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Abstract—This work studies the estimation of capacitor volt-
ages in the Flying Capacitor Multilevel (FCML) converter
via direct measurements of only the input voltage, switched
node voltage, and a minimum number of additional voltage
sensors. Prior work developing capacitor voltage estimators for
FCML converters has demonstrated that capacitor voltages are
unobservable over specific ranges of duty ratios that depend
on the converter level count. This work derives the minimum
number of differential capacitor voltage sensors required to
ensure capacitor voltage observability over the entire conversion
ratio range and discusses where these sensors must be placed.
Experimental results employing industry-standard digital signal
processor hardware verify capacitor voltage observability with
the proposed approach and demonstrate improved converter per-
formance compared to the dithering solution previously proposed
for retaining observability.

I. INTRODUCTION

The Flying Capacitor Multilevel (FCML) [1] converter
enables simultaneous use of smaller magnetic components
and high-figure-of-merit low-voltage devices in designs, and
has been recently explored in applications demanding highly
efficient and compact power conversion solutions [2]–[6].

A generalized N-level FCML converter, shown in Fig. 1,
is made up of nc = N − 1 series-connected complementary
switch pairs and M = N − 2 flying capacitors. In steady-
state operation, the converter’s switching signals are generated
with symmetric Phase-Shifted Pulse-Width Modulation (PS-
PWM) shown in Fig. 2, yielding a switched node voltage with
effective frequency feff = (N −1)fs as shown in Fig. 3a. The
reduced instantaneous switched node voltage and its higher
fundamental frequency enable the use of an (N − 1)2 lower
filter inductance L, compared to a 2-level converter, to meet a
current ripple specification. Furthermore, the nominal balanced
flying capacitor voltages are given by vc,k = k

nc
Vin where

k = {0, ..., nc−1} is an integer. This corresponds to an equal
nominal blocking voltage of 1

nc
Vin across each switch in the

converter, enabling the use of low-voltage switches with high
figure-of-merit in place of high-voltage switches rated for the
full supply voltage [7], [8].

In a FCML converter operated with PS-PWM, the capacitor
voltages reach their nominal steady-state values via a “natural
balancing” phenomenon characterized in [9]–[11]. Imbalance
in capacitor voltages results in the inductor current ripple

Fig. 1: Schematic of an N -level FCML converter showing nc = N − 1
complementary switch pairs and M = N − 2 flying capacitors.

Fig. 2: Switching signals for a 5-level FCML converter generated with duty
ratio D = 0.5 under PS-PWM.

(a) vsw for 0.25 < D < 0.5. (b) vsw for D = 0.5.

Fig. 3: Switched node voltage vsw under PS-PWM at different duty ratios D
with balanced flying capacitor voltages for a 5-level FCML converter.

deviating from its nominal symmetric triangular shape, which
drives nonzero average capacitor currents that serve to re-
balance the system. The natural balancing dynamics are typ-
ically slow and underdamped. In converter start-up and shut-
down scenarios, the oscillatory line transient response results
in unequal voltage stresses across the power devices in the
converter, and may cause switch blocking voltages to surpass
the device ratings.

Recent work has investigated closed-loop “active balanc-
ing” control to regulate the flying capacitor voltages to their
balanced fractions of the supply voltage [12]–[19]. However,
most active balancing requires measurement of the capacitor
voltages, which is typically accomplished with differential
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vI
sw = vin � vC3 + vC1

Fig. 4: Flying capacitor connections with D = 0.5 for the 5-level FCML
converter. Each phase corresponds to a quarter of the switching period Ts.

voltage measurement circuits. As the required hardware in
such schemes scales linearly with the converter level count N ,
this approach is cost-prohibitive for higher level-count designs
and can significantly increase the overall system volume. Thus,
recent research [12], [20]–[22] has investigated estimation of
capacitor voltages with a reduced number of sensors by using
only ground-referenced measurements of the supply input and
the switched node voltage vsw.

This work presents a systematic framework for: 1) identify-
ing which capacitor voltages cannot be estimated solely with
input and switched node measurements, and 2) subsequently
identifying where additional sensor(s) must be placed to
recover observability of all capacitor voltages, under the PS-
PWM scheme. The proposed approach addresses cost-effective
sensing for reliable control of flying capacitor voltages—a
key obstacle to industry adoption of FCML converters. The
results of this work are especially applicable to high level-
count multilevel inverters in which the conversion ratio crosses
several regions where capacitor voltages are unobservable in
each line cycle.

