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This dissertation focuses on two aspects of high energy physics—quantum chro-

modynamics (QCD) and the effective field theory. On the QCD side, the double parton

scattering has become an important background in new physics searches. Correlations

in double parton distribution function including flavor, spin, momentum fractions, and

transverse separation were studied using a proton bag model. Pile-up contamination also

affects new physics searches. One way to suppress this effect is to use observables that

depend only on charged particles. A non-perturbative object, the track function, was

defined to deal with calculations that only involved charged particles. The track function

formalism was applied to calculate the thrust with charged particles only. Then, the focus

shifts to the effective field theory. Soft-collinear effective theory was used to resum the

large logarithms in the thrust calculation. The one-loop anomalous dimension matrix for

the dimension-six baryon number violating operators is computed. Lastly, the Standard
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Chapter 1

Introduction

Quantum electrodynamics (QED) 1 is a quantum field theory describing how light

and matter interact at the subatomic level. The agreement between QED and experiments

is within ten parts in a billion by comparing the measurement of the electron anomalous

magnetic moment and the QED prediction. This beautiful theory has been the most

precisely tested one in physics.

At the early development stage of QED in the 1930s, people encountered divergent

quantities in perturbative calculations. Those divergences made QED lose its predictive

power, thus rendering it unsatisfactory as a physical theory. In the late 1940s, Feynman,

Schwinger, and Tomonaga independently discovered a method called “renormalization”

to tame those infinities from QED computations. There are two steps in renormalization.

First, we separate the infinite part and the finite remainder systematically by following

some algorithm. Second, we redefine the parameters in the theory in such a way that

the isolated infinite part gets absorbed by the redefined parameters. A theory is called

renormalizable if only a finite number of parameters is needed for this task. Otherwise,

the theory is called non-renormalizable.

Because of the huge success of QED, the renormalizability became a guiding

principle for constructing any quantum field theory. People thought non-renormalizable

1For the development history of QED, see Silvan Schweber, “QED and the Men Who Made It: Dyson,
Feynman, Schwinger, and Tomonaga,” Princeton University Press (1994).

1
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theories were internally inconsistent and had no predictive power, but this picture has

changed dramatically thanks to the notion of effective field theory.

1.1 Lightning Review of the Development of the Standard Model

In 1932, Fermi—one of the co-founders of QED—published his “Quantum

Theory of Radiation” in the Review of Modern Physics [4]. This article gave a transparent

formulation of QED. It was very influential at the time. Fermi pointed out that for an

electron to transit from one quantum state to another and emit a photon, it was better

to think of the photon as being created right at the moment of the transition rather than

pre-existing inside the electron. Quantum field theory is a suitable tool for studying

processes such as electron transition where the particle number is not conserved. By

applying the framework of quantum field theory to the weak interaction, Fermi proposed

his theory for the β-decay. In his theory, the neutron was annihilated at some spacetime

point, and a proton, electron, and neutrino were created at the same spacetime point.

The neutrino was postulated by Pauli in 1930, and the neutron was just discovered by

Chadwick in 1932. Fermi’s work “A Tentative Theory of Beta Rays” was rejected by

the journal Nature in 1933, for it “contained speculations too remote from reality to

be of interest to the reader.” Fermi then submitted the paper to Italian and German

publications. Later the editors of Nature admitted this was the greatest blunder they had

ever made [5]. Fermi’s theory worked well for energies much lower than O(100 GeV),

but it was clear that the theory was incomplete. Due to unitarity, cross sections of the

Fermi interaction should be no greater than 4π/E2, where E is the center-of-mass energy.

However, calculations in Fermi’s theory show that the cross sections are proportional to

E2. Thus, at a particularE, approximately 300 GeV, Fermi’s theory becomes inconsistent

with unitarity. This is in addition to being a manifestly non-renormalizable theory, which,

at the time, no one knew how to deal with the infinities present in such theories.

In search of a renormalizable theory for β-decay or the weak interaction, it

would be nice to have a deeper understanding of why QED is renormalizable. The
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renormalizability of QED is intimately tied to the principle of gauge invariance as we

will explain. Ward showed with his famous identity that the infinities from QED were

not completely independent of each other. Some of the infinities in QED are exactly the

same, and this leads to the miracle of complete cancellation of ultraviolet divergences in

QED. The Ward identity guarantees the renormalizability of QED, and this identity is

rooted in the principle of gauge invariance. This principle of gauge invariance played an

important role in the development of the Standard Model of particle physics.

As a graduate student, Chen-Ning Yang was fascinated by the beauty of gauge

invariance. The U(1) gauge group of QED implies not only the renormalizability as

Ward had shown, but also the charge conservation and the existence of massless photons.

Yang had been thinking about generalizing the principle of gauge invariance to describe

isospin conservation in the strong interaction, but in vain.

In 1954, Yang and his colleague Mills proposed the idea of replacing the U(1)

gauge group in QED with SU(2) for the strong interaction. With hindsight, we know that

the importance of Yang-Mills theory cannot be overemphasized. It laid the foundation

for modern theoretical particle physics. However, in the 1950s people did not pay much

attention to the Yang-Mills theory because it predicted the existence of charged massless

particles. Such particles were never found in nature.

The picture changed dramatically in the 1960s and 1970s. Physicists were able to

overcome the obstacles Yang-Mills theory had presented. Glashow, Salam, and Weinberg

were able to unify the weak interaction and electromagnetism with the SU(2) × U(1)

type Yang-Mills theory. This work led them to the Nobel Prize in Physics in 1979.

However, Weinberg’s work “A Model of Leptons”, published in 1967, did not initially

pique many readers’ interest. According to the INSPIRE database, Weinberg’s paper had

only 3 citations before 1971. In 1971, ’t Hooft and Veltman proved the renormalizability

of the massive Yang-Mills theory, and the Glashow-Weinberg-Salam electroweak theory

is of this type. ’t Hooft and Veltman shared the Nobel Prize in Physics in 1999 because

of this work. Once the renormalizability of Glashow-Weinberg-Salam theory was proved,

it caught everyone’s attention.
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On the strong interaction side, the gauge symmetry group is the color SU(3)

gauge group. This gauge theory is named quantum chromodynamics (QCD) with red,

green, and blue color charges. The colors were initially introduced to solve the Fermi

statistics problem in the ∆++ baryon. The ∆++ contains three up quarks in the quark

model with their spins aligned in the same direction. This contradicts Pauli exclusion

principle, which implies the three up quarks cannot be in the same quantum state. One

way out is to assume there exists additional SU(3) gauge degree of freedom, the color.

The three up quarks in ∆++ then have different color charges, so they are no longer in

the same quantum state. We need the color degree of freedom not only in the strong

interaction, but also in the electroweak interaction. In order for the electroweak theory

to be consistent, complete cancellation of anomalies between the lepton sector and the

quark sector is required. This is only true when we have three differently-colored quark

sectors.

In 1966, Bjorken proposed his famous scaling idea, later confirmed by experi-

ments. It basically says that the high-energy hadron scattering experiment is scaled by the

dimensionless scattering angle and some energy ratio, but not the absolute energy scale of

the experiment. Since higher experiment energy implies higher experimental resolution,

Bjorken scaling indicates there is no preferred scale for the experimental resolution.

This in turn implies the structure inside the hadron is point-like. To explain this scaling

behavior with quantum field theory, one requires the β-function to be negative. In quan-

tum field theory, β-functions are functions that encode the information of how coupling

parameters change when the energy scale changes. Back then, all the known theories,

including QED, had positive β-functions. Gross was among those who thought it was

impossible to have a negative β-function in any field theory. His original idea was to

show that the β-function is positive in the SU(3) Yang-Mills theory, so he could exclude

the Yang-Mills theory from being the correct theory of the strong interaction. However,

Politzer discovered that the β-function was indeed negative in the SU(3) Yang-Mills

theory. Gross and his student Wilczek also found this independently at around the same

time. The 2004 Nobel Prize in Physics was awarded to Gross, Politzer, and Wilczek for
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their contribution to the strong interaction theory.

The Glashow-Weinberg-Salam electroweak theory together with QCD is now

known as the Standard Model of particle physics, with gauge symmetry group SU(3)×

SU(2)× U(1).

1.2 Brief Introduction to Effective Field Theory

Historically, Fermi’s β-decay theory was proposed before the Glashow-Weinberg

-Salam electroweak theory. With hindsight, we can treat Fermi’s theory as a low-energy

effective field theory derived from the more fundamental electroweak theory. The

motivation of doing this is that sometimes we are only interested in the physics at low

energy. If you use the complete theory, usually the calculation is cumbersome or even

impossible. For example, if you want to study water as a fluid, you can start from water

molecules and calculate the interactions among them. However, this is impractical. A

more practical way is to use hydrodynamics, so you do not need to keep track of all

the water molecules. In the Standard Model, the lowest order weak decay is through

the exchange of W± gauge boson between two left-handed currents. At low energy, the

momentum transfer q is much smaller than MW , the mass of the W± gauge boson. The

W± boson propagator can be approximated as:

−gµν + qµqν/M
2
W

q2 −M2
W

q2�M2
W≈ gµν
MW

. (1.1)

Then for the muon decay µ→ e+ νe + νµ, the decay amplitude can be described by the

local four-fermion effective Hamiltonian

HW = 4GF√
2

(νµγαPLµ) (eγαPLνe) , (1.2)
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where the Fermi coupling constant

GF ≡
g2

8M2
W

, (1.3)

and g is the weak SU(2) coupling constant. We can see that only the relevant light

degrees of freedom, µ, νµ, e, and νe appear in the effective Hamiltonian. The heavy

degree of freedom W is “integrated out” from the underlying high energy theory. The

remnants of the high-energy dynamics become the low-energy couplings and symmetries

in the effective field theory. From this simple example, we know that in order to construct

an effective theory, we need to identify the

(i) relevant degrees of freedom,

(ii) symmetries, which in turn determine the possible interactions,

(iii) expansion parameters

at the low energy. The expansion parameter is q2/M2
W in this case. By taking the low-

energy limit of the fundamental theory, we obtain the effective theory. Nevertheless, even

if we do not know the fundamental theory, we can still construct an effective theory by

identifying (i) and (ii) based on the information we have. This is historically how people

construct effective field theories, because the underlying theory is usually unknown.

Another feature of effective field theories is that they are often non-renormalizable

as in the Fermi’s four-fermion theory. It is non-renormalizable in the sense that we need

an infinite number of counterterms to absorb all the divergences. Thus people say

non-renormalizable theories have no predictive power because we cannot deal with

infinite counterterms. However, these infinite number of counterterms are weighted by

powers of the expansion parameter in the effective theory. An effective theory is still

renormalizable order by order in its expansion parameters—there are only a finite number

of counterterms at each expansion order. As it turns out, effective field theories are

predictive to a given accuracy in their expansion parameters. If we look at field theories
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in this new perspective, we can abandon the renormalizability as a guiding principle of

constructing a new quantum field theory. We can also think of the Standard Model as an

effective field theory, then the Lagrangian becomes

LEFT = LSM +
∑
i

1
Λdi−4CiOi , (1.4)

where LSM includes the Standard Model terms up to mass dimension 4, Λ is the cutoff

scale of the effective theory, Oi are operators that respect the SU(3) × SU(2) × U(1)

gauge symmetry with mass dimension di > 4, and Ci are the Wilson coefficients.

The second term, constrained by experiments, encodes new physics that is beyond

the Standard Model. This provides a very general, model-independent framework for

studying new physics.

1.3 Outline of Dissertation

In this dissertation, Chapter 2 and Chapter 3 are about topics in QCD. Starting

from Chapter 4, we discuss various topics in effective field theories.

In Chapter 2, we provide a first estimate of the size of the various correlations in

the double parton distribution function (PDF). These correlations can be used to guide

the experimental analyses involving double parton scattering. Double parton scattering

is a process in which two hard partonic collisions take place within a single hadronic

collision. It has become an important background for new physics searches at the LHC.

In the literature, it is commonly assumed in double parton scattering studies that the

dependence on the transverse separation is uncorrelated with the momentum fractions

or parton flavors. In addition, a factorized ansatz is often made: a double PDF can

be factorized into multiplication of two single PDFs with kinematic constraint. We

implement a bag model for the proton to calculate the non-perturbative matrix elements

and find significant correlations between momentum fractions, spin and flavor, but

negligible correlations with transverse separation between two partons inside the hadron.
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We show the assumption of the transverse separation holds reasonably well, but the

factorized ansatz is badly broken. The results provide quantitative descriptions for the

diparton correlations, which will help in the experimental analysis of double parton

scattering at the LHC.

Next in Chapter 3, we perform QCD calculations with charged particles only.

Experimentally, one way to suppress pile-up contamination at the LHC is by using

observables that only depend on charged particles (tracks). However, such measurements

are not infrared safe in perturbation theory. We develop a formalism to perform these

calculations in QCD, by matching partonic cross sections onto new non-perturbative

objects called track functions which absorb infrared divergences. The track function

is similar to a PDF in that it absorbs infrared divergences and has a well-defined QCD

evolution equation known as the DGLAP equation 2. We extract the leading order

track functions from pure quark and gluon jet samples produced by Monte Carlo event

generators—PYTHIA, and cluster using the anti-kT algorithm in FASTJET package.

We then compute the next-to-leading order track function in perturbation theory by

convolving two leading order track functions. We find that the up- and down-quark track

functions are very similar, with a peak at x = 0.6. This means that on average 60% of

the energy of the initial quark is contained in charged hadrons, in agreement with a CMS

study.

Then in Chapter 4, we perform the first calculation of the track (charged particle)

thrust event shape with the framework developed in Chapter 3. In order to get reliable

predictions, we have to include the effects of logarithmic resummation. By incorporating

track functions into soft-collinear effective theory, we are able to calculate the distribution

for track thrust with next-to-leading logarithmic resummation precision. The result is

in good agreement with track thrust measurements performed at LEP by ALEPH and

2DGLAP stands for Dokshitzer, Gribov, Lipatov, Altarelli, and Parisi. The QED version of the evolution
equation was originally derived by Gribov and Lipatov [6] in 1972, while the QCD version was obtained
independently in 1977 by Altarelli and Parisi [7] and by Dokshitzer [8]. In the Mellin moment space,
the QED version was derived by Christ, Hasslacher, and Mueller [9] in 1972, and the QCD version was
derived by Georgi and Politzer [10] and by Gross and Wilczek [11] in 1974.
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DELPHI collaborations.

In Chapter 5, we calculate the one-loop anomalous dimension matrix for the

dimension-six baryon number violating operators. These operators are of the Standard

Model effective field theory, including right-handed neutrino fields. Together with the

previous computations [12, 13, 14], this last piece completes the anomalous dimension

matrix for the totality of dimension-six operators of the Standard Model.

Finally, in Chapter 6 we investigate the discovery potential of semileptonic

hyperon decays in terms of searches of new physics at teraelectronvolt scales using the

Standard Model effective theory framework. These decays are controlled by a small

SU(3)-flavor breaking parameter that allows for systematic expansions and accurate

predictions in terms of a reduced dependence on hadronic form factors. We find that

muonic modes are very sensitive to non-standard scalar and tensor contributions and

demonstrate that these could provide a powerful synergy with direct searches of new

physics at the LHC.



Chapter 2

Double Parton Correlations in the Bag

Model

Double parton scattering is sensitive to correlations between two partons in the

hadron, including correlations in flavor, spin, color, momentum fractions and transverse

separation. We obtain a first estimate of the size of these correlations by calculating the

corresponding double parton distribution functions in a bag model of the proton. We

find significant correlations between momentum fractions, spin and flavor, but negligible

correlations with transverse separation. The model estimates of the relative importance

of these correlations will help experimental studies disentangle them.

2.1 Introduction

High-energy scattering processes such as Drell-Yan production, pp→ `+`−, are

described by the scattering of two incoming partons, and the cross section is given by

the convolution of a partonic scattering cross section σ̂ and parton distribution functions

(PDFs). Sometimes two hard partonic collisions take place within a single hadronic

collision, a process which is known as double parton scattering (DPS). DPS is higher

twist, i.e. it is suppressed by a power of Λ2
QCD/Q

2, where Q is the partonic center-

10
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of-mass energy of the collision. Despite this power suppression, the DPS scattering

rate is still large enough that it has become a background for new physics searches

at the LHC. For example, DPS contributes to same-sign WW and same-sign dilepton

production [15, 16, 17, 18] and is a background for Higgs studies in the channel pp→

WH → `νbb̄ [19, 20, 21, 22]. DPS has been observed at the LHC; a preliminary study

using 33 pb−1 of data found that 16% of the W + 2 jet events were due to DPS [23].

