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Comparison between Phase Shift and Complex Potential
Descrip’éions of Elastic Scattering®*

Jonas Alster

T

Physics Department, University of Washington, Seattle, Washington' and
- Lawrence Radiation Laborétory, University of California, Berkeley, California
and'

Homer E. Conzett

Lawrence Radiation Liaboratory, University of California, Berkeley, California

The equivalencé between parameterized phase shift
and complex-potential analyses of the elastic scattering of
j strongly absorbed particles is discussed. Specific compari-
sons are made using computer analyses of alpha particle
scattering data. The relative merits of the two analyses

) ‘are pointed out.
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I.  INTRODUCTION
In this paper we want to emphasize the' equivalence between para-
meterized phase-shift (PPS) and compiex-potential model ( CPM)
analyses of fhe elastic scattering of strongly absorbed’ "particles'), Y
deutarons, ' -
such as/He”, alpha-particles, and heavier jons. We make specific
comparisons using analyses of alpha-particle scattering data. Then
We point out several advantages of the PPS method, which encompasses
all analysesz'6 .in which the partial-wave (complex) phase-shifts are
explicitly pararﬁeterized in the calculation and are not- adjusted ‘chrough
" an intermediary complex-pc')t’ential.

The differential cross-section for elastic scatiering is
L 2
a(8) = [f(6]",

with the scattering amplitude, in the absence of spin-dependent interactions,

given by
' 5 © » Zio'z ' ‘
= — - 1
£(6) = £ (8 + 5 z?o(qu 1) e (1, n,) P, (cos ,9'),’ (1)
o . o 1 L1z
where fc( 6) is the Coulomb scattering amplitude, k = 5 (2pE) ,
cr!, =argT(1+ 4 “+ in), withn = zlzzez/ fiv. One can write
216Jz :
= A e : 2
n, =8¢ , _ (2) .
so that A 2 the amplitude of _the outgoing 4 partial wave, and 6 22 its (

nuclear phase-shift, are real. Thus, 0 < Az < 1, with AL = 1 corre-

sponding to no absorption and A ,(7,7= 0, to complete absorpt_ion of that parfial
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~ particles, and thus a theoretically proper form of §
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2. . . .
wave. DMeclntyre et al. .introduced the (arbitrary) parameterization

A -4, ' L -4
A -1 51-1
Az—l--[1+ exp-—Az——] , 6£56[1+ ) ] (3)
A : T8
as an improvement over the ''sharp cut-off' model (see Figure 1). This

form for AI, has beefl jgstified by Eltons, Wheregs a form of 6}& suggested
by Conzett _e_’_c_:ai.3 as.héving qﬁalitafc ive theoretical justification, differs
from that of equation (3), particularly for £ <‘£6. However, we shall see,
for those cases examined }lle-re, that the scattering amplitude is not ser-
iously affected because iﬁ the fegion of £-values for whiéh equation (3) is
incorrect, Az -~ 0. This would not be the case for less strongly absorbed
p would be required.
The CPM analysis determines A 2 and & 2 by solving the equation satis-

fied by the radial wave function, f£ (r):

[d £(£+1)+k2-—2—%U(r)]f(r)=O, _ (4)
. £
il
where U(r) = Vc(r) + VN(r) , the Coulornb plus the nuclear potential. In

order to provide a description of both the elastic scattering and absorptive
processes, the 1g’cter is taken to be' complex: VN(r) = - [V(r) + iW(r)j .
Comparison ét 'y ='o° of fz(r) with the solution of equation (4) for VN(r) 4= 0
then gives A‘e and 61&' Strongly absorbed particles sample only the surface
region of the nucleus, so one is justified in questioning the -significance

of using a parameterized complex-potential to describe the scattering..

The PPS analysis parameterizes the A 7 and § 2 directly, so it is clear
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that the two analyses can be equivalent.
II. COMPARISON OF THE ANALYSES

For purposes of comparison, one can make the correspondence -
between £ and r, the distance of closest approach for a particle of | b,
orbital angular momentum [£(4 + 1) ]1/ ZH, through the relation

.kr =n+ [nZ + 4{4 + 1).]‘1/2. .(5)

- We indicate this correspondence between coordinate (r) space and

orbital angular-momentum (4) space by writing Az(r) . - The value of

-%— should not be expec’céd to agree with the

value of r = R for which V(R) = % V(0) in the CPM. Similarly, t, the

T = Ra for \,’Vhlch Az(r) =

interval AL , converted to coordinate space via equation (5) would not

A
necessarily agree with the analogous cornple‘x-potential surface-thick-
ness paraméter a. | These points have been developed previously4.

In ofdef to demonstrate these conside;'ations ﬁore explicitly, we
have made PPS ahalyses of some existing data on the elastic scattering
of alpha-particles from A, Cu, and Pb at 18, 40, and 48-MeV, respec-
tive1y7'-9‘. These data had previously been used for a CPM.analysis10
Figures 2-4 show‘;'comparisoris between expérimental and calculated
angulaf distribufcions for both PPS and _CPM analyses. In all cases the
quality of agreement between experiment and calculation is comparable
for the two treatrrient's'; in some cases one analys_is gives better agree-

ment than the other, depending to some extent on-what feature of the data

is regarded as most significant. The values of the parameters resulting .
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from these analyses are compiied in Table I, together with those resulting
from PPS2 and CPM11 analyses of data on the scattering of 22 and 40-MeV
alpha-particles from Ag. The evxpec’ced differences between the complex-
potential parameters, R and a, and the PPS parameters, Ra and t, are

seen. If one now looks at the actual scattering amplitude parameters de-
o%

scribing the 4-dependence Az and 6£, the equivalence of the two analyses

values determined from the separate

is seen. That is, the £, and A4

A

analyses are in excellent agreement, and the differences in the coordinate Sp2tt

A

parameters, R

0 and avs R 5 and t, clearly result from their different

physica_l defini’cidn. As a further Specific illustration, we show in Figure 5
the £ -space dependence of 61& and Tﬂ, =1 - A£2(= %r/(a + l)wﬁz where

c'zr is the zth-wave partial reaction cross section) resulting from the two
analyses of the Pb scattering data. As remarked above, the 1arge' dif-
ferences between the PPS and CPM values of 6/& for £ < 18 do not result

in noticéably different scattering amplitudes since ‘AZ -+ 0 for tba’c ;‘ange

of‘_g_ values. A quantitatiir_e. demonstration of this fact is shown in Figure 6.

There, along with a plot of T determined from the Cu scattering data, we

4
show 0'(9)/0'R(9) , the ratio toRutherford scattering, calculated with

6£ =0 for £ < 4'. With £'= 13 or 14 only very minor changes are seen at

~the larger angles. Finally, when £4' = 15, for which Azl =0,1 (Tz,a 0.99),

the angular distribution is severely distorted, again at the larger angles.

‘This emphasizes the senéitivity Qf the larger momentum-iransfer scattering

to the values of 62, in the smaller orbital angular-momentum states, and it

indicates that a more justifiable form of § -than that given in Eq. (3)

4

4
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could best be tested by precise large momentum-transfer scattering data.
This would be true particularly in instances of weaker absorption, where

Af, would not vanish for the smaller values of 4.

IUI. CONCLTUSIONS 4 f o

In summary, PPS and CPM analysés'éf the elastic scattering of
s’crorigly ab.sorbed particles are seen io be equivalent. Some advantages

of the PPS treeitment are the following: -

1. The calculation 1s simpler than for the Ci’M,' since the numerical
solution of Eq. (4_) .is bypassed. "I‘his’ .is particularly advantageous When.—‘
ever iarge numbers of partial waves coniribute .to the scattering.

2. The férm of Az( ) gives a clear physical interpretation of the.
abs'orption of the incident pa:.t'ticlels, and we believe that for strong-absorp-_
tion scattering 'the_ determined Az(r) cui‘ve is esséniially unique. On the

Lr) to i)roduce this

other hand, the CPM varies the parameters of VN

Az( r) curve, and ambiguities in the potentials describing, for example,
. .12 . 1 S .

-alpha-particle’ and deuteron’ 3 scattering, result from the fact that dif-

ferent potentials can giVe essentially the same Az(r)' and 6!’(1‘) values.

Clearly the value of Vi

(r) for r< r'? Where Az(r) =0 forr<r’, can
have no effect on ‘;he scattering.

3. The PPS analysis described in this paper has found appiicaticin in
the calculation of inelastic scaitéring of alpha particles, through the modei : !/

, 4 _ o ' _
of _Austern and Blai:t'1 . In this modei the inelastic scattering amplitud_es

“



7 o UCRL-11975

‘are expressed in terms of derivatives of the partial wave amplitudes for

elastic scafctering, N, The equivalence between the Austern-Blair Model
and Distorted Wave Born Approximation calculations for inelastic scatter.ing
is analogous to the equivalence of PPS and CPM analyses for elastic sc;ﬁ—
tering. Points 1 and 2 mentioned above are cqually vaiid in this case.

4, Eq.. (1) for ’thé scattering amplitude is valid, alsojin the relati-

vistic region insofar as spin effects are unimportant.

Finally, we propose that high-energy p-p and w-p scattering be exam-

ined with this PPS analysis, taking care to provide a theoretically proper

: 1
parameterization of § 2‘5'"7 B
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TABLE I

- Comparison of parameters resulting from PPS and CPM analyses

of alpha-particle scattering data -

T = b TNt " v et e ey

DATA CPM Analysis " PPS Analysis
parameters i N ] -
MeV| VW R 2 ‘a Ma | Ma P
: 4 :

A +He, 18 | 100 15 5.4 0.6 (Vg7 0.6 (e)g 5 0.6 _6.67 0.33
Cu+ He, 40 |49.3 11 6.8 0.5 17.8 0.8 17. 0 0.8 7.92  0.30
(PP + He, 48 | 25 15 8.1 0.6 21.1 1.3 21.0 1.3 1076 0.41
Ag+He - 22 | 50 20 7.5 0.6 10.5 1.5 10. 8 0.75 9.74 0,33
(). 4 150 ~ 20 7.5 0.6 11.3 1.3 10. 8 0.75 9.74  0.33
Ag + He 40 { 50 20 7.1 0.6 19.3 1.2 19.0 1.1 9.27 0.40
| 150 20 7.1 0.6 19.8 1.1 19.0 1.1 9.27 0.40

(a) From réfe_rer_mes 2 (McIntyre et al.) and 11,

(b) This AJZ,A value resulted from an analysis in x{vhich 617,

was zero. This may account for its being

appreciably lower than the value determined from the CPM analysis..

(c)

data.’

The disagreement in LA

values in this case arises from the difference in fits to the experim_ental ,

CL6TT-Ta0n
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FIGURE LEGENDS

A . is the amplitude of the ouigoing J&)Eh partial wave, and 6 p

is its nuclear phase shift.

"{A). The solid line is the CPM fit to the elastic scattering

4
of He from.A. (Ref. 10). Parameters are: V = 100,
W=-15R=117a73%4 1.36, a= 0. 6.
(B). The solid line gives the PPS fit to the same data with

the parameters ¢, = 7.5, &4, = 0.6, 6= 1.2, & 6.5,

A A 5.

Aﬂ,é = 0. 5. The points give the experimental values.

: _ 4 ‘
(A). Same as 2(A) for He scattered from Cu (Ref. 10).

The parameters are V = - 49. 3, WO =-11, R=1. 14A1/3 +

2.24, a= 0.5,

(B). Same as 2(B). The parameters are: Lp =17,

A3A=o.8,'5=o.7, 2y = 17, D= 1.0, -

4
(A). Same as 2(A) for He scattered from Pb (Ref. 10).

’ 1/3
The parameters are V= - 25, W= - 15 R = 1.13A / + 2.0,

~a=0.6.
. (B). Same as 2(B). The parameters are: " 21,
LLp=1.3,8=0.2 Le = 23, Az@ = 1. 4.

{(A). Plot of 61& as a function £ for the CPM ( ) and PPS(A)
. 4 v .
analyses of the Pb + He elastic scattering data.
2
(B). Plot of Tz =1 - Az as a function of £ for the CPM ( )

and PPS(A) analyses.

. : 7 . . .
Fie, 6. (A) Pht of /}c/-/ﬂ | fin Hha PPS auseysss oF //(E

Cut Mt Joslic scoTrum 7 ot

®) Se= fort for ofuls
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