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Abstract
Rigidity Phenomena in random point sets
by
Subhroshekhar Ghosh
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Yuval Peres, Co-chair

Professor David Aldous, Co-chair

Let II be a translation invariant point process on the Euclidean space F and let D C F
be a bounded open set whose boundary has zero Lebesgue measure. We ask what does the
point configuration I, obtained by taking the points of IT outside D tell us about the point
configuration IT;, of II inside D? We focus mainly on translation invariant point processes
on the plane. We show that for the Ginibre ensemble, Il,,; determines the number of points
in I1;,. We refer to this kind of behaviour as “rigidity”. For the translation-invariant zero
process of a planar Gaussian Analytic Function, we show that Il,,; determines the number
as well as the centre of mass of the points in II;,. Further, in both models we prove that the
outside says “nothing more” about the inside, in the sense that the conditional distribution
of the inside points, given the outside, is mutually absolutely continuous with respect to
the Lebesgue measure on its supporting submanifold. We further show that the conditional
density (of the inside points given the outside) is, roughly speaking, comparable to a squared
Vandermonde density. In particular, this shows that even under spatial conditioning, the
points exhibit repulsion which is quadratic in their mutual separation. We apply these results
to the study of continuum percolation on these point processes, and establish the existence of
a non-trivial critical radius and the uniqueness of infinite cluster in the supercritical regime.
En route, we obtain new estimates on hole probabilities for zeroes of the planar Gaussian
Analytic Function. Finally, we apply these ideas to prove completeness properties of random
exponential functions originating from “rigid” determinantal point processes. We conclude
by establishing miscellaneous other results on determinantal point processes. These include
answers to two questions of Lyons and Steif on certain models of stationary determinantal
processes on Z, one involving insertion and deletion tolerance, and the other regarding the
recovery of the driving function from the process.
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Chapter 1
The Basic Models

A point process I on C is a random locally finite point configuration on the two dimensional
Euclidean plane. The probability distribution of the point process II is a probability measure
IP[I1] on the Polish space of locally finite point sets on the plane. Point processes on the plane
have been studied extensively. For a lucid exposition on general point processes one can look
at [DV97]. The group of translations of C acts in a natural way on the space of locally finite
point configurations on C. Namely, the translation by z, denoted by T, takes the point
configuration A to the configuration T, (A) := {z+ z|x € A}. A point process II is said to be
translation invariant if IT and 7% (II) have the same distribution for all z € C. In this work
we will focus primarily on translation invariant point processes on C whose intensities are
absolutely continuous with respect to the Lebesgue measure. We will consider simple point
processes, namely, those in which no two points are at the same location. A simple point
process can also be looked upon as a random discrete measure [II] = >, 0..

In this thesis, we will chiefly concern ourselves with translation invariant point processes
in the complex plane. We will focus on the two main natural examples of translation invariant
point processes on the plane (other than the Poisson process) - namely, the Ginibre ensemblle
and the zeroes of the standard planar Gaussian analytic function. In the final chapter, there
will be some references to other classes of point processes, including those on the real line
and on Z<.

In this introductory section, we will discuss our main models under study, which will
come up repetedly in the subsequent chapters of this thesis. Other models and processes
will be introduced as and when necessary.

1.1 The Ginibre Ensemble

Let us consider an n X n matrix X,,n > 1 whose entries are i.i.d. standard complex
Gaussians. The vector of its eigenvalues, in uniform random order, has the joint density



(with respect to the Lebesgue measure on C") given by
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Recall that a determinantal point process on the Euclidean space R? with kernel K and
background measure p is a point process on R? whose k-point intensity functions with
respect to the measure u®* are given by

pe(Ty, - ap) = det{(K($i,xj))§j_1].

Typically, K has to be such that the integral operator defined by K is a non-negative trace
class contraction mapping L?(u) to itself. For a detailed study of determinantal point pro-
cesses, we refer the reader to [HKPVI0] or [Sos00]. A simple calculation involving Vander-
monde determinants shows that the eigenvalues of X, (considered as a random point configu-
ration) form a determinantal point process on C. Tts kernel is given by K, (z, w) = S 1—, (ka!)k
with respect to the background measure dvy(z) = %e"z‘Qdﬁ(z) where £ denotes the Lebesgue
measure on C. This point process is the Ginibre ensemble (of dimension n), which we will

denote by G,,. Asn — oo, these point processes converge, in distribution, to a determinantal

point process given by the kernel K(z,w) = e* = >, Zw, " with respect to the same
background measure . This limiting point process is the infinite Ginibre ensemble G. It
is known that the distribution of G is invariant and ergodic under the natural action of the
translations of the plane.

1.2 The GAF zero process

Let {&:}72, be a sequence of i.i.d. standard complex Gaussians. Define

ka (forn >0), f(z) = ;Skﬁ

These are Gaussian processes on C with covariance kernels given by K,,(z,w) = > 7_ 0 k,

and K(z,w) =Y 1, (ZZ)]C = e*" respectively. A.s. f, and [ are entire functions and the
functions f,, converge to f (in the sense of the uniform convergence of holomorphic functions
on compact sets). It is not hard to see (e.g., via Rouche’s theorem) that this implies that the
corresponding point processes of zeroes, denoted by F,,, converge a.s. to the zero process F
of the GAF (in the sense of locally finite point configurations converging on compact sets).
It is known that the distribution of F is invariant and ergodic under the natural action of
the translations of the plane.



Chapter 2

Rigidity and Tolerance in point
processes

2.1 Introduction

In this chapter, we study the following question: if we know the configuration Il,,;, what can
we conclude about II;,?7 We consider, with regard to this question, the main natural examples
of translation invariant point processes on the plane, and provide a complete answer in each
case.

The (homogeneous) Poisson point process is the most canonical example of a translation-
invariant point process on the plane. Its crucial property is that the point configurations
in two disjoint measurable sets are independent of each other. Therefore, our question is a
triviality for the Poisson process: the points outside D do not provide any information about
the points inside D.

The two natural examples of translation invariant point processes in the plane that have
non-trivial spatial correlations are the Ginibre ensemble and the zeroes of the planar Gaussian
Analytic Function. We refer the reader to for a detailed study of these ensembles.
The Ginibre ensemble was introduced in the physics literature by Ginibre [GinG5] as a
model based on non-Hermitian random matrices. Like the Poisson process, it is translation-
invariant and ergodic under rigid motions of the plane. In fact, it is a determinantal point

_ _ = (zw)

process with the determinantal kernel K(z,w) = Z i
§=0
e P dL(z), where £ denotes the Lebesgue measure on C. Krishnapur [Kr06] has shown that
the Ginibre ensemble is essentially the unique translation invariant process among a certain
class of determinantal point processes on C that have a sesqui-holomorphic kernel (i.e., the
determinantal kernel is holomorphic in the first variable and anti-holomorphic in the second),

a radially symmetric background measure and is normalized to have unit intensity.

The standard planar Gaussian Analytic Function (abbreviated henceforth as GAF) is the

and the background measure



random entire function defined by the series development f(z) = Z %zk where &;-s are
k=0 Y

i.i.d. standard complex Gaussians. We are interested in the point configuration on C given
by the zeroes of this GAF. The GAF zero process is translation invariant and ergodic, and
exhibits local repulsion. It has been studied intensively by several authors including Nazarov,
Sodin, Tsirelson, and others (see, e.g., [FH99], [STs1-04],[STs2-06],[STs3-05], [NSVOT],[INS10]).
Sodin and Tsirelson [STs1-04] have shown that in the class of Gaussian power series, the
standard planar GAF is the only one to have a translation invariant zero-set (up to scaling
and multiplication by a deterministic entire function with no zeroes).

For further details on these models, we refer the reader to Chapter 1.

For a pair of random variables (X,Y) which has a joint distribution on a product of
Polish spaces &1 x Ss, we can define the regular conditional distribution v of Y given X by
the family of probability measures measures v(si,-) parametrized by the elements s; € &)
such that for any Borel sets A C &7 and B C S, we have

P(X €AY eB) = / (51, B) dP[X](s1)

where P[X] denotes the marginal distribution of X. For details on regular conditional dis-
tributions, see, e.g., or [Bil95].

Recall that S;, and S, are Polish spaces. Hence, by abstract nonsense, there exists a
regular conditional distribution p of II;, given Il,,;. Clearly, o can be seen as the distribution
of a point process on D which depends on Y.

Let ¢ be the vector (of variable length) whose co-ordinates are the points of IT;, taken
in uniform random order. We will denote the conditional distribution of ¢ given L,y by
p. Formally, it is a family of probability measures p(You, ) on JX_, D™ parametrized by
Tout € Sout-

There is a simple relationship between p(Iloy, -) and o(I1gy, ). Consider the natural map
¢ from J-_, D™ to Sy, which makes a point configuration Y, of size m from a vector ¢
in D™ by forgetting the order of the co-ordinates of ¢. It is easy to see that ]P’[Hout]-a.s_.
¢*p(Houta ) = Q(Houta )

For a vector a, we denote by A(a) the Vandermonde determinant generated by the
co-ordinates of a. Note that |A(«)| is invariant under permutations of the co-ordinates of
Q.

For two measures p; and pp defined on the same measure space 2 with p; < po (meaning
(1 is absolutely continuous with respect to ys), we will denote by Zﬁ(w) the Radon Nikodym
derivative of p; with respect to uy evaluated at w € Q. Similarly, by 1 = uo we mean that
the measures 1 and py are mutually absolutely continuous, which implies that both p; << s
and po < py are simultaneously true.

In the case of the Ginibre ensemble, we prove that almost surely (henceforth abbreviated
as “a.s.”), the points outside D determine the number of points inside D, and “nothing
more” .



In Theorems ZT.TH2.T. 4l we denote the Ginibre ensemble by G and the GAF zero ensemble
by F. As before, D is a bounded open set in C whose boundary has zero Lebesgue measure.

Theorem 2.1.1. For the Ginibre ensemble, there is a measurable function N : Sy — NU{0}
such that a.s.

Number of points in Gy, = N(Gout) -

Since a.s. the length of ¢ equals N(Goy), we can as well assume that each measure
p(Tous, -) is supported on DN (Teut),

Theorem 2.1.2. For the Ginibre ensemble, P[Gou]-a.s. the measure p(Gou,-) and the
Lebesque measure £ on DNGowt) qre mutually absolutely continuous.

In the case of the GAF zero process, we prove that the points outside D determine the
number as well as the centre of mass (or equivalently, the sum) of the points inside D, and
“nothing more”.

Theorem 2.1.3. For the GAF zero ensemble,
(i) There is a measurable function N : Sou — N U {0} such that a.s.

Number of points in Fi, = N(Fout)-
(ii) There is a measurable function S : Souy — C such that a.s.
Sum of the points in Fi, = S(Fout)-

Define the set
N(]'-out

)
YS(Fo) = {g c DNFour) . Z G = S(Foue)}
j=1

where g = (<17 T 7CN(-7:out))'
Since a.s. the length of g equals N(Foy), we can as well assume that each measure

p(Tous, -) gives us the distribution of a random vector in DV (Yeuw) supported on % S(Tout)-

Theorem 2.1.4. For the GAF zero ensemble, P[Fou)-a.s. the measure p(Fou,-) and the
Lebesgue measure Ly, on Yg(r,,.) are mutually absolutely continuous.

The central question of this chapter is partially motivated by the concepts of insertion
and deletion tolerance of a point process. Consider a point process II. Fix a bounded open
set D, and add to Il a random point uniformly distributed in D. Let us call this perturbed
point process IIp. The point process II is said to be insertion tolerant if P[IIp] < P[II]
for all bounded open sets D. Deletion tolerance is similarly defined by deleting a point
inside D (if one exists) uniformly at random. Insertion and deletion tolerance have been
investigated by Burton and Keane ([BK89]) in the context of percolation, by Holroyd and
Peres ([HP03]) for studying invariant allocation on the plane, and by Heicklen and Lyons



(J[HLyO3]) in the setting of random spanning forests. They have also been studied as topics
of their own importance by Holroyd and Soo ([HS10]).

Notice that the question whether P[llp] < P[II] for a given D can be phrased in terms of
the conditional distribution o, and the same holds for the main questions addressed in this
chapter. Therefore, in more general terms, we are interested in the regularity properties of
0.

For a finite point process of fixed size n, the phenomenon of outside points determining
the number of inside points is a triviality. However, the behaviour of infinite point processes
can be quite different, even when they arise as distributional limits of finite point processes.
For example, let us take the disk of area n centred at the origin and consider the point
process II,, given by n uniform points inside it. Let D be the unit disk centred at the origin.
The process 11, clearly has the property that the point configuration outside D determines
the number of points inside D. However, the distributional limit of II,-s, as n — oo, is
the Poisson point process (of intensity 1), which has no such property. Hence, the reason
behind this phenomenon to occur in the case of the Ginibre ensemble or the Gaussian zeroes
is fundamentally different, and is connected with the spatial correlation properties of the
corresponding ensembles.

In addition to answering our central question mentioned in the beginning, Theorems 2. 1.1}
2.1.4] also provide information on the relative strength of spatial correlations in the Ginibre
and the GAF zero ensembles. While a simple visual inspection suffices to (heuristically)
distinguish a sample of the Poisson process from that of either the Ginibre or the GAF zero
process (of the same intensity), the latter two are hard to set apart between themselves. It
is therefore an interesting question to devise mathematical statistics that distinguish them.
The qualitative idea is that the spatial correlation is much stronger in the GAF zero process
than in the Ginibre ensemble. There can be several possible approaches to quantify this
heuristic observation. One important feature to look at, for instance, is the rate of decay
of the hole probabilities. However, it turns out that both the Ginibre ensemble and the
Gaussian zero process behave similarly in this respect. For more details, one can refer to
citeHKPV. Our results clearly demonstrate that the GAF zeroes have much greater spatial
dependence, in the sense that the point configuration in the exterior of an open set dictates
much more about the one in its interior.

In [STs1-04], Sodin and Tsirelson compared the GAF zero process (CAZP in their ter-

minology) with various models of perturbed lattices. They noticed that the lattice process
{(V3r(k + li) + ce®™™ By, -kl € Z,m = 0,1,2},

(where 7y, are i.i.d. standard complex Gaussians, ¢ € (0,00) is a parameter and i denotes
the imaginary unit) achieves “asymptotic similarity” with the GAF zero process (in the sense
that the variances of scaled linear statistics have similar asymptotic behaviour to those for
the GAF zeroes). Sodin and Tsirelson further observed that the above perturbed lattice
model satisfied two conservation laws: one pertaining to the “mass” and another pertaining
to the “centre of mass”. They predicted similar conservation laws for the GAF zero process,
although the sense in which such laws would hold was left open to interpretation. Theorem



2. 1.3 establishes two conservation laws, one of which preserves the “mass” (i.e., the number
of points), and the other one preserves the “centre of mass”. Moreover, Theorem 2.1.4]
says that these are the only conservation laws for the GAF zero process. We further note
that among the perturbed lattice models in [STs1-04], the one that achieves “asymptotic
similarity” with the Ginibre ensemble is the process

{(Vr(k+ 1) +ceney : k1€ Z}

where 7, and ¢ are as before. In this model, we have one conserved quantity (namely, the
“mass”). In Theorems P.T.T] and 2212 we obtain a conservation law for the “mass” (i.e.,
the number of points) in the Ginibre ensemble, and further, show that there are no other
conserved quantities.

En route proving the main theorems mentioned above, we obtain results that are inter-
esting in their own right. For example we prove that the harmonic sum (Zzeﬂ %), for the
Ginibre ensemble as well as for the GAF zero process, is a.s. finite (in a precise technical
sense specified in Propositions and and the remarks thereafter). In fact, we
show that this sum has a finite first moment for both processes. It is not hard to see that
the corresponding sum for the Poisson process does not converge in any reasonable sense.
Even for the Ginibre or the GAF zero ensembles, the corresponding sum does not converge
absolutely. The underlying reason for the conditional convergence is the mutual cancellation
arising from the higher degree of symmetry (compared to the Poisson process) exhibited by
a typical point configuration in the Ginibre or the GAF zero process. This is yet another
manifestation of the fact that the Gaussian zeros or the Ginibre eigenvalues exhibit a much
more regular arrangement (which indicates greater rigidity) than, say, the Poisson process.

In a more precise sense, we can define the finite sums ay(n) = (3, 1/2%) when II = G,
or F,,. Here G, is the approximation to G by eigenvalues of n x n random matrices, and F,
is the approximation to F by zeroes of random polynomials of degree n (for details refer to
Chapter 1). Our results, as in Proposition and Proposition 2.13.0] establish that both
for the Ginibre and the GAF zeroes, these sums converge in probability as n — oco. The
limit oy, can be justifiably taken to be an analogue of the sum (Y-, ;; 1/2") for the respective
limiting process G or F.

We also prove a reconstruction theorem for the planar GAF from its zeroes, which es-
sentially says that the zeroes of the GAF determine a.s. the GAF itself, up to a factor
of modulus 1. In what follows, «a; will denote the random variable introduced above for
GAF zeroes, P, will be the k-th Newton polynomial (for details, see Section ZTI0). De-

b1 ~1/2
fine ay = Pr(aq, -+ ,ax) and x = klim k2 (Z |P;(aq, - - - ,aj)]2) (the existence of the
—00
=0
limit will be proved in the course of proving Theorem 2T1.0). We state the reconstruction
theorem as:
Theorem 2.1.5. Consider the random analytic function g(z) = Z yarz"®, which is measur-
k=0



able with respect to the GAF zeroes. There is a random variable ( with uniform distribution
on S' and independent of the GAF zeroes, such that a.s. we have f(z) = (g(z).

It is interesting to compare Theorem with the Weierstrass Factorization Theorem
(see, e.g., [Rud87] Chapter 15) for reconstructing analytic functions from their zeroes. In the
case of the Weierstrass factorization, the main problem is that there is a (random) analytic
function (with no zeroes) that occurs as a factor in front of the canonical product formed from
the Gaussian zeroes, and a priori no concrete information is available about this function.
E.g., it can, in principle, depend on the GAF zeroes. However, in Theorem 2.T.5] we are able
to give a concrete description of the factor ( and also the precise dependence of g on GAF
Zeroes.

The description in Theorem is optimal in the sense that the factor ¢ cannot be done
away with. This can be seen from the fact that if # is a random variable that is uniform
in S' and independent of the &-s, then the random analytic functions f and f are both
distributed as planar GAF-s but have the same zeroes; hence from the zeroes of f we can
hope to recover the coefficients of f only up to such a factor 6.

Theorem can be compared with Theorem 6 in [PV05], where a similar result is
established for the zeroes of the Gaussian analytic function on the hyperbolic plane. However,
such a result for the planar case is not known, and our approach here is distinct from [PV05],
relying crucially on the estimates we obtain in Section

We view the conservation laws as the “rigidity” properties of the respective point pro-
cesses. The absolute continuity (with respect to the Lebesgue measure on the conserved
submanifold) of the conditional distribution of the vector of inside points can be viewed as
“tolerance”. The heuristic is that due to such mutual absolute continuity, the inside points
can form (almost) any configuration on this conserved submanifold.

2.2 Plan of the chapter

In Section we provide an abstract framework in which other models having similar char-
acteristics can be investigated. Further, we show in Section 2.4 that for proving the main
Theorems 2111 - B.T.4] it suffices to establish them in the case where D is a disk.

In order to study rigidity phenomena, we devise a unified approach in Section 2.5l where
Theorem 2.5.0] gives general criteria for a function (of the inside points) to be rigid with re-
spect to a point process. We complete the proofs of Theorems 2.1.1l and 2.1.3] by establishing
the relevant criteria for the Ginibre and the GAF zero processes.

In Section 2.6 we study tolerance properties in the general setup introduced in Section
2.3l Theorem lays down conditions under which certain tolerance behaviour of a point
process can be established. Proving Theorems 2. 1.2l and P.T.4] therefore, amounts to showing
that the relevant conditions hold for our models. However, unlike the rigidity phenomena,
this requires substantially more work, and is carried out in two stages for each process. First,
we obtain some estimates for the point processes G,, and F,,, which are finite approximations
to G and F respectively (see Sections [[]] and for definitions). For the Ginibre ensemble,



this is done in Section 2.7, and for the GAF zeroes this is done in Section 2.1l Finally, we
apply these estimates to deduce that the relevant conditions for tolerance behaviour hold
for our models; this is carried out for the Ginibre ensemble in Section and for the GAF
zeroes in Section 2,141

2.3 The General Setup

Fix a Euclidean space £ equipped with a non-negative regular Borel measure p. Let &
denote the Polish space of countable locally finite point configurations on £. Endow § with
its canonical topology, namely the topology of convergence on compact sets (which gives S a
canonical Borel g-algebra). Fix a bounded open set D C & with u(9D) = 0. Corresponding
to the decomposition &€ = D U D¢, we have § = Sy, X Sout, Where S;, and S,y denote
the spaces of finite point configurations on D and locally finite point configurations on D¢
respectively.

Let = be a measure space equipped with a probability measure P. For a random variable
Z . Z — X (where X is a Polish space), we define the push forward Z,P of the measure P
by Z,P(A) =P(Z '(A)) where A is a Borel set in X. Also, for a point process Z' : = — S,
we can define point processes Z;, : = = S, and Z] , : = — S,y by restricting the random
configuration Z’ to D and D¢ respectively.

Let X, X" : Z — S be random variables such that P-a.s., we have X" — X (in the
topology of §). We demand that the point processes X, X™ have their first intensity measures
absolutely continuous with respect to p. We can identify Xj, (by taking the points in uniform
random order) with the random vector ¢ which lives in | J°_, D™. The analogous quantity
for X" will be denoted by ¢". B

For our models we can take £ to be C, u to be the Lebesgue measure, and D to be a
bounded open set whose boundary has zero Lebesgue measure.

In the case of the Ginibre ensemble, we can define the processes G, and G on the same
underlying probability space so that a.s. we have G,, C G,,1 C G for all n > 1. For reference,
see [Gol(]. We take (=,P) to be this underlying probability space, X™ = G,, and X = G.

In the case of the Gaussian zero process, we take (Z,P) to be a measure space on which
we have countably many standard complex Gaussian random variables denoted by {&;}72.

Then X™ is the zero set of the polynomial f,(z) = >, _, fk\j—%, and X is the zero set of the

entire function f(z) = >, §k\j—%. The fact that X™ — X P-a.s. follows from Rouche’s
theorem. '

2.4 Reduction from a general D to a disk

In this Section we intend to prove that to obtain Theorems T IH2.1.4] it suffices to consider
the case where D is an open disk centred at the origin. We will demonstrate the proof for
Theorems 2.1.3] and 2.T.4] the arguments for Theorems 211l and 2.T.2] are on similar lines.
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Let D be a bounded open set in C whose boundary has zero Lebesgue measure. By
translation invariance of the Ginibre ensemble, we take the origin to be in the interior of
D. Let Dy be a disk (centred at the origin) which contains D in its interior (where D is the
closure of D).

Suppose we know the point configuration Fo,; to be equal to Y,. Further, suppose that
we can show that the point configuration Y2° outside Dy determines the number N, and
the sum Sy of the points inside Dy a.s. Since we also know the number and the sum of the
points inside Dy \ D, we can determine the number N as well as the sum S of the points
in D. This proves the rigidity theorem for the GAF zero ensemble (Theorem T3] for a
general D.

Now suppose we have the tolerance Theorem 21,4 for a disk. To obtain Theorem 2.1.4]
for D , we appeal to the tolerance Theorem 2.1.4] for the disk Dy. Define

N
Y= {(Al,..-,AN):Z ]:S,Ajep}

J=1
and

20 = {()\17 7)\N0) : Z)\J = 507)\j € DO}

j=1

The conditional distribution of the vector of points inside Dy, given Y20 lives on X,

in fact it has a density fy which is positive a.e. with respect to Lebesgue measure on .
Let there be k points in Dy \ D and let their sum be s, clearly we have N = Ny — k
and S = Sy — s. We parametrize ¥ by the last N — 1 co-ordinates. Note that the set
U:={(Ag,--+,An) : (S — Z;VZQ Ajy A2, -+, Ay) € X} is an open subset of DV, Further,
we define the set V := {(A, -+, \) : A € Do \ D, S5, \i = s}

Let the points in Dy \ D, taken in uniform random order, form the vector z = (21, - , zx).
Then we can condition the vector of points in Dy to have its last k co-ordinates equal to z,
to obtain the following formula for the conditional density of the vector of points in D at
(C1,+ -+ ,Cn) € X (with respect to the Lebesgue measure on X):

fO(ChCQ; s N, 21, 7Zk)

B foO(S_(Zj'Vzgwj))w%”' yWN, 21, 7Zk;)dw2dwN

JACHCREEINGY)

(2.1)

It is clear that for a.e. z € V', we have f is strictly positive a.e. with respect to Lebesgue
measure on X, because the same is true of fy on .

2.5 Rigidity Phenomena

We begin by giving a precise definition of rigidity. Recall the general setup in Section
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Definition 1. A measurable function fy, : S — C is said to be rigid with respect to the
point process X on S if there is a measurable function fou @ Souwt — C such that a.s. we have

fin(Xin) = fout (Xout) .

In this section, we prove that the number of points in D in the case of the Ginibre
ensemble and the number as well as the sum of the points in D for the GAF zero process are
rigid. In fact, we will state some general conditions that ensure such rigid behaviour, and
then show that the Ginibre and the GAF satisfy the relevant conditions.

We will use linear statistics of point processes as the main tool that will enable us to
obtain the rigidity results.

Definition 2. Let ¢ be a compactly supported continuous function on C. The linear statis-
tic corresponding to ¢ is the random variable [ @d[rn] =3 _ ¢(2).

By a C* function on a Euclidean space £ we denote the space of compactly supported
C* functions on &.
We can now state:

Theorem 2.5.1. Let 7 be a point process on C whose first intensity is absolutely continuous
with respect to the Lebesque measure, and let D be a bounded open set whose boundary has
zero Lebesque measure. Let ¢ be a continuous function on C. Suppose for any 1 > ¢ > 0,
we have a C? function ®° such that & = ¢ on D, and Var ([ ®°d[r]) <e. Then [, @d|[r]

18 rigid with respect to .

Proof. Consider the sequence of C? functions ®*> “,n > 1. Note that E [fc (I)T"d[w]] =
Jo ®* " p1dL where p(z) is the one point intensity function of 7. By Chebyshev’s inequality,

it is clear that
P ( / ®* "d[x] - E [ / c1>2‘"d[7r]H > 2—"/4) <272
C C

The Borel Cantelli lemma implies that with probability 1, as n — oo we have

/C<I>2_nd[7r] ~E VC <I)2_nd[7r]1 ‘ — 0.
/C ®* "d[r] = /D ®* "dln] + / c<I>2_"d[7r].

Thus we have, as n — oo

/D ®* "d[r] + / chf"d[w] - /C <I>2n,01d£‘ — 0. (2.2)
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If we know 7., we can compute ch 2" d[r] exactly, also p; is known explicitly; in case of
a translation invariant point process 7 it is, in fact, a constant c¢(m). Hence, from the limit
in [Z2), a.s. we can obtain [, ®* "d[r] = [, d[n] as the limit

lim <CI>2_"p1d,C —

n—oo C

c1>2‘"dm) :

’DC

We now use Theorem [2Z.5.1] to establish Theorems [2.1.1] and

Proof of Theorems [2.1.1] and [2.1.3. We have already seen in Section[Z4lthat it suffices
to take D to be a disk. By translation invariance of F and G, we can assume that D is centred
at the origin. We intend to construct functions ®° as in Theorem Z.5.11

Let 7o = Radius (D). Fix € > 0.

We begin with a continuous function ¥ on R, U {0} such that U(r) = 1 for 0 < r < r,
U'(r) = —/r and W"(r) = /72 for ry < r < rgexp(1/e), and U(r) = 0 for r > roexp(1/e).
This can be obtained, e.g., by solving the relevant boundary value problem between r, and
roexp(1l/e), and extending to R, U{0} in the obvious manner. We then smooth the function
U at ro and rgexp(1/e) such that the resulting function ¥, is C? on the positive reals, and
satisfies |[W)(r)] < e/r and |¥”(r)| < g/r? for all r > 0. Finally, we define the radial C?
function ¥ on C as ¥(z) = ¥y(|z]).

For G, we know (see [RV07] Theorem 11) that there exists a constant C; > 0 such that
for every radial C? function ¥ we have

Vo ([ waig)) <ci [ v ace)

But from the definition of W it is clear that [ ||[V¥(2)||3dL(z) < Che.We apply Theorem
251 with ¢ = 1, and choose ®“1¢2¢ = U as defined above; recall that ¥ = 1 on D.

For F, we know (see [NS11] Theorem 1.1) that there exists a constant Cs > 0 such that
every C? function o satisfies

Var (/Cﬁd[]-"]) < C’g/CHAzS‘(z)Hgdﬁ(z).

For the rigidity of the number of points of F in D we make exactly the same choice as we
did for G, and note that [.[|AW(2)||3dL(z) < C4e?. For the rigidity of the sum of points
of F in D we intend to apply Theorem 251l with ¢(z) = z. We consider the function
0(z) = 2U(z), ¥ as before. Observe that Af(z) = 49%(z) + 2A¥(z). Using this, for ¢ < 1,
we get [ [A(2¥(2))[? dL(z) < Cse. It remains to note that for z € D we have ¥(z) = 1 and
0(z) = z. [
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2.6 Tolerance: Limits of Conditional Measures

The tolerance properties are established for both models by obtaining explicit bounds on

conditional probability measures for finite approximations (finite matrices in case of Ginibre

and polynomials for GAF) and then passing to the limit. In this Section, we state and prove

some general conditions (in the context of the abstract setup considered in Section 2.3]),

which will enable us to make the transition from the finite ensembles to the infinite one.
We start with the following general proposition:

Proposition 2.6.1. Let I' be second countable topological space. Let > be a countable basis
of open sets in T and let A := {UF 0, : 0, € ¥,k > 1}. Let ¢ > 0. To verify that two
non-negative reqular Borel measures j1y and po on I satisfy pi(B) < cus(B) for all Borel
sets B in I', it suffices to verify the inequality for all sets in A.

Proof. Any open set U C T is a countable union | J;°, 0;,0; € ¥ because the sets in 3 form
a basis for the topology on I'. If we have p1 (I, 0;) < cpo(Ui, 03), then we can let n — oo
to obtain u1(U) < cus(U). Once we have the inequality for all open sets U, we can extend
it to all Borel sets, because for a regular Borel measure p and for any Borel set B C I, we
have p(B) = infg-yp(U) where the infimum is taken over all open sets U containing B. W

In this Section, we will work in the setup of Section 23] specifying D to be an open ball,
and requiring that the first intensity of our point process X is absolutely continuous with
respect to the Lebesgue measure on £. We further assume that X exhibits rigidity of the
number of points. In other words, there is a measurable function N : S, — N U {0} such

that a.s. we have
Number of points in X, = N(Xout)-

In such a situation, we can identify Xj, (by taking the points in uniform random order)
with a random vector ¢ taking values in DNXew) — Studying the conditional distribution
0(Xout, -) of Xi, given X,ut is then the same as studying the conditional distribution of this
random vector given X,,;. We will denote the latter distribution by p(Xous, ). Note that it
is supported on DNXew) (see Section 2] for details).

For m > 0, let 207" denote the countable basis for the topology on D™ formed by open
balls contained in D™ and having rational centres and rational radii. We define the collection
of sets A™ = {5, A, : A, € W k> 1},

Fix an integer n > 0, a closed annulus B C D¢ whose centre is at the origin and which
has a rational inradius and a rational outradius, and a collection of n disjoint open balls B;
with rational radii and centres having rational co-ordinates such that {B,ND}?_; C B. Let
®(n, B, By, -+, By,) be the Borel subset of S,y defined as follows:

(I)(n7BaB17"' 7Bn):{T680ut|TmB|:’n,|TﬂBZ|:1}

Then the countable collection ¥o = {®(n, B, By,---,B,) : n, B, B; as above } is a basis
for the topology of S,y Define the collection of sets BB := {Uf:1 D, D; € Yoy, k> 1}
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We will denote by Q™ the event that [Xj,| = m, and by Q)" we will denote the event
Xp) = m.

Definition 3. Let p and q be indices (which take values in potentially infinite abstract sets),
and a(p, q) and B(p, q) be non-negative functions of these indices. We write o(p, q) <, 5(p,q)
if there exist positive numbers ki(q), k2(q) such that

k1(q)a(p, q) < B(p,q) < ka(q)a(p, q) for all p,q.

The main point is that ki, ks in the above inequalities are uniform in p, that is, all the indices
i question other than q.

We will also use the notation introduced in Section We will define an “exhausting”
sequence of events as:

Definition 4. A sequence of events {S2(j)};>1 is said to exhaust another event Q if Q(j) C
QU+1)CQ foralljandP(Q\ Q) =0 as j — oo.

Let M(D™) denote the space of all probability measures on D™. For two random variables
U and V defined on the same probability space, we say that U is measurable with respect
to V' if U is measurable with respect to the sigma algebra generated by V. Finally, recall
the definition of 2™ and B from the beginning of this section.

Now we are ready to state the following important technical reduction:

Theorem 2.6.2. Let m > 0 be such that P(2™) > 0. Suppose that:

(a) There is a map v : Souy — M(D™) such that for each Borel set A C D™, the v(-, A)
1s a measurable real valued function.

(b) For each fized j we have a sequence {ny}r>1 (which might depend on j) and corre-
sponding events ), (j) such that:

(i) 0, (7) C L

(i) (7)== lm, . Q,,(j) exhaust Q™ as j T oco.