In the original work on DPS, the cross section was written as [24]

dσ = 1
S

∑
i,j,k,l

∫
d2z⊥ Fij(x1, x2, z⊥, µ)Fkl(x3, x4, z⊥, µ)

× σ̂ik(x1x3
√
s, µ)σ̂jl(x2x4

√
s, µ) . (2.1)

The double parton distribution function (dPDF) Fij(x1, x2, z⊥) describes the probability

of finding two partons with flavors i, j = g, u, ū, d, . . . , longitudinal momentum fractions

x1, x2 and transverse separation z⊥ inside the hadron. The partonic cross sections σ̂

describe the short-distance processes, and S is a symmetry factor that arises for identical

particles in the final state. Eq. (2.1) ignores additional contributions that are sensitive to

diparton correlations in flavor, spin and color, as well as parton-exchange interference

contributions [25, 26, 27, 28]. These correlations are present in QCD, and one of our

goals is to estimate the size of these effects.

It is commonly assumed in DPS studies that the dependence on the transverse

separation is uncorrelated with the momentum fractions or parton flavors,

Fij(x1, x2, z⊥, µ) = Fij(x1, x2, µ)G(z⊥, µ) . (2.2)

In addition, a factorized ansatz is often made,

Fij(x1, x2, µ) = fi(x1, µ)fj(x2, µ) θ(1− x1 − x2)(1− x1 − x2)n , (2.3)

where f denotes the usual (single) PDF. The factor θ(1−x1−x2)(1−x1−x2)n smoothly
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imposes the kinematic constraint x1 + x2 ≤ 1, and different values of the parameter

n > 0 have been considered.

The dPDF is a nonperturbative function, but once it is known at a certain scale

µ, its renormalization group evolution can be used to evaluate it at a different scale.

The evolution of Fij(x1, x2, µ) was determined a long time ago [29, 30]. It has recently

been extended to include the z⊥ dependence and describe correlation and interference

dPDFs [26, 27, 28, 31]. The color-correlated and interference dPDFs are all Sudakov

suppressed at high energies [32, 28] and will, therefore, not be considered.

Eventually the dPDFs will be determined by fitting to experimental data, just as

for the usual PDFs. Reference [33] goes a step in this direction, showing how angular

correlations in double Drell-Yan production may be used to study spin correlations

in dPDFs. In this chapter, we determine the dPDFs at a low scale µ ∼ ΛQCD using

a bag model for the proton [34]. This model calculation provides an estimate of the

importance of various diparton correlations, which can be used to guide the experimental

analysis. It also provides an estimate of dPDF distributions in the absence of more

accurate determinations directly from experiment.

We follow some of the existing structure function calculations in the bag model [35,

36, 37]. There are obvious limitations to this approach, just as for bag model calculations

of the usual PDFs. First of all, the bag model only describes valence quarks. Bag model

calculations are only meaningful when the fields in the dPDF act inside the bag, which

restricts the momentum fractions x & 1/(2MR) ∼ 0.1, where M is the proton mass and

R is the bag radius. Finally, the bag was treated as rigid in the early literature, Ref. [35].

A consequence is that momentum is not conserved, and parton distributions do not vanish

outside the physical region (x > 1). Alternative treatments of the bag were proposed

to alleviate this problem [36, 37, 38]. We emphasize that we are not attempting to use

the most sophisticated bag model description of the proton. Rather, we simply want to

provide a first estimate of the size of the various correlation effects. Bag model PDFs

are usually chosen as the initial value of PDFs at a low scale µ ∼ ΛQCD, which are then

evolved to higher scales using their QCD evolution. Since in the bag model the valence
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quarks carry all the momentum, this initial scale µ needs to be taken quite low [36].

We also investigate Eqs. (2.2) and (2.3) in this chapter, using our bag model

results. We find that Eq. (2.2) holds reasonably well, but Eq. (2.3) is badly violated.

Problems with Eq. (2.3) have already been pointed out in Ref. [39], using sum rules and

the evolution of the dPDF. (Though Eq. (2.3) may still be approximately true when one

of the momentum fractions xi is small; see, e.g., Ref. [40].) In the simplest bag models

of the type we consider, the color-correlated dPDFs F T are given by −2/3 times the

color-direct dPDFs F 1, since diquarks are in a 3 representation of color.

2.2 Calculation

We briefly summarize the ingredients of the bag model [34] that are needed to

calculate the dPDFs. The bag model wave functions are the solutions of the massless

Dirac equation in a spherical cavity of radius R. We only need the ground state, which is

given by

Ψm(r, t) = N


j0(Ω|r|/R) χm

i r̂·σ j1(Ω|r|/R) χm

 e−iΩt/R , (2.4)

for a bag centered at the origin. Here Ω = ER, with E the energy of the particle,

N2 = 1
R3

Ω4

Ω2 − sin2 Ω , χm = 1√
4π

δm,↑
δm,↓

 , (2.5)

ji are spherical Bessel functions, and m =↑, ↓. The condition that the color current does

not flow through the boundary rµΨγµTAΨ||r|=R = 0 leads to

j0(Ω) = j1(Ω) ⇒ Ω ≈ 2.043 , (2.6)
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and we will take R = 1.6 fm in our numerical analysis.

The quark field is expanded in terms of bag wave functions, quark creation and

annihilation operators ai(a), a†i (a) and antiquark creation and annihilation operators

bi(a), b†i (a). These operators create or annihilate quarks and antiquarks in a bag centered

at r = a [see Eq. (2.14)].

The spin-up proton wave function is given in terms of the standard quark model

wave functions as

1√
6
|uud〉 (2 |↑↑↓〉 − |↑↓↑〉 − |↓↑↑〉) . (2.7)

As usual, the color indices are suppressed, and the wave function has to be symmetrized

over permutations. Ignoring color, one can also write the wave function in terms of

bosonic [41] creation operators,

|P ↑, r = a〉 = 1√
3

[
a†u↑(a)a†u↑(a)a†d↓(a)− a†u↑(a)a†u↓(a)a†d↑(a)

]
|0, r = a〉 . (2.8)

Here |P ↑, r = a〉 and |0, r = a〉 are the proton and empty bag state, respectively, both

at position a. The a†qm(a) denotes the creation operator for a quark of flavor q with spin

m in a bag at position a.

An important difference between various calculations in the literature is the

treatment of the overlap between empty bags at different positions,

〈0, r = a|0, r = b〉 = δ3(a − b) in Ref. [35] ,

〈0, r = a|0, r = b〉 = 1 in Refs. [36, 37] . (2.9)

These opposite limits treat the bags as either completely rigid or fully flexible, and the

latter will be our default. We will return to the rigid bag in Sec. 2.2.4. To account for the
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displacement between bags, we follow Ref. [36] in taking

{ai(a), a†j(b)} = δij

∫
d3xΨ†j(x− b)Ψi(x− a) . (2.10)

For the rigid bag these are replaced by the familiar anticommutation relations

{ai, a†j} = δij , (2.11)

where we only need the relation when a and a† are at the same bag position, because of

Eq. (2.9).

The proton state with momentum p is constructed using the Peierls-Yoccoz (PY)

projection [42],

|P,p〉 = 1
φ3(p)

∫
d3a eia·p |P, r = a〉 , (2.12)

where φ3(p) fixes the (nonrelativistic) normalization of the state. The functions φn(p)

are given by

|φn(p)|2 =
∫

da e−ip·a
[ ∫

dx Ψ†(x− a)Ψ(x)
]n
, (2.13)

which we will need for n = 1, 2, 3.

The final ingredient is the expression for quark fields acting in the bag. The field

for a u quark relative to a bag at a is given by [36]

u(x, t) =
∑
m=↑,↓

aum(a)Ψm(x− a)e−iΩt/R + . . . . (2.14)

Here “. . . " denotes contributions from other bag states that will not be needed1. The

expression for d quarks is similar.

1We will not consider the so-called z graph or four-quark intermediate state contribution [35, 37], where
the field creates an antiquark. This only contributes at small x and is thus outside the range of validity of
the calculation.



16

2.2.1 Single PDF

We first summarize the well-known calculation of the (single) PDF in the bag

model. The light-cone vectors are

nµ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,−1) , (2.15)

and we assume the light-cone gauge n·A = 0, where A is the gluon field. In the proton

rest frame, where pµ = (M,0),2

q(x) = 2M
∫ dz+

4π e−ixMz+/2
〈
P,p = 0

∣∣∣∣q̄(z+ n̄

2

)
n̄/

2 q(0)
∣∣∣∣P,p = 0

〉
=

∑
m1,m2=↑,↓

〈
P, r = 0

∣∣∣a†qm1(0)aqm2(0)
∣∣∣P, r = 0

〉

× 2M
∫ dz+

4π
dk1

(2π)3
dk2

(2π)3
dk3

(2π)3 e
−i(xM−Ω

R
+k1z)z+/2

× (2π)3δ(k1 − k3)(2π)3δ(k2 − k3) ¯̃Ψm1(k1) n̄/2 Ψ̃m2(k2) |φ2(k3)|2
|φ3(0)|2

=
∑

m1,m2=↑,↓

〈
P, r = 0

∣∣∣a†qm1(0)aqm2(0)
∣∣∣P, r = 0

〉

× 2M
∫ dk

(2π)3
¯̃Ψm1(k) n̄/2 Ψ̃m2(k) |φ2(k)|2

|φ3(0)|2 δ
(
xM − Ω

R
+ kz

)
=

∑
m1,m2=↑,↓

〈
P, r = 0

∣∣∣a†qm1(0)aqm2(0)
∣∣∣P, r = 0

〉

× 2M
(2π)2

∫ ∞
|Ω/R−xM |

d|k| |k| ¯̃Ψm(k) n̄/2 Ψ̃m(k) |φ2(k)|2
|φ3(0)|2 . (2.16)

Here z+ = n · z, Ψ̃ denotes the Fourier transform of Ψ, and φ2 is given by Eq. (2.13).

The overall factor of 2M is due to the nonrelativistic normalization of states. The delta

function on the fourth line sets

kz = Ω
R
− xM , (2.17)

2We also use the notation q for the PDF fq , and qq, q∆q, . . . for the dPDFs Fqq , Fq∆q , . . ..
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implying that the peak of the PDF is at x = Ω/(MR), independent of the quark flavor.

This disagreement with experimental measurements of u and d may be alleviated by

refining the bag model; see, e.g., Ref. [43]. We will restrict ourselves to the simplest bag

models in this chapter, so its limitations should be kept in mind while using the results.

In using Eq. (2.14) we assumed that the field q̄ acts at the position of the bag of

the left state and q at the position of the bag of the right state [36]. The matrix element

of Eq. (2.16) contains all the dependence on the spin-flavor wave function of Eq. (2.7),

which is connected with the spin of the bag wave functions through the sum on m1,2. For

the unpolarized single PDF only m1 = m2 contributes, and the matrix element simply

counts the number of quarks of a given flavor q in the proton,

nq =
∑
m=↑,↓

〈
P, r = 0

∣∣∣a†qm(0)aqm(0)
∣∣∣P, r = 0

〉
. (2.18)

The extension of Eq. (2.16) to longitudinal and transversely polarized quark distributions

is given by replacing n̄/
2 by n̄/

2γ5 for ∆q and n̄/
2γ

µ
⊥γ5 for δq. ∆q and δq only contribute

in processes involving longitudinally and transversely polarized protons, respectively.

The matrix elements required are evaluated in Sec. 2.2.3. To aid the evaluation of the

remaining integral in Eq. (2.16), convenient expressions for the functions φi and the bag

wave function in momentum space are given in Appendix A. The resulting PDFs are

compared in Fig. 2.1.

The spatial distribution of partons inside the nucleon is also probed by the elec-
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Figure 2.1: The proton PDFs u (solid red), ∆u (dashed blue) and δu (dotted green).
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tromagnetic form factors, which are independent of the renormalization scale. They have

been calculated within the bag model that we are using, showing reasonable agreement

with experiment [44]. Calculations of form factors for more sophisticated bag models

can, for example, be found in Refs. [45, 46, 47].

2.2.2 Double PDF

We calculate the double PDF using the definitions in Ref. [28]. We will not con-

sider color correlated or interference double PDFs, since these are Sudakov suppressed.

The spin-averaged dPDF Fq1q2(x1, x2, z⊥) is defined as

Fq1q2(x1, x2, z⊥) = −8πM2
∫ dz+

1
4π

dz+
2

4π
dz+

3
4π e−ix1Mz+

1 /2 e−ix2Mz+
2 /2 eix1Mz+

3 /2

×
〈
P,p = 0

∣∣∣∣[q1

(
z+

1
n̄

2 + z⊥

)
n̄/

2

]
c

[
q2

(
z+

2
n̄

2

)
n̄/

2

]
d
q1,c

(
z+

3
n̄

2 + z⊥

)
q2,d(0)

∣∣∣∣P,p = 0
〉
.

(2.19)

It is convenient to work in terms of the Fourier-transformed distribution

Fq1q2(x1, x2,k⊥). Evaluated in the bag model,

Fq1q2(x1, x2,k⊥) =
∫

d2z⊥ eiz⊥·k⊥Fq1q2(x1, x2, z⊥) (2.20)

=
∑

m1,m2,m3,m4

〈
P, r = 0

∣∣∣a†q1m1(0)a†q2m2(0)aq2m4(0)aq1m3(0)
∣∣∣P, r = 0

〉
× 8πM2

∫ dk1

(2π)3
dk2

(2π)3
dk3

(2π)3

× δ
(
x1M −

Ω
R

+ k1z

)
δ
(
x2M −

Ω
R

+ k2z

)
δ
(
x1M −

Ω
R

+ k3z

)
× (2π)2δ2(k1⊥ − k3⊥ − k⊥) ¯̃Ψm1(k1) n̄/2 Ψ̃m3(k3) ¯̃Ψm2(k2) n̄/2 Ψ̃m4(k1 + k2 − k3)

× |φ1(k1 + k2)|2
|φ3(0)|2 ,

where φ1 is given by Eq. (2.13). Results for the matrix elements on the second line of

Eq. (2.20) are given in Sec. 2.2.3. The remaining integrals were numerically performed

using the expressions in Appendix A and the CUBA integration package [48].
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2.2.3 Spin Correlations

The computation of spin-correlated dPDFs is almost identical to Eq. (2.20). For

F (x1, x2, z⊥) the spinors n̄/
2 ⊗

n̄/
2 in Eq. (2.19) are replaced by [26, 27, 28]

F∆q1∆q2
n̄/
2 γ5 ⊗ n̄/

2 γ5

Fδq1δq2
n̄/
2γ

µ
⊥γ5 ⊗ n̄/

2γ
⊥
µ γ5

Fq1δq2 − 1
Mz2
⊥

n̄/
2 ⊗

n̄/
2 γ

µ
⊥εµνz

ν
⊥γ5

F∆q1δq2 − 1
Mz2
⊥

n̄/
2 γ5 ⊗ n̄/

2 z/⊥γ5

F t
δq1δq2

2
M2|z⊥|4

(zµ⊥zν⊥ + 1
2z2
⊥g

µν
⊥ ) n̄/2γµγ5 ⊗ n̄/

2γνγ5

As in Eq. (2.20), we switch to momentum space, for which it is convenient to modify

some of the spin structures:

Fq1δq2 iM
k2
⊥

n̄/
2 ⊗

n̄/
2 γ

µ
⊥εµνk

ν
⊥γ5

F∆q1δq2
iM
k2
⊥

n̄/
2 γ5 ⊗ n̄/

2 k/⊥γ5

F tδq1δq2
2M2

|k⊥|4
(kµ⊥kν⊥ + 1

2k2
⊥g

µν
⊥ ) n̄/2γµγ5 ⊗ n̄/

2γνγ5

We will always use these momentum-space spin structures in plots. The relationship

between F and F is not simply a Fourier transform, and is given in Appendix B. The

additional factors of −i in Fq1δq2 and F∆q1δq2 ensure that these dPDFs are real. The spin

structure ∆q1δq2 vanishes in our calculation. Assuming for simplicity that k is along the

x direction, this follows from the reflection k1y → −k1y, k2y → −k2y, under which the

integrand in Eq. (2.20) is odd. Though this is due to the form of the bag model matrix

elements, it suggests that the spin structure ∆q1δq2 is likely smaller than the others.