Section II discusses the capacitor estimation problem, con-
sidering the relationship between the switched node voltage,
the input voltage and the flying capacitor voltages. Section III
analyzes the positioning of the minimum number of additional
differential voltage sensors that must be placed to observe all
capacitor voltages. Section IV compares the performance of
the proposed minimum-sensor design with previously reported
schemes for both a 5-level and a 7-level FCML converter.

II. THE CAPACITOR VOLTAGE ESTIMATION PROBLEM

The switched node voltage can be written as a combination
of the M flying capacitor voltages and the input voltage in
each switching phase. Under the assumption that the capacitor
voltage dynamics are slow compared to the switching period,
this relationship is described [22] in the form shown in (1).
In this representation, [vsw] and [vin] are column vectors
describing the values of the switched node and input voltages
for each switching phase, [vc] is a column vector describing
each flying capacitor’s voltage, [C] is a matrix that captures
the polarity of capacitor connections to the switched node in
each switching phase, and [W ] is a diagonal matrix describing
whether the input voltage is connected to the switched node
in a particular switching phase.

[vsw]
nph×1

= [C]
nph×M

· [vc]
M×1

+ [W ]
nph×nph

· [vin]
nph×1

(1)

Fig. 5: Switching signals for a 5-level FCML converter generated with Quasi-
Two-Level (Q2L) Modulation when inductor current has a negative valley and
a positive peak. The capacitors are individually discharged during the Td,1,
Td,2 and Td,3 intervals through the negative inductor current. The capacitors
are individually charged during the Tc,1, Tc,2 and Tc,3 intervals through the
positive inductor current.

Fig. 6: Example waveform for the switched node voltage vsw with Q2L
switching. Ton ≫ Td, Ton ≫ Tc.

A. Modulation Scheme

The relationship described in (1) depends on the modulation
scheme being used. Fig. 2 and 4 show the switching signals
and corresponding flying capacitor connections respectively
for a 5-level FCML converter operating under PS-PWM with
a 50% duty ratio. At this operating point, (1) is expanded as
vIsw
vIIsw
vIIIsw

vIVsw


[vsw]

=


1 0 −1
0 1 0
−1 0 1
0 −1 0


[C]

vC1

vC2

vC3


[vc]

+


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


[W ]


vIin
vIIin
vIIIin

vIVin


[vin]

.

(2)
If the matrix [C] has full-column-rank, the unique

minimum-norm solution for the flying capacitor voltages
can either be determined exactly via the pseudoinverse [23]
[vc] = [C]

†
([vsw]− [W ] [vin]) or approximately via iterative

methods such as that detailed in [22], [24]. The issue of
capacitor voltage observability—whether capacitor voltages
can be measured using only the switched node and input
voltage measurements—therefore arises when [C] is not full-
column-rank, as detailed in [20]–[22].

When using an alternate modulation scheme, (2) is rewrit-
ten with different values of [C] and [W ] depending on the
sequence of switching states that appears over the switching
period. For example, with the quasi-2-level (Q2L) modulation
scheme [15]–[18], at most one capacitor is connected to
the switched node in any switching phase, which guarantees
observability of all capacitor voltages. To ensure the switched
node voltage measurements are sufficiently far from switching
transitions, the durations of the states when capacitors are
connected must be sufficiently long.

Switching signals and an example switched node voltage
waveform under the Q2L scheme are shown in Fig. 5 and



Fig. 6 respectively. For the rising edge of the switched node
voltage under the Q2L scheme (during the Td interval in Fig.
6), the system is described by vIsw

vIIsw
vIIIsw


[vsw]

=

 0 0 −1
0 −1 0
−1 0 0


[C]

vC1

vC2

vC3


[vc]

+

1 0 0
0 1 0
0 0 1


[W ]

 vIin
vIIin
vIIIin


[vin]

.

(3)
[C] is full-column-rank, implying observable capacitor volt-

ages. Despite the observability advantage, the Q2L scheme
relinquishes the (N − 1)2 reduction of filter inductance as
compared to PS-PWM, which remains the most commonly
used modulation scheme for the FCML converter. This work
focuses on minimum-sensor estimation specifically under the
PS-PWM scheme.