(i1i) For all A € A™ and B € B we have

PI(XGr € A) N (Xow € B) N Qy, (7)) = / V(Xout(§), A)dP(E) +0(k; j, A, B).
(X k)= 1(B)NQn,y (4)
(2.3)
where limy_,o V(k; j, A, B) = 0 for each fized j, A and B .
Then a.s. on the event Q™ we have
p(Xout7 ) = V(Xout7 ) (24)

We defer the proof of Theorem 2.6.2] to Section 2.18§]
We conclude this section with the following simple observation:

Remark 2.6.1. If we have Theorem [26.2 for all m > 0 then we can conclude that (2-3)
holds a.e. & € =.
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2.7 Tolerance of the Ginibre Ensemble for a disk

In this section we obtain several estimates necessary to prove Theorem 2.I1.2] in the case
where D is a disk.

Remark 2.7.1. By the translation invariance of the Ginibre ensemble, we can take D to be
centred at the origin.

Notation 1. For a set A C C and R > 0, we denote R- A ={Rz: 2z € A}.

2.8 Matrix Approximations

Let § € (0,1). We consider the event Q™9 which entails that G, has exactly m points inside
D, and there is at least a ¢ separation between the sets 9D and (G, )ouw. The analogous
event for G will be denoted by Q™°. Notice that Q™ has positive probability (which is
bounded away from 0 uniformly in 0 for ¢ small enough), so by the convergence of G,-s
to G, we obtain that Q7°-s have positive probability that is uniformly bounded away from
0 for large enough n. We denote the points of G, inside D (in uniform random order) by
¢ = (i, ,Gn) and those outside D (in uniform random order) by w = (wy, wa, "+, Wp—m)-
Following the notation introduced in Chapter 1, for a vector (C,w) as above, we denote
Tin = {C@}:’ll ; Tou = {w] j= 1 ;and T = Tj, U Tqy. For a vector Y= (71a a’VN) n CNa
we denote by A(y) the Vandermonde determinant [;_;(7; — ;). For two vectors v,,7, we
set A(y,,7,) = Ay 7) where v = (v,,7,) denotes the concatenated vector.
Then the conditional dlstrlbutlon p(Tout, ¢) of ¢ given T,,; has the density

Pi(Q) = C(w) [A(G, w) exp( Z\@P) (2.5)

with respect to the Lebesgue measure on D™, where C'(w) is the normalizing constant (which
depends on w). Let (¢,w) and (¢’,w) correspond to two configurations such that the event
QM9 occurs in both cases. Then the ratio of the conditional densities at these two points is

given by , / /
PZ(Q) _ ’A(g ,w)|” exp(— Z?f:l 1) (2.6)
p()  A(G W) exp(— 3250 [Gl?) '

Clearly, exp (— Z |(,;]2> /exp (— Z |(k]2) is bounded above and below by constants
k=1 k=1

which are functions of m and D.
To study the ratio of the Vandermonde determinants, we define

F(Qu &) = H (Q’ - wj)'

I i R
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Then we have A (C/ )| |A(C/)| I8 (CI )|
AGDE  AOE TGP (2.7)

2
In order to bound ||F((§C w)) ‘|2
DG w)

bound T, o) from above and below uniformly in ¢ € D™. Here 0 is the vector in D™ all

)

— % from above and below uniformly in (y € D.
Wi

from above and below uniformly in ¢, C € D™, it suffices to

whose co- ordlnates are 0-s. We observe that

| CQ7)] ity it
- (T e

n—m
Since m is fixed, it suffices to bound H %

Jj=1

To this end we prove

Proposition 2.8.1. Let (5 € D and wy, -+ ,Wy_m be such that |w;j| >+ for all j where
r 1s the radius of D. Then we have

log (ﬁ Go ;‘Wj )

j=1 !
Here K(D), K5(D) and K3(D,d) are constants depending on D and 4.

n—m

Z

< Ki(D + Ky (D

7=1 J

CO _W]

Proof. We begin with log
the ratio 0; := i—o satisfies |9 | <45 <L Let log be the branch of the complex logarithm

log ‘1 . Due to the d-separation between 0D and w,

given by the power series development log(1—2) = (Zk & > for |z| < 1. Then we have

log |1 —6;| = Rlog(1 — 0;) = —R(6;) — 5R(0%) + h(6;) where |h(0;)| < K5(D,5)|6;]*, where
K is a constant depending on D and §. Hence,

n—m n—m 1 n—m n—m
log<H )‘ Zlo ( >':|—§R (Z@) L <Ze§> + > h(0))
Jj=1 j=1 j=1 j=1
Recall that 6; = 5—3 and [(o| < r and |h(6;)] < K4(D,d)|6;]>. The triangle inequality applied

to the above gives us the statement of the Proposition with K (D) = r, K5(D) = 3r? and

K5(D,6) = K(D, §)r®. u

CO_WJ

As a result, we have
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Proposition 2.8.2. On Q™° we have a constant K(D,d) > 0 such that

AP Pl IA)?
exp ( = 4mK(D,5)Xn) |A(£)‘ < Z(Q) < exp (4mK(D,5)Xn> —‘A(QP ,

1 1 1
where X,, = Z 5 —+ Z E + ( Z W) and ]E[Xn] < cl(D,m) < 0.
w€GnNDe w€GnNDe wEGnNDe
Proof. Clearly, it suffices to bound |A(¢",w)|?/|A(¢,w)[* from above and below.
From Proposition 28], on 2™ we have ‘log (H So—wj ) ‘ < K(D, )X, for any (, € D,
where K(D,§) = max{K;, Ks, K3} . Considering this for each (;,i = 1,--- ,m, exponenti-
ating and taking product over ¢ = 1,--- ,m, we get

(6wl
(0, w)|

. T w)] T w)| /TG W)
The same estimate holds for ¢’. Since —=~ = == — , we have
‘ Tl ~ TOw/ TEw) ™™

exp < —2mK(D, 5)Xn) < || (é ”3” < exp (me(D, 6)Xn>.

exp ( — mK(D, 6)Xn) : < exp <mK(D, 6)Xn>.

In view of (2.6) and (2.7, this leads to the desired bound p“ . In Section 29 we will see

that each of the three random sums defining X,, has ﬁmte expectatlon Moreover, those
expectations are uniformly bounded by quantities depending only on D and m. This yields
the statement E[X,] < ¢;(D,m) < 0. |

Corollary 2.8.3. Given M > 0, we can replace X,, in Proposition[2Z.8.2 by a uniform bound
M except on an event of probability less than ¢;(m,D)/M.

2.9 Estimates for Inverse Powers

Our aim in this section is to estimate the sums of inverse powers of the points in G and G,,
outside a disk containing the origin. To this end, we first discuss certain estimates on the
variance of linear statistics, which are uniform in n. Let B(0;r) denote the disk of radius r
centred at the origin.

Proposition 2.9.1. Let ¢ be a compactly supported Lipschitz function, supported inside the
disk B(0;7) with Lipschitz constant k(). Let pr(z) := ¢(z/R). Then Var ([ ¢r(z) d[G,](2)) <
C(p), where C(y) is a constant that is independent of n. The same conclusion holds for G
in place of G,,.
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To prove Proposition Z29.1], we will make use of a general fact about determinantal point
processes:

Lemma 2.9.2. Let Il be a determinantal point process with Hermaitian kernel K. Let K
be a reproducing kernel with respect to its background measure v, which means K(x,y) =
[ K(x,2)K(z,y) dy(z) for all x,y. Let o, be compactly supported continuous functions.

Cov [[ @d[ll], [vd[]] = 5 [[(#(2) = e(w))(W(2) — b (w))| K (2, w)[? dy(z) dy(w).

Proof. Expanding the two point correlation in its determinantal formula gives the covariance
as

[ @itk ) - [ [ @il e wP i) diw),

Using K(z,2) = [ K(z,w)K(w,z) dy(w) and K(z,w) = K(w, z), elementary calculations
give us the final result. [ |

Proof of Proposition [2.9.11 We give the proof when r = 1, from here the general case is
obtained by scaling. In what follows we deal with G,,, the result for G follows, for instance,
from taking limits as n — oo for the result for G,.

Using lemma [2.9.2] we have

v(/ o(2) iG] ) 3 | [ 1en(e) = entw) Koz w)F dr(2) drw)

where v is the standard complex Gaussian measure. Now,

1
[pr(2) = pr(w) = lo(z/R) = p(w/R)I” < 5h(p)*]z = w].
Therefore, it suffices to bound the integral [, . |z — w[*| Ky (2, w)|* dv(z) dy(w) on the set
A(R) == {(z,w) : [2| A |Jw| < R}
because outside A(R), we have pg(z) = pr(w) = 0. We begin with

[ e uPig ol d@dw < [ K de) dw)
A(R) A1(R)

4 / 12— w2 Ko (2, w) P dy(2) dr(w)
Az (R)

where
A1(R) = {]z] < 2R,|w| < 2R} and Ay(R) = {|z| < R, |w| > 2R} U {|w| < R, |z| > 2R}.

We first address the case of Ay(R). By symmetry, it suffices to bound the integral over
the region {|z| < R,|w| > 2R}. In this region, ||z| — |w|| > R, and |K,(z, w)|?e” 2~ <
e~ lzl=1wl*  The integral is bounded from above by

%/usa (/|w|zzR(‘Z’ el dﬁ(w)) e
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It is not hard to see that the inner integral is O(e_%RZ), where the constant in O is universal.
Integrating over |z| < R gives another factor of R?, so the total contribution is o(1) as
R — oo.

For the integral over A;(R), we proceed as

[ 1= wPiEa(z ) a2
_ / <\z|2 — 2 — 2w + W) (Z(zw)k/k:!> (Z(zw)k/k!) e PP 4L (2) de(w).

k=0 k=0

Now, we integrate the |z — w|?® part term by term. Due to radial symmetry, only some

specific terms from |K,,(z,w)|? contribute. For example, when we integrate the |z|? term in

(z0)* (zw)*
kL k!

contribute. When we integrate zw, only the

,0 < k < n terms in the expanded expression for |K,,(z, w)|?
(z0)* (zw)**!
k' (E+ 1)V

|z — wl|?, only the

0 <k < n-—1 terms provide

non-zero contributions.

Due to symmetry between z and w, it is enough to bound the contribution from (|z|>—2w)
by O(R?) in order to obtain Proposition 22911
e |z|? term:

Let us denote |z|*> by z and |w|* by y. Then the contribution coming from

(zw)’ (zw)’

gt

as discussed above can be written as (a constant times)

4R?  p4R? a:J“ j
/ / 'e “Ydxdy.

So, the total contribution due to all such terms, ranging from k£ =0,--- ,n is
n 4R? _j+1 4R? | j
x
Z / T e dx / y—'e_ydy
=0 \/o J- 0 J:
e 2w term:

As above, the contribution coming from the
(Zw)k (2w)k+1

K (k+ 1)

AR?  pAR% 41 j+1
/ / & T e’ y 'e_ydxdy.
0 0 J (j+1)!

is given by




20

Therefore the total contribution from 0 < k <n —11is

n—1 4R? _j+1 4R i+
/ * —e “dx / y e Ydy | .
0 J! o G+
J

x
We interpret Te_xdm as a gamma density, the corresponding random variable being

denoted by I'j ;1.

1]

The contribution due to the |z|? term is Z E[Lj411(r,,,<ar2)P[[j11 < 4R?] and that due

=0
n—1
to the zw term is ZE[FjH1(pj+1§4R2)]]P’[Fj+2 < 4R?.
=0

The difference between the above two terms can be written as:

Iyt PTnen < 477+ 3 BILAE, < 42 (PIE, < 472 - PITy < 472)).
j=1

(2.8)

All the expectations in the above are < 4R? and P[['; < 4R?] > P[['; 41 < 4R?] because I'j 4

stochastically dominates I';. Therefore the absolute value of (2.8]), by triangle inequality and
telescpoing sums, is < 4R*P[["; < 4R?] < 4R2.

Combining all of these, we see that Var ([ ¢r(2)d[G,](z)) is bounded by some constant

Clp). u

Let 79 = radius (D). Let ¢ be a non-negative radial C'>° function supported on [rg, 3r]
such that ¢ = 1 on [2rg, 2rg] and @(ro + 1) = 1 — ¢(2rg + 2r), for 0 < r < 2ro. In other
words, ¢ is a test function supported on the annulus between ry and 3ry and its “ascent” to
1 is twice as fast as its “descent”. Let ¢ be another radial function with the same support as
o, satisfying @(rog + arg) =1 for 0 < z < % and ¢ = ¢ otherwise. Recall that for a function
¢ and L > 0 we denote by 1, the scaled function ¢ (z) = ¥(z/L).

Proposition 2.9.3. Let rq be the radius of D . Let ¢ and ¢ be defined as above.
(i) The random variables

sw= [2agie+ [ agie = ¥ L (i)

weg,NDe

and
9027 1
W= [ 2 ag,: +2/ Dagl= Y L (foriz3)
2 NE e

have finite first moments which, for every fixed I, are bounded above uniformly in n.
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(it) There exists ko = ko(p) > 1, uniform in n and l, such that for k > ko the “tails” of
Si(n) and Sy(n) beyond the disk 2% - D, given by

2k : Z/W (2) (for1>1)

o0

Gnl(z) (forl=3)

and  7(2F) =

satisfy the estimates
E HTI”(Zk)H < Ch (g, l)/2kl and E H H < Co(g, )/2“ 2,

All of the above remain true when G, is replaced by G, for which we use the notations S
and S; to denote the quantities corresponding to S;(n) and S;(n).

1
Remark 2.9.1. For G, by the sum < Z —l> we denote the quantity

wegnDe

S =

z) [ w2 (2)
a0+ Y [
j=1
due to the obvious analogy with G,, where the corresponding sum S;(n) is indeed equal to

1 L .
E — | with its usual meaning.
w

weGnNDe

Proof. Observe that the functions ¢ and y; for 7 > 1 form a partition of unity on D¢, hence
we have the identities appearing in part (i).

Fix n,l > 1. Set 1 = f £2(2) d[G,](z) for k > 1, and ¢y = f &) . When [ > 3

we also define ~;, = @Q‘kll [gn]( ) for £ > 1, and 7 = ‘le [gn]( ) Let U, and T
denote the analogous quantities defined with respect to G instead of G,,.

We begin with the observation that for k£ > 1 we have E[t);] = 0. This implies that

Ellvxl] < (E[¢xl?])"? = v/Var[dy]

We then apply Proposition 0. to the function ¢(z)/z! and R = 2* for k > 1 to obtain
E[|vr]] < Cp,1)/(2%)!. We also note that

z,z)e 1A’
sl < [ PSR < [ e = o

2.D\D 2|t
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This implies that for [ > 1

(e e]

E[|Si(n)[] <) Ellvxl] <

k=0

The desired bound for E[S,(n)] follows from a direct computation of the expectation using
the first intensity, and noting that the first intensity of G,, (with respect to Lebesgue measure)
is Kp(z,2)e *" <1 for all 2
The estimates for 7 and 7 follow by using the above argument for the sums Zj‘;k Y and
Zjoik V5
|

Corollary 2.9.4. For R = 2% for k > ky (as in Proposition [Z.0.3), we have P[|7?(R)| >
R7% < ei(p, )R7Y? and P[|77(R)| > R™2/2) < ey(p, ) R™U2/2 and these estimates
remain true when G, is replaced with G.

Proof. We use the estimates on the expectation of |7*(R)| and |7*(R)| from Proposition
2.9.3 and apply Markov’s inequality. [

With notations as above, we have

Proposition 2.9.5. For each | > 1 we have Si(n) — Sy in probability, and for each | > 3
we have Sl( ) — Sl in probability, and hence we have such convergence a.s. along some
subsequence, simultaneously for all [.

Proof. Fix 6 > 0. Given € > 0, we choose R = 2* large enough such that ¢; R7"/? < /4 (for
I > 1) and c;R™"2/2 < ¢/4 for | > 3 (as in Corollary 2.9.4)), as well as R~"/? < §/4 for
I =1,2 and R~U=2/2 < §/4 for | > 3. By definition, we have Si(n) = Z?:o Vi + Ti(2F).
On the disk of radius R, we have G, — G a.s. Now choose n large enough so that we have
|Z§:0 Vg — Z?:o i | < 0/2 except on an event of probability ¢/2. By choice of R, we
have |77(2%)| < §/4 and |7;(2%)| < §/4 except on an event of probability < £/2. Combining
all these, we have P(|S;(n) — S| > §) < g, proving that S;(n) — S; in probability.

For each [, given any sequence we can find a subsequence along which this convergence
is a.s. A diagonal argument now gives us a subsequence for which a.s. convergence holds
simultaneously for all /.

The argument for 9; is similar.

Define Sp(D,n) = 3. .g p1/2" and Sk(D) = 3. gnp1/2". Set ap(n) = Sp(D,n) +
Sk(n) and o = Si(D) + Si. Observe that ay(n) =3, ; 1/2". Then we have:

Proposition 2.9.6. For each k, ay.(n) — i in probability as n — oco. Hence, there is a
subsequence such that ag(n) — oy a.s. when n — oo along this subsequence, simultaenously
for all k.

Proof. Since a.s. the finite point configurations given by G,|p — G|p and there is no point
at the origin, therefore Si(D,n) — Sk(D) a.s. This, combined with Proposition [Z9.15] gives
us the desired result. [



23

2.10 Limiting Procedure for the Ginibre Ensemble

The aim of this section is to use the estimates derived in Section [2.7] to verify the conditions
laid out in Theorem .62 so that the limiting procedure outlined in Section can be
executed. This will lead us to a proof of Theorem for a disk D. We have already seen
in Section 2.4 that this implies Theorem for general D.

Proof of Theorem for a disk. We will appeal to Theorem with D an open
disk. We already know from Theorem [ZT.T] that the number of points in D is rigid. In terms
of the notation used in Section 2.6 we set X = G and X" = G,,.

Fix an integer m > 0. Consider the event that there are m points of G inside D. The
result in Theorem 2.1.2]is trivial for m = 0. Hence, we focus on the case m > 0. For w € Sy,
our candidate for v(w, -) (refer to Theorem [2.6.2) is the probability measure Z~A(¢)[*dL(¢)
on D™ where Z is the normalizing constant and £ is the Lebesgue measure. Notice that
v is a constant function when considered as a function mapping Sy, to M(D™). Since
a.s. v(Xou, ) is mutually absolutely continuous with respect to the Lebesgue measure on
D™, Theorem would imply that the same holds true for the conditional distribution
p(Xout, -) of the points inside D (treated as a vector in the uniform random order).

Now we construct, for each j, the sequences {ny(j) }r>1 and the events €2, (j). We proceed
as follows. From Prop081t10n we get a subsequence ny such that a.s. Sy(ng) — S,
Sy(ng) = Sy and Sy(ny,) — Ss. ThlS is going to be our subsequence ng(j) for all j.

Let M; 1 0o be a sequence of positive numbers such that none of them is an atom of the
distributions of |, |Ss| and | S|, and ML] < radius(D) for each j.

We will first define the events €, (j) by the following conditions:

e (i) There are exactly m points of G, inside D.

e (ii) There is at least a 1/M; separation between 0D and the points of G, outside D,
that is, there is no point of G,,, in the annulus between D and the 1/M;-thickening of
D.

o (iii) [S7%| < M;,|S5x| < M, |Sp| < M.

Clearly, each 2, (j) is measurable with respect to G.5. On the event Q" (refer to
the statement of Theorem 2.6.2] and the notations introduced just before that), the points

n (Gn)ous, considered in uniform random order, yield a vector w in (D¢)"~™. We have
Q (j) € Q1 with § = 5. Denoting the conditional distribution of ¢ given w to be p(¢)
we recall from Proposmon - 3.2 that

A _ ALE) AP
exp ( - 4mK(D,5)Xn) AP < 7 < exp <4mK(D,§)Xn> :
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Therefore, the bounds on S;(ng), Sa(ny,) and S3(ny,) as in condition (iii) above imply that on
Q,,(j) we have, with 6 = 1/M;,

AP pa(C) A
exp | — 12mK (D, 5)M) =— < === < exp (12mK(D, 5)]\/[) —_—
< TJIAQP T Q) ) IAQP
Let us consider the inequality on the right hand side, namely,

AP
L= < exp (12mK('D, 5)Mj> ||A((§O)||2 ‘

We now integrate the above inequalities, first with respect to the Lebesgue measure in the
variable ¢’ € A, then with respect to the Lebesgue measure in the variable ( € D™ and
finally with respect to the distribution of w on the set B N Q,, (j) (recall that Q,, (5) is
measurable with respect to G)'X.). We can carry out the same procedure with the inequality
on the left hand side. It can be seen that together they give us condition (2.3]) (in fact, the
additive error term in 23 is actually 0).

All that remains now is to show that events Q(j) := lim, . €, (j) exhausts 2™, and
that P (Q(5)AQ,, (7)) — 0 as k — oo for each fixed j.

Recall that 2™ is the event that there are m points of G inside D. On each €2, (j) there
are m points of G,, in D. And finally, G,, — G a.s. on D. There three facts together
imply that Q(j) C Q™ for each j. Since the M;-s are increasing, we automatically have
Q(j) € Q +1). It only remains to check that P(Q™ \ (j)) — 0 as j — oo. This is the
goal of the next proposition, which will complete the proof of Theorem 2.T.1] for a disk. H

Proposition 2.10.1. Let Q(j) be as defined above. Then P(Q™ \ Q(j)) — 0 as j — oo.
Morever, there exists Q" (j), measurable with respect to Gy, such that P(Q(7)AQC (7)) =
0..

Proof. We will first construct the event Q™ (j). Similar ideas will then be used to prove
that P(Q™\ Q(j)) — 0 as j — 0.

Let € > 0. We will demonstrate an event A.(j) such that A.(j) is measurable with respect
to Xou and there is a bad set €, of probability < e such that Q(j) \ Q5,, = A:(j) \ 2,4
As a result, P(Q2(j)AA(j)) < e. Then Q7(j) = lim, ., As-n(j) will give us the desired
event. It is easy to check that P(Q2(j)AQ“(5)) = 0.

Let § = d(2) < 1 be a small number, depending on ¢, to be chosen later.

We define the event A.(j) by the following conditions:
e (i) N(Gout) = m, where N is as in Theorem 2TT1
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e (ii) There is at least a ML separation between 0D and the points w of G outside D.
J

o (iii) |S1] < M; —6,]S,| < M; —8,|Ss| < M; — 6.

It is clear from the definition of A.(j) that it is measurable with respect to Xoys.

By Proposition 2295, S;(ng) — S;,i = 1,2 and gg(nk) — S5 a.s. along our chosen
subsequence. By Egorov’s Theorem, there is a bad event Q' of probability < /4 such that
outside !, this convergence is uniform. Therefore, on (2!)¢ there is a large ko such that
19;(ng) — Si| < 6,i = 1,2 and [S;(ny,) — S| < 6 for all k > ky. Recall that we have a.s.
convergence of G, -s to G on the compact set 2 - D (which contains the Mij—thickening of D

for each j, by our assumption that M% < radius(D) for all j). Thus, we have an event Q2 of

probability < £/4 outside which conditions (i) and (ii) in the definition of €2, (j) are true
or false simultaneously for all G, , k > ki, for some integer k;. By the coupling of G, -s and
G (which entails that G,, C G,+1 subsetG for all n), this would imply that the conditions (i)
and (ii) in the definition of A.(j) are also true or false respectively.

Since M; is not an atom of the distribution of S;, S or §3 , there is an event Q3 (of
probability < £/2) outside which each Sy, Sy or S, is either > M; 420 or < M; —26 (6 <1
is to be chosen based on ¢ so that this condition is satisfied).

Define Qpeq = Q' U2 UQ3; clearly P(Qpeq) < €. We note that on QF,,, the conditions (i)
and (ii) in the definition of €2, and the conditions (i) and (ii) in the definition of A.(j) are
simultaneously true or false (for all k& large enough). This is because of the a.s. convergence
G, — G on the compact set 2-D. On Q(j) \ Qpaa, we have |S;(ny)| < M; for all large enough
k, hence |Si(ny) — S;| < & implies |S;| < M; + &, where i = 1,2. But we are on (02°)°,
so |S;| € (M; — 26, M; + 26)¢, hence |S;| < M; + ¢ implies |S;| < M; — 26, hence we are
inside A.(j). Conversely, on A.(j) \ Qaa, we have |[S;| < M; — 0. But |S;(ng) — S;| < 0 for
all large enough k. This implies |S;(ny)| < M; for all large enough k which means we are
on (7). Hence Q(7) \ Qbaa = Ac(7) \ Qbaa- As a result, we have Q(j)AA(j) C Qpaa, and
PAG)AA() <

To show that P(2™ \ Q(j)) — 0 as j — oo, we define events A’(j) C A.(j) above by
replacing § by 1 in the condition (iii) in the definition of A.(j). Clearly, A'(j) C A.(j) for
each 0 < ¢ < 1, and therefore A'(j) C lim, , Ao (j) = Q7(j). It is also clear that
P(Q2™\ A'(§)) = 0 as j — oo, because Sy, S, and Sy are well defined random variables (with
no mass at 0o). These two facts imply that P(Q™ \ Q(j)) — 0 as j — oo.

[

This completes the proof of the translation tolerance of the Ginibre ensemble in the case
of D being a disk.
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2.11 Tolerance of the GAF zeros for a disk

In this section we obtain the estimates necessary to prove Theorem [2.1.2] in the case where
D is a disk. By translation invariance of F, we can take D to be centred at the origin.

2.12 Polynomial Approximations

We focus on the event ™9 which entails that f,, has exactly m zeroes inside D, and there is
at least a ¢ separation between 0D and the outside zeroes. The corresponding event for the
GAF zero process has positive probability, so by the distributional convergence F,, — F, we
have that Q™ has positive probability (which is bounded away from 0 as n — 00).

Let us denote the zeroes of f, (in uniform random order) inside D by ¢ = (¢1,+-+ ,(m)
and those outside D by w = (w1, wa, -+ ,wWp—pm). Let s =777, (; and -

Ys ={(C--,Gn) €D ij = s}.
j=1

For a vector v = (vy,- -+ ,vy) we define
o) = ) Uiy - Vi
1<ip < <ipx, <N

and for two vectors u and v, o(u, v) is defined to be oi(w) where the vector w is obtained
by concatenating the vectors u and v. Then the conditional density pl ,(¢) of ¢ given w, s is

of the form (see, e.g., [FH99])

AL Coms D W)
() = Ol 5y B bmats ) (29)

Z O (Qa g)
=0 | \/ (1) k!
where C(w, s) is the normalizing factor.

Throughout this Subsection 2.12] the zeroes will be those of f,, with n fixed.
Let (¢,w) and (¢',w) be two vectors of points (under F,,). Then the ratio of the condi-
tional densities at these two vectors is given by

2\ ntl 9\ n+1
p;,s(gl) . |A(CI7Q)|2 B Uk(gv Q) / - O-k‘(glvg)
Q) A W) ,; (") k! ; (") k!

(2.10)

The expression (ZI0) has two distinct components: the ratio of two squared Vandermonde
determinants and the ratio of certain expressions involving the elementary symmetric func-
tions of the zeroes. We will consider these two components in two separate sections.
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Ratio of Vandermondes

Here we consider the quantity |A(¢,w)[*/|A(¢,w)|?. We proceed exactly as in the case of
the Ginibre ensemble. We refer the reader to section The estimates here are valid for
all pairs (¢,¢') € D™ x D™

Proposition 2.12.1. On Q™9 there are quantities K(D,§) > 0 and X, (w) > 0 such that
for any (¢, () € D™ x D™ we have

AR AL WP
AQOE = ACGoE =P (QmK(D’(s)X"@) AQP

exp ( — 2mK(D, 5)Xn(g))

1 1 1
where X, (w) = E —|+ E — |+ E 5 | and
wj €G,NDe w‘] wj €g,NDec w.j wjegnm'Dc w]|

E[X,(w)] < c1(D,m) < oo.

Remark 2.12.1. The estimates on

)

1 1
> e

for Proposition [2.121) are proved in section [213.

1
and (Z W) which are necessary

Corollary 2.12.2. Given M > 0, we can replace the X, (w) in Proposition 2121l by a
uniform bound M except on an event of probability less than c¢(m,D)/M.

Ratio of Symmetric Functions

In this section we will restrict ¢ and g/ to lie in the same constant-sum hyperplane. For
s € C, define

ES::{QGDm:ZQ:s}.
% (Cw)

Let D(¢,w) = (Zk 0 AL )

We want to bound the ratio (D(¢,w)/D(, g))nJrl from above and below. Our main
goal is:

Proposition 2.12.3. Given M > 0 large enough, Ing such that for all n > ng the following
is true: with probability > 1 — C /M we have, on Q™

n+1
672K(m’D)MlogM ( (g )/D<£’£)) < eQK(m,D)MlogM

for all g € X, where s =" (; and (¢, w) is randomly generated from F,.



28

We will first prove several auxiliary propositions.
We begin with the observation

or(w) = Z%(Q%%@)- (2.11)

Note that oo(¢) = 1, 01(¢) = s = 01(¢') and |o3(¢)| < ("})rf for all i < m, where rq is the
radius of D. Since both ¢ and C € Y, we have

Uk<§/ £ w) + Z al — al Nog—i(w). (2.12)

Taking modulus squared on both sides, we have |0}, ((,w)|* =

ok (¢ w)|? + Z |04(¢") = :(Q) Plow—i(w)* + ZQ?R ( (0:(¢") — a4(€))or(C, g)ak_i(g)>

- Z > 2% ((ol-(g) —04())(0;(¢") — 0 (g))ak,i(g)akﬂ.(gﬁ _

ij=2 i#j

Summing the above over & = 0, - . n, we obtain
kf% |ok(¢ w)]? = kf% 0% (¢, w)]? + Z |0:(¢) — 0:())] (i |ak_i(c_u)|2>
" fj 0 (m@ Q) (Z e g)aki@)))
£35S o (@(g’) =) (5()  0,() ( ak_z-@)ak_j@))) .

i,j=2 i#]

[\

Dividing throughout by < (Z)k:') and applying triangle inequality we get

D(¢',w) = A(¢, ¢,w) < D(¢w) < D(Gw) + A(G, ¢, w) (2.13)

where we recall the fact that D(¢,w) = | >/ ok (W)

Uk—i(&) -
+ 2 O'Z

+ Z 2’0'1 ’Lg HO'j

i#j=

2
) and A(C, g,g) =

n

(CW Op—i(w

)
FW
Ukz ng

k=0

Zm oi(Q) (Z
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Divide throughout by D(¢,w) in the above inequalities, and observe that
(a) ¢ and j vary between 2 and m (which is fixed and finite),
(b) |oi(¢") — 0i(¢)] is bounded for each i as discussed immediately before (2.12).

In view of these facts, we conclude that in order to bound (D(¢',w)/D({,w))" between
two constants with high probability, it suffices to show that the quantities

2

o1 (¢,w) oy [0 (C,w)
kz;,/ k(7 k:'/ kz:; (") k! .

and

" owk(C w)

ng z Uk j /
=0 \/ ()KL A/ () k! =0 | v/ (1) k!

for m >i,j > 2 are bounded above by M /n with high probability (depending on M) where
M > 0 is a constant.

Observe that o}, (g, g)/@ / (Z) k! = fn,k/ﬁn, where the ;-s are standard complex Gaussians.

On the other hand, we do not have good control over o4 (w). To obtain such control, the idea
is to obtain a convenient expansion of oy (w) in terms of 04(¢,w). To this end, we formulate:

(2.15)

Proposition 2.12.4. On the event Q,T"; we have, for 0 <k <n—m

k
or(w) = k(¢ w) + Y grok(Cw
r=1

where a.s. the random variables g, are O(K (D, m)") asr — oo, for a deterministic quantity
K(D,m) and the constant in O being deterministic and uniform in n and 9.

Proof. We begin with the observation that

on(Cw) =Y or(Qor—r(w). (2.16)

From this, we have
op(w) = on(C,w ZO‘T C)og—r( (2.17)

Proceeding inductively in (2I7) we can similarly expand each of the lower order o4, (w) in
terms of 0;(¢,w) and obtain an expansion of o4(w) in terms of 0;((,w),j =1,--- , k:

op(w) = o((,w) + Zgr0k7r<§> w). (2.18)



30

Notice that the coefficients g, do not depend on n.
The coefficient of 0 (¢, w) is 1 and the rest of the coefficients are polynomials in 0;(¢),j =

1,---,m. Due to the inductive structure, it is easy to see that g¢,-s satisfy a recurrence
relation:
9i —01(¢) —02(¢) . —om(C) gi1
Gi—1 _ 1 0 - 0 Gi—2 (2.19)
Gi—m+1 0 0 1 0 Ji-m

with the boundary conditions ¢g; = —0;(¢) for i =0,--- ;m —1,90 = 1 and g; = 0 for i < 0.

Denoting the matrix in (2.19]) above by A, we observe that its eigenvalues are precisely
—(1,++ , —Gm, where {¢;}7, are the zeroes inside D. Due to the recursive structure in (219,
we note that g is an element of A* applied to the vector (—op—1(¢), - . — 00(¢)). This
implies that g is a linear combination of the entries of A* (with the coefficients in the linear
combination being independent of k, but depending on D and m).

From Proposition 212.5] we see that if the eigenvalues of a matrix A have absolute value
< p/, then the entries of the matrix A* are o(p’ k) Now, the eigenvalues of A are (;-s and
for each i we have |(;| < radius(D) = K(D). Combining the last two paragraphs, we have
gr. = O((K (D) + 1)) Crucially, the constant in the O above is uniform in n and ¢ (although
it can depend on m). |

We complete this discussion with the following result on the growth of matrix entries:

Proposition 2.12.5. Let A be a dxd matriz. Let p' > p(A) := maz{|\| : X an eigenvalue of A}.
Then (A");; = o(p"") as r — oo, for all i,j.