We now evaluate the spin-flavor matrix elements that enter in the single and

double PDFs. Since we suppressed the antisymmetric color wave function of the proton,

the creation and annihilation operators essentially satisfy commutation relations. For the

unpolarized and longitudinally polarized single PDF, only m1 = m2 contributes, and we

find the weighting:
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q m
〈
P ↑

∣∣∣a†qmaqm∣∣∣P ↑〉
u ↑ 5/3

u ↓ 1/3

d ↑ 1/3

d ↓ 2/3

For δq we need a transversely polarized proton

|P →〉 = 1√
2

(|P ↑〉+ |P ↓〉) . (2.21)

The nonvanishing matrix elements are

q m1 m2
〈
P →

∣∣∣a†qm1aqm2

∣∣∣P →〉
u ↑ ↓ 2/3

u ↓ ↑ 2/3

d ↑ ↓ -1/6

d ↓ ↑ -1/6

The dPDFs we consider are invariant under spin flip (they are only sensitive to

diparton spin correlations), so we can simply use a spin-up proton. The dPDF for dd in

all spin combinations vanishes in the bag model since there is only one valance d quark

in the proton. The nonvanishing matrix elements are

q1 q2 m1 m2 m3 m4
〈
P ↑

∣∣∣a†q1m1a
†
q2m2aq2m4aq1m3

∣∣∣P ↑〉
u u ↑ ↑ ↑ ↑ 4/3

u u ↑ ↓ ↑ ↓ 1/3

u u ↓ ↑ ↓ ↑ 1/3

u u ↑ ↓ ↓ ↑ 1/3

u u ↓ ↑ ↑ ↓ 1/3

u d ↑ ↑ ↑ ↑ 1/3

u d ↑ ↓ ↑ ↓ 4/3

u d ↓ ↑ ↓ ↑ 1/3

u d ↑ ↓ ↓ ↑ -2/3

u d ↓ ↑ ↑ ↓ -2/3
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Figure 2.2: Plot of the PY factors which enter the calculation of the single PDF (dotted
blue) and double PDF (solid red). They suppress the PDFs in the unphysical regions
x > 1 and x < 0.

Note that due to these spin-flavor correlations, the dPDF for uu and ud do not simply

differ by an overall factor, as is the case for the single PDF.

2.2.4 Rigid Bag

For a rigid bag, the overlap of empty bag states is

〈0, r = a|0, r = b〉 = δ3(a − b) . (2.22)

The only change to the single PDF in Eq. (2.16) is that it removes the PY factor

|φ2(k)|2/|φ3(0)|2. This factor suppresses the “leakage" of the PDF into the unphys-

ical regions x < 0 and x > 1, without affecting the integral over all x, see Sec. 2.2.5.

The PY factor is plotted in Fig. 2.2, and the PDF with and without the PY factor is shown

in Fig. 2.3.

Similarly, the rigid bag overlap in Eq. (2.22) removes the factor |φ1(k)|2/|φ3(0)|2

(also plotted in Fig. 2.2) from the double PDF in Eq. (2.20). In this case, the dPDF

factors, and there are no correlations between the momentum fractions x1 and x2, which

is a clear shortcoming of treating the bag as rigid. At k⊥ = 0, the rigid bag dPDF takes a

particularly simple form:

Fq1q2(x1, x2,k⊥ = 0) = cq1q2
nq1nq2

q1(x1)q2(x2) , (2.23)
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Figure 2.3: Plot of the bag model proton PDF u(x) with (solid red) and without (dotted
blue) PY factors.
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Figure 2.4: The double PDF uu(x1, x2,k⊥) as a function of x1 and |k⊥| for fixed
x2 = 0.4. The right panel tests the ansatz in Eq. (2.2) that xi and k⊥ are uncorrelated.
This holds reasonably well, since the different |k⊥| curves are nearly identical.

where the coefficient cq1q2 is fixed by the spin-flavor wave function

cq1q2 =
∑

m1=m3
m2=m4

〈
P, r = 0

∣∣∣a†q1m1(0)a†q2m2(0)

× aq2m4(0)aq1m3(0)
∣∣∣P, r = 0

〉
. (2.24)

From the tables in Sec. 2.2.3, we find that cuu = cud = 2.

2.2.5 Normalization

The normalization of the single PDF and dPDF is given by integrating over all x,

including unphysical regions. Both treatments of the bag in Eq. (2.9) will be considered.
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Figure 2.5: The double PDF uu(x1, x2,k⊥) as a function of x1 and x2 for fixed k⊥ = 0.
In the right panel, we divide by u(x2) to test the often-used assumption in Eq. (2.3) that
the xi are uncorrelated. This clearly fails, since the ratio depends strongly on x2.

The single PDF in a rigid bag gives

∫
dx q(x) = nq

∫
dx 2M

(2π)2

∫ ∞
|xM−Ω/R|

d|k| |k| ¯̃Ψm(k) n̄/2 Ψ̃m(k)

= 2nq
∫ d3k

(2π)3 Ψ̃†(k)n/n̄/4 Ψ̃(k)

= nq

∫
d3y |Ψ(y)|2

= nq . (2.25)

Here we used that

γ0 n̄/

2 = n/n̄/

4 ,
n/n̄/

4 + n̄/n/

4 = 1 . (2.26)

This second equation and the symmetry between n and n̄ implies that we could replace

n/n̄//4 → 1/2 in Eq. (2.25). The corresponding calculation with a flexible bag, i.e.

including the PY factor, is

∫
dx q(x)

= 2Mnq
(2π)2

∫
dx
∫ ∞
|xM−Ω/R|

d|k| |k| ¯̃Ψm(k) n̄/2 Ψ̃m(k) |φ2(k)|2
|φ3(0)|2

= 2nq
|φ3(0)|2

∫ d3k
(2π)3 Ψ̃†m(k)n/n̄/4 Ψ̃m(k) |φ2(k)|2
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Figure 2.6: The correlation between the momentum fractions of two u quarks in the
proton is shown by plotting the ratio of the double PDF uu(x1, x2,k⊥ = 0) to the product
of two single PDFs u(x1)u(x2).

= nq
|φ3(0)|2

∫ d3k
(2π)3

∫
d3x1 d3y1 e

ik·x1 Ψ†(y1−x1)Ψ(y1)

×
∫

d3x2 e
−ik·x2

[ ∫
dy2 Ψ†(y2 − x2)Ψ(y2)

]2

= nq , (2.27)

and has the same normalization. However, the PY factor reduces the PDF at unphysical

x. Specifically, 2% of the contribution to the integral in Eq. (2.27) is from the unphysical

region, compared to 11% in Eq. (2.25).

For the dPDF, the normalization for the rigid bag follows from Eqs. (2.23) and

(2.25)

∫
dx1 dx2 dz⊥Fq1q2(x1, x2, z⊥)

= cq1q2
nq1nq2

∫
dx1 dx2 q1(x1)q2(x2)

= cq1q2 , (2.28)

where the coefficient cq1q2 is given in Eq. (2.24). The calculation including the PY factor
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is similar to Eq. (2.27)

∫
dx1 dx2 d2z⊥Fqq(x1, x2, z⊥)

= 4cq1q2
∫ d3k1

(2π)3
d3k2

(2π)3 Ψ̃†(k1)n/n̄/4 Ψ̃(k1)

× Ψ̃†(k2)n/n̄/4 Ψ̃(k2) |φ1(k1 + k2)|2
|φ3(0)|2

= cq1q2 [1 +O(< 1%)] . (2.29)

The small correction with respect to Eq. (2.28) arises because we can no longer replace

n/n̄//4→ 1/2. Specifically, Eq. (A.1) implies

Ψ̃†(k)n/n̄/4 Ψ̃(k) = πR3Ω2

2(Ω2 − sin2 Ω)(s2
1 + 2s1s2k̂z + s2

2) ,

Ψ̃†(k)Ψ̃(k) = πR3Ω2

(Ω2 − sin2 Ω)(s2
1 + s2

2) (2.30)

Since the momenta k1z and k2z become correlated through φ1(k1 + k2), this implies that

〈k1zk2z〉 6= 〈k1z〉〈k2z〉 = 0.

2.3 Parton Correlations

We are now ready to investigate the size of the various diparton correlation

effects using the bag model dPDFs. We start by studying the dependence of the dPDF

uu(x1, x2,k⊥) on x1 and |k⊥|, keeping x2 = 0.4 fixed for simplicity. As the left panel of

Fig. 2.4 shows, the dPDF reduces significantly with increasing |k⊥|. In the right panel we

test the ansatz in Eq. (2.2) that the dependence on xi and k⊥ is uncorrelated, by dividing

by uu(0.4, 0.4,k⊥). If the ansatz holds, the universal transverse function G(k⊥) should

drop out in this ratio, making the result independent of k⊥. As the plot shows, this seems

to holds quite well. It only breaks down for the largest values of |k⊥|, where the dPDF is

orders of magnitude smaller than at |k⊥| = 0. We also note that there is some leakage
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Figure 2.7: Comparison of the double PDF spin structures as functions of x1 or |k⊥|,
keeping the other variables fixed. The left panels show the uu double PDFs, and the
right panels show the ud double PDFs. The uδu, δuδu, δuδut, ∆u∆d, uδd and δuδdt

distributions are negative, and we have changed their sign in these plots. Note that ud
and δuδd are almost indistinguishable.
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into the unphysical region x1 + x2 > 1, as was the case for the single PDF in Fig. 2.3,

though this effect is reasonably small.

Next we explore the x1, x2 dependence of dPDF uu(x1, x2,k⊥) for k⊥ = 0,

which is shown in Fig. 2.5. As x2 is increased, the peak of the x1 distribution moves to

smaller x1, responding to the reduced momentum available. The peak height reduces as

well, though not for small x2 since the bag model only describes the valence quarks. To

test the factorization ansatz in Eq. (2.3) for n = 0, we divide by u(x2) in the right panel.

Since the resulting distributions clearly still depend on x2, correlations between x1 and

x2 are important. Inclusion of the factor of (1− x1 − x2)n does not alter this conclusion.

The correlations can also be seen in the three-dimensional plot of Fig. 2.6. We remind the

reader that this conclusion depends on the treatment of the bag, since x1 and x2 would be

uncorrelated if a rigid bag was assumed (see Sec. 2.2.4).

The relative size of the various spin structures in Sec. 2.2.3 are studied in Fig. 2.7.

They are shown as a function of x1 (top row) and |k⊥| (bottom row), keeping all other

variables fixed. All spin structures show a similar dependence on x1 and k⊥, though

there is a hierarchy between their sizes. Fig. 2.7 also illustrates the differences between

the uu (left column) and ud (right column) dPDF. Unlike the single PDF, where the

difference between u and d was simply an overall factor of nu/nd = 2, the dPDF has

more flavor dependence. This arises through the spin dependence and the correlations in

the spin-flavor wave function. As Fig. 2.7 shows, the difference between uu and ud is

fairly small. However, the spin correlations are about twice as big for ud than for uu.

The shape of the |k⊥| dependence is reasonably well described by a Gaussian,

G(k⊥) ≈ 1
2πσ2 e

−k2
⊥/(2σ

2) . (2.31)

The width σ depends slightly on the spin structure:

uu ∆u∆u δuδu uδu δuδut

σ (GeV) 0.25 0.27 0.32 0.25 0.29
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ud ∆u∆d δuδd uδd δuδdt

σ (GeV) 0.22 0.27 0.22 0.25 0.26

Note that in the bag model uδd = dδu.

2.4 Conclusions

We have computed the dPDFs using a bag model for the proton. The bag model

results should be treated as the dPDFs at a low scale, which can then be evolved to higher

energy using the known QCD evolution equations [28, 31]. We find substantial diparton

correlations in the proton in spin, flavor, and momentum fraction, which have traditionally

been ignored in analyses of double parton scattering, but only a small correlation with

the transverse momentum k⊥. The uu and ud dPDFs are not simply related to each other,

or to the single PDFs u and d, because of the spin-flavor correlations in the proton quark

model wave function in Eq. (2.7). The results in this chapter provide quantitative results

for these diparton correlations, which will help in the experimental analysis of double

parton scattering at the LHC.

This chapter is a reprint of material as it appears in “Double Parton Correlations

in the Bag Model,” H.-M. Chang, A. V. Manohar and W. J. Waalewijn, Phys. Rev. D 87,

no. 3, 034009 (2013) [arXiv:1211.3132 [hep-ph]], of which I was a co-author.

http://arxiv.org/abs/1211.3132


Chapter 3

Calculating Track-Based Observables

for the LHC

By using observables that only depend on charged particles (tracks), one can

efficiently suppress pile-up contamination at the LHC. Such measurements are not

infrared safe in perturbation theory, so any calculation of track-based observables must

account for hadronization effects. We develop a formalism to perform these calculations

in QCD, by matching partonic cross sections onto new non-perturbative objects called

track functions which absorb infrared divergences. The track function Ti(x) describes

the energy fraction x of a hard parton i which is converted into charged hadrons. We

give a field-theoretic definition of the track function and derive its renormalization

group evolution, which is in excellent agreement with the PYTHIA parton shower. We

then perform a next-to-leading order calculation of the total energy fraction of charged

particles in e+e− → hadrons. To demonstrate the implications of our framework for

the LHC, we match the PYTHIA parton shower onto a set of track functions to describe

the track mass distribution in Higgs plus one jet events. We also show how to reduce

smearing due to hadronization fluctuations by measuring dimensionless track-based

ratios.

29
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3.1 Introduction

Jets are collimated sprays of particles that arise from the fragmentation of ener-

getic quarks and gluons. Nearly every measurement at the Large Hadron Collider (LHC)

involves jets in some way, either directly as probes of physics in and beyond the Standard

Model, or indirectly as a source of backgrounds and systematic uncertainties. In order

to predict jet-based observables using quantum chromodynamics (QCD), one typically

performs infrared- and collinear-safe (IRC safe) jet measurements which involve only

the kinematics of the jet constituents [49]. In particular, IRC safe jet measurements do

not distinguish between charged and neutral particles, despite the fact that, for example,

charged pions (π±) are measured using both tracking and calorimetry whereas neutral

pions (π0) are measured using calorimetry alone.

In this chapter, we develop the theoretical formalism to calculate track-based

observables, which depend on the kinematics of charged particles alone but not on their

individual properties or multiplicities. The experimental motivation for track-based

measurements is that tracking detectors offer better pointing and angular resolution than

calorimetry. By only using tracks, one can substantially mitigate the effects of pileup

(multiple collision events in a single bunch crossing) which is becoming more relevant

as the LHC achieves higher luminosity (see e.g. [50, 51, 52, 53, 54] for alternative

approaches). In addition, tracks can aid in jet substructure studies where the angular

energy distribution in the jet discriminates between different jet types [55, 56]. While

we focus on charged particles, this formalism applies to any (otherwise) IRC safe

measurement performed only on a subset of particles.

3.2 Definition of Track Function

To describe track-based observables in QCD, we introduce the track function

Ti(x, µ). A parton (quark or gluon) labelled by i with four-momentum pµi hadronizes

into charged particles with total four-momentum pµi ≡ xpµi +O(ΛQCD). The distribution
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in the energy fraction 0 ≤ x ≤ 1 is the track function and is by definition normalized

∫ 1

0
dx Ti(x, µ) = 1 . (3.1)

The track function is similar to a fragmentation function (FF) or a parton distribution

function (PDF) in that it is a fundamentally non-perturbative object that absorbs infrared

(IR) divergences in partonic calculations. Like FFs and PDFs, the track function has a

well-defined dependence on the renormalization group (RG) scale µ through a DGLAP-

type evolution [6, 10, 11, 7, 8], though the specific evolution is more reminiscent of the

jet charge distribution [57, 58]. For the observables we consider, each parton has its own

independent track function. Hadronization correlations are captured by power corrections

(beyond the scope of this chapter).