B. System Observability and Unobservable States

Under the PS-PWM scheme, matrix [C] is rank-deficient
when the duty ratio can be expressed as D = m

nc
, where

m ∈ N and m and nc are not co-prime [20], [21]. In
practical implementations, the unobservable region is a range
of duty ratios around these points as short-duration switching
phases cannot be reliably sampled without coupling noise
from the switching transitions into the switched node voltage
measurements. At these conversion ratios, the total number
of switching phases in a period is nc. Therefore the rank
deficiency, defined as ρd := nc− 1− rank ([C]), indicates the
number of unobservable capacitor voltages. To recover observ-
ability at non-co-prime duty ratios, the number of differential
capacitor voltage sensors required, Ns, is also given by the
rank deficiency

Ns = ρd = nc − 1− rank ([C]) (4)

The unobservable capacitor voltages can be identified from
non-zero entries in the basis vectors spanning the null space
of [C]. From the rank-nullity theorem, the number of basis
vectors spanning the null space is equal to ρd. As an example,
the null-space of [C] from the 5-level converter example of (2)
is spanned by

{[n1]} =
{[

1 0 1
]T}

. (5)

vC1
and vC3

can be expressed in terms of a common-
mode and differential-mode value. The common-mode value
is defined as (vC1 + vC3) /2 and the differential mode value
is defined as vC3

− vC1
. The nullspace basis vector [n1], in

(5), indicates that a common offset applied to vC1
and vC3

is
indeterminate from the switched node voltage measurements
and only the differential mode value can be determined. This
is readily verified from the switched node equations in Fig.
4. Thus, these two capacitor voltages cannot be uniquely
estimated without additional information.

For a 7-level FCML (nc = 6), duty ratios corresponding to
2/6 (m = 2), 3/6 (m = 3) and 4/6 (m = 4) yield switched
node voltage equations where certain capacitor voltages are

TABLE I
MINIMUM ADDITIONAL SENSOR COUNT

aa
nc
m

2 3 4 5 6 7 8 9 10 11 12

1 0 0 0 0 0 0 0 0 0 0 0
2 0 1 0 1 0 1 0 1 0 1
3 0 0 2 0 0 2 0 0 2
4 0 1 0 3 0 1 0 3
5 0 0 0 0 4 0 0
6 0 1 2 1 0 5
7 0 0 0 0 0
8 0 1 0 3
9 0 0 2

10 0 1
11 0

unobservable. When operating at D = 3/6, the null-space
basis vectors of the corresponding [C] matrix are

{[n1] , [n2]} =
{[

1 0 0 1 0
]T

,
[
0 1 0 0 1

]T}
.

(6)
When operating at D = 2/6 and D = 4/6, the null-space

basis vector is

{[n1]} =
{[

1 0 1 0 1
]T}

. (7)

Following the arguments made for the 5-level converter,
the capacitor voltages cannot be uniquely estimated without
additional sensors. Notably, the null-space basis vectors in (6)
are shifted versions of each other due to the circulant nature
of the capacitor connections under PS-PWM.

III. SENSOR PLACEMENT STRATEGY

The rank deficiency of the system’s [C] matrix, ρd, dictates
the number of additional sensors needed to uniquely estimate
all flying capacitor voltages at the corresponding duty ratio.
Table I specifies the minimum number of flying capacitor
voltage sensors to enable estimation across operating duty
ratios for FCML converters under PS-PWM, up to 13 levels
(nc = 12). The duty ratio is given by m/nc.

As described in Section II-B, the unobservable capacitor
voltages are identified by non-zero entries in the null-space
basis vectors. In the 5-level case, adding a sensor to either
vC1

or vC3
enables estimation of all flying capacitor voltages

uniquely. In this approach, only 3 sensors are needed for the
switched node voltage, the input voltage and either flying
capacitor, with only the flying capacitor voltage requiring a
differential sensor. This is two fewer than the total number of
sensors required when measuring all flying capacitor voltages
directly. For higher level count converters, the difference
between the minimum-sensor design and a design sensing all
capacitors is more significant.

In the case of measuring vC1
directly, the additional mea-

surement information can be captured by the augmented
system described in (8), where vC1,meas indicates the directly
measured capacitor voltage. Note that appending the elemen-



tary row vector [1 0 0] to the [C] matrix results in the full-
column-rank augmented matrix [Caug].

vIsw
vIIsw
vIIIsw

vIVsw
vC1,meas


[vsw]

=


1 0 −1
0 1 0
−1 0 1
0 −1 0
1 0 0


[Caug]

vC1

vC2

vC3


[vc]

+


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0


[Waug]


vIin
vIIin
vIIIin

vIVin


[vin]

.

(8)

For the 7-level converter, the null-space basis vectors cor-
responding to operation at D = 3/6, given in (6), indicate
that one sensor must measure either vC1

or vC4
and a second

sensor must measure vC2
or vC5

. The null-space basis vector
corresponding to operation at D = 2/6 and D = 4/6, given
in (7), indicates that one sensor must measure either vC1 , vC3 ,
or vC5

. To preserve observability across all duty ratios, the 7-
level converter has several possible combinations of additional
sensors. Of particular interest is the addition of sensors for vC1

and vC2
. This minimum-sensor addition places the sensors at

the lowest voltage capacitors and ensures capacitor voltage
observability over the entire conversion ratio range.

Elementary row vectors corresponding to the measurement
of vC1 and vC2—[1 0 0 0 0] and [0 1 0 0 0]— can be
appended to the [C] matrix corresponding to the 7-level
FCML converter to obtain the corresponding full column-rank
augmented matrix [Caug] similar to the 5-level case in (8).

In the general case, the minimum number of sensors can
be placed sequentially from C1, C2 and onwards, or from
CM, CM−1 and so on. Placing sensors at the lowest voltage
capacitors is advantageous as lower common-mode voltages
require less attenuation on resistive dividers, which is help-
ful for reducing measurement noise, and allows for smaller
routing clearances in the sensing circuits.

As a further example, an 11-level FCML (nc = 10)
converter may be considered. Table I indicates that 4 flying
capacitor voltage sensors are needed. Adding sensors from ei-
ther end—{vC1 , vC2 , vC3 , vC4} or {vC9 , vC8 , vC7 , vC6}—will
enable recovering observability across all duty ratios.

IV. EXPERIMENTAL CHARACTERIZATION

The proposed estimator is implemented on a Texas Instru-
ments TMS320F28379D DSP. Assuming that the dynamics of
capacitor voltages are slow compared to the rate at which they
appear in the estimator equations, they are estimated using
Richardson’s iterative method [24]. This work extends the
estimator design of [22] by incorporating information from
the additional minimum sensors. The outputs of the iterative
solver corresponding to the estimated capacitor voltages are
augmented by the measured differential capacitor voltage
readings as in (8) for the 5-level case. This can be implemented

Fig. 7: FCML converter prototype used in this work. L = 4.7µH, Cfly =
8.8µF, fsw,eff = 200 kHz.

TABLE II
CONVERTER SPECIFICATIONS

Converter Parameter Value

Effective Switching Frequency 200 kHz
Inductance 4.7 µH
Flying Capacitance 4x 2.2 µF
Switches EPC2302
Gate Driver LM5114
Isolator ADUM5240
Cap. Voltage Sensor AD8429ARZ-R7

by skipping the iterative computation for each capacitor that
has an attached sensor and using the capacitor voltage directly.

The estimator is verified on the prototype shown in Fig. 7.
The hardware is a 12-level converter with key parameters given
in Table II, with the ability to configure to a lower level count
by shorting consecutive switching cells. To verify minimum-
sensor operation, the estimator is verified on both a 5-level
and a 7-level converter. To maintain similar harmonic content
in the inductor current without changing the inductance, the
effective switching frequency, feff, was kept constant between
the 5-level and 7-level tests.

The digital-to-analog converters (DACs) on the DSP were
used to output the estimated capacitor voltages so that they
may be measured on an oscilloscope along with the real
measured flying capacitor voltages. The signals are scaled on
the oscilloscope for direct comparison with measured capacitor
voltages. Experiments were carried out with natural balancing
under the PS-PWM scheme.

A. Estimation for a 5-Level Converter

The 12-level converter is reconfigured as a 5-level FCML
converter by shorting seven switching cells. The converter is
operated at the unobservable nominal duty ratio D = 0.5.

Results are first shown in Fig. 8 for the converter operating
under an input voltage transient typical of a startup scenario
highlighting the inability to correctly estimate vC1 and vC3

without the additional voltage sensor on C1. Fig. 9 illustrates
the erroneous estimation in steady-state without additional
sensor information for C1. The estimated voltages snap to the
correct values once the sensor information is used for capacitor
C1. In these tests, vC2

is unaffected by the use of the sensor
since its voltage is an observable state. In contrast, Fig. 10



(a) Input and output voltages during
startup from 0 V to 60 V with D =
0.5.

(b) Measured flying capacitor volt-
ages during startup.

(c) Estimated capacitor voltages with
no additional capacitor voltage sen-
sors.

(d) Estimated capacitor voltages
with additional sensor for C1.

Fig. 8: Supply startup test 0 V to 60 V with D = 0.5 for the 5-level FCML converter. At this operating point, vC1
and vC3

cannot be correctly estimated
from just the input and switched node measurement. The addition of a sensor for C1 enables correct estimation of all flying capacitor voltages.

(a) Steady state input (60 V) and output (30 V)
voltages with D = 0.5.

(b) Measured flying capacitor voltages in steady
state operation.

(c) Estimated capacitor voltages before and after
additional sensor for C1 is used.

Fig. 9: Steady-state estimation test for the 5-level FCML converter. Before the vC1 sensor is used, only vC2 is correctly estimated. Once the sensor is used,
vC1

and vC3
snap to the correct estimates that match measurements. vC2

is unaffected by the use of the sensor.

(a) Differential mode voltage. (b) Common mode voltage.

Fig. 10: Cap voltages vC1
and vC3

, during input startup from 0 V to 60
V, for the 5-level FCML converter in Section IV-A. The differential mode
voltage is defined as vC3

− vC1
.The common mode voltage is defined as(

vC3
+ vC1

)
/2. The estimated differential voltages match the measured

values. The common mode voltage cannot be correctly estimated without
additional sensors.

depicts the incorrect common-mode voltage estimation for vC1

and vC3
without the use of the additional sensor.

Prior work [22] has demonstrated the use of a dithering
scheme, operating at observable duty ratios D = 0.485
and 0.515 for an effective conversion ratio of 50%. Fig. 11
illustrates the result of a similar dithering implementation and
highlights the increased ripple on the flying capacitor voltages
as well as on the supply line voltage. The estimator proposed
in this work does not suffer from the increased ripple observed
with dithering.

B. Estimation for a 7-Level Converter

The 12-level converter is reconfigured as a 7-level FCML
converter by shorting five switching cells. For clarity of
the presented experimental data, the measured and estimated
capacitor voltages from multiple oscilloscopes are combined
and plotted on a single set of axes via post-processing in
MATLAB.

Results are shown in Fig. 12 for the converter operating
under an input voltage transient typical of a startup scenario.
The converter is operating at an unobservable duty ratio of
D = 0.5. This experiment illustrates the inability to correctly
estimate vC1

, vC2
, vC4

and vC5
without the additional voltage

sensors on C1 and C2.
As indicated from (6), only the difference between vC1

and vC4
can be computed uniquely but not their common

mode voltage. Similarly, only the difference between vC2
and

vC5
can be computed uniquely but not their common mode

voltage. This is observed in Fig. 12b. As illustrated in Fig. 10,
the startup transient is coupled into both the common mode
and differential mode voltages. Since the estimated values in
Fig. 12b do not capture the correct common mode voltage as
described above, they arrive at incorrect steady-state values
before the measured capacitor voltages have reached steady-
state. The parameter vC3 is correctly estimated without the
need for additional sensors. The addition of sensors for C1 and
C2 enables correct estimation of all flying capacitor voltages.



(a) Input and output voltages during startup to
60 V with D = 0.5± 0.015 dithering.

(b) Measured flying capacitor voltages during
startup with dithering.

(c) Estimated capacitor voltages during startup
with dithering.

Fig. 11: Dithering test for the 5-level FCML converter without using sensor for C1. Dithering around D = 0.5 enables estimating vC1 and vC3 at an
otherwise unobservable operating point. However, the impact of dithering propagates to all flying capacitor voltages and the input voltage.

(a) Input and output voltages during startup from
0 V to 60 V with D = 0.5.

(b) Capacitor voltages with no additional capacitor
voltage sensors.

(c) Capacitor voltages with additional sensor for
C1 and C2.

Fig. 12: Supply startup test 0 V to 60 V with D = 0.5 for the 7-level FCML converter. Lighter shaded colors—annotated as vCx,meas—represent measured
capacitor voltages; darker shaded colors—annotated as vCx,est—represent voltages estimated by the DSP. At this operating point, vC1

, vC2
, vC4

and vC5

cannot be correctly estimated from just the input and switched node measurements. The addition of sensors for C1 for C2 enables correct estimation of all
flying capacitor voltages.

V. CONCLUSIONS

This work analyzes and demonstrates an implementation of
minimum-sensor capacitor voltage estimation for FCML con-
verters over the entire conversion ratio range. The presented
framework for a general N-level converter demonstrates the
ability to place sensors at the lowest capacitor voltages under
PS-PWM. The estimator is implemented on a commercial
digital signal processor and demonstrates excellent tracking
of the capacitor voltages for practical 5-level and 7-level
converters. Future work will investigate implementation of the
estimator alongside closed-loop active balancing control in
FCML converters with a small number of sensors, enabling
reduction in converter volume and cost.
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