied only after appropriate dimension reduction, typically
achieved via basis expansions. Currently, these bases are chosen a priori without the
information for the task at hand and thus may not be effective for the designated task.
We instead propose to adaptively learn these bases in an end-to-end fashion. We intro-
duce neural networks that employ a new Basis Layer whose hidden units are each basis
functions themselves implemented as a micro neural network. Our architecture learns to
apply parsimonious dimension reduction to functional inputs that focuses only on informa-
tion relevant to the target rather than irrelevant variation in the input function. Across
numerous classification /regression tasks with functional data, our method empirically out-
performs other types of neural networks, and we prove that our approach is statistically

consistent with low generalization error.

3.1 Introduction

Deep learning has revolutionized data analysis and predictive modeling as its learned
input representations capture more relevant aspects of a problem than representations

based on manually selected features of the data. While the powerful capabilities of neural
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networks (NN) have been clearly demonstrated for vector /image/text/audio/graph data,
how to best adapt these models to functional data remains under-explored. Functional
data are sample of random functions. The simplest examples are random curves defined
over a (univariate) real-valued interval with one curve per individual subject in our dataset.
Without loss of generality we assume that the interval is [0, 1]. The curve for one subject
is thus a random function X(¢),¢ € [0, 1], which can be viewed as a continuous stochastic
process on [0, 1]. Extensively studied in the statistics literature (Ferraty and Vieu, 2006;
Hsing and Eubank, [2015; Ramsay and Silverman, 2007; Wang et al., 2016), functional data
appear frequently in scientific studies and daily life, such as in datasets of: air pollution,
fMRI scans, growth curves, and sensors like wearable devices.

A fundamental property that distinguishes functional data from other data types is
that they are intrinsically infinite dimensional and generated by smooth underlying pro-
cesses. While high-dimensionality poses challenges in modeling and prediction, it brings
benefits when data are generated from smooth or continuous functions. This is because the
observed measurements at one location ¢y can inform us the values of X (¢) for ¢ at nearby
locations, thereby increasing the estimation efficiency. The smoothness assumption also
makes functional data resilient to noise contamination as the magnitude of the noise can
be estimated and statistical methods designed for functional data can accommodate noise
in the observed data.

In practical applications, we are interested in using these continuous curves X (t) to
infer their relationship to some response variable Y, often to predict the response. More
formally, we have a dataset {(X;(t),Y;)}"; of i.i.d. samples of X(¢) and the associated
Y, where X(t) is a mean-square continuous process defined over ¢ € [0,1]. For each
subject 7 in our dataset, the observations of X; serve as a functional covariate to predict
scalar response variable Y;, which may be either continuous or discrete. In many practical
applications, the continuous process X (t) is only be observed on a discrete time grid
{t1,...,ts41} in each observed X;. Assuming there is an underlying map 7 : X(¢) — Y,
our goal is to estimate T from the data (e.g. using a neural network).

A common pipeline for functional data analysis (FDA) is to summarize the informa-
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tion contained in each function into a finite-dimensional vector and then carry out the
analysis using existing models for the resulting multivariate data. Two popular dimension
reduction_approaches are Functional Principal Component Analysis (FPCA) (Besse and
Ramsay, 1986; [Li and Hsing, [2010; [Rice and Silverman, [1991; [Silverman, [1996; [Yao et all,
20054) and preselected basis expansions using, for example, B-splines (Cardot et all, 2003;
Rice and Wu, 2001).

Existing approaches to deep learning for functional data rely on a straightforward
pipeline that first applies classic functional data analysis methods and then a neural
network in sequence. [Rossi et all (2002) handled functional data through discretization
and functional parameterization of weight matrices, while [Rossi et all (2005) and (Guss
(2016) use basis function expansion to convert functional inputs into a vector form that
can then be directly fed into to a standard neural network. Some universal approximation
theory for functional neural networks has been established by [Rossi et al. (2005) and Guss
and Salakhutdinov (2019). However this two-stage fitting process in prior work is unable
to fully leverage the representation-learning power and flexibility of deep learning.

In this paper, we propose to improve existing architectures by replacing these pre-
specified choice of basis functions with adaptively learned bases that are implemented via
micro neural networks (Lin et all, 2013) to which we backpropagate information regarding
the response variable. A similar variant of our basic idea was briefly suggested by Rossi
and Conan-Guez (2005), but their work never pursued the idea beyond a short comment
stating it could be the possibile to implement the weight function of their functional
neural network as an Multilayer Perceptron (MLP). Our design eliminates the need for a
preprocessing step to convert random functions into vector inputs that otherwise typically
requires a manually-prespecified choice of basis functions. Our architecture synchronizes
the dimension reduction step and the nonlinear mapping step by adjusting the learned
basis functions such that they only capture the information in X (¢) that is relevant to the
output. Existing basis function representations instead seek to retain as much information
about the input as possible, which may actually make supervised learning more difficult

(Tishby and Zaslavsky, 2015).
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Our main contribution is to propose an alternative neural architecture for end-to-
end FDA that consists of a novel Basis Layer (BL) implemented via micro networks.
We name the new network an Adaptive Functional Neural Network (AdaFNN). We study
some theoretical properties of AdaFNN;, establishing convergence and generalization error
guarantees. Adding a BL into a neural network as feature extractors for functional inputs,
the resulting model is empirically more accurate than existing methods and is simultane-
ously more parsimonious (meaning it requires less basis functions to model the random
functions). Two types of regularizers are introduced to encourage basis orthogonality
and basis sparsity. This regularization improves the resulting learned representations as
well as the interpretability of the learned bases (especially when a small number of basis
nodes are used). Moreover, our model can be trained end-to-end and thus composed with

arbitrary differentiable operations without any alteration.

3.2 Related Work

3.2.1 Discretization of Functions

A straightforward application of neural networks to functional data is to treat the dis-
cretely observed functional values { X (¢1),..., X(¢;+1)} as a high-dimensional vector and
then input this vector into a neural network. This approach has been explored in Guss
and Salakhutdinov (2019); [Rossi and Conan-Guez (2005); [Rossi et all (2002, 2005). An
alternative common approach is to treat the discretely sampled data from subjects as
time series. However this approach has several disadvantages as it does not leverage
the smoothness of the underlying data-generating process X (t) and relies on additional
strong assumptions such as stationarity. Lastly, most time-series methods are not de-
signed for replicate observations (here we observe numerous draws of the underlying X (¢),

one per subject). Thus we instead review the vector-based approach below. Since the

X (t) process is only observed at discrete time points {t; }jill, one could use the vector
v, = [X(t1),...,X(t;41)] as the input of a standard neural network. Using the vector
v, the original mapping 7 can be approximated by Tgpite @ v, — Y. Classical results

imply that Tguie can be well approximated by a neural network with a sufficient number
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of parameters. Furthermore, by increasing the partition resolution J, we can approximate
T using Tgnite With arbitrarily small error.

Drawbacks. In order to preserve critical information about the functional inputs, the
discretization approach may require a high-dimensional vector, which hampers subsequent
learning due to the curse of dimensionality. Furthermore, these discrete vector dimensions
may fail to reflect the smoothness inherent to many functional covariates if they are

contaminated by noise.

3.2.2 Basis Representation of Functions

To overcome the disadvantage of discretization, [Rossi and Conan-Guez (2005) proposed
to make use of the continuity of functional data and find a better finite-dimensional
representation of a functional input before feeding it into a network. To be specific, let

{oe(t)}H, be a set of K continuous basis functions defined on [0,1]. The task is to

represent X (t) using a vector v, = [ay, . .., ax] such that:
K
X(t) = ) arpi(t). (3.2.1)
k=1

Commonly used basis functions are Fourier basis functions, B-splines, or eigenfunctions
obtained via spectral decomposition of cov(X(s), X(t)). After finding a basis expansion
of X(t), we can use the vector v, instead of v, as the input to a feedforward network.
Normally the dimension K of v, is much smaller than the dimension J+-1 of the discretized
data v,, a clear advantage. Furthermore, the basis expansion in ([B2]) automatically
produces a smooth approximation of X (¢), which can reduce the noise contained in v,.

Drawbacks. While the basis representation approach in (B.2.1) could recover the
underlying smooth process of functional input, it does not take advantage of the key
information contained in the response Y during its dimension reduction stage. Besides,
both dimension reduction of functional inputs and parameterization of weight matrices
(see FMLP on p.55, Rossi and Conan-Guez (2005)) require selection of basis functions.
These bases are typically selected a priori and the number of bases needs to be chosen as
well. We address these questions in this paper by proposing an adaptive approach to find

the optimal bases that utilizes the information on Y and the specific learning task.
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3.2.3 Micro Network Inside of a Network

Embedding smaller neural networks within a larger overall network architecture has been
previously explored. For example, the Network in Network (NIN) model of [Lin et al.
(2013) replaces linear convolutions by a micro MLP. Empirically, the enhanced nonlinearity
improves the model’s ability to extract good features. Although NIN is conceptually
related to our proposal, their operations differ in two ways. In our design, a basis node
in a basis layer, which is also a micro MLP, is applied to the whole input. In contrast,
a NIN micro network performs local convolution operations. Second, the micro MLP
in NIN takes a small region of an image as its input and this process is slid across the
whole image via convolution. Our basis micro network instead takes a fixed time point ¢
as its input and this process operates on a full functional input [X(¢1),..., X (t,41)] via

numerical integration.

3.3 Methodology

To address the drawbacks of discretization and basis representation, we propose a novel
neural network that adaptively learn the best basis functions for supervised learning
tasks with functional inputs. Figure 3.1l shows the basic architecture of such a network
(AdaFNN), and Algorithm [l details the network computations used to produce predictions
in a forward pass. After the initial basis layer, our network shares the same structure as
a standard feedforward network. Each node in a BL outputs a scalar value computed
as the inner product between the input function and the corresponding basis function
at that node (Figure B.2). Unlike handcrafted functions used in existing methods, we
parameterize each basis function with a micro neural network that takes a scalar t as its
input and outputs the value the basis function takes at ¢.

In the network depicted in Figure Bl the BL consists of d basis nodes (for some
user-specified value of d). Each node represents the application of some basis function
Bi(t), for i = 1,...,d and t € [0,1]. The value output by each basis node, i.e., the score
of X (t) with respect to the basis function §;(t), is computed as:

6 = (B, X) = / Bi(t) - X (1) dt. (33.1)
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Figure 3.1: Neural network with our Basis Layer

J+1 ~
;- Mo (t) - X(t) |—C;
= (B, X)

Figure 3.2: The ¢-th basis node in a Basis Layer.

The BL outputs form a vector ¢ = [cy, ..., cq] € R% This vector is then fed through the
rest of the AdaFNN network’s layers, which after the BL are all standard fully-connected
layers (as in a standard MLP, where © denotes the weights of all layers after the BL). The
output of the overall network is Y = %(X) = 0L< <0y (ch + bl)), where o4, ...,0p are
the activation functions at each layer.

The bases 3; are used to project the functional input X (¢) to a vector representation
c. While the form of these bases could in theory be selected a priori, such ad hoc selec-
tion violates the principle of end-to-end learning that drives deep learning’s success. We
would instead like to backpropagate information about Y through the network in order
to adaptively identify optimal bases ;. For this reason, we prefer the representation of
input functions in (3.3.]) over (B.2.1]), as the latter is less amenable to basis learning via
backpropagation.

In the BL, each basis function §;(t) is itself parameterized by another neural network
nne, (t) : t — of (- ol (Wit + %)) with parameters ©; consisting of weights {W/}
and biases {bi}L_,. In this work, these micro networks nng, are simply MLPs whose only

input are the values ¢; at which the functional covariate X(¢) is measured (our micro
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MLPs employ modern techniques such as skip connections, batch/layer normalization,
and dropout). Note that these are the only locations at which we need to evaluate the
learned basis function 3; in order to approximate (f3;, X'). In practice, the integral in (3.3.1])

must be approximated numerically, for example, using the rectangular or trapezoidal rule.

Suppose that the domain [0, 1] is equally discretized by the partition {¢t; = (j —1)/J 3];1
For each 4, the score ¢; is approximated by ¢; = Z;}ill w; - nng,(t;) - X(¢;), where {w;, ‘J];rll

are weights used in a numerical integration algorithm. For instance, if trapezoidal rule
is used in the network, then we would have w;; = wy = 1/(2J) and w; = 1/J for
j=2,...,J. Here equal spacing is not necessary. Our method works well as long as the
grid is dense enough for the numerical integration to be accurate (see our provided code
for a demonstration of AdaFNN with non-uniform spacing).

The loss of the network is calculated between a prediction Y and the observed response
Y, and is written as K(}/},Y). Here we employ a standard loss function for prediction
such as mean-squared-error for regression or cross-entropy for classification. The overall
loss is the average loss across the whole sample (or a mini-batch of data for stochastic
gradient training) and is denoted as L({©;}{,,0) = 2 3" | ¢ (Y;,Y;). The micro-networks
and subsequent fully-connected network layers are all simultaneously trained (end-to-end)
using this single objective L({©;}L,,©) applied to the output predictions. In the next
section, we also consider possible addition of orthogonality or sparsity regularization to
this objective.

We make three observations about the proposed model. First, it can clearly be trained
end-to-end with the BL. There is no need to select and even fine tune what type of basis
functions should be used in representing input functions (or weight matrices). Second,
since the parameters ©; are updated to minimize prediction loss, our learned basis func-
tions are likely better suited for the desired task than handcrafted basis functions chosen
without this information. The experiments in Section show that our BL architecture
can achieve higher accuracy than existing basis expansion methods while utilizing fewer
basis functions (as each individual learned basis function can capture more predictive sig-

nal). Lastly, since each micro neural network is a composition of continuous functions (as
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Algorithm 1 AdaFNN Forward Pass
Input: data z = [X(t1),...,(Xs41)]

Output: prediction
Parameters: basis layer NN {©;};,—1 4, output NN O, integration weights

Wi, ...,wWry1, e.g. for trapezoid rule with equally-spaced t;: w; = % it 2 <5 < J,

1

else = 57

fori=1tod: ¢ < ZJ+11 wj - nne,(t;) - X (t;)
b < [G1, ..., 0 € RY
Y < nne(v.)

return y

a standard MLP), all of the learned basis functions within our model will be continuous.

3.3.1 Regularization

Encouraging Basis Orthogonality. Without constraints, two BL nodes might learn
similar basis functions and extract redundant information from the same functional input
X(t). To encourage different BL nodes to represent different (uncorrelated) information
about the function, we can regularize them to be orthogonal. Recall that L({@ o, )
is the loss function of a BL network. To encourage basis orthogonality, we introduce
a regularization term which penalizes the cosine similarity between each pair of basis

functions. The resulting loss optimized by the regularized network is

perp({® }z 13 ) ({6 }1 10 +)\1 Z ||n

where A; > 0 controls the strength of the penalty. When a BL contains many nodes,
enumerating all pairs becomes computationally expensive. Instead we randomly sample
a few pairs at each mini-batch update and employ their average absolute cosine similarity

as a stochastic estimate of the regularizer against which we optimize network parameters.

Encouraging Basis Sparsity. We can also regularize the shape of our learned basis
functions. In domain selection problems (James et al., 2009; Wang et all, 2021); [Zhou et all,

2013), the response is only related to the functional input over an (a priori unknown)
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subset of its domain, i.e. Y 1L {X(#')}rgr | {X(¢)}ier for some Z C [0,1]. To encourage
this desired property, it is sensible to learn a basis function whose value is zero outside of
Z. While the number of nonzero values taken by the basis function is hard to optimize,
we can penalize their L; norm as a tight convex relaxation of an Ly norm to enforce basis

sparsity. The resulted loss function is

Lsprs({@i}fii:D@) = L({@l}g:h@) + )‘2 ’ éZ/|Bl(t)| dt’

€S
where § C {1,...,d} indicates which subset of basis functions we wish to sparsify, s is
the number of elements in S, and Ay > 0 controls the strength of the L; penalty. Even
when we are not sure whether the domain selection assumption truly hold, learning sparse
basis functions via this L; penalty can greatly improve the overall interpretability of our

prediction model (Figure B.6)).

3.4 Theoretical Analysis

Here we discuss theoretical properties of the architecture proposed in the previous section.
We provide a universal approximation theorem for this design and prove it achieves low
generalization error under mild regularity conditions.

Let C([0, 1]) denote the space of continuous functions defined on the compact interval
[0,1]. Assume that the underlying mapping 7 : X +— Y is a composite of a finite-
dimensional linear transformation and a subsequent non-linear transformation. We can
write 7 = ho g, where g : C([0,1]) — R? is a linear continuous map, and h : R? — R is a
non-linear continuous map. By Riesz representation theorem, there exist square-integrable
function v; with ¢ = 1,...,¢ such that g(X) = [(71,X),..., (74, X)]. The approximate
network parameterized by weights {©;}%_, and © is denoted as 7.

Theorem 9 (Consistency of the network). With the notations defined previously and

following the conventions in the literature, we assume that:

(i) the numerical integration at each basis node can be accurately evaluated as J — oo,

(ii) each network in T can have sufficient capacity.
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Then for any € > 0, there exists a network T* with weights {©:}L, and ©* such that

sup [T~ T(f) <e

feC([0,1]), [ fll2<1

Hence, we have the following result: Let X be a continuous process defined on [0,1]. For

any § > 0, there exists a network T* with weights {©7}], and ©* such that
P(|IT*(X) - T(X)| <6) >1—6.

Remark 1. Although Theorem [ provides the consistency of the proposed architecture,
it is not equivalent to identifying each true basis function consistently. The reason is
that the individual basis functions are not identifiable since there are multiple ways to

parameterize one map.

Remark 2. To make adequate predictions, the number of basis nodes d in AdaFNN should
be sufficiently larger than the dimensionality ¢ of g(X), introduced in the assumptions
of Theorem 1. In practice, we could also vary the choice of the number of basis nodes
to find out which yields the best performance (lowest validation loss or fewest bases with
low validation loss). Once the training is done, by investigating the learned bases, one
can decide which ones seem to be relevant and use those as the basis functions to re-train

a smaller subsequent network.

Next, we prove the proposed architecture can achieve small generalization error. Let
S ={(X1,Y1),...,(X,,Yn)} be niid. copies of (X,Y), and there exist two constants
My, My > 0 such that both sup,¢oq [X(¢)| < M and [Y| < M, hold almost surely. Let
7Aé be a model proposed in Section with its architecture fixed. In a slight abuse of
notation, we use © to denote all the weights, including {©,;}¢, and ©, used in 7%. We
use / (7A'@ (X),Y) to denote the loss function. The population risk is defined as r(0) =
E[E(?@(X),Y)}, and the empirical risk is r,(©) = %Z?:lﬁ(%@(Xi) Y;). Usually the
weights © are estimated via ) produced by a random algorithm A based on the sample S.
The generalization error is defined as |Eg, Alr(©) — rn(@)H Suppose that we use a variant
of stochastic gradient descent to train our model. At the t-th iteration (1 < ¢t < T,

the weights are updated with @)t+1 = ét — atvef(’?@(){it),m) where the indices

}e:ét’
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i; are randomly chosen (e.g., uniformly), and the learning rate «; is monotonically non-
increasing with oy < ¢/t for some fixed constant ¢ > 0. The following result is an

application of Theorem 3.12 in [Hardt et al. (2016).

Theorem 10 (Small generalization error). Assume that

(i) the weight © is restricted on some compact region,

(ii) the loss function (-, -) and its gradient V{(-,-) are both Lipschitz.

Then for every pair of observation (X,Y), both é(’YAé(X),Y) and Vef(%(X),Y) are

Lipschitz with respect to ©. Hence, there exists some constant ¢ > 1 such that

Remark 3. Assumption (i) in Theorem [0 is not restrictive since we can convert a con-
straint optimization problem to an equivalent penalized problem. In practice, we could
minimize the regularized empirical risk, i.e., 7,(0) + p||vec(©)||2, where vec(O) is the

vectorized weights ©, and p > 0 is a tuning parameter.

3.5 Experiments

Throughout, our experiments focus on methods that can handle general functional inputs,
rather than approaches tailored for specific tasks like predicting future observations. The
proposed AdaFNN network is compared to three baseline models: ‘Raw data (#) + NN’
(Rossi et _al., 2002), ‘B-spline (#) + NN’ (Rossi et all. 2005). and ‘FPCA, + NN’(Rossi
et al., 2005). Here the integer # denotes the input dimension of each network. The
subscript p of ‘FPCA’ is the fraction of variation explained (FVE) used in selecting the
number of principal components. The latter two baselines (B-spline and FPCA) have their
roots in the field of functional data analysis (Cardot et all, 11999, 2003; Dou et all, 2012;
Miiller and Stadtmiiller, 2005) and classification tasks (Chiou, 2012; [Leng and Miillex,
2006a; [Miiller, 2005; [Song et al., 2008).

The first baseline simply discretizes the raw functional input as a vector that is fed

into the network, so the dimension of the input vector is the number of points ¢ at which
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X (t) has been observed. The other two baseline models consist of two steps. The first
step involves transforming the functional input into a vector of scores from its B-spline
or FPCA expansion (cf. (3.2I])). The resulting vector representation is then fed as input
into a network in the second step.

The number of bases used in the two baseline models is often determined by how well
a function can be represented in the functional space spanned by these basis functions.
For example, when using B-splines, we look at how well the selected spline functions can
capture the trend of the raw data. A small number of B-splines may not be able to
recover the trajectory very well. However, too many B-splines might overfit the functions.
The choice of the number of principal components is based on the desired FVE by these
principal components. Often, a sizeable FVE is expected, e.g., 90% to 99%. Similar to
the selection of B-splines, we should not simply choose an FVE as large as possible. Large
FVE may include (functional) principal components whose corresponding eigenvalues are
very small, hence difficult to estimate. A good rule of thumb is to use the first few
components that capture the bulk of the variation.

We write ‘AdaFNN (A;,As)’ to indicate the level of regularization, where A; (and Ag)
controls the degree of orthogonality (and L;) regularization. AdaFNN was trained with
9 different combinations of the orthogonal regularization penalty A; € {0,0.5,1} and L,
regularization penalty Ay € {0,1,2}. The performance of each configuration is reported
for all simulations and real data tasks. Throughout we use * to indicate the A, Ay values
that performed best on the validation data, as these are the hyperparameter values that
would be typically used in practice.

All models, including AdaFNN and the other NN baselines, employ the same archi-
tecture and training hyperparameters. A network with 3 hidden layers and 128 fully
connected nodes per layer was used for Tasks 1-7 (real data) and our simulation studies.
For Tasks 8 and 9 with small sample sizes, we used a smaller network with 2 hidden layers
and 64 nodes and added dropout during training. All networks were trained up to 500
epochs (with 200-epoch early stopping patience) using mini-batches of size 128. AdaFNN

merely uses 2 bases in simulation Cases 1 & 4, 3 bases in simulation Cases 2 & 3, and 4
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bases in our applications to all 9 prediction tasks with real data. In contrast, we allowed
the B-spline/FPCA baselines to either rely on a similar number or more basis functions
since these models cannot optimize each of their bases (e.g. FPCA(. g9 often selected more

than 10 principal components).

3.5.1 Simulation Studies

We demonstrate through simulations that baseline functional neural network models may
miss relevant information but AdaFNN is able to capture the true signal while relying on
fewer basis functions than the baselines. Four different simulation settings were considered,
each is purposefully designed to illustrate a particular conceptual shortcoming of one of
the baseline methods (with an extra fifth setting to highlight the utility of our proposed
regularization).

We first describe the underlying data-generating process in each of the four settings.
For t € [0,1], define ¢1(t) = 1 and ¢x(t) = V2cos((k — 1)7t), k = 2,...,50. Consider
the process X (t) = 2021 ckdr(t), where ¢, = zgrg, and ry are i.i.d. uniform random
variables on [—+/3,v/3]. The actual observations for X;(¢) is the discrete data {X;(;),j =
1,...,51}. We report the mean squared prediction error (MSE) achieved by each method
on the test data.

Case 1: We set: z; = 20,29 = z3 = 5, and 2, = 1 for k > 4. The response is Y = c3,
that is, Y = ((X, ¢3))?, where the function ¢3 corresponds to the true predictive signal.
This case is designed to show that a small FVE in FPCA may not suffice to capture the
relevant signal.

Case 2: We set: 21 = 23 = 5,25 = 210 = 3, and 2 = 1 for other k. The response is
Y =2 = ({(X, ¢5))?. Here the function ¢5 corresponds to the true predictive signal and is
more complex than ¢3. The squared operation ensures a nonlinear relationship between
the response and functional covariate. This case is designed to show that a small number
of B-splines may not suffice to represent the X (¢) information relevant to the response.
Case 3: In Cases 1 & 2, both the response Y is free of noise and the functional input
X () is not contaminated by measurement errors. However, this setup is rarely realistic

in practice. The goal here is to evaluate functional estimators in the presence of both
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outcome noise and measurement errors in X (¢). We use the same model as Case 2 except
that a mean zero Gaussian noise is added to the response, and the observation of X (¢) at
each time point is perturbed by an additive mean zero Gaussian measurement error. The

signal-to-noise ratios (SNR), defined as

Jo (X (8))2 at

standard deviation of measurement error

SNR(X) =

for the functional input (due to E[X (¢)] = 0), is v/10 to 1.

Case 4: This case studies how well AdaFNN captures multiple signals and its application
in domain selection. The functional covariates X;(t) are generated similarly as in Cases 1
& 2, except that in Case 4: z; are all taken to be 1. Two signals §; and (5 are chosen as:
Bi(t) = (4 —16t) - 1{0 < ¢t < 1/4} and By(t) = (4 — 16[1/2 —t]) - 1{1/4 <t < 3/4}. The
response is Y = (S, X) + ({81, X))?. Centered Gaussian noise is added to Y, and X (¢)
is also contaminated by measurement error.

Case 5: The same setup as Case 4, but now with double the noise variance in Y (used
to highlight our regularization).

Table 7] reports the MSEs for all methods. Under columns Cases 1 & 2, we see that
AdaFNN exhibits the best performance in both settings. The performance of the baseline
models is mixed. The top two principal components (with FVE at least 90%) are not
able to detect any useful predictive signal in the data under Case 1, same with four B-
splines bases in the simulation under Case 2. Thanks to its success in capturing the true
basis function, AdaFNN performs strongly in both simulation settings. It is interesting
to observe that each fitted basis function contains a fraction of the true signal function,
and together they are able to recover it (Figures B3] and B4]). That is, the true signal
function can be represented as a linear combination of the fitted bases.

For Case 3, Table [Z7] (column ‘Case 3’) shows that all methods performed worse
with noise added, but AdaFNN with orthogonality regularization remains superior to
other methods. On the other hand, the L; regularizer is not helpful in Case 3. This is
expected, because the true signal ¢5 does not have any zero region in its domain. Note

that feeding the raw data as a vector into neural networks performs comparably to the two
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METHOD CASE 1 CASE 2 CASE 3 CASE 4

RAw paTA (51) + NN 0.015 0.038 0.275 0.334

B-sPLINE (4) + NN 0.050 0.984 0.971 0.369
B-spLINE (15) + NN 0.013 0.019 0.206 0.251
FPCApg9 + NN 0.917 0.023 0.134 0.855
FPCApg9 + NN 0.003 0.036 0.239 0.667
ADAFNN 0.0 0.001* 0.003 0.979 0.193*

ADAFNN 0.995 0.007 0.978 0.982

(0.0, 0.0)
(0.0, 1.0)
ADAFNN (0.0, 2.0) 0.996 0.992 0.978 0.981
ADAFNN (0.5, 0.0) 0.004  0.005* 0.137* 0.571
ADAFNN (0.5, 1.0) 0.983 0.005 0.978 0.590
ADAFNN (0.5, 2.0) 0.134 0.008 0.978 0.981
ADAFNN (1.0, 0.0) 1.000 0.004 0.127 0.196
(1.0, 1.0) 0.009 0.006 0.974 0.606
(1.0, 2.0)

0.051 0.009 0.978 0.981

ADAFNN
ADAFNN

Table 3.1: Test-set MSE of predictions in simulation study. For each case, the asterisk
indicates the best AdaFNN hyperparameters on the validation set, and the method with
the best test MSE is marked in bold.

functional baseline models in the noiseless simulations. However, in noisy settings (Cases
3 & 4), this approach is inferior to the other two baseline models. This demonstrates the
importance of exploiting functional properties whenever the input is a smooth function.
The performance of the functional ‘B-spline + NN’ and ‘FPCA + NN’ approaches is
mixed; each has its own advantage over the other in different scenarios.

For Case 4, Table [77] (column ‘Case 4’) shows that AdaFNN outperforms the other
methods in this setting. At the same time, the proposed method also learns meaningful
bases that correctly identify the relevant domain of interest (Figure B.H). That on [3/4,1]
both ) and [y are zero implies that the values of X (t) over [3/4,1] have no effect on
the response. None of the baseline methods is able to show this information, and thus

AdaFNN is not only more accurate than existing models, but also more interpretable. In
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Figure 3.3: The left plot shows the true signal ¢3 (solid) and the reconstructed signal
¢3 (dashed) from AdaFNN(0,0) (the regularization values with best validation MSE) in
Case 1. The right plot shows each learned bases ; and (3 from the same experiment.

Note that: ¢3 ~ ¢3 = Py — B1.

2.0 true == learned basis 1
reconstructed 154 we learned basis 2
== lcarned basis 3
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Figure 3.4: The left plot shows the true signal ¢5 (solid) and the reconstructed signal
¢5 (dashed) from AdaFNN(0.5,0) (the regularization values with best validation MSE)
in Case 2. The right plot shows each learned bases 51, 52, 53 from the same experiment.

Note that: ¢5 ~ ¢5 53 51 52

summary, while some baseline methods perform well in certain simulation settings, none
of these methods can achieve consistently strong performance like AdaFNN across all
cases.

A final simulation, Case 5, demonstrates the utility of our proposed regularizationn. In
this case, Table [77] shows that AdaFNN(0.5,0) and AdaFNN(0,0.1) clearly outperform
AdaFNN without regularization, as well as all other methods (despite our regularized
AdaFNN using only 2 bases, under which the other methods performed very poorly).
Without any regularization, AdaFNN(0,0) learns 2 very similar bases (left plot in
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Figure 3.5: The left plot shows the true signal ; (solid) and a (scaled) learned signal B
(dashed) from AdaFNN(0,0) (the regularization values with best validation MSE) in Case 4.
The right plot shows 2 and a (scaled) Sy from the same experiment.

Figure [3.6), while using either one of our proposed regularizers helps AdaFNN recover
the true underlying bases (middle/right plots in Figure B6) and greatly improves its

predictive performance.

METHOD NO. BASES MSE
Raw (51) + NN 51 0.339
B-SPLINE (4) + NN 4 0.382
B-spLINE (15) + NN 15 0.257
FPCAp9 + NN 20 0.807
FPCAgg99 NN 28 0.693
AdaFNN(0.0,0.0) 2 0.598
AdaFNN(0.5,0.0) 2 0.231
AdaFNN(0.0,0.1) 2 0.207

Table 3.2: Test-set MSE of predictions in Case 5. AdaFNN with active regularization is
highlighted in bold.

3.5.2 Application to Real Functional Datasets

Next, we evaluate the performance of AdaFNN and other neural FDA methods in nine

different regression and classification tasks, using four datasets. In regression tasks, the
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Figure 3.6: The (scaled) bases under simulation Case 5 learned by: AdaFNN(0,0) on the

left, AdaFNN(0.5,0) in the middle, and AdaFNN(0,0.1) on the right.

METHOD Task 1 Task 2 Task 3 Task 4 TAsk 5 TAsk 6 TaAsk 7 Task 8 Task 9
RAW DATA (48) + NN  0.099 0.284 0.124 0.296  0.380 0.488  0.472 0.406  0.373
B-spLINE (15) + NN 0.094 0.306  0.137 0.326  0.335 0.477 0.429 0.413  0.387
FPCAgg99 + NN 0.119 0.339 0.143 0.306  0.363 0.493 0.431 0.429 0.378
ADAFNN (0.0, 0.0) 0.084* 0.290*  0.129* 0.311 0.365 0.477  0.410* 0.377*  0.375
ADAFNN (0.0, 1.0) 0.094 0.276  0.126 0.327 0.561 0.479*  0.498 0.374  0.392
ADAFNN (0.0, 2.0) 0.097 0.276  0.129 0.324  0.596 0.481 0.473 0.381 0.445
ADAFNN (0.5, 0.0) 0.108 0.260 0.130 0.310*  0.380* 0.490 0.410 0.376  0.368"
ADAFNN (0.5, 1.0) 0.089 0.279  0.126 0.324 0.616 0.486  0.494 0.362 0.413
ADAFNN (0.5, 2.0) 0.098 0.280 0.128 0.345  0.392 0.509 0.444 0.373  0.450
ADAFNN (1.0, 0.0) 0.084 0.288 0.118 0.294 0.339 0.485 0.413 0.378  0.406
ADAFNN (1.0, 1.0) 0.097 0.282 0.133 0.320 0.651 0.502  0.456 0.371  0.394
ADAFNN (1.0, 2.0) 0.092 0.279  0.127 0.326  0.371 0.510 0.414 0.374 0.416

Table 3.3: Comparing test-set performance of different methods’ predictions on 9 func-
tional datasets (MSE in regression, 1 — AUC in classification). For each dataset, the
asterisk indicates which AdaFNN hyperparameters performed best on the validation set,

and the best performing method on the test data is indicated in bold.

performance is again measured by MSE, while the performance is measured by the area

under the ROC curve (ROC AUC) in classification tasks. Since our simulations show

that B-spline (4) and FPCAyg empirically underperform (Table [72]), we subsequently

only consider the use of B-spline (15) and FPCAg g9 on real data.

Electricity Data: Electricity consumption readings for 5567 London homes, where each

household’s electricity usage is recorded every half hour (UK Power Networks, [2015). The
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functional covariate X (¢) is defined as the 48 measurements per household that constitute
one day’s electricity usage curve. Based on this X(¢), we consider four prediction tasks

with different response variables:

1. Predict a household’s total electricity consumption in the next week (week 2) based
on its X(t). [regression]

2. Predict a household’s total electricity consumption in a later week (week 5) based on
its X (t). [regression]

3. Predict whether a household’s morning (6am-12pm) electricity consumption in week
5 exceeds a certain threshold based on its X (). [classification]

4. Predict whether a household’s consumption during the day (8am-17pm) exceeds night
usage (17pm-12am) by a threshold in week 5 based on its X (t). [classification)]

The threshold values in tasks 3 and 4 are selected to ensure approximate class-balance in
these classification problems. Because household consumption behavior is likely to change
over a longer period, Tasks 2-4 are expected to be harder than Task 1. Results for these
tasks are reported in columns Tasks 1-4 in Table [Z7]

Wearable Device Data: This data consist of wearable device data from the National
Health and Nutrition Examination Survey (NHANES) (NCHS, CDC 2020). Each sub-
ject in the study wore a device that continuously measures the intensity level of their
physical activities within one week. The functional covariate X (¢) is the average activ-
ity levels every 30 minutes for one full day, resulting in a curve of 48 observations per

subject. We examine whether physical activities are predictive of various health outcomes:

5. Predict whether a subject has diabetes. [classification]
6. Predict if subject feels chest pain. [classification]

7. Predict whether a subject experiences shortness of breath on stairs. [classification]

Tasks 6 and 7 aim at predicting a subject’s cardiovascular health. Results for Tasks 5-7

are reported in column Task 5 to column Task 7 in Table [7Z]
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Mexfly and Medfly Data: The final two datasets pertain to Mexican fruit flies (Mexfly)
(Carey et al., 2005) and Mediterranean fruit flies (Medfly) (Chiou et al., 2003), recording
the number of eggs laid daily for each fly. Our task is to use early trajectories of egg-
laying (daily number of eggs laid) to predict the lifetime reproduction, defined as the total
number of eggs laid by the fly over its lifetime:

8. Predict lifetime reproduction of a Mexfly using its egg-laying curve X (¢) from day 1

to 30. [regression)]

9. Predict lifetime reproduction of a Medfly using its egg-laying curve X (¢) from day 1

to 20. [regression]

The choice of the thresholds, day 20 and 30, is motivated by predicting lifetime reproduc-
tion based on early reproduction pattern in pre-peak period (peak usually occurs after 20
or 30 days depending on the species). Results are presented in Table[7Z]in columns Tasks
8 and 9.

Results. Empirically, AdaFNN performs better than all baseline methods in all 9
prediction tasks, demonstrating its advantage for diverse forms of real functional data
spanning regression/classification problems. In contrast, none of the baseline methods
consistently outperformed all other baselines across these tasks. Basis orthogonality and
sparsity were used to improve learned representations and possibly get a better fit of the
data (but like all regularization, the effectiveness of our proposed regularizers varies from
dataset to dataset). Many of the best reported results are from AdaFNN with penalty
A1 > 0, demonstrating that our orthogonal regularization technique improves the learned
functional representations. While Ay > 0 only produces the most accurate AdaFNN model
for one of the tasks, the L; penalty can remain useful for interpretability of the model.
As with all regularizers, the optimal degree of regularization to employ also varies from
dataset to dataset. By leveraging its superior representational capabilities, AdaFNN is
also able to achieve superior accuracies with fewer bases than the B-spline + NN or FPCA

+ NN baselines.
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3.6 Conclusion

This work presents a new approach to adapt representation learning techniques for func-
tional data. Our proposed architecture does not require handcrafted bases to handle
functional inputs, and learns the optimal bases for a particular dataset in an end-to-end
manner. The Basis Layer compresses functional covariates in a linear fashion into a
low-dimensional vector that reflects only those factors of variation most relevant to the
response value. Traditional dimension reduction techniques like FPCA instead attempt to
capture all variation in the functional input itself, regardless of its relationship to the re-
sponse. There are many disadvantages to retaining global information about X (¢) rather
than merely what is needed to infer Y, some of which are outlined in the information
bottleneck principle of [Tishby and Zaslavsky (2015).

Note that AdaFNN can be easily extended to vector-valued functional data, where
either t € R? or X(t) € R? for p > 1. In the former case, each basis layer micro NN
simply operates on vector-valued inputs ¢, while in the latter case, these micro NN would
have larger output layers to produce vectors rather than scalars. Furthermore, our method
can also be applied to data with both multiple functional covariates (can simply employ
separate basis layers for each and pool their outputs) as well as auxiliary vector covariates
in addition to X (¢) (can simply concatenate our basis layer output o, with these additional
covariates before it is fed into the subsequent feedforward network).

As previously mentioned, AdaFNN is also directly applicable to non-uniform obser-
vations of X (t), where the t; are not equally spaced, although such cases require proper
selection of the integration weights w;. However, successful application of AdaFNN to
sparsely observed functional data, where the underlying process X (t) is only observed
at few locations t;, remains nontrivial and likely requires improved numerical integration
strategies as well as stronger inductive bias in the micro NN architecture |Gunter et al.
(2014). Nonetheless, we expect our adaptive Basis Layer will find broad applicability as
a general-purpose representation learning tool for domains with functional data such as

wearable devices, climatology, genomics, or neuroimaging.
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Chapter 4

Bootstrap for Eigenvalues in

High-Dimensions

In the context of principal components analysis (PCA), the bootstrap is commonly ap-
plied to solve a variety of inference problems, such as constructing confidence intervals for
the eigenvalues of the population covariance matrix ¥. However, when the data are high-
dimensional, there are relatively few theoretical guarantees that quantify the performance
of the bootstrap. In this chapter we analyze how well the bootstrap can approximate the
joint distribution of the leading eigenvalues of the sample covariance matrix i, and we
establish non-asymptotic rates of approximation with respect to the multivariate Kol-
mogorov metric. Under certain assumptions, we show that the bootstrap can achieve
the dimension-free rate of r(X)/4/n up to logarithmic factors, where r(X) is the effective
rank of ¥, and n is the sample size. From a methodological standpoint, our work also
illustrates that applying a transformation to the eigenvalues of S before bootstrapping is

an important consideration in high-dimensional settings.

4.1 Introduction

Since the advent of the bootstrap itself (Diaconis and Efron, [1983), the bootstrap method
has been widely applied in principal components analysis (PCA) and become part of
standard practice in multivariate analysis (Davison and Hinkley, [1997; [Jolliffe, 2002; Olive,

2017). It is well established in the literature that the bootstrap generally works in the
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context of PCA with low-dimensional data (Beran and Srivastava, 1985; [Eaton and Tyler,
1991). Furthermore, in cases where the bootstrap is known to encounter difficulties in
low dimensions, such as in the case of tied population eigenvalues, various remedies have
been proposed and analyzed (Beran and Srivastava, [1985; [Diimbgen, [1993; [Hall et al.,
2009). Even though it has been widely applied to high-dimensional PCA problems (e.g.,
Fisher et al., 2016; [Li and Ralphl, 2019; Neuyven and Holmes, 2019; [Stewart et al., 2019;
Terry et all, 2018; Wagner, 2015; Webb-Vargas et _all, 2017), the theory for bootstrap is
relatively incomplete in this context. Although there is an extensive body of literature on
distributional approximation for sample eigenvalues, their primary focus is establishing
asymptotic properties. By and large, these results can be categorized into two parts,
dealing with either classical asymptotics where p is held fixed as n — oo (Anderson,
2003), or high-dimensional asymptotics where p/n converges to a positive constant as p
and n diverge simultaneously (Bai and Silverstein, 2010). (The first case is essentially the
low-dimensional scenario.) One fundamental limitation of both approaches is that the
approximations expressed in asymptotics often do not reflect their practical performance.
For example, it is hard to evaluate how accurate the confidence intervals constructed
from asymptotic distributions can be on a collected data with a finite size. In addition,
approximations based on analytical formulas are often tied to specific model assumptions,
which can make it difficult to adapt such formulas outside of a given model.

Bootstrap methods can be a good solution to the second limitation, as they are data
adaptive and usually used in a very flexible manner. In spite of that, the existing the-
oretical understanding of applying bootstrap to PCA tasks is still limited by the afore-
mentioned problem, since the results are generally asymptotic (Beran and Srivastaval,
1985; [Eaton and Tyler, 1991; [El Karoui and Purdom, 2019). Hence, the motivation of
this chapter is two-fold. First, we want to explicitly quantify the accuracy of bootstrap
approximation in terms of the sample size n and the effective rank of . For example,
our results can be used to quantify how close the coverage probabilities of bootstrap
confidence intervals are to the nominal values. Another motivation is based on the fact

that, until quite recently, most of the literature on bootstrap methods for PCA has been
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limited to low-dimensional settings. It is of general interest to establish a more complete
theoretical description of bootstrap methods for high-dimensional PCA—a point that was
highlighted in a recent survey on this topic (Johnstone and Paul, 2018, §X.C).

In this chapter, we focus on approximating the joint distribution of leading eigenvalues
of sample covariance matrices. Because the top eigenvalues are considered as dominant
components in the spectral decomposition and often contain important summarizing in-
formation of the data in a broad range of applications, such as signal processing (Couillet
and Debbah, 2011), and finance (Ruppert and Matteson, 2015). Accurately estimating
them and understanding their fluctuation play a central role in related inference tasks and
are crucial for domain-specific analysis. To better illustrate how sample eigenvalues and
their uncertainty quantification can be applied in practice, we provide a real-data example

based on stock market returns in Section [4.4.5] with the following two main focuses:

e Selecting principal components. A key step in applying PCA is to select a sub-
set of principal components, often dominant ones, which are then used for tasks,
such as summarizing data, reducing dimensions, and de-noising. Two commonly
used approaches are (1) choosing a threshold (e.g., 95%) based on the proportion
of explained variance (Al(i) + o4 (D) tr(E) and (2) the elbow rule based on
eigengaps )\j(i) — i1 (i) in the scree plot of eigenvalues. The componentwise propor-
tions )\j(i) /tr() are also popular. Besides, the selection rules based on confidence
intervals for the eigenvalues A\;(X),..., A\x(X) of the population covariance matrix
Y € RP*P are also useful, as the construction of such intervals is directly linked to
the distribution of the eigenvalues of S It provides more insights on how accurate
the selection can be based on the sample estimates, i.e., uncertainty quantification,

which will be explained more below. For a general overview of selection rules, we

refer to Jolliffd (2002).

e Quantifying uncertainty. In addition to PCA, the eigenvalues of a population co-
variance matrix plays a crucial role in understanding the performance of statistical
methods for covariance estimation, regression, and classification (Dobriban and Wa-

ger, 2018; Hsu et all, 2014; [Ledoit and Wolf, 2012). They also have domain-specific
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meaning in applications ranging from finance to ecology (Chen et al., [2019; Fabozzi
et al.,12007). For instance, finance practitioners uses principal components of a return
vector of a number of cross-section stocks for risk analysis and portfolio selection Con-
nor and Korajezyk (1993); Roll and Ross (1980). Hence, it is necessary to provide
uncertainty quantification for sample eigenvalues to access estimation accuracy of
these parameters, using approaches, such as evaluating variances and constructing
confidence intervals—and again, this leads to the use of distributional approximation

results for the sample eigenvalues.

To give an overall description of our contributions, consider the following setup. Let
Xq,..., X, € RP be centered i.i.d. observations with population covariance matrix ¥ =
E[X; X[ ]. Also, let S = S XiX," /n denote the associated sample covariance matrix,
and let £* = S XF(XF)T /n be its bootstrap version, formed from random vectors
X7,..., X that are sampled with replacement from the observations. In addition, let the
eigenvalues of a symmetric matrix A € RP*? be denoted as A;(A) > --- > A\,(A), and let
A(A) = (M(A), ..., M(A)) for a fixed integer k < p.

Following this notation, we study the finite-sample approximation to the distribution
of leading k eigenvalues and establish non-asymptotic bounds on the multivariate Kol-

mogorov distance

A, = sup
teERF

Y

P(\/E(Ak(fj) — (D) = t) - P(\/E(Ak(i*) — (D) =t ‘ X)

where the relation v < w between two vectors v,w € R* means v; < w; for all j =
1,...,k, and P(- | X) refers to probability that is conditional on X3, ..., X,,. Under certain

assumptions, our central result (Theorem [[T]) shows that the dimension-free bound

A, < C”IT? (4.1.1)

holds with high probability, where C,, > 0 is a polylogarithmic function of n, and the
quantity r(X) is the effective rank of X, defined by r(X) = tr(X) /A1 ().
Several aspects of the bound (£I11]) and the parameter r(X) are worth our attention.

First, the effective rank always satisfies 1 < r(X) < p whenever ¥ is nonzero, and can be

95



interpreted as a proxy for the number of “dominant” principal components of 3. Hence,
even in very high-dimensional settings where n < p and unbounded covariance scales
where \;(X) — oo, the bound ({11l shows that the bootstrap can perform well as long
as the number of dominant components is not too large, which is precisely the situation
where high-dimensional PCA is of greatest interest. Meanwhile, even in situations where
r(X) is moderately large, e.g. r(X) — oo with r(X) = o(y/n), the bound (@I is
still useful and can quantify the accuracy of the bootstrap. Indeed, in Section [4.4], our
experiment results clearly demonstrate both points and confirm that the performance of
the bootstrap is governed more by r(X) than the absolute dimension p, and that the
bootstrap can still be accurate when r(X) is moderately large. More generally, it should
also be mentioned that the theoretical role of effective rank in many other aspects of
high-dimensional PCA has attracted considerable attention in recent vears (e.g. Bunea
and Xiao, 2015; l[Jung et al., 2018; [Koltchinskii et all, 2020; Koltchinskii and Lounici, 2017;
Lounici, 2014; Naumov et all, 2019).

Using a transformation prior to bootstrapping can be beneficial compared to directly
bootstrapping the distribution of \/ﬁ()\k(f]) — A(2)). It is a fundamental topic in the
bootstrap literature and has been widely studied (e.g., Chernick. [2011; Davison and Hink-
ley, [1997; DiCiccio, 1984; IDiCiccio and Efron, [1996; [Konishi, [1991; [Tibshirani, [1988). To
be more specific, let A be a univariate scalar function, referred to as a transformation,
and for any symmetric matrix A € RP*?_ let h(Ag(A)) = (h(A1(A)), ..., h(A(A))). Then,
the distribution of /n(R(AL(E*)) — h(Ax(X))) conditioning on the observations can be
used to approximate the distribution of /7 (R(Ak(E)) — R(A¢(Z))). Then the confidence
intervals for A\;(X),1 < j < k can be constructed by inverting the confidence intervals
for h(A;(2)),1 < j < k. (Extension discussion and algorithm details are provided in
Sections .3 and B4l) A classical example of transformation is h(x) = log(x), which
is known to be variance-stabilizing under certain conditions when n — oo with p held
fixed (Beran and Srivastava,|1985). With this in mind, a second contribution our analysis
is an extended version of the bound (AII]) that can accommodate the use of certain

transformations (see Theorem [I2)).
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From a more methodological standpoint, our numerical experiments also shed new
light on the role of transformations in bootstrap methods for high-dimensional PCA. Al-
though we confirm that the classical logarithm transformation can be beneficial in low
dimensions (small r(X), we show that it is less effective when r(X) is moderately large.
Consequently, we explore some alternative transformations combined with partial stan-
dardization and data-adaptive parameter selection and provide numerical results demon-
strating that there are opportunities to improve upon h(z) = log(z) in high dimensions.
To put such empirical findings into perspective, we are not aware any prior work investi-

gating how transformations can be used to enhance bootstrap methods in this context.

4.2 Related work

Quite recently, there has been an acceleration in the pace of research on bootstrap methods
for high-dimensional sample covariance matrices, as evidenced in the papers El Karoui
and Purdom (2019); Han et all (2018); lJohnstone and Paul (2018); Lopes et al/ (2019,
2023); Naumov et al) (2019). Among these, the most relevant to our work is El Karoui and
Purdom (2019), which examines both the successes and failures of the bootstrap in doing
inference with the leading eigenvalues of 5. In the negative direction, that paper focuses
on a specialized model with A;(X) > 1 and X\o(X) = - - = A\,(¥) = 1, which corresponds to
a very large effective rank r(3) < p that makes dimension reduction via PCA inherently
difficult. In the positive direction, that paper deals with a different situation where X is

assumed to have a near low-rank structure of the form

A B
5= , (4.2.1)

B' C(n)
where A is of size k x k with £ =< 1, and the diagonal blocks satisfy A;(A) =< 1, and
AM(C(n)) < n~" for a fixed parameter n > 1/2. Working under an elliptical model, the
paper (El Karoui and Purdom, 2019) shows that the bootstrap consistently approximates
the distribution of \/ﬁ()\k(i) — Xx(¥)) in an asymptotic framework where p/n < 1. In
relation to our work, the most crucial distinction is that our results quantify the accuracy

of the bootstrap with non-asymptotic rates of approzimation. To illustrate the significance
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of this, note that our bound (@Il provides an explicit link between the size of r(¥) and
the accuracy bootstrap, whereas in an asymptotic setup, the effect of r(X) is hidden—
because it “washes out in the limit”. Our numerical experiments will also confirm that
different sizes of r(3) can have an appreciable effect on the finite-sample accuracy of the
bootstrap. In this way, our work indicates that the quantity r(X)/y/n serves as a type
of conceptual diagnostic for assessing the reliability of the bootstrap in high-dimensional
PCA.

Beyond these points of contrast with [E1 Karoui and Purdoml (2019), there are several
distinctions with regard to model assumptions. First, we work in a dimension-free setting
where there are no restrictions on the size of p with respect to n. Second, the model based
on (A21]) implicitly requires that \;(X) < n~" for all j > k+1, whereas this constraint on
¥ is not used here. Third, it is straightforward to check that in the model based on (Z.2.1]),
the condition n > 1/2 implies r(X) = o(y/n), which means that our bound (@11l ensures
bootstrap consistency in models that subsume the one based on (L21]). (As an example,
if p < em™™ for some sequence of integers satisfying m(n) = o(y/n) and if \;(¥) < j71,
then the bound ({.I.1]) implies bootstrap consistency, whereas this is not guaranteed by
the previous result even when p < n.)

Other works on bootstrap methods related to high-dimensional sample covariance
matrices have dealt with models or statistics that are qualitatively different from those
considered here. The papers [Han et all (2018); [Lopes et all (2023) look at bootstrap-
ping the operator norm error /n||% — Y|op, as well as variants of this statistic, such as
SUD,ey ValuT (2 = S)u| /uTSu, where U s a set of sparse vectors in the unit sphere of R?.
In a different direction, the paper (Lopes et al., [2019) focuses on “linear spectral statistics”
of the form Y7, F(2))/p, where f : [0,00) — R is a smooth function. In that pa-
per, it is shown that a type of parametric bootstrap procedure consistently approximates
the distributions of such statistics when p/n converges to a positive limit. Lastly, the pa-

per Naumov et all (2019) deals with bootstrapping statistics related the eigenvectors of 5.

Notation. For a random variable X and an integer ¢ € {1, 2}, define the ¢,-Orlicz norm

as || X||y, = inf {t > 0 | Elexp(|X|?/t7)] < 2}. The random variable X is said to be
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sub-exponential if ||X||,, is finite, and sub-Gaussian if || X[, is finite. In addition, for
any ¢ > 1, the L, norm of X is defined as || X||, = (E[|X|%])"/%. For any vectors u,v € R,
their inner product is (u,v) = Z?:l u;v;. For any real numbers a and b, the expression
a < b is used in an informal sense to mean that b is much larger than a. Also, we use the
notation a V b = max{a,b} and a A b = min{a, b}. If {a,} and {b,} are two sequences on
non-negative numbers, then the relation a,, < b, means that there is a positive constant ¢
not depending on n such that a,, < ¢b, holds for all large n. When both of the conditions

ap, S b, and b, < a, hold, we write a,, < b,.

4.3 Main Results

We consider a sequence of models indexed by n, in which all parameters may depend on
n except when stated otherwise. In particular, the dimension p = p(n) is allowed to have
arbitrary dependence on n. Likewise, if a parameter does not depend on n, then it is
understood not to depend on p either. One of the few parameters that will be treated as

fixed with respect to n is the positive integer k < p.
Assumption 6 (Data-generating model).
(a). There is a non-zero positive semidefinite matriz 3 € RP*P_ such that the ith obser-

vation is generated as X; = YV2Z; for alli = 1,...,n, where Zy,...,7Z, € RP are

i.i.d. random vectors with E[Z;] =0, and E[Z,Z]| = I,,.
(b). The eigenvalues of ¥ satisfy 11}11?]g (N(Z) = A (D) Z (D).
<j<

(c). Let u; € RP denote the jth eigenvector of 3, and let T' € R¥** have entries given
by Ty = E[((uy, Z1)* — 1) ((ujr, Z1)* — 1)] for all 1 < j,5" < k. Then, the matriz T
satisfies \p(T') 2 1.

In connection with the model described by Assumption [0 our results will make reference

to a moment parameter defined as 8, = maxi<j<, || (u;, Z1)?||, for any ¢ > 1.
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Remarks. Regarding Assumption @, it ensures that there is some degree of separation
between the leading eigenvalues of Y. In less compact notation, the assumption states that
there is a fixed constant ¢ > 0 such that the inequality A\;(X) — A\j11(2) > ¢A(X) holds
forall j =1,..., k, and all large n. (There is no restriction on the size of ¢.) In general, a
separation condition on the leading eigenvalues is unavoidable, because it is known both
theoretically and empirically that the bootstrap can fail to approximate the distribution
of \/n ()\k(i) — A ( Z)) if the leading population eigenvalues are not distinct (Beran and
Srivastava, 1987; Hall et _all, 2009). In more technical terms, the source of this issue can
be explained briefly as follows: If SP*P denotes the space of real symmetric p x p matrices,
and if \;(+) is viewed as a functional from SP*? to R, then \;(-) becomes non-differentiable
at ¥ in the case when );(X) is a repeated eigenvalue (i.e. with multiplicity larger than 1).
In turn, this lack of smoothness makes it difficult for the bootstrap to approximate the
distribution of \/ﬁ()\](i) —Xi(2)).

To interpret Assumption . the matrix I" serves a technical role as a surrogate for
the correlation matrix of \/ﬁ()\k(i‘) — Xx(X)). Hence, the lower bound A\,(I') 2 1 can
be viewed as a type of non-degeneracy condition for the distribution of interest. The
proposition below gives examples of well-established models in which Assumption .
holds. Namely, parts (i) and (ii) below respectively correspond to Maréenko-Pastur
models and elliptical models. The latter case also illustrates that the entries of the vector

7y are not required to be independent.

Proposition 1. (i) (Marcenko-Pastur case). Suppose that Assumption holds. In
addition, suppose that the entries of Zy are independent, and there is a constant k > 1
not depending on n such that min,<;<, E[Z};] > k. Then, Assumption [@](c) holds.

(i) (Elliptical case). Let V be a random vector that is uniformly distributed on the unit
sphere of RP, and let £ be a non-negative scalar random variable independent of V' that
satisfies B[€?] = p and E[£*] < co. Under these conditions, if Z, has the same distribution
as £V, then Assumption[B[(c) holds.

The proof of Proposition [l is given in Section [S1] of the supplementary material.
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Bootstrap approximation. The following theorem is the central result of the paper, and

quantifies the accuracy of the bootstrap when it is used to approximate the distribution
of VR(Ak(E) = Ak(X)).

Theorem 11. Suppose that Assumption [@ holds and let ¢ = 5log(kn). Then, there is a
constant ¢ > 0 not depending on n such that the event

clog(n)ﬁgqr(E)
Vn

sup <

tERF

P(VA(Ak(D) = Ak(®) 2 t) = P(VR(A(E) = A(E)) 2¢]X)

(4.3.1)

holds with probability at least 1 — ¢/n.

Remarks. The proof of Theorem [Idlis given in Section [S4lof the supplemenatary material.
It is possible to provide a more concrete understanding of the bound (A3.1]) by looking
at how the factors r(X) and f;, behave in some well-known situations. For instance,
consider the class of matrices > whose eigenvalues have a polynomial decay profile of the
form A;(X) =< j7, for some fixed constant v > 0. This class offers a convenient point
of reference, because it interpolates between models that have low-dimensional structure

and those that do not. Specifically, the effective rank can be related to v as

.

1 if > 1
r(¥) <4 log(p) ify=1

pt™ if v < 1.

\

With regard to the parameter J3s,, its dependence on ¢ is simple to describe in some
commonly considered cases. If the entries of Z; are i.i.d. and sub-Gaussian, then s,
grows at most linearly in ¢, with f3;, < C]||Zl1||12p2. Alternatively, if the entries of Z; are
i.i.d. and sub-exponential, then 3, grows at most quadratically in ¢, with 33, < ¢*||Z11 ||12p1
(See Chapter 2 of [Vershynin (2018) for further details.) Hence, a direct consequence of
Theorem [l in such cases is that bootstrap consistency holds when v > 1/2, p < n

and || Z11]ly, S 1. Likewise, when v > 1, the bound in Theorem [I1] nearly achieves the

Y

1/2 and is not influenced by the size of p at all. This conclusion also

parametric rate n~
conforms with the numerical results that we present in Section (.4l
From a more practical standpoint, it is possible to gauge the size of r(3) in an em-

pirical way, by either estimating r(X) directly, or estimating upper bounds on it. Some
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examples of upper bounds on r(X) for which straightforward estimation methods are
known to be effective in high dimensions include tr(3)/ max;<;<, 3;; and tr(X)?/]|2]|%.
(Although guarantees can be established for direct estimates of r(X) in high-dimensions,
such results can involve a more complex set of considerations than the upper bounds just

mentioned.)

Transformations. To briefly review the idea of transformations, they are often used
to solve inference problems involving a parameter # and an estimator 9 for which the
distribution of ((/9\ — 0) is difficult to approximate. In certain situations, this difficulty can
be alleviated if there is a monotone function h for which the distribution of (h(6) —h(6)) is
easier to approximate. In turn, this allows for more accurate inference on the “transformed
parameter” h(#), and then the results can be inverted to do inference on 6. In light of this,
our next result shows that the rates of bootstrap approximation established in Theorem [11]
remain essentially unchanged when using the class of fractional power transformations
from [0, 00) to [0,00). This class will be denoted by #, so that if h € H, then h(z) = z*
for some a € (0, 1].

Beyond the class of transformations just mentioned, the bootstrap can be combined
with another type of transformation known as partial standardization (Lopes et al), 2020).
Letting h € H be a given function, and letting gjz = var (h(/\](i))) for each j =1,...,p,

this technique is well suited to bootstrapping “max statistics” of the form

M — max hOy(E)) — h(y(E))

1<5<k S;

: (4.3.2)

where 7 € [0,1] is a parameter that can be viewed as a degree of standardization. The
ability to approximate the distribution of M is relevant to the construction of simultaneous
confidence intervals for A;(X), ..., \x(2). It also turns out that the choice of 7 encodes a
trade-off between the coverage accuracy and the width of such intervals, and that choosing
an intermediate value 7 € (0,1) can offer benefits in relation to 7 = 0 and 7 = 1. This
will be discussed in greater detail later in Section (4.4l

In order to state our extension of Theorem [[1lin a way that handles both partial stan-

dardization and transformations h € H in a unified way, we need to introduce a bit more
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notation. First, when considering the bootstrap counterpart of a partially standardized
statistic such as (£3.2), the vector ] = (¢7,...,sf) can be replaced with the estimate
S = (..., <), whose entries are defined by ¢ = var (h()\j(i*))‘X) forall j=1,...,p.
Second, the expression v/u involving vectors v and u denotes the vector obtained by en-
trywise division, (v/u); = vj/u;. (To handle the possibility zero denominators, events of
the form {V/§] <t} are understood as {V <t ® ¢}, where V € R” is random, ¢ € R”
is fixed, and ® is entrywise multiplication. Lemma in the supplementary material
also shows that such cases occur with negligible probability.) Lastly, recall that we write

h(v) = (h(vy),...,h(vg)) for a k-dimensional vector v and transformation h.

Theorem 12. Suppose that Assumption [0 holds. Fiz a transformation h € H and a
constant T € [0, 1] with respect to n, and let ¢ = 5log(kn). Then, there is a constant ¢ > 0
not depending on n, such that the event

¢ log(n) 83, ¥(%)

P(hw(i))—h(xk(z)) jt)_P(h<Ak(i*>>—h<Ak<i>> jt‘X)

sup <
teRk Sk < vn

holds with probability at least 1 — ¢/n.

Remarks. The proof of Theorem [[2is given in Section [SH] of the supplementary material.
To comment on the technical relationship between Theorems 1] and [I2], it is important to
call attention to the differences between asymptotic and non-asymptotic analysis. When
using asymptotics, the process of showing that bootstrap consistency for \/ﬁ()\k(i) -
Ax(¥)) implies the same for (R(A(2)) — h(Xx(X)))/sf can typically be handled with
a brief argument, based on the delta method and the consistency of the estimate .
However, when taking a non-asymptotic approach, this process is much more involved.
For instance, it is necessary to establish fine-grained error bounds for g2, such as in
showing that the uniform relative error ||(S7 — s7)/si |l is likely to be at most of order

n~283 A\ (3)?r () up to logarithmic factors.

4.4 Numerical Results

In this section, we focus on the application of constructing simultaneous confidence in-
tervals for A;(X),...,Ax(X). This will be done in a variety of settings, corresponding

to different values of n and p, as well as different values of effective rank, and different
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choices of transformations. In a nutshell, there are two overarching conclusions to take
away from the experiments: (1) In situations where n < p and r(X) < 1, the bootstrap
generally produces intervals with accurate coverage, which provides a confirmation of our
theoretical results. (2) The classical log transformation mostly works well in low dimen-
sions, but it can lead to coverage that is substantially below the nominal level when r(X)
is moderately large. Nevertheless, we show that it is possible to find transformations that
offer more reliable coverage in this challenging case. More generally, this indicates that

alternative transformations are worth exploring in high-dimensional settings.

4.4.1 Simulation settings

The eigenvalues of the population covariance matrix 3 were chosen to have two different

decay profiles:
(a) A polynomial decay profile \;(X) = j 7 forall j =1,...,p, with v € {0.7,1.0,1.3}.
(b) An exponential decay profile \;(X) = ¢’ for all j =1,...,p, with 6 € {0.7,0.8,0.9}.

As a clarification, it is important to note that the effective rank of ¥ increases for larger
values of 0, but decreases for larger values of 4. For the purposes of simulations, the
choices (a) and (b) have the valuable property that the eigenvalues are parameterized
in the same way for every choice of p, which facilitates the comparison of results across
different dimensions. The matrix of eigenvectors for > was drawn uniformly from the
set of p x p orthogonal matrices. The dimension p was taken from {10,50, 100,200},
and the sample size n ranged from 50 to 500. For each triple (n,p,v) or (n,p,d), the
data Xi,...,X, were generated in an i.i.d. manner with the following choices for the

distribution of Xj:

(i) The vector X; = XY/26V was generated with V being uniformly distributed on the
unit sphere of R?, and £? being an exponential random variable independent of V

with E[¢?] = p.

(ii) The vector X; was generated from the Gaussian distribution N(0,3).
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For each parameter setting, we generated 1000 realizations of the dataset Xi,...,X,,
and for each such realization, we generated B := 1000 sets of bootstrap samples of size n.
When constructing simultaneous confidence intervals for A\;(X), ..., A\x(X), the value of k

was set to 5.

4.4.2 Bootstrap confidence intervals

For any a € (0,1), we aim to construct approximate versions of ideal random intervals

1y, ..., Iy that satisfy
k
P(ﬂ{)\j(Z) GIj}> > 1—a. (4.4.1)
j=1

To this end, consider the following max and min statistics, based on any choice of partial

standardization parameter 7 € [0, 1] and transformation h,

hOy(E)) = h(y(5))

M = max
1<j<k S;
Lo hOG(E) - ()
1<5<k S;

Letting gas(«) and g1, («r) denote the respective a-quantiles of M and L for any a € (0, 1),
it follows that the desired condition (4.4.1)) holds if each interval Z; is defined as

7= ([hOuE) - Gantt - 9 AE) - gulp)] ). a2

with h~Y([a, b]) being understood as the preimage of [a, b] under h.

To construct bootstrap intervals fl, e ,fk based on ([4.4.2), it is only necessary to
replace qar(1—5), qo(5), and 1, ..., g, with estimates. In detail, each g is first estimated
using the sample variance of B bootstrap replicates of the form h()\j@*)). Next, the
empirical 1— ¢ quantile of B bootstrap replicates of the form M* = maxlgjgk[h(/\j(i*)) —
h()\](i))]/q is taken as an estimate of ¢y/(1 — §), and similarly for ¢z(5).

Regarding the use of transformations, the following three options were included in the

experiments:
e log transformation: h(x) = log(z) with 7 = 0.

e standardization: h(x) = x with 7 = 1.
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e square-root transformation: h(x) = /2 with 7 € [0, 1] chosen data-adaptively.

In the case of the log transformation, the choice of 7 = 0 corresponds to the way that
this transformation has been used in the classical literature (Beran and Srivastava, [1985),
while in the case of standardization, the choice of 7 = 1 is definitional. For the square-root
transformation, the use of a data-adaptive selection rule for 7 € [0, 1] is more nuanced, and
can be informally explained in terms of the following ideas developed previously in (Lin
et al., 12021; ILopes et all, 2020).

In essence, this choice can be understood in terms of a trade-off between two competing
effects that occur in the extreme cases of 7 = 1 and 7 = 0. When using 7 = 1, the
random variables [\;(Z)Y2 — X;(2)Y/2] /g; with = var(\;(2)Y2) and j = 1,..., k are on
approximately “equal footing”, which makes the behavior of the statistic M sensitive to
their joint distribution (and likewise for L). By contrast, when 7 = 0 is used, the variables
[)\j(i)l/2 — A\j(2)Y2] will tend to be on different scales, and the variable on the largest
scale, say 7', will be the maximizer for M relatively often. In this situation, the statistic M
is governed more strongly by the marginal distribution of [A;(£)Y2 — A,/ (£)Y/2]. So, from
this heuristic point of view, the choice of 7 = 0 can simplify the behavior of M relative
to the case of 7 = 1, making the distribution of M easier to approximate. However, the
choice of 7 = 0 also has the drawback that it can lead to simultaneous confidence intervals
that are excessively wide, because the widths are no longer adapted to the different values
Sy .55k (since ¢ = -+ =¢) =1).

To strike a balance between these competing effects, we used the following simple rule
to select 7 in the case of the square-root transformation. For a candidate value of 7, let
7, (1), ... ,fk(r) denote the associated bootstrap intervals defined beneath equation (4.4.2)
(so that the dependence on T is explicit), and let |Z; (M., \fk(T)\ denote their widths.
Also define fi(r) = Y8 |Z;(r)|/k and (r)? = Y (1Z;(r)| — fi(7))?/k. In this nota-
tion, we selected the value of 7 that minimized i(7) 4+ 7 (7) over the set of candidates
{0.0,0.1,...,0.9,1.0}. Different variants of this type of criterion minimization rule have

also been observed to be effective in other contexts (Lin et al), 2021; [Lopes et al.; 2020).
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Figure 4.1: (Simultaneous coverage probability versus n in simulation model (i) with a
polynomial decay profile). In each panel, the y-axis measures P(N7_,{\;(X) € fj}) based
on a nominal value of 95%, and the x-axis measures n. The colored curves correspond to
the different values of p, indicated in the legend.

4.4.3 Discussion of coverage

Figure 4.I] contains nine panels displaying the results for the simultaneous coverage prob-
ability P(N2_,{);(X) € fj}), based on a nominal value of 95% (i.e. & = 0.05) in the case
of the simulation model (i) with a polynomial decay profile for the population eigenval-
ues. The figure summarizes a large amount of information, because it shows how the
coverage depends on n, p, the eigenvalue decay parameter 7, and the three transforma-
tions described above. For each panel, the z-axis measures n, and the y-axis measures
P(N2_ {\(2) € fj}) Results corresponding to the dimensions p = 10,50, 100,200 are

plotted with colored curves that are labeled in the legend. The three rows of panels from
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top to bottom correspond to the log transformation, ordinary standardization, and the
square-root transformation. The three columns of panels from left to right correspond
to the eigenvalue decay parameters v = 0.7,1.0,1.3. In addition, Figure displays
analogous results for exponentially decaying population eigenvalues in model (i). Lastly,
results for model (ii), as well as for a nominal value of 90% (instead of 95%), are provided

in Section [S8 of the supplementary material.
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Figure 4.2: (Simultaneous coverage probability versus n in simulation model (i) with an
exponential decay profile). The plotting scheme is the same as described in the caption
of Figure 1], except that the three columns correspond to values of the eigenvalue decay
parameter 9.

There are several notable patterns in Figures 1] to discuss. The first is that faster
rates of decay tend to lead to better coverage accuracy—as anticipated by our theoret-

ical results. In particular, when the eigenvalue decay parameter is set to v = 1.3, the
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coverage is rather accurate even when n < p. Furthermore, the accuracy is essentially
unaffected by the dimension p in this situation, as indicated by the overlap of the four
colored curves. On the other hand, as the decay parameter becomes smaller, the three
transformations perform in different ways. For instance, when v = 0.7, p = 200, and
n < 200, the log transformation yields coverage that clearly falls short of the nominal
level. By contrast, the standardization and square-root transformations tend to err more
safely in the conservative direction when v = 0.7. To give some indication of the difficulty
of v = 0.7, it should be noted that if v were decreased slightly to 0.5 with p = n, this
would imply r(3)/v/n < \/p/n 2 1, in which case bootstrap consistency would not be
guaranteed. When considering all three cases v = 0.7, 0.8, 0.9 collectively, the square-root
transformation seems to yield the best overall coverage results if conservative errors are
viewed as preferable to anti-conservative ones.

Turning to the coverage results for exponential spectrum decay, the log and square-root
transformations continue to follow the pattern that faster decay improves coverage accu-
racy. Also, the log transformation maintains its tendency to err in the anti-conservative
direction, while the square-root transformation maintains its tendency to err in the con-
servative direction. Meanwhile, ordinary standardization yields larger errors in the anti-

conservative direction than it did in the previous context.
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Figure 4.3: (Average width versus n in simulation model (i) with a polynomial decay
profile). In each of the nine panels, the y-axis measures the average width E[|Z;| + - -- +
1Z5]/5, and the z-axis measures n. The colored curves correspond to the different values of
p = 10, 50, 100, 200, indicated in the legend. The three rows and three columns correspond
to labeled choices of transformations and values of the eigenvalue decay parameter ~.

4.4.4 Discussion of width

Beyond coverage probability, interval width is another important factor to consider when
appraising confidence intervals. In Figures E3HC 4] the average width E[|Zy|+- - -+ |Zy|] /k
is plotted on the y-axis as a function of the sample size n on the z-axis, with the un-
derlying parameter settings being organized in the same manner as in Figures EIHC.2l
(Corresponding results for settings based on model (ii) and a nominal value of 90% are
presented in Section [S§ of the supplementary material.) With regard to the three transfor-
mations, they produce intervals that have roughly similar widths across most parameter
settings. However, at a more fine-grained level, the results in the case of polynomial spec-
trum decay show that the log transformation tends to yield slightly shorter widths than
the square-root transformation, which in turn, tends to yield slightly shorter widths than
ordinary standardization. In the case of exponential spectrum decay with § = 0.9, the
same pattern is also apparent, while for smaller values of 9, there is not much difference
among the transformations.

Aside from the transformations, there are two other general trends to notice. Within
each of the 18 panels of Figures .3HC 4], there is a monotone relationship between width
and the dimension p, with the width generally increasing as the dimension increases. Sim-

ilarly, the width generally also increases as the effective rank r(X) increases.
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Figure 4.4: (Average width versus n in simulation model (i) with an exponential decay
profile). The plotting scheme is the same as described in the caption of Figure [£.3] except
that the three columns correspond to values of the eigenvalue decay parameter 9.

4.4.5 TIllustration with stock market data

Within the context of finance, PCA is often applied to stock market return data for

the purposes of risk analysis and portfolio selection

Fabozzi et _al

2

2007

: Ruppert and

Matteson, 2015).

Here, we look at several high-dimensional datasets of stock market

returns to illustrate how the bootstrap can be applied to do inference on parameters of

interest in PCA.

Starting from one dataset of S&P 500 returns during the period February 2013 to

December 2017 (Nugentl, 2017

), we isolated four distinct datasets in the following way.

First, we ranked the 500 stocks based on their average monthly trading volume over the
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stated time period. Second, we selected four subsets of the 500 stocks, corresponding
to the top 50, 150, 200, and 300 members of the ranked list. Third, for each stock, we
extracted its biweekly log returns over the time period, resulting in 118 log return values
per stock. (The use of log returns rather than ordinary returns is a standard practice
in finance (Ruppert and Matteson, 2015).) Altogether, this produced four data matrices
of size n x p with the same number of rows n = 118, but differing numbers of columns
p = 50, 150, 200, 300. In addition to being high-dimensional, these datasets also conform
with our interest in settings that are well suited to PCA, since the empirical effective rank

satisfies r(2J) < 4 for every dataset.

4.4.5.1 Inference on population eigenvalues

When PCA is used to analyze stock market returns, the leading eigenvectors and eigen-
values of the population covariance matrix 3 have special interpretations. Namely, the
eigenvector corresponding to A;(X) is often viewed as representing an overall “market
portfolio”, while subsequent eigenvectors represent “principal portfolios”, which produce
returns that are uncorrelated with the overall market return (Laloux et al., 2000). Also,
the eigenvalues can be interpreted as the variances (or volatilities) of the returns associated
with the principal portfolios. For this reason, the population eigenvalues are important
for risk assessment, and so it is of interest to quantify the uncertainty in these unknown
parameters.

For each of the four datasets described above, we applied the bootstrap method with
square-root transformation from Section to construct simultaneous confidence in-
tervals for the leading ten eigenvalues A;(X),...,A1o(X). The bootstrap intervals are
plotted in Figure 1.5 based on a simultaneous coverage probability of 95%, with a black
dot representing the sample eigenvalue )\j(i) in the jth interval for j = 1,...10. Upon
close inspection, it can be seen that /\j(i‘) tends to sit slightly above the midpoint of
the jth interval. This is encouraging, because it means that the bootstrap intervals are
able to counteract the well-known phenomenon that the leading sample eigenvalues tend

to be biased upwards in high-dimensional settings (Yao et al., 2015, Ch.11). In addi-

tion, as a way to gain extra empirical support for the bootstrap intervals, we carried out
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the following exercise with estimates of Aj(X),..., A\o(X) computed via the method of
QuEST (Ledoit and Wolf, 2015), which is designed for use in high-dimensional settings,
and has been adopted frequently in the literature. Specifically, we verified that the QuEST
estimate of \;(X) was contained in the jth bootstrap interval for every j =1,...,10 and
p = 50,150,200, 300. Hence, this makes it more plausible that the bootstrap intervals
also contain the population eigenvalues.

To comment further on the numerical results in Figure A.3] first note that in every
panel, the interval for A\;(X) is well separated from the intervals for Ay(X), ..., Ao(2),
while there is substantial overlap among the latter intervals. This type of situation oc-
curs frequently when PCA is applied to stock market return data, and this is generally
interpreted to mean that the overall behavior of the market has a much more dominant
effect on returns than other types of economic factors (Laloux et al., |2000; Ruppert and
Matteson, 2015). A second observation is that the bootstrap intervals can provide some
additional insight into the relationship between Ao(X) and A3(X). On one hand, a user
who only looks at the sample eigenvalues A»(3) and A3(S) might be tempted to conclude
that there is a clear difference between the population eigenvalues \2(2) and A3(¥). On
the other hand, a user who looks at the overlap of the second and third intervals would
have more information to see that the difference between \y(3) and A3(X) might actually
be negligible. Lastly, one more aspect of Figure to mention is that the relative po-
sitions of the ten intervals stay approximately the same for each of the four dimensions
p = 50, 150, 200, 300. Given that the empirical effective rank satisfies r(i) <4 < p for ev-
ery dataset, this makes sense from the standpoint of our theoretical results, which indicate

that the bootstrap should be relatively insensitive to the ambient dimension compared to

the effective rank.
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Figure 4.5: (Simultaneous confidence intervals for A\;(X),..., A\o(X).) In each panel, the
y-axis corresponds to the magnitude of eigenvalues, and the x-axis corresponds to the
index j = 1,...,10. The intervals are based on a simultaneous coverage probability of

~

95%, and the black dots represent the sample eigenvalues \;(X) for each j.

4.4.5.2 Inference on proportions of explained variance

The proportions of explained variance, denoted 7;(3) = 5:1 i)/ tr(X)forj=1,...,p,
often play a decisive role in applications of PCA, since they form of the basis of standard
decision rules for selecting an appropriate number of components. To complement our
previous example dealing with the population eigenvalues A;(X), ..., Ap(X), this subsec-
tion looks instead at inference with simultaneous confidence intervals for the parameters
m(2),...,mo(X). As before, the bootstrap method with square-root transformation from
Section was used to construct the intervals based on a simultaneous coverage prob-
ability of 95%. The results are given in Figure [4.6] with black dots showing the locations
of the empirical proportions Wj(i) within the jth interval.

Due to the fact that the proportions m(X),...,m,(X) are unknown, one of the most

widely used rules for selecting the number of components is to choose the smallest number
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A~

k for which 7 (X)) exceeds a given threshold. Although this rule may be appropriate when
dealing with low-dimensional data, it is known in the literature that this rule can be unre-
liable in high-dimensional settings, because it tends to select too few components (Ledoit
and Wolf, 2015). One way of avoiding this pitfall is to consider the following simple mod-
ification, based on simultaneous bootstrap confidence intervals for the proportions: IflAj
denotes the lower endpoint of the jth interval, then the bootstrap-based rule selects the
smallest number £ for which EC exceeds the threshold. Consequently, if the intervals per-
form properly with a simultaneous coverage probability of 95%, then the bootstrap-based

rule will select a sufficient number of components with at least 95% probability.
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Figure 4.6: (Simultaneous confidence intervals for the proportions of explained variance
m(X), ..., m0(X).) In each panel, the y-axis corresponds to the magnitude of proportions,
and the z-axis corresponds to the index 5 = 1,...,10. The intervals are based on a
simultaneous coverage probability of 95%, and the black dots represent the empirical
proportions m;(X) for each j.

To illustrate the difference between the two rules, a red line corresponding to a par-

ticular threshold of 0.4 has been drawn in each panel of Figure [1.6l (The value of 0.4
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has no special importance, and is used only for ease of presentation.) In each of the four
cases p = 50, 150, 200, 300, the original rule selects the respective values k = 2, 3,3,4. By
contrast, the bootstrap-based rule selects the respective values k = 4,6,7,8, and hence,
it clearly counteracts the problem of selecting too few components. Moreover, from a
financial standpoint, it makes sense that extra components are needed as p increases, be-
cause as a wider variety of stocks are included in the data, there is greater opportunity for
the returns to be influenced by economic factors that are not captured by the previously

leading components.
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Appendix A

Supplementary Material for
Chapter

Organization. We prove the major theorems in the first 7 sections. Intermediate results
on truncation and its estimation are presented in Propositions [A.8 and [A.9 Supporting
lemmas are put in Section [A.I0l Notations follow from those defined in the main text.
We also note that the symbols ¢, C| ... are constants not depending on the sample size n
throughout the proofs. Their dependence on the parameters can change from line to line.
Whenever the domain of a function is clear, we suppress its argument. For example, we

use X to denote X (t) when there is no ambiguity.

A.1 Proof of Theorem {1

To show that model (2:2.2) and model (Z2.3]) are equivalent, we need to show the following;:
1. X;(t) has mean u(t).
2. The new noise e; has mean 0 and finite variance.

3. X,(t) and e; are uncorrelated.

It is straightforward to verify that E[X;(t)] = u(t) and Ele;] = 0. Next, we have
Var(ei) = EKCO: Xl - XZ>2 + GZ') 2]

= ERC(), Xz — X&%} + 0'2 + QE [€i<C07 Xz — X1>2] .
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Assumption (2)) implies that the first and the third terms are finite. For (c), it suffices
to show that X;(¢) — X;(¢) and Xz(t) are uncorrelated. By the discussion in Chapter 11,

Section 2 in ivan der Vaart (1998), for every t, s € [0, 1], we have
B[(X,(t) — %) %i(s)] = 0,
Combining E[X;(t)] = E[X;(t)] = 0, we have, for s,t € [0, 1],

cov(X (1) — X (1), X(s)) = E[(X(t) - X(1)X(s)] = 0.

A.2 Proof of Theorem 2
Recall that EM = 22/121 20k and (p = Zi\/{:k 2p¢r. The triangle inequality implies
M

1on — Goll3 < 2> (3 —a) +2

k=1

M
sz—zk +4ZZI~:_ZI~: +2 sz¢k—C0
k=1

where %, is defined through g = 2, A, = ApZ. Lemmas [A10.1] [A10.2, and [A.10.3 control

Co

2

Y

each term on the right hand side. Substituting these results into the inequality yields the

stated outcome. O

A.3 Proof of Theorem [3

At a high level, the proof for the estimators of ((¢) consists of three steps. In the first
step, we try to solve a surrogate problem, i.e, minimizing the loss £(¢; {X;}7,), where
{)N(Z-}?;;l are the theoretically imputed functions. In the second step, we aim at solving
mincep(x) £(C; {Xim, 1oy ), where X, (¢) is the truncated M,-dimensional approximation
of X;(t).

We then evaluate the distance between minimizers of £(¢; {X;},) and £(¢; { X, }y).
Since XiM is not observed, we estimate it in the third step by )A(Z M, and then solve

mineeyx) £(¢; {Xz M, }ie1). The third step is concluded by showing the distance between
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the minimizers of £(¢; { X, }7,) and £((; {XlMO ") is small. It will become obvious
later that the distance in the last step dominates all other errors in the first two steps.

Recall the estimator from (2.4.6]) is Ep. The estimation error can be broken into three
pieces:

G, — Golla < T+ T1+1II,

where I, II, and III are defined as:

I = 16— Goll2, (A.3.1)
=[G, — Goarell2; (A.3.2)
I = |G, — Gllos (A.3.3)
and Q:p and @Mo are
z : 1 O S\2 2
Colt) = argmln(e?—t([(){ﬁ > (Yi— (¢ Xi)a) +p HCHH(K)}, (A.3.4)
i=1
- ] 1 <& N
G (t) = argmlnCeH(K){E Z (Y — <C,Xi7MO>2)2 +p HCH?H(K)} (A.3.5)
i—1

The difference between (A3.5) and ([ZZ86) is that X, (¢) is replaced by its theoretical
counterpart X@Mo () in (Z4.6). We complete the proof in the subsequent paragraphs by
showing that the three terms on the right hand side of ([A.3]) are small. O

Proof of term 1

First, we introduce a few notations to help present the proof. The sample covariance of

(Eo i n
Pu(s,t) = =3 Xils) (1),

n <
=1

Recall that the kernel R satisfies

Lr(f) = Lgiz(Li(Lgi2(f)),  f € La[0,1].

Based on I'(s,t), the empirical estimate R, of R satisfies

Lr,(f) = Lgve(Lg, (Lgia(f))),  f € La[0,1].

79


EQN:rkhs_b_I

Also recall that H(K) = Ly1/2(L2[0,1]). So there exist unique functions fy, f, € £2[0,1]/ ker(Lx1/2)
such that ¢ = Lyi2(fy) and {, = Ly/2(f,). The optimization problem (A3.4) is equiva-

lent to

_ 1 & 5 2
f, = argmmfecz[o,l]{ﬁ Z (Yi - <Xi7LK1/2(f>>2) +p Hf||§}

=1

Some algebra gives us the solution
f, = (Lr, +p1)"" (L, (fo) + hn),
where h,, = % o el (XZ) We write the population counterpart of f, as
' = (Lr+p1) ' Lg(fy).
It is straightforward to verify the following inequality
16 =Gl = Zntt, W2 < ellf,— (430

The term ||f, — fo]]2 on the left hand side can be further bounded by

1o —foll, < [I£ = E3ll, + [1£5 — ol (A-3.7)

To bound the first term, we apply the triangle inequality again and obtain

It =15,

, < Ei+Eo, (A.3.8)
where two terms on the right hand side are defined as

B = (e, +p1)" = (La+ p1)™") (L, () + )

27
Ey = ||(Lr+ p1)""(Lg,(fo) + hn — Lr(fo))]|,.

For the term E;, we have
E; < |[(Lg, +p1)7" — (Lr+ p]_)_lHOpHLRn(fO) + hal]

< p7||Ry — Rls|| L (f0) + b,

VAN

p 2T = Tll2|| L g, (Fo) + P (A.3.9)

27
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where the second last line follows from Lemma [A10.5] and
By < p7' (|| L, (f0) = Lr(fo)][, + ||n]],). (A.3.10)

Applying large sample results for functional data (e.g., Theorems 7.7.2, 7.7.6, 8.1.1, and
8.1.2 in Hsing and Eubank (2015)), we obtain

IT, =Tl = Op(n'?),
Ly, (fo) — Lr(fo) = Oy(n™?),

hy = Oy(n~"?).

Hence, by substituting these results into (A.3.9) and (A.3.10), we obtain
Ei+E;, = O, (p_zn_l/Q),

and (A.3.8) implies that
If, = £lla = Op(p2n~""?). (A.3.11)

The second term is easily handled by Lemma [A.1

fr—fol|, = O(p"). (A.3.12)

Substituting (A.3.12)) and (A.3.11)) into (A.3.0) yields
1, —foll2 = Op(p_2n_1/2 + ),

which completes the proof. O

Remark. The same rate also holds for the RKHS-norm of ||¢, — COH’H(K) due to the
inequality ||<~°p — COHH(K) < co||fp — foll2, where co = supyy,=1 [ Li1/2 ()] 2(x)-
Proof of terms II and I1I

Both terms IT and III can be handled together using Lemmal[A.10.6l which provides the Lo
distance of the RKHS estimators based on the imputed process and an approximation of

it. For example, if we know how to control the difference ||)~(l — XZM

2, We Call Imeasure
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the asymptotic order of ||¢, — (,n.|l2. Likewise, knowing || X;n, — )A(Z-,MOHZ yields the

asymptotic order of ||Q~‘p7MO — @Mo 5. Hence, combining Propositions [Il and 2, we obtain

II = O,(p M. (log(n)/n)"/?),

I = O,(p~ M, =172),

A.4 Proof of Theorem (4

Recall that X* denotes a new functional trajectory, and X* is the conditional expectation
conditioning on its observations. We use the proposed imputation method to approximate

X* by a truncated estimate )?f\}o Then the expected prediction error is

E[({Go, X)2 = (G0, Xi1,)2)] = E[(Go, X* = X31,)3]

IN

ol EOIX = X3 2]

< c(B]J|IX" - KB + E[[| X, — X,

1),

_ Op(Mo—m—H + Mo2(w+1) ( log(n)/n) 2/3 )7

where the last line has used Propositions [l and 2l Taking M, = (n/log(n))?/ (31 +67+3)
yields the stated result. ]

A.5 Proof of Theorem

By the triangle inequality, it is straightforward to verify

E[((¢o, X*)o — (G, X51.)2)] < ¢(B[(G —C XM +E[(C X — X502
= 0, (IIC = Gll3) + O (1 X" = X3, 113)

= 0,8+ M= 4 M0 (log(n) /n)**).

where the last line has used Proposition [l and 21 U
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A.6 Proof of Theorem

The proof follows from substituting the result of Theorem [2linto § and taking M = M, =
(n/log(n))?/(6er+6y+3min{er261}) -~ Note that the choice of M, here is different from its
choice in Theorem [2 O

A.7 Proof of Theorem [7

Let X*(t) be a new process independent of the original sample and X*(t) be its theoretical
imputation. The estimated truncated process consisting of the first M, scores is denoted as

)A(IT/IO (t). Since the estimated slope function Q/‘;,MO does not depend on X*(t), the prediction

error is
E[((X31, Gana)z — (X%, C0)2)"] < 2(Ty+ Ty +Ty),
where
Ty = E[(Xy, — X7 Gan)3], (A7.1)
T, = E[(X* (om. — G2, (A.7.2)
Ty = E[(X*,{, — ()3]. (A.7.3)

Denote 7, = (log(n)/n)?@~1/G@+23+1))  The first term T, has a convergence rate
O,(r,) due to the triangle inequality and Proposition [l and 2l The proof of (A.3.2)
and (A3.3) in Theorem B implies that the second term Ty has a convergence rate
O,(p~*r,). It remains to prove a bound for the third term Ts;.

To this end, we further break down T3 according to

E[(X*.( — )2 = ||Lpety — Lot
< (|| Lpasa(E, — E)[fs + || Lrrra (£ — £0)][3), (A.7.4)

where Lpi/» satisfies Lg(f) = Lpi2(Lgi2(f)). Next, we will provide a bound for the
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second term. It is straightforward to verify

L”(m(
Ry ;p
_ - 00 [
_ZP+9k

=1

2
[ L = Bo)ll; =

0
+ka fr— fk) SOk)

2

Let ¢’ = 2/(2+ (282 + g — 1) /az) such that (K, +1)7 < p? < (K})~2. Then following
a similar argument in the proof of Lemma [A.10.4] we have

[e’e) 2 K o0
Z Qkfk § p22q’/ px(262+a2)dl,+/ J;*(%”a?)dx
1

= (p+0,)? Kj+1

< p2—2q'+pq/(252+0¢2—1)/0‘2 (A.7.5)

~Y

2U0

=P

(2B24a2—1)/as

Tt (20 ias 1) Thus we conclude that

where we define v, =
| L2 (£ ||2 = O(p*™). (A.7.6)

Now we turn to the first term in (A.7.4]), whose proof is more involved. Consider the

following breakdown:

Lp2(f5—1,) = Lpi2(Lg+p1) ' Ly Ly (£ — o) (A.7.7)
+ Lpi2(Lr+p1) " (Lg, — L) (£, — fo) (A.7.8)
+ pLp(Lr+p1)7'f (A.7.9)
— Lpi2(Lg+p1)"th, (A.7.10)
+ Lpy2(Lr+p1) ' (Lg, — Lg)(f; —1,). (A.7.11)
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For term (A.7.7), we have

HLRl/Q(LR +p 1)_1LR1/2LR1/2 (f; — fO)H;

< |[Lwa(Cat ) Ly |, | B (€ = B,

0
< sup k

e>1 0 +p . ”LRl/Q(f: B fO)Hi

= 0(p™).
Turning to the term (A.7.8)

| (L + p 1) (L, — Li)(E — £0)]|

< | Brra L+ p )G, = LallL 6 = foll

2
< (o \/‘9—’“) F T (A712)

k>1 O + p

_ Op (n—poV—l)’

where in the second last line, we have used ||f; — fo||, = O(p”) from Lemma [AT0.4 and

the relation

1 1
Lpiy2(L 1_1 = <
[wreLat )y = w0 7= < 5

and the last line follows from ||I' — I'||, = O,(n~"/?) (Theorems 7.7.6 and 8.1.2 in Hsing
and Eubank (2015)).

For the term ([A.7.9), we apply the argument in (A.7.5]) and obtain

(A.7.13)

1 2 = ,0201:;’]013 < 2
||pLR1/2(LR+p1) f;||2 - ;(0k+p)4 ~ P

. _ (26243a2-1)/c
where the last line defines v/ = ; +(22ﬂ2 +3ZQ_1) /22. Note that v/ > vs.

To handle the term ([(AT.I0), we re-use (ATI3) and h, = O,(n~/?) and obtain

|Lgi2(Lr+p 1)’1hnHi2 = O,(n""p7h).
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For the term (A.7.1T]), using (A.3.11)) and (A.7.12) we conclude that
| Lgi2(Le+p1) "' (L, — Lr) (£, — )],
< || Zwa(Lr+ p1) M (Ln, — La)| 6 — 62
= Oy(n?p7).
Combining all these five results yields a bound for the second term in (A.7.4):

HLR1/2 H2 = 2V° —i—p_ln_l).

Lastly, taking p = r/ ™) in (A7), (A7), and (A.Z3) completes the proof. O

A.8 Proof of Proposition [1]

Recall Ay, = E[A;|W,(T;)]. Jensen’s inequality implies

E[[|Xi(t) — X (0)]|,] = E[(}ﬂ:%;ﬂfﬁk)m}
< ( f: E[fl?k])m

k=Mo+1
(9] 1/2
= c( E k:_o‘l)
k=M,+1

< oM, (@-D/2,

An application of Markov inequality leads to the stated result. O

A.9 Proof of Proposition

The local linear smoothing method is used to estimate the mean function p(t) and covari-
ance function I'(s,t). Zhang and Wang (2016) assume that the number of observations
per subject N; is fixed, while in this paper /NN; are random. With a slight modification of
the proof in of Corollaries 5.2 and 5.4 in [Zhang and Wang (2016), we can obtain

sup |u(t) —u(t)| = O(hi—i— 10g(n)> a.s.,

t€[0,1] nhuE[N1]
N log(n) 2 log(n)
sup |I'(s,t) —I'(s,t)] = O(h2+ —_— —_—
,up (e, 8) = Tis, )] b e T e
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where h,, hy are bandwidth choices for estimating mean and covariance. Using these

results, we can improve the rates in Corollary 1 and Theorem 2 of [Yao et all (2005a) with

the choices of h, = (log(n)/n)'/® and hr = (log(n)/n)'/¢. Hence we obtain

sup () = ut)] = O((log(n)/n)*?®)  a.s., (A9.1)
sfetl[gl]|f(s,t)—F(s,t)’ = O((log(n)/n)1/3) a.s., (A.9.2)
52 — 07| = Op((log(n)/n)l/?’). (A.9.3)

By Assumption (A2.3) and applying Theorem 5.1.8 of [Hsing and Eubank (2015), we

obtain
16k — @xlla = O (k7 (log(n)/n)"/%). (A.9.4)

With (A.9.1), (A.9.2) and (A.9.4)) in hand, we have

A= Al = O, m) = Zwoewo o + [Pin = Mepinll,)-

i) llop

For the first term on the right hand side, we apply Lemma A.3 in [Facer and Miiller
(2003) and obtain

_ 2 1S
HE 1,(T — 2y 12( T;) < C‘Ev&a) opHEWi(Ti) — Xw,(T,) op’
Since [|X4, 1 1yllop < 077, we can further obtain
1 1

HZ _E W(T;) llop

_ 0p(||zw ) = Swro )

= Op( sup ’ ZWZ(TZ)]Jl.]Q [Ewi(Ti)]jle )

1<]1 ]2<N
= 0y([52 = 02|+ sup |F(s,t) = T(s,1)])
s,t€[0,1]
= 0, ((log(n)/m)"*%), (495

where the last line has used (A0.)) and (A.9.3)).
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For the second term, notice that

[Nedbir — M|, < VNI S Nedn(T) — M (T)|
and
1
non(t) = [ T(s.on(s)ds
0

The triangle inequality implies

sup | Medn(Ty) — Medi(T)]

1<j<N;

" i ’/ (1))~ [ (ot u(s)|
(f(s,t) (s )0x(s )ds‘ + sup /IF(S’t)|$k(8) — ox(s)|ds

tel0,1] Jo

< c( sup ((f(s,t) - I‘(s,t))2> v + sup |F(S7t)|||$k(t) - ¢kz(t)”2)

t€[0,1] s5,t€[0,1]

< sup
te(0,1]

< o swp [Ds,t) = T(s,0)| + o = oull2)

s5,t€[0,1]

Thus,
Nedi — Metir]|, = Op (k7 (log(n)/n)'/?). (A.9.6)

Substituting ([A.9.5]), (A.9.0) into (A.9) and using ([A.9.4]), we have

Mo
[ Xian (8) = Xia. (0)], = Y [Ai — AulO,(1 +Z|Am|||¢k—¢k||2
k=1

= (Zm log(n)/n) 1/3)

= Op(MOVH(log(n)/n)l/S).

A.10 Supporting Lemmas for Theorems
A.10.1 Lemmas for Theorem

As a preliminary step, we argue that the convergence rate of the local linear estimator of

g(t) is a 1-D rate. The proof of Theorem 1 in[Yao et al/ (2005a) establishes the convergence
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rate of g(t), where Y;; is replaced by V;U;; with
‘/i - }/Z + €,
Uy = Xi(Tyj) + e45.

The substitution does not change the local linear estimator shown in (29). This is because

the corresponding Nadaraya-Watson estimator, when Y;; is replaced by V;U,;, satisfies

B |:Zz Zj w;;V;Us; /E[N]
> 2. wij/E[N]

Lemma A.10.1. Suppose the Assumptions in Theorem [Q hold. Then

= E[V,U;;] = E[Y;X,(T};)).

M
> G- ) = Op(MP Ty 4 M 2) (A.10.1)
k=1

Proof. Recall that z = gx /Xk and g = 2\, = Xkék We have the following equality,
% = Z + A (Tuy + Top, + Tap), (A.10.2)
where Tix, Tor, and Ts, are defined as

le = </g\_ga¢]>2a
Ty, = <97$k_¢k>27
Tsp = </9\—9,<$k—¢k>2‘

Combining the relation sup,, e — Akl < IT = I'|op, the rate (A.9.2)) in the proof of

Proposition 2] implies

max ]/):k—)\k| = O((log(n)/n)1/3) a.s..

1<k<M

So there exists n(M) > 1 such that for all n > n(M),

max ]Xk—)\k\ < A\/2 as.,
1<k<M
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and thus A\, > Ay/2 a.s. for all n > n(M). Substituting (AI0.2) into (AI0I) yields

M M
Z(/Z\k — )" < 3ZX1;2 (T3 + T3 + T31)
k=1 k=1
M
< 12> N2 (T + T3 + T3,)
k=1
M
< 12y

i

1

M
AT+ T50) + 12015 — gl3 ) NP Nor — dells, (A10.3)
k=1

where the last line follows from Cauchy-Schwarz inequality. The proof is complete once

we derive a bound for each term on the right hand side of (A.10.3).
First, we apply Cauchy-Schwarz inequality again to Ty,

Tkl < 19— 9gll2,
and thus obtain

ITi]? = O,(ri).

For the term Ty, using the bound
lox = dxlla < €0 |T = Tlop,
and the perturbation theory (Hsing and Eubank, 2015, Chapter 5), we have
Tok| < elldn — Gl
< 05,;1”/1; — Dllop-

Hence,

M M
SONITE < ) T -T2,
k=1 k=1

and

M
D ONCT = O, (Mt H43).
k=1

(A.10.4)

(A.10.5)

(A.10.6)

(A.10.7)

Lastly, note that due to (AI0.6), -0, A7 2||éx — ¢ |2 has the same convergence order

as Sy A 2T2,. Hence, combining (AI04), (AI0.7), and (AI0SH) yields the stated

outcome.
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Lemma A.10.2. Suppose the assumptions in Theorem[Z hold. Then

M
Z(gk _ zk)Q — Op(M2(a1—B1)+1 7’3)

k=1

Proof. Recall that g, = 2\, = z‘k/)\\k. Then we have the following equality
Zp— 2 = gk//):k — G/ Mk
= (Xk)\k)_l()\k - Xk)gk

Using this equal relation and Wely’s inequality, we can further derive

M

M
Z(i’k — Zk)z S CZ )\];2213(Xk — )\k)2
k=1

k=1

< o M2(@1=Bi)+1 wa . Png.
Substituting ||T’ — ['op = Op(ra) into (AI0.9) finishes the proof.

Lemma A.10.3. Suppose the assumptions in Theorem[d hold. Then

M

Z 265 — Go

2
= OP(M2(7—51)+1 r% + M_Qﬁlﬂ),
k=1 2

Proof. The triangle inequality implies

M 00
< 2) Zlloe—dllz+2 ) 2
k=1

k=M+1

M

> 21k — Co

k=1

2

2

M [e's)
< T -T2 452 +2 Y A
k=1 k=M+1

For the two summations, we have

M

M
2225];2 — Zk2(v—ﬁ1) — O(M2(%61)+1)’
k=1

k=1

and

S 2= Y - o),

k=M+1 k=M+1

Substituting (A.10.12]) and (A.I0.13)) into (A.I0.11)) completes the proof.
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A.10.2 Lemmas for Theorem

Lemma A.10.4. Suppose that the Assumptions in Theorem [3 hold. There exists a
_ _(@2B-1)/a
constant v = 5755=52- € (0,1) such that

I, = folla = O(N).

Proof. 1t is straightforward to verify

f_p2 = S (O i
I5 = 5l5 = > (55—

Recall that | fi| < ck™2 and ), < k2. Some algebra gives us

— p—l—@k Pt p—l—/{:”
Without loss of generality, we may assume that 0 < p < 1. For a fixed p, there exists

an integer K, such that
(K, +1)7* < p? < K;OQ,

where ¢ = 2/(2 + (282 — 1)/az) € (0,1). Due to this inequality, we have

> pk2ﬁ2
e P55

=1 p—{—pq k=K,+1

K, e
p2_2q/ x_252dx+/ =22 dg
1 Kp+1

< p2—2q+pq(262—1)/az

Kp p k 252

A

_ 2v
_p7

which completes the proof. n

Lemma A.10.5. Let A, B be two self-adjoint and compact linear operators. Define U =
A+ AL and V = B+ A1, A > 0. Assume that

HA - BHOp = A7
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and A — 0. Then we have

U7 =V < AZA.

Proof. Let M = 2max{||U||op, ||V |lop}. Define two scaled operators, Uy = U/M and
= V/M. It is straightforward to verify that ||Up||op, ||Vollop € (0,1) and

||U_1 - V_1||0p = ]\4_1HUO—1 - V()_1||0p' (A-10-14)

It is sufficient to find a bound for ||[Uy " — V; !||op in order to bound the right hand
side of (A.I0.I4)). Note that we also have |1 — Upllop, |1 — Vollop € (0,1). To verify
this, take v € L£[0,1] with ||v|la = 1. Let {(Ar, ¥x(t))}32, be the eigen-pairs of U with
AM > > o>\ Write v = Zzozl v where v, = (v,1). Then we can verify

1= Tsllop = sup [[(T—MT)ol2,

lvll2=1

i": (Uk - —Akvk>¢k
k=

||v||2 1 2
00 A 2 1/2
2 k
= sup ( vk<1——> )
Io]|2=1 ,; M
A
=1-—<1
Vi <

The same line of argument applies to ||1 — Vpl|op-

Expanding U;* and V; ' using Neumann series yields

Ut = D (=) Vit =) (1-W)"
k=0 k=0

The triangle inequality gives us

105" =V Hlop < Y [|(1=To)* = (1= Vo)¥| (A.10.15)
k=1

op’

Denote
A
My = ”1_U0||0p = ||1_V0||op = 1_M'
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For each £ > 1 we have

J(1 =) = (1=l = [[(Wo— Vo) D21 = Uo) (1 = Vo) ™!

op
=1

op

k
< Us = Villop 3 MgF0+0=D
=1

= ||Uo — Vollop kMg ", (A.10.16)

Now we are ready to bound (A.10.14) using (A.10.15) and (A.T10.16),

||U_1 - V_1||0p = ]\4_1”[]0_1 - Vo_1||0p

< MUy = Vollop Y kMg
k=1

(o)

_ —1 k !
- (5],

k=1
= (1= Mo)>M?||A — Bllop
= (M~ (M= X)7?|A~ Bllop
= AA = Bllop,
which completes the proof. O]

Lemma A.10.6. Let {z;(t)}1, and {z9(t)}, be samples of two processes. Assume
that for each i =1,...,n, 2o; is an approzimation for zy;, and the approximation error is

uniform across all i,

Hzli - 222'”2 = 0,(A).

Let ¢;,j = 1,2 be the minimizers of the penalized regressions

. IR
i=1

Then
[¢1— Gll2 = Op(p~2A).
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Proof. The original minization task is equivalent to finding the minimizer of the following

quadratic function
1 .
L) = =3 (V= (s o)) + o Al G =12

whose solution is

where

and

nj t 5 § le zlz

is the sample covariance. Then the solutions to the original problems are ZJ = Ly (fj)
Given that for each ¢+ = 1, ..., n, two processes z1; and zo; are close, the goal is to compare
how close fl and fg are, which further implies how close 31 and 32 are.

By the triangle inequality, we have
/1 — fQH£2 < I+ 11,
where the two terms on the right side are defined according to

(A.10.17)

Y

I = (Cnl —|—p]_ LKl/Q{ ZY 214 — %2 }

n

1
II = ((Cn,l + p]_)_l — (Cn,Q + Al)_l)LKl/Q{E Z}/;ZQZ}

=1

(A.10.18)

To handle (A.10.17), we have

slowromancapi@ < H(Cn,l +IO]‘)_1HOp

IN

1 n
o 2 Yilllza = il
[

— 0,(p').
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For (A10.18)), we can verify that

1 n
LKl/Z{E ; Y;/Zgi}

So it suffices to find the rate of ||(C,1+p1) ' —(Cpa+p1) Y|op. Note that both C, 1+ pl

1 n
< sl o S Willloall, = 0p(1)
Lo =1

and C,, 2 + p1 are invertible due to the addition of p1. Moreover, we have

||((Cn71 + ,01) — (Cmg + pln)Hop = HLK1/2 o (Lc'm1 — LCn,z) o} LK1/2HOp

S c HCn,l - Cn,Q

27

and

||On,1 - Cn,2H2

= % Z 214(t)z14(s) — % Z 22i(t) 22i(8)

2

1 ¢ 1 <
< |- >zt (zuls) — 2i(s))|| + Hﬁ D (z2ilt) = z1i(5)) 22(s) (A.10.19)
i=1 2 i=1 2
1 n
< = (auilly + laill )21 = 22l (A.10.20)
i—1
_ 0,(A).
Hence, we have
[t + p1) = (€ + 1), = O(AN).
Then Lemma implies that
[(Cop + 1) = (Caz +p1) Y| = Oplp2A).
Combining bounds on (AI0.17) and (AJ0.18) completes the proof. O

A.11 Discussion on Assumption 3|

We propose to impute the process X;(t) based on the short vector W;('T;) collected from
the subjects, i.e., X;(t) = E[X;(t)|W;(T;)]. By and large this strategy still works, but its
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theoretical justification needs more discussion. This section is devoted to closing this gap.
We will first introduce elliptical distributions and then discuss how this class of random

elements fit in our theory.

Elliptical distributions

For a comprehensive survey on this topic, see, e.g., [Frahm (2004). An introduction to
elliptical random process can be found in [Bali and Boente (2009) and [Boente et al) (2014).

Let X € R? be a d-dimensional random vector. (Cambanis et all (1981) showed that
X is an elliptical random vector £(u, X), if and only if X 2 p+ RAUW  where pu € R?
is a non-random constant, R is a non-negative random variable, A is a d X k non-random
matrix with rank k(< d), and U® is a k-dimensional random vector independent of R
and uniformly distributed on the sphere S*~!. With this definition, we have

E[R?]
d

EX]=p and cov(X)= 3 (A.11.1)

where ¥ = AAT has rank k. Note that both the multivariate normal and multivariate t
distributions are elliptical distributions.

Next we derive the conditional distribution of an elliptical distribution. Let p =
(), pg)" and X = (X|,XJ )" with X; the vector of the first k coordinates of X (k < d)

such that cov(X;) is not singular. Let

Y Y

221 E22

>

where 3¢ is a k X k matrix and 315 is a k X (d — k) matrix. Then we have (Cambanis
et al., [1981),
E[X2|X1 = Xl] = M2 + Eglzfll(xl - /_,l,l) <A112)

Although ¥, and X5; are unobservable, using (AILT]) we can re-write (AIL2) as

E[X,|X; = x1] = py + (E[R?|Es1/d)(E[R?| 11 /d) ™" (%1 — ),

= py + cov(Xa, X1) cov(Xy) H(xy — p). (A.11.3)

In the case where gy = 0, this mirrors the conditional expectation relation ([2:3.5). We
provide two examples that satisfy the linearity Assumption (3]).
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Example.

(E1) X;(t) is a Gaussian process, and the measurement errors {m]};v; , are i.i.d. indepen-

dent Gaussian random variables.
(E2) The scores {A;}72, and measurement errors {mj}év:il are jointly elliptical.

Note that multivariate Gaussian is a special case of elliptical distributions. So it is
straightforward to verify that the conditional expectation of scores under (EIl) and (E2)
satisfy the relation (23] and thus Assumption Bl Furthermore, (E2)) is intriguing. Be-
cause it is not implied by elliptical X;(¢) and i.i.d. elliptical measurement errors {;; };Vzl as
(Aix, W;(T;)) need not be jointly elliptical under these assumptions. This is very different
from the Gaussian case in (EI), where Gaussian X;(t) and i.i.d. Gaussian measurement
errors {n;; }jvzl imply that (A, W;(T;)) are jointly Gaussian, hence Assumption [3]is sat-
isfied. The lack of a similar result for elliptical distributions is best understood through
the fact that the sum of two independent ¢-distributed random variables no longer follows

a t-distribution.

Alternative assumption on conditional scores

The joint elliptical assumption is not innocent. It does not hold if the measurement errors
n;; are independent across j, as commonly assumed in the literature. To accommodate
independent measurement errors, we can make the following alternative assumption to

replace Assumption (A3]) by
(A3') The linear relationship
E[A#|Xi(T:)] = ain + b3, Xi(T3)
holds, and the measurement errors {mj}j-v:il are i.i.d. across both 7 and j.

However, a very different proof for the consistency of estimating (y(¢) is needed with

such an assumption, as Proposition 2] does not hold under Assumption (A3]).
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Below we provide a short argument to show why Xz’,Mo (t) can not be consistently
estimated under Assumption (A3).

To begin, it is straightforward to verify

Ay = E[ApXi(Ty)] = %dpEx i, Xi(T0).

)

The quantities i, @ir, Xx,(T)), wi(T;) can be estimated, but X;(T;) is unobservable. So

we can only use W;(7;) and obtain the score estimate
Ay = ndh S ) WilT). (A.11.4)

Due to measurement errors, the difference d;;, = fl,k—fljk does not vanish as n — oo. Thus
A;;, cannot be consistently approximated by /L*k Hence, Proposition 21 no longer holds.
Luckily, one can show that collectively the impact of measurement error is asymptotically
negligible for estimation in the RKHS approach. (Note that the normal equation approach
directly targets population quantities, thus it is not restricted by this assumption.)

An important difference between Ay, in (Z3.5) and fljk is the covariance matrix in the
conditional scores. Due to measurement error, the smallest eigenvalue of 3w, (7;) in Ay is
at least o7, which is not guaranteed in Xy, (7;). So we need another restriction on Xy, 7;),
that is, P(Amin(Zx, (7)) = ¢) = 1 for some fixed constant ¢, which prevents 2}3(7-1,) from
blowing up.

Now we turn to the estimation part. Let A\fk = %gg;{f);é(TZ)WZ(TZ) be an estimate
for flfk There is a non-negligible error dy, = Ay, — flfk in estimating A, by ﬁjk that
would not go to zero as the sample size n increases. Furthermore, we can find out their

difference between )A(Z*MO (t) = S0 Ejkggk(t) and X; (1), that is,

)A(ZMO(t) — X, (t) = ZO( An — An)on(t) + Z dirr(t) — Z 2l (D (1) — (t)).
k=1 k=1 k=1

If we substitute z;;(t) and 29(t) with X, (t) and )A(Z*MO (t) respectively, the first term in
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(A.10.19)) becomes

—ZX, Mo () (X, (£) — Az‘*,Mo(t)) = _% ZXivMo(t) Z(A?k — A3)on(1)
— % Z X, (1) Zo dir i (t)
+ = ZXl M, ( ZQdm On(t) — o))

The first term and the third term retain the same convergence rates as A\fk (consistent
for A% ) and q/b\k(t) (consistent for ¢ (t)) respectively. Note that for each i = 1,--- ,n,

Xian, () SO0, dirr(t) has mean zero and variance at most of order O(M,), and they are
independently and identically distributed. Hence the second term is of order at most
O, (M, - n~'/2), which is negligible compared to the asymptotic orders of the first and
third terms. The second term in ([A.J0.I9) can be handled using the same argument.
This effectively shows that the asymptotic convergence rate of the RKHS estimator stays
the same. As a last comment, we note that although it is possible to retain the consistency
of estimator with Assumption (A3'), the prediction results are no longer valid, since the

imputed processes cannot be consistently estimated due to (AI1.4).
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Appendix B

Supplementary Material for
Chapter 3

B.1 Proof of Theorem 1

Proof. Let 7, : R? — R be a projection such that 7;(v) = v; for v = (vy,...,v,) € R%. It
is straightforward to verify that 7;s are linear and continuous and v = (71(v),..., 74(v)).
Using this property, we can write g = (my0g, ..., 7,09) with each ;09 : C([0,1]) — R being
a continuous linear functional. We further denote ¢; = 7;09(f) and write v. = (c1,...,¢,) "
By Riesz representation theorem, for each i = 1,...,q, there exists b; € L5(|0, 1]) such
that 7; 0 g(f) = (f,bi) for every f € C([0,1]) and || o gllop = supy =1 [(f, b} = [|bi|2-
Since || f||2 < 1, we can check that |[v.[|; < K where K = /gmax; ||b;||z.

Classical universal approximation results (Cybenkd, [1989; [Funahashi, |1989; Hornik;, [1991;
Stinchcombe, [1999) imply that for any € > 0, there exists a network with weights ©* such
that sup,,<ox Mne-(v) — h(v)| < €/2. Since h is uniformly continuous on the compact
set D = {v € RI|||v|la < 2K}, there exists 0 < p. < K such that for any vy,vy € D,

|v1 — vall2 < pe implies |h(vy) — h(va)| < €/2.

On the other hand, it is well known that C([0,1]) is dense in £5([0,1]). For each i =
1,...,q, there exists b; € C([0,1]) such that ||b; — b;l» < pe/(2y/q). Classical universal
approximation results imply that there exists a set of networks, each of which has weights

©7, such that sup;cp ) nne:(t) — b(t)] < pe/(24/q). Denote ¢; = (nne:, f) and write
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¥, = (¢1,...,¢,)". Then, we have

& — il < [{nney — by, f) + (b — bi, f)] < pe/V/a

and thus ||, — ve|l2 < pe.

Therefore, by linking these steps together, we have

sup |T*(f) =T(f)| < sup [nne-(2c) — h(ve)]
fe(c([ovl]) ||1~}C_1ZCH2<pe
Hf”QSl Ve,V €D

< sup [ (v) — h(v) |+ sup  [h(er) — h(w)]
veD ||v1—v2||2D<ps
v1,V2€

<€/2+¢€/2=c¢.

For the second part of the claim, first note that X is a continuous random process defined
on a compact interval. Its norm || X||5 is a random variable on R and thus || X ||5 is stochas-
tically bounded. In other words, for any § > 0, there exists a constant My > 0 such that
P(]| X||2 < Ms) > 1—46. Then, it is easy to verify that by using || X ||» < M; in replacement
of || fll2 < 1 in the arguments above, we can obtain sup rec(o.1)). [l <Mj IT*(f)=T(f)| <o
for a suitable T*. O

B.2 Proof of Theorem 2

Proof. Without loss of generality, we may assume that the model 7\'@ has one basis node
in its BL and one hidden layer (with m nodes) in the subsequent network. Suppose that a
numerical integration algorithm with weights {w;, ;];Lll and grid {t; 3];1 is used. Then, the
model Tg can be expressed as %(X) = 0( Sy 9110(012 Zj;l w; X (t;)-nng(t)) —1-913) +94),
where o is a nonlinear Lipschitz activation function (e.g., sigmoid or ReLLU), and O denotes

the parameters of the basis function network nng. Note that here © denotes the collection

of é, 9118, 9[28, 9138, and (94.

It is straightforward to verify that both % and V@'?@ are bounded Lipschitz functions
in © with bounded Lipschitz constants due to the condition sup,co [X(¢)| < M; and

Assumption (i). We may also assume that the the loss function ¢(-,-) is non-negative,
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since we can always shift the bounded loss function by a positive constant so that its
minimum value is non-negative. Using the condition |Y| < M, Assumption (ii), chain
rule, and the fact that a composition of two Lipschitz functions is also a Lipschitz function,
we conclude that @(%(X), V) and Vgé(%(){), Y') are also Lipschitz in © with bounded
Lipschitz constants. Therefore, the second part of the theorem follows directly from

Theorem 3.12 in Hardt et all (2016) by checking its conditions. O

B.3 Experiment Details

Table [77] summarizes the number of bases used in each of the four simulation settings and

each of the nine tasks in the data experiments.

METHOD ‘ CaAsE 1 ‘ CASE 2 ‘ CASE 3 ‘ CASE 4 ‘ Task 1 ‘ TASK 2 ‘ Task 3 ‘ Task 4 ‘ TASK 5 ‘ TASK 6 ‘ TAsk 7 ‘ TaAsK 8 ‘ TAsK 9 ‘
Raw pATA + NN 51 51 51 51 48 48 48 48 48 48 48 30 20
0.015 0.038 0.275 0.334 0.099 0.284 0.124 0.296 0.380 0.488 0.472 0.406 0.373
B-SPLINE (4) + NN 4 4 4 4 4 4 4 4 4 4 4 4 4
0.050 0.984 0.971 0.369 - - - - - - - - -
B-sPLINE (15) + NN 15 15 15 15 15 15 15 15 15 15 15 15 15
0.013 0.019 0.206 0.251 0.094 0.306 0.137 0.326 0.335 0.477 0.429 0.413 0.387
FPCAp9 + NN 2 3 4 20 5 5 10 11 1 1 1 4 3
0.917 0.023 0.134 0.855 - - - - - - - - -
FPCAgg9 + NN 4 19 20 28 17 17 24 24 5 4 2 12 7

0.003 0.036 0.239 0.667 0.119 0.339 0.143 0.306 0.363 0.493 0.431 0.429 0.378

ADAFNN 2 3 3 2 4 4 4 4 4 4 4 4 4
0.001 0.003 0.127 0.193 0.084 0.260 0.118 0.294 0.339 0.477 0.410 0.362 0.368

Table B.1: Number of bases used for the four simulation settings and nine tasks on
datasets. The error rate of each method (already in the main paper) is also reported right
below the method. The smallest error is marked in bold.

B.3.1 Model description

Preprocessing before training. For all tasks, the functional input is standardized
entry-wise using function StandardScaler in Python package sklearn.preprocessing.

The response is also standardized using the same function in all regression tasks.
Basis Layer in AdaFNN. As each basis node in the Basis Layer is implemented as

a micro network, the scale of its output can vary with the initialization of the micro net-

work weights. To stabilize the numerical integration at a basis node, we can normalize
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the output of the micro networks, i.e., scale the output of each basis node such that its nu-
merical integral is equal to 1. Another benefit of this normalization is that we do not have
to normalize the learned basis functions again when applying the orthogonality /sparsity

regularization.

B-spline scores. The B-spline scores used to represent functional inputs as a baseline
method are computed using the spline functions (e.g., smooth.spline) in R, and the

coefficients are computed individually for each curve.
FPCA scores. We use the function FPCA in the R package fdapace (Zhou et al., 2022)

to compute functional principal component scores. Principal components are estimated
and selected based on the training dataset first and then used to compute the principal

component scores of curves in the test dataset.

B.3.2 Data description

Simulated Datasets: Simulation datasets are generated based on the following model

50

X<t) - Z Ck¢k<t)7 te [07 1]7

k=1

where terms on the right hand are defined as:
1. ¢1(t) =1 and ¢p(t) = vV2cos((k — 1)7t), k = 2,...,50;

2. ¢ = %7k, and 7y are i.i.d. uniform random variables on [—+/3,v/3].

Four simulation cases correspond to different configurations of zs:
1. In Case 1, 2; = 20,20 = z3 = 5, and 2, = 1 for k > 4. The response is y = ({¢3, X))*;

2. In Case 2, 21 = 2z3 = 5,25 = 2190 = 3, and 2z = 1 for other k. The response is

y = ((¢5, X))
3. Case 3 has the same configurations as Case 2. The observed response is
g=y+e=((¢5 X)) +e, €~ N(0,3/10).
For each time point ¢;, the observed X (t;) is

S ii.d.
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4. In Case 4, z;, = 1 for all k. The response is y = (32, X) + ({1, X))?, where
Bi(t) = (4—16t) - 1{0 <t < 1/4}

and

Bo(t) = (4—16]1/2 — t|) - 1{1/4 < t < 3/4}.

The observed response is
g=y+e €~ N(0,1/10).

For each time point ¢;, the observed X (t;) is

ol i.i.d.

5. Case 5 has the same setup as Case 4, but with double the noise variance in Y.

In each case, 4000 curves are generated, among which 3200 are used for training while
the rest 800 are left for testing. During training, 20% of the training data, i.e., 640 curves,

are held out as a validation set.

Case 1 is designed to illustrate the weakness of the FPCA+NN approach, where the
first two principle components explain at least 90% of the variability of the functional
input X and are selected, but the true signal ¢3, which explains a very small fraction of

the variability of X, is in the later principal components.

Case 2 is designed to illustrate the weakness of the B-spline+NN approach; here the
true signal ¢5 in the functional covariate cannot be well represented by a small set of, e.g.,
four, B-splines.

Case 3 is designed to illustrate that AdaFNN is able to learn meaning basis functions
and does better than other baseline methods in the appearance of both measurement error

and noise.

Case 4 is designed to illustrate that AdaFNN can be used to select relevant domains

and achieve smaller prediction error.

Case 5 is designed to illustrate the effectiveness of the regularizers.
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Real Datasets:

Electricity Data (UK Power Networks, 2015). The study contains electricity con-
sumption readings for 5567 London households which participated in the Low Carbon
London project from November 2011 to February 2014. Every half hour, there is a record-
ing of the total electricity usage during the past half hour, so the total number of daily
observations is 48. The observation periods vary among households. So, we select a pe-
riod of 5 weeks in which the number of households in the project is the highest. This
results in 5503 households. Since daily consumption is noisy, we take the average daily
consumption during the first week period (to produce a smoother curve) as our functional
covariate X (t) for all prediction tasks. The training and test split is 4 : 1, and 20% of the

training data are held out for validation during the training process.

NHANES Data (NCHS, CDC 2020). The study contains wearable device readings
of physical intensity of 7742 subjects during a one week period. According to the data
documentation, the device was the ActiGraph AM-7164 (formerly the CSA/MTI AM-
7164), manufactured by ActiGraph located in Ft. Walton Beach, FL. It is programmed
to detect and record the magnitude of acceleration or “intensity” of movement. The
original intensity readings were summed over 1-minute epoch. To construct the functional
input, we further aggregate the readings over 30 minute intervals, and this results in 48
observations per day. We take the average daily intensity curve for the whole week as the
functional input X (¢). The prediction tasks here is to classify the health conditions of
individual subjects using their physical intensity curve X (¢). Since not everyone reported
their health conditions and there are invalid and incomplete information in some subjects,
we ended up with 6555 subjects for Task 5, 2416 for Task 6, and 2412 for Task 7. The
training and test split is taken to be 4 : 1, and 20% of training data are held out for

validation during the training process.

Mexfly (Carey et al., 2005) and Medfly(Chiou et al., 2003). These two datasets
are very similar, so we describe them together. The Mexfly data contain 1072 subjects
and the Medfly data consist of 1000 subjects. For both data, the number of eggs laid daily

was recorded for individual flies in the study until death. It is of biological interest to
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explore how early reproduction shapes lifetime reproduction, defined as the total number
of eggs laid in a lifetime, which is perhaps the single most important biological question
from the evolution point of view. We thus aim to predict the lifetime reproduction of a
fly using its early reproduction trajectory X(t), which is the number of eggs laid daily
from birth till a specified day M shortly before peak reproduction period. This day M
is 20 for the Medflies and 30 for the Mexflies. Next, we remove flies that died before day
M and the resulted sample size is 872 for Mexflies (Task 8) and 870 for Medflies (Task
9). The training and testing split 4 : 1 is the same as before.
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Appendix C

Supplementary Material for
Chapter 4

Organization. In Appendices and [S5 we prove Theorems [I1] and [I2] respectively.
The building blocks for these results are Theorems and [[4] which are presented in
Appendices [S2] and [S3] respectively. Technical lemmas are given in Appendix [S6l Propo-
sition [l from the main text is proved in Appendix SIl Background results are stated in
Appendix[S7. Appendix[S8 provides additional plots of simulation results. Appendix .45
presents real-data examples based on stock market returns. Appendix describes the
computational cost of implementing the bootstrap. Lastly, Appendix provides sensi-
tivity analysis with regard to Assumption 1(b).
Conventions. Throughout the proofs of Theorems [I1] and [I2] we may assume without
loss of generality that n > 3, and that for any constant € € (0, 1) fixed with respect to n,
the following inequality holds

log(n) B3, (%)

nl/2

< e, (C.0.1)

where ¢ = 5log(kn). (If n < 3 or if (C.0.J]) does not hold, then the constant ¢ in the
statements of Theorems [I1] and [12] may be taken as ¢ = 3V %, which makes the results
trivially true.) In addition, we will frequently re-use the symbol ¢ to denote a constant

that does not depend on n, and we will allow its value to vary with each appearance.
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Notation. The spectral decomposition for ¥ will be written as
Y =UAUT, (C.0.2)

where A = diag(A\;(2),..., (X)) € RP*P| and the jth column of U € RP*? is the jth
eigenvector of ¥. For a vector v € RP, the /., and fy-norms are denoted as ||v]| =
maxy<j<p [v;] and J|v]ly = (37_; ©7)'/2. For a py x p; matrix M, the following three norms
will be used: Moy = supypp_y [ Malla, Ml = mass<jap, S0 [ My, and M =
Max) <;<p, Z?; |M;;|. If Ais a symmetric p x p matrix and j € {1,...,p}, then A;(A)

denotes the j x j diagonal matrix formed by the largest j eigenvalues of A,

Also, for each j = 1,...,p, let d;(A) = Aj; be the jth diagonal element of A, and let

d;(A) be the vector of the first j diagonal entries
d;(4) = (dh(A), .., dy(A)).

If B is another symmetric p X p matrix, then the relation B = A means that B — A
is positive semidefinite. The symbol 1; denotes the j-dimensional all-ones vector. For
a univariate scalar function h with first derivative &', define h'(v) = (h'(vy),..., K (vp)).
Lastly, for two vectors u and v, the symbol u ® v denotes the vector obtained from

entrywise multiplication, (u ® v); = u;v;.

S1 Proof of Proposition [

Proof of Proposition [M(7). For each | = 1,...,p, let x; = E[Z}}]. Also recall that in
part (i) of the proposition, the entries of Z; are assumed to be independent. For any pair
of indices (4, §') satisfying 1 < 7, 7" < k. it follows from the equation (9.8.6) in Bai and

Silverstein (2010) that the corresponding entry of I' € R¥** is
Uiy = E[(Z) (uju] ) Z1 — tr(uju) ) (Z] (uju)) 2y — tr(uju,))]

J J

p
=2-1{j=74} + Z(m — 3)u]2.lu?,l.
=1
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If we let H denote the p x k matrix whose jth column is equal to (u?,...,u3,), then the

previous entrywise expression for I' can be written in matrix form as
' = 20, + H' (D - 31,)H,

where D = diag(ky,...,k,). Now recall the assumption that there is a constant x > 1
not depending on n such that mini<;<, k; > . If we consider the case when x > 3, then

it is clear that D — 31, »= 0, which implies I' = 21}, and hence A, (I") > 2.

On the other hand, in the case when x < 3, we have

I =2, —(3—rx)H'H
(S1.1)
= (2— B —r)HZ) L

With regard to the quantity ||H||2,, observe that

1H gy < [ I [1H [l oo

k

= 112 . 2
= el s 2
]:

< I

Combining this with (SLI)) gives I' = (2 — (3 — k))I), and hence A\¢(I') > k — 1, which
completes the proof. O

Proof of Proposition [{(ii). For 1 < j,j' < k, it follows from Lemma A.1 in [Hu et al.
(2019) that

.., = COV(ZlT(ujujT)Zu ZlT(Uj’ujUZl)

17
E 4
- ]%@ + 2 te(uju; ujug)) — 1

E[£*] N E¢Y]
(p+2) plp+2)

When written in matrix form, this is equivalent to

= 2.1{j =41}
{ }p

' =al,+bl;1;]
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where a = and b = — 1. Consequently, one eigenvalue of I' is equal to a + kb,

( +2)
and the rest are equal to a. Furthermore, due to the basic inequality E[¢4] > (E[¢?])? = p?,

+2)

and the fact that p > 2, we have the lower bounds

2
a = a2 1

and

a+kb > 2+ k(- 1)

2(1—k/p)
1+2/p

v
—_
I

[

Vv
“b—‘

which completes the proof. O]

S2 Gaussian Approximation

Theorem 13 (Gaussian approximation). Suppose that the conditions of Theorem[I1 hold
and let ¢ ~ N(0,A,I'Ag). Then,

~ log(n) 83 r(¥
sup [P(Va(A(®) - M(®)) <t) - P(¢ = t)‘ < losl >?j§r( ), (52.1)
teRk n
Proof. Foreachi=1,...,n,let X; = AY2UT Z;, and let the associated sample covariance

matrix be denoted as
n

- 1 .
¥ =Y XX
This implies ¥ = U TSU , and so the eigenvalues of 5 may be equivalently written as
/\j(i) = /\j(f]) for every j = 1,...,p. For future reference, it will also be helpful to note

that E[X] = A.

To partition X into suitable blocks, we will write

[1,2]
- N ) (52.2)
¥[1,2]" ¥[2,2]
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where the matrix X[1, 1] is of size k x k, and the matrix 3[2,2] is of size (p— k) x (p — k).

Based on the notation above, the desired result can be broken down as follows:

sup
teERk

P(Va(m(®) - ) =) - P(¢ 575)] < I+

where the two terms on the right are defined as

U= suwp [P(VA(W(®) — () <t) — B(Va(d(S[1,1) - M) =), (523
I = suw P(ﬁ(dk(iu,u) — (D) = t) —P<g ~ t>‘ (S2.4)

For each of these terms, Lemmas[S2.4] and [S2.3] respectively give the following bounds

_ log(n) 3, 7(%)

~ nl/2

1< A

~ n1/2 9
completing the proof. n

S2.1 Lemmas for Gaussian approximation
Lemma S2.1. Suppose that the conditions of Theorem[13 hold. Then, there is a constant

c > 0 not depending on n such that the event

c log(n) fag M(X) r(X)

ni/2

[va(n® - aEn )| <
holds with probability at least 1 — .

Proof. Recall the partition (S2.2) of the matrix 3 in the proof of Theorem I3 By
Wielandt’s inequality (LemmalS7.2), the following inequality holds when the event { A, (2[1,1]) >

A (X[2,2])} occurs,

max |[\;(2) — \(S[L1)] € —= ”i[LQ]H‘Q’K : (S2.5)
1<j<k M (Z[1,1]) — A (2]2,2])

We will derive a high-probability upper bound for the right side of (S2.3)) by separately

handling the numerator and denominator.
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To control the numerator in the bound (S2.5)), we may apply Lemma[S6.1] to conclude

that
q Bog M (2) tr(X)
op H nl—3/(2q) .

I=0L, 21113

Then, for any ¢t > 0, Chebyshev’s inequality yields the tail bound

e |ISIL, 20135,
td ‘

P(|IS[L, 2)[I2, > et) <

Recalling the choice ¢ = 5log(kn) and taking ¢t = <log(n)fA1(X) tr(X) for a sufficiently

large constant c, it follows that the event

c log(n) Bag M(X)?r(X)

1501, 2])1%, < (52.6)

holds with probability at least 1 — #

To handle the denominator in the bound (S2.5), let IT € R**? denote the matrix whose

1th row is the ith standard basis vector in RP. Then, Weyl’s inequality implies

max |/\ ( [1 1]) Aj (E)| S HH(E _A)HT”op

1<5<k
< ||Z - A”op‘
Similarly, we have

max |Ax(2[2,2]) = A(D)] < I~ Allop.

k+1<j<p
Combining the last two steps yields the following bound for some positive constant ¢; not

depending on n,
ML) = 0(22,2) = AE[L1]) = (D)) + ((E) = Mea (D) = (M(E[2,2)) = A ()
> (D) = 2/1E = Allop, (S2.7)
where Assumption @ has been used in the last line.
To complete the proof, it suffices to show that || — Al < 2A1(X) holds with high

probability. This may be accomplished using Lemma [S7.3, which gives the following
bound,
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(EIS - A,) " S

~Y

<\/5(E”X1||§ )[BT UQ) Vv ( a (B )3)"

n1/2 3/(29) n1 3/q > (828)

This bound can be simplified by noting that E[X; X, ] = A and

EI%1)" = (1%l

P

Z /\j<uj7 Zl>2
j=1

tr(3) Bq-

(52.9)

q

IN

Therefore, the bound (52.8)) reduces to

Sl q 1/q ng)\l Qﬁq )
(B2 - Af)"0 < LN ) 2h MO

< \/qu ME) () (52.10)

n1*3/q

where the second line has used the condition (C.0.1)).

To apply the previous bound, Chebyshev’s inequality implies that for any ¢ > 0,

e B[S — Allg,
tq

P(IS = Allop > e 1) <

Recalling the choice ¢ = 5log(kn) and taking ¢ = C)‘l \/log n)f,r(X) for a sufficiently

large constant ¢ not depending on n, we conclude that the event

log(n) B, (%)

n

12 = Allop < c/\l(E)\/ (S2.11)

holds with probability at least 1 — -;. Furthermore, if we apply this bound to (S2.7) and
use the condition (C.0.]), then the bound

ML 1) = M (S[2,2) > %)\1(2) (S2.12)

holds with probability at least 1 — #
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The stated result is obtained by combining the bounds (S2.5), (S2.6), and (S212). O

The next result shows that the random vector y/n (/\k(f][l, 1]) — Ak(2)) is well approxi-
mated by \/ﬁ(dk(f}[l, 1]) — Ax(X)) in an entrywise sense.

Lemma S2.2. Suppose that the conditions of Theorem[I3 hold. Then, there is a constant

¢ > 0 not depending on n such that the event

[va(au@ 1) - as )| < clog(nmﬁgl(z)r@)

holds with probability at least 1 — 5.

Proof. We will use an iterative argument. As an initial step, first partition the matrix

Y[1,1] as

di(2[1,1) W

where d;(X[1, 1]) is a scalar, and D is a (k—1) x (k—1) matrix. To lighten the notational
burden of subscripts when handling matrices of different sizes, we will write A(A) =

(M(A), ..., A (A)), as well as d(A) = (A14,. .., A,,) for any symmetric matrix A € R™*"

|+

and integer » > 1. By the triangle inequality, we have

dy(3[1,1])
A(Dy)

dy(3[1,1])

H,\(ip,m —d(i[l,l])H A(D1)

IN

[e.e]

IR

-aEn )|

o0

= T+T
(S2.13)

where we have defined the random variables T and T’ through the last line. Later on, we

will show that the event
c log(n) fag tr(X)
n

T <

(S2.14)

holds with probability at least 1 — #
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Next, to handle T', we partition the matrix D; as

di(Dy) Vi
D, - 1(D1) Vo |
Vy' Dy
where dy(D;) = dy(X[1,1]) is a scalar, and Dy is a (k — 2) x (k — 2) matrix. Proceeding
in a similar manner to (S2.13), and noting that d;(X[1,1]) is the same as the first entry

of d(X[1,1]), we have

d1(Dn)
A(D2)

d1(Dy)
A(D2)

—d(Dn)

Y

T < HA(Dl) —
o (S2.15)

- |

HOO

— T// + T///

where the random variables T” and T" have been defined through the last line. The

argument that will be used to prove (S2.14)) can also be used to show that the event

c log(n) fag tr(X)
n

T//

holds with probability at least 1 — +2;. Likewise, we can combine k — 1 iterations of this
process by summing the bounds on T, T”, T"” ... appearing at each iteration.

To complete the proof, it remains to validate the claim (S214). Let Dy = %[1, 1], and
observe that

T = |A(Do) — di(Do)| V Jnax [\ (Do) — Aj—1(D1)]. (52.16)

Wielandt’s inequality (Lemma[ST.2)) gives the following bounds when the event {d;(Dy) >
A1(D1)} occurs,
IVallz,

|>\1<D0) - dl(D0)| < dl(DO) — )\1(D1>

and

R 1

~ di(Dg) — M(Dy)’
for all j = 2,...,k. So, in light of the formula for T given in (S2.I6), we conclude that
the bound

1A (Do) — Aj-1(D1)

V. 2
T < H 1Hop

S D0 D (S2.17)
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holds whenever the event {d;(Dy) > A(D;)} holds. By using the argument at (S2.12)
from the proof of Lemma [S2.1] it can be shown that the denominator in the previous
bound satisfies

dyi (Do) — A1 (Dy) > cAi(X)

with probability at least 1 — kl? for some constant ¢ > 0 not depending on n. Next, in
order to derive an upper bound on ||V;]op, note that for any value of k, the matrix V;"
is contained in the submatrix of ¥ indexed by {2,...,p} x {1}. Hence, ||Vi|op is upper
bounded by the operator norm of that submatrix, which is the same as %[1,2]" in the
particular case when k& = 1. Due to this observation, it follows from Lemma [S6.1] that

there is a constant ¢ > 0 not depending on n, such that for any choice of k, the bound

2 < CQﬁgq )\1 (E) tr(Z)
n

op —

VAl (52.18)

holds with probability at least 1 — k—gﬂ, where we continue to use ¢ = 5log(kn). Thus,
combining the last few steps establishes the claim (S2.14]).

To comment on how this argument can be applied iteratively to T and its successors,

the previous reasoning involving Weilandt’s inequality shows that the bound

o I,
= di(D1) — M(Ds)

holds whenever the event {d;(D;) > Ai(D3)} holds. In turn, a lower bound on the
denominator dy(D;) — A;(Ds) that is proportional to A;(3) can be established in the
same manner as for dy(Dy) — A;(D;). Meanwhile, the numerator can be handled by
noting that for any value of k, the matrix V,' is contained in the submatrix of S indexed
by {3,...,p} x {1,2}. The latter matrix is the same as %[1,2]" in the particular case of

k = 2, and consequently, Lemma [S6.1] can be used to establish a bound on ||V5]|% that is

op
of the same form as (S2.18)). This completes the proof. O

The next lemma provides a Gaussian approximation result for \/n (dk(f}[l, 1]) — (D).
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Lemma S2.3. Suppose that the conditions of Theorem [13 hold, and let 11 be as defined

in (82.4). Then,
Bi
II 5 m.

Proof. For each i = 1,...,n, let the random vector W; € R* have its jth entry defined
as Wi; = (uj, Z;)*> — 1, where u; is the jth eigenvector of X. Letting Y; = A, WW;, we have
Vi(de(S[1,1]) — M(E)) = \/iﬁ >, Y;. Also, note that the covariance matrix of ¥; is
given by E[Y;Y;"] = AyTAy, with T as defined in Assumption [l(c)]

Applying Bentkus’ multivariate Berry-Esseen theorem (Lemma [ST.5]) yields

E|(Ax'Ag) —1/2y;
P(%aZleYijt)—P(cjt)‘ < Bl nf/2 il (52.19)

sup
tERk

The proof is complete once we derive a bound on EH (AT AL)~V2Y, ||2 Due to Assumption

, we have
[(ATAY) TV = WIT' Wy < o W3,

almost surely for some constant ¢ > 0 not depending on n. In turn, Lyapunov’s inequality

implies
E|(ATA) VYL S B[ wr)?)!
k |32
= Z Uy, Zl — 1
=1 2
k L\ 2
< (3w 27 - 17, )
=1
< B
Substituting this bound into (S2.19]) completes the proof. O

Lemma S2.4. Suppose that the conditions of Theorem [13 hold, and let 1 be as defined

in (82.3)). Then,
_ og() 3, x(9)
~ /2 :

(S2.20)
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Proof. For any ¢ > 0 and ¢t € R*, define the two events
At) = {Va(du(Z[1,1) = M(2) = ¢},
)= {ValAD) - S0, 1]) e = e}

It follows from Lemma [S7.6] that

IN

P(B(e)) + sup

tcRk

PA(t + e 11)) = P(A(t — e 1)), (S2.21)

The first term P(B(e)) can be handled by Lemmas and [S2.2] which show that there
is a constant ¢ > 0 not depending on n such that if e = log( ) Bog A1(X) r(X), then

P(B(e)) <

S|

Next, the anti-concentration term in (S2.21)) can be bounded through an approximation

involving the Gaussian vector ¢ ~ N (0, A,I'Ay),

sup |P(A(t + €l)) —]P’(A(t—elk))’ < 21T + sup

P(g < t+61k) “P(C =t —ely)

= 2II + J(e),

where the quantity J(e) is defined by the last line, and IT < 33 /n'/? holds by Lemma [S2.3l

To handle J(¢), we need the following lower bound

min var(¢(;) = min \(2)2T; = MA(2)?,

1<j<k 1<j<k

where we have used Assumption . Based on this lower bound, Nazarov’s inequality

(Lemma [ST.4)) yields

€

Je)
Ae(Z) (52.22)
< log(n) B2 (%) Mi(E)/Au(X)
N nl/2

Combining the previous bounds and noting that Assumption B](b)]implies A1 (2)/Ae(2) <
[

1, we obtain the stated result.
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S3 Bootstrap Approximation

To introduce some notation, first note that the bootstrapped vectors X} can be repre-
sented theoretically as X} = %/2Z* for each i = 1,...,n, where Z},..., Z* are sampled
with replacement from Zi, ..., Z,. Also, let $* = LS L XH(X)T, and let the diagonal

matrix of the largest k& sample eigenvalues be denoted as
Ay = diag(M(2), ..., M(2)).

For each i = 1,...,n, recall the vector W; € R* whose ith entry is defined as W;; =
(uj, Z;)* — 1, where u; is the jth eigenvector of X. Also let W = 15" W, In light of
the fact that I' = E[W;W,'] with E[W;] = 0, the empirical counterpart of T is defined as

T ==Y Wi—-w)w,—w)". (S3.1)

i=1
Lastly, recall that P(-|X) and E[-|X] refer to probability and expectation that are condi-
tional on X4,...,X,,.

Theorem 14 (Bootstrap approximation).Suppose that Assumptionl@ holds, and let ¢ = 5log(kn).
Also, let £ € RF be a random vector that is conditionally distributed as N(O, Akak), given
the observations Xy,...,X,. Then, there is a constant ¢ > 0 not depending on n such

that the event

P(Va((E) = M) 2t x) - P(¢ 2t X)| < ‘ 10g(721§qr<2) ($3.2)

sup
tERF

holds with probability at least 1 — <.

Proof. For each i = 1,...,n, define
Xr =AUz,

as well as the matrix
- 1 &
== (APUTZHNAYVPUTZHT.
X ) )

Based on this definition, we have ¥* = U TSU , and hence

A (E) = N(EY

120



for all j = 1,...,p. By analogy with the proof of Theorem [I3] we partition Y* as

(S3.3)

where the matrix %*[1, 1] is of size k x k, and the matrix $*[2, 2] is of size (p—k) x (p— k).
To proceed, consider the bound

sup
tcRk

P(Va(A(E) = Au(S)) jt‘X) —P(¢ jt]X)‘ <71+ 10

where the terms on the right are defined as

T = s P(VR(AW(E) = M(®) = ¢| X) = B(Va(da(S1,1]) - du(S[1,1]) = ¢ X)
(S3.4)
M= sup ]P’(ﬁ(dk(i*[l,l]) — di(S[L,1)) <t ‘ X> —]P><§ <t ‘ X)‘ (93.5)

Lemmas [S3.4] and ensure that there is a constant ¢ > 0 not depending on n such that

the following events

¢ log(n) 43, (%)

T < - (S3.6)
3
i < 2%’; (83.7)

each hold with probability 1 — £. Combining these bounds gives the stated result. O]

S3.1 Lemmas for bootstrap approximation

Lemma S3.1. Suppose that the conditions of Theorem[T{] hold. Then, there is a constant

¢ > 0 not depending on n such that the event

P(H\/ﬁ@\k@*) _A’“(i*[l’l])woo > clog(n)ﬁiqu\;(ﬁ)r@) ‘X) < % (93.8)

holds with probability at least 1 — <.

Proof. Let 7(X) denote the conditional probability on the left side of (S3.8)). By Markov’s

inequality, we have
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and so it is sufficient to show that there is a constant ¢ > 0 not depending on n such that

E[r(X)] < ¢/n°. In other words, it is enough to show that the event

Hﬁ(&(i*) _Ak@*[l’l]))Hoo < ¢ log(n)ﬁqu/)\;(Z)r(Z)

holds with probability at least 1 — ¢/n®.

Whenever the event {)\k(i*[l, 1]) > M\ (Z*[2, 2])} holds, Wielandt’s inequality (Lemma
[S7.2) implies

max ’)\J(i*) . )‘j(i*[la 1])| < Hi*[LQ]ng (839)

1<j<k /\k(f]*[l, 1]) — )\1(53*[2, 2])

The denominator in ([S3.9) can be controlled by analogy with the proof of Lemma [S2.1
It follows from Weyl’s inequality and Assumption @ that
ML) = MER,2) > elD) = At (%)) — 205 — Allp
(S3.10)
> chi(X) = 2% = Allop,

for some constant ¢; > 0 not depending on n. So, controlling the denominator in (S53.9)
amounts to showing that the random variable ||X*—A||p is small with high probability. We
will proceed by upper bounding ||X* — |lop + |2 — Allop with high probability. Applying
Lemma [S6.3] with the choice ¢ = 5log(kn), it follows from a simple marginalization

argument that the event

log(n) B, (%)

- (S3.11)

1=~ Bllop < CM(E)\/

holds with probability at least 1 — 5. Next, recalling the bound (S2.11)) in Lemma [S2.1]

there is a constant ¢ > 0 not depending on n, such that the event

log(n) By r(%)

IS = Alloy < c/\l(E)\/ . (93.12)

holds with probability at least 1 — %. Combining the last two bounds with (S3.10) and
the condition (C.0.T) implies that the event {\p(X*[1,1]) — A1 (2*[2,2]) > 2 A\ (2)} holds
with probability at least 1 — ¢/n®, where q = 5log(kn).

122



Lastly, to address the numerator in ([S3.9)), it follows from Lemma [S6.2] and a simple

marginalization argument that the event

c log(n) oy M1 (X) tr(X)

n

14,2102, < (93.13)

holds with probability at least 1 — -%. This completes the proof. O]

Lemma S3.2. Suppose that the conditions of Theorem[T]] hold. Then, there is a constant

¢ > 0 not depending on n such that the event

P(H\/ﬁ()\k(i*[l,l])—dk(i*[l,l])woo . clog(n)@;ti/);l(E)r(E) ‘X) < £ (s3.14)

A
holds with probability at least 1 — =.

Proof. As in the proof of Lemma [S2.2] we will lighten the use of subscripts by writing
A(4) = (M(A),..., 0 (A4)) and d(A) = (Ay1,...,A,,) for any symmetric matrix A €
R™" and integer r > 1. By the same reasoning used at the beginning of the proof of

Lemma [S3.1], it is sufficient to show that the event

[va(ase ) - agenp)| < Gl ) E

C

holds with probability at least 1 — -5. Overall, the current proof is similar to that of
Lemma [S2.2] Let D§ = i*[l, 1], and for each r = 1,...,k — 1, partition the matrix

¥*[1, 1] recursively as

d(Dy_y) Vr

r

Vo' Dr

T

where dy(Dy_;) is a scalar, and D} is of size (k — r) x (k — r). Based on the proof of
Lemma [S2.2], it suffices to show that there is a constant ¢ > 0 not depending on n, such

that for any r =1, ..., k, the event

HA(D:—O— di(Dr_y) HOO < ¢ 10g(n) Bag M (2) £(X)

A(Dy) "

123



holds with probability at least 1 — .

Using the reasoning that led to (S2.I7) in the proof of Lemma [S2.2] Wielandt’s in-
equality (Lemma [S7.2) implies that if the event {d;(D}_;) > A\ (Dy)} holds, then the

following event also holds

di(Dy_y) H V(155
ADH) |l = du(Diy) = Ai(D))

H/\(D:_l) — (S3.15)

The numerator in this bound (S§3.13]) can be controlled with Lemma [S6.2] and a simple
marginalization argument, which imply that under the choice ¢ = 5log(kn), there is a
constant ¢ > 0 not depending on n such that the event

c log(n) fag M1 (X) tr(X)

IVEls, <

holds with probability at least 1 — k—ig,

To control the denominator in the bound (S3.15), Weyl’s inequality and the reasoning
in the proof of Lemma [S2.2] based on Assumption @ imply

di(D;_y) = M(D}) = Mi(8) = 2[5 = Allop,

for some constant co > 0 not depending on n. Next, by combining the bound (S2.11]) and
Lemma [S6.3], it follows that the event

log(n) B, r(2)

- (S3.16)

||i*_A||0p < C/\l(z)\/

holds with probability at least 1 — :%. Therefore, condition (C.0.I)) implies that the lower
bound

di(Dr_y) = M(Dy) = GM(Y)

holds with probability at least 1 — k—7115 This completes the proof.
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Lemma S3.3. Suppose that the conditions of Theorem [I]) hold, and let 11 be as defined
in ([S3.5)). Then, there is a constant ¢ > 0 not depending on n such that the event

3
I < ¢ B

= 12

holds with probability at least 1 — =.

Proof. Let Wy, ..., W, and W be as defined at the beginning of Appedix[S3l Also, define
the vector W € R¥ with jth entry W} = (u;, Z})* — 1, and define Y;* = A, (W} — W).

These definitions give the relation
Vi(di(EH[L 1)) = di(S[L, 1)) = —= Z Y7
Also note that E[Y;*| X] = 0, and
E[YF(Y7)T|X] = MTA

Due to Bentkus’ multivariate Berry-Esseen theorem (Lemma [ST.5]), we have

u E[| (AT AL) 27|13 | X
P(%Zﬁ*jt‘X)—P(gjt’X)’gc LA 7’;3/2 vlI2lX] (S3.17)
=1

sup
teRk

Applying Lemma [S6.5 with ¢ = 5log(kn) and using Chebyshev’s inequality, there is a

constant ¢ > 0 not depending on n such that the event
E[|l(AlA) TR X] < e,
holds with probability at least 1 — . O

Lemma S3.4. Suppose that the conditions of Theorem hold, and let T be as defined
in ([S3.4)). Then, there is a constant ¢ > 0 not depending on n such that the event

- clog(n) B, x(S)
= ni/2

(S3.18)

holds with probability at least 1 — *.
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Proof. In a similar manner to the proof of Lemma [S2.4] the left side of (S3.18)) can be
bounded by the sum 211 + @1(6) + 2@2(6) +2Gj, with the last three terms defined for any

e > 0 according to

G0 = P([Va(nE) - M®) - va(aES ) - e )|z x),
Gafe) = smp P(g jt+elk) —P(g jt—elk> ,
Gy = s P(C 2t) —P(¢ < t] X)|

First, recall from Lemma that there is a constant ¢ > 0 not depending on n such
that 1T < ¢f3,/n*/? holds with probability at least 1 — ¢/n.

Next, when handling the terms G4 (), Ga(e), and Gs below, we will take € to be of the
form € = = log(n) 24 A1 (X)r(X). Using the choice ¢ = 5log(kn), Lemmas [S2.1] [S2.2] [S3.11
and [S3.2 imply that there is a constant ¢ > 0 not depending on n such that the event

~ c
< —
Gl(E) =

holds with probability at least 1 —<. With regard to Gz(€), observe that it is deterministic
and equal to J(€) in the proof of Lemma [S2.4l Therefore, the bound (§2.22)) gives

< log(n) Ba, r(X)
~S nl/2 :

(}2(6)

Lastly, the bound (S4.1)) (to be established in Appendix [S4)) implies that the event

~ c log(n) B3,

Gs < oz
holds with probability at least 1 — <. Combining the last several bounds yields the stated
result. O

S4 Proof of Theorem [11]
By comparing the bounds (S2.1]) and (S3.2) in Theorems [[3 and 4] it is enough to show

that there is a constant ¢ > 0 not depending on n such that the event

¢ log(n) 53,
ni/2

(S4.1)

sup
teRk

Pe<t]X) ~P(c<1)| <
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holds with probability at least 1 — <. To this end, define the three matrices
Cr = ATAy,
Cr = MTAy,
By = ¢\ — I
By Lemma [S7.7] there is a constant ¢ > 0 not depending on n such that the bound

sup
tERk

holds almost surely. Furthermore, due to Assumptions and , the following

bounds also hold almost surely,

P(¢ <[ X) ~P(C2#)| < cl|Billy

1Billoo < (1€ |12 ICk = Cillon
c(R2)|T =1,

S ¢ H/F\ o I_‘Hop'

IN

Next, Lemma [56.4] implies that the event

cq B3,
nl/2

”I‘_'FHOP <

holds with probability at least 1 — e™%, and in light of the stated choice of ¢ = 5log(kn),
the proof is complete. O

S5 Proof of Theorem

A simple rescaling argument can be used to show that the left side of the bound in

Theorem [12 is the same as

P(h(Ak(i)//\l(E)) _ h(/\k(Z)/)\l(E)) =< t) _ ]}D<h(}‘k(§*)/)‘1(z)) B h()‘ké\:)/)‘l(z» <t ’ X)

su =
b (Sk/sk)™

teRk

)

(85.1)

where we note that the quantity (Sx/<x)” is invariant to rescaling of the observations.
Hence, without loss of generality, we may assume that \;(X) = 1 in the remainder of

this appendix. Consequently, Assumption implies there is a positive constant ¢, not
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depending on n such that A;(3) € [co,1] holds for all j = 1,...,k. (These points will
sometimes be used without being explicitly mentioned in this appendix.) The proof is

completed by combining Lemmas and [S5.2] given below. O

S5.1 Lemmas for bootstrap with transformations

Lemma S5.1. Suppose that the conditions of Theorem [12 hold.

(i) Let ¢ € R* be a random vector that is distributed as N(0, A,T'Ay). Then,

P(Vlh(A(E) - b (D) 1) ~P(R(NE) ¢ < 1)| 5 2B

sup
teRk

(ii) Let & € RF be a random vector that is conditionally distributed as N(O, Akak) given
the observations X1,...,X,. Then, there is a constant ¢ > 0 not depending on n
such that the event

R(AR(E)) — h(Ax(S "R(S
ap [p(LEEN D)) ) p(RBD ¢
teRF (Sk/Sk)" (Sk/ k)T

holds with probability at least 1 — .

‘ X) ’ - ¢ log(n) B3, (%)

nl/2

Proof. Part (7). Applying a Taylor expansion for each j = 1,..., k, we obtain

~

Vi(h(N(E) = h(A(2))) = vk (A (2) (G(E) = A,(5))
+ V(N (E) = A(D)° /01<1 — )R (D) + G (E) — N (2)))dt.

Let S, T, V, and R be random vectors in R¥ whose entries are defined by

S; = Va(h(M(E)) = h(N(2))),

T; = KNG,

Vi = VR (4(2) (4(E) - (),

R; = va(N(E) - N(®)? /01(1 — )R (0(E) + 0 (E) = A () dt.
Lemma implies that for any r > 0,

P(V <) —P(T <1)| + + P(| Rl > 7).

ming <<y /var(7;)

sup
tERk

P(S <t) =P(T <1#)| S swp

tERF

(S5.2)
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Theorem [[3] gives a bound on the first term,

log(m) 33, £(%)

sup i

tcRk

P(V <t) —P(T = t)’ < (85.3)

Next, recall from the discussion at the beginning of this appendix that we may assume
there is a constant ¢, > 0 not depending on n such that \;(X) € [c,, 1] holds for all
j=1,..., k. In turn, combining this with Assumption implies

var(Tj) = \(2)*-Ty; - h/()‘j(z>)2
>0 (S5.4)

It remains to find a bound for the last term in (§5.2) and to choose a suitable value

for r. For each j = 1,..., k, define the event

Aj = {‘)\j@) — (@) < %}
Then,
P(|R;| >7) < P({|R;| > 7} N A;) +P(AS).
Using the choice ¢ = 5log(kn) and Weyl’s inequality, the bound (§2.I0) implies that
max | A;(5) = L8|, < 15— Allol,

1<j<k a

A (2)4/log(n)B,x(X)

nl/2

N

Co
- 2¢’

(S5.5)

where the condition (C.0.0]) has been used in the last step, and the rationale for the

constant > will be seen in the next step. By Chebyshev’s inequality, we have

A (5) = A0 e /(2€))
lrgjagklp’(flﬁ) = e | (()00/2)q< )l = ((C/o% et s % (85.6)

In order to handle P({|Rj| >rin .Aj), first let C' denote the following supremum

C = sup { 0" (2)

c)2<T <1+ 00/2}, (S5.7)
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<

which is finite and does not depend on n. Taking r = ﬁkl(E)Qlog(kn)ﬁqr(Z) for a

sufficiently large constant ¢, we have

P({IB;] > 1} N 4;) < B(Va(A(E) = 3(®)-§ = 7)

< P(InE) - 1) 2 22 flee/O)oginr ()
< =, (S5.8)

where the previous step uses (S5.5]). Combining the last several steps shows that P(|R;| >

r) < % holds for all 7 =1,...,k and so a union bound gives
PRl >7) < L. (85.9)

Substituting the bounds (S5.3), (S5.4), and (S5.9) into (S5.2)) proves the statement (7).

Part (iz). First note that by rescaling, it is enough to show that the event

(VS -RuD) <1 X) B (ROnE) o x| )| < TED T

sup
tERk

holds with probability at least 1 —¢/n. Similar to (S5.2)), the left side can be decomposed

as
sup [P(S™ < t|X) ~ P(T" < t| X)|
teRk
.
< sup [P(V* <] X —IP’T*jt]X‘—i— + P(|R o > 7| X),
teRk ( ) ( ) minlsjgk vV Var(T]* | X) >

(95.10)

where S*, T*, R*, V* are vectors in R* defined as

;= Vi(h(N(E) = h(X(5)),

T; = H(N(©)&

~

Ry = Vn(\(E) = X)) / (1= 1) 1" (5 (S) + 10 (E7) = 3 (2)dt.
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The first term of the bound (S5.10) is handled by Theorem [I4l For the middle term, first

~

note that var(TF | X) = \j(2)* - T'j; - h’(Aj(i))Q. Using the condition (C.0.)), it follows
from (S2.11)) and Lemma that for each j = 1,..., k, the events

each hold with probability at least 1 — ;%. Hence, Assumptions @ and imply that
the event

min var(77 | X) > ¢
1<j<k

holds with probability at least 1 — <. Next, define the event

A ={ e - u®) < 2}

with the constant ¢, having the same definition as in Part (7). For the last term on the
right side of (S5.10), we claim that the event

P(|[R|oc = 7| X) <

Slo

holds with probability at least 1 — = when r is appropriately chosen. This can be estab-
lished with a union bound

k

P(||R"||oe > 7| X) < ZP({|R;| >} NAS | X) +P((AD)] X). (S5.11)

Analogously to (S5.6), we can apply Lemma [S6.3 with ¢ = 5log(kn) and the condi-
tion (C.0.1]) to conclude that for each j =1,...,k the event

e <
R FIANIN) < g

holds with probability at least 1—:5. For the first term on the right side of (S5.11J), we may

use an argument similar to the one leading up to (SL.8) with r = =A(X)*log(kn) B, (X)
to show that for each j = 1,..., k the event

P({|R] > r}nAf|X) < =

kn
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C

holds with probability at least 1 — ;~. Combining the last few bounds completes the
proof. O]

Lemma S5.2. Suppose the conditions of Theorem hold. Then, there is a constant
¢ > 0 not depending on n such that the event

R (A(2)) ® ¢
@/

sup (S5.12)

tERF

)| < s hr®)

nl/2

IP’(h’(Ak(E)) ¢ < t) - 1@(
holds with probability at least 1 — =.

Proof. Define the matrices
Cp = diag(h’(Ak(E)))<AkFAk>diag(h’(Ak(E)))

C, = diag<M) (Aﬁ/\@diag(M)

(Sk/sk)" Si/Sk)"

B, = C.'/°C.C."* — I
By Lemma [S7.7 the following bound holds almost surely

sup
teRk

P(%?i@g jt‘X) —P(h'uk(z:))@cjt)] < clBily  (85.13)

for some constant ¢ > 0 not depending on n. Using several applications of the triangle

inequality, the following bound holds almost surely,

IBillop < 1G22, 1k — Cillop
_ , , R (Ae(S
< G, [ own]| - e - [rowen - BEEED| s

1/2 / . a R ()

oG o) HOO HA,@ DA ‘ o .
_ ) R (Ax(S)) R (RS

TR [ h(Ak(z))m HAkFAk . ‘(é/’i)z) R

The leading factor satisfies
I, <
op

because we may assume that there is a constant ¢, > 0 not depending on n such that

A;(X) € [co, 1] holds for all j =1,...,k (as discussed at the beginning of this appendix),

132



and also because A\,(I') 2 1 by Assumption @](c)] Also, the quantity IT — I'||op is handled
by Lemma [S6.4] which shows there is a constant ¢ > 0 not depending on n such that the

event

¢ log(n) 33,

HF_FHOP = nl/2

(95.15)

holds with probability at least 1 — £. Combining this with the condition (C.0.1)) and the
bound ||T'||op < 7, it follows that

HAkak”OP < HAkFAk”0p+HAk(f_F)AkHOP < Cﬂg

holds with probability at least 1—<. To handle the remaining quantities in the bound (55.14)),

note that the triangle inequality yields

Using Lemmas [S5.3] [S5.4l and [S5.5] as well as some elementary inequalities, the following

R (A (2))
(Sk/sk)™

—h’(Ak@))H < [1Ge/s) | [ e (B k(2 |+ e (2 [ G/s) ™ Ll
= (S5.16)

bounds hold with probability at least 1 — ¢/n for any 7 € [0, 1],

1(Sk/se)™ = 1|, < Hlk—%/@Hm

< | (S5.17)
SkSk o
¢ log(n) B3, (%)
< .
= nl/2
Furthermore, using the condition (C.0.1l), this implies that the event
|(Se/s) ||, < ¢ (S5.18)
also holds with probablhty at least 1—c/n. Next, we derive upper bounds for ||h/(); ||
and ||h'(A j(A —h'(N(%))]| . Using (S2II) in the proof of Lemma [S2.T] it follows that
the bounds
[/ (A(X) = ()], < ellZ = Zlop
1 by
< cAl(E)\/M (95.19)
n
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hold with probability at least 1 — £. Substituting bounds (S5.17), (S5.18), and (S5.19),
into (S5.14)), it follows that the event

h/()\k(z))H < log(z)l%q it (S5.20)

o0

oa
Ck; / Ck
holds with probability at least 1 — £. Lastly, observe that similar reasoning implies that

the event

IROEN] < IR+ I OE) ~ ROWE)]|, < ¢ (s5.21)

o

holds with probability at least 1 — €. By combining the last several bounds with (S5.14)),
the proof is complete. O]

Lemma S5.3. Suppose that the conditions of Theorem[12 hold. Then,

ma [ED(S)] - 3y (9)] g 2 Pt (i)
and
log() 33, () (%)

max lvar ¥ (i)) = N(2)*Ty5/n| S

1<;<k

o . (i4)

Also, there is a constant ¢ > 0 not depending on n such that the events

lrilja‘g{k ’E /\ E*)|X] (g)l < c log(n)nﬁm tr(z) (ZZZ)
and ,
~ ~ | A1(2) tr (X
max [var ((5)]) ~ \,(52 Ty /] < CEIIBAEINE )

each hold with probability at least 1 — .

Proof. Part (): Recalling the choice ¢ = 5log(kn) from the statement of Theorem [12]
it follows from Lemmas [S2.1] and [S2.2] that there is a constant ¢ not depending on n such
that the event

max [3;(5) — d;(S[1,1))] < ¢ log(n) By tr(2) (95.22)

1<j<k n
holds with probability at least 1 — -%. To simplify presentation, let § be a number of the
form § = <log(n) Bz tr(X) and define the event

& ={INE) - (S 1) < 6}
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for each j =1,... k. Also, as a temporary short hand, let U; and V; denote the random

variables

Up=XN(E) = X&) and V= d(S[1,1]) = \(D),

B (D) - (D) = [E[U;] - E[V]]

< [[U; = Vjl2
(S5.23)

IN

11U; = Vil - L&}, + U5 = Vil - 1{EFY |,

1/4

S o+ M) (PED)

where the fact d;(2[1,1]) = d;(X) < M (2) = A1(2) has been used in the last step. Due
to (§5.22)), we have P(E5) < ¢/n*, and so it is adequate to derive a simple upper bound

on ||A1(2)]4 using (82.10) and condition ((C0LI) as follows
ME)lla < M) +[[I1Z = Allop [,

< en(D). (S5.24)

Hence, using the last bound in ([§5.23) completes the proof of Part ().

Part (zl): First note that

| var (A;()) = \(2)°Ty5/n| = |var(U;) — var(V;)|
(S5.25)

< 21Uz + [IV3ll2) 1U; = Vil

Also note that the intermediate steps in Part () give

U= Vills < log(n) faq tr(X)
J J :

~
n

From the proof of Lemma [S2.3] we have the identity

Vi = di(S[,1]) - M) = EZ(Asz')j,
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which leads to

1 ¢ 2 _ BIN(D)?
2 _ 2
Wil = |7 o], < =5

Also, we can bound ||U;]|3 as follows
U511z < 20V;lz + 20105 = Vjliz

BEM(E)?  (log(n)Bay tr(2)\* 1
: - ()

n

5 M (2)?

n

S : (S5.26)

where the third step uses the condition (C.0.I). Combining the last several bounds com-
pletes the proof of Part ().

Part (Ezz): The proof is similar to that of Part (7). Lemmas and imply that the

event

]P)(H\/E()\kz(i*)_dk(i*[Ll]))H . ¢ log(n)Bay tr(X) ‘X) < ° (S5.27)

~ ni/2 nA
holds with probability at least 1 — <. Letting § have the same form as in Part (), define
the event
& = {E) - 4(E 1) < 6}
for each j = 1,..., k. Also, define

Ur =027 = dj(S[1,1])) and  V} = d;(2*[1, 1)) — d;(S[1,1])

J

as the bootstrap counterparts of U; and Vj. To proceed, note that E[d;(X*[1,1])|X] =

d;(X[1,1]), and so
[ED(E9)I1X] = X(D)] < [BUFIX] - EVFIX] +1d;(S[1, 1) = L) (85.28)

The first term on the right side can be handled similarly to (55.23),

1/2 1/2

E[U;|1X] - EV7IX) < E[(U; = V)PUE X + E[(UF — V)" H{(&)}HX]

< o5+ (BNE) | XD BULE)I)),

136



where the fact d;(3*[1,1]) = d;(X*) < A (2*) has been used in the last step. Due to
(S5.27), we have P(U¥_,(£7)°|X) < ¢/n* with probability at least 1 — ¢/n. Furthermore,
it follows from Lemma [S6.3 and (S2.11)) that the event

1/4

EMEY X)) < M(®) + IS — Sl + (E[IS* = SYi7, | X])

1 by
< M)+ M (D) log(n) B, (%) (S5.29)
n
S C )\1 (Z)
holds with probability at least 1 — £, where the last line has used condition (C.0.1]). Thus,

the event

max [E[U7]|X] - E[V}]|X]| < c log(n) faq tr(X)

1<5<k n
holds with probability at least 1 — ¢/n. For the second term on the right side of (S5.28),

note that (S5.22) implies that the event

max \dj(i[l, 1]) — )\](i)l < c log(n) faq tr(%)

1<j<k n

holds with probability at least 1 — ¢/n. Applying the last several steps into (S5.28) com-

pletes the proof of Part ([zzl).

Part (zul): The proof is essentially analogous to that of Part (i), and so the details are
omitted. m

Lemma S5.4. Suppose that the conditions of Theorem[I2 hold. Then,

max [var (h(A;(£))) — K0 (2))2 var (\(5))] < log(n) 5 2‘;2/12(2) o™

1<j<k

In addition, there is a constant ¢ > 0 not depending on n such that the events

c log(n) B3, Mi(2) (%)

g%yvar (RO (EN]X) = B (A(2)? var (A (59| X)| < o (i)
and
max |var (h(;(E))]X) = var (A4 (E))| < Clog(")ﬁ:s;(z) u®

each hold with probability at least 1 — <.
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Proof. Part (d): For each j = 1,...,k define the random variables
S = h(N(E) —hG(D) and Ty = KOG(D) ((E) - A (D). (95.30)
In this notation, we have

max ’ var (h(/\](fl))) — K(\(X))? var ()\J(EA])H = max | var(S;) — Var(Tj)‘

1<j<k 1<5<k
< mawx 20182 + 1311218 - 51l
(S5.31)

As a way of handling ||.S; — T2, first note that the argument used to establish (S5.9) can

also be used to show that the event

1 by
max |S; - Ty| < c log(n) fa, tr(X)

1<j<k n

(S5.32)

holds with probability at least 1 —-5. Using the bound (S5.32) and an argument analogous
to the one leading up to (S§5.23), we obtain

log(n)Bay tr(X) | [1Sjlla + I Tlls

I8; = Tyl 5 2 )

(S5.33)

With regard to ||Tj[l4 we use ([S5.24) to obtain the following conservative but adequate
bound,

1Tl S INE) = X (2)]la
< N (E) 4+ (D)
< A (). (S5.34)

To handle ||S;]|4, first note that the concavity of h implies that S; < T; almost surely,
and so

0 < h(X(E) < Ty+h(X(D)).
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In turn, this yields
1511 = 1R\ (5)) = R (5) 14
< R EN)s + h(A(D))
<75l + 2h(N(2))
S (). (S5.35)
So, substituting (S5.34) and (S5.33)) into (S5.33) gives
1S, = Tills < log(n) Baq tr(X)

S - . (S5.36)

Now we turn to bounding ||Tj[]2 and ||.S;||2 in (S5.31). Using Lemma and the
condition (C.0.I)) we have

IT5lls S yfvar (A(2)) + [ED(E)] = A (E)]
< Ai(E) B N (10g(n) Paq 1‘(2)>>\1(E)
~oon vn vn
< M(E) b

Jn

Likewise, we may bound ||S;]|2 as

1551l < T5ll2 + 1S5 — Tl
< A (X) 52 N <log(n) Bag r(E)) A (2)
~oovn Vn Vn
< AM(Z) B
N N

which completes the proof of Part ().

Part (ZZ): Define random vectors S*, T* € R* with entries given by

~

Sr=h(N(E) = h(N(E) and  TF =B (A(2)(A(E) — M(2)).
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As an initial step, it can be shown that there is a constant ¢ > 0 not depending on n such

that the event

1 tr(%
P(HS* _T*Hoo > C Og(n>ﬁ2q I'( ) ‘X) < % (8537)
n n
holds with probability at least 1 — <. Verifying this is similar to the proof of Lemma [S3.1]

and can be handled by showing that

c log(n) fag tr(X)

|5 =Tl <

holds with probability at least 1—-5. In turn, this can be shown using the condition (C.0.1)
and the entrywise Taylor expansion

~ A~ ~

51 = W@ -AO) | W= R O(E) + 1B — A (E))de.

J J

along with (S3.11)) and (S3.12).

To proceed with the rest of the proof, we can bound the left side of () in a manner

that is similar to (S5.31)),

max | var(S; 1) —var(171)] < max 2((BI(S) XD Y2 +(B(T7)21X)) (B[(S;-17)? | X])
(S5.38)

1/2

It follows from an argument analogous to (S5.23)) and an application of (S5.37) that the

event

max (E[(S;-T)7 | X))'7* < = ((log(n) oy tr()+ s, ((B(S)) X 4+(E(T7) 1))

1<j<k 1<j<k

holds with probability at least 1 — ¢/n. Bounds on the conditional fourth moments can
also be derived similarly to the way that the bounds (S5.34) and (S5.35) were. Namely,
by using (S2.11)) and (S5.29), it can be shown that the events

ma (E[(T7)![ X)) < eAy(D)

1<j<k

and

max (E[(S7)*|X])"*

1<j<k

IN

C)\l (Z)
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each hold with probability at least 1 — =. Hence, the event

max (E[(S; _ T;)Q ‘ X])I/Q < c log(n) qu tl"(Z)

1<j<k n

holds with probability at least 1 — <.

To address the conditional Ly norms of T7 and S} in (S5.38), first note that

E(T;PIXDY? < W OG(E)) (var(h (E9)1X)Y + [ED (E)[X] = 4 (E)

).

In turn, Lemmas and [S6.4] as well as the condition (C.0.]) imply that the event

o (BT X)) < SR (10g<n>j%qr<2>) 1)
holds with probability at least 1 — €. Furthermore, this implies that the event
max (E[(S})?1X)"? < (B(T771X])" + (E[(S —77)] X])
< C)\l(%) B N (log(n)\f%qr(z)> c):l/(ﬁz)
< CAl\(/E%) Ba

holds with probability at least 1—£. The proof is completed by combining the last several

steps with (S5.33).

Part (if): Using several applications of the triangle inequality, we have
| var (R(3; ()] X) — var (h(\(E))] < |var (R(A(Z9)]X) — B (A\(2))? var (3;(E)| X)]

+ [ var (B(A(E)) = B/(A(2))* var (3 (5))

[ () var (A (E9)1X) = (A (2)) var (A(2) ]

The first and second terms on the right side have been handled by Parts () and ()

respectively. To handle the third term, we may use the triangle inequality to obtain

|1/ (0 ()% var (A (E9)]X) — B ()2 var (\(E))| < My + M,
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where the two terms on the right are defined as

~ A~

M; = B(\(E)? - |var (3 (E9)]X) —var (3(2))]
M, = var (\(2)) - [/(0(E))% = K(A(2))?]

Using (S2.11)) and the mean value theorem, it can be shown that the event

max |1/ (3 (2))? — 1/ (A(2))?] < c\/w

1<j<k n

holds with probability at least 1 — £. Also, using Lemma [S5.3 and the condition (C.0.1),
it follows that

max var ()\](i)) < M

1<j<k n

Hence, the event

(D)2 1 52 (%
max M. cAi(X) Og(”)ﬁ?q r(%)

1<j<k 7 T n3/2

(S5.39)

holds with probability at least 1 — .

Regarding the quantity M;, observe that the bound
| var(A;(59)[X) — var(\(2))] < [ var(A(S9)[X) = Ay (2)°Ty5/n]
+ var(3(E) = Aj(2)*Ty5/n|

A (2)? 1T = Tlop
n

+

holds almost surely. Consequently, it follows from Lemmas [S5.3] and [S6.4] that the event

c log(n) B3, M (%) tr(%)
max M;

1<j<k - n3/2

(S5.40)

holds with probability at least 1 — £. Combining (S5.39) and (S5.40) completes the proof
of Part ([zz). O
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Lemma S5.5. Suppose that the conditions of Theorem[I2 hold. Then,

min var (h();(%))) > 2E°

1<j<k n

and there is a constant ¢ > 1 not depending on n such that the event

min var (h()\j(f]*))|X) > uE?

1<5<k en
holds with probability at least 1 — <.

Proof. For any 5 = 1,...,k, and any ¢ > 0, Chebyshev’s inequality and the triangle

inequality give
var ((4(5)) > 2B(Jh(y(S) — E[ROyE)]| > 1)
> 2P(Valh(4(D) = k(D) = Vit + [E[ROGE)] - h(D)])).
(S5.41)
Next, let S; and 7} be as defined in (S5.30)). Applying Part (i) of Lemma [S5.3 along with

(S5.36) shows that the bounds

[E[A((E))] = ()] < [ET)] + [ELS;] ~ E[T;)

~Y

< log(n) faq tr(X)
n

S IOSENENE) = M)+ 1S5 = Tl

Y

hold for every j = 1,...,k. Hence, by taking t = A\ (X)/y/n in (S5.41]), and using
Lemma [S5.1] with the condition (C.0.)), there is a constant ¢ > 0 not depending on n

such that
var (h(\(E) = £P(Valh(y(E) — h(A(D)] = ¢)
>N (nz) {]P’(h (M) G = c) ol ilﬂ/%qr( )}
> MES

forevery j = 1,..., k. Lastly, the proof for the corresponding lower bound on var(h()\j(f]*)) | X)

is analogous and so the details are omitted. O
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S6 Proof of Technical Lemmas

Lemma S6.1. Suppose that Assumption[d holds and let ¢ > 5log(kn). Then,

q 62[1 /\1(2) tI‘(E)
n1—3/(29)

S22,
Proof. We will need two auxiliary matrices to extract %[1,2] from 3. Define matrices

II; € R¥*P and II, € RP*®P=k) according to

I, = [Ik 0} and Il = )
I
which allow us to write i‘[l, 2] = II;310,. Next, let B¥ and BP~* denote the unit ¢-balls
in R* and RP~*, and let T = B* x BP~*. With this notation in hand, it follows that

IS[L,2][lop = sup w'TLEIov

(u,w)€T
1 n
= sup (UAY?IL]w)T (- > z.zf ) (UAY?TIw). (S6.1)
(u,w)€T n i—1

Observe that the vectors UAY?I1] u and UAY?IIyv both lie in the ellipsoid & := UAY?(BP),

and are orthogonal. Therefore,

n

~ 1

ISL2y < sup &3 (u Z)(v. Z) (56.2)
(uv)eExe M i—1
(u,v)=0

It will be convenient to write the summands in terms of the matrix Q(u,v) := 1(uv'+vu'),

namely

(u, Z), Z;) = Z] Q(u,v) Z;.
Under this definition, it can be checked that if u and v are any pair of orthogonal vectors,
then E[Z," Q(u,v)Z;] = 0. Hence, if we subtract E[Z;" Q(u,v)Z;] from the ith term in (S6.2))
for each ¢ = 1,...,n, and subsequently drop the constraint (u,v) = 0 from the supremum,
then we obtain the bound

1L 2 < sup (

(uv)eExE \M =

LS 2T 0wz~ ElZ] Q(u,vm]). (56.3)
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Next, for a given pair of vectors u,v € &, define two associated vectors
w o= u/2+v/2,
W = u/2—v/2,
which satisfy the algebraic relation
Qu,v) =ww' —Ww'.

To proceed, define the matrix A € RP*?P as the column concatenation A = <U A2 U A1/2) ,
and note that both w and w lie in the ellipsoid £ := A(B?). As a result, if we write
& = A Z;, then we have

IS, 2r < sup (

(w,W)€EE" X E!

< sup
weB2P

= H Z&, glgl

Next, Lemma [S7.3 implies that

1 ¢ 1
IEseer -meen], | < o /orm Eaenlys @i ) V (47 @ei ).
i=1 q
(6.5)

(S6.4)

op

We can further compute
|E&& ], = A'EZZ/]4],,

= | Alls,

N

and

(El&l3)"" = 2|2/ UAUT Z4]),

p

> M) (uy, Z1)*

j=1

= 2

q

N

tr(X)5,. (S6.7)
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To finish, we use the relation || > p|| HHEUHOPH;' Specifically, the previous two

bounds can be substituted into (S6.4]) and (SG6.5]) while replacing ¢ with 2¢ and using the
condition (C.0.T]). O

Lemma S6.2. Suppose that Assumption[@l holds and let ¢ > 5log(kn). Then, there is a

constant ¢ > 0 not depending on n such that the event

( (118, 2|12 \X})Uq < 4P () ()

n1—3/(29)

holds with probability at least 1 — ce™ 9.

Proof. We will follow the same notation that was used in the proof of Lemma [S6.1l

Repeating the argument from that proof up to (S6.3]) and using 2¢ in place of ¢ we have

1

)

n

( (1131, 2] 1% \X]) < (EK( sup EZ(Z;)TQ(U,V)Z;_E[sz(u,v)Zi])Qq

n
uv)eExe v

Next, observe that
* * 1 .
E[(Zl)TQ(U?V)Zl ‘X} = ﬁ 21: ZlTQ(u,V)Z

and so the triangle inequality for the conditional Lo, norm gives

1

)

(96.8)

n

(ENE L 22X]) " < (1&[(( sup 1Z(z;)TQw,vw:—E[(Z:WQ(u,v)Z:\X})Qq

uv)eExe i

+  sup (ZZT (u,v)Z; — E[Z; Q(u, V)Z])

(u,v)e€ExE

With regard to the second term in the last bound, the proof of Lemma shows (via Cheby-
shev’s inequality and condition (C.0.0))) that the event

sup < ZZT (u,v)Z; — E[Z] O(u, )zl]> < \/W (S6.9)

(u,v)e€ExE

holds with probability at least 1 — ce™9, for some constant ¢ > 0 not depending on n. Therefore,

the proof of the current lemma is complete once we derive a similar bound for the first term on
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the right side of (S6.8]).

Let & = ATZ¥, with A as defined in the proof of Lemma Then, by following the
argument leading up to (§6.4) and applying Lemma[ST.3] there is a constant ¢ > 0 not depending

1
2q

XD !

(uv)eExeM i—1
1
2q
: C(E[ XD
op

= (F (leter €™ 10,0 - @ller | x))%) V (- @l | x)%).

(S6.10)

on n such that

2q

(E[( s L3720z~ E[(2) T Qw7 | X})

2q

ED GG GIGIMEY
1=1

Next, the triangle inequality implies

Bl X1, = | 3 (7 2)A2)"

op

IN

+ 40 (%),

op

1 n
> (ATZ)(ATZ)T - ATA
n

=1

where we have used [|ATAllop < 4\ (X) and E[(ATZ1)(ATZ)"] = ATA. By applying
Lemma [S7.3 to the first term (along with the condition (C.0.I) and Chebyshev’s inequal-
ity), it follows that the event

IE[& ) | X]]],, < ch(®) (S6.11)

holds with probability at least 1 — e™9, for some constant ¢ > 0 not depending on n.

It remains to develop an upper bound for (]E[H&ng | X])27. According to the defini-

tion of &, we have
lerlle = (21)"AATZ;

= 2(27)'273,
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and so
1

E[l&1 | x]) % = (%Z (287 )
— 25,

where the non-negative random variable S is defined by the last line. For any ¢ > 0,
Chebyshev’s inequality implies
e 21 E[S%]

t2a

e || Z] SZ1|I5;
t24

P(S >et) <

S

< e (5211 tr(E))Qq

(86.12)

UJ,Zl

2q
2q>
t

Combining the last few steps and using the choice t = By, tr(X), it follows that there is a

constant ¢ > 0 not depending on n such that the event

E[IE112 | X])* < By tr(S) (S6.13)

holds with probability at least 1 — e™2%. Hence, we may substitute (S6.11)) and (S6.13)
into (S6.10), and use the condition (C.0.I]) to conclude that the event

XDQZ . C\/%,@@,Af;) tr (%)
n 2

(S6.14)

(E[(( wp 130200,V 2B Qw2 | X])Qq

uv)eExE M i—1

holds with probability at least 1 — ce™?. Finally, the proof is completed by combin-

ing (S6.14) and (S6.9) with (S6.8). O

Lemma S6.3. Suppose that Assumption[@l holds and let ¢ > 5log(kn). Then, there is a

constant ¢ > 0 not depending on n, such that the event

E[IS - e | XY < Cwﬁm(z) tr(X)

n1*3/q
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holds with probability at least 1 — ce™1.

Proof. Letting & = AY2UT Z¢ and using Lemma [S7.3, we have

B0 -Sl | XD < e () VI @l | X)) V (i ElIE? | X))
(S6.15)

Using (S2.10)) in the proof of Lemma [S2.1] as well as the condition (C.0.]), it follows that
the bound

IZlop < 115 = Allop + | Allop

< enmy/ LI L s

n1—3/(1

< eM(X) (S6.16)
holds with probability at least 1—e~9. Also, recall that the argument leading up to (S6.13))

E[I12] X])% < ey/B,t2(2) (S6.17)

holds with probability at least 1 — e™9, for some constant ¢ > 0 not depending on n.

Combining (S6.16) and (S6.17) with (S6.15) and the condition (C.0.0) completes the

proof. O]

implies that the event

Lemma S6.4. Suppose that Assumption[d holds and let ¢ > 5log(kn). Then, there is a

constant ¢ > 0 not depending on n such that the bound

cq B3,

||F_F||0P < nl/2

(S6.18)

holds with probability at least 1 — e~ 4.

Proof. Let Wi, ..., W, and W be as defined at the beginning of Appendix[S3l Note that
I' = E[W, W], and that the definition of T' in (S31) gives

~ 1< o
==y Www.'-—wwr'.
n; !
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We may apply Lemma [S7.3| to obtain
(BIF-Tl7,)" < (&

= 1/q
(/s (EOwT ) @113 ) (s IR ) + (m1wge) ™

(S6.19)

1 n q 1/q o 1/q
Ly wwT —EwanTl| )+ ()
i=1 °p

N

It is straightforward to verify that
IEW W llop < te(D) S 65

Also, we have

(E[W; |39 =

q

Z ((uj, 21)* - 1)

N

< >l 20 = 1,

j=1
2
5 ﬁQq'

To handle the term involving W, observe that the previous bound and Lemma [S7.1]
lead to

1 1
= 2 = oy 1/2 n 2q
(EIWI3)™ < o @IWIDY+ (S EIWE) )

N
<

1/2 1— L
n n 2q

ClAG . PG 1)

(S6.20)

1— AL
n 29

S gl 2m+ 52%)

< QﬁZq
~ n1/2

Using condition (C.0.I]), we may substitute the last few bounds into (SG6.19]) to obtain

~ 1/q qﬁQ
(EHr_ngp) < (86.21)

Combining this result with Chebyshev’s inequality completes the proof.
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For the next lemma, let Y;* be as defined at the beginning of the proof of Lemma[S3.3

Lemma S6.5. Suppose that Assumption[d holds and let ¢ > 5log(kn). Then, there is a

constant ¢ > 0 not depending on n, such that the event
E[[l(a) 2| X] < e,

holds with probability at least 1 — ce™1.

Proof. Note that

[(ATAY)2Y7 | = Wy = W) T YWy — W)

IN
[\
—
-
=
N
2
|
o’
_l’_
S
4|
=i
~—

This implies

sflndaomyiE] < (Y (3t -1%)" + )

¢ (T + (WTW)*2)

)\k(F>3/2

(56.22)
where the first line has used the convexity of the function z — z*?2, and the non-negative
random variable 7T is defined in the second line. By the triangle inequality for the L9

norm, we have

k RE% 1/q
17N, < ( > ((uy.21)* ~1) )
j=1 3q/2
3 (56.23)
S max ’(uj,Zl)Q—l
1<i<k 3q

3
S /83(1'
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So, by Chebyshev’s inequality, there is a constant ¢ > 0 not depending on n such that the

event

T < ¢,
holds with probability at least 1 — e~9. The bound (S6.20) in the proof of Lemma
and the condition (C.0.I]) also imply that there is a constant ¢ > 0 not depending on n
such that the bound

S 3/2
(WTW)3/2 < (CQ52q>/ < ¢

nl/2

holds with probability at least 1 —e™9.

Now we turn to showing that A (f) is greater than a positive constant with high prob-
ability. Due to Weyl’s inequality we have A,(I') > A\, (I')—||T — ['|op. Using LemmalS6.4]
Assumption [Bl[(c)] and the condition (C:0)), it follows that there is a constant ¢ > 0 not
depending on n such that the bound

(D) > e, (S6.24)

holds with probability at least 1 — e~%. Combining the bounds (S6.23) and (S6.24)
with ([S6.22)) completes the proof. O

S7 Background Results

Lemma S7.1 (Theorem 1 in [Talagrand (1989)). Let X1,..., X, be independent centered
random elements of a Banach space with norm || - ||. Then, there is an absolute constant

¢ > 0 such that the following inequality holds for any q > 1,

n q 1/q
(]EH ) < ( H + (E max || X ) >
— 1 —|—10g 1<i<n

Lemma S7.2 (Weilandt’s inequality [Eaton and Tyler (1991); Wielandt and Meyer (1967)).
Consider a real symmetric p X p matrix

B C

c' D

A:
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where B is k X k and D is (p — k) x (p— k). If \p(B) > A\ (D), then

0< A\(A) — A, (B) <

and

0< Aypsa(D) = Apal) < —22C cT)

, i=0,....,p—k—1.
= M(B) = Miil(D) g

Lemma S7.3 (Proposition 1 in|[Lopes et all (2023)). Let &, ..., &, € R? be i.i.d. random

vectors, let ¢ > 3, and define the quantity

_, (Es HZ‘I)”%
[El&isT,

Then, there is an absolute constant ¢ > 0 such that

(e[}t e -miel )/ < e el (o V )

The following anti-concentration lemma originates from [Nazarov (2003), and was fur-

ther elucidated in (Chernozhukov et all, 2017H, Theorem 1).

7(q)

Lemma S7.4 (Nazarov’s inequality). Let Y = (Y1,...,Y}) be a centered Gaussian random
vector in RP and suppose that the parameter o = minlgjng[YjQ] 1s positive. Then for

every y € RP and 6 > 0,

B(Y <y +01,) ~ B(Y <9) < O (v/2108(0) +2).

The following lemma is Bentkus’ multivariate Berry-Esseen theorem.

Lemma S7.5 (Theorem 1.1 in (Bentkus, 2003)). Let Vi,...,V,, be i.i.d. random vectors
R?, with zero mean and identity covariance matriz. Furthermore, let ( be a standard
Gaussian vector in R?, and let A denote the collection of all Borel convex subsets of R,

Then, there is an absolute constant ¢ > 0 such that

n Cg1/4
sup P(%;%6A>—P(C€A)‘ < cd nl/ngl”]

AeA
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For the statement of Lemma[S7.6lbelow, we need to introduce a bit of notation. For any
r > 0 and set A C RP, define the outer r-neighborhood as A" = {z € R?|d(z, A) < r},
where d(z, A) = inf{||z — y|||y € A}, and || - || is any norm on RP. The corresponding
inner r-neighborhood may be defined as A = {z € A|B(z,r) C A}, where B(z,r) =
{y e RP|flz —yl <7}

Lemma S7.6 (Lemma 7.3 in (Lopes, 2022)). Let ||-|| be any norm on RP, and let (,£ € RP
be any two random vectors. Then, the following inequality holds for any Borel set A C RP,

and any r > 0,
P(CeA)~PEeA) < PEe(A\AT)) + P(I¢—¢] =r).

The following lemma is a consequence of Pinsker’s inequality and the proof of Lemma

A.7 in the paper [Spokoiny and Zhilova (2015).

Lemma S7.7 (Spokoiny and Zhilova (2015)). Let ¢ and ¢ be centered Gaussian vectors
in R* with respective covariance matrices C and C. Also, suppose that C' is invertible,
and let B = C~Y2CC~Y2 — I,.. Then, there is an absolute constant ¢ > 0 such that

sup |P(¢ < t) =P <t)| < VE|Blop.

teRF

The last background lemma follows from the proof of (Lopes et al), 12020, Lemma D.3),
Lemma [ST.6] and Nazarov’s inequality (Lemma [S7.4)).

Lemma S7.8. Let U, V, and R be random vectors in R* that satisfy U =V + R. Also,
let W = (Wy,...,Wy) be a centered Gaussian random vector in R¥ and suppose that the

2

parameter 0° = min;<j<y E[Wj?} 1s positive. Then there is an absolute constant ¢ > 0,

such that the following bound holds for any r > 0,

sup [P(U < t)—P(W =2 t)| < 3-sup [P(V 2 t)-P(W = t)|+m"—vfg(k)+zp>(||}z||oo > 7).

teRk teRF g
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S8 Additional Numerical Results

Nominal value of 95% in model (ii). The following four figures are presented in the
same manner as in the main text for a 95% nominal value, except that they are based on

simulation model (ii).

g
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Figure C.1: (Simultaneous coverage probability versus n in simulation model (ii) with a
polynomial decay profile). The plotting scheme is the same as described in the caption of
Figure 4.1l in the main text.
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Figure C.2: (Simultaneous coverage probability versus n in simulation model (ii) with an
exponential decay profile). The plotting scheme is the same as described in the caption

of Figure in the main text.
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Figure C.3: (Average width versus n in simulation model (ii) with a polynomial decay
profile). The plotting scheme is the same as described in the caption of Figure in the

mailn text.
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Figure C.4: (Average width versus n in simulation model (ii) with an exponential decay
profile). The plotting scheme is the same as described in the caption of Figure [£.4] in the
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Nominal value of 90% in models (i) and (ii). The following eight figures are
presented in the same manner as in the main text, except that they use a nominal value

of 90%, and are based on both models (i) and (ii).
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Figure C.5: (Simultaneous coverage probability versus n in simulation model (i) with a
polynomial decay profile). In each panel, the y-axis measures P(N°_, {\;(X) € fj}) based
on a nominal value of 90%, and the x-axis measures n. The colored curves correspond to
the different values of p, indicated in the legend. The three rows and three columns corre-
spond to labeled choices of transformations and values of the eigenvalue decay parameter

Y.
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Figure C.6: (Simultaneous coverage probability versus n in simulation model (ii) with a
polynomial decay profile). The plotting scheme is the same as described in the caption of
Figure above.
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Figure C.7: (Simultaneous coverage probability versus n in simulation model (i) with an
exponential decay profile). The plotting scheme is the same as described in the caption
of Figure above, except that the three columns correspond to values of the eigenvalue
decay parameter 9.
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Figure C.8: (Simultaneous coverage probability versus n in simulation model (ii) with an
exponential decay profile). The plotting scheme is the same as described in the caption
of Figure above.
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Figure C.9: (Average width versus n in simulation model (i) with a polynomial decay

profile). In each of the nine panels, the y-axis measures the average width E[|f1] +-

1Z5]/5, and the z-axis measures n. The colored curves correspond to the different values of
p = 10, 50, 100, 200, indicated in the legend. The three rows and three columns correspond
to labeled choices of transformations and values of the eigenvalue decay parameter ~.
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Figure C.10: (Average width versus n in simulation model (ii) with a polynomial decay
profile). The plotting scheme is the same as described in the caption of Figure above.
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Figure C.11: (Average width versus n in simulation model (i) with an exponential decay
profile). The plotting scheme is the same as described in the caption of Figure above,
except that the three columns correspond to values of the eigenvalue decay parameter §.
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Figure C.12: (Average width versus n in simulation model (ii) with an exponential decay
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profile). The plotting scheme is the same as described in the caption of Figure above.
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S9 Computational cost

The cost to compute a single bootstrap sample of )\k(i*) — )\k(i) can be broken into two
steps. The first step is to sample n points with replacement from the original set of n
observations, which has a cost of O(nlog(n)). The second step consists of computing the
largest k eigenvalues of $1*. This can be done by computing the largest k singular values
of the n x p matrix of resampled observations, which has a cost of O(npk) (Halko et al.,
2011). (Note that the largest k eigenvalues of 5 only need to be computed once, before any
resampling is done.) So, the cost to compute B bootstrap samples of )\k(i*) — /\k(i) on
a single processor is O(B(nlog(n) + npk)). However, it is common to compute bootstrap
samples in a parallel manner, across say m processors, and in this case the cost per
processor becomes O(%(n log(n) +npk). In order to simplify this expression, it is natural
to consider a scenario where B/m = O(1) and log(n) = O(p), which leads to a cost per
processor that is O(npk).

S9.1 Empirical computational cost

Table displays the time, in seconds, to compute a single bootstrap sample of )\k(i*) —
)\k(i) for different choices of n and p. Each entry reflects an average over 1000 trials with
data generated under simulation model (i). The computations were done on a single Intel
Xeon E5-2699v3 processor. Notably, even when (n,p) = (500, 200), the computing time

for each bootstrap sample is on the order of just 107 seconds. Hence, it is possible to

generate hundreds bootstrap samples within about 1 second.

167



n 10 20 100 200

10 1.9e-04 4.2e-04 8.7e-04 2.6e-03
50  2.0e-04 4.4e-04 9.0e-04 2.8e-03
100 2.1e-04 4.6e-04 9.6e-04 2.9e-03
200 2.2e-04 5.1e-04 1.1e-03  3.0e-03
200 2.4e-04 6.5e-04 1.5e-03 4.0e-03

Table C.1: (Average time, in seconds, to compute one bootstrap sample from simulated
data.) The rows correspond to the values of n = 10, 50, 100, 200, 500, and the columns
correspond to the values of p = 10, 50, 100, 200.

Table displays analogous computing times for Ax(3*) — Ax(3), in seconds, based
on the stock market data. Here, the computations were done on a single 3.5 GHz Dual-
Core Intel Core i7 processor. The results show that there is little difference in computing

time compared to the setting of synthetic data in Table [C.Tl

p

n 50 150 200 300

118 3.8e-04 1.4e-03 2.0e-03 4.0e-03

Table C.2: (Average time, in seconds, to compute one bootstrap sample from the stock
market data.) The single row corresponds to the value of n = 118, and the columns
correspond to the values of p = 50, 150, 200, 300.

S10 Additional discussion on Assumption 1(b)

Recall that Assumption 1(b) requires the condition minj<;<x(A;(X) — Aj11(2)) 2 M(2),
which ensures that there are gaps between the leading eigenvalues A\; (X)), ..., A\gr1(2). To
inspect whether or not this type of condition holds in practice, the paper (Hall et all,
2009) proposes a diagnostic method that constructs a preliminary set of conservative
simultaneous confidence intervals for A;(X),...; Apy1(2). In exchange for their conser-

vatism, these intervals have the property that they are not sensitive to the existence of
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gaps. (See also (Lopes et all, [2023) for theoretical analysis related to this technique.) If
none of the intervals overlap, then the user may conclude that the eigenvalues are ad-
equately separated. However, if some of the intervals do overlap, then the paper (Hall
et al., 2009) recommends that an adjusted form of bootstrapping be used to approximate

~

the distribution of the statistic Ax(X) — Ax(2).

S10.1 Sensitivity analysis

To study the sensitivity of the bootstrap to Assumption 1(b), we now discuss some nu-
merical experiments with varying gaps between the leading population eigenvalues. The
first three eigenvalues were specified as (A;(X), Aa(X), A3(2)) = (1 +¢g,1,1 — g) for a
gap parameter g € {0,0.1,0.2}, and the remaining eigenvalues were chosen to follow the
polynomial decay profile \;(X) = j ! for j > 4. Next, we applied the bootstrap (as in
Section [L.4]) to construct simultaneous confidence intervals for (A (X),..., A5(X)) based
on a nominal level of 95%. Figure contains a grid of plots in which the columns cor-
respond to increasing values of the gap parameter g, and the rows correspond to the three
transformation rules considered in Section .4l These plots are based on data generated
from simulation model (i), and an analogous set of plots based on simulation model (ii)
are given in Figure [C.14l

As expected, Figures and show that the coverage accuracy of the bootstrap
confidence intervals improves as the gap parameter increases. In the case when g = 0,
the coverage accuracy is poor for all three transformation rules, even at large sample
sizes. Next, when g = 0.1, the coverage is mostly accurate for sample sizes n > 400,
but at smaller sample sizes the coverage generally falls below the desired level. Lastly,
when g = 0.2, the coverage becomes more accurate when n < 400, especially when the

square-root transformation is used.
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Figure C.13: (Simultaneous coverage probability versus n in simulation model (i) with
the decay profile: (A\1)(X), Aa2(X),A3(2)) = (1 +9,1,1 —g) and \;(X) = j7* for j > 4).
In each panel, the y-axis measures P(N2_,{);(X) € Z}) based on a nominal level of 95%,
and the z-axis measures n. The colored curves correspond to the different values of p,
indicated in the legend.
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