Proof. This follows from the well known result (Gelfand’s spectral radius theorem): p(A) =
lim, o ||A"||*/" where || - || denotes the L? operator norm of the matrix, and the fact that
SUPy<; j<a | Bij| < c(d)||B]| for any d x d matrix B. |

The aim of the next proposition is to show that in the expansion of oy(w) in terms of
o.(¢,w) with r < k, it is essentially the leading term o0 (¢,w) that matters. For clarity,
we will switch to a different indexing of the o-s and involve the Gaussian coefficients of

In—r(G ) = é Divide both sides of the
( n )(n _ 7.)| gn

n—r

the polynomial more directly. Recall that

expansion proved in Proposition Z12.4] by (Z)k;‘ and note that

m:\/(kfr)(k—r)x\/m—m1)---(n—k+r>

Notation: We denote the falling factorial (of order k) of an integer = by

() =x(x—1)---(x —k+1).
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For k = 0 we set (z)o = 1.
Changing variables to [ = n — k, we can rewrite the expansion in Proposition 2.12.4] as

Op— l(g §l+r 1
(n’il)(“ l) +Z n A/ ( l+r)

for [ > m. Define for any integer [ > 1

n—l
) 1
; V(I +T),
As a result, for [ > m we have
In1(w) [gl } . (2.21)
(D=0 &
Proposition 2.12.6. Let 771 ) be as in (Z20) and v = §. Then 3 positive random variables

n (not depending on n) such that a.s. ‘771 ’ < i, and for fized ly € N and large enough
M > 0 we have

M
()P [771 > for some [ > 1} < e’

el

where ¢y, co are constants that depend only on the domain D and on m.

M 1
(”')P [m > — for some [ > lo} < e—czMQI(jl

Proof. We begin by recalling from Proposition 212.4] that a.s. |g,| < K" for some K =
K(D,m). Moreover, \/l +p > ﬁl%pi Hence,

n—I

(n) K"
Il < Zl 2r/20r/4(r1)1/4 Gl

K" ’flﬂ"‘
Let B be such that SUPW < B. Then |771 ’ < Z Ir/4 7-|>1/8'

r>1
[eS)

B |&r n) : :
Define 1, = Z % . Clearly, |n,"| < . Now, |§4.]* is an exponential random

variable with mean 1, we have

MI7/8 (1) 1/16 M2/ A ()18
P (I > MY ¢y (LAY o
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Moreover,

MQZT/4 1\1/8
exp ( #> < Chexp (—M2/B2) .
1

r—=

=1
(r1)1/16

So we can have |§,| < % for all [ > 1,7 > 1, except on an event of probability
< Ciexp (—M?/B?). The last expression can be made arbitrarily small by fixing M to be
large enough. Note that for large enough M, we have Cexp (—M?/B?) < exp (—cM?). On

the complement of this small event, we have for all [ > 1

= M = M M
= 2 17/8(r1)1/16 = 2 17/8(r1)1/16 = CM'

We then absorb this constant C' into M by changing the constant ¢; appearing in the expo-
nent of the tail estimate (i) we want to prove.
For proving (ii) we proceed exactly as in the case of (i) above and sum (Z22]) over r > 1
and [ > . [ |
We are now ready to prove bounds on the quantities in ([2I4]) and (ZI3]). To this end,
we first express them in terms of {-s and 7-s, using o, (¢, g)/ (nil)(n - = Sl/fn and
2

Z20). For 2 < i,7 < m these expressions, (after clearing out |,|* from numerator and

denominator) reduce to :
ni & (G
l < I+ 77H—> /(Z |€l|2> (223)

=0

—< ) (41
n-ian=j £l+z + 771_5_2 §l+j + 771.1_] /( 2)
2.24
= V(I+ )i/ (T +5); 2 16l 220
Define o Xn: ’&’2 Lo n—zzm:l—j fl_+i§l+j
! 1=0 ’ N 1=0 \/(l + Z>Z(l + j)j ’

n—iAn—j n—iAn—j

il mi (n) MiMisj
’ N~ = : — .
Z V) +5); Z VI+9)(+ 5);

1=0 =0

For ¢ = 0 the product (I + 7); in the denominator is replaced by 1. Expanding out the
products and applying the triangle inequality in (2.23]) and(2.24]), we observe that to upper
bound the expressions in ([2.23]) and ([2.24)) it suffices to upper bound the following quantities
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for 2 <i4,5 < m (remember that \77[(")| <, for all [):

sl ) (] e Y

Let

ng Y[R M S M S NG

i,j>2 i,j>2 0,j>2 i,j>2

Y, = Z)L

Recall (Z213) and recall that for fixed m and D, we have that 0;(¢) are uniformly bounded.
Putting all these together, we deduce that: for some constant K(m, D) we have

Y, D Lw Y,
1 — K(m, D) ((% w))§1+K(m,D)E—.

Regarding Y,, and E,,, we have the following estimates:

(2.26)

Proposition 2.12.7. Given M > 0 we have:
(i) PY, > Mlog M] < c(m, D)/M ,
(ii) Given M > 0 there exists ng (depending only on M ) such that for n > ng we have

n 1
P E, <2n|>1- —.
5 < <2021 - —

Proof. Part (i):

We will show that whenever X = LE?),X = Mi(jn) or X = Ni(]@), we have that X satisfies
P[|X| > M log M] < ¢(m,D)/M. This would imply P[Y;, > M log M| < ¢;(m,D)/M albeit
for a different constant c¢(m,D). The very last statement is easily seen as follows. The

number of summands in the definition of Y,, is a polynomial in m, let us call it p(m). Now,
for each summand X of Y,,, we have

M log M M M
DXD p(m) p(m) ~ p(m)

If Y, > MlogM and there are p(m) summands, at least one of the summands must be
> Mlog M/p(m). By a union bound over the summands, this implies

} <P|X]|> log < d(m,D)p(m)/M.

PY, > Mlog M] < ¢ (m,D)p(m)?/M.

Setting c¢(m, D) = (m,D)p(m)? as the new constant, this would give us part (i) of the
proposition.

It remains to show that each of the summands in Y, satisfies P[|X| > Mlog M] <
¢(m,D)/M with the quantity ¢(m, D) being uniform in n. The understanding is that ¢ will
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depend on the particular summand, and we will take a maximum over the p(m) summands
in order to obtain ¢/(m, D) as in the previous paragraph. We will take up the cases of L, M
and N separately.

In what follows, i VV j denotes max(i,j) and i A j denotes min(, j).

Estimating L( ) LAV g > 2

We have
n—iAn—j >
1 1
E[ILYP] = T S g g — i) Se<oo
SN R A iy P DY o ey il

(since either ¢ or j > 2). An application of Chebyshev’s inequality proves the desired tail
bound on Lg;).

Estimating M(J ),] > 2

By Proposition 0 we can assume (except on an event A of probability < el

logM)Q)
that max;>7; < log M /1Y%, and ‘nl(")‘ < n; for each I. Applying triangle inequality to the
definition of Mi(f) and using the upper bound on 7,1 ; we have

n—iAn—j

&4
; L+ DY+l + 5);

E [|Mi(jﬁ)\1,4c} < log ME < mf(i,j)log M < clog M < oo

o
where m(i, j) lz: n j)l/S\/([lg_E ST < ¢ < oo, € is a standard complex Gaussian
and ¢ is uniform in ¢ and j. In the last step, we have used the fact that 7 > 2 in order to
upper bound m(, j) uniformly in 7 and j . Applying Markov inequality gives us the desired
tail estimate ]P’(|Mi(f)|1Ac > Mlog M) < ¢/M. This, along with P(A) < ¢=(°¢™” completes
the proof.

Estimating N i Ng > 2

17 7

We consider the event A as in the case of Ml-(f). On A¢, we use nim4; < (log M)?
M log M (for large M), and the rest is bounded above by

n—iAn—j

1 o0
Z (L4 )81+ V(L4 4) (1 + 7); Zl1/4\/l+z )il +7);

=0

=c(i,j) < ¢ < o0.

This, along with P[A] < e~<(°sM)* egtablishes the desired tail bound on Ny ol
All these arguments Complete the proof of part (i) of Proposition Iﬂﬂ
Part(ii):
We simply observe that |£[%-s are i.i.d. exponentials and by the strong law of large numbers,

E,/n — 1 a.s. From this, the statement of part (ii) follows.
|
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Define
Z fl-l—z&—i—j ’ T(L,E]n)) = L” — ng )7 (Z \% j > 2)
— /(L +40)i(l+j);
> i |5 (n) ™ (j
M, = o T(MY) = My - MG (5 > 2
’ zz; (L4+4)(1+7); M) = ! |
N, - Z MitiMi+j ’ T(NZ( )) N;; Nz(j )7 (tNj>2).

— I+ 1)l +4);

For ¢ = 0 the product (l—l—z) in the denominator is, as usual, replaced by 1. The above random
variables have finite first moments, as can be seen by arguing on snmlar lines to the estlmates
in Proposition 2127 Similar arguments with first moments of T(L ™, T(MZ(;L)), T(N ) also
show that:

Proposition 2.12.8. As n — oo, we have each of the random variables T(LE;L)),T(MZ-S@),

T(Ni(f)), as defined above, converge to 0 in L', and hence, in probability.

We omit the proof to avoid repetitiveness.
Now we are ready to prove Proposition 2.12.3]

Proof. Proof of Proposition

We refer back to equation (Z226]). By virtue of Proposition 2127 we have, dropping an event
of probability < ¢/M, we have |Y,,/E,| < 2M log M /n (for n > ng, where ng is large enough
such that Proposition 2127 part(ii) holds). Raising this to the (n + 1)th power we obtain
the desired result. All constants are absorbed in K (m, D). |

For the following corollary we recall the definition of ¥ from the beginning of Section

2.12

Corollary 2.12.9. Given M > 0 large enough, dng such that for all n > ng, we have, on
QM (except on an event of probability < C/M ) the following inequalities:

n+1
674K(m D)MlogM ( (C )/D(QCQ)) < e4K(m,D)MlogM

for all (¢",(') € Xs x By where ((,w) is picked randomly from the distribution P [F,] and
§ = 2211 gz
Proof. Let (¢,w) be picked randomly from the distribution P [F,] and s = 37", ;. We take

the ratio
D(¢",w) D(_",g)/D(g’,g)
(Q w) D w) / D¢ w)
for (¢, ¢") € ¥y x X, where s ", G, and apply the bounds in Proposition
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Estimate for Ratio of Conditional Densities

Proposition 2.12.10. There exist constants K(m,D,0) such that given M > 0 large
enough, we have for n > ng(m, M, D) the following inequalities hold on Q™°, except for
an event of probability < c¢(m,D)/M :

ACP _ ul¢)
AP = .0

< exp (K(m D 6)Ml0gM)M
N o AP

uniformly for all (g,g') € Y X Xy, where (s,w) corresponds to a point configuration picked
randomly from P [F,].

exp <—K(m,D,5)MlogM>

Proof. We simply put together the estimates for the ratios of the Vandermondes as well as
the symmetric functions and subsume all relevant constants in ¢(m, D) and K(m,D,J). R

2.13 Estimates for Inverse Powers of Zeroes

In this section we prove estimates on the (smoothed) sum of inverse powers of GAF zeroes.

Proposition 2.13.1. Let ® be a C° radial function supported on the annulus between 1
and 3rg. Let g = P(z/R). We have

i || [ *42 az e

z

} < C(ro, @,1)/ R

(ii)E [ / CDR—(Z)d[fn](z)} < Cy(ro,®,1)/R2 |

The same is true with for F in place of F,. The constants C(ro, ®,1) and Ci(rg, ®,1) are
uniform in n.

Proof. e Part (i): We begin with
1 1
2®r(2) dlFal(z) = [ S Pr(2)Alog(|fu(2)]) dL(2).
Now, log(+/E|[|f.(2)|?]) is a radial function, and Laplacian of a radial function is also radial.

Hence,
[ Sonte) Mo VETR G de(z) = 0

because for [ > 1, 1/z! when integrated against a radial function is always 0. Let fn(z) =

fa(2) /\/E[ f(2)]?]. Then the above argument implies
[ o dFI @ =€ [ Sonau i) dele) (2.27)
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Integrating by parts on the right hand side of ([227)) we have

E H RO } <cf ]A @@R(z)) \ E [Jlos(1fu(2)]] dez). (229

Now, the integrand is non-zero only for Rry < |z| < 3Rrg. Hence it is easy to see that

}A (ﬁ@R(z))‘ < C(rg,®,1)/R!*2. Further, E Hlog(|fn(z)\)H is a constant because fn is

N¢(0,1).
Finally,

Jsrro o\ g AL(2) = 8713 R?, where D is the unit disk.
Putting all these together, we have

[ |2 (Gene)) B [Joet 2] dcce) < Cloov, )/

as desired (all constants are subsumed in C(rg, ®,1)).
e Part (ii): Since ® is a radial function on C, therefore there exists a function ® on

non-negative reals such that ®(z) = ®(|z|).
We have, with r = |z],

E| [ L on)dF)E)] = [ ~Ba(r)Alog(y/Ko(z, 2)rdr
/v |-/

where the integral on the right hand side is over the non-negative reals. Integrating by parts
and using triangle inequality,

But log(/Kn(z,2)) <log(\/K(z,2)) = 3r* < r3R* and ‘A (ﬁZI;R(z)H < C(ry, ®,1)/R™2,

’/ —Op(r )Alog(v/ K (2, 2))rdr log(\/ K (z, 2))rdr.

hence
/‘ ( ) log(\/Kn(z, 2))rdr < Cy(ro, ®,1)/R"™?
for another constant C (which is clearly uniform in n). n

Remark 2.13.1. Tracing the constants in the above computation, it can be seen that the

!
constant C(rg, ®,1) above is of the form p(l) <i> C(®) where p is a fixed polynomial (of

o

degree 2), and C(®) is a constant that depends only on ®. Both p and C(®) are uniform
-2

in n. Similarly, Cy(ro, ®,1) is of the form pi(1) (%) C1(®); where py is another degree 2

polynomial and C1(P) is uniform in n.

Let ro = radius (D). Let ¢ be a non-negative radial C'2° function supported on [rg, 37|
such that ¢ =1 on [ro + 22, 2ro] and ¢(rg+r) =1 — ¢(2r¢ + 2r), for 0 < 7 < Iry. In other
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words, ¢ is a test function supported on the annulus between ry and 3ry and its “ascent” to
1 is twice as fast as its “descent”.

Let ¢ be another radial test function with the same support as ¢, and @(rg + x19) = 1
for0 <z < % and ¢ = ¢ otherwise.

Proposition 2.13.2.

E @(f) diF)(2)|| <E &’?d[m(z
|/ Z arae] < ][5

where c(ro, p,1) is uniform in n, and the same result remains true when JF, is replaced by

F.

)| < et

Proof. For fixed [, let a(n) = / o) d[F,](z) and b(n /

ol | |l "

We have, E [|a(n)]] < [ “Tifl)Alog (2, L(z) for some constant C'. Us-
ing the uniform convergence of the continuous functions A log (Kn(z,2)) = Alog (K(z,2)) <
oo on the (compact) support of @, we deduce that E [b(n)]-s are uniformly bounded by con-
stants that depend on r ¢ and [. It is obvious from the above argument that the same holds

true for F instead of F,,. [ |

Proposition 2.13.3. Let ¢ be the radius of D . Let @ and ¢ be defined as above.
(i) The random variables

Si(n) = / @d[fn](zwz / %LEZ) dFl)= > % (forl=>1)

weF,NDe

and

|Z’l Fn] +Z/¢T;(’lz)d[fn](z): Z ﬁ ( forl>3)

weF,NDe

have finite first moments which, for every fixed I, are bounded above uniformly in n.
(i1) There eists ko = ko(p) > 1, uniform in n and l, such that for k > ko the “tails” of
Sy(n) and Sy(n) beyond the disk 2% - D, given by

7 (2k) - 2/@” (2) (for1>1)

satisfy the estimates
E HTZ"(QIC)H < C’l(cp,l)/ZkW and E [| H < Cy(p, )/2’” 2/

All of the above remain true when F, is replaced by F, for which we use the notations
Sy and Sy to denote the analogous quantities corresponding to S;(n) and S;(n).
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1
Remark 2.13.2. For F, by the sum < Z —l> we denote the quantity

weFNDe

S = / @d[ﬂ(zwi / ‘pifz)

due to the obvious analogy with F,, where the corresponding sum S;(n) is indeed equal to

1 s .
( Z J) with its usual meaning.

weF,NDe

Proof. The functions ¢ and ¢,;,j > 1 form a partition of unity on D¢, hence the identities
appearing in part (i). That the sum of integrals in the statement of part (i) has finite
expectation can be seen from Propositions LT3 and 2132} it is uniformly bounded in n
because so are C(rg, ¢, 1) and ¢(rg, p,1) in Propositions ZI3.1] and 221321

Fix n,0 > 1. Set ¢ = [ 222 4[F,|(2) for k > 1, and ¢ = [ 22 d[F,](z). When [ > 3
we also define v, = [ 22 g F1(2) for k > 1, and 7 = i(’fl) d[F,)(z). Let ¥ and T,

EX
denote the analogous quantities defined with respect to F instead of F,.

We begin with the observation that for k£ > 1 we have E[¢;] = 0. This implies that

Ellvxl] < (E[|¢xl?])"? = v/Var[dy]

We then apply Proposition ZI3.1] part (i) to the function ® = ¢ and R = 2* to obtain

E[[x]] < Clro,,1)/(2%)". (2.29)

We also observe that E[|i|] < E[|y|] which, for fixed [, is uniformly bounded above in n,
using Proposition
The above arguments imply that for [ > 1

oo

E[[Si(n)]] <> Ellvwl] <

k=0

Moreover, the infinite sum on the right hand side of the above display are uniformly bounded
aboce in n, using ([2:29]) and the observation on 7, that follows ([229). The results for S;(n)
are similar, utilizing part (ii) of Proposition T3]

To obtain kg as in part (ii), we recall Remark 2.I13.1] and find ko such that

(1) (1) 2 M) < 12

To

forall k > kg and all [ > 1.
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I
Such a ko can be obtained as follows: first fix k and let [ — oo in p(I) (%) 27K20 ()
if k is large enough, this will — 0. Fix such a k, then for large enough [ > [y and this k, we

!
have p(() (%) 27K/2C(p) < 1/2. Note that if we increase k further, the inequality will still
remain true for all [ > [;. To take care of the first [ terms, we simply need to pick a k£ much

l
larger, so that p(l) (%) 27K/2C(¢) < 1/2 holds for all [ > 1. This new k is our ky.

This ko will clearly be independent of n, because so is C(¢), and by choice it is indepen-
dent of I. To estimate E [|77*(2%)|], we now simply sum (Z29) for k > ko and use Remark
2131

The result for 77%(2%) follows from a similar argument.

The same arguments yield the corresponding results when F), is replaced by F'. [ |

Corollary 2.13.4. For R = 2 k > ko as in Proposition Z133. We have P[|7(R)| >
R4 < RV and P|7M(R)| > R-2/4) < R-U=2/4 and these estimates remain true
when f, is replaced with f.

Proof. We use the estimates on the expectation on |7/"(R)| and |7/"(R)| from Proposition
2.13.3] and apply Markov’s inequality. [

With notations as above, we have

Proposition 2.13.5. For each | > 1 we have Si(n) — S; in probability, and for each
[ > 3 we have S|* = S; in probability, and hence we have such convergence a.s. along some
subsequence, simultaneously for all [.

Proof. We argue on similar lines to the proof of Proposition [2.9.5] [ |

Define Si(D,n) = > .cx p1/2" and S(D) = 3. rnp1/2". Set ap(n) = Sp(D,n) +
Sk(n) and o = Sg(D) + Si. Observe that ay(n) =Y. > 1/2". Then we have:

Proposition 2.13.6. For each k, ap(n) — ay in probability as n — oo. Hence, there is a
subsequence such that ag(n) — oy a.s. when n — oo along this subsequence, simultaenously
for all k.

Proof. Since the finite point configurations given by F, |5 — F|p a.s. and a.s. there is no
point (of F,, or of F) at the origin or on 0D, therefore S(D,n) — Sk(D) a.s. This, combined
with Proposition 2.13.5] gives us the desired result. [ |

2.14 Limiting procedure for GAF zeroes

In this section, we use the estimates for F,, to prove Theorem 2.1.4] for a disk D centred
at the origin. We know from Section 2.4 that this is sufficient in order to obtain Theorems
2. 1.3 and 2214 in the general case. We will work in the framework of Section More
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specifically, we will show that the conditions for Theorem are satisfied, which will give
us the desired conclusion. We will introduce the definitions and check all the conditions
here except the fact 2(j) exhausts ™. This last criterion will be verified in the subsequent
Proposition 2.T4.11

In terms of the notation used in Section 2.6, we have X" = F,, and X = F.

Proof of Theorem for a disk. We will invoke Theorem 2.6.21 We will define the
relevant quantities (as in the statement of Theorem [Z.6.2) and verify that they satisfy the
required conditions for that theorem to apply.

Following the notation in Theorem 2.6.2] we begin with Q™ m > 0. The cases m = 0
and m = 1 are trivial, so we focus on the case m > 2.

Our candidate for v(Xouw (), ) (refer to Theorem 2.6.2)) is the probability measure
Z7HAQ)PALs(C) on Eg(xou (), where A(() is the Vandermonde determinant formed by
the coordinates of ¢ , Ly is the Lebesgue measure on ¥ S(Xouw(6)) and Z is the normalizing
factor. Here we recall the definition of S(Xeu(£)) from Theorem and the definition
of Yg(xou(e)) from Section 2121 Note that as soon as we define v/(Xqy, -) which maps £ to
M(D™), this automatically induces a map from S,y to M(D™) which satisfies the required
measurability properties.

To find the sequence n; (which will be the same for every j in our case), we proceed
as follows. Let N,(K) denote the number of zeroes of the function g in a set K, I' denote
the closed annulus of thickness 1 around D, and in the next statement let Z be any of the
variables L, M or N as in Proposition Z12.7 (and the immediately preceding discussion)
with p=0or 2 <p <m and 2 < ¢ <m. We have the probabilities of each of the following
events converging to 0 as n — oo: {|S;(n) — ;| > 1},219, {|S3(n) — S3| > 1}, {|N(D) #
N3 D)} AINAT) # Np O AIRZE)] > 13 (% (Shs0 I612) < 1/2). Call the union of
these events 9B,,. For a given k > 1, let nj, be such that P(B,,) < 27 for all n > n}. From
Proposition 2135 we have a sequence such that Sj(n) — 5; (j = 1,2) and S5(n) = Ss as.
as n — oo along that sequence. For a given k > 1, we define n; to be the least integer in
that sequence which is > nj.

Fix a sequence of positive real numbers M; 1 oo.

On the event (27" (which entails that f,, has m zeroes inside D), let ((nx) and 2,
respectively denote the vector of inside and outside zeroes of f,,, (taken in uniform random
order). Let s(ny) denote the sum of the inside zeroes: s(ny) := > 7", ((nk);, where ((n4);
are the co-ordinates of the vector ((ny). By Xy,) we will denote the (random) set {{' €
Dmi Y Q; = s(ng)}. Also recall the notation Pl (¢) to be the conditional density (with
respect to the Lebesgue measure on X,) of the inside zeroes (at ¢ € D™) given the vector of
outside zeroes to be w and the sum of the inside zeroes to be s.

We define our event (2, (j) by the following conditions on the zero set ({(n4), 2n(s))

of fn,:

1. There are exactly m zeroes of f,, in D
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2. There are no zeroes of f,, in the closed annulus of thickness 1/M; around D.
3. [Si(ni)| < M;, |Sa(ni)| < M, |S(ny)| < M,

4. There exists g’ € Yg(n,) such that (g,Qn((;)) satisfies (w here is an abbreviation for

Qus)):
/ / 2
"t o (¢ w
a) ) or-i( / (C w) < M, /ny, for each 2 <7 < m.
r=0 ,/ 7"‘ ,/ r‘ Z)r!
2
e cr )o
by [35 o) ol / Z < M;/ny for all 2 < i, j < m.
r=0 \/ 7“' ,/ r‘ =0 | 4/ )r'
Clearly, €, (j) depends only on the quantities s(n;) and §2,,(5). In particular, for a vector

w of outside zeroes of f,,, if there exists ( € X, such that (C w) satisfies the conditions
demanded in the definition of €, (5), then all (¢',w) (with ¢’ € 3;) satisfies those conditions.
From Proposition ZI2.1] (214)), (Z15) and the discussion therein, it is clear that on the event
Q,,(j) we have

Z7 m(H)|AQI < pLi(Q) < Z7TM (A (2.30)

for positive quantities M (j) and m(j) (that depend on M;) and Z being a normalizing
constant that makes |[A(¢)|* a probability density with respect to the Lebesgue measure on
ds.

To obtain ([2.3), we introduce some further notations. On the event Q7 let ~,, (w;s)
denote the conditional probability measure on the sum s of inside zeroes given the vector of
outside zeroes of f,, to be w. Further, let £, denote the Lebesgue measure on the set 3.

For any A € A™ and B € B , we can write

PO € )N (Kt e D)ol = [ (] i@ ) dn s )P )
(2.31)

Setting (s, A) := ( [qs. [A(QPAL(C > / (fz IA(Q)[PdL(C )>, we get from (2Z230) that the

right hand side of (231]) is

Lo (] 0a0) sty @)= [ hls Aol ().
BNQn, (5) ANS BNQy, (4)
(2.32)

The last expression can be written as E {h(s(nk), A)[X0E € BJ1[S,,(j)]|, where 1[E] is the

indicator function of the event E. Note that for fixed A, the function h(s, A) is continuous
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in s, because A € A™, and 0 < h(s,A) < 1. Since, as k — oo, we have s(ng) — S(Xout)
a.s., therefore using the Dominated Convergence Theorem we get

E [n(s(nk), A)L[X55 € BILQy, (7)]] = E[(S(Xow), A)UXGE € By, ()] + 0k(1), (2.33)

where o (1) is a quantity which — 0 as k — oo, for fixed A and B (actually, in this particular
case, it can be easily seen that the convergence is uniform in B € B) . Also, as k — oo, we
have 1[X_% € B] — 1[Xou € B] since B is a compact set. Since 0 < h(s, A) < 1 a.s., this
implies that

E [h(S(Xout), A)1[Xgu € Bl (7)]] = E [A(S(Xout), A)1[Xou € BJ1[ 20, (5)]] + Ok((l)- |
2.34

Observe that for £ € =, we have h(S(Xout(§)), A) = v(Xouwt(€), A). Therefore, putting
231)-[2.34) together, we obtain (2.3]). The only condition in Theorem 2.6.2] that remains to
be verified is the fact that £2(j)-s exhaust Q™, which will be taken up in Proposition 2411
By Theorem .62 this proves that a.s. we have p(Xou,:) = v(Xou, ). Since a.s.
V(Xouts ) = Ly, we have p(Xou, ') = Ly, as desired. [ |

We end this section with a proof that €(j)-s exhaust Q™:

Proposition 2.14.1. With definitions as above, 2(j) := lim, . Q,, (j) ezhausts Q™ as
J — o0.

Proof. We begin by showing that Q(j) C Q™ for each j. Due to the convergence of X™ — X
on compact sets, we have lim, , Q% = Q™. Since Q,,(j) C Qp for each k, therefore
Q(j) c Q™ for each j. Since M; < M, i+1, 1t is also clear that €, (j ) C Q,(J+ 1) for each
k. Hence Q(j) C Q(j +1).

To show that P(Q™ \ ©(j)) — 0 as j — oo, for each j we first define the event Q; (j)
by demanding that the zeroes ((,w) of f,, satisfy the following conditions :

1. There are exactly m zeroes of f,, in D

2. There are no zeroes of f,, in the closed annulus of thickness 1/M; around D.

w

1S ()] < Mj, [Sa(ni)| < Mj, [ Ss(ni)| < M.

2

k(é;&
) k!

~—

< M, /ny, for each 2 < i < m.

~

Uk(Cw Ok— z / -

4.
o o/ (2
5 O'k i Ok—j / = k(Qa%) < M, ‘ N2<ij<m.
;;ﬁﬁ Z On /. for a i,j<m

n
k
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Clearly, O, () C 2, (7) and hence lim, 9, (j) = 2'(j) € ().
Next, we define the event Q2 (j) by the following conditions (refer to Proposition
2127 and the discussion immediately preceding it to recall the notations):

1. There are exactly m zeroes of f,, in D

2. There are no zeroes of f,, in the closed annulus of thickness 1/M; around D.
3. [Su(ni)| < Mj, [S(ni)| < M, [ Ss(ni)| < M.

4. Each of | Ly |, [ Mgy, |Lq |, | M|, INgg | s < M;/8 for all 2 < p,q < m.
5. B, /ng > 1/2.

It is clear from (Z.205)) that Q2 () € QL (7)-
Finally, we define an event 23(j) by the conditions:

1. There are exactly m zeroes of f in D

2. There are no zeroes of f in the closed annulus of thickness 1/M; around D.
3. |91 < M;,|So| < M; — 1,185 < M; — 1.

4. Each of |Log|, | Mogl, |Lpgl, | Mpgl, | Npg| is < % —1forall 2 <p,qg<m.

Notice (refer to Proposition ZI28]) that for each of the random variables ZZ()Z’“) in condition
4 defining Q2 (j) and Z,, in condition 4 defining Q*(j) (where Z = L, M, N) we have

|Z59)| < | Zpgl + [7(Z5))]. (2.35)
Consider the event F}, where any one of the following conditions hold:

1. There are m zeroes of f in D but this is not true for f,, .

2. There are no zeroes of f in the closed annulus of thickness 1/M; around D, but this is
not true for f,, .

3. 181 — Si(ng)| > 1 or Sy — Sa(ny)| > 1 or | S5 — S3(ny)| > 1.
4. |T(Z,()Z’“))\ > 1 for any of the random variables appearing in condition 4 of QF (j).

It is easy to see (using (Z33)) that Q%(j) \ F, C Q2 (j) C Qn,(j). However, by our choice
of the sequence ny,, we have P(F,, ) < 27* hence by Borel Cantelli lemma,

lim (Q°(4) \ Fr,) = 2°(5).

k—o00
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Hence, 22(j) € Q(j) = lim,_,.. 0, (7).

However, each random variable used in defining Q3(j) does not put any mass at oo, and
the thickness of the annulus around D in condition 2 in its definition goes to 0 as j — oo.
Hence, the probability that each of the conditions 2-4 deinining ©3(j) holds goes to 1 as
j — oo. Finally, condition 1 is just the definition of ™. Hence, as j — oo, we have
P(Q™\ Q%(5)) — 0. But Q*(5) C Q(j), hence P (Q™\ Q(j)) — 0 as j — oo, as desired.

[ |

2.15 Reconstruction of GAF from Zeroes and Vieta’s

formula

In this section we prove the reconstruction Theorem R.1.5] for the planar GAF. En route, we
establish an analogue of Vieta’s formula for the planar GAF.

2.16 Vieta’s formula for thr planar GAF

It is an elementary fact that for a polynomial

p(z) = a;

J=0

whose roots are {z;};_,, we have, for any 1 <k < N,

an_k/an = Z Ziy o Zi - (2.36)

11 <tg<---<ip

When ay # 0, we equivalently have

ag/ag = Z z; (2.37)

i ' i .. Z
i1 <ig<<ip UL K

This kind of result is broadly referred to as Vieta’s formula. For an entire function instead
of a polynomial, such results do not hold in general; for example it may not be possible to
provide any reasonable interpretation to the function of the zeroes appearing on the right
hand side of ([2Z37).

The quantity on the right hand side of (2.30]) is the elementary symmetric function of
order k in the variables zj,--- , zy, denoted by ex(z1,--- ,2zn). If we introduce the power
sum B = SV, 2#, then it is known that for each k we have

j=17%
ex(z1,-++ ,2n) = Pe(Br, -+, Br)
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where Py is a homogeneous symmetric polynomial of degree k in the variables (5, -, Bk).
The polynomial Pj is called the Newton polynomial of degree k, and it is known that the
coefficients of P, depend only on k and do not depend on n (refer [Sta99], chapter 7).

At this point, we recall the definition of «; and «;(n) from the discussion immediately
preceeding Proposition 2.13.6

Proposition 2.16.1. For the planar GAF zero process, we have, a.s. 2—’5 = Pi(aq, a9, -+, ag)
for each k > 1.

Proof. We begin by observing that under the natural coupling of the planar GAF f and its
approximating polynomials f, (obtained by using the same coefficients &;), we have by the
Vieta’s formula for each f,:

9

&

where P is, as before, the Newton polynomial of degree k. Clearly, P is continuous in the
input variables. We also know, from Proposition that, as n — oo (possibly along an
appropriately chosen subsequence), ax(n) — « a.s., simultaneously for all £k > 1. Taking
this limit in (2.38) and using the continuity of Py, we get a.s.

% Py, o). (2.39)

€o

= P.(ai1(n), -+, ag(n)) (2.38)

2.17 Proof of Theorem [2.1.5
Since &y is a complex Gaussian, therefore a.s. [£y| # 0. For || # 0, we can write

SURNES e Sk k. )
f(z) = |§||§0|(1+€0 —i-gz—l— —l—&)z + 00 (2.40)

From Proposition Z.T6.1] we have that for each k& the random variable g—ﬁ is measurable
with respect to F. From the strong law of large numbers, a.s. we have

2 2
0]” + . -l-€+ 1= .

['herefore
— |§ |2 o
T 1/2 2 : J _
’60’ khm k . |£ |2 X-

~1/2
is measurable with respect to F for each k, therefore y =[] is

- 1/2 k=1 |&[?
Since k'/ <Zj:0 |£g|2)

also measurable with respect to F.
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Let us define the random variable { = &,/|&| (it is set to be equal to 0 when |{5| = 0)
and the random function g as in the statement can clearly be written as

. 6, 8 S )
g9(z) = &l (1—'—50 +€0 +- 5Oz + - :
Then (Z40) can be re-written as
f(z) = Cg(2) (2.41)

almost surely, and ¢ is measurable with respect to F and ( is distributed uniformly on S!.
Therefore, all that remains to complete the proof is to show that ( and F are independent.
For this, note that for any fixed § € S! the random function

>
7j>1 .
has the same distribution (which does not depend on 6). This is because since the &;-s are
complex Gaussians with mean 0 and variance 1, the vectors (6¢;),., and (¢;),,, have the
same distribution for each fixed § € S'. Also, observe that |, {fj }i>1 and C are jointly
independent random variables.
Now,

m+2@”
j>1 '

Therefore, the distribution of g(z) given ¢ does not depend on the value of (. Hence, the
random function ¢ and ¢ are independent. But, ¢ and f have the same zero set a.s. Hence,
¢ and F are independent random variables. This completes the proof.

2.18 Proof of Theorem [2.6.2

The main proof. We claim that it suffices to show that for every j, , we have positive real
numbers M (jo) and m(jo) such that for any A € A™ and any Borel set B in S,y

P ((Xin € A) N (Xow € B) N Qo)) < M(jo) /X o V(€ A)dP(€) (2.42)
and
nmw/ V(€ AVIP(E) < P (X € AN (Xous € B)). (2.43)
Xout (B)NQ(jo)

Once we have ([2.42)), we can invoke Proposition 2. I8 1] Setting

(&) = p(Xout(§), ), (€, ) = v(Xous(§), +), aljo) = 1 and b(jo) = M (jo) in (2.43]) we get
p<X0uta ) < V(Xout, ) a.s.
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If we have (2Z43), we can again appeal to Proposition I8 T Setting
i (€,) = V(Xoua (€), ), ol ) = p(Xoua(€), ), 0Go) = m(jo) and b(jo) = 1 in EH) we get
V(Xouts ) < p(Xout, *) a.8.

The last two paragraphs together imply that p(Xout, ) = v(Xout, -) a.s., as desired.

To establish (Z42) and [243)), we begin with a fixed jo, a set A € A™ and a Borel set B
in Sgue. We will invoke Proposition in the following manner. Let the multiplicative
constants appearing in the =, relation in (2.3 with j = jo be m(jo) and M (jo) respectively,
with m(jo) < M(jo). In Proposition 2182 we set hy(§) = 1, he(§) = v(§, A), Uy = AUy =
D™V = B,a(jo) = 1,b(jo) = M(jo) to obtain ([242)). On the other hand, setting h(§) =
V(g,A),hg(g) = 1,U1 = Dm) U2 = A,V = B,a(jo) = m(j(]),b<j0) =1in PI‘OpOSitiOH
we obtain (2.43).

This completes the proof of theorem 2.6.2 [ |
We end this section with Propositions 2.I8 1] and 2.18.2] used in the above proof.

Proposition 2.18.1. Let py and ps be two functions mapping = — M(D™) such that for
each Borel set A C D™, the function & — p;(€, A) is measurable, j = 1,2. Suppose p; and
Lo satisfy, for each positive integer jo, A € A™ and Borel set B C D™

aljo) / (€, A)IP(E) < bljo) / (€, A)AP(E) (2.44)
X5t (B)NQ(jo) X, (B)

for some positive numbers a(jo) and b(jo). Then a.s. we have

B {pa (&5 ) Xout ()] < E [p2(8, )| Xou (€)] - (2.45)

Proof. (Z44) implies that for each A € A™ a.s. in X, we have

a(jo)E [11(8, A) [ Xouw (), 2(jo) occurs [P (Q(jo) occurs [Xow(§)) < b(jo)E[p2(€; A)[ Xouw ()]

(2.46)
For almost every configuration w € Sy (with respect to the measure Py, ,) we have (2.40])
for all A € A™, and therefore by the regularity of the Borel measures on the two sides, (2.40))
extends to all Borel sets A C D™ (see Proposition 2.6.]). Now, for w € Sy, suppose that
A C D™ is a Borel set such that E [pa(§, A)| Xouw(§) = w] = 0. Then (Z40]) implies that

E [11(&, A)| Xout (&) = w, Q(jo) occurs | P (Q(jo) occurs | Xoui(§) = w) =0, (2.47)
for each jo. But €(jo) exhausts 2", hence
E [11(&; A)[Xoue (§) = w, Q(jo) occurs [P (2(jo) occurs [ Xou(§)) — E [ (€, A)| Xow (§) = w]

as jo T oo. By letting jo T oo in ([247), we obtain the fact that a.s. on Q™ we have
E [u2(€, A)| Xout(€)] = 0 implies E [p (€, A)| Xouwt(§)] = 0. In other words, a.s. on Q" we

have (Z43). |
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Proposition 2.18.2. Suppose we have measurable functions hy and hy mapping = — [0, 1],
and measurable sets Uy, Uy € A™. Define Py, to be the finite non-negative measure on =
given by dPy, (&) = hi(§)dP(£),i = 1,2. Suppose there are positive numbers a(jo) and b(jo)
such that the following inequality holds for all V € B:

a(io) P, [(X;:f € U)N (XM € T) N0, <jo>] < b(jo)Bn, [<X:;f € U) N (X2 € 7)1 w}

+0(k)
(2.48)

where 9(k) = 9(k; jo, U17U2,‘7) — 0 as k — oo for fixed jo, Uy, U,V . Then for all Borel

sets V' in Sgut, we have
CL(j())]Phl |:(Xin c Ul) N (Xout < V) N Q(]o):| < b(jo)]P)hQ |:(Xin c Ug) N (Xout € V):| . (249)

Proof. In what follows, we will denote by P, the non-negative finite measure on = obtained
by setting dP,(§) = h(§)dP(§) where h : = — [0, 1] is a measurable function. We note that
for any event E, we have 0 < P, (F) < P(E). Fixa U € A™.
For any Borel set V' in S,y, given € > 0 we can find a B € B such that
P (X

out

(V)AX‘1(§)> <e.

out

This can be seen by considering the push forward probability measure (Xoyu).P on Sout- The
aim of this reduction is to exploit the fact that as k — oo, we have 15 (X)%) — 15 (Xou)
a.s.

We start with P,[(X" € U) N (X, € B) Ny, (jo)]. This is equal to

out

P | (X0 € U) 1 (X € B) 18, ()| + on(1:)

where oy (1; §) stands for a quantity that tends to 0 as k — oo for fixed B. This step uses the
fact that 1 [Xgﬁft € E} —1 [Xout € E] and 1[X"™ € U] — 1[X, € U] a.s. The expression
in the last display above equals

Py, {(Xin elU)N(Xow €V)N an(jo)} + 0.(1) + ox(1; B)

where 0.(1) denotes a quantity that tends to 0 uniformly in % as e — 0.

We upper bound the probability in the last display simply by Py, | (X, € U)N(Xou € B) |-

Putting all these together, we have

Pa[(X5 € U)N(X0k € B)NQu, (o)) < P {(Xin € U)N(Xou € V)- +o.(1)+0x(1; B). (2.50)
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To obtain a comparable lower bound, we need to work more. We begin with

Pp|(Xin € U)N (Xout € V) N Qy, (jo)} > Py [(Xin € U) N (Xouw € V) N Q, (Jo) N Qo) |-

Observe that Q(jo) = lim, . Q, (jo) and P (lim,_, Qp, (jo)A (ﬂlzk Qn,(Go))) = o0x(1)
where 0x(1) denotes a quantity — 0 as k& — oo, (for a fixed jj) uniformly in all the other
quantities.

Hence we have

P, [(Xin ceU)N (Xouw € V) Ny, (J0) N Q(jo)}

=P, |:<Xin € U) N (Xout S V) N an jo (ﬂ in ]0 ) :| + Ok(l) .

But Q, (j0) N (Nizr O, (jo)) = (Nisk g (jo)) and hence the probability in the last display
equals

P{uﬁemmamevwmmﬂ+%m.

The arguments above result in

Mk&ﬁeU)<Xﬁewamww
(2.51)
zp{u@evwm&memmﬂmﬂ+%@éwuuw+%u»

Now, we wish to prove ([2:49). We appeal to ([Z50) with h = hy, U = U, and to (Z51])
with h = hy, U = U; to obtain, using (Z28) (applied with V = B),

mmm{maemww&memmﬂ%ﬂ
(2.52)
< b(jo)Pp, [(Xin € Us) N (Xow € V)} + 0-(1) + ox(1; E) + 0x(1) + J(k).

We first keep all the other quantities fixed and let k — oo, after that we let ¢ — 0 to obtain

(249), as desired. |
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Chapter 3

Rigidity and Tolerance in point
processes: quantitative estimates

3.1 Introduction

In Chapter 2 we studied spatial conditioning in the two main natural examples of repelling
point processes on the Euclidean plane, namely the Ginibre ensemble and the Gaussian zero
process. They established certain “rigidity” phenomena, in the sense that for a bounded
open set D (satisfying some minimal regularity conditions) the points outside D determine
a.s. the number NV of points inside D in the first case and both their number N and their sum
S in the second case. Thus, the support of the conditional distribution of the inside points
is contained in DV in the first case, and in a (complex) co-dimension 1 subset of DV in the
second. It was further established in Chapter 2 that, on this restricted set, the conditional
distribution is mutually absolutely continuous with respect to the Lebesgue measure. In this
chapter, our aim is to refine the result in Chapter 2 and establish quantitative bounds on
the conditional density of the inside points (considered as a vector in DY by taking them
in uniform random order).

In this chapter, we prove the following quantitative estimates on the density of the
conditional distributions with respect to the Lebesgue measure on their support:

Theorem 3.1.1. There exist positive quantities m(Gou) and M(Gou), measurable with re-
spect to Gout, such that a.s. we have

dp(gouta )

m(Go)| MO < T2

(€) < M(Gow)|AQ)?

where A(() is the Vandermonde determinant formed by the co-ordinates of ( and L is the
Lebesgue measure on DN(gout) .
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Theorem 3.1.2. There exist positive quantities m(Fou) and M (Fou), measurable with re-
spect to Four, such that a.s. we have

dp(Fouta )

m(Fa)|AQP < L2

where A(C) is the Vandermonde determinant formed by the co-ordinates of ¢ and Ly is the

Lebesgue measure on Yg(x,..)-

Our results show, in particular, that even under spatial conditioning, the points of the
Ginibre ensemble or the GAF zero process repel each other at close range, and the quanti-
tative nature of the repulsion (quadratic in the mutual separation of the points) is similar
to that of the unconditioned ensembles.

3.2 Limits of conditional measures: abstract setting

In this Section, we state and prove some general conditions (in the context of the abstract
setup considered in Section in Chapter 2), which will enable us to make the transition
from the finite ensembles to the infinite one. The definitions and notations used in this
section are from Section in Chapter 2.

Now we are ready to state the following important technical reduction:

Theorem 3.2.1. Let m > 0 be such that P(2™) > 0. Suppose that:

(a) There is a map v : Q™ — M(D™) such that for each Borel set A C D™, the random
variable v(-, A) is measurable with respect to Xou. Let U : Soue — M(D™) denote the map
mduced by v.

(b) For each fized j we have an event §2(j), a sequence {ny}r>1 (which might depend on
J) and corresponding events S, (j) such that:

(i) Each €)(j) is measurable with respect to Xou, and the sequence of events Q2(j) exhausts
am.

(i1) Q. (7) is measurable with respect to Xow and Oy, (§) C Q7.

(iv) For all A € A and B € B we have

P € AN ORREBN0G]S [ | HE AR k). 6)
out) N8, (g

where limy,_,o ¥(k; 7) — 0 for each fized j.
Then, there are functions m, M : Souy — Ry such that a.s. on the event Q™ we have

m(w)v(w, A) < p(w, A) < M(w)v(w, A) (3.2)

for all Borel sets A in D™, where w denotes Xou(€),€ € =.
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Remark 3.2.1. The condition that )(j) is measurable with respect to Xou can be relazed
to the condition that SU(j) is measurable with respect to Xou, for some event QU(j) which

satisfies P (Q(j)Aﬁ(])) =0.

We defer the proof of Theorem B.2.1] to Section B.13
We conclude this section with the following simple observation:

Remark 3.2.2. If we have Theorem [3.21) for all m > 0 then we can conclude that (32)
holds a.e. & € =.

3.3 Reduction from a general D to a disk

We will provide a proof that Theorem in the case where D is a disk is enough to deduce
the case of a general D. The corresponding reduction for Theorem B.I.1]is on similar lines.
The first part of this proof is very similar to the corresponding reduction in Chapter 2. Some
additional arguments are introduced subsequently in order to take care of the comparison to
the squared Vandermonde.

Let D be a bounded open set in C whose boundary has zero Lebesgue measure. By
translation invariance of the Ginibre ensemble, we take the origin to be in the interior of
D. Let Dy be a disk (centred at the origin) which contains D in its interior (where D is the
closure of D).

Suppose we have the tolerance Theorem for a disk. To obtain Theorem for D
, we appeal to the tolerance Theorem for the disk Dy. Let the number and the sum of
the points in D be N and S respectively, let Ny and Sy denote the corresponding quantities
for the points in Dy. Define

N
Y= {()\1,--- ,/\N):Z)\j:S,/\jED}
j=1

and
No
E0 = {()‘17 7)\N0> : Z)\J = 507)\j € DO}

The conditional distribution of the vector of points inside Dy, given Y20 lives on %,

in fact it has a density fy which is positive a.e. with respect to Lebesgue measure on .
Let there be k points in Dy \ D and let their sum be s, clearly we have N = Ny — k
and S = Sy — s. We parametrize ¥ by the last N — 1 co-ordinates. Note that the set
U:={(Aa--+,An) : (S — ZjVZQ Ay A2, -+, Ay) € X} is an open subset of DV, Further,
we define the set V := {(A, -, A\) : A € Do \ D, 325, A = s}

Let the points in Dy \ D, taken in uniform random order, form the vector z = (21, , z).
Then we can condition the vector of points in Dy to have its last k co-ordinates equal to z,
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to obtain the following formula for the conditional density of the vector of points in D at

(C1,- -+ ,Cn) € X (with respect to the Lebesgue measure on X):
f0(<17<—27"' 7<N7Z17"' 7Zk)
f(ChC%‘" 7CN) = (33)
fU fo(S - (Zjvzz wj),wm o, WN, 2, 7Zk)dw2 ~dwy

It is clear that for a.e. z € V', we have f is positive a.e. with respect to Lebesgue measure
on Y, because the same is true of fy on .
Let QO = (¢,z). For estimating f from above and below, recall that a.s. we have

m(To) AP < fol¢”) < M(Tan)IA)I (3.4)

The denominator of the right hand side of (8.3)) does not depend on ¢, it only depends
on the set D and Toy. Therefore, to obtain the desired upper and lower bounds on f((), it
suffices to estimate |A(C%)|%.

For two vectors a = (au, -+ , ) and 8 = (By,- -, B,) we define

P p) = [I le=5

SO >

Then we can write |A(C°)]? = |T(¢, 2)[2|A(z) 2| A(C)[?. Further, since 9D is of zero Lebesgue
measure, therefore a.s. Yo NOD = o="TiuN 81)._Hence, there exists d(Yout) > 0 such that
Dist (D, Touw) = 6(Tout), in the sense of the distance between a closed set and a compact
set. Hence, if ( € X, we have 6(YTou) < |2 — (5| < 2 Radius (Do) for all ¢ and j.

Combining all these observations with equations (B3) and () we obtain the desired
estimates for f(().

3.4 Limiting procedure for the Ginibre ensemble

As we already saw in Section B3] it suffices to prove Theorem BTl for D a disk. To this
end, we need to appropriately define the quantities as in the statement of Theorem [B.2.1],
and verify that they satisfy the conditions in that theorem. For the Ginibre ensemble, we
define the quantities in exactly the same way as in Section 8 of Chapter 2. There we define
Q(j) :== lim,_, . 2, (7). In Proposition 8.1 in Chapter 2 it is shown that €2(j) so defined is
measurable with respect to Gou (up to a null set, also see Remark B.2.T]) and €(j)-s exhaust
Q™ as desired.

3.5 Estimates for finite approximations of the GAF

In this section, we recall several estimates from Chapter 2 which would be necessary to
establish Theorem B.T.2L We focus on the event Q7° which entails that f, has exactly m
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zeroes inside D, and there is at least a § separation between 0D and the outside zeroes. The
corresponding event for the GAF zero process has positive probability, so by the distribu-
tional convergence F, — F, we have that Q™ has positive probability (which is bounded
away from 0 as n — 00).

Let us denote the zeroes of f, (in uniform random order) inside D by ¢ = (¢1,--+ ,(m)
and those outside D by w = (wy,wWs, - -+ ,Wn_m). Let s denote the sum of the inside zeroes.
Then the conditional density p[(¢) of ¢ given w and s is of the following form, supported on

the set ¥y = {¢ € D™, 37", (; = s} (see, e.g., [FH99]):
’A(Cla s 7Cmaw17 s 7wnfm>’2

" o\ n+1
or(C,w) (Z) k!

where C'(w) is the normalizing factor, and for a vector v = (vy,--- ,vy) we define

k=0
or(v) = Z Uiy - Vg,

1<ii < <ipx <N

Ps(C) = Clw, 5)

(3.5)

and for two vectors u and v, o(u, v) is defined to be oy (w) where the vector w is obtained
by concatenating the vectors u and v.

Let (¢,w) and ({',w) be two vectors of points (under F,,), such that the sum of the co-
ordinates of ¢ and the same quantity for ¢’ are equal to s. Then the ratio of the conditional
densities at these two vectors is given by

2\ n+1 2\ n+1

Pos(C) 1A W) Z": k(¢ w) / =~ [ow(¢,w)
Pis(© AGLIP \ =] /()k o | \/(1)k!

Proposition 3.5.1. On Q™9 there are quantities K(D,§) > 0 and X,,(w) > 0 such that for
any (¢,¢') € D™ x D™ we have

AF _ A @)
AP~ [AGW)P

(3.6)

A N2
< exp (QmK(D, 5)Xn(£)) ‘|A((£§))|‘2

exp ( — 2mK(D, 5)Xn(g))

1 1 1
vhere X, =| Y e X e X )
w; €GnNDE Wi w; €GnNDE “j w; €GnNDE wjl

E[X,(w)] < c1(D,m) < oc.

For the remainder of this section we will restrict g and ¢ " to lie in the same constant-sum
hyperplane. Recall the notation that s = >/ (; and

¥y:={(eD": ZQZS}.
i=1
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Let D(Q’ ) (Zk 0 ()k' )

When we want to bound the ratio ( g w / D ) " from above and below, it suffices
to show that the quantities

01(Cw) oy (w) | ox(¢,w)
kz; V GEL/()R! / -

n

Z Uk—i(g) Uk:—j(&) / Zn: Uk(ﬁa &) (3 8)

=0 \/ ()KL A/ () k! =0 [/ (})k!

for m > i,7 > 2 are bounded above by random variables whose typical size is O(1/n) .
The following decomposition of 04(¢,w) is simple but useful:

(3.7)

and

oG w) =Y 0r(¢or—r(w). (3.9)

The following expansion of o4(w) in terms of 0;(¢,w) is more involved:

Proposition 3.5.2. On the event Q™ we have, for 0 <k <n —m,

Uk( = 0k C +Zgrak r C

where a.s. the random variables g, are O(K (D, m)") asr — oo, for a deterministic quantity
K(D,m) and the constant in O being deterministic and uniform in n and 6.

From Chapter 2 equation (22) in Section 9.1.2 we have, for [ > m,

Op—1 (g)
("m0

[5 +"]. (3.10)

Proposition 3.5.3. Let 771 ) be as in (BI0) and v = £. Then 3 positive random variables

and for fixed ly € N and large enough M > 0

n (independent of n) such that a.s. ‘77[
we have

(i)P

M
n > Z_V for some [ > 1} < e M?

.. M —02]\421—ilxr
(1) |m > Il for some [ > [y| <e 0

where ¢y, co are constants that depend on the domain D and on m.
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Define

n n—iAn—j K£l+~

E, = &2, LW = il
Z ! = U+l +7);
n—iAn—j |£ |77 n—iAn—j i
Mi(ﬁ) _ 144 | M+j ’ Ni(n) _ 1+ T+ ‘
! = VDl +7); ’ ; VI + 1)+ 7);
Let

+ iM(g? + Zm: 25| + Xm: M Z M Z N

i=2 i,j>2 i,j>2 i,j>2 i,j>2

Y. — zm:)L“
=2

In Chapter 2 it has been shown (Section 9.1.2 equation (27)) that

Y, D \w) Y,
1-K D)—<—<1+K D)— 3.11
(D) g < ey S1HEMD)E (3.11)
Regarding Y,, and E,,, we have the following estimates:
Proposition 3.5.4. Given M > 0 we have:
(1) P[Y, = Mlog M| < ¢(m,D)/M ,
(it) Given M > 0 there exists ng such that for n > ng we have P[% < |E,| <2n] >1— 4 .

These lead to:

Proposition 3.5.5. Given M > 0 large enough, dng such that for all n > ng the following
is true: with probability > 1 — C /M we have, on Q™°

n+1
672K(m’D)MlogM ( (é )/D<£7£)) < eQK(m,D)MlogM

for all g € X, where s =Y """ (; and (¢, w) is randomly generated from F,.
Finally, we arrive at

Proposition 3.5.6. There ezist constants K(m,D,d) such that given M > 0 large enough,
we have for n > no(m, M, D) the following inequalities hold on Q7°, except for an event of
probability < ¢(m,D)/M :

A _ o) (e RN INGGS
AOE S p0) = p(K( D.o)Mi gM) A

uniformly for all (¢',{") € ¥y x X, where (s,w) corresponds to a point configuration picked
randomly from P [F,,].

/\

exp <—K(m,D,5)Ml0gM>
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The following important estimates deal with inverse power sums of the Gaussian zeroes.

Let ro = radius (D). Let ¢ be a non-negative radial C'2° function supported on [rg, 37|
such that ¢ = 1 on [2rg, 2rg] and @(ro + 1) = 1 — ¢(2rg + 2r), for 0 < r < Irg. In other
words, ¢ is a test function supported on the annulus between ry and 3ry and its “ascent” to
1 is twice as fast as its “descent”.

Proposition 3.5.7. (i) The random variables

s = [2arie+ Y [2Rare - X S iz

weF,NDe

and

!z!l 7] +§:/¢T;§f)d[fn](z)= 3 wi (forl>3)

have finite first moments which, for every fixed [, are bounded above uniformly in n.
(i) There exists ko = ko(p) > 1, uniform in n and [, such that for k > ko the “tails” of
Si(n) and Sy(n) beyond the disk 2% - D, given by

7 (2F) - Z/W (2) (for1>1)

and  T(2%) Z/SOQ] (2) ( forl>3)

satisfy the estimates
E HTln(2k)H < C’l(gp,l)/2kl/2 and E H H < Co(g, )/2’” 2/

All of the above remain true when F, is replaced by F, for which we use the notations
S, S, 1(2%) and 7(2) to denote the analogous quantities corresponding to Sy(n) , Sy(n),
(2%) and 7" (2).

Corollary 3.5.8. For R = 2* k > ky as in Proposition[3.5.7. We have P[|7]*(R)| > R7/4] <
R7V4 and P|77| > R-2/4) < R-2/4 and these estimates remain true when f, is
replaced with f.

Proposﬂslon 3.5.9. For each | > 1 we have Si(n) — S; in probability, and for each | > 3
we have S” — Sl i probability, and hence we have such convergence a.s. along some
subsequence simultaneously for all [.
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3.6 Limiting procedure for GAF zeroes

In this section, we use the estimates for F,, to prove Theorem for a disk D centred at
the origin. We know from Section that this is sufficient in order to obtain Theorem B.1.2]
in the general case. We will work in the framework of Section More specifically, we
will show that the conditions for Theorem B.2.1] are satisfied, which will give us the desired
conclusion.

Notation. Throughout this section, we will use the notation I' is O(J) to imply that
the non-negative quantity I' satisfies I' < ¢d where the positive parameter 6 — 0 and ¢
is a universal constant, which is (crucially) independent of all the other parameters we
introduce (like n and M).

In terms of the notation used in Section 3.2, we have X" = F,, and X = F.

3.7 Overview of the limiting procedure

The limiting procedure for the GAF zero process formally involves an appeal to Theorem
B.2.1] - defining the variable v and the events €2(j) and €, (j). Further, we need to verify
that they indeed satisfy the conditions demanded in Theorem B.2Z.Il The definition of v is
fairly straightforward, at least in retrospect after the statement of Theorem . 1.2 The main
challenge in carrying out the above programme is to simultaneously satisfy two conditions
demanded in Theorem B.2.J} measurability of the events with respect to the outside zeroes,
and establishing (B.1]).

Morally, (B1]) corresponds to a statement that for the poynomial ensembles the ratio
of the density of the measure v with the conditional density of the inside zeroes (given the
outside zeroes) is bounded from above and below in a certain uniform sense. In Section B.5we
mentioned that in order to obtain such bounds (refer to Proposition B.5.6]), we need to bound
from above expressions such as Y, (refer e.g. to (B.11])). However, such expressions involve
the coefficients of the Gaussian polynomial, and therefore depend on both the inside and
the outside zeroes. Moreover, we would like the criteria defining the events to be somehow
consistent, in the sense that having them would imply good bounds (as in ([B.1]) or Proposition
B.5.0) for all the Gaussian polynomials with large enough degree. This necessitates uniform
bounds for the relevant quantities in such a definition (e.g. the tails of their distributions
should be small in some uniform sense), but we have uniform bounds only for the inverse
powers of the outside zeroes (refer to Proposition B.5.7]).

The above factors make the limiting procedure for the Gaussian zero process to be rather
involved. We follow the following route: we first define the relevant events (see Definitions
and [0l in Section B9)). As is necessary, these definitions make the events measurable with
respect to the outside zeroes of f (or f,, as the case may be). But we have to pay the price
in that it is not at all clear that these Definitions imply the bounds necessary for obtaining
B3J)). Indeed, the bounds are not true on the events Q,, (j) as is, but we will establish that
they hold on ©Q,, (7) \ E where P(E) = O(dy), where ¢y is a decreasing sequence such that
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> 0x < oo. This gives (BI]) with the ¥(k;j) summand. This deduction can be found in
Section B.I0L We further need to show that the €2(7)-s as defined (see Definition [) exhaust
Q™. This is also not clear at all from the definition, and has to be deduced in a similar fashion
by perturbing the original events, and then taking care of the differences accrued. This is
addressed in Section B.IIl The deductions in Sections B.I0 and B.IT] will involve several of
technical propositions. Their proofs, though straightforward (given the estimates in Section
[B.0), are somewhat peripheral to the broad picture of the limiting procedure. Therefore, for
the sake of clarity, these proofs will be deferred to Section

Our analysis will be driven by two basic parameters: § > 0 (to be thought of as small)
varying over a decreasing sequence J; with >, 6, < oo, and M > 0 (to be thought of as
large) varying over an increasing sequence M; 1 co. We will first fix the parameter M and
let 0 | 0 along dj, and then let M 1 oo along M;. Many of our technical propositions will be
true in a regime where 0 is small enough depending on M, but because of the above order
in the taking of limits, this does not create any difficulty.

3.8 Notations and Choice of Parameters

In this section, we will introduce some notations and define certain parameters, which will
be useful for the subsequent analysis. There will be two basic parameters: ¢ and M (see
below), and all the other parameters will be defined in terms of these two. The motivation
for these definitions will only be clear when they are invoked at various places in the sections
that follow. The reader might omit the detailed definitions on first reading and refer back
when they are used later in the text. The reason we present the definitions together is so
that the logical dependence between the various parameters become clear, and there is an
organized reference for their future use.

Let us consider parameters § > 0 (to be thought of as small), and M > 0 (to be thought
of as large). Let 1y be the radius of the fixed disk D. This ¢ bears no relation with the
separation parameter ¢ considered in Section B.5

Define, for j > 1,

b= [ 22 arie,  of= [ ame),

Zl ‘Z|l
o= [ ane. o= (2R ane.

For j = 0 replace ¢ by ¢ in the above definition.
Define

k k o0 o0 00
¢{(k) = Z%Z’,z Vlf(k?) = Zﬁj,z %f = Z%Z’,z \I’zf = Z szjﬂ Wf = ZV;,Z :
j=0 7=0 J=0 j=0 J=0
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We define ¢/ (k), 7" (k), ", @* and 4/ as the obvious analogues for f, (in place of f).
1 1

Observe that ;" = E — and 7" = § _
w

l
weDNFy, weDNFn | |
Let P, be the I-th Newton polynomial expressing the elementary symmetric function of

order [ in terms of power sums of order 1,2, --- ,[. That is, for complex numbers x1,--- , x,,

let s, = 2?;1 :Uf and e, = Z Tiy Tiy -+ - X, Then e = Py(s1,---,s;). Note that as a
1< <ip

polynomial of [ variables, P, does not depend on n (see [Sta99], Chapter 7).

Let h : Rt — R* be a function such that Y155 p-1/8 O as L — oo. For the sake
of definiteness, we set h(L) = L'/, Let B be such that Sup, ; ,)1/4 < B, as in Proposition
9.0.0l.

Let Cs, Ls be (large) positive integers depending on 4, to be chosen later.

For a non-negative integer m we will consider functions of C5 complex variables (21, - - - , z¢;)
given by
Cs
s, R . :
fZ'Jm(Zla e 7205> = Zzl+ifmzl+jfml! 72 S 1 S mao S ] S m.,
1=1
1 Ls+h(Ls)
s,m 2
M, L z200) = | — Z—m |l
0 ( 1, 9 C&) h(L5> ZZZL& | m|

Recall the notation that Q™M ig the event that there are exactly m zeroes of f in D and
there is a separation of distance at least - 57 between the zeroes of f in D¢ and 9D. Moreover,
QM denotes the analogous event Wlth f replaced by f,.
With these notations, we make certain choices as follows:
I. We choose an integer L such that

(i) Zﬁ:gh@&) k=18 < §%2/Cy (with Cy a universal constant as in the proof of Proposition

Ls+h(Ls)
‘21‘5; G

— 1| < 1/2 with probability > 1 — 6.

(iii) > 02, Wlﬁ(r!)us < ll/Cm < 1/2 for all [ > Ls, (where C'is a universal constant as in the

proof of Proposition BI0.3).

(iv) 1}(15/8 > K where K = K(D,m) as in Proposition B.5.2
I1. We choose an integer Cs such that:

(1) Cs > Ls + h(L(;)

(i) >ie, m <%,

(

(

111) Zl Cs 178 < 64 )

l+1)(l+2)
iv) e -G < 62, where ¢, is as in Proposition
III. Let g(0) be such that g(§) — oo as § — 0 and

P(qj{>g(5)_]‘)<52/C57l:1727 7057
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P(v] > g(6) — 1) < 62.

IV. Recall that P, is the [-th Newton polynomial expressing the elementary symmetric
function of order [ in terms of power sums of order 1,2,---,l. Let fg’jm be the functions
defined above. These functions are continuous, and hence uniformly continuous on a compact
set. Let ¢(J) be such that

o (Pr(wn)), s Poy(wy) = £ (Pa(ws), -+, Pey(w2))] < 89][wy — ws|oe < £(6)

and ||w1]|eo, ||w2]]eo < g(6) + 100, for each 2 < i <m,0 < j < m (here wy, wy are vectors in
C% and || -] is the L>® norm on C%). £(4) is so chosen that the same inequality should also
hold when fg’;" is replaced by fo.

V. Let R; > 1 be a large radius (of the form 2¥r, where 7y is radius of D) such that
Yot R(;l/‘l < (£(8) A 6%). Let k(9) be the positive integer such that R; = 28C)r.

VI. Let n(d) be such that
(i) Except for an event of probability < 4%, we have ngz - ’g/};c:(;)| < min(6%,¢(0))/(k(8) +1)

for each 0 < k < k(9) and each | < Cj, and |7§k 5 —7§Z(§)| < min(6%,£(0))/(k(8) +1) for each
0 <k <Ek().

n(6) ¢ 12
(ii) Except for an event of probability < 4%, we have % -1 <1/2.
n
(iii) Except for an event of probability < 6%, we have |%“ B — | ngQ < 6% where Plﬁ is the
0 0

product of zeroes of f inside D and Pi{l"(‘” is the analogous quantity for f, ).
(iv) Except on an event of probability O(4?%), we have

k<n(6)—Cj (ngg )) k! 262
"0 < 5,t:O,1,2,--,m,2<2<m
SR IorG Wl (¥)
n(d
= (K

(v) P (QWI/MAQ%{M) <.

Remark 3.8.1. That it is at all possible to find such an(§) as in VI above is not immediate.
Conditions VI.(i), VI.(iii) and VI.(v) are ensured by the convergence of the F,-s to F on
the compact set 280 D. VI.(ii) is covered by the law of large numbers. VI.(iv) is addressed
in Proposition[F310.0. Moreover, if we have a sequence Oy, | 0, it is clear that we can choose

n(0x) such that n(dy) 1 oo.
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3.9 Proof of Theorem

In this section we provide a proof of Theorem B.1.2] based on Theorem B2l We will show
how to define the relevant events here; the verification of some of the properties demanded
in Theorem B.2.1] requires substantial amount of work, and will be taken up in subsequent
sections.

The notations are from Section unless stated otherwise.

Proof of Theorem[31.2. Following the notation in Theorem B.2.], we begin with 2 m > 0.
The cases m = 0 and m = 1 are trivial, so we focus on the case m > 2.

Our candidate for v(&, -) (refer to Theorem [3.2.]) is the probability measure Z 1 A(¢)|?dL(¢)
on Y, where A(¢) is the Vandermonde determinant formed by the coordinates of ¢ and
s = S(Xout(€)), L is the Lebesgue measure on ¥, and Z is the normalizing factor. Here we
recall the definition of S(X,u(€)) from Theorem and the definition of ¥ from Section

B4
We now intend to define the events Q(j) and €, (j) as in Theorem B.2.11
Fix two sequences of positive numbers M; 1 oo and dy, J 0 such that > 0, < oo.

Define 2 = Pt (k(9)), -+ , ¢ (k(6))).
Definition 5. For any M,0 > 0 we define the event QQ(M;6) by the following conditions
(for clarification of the notations used refer to Section[3.8):

1. Q™M oecurs.

2. a) [WL(k(S)| < M, fors=1,2
b) 14 (k(8)] < M.

3. fg’jm(zl,--‘ czos) < M, for2<i<mand0<j <m.

1 m
4' M ng’ (Zlv"' >Z05> SM

5. [ (k(8)] < 9(8),1 = 1,--- , Cs.
Define Q(j) := limy_, . Q(M;; 6x).

For any given 0, it is clear that Q(M;;0) C Q(M;4q;0), which implies that Q(j) C Q(j+1).
The fact that €(j)-s exhaust €2 is by no means clear, and will be proved in Section B.ITl

Our next goal is to define the sequence of events €, (j) as in Theorem B.2.1]

Corresponding to the sequence 9, | 0, we have the sequence of positive integers n;, =
n() 1 00. Given M, 5 > 0, let 2} := Py(v)"® (k(3)), -+ , " (k(5))).

Notice that Q(M;0) was defined in terms of the zeroes of f. In the following definition,
we introduce an event Qg( 5 (M) which, heuristically, is an analogue of (1M 0), but is defined
using the zeroes of f,s).

Definition 6. We define the event Qg(é)(M) as:
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1. Q;n(g)/ M occurs |
2. a) [WIOR(8))| < M, fors=1,2.
fn
b) 5" (k(6))] < M.

3. fzﬁm(ziﬂ 7Zéj’5) S M, fOTQ S 7 S m,() S] S m.
/ i<f‘5’m(’ )< M

o S E e ag) S M.

5. 14" (k(8)| < g(6) + 6%, forl=1,---,Cj.

We define the event Q,, (j) to be Q?L(ék)(Mj +1).
Clearly, €2, (j) is measurable with respect to X% . But it is not immediate that Q(j) C

out*
lim, .., (y), or that (8] holds. Both of these will be established in Section B.I0l
Along with Sections and B.IT] this shows that Theorem B.2.1] establishes Theorem

5. 1.2 |

3.10 Q, (j) is a good sequence of Events

Our aim in this section is to prove that the events €, (j) defined in Section satisfy the
conditions in Theorem B2.T] We state this formally as:

Theorem 3.10.1. With definitions as in Section [3.9, we have Q(j) C lim, , 2, (j), and
the Q. (7)-s satisfy (31).

We will establish this through a sequence of propositions. Some of the propositions are
technical in nature, and we defer their proofs to Section B.I12] so that the main features of
the limiting argument are not lost in the details.

We begin with the event (M) and show that, except on an event of small probability,
this implies the event ng( 5)(M + 1). Heuristically, this means replacing quantities defined in
terms of f by the corresponding quantities defined in terms of f,s) :

Proposition 3.10.2. For § small enough (depending on M ), there exists an event E}, with
P(E;) = O(6%), such that {QM;0)\ Es} C Q) 5 (M +1).

We defer the proof of Proposition to Section

For the rest of this section, the zeroes we discuss are going to be those of f,s), unless
otherwise mentioned. ¢ and w will respectively denote the vectors of the zeroes of f,,s) inside
and outside D, taken in uniform random order. In the next proposition, we prove that in

or(w) is roughly comparable to 0y (¢,w) for a range of k that is close to n(d) but not too
close. We set [ = n(0) — k.
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Proposition 3.10.3. Exzcept on an event of probability O(0?), we have 5|04 (¢, w)] < |op(w)| <
3|low(¢,w)| for all Ls <1 < Ls+ h(Ls), where | = n(0) — k and h(Ls) = Lys is as in Section
7.8

We defer the proof of Proposition B.10.3 to Section .12
We next define the event Q}l( 6)(]\/[ ). Heuristically, this removes the role of 2¥() . D in the

definition of Qg((s)(M), and replaces k(8) by oo, that is, the role played by 2 . D\ D is
now played by D¢.

Definition 7. We define an event Q}L@)(M) by the following conditions,
with =) = p,( T lfnm) '.

1. Qzl(g)/ M occurs .

2. a) \Q/J;cnml < M, fors=1,2.

fn
b) 3" < M.
3. ff’jm(zi’,---,zgé)SM, for2<i<mand0<j<m.

1
4' M S fg7m(zil7 e azg’a) S M.

5. "D < g(8) + 262, forl=1,---,Cs.
We then have

Proposition 3.10.4. {Q) (M + 1)\ E§} C Q) 5(M +2), for an event Ef with P(Ef) =
O(6?%) and small enough & (depending on M ).

We defer the proof of Proposition 3.10.4l to Section
The conditions defining the event Qi( 5)(M ) enables us to obtain certain estimates dis-
cussed in the following proposition, the benefits of these will be clear subsequently. We
mention that oy here is the same as a,];"(‘”, and P, is the same as Pifl"@
Y
For all small enough ¢ (depending on M ), we have that the following are true on Q}l(é)(M)
(except on an event of probability O(6?)):

* (i)

Proposition 3.10.5. Set 2] = P, (1#{"(‘”, e f”(‘”)

’an(a) ‘2

in

8 Smy_n "
’ z cee 2 <L
( ’ l) N ‘€0|2

2_7 0 15 < 8f(()5’m(zi/ ’Zl//)' (3'12)
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° (ZZ)
n(0) 2

D) ) — )

Un(é) (g)

1
>_
- 10M

n(9) (3.13)

k=0

We defer the proof of Proposition B.10.5 to Section [3.12]
Let the bad event in Proposition B.I05 (where the conclusions of the proposition do not
hold on Q}M)(M)) be denoted by Ej.

Proposition 3.10.6. For all small enough &, we have, for some constant c,

r—t(
2o
¢

Ok— Z()

k! 2
< 2 >1—c0? t=0,1,2,--- ,m; 2<i<m.
Z' (¢ w)? n(9)
(") !

k=0

W
n(9)

0«1\_/

P k<n(5)—Cj

We defer the proof of Proposition to Section
Let the exceptional event (where the bounds do not hold) in Proposition B.10.6/be denoted
by E} which clearly has probability O(§?).

In the next proposition, we demonstrate that on 3 ( 5)(M ), we indeed have good bounds
on ratio of conditional densities along a constant sum submanifold ;.

Proposition 3.10.7. (a) There is an event Es with P(Es) = O(6%) such that {Q(M;4) \
E(;} C Q::L(&)(M -+ 2) .

(b) For a vector of inside and outside zeroes (C,w) of fn(s) such that U5 occurs, let s de-
note the sum of the co-ordinates of ¢ and let Z ={("eD": Z;nzl (; = s}. On the event

Q5 (M), the ratio of conditional densities (¢ ")/ pis @¢ (¢") at any two vectors (", ¢ in g
is bounded from above and below by functions of M (uniformly in n(0)).

We defer the proof of Proposition B.I0.7 to Section B.I12

Remark 3.10.1. Let @(M, ) denote the event obtained by demanding conditions 1-4 in the
definition of Q(M;0) (Definition[d). By reversing the arguments in the proofs of Propositions
(2102, [3.10.7) and [3.10.7(a), it can be seen that there is an event Ej with P(E}) = O(6?)
such that

(23 5)(M +2) \ E}) € QM + 4;0).
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In view of Proposition[3.10.4) and the Defnitions[8 and[9, the above implies that there is an
event EY of probability O(6%) such that

(05 (M + 1)\ EY) C QM + 4;0).
This will be referred to later in Section [3 1.

Now we are ready to complete the proof of Theorem [3.10.1]

Proof of Theorem [3.10.1l Recall that Q(j) = lim, ., Q(M;; %), and Q(M;;0x) \ Ej C
Q) 5.0 (M + 1) = Q,,(j) by Proposition From the fact that 3, P(Ej ) < c), 0F <
oo (the last inequality is by choice of di-s) and the Borel Cantelli lemma, it follows that

To obtain (B.1]), we introduce some further notations. On the event 75, let v (s)(s; W)
denote the conditional probability measure on the sum s of inside zeroes given the vector
of outside zeroes of ™% to be w™?, and Hn(s) (g ) S, g”(‘s)) be the conditional measure on the
inside zeroes ¢ of f,s), given the vector of outside zeroes to be w™®) and the sum of the
co-ordinates of ¢ to be s. Let S denote the set of all possible sums of the inside zeroes;
clearly S is a bounded open set in C.

From Propositions B.10.2, B.I0.4 and Definitions § and @, we have Q) (M + 1)\ B C
Qi(é)(M + 2) where P (E) = O(6?). From Theorem BITI] (which will be proved in Section
BI1) we have that for large enough M and small enough 0 (depending on M and m), we
have

1
P (5 (M +1)) > 5IP(Q’“) > 1006.

Recall that both Qg(é)(M + 1) and Qi(é)(M + 1) subsets of Q™.

Hence, heuristically speaking, a ‘large part’ of Qg(é)(M + 1) must be inside Qi(&)<M +2).
Put in terms of conditional measures ( conditioning successively on w™® and then on s),
this leads to the following (for all small enough ¢) :

J a set (Qyo0q (measurable with respect to outside zeroes of fi,s)), Qgood C Qg(é)(M +1)
with

o) (5 (M + 1) \ Qgooa) < 0 such that:

for each w™® € Qp4, 3 a measurable set S,p0q(w™?) C S with

V(S \ Sgooa(w"®); @) < § such that :

for each s € Syooa(w™?) we have p(¢;s,w" @) (S, \ H(s)) < &, where H(s) is the set of
¢ € 3, such that (¢,w"®) € 5y (M +2).

We begin by considering

/ l/ (/ dpin(s) (G Sﬂn@)) () (550")
B0 |/ SNSg00a \J ANY,

Recall that dji,s) above has a density with respect to Lebesgue measure on ;. Moreover,
by definition of €y,0q and Syeeq, We have that for w™) ¢ Qgooq and s € Sgood(g”(é)), there

P (@) . (3.14)
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exists a ( € X, satisfying (¢, s,w"?) € Qi(a)(M—i—Q). As a result, on the submanifold X, the
conditional probability measure dju,(s) above is proportional to the measure |A(¢)[* dL(C),
the constants of proportionality depending on M and being uniform in ¢ (refer to Proposition

B.10.7) .

Hence we have,

E13) Jans, IAQ? dL(C)
= Ay (83 c_u”(‘s) dp,, gn(ts) _
M BMQy00d [[qmsgood ( fz \A )2dL(C) 0)( ) (5)( )

Jans, 1A dL(Q)
Js, 1A(QFdL(C)

[ s s ) ).
BNQ SNS

good
Note that the h(A;s) is bounded between 0 and 1, so at the expense of an additive error
of size O(§) we have

BID =y | s (5367025 (7) + 000

lgrﬂzgood

Setting h(A;s) := we have that the last expression is equal to

good

because Y((S \ Sgooa); W) < § as long as w™® € Qyopu-
The integral above can also be written as

[ s €)X € B N i} €)aBE)

where s,,5)(§) = Z ¢; and 1{E}(-) is the indicator function of an event E .
Gex (@)
Recalling that P() 5 (M +1)\ Qgo0a) < J, and doing an argument similar to the previous
step, we have, at the expense of another additive error of O(J)

BID =ur | h(As () H{Xont (€) € BN Qs (M + D}HEAP(E) + O(F) .

We could also complete the Sgpq to S and Q2gp0q to Q?l( 5)(M + 1) in (BI4) straightaway
(without going through h(A;s)) at the expense of two additive errors of O(J) (recall that
[in(s) 1S a probability measure) to deduce that the integral (B14])

BNQY s (M+1) JS \J ANS, =

We summarize the above computation as:

n(s)

P(ANBND 5 (+1))) = [ (A0 (LX) € BARLy)(M+ DI +0()
(3.15)
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We now set M = M; and 6 = d;, and note that Qg(ak)(Mj +1)=Q,, ().

We note that since we send k — oo (and hence 6, — 0 for fixed j), therefore the criteria
in the previous Propositions in this section involving § being small enough depending on M
(e.g. as in Propositions B.10.2 or B.I0.6] or BI0.7) is eventually satisfied.

The integral on the right hand side (henceforth abbreviated as r.h.s.) of (B.IH) is

/ B(A:; 50, (€))L{X5(€) € B 1 2y ()}E)AP(E)

Recall that we can consider the event A € A as a subset of D™, and such sets have piecewise
smooth boundary. For the definition of A refer to Section For such sets A, we have
h(A;s) is continuous in s. But if w denotes Xy (€), then s, (§) — S(w) a.s. Hence, Jei | 0
such that P(|s,, (§) —S(w)| > €x) — 0 as k — oco. Coupled with the fact that 0 < h(A4;s) <1
this implies that

/ B(A: 80 (E))L{XI4(6) € B Oy () HEP(E)
- / B(A; S(w))1{X() € B Oy, () }EP(E) + 0p(1)

where 04 (1) is a quantity which — 0 uniformly in j, as &k — oo. To see the last step, we can
write

h(A; 5, (€)) = h(A; S(w)) + (R(A; 80, (§)) = h(A; S(W))) 1|sn,, (§) = S(w)] < &4]
+ (h(A; 80, (€)) = h(A; S(w))) Ul sn, (€) = S(w)| > ex].

The second term in the right hand side above — 0 a.s. because of continuity of h(A;s) as
a function of s, and the expectation of the third term — 0 by choice of €;; also remember
that 0 < h(A4;s) <1

It remains to observe that

[ 1A SN € B, (o = [ | e AR

where we recall the definition of (&, -) from the proof of Theorem B.I.2]in Section 3.9
These facts together verify ([B.]), and this completes the proof of Theorem BI0.1] [ |

3.11 Q(j)-s exhaust Q"

In this section we prove that for all small enough 0 (depending on M) the event Q(M; )
(almost) contains an event €2, of high probability inside Q™ (the probability will depend on
M) . In this way, we would ensure that €2(j) = lim, ,  Q(DM;; ;) tends to be of full measure
inside Q2™ as M — oo. Recall here that (2™ denotes the event that there are exactly m zeroes
of f inside D.

In this section the vectors of the inside and the outside zeroes, denoted respectively by ¢
and w, refer to those of f,5) (unless mentioned otherwise). B
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Theorem 3.11.1. There exists an event 2y (with P(Qy) — 1 as M — o) such that for
each M sufficiently large, we have {Qy NQ™YMN\ F5} € Q(M 4+ 3;6) for all § small enough
(depending on M ); here Fs is an event of probability O(6%). In particular, this implies that
Q(j) = lm Q(M;;6) satisfies P(Q™\ Q(j)) = 0 as j — oo.

6 —0

Before we prove Theorem B.IT.1], we will make some technical observations.

Proposition 3.11.2. The following criteria imply (for all small enough §, depending on
M ) that we will be guaranteed condition 3 defining 92(6)(1\4 + 1), except on an event of
probability O(5?) :

|an<5)‘2
* (i) g < VM/3.
n(d) — /
o (i) D, Tl )ak”()ﬁ A o<icmi2<j<m.
(") k! &ns)?
k=n(6)—Cjs

We defer the proof of Proposition to Section
Definition 10. We define an event I'(0, M) by the following conditions:
1
o (a) [0 (k(8)| < M — 5 =12 and 7 (k(8) <M -3
2
o (b) ]\84 + k6% < ’|§ |‘2 < \/ — k0% where k > 0 is a constant to be declared later (see
the proof of Proposition [311.3).

. (c) Z 7 lﬁz+¢€z+j

+4); (L + 7); 4 -
1/4
()Z 61 <M 0<i<m;2<j<m.
L+ D)V U+l +g); — 4
M1/4
o (¢) In"| < foralll>1.

/8
With this definition and using Proposition B.11.2] we have

Proposition 3.11.3. I'(6, M) n Q™M ¢ Q) 5 (M) except on an event Fy of probability
0(5?).

We defer the complete proof of Proposition B.11.3] to Section B.12]
Finally, we define our desired event €2,,.
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Definition 11. We define the event 2y to be :
o (ao) [9f| <M —11=12f| <M-1.

f2 /T

W= Ter =3

o

Z &1ilirj < VM

° L 0<i<m; 2<73<m.
— VIE+ )L+ j); 4
00 ; M1/4
Z 18|&+| < —10<i<m;2<ji<m.
— (L + V(L +0)i(l + g); 1

(eo) |m| < MY*/1M81 > 1.
where m; is as in Proposition [3.0.3.

We are now ready to prove Theorem BITTl

Proof of Theorem [3.11.1l. We claim that for fixed M and small enough § (depending on
M), except on an event of probability O(6%), we have Q); C T'(§, M). This is going to be
true because of the choices of the parameters Cs and k(0).

We begin with the event Q. First, we look at (¢g) and (dy). Condition II(ii) in Section

B.8implies, via a second moment estimate, that the tail |» % % < 62 except with
i)i (14
probability O(6?%); recall here that we always have 7V j > 2. A first moment estimate allows

[€144]

us to draw a similar conclusion about »_,°, ——=-——. Hence, for all small enough §
=O8 18/ (0)i (14+4); ’ ’

we have conditions (c¢) and (d) defining I'(d, M) except on an event of probability O(5?).
Regarding (ap), the transition from v/ (k(6)) to 1 takes place via assumption V in
Section B8 on Ry. Recall from Corollary B.5.8]) that we have

P(|7(Rs)| > Ry < R;/* .

Combined with the fact that R(s_l/ <42 (refer to V, Section B8], this enables us to replace
Wl by o/ (k(6)) and v by v4 (k(8)) in (ao), implying (for all small enough &) condition (a)
defining I'(§, M) except on an event of probability O(62). For a fixed M, we notice that
(bo) implies (b) as soon as § is small enough (depending on M). Finally, we look at (eg).
Recall from Proposition that |77l(n)| < n a.s. for all [ > 1 in order to deduce (e) in the
definition of I'(§, M) from (eg) in the definition of €2;.

This completes the proof that Q,; C T'(6, M), except for a bad event F7 of probability
0(6?).

Let F? = F} U FZ, where we recall the definition of F} from Proposition B1L3l Clearly
P(F}) = 0(52) and we have Qy N Q™M FF Q) (M +1).



72

However, recall from Remark B.I0.1] that Qg( 5 (M +1) implies the conditions 1-4 defining
Q(M+3;9), except on an event of probability O(6%). Moreover, the complement of condition
5 defining Q(M + 3; ) itself has probability < 6%, by choice of g(d) (refer to III. in Section
B.8). We combine the last two bad events into F}.

Let F; = F$ U F. Then we have P(Fs) = O(6%) and Q) N Q™M N\ Fy € Q(M + 3;9),
as desired.

Finally, to show that P(Qy) — 1 as M — oo, we simply observe that |¢|,7J and the
random variables appearing in conditions (¢g) and (dy) are random variables with no mass

f2
at oo, and ‘f;;"Q does not have an atom at 0; the 7;-s (appearing in condition (eg)) are taken

care of by Proposition part (i).

We can now take liminf over 6, — 0 in {Q, NQ™YM\ F5 3 € Q(M + 3;6;,). Recall that
F is of probability O(§?) and Y 6, < oo. Using the Borel Cantelli lemma we thus obtain,
for M bigger than some universal constant,

Qu NQ™YM < lim Q(M + 3;6;) .

k—00

Setting M = M; — 3, this implies Qy7, 3N QM =3 = Q(j). Since this holds for all large
enough j, P () — 1 and ]P’(QmAQm’l/M) — 0 as M — oo, we obtain the fact that
P(Q™\ Q(j)) — 0 as j — oo. |

3.12 Proofs of some propositions from Sections 3.10
and 3.17]

In this section, we include the proofs of the technical propositions which were deferred in

Sections B 10 and B.111

Proof of Proposition [3.10.2

This is essentially a consequence of the choices and observations made in Section B8 We
also recall Definitions Bl and

First notice that Condition 1 in Definition [@] is the same event as condition 1 in Defini-
tion [l same except on an event of probability < 2, because of the convergence of F, to F
on compact sets, see VI.(v) in Section B8

By VL(i), (outside an event of probability < %) for Q(M;d), we have |¢lf"(6)(k:(5)) —
Yl (k(6))] < 62 for each | < Cjs, and also 73" (k(6)) — v4(k(6))] < 62; recall here the

definitions of wlf"w)(k(d)) and 'y?{"(‘”(k(é)) from Section B8 Hence we immediately have
condition 2 in Definition [Bf moreover condition 5 in that definition is also clear from
condition 5 defining 2(M;0).

On Q(M;6), we have | (k(0))| < g(6) for I < Cs. But considering VI.(i), summing over
k < k(0) and applying triangle inequality we have |1;"® (k(0)) — o] (k(9))] < (), except
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for an event of probability < §2. Choosing w; = (] (k(6))}22, and wy = {1/an(5)( k(6))}2, in
IV, we have condition 3 and condition 4 in Definition @ (for all small enough §, depending
on M).

Combining all the bad events in the above discussion, we obtain Ej, whose probability
is O(6%).

A moment’s thought would convince the reader that the arguments pertaining to con-
ditions 1-4 presented above can be reversed (i.e., the roles of f and f,(; interchanged),
dropping an event of probability O(§?) in the process.

Proof of Proposition [3.10.3|
We begin by recalling that (refer to Proposition B.5.2]), with [ = n(d) — k, we have

) _ alGw) zk: (G w) 1

\/ NeY /(MR GOk =)t/ T+ 1) (T4 7)

O\, W
and k(G w) _ & . The last equality follows by applying Vieta’s formula to the polyno-

(nEj))kjg §n(s)

mial f,(5). As a result, we have

n(d)—

- €l+r 1
(C, HZ " U+t (3.16)

The aim is to show that the sum over r > 1 is small with high probability. By the A.M.-G.M.
inequality we have

1 _ 1
N DR

and we have already seen in Proposition B.5.2] that |g,| < K" where K is a constant that
depends on the domain D. As a result, we have

n(8)—1 n(8)—1

Eir 1 K
; r 3 \/(l—l—l) Z lr/4 7a| 1/4

(I+7)

€l+r
&

Since [ > Lg is big enough such that K < [*/® (recall condition I.(iv) from Section B.8), we

need to estimate 2:31) B W élg’" Since % satisfies [P ( Sber | x) < 1/22, we have
§l+7‘ r/16(,.1\1/8 1

If < ["/16(r1)Y/% then for each k, the abolute value of the sum over r > 1 in (B.I0)
is < Y2, lr/lﬁ(lr!)l/fi < ll/cm which is < 3 for large enough [ (in particular for I > L), as

Sitr
&
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we desire (recall the definition of Ls from Section B.S). We bound the probability of the
complement of this event by a simple union bound over r and see that it is < llc—/“s (refer
to (BI1)). This gives us a bound for a fixed I. Now, we want this to be true with high
probability for Ly <1 < Ls + h(Ls). By a union bound of the error probabilities over [ in
that range, we need to ensure that ZIL:‘SZ:(L‘S) s < 6°/Cy, which we know is true by the

choice of h made in Section 3.8 item I.

Proof of Proposition [3.10.4]

Recall Definitions { and [l Observe that €2, 5 (M) differs from Q) 5 (M) in that wlf"(‘” (k(0))
is replaced everywhere by wf"(é) (Consequently z) = P, (1#{“‘”(1{;(5)), e ,w{"“)(l{(é))) is re-

Pl <,¢)lfn(5)7 e fn(é))) fn(&)

placed by 2/ = 3" (k(9)) replaced by 'y:{"(a) and in condition 5 we

have g(d) + 62 replaced by g(d) + 262

On Qn 5)(M=+1), we have |@/)f”(5)( k(0))] < M+1forl=1,2and ]75(6)’f"(5>| < M+1. Recall
the tail estlmates in Corollary B.5.8 Applying these to R = Rs and doing a union bound
over [, we get that |7(Rs)| < &(d) A 62 for all [ and small enough §, and also |73(Rs)| < 62,
except on an event of probability O(62) (to see this refer to the definition of Rs in Section
V). We denote by (E%)’ the union of the exceptional events so far in this paragraph, and
by (E2)” the exceptional event in Proposition B.10.3 Define E? = (E?) U (E?)". Clearly,
P[EZ] = O(6?), and {Qn((; (M +1)\ E?} C Q}z(a)(M +2).

Observe that the arguments given above, except for those pertaining to condition 5 in
the definitions of our events, can be reversed (that is, the roles of k(d) and co interchanged),
dropping an event of probability O(4?).

Proof of Proposition [3.10.5]

The zeroes considered in this proof are those of f;s)

. Uk(Cau_j) Enis)— ‘O'k(Cag)‘z Enis)—il?
(i) We have — - &f()@k' Hence, n(6)\ 1.1 - 2 n(lé)ll I(g\;l '
(") ! (") ko) (€ w)
f .fn((S) 1
Multiplying both sides by P,"®, and observing that = = we have

On5)(C, W) On(s)—m(w)
2 an(5)|2
|€o]?

On Q}I((S)(M), we have 3|0y (¢, w)| < |ok(w)] < 3|ok(¢, w)|, which means %oy (w)| < [o%(¢ w)| <

|75(C, @)

|On(s)—m(w)|?

(n(3) — K)! = lewsP (3.18)
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2|0k (w)], for k = n(d) — I such that Ls <1 < Ls+ h(Ls); refer to Proposition B.I0.3 Hence

Ls+h(Ls) Ls+h(Ls) 2
1 (MY L (M5 Il
— —————(n(6) — k)| < —————(n—k)!
On(Ls) \ |0n<6>—m(&)!2( 0)=#) h(Ls) \ !0n<5)—m@)l2( )

Ls+h(Ls)

ok (W) (8 —
h(Ls) z:ZLé |0n(6)—m(£)|2( () =)

|an(6) |2 1 Ls+h(Ls)
But by (BI8), the expression in the centre is Z &% |. By our choice
[Sol* D(Ls) T
Ls+h(Ls)

fL t t of probability O(6? have 1/2 < —— > | <32
of Ls, except on an event of probability O(d°), we have 1/ W) Z 1| /

Hence
Ls+h(Ls) .
é 1 62 ’ Ia'k(('_d)l2 (n(5) . k))' < |P1n @ |2
2Th(Ls) \ 4= lon@)-m(@)[? &l
and

In(s) 12 Ls+h(Ls) 9
12 1 |ow(w)]

<8 — = ___(n(d) — k)!

oF =S\ 2 Tga@p "

which, taken together, is the same as

8 1 Ls+h(Ls) |an(5) |2 1 Ls+h(Ls)
—— 2 Pl < <8 2P 3.19
iy | 2 ol GF =Sury | 2 Kl 319
which gives us (i).
Observe that (3.19) can be re-written as
fn@s) |2 fn(s)|2
1 |P ‘ om (_n " 27 |P |
< fy e ——= 3.20
8 ‘5 ‘2 —=JO (Zb 7205) ) |€0‘2 ( )
n(a)
(ii)On Q) 5 (M), we have 3; < fom (2 2 ) < M. So, BIT) implies 5o < 5 ST *

Summing ([BI8)) from 0 to n(é), noting that by choice of n(d) we have 3279 |¢|2 > tn(6)

(except on an event of probability < ¢%) and using the above lower bound on Pf"(‘” /1&l?,
we get the desired lower bound in part (ii).
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Proof of Proposition [3.10.6!

n(8)— 1 n
For F,,(5), we recall from (B.10) that 06 1) ~ ¢ [5 + 7]( (6))} , and also recall
VG2 ) (o) -t S
w)|? n(5
that Z | kn(i) k:'| - |5 |’§21! Substituting these, we get
n(d)
k—i(W)on—i(w) 1 (n( (n(8))
Z ) Z <§l+z + nl-H ) (fl-ﬁ-] + 771+ >
k<n(5)—Cs (" " k! i=oin NV +D)(+7); g
DGl )
20 2
Z ©) Z [s1
= (k! =
Set E, Zz 0 |€l|2 Expanding the product in each term of the numerator, we observe

that it sufﬁces to upper bound the following quantities:

n(5)

1
Z NS fl+zfl+]/E

I=Cs+1

n(d)

1 5)
and E i E
T iy /

1=Cs+1

n(d)
1 n(®)] | n(s) /
and i E,s) .

1=Cs+1

Recall that ¢ V j > 2 and by convention (I +¢); = 1 for ¢ = 0. For the second and the third
quantities, we proceed as follows. In PropositionB.5.3part (ii) we can set M = 1 and [y = Cs
to find that dropping an event of probability O(4?), we have |17[(n(5) )| < 11% for I > Cs. On the
complement of this small event, we can compute the expectation of the numerator in each
case. By our choice of Cs (refer to II. in Section B.)), this will be O(§?), and by Markov’s
inequality the numerator is < 6% with probability > 1 — ¢6%. For the first quantity to be
estimated in the display above, we can derive a similar result by using second moments and
the Chebyshev’s inequality and exploiting our choice of Cs in Section B.8 Moreover, by our
choice of n(6) (refer to VL(ii) in Section B8), we have 370 &[> > +n(8) with probability
> 1 — §%. Combining all these, we obtain the desired estimate.

Proof of Proposition [3.10.7
All zeroes dealt with in this proof are those of f, s
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Part (a) is clear from the arguments prior to Definition @ we simply take Es = UL E!
. These arguments, along with the remarks made at the end of the proofs of Propositions
and also imply that the inclusion of events in part (a) of this proposition can
be reversed except on an event of probability O(&?).

Recall that on 7 ; (M) we have:

1. (a) Qnm(g)/M occurs. (b) 7;:"(‘” <M. (c) wlf”(‘”| <M, forl=1,2.
2. fg’jm(zi’,--- ,205) < M where 2 = Py( f"(é),' ﬂﬂc& M.

or(C,w) 1
3. — 0) — k)| > ——n(f).
> IS fn(E) - bt | 2 1)
With respect to the last two conditions, we refer the reader to Proposition
Now, recall from Proposition B.5.Tland equations (B7) and ([B.5.2) that in order to bound
the ratio of conditional densities along the submanifold >, we need to bound from above:

e (a) The ratio of the squared Vandermonde determinants 2
n(6) ——
i 0—i(@) k()
(") k!
e (b) c 0<i<m;2<j<m.
n(6 2
Z ’Uk(ga w)|
(n(5 )k?'

k=0 k

As bounds we have:
(a) By definition of 2 s (M), we have |¢{"(5) |, |1/1§”(5)| and %{"(5) are bounded by M. By
Proposition B.5.1] this suffices to upper and lower bound the ratio of Vandermondes in terms

of M.
(b) We divide the terms as

n(9)

Or—i(w)ok—j (W) Th—i(W)op—j(w) Tr—i(W)ok—j(w)
I D P e I
n(é) 2 - n(d) 2 2
low(¢,w)| o1(¢, W) Lo low (G, )
2o 2 o kz% L

For the sum over the k < n(§) — Cs terms, we appeal to Proposition BI0.0] and conclude
that the expression corresponding to these terms contributes < 26%/n(d) because Qfl( 5) (M) C

(E5)".
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For the expression corresponding to the & > n(d) — Cs terms, we clear n(d)! from numer-
ator and denominator, and divide both by ‘O’n m(w) ‘2 (note that n(d) —m is the largest k

for which 02(6) (w) can be non-zero when o M occurs). We thus reduce ourselves to upper
bounding

Z op—i(w)op—j(w) (n(6) — k)!

n(d) on(C,w)|?
Z“ c>\ R

From the deﬁnitions in Section 3.8 it follows that

ori(w /Un o :Z” - (¢{n(6,"' ’ ({n@s)) with ¢ = n(0) — k+1i—m
Ins)

To be more exphclt recall that ;""" equals the sum of the j-th inverse powers of the
zeroes of f,s) that are outside D (Wthh form the co-ordinates of the vector w here). By
definition of the j-th Newton polynomial Pj, 2} equals the elementary symmetric function
of order j formed by the inverses of the co-ordinates of w. Using the fact o;(w) is the
elementary symmetric function of order j formed by the co-ordinates of the vector w (which
is of dimension n(d) — m here), simple algebra gives us the equality o4—;(w) /0 (5)—m(w) =

zg = Py( f"“”,- ,wq ) with g =n(d) —k+i—m
The numerator above is then simply fi‘f (#5 -+, 2¢,). We can then combine the bounds

in conditions 2 and 3 (laid down at the beginning of this proof) to deduce that
n(d)

Op—i(w)op—j (W )(n / Z, ok C’ ~(n(8) — k)!'| < 10M?/n(5)

|‘7n —m(g)P On(8)—m

k>n(5)—Cs
In view of (b) above and ([B.7),([35.2) and [BI1)) (also refer to equation (14) in Chapter

2 for greater clarification), we have

D !
1 — 11K (m,D)M?/n(5) < (é )) <1+ 11K (m,D)M?/n(J)
on Qi( 5(M).
Recalling (B.6]), we deduce from the above bounds that there exist positive functions
Ui(M) and Ly (M) (which do not depend on n(d)) such that if ({,w) € Qi(é)(M) then

n(8) /-1
exp (—Li(M)) < Po 5) (©)

where ¢ "is any other vector in Y, the constant sum submanifold corresponding to ¢. From
here, we estimate the ratio at any two vectors ¢, (" belonging to X a.s.:

n(9)
exp(—L(M)) < P <C )

< e S < exp (U(M)) (3.21)
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where L(M) =U(M) = Ly(M) + Uy (M).

Proof of Proposition [3.11.2|
Zz 2.0 18117 Iézl2 3

— except on a set of prob-

First recall that by definition of n(d), we have 2 (o) 2

ability < 2. Also recall the notation

n n 1
o = Pl @) = 3 —

wijiwik GDcﬂfn(g) e n

g w n — o . .. . .
Moreover, we have | k((% @) 5 @7F| As a result, condition (ii) implies
(" )k: En(s)
n(9) Tk—i(W)or—j(w)
S0 0, R
<
) i) < 2V M /n(f) .
AR

On the left hand side, we can replace n(d)! by ‘an (@)—m (W )‘ both in the numerator and the
denominator, and combined with the observation that o (w)/on@)—m(w) = 25 4, this
would lead to (switching from £ to the new variable [ = n(d) — k)

Cs 2 l!
=0 ~l+i—m l+] m

ok ($w)|?
Zk =0 |O—n(<1:) m(w)|2 <n(5) - k)'

< 2V M /n(9).

Observe that the numerator is simply fi‘f (2, 26,) However, summing (B.I8) from 0 to

n(0) and noting that by choice of n(d) we have Z?:(? &2 < 3n(0) (except on an event of
probability < §%), we have

n(9) 2

o (¢, w)| 3 |Pal?
E = 0) — k) < =n(d .
) o EA A LR T E

Using this and condition (i) in the statement of Proposition B 112 we have fg T 2g,) <
M. However, we need a similar inequality with ff (21, 5 2¢,). The choice of k(d) and
the tail estimates in Proposition B.5.7 and Corollary [3 enable us to replace wlf”@ by

lf"(‘” (k(5)), and 2" by 2] = PJ( f”“”(k( 9)),-- ,@Dfn(é)( k(6))), with an additive error of size
O(6?), except on an event of probability O(6%). This is on similar lines to the switch from z] to
2/ we did in defining Q}L((s)(M). Tallying all these, we obtain condition 3 on Qg(a)(M +1),
for all small enough ¢ depending on M.
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Proof of Proposition [3.11.3l

First recall Definitions [0 and B We start with I'(§, M) N Q™M™ The choice of n(J)
(condition VI.(v)) in Section ensures that except on an event of probability < §% | we
have that Qm 1/ occurs, thereby verifying condition 1 in Definition @l By choice of k(d)
and n(6), Crlterlon (a) defining I'(0, M) ensures condition 2 in Definition [, except on
an event of probability O(d?) for § small enough (depending on M). The complement of
condition 5 in Definition [ is itself an event of probability O(§?), by choice of g(d), k()
and n(d).

The choice of n(d) ensures that ’\Pl’:f /1&* — |Pi{1"(6>] except on an event of
probability O(6?). Recall condition (b) defining T'(5, M) and equation (IBTZDI) Let us recall

the notations 2 = P)( {"(‘S), s lf"(‘”) and z = Pl(wf((;)’f"(‘” : wl f”(’s)) The choice of
k(8) (condition V) in Section B8 enables us to replace fo™ (2, - ,2¢5) by fom 2c,)

(except on an event of probability O(4?)), on similar lines to the switch from 2] to z/' in the
definition of €, 5 (M). The upshot of all this is that except on an event of probability O(4?)
we have that on I'(d, M) the following is true:

6 1) 1) 1)
Ovm(zia"' 7Z,C(5) > f07m(z¥v e 7285) - ‘foym('zi?"' ’223’5) - 07m(2¥’ e 728,;)
fn() 2
1P| s s
- g |1§0|2 ‘me 17 7Z,C‘5) _fo’m<zi/7"' 72&5)
JLPLR 1Py ;
/ moy 7
R |2 =7 ) = BT )
| iJrcl|2 - 52 3 22
=8P (3:22)

Similarly except on an event of probability O(§?), we have that on I'(§, M) the following is
true: | |2
omy _/ ! 27
0 (217 726‘5) <= 8 |§0|2
Here k1 and ky are two positive constants. In condition (b) defining I'(d, M), we choose  to
be max (K1, ko, 1). The last pair of inequalities (8:22)) and (3:23)), along with condition (b)
defining I'(§, M) gives us condition 4 in Definition [ for all M sufficiently large (in fact,
as soon as v/ M > 9/8).
Thus, the only condition in Definition [0l that remains to be dealt with is condition 3.
We have already seen how criteria (i) and (ii) in Proposition suffice to imply
condition 3 in Definition [, except on an event of probability O(4?). Criterion (i) is implied
by the upper bound in condition (b) defining I'(d, M), applied along with the inequality

+ Kgd” (3.23)
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O R
€0l €0]?
definition of n(¢); recall that x > 1 by its definition).

Thus, it remains to show that conditions labeled by (¢),(d) and (e) defining I'(6, M)
together imply criterion (ii) in Proposition BIL.2l To this end, we refer to Section
where we obtain expressions of oy (w) as expansions in & /&, (as in (BI0)). From such
expansions, we find that in order to establish criterion (ii), it suffices to show (here we
switch to the variable | = n(6) — k)

< 62 (which holds everywhere except on an event of probability < §2 by

C = —_(n(d n(d
1 26 flﬂ + 77[(+§ ) Sivj + 771(+§' ) < \/M
S * | = (I +1); (I+7); BSOS

Recall from Proposition B5.3] that except with probability O(§?), we have for all [ >
1, |77[(n(5))| < |m| < 178, 1t is then a straightforward calculation using the triangle in-
equality that indeed (c), (d) and (e) defining I'(J, M) imply the above inequality, for 0 <

t<m;2<j<m.

3.13 Proof of Theorem 3.2.1]

We claim that it suffices to show that for every j, , we have for any A € A and any Borel
set B in Syut

P (C(X) € )1 (Xow € B)12i0) =, [ VEAPE).  (324)

X out (B)N(jo)

First, note that (8.24]) implies the conclusion (B.2)) of Theorem B.2T] a.s. on the event €2(jo)
with the quantities m and M depending only on jy. To see this, let X’ be the sigma-algebra
generated by X,y , and let X'(jy) be the collection of sets formed by intersecting the sets
of X with Q(jo). So, every set in X(j) is of the form X (B) N Q(jo) for some Borel set

B C Sou- We can then consider the finite measure space (2(jo), X (jo),P). For fixed A € A
and any Borel set B in S, we have

P ((C(X) € 4) N (Xow € B)1 Qo)) = [ o PO AP (329

We can now compare the [324)) and ([B27]) for fixed A € A and all Borel sets B in Syyt.
Considering this on the finite measure space (2(jo), X(jo), P), we obtain obtain (3.2) for a.s.
€ € Qjo) and a fixed A € A. The constants m and M obtained are the same as those
appearing in (3.24]) for this jo. Here we use the fact that all the sides in (3.2]) are measurable
with respect to Xou. We conclude that for a.s. £ € Q(jo), (B2) is simultaneously true for all
sets A € A, because A is a countable collection of sets. From here, we use Proposition 2.6.1]
to obtain ([3.2) for all Borel sets A in D™ and a.s. £ € (jo). But the Q(j)-s exhaust 2™, so
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we have the conclusion of Theorem B.2.1] holding a.e. & € Q™. The constants however now
depend on w = Xyu(€), because for any given &, we simply take the constants coming out
of (824) for the minimal jy for which £ € Q(jy); recall here that Q(jy) is measurable with
respect to Xous -

Now we focus on proving (324]). For any Borel set B in S,y given £ > 0 we can find

a B € B such that P <(Xout(B) NQjo)) AX

Out(é)) < e. This can be seen by considering
the push forward probability measure (Xou).P on Sou; recall that £2(jp) is also measurable
with respect to X,u. The aim of this reduction is to exploit the fact that as £ — oo, we
have 15 (X0%) — 15 (Xouw) a.s.

We start from (BI) applied to A, B, jo (where A € A ) and intend to derive [324) for
A, B, jo. We want to show that both sides of (B.1]) converge to the appropriate quantities in
B24) as k — oo and € — 0.

In what follows, we will denote by PP, the non-negative finite measure on = obtained by
setting dPp, (&) = h(§)dP() where h : = — [0, 1] is a measurable function. We note that for
any event £, we have 0 < P,,(F) < P(E) < 1. For the rest of this proof, the value of jj is
held fixed.

We start with P,[(X"* € A) N (X™ € B)N Qn, (Jo)]- This is equal to
P, [(Xin € A)N (Xow € B)NQ, (j[]):| + 04(1; B)

where og(1; B ) stands for a quantity that tends to 0 as k — oo for fixed B. This step uses
the fact that 15 (X% (£)) = 15 (Xou(€)) a.s. The last expression above equals

B (Xin € 4) 1 (X € B)12Go)) 0190, Gi) | + 0:(1) + 011 )

where o-(1) denotes a quantity that tends to 0 uniformly in k£ as ¢ — 0. Observe that

(Xow) 1 (B) N Qo) € Qo) C limy, . U, (Jo) and P (limy o D (50)A (Niss i (o)) =
0(1) where 0x(1) denotes a quantity such that o,(1) — 0 as k — oo, uniformly in B and e.
Hence we have

B, [oqn € A) N (Xou € B) N1 Qo) N D, <jo>]

=Py |:(Xin € A)N (Xow € B) N QJjo) (m Qn, (Jo ) N an(jo)} + ox(1) .

>k
But (s n, (o)) Ny (o) = (Mizs, i (o)) and

Ph{(){mem (Xows € B) NQ2jo) N <ﬂ9n130>}

>k

=P, [(Xin < A) N (Xout € B) N Q(]o) ﬂh_ank(jo):| + Uk(l)
k
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But again, (Xou € B) N Q(jo) C lim, Q,, (Jo), so the upshot of all this is that

P, [(Xiff e A)N(X™ € B)NQ,, (jo)] =P, {(Xin € A)N (Xou € B) N Q(jo)] + 0,(1; B)

out

+0k(1) + 08(1).

We apply the above reduction to the left hand side of (Bl with A = 1 and to the right hand
side of (B with h(§) = v(£, A), and obtain

]P’[(Xin € A)N(Xow € B)ﬂQ(jO)} =0 (/(XOM) y(f,A)dP(§)>+05(1)+ok(1; E)—l—ok(l)

~HB)NQ(jo)
+9(k; jo) -

Recall from the statement of Theorem B.2.1] that J(k; jo) — 0 as k — oo. First letting

k — oo in the above (with B held fixed) and then ¢ — 0 (i.e., letting B — B in the sense

that P(BAB) — 0) in the above, we obtain (B24).
This completes the proof of Theorem B.2.11
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Chapter 4

Continuum Percolation for (Gaussian
zeroes and Ginibre eigenvalues

4.1 Introduction

Let IT be a simple point process in Euclidean plane. We place open disks of the same radius
r around each point of II, and say that two points are neighbours if the corresponding disks
overlap. Two points in Il are connected if there is a sequence of neighbouring points of II
that include these two points. We can then study the statistical properties of the maximal
connected components (referred to as “clusters”) of the points of II. Of particular interest
are the infinite cluster(s). This is the basic setting of the continuum percolation model, also
referred to as the Boolean model.

It is clear from an easy coupling argument that the probability that an infinite cluster
exists is an increasing function of the radius of the disks. We say that there is a non-
trivial critical radius if there exists an 0 < r, < oo such that the probability of having an
infinite cluster is zero when 0 < r < r. and the same probability is is strictly positive when
r. <r < oo. For r. <r < oo, one can ask whether the infinite cluster is unique. For point
processes which are ergodic under the action of translations, the event that there is an infinite
cluster is translation-invariant, and therefore its probability is either 0 or 1. Similarly, the
number of infinite clusters is a translation-invariant random variable, and therefore a.s. a
constant.

In this chapter we focus on the two main natural examples of repelling point processes on
the plane: the Ginibre ensemble, arising as weak limits of certain random matrix eigenvalues,
and the Gaussian zero process arising as weak limits of zeroes of certain random polynomials.
The latter process will be abbreviated as the GAF zero process. For details on these models,
see Chapter 1.

In [BYTI] (see Corollary 3.7 and the discussion thereafter) it has been shown that there
exists a non-zero and finite critical radius for the Ginibre ensemble.

In this chapter we prove the following theorems:
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Theorem 4.1.1. In the Boolean percolation model on the Ginibre ensemble, a.s. there is
exactly one infinite cluster in the supercritical regime.

Theorem 4.1.2. In the Boolean percolation model on the GAF zero process, there exists a
non-zero and finite critical radius. Moreover, in the supercritical regime, a.s. there is exactly
one infinite cluster.

Continuum percolation is well-studied in theoretical and applied probability, as a model
of communication networks, disease-spreading through a forest, and many other phenomena.
This model, also referred to as the Gilbert disk model or the Boolean model, is almost as
old as the more popular discrete bond percolation theory. It was introduced by Gilbert in
1961 [Gil61]. In the subsequent years, it has been studied extensively by different authors,
such as [Ha88], [Mo94],[MRI6] and [Pe03], among others. Closely related models such as
random geometric graphs, random connection models, face percolation in random Voronoi
tessellations have also been studied. For a detailed discussion of continuum percolation and
related models, we refer the reader to [MR96] and [BoRi09]. For further details on point
processes, we refer to [DVOT].

Much of the literature so far has focused on studying continuum percolation where the
underlying point process Il is either a Poisson process or a variant thereof. Most of these
models exhibit some kind of spatial independence. This property is extremely useful in the
study of continuum percolation on these models. E.g., the spatial independence enables us
to carry over Peierls type argument from discrete percolation theory for establishing phase
transitions in the existence of infinite clusters, or Burton and Keane type arguments in order
to prove uniqueness of infinite clusters.

While the Poisson process is the most extensively studied point process, the spatial inde-
pendence built into it makes it less effective as a model for many natural phenomena. This
makes it of interest to study point processes with non-trivial spatial correlation, particularly
those where the points exhibit repulsive behaviour. On the complex plane, the main nat-
ural examples of translation-invariant point processes exhibiting repulsion are the Ginibre
ensemble and the Gaussian zero process. The latter process is also known as the Gaussian
analytic function (GAF) zero process. The former arises as weak limits of eigenvalues of
(non-Hermitian) random matrices, while the latter arises as weak limits of zeros of Gaussian
polynomials. For precise definitions of these processes we refer the reader to Chapter 1.

The Ginibre ensemble was introduced by the physicist Ginibre [Gin65] as a physical model
based on non-Hermitian random matrices. In the mathematics literature it has been studied
by [RV07] and [Kr06] among others. The Gaussian zero process also has been studied in
either field, see, e.g. [BoBL92|, [STs1-04],[STs2-06],[STs3-05],INSVQ7], [FH99]. We refer the
reader to [NSI0] for a survey. These models are distinguished elements in broader classes
of repulsive point processes. For example, the Ginibre ensemble is essentially the unique
determinantal process on the plane whose kernel K (z,w) is holomorphic in the first variable,
and conjugate holomorphic in the second ([Kr06]). The Gaussian zero process is essentially
unique (up to scaling) among the zero sets of Gaussian power series in that its distribution
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is invariant under translations ([STs1-04]). For an exposition on both the processes, we refer
the reader to [HKPV10].

The strong spatial correlation present in the above models severely limits the effectiveness
of standard independence-based arguments from the Poisson setting while studying contin-
uum percolation. Our aim in this chapter is to study continuum percolation on the two
natural models of repulsive point processes mentioned above, and establish the basic results.
Namely, there is indeed a non-trivial critical radius, and the infinite cluster is unique when
we are in the supercritical regime.

While the spatial independence of the Poisson process is not available in these models, we
observe that this obstacle can be largely overcome if we can obtain detailed understanding
of spatial conditioning in these point processes. Such understanding has been obtained in
Chapter 2, where it has been shown that for a given domain D, the point configuration
outside D determines a.s. the number of points in D (in the Ginibre ensemble) and their
number and the centre of mass (in the Gaussian zeroes ensemble), and “nothing further”.
For a precise statement of the results, we refer the reader to the Theorems ET0T] [AT0.2]
EITTand EIT2 quoted in this chapter. In the present work, we demonstrate that along with
certain estimates on the strength of spatial dependence, this understanding is sufficient to
overcome the problem of lack of independence, and answer the basic questions in continuum
percolation on these two processes.

For determinantal point processes in Euclidean space, it is known that a non-trivial
critical radius exists, see, e.g. [BY1I]. This covers the Ginibre ensemble. The uniqueness of
the infinite cluster (in the supercritical regime), however, was not known, and this is proved
in Section For the Gaussian zero process, both the existence of a non-trivial critical
radius and the uniqueness of the infinite cluster (when one exists) are new results, and are
established in Sections and .TT] respectively.

In the case of the GAF zero process, while proving our main results we derive new esti-
mates for hole probabilities. Let B(0; R) be the disk with centre at the origin and radius R.
The hole probability for B(0; R) is the probability p(R) = P (B(0; R) has no GAF zeroes ).
It has been studied in detail in [STs3-05], and culminated in the work of Nishry [NisI0]
where he obtained the precise asymptotics as R — oo. It turns out that as R — oo we
have —logp(R)/R* — ¢ where ¢ > 0 is a constant. In this chapter, however, we need to
understand hole probabilities for much more general sets than disks.

Let us divide the plane into 6 x 6 squares given by the grid §Z2. Let I'(L) be a connected
set comprising of L such squares. We prove that for § > 6, (an absolute constant), there is
a quantity ¢(f) > 0 such that P (I'(L) has no GAF zeroes ) < exp (—c(0)L). The techniques
generally used in the literature to study hole probabilities, e.g. Offord-type estimates, do not
readily apply to this situation. Instead, we exploit a certain ‘almost independence’ property
of GAF, and combine it with a Cantor set type construction to obtain the desired result.
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4.2 The Boolean model

Let II be a point process in R? whose one-point and two-point intensity measures are abso-
lutely continuous with respect to the Lebesgue measure on R? and R? x R? respectively. We
say two points x,y of II are neighbours of each other if ||z — y||2 < 2r. Equivalently, we can
place open disks of radius r around each point; then two points are connected if and only
the corresponding disks intersect. Two points x,y of II are neighbours if 3 a finite sequence

of points xg,x1,--- ,x, € Il such that zo = z,2,, = y and z;;, is the neighbour of xz; for
0<j<n—1.

This is the Boolean percolation model on the point process Il with radius r, denoted by
X(II, 7).

Connectivity as defined above is an equivalence relation, and the maximal connected
components are called clusters. The size of a cluster is the number of points of II in that
cluster. We say that the model percolates if there is at least one infinite cluster. We say
that xo € R? is connected to the infinity if there is a point z € II such that ||z — xgll» < 7
and x belongs to an infinite cluster. The probability of having an infinite cluster and that of
the origin being connected to infinity both depend on the parameter r. The trivial coupling
obtained from the inclusion of a disk of radius 7’ inside a disk of radius r with the same
centre (for " < r) shows that both of these probabilities are non-decreasing in 7.

Notation 2. Let A(r) denote the number of infinite clusters when the disks are of radius r.

Definition 12. The point process 11 is said to have a critical radius 0 < r. < oo if A(r) =0
a.s. when 0 <r <r. and P(A(r) >0) >0 when r. <r < oco.

For any point process II in R?, the group of translations of R? acts in a natural way on
IT: a translation T takes the point z € II to T'(x), the resulting point process being denoted
T,II. The process II is said to be translation invariant if 7,II has the same distribution as II
for all translations 7. The process is said to be ergodic under translations if this action is
ergodic.

For any translation invariant point process, the probability of the origin being connected
to infinity is the same as that for any z € R?, so by a simple union bound over x € R? with
rational co-ordinates, the probability of having an infinite cluster is positive if and only if
the probability of the origin being connected to infinity is positive.

Clearly, A(r) is a translation-invariant random variable. If the distribution of II is ergodic
under translations, A(r) is a.s. a non-negative integer constant. In particular, the probability
of having at least one infinite cluster is either 0 or 1.

4.3 The underlying graph

Consider the Boolean model with radius 7 on a point process II in R2. By the underlying
graph g of this model we mean the graph whose vertices are the points of II and two vertices
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z,y are neighbours iff ||z — y|ls < 2r. By ®(g) we denote the subset of R? formed by the
union of the points of Il and straight line segments drawn between two such points whenever
their mutual distance is less than 2r. Since the two point intensity measure of II is absolutely
continuous with respect to the Lebesgue measure on R? x R?, therefore the probability that
there are two points of IT at a mutual distance 27 is 0. Hence, if a take a large open disk D,
then there exists an € > 0 such that for each point  of Il in D we have B(x;¢) C D and =
can be moved to any new position in the open disk B (z; e) without changing the connectivity
properties of g. In other words, let ® map each point of the configuration inside D to any
point in its € neighbourhood, and let it map every other point of the confugration to itself.
Then ®(x) and ®(y) are neighbours if and only if x and y are neighbours.

4.4 Discrete approximation and the critical radius

The first step in our study of continuum percolation will be to relate our events of interest to
events defined with respect to a grid, so that the problem becomes amenable to techniques
similar to the ones that are effective in studying percolation in discrete settings.

Definition 13. Let 6 > 0 be a parameter, to be called base length, and consider the grid
formed by 0Z* (which includes the horizontal and vertical edges connecting the points of 072 ).
Each 0 x 0 closed square (including the interior) whose vertices are the points of 0Z* will be
referred to as a standard square. Two (distinct) standard squares are said to be neighbours
if their boundaries intersect. So, each standard square has 8 neighbours.

Notation 3. For x € R? and R > 0, we will denote by E(aj, R) the open disk with centre x
and radius R.

We define W, the box of size R, to be the set Wx := {x € R? : ||z||c = R}.

For a subset K C R?, we will denote by K the topological closure of K.

Definition 14. Fiz a radius r > 0 and a base length 6 > 0.

A continuum path v of length n is defined to be a piecewise linear curve whose vertices
are giwen by the sequence of points x; € 11,1 < j < n such that x;11 is a neighbour of x; for
1<:1<n-—1. B

For a continuum path y with vertices {xy,--- , x,}, we denote by S(7y) the set \J_, B(z;; ).

A lattice path T' of length n is defined to be a sequence of standard squares {X;}}_, such
that X;11 is a neighbour of X; for 1 < i < n — 1. A lattice path {X;}!, is said to be
non-repeating if X; # X; fori # j.

For a lattice path T' = {Xy,--- , X,,}, we denote by V(T') the set J;_, Xi.

We say that a continuum path v connects the origin to Wr if 0 € S(v) and S(v)NWgr # ¢.
For R € Z., we say that a lattice path T' connects the origin to Wge if 0 € V(I') and
V(L) N Wge # .

With these notions in hand, we are ready to state:
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Proposition 4.4.1. Consider the Boolean percolation model X (I1,r). Let the base length 6 =
r/\/8. Suppose, for some L € Z.., there exists a non-repeating lattice pathT = {X1,--- , X,,}
that connects 0 to Wiy with each X; containing at least one point in 11. Then there exists a
continuum path v that connects 0 to Wiyy.

Proof. The result follows from the fact that with = r/+/8, disks of radius r centred at any
two points in adjacent standard squares intersect with each other. This is true because the
maximum possible distance between two points in adjacant standard squares is /8. [ |

Proposition 4.4.2. Fiz a base length 0 and an integer k > 0. For any 0 < r < 0/18k the
following happens: Suppose in X (I1,r) there exists a continuum path ~y connecting 0 to Wi
(where L € Z.. ). Then there exists a non-repeating lattice path T' connecting 0 to Wy such
that each standard square in I' contains > k points € I1.

Proof. Let r be a radius such that k < 6/18r, and let vy be a continuum path with vertices
{z;}"_, connecting 0 to Wyy. A finite lattice path I'; is said to be contained in another finite
lattice path I'y, denoted by I'y C I'y, if V/(I'y) C V(T'y).

Now, consider the set = of all finite lattice paths I' (non-repeating or otherwise), 0 € V(I),
such that each standard square in I' contains > k points. Clearly, C is a partial order on
=. Moreover, = is non-empty, because v must reach L*° distance ¢ from the origin, and in
doing so must have at least /2r points € II. The 4 standard squares whose closures contain
the origin contain these 6/2r points, so at least one of them must have at least 6/8r > k
points in II.

Let I' be a maximal element in = under C. If I connects 0 to Wry then we are done.
Otherwise, we define the surround X(I") of I" as the union of all standard squares which are
neighbours of the standard squares in I" and are contained in the unbounded component of
the complement of I". Since v connects 0 to Wry, therefore 7 intersects 0X(I") \ V(T'). Let j
be the least index € [n] such that the line segment (z;_1, z;] intersects 03(I") \ V/(I'). Since
r < 6, we must have x;_; € Int (X(I')), where Int (H) denotes the interior of a set H. Let
o be a standard square in 3(I") such that o contains x;_;. Consider the continuum path
7' with vertices {x;,z;_1, - ,2;} where i is the largest index < j — 1 such that z; € I". In
other words, we trace the vertices of v backwards from z; until we are in I'. Now the part
of 4" contained in o and its neighbouring standard squares (that are in 3(T")) is of length at
least 0, therefore it has at least #/2r points € II contained in these squares. But

Total number of such squares (including o)

< 1+ number of standard squares neighbouring o = 9.

Therefore we have 0/2r points € II contained in < 9 squares in X(I'). Therefore at least
one square o’ in X(T') has at least §/187 > k points of v. Let I' = {X;}¥, and let ¢’ be a
neighbour of X; € I'. We define a new lattice path I'" € = by

I ={X1, Xy, Xy, Xn_1, Xy, X, 0},
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that is, by backtracking along I" until we reach X; and then appending o at the end. Clearly,
S(I") D S(I') as a proper subset, contradicting the maximality of T".

Since the procedure described above must terminate after finitely many steps because
Wie is a compact set, a maximal element I' of = must connect 0 to Wye. Such a lattice path
may not be non-repeating. However, we can erase the loops in I' in the chronological order
to obtain a non-repeating lattice path of the desired kind that connects 0 to Wpy. [ |

In the next theorem, we provide some general conditions under which there exists a
non-trivial critical radius for the Boolean percolation model

Theorem 4.4.3. Let I1 be a translation invariant and ergodic point process with the property
that for any connected set T of L standard squares (with base length 0) the following are true:

e (i)For large enough 0, we have
P[T contains no points € 1] < exp (—c1(0)L)

with ¢1(0) — oo as 0 — oo

e (ii)For large enough 0, we have
P[ Each standard square in I' has at least k points € I1] < exp (—cqo(0, k)L)
with limg_ oo limy_, c2(0, k) = 0.

In the Boolean percolation model X (I1, 1) on such a 11, let r denote the radius of each disk
and let A(r) denote the number of infinite clusters. Then there exists 0 < r. < oo such that
for 0 <r <r., we have A(r) =0 a.s. and for r. < r < oo we have A(r) > 0 a.s.

Proof. The proof follows a Peierl’s type argument from the classical bond percolation the-
ory, after appropriate discretization using Propositions E.4.1] and We first note that
by translation invariance, it suffices to show that P[0 is connected to co with radius r] >
0 or = 0 respectively in order to show that A(r) > 0 or =0 a.s.

We want to show that for small enough r, there is no continuum path connecting 0 to
oo. Consider possible base lengths 6 so large that our hypothesis (ii) is valid. Fix base
length 0 and k a positive integer large enough such that 2log3 — (0, k) < 0 where ¢, is
as in (ii). We call a non-repeating lattice path T' to be k—full if each standard square in
[’ contains > k points € II. By condition (ii), if there are L distinct standard squares in
I, then the probability of I' being k-full < exp (—co(6,k)L). Since each standard square
has < 9 neighbours, therefore the number of non-repeating lattice paths I' containing 0 and
having L standard squares < 9%. So,

P| There is a k-full lattice path of length L containing the origin
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< exp ((210g3 — (6, k))L)

The right hand side is summable in positive integers L, hence by Borell-Cantelli lemma,
P| There exists a k-full lattice path connecting the origin to Wiy for all L € Z,| =0

If there was a continuum path v connecting 0 to oo, then for any integer ¢ > 0 there will
be a continuum path connecting 0 to W;y. We now appeal to Proposition for this k
and find an r small enough such that for any continuum path v connecting 0 to the box Wy
we can find a k-full lattice path I" connecting 0 to Wyy. But we have already seen that a.s.
there are only finitely many k-full lattice paths, which gives us a contradiction, and proves
that there is no continuum path connecting 0 to oo, with probability 1.

By translation invariance, this proves that for small enough r, we have A(r) = 0 a.s.

Next, we want to show that for large enough r, with positive probability there exists a
continuum path connecting 0 to co. Fix a radius r in the Boolean model. The event that
there exists no continuum path from 0 to oo, implies by Proposition L4l that (choosing
the base length to be # as in Proposition B4l with # = 7/1/8) there exists L € Z, such
that there is no lattice path connecting the origin to Wry. The last statement implies that
there exists a circuit of standard squares surrounding the origin such that the interiors of
the standard squares in this circuit do not contain any point from II. Therefore, it suffices
to prove that the probability of this event can be made < 1 by choosing r sufficiently large.

To this end, we recall that the number of circuits of standard squares containing the
origin and consisting of L distinct standard squares is exp (cL) for some constant ¢ > 0. For
details on this, we refer the reader to [BoRi09], Chapter 1, proof of Lemma 2.

The probability that a specific circuit of standard squares surrounding the origin and
containing L standard squares is empty < exp (—c;(6)L) when base length is 6, which follows
from condition (i) in the present theorem. Therefore,

P| There exists an empty circuit surrounding the origin } < Z e DLe—er(0)L (4.1)
L=1

Now, by choosing r large enough, we can make ¢ large enough (by Proposition L41]), so that
condition (i) would imply that the right hand side of ([@J]) is less than 1. This completes the
proof that when r is large enough, 0 is connected to co with positive probability. [ |

Remark 4.4.1. Theorem [{.4.3 carries over verbatim to d dimensions instead of 2, with
standard squares replaced by d dimensional standard cubes, whose definition is analogous.
The proof works on similar lines.

4.5 Critical radius for Gaussian zeros

In this section we aim to study the Boolean model on the planar GAF zero process. First
of all, we will prove an estimate on hole probabilities and overcrowding probabilities in the
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Gaussian zero ensemble, which is taken up in Section It will subsequently be used to
prove the existence of critical radius for the Boolean percolation model on Gaussian zeroes

in Section 4.7

4.6 Exponential decay of hole and overcrowding
probabilities

The main goal of this section is to prove the following estimate on the hole and overcrowding
probabilities of connected sets composed of standard squares:

Theorem 4.6.1. Let I' be a connected set composed of L standard squares of side length 6.
Let E and F}, denote the events that that each standard square in I' has no zeroes and has
> k zeroes respectively. Then, for 0 bigger than some universal constant, we have :

(PIE) < exp(—i(O)L) ()P [F] < exp(—cs(60, K))
where ¢1(0) — 00 as 6 — 0o and limg_,o, limg_,o, c2(0, k) = 00

We will perform a certain Cantor type construction which will be used in proving Theorem
6.1l For the rest of this section, the symbol “log” denotes logarithm to the base 2. We will
first perform the construction for a straight line, and then take a product of the construction
along the two axes which will result in a similar construction for a square.

We consider the normalized GAF f*(z) = e 21 f(2). We will make use of the following
almost independence theorem from [NS]:

Theorem 4.6.2. Let F' be a GAF. There exists numerical constant A > 1 with the fol-
lowing property. Given a family of compact sets K; in C with diameters d(K;), let p; >
\/log(?)—i—d(Kj)). Suppose that Ap;-neighbourhoods of the sets K; are pairwise disjoint.
Then

F*:F;—i-G; on K

where F; are independent GAF's and for a positive numerical constant C' we have
P {n}{ax G5 > e"’i} < Cexp|—e”]
i

Define the function h(x) = 2Alog(z/2), where A is as in Theorem

Our construction will be parametrized by two parameters: # > 0 and 0 < A < 1.
We will think of 6 to be large enough and A to be small enough; the exact conditions
demanded of # and A will be described as we proceed along the construction. It turns out
that the resulting choice of # and A\ can be made to be uniform in all the other variables in
the construction (like the length L), and it suffices to take A smaller than some universal
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constant and 6 large enough, depending on A. To begin with, we demand that # be so large
that C exp[—e(89°] < 1, for C' as in Theorem E6.2, and

\/log(?) + 20V/?2) < flog x for all = > 1. (4.2)

A Cantor type construction: straight line

Let T'y be the straight line segment [0, L] (or a horizontal translate thereof). An obvious
analogue for this construction can be carried out for a similar line segment aligned along the
vertical axis.

We start with T'g. Let Ag be the line segment C 'y of length 6h(L) such that (Ag) N Ty
consists of two line segments £ and R of equal length (L0 — 6h(L)) /2, situated respectively
to the left and right of Ag. Set 'l = £, T2 =R and I'; = '} UT'? . We proceed inductively
as follows. For N = [log A\L] > j > 1 where 0 < A < 1 is to be fixed later, consider F;, 1<
i <27, Let A’ be the segment C I'} of length 6h(L/27) such that £;, R; C I'} are segments
of equal length, located to the left and right respectively of Aj. It will be clear from the
arguments towards the end of this section that with N as above and A chosen appropriately,
we must have length(A?)= 6h(L/27) < length(I") for each i and j; therefore the last step in
the construction makes sense. Each of £;, R; has length ( Length (I'}) — 0h(L/27)) /2.

Doing this for each 1 < ¢ < 27 we have a collection of 27 pairs of line segments L;
and R;, with a natural ordering among them along the horizontal axis from the left to the
right. Following this order, we denote these segments F; 41,1 <@ <2771 Finally, we define
Ty =UZ Th,. We call A; = U;A? as the “removed” portion in the j-th round and T,
to be the “surviving” portion after the j-th round.

This completes our construction for a straight line segment I'g of length L. Before
moving on, let us make some observations about the above construction. Recall that N =
[log AL], so in the end there are 2 disjoint segments, and AL < 2V < 2\L. The length
of each Fé- is clearly bounded above by Lf/27, and the length of A; is bounded above by

270h(L/27) We upper bound the total length of the removed portion Uj-V:’OlAj by

Z Length(A Z 271 . 2A01og(L/27) = 2A(2N — 1)flog L — 2A0(N — 1)2 — 246

7j=1

= 2N AQ (log L — N) — 2A01og L + 2V A0 — 2A0 < 4A <)\10g A) LO + 4ANLO
where in the last step we have used
AL < 2N < 2\L. (4.3)

By choosing A small enough (less than some universal constant), we can ensure that the total
length of the removed portion is < %L@. In particular, this means that for each ¢ and j, we
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have length(Aé») < length(Fé), justifying that the construction leaves us with a non-trivial
surviving portion at each step.

In I'y, each final surviving segment I’ is of equal length, and since the length of I'y >
$ L0, therefore each I'y is of length > 516 > %.

Notice that Ap;-neighbourhoods of I are disjoint where p; = 6log(L/27).

A Cantor type construction: square

We now describe an extension of the Cantor type construction in Section which applies
to a square By of dimension L# x L#. For each round, we will describe the connected
components surviving at the end of that round.

We begin by noting that By = I'g; x I'g 2 where I'g; are straight lines of length L along
horizontal and vertical directions respectively. We perform the construction for a straight
line segment on each of I'y 1, 'y 2 and let the surviving set at the end of round j be denoted
by I';1 and I'; 5 respectively. Then the surviving set at the end of round j for By is given
by B; :=T,;1 x I';2. Now B; clearly contains 2% connected components (which are in fact
squares of side length < 0L/27); call these B;, 1 <i < 2%, and number them in any order.
By the arguments in Section [4.6] it is clear that the final set By has area at least 1—1192L2,
has 4 connected components which are squares of side > 6/4\. For A smaller than some
absolute constant, each of these connected components contains at least one standard square
of side 6. Moreover

Euclidean Dist(B}, B} ) > L*-Dist(B}, B ) > 2A0log(L/2’) for all i # ', for each j.

Then with p; = @log(L/27), we have that the Ap;-neighbourhoods of the Bj-s are disjoint,
and by choice of # in equation (£2]) we have p; > \/ log(3 4+ Diam (B})). In obtaining the

last assertion, we use the fact that Diam (B}) < 0L+/2/27, recall (EZ) and () and choose
A such that 1/\ > 1. The last condition is to ensure that for each j < N we have z > 1 as in

@

Functional decomposition in the Cantor construction

We can consider the sets Bj to be the vertices of a tree T of depth N where each vertex has
4 children (except at depth N). The children of the vertex B} are the vertices B;:'Jrl where
B;»/H are obtained by applying the j 4+ 1-th level of the construction in Section to B;
Corresponding to the tree T, we can perform a decomposition of the normalized GAF f*
using Theorem [.6.21 We start with f*, which we also call f;. We apply Theorem [L.6.2to the
compact sets Bi, 1 <7 <4 to obtain i.i.d. normalized GAF s fl*,i and corresponding errors
g1 ;- These are the functions corresponding to the first level of the tree. At the next level,
we perform a similar decomposition on each f7; to obtain f7; and g5 ,,1 < j < 4%, So, on

Bj we have f* = f5,+g5,+ g}, where B} C BY We continue this decomposition recursively
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until we reach level N in 7. At level N we have f* = f ;4G on By, 1 < i <2V where the
[ iid. normalized GAFs. The G} are the cumulative errors given by G} = Z,]::l 9 (ki)

where n(k,i) are such that By C BZ(k’i). The g;;-s are not independent. However, for
any two distinct vertices B;, B;/ at the same level j in 7T, the errors corresponding to the

descendants of B} and those of B;'-' are independent. Thus at level j, the 47 functions g;;
can be grouped into 4/~! groups J;v, 1 < i < 4771 (each group consisting of 4 functions
whose vertices have the same parent at level j — 1 in 7). Thus, the index " in J;,;» can
be thought to be varying over the vertices in 7 at level j — 1. Clearly, J;; and J;; are
independent sets of functions for ¢ # /. We call J;; to be “good” if each g;; € J;,; satisfies

{maxpr g7 | < e’ ) }, otherwise we call it “bad”. Recall from Theorem 6.2 (and a simple
J k)

union bound) that P{J,; is bad} < C exp[—e”i].
Set p; = Cexp[—e”i] as above. Denote by b; the number of J;; at level j which are not
good. By a simple large deviation bound, we have, for any 0 < z; < 1,

P(b; > z; - 477") <exp (—4''1)) (4.4)

where I; = z;In 2—; + (1 — ;) In =% (for reference, see Theorem 2.1.10).

1—p;
We set z; = 1/4V 7% whereas p; = C exp <—ep?), and

p; = 0log(L/2") = py + (N — )8

Further, 0log % < pn < Hlogi (recall that N = [log AL]). Combining all these facts, we

have ,
—z;lnp; = [exp (92 (%pN + (N —j)> ) —InC /4Nj+1

By choosing 6 larger than and A smaller than certain absolute constants, we can make the
numerator of the above expression > 2042V=7*1 for all N > 1 and 1 < j < N. Since |z;| <
1/4 for each 1 < j < N, we have |z;Inz;| < TIn4. Also, for 6 bigger than and A smaller
1—x;
1fpj
are two positive constants. The upshot of all this is that by choosing 6 larger than a constant

we can make [; > 04Nt for all j, where we recall that [; = z;In f}—j +(1—2z;)In i:;j

than some absolute constants, we have ¢; < ’(1 —z;)In ‘ < V) < N where ¢; and ¢y

Hence we have
P(b; > x; - 47") <exp (—047 14V 7)) = exp (—04") < exp (—0N°L?)

We denote by Q the event {b; > x; - 4 for some j < N}. By a union bound over
1 < j < N, we have P(Q) < Nexp(—0M2L?) < exp(—cy(0)L?) when 0 is large enough,
depending on A. Here we recall again that N = [log AL].

We call G to be “good” if each summand gzzn(k’i) in G;-k = ij:l G belongs to good
J-s. Now, each bad J at level j gives rise to 4V =91 bad G%-s at level N. Outside the event
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Q, there are at most ;47! bad J-s at level j, leading to ;4" bad G;-s. But Zjvzl r; < 1/2,
hence except with probability < exp (—co(0)L?), we have > %4N > %)\QLQ good G-s. For
any good G}, we have, for 0 larger than and A smaller than absolute constants,

N

N
2 2 2
* A —-p —-p —50
Gl < E SUPB:<k,z>|gk,n(k,i)| < E ek <2efN e
k=1 k=1

Suppi,
Let the final set of surviving connected square segments be denoted as Y(B).

A variant of the Cantor type construction for a square

Here we will discuss a variant of the construction for the L6 x L6 square, which is as follows.
We begin with a square B’(L), each side of length 216 + 2[Alog L|6. In the first step, we
remove the horizontal and vertical strips corresponding to the central segments of length
2[Alog L]0 on each side of the square, with A as in Theorem This leaves us with
four squares of side length L# each. We can parametrize the four L# x L squares as
Byo, Bio, Bo1, B11, where an increase the first subscript denotes an increase in the horizontal
co-ordinate of the centre of the square and an increase in the second subscript denotes the
same for the vertical co-ordinate of the centre. We now repeat the construction for an
Lo x LB square for each of B;;,0 < ¢,j < 1. Let T(B;;) denote the final surviving set for
the construction on Bj;. The final surviving set for B'(L) is denoted by T = U} ;_,Y(B;;).
The normalized GAF f* on B'(L) has an analogous decomposition on similar lines as the
LB x LB square case. Further, with probability < C exp(—e?!# L)Q), all the errors ¢* due to
the first step of the construction (from B'(L) to B;;) are < e~(¢181)*,

Hence, on similar lines to Section .6l we can conclude that for A smaller than an absolute
constant and 6 large enough (depending on \), in each configuration Y(B;;) at least %4N >
$A2L? surviving components are good, except on an event € with P (€2) < exp (—¢(#)L?). On

each good component in the final surviving set, the accumulated error G* satisfies max|G*| <
—562
e .

Proof of Theorem [4.6.7]

Suppose we have a connected set I' of standard squares of base length # and consisting of
L standard squares. Then there is a square B of side length L6, consisting of L? standard
squares of base length 6, such that I' C B. As in Section .6, we form a square B'(L) of
side length 210 + 2[ Alog L]0, consisting of standard squares, such that B sits inside B’(L)
as the square By. Let the final Cantor set on B’(L). after applying the construction of
Section BL6, be T = U} ;_,Y(Bj;). Recall that the connected components of T are squares
of side length > 6/4)\, and each such component contains at least one standard square of
side 0. Moreover, any two of the Y (B;;)s are isometrically isomorphic with each other under
an appropriate horizontal and/or vertical translation by (L + 2[Alog L])f. We select one

standard square from each connected component in Y(By), and in the other Y(B;;)s we
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select those standard squares which correspond under the above isomorphisms to the ones
chosen in T(Byy). The resulting union of standard squares for each B;; will be denoted by
T'(B;;) and we define Y/ = UY'(B;;). So, given any standard square o in Y'(By), there
are four isomorphic copies corresponding to ¢ in T’ under the translations mentioned above,
with one copy in each Y'(B;;).

Denote by Y’ + (m,n) the translate in R? of the set T’ by the vector (m#,n#). Let Z
be the set of such translates of Y’ by (m,n) in the range 0 < m,n < L + 2[Alog L]. Given
any standard square o in Y'(Byg), under horizontal or vertical translations by L+2[Alog L]
there are four isomorphic copies corresponding to ¢ in Y’ (one in each Y'(B;;)) and it is
easy to check under the action of Z, any given square in B’(L) (and hence any given square
in T') is covered by exactly one of these. The total number of such o (identifying copies
isomorphic in the above sense) is 4V > A\2L?, while |Z| = (L + 2[Alog L])%. Hence, choosing
a translate from Z uniformly at random, the probability that a particular standard square
in " is covered > A2L?/(L + 2[Alog L1)? > k = k()\) > 0. Hence the expected fraction of T
covered by a random translate of Y’ is also > k. This implies that there exists a translate
T(Y') of Y’ (chosen from Z) such that it covers at least a fraction x of the standard squares
in I'. The same translation gives rise to a translate 7'(T) of T.

We call a constituent standard square of 7'(Y’) to be “good” if the corresponding G}
in T(Y(By;)) (from the Cantor type construction applied to the square T'(B’(L))) is good
as defined in Section But in each T'(Y(B;;)), we have that except on an event 2 such
that P(Q) < e L we have at least 1 of the Gj-s to be good. Let I'(i),1 < i < L denote
the standard squares in I'. Call a standard square to be “empty” or “full” according as it
contains respectively 0 or > k points in F. Call I' “empty” or “full” if all standard squares
in I are empty or full. In what follows, we treat the state “empty”, but in all steps it can
be replaced by the state “full”.

We observe that

{I" is empty } C QU { Some subset of |xL| standard squares in I',

namely those in T(Y') N T, are good and empty }

We have, via a union bound,

P(T" is empty) < P(Q2) + Z]P’ ﬂ {I';, is empty and good }
S {Fik}es

where the last summation is over S which is the collection of all possible subsets {I'; } of
|kL| standard squares in I' such that T;, € T(Y') for all k. Since there are at most 2-
subsets of standard squares in I, it suffices to show that for any fixed {I';,} € S, we have
for large enough 0

P ﬂ {I';, is empty and good } | < exp(—ci(0)L) (4.5)
{Fik}ES
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P| () {T is full and good } | < exp(—ca(6, k)L) (4.6)
{Fik}GS

where ¢1(0) — oo as 0 — oo and limg_, limy_oo c2(0, k) = 0.
Let A;, denote the event that {I';, is empty and good }. Recall that I';, being empty
implies that f*|r, does not have any zeros, and I';, being good implies that maxr, Gr| <

6_592, where G} are the cumulative errors in the cantor set construction, as estimated in
Section (4.6

Define A; to be the event that f; |p does not have any zeros. Here f; are the final
independent normahzed GAFs obtamed in the Cantor set construction. Clearly, the events
Aj are independent.

" We will show that A;,, C A} UQ,,, where the ;, -s are independent events with P(€;,) <

e~?. To this end, we note that on I';,, we have f* = f7 + G , and also maxy, |G} | < 6_592

Applying Corollary 6.4 to the square I, , we deduce that except for a bad event ;, of
probability < e~ we have | f; | > e~ on 9Iy,. Hence the equation f* = fi +G;oon Fik
along with Rouche’s theorem 1mphes that f* and fi have the same number of zeros in I';, .
So, on A; N Q) we have that A holds, in other words A; C Aj U(Y;,, as desired. The
2;,-s are independent since (2;, is defined in terms of f; which are independent normalized
GAFs.

Therefore we can write, for a fixed {I';,} € S

IP(OAik>§P<O(A;kUQ ) HIP’ (4 uQy,)

But it is not hard to see that for the state “empty” we have P (4] UQ;) < P(A]) +
P(Q,) < e where ¢() — oo as § — oo. It is also easy to see that if we consider
the state “full” instead of “empty” P(A] ) < e % where c(6,k) — oo as k — oo for
fixed 0, and P(Q;,) < e . Therefore we have P (4] UQ;) < exp(—cs(0,k)) where
limg_, oo limy o c2(6, k) = oo. This proves equations (LH) and (£6]) and hence completes
the proof of the theorem.

i

Lower bound on the size of f*

Our goal in this section is to establish that with large probability, the size of a normalized
GAF on the perimeter of a circle (or a square) cannot be too small. Of course, there is a
trade-off between the “largeness” of the probability and “smallness” of the GAF, depending
on the radius of the circle or the side length of the square. Such estimates, along with
r,, with the independent f; on “good”

I';,-s in Section .6
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Proposition 4.6.3. Let us consider a disk D of radius R > 1, and let v > 2. Then
P <|f*(z)| < e for some z € 8D> < e YW (4.7)

for a C(v) > 0. Here f*(z) = e 2 f(2) where f is the standard planar GAF.

Proof. First, we show that we can take D to be centred at the origin. Let w be the centre of
D and let D’ be the disk of the same radius as D centred at the origin. Then the random field
|/*(2)| for z € D can be re-parametrized as the random field exp (—1|z + w]?) | f(z + w)]
for = € D'. The latter can be written as e~ 21 exp (—R(zw) — L{w]?) |f(z + w)|. But it
is clear from a simple covariance computation that for any fixed w the random fields f(z)
and f,(2) = exp (—2w — $|w|?) f(z + w) have the same distribution, and so do |f(z)| and
| fu(2)] = exp (=R(zw) — $|w|?) | f(z + w)|. In other words, the random field {|f*(z)|}.ec
has a translation-invariant distribution. Hereafter we assume that D is centred at the origin.

We want to show that | f*(z)| > e " or equivalently, | f(z)| > e~ “~1/2F* on D except
on an event with probability exponentially small in R. We choose n = [271'336(V+2)R2—|
equi-spaced points {z;}]_; on 9D. Then

P (/" ()] < 2¢7) < ce ™ for all j

since f*(z) is a standard complex Gaussian for each fixed z. Consider the event €, =
|£*(2;)] > 2¢7E for all j < N. By a union bound over the {z;}-s we have for R > 1

2

]P)(Q§> < CRSB_(V_2)R2 < e—c(u)R

for some c(v) > 0.

f'(z) is a centred analytic Gaussian process on C with covariance Cov(f'(z), f'(w)) =
Zwe”™. Set 0% = maxy.pVar (f/(2)) = 4R%*™°. We use Lemma 2.4.4 from [HKPVI0] and
apply it to the Gaussian analytic function f’(2Rz). Using this, we obtain

P (Maxp|f'(2)| > t) < 2exp <—8t—2)
OR

Setting ¢ = R¥2e2E in the above we get
P <MaXD| F(2)] > R3/262R2) < 2e %R

Let Q, denote the event {Maxp|f'(z)| < R¥2¢**}. The distance between any two consec-
utive zj-s is < 2rR/n < R~2e~ "+ Hence, on Q, we have, via the mean value theorem,
|f(2) = f(z)] < R™/2¢7F* for any point z € D where z; is the nearest point to z among
{2} As aresult, for R > 1 we have on Q; Ny

1F(2)] > [f(z)] = |£(2) = flz5)] > 2e7 VDR _ gr1f2e=vE > o=(0=l/DR

For R > 1 we have P(€; N Q) > 1 — e~ “@¥E for some constant C(v) > 0, as desired. |
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Corollary 4.6.4. Let us consider a square T of side length S > 1, and let v > 1. Then
P <|f*(z)| < e for some z € 37) < emCWS (4.8)

for some constant C(v) > 0. Here f*(z) = e 21?” f(2) where f is the standard planar GAF.

Proof. We can follow the proof of Proposition The maximum of |f’| on T is bounded
above by the maximum of |f’| on the circumscribing circle of 7", whose radius is S/v/2 and
for which we can apply Lemma 2.4.4 from [HKPV1(]. |

4.7 Proof of Theorem 4.1.2: existence of critical
radius

We simply observe that Theorem [4.6.1] proves that the criteria outlined in Proposition [£.4.3]
are valid for F, thereby establishing that a critical radius exists for F.

4.8 Uniqueness of infinite cluster

In this section we will prove that in the supercritical regime for the Boolean percolation
models (G,r) and (F,r), a.s. there is exactly one infinite cluster.

4.9 An approach to uniqueness

We will first describe a proposition which has important implications regarding such unique-
ness for a translation invariant point process II.

Proposition 4.9.1. Let r > r. for the Boolean percolation model X (I1,r), where 11 is a
translation invariant point process on R?, and 0 < r, < oo is the critical radius. For R > 0
let Br denote the set {x € R?: ||z||o < R}. Then the following event has probability 0:

E(R) = { There is an infinite cluster C' with the property that C' N (Bg)¢ contains

at least three infinite clusters and such that there is at least one point from II in C' N BR}

The proof of the above proposition can be found in [MR96], proof of Theorem 3.6. The
event F(R) from Proposition EL3.1] corresponds to the event E°(N) there.

A general approach to a proof that a.s. there cannot be inifnitely many infinite clusters
is to show that such an event would imply E(R) would occur for some R.
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4.10 Uniqueness of infinite clusters: Ginibre ensemble

In this section we prove that in X (G,r) with r > r., we have A(r) =1 a.s.

To this end, we would need to have an understanding of the conditional distribution of
the points of G inside a domain given the points outside. This has been obtained in Chapter
2 Theorems 1.1 and 1.2. We state these results below.

Let D be a bounded open set in C whose boundary has zero Lebesgue measure, and
let Si, and S,y denote the Polish spaces of locally finite point configurations on D and D¢
respectively. G;, and G, respectively denote the point processes obtained by restricting G
to D and D°.

Theorem 4.10.1. For the Ginibre ensemble, there is a measurable function N : Sou —
NU {0} such that a.s.
Number of points in Gy, = N(Gout) -

Let the points of Gj,, taken in uniform random order, be denoted by the vector ¢. Let
p(Yout, -) denote the conditional measure of ¢ given Gyu = You. Since a.s. the length of ¢

equals N(Geui), we can as well assume that each measure p(You, ) is supported on DN (Tout),

Theorem 4.10.2. For the Ginibre ensemble, P[Gout]-a.s. p(Gout, -) and the Lebesgue measure
L on DNGew) gre mutually absolutely continuous.

We are now ready to prove Theorem LTT]

Proof of Theorem [{.1.1] Let r be such that A(r) > 0 a.s. In what follows, we will
repeatedly use the fact that if there are two points z,y € R? at Euclidean distance d, then
there can be connected to each other by (1 + [d/2r]|) overlapping open disks of radius r,
such that the centres of no two disks are exactly at a distance 2r.

We will first deal with the case where a.s. A(r) > 1 but finite. A similar argument will
show that if 3 < A(r) < oo then the event E(R) as in Proposition L9]] occurs, with a
suitable choice of R. This would rule out the possibility A(r) = oo, and complete the proof.

We argue by contradiction, and let if possible 1 < A(r) < oo a.s. Let Dy C Dy be two
concentric open disks centred at the origin and respectively having radii R; < Rs. Recall
the definition of the underlying graph g from Section 3 Let E be the event that:

e (i) There are two infinite clusters C; and Cy in the underlying graph g such that C;ND; #
() #CyN'D;y (in the sense that there is at least one vertex from each C; in Dy) .

e (ii) There exists a finite cluster C3 of vertices of g which has > 1 + [2R;/r] vertices
such that C3 C Int (D \ Dy), where Int(A) is the interior of the set A.

It is not hard to see that the event E depends on the parameters R; and Ry, and when
Ry and R, are large enough, we have P(E) > 0. Fix such disks D; and Dy. We denote
the configuration of points outside Dy by w and those inside Dy by (. Let the number of
points in Dy be denoted by N(w). Any two points of II inside D; are at most at a Euclidean
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distance of 2Ry, and hence can be connected by at most (1 + [R;/r]) open disks of radius
r such that the centres of no two disks are exactly at a distance 2r. We define an event E’
as follows: corresponding to every configuration (¢,w) in E, we define a new configuration
(¢',w) where (' is obtained by moving (1 + [R;/r]) points of C3 to the interior of D; and
placing them such that in the new underlying graph g’ (for definition see Section A3]) the
clusters C; and Cy become connected with each other.

Similar to the observations made in Section L3 we can move each point in ¢’ in a
sufficiently small disk around itself, resulting in new configurations (¢”,w) such that the
connectivity properties of g’ as well as the number of points in D, remain unaltered. The
event E' consists of all such configurations (¢”,w) as ((,w) varies over all configurations in
E. Observe that for each w, the set of configurations {¢” : ((",w) € E'} constitutes an
open subset of DV« when considered as a vector in the usual way. Since P(E) > 0, by
Theorem applied to the domain Ds, we also have P(E’) > 0. But on E’, there is
one less infinite cluster than on E. This gives us the desired contradiction, and proves that
P(1 < A(r) < o0) = 0.

Had it been the case A(r) > 3 a.s., observe that an argument analogous to the previous
paragraph can be carried through with three instead of two infinite clusters (C; and C,
above). The end result would be that with positive probability we can connect all the three
clusters with each other. If A(r) = oo a.s. then we carry out the above argument with three
of the infinite clusters, and observe that the event F(R) as in Proposition L91] occurs with
a set Br where R > R, on the modified event analogous to E’ above. This proves that
P(A(r) = o0) = 0. [

4.11 Uniqueness of infinite clusters: Gaussian zeroes

In this section we prove that in X (F,r) with r > r., we have A(r) =1 a.s.

To this end, we would need to have an understanding of the conditional distribution of
the points of F inside a domain given the points outside. This has been obtained in Chapter
2 Theorems 1.3 and 1.4. F;, and Foy respectively denote the point processes obtained by
restricting F to D and D¢ respectively. We state these results below. Some of the notation
is from Section

Theorem 4.11.1. For the GAF zero ensemble,
(i) There is a measurable function N : Syu — N U {0} such that a.s.

Number of points in Fi, = N(Fout)-
(ii) There is a measurable function S : Sy — C such that a.s.
Sum of the points in Fi, = S(Fout)-

Define the set
N(]:out

)
ES(fouc) = {Q € DN(]:OM) : Z Cj = S(fout)}
j=1
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Where g = (gla Tt 7<N(]:out))'
Since a.s. the length of ¢ equals N (Fout), we can as well assume that each measure

p(Tous, -) gives us the distribution of a random vector in DY (Yeut) supported on YS(Tout)-

Theorem 4.11.2. For the GAF zero ensemble, P|Fout]-a.s. p(Fous,*) and the Lebesgue
measure Ly, on Yg(r,,) are mutually absolutely continuous.

We are now ready to prove Theorem T2

Proof of Theorem : uniqueness of infinite cluster . The proof follows the con-
tour of Section 10, with extended arguments to take care of the fact that for F there are
two conserved quantities for local perturbations of the zeros inside a disk : their number and
their sum, unlike G where only the number of points is conserved.

We first show that it cannot be true that a.s. 1 < A(r) < co. We argue by contradiction,
and let if possible 1 < A(r) < oo a.s. We will define events E and E’ in analogy to
Proposition such that on E’ there one less infinite cluster than on E and P(E) > 0 and
P(E’") > 0.

Let Dy, Dy and D3 be two concentric open disks centred at the origin and respectively
having radii Ry < Ry < Rj.

Let E be the event that :

(1)C1N'Dy # () £ CoN'Dy for two infinite clusters C; and Co (in the sense that there is at least
one vertex from each C; inside Dy)
(i1)3 a cluster C3 of vertices of the underlying graph g which has > n =1+ [R;/r] vertices
such that C3 C Int (Dy\ Dy)
(iii)3 a cluster C4 C Int (D3 \ Dq) with > n’ = [2Ryn]| vertices (where n is as in (ii) above)
such that

Euclidean dist(vertices in Cy, vertices in g \ Cy) > 10

(recall that g denotes the underlying graph, for definition see Section [.3]).

It is not hard to see that P(E) > 0 when R;,7 = 1,2, 3 are large enough. Fix such disks
D;,i =1,2,3. We denote the configuration of points of F outside D3 by w and those inside
D; by (. Let the number of points in D3 be denoted by N(w) and let their sum be S(w).

We start with a configuration (¢,w) in E. With the vertices inside Dy, we first perform
the same operations as in the proof of Theorem .1.1]. However, in F, unlike in G, we need
to further ensure that the sum of the points inside D3 remain unchanged at S(w) in order
to stay absolutely continuous. We note that due to the operations already performed on the
points inside Dy, the sum of the points inside D3 has changed by at most 2Ron, since < n
points have been moved and each of them can move by at most 2R, which is the diameter
of Dy. We observe that we can compensate for this by translating each point in C; by an
distance < 1 in an appropriate direction. Due to the separation condition in (iii) in the
definition of E, this does not change the connectivity properties of any vertex in g\ Cj.

By the observations made in Section .3, we can move each point in ¢’ in a sufficiently
small disk around itself, resulting in new configurations (¢”,w) such that the connectivity
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properties of g’ as well as the number of the points in D3 remain unaltered. The event E’
consists of all such configurations (¢”,w) as (¢, w) varies over all configurations in E. Observe
that for each w, the set of configurations {¢” : (¢",w) € E'} constitutes an open subset of
DZ],,V ) when considered as a vector in the usual way. Hence its intersection with 3 S(w) 18 an
open subset of Xg(.. Since P(E) > 0, by Theorem applied to the domain D3, we also
have P(E’) > 0. But in E’, there is one less infinite cluster than in E. This gives us the
desired contradiction, and proves that P(1 < A(r) < co) = 0.

We take care of the case A(r) = oo as we did in the proof of Theorem LTIl Had it been
the case A(r) > 3 a.s., an argument analogous to the previous paragraph can be carried
through with three instead of two infinite clusters (C; and Cy above), with the end result
that with positive probability we can connect all the three infinite clusters with each other. If
A(r) = 00 a.s. then we carry out the above argument with three of the infinite clusters, and
observe that the event E(R) in Proposition [.9.1] occurs on the modified event (analogous
to E’ above) with a set Bg where R > R3. This proves that P(A(r) = oco) = 0. |
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Chapter 5

Determinantal processes and
completeness of random exponentials

5.1 Introduction
Any locally finite point set A C R gives us a set of functions
Er:={ex: A€ A} C L*[-m, 7],
where ey (z) = ¢, i being the imaginary unit. The following question is classical:
Question 1. Does &, span L*|—m, 7] ?

An equivalent terminology found in the literature to describe the fact that £, spans
L*[—7, 7] is that &, is complete in L?[—m,7]. When A is deterministic, this a well studied
problem in the literature. In the case where A is random, that is, A is a point process, much
less is known. For any ergodic point process A, it can be easily checked that the event in
question has a 0-1 law.

In this chapter we provide a complete answer to Question [l in the case where A is the
continuum sine kernel process (see Section 5.2 for a precise definition):

Theorem 5.1.1. When A is a realisation of the continuum sine kernel process on R, almost
surely Ex spans L*[—m, 7.

Similar questions can be asked in higher dimensions as well. On C, we consider the
analogous question with A coming from the Ginibre ensemble (see Section for a precise
definition). An exponential function here is defined as £y(z) = ¢** and the natural space to
study completeness is the Fock-Bargmann space. The latter space is the closure of the set of
polynomials (in one complex variable) in L? () where v is the standard complex Gaussian
measure on C, having the density %e"zﬁ with respect to the Lebesgue measure. In this case
we prove:
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Theorem 5.1.2. When A is a realisation of the Ginibre ensemble on C, a.s. En spans the
Fock-Bargmann space. Equivalently, a.s. in A the following happens: if there is a function
f in the Fock-Bargmann space which vanishes at all the points of A, then f = 0.

All these questions are specific realisations of the following completeness question that
was asked of any determinantal process by Peres and Lyons in 2009.

Consider a determinantal point process 7 in a space Z equipped with a background
measure p. Let 7 correspond to a projection onto the subspace H of L?*(u) in the usual
way, for details, see Section and also [HKPVI0], [Sos00] and [Ly03]. Let K(-,-) be the
kernel of the determinantal process, which is also the integral kernel corresponding to the
projection onto H. Consequently, H is a reproducing kernel Hilbert space, with the kernel
K(-,-). Let {z;}32; be a sample from 7. Clearly, {K(z;,-)}°; € H. In 2009, Lyons and
Peres asked the following question:

Question 2. Is the random set of functions {K(z;,-)}, complete in H a.s.?

The answer to Question [ is trivial in the case where H is finite dimensional (say the
dimension is V), there it follows simply from the fact that the matrix (K (z;,;)));_; is a.s.
non-singular on one hand, and it is the Gram matrix of the vectors { K (x;,-)} C H on the
other. In the case where = is a countable space, this was first proved for spanning forests
by Morris [Mor03]. Subsequently, this has been answered in the affirmative for any discrete
determinantal process by Lyons, see [Ly03]. However, in the continuum (e.g. when = = R4
and H is infinite dimensional), the answer to Question [ is unknown.

In this chapter, we answer Question [2in the affirmative for rigid determinantal processes.
Let 7 be a translation invariant determinantal point process with determinantal kernel K-, )
on R? with a background measure j that is mutually absolutely continuous with respect to
the Lebesgue measure on R, such that K (-,-) is also the projection kernel for the subspace
H that is canonically associated with 7. Let the map x — K(z,-) be continuous as a map
from RY — H.

Theorem 5.1.3. Let Il be rigid, in the sense that for any ball B, the point configuration
outside B a.s. determines the number of points Ng of m inside B. Then {K(z,-) : x € II}
18 a.s. complete in H.

To see the correspondence between Question 2] and Theorems B.T.1] - B 1.2l we can make
appropriate substitutions for the kernels and spaces in Theorem [5.1.3] for details see Section
B2 The statement of Theorem BTl is equivalent to Question 2 (with an affirmative an-
swer) under Fourier conjugation. The statement in Theorem involving the vanishing of
functions on A is a result of the fact that the Fock-Bargmann space is a reproducing kernel
Hilbert space, with the reproducing kernel and background measure being the same as the
determinantal kernel and the background measure of the Ginibre ensemble.

Completeness (in the appropriate Hilbert space) of collections of exponential functions
indexed by a point configuration is a well-studied theme, for a classic reference see the sur-
vey by Redheffer [Re77]. However, most of the classical results deal with deterministic point
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configurations, and are often stated in terms of some sort of density of the underlying point
set. E.g., one crucial parameter is the Beurling Malliavin density of the point configuration,
for details, see Definition 7.13 and the ensuing discussion there. Typically, the results
are of the following form : if the relevant density parameter is supercritical, then the expo-
nential system is complete, and if it is subcritical, it is incomplete. E.g., see Beurling and
Malliavin’s theorem, stated as Theorem 71 in [Re77].

However, it is not hard to check that the point configurations of our interest almost
surely exhibit the critical density in terms of the classical results. The critical density,
in most cases, turns out to be equal to the one-point intensity for negatively associated
ergodic point processes (including the homogeneous Poisson process). In this chapter we
have chosen the normalizations for our models such that the one-point intensity (and hence
the critical density) is equal to 1. The critical cases in the deterministic setting are much
harder to handle. E.g., in L?[—7, 7], {ex : A\ € Z} is a complete set of exponentials, but
{ex : A € Z\ {0}} is incomplete. The study of completeness problems for random point
configurations is much more limited, let alone in the critical case. Nevertheless, when the
densities are super or subcritical, we can either invoke the results in the deterministic setting
(e.g., Theorem 71 in [ReT7T]), or there is existing literature (see citeCLP Theorems 1.1 and
1.2 or [SU9T]). However, at critical densities, which is the case we are interested in, much
less is known. To the best of our knowledge, the only known case is that of a perturbed
lattice, where completeness was established under some regularity conditions on the (random)
perturbations, see [CLI7] Theorem 5. Our result in Theorem answers this question for
natural point processes, like the Ginibre or the sine kernel, which are not i.i.d. perturbations
of Z.

There are other natural examples of determinantal point processes for which similar
questions are not amenable to our approach. E.g., one can consider Question B for the
zero process of the hyperbolic Gaussian analytic function, where the answer, either way, is
unknown, because this determinantal point process is not rigid (see [HS10]).

En route proving Theorem B.1.3] we provide a quantitative expression for the negative
association property for determinantal point processes in the continuum, which is relevant for
our purposes. In the discrete setting, a complete theorem to this effect was has been proved
in |[Ly03]. However, we could not locate such a result in the literature on determinantal
point processes in the continuum. In Theorem [(E.1.4] we establish negative association for
the number of points for determinantal point processes under minimal regularity hypotheses.

Definition 15. We call two non-negative real valued random variables X and 'Y negatively
associated if for any real numbers r and s we have

P((X>r)NnY >s)) <P(X>r)P(Y >s).
This is equivalent to the complementary condition

P((X<r)N(Y <s)) <P(X <r)P(Y <s).
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In the theory of determinantal point processes on R?, by a standard kernel we mean a
Hermitian kernel K(x,y) which is continuous as a function from R? x R? — C and is a non-
negative trace class contraction when viewed as an integral operator from L?(u) — L?(u),
where p is the background measure. For further details, we refer the interested reader to

[HKPVI0].

Theorem 5.1.4. For any determinantal point process with a standard kernel on R? and
the background measure p absolutely continuous with respect to the Lebesgue measure, the
numbers of points in two disjoint Borel sets are megatively associated random variables, in
the sense of Definition [13.

In addition to the completeness questions for random exponentials defined with respect
to natural determinantal processes, we also answer two questions asked by Lyons and Steif
in [LySt03]. First, we give a little background on a certain class of stationary determinantal
processes on Z? studied in [LySt03].

Let f be a function T¢ — [0, 1]. Then multiplication by f is a non-negative contraction
operator from L?(T?) to itself. Under Fourier conjugation, this gives rise to a non-negative
contraction operator @ : ¢*(Z%) — ¢?(Z%). This, in turn, gives rise to a determinantal point
process P/ on Z? in a canonical way, for details see [Ly03]. For a point configuration w drawn
from the distribution of P/, we denote by w(k) the indicator function of having a point at
k € Z% in the configuration w. We denote by wey the configuration of points on Z?\ 0
obtained by restricting w to Z?\ 0, where 0 denotes the origin in Z?. For a point process 7
on a space =, we denote by [r] the (random) counting measure obtained from a realisation
of m. The k-point intensity functions of a point process, when it exists, will be denoted
by pi,k > 1. For the processes P/, all intensity functions exist. Moreover, the translation
invariance of P/ implies that p(z1+, -+, 2p+2) = pp(x1, -+, 2p) for all x, 2y, -+, 2 € Z9,
in particular, p; is a constant € [0, 1].

In the paper [LySt03] it was conjectured that all determinantal processes obtained in
this way are insertion and deletion tolerant, meaning that both Plw(0) = 1|we,] > 0 and
Plw(0) = O|weut) > 0. We answer this question in the negative, showing that for f which is
the indicator function of an interval, this is not true.

Theorem 5.1.5. Let f be the indicator function of an interval I C T. Then there exists a
measurable function

N : Point configurations on Z \ 0 — N U {0}

such that a.s. we have w(0) = N(wey). Consequently, the events {Plw(0) = 1|lwow] = 0}
and {Plw(0) = 1|wout] = 0} both have positive probability (in wous ).

We end by answering another question from [LySt03], where we demonstrate that “almost
all” functions f can be reconstructed from the distribution P/.
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Theorem 5.1.6. Define £ to be the set of functions
E={feL>™(T):0< f(x) <1 for almost every x € T}.

Then P/ determines f up to translation and flip, except possibly for a meagre set of functions
in the L™ topology on E.

For any (as opposed to “almost all”) function f, we prove that P/ determines the value
distribution of f.

Proposition 5.1.7. For any f € £, P/ determines the value distribution of f. This is true
for P/ defined on Z¢ for any d > 1.

5.2 Definitions

In this section, we give precise descriptions of the models under study.

A determinantal point process on a space = with background measure p and kernel
K :Zx = — C, is a point process whose n-point intensity functions (with respect to the
measure ;") is given by

pn(x1, -+ x,) = det (K(xi,a:j)zjzl) .
The kernel K induces an integral operator on L?(u), which must be locally trace class and,
additionally, a positive contraction. An interesting class of examples is obtained when the
integral operator given by K is a projection onto a subspace H of L*(u).

Our first example is the Ginibre ensemble, which is obtained as above with K(z,w) =
e du(z) = e P dL(z) and H is the Fock-Bargmann space C L?(u1) (here £ is the Lebesgue
measure on C). For every n, we can consider an n x n matrix of i.i.d. complex Gaussian
entries. The Ginibre ensemble arises as the weak limit (as n — 00) of the point process
given by the eigenvalues of this matrix. The continuum sine kernel process is given by
K(x,y) = Si;?z(f;)y),p, = the Lebesgue measure on R, H = the Fourier conjugates of the set
of L? functions supported on [—m, w]. The continuum sine kernel process arises as the bulk
limit of the eigenvalues of the Gaussian Unitary Ensemble (GUE).

For greater details on these processes, see [HKPVTQ).

5.3 Completeness of random function spaces

In this Section, we prove Theorem Due to the connections discussed in the introduc-
tion, this will automatically establish Theorems L.1.1] and On the way, we provide a
proof of Theorem G.1.41

Before the main theorem, we establish a preparatory result.



110

Proposition 5.3.1. Suppose 11 is a rigid point process, in the sense that for any ball B,
the point configuration outside B a.s. determines the number of points Ng of Il inside B.
Assume that for any ball B, E[Npg| < co. Let A(r) denote the closed annulus of thickness r
around B, and let 11| 4(r) denote the point process in A(r) obtained by restricting 11 to A(r).
Then we have

E [Np||am] — Ns (5.1)

a.S. asr — 0.

Proof. This follows from Levy’s 0-1 law and the convergence of the Doob’s martingales
M, =E [NB|H\A(T)} ,7>0of N, as r — oco. Note that M., = N because II is rigid. W

Proof of Theorem[5.1.4] We will use an appropriate discretization argument to invoke the
result for the discrete case (see Theorem 8.1, [Ly03]), and pass to the continuum limit.

Let A, B be disjoint Borel sets in R? and 7, s be two non-negative integers. We intend to
prove

P((N(A) <) N (N(B) < ) < P(N(4) < r) B(N(B) < ) (5.2)

First of all, we can assume the sets A, B to be contained in a compact d-dimensional
cube ®, the general case can easily be deduced from this by considering AN® and BND
and letting ® 1 R%; the probabilities in (5.2)) are converge to the appropriate limits under
this procedure.

On L2(u‘@) we have K is again a standard kernel and 5 is clearly absolutely continuous
with respect to Lebesgue measure restricted to ®. Therefore, by Mercer’s theorem we have
an eigenvector expansion for the kernel

K(z,y) = Z Az@(@@ (5.3)

Aid0

where ¢; are the eigenvectors and \; the corresponding eigenvalues for K acting from LQ(M@)
to itself. For brevity, from here on we will drop the subscript ® and pretend that u is a
measure supported on D.

Both sides of (5.2)) are continuous in the kernel K, in the sense that if K, is a sequence of
standard kernels converging to K as continuous functions (i.e., in the sup norm) on © x ©,
then the corresponding probabilities in (B.2]) converge to that of K. This follows from the fact
that the convergence of K,-s to K in the sup norm implies the convergence in distribution
of the corresponding determinantal point processes. This enables us to replace K by finite
truncations of the expansion (L.3). Since K is a standard kernel, we have 0 < \; < 1.
However, for technical reasons we will assume that A\; < 1 for all 7. The general case can be
easily recovered by taking limits A; T 1 for the eigenvalue 1, this can again be justified by
the regularity of (5.2) under K.

We have thus reduced to the case when K(z,y) = S0 \iéy(2)di(y) where N is a positive
integer and 0 < \; < 1, without loss of generality say A\ > Ay > -+ > Ay. Moreover, the
background measure lives on .
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For a positive integer m, we divide each side of ® into m equal parts, and index the
resulting sub-cubes by ®;;i = 1,2,--- ,n = m?. We define a measure j, on [n] by setting
tn (i) = p(®;). If the centre of ©; is x;, then we define a function K,, : [n] x [n] — C by
Ko (i, j) = K(ri,2,)y/ i (1n ).

We claim that for n large enough, K,, as defined above is a non-negative contraction on
(% (where (2 is the space of n-tuples of complex numbers equipped with the standard Lo

metric || - [|). To see this, consider the quadratic form Q(ay,--- ,a,) = >0, ;@K (i, 7).
Clearly, the matrix K,, is Hermitian, and we intend to show that |Q(ay, - ,a,)| < 1 when
(a1, -+ ,a,)|l2 < 1. Observe that the a; for which p, (i) = 0 do not affect @), so we can
scale a; by /p,(i) and consider the form Q'(ay, -, a;,) = 37, @] ]K (2, 1) o (1) 1 (7).
We want to maximise Q' (af, - ,an)] over y ', |ai)?un (i) < 1. We compare Q'(a}, - ,al,)
with the integral I(a’) = [ [ o a'( L y)d (y)dp(x)du(y), where o/ (x) = 371" dixo, ().

Here xo, is, as usual the indicator functlon of ®;. For any ¢ > 0, by taking n large enough,
we can ensure that sup(, , eo, o, [K(z,y) — K(z;, ;)| < 0, hence

[(a) = Q'(ay, -+, n|<5<2|alun ><5<Zla!2un >(Zun ><5u©)

The last step in the above computation uses the Cauchy Schwarz inequality. Further, note
that since the operator norm of K as an integral operator on L*(u x p) is A; < 1, therefore,
|I(a")] < Ay < 1, because the norm of the function z — a'(x) in Lo(p) is < 1. Hence, for
large enough n, we can have ¢ small enough such that

Q' (ay, -+ ap)| < T(a') +0u(D) < M +6u(D) < 1.

Hence for n large enough, K,, is a contraction.
On the other hand, (K (x;,7;)); ;_, is a non-negative definite matrix, a fact clear from the

representation (5.3]) of K with A, > 0. Since K,,(4, j) = K(z;, z;)\/ fin (1) ptn(j), therefore the

matrix (K, (i, j)) ;=1 is also non-negative definite, belng the Hadamard product of the two
non-negative definite matrices (K (z;, z;));,_, and ( fn (2) i j)> . This proves that the
’ ij=1
matrix K, is indeed a non-negative contraction.
Also, notice that it follows from the definition of K,, that, for n > N, the rank of K, is
(at most) N, because the rank of K is N. In particular, the rank of K, remains fixed as n
grows; this fact will be referred to later.

Thus, we can consider a discrete determinantal process P, on [n] given by the contraction
K, (acting on ¢*([n])). From Theorem 8.1 [Ly03] we know that such a process satisfies

Py (N(S1) <7) N (N(S2) < s)) <P (N(S1) <7) P, (N(S2) < 5) (5.4)

where S} and Sy are any two disjoint subsets [n] and N(S) is the number of indices € 5
obtained in a random sample from P,,.
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To obtain the final result, we fix two disjoint subsets A and B of © which are finite unions
of dyadic subcubes of ©. It suffices to prove (B.2)) for such sets because of the regularity of
both sides of (5.2)) under approximations A, T A. Now, for large enough dyadic partition
of size n (such that A and B can be expressed as the union of dyadic sub cubes from this
partition), we consider the corresponding determinantal process P,,.

Let us denote by A, and B, the set of indices corresponding to the sub cubes (in the
dyadic partition of size n) of the sets A and B respectively. As before, let N(A,,) denote
the number of indices in A,, obtained in a random sample from P,. Applying the inequality
(E4), we can write

P, (N(A,) <7) N (N(B,) <)) < B, (N(A,) < 1) B, (N(B,) < s).

All that remains to show is that the random variable (N(A,), N(B,)) (under P,) converges
in distribution to the random variable (N(A), N(B)) (under P).

To this end, we use Laplace functionals. For any non-negative reals ¢; and ¢5, we consider
the quantity W, (t1,t2) = Elexp(—t;N(A,) — toN(B,))]. We will invoke Theorem 1.2 and
Remark 2.2 in [ShTa03]. As per the notations used in [ShTa03], we consider the case a = —1,
(which corresponds to determinantal point processes), R = [n], A to be the counting measure
on [n], K to be K, £(j) = ti14,(j) + to1p, (j) and 6(j) = (1 — e~ 0).

We then appeal to Theorem 1.2 and Remark 2.2 in [ShTa03], and notice that
Elexp(—t1N(A,) — t2N(B,))] can be expressed as a series (as in Remark 2.2 of [ShTa03]).
We also notice that this series in our case is in fact a finite series, because all terms of degree
> N are 0 since the rank of K,, as a matrix is < N.

Also observe that the k-th term of the series is infact a Riemann sum which converges to

%/Rk Hw(xk)Det (K (i, 25))] dp(ay) - - - dp(z,),

where R = R? and ¢(z) = (1 — e /@), with f(z) = t;14(z) + t21p(2).

Thus, we have Elexp(—t;N(A4,) — t2N(B,,))] — Elexp(—t; N(A) — t2N(B))] as n — oo.
Since all the random variables in the last expression are non-negative integer valued, therefore
we have (N(A,,), N(B,)) — (N(A), N(B)) in distribution, as desired.

Since we have (B.4]) for each finite n, therefore in the limit as n — oo we have (5.2).

This completes the proof of the theorem.

We are now ready to establish the main Theorem [(.1.3

Proof of Theorem [L.1.3. Let Hy be the random closed subspace of H generated by the func-
tions {K(z,-) : @ € I} inside L?*(). We wish to show that a.s. we have Ho = H. Tt
suffices to prove that K(0,-) € Hy a.s., where O denotes the origin in R?. Because, by
translation invariance, this would imply that a.s. K(q,-) € Ho simultaneously for all ¢ € R?
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with all co-ordinates rational. Then the continuity of the map x — K(z, ) would imply that
K(x,-) € Hoy simultaneously for all z € RY. This implies that Ho = H a.s.

For the points {z;}7, € R% let D(zy, - ,z,) denote Det {(K(mi,xj))n } Then, if

ij=1
we consider the function K (z,-) as a vector in the Hilbert space H, the squared norm of the
projection of K (z,-) on to the orthogonal complement of Span {K (z;,-),1 <i < n} is given
by the ratio % But this is also equal to the conditional intensity p(z|xy,- - -, z,) of
IT at x given that {z1,--- ,z,} C IL

Fix an € > 0. For r > 0, denote by B, the ball of radius r centred at 0. Let wg be the
set of points of IT in Bg \ B.. For any feasible realisation T g of wg we have

E[ Number of points in B|Tr C II] = / p(z|YTR)du(x) (5.5)

€

We now proceed with the left hand side in (5.5]) as

E[ Number of points in B|Yg C II]

ZIP’[ There are > k points in B|Yx C I]]

IN

k=1
oo
Z P[ There are > k points in B.Jwr = Tg| (from negative association, see Theorem [.1.7])
k=1

= E[ Number of points in B.lwr = Tg]

The inequality above involving negative association follows by applying Theorem [E.1.4]
to the point process obtained by conditioning II to contain Y g, which is a determinantal
process on R? having a standard kernel, see [ShTa03] Corollary 6.6. To elaborate this
point, we consider the determinantal point process II' (with a standard kernel) obtained
by conditioning II to contain Y. Applying Theorem B. 1.4 to IT', we get that

P ( There are > k points of II" in B, N There is no point of I in B \ B.)

> P ( There are > k points of II" in B.) P ( There is no point of I in Bg \ B.).

Since T is obtained as a realization of the full point configuration of IT in By \ B,, therefore
a.s. in YTg, we have P ( There is no point of II" in B \ B.) > 0. Hence the last inequality
can be rephrased as

P ( There are > k points of II" in B,| There is no point of IT" in By \ B.)

> IP( There are > k points of IT" in B,).

Under the conditioning Tr C II, the event that there is no point of I in Bg\ B, corresponds
to wg = Y. This gives us the desired inequality.
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By Proposition 53], we have that given any d > 0, we can find Rs such that except on
an event QO of probability < §, we have

< 0.

|E[Number of points in B.|wg,] — Np,

But, except on an event (), measurable with respect to woy, and of probability O(e?), we
have Np = 0.
Hence, except on the event Q9 U €y, we have

/B P, )dp(a) < 6

Letting 0 | 0 along a summable sequence, we deduce that a.s. on (£23)¢ we have

lim [ p(x|Yr,)dp(z) =0.

0—0J B,

This is true because, by the Borel Cantelli lemma, the event that Q¢ occurs infinitely often
(along this summable sequence of §-s) has probability zero.
By Fatou’s lemma, this implies that on (£25)¢ we have

| tim (e )duta) <o

. 0—0

This implies that limg ,,p(x|Tg,) = 0 for almost every x € B, on the event (£22)°. By
our previous discussion, at the beginning of the proof, regarding the connection between the
squared norms of projections and conditional intensities, this means that on Q5, K(x,-) € Ho
for a dense set of © € B.. By the continuity of the map x — K(z,-), we have K(0,-) € Hg on
the event Q5. Letting ¢ — 0 (which implies Qs | ¢), we have K(0,-) € H, with probability
one. [

5.4 Rigidity and Tolerance for certain determinantal
point processes

Let f be a function T? — [0,1]. Then multiplication by f is a non-negative contraction
operator from L%(T%) to itself. Under Fourier conjugation, this gives rise to a non-negative
contraction opertaor @ : ¢2(Z%) — (?(Z4). This, in turn, gives rise to a determinantal point
process P/ on Z? in a cannonical way, for details see [Ly03]. For a point configuration w
drawn from the distribution of P/, we denote by w(k) the indicator function of having a point
at k € Z% in the configuration w. We denote by wey: the configuration of points on Z?\ 0
obtained by restricting w to Z%\0, where 0 denotes the origin. For a point process 7 on a space
=, we denote by [r] the (random) counting measure obtained from a realisation of w. The
k-point intensity functions of a point process, when it exists, will be denoted by pi, k > 1.
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For the processes P/, all intensity functions exist. Moreover, translation invariance of P/
implies that py(z1 + 2, , 2 +2) = pr(x1,- -+ ,2p) for all x, 21, -+ , 2 € Z¢, in particular,
p1 is a constant in [0, 1].

In this Section we discuss the insertion and deletion tolerance question from [LySt03],
principally the proof of Theorem

We will use the following general observation for determinantal point processes given by
a projection kernel:

Proposition 5.4.1. Consider a determinantal point process I1 in a locally compact space =
with determinantal kernel K(-,-) and background measure p, such that K is idempotent as
an integral operator on L*(p). Let ¢ be a compactly supported function on =. Then

o | [wann] = § [ 1) - vl Pl )P (o)t (5.6)

Proof. This follows from the determinantal formula for the two point intensity function of
IT and the idempotence of K. [ |

Proof of Theorem[2.1.0. We will approach this question by estimating the variance of linear
statistics of P/. A similar approach has been used in [GP12] to obtain rigidity behaviour for
the Ginibre ensemble and the zero process of the standard planar Gaussian analytic function.

Let ¢ be a C° function on R which is = 1 in a neighbourhood of the origin. Viewed
as a function on Z, ¢ is compactly supported and = 1 at the origin. Let ¢, be defined
by ¢r(z) = p(xz/L). Since f is the indicator function of an interval I C T, therefore the
determinantal kernel K of P/ is an idempotent on ¢2(Z). Applying Proposition B.Z1] with
II1 =P/, = = Z, u = the counting measure on Z and 1) = ¢ we get

Var | [ udPl] = 3 3 lot7) - olDPIFG - P (5.7)

Z]EZ

Observe that translating the interval I C T leaves the measure P/ invariant, so, without loss
of generality, we take I to be corresponding to the interval [—a,a] where T is parametrized
as (—m, 7] and 0 < a < m. Then f(k) = c¢(a)sinak/k where ¢(a) is a constant. This implies
that, for some constant ¢ > 0, we have

i J : N e
Var | [ udPl] = ¢ S 10(p) - ol Gnlati = )i -2 6
i,JEL
This, in turn, implies (using [sinf| < 1) that

Var | [ oudPl] < e o) — UL - /LI (5.9

i€
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Hence we have

Tim Var [ / gpLd[IPf]} <c / / (@)2 dL(2)dL(y) (5.10)

X

where £ denotes the Lebesgue measure on R.
For any C! functions 1,1, on R, we define the form

Ay, o) :// (¢1(33)—iﬂlgy))(%(«%)—%(y)) AL(2)dL(y). (5.11)

z—y)?

It is known that A(¢, 1)) is related to the H'/? norm of .

A simple calculation shows that for any A > 0, we have A((¢01)a, (¥2)r) = A(¥1,19). In
particular, this implies that A(vy, (¥2)x) = A((¥1)1/, ¢2). Further, we will see in Proposition
G433 that A(¢,9y-1) = 0as A — 0.

For an integer n > 0, let 0 < A = A(n) < 1 be such that for ¢ as above, |A(p, pr-i)] < 1/2°
for 1 < i < n. Such a choice can be made because of the observations in the previous
paragraph. Define ®" = (3°" | ¢\-i) /n. Note that ®" = 1 in a neighbourhood of 0 in R,
and the same is true for all scalings ®7 of ®" whenever L > 1.

Let L = L(n) > 1 be such that

n

Var [/ P d[ﬁ»f]] < cA(P", d") + L
But A(®",9") = =& (szzl A, QOA—J')). Observe that

Alpa-i, o) = Ap, ppiimst) < 271771,
This implies that
Z A(pr-i, pa-i) < C(p)n.
ij=1

Hence Var [ [ @7 d[P']] < C(p)/n.
By the Borel-Cantelli lemma, we have, as n — oo,

O dP') —E[ | &% d[P']]| — 0. (5.12)
/ o aen|

But [ 2" d[Pf] = w(0)+ ®2" d[P/], and the second term can be evaluated if we know
L 7Z\0 T L

wout- E[[ ®3" d[P/]] can also be computed explicitly in terms of the first intensity measure
of P/. This implies that from (5.12)), we can deduce the value of w(0) by letting n — oo.
Thus, wout a.s. determines the value of w(0). Since both the events w(0) = 0 and
w(0) = 1 occur with positive probability, therefore the events {P[w(0) = 1|wow]) = 0} and
{P[w(0) = O|wout)] = 0} both have positive probability (in weyt)- |
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Remark 5.4.1. For f which is the indicator function of a finite, disjoint union of intervals
C T, we have |f(k)| < ¢/|k|, hence the same argument and the same conclusion as Theorem

holds for such f.

Remark 5.4.2. A similar argument shows that, in fact, for any finite set S C Z, the point
configuration of P/ restricted to S¢ a.s. determines the number of points of P! in S, when f
15 the indicator function of an interval.

A similar class of determinantal point processes in the continuum can be obtained by
considering L? functions f : R? — [0.1]. The multiplication operator M; defined by such a
function f is clearly a contraction on L?*(R?). By considering the Fourier conjugate of such
an operator, we get another contraction on L?(R?), which gives us a translation invariant
determinantal point process P/ in R?. One of the most important examples of such a point
process is the sine kernel process on R, which is defined by the determinantal kernel b””r(x y;’ )
with the Lebesgue measure on R as the background measure. Here the relevant functlon f
is the indicator function of the interval [—m,7]. For details, see [AGZ09]. More generally
we can consider the indicator function of any measurable subset of R, which will give us a
projection operator on L*(R), and hence a determinantal point process corresponding to a
projection kernel. In this setting, we have a continuum analogue of Theorem [B.1.5], which
says that whenever f is the indicator of a finite union of compact intervals in R, we have

that P/ is a rigid process.

Theorem 5.4.2. Let f : R — [0,1] be an indicator function of a finite union of compact
intervals. Then the determinantal point process P/ in R is “rigid” in the following sense.
Let U C R be a bounded interval, and let w be the point configuration sampled from the
distribution Pf. Define the restricted point configurations wi, = W and Wouy = wyye. Let
|win| be the number of points of w in U. Then there exists a measurable function

N : Point configurations in U¢ — N U {0}

such that a.s. we have |wiy| = N(wout). This holds true for all bounded intervals U.
In particular, the continuum sine kernel process is “rigid” in the above sense.

Proof. By translation invariance, it suffices to take U to be centred at the origin. Let ¢ be
a (' function which is =1 in a neighbourhood of U. Then we have

Var [/ sode} 5 | [l - cwPie-pPic@ac. 613

But for any compact interval [a, b] we have |1, (£)| < ¢[¢]7", hence we have

Var {/g@d[ﬂ”f]} < (J// (%;j(y)ydﬁ(a:)dﬁ(y). (5.14)
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Recall the form A(-,-) as in (GI0]). Proposition E.43] implies that A(p, or-1) — 0 as A — 0.
For an integer n > 0, let 0 < A < 1 be such that for ¢ as above, |A(p, or—:)| < 1/2¢ for
1 <i < n. Define ®" = (3" | ¢x-i) /n. We have ®"* =1 in a neighbourhood of U in R. Due
to our choice of A, we have Var ([ ®@"d[P/]) = A(®",®") = O(1/n). From here, we proceed
on similar lines to the proof of Theorem and deduce the existence of N as prescribed
in the statement of Theorem [5.4.2] [

We now prove Proposition [1.4.3] which will complete the proof of Theorem B.T.5l
Proposition 5.4.3. For a C! function ¢, we have A(p, ox-1) — 0 as X — 0.

Proof. We begin with the expression

A, orm / / D 2) = 69D 4 ryary). (5.15)

ﬂc—y)2

Fix a > 0. Let K be the support of . We define the function

l¢'l1%, ifxorye K and |z —y| <a
vz, y) = % ifrorye K and |z —y| > a (5.16)
0 otherwise

For 0 < A < 1, the integrand in (5I5) is bounded in absolute value from above pointwise
by v(z,y). To see this, note that the integrand in (B.I5]) is non-zero only on the set S =
{(z,y) : x ory € K}. On S, we bound the integrand from above as follows: for (z,y) € S
such that |r — y| < a we use |p(x) — o(y)| < ||¢'|||z — y|, for other (z,y) € S we use

() = o(y)] < 2[[¢]loo-
Since K is a compact set, we have

//’y(x,y) dL(x)dL(y) < oo, (5.17)

where we use the fact that f| i>a Hdt =

(EI7) enables us to use the domlnated convergence theorem and let A — 0 in the inte-
grand of (B.IH]), whence A(p, pr-1) — 0. |

Next we show that in any dimension d, whenever f is not the indicator of a subset of T¢,
Var | [ ¢rd[P/]] blows up at least like L% as L — oc.

Proposition 5.4.4. Let f : T¢ — [0,1] not equal the indicator function of some subset of
T (up to Lebesque-null sets). Then Var [ [ prd[P']] = Q(LY) as L — oc.

Proof. Let ps(-,-) be the two point intensity function of P/, given by the formula

AN (VR ()
o =ter (0 TG )
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Let Ay denote the normalized Lebesgue measure on T?. Using the above formula, we can
write the variance in question as:

Var [ / @Ld[[Pf]} —E ( / QO.Ld[IPf])Q - (E [ o1 fl[Pf]])g

+ % (Z o (i) — oL ()I? /(i _j>|2)

In the last step we have used Parseval’s 1dent1ty S f (B2 = [ f(x)2dNa(z). Note that
since 0 < f < 1, we have ( Jra f(@)dAa(x) — [u [(2)2dNa( )) > 0 with strict inequality

holding if and only if f is not the indicator of some subset of T¢ (upto Lebesgue null sets).
Finally, observe that as L. — oo we have

1 1 (k\’
7d (Z @L(k)2> = Z 7d? (z) = [lell3.
k k
This completes the proof of the proposition. [ |

5.5 P/ determines f

In this Section we provide the proofs of Theorem [5.1.6] and Proposition B.1.7

Proof of Theorem [5.1.4. Define § to be the subset of functions of £ satisfying the following
conditions:

e (i) Either f(k) # OVk € Z, or f is a trigonometric polynomial of degree N, and
F(k) # 0 for all |k| < N.

e (ii) For every n > 3 (and n_ < the degree N in the case of f being a trigonometric
polynomial), we have Arg(f(n)) — Arg(f(n — 1)) does not differ from Arg(f(2)) —
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Arg(f(1)) by an integer multiple of m. Further, Arg(f(2)) — 2Arg(f(1)) is not an
integer multiple of 7. Here we consider Arg to be a number in (—m, 7.

We claim that the complement of § in &, denoted by G := £ \ §, is a meagre subset of &,
and for f € §, we have P/ determines f up to the rotation and flip. A meagre subset of a
topological space is a set which can be expressed as a countable union of nowhere dense sets.

To show that G is meagre, we will show that it is a subset of a countable union of nowhere
dense sets. Indeed, we can write G as:

G C UiA; Up>3 B, UC

where )
A= {f e € fi) =0},
B, :={f € £: Either f(k:) =0for k=1,2,n,n—1or

A ~ ~ A

Arg(f(n)) — Arg(f(n — 1)) = Arg(f(2)) — Arg(f(1)) + tm, t an integer with [t| < 4},
C:={f(1)=0or f(2) =0 or Arg(f(2)) — 2Arg(f(1)) = tr, t an integer with |¢| < 3}.

It is not hard to see that each A; and B, are closed sets in L*>°(T), being defined by closed
conditions on finitely many co-ordinates of the Fourier expansion (observe that |f(n)| <
| f]le for each n, hence f — f(n) is a continuous linear functional on L*(T)). The same
holds true for C'. It is also clear that none of the A;-s or B,,-s or C' contain any L*(T) ball
(since even small perturbations in the relevant Fourier cofficients can lead us outside these
sets), showing that they are nowhere dense. All these combine to prove that G is a meagre
subset of L>(T).
Let f be a function in §. We begin with the Fourier expansion f:

flo) = a;e’” (5.18)

where 7 is the imaginary unit.
We make the following observations about the expansion (B.I8]). First, f is real valued
implies
a_; = a; for all j. (5.19)
Secondly, letting fe = f(z +&) = >0 a;(§)e’” where € (=, 7] and the addition is in
T, we have

a;(€) = a;e’t. (5.20)
Finally, setting f(z) = f(—z) = > e e, we have

We want to recover the coefficients a; (up to the symmetries (5.19), (5:20) and (5.21])) from
the measure P/. We observe that the class of functions § is preserved under these symmetries.
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In particular, a trigonometric polynomial remains a trigonometric polynomial of the same
degree and the same regularity property as demanded in the definition of the class §.
To recover f, we begin by observing that ag = p;, and is therefore determined by P/.
Further,
o Qn

22
o ay | = |an|”. (5.22)

pQ(Ov n) -

This implies that P/ determines |a,| for all n.

Recall that a; # 0 for f € § (unless f is a constant function). Using the symmetry (5.20),
we choose a; to be a positive real number, equal to its absolute value which is determined by
P/, If f € § is a trigonometric polynomial of degree 1, then we are done. Else, we proceed
as follows.

For any integer n, we have

Qo ay (07%
p3(0,1,n) = | a_y ao Q1 (5.23)
A_p A—_(n-1) Qo

Expanding the right hand side along the first row, we have

Qo Qp—1
a_(n-1) Qo

a—1 QGp—1 a_q Qg

103(071an) = Qo - tan

a_p Qo _p Q_(n-1)

Expanding the 2 x 2 determinants, we can simplify the above equation to
03(07 17 TL) = 2alé}%(ananfl) + g(a07 aq, ‘anfl‘a ’an’)a (524)

where g(w,z,y, 2) is a polynomial in four complex variables. Since all quantities in (5.24])
except R(a,a, 1) are known and a; > 0, we deduce that P/ determines R(a,a,_1) for all
integers n.

For n = 2, we have a,,_; = a1, and this implies that P/ in fact determines R(ay). Since
|las| is also known, this implies that P/ determines |S(ay)|, which is non-zero because of
the assumption Arg(f(2)) — 2Arg(f(1)) is not an integer multiple of 7, Arg(f(1)) being 0
because f(1) is real. Using the symmetry (5.21), we choose ay such that $(as) > 0.

We have now spent all the symmetries present in the problem, and our goal is to show
that all the other a,-s (n > 0) are determined exactly by P/. a, for n < 0 can then be found
using the symmetry (5.19).

To this end, we apply induction. Suppose n > 3 and we know the values of a;,0 < k <
n — 1. Since f € §, therefore all such a; are non-zero. Computing p3(0,2,n) along similar
lines to p3(0,1,n) we obtain

p3(0,2,n) = 2R(an@28,-2) + g(ao, az, [an—s|, |anl), (5.25)

where ¢ is as in ([5.24]).
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If |a,| = 0, then we deduce that f is a trigonometric polynomial of degree n — 1, because
f € § (recall condition (i) defining §). In that case, we have already determined f. Else,
a, # 0, and we proceed as follows.

Since we already know |a,|, we need only to determine Arg(a,). For any complex number
z # 0, |z] and R(z) determines Arg(z) (considered as a number in (—7, 7]) up to sign. Hence,
if we know $(2z7) and R(z%3) for two non-zero complex numbers z; and 2, such that Arg(z)
does not differ from Arg(zs) by an integer multiple of 7, then this data would be sufficient
to determine Arg(z). But this is precisely the situation we have in our hands, with z = a,,
21 = Gp—1 and z = asa,_5. None of them is 0 by condition (i) defining §, and the condition
on the difference of arguments of z; and zy follows from condition (ii) defining §. This
enables us to determine Arg(a,,), and hence a,,.

This completes the proof. [ |

Remark 5.5.1. The argument used in proof of Theorem [2.1.8 can also be used to recover
the function f if all its Fourier coefficients are real. E.g., if f s the indicator function of
an interval A in (—m, 7], then we can “rotate” f (symmetry[220) so that 0 is in the centre
of the interval A. Then all the Fourier coefficients of f are real, and we can identify the
interval A. This argument will also work for any set A which has a point of reflectional
symmetry when looked upon as a subset of T.

Proof of Proposition[5.1.7. Recall that the harmonic mean of a function f : T¢ — R is

defined as o)
<”‘(wfm>’

where \q is the Lebesgue measure on T?. The fact that we know the distribution P/ implies
that we know the distribution P/ for any 0 < t < 1, e.g. by performing an independent site
percolation with survival probability ¢ on P/. By taking complements, that is by considering
the point process of the excluded points (see for more details), this implies that we
know the distribution P!~/ But this enables us to recover the harmonic mean HM(1 — tf)
of the function 1 — tf by the formula

HM(1 —tf) = Sup{p € [0,1] : p, <¢ P/}

Here 1, is the standard site percolation on Z with survival probability p, and p, < P17
means that P~/ is uniformly insertion tolerant at level p, that is, P!~ [w(0) = 1|wow] > p
a.S. in wey. For details, we refer to Definition 5.15 and Theorem 5.16 in [LySt03]. But

HM(1 —tf) ' = /Td %.

By expanding the integral on the right as a power series in ¢, we can recover [, f*(x) dAq()
for each k£ > 1. But we have

[ @) = [ ¢v(ac),
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where L is the Lebesgue measure on R, and vy is the value distribution of f, given by

v(§) = Ma({z € T': f(z) > €}).

Thus we have all the moments of the measure v(£)dL(€). Since v¢(£§)dL(€) is a compactly
supported measure on the interval [0, 1], its Fourier transform is finite everywhere, and the
moments enable us to compute the Fourier transform. The Fourier transform determines the
measure, and hence v, uniquely. This enables us to recover the value distribution of f. W
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