Consider the cross section for an IRC safe observable e measured using partons

dσ
de =

∑
N

∫
dΠN

dσN
dΠN

δ[e− ê({pµi })] , (3.2)

where we drop possible convolutions with PDFs to keep the notation simple. Here, ΠN

denotes N -body phase space, dσN/dΠN is the corresponding partonic cross section, and

ê({pi}) implements the measurement on the partonic four-momenta pµi . Since e is an

IRC safe observable, the KLN theorem [59, 60] guarantees a cancellation of final state IR

divergences between real and virtual diagrams. The cross section for the same observable

measured using only tracks is

dσ
de =

∑
N

∫
dΠN

dσ̄N
dΠN

∫ N∏
i=1

dxi Ti(xi) δ[ē− ê({xipµi })], (3.3)

where Ti(xi) is the track function for parton i. This equation defines a matching onto track

functions where dσ̄N/dΠN represents the short distance matching coefficient, which

is calculable in perturbation theory. In the absence of track functions, dσ/de would

exhibit a mismatch between real and virtual diagrams in the form of uncompensated IR
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Figure 3.1: Schematic relationship between the partonic matrix element σ3 and the
matching coefficient σ3 for e+e− → qq̄g. Here, black (blue) dots represents the tree-level
(O(αs)) track functions. Diagrams with emissions from the other quark leg are elided for
simplicity. Note the trivial matching condition σ2 = σ2.

divergences in the partonic computation. The track functions absorb these IR divergences,

and the partonic cross section σ̄N is correspondingly modified with respect to σN . We

will show below for the example of e+e− → qq̄g how the mismatch in the absence of

Ti(xi) occurs. Fig. 3.1 shows schematically how we determine the IR-finite matching

coefficient σ̄3 for this case, by using that Eq. (3.3) is valid both at the hadronic and

partonic level. The fact that we consider factorizable (otherwise) IRC-safe observables

modified to include only charged particles and that collinear divergences are known to

be universal in QCD [61, 62, 63] guarantees a valid matching to all orders in the strong

coupling constant αs.

At leading order (LO) in αs, the cross section depends on a single partonic

multiplicity N and there are no IR divergences implying σ̄(0)
N = σ

(0)
N . The LO T

(0)
i (xi) is

simply a finite distribution which can be obtained directly from the energy fraction of

charged particles in a jet initiated by a parton i. Ideally, we would extract this information

from data, but just for illustrative purposes, we can determine it from (tuned) Monte Carlo

event generators. We stress that our formalism does not rely on the use of these programs

nor on their built-in hadronization models. In Fig. 3.2, we show the track functions

obtained from pure quark and gluon jet samples produced by PYTHIA 8.150 [1, 2] and

clustered using the anti-kT algorithm [64] in FASTJET 2.4.4 [65]. (To extract the track

function at next-to-leading order (NLO) we use Eq. (3.11); the jet radius R is correlated

with the RG scale µ.) As expected, the up- and down-quark track functions are very
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Figure 3.2: LO (dotted) and NLO (solid) track functions extracted in PYTHIA from the
fraction of the jet energy carried by charged particles.

similar, with a peak at x = 0.6. This means that on average 60% of the energy of the

initial quark is contained in charged hadrons, in agreement with a recent CMS study [66].

The small difference between up and down is due to strangeness, since us̄ mesons are

charged whereas ds̄ mesons are neutral. Because gluons have a larger color factor than

quarks, they yield a higher track multiplicity, and the corresponding track functions are

narrower, as expected from the central limit theorem.

Formally, the (bare) track function is defined in QCD in a fashion analogous to

the unpolarized FF (cf. [67, 68]). Expressed in terms of light-cone components,

Tq(x) =
∫

dy+ d2y⊥ e
ik− y+/2 1

2Nc

∑
C,N

δ
(
x− p−C

k−

)

× tr
[
γ−

2 〈0|ψ(y+, 0, y⊥)|CN〉〈CN |ψ(0)|0〉
]
, (3.4)

where ψ is the quark field, C (N ) denote charged (neutral) hadrons, and p−C is the large

momentum component of all charged particles. Whereas the FF describes the energy

fraction carried by an individual hadron, the track function describes the energy fraction

carried by all charged particles. As for the FF, gauge invariance requires the addition of

eikonal Wilson lines. The gluon track function is defined analogously [69].
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Figure 3.3: The evolution of the NLO gluon (top) and d-quark (bottom) track functions
compared to PYTHIA. Starting from µ = 100 GeV (shown in Fig. 3.2), we evolve using
Eq. (3.6) down to µ = 10 GeV and up to µ = 1000 GeV. The bumps in the PYTHIA

distributions near x = 0, 1 atQ = 10 GeV correspond to genuine non-perturbative effects
at ΛQCD.
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3.3 NLO Track Function

Treating the intermediate states in Eq. (3.4) partonically, we obtain the bare track

functions T (1)
i,bare at NLO in pure dimensional regularization with d = 4− 2ε,

T
(1)
i,bare(x) = 1

2
∑
j,k

∫
dz
[
αs(µ)

2π

( 1
εUV
− 1
εIR

)
Pi→jk(z)

]

×
∫

dx1 dx2 T
(0)
j (x1, µ)T (0)

k (x2, µ)

× δ
[
x− zx1 − (1− z)x2

]
, (3.5)

which arise from collinear splittings, controlled by the timelike Altarelli-Parisi splitting

functions Pi→jk(x) [7]. In contrast with the analogous partonic FF calculation, track

functions involve contributions from both branches of the splitting. Renormalizing the

ultraviolet divergences in Eq. (3.5) in MS leads to the evolution equation for the track

function

µ
d

dµ Ti(x, µ) = 1
2
∑
j,k

∫
dz dx1 dx2

αs(µ)
π

Pi→jk(z) (3.6)

× Tj(x1, µ)Tk(x2, µ) δ[x−zx1−(1−z)x2].

Like for a PDF, the track function can be extracted at one scale and RG evolved to another

scale, and the evolution preserves the normalization in Eq. (3.1). Unlike a PDF, Eq. (3.6)

involves a convolution of two track functions at NLO (and more convolutions at higher

orders corresponding to multiple branchings), so it is numerically more involved to

perform the µ-evolution. At leading logarithmic (LL) order, the RG evolution in Eq. (3.6)

is equivalent to a parton shower, and Fig. 3.3 demonstrates excellent agreement between

our numerical evolution and the parton shower in PYTHIA.

For a calculation at NLO, both the partonic cross section and the track functions

have IR divergences which cancel in Eq. (3.3). To demonstrate this in a simple example,

consider the process e+e− → hadrons at a center-of-mass energy Q where one measures
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the total energy fraction w of charged particles. At NLO the partonic process is e+e− →

qq̄g, whose kinematics are described by the energy fractions y1 and y2 of the quark and

anti-quark. Applying Eq. (3.3) we find

dσ
dw =

∫
dy1dy2

dσ̄
dy1dy2

∫
dx1dx2dx3 Tq(x1)Tq(x2)Tg(x3)

× δ(w − [y1x1 + y2x2 + (2− y1 − y2)x3]/2), (3.7)

since Tq = Tq̄. The matching coefficient dσ̄ is extracted by evaluating this equation at the

partonic level (see Fig. 3.1). We then use it in Eq. (3.7) together with non-perturbative

hadronic track functions to obtain the physical cross section dσ/dw. At the LO partonic

level

dσ(0)

dy1dy2
= σ(0) δ(1− y1)δ(1− y2), (3.8)

where σ(0) is the total Born cross section. At NLO, the cross section can be expressed

using plus-functions as

dσ(1)

dy1dy2
= σ(0) αs(µ)CF

2π

{(
π2

2 − 4
)
δ(1− y1)δ(1− y2) + θ(y1 + y2 − 1)(y2

1 + y2
2)

2(1− y1)+(1− y2)+

+ δ(1− y1)
[
− 1
εIR

Pq→qg(y2)
CF

+ (1 + y2
2)
[ ln(1− y2)

1− y2

]
+

+ Pq→qg(y2)
CF

ln y2Q
2

µ2 + 1− y2

]
+ (y1 ↔ y2)

}
, (3.9)

where CF = 4/3 and both real and virtual contributions are included. The 1/εIR-

divergences in σ(1) are cancelled by the ones in T (1) from Eq. (3.5), and the finite

remainder defines σ̄(1) in MS. (For different IR regulators, the track function may also

contribute finite terms to the matching.) By performing this kind of matching calculation,

one can determine σ̄N for any process to any order in αs. For the case of Eq. (3.9)

which involves a single scale Q, we choose µ ' Q to minimize the logarithms in σ̄. In

Fig. 3.4 we show the LO and NLO distributions for the energy fraction w, using the track
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Figure 3.4: Normalized distribution of the energy fraction w of charged particles in e+e−

at Q = 91 GeV, calculated at LO (green) and NLO (orange), compared with PYTHIA

(blue). The uncertainty bands are obtained by varying µ between Q/2 and 2Q, and do
not include track function uncertainties.

functions extracted from PYTHIA by means of Eq. (3.11). There is good convergence

from LO to NLO and our fixed-order calculation agrees well with PYTHIA.

Ultimately, we are interested in applying the track function formalism to jet-based

measurements at the LHC, which typically involve multiple scales. For narrow well-

separated jets, though, the contributions from soft radiation are power-suppressed, so the

energy fraction x of the charged particles within a single jet depends on the jet scale

µJ ' pTR , (3.10)

where pT is the transverse momentum of the jet and R denotes its azimuthal-rapidity

size as defined by a jet algorithm (anti-kT in this chapter). Indeed, by varying R (and

trying different jet algorithms) while keeping µJ = pTR fixed, we find nearly identical x

distributions in PYTHIA. At LO, the normalized distribution in x defines T (0)
i (x) itself,

shown in Fig. 3.2. At NLO, the distribution of the energy fraction x within a jet initiated

by parton i has the same form as for the jet charge distribution [58]

1
σi

dσi
dx = 1

2
∑
j,k

∫
dx1 dx2 dz Jij(pTR, z, µJ)

2(2π)3 Ji(pTR, µJ) (3.11)
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× Tj(x1, µJ)Tk(x2, µJ) δ[x−zx1−(1− z)x2] .

The jet functions Ji(pTR, µ) [70] arise from the 1/σi normalization factor and describe

jet production without any additional measurement. The matching coefficients are

Jij [71, 58]. At NLO there is at most a 1 → 2 splitting which completely fixes the

kinematics, so the same Jij appear in the jet charge [58] and in fragmentation inside an

identified jet [72, 73]. The coefficients will not be the same at higher orders. We can

invert Eq. (3.11) to determine the NLO track functions in Fig. 3.2.

3.4 Application to Higgs Plus One Jet

As a track-based measurement relevant for the LHC, consider the track-only jet

mass spectrum in pp to Higgs plus one jet. This example is more complicated than the

e+e− example above since it involves several scales: the hard scale set by the transverse

momentum of the jet pJT , the jet mass scale mJ , and the scale associated with soft

radiation m2
J/p

J
T . In a resummed jet mass calculation, one would need to treat each

emission in the exponentiated soft function as hadronizing independently, i.e. convolved

with its own track function [69]. At LL order, however, we can use the fact that the

parton shower already describes the numerous parton emissions that build up the jet mass

distribution. Thus, a correct and instructive use of our formalism at LL is to run the

perturbative PYTHIA parton shower down to a low scale µ ' ΛQCD and match each final

state parton onto a track function (also evolved to µ ' ΛQCD).

In Fig. 3.5, we show the track mass m̄J spectrum using the E-scheme [74] for the

anti-kT jet algorithm with R = 1.0. We impose realistic cuts on the jet rapidity ηJ and pJT

at the calorimeter level (using all the particles), to select the same events for both curves.

There is excellent agreement between the track function and the Lund hadronization

model [75] in PYTHIA, which is a non-trivial check considering that the track functions

were originally extracted from PYTHIA using jet energies (and not jet mass) at µ = 100

GeV. Since the track function does not include correlations between the hadronization
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Figure 3.5: Track mass distribution in pp→ H+jet obtained from the PYTHIA parton
shower matched onto either track functions or the Lund string model.

of different partons, the agreement in Fig. 3.5 shows that independent fragmentation is

an excellent approximation for these observables. The small difference between the two

distributions in the peak region is due to nonperturbative power corrections, which to

first approximation can be described by a shift in m2
J (see e.g. [76, 74, 77, 78]).

3.5 Conclusions

Despite the advantages of using track-based observables for pile-up suppression,

it should be noted that the track functions have a rather large width (see Fig. 3.2).

Fluctuations in the charged energy fraction produce an effective energy smearing for a

track-based measurement relative to a calorimetric one. To partially address this issue,

one can focus on observables for which the track function would only have a modest

effect, such as for dimensionless ratios of observables. A particularly useful example

are N -subjettiness ratios [79], which are relevant for jet substructure studies. Though

a calculation of such ratios is beyond the scope of this chapter, we plot in Fig. 3.6 the

ratio of the jet mass to jet pT in PYTHIA, measured using either tracks alone or all

particles (calorimeter). As expected, the smearing effect is reduced since hadronization

fluctuations are correlated between the numerator and denominator.
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Figure 3.6: Comparison between track and calorimeter measurements of ratio of jet
mass and jet pT . Here the cuts are on p̄JT and η̄J from the tracks in the jet.

Given the potential experimental benefits from track-only measurements at high

luminosities, we expect that track functions will offer an important theoretical handle

for future precision jet studies at the LHC. Beyond the tests of our formalism against

PYTHIA performed here, we stress that it is possible to systematically improve the

accuracy of track-based predictions. At fixed order in αs, one can calculate higher-order

corrections for the (process-dependent) matching onto track functions. More ambitiously,

one could match track functions onto automated NLO calculations, perhaps using a more

convenient IR regulator (such as dipole subtraction [80]) rather than the MS scheme used

here. To improve the accuracy of resummation, one needs to determine higher-order RG

evolution of the track functions, and precision track-based studies would also require

power corrections. Ultimately, one would want to follow the example of PDFs and extract

track functions for the LHC from global fits to data.

This chapter is a reprint of material as it appears in “Calculating Track-Based

Observables for the LHC,” H.-M. Chang, M. Procura, J. Thaler and W. J. Waalewijn, Phys.

Rev. Lett. 111, 102002 (2013) [arXiv:1303.6637 [hep-ph]], of which I was a co-author.

http://arxiv.org/abs/1303.6637


Chapter 4

Calculating Track Thrust with Track

Functions

In e+e− event shapes studies at LEP, two different measurements were sometimes

performed: a “calorimetric” measurement using both charged and neutral particles,

and a “track-based” measurement using just charged particles. Whereas calorimetric

measurements are infrared and collinear safe and therefore calculable in perturbative

QCD, track-based measurements necessarily depend on non-perturbative hadronization

effects. On the other hand, track-based measurements typically have smaller experimental

uncertainties. In this chapter, we present the first calculation of the event shape track

thrust and compare to measurements performed at ALEPH and DELPHI. This calculation

is made possible through the recently developed formalism of track functions, which are

non-perturbative objects describing how energetic partons fragment into charged hadrons.

By incorporating track functions into soft-collinear effective theory, we calculate the

distribution for track thrust with next-to-leading logarithmic resummation. Due to a

partial cancellation between non-perturbative parameters, the distributions for calorimeter

thrust and track thrust are remarkably similar, a feature also seen in LEP data.

41
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4.1 Introduction

Detailed investigations of hadronic final states are crucial for understanding

the dynamics of high-energy particle collisions. Charged particles play a particularly

important role in these investigations. Whereas neutral particles can only be measured

using calorimetry, charged particles can also be measured using tracking detectors, which

allows for excellent momentum resolution and vertex identification. At colliders like

LEP, tracks were used to perform precision tests of quantum chromodynamics (QCD)

through measurements of e+e− event shapes and N -jet production rates [81, 82] (see

Refs. [83, 84, 85, 86, 87] for reviews). These LEP studies also tested hadronization

models through measurements of charged hadron inclusive distributions. Presently at

the LHC, tracking information is used to improve jet measurements, to understand jet

substructure, and to mitigate the effects of multiple “pileup" collisions per single bunch

crossing.

Despite the experimental advantages offered by tracks, most experimental and

theoretical studies are aimed at infrared and collinear (IRC) safe observables, which

include contributions from both neutral and charged particles. In contrast, there are

comparatively few theoretical tools available to understand and predict track-based

observables. While fragmentation functions (FFs) are useful for understanding the

distribution of single charged particles, more general observables require non-perturbative

information about charged particle correlations. For example, Refs. [57, 58] showed how

new non-perturbative functions are needed to calculate the energy-weighted charge of a

jet. Recently in Ref. [3], we introduced the formalism of track functions, which enables

QCD calculations to be performed on a broad class of track-based observables where

(otherwise) IRC-safe observables are modified to include only charged particles.

In this chapter, we show how to use track functions to calculate track-based e+e−

event shapes in perturbative QCD. The track function Ti(x, µ) is a non-perturbative object

which describes how an energetic parton i fragments to a collection of tracks carrying a

fraction x of the original parton energy [3]. Like the FF and the jet charge distribution,
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the track function has a well-defined renormalization group (RG) evolution in µ, such

that one can measure Ti(x, µ) at one scale µ and use QCD perturbation theory to make

predictions at another scale µ′. We will focus on the track thrust event shape and compare

our calculations to LEP measurements made by the ALEPH [81] and DELPHI [82]

collaborations.

Our previous work in Ref. [3] explained how to interface track functions with

fixed-order calculations up to next-to-leading order (NLO). To get reliable predictions

for track thrust, we need to include the effects of logarithmic resummation. With the help

of soft-collinear effective theory (SCET) [88, 89, 90, 91], we obtain results at next-to-

leading logarithmic accuracy (NLL) including O(αs) fixed-order matching contributions,

i.e. up to NLL′ order. This turns out to be sufficiently accurate to understand both the

qualitative and quantitative behavior of the track thrust distribution.

We will show that ordinary (i.e. calorimeter) thrust and track thrust are remarkably

similar, with the leading differences encoded in a small number of non-perturbative pa-

rameters. Since an extraction of track functions from data has not yet been performed, we

estimate these non-perturbative parameters using Monte Carlo event generators that have

been tuned to LEP data (PYTHIA 8 [1, 2] in this study). We find cancellations between the

non-perturbative parameters, such that the predicted distributions for calorimeter thrust

and track thrust are nearly identical, a feature also seen in LEP data. This behavior could

have been anticipated based on the observation in Ref. [3] that hadronization effects are

strongly correlated between the numerator and denominator of dimensionless track-based

ratios. We can now put this qualitative observation on a firmer quantitative footing.

An interesting theoretical feature of our calculation is that hadronization effects

enter directly into the track thrust resummation. In particular, non-perturbative track

parameters appear in the anomalous dimensions of the (track-based) jet and soft functions,

two important objects in the factorization theorem for the track thrust distribution. As a

nice consistency check of our formalism, we find that the hard, jet, and soft anomalous

dimensions still cancel, despite the appearance of these parameters. We also show how to

incorporate the leading non-perturbative power correction in the track thrust distribution.
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This chapter is structured as follows. Sec. 4.2 contains a summary of our results

and the most significant plots, including a comparison to LEP data. The underlying

technical details are discussed in the rest of the chapter. We review our track function

formalism in Sec. 4.3 and calculate track thrust at O(αs) in Sec. 4.4. In Sec. 4.5 we

present the factorization theorem for track thrust as well as the ingredients needed for a

resummation up to NLL′ order in SCET, with details on the RG evolution given in the

appendices. A simple expression for track thrust at NLL order is derived in Sec. 4.6,

which allows us to better understand the similarity between calorimeter and track thrust.

Our final numerical results are presented in Sec. 5.2. We conclude in Sec. 4.8 with a

discussion of possible generalizations of our results to other track-based observables.

4.2 Summary of Results

To begin, we define the two main event shapes used in our study: calorimeter

thrust τ and track thrust τ . The classic event shape thrust [92] is defined as

T = max
t̂

∑
i |t̂·~pi|∑
i |~pi|

, (4.1)

where the sum runs over all final-state hadrons with momenta ~pi, and the unit vector t̂

defines the thrust axis. It is more convenient to work with

τ ≡ 1− T = min
t̂

∑
i

(
|~pi| − |t̂·~pi|

)
∑
i |~pi|

, (4.2)

which we will refer to as “thrust” from now on. Since this is measured using all final-state

hadrons (charged plus neutral), we call τ calorimeter thrust. Track thrust τ̄ is defined

analogously to Eq. (4.2), except that the sum over i is restricted to charged particles in

both the numerator and the denominator. In this chapter, a bar will always indicate a

track-based quantity.

For the later discussion of the factorization theorem for track thrust in Sec. 4.5, it



45

e+ e−

B

A

t̂

Figure 4.1: Illustration of the track thrust measurement in an e+e− event with jets
initiated by a qq̄ pair. Solid lines indicate charged particles and dashed lines indicate
neutral particles. For track thrust, the thrust axis t̂ is determined by the charged particles
alone. The event is divided into hemispheres A and B by a plane perpendicular to the
thrust axis.
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will be convenient to rewrite thrust in terms of contributions from hemispheres A and

B, separated by a plane perpendicular to the thrust axis. The relevant kinematics are

illustrated in Fig. 4.1. Fixing two light-cone vectors nµ and n̄µ such that n · n̄ = 2, the

light-cone components of any four-vector wµ are given by w+ = n·w, w− = n̄·w, and

wµ⊥, such that

wµ = w+ n̄
µ

2 + w−
nµ

2 + wµ⊥ . (4.3)

Choosing nµ = (1, 0, 0, 1) and n̄µ = (1, 0, 0,−1) with the 3-axis aligned along t̂, we can

rewrite Eq. (4.2) for tracks as

τ̄ = 2 (k̄+
A + k̄−B)

(xA + xB)Q . (4.4)

Here, Q is the e+e− center-of-mass energy, xA,B are the energy fractions of charged

particles in the respective hemispheres, and k̄+
A = k̄0

A − k̄3
A and k̄−B = k̄0

B + k̄3
B are

the small light-cone momentum components of all the charged particles in hemisphere

A and B, respectively. In this chapter, we ignore the subtleties of hadron masses and

measurement schemes, which will affect power corrections (see Refs. [74, 78]).

At LEP, differential cross sections for calorimeter thrust τ and track thrust τ̄ were

measured at both ALEPH [81] and DELPHI [82] on the Z pole (Q = 91 GeV). (To our

knowledge, these are the only two experiments with public data on track thrust.) In both

experiments, measurements were unfolded to the hadron level (including both charged

and neutral hadrons for τ , and only charged hadrons for τ̄ ). The ALEPH and DELPHI

normalized distributions are shown in Fig. 4.2, where we note a remarkable similarity

between the calorimetric and track-based measurements. Indeed, for all bins outside

of the peak region, the distributions are compatible within error bars, and a key goal of

this chapter is to gain an analytic understanding for why the τ and τ̄ distributions are so

similar. Note also that the experimental uncertainty is significantly smaller for the thrust

measurements made using tracks.

In Fig. 4.3, we show the main result of the chapter: the resummed NLL′ distri-
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Figure 4.2: ALEPH (top) and DELPHI (bottom) measurements of calorimeter and
track thrust. Error bars correspond to the statistical and systematic uncertainties added in
quadrature. The experimental uncertainties associated with the track-based measurements
are noticeably smaller.
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Figure 4.3: Top: NLL′ distributions for calorimeter and track thrust including the leading
non-perturbative correction Ωτ

1 . Next-to-leading logarithmic resummation is included
together with O(αs) fixed-order matching contributions. The NLL′ calculation exhibits
the same qualitative similarity between calorimeter and track thrust as seen in LEP data.
Bottom: comparing our analytic results to the DELPHI measurement. There is good
quantitative agreement in the tail region where our NLL′ calculation is most accurate. The
theoretical uncertainties are from scale variation alone, and do not include the (correlated)
uncertainties in αs or Ωτ

1 , nor uncertainties in our track function extraction.
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butions for calorimeter and track thrust. The latter was obtained using track functions

extracted from PYTHIA 8, which itself was tuned to LEP data. The effects of the leading

non-perturbative power correction are included through the parameters Ωτ
1 and Ω̄τ

1 , which

are different for calorimeter and track thrust. Interestingly, the NLL′ distributions exhibit

the qualitative similarity seen in data between calorimeter thrust and track thrust. We

also see excellent quantitative agreement between our result and DELPHI measurements

in the peak and tail regions. To the left of the peak there are deviations due to important

non-perturbative corrections and in the far-tail region our calculation is missing (known)

higher-order perturbative effects.

We now briefly discuss why the τ and τ̄ distributions are so similar, referring

the reader to Sec. 4.6 for further details. In Eq. (4.4), the numerator is dominated by

soft gluon emissions which broaden the hemisphere jets, whereas the denominator is

mainly affected by fragmentation of the energetic quark and antiquark emerging from

the underlying scattering process. These effects are thus controlled by different track

functions (gluon vs. quark) but nearly cancel each other out due to the specific form of

the (PYTHIA-based) track functions.

This cancellation is best understood by studying the resummed form of cumulative

distributions

Σ(τ c) ≡
∫ τc

0
dτ dσ

dτ , Σ̄(τ̄ c) ≡
∫ τ̄c

0
dτ̄ dσ

dτ̄ . (4.5)

As we show in Sec. 4.6, at NLL the difference between the cumulative distributions (for

τ c < 1/3) is almost entirely captured by

Σ̄(τ̄ c) ' Σ(τ̄ c)× (3τ̄ c)∆, (4.6)

where the exponent ∆ redistributes the cross section between the peak and tail regions.

In terms of the strong coupling constant αs and the quark color-factor CF = 4/3, the

explicit form of ∆ is

∆ = 2αsCF
π

(
gL1 − qL

)
, (4.7)
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which depends on just two non-perturbative parameters: a logarithmic moment of a single

gluon track function gL1 and a logarithmic moment of two quark track functions qL. The

similarity between the τ and τ̄ distributions can thus be traced to a cancellation between

gL1 and qL such that |∆| ' 0.004 (see Eq. (4.62)).

There are additional effects at NLL′ from the fixed-order matching which yield

further (small) differences between τ and τ̄ which are compatible with the ALEPH and

DELPHI measurements. The non-perturbative power corrections Ωτ
1 and Ω̄τ

1 lead to a

respective shift of the τ and τ̄ distributions by a very similar amount, but increase the

difference in the peak region. Overall, though, the similarity between calorimeter and

track thrust is well-described by the NLL distribution, and we expect similar cancellations

to occur for a variety of (dimensionless) track-based observables.

4.3 Review of Track Function Formalism

A rigorous QCD description of track-based observables involves track functions

Ti(x, µ) [3] as key ingredients. A parton (quark or gluon) with flavor index i and four-

momentum pµi hadronizes into charged particles (tracks) with total four-momentum

pµi ≡ xpµi +O(ΛQCD). The track function is the distribution in the energy fraction x of

all tracks (irrespective of their multiplicity or individual properties), and it is normalized

as

∫ 1

0
dx Ti(x, µ) = 1 . (4.8)

We will often refer to x as the track fraction.

In the context of factorization theorems, track functions can be used for track-

based observables where partons in the underlying process are well-separated, i.e. where

their typical pairwise invariant masses are larger than ΛQCD. In this limit, each parton has

its own independent track function, with correlations captured by power corrections (to

be discussed more in Sec. 4.5.3). The track functions then encode process-independent
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non-perturbative information about the hadronization. Like a FF or a parton distribution

function (PDF), Ti(x, µ) absorbs infrared (IR) divergences in partonic calculations. It

has a well-defined dependence on the RG scale µ through an evolution equation which is

closely reminiscent of the jet charge distribution [58].

QCD calculations of track-based observables require the determination of match-

ing contributions from partonic cross sections. First recall that the cross section for an

IRC safe observable e measured using partons has the form

dσ
de =

∑
N

∫
dΠN

dσN
dΠN

δ[e− ê({pµi })] , (4.9)

where we drop possible convolutions with PDFs to keep the notation simple. Here, ΠN

denotes the N -body phase space, dσN/dΠN is the corresponding partonic cross section,

and ê({pi}) implements the measurement on the partonic four-momenta pµi . Since e is

IRC safe, a cancellation of final state IR divergences between real and virtual diagrams is

guaranteed by the KLN theorem [59, 60].

For the same observable measured using only tracks, we can write the cross

section in the form

dσ
de =

∑
N

∫
dΠN

dσ̄N
dΠN

∫ N∏
i=1

dxi Ti(xi) δ[ē− ê({xipµi })]. (4.10)

Here, the partonic cross section σ̄N should be thought of as a finite matching coefficient

where the IR divergences in σN have been removed using some scheme. These IR

(collinear) divergences are absorbed by the track function Ti(xi) (which is similarly

scheme-dependent). The universality of collinear divergences in QCD [61, 62, 63]

guarantees the feasibility of this matching to all orders in αs. In Ref. [3] we explicitly

showed the cancellation of IR-divergent terms in the partonic cross section e+e− → qq̄g,

which enters the NLO distribution for the energy fraction of charged particles in e+e−

collisions.

The (bare) track function is defined in QCD in a fashion analogous to the unpo-
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larized FF (cf. [67, 68]). Expressed in terms of light-cone components (see Eq. (4.3)),

the quark track function is

Tq(x) =
∫

dy+ d2y⊥ e
ik− y+/2 1

2Nc

∑
C,N

δ
(
x− p−C

k−

)

× tr
[
n̄/

2 〈0|ψ(y+, 0, y⊥)|CN〉〈CN |ψ(0)|0〉
]
, (4.11)

where ψ is the quark field, C (N ) denote charged (neutral) hadrons, and p−C is the large

momentum component of all charged particles. As for the FF, gauge invariance requires

the addition of eikonal Wilson lines. The factor 1/(2Nc) in Eq. (4.11) comes from

averaging over the color and spin of the hadronizing quark. The gluon track function is

defined analogously. In d space-time dimensions,

Tg(x) = − 1
(d− 2)(N2

c − 1)k− (4.12)

×
∫

dy+ d2y⊥ e
ik− y+/2 ∑

C,N

δ
(
x− p−C

k−

)

× n̄µn̄ν〈0|Ga
µλ(y+, 0, y⊥)|CN〉〈CN |Gλ,a

ν (0)|0〉,

where Gµν = ∑
aG

a
µν T

a is the QCD field-strength tensor and an average over colors

and the (d− 2) polarizations of the gluon is performed.

For the sake of completeness, we also give SCET expressions for the quark

and gluon track functions, given in a form which is invariant under non-singular gauge

transformations. In terms of the SCET n-collinear quark χn(y) and gluon Bµn⊥(y) fields,

we obtain

Tq(x) = 2(2π)3 1
2Nc

∑
C,N

δ
(
x− p−C

k−

)

× tr
[
n̄/

2
〈
0
∣∣∣[δ(k− − P) δ2(P⊥)χn(0)]

∣∣∣CN〉
×
〈
CN

∣∣∣χ̄n(0)
∣∣∣0〉], (4.13)
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Figure 4.4: Perturbative QCD calculation of the quark (top) and gluon (middle and bot-
tom) track functions at NLO from Eqs. (4.11) and (4.12) with partonic intermediate states.
The NLO track function gets contributions from both branches of the collinear splitting.
We do not display virtual diagrams, which vanish in pure dimensional regularization, or
diagrams corresponding to Wilson line emissions.

and

Tg(x) = −2(2π)3 k−

(d− 2)(N2
c − 1)

∑
C,N

δ
(
x− p−C

k−

)

×
〈
0
∣∣∣[δ(k− − P) δ2(P⊥)Bµ,an⊥(0)]

∣∣∣CN〉
×
〈
CN

∣∣∣Ban⊥,µ(0)
∣∣∣0〉 , (4.14)

where the momentum operatorsP = n̄·P (Pµ⊥) return the sum of the minus (perpendicular)

label momentum components of all collinear fields on which they act. For the definition

of the SCET fields, we refer the reader to e.g. Ref. [73].

Although the track function is a non-perturbative object, some of its properties

can be calculated in perturbation theory. In particular, the RG evolution of the track

function follows from its ultraviolet (UV) divergences, as we show below. A partonic

calculation of the track function is also necessary for extracting the matching coefficient
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σ̄N in Eq. (4.10), by using that this equation holds at both the hadronic and partonic level.

At NLO, we can relate the bare track function T (1)
i,bare(x) to the tree-level track

functions T (0)
j (x1) and T (0)

k (x2) via a collinear splitting i→ jk. As indicated in Fig. 4.4,

this splitting is controlled by the timelike Altarelli-Parisi splitting functions Pi→jk(x) [7].

In pure dimensional regularization with d = 4− 2ε,

T
(1)
i,bare(x) = 1

2
∑
j,k

∫ 1

0
dz
[
αs(µ)

2π

( 1
εUV
− 1
εIR

)
Pi→jk(z)

]

×
∫

dx1 dx2 T
(0)
j (x1)T (0)

k (x2)

× δ
[
x− zx1 − (1− z)x2

]
. (4.15)

If j = k, the factor 1/2 is needed for identical particles, whereas if j 6= k this factor gets

cancelled by permutations of the two indices. In contrast to the FF or PDF, the NLO

track function gets contributions from both branches of the splitting.

Renormalizing the UV divergences in the MS-scheme leads to the following

evolution equation for the track function,

µ
d

dµ Ti(x, µ) = 1
2
∑
j,k

∫ 1

0
dz dx1 dx2

αs(µ)
π

Pi→jk(z)

× Tj(x1, µ)Tk(x2, µ)

× δ[x−zx1−(1−z)x2]. (4.16)

By solving this, Ti(x, µ) can be extracted at one scale and RG evolved to another

scale, and the evolution preserves the normalization in Eq. (4.8). We note that the

number of convolutions in the track function RG equation (RGE) grows accordingly

to the perturbative order due to multiple branchings, so it becomes numerically more

involved to solve this RGE at higher orders. At leading logarithmic (LL) accuracy, the

RG evolution in Eq. (4.16) is equivalent to a parton shower [58], and is in excellent

agreement with the parton shower evolution in PYTHIA [3].

Throughout this chapter, we determine the track functions used in our analytic



55

formulae using the method of Ref. [3]. That is, we generate pure quark and gluon jet

samples with PYTHIA 8.150 [1, 2], measure the normalized distribution for the track

fraction x within those jets, and extract the track functions by numerically inverting

the analytic expression for the same quantity at either LO or NLO. In all of the plots

shown here, we use NLO track functions. We emphasize that the use of PYTHIA is not

fundamental, and one could imagine extracting the same information from e+e− data.

That said, since PYTHIA is tuned to LEP data, we expect these track functions to be

realistic, but we have not attempted to assign uncertainties to the track functions.

One important point is the choice of αs. Since we are working at NLL′ order

in the MS scheme, it would be natural to take the value from Ref. [93] of αs(MZ) =

0.1203 ± 0.0079. However, we have extracted the track functions from PYTHIA 8

whose default value is αs(MZ) = 0.1383 for the final state parton shower, leading to a

formal mismatch between our perturbative and non-perturbative objects. Given the large

uncertainties at NLL′, we will make an (imperfect) compromise, and extract the NLO

track functions from PYTHIA using PYTHIA’s value of αs, but then use

αs(MZ) = 0.125, (4.17)

for all subsequent calculations. This choice, along with the leading power correction in

Sec. 4.5.3, gives a good description of the LEP calorimeter thrust data. As emphasized in

Ref. [93], there are strong correlations between the value of αs and the leading power

correction Ωτ
1 , so there are many different choices which would give comparable results;

for example the PYTHIA value αs(MZ) = 0.1383 matches the LEP calorimeter thrust

distributions quite well with Ωτ
1 = 0. A proper treatment of the correlations between

these parameters is beyond the scope of this chapter, so we will not show the uncertainties

associated with αs(MZ) or Ωτ
1 .
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4.4 Fixed Order Analysis of Track Thrust

The leading non-trivial process for thrust at the partonic level is e+e− → qq̄g,

which appears at O(αs) in a fixed-order expansion. Given an e+e− collision at a center-

of-mass energy Q, the kinematics of this process are determined by the partonic energy

fractions yi = 2Ei/Q carried by the quark and antiquark, with the gluon energy fraction

given by y3 = 2−y1−y2. From this information, one can readily find the three-momenta

of the partons ~p1, ~p2, and ~p3 and determine calorimeter thrust from Eq. (4.2). For three

partons, finding the thrust axis is straightforward, and thrust takes a reasonably simple

form

τ = 1− maxi=1,2,3 |~pCM − 2~pi|∑
i |~pi|

, (4.18)

where we have defined

~pCM ≡ ~p1 + ~p2 + ~p3. (4.19)

To obtain the charged track three-momenta, one simply rescales the parton mo-

menta by the track fraction xi,

~̄pi = xi~pi. (4.20)

Track thrust can then be calculated from Eq. (4.18) with all ~p replaced by ~̄p. Note that in

the e+e− rest frame, |~pCM| = 0, but |~̄pCM| is typically non-zero.

The calculation of the track thrust distribution at O(αs) is very similar to the

one performed in Ref. [3] for the total charged particle energy fraction. Weighting each

parton by the corresponding track function, we find

dσ
dτ̄ =

∫ 1

0
dy1dy2

dσ̄(µ)
dy1dy2

∫ 1

0
dx1dx2dx3 Tq(x1, µ)Tq(x2, µ)

× Tg(x3, µ) δ[τ̄ − τ̄(y1, y2, x1, x2, x3)] . (4.21)

where the measurement function τ̄(y1, y2, x1, x2, x3) implements Eq. (4.18). Note that

Tq = Tq̄, by charge conjugation. The relevant doubly differential partonic cross section

is given in Ref. [3] in the MS scheme. Ignoring the singularities at y1 = 1 and y2 = 1
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Figure 4.5: Distributions for calorimeter and track thrust from Eq. (4.21) at O(αs). The
NLO track functions are extracted from PYTHIA 8.150 [1, 2] using the procedure in
Ref. [3].

(which only contribute to a delta function at τ̄ = 0),

dσ̄(µ)
dy1dy2

= σ0
αs(µ)CF

2π
θ(y1 + y2 − 1)(y2

1 + y2
2)

(1− y1)(1− y2) + . . . . (4.22)

Here, σ0 is the total Born cross section

σ0 = 4πα2Nc

3Q2 (4.23)

×
(
Q2
q+

(v2
q+a2

q)(v2
` +a2

`)−2Qqvqv`(1−M2
Z/Q

2)
(1−M2

Z/Q
2)2 +M2

ZΓ2
Z/Q

4

)
,

which depends on the (anti)quark flavor through its electric charge Qq and vector and

axial couplings vq and aq to the intermediate vector boson.

In Fig. 4.5 we compare the calorimeter versus track thrust distributions at O(αs),

and find that they are remarkably similar. One might wonder if this small difference is

a fundamental feature of Eq. (4.21) or simply an accident of the specific forms of our

(PYTHIA-based) track functions. We can test this by calculating track thrust using the
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Figure 4.6: Distributions for calorimeter and track thrust using dummy track functions.
Comparing to Fig. 4.5, we conclude that the similarity between τ and τ̄ is due to the
specific form of the track function.

following dummy track functions

Tq(x, µ = MZ) = 30 x4(1− x) ,

Tg(x, µ = MZ) = 252 x2(1− x)6 . (4.24)

Indeed, the difference in Fig. 4.6 between track and calorimeter thrust is now large. Thus,

the similarity between the τ and τ̄ distributions has to do with the specific properties of

the track function. We will be able to achieve a better analytic understanding of why the

effect of switching from calorimeter to tracks is so small in Sec. 4.6.

4.5 Factorization and Resummation of Track Thrust

The thrust distribution can be divided into three regions: the peak region (τ '

2ΛQCD/Q), the tail region (2ΛQCD/Q� τ < 1/3), and the far-tail region (1/3 . τ ≤

1/2). For τ ' 0, events are described by two narrow back-to-back jets, each carrying

about half of the center-of-mass energy. For τ close to the kinematic endpoint 1/2, the
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event is characterized by an isotropic multi-particle final state. At O(αs) from Sec. 4.4,

the kinematic endpoint is 1/3 corresponding to three maximally separated jets. We

therefore do not obtain a reliable description of the far-tail region.

In this chapter, we are interested in properly describing the tail region of the thrust

distribution, which dominantly consists of broader dijets and 3-jet events. In this region,

the dynamics is governed by three well-separated scales: the hard scale (µH ' Q) which

is set by the e+e− center-of-mass energy Q, the jet scale (µJ ' Q
√
τ ) which is set by the

momentum of the particles transverse to thrust axis, and the soft scale (µS ' Qτ ) which

is set by the typical energy of soft radiation between the hard jets. When τ � 1, there will

be large hierarchies between these scales, so we will need to resum double logarithms of

the form αns lnm τ (m ≤ 2n). Because we focus on the region where µS ' τQ� ΛQCD,

the contribution from soft radiation is accurately described by perturbation theory, with

non-perturbative effects captured by a series of power correction parameters. We will

only use the leading power correction Ω̄τ
1 in our analysis, though if we were interested in

describing the peak region correctly we would have to include a full non-perturbative

shape function, see Sec. 4.5.3.

The leading-power factorization theorem for calorimeter thrust is well known

[94, 95, 96, 97]:

dσ
dτ = σ0H(Q2, µ)

∫ ∞
0

dk dsA dsB S(k, µ)J(sA, µ)J(sB, µ)

× δ
[
τ − 1

Q

(
sA
Q

+ sB
Q

+ k
)]
. (4.25)

Here, σ0 is the Born cross section from Eq. (4.23), H , J , and S are respectively the

hard, jet, and soft functions, sA,B are the invariant mass-squareds of collinear radiation in

hemispheres A and B, and k is the contribution to thrust from soft radiation.

The goal of this section is to translate Eq. (4.25) into a factorization theorem for

track thrust. This procedure is made straightforward by applying the matching procedure
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defined in Eq. (4.10) to the objects S and J . The final answer is:

dσ
dτ̄ = σ0H(Q2, µ)

∫ ∞
0

dk̄ ds̄A ds̄B
∫ 1

0
dxA dxB

× S̄(k̄, µ)J̄(s̄A, xA, µ)J̄(s̄B, xB, µ)

× δ
[
τ̄ − 2

(xA + xB)Q

(
s̄A
Q

+ s̄B
Q

+ k̄
)]
. (4.26)

We now explain each of the ingredients in this formula, with details to appear in the

subsequent subsections.

The delta function in Eq. (4.26) comes from the form of τ̄ given in Eq. (4.4).

Dividing phase space into hemispheres A and B defined by the thrust axis, track thrust

depends on the track fractions xi, the rescaled track invariant mass-squared of collinear

radiation s̄i = stracks
i /xi, and the track soft contribution k̄. The reason we are using the

rescaled s̄i (and not stracks
i directly) is that s̄A = Qk̄+

A and s̄B = Qk̄−B directly enter the

definition of track thrust.

The hard function H(Q2, µ) is the same as for calorimeter thrust and encodes

virtual effects arising from the production of the qq̄ pair at the hard scale. We give the

form of H in Sec. 4.5.1.

The track thrust soft function S̄(k̄, µ), where k̄ = k̄+
A + k̄−B , describes the contri-

bution to track thrust due to soft parton emissions which then hadronize into tracks. At

NLO, soft radiation consists of only a single gluon emission so we can simply rescale

k̄ = xk, (4.27)

where x is the track fraction of the gluon. This leads to a straightforward relationship

between the ordinary thrust soft function and the track-based version, as discussed in

Sec. 4.5.2. At higher orders, the expression for k̄ will become more complicated. The

track-based soft function also incorporates information about non-perturbative physics

through power corrections, and we discuss the leading power correction Ω̄τ
1 in Sec. 4.5.3.

The track-based jet function J̄(s̄, x, µ) encodes the (real and virtual) collinear
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radiation in each hemisphere. At NLO, a hemisphere jet consists of just two partons, so

s̄i = x1x2

xi
si, (4.28)

where x1 and x2 are the track fractions of the two partons, xi is the track fraction of

the hemisphere (i = A,B), and si is the (calorimeter) invariant mass of the hemisphere.

Unlike the calorimetric version, J̄ depends not only on the rescaled track invariant mass

s̄ (given by Eq. (4.28) at NLO), but also on the track fraction x. For this reason, the

track-based jet function is considerably more complicated than the usual jet function, and

requires a more complicated matching calculation, as described in Sec. 4.5.4.

In order to resum logarithms, we not only need the forms of the H , J̄ , and S̄,

but also their anomalous dimensions. At LL order, this means incorporating the one-

loop cusp anomalous dimension to resum the Sudakov double logs. In this chapter,

we incorporate NLL resummation, which includes the two-loop cusp and the one-loop

non-cusp anomalous dimension terms. Correspondingly, the running of αs is consistently

implemented at two loops, using the Z pole value for αs in Eq. (4.17). Track thrust

resummation is very similar to the calorimetric case, as discussed in Sec. 4.6 and the

appendices. The main difference is that the anomalous dimensions of J̄ and S̄ now

depend on non-perturbative parameters.

In addition to the ingredients above, we will incorporate fixed-order non-singular

corrections described in Sec. 4.5.6. Following the primed counting scheme of Ref. [93],

fixed-order matching contributions are included at one order higher in the expansion in

αs compared to the usual (non-primed) counting. Here we work to NLL′ order which

incorporates all of the the O(αs) terms contained in Eq. (4.21).

4.5.1 Hard Function

H(Q2, µ) = 1 + αs(µ)CF
2π

[
− ln2

(
Q2

µ2

)
+ 3 ln

(
Q2

µ2

)
− 8 + 7π2

6

]
. (4.29)
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The anomalous dimension of this object is

µ
d

dµH(Q2, µ) = γH(Q2, µ)H(Q2, µ) ,

γH(Q2, µ) = 2Γcusp[αs(µ)] ln Q
2

µ2 + γH [αs(µ)] ,

γH [αs] = −3αsCF
π

. (4.30)

The cusp anomalous dimension Γcusp is given in Eqs. (C.6) and (C.7). We will use the

non-cusp γH to perform a consistency check on our factorization theorem in Eq. (4.51).

4.5.2 Soft Function

At NLO, there is only one soft gluon emission, so in order to obtain the soft

function, we can simply convolve the NLO thrust soft function with the gluon track

function,

S̄(k̄, µ) =
∫ ∞

0
dk S(k, µ)

∫ 1

0
dxTg(x, µ) δ(k̄ − xk) , (4.31)

where we have used the relationship between the kinematics in Eq. (4.27). This is the

simplest possible version of the matching equation in Eq. (4.10).

The ordinary thrust soft function S is defined through the vacuum matrix element

of eikonal Wilson lines and its one-loop perturbative expression for calorimeter thrust

can be obtained from Refs. [97, 98],

S(k, µ) = δ(k) + αs(µ)CF
2π

[
− 8
µ
L1

(
k

µ

)
+ π2

6 δ(k)
]
, (4.32)

where the plus distributions Ln are defined in Appendix E.

Using Eq. (4.31), the corresponding track-based version S̄ is given by
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S̄(k̄, µ) =
∫ 1

0

dx
x
Tg(x, µ)

(
δ(k̄/x) + αsCF

2π

[
− 8
µ
L1

(
k̄

xµ

)
+ π2

6 δ(k̄/x)
])

= δ(k̄) + αsCF
2π

[
− 8
µ
L1

(
k̄

µ

)
+ 8gL1

µ
L0

(
k̄

µ

)
+
(
π2

6 − 4gL2
)
δ(k̄)

]
. (4.33)

While one naively might think that S̄ would depend on the entire track function, from

the rescaling properties of the plus distributions in Eq. (E.4), we see that only two

logarithmic moments of the gluon track function appear in the soft function, namely gL1

and gL2 , defined as

gLn (µ) ≡
∫ 1

0
dxTg(x, µ) lnn x . (4.34)

From Eq. (4.33), we can derive the anomalous dimension of the track soft function

µ
d

dµS̄(k̄, µ) =
∫ k̄

0
dk̄′ γS̄(k̄ − k̄′, µ) S̄(k̄′, µ) ,

γS̄(k̄, µ) = 4Γcusp[αs(µ)] 1
µ
L0

(
k̄

µ

)
+ γS̄[αs(µ)] δ(k) ,

γS̄[αs] = −4αsCF
π

gL1 . (4.35)

Interestingly, the non-cusp anomalous dimension depends on the logarithmic moment gL1

of the gluon track function. This arises because the RG evolution sums multiple emissions,

and thus the effect of the hadronization of these emissions must be exponentiated. Note

that gL1 depends (weakly) on the renormalization scale µ, but this effect is beyond the

order that we are working.

4.5.3 Leading Power Correction

In the tail region of the thrust distribution, non-perturbative physics is captured

via power corrections. As we will now review, the leading power correction simply acts

as a shift of the soft function in Eq. (4.33) by an amount proportional to ΛQCD [99, 100,
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101, 102]. The amount of the shift is different for calorimeter and track thrust, but the

essential formalism is the same in both cases.

Given a hadronic final state with charged hadrons C and neutral hadrons N , we

define a calorimeter measurement operator

k̂ |CN〉 =
∑
i∈C,N

(|~pi| − |t̂ · ~pi|) |CN〉 , (4.36)

where the sum runs over all hadrons in C and N , t̂ is the thrust axis, and ~pi is the

three-momentum for hadron i. This operator measures the numerator of Eq. (4.2). The

track measurement operator is almost the same, but the sum only runs over the charged

hadrons C.

The soft function S describes the cross section to produce a measurement k in

the presence of back-to-back eikonal quarks. Formally, it is defined as

S(k, µ) = 1
Nc

〈
0
∣∣∣tr Y T

n̄ Yn δ(k − k̂)Y †nY
∗
n̄

∣∣∣0〉 , (4.37)

where Y †n (0) = P exp (ig
∫∞

0 ds n·A(ns)) is a (ultra)soft Wilson line in the fundamental

representation, Y †n̄ is the analogue in the 3 representation, and the trace is taken over

color indices.

For an additive observable like thrust, the soft function factorizes into a partonic

perturbative part Spart (calculated already in Eq. (4.32)) and a non-perturbative part SNP

(also called the shape function [95, 103, 104, 105])

S(k) =
∫ ∞

0
d` Spart(k − `)SNP(`). (4.38)

In the tail region where k ' Qτ � ΛQCD, we can perform an operator product expansion

(OPE) on SNP(`)

SNP(`) = δ(`)− δ′(`)Ωτ
1 + . . . , (4.39)

where the leading power correction for thrust Ωτ
1 ' ΛQCD is defined via the non-
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perturbative matrix element

Ωτ
1 = 1

Nc

〈
0
∣∣∣tr Y T

n̄ (0)Yn(0) k̂ Y †n (0)Y ∗n̄(0)
∣∣∣0〉 . (4.40)

The full soft function in Eq. (4.38) can then be approximated as a shift

S(k) ' Spart(k − Ωτ
1) +O

(
αsΛQCD

k2

)
+O

(Λ2
QCD

k3

)
. (4.41)

This in turn leads to an overall shift in the thrust distribution, whose effect is most

prominent at small τ .

The formalism above applies equally well to calorimeter thrust and track thrust.

Focussing on calorimeter thrust, the value of Ωτ
1 must be extracted from data, since it is a

fundamentally non-perturbative parameter. Typically, one expresses Ωτ
1 in terms of the

universal power correction Ω1 [102, 106, 77]

Ωτ
1 ≡ 2Ω1, (4.42)

though strictly speaking, Ω1 is only universal for measurements in the same universality

class (see Ref. [78]). Putting aside that subtlety, the analysis in Ref. [93] extracted a

value of Ω1 = 0.264± 0.213 GeV in the MS scheme at NLL′ from fits to (calorimeter)

thrust data. We will therefore take a value of

Ωτ
1 = 0.5 GeV (4.43)

for our analysis of calorimeter thrust. As mentioned near Eq. (4.17), there are strong

correlations between αs and Ωτ
1 , and this choice gives a reasonable (but not perfect)

description of LEP data.

For track thrust, we estimate that the parameter Ω̄τ
1 entering the analogous OPE

for S̄NP(k̄) is given by

Ω̄τ
1 ' 〈x〉Ωτ

1 = 0.3 GeV, (4.44)
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where we have taken the average track fraction 〈x〉 to be 0.6 [3]. This approximation is

only justified if the matrix element defining Ω̄τ
1 is dominated by a single gluon emission

and if the gluon track function has a narrow width. More generally, Ω̄τ
1 will encode

hadronization correlations.

We emphasize that we have applied this non-perturbative shift Ω̄τ
1 to the track-

based soft function directly,

S̄(k̄, µ) ' S̄part(k̄ − Ω̄τ
1, µ). (4.45)

Note that a shift in the track soft function S̄(k̄) does not amount to an overall shift of

the whole track thrust distribution due to the more complicated convolution structure in

Eq. (4.26). Looking at Eq. (4.31), we could have tried to apply the usual shift Ωτ
1 to S

instead, but this would have ignored the important fact that the track function Tg itself

has non-perturbative power corrections. The power correction Ω̄τ
1 includes both of these

effects. For the subleading power corrections (beyond the scope of this chapter), it may

or may not be preferable to separately treat the non-perturbative corrections to S and Tg.

4.5.4 Jet Function

For the collinear radiation, described by the jet function, we need both the

dependence on the energy fraction x of the collinear tracks as well as their contribution

to the rescaled hemisphere track invariant mass-squared s̄. The NLO jet function consists

of one perturbative q → qg splitting whose branches hadronize independently. To carry

out the matching in Eq. (4.10), we can use the matching coefficient Jqq(s, z, µ) given

in Refs. [107, 73], since the cancellation of IR divergences proceeds in an identical

manner. Here, s is the qg invariant mass and z is the momentum fraction of the final

quark. Inserting this matching coefficient into Eq. (4.10), the matching calculation yields
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J̄(s̄, x, µ) =
∫ ∞

0
ds
∫ 1

0
dz Jqq(s, z, µ)

2(2π)3

×
∫ 1

0
dx1 dx2 Tq(x1, µ)Tg(x2, µ)

× δ[x−zx1−(1− z)x2] δ
(
s̄− x1x2

x
s
)
, (4.46)

where we have used the kinematics in Eq. (4.28). The same coefficients Jij(s, z, µ) also

appeared in the description of the fragmentation of a hadron inside a jet [72, 73], as they

describe the perturbative splittings building up the jet radiation.

The expression for the matching coefficient is [107, 73]

Jqq(s, z, µ)
2(2π)3 = δ(s) δ(1− z)

+ αs(µ)CF
2π

{
2
µ2L1

(
s

µ2

)
δ(1− z) + 1

µ2 L0

(
s

µ2

)
(1 + z2)L0(1− z)

+ δ(s)
[
(1 + z2)L1 (1− z) + 1 + z2

1− z ln z + 1− z − π2

6 δ(1− z)
]}

,

(4.47)

so evaluating Eq. (4.46), we obtain

J̄(s̄, x, µ) =
(
δ(s̄) + αsCF

2π

[
2
µ2L1

(
s̄

µ2

)
− 2gL1

µ2 L0

(
s̄

µ2

)
+ δ(s̄)

(
gL2 −

π2

6

)])
Tq(x)

+ αsCF
2π

∫ 1

0
dx2

∫ 1

0

dz
z

{
1
µ2L0

(
s̄

µ2

)
(1+z2)L0(1−z)

+ δ(s̄)
[
(1+z2)L1(1−z) + ln

(
xz2

[x−(1−z)x2]x2

)
(1+z2)L0(1−z)

+ 1−z
]}
Tq

(
x− (1− z)x2

z

)
Tg(x2) . (4.48)

Here we use that the track function vanishes outside the range x ∈ [0, 1] to avoid writing

explicit Heaviside functions. Unlike the soft function, the jet function depends on the

full functional form of the quark and gluon track functions, and not just the logarithmic
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moments. To perform these integrals numerically, we used the CUBA package [48].

The corresponding anomalous dimension is given by

µ
d

dµJ̄(s̄, x, µ) =
∫ s̄

0
ds̄′ γJ̄(s̄− s̄′, µ) J̄(s̄′, x, µ) ,

γJ̄(s̄, µ) = −2Γcusp[αs(µ)] 1
µ2L0

(
s̄

µ2

)
+ γJ̄ [αs(µ)]δ(s̄),

γJ̄ [αs] = αsCF
π

(
2gL1 + 3

2

)
. (4.49)

Note that the evolution only affects s̄ and not x. As for the soft function, the logarithmic

moment of the gluon track function gL1 contributes to the non-cusp anomalous dimension.

4.5.5 Resummation

In the effective field theory approach we follow here, the resummation of large

double logarithms αns lnm τ (m ≤ 2n) is achieved by evaluating the hard, jet, and soft

functions at their natural scales µH , µJ , and µS where they contain no large logarithms,

and running them to a common scale µ using their respective RG equations.

These RG evolution kernels were implicit in the cross section in Eq. (4.26) and

are given in Appendix C. Explicitly including them,

dσ
dτ̄ = σ0H(Q2, µH)UH(Q2, µH , µ)

×
∫

ds̄A ds̄′A J̄(s̄A − s̄′A, µJ)UJ̄(s̄′A, µJ , µ)

×
∫

ds̄B ds̄′B J̄(s̄B − s̄′B, µJ)UJ̄(s̄′B, µJ , µ)

×
∫

dk̄ dk̄′ S̄(k̄ − k̄′, µS)US̄(k̄′, µS, µ)

× δ
[
τ̄− 2

(xA+xB)Q

(
s̄A
Q

+ s̄B
Q

+k̄
)]
. (4.50)

Consistency of the factorization theorem requires that the cross section is µ-

independent at the order that we are working, implying a cancellation between the
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anomalous dimensions. For the cusp anomalous dimension, this cancellation is the same

as for calorimeter thrust. For the non-cusp pieces from Eqs. (4.30), (4.35), and (4.49),

there are additional terms involving gL1 in γS̄ and γJ̄ , but they cancel in the sum

γnon−cusp
H + 2γnon−cusp

J̄
+ γnon−cusp

S̄
= 0 , (4.51)

to fullfil consistency requirements.

An important question is the choice of scales µH , µJ , and µS to use in this

formula. While our focus is on the tail region of the thrust distribution, where µH ' Q,

µJ '
√
τQ and µS ' τQ, we do want our formulas to be accurate for all values of τ .

Since there are three distinct kinematic regions characterizing the thrust distribution,

the resummation of the logarithms of τ must be handled in different ways. A smooth

transition between the three regions is achieved through profile functions [105, 93] as

described in Appendix D. Our choice of the profile parameters is such that resummation

is turned off at τ̄ ' 1/3, which is the O(αs) endpoint from Sec. 4.4. (This is in contrast

to the higher-order calculation in Ref. [93, 108] where the resummation is only turned

off at the true endpoint τ ' 1/2.)

For the plots in Sec. 5.2, we calculate the cumulative version of Eq. (4.50)

Σ̄(τ̄ c) ≡
∫ τ̄c

0
dτ̄ dσ

dτ̄ (4.52)

at NLL′ using the scales µH , µJ , and µS set by the value of τ̄ c. We then take the numerical

derivative of Σ̄(τ̄ c) to find the track thrust distribution (see Ref. [93] for a discussion

of alternative choices). This derivative picks up both the explicit τ̄ -dependence as well

as the implicit τ̄ -dependence of our scale choice for µH , µJ , and µS . The differential

version in Eq. (4.50) misses the latter contribution, though it is a small effect.
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Figure 4.7: Non-singular contribution to the normalized cumulative thrust distribution
at O(αs). The central value corresponds to µ = MZ , with the uncertainty bands from
varying µ ∈ [MZ/2, 2MZ ].

4.5.6 Non-Singular Contribution

The factorization theorem in Eqs. (4.26) and (4.50) includes all the terms in

the track thrust distribution that are singular in τ as τ → 0. There is an additional

non-singular contribution of O(τ), which is thus important in the endpoint region. This

contribution needs to be included to have our distribution formally accurate toO(αs) and

is the last step in attaining NLL′ accuracy.

We can extract the non-singular corrections by subtracting the singular terms

(obtained from setting µH = µJ = µS = µ in Eq. (4.26)) from the fixed-order O(αs)

cross section in Eq. (4.21). At the level of the cumulative cross section in Eq. (4.52)

Σ̄ns(τ̄ c) = Σ̄FO(τ̄ c)− Σ̄sing(τ̄ c) . (4.53)

Our extraction of Σ̄ns(τ̄ c) is shown in Fig. 4.7. The fact that Σ̄ns(τ̄ c = 0) = 0

provides another consistency check of our formalism, showing that our factorization

formula successfully reproduces the singular part of theO(αs) cross section. We use µ =

MZ as the central value for extracting Σ̄ns(τ̄ c), and estimate perturbative uncertainties by
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varying µ between MZ/2 and 2MZ .

4.6 Simplifications at NLL

In both the LEP data in Fig. 4.2 and the fixed-order calculation in Fig. 4.5, we

saw a remarkable similarity between the calorimeter and track thrust distributions. We

will now try to understand this from our resummed calculation by looking at the leading

effect of switching to tracks.

The first non-trivial order in the resummed distribution is NLL. This consists

of evaluating Eq. (4.50) with only the leading order hard, jet, and soft functions, but

including the subleading evolution kernels. Using the solutions to the RG equations in

Appendix C, the NLL cumulative distribution is

Σ̄(τ̄ c) = σ0 e
KH

(
Q2

µ2
H

)ηH eKS̄−γE ηS̄

Γ(1 + ηS̄)

(
Qτ̄ c

µS

)ηS̄

(4.54)

×
∫

dxA dxB Tq(xA, µJ)Tq(xB, µJ)
(
xA+xB

2

)ηS̄

,

where γE is Euler’s constant, and we have chosen to evolve the hard and soft scales to the

jet scale µJ . The functions KH(µH , µJ), ηH(µH , µJ), KS̄(µS, µJ) and ηS̄(µS, µJ) are

given in Appendix C and depend on our choice for µH , µJ , and µS , which we discuss

below. Note that this expression contains an explicit dependence on the quark track

functions Tq since they appear in the tree-level jet functions. Eq. (4.54) contains only

the information needed at NLL accuracy, and therefore does not include the leading

hadronization power correction or non-singular contributions.

There are various steps we can take to simplify the expression in Eq. (4.54). We

first consider the scales µH , µJ , and µS . In Sec. 4.5.5, we advocated the use of the profile

functions in Appendix D to achieve a smooth transition between the different regions of

the thrust distribution. Here, we simplify our choice of natural scales to obtain a more
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illuminating analytic formula:

µH = Q, µJ =
√

3τ̄ cQ, µS = 3τ̄ cQ . (4.55)

This choice has still the effect of turning off the resummation at τ̄ c = 1/3.

Second, we can simplify the dependence on the two quark track functions. Defin-

ing

qL(µ) ≡
∫

dxA dxB Tq(xA, µ)Tq(xB, µ) ln
(
xA + xB

2

)
, (4.56)

it is helpful to use the approximation

∫
dxA dxB Tq(xA)Tq(xB)

(
xA + xB

2

)ηS̄

≈ exp(qLηS̄) . (4.57)

This is formally justified only for ηS̄ � 1, but for the (PYTHIA-based) track functions,

the error is only a few percent even for ηS̄ = 1. By contrast, using a linear (as opposed to

exponential) approximation in Eq. (4.57) would yield a ' 20% error at ηS̄ = 1.

Finally, because the only difference between the NLL evolution kernels for

calorimeter thrust and track thrust appears in the non-cusp anomalous dimensions, we

can write the track thrust cumulative Σ̄ in terms of the calorimeter thrust cumulative Σ as

Σ̄(τ̄ c) = Σ(τ̄ c) exp(KS̄ −KS) exp(qLηS̄) . (4.58)

From Eq. (C.5), we find that the difference between KS̄ and KS is

KS̄(µS, µJ)−KS(µS, µJ) = 8CFgL1
β0

ln αs(µJ)
αs(µS)

≈ 4αsCF
π

gL1 ln µS
µJ

= 2αsCF
π

gL1 ln(3τ̄ c) . (4.59)

Here we used the running of αs to obtain the second line, and inserted the natural scales

from Eq. (4.55) in the last step. (Since we only kept the leading term in αs, different
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choices for the scale of αs correspond to effects beyond the order we are working.)

Similarly, we find that ηS̄ is given by

ηS̄(µS, µJ) = −8CF
β0

ln αs(µJ)
αs(µS)

≈ −2αsCF
π

ln(3τ̄ c) . (4.60)

This leads to

Σ̄(τ̄ c) ≈ Σ(τ̄ c) exp
[

2αsCF
π

(gL1 − qL) ln(3τ̄ c)
]
, (4.61)

as anticipated in Eq. (4.6).

Based on Eq. (4.61), we now have a better understanding of why track thrust and

calorimeter thrust are so similar. At NLL order, the difference between the cumulative

distributions for track and calorimeter thrust is basically given by an exponential factor.

However, this factor depends on gL1 and qL, which happen to be nearly equal for the track

functions extracted from PYTHIA. For concreteness, we evaluate gL1 and qL at the scale

µ ' 20 GeV, though any choice of scale between µS and µJ is acceptable at this order.

We find

gL1 ' −0.52, qL ∈ [−0.49,−0.54] , (4.62)

where the range corresponds to the variation between different quark flavors. This

leads to a cancellation in Eq. (4.61), which is responsible for the similarity between

the calorimeter and track thrust distributions. These parameters have only a mild µ-

dependence, and the partial cancellation between gL1 and qL persists over a wide range of

scales.

4.7 Numerical Results

With all of the ingredients for the track thrust distribution in place, we now

show numerical results as we increase the accuracy of our calculation. In all cases, we

show normalized cross sections (1/σ)(dσ/dτ), and use our (PYTHIA-based) NLO track
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Figure 4.8: Track thrust and calorimeter thrust at NLL. As explained in Sec. 4.6, these
distributions are remarkably similar.

functions as input.

In Fig. 4.8, we show the NLL result from Eq. (4.54) for calorimeter and track

thrust. Here we use the central values for the canonical running scales described in

Appendix D. As argued in Sec. 4.6, the difference between calorimeter and track thrust is

very small at NLL order, and is in fact barely visible on this plot.

To achieve NLL′ accuracy, we have to take into account higher-order terms in

H , J̄ , and S̄ in Eq. (4.50), as well as the non-singular terms from Sec. 4.5.6. The

result of going from NLL to NLL′ is shown in Fig. 4.9, which compares the track thrust

distributions in the peak and tail regions. The inclusion of the one-loop corrections to the

hard, jet, and soft functions at NLL′ reduces the purely perturbative uncertainty bands

coming from scale variations. Note that this uncertainty estimate does not include the

uncertainty associated with the value of αs(MZ) or with the input track functions.

The effect of the non-singular terms on the tail and far-tail regions are highlighted

in Fig. 4.10. The inclusion of these terms guarantees that the cross section merges with

the O(αs) fixed-order result in the region where the resummation is no longer important.

It also ensures that the cross section vanishes beyond the O(αs) kinematic endpoint
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Figure 4.9: Track thrust distribution going from NLL to NLL′. The bands encode
perturbative uncertainties from RG scale variations, but not uncertainties in αs or the
track functions themselves.
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Figure 4.10: Track thrust distribution in the tail and far-tail regions, illustrating the effect
of including the non-singular contribution at NLL′ order. The full NLL′ distribution
interpolates between the resummed and fixed-order results.
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Figure 4.11: Track thrust at NLL′ adding the leading power correction.

τ = 1/3. (For this to happen, it is crucial that the profile functions in Appendix D turn

off the resummation at the endpoint.) As desired, the full NLL′ distribution interpolates

between the NLL′ result (without non-singular terms) at small τ and the fixed-order result

at large τ .

In Fig. 4.11, we augment the NLL′ results with the leading power correction Ω̄τ
1 .

For track thrust, the dominant effect of Ω̄τ
1 is a shift, though there are important effects in

the peak region which do not amount to a shift. (For the calorimeter thrust distribution,

the only effect of Ωτ
1 is to shift the distribution.) Note, however, that the peak region

is also sensitive to higher-order power corrections which we have not included. The

comparison between calorimeter and track thrust with the leading power correction is

shown in Fig. 4.3.

In Fig. 4.12 we superimpose our theoretical predictions for the calorimeter and

track thrust distributions with experimental data from the DELPHI collaboration. At

NLL′ order with the leading power correction Ω̄τ
1 , the agreement is quite good, though

we emphasize that we chose values of αs and Ω̄τ
1 to ensure reasonable agreement with the

calorimeter thrust data. We show the effect of scale uncertainties in Fig. 4.3, which are

in general larger than the experimental uncertainties, motivating future studies of track
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Figure 4.12: Comparison of analytical predictions with DELPHI data for both track and
calorimeter thrust distributions. There is good qualitative and quantitative agreement
in the tail region, though as shown in Fig. 4.3, the theoretical uncertainties at NLL′ are
larger than the experimental ones.

thrust with higher orders of resummation and more accurate fixed-order corrections.

As a final cross check of our analysis, we show the calorimeter and track thrust

distributions from PYTHIA in Fig. 4.13. Since PYTHIA has been tuned to LEP data, it

agrees well with the DELPHI measurements. There is good agreement between PYTHIA

and our NLL′ result in the tail region, but there are differences in the peak region due

to the fact that PYTHIA includes an estimate of the full non-perturbative corrections,

whereas we only include the leading power correction. Future track thrust calculations

could use a full non-perturbative shape function for better modeling of the τ̄ ' 0 region.

4.8 Discussion

In this chapter, we have presented the first calculation of track thrust in perturba-

tive QCD. Our result is accurate toO(αs) in a fixed-order expansion while also including

NLL resummation, i.e. NLL′ order. By incorporating both track functions and the leading

power correction, we have accounted for the dominant non-perturbative effects that
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Figure 4.13: Calorimeter and track thrust distributions obtained from PYTHIA 8. Apart
from deviations in the peak region due to higher-order non-perturbative corrections, these
agree well with our NLL′ calculation after the leading power correction is included
(compare to Fig. 4.3).

determine the track thrust distribution. Our result is in good agreement with track thrust

measurements performed at ALEPH and DELPHI.

One feature seen in the data is a remarkable similarity between the calorimeter

thrust and track thrust distributions. At NLL, we traced this feature to a partial cancel-

lation between two non-perturbative parameters—one associated with the gluon track

function gL1 , and one associated with pairs of quark track functions qL. We conjecture

that a similar cancellation should be present in most (if not all) dimensionless track-based

observables. This should be relatively straightforward to prove for e+e− dijet event

shapes with a thrust-like factorization theorem, but is likely to persist for more general

track-based observables, including jet shapes relevant for the LHC such as N -subjettiness

ratios [79, 109] or energy correlation functions ratios [110]. It is worth further study to

understand whether this partial cancellation is just an accident or reflects some deeper

property of track functions. Crucially, we have seen that neither higher-order terms at

NLL′ nor the leading power correction qualitatively spoil the similarity.

The track functions were originally designed to describe the energy fraction of a
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parton carried by tracks (i.e. the large component of the light-cone momentum). Track

thrust essentially measures the small component of the light-cone momentum carried by

tracks, so it is perhaps surprising that the same track functions can be used in this context.

The reason this works is that the track thrust distribution can be thought of as arising from

multiple gluon emissions, each of which carries its own track function. Just as multiple

emissions can be exponentiated in the case of calorimeter thrust, multiple emissions with

track functions can also be exponentiated. In our calculation, this shows up in the fact that

the anomalous dimension of the soft and jet functions depend on the logarithmic moment

of the gluon track function gL1 . We are confident that similar techniques could be applied

to any track-based observable, as long as the calorimetric version of that observable has a

valid factorization theorem. This motivates future experimental and theoretical studies of

track-based observables.

This chapter is a reprint of material as it appears in “Calculating Track Thrust

with Track Functions,” H.-M. Chang, M. Procura, J. Thaler and W. J. Waalewijn, Phys.

Rev. D 88, 034030 (2013) [arXiv:1306.6630 [hep-ph]], of which I was a co-author.

http://arxiv.org/abs/1306.6630


Chapter 5

Renormalization Group Evolution of

Dimension-Six Baryon Number

Violating Operators

We calculate the one-loop anomalous dimension matrix for the dimension-six

baryon number violating operators of the Standard Model effective field theory, including

right-handed neutrino fields. We discuss the flavor structure of the renormalization group

evolution in the contexts of minimal flavor violation and unification.

5.1 Introduction

The baryon asymmetry of the universe hints at baryon number violating (BNV)

interactions beyond the Standard Model (SM) of particle physics. Baryon number is

an accidental symmetry of the SM violated by quantum effects [111], and there is no

fundamental reason why it cannot be violated in extensions of the SM. Indeed, well-

motivated theories like grand unified theories [112, 113, 114] violate baryon number at

tree level through the exchange of very massive gauge bosons.

There has been no direct experimental observation of baryon number violation

80
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to date. The large lower bound for the lifetime of the proton [115, 116] requires that

the scale of baryon number violation M /B be much greater than accessible energy scales,

and, in particular, much greater than the SM electroweak scale MZ . The decay of

baryons (such as the proton) can then be computed using an Effective Field Theory

(EFT) formalism. In the model-independent treatment of EFT, the SM Lagrangian is

extended by higher dimensional non-renormalizable operators (d ≥ 5) suppressed by

inverse powers of the new physics scale.

The leading order BNV operators arise at dimension d = 6. The most general

dimension-six Lagrangian can be cast in 63 independent operators [117, 118, 119, 120,

121]. Out of these 63 operators, 59 operators preserve baryon number, and the complete

set of one-loop renormalization group equations for these 59 operators was recently

computed in Refs. [12, 13, 14, 122]. In the present work, we focus on the four BNV

operators [119, 120, 121], and we extend the one-loop renormalization group evolution

(RGE) analysis to these remaining dimension-six operators.

The four BNV operators can be written1 as [121]

Qduq`
prst = εαβγεij(dαpCuβr )(qiγs C`

j
t) ,

Qqque
prst = εαβγεij(qiαp Cqjβr )(uγsCet) ,

Qqqq`
prst = εαβγεilεjk(qiαp Cqjβr )(qkγs C`lt) ,

Qduue
prst = εαβγ(dαpCuβr )(uγsCet) ,

(5.1)

where C is the Dirac matrix of charge conjugation, q and ` are the quark and lepton

left-handed doublets, and we use u, d and e for up-type, down-type, and charged lepton

right-handed fermions. Greek letters denote SU(3)c color indices and Roman letters

from i to l refer to SU(2)L indices. Roman letters towards the end of the alphabet p-w

refer to flavor (generation) indices and take on values from 1, . . . , ng = 3.

In this work, we also will accommodate neutrino masses for the light neutrinos by

including singlet fermions N (right-handed neutrinos) under the SM gauge group. Includ-

1The connection with the basis of Ref. [119] is given in Appendix F.
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ing singlet N fields, two additional dimension-six BNV operators can be constructed:

QqqdN
prst = εαβγεij(qiαp Cqjβr )(dγsCNt) ,

QuddN
prst = εαβγ(uαpCdβr )(dγsCNt).

(5.2)

The singlet neutrinos N , in contrast to the SM fermions, are allowed a Majorana mass

MN by the SM gauge symmetry. MN can range from a very high scale as in the standard

type-I seesaw model [123, 124, 125, 126] to the Dirac neutrino limit for which it vanishes

— see Ref. [127] for a general parametrization in terms of light masses and mixing angles.

Even in the case of a very high Majorana mass scale MN , naïve estimates of proton decay

and light neutrino masses imply that MN < M/B . This hierarchy of scales implies that an

EFT with the operators in Eq. (5.2) holds in the energy regime MN < µ < M /B. Below

the scale MN , one integrates out the N fields, matching onto the EFT containing only

the four operators of Eq. (5.1), and drops the terms of Eq. (5.2) in the renormalization

group equations.

We will use the conventions of Ref. [12], generalized to include singlet fermions

N at energies above MN . Specifically, for µ > MN , the Ld≤4 SM Lagrangian includes

a Majorana mass term MN for the N fermions as well as Yukawa couplings YN for the

N and ` fermions to the electroweak Higgs doublet H . For µ < MN , the N fields are

integrated out of the EFT, and Ld≤4 reduces to the conventional SM Lagrangian.

Baryon number is an (anomalous) symmetry that is preserved by the one-loop

renormalization group equations, so the dimension-six BNV operators only mix among

themselves. The gauge contribution to the anomalous dimensions of Eq. (5.1) was

computed in Ref. [121], and we agree with those results. In addition, we compute the

anomalous dimensions of Eq. (5.2), and the Yukawa terms. We also classify the operators

in terms of representations of the permutation group, which diagonalizes the gauge

contributions to the anomalous dimension matrix.
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Figure 5.1: The one-loop Yukawa renormalization graph.

5.2 Results

The one-loop anomalous dimension matrix of the BNV operators decomposes

into a sum of gauge and Yukawa terms. The gauge anomalous dimension matrix of the

operators in Eq. (5.1) was computed in Ref. [121]. The gauge terms for Eq. (5.2) have not

been computed previously. The Yukawa terms are generated by the diagram in Fig. 5.1,

where all the fermion lines are incoming, because of the chiral structure of the BNV

operators. The gauge coupling dependence is obtained from an analogous diagram with

the scalar replaced by a gauge boson.

The calculation is done using dimensional regularization in d = 4−2ε dimensions

in a general ξ gauge. Cancellation of the gauge parameter ξ provides a check on the

calculation. The sum of the hypercharges yi of the four fermions for each operator is

constrained to be equal to zero for the ξ-dependence to cancel. Furthermore, the number

of colors Nc = 3 for the operator to be SU(3) gauge invariant. The RGE for the operator

coefficients L = ∑
iC

iQi are (Ċ ≡ 16π2µ dC/dµ):
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Ċduq`
prst =− Cduq`

prst

[
4g2

3 + 9
2g

2
2 − 6(ydyu + yqyl)g2

1

]
− Cduq`

vrwt(Yd)vs(Y †d )wp

− Cduq`
pvwt(Yu)vs(Y †u )wr +

{
2Cduue

prwv + Cduue
pwrv

}
(Ye)vt(Yu)ws

− 2CqqdN
swpv (YN)vt(Y †u )wr +

{
2CuddN

rpwv + CuddN
rwpv

}
(YN)vt(Yd)ws

+
{

2Cqqq`
vwst + 2Cqqq`

wvst − Cqqq`
vswt − Cqqq`

wsvt + 2Cqqq`
svwt + 2Cqqq`

swvt

}
(Y †d )vp(Y †u )wr

+ 2Cqque
wsrv(Y

†
d )wp(Ye)vt + Cduq`

vrst (YdY †d )vp + Cduq`
pvst (YuY †u )vr

+ 1
2C

duq`
prvt (Y †uYu + Y †d Yd)vs + 1

2C
duq`
prsv (Y †NYN + Y †e Ye)vt

(5.3)

Ċqque
prst =− Cqque

prst

[
4g2

3 + 9
2g

2
2 − 6(y2

q + yuye)g2
1

]
− Cqque

pwvt(Yu)vr(Y †u )ws

− Cqque
rwvt(Yu)vp(Y †u )ws + 1

2C
duq`
vspw(Y †e )wt(Yd)vr + 1

2C
duq`
vsrw(Y †e )wt(Yd)vp

− 1
2
{

2Cduue
vwst + Cduue

vswt

}
[(Yd)vp(Yu)wr + (Yd)vr(Yu)wp]

+ 1
2
{
−2Cqqq`

prwv − 2Cqqq`
rpwv + Cqqq`

pwrv + Cqqq`
rwpv − 2Cqqq`

wprv − 2Cqqq`
wrpv

}
(Y †u )ws(Y †e )vt

+ 1
2C

qque
vrst (Y †uYu + Y †d Yd)vp + 1

2C
qque
pvst (Y †uYu + Y †d Yd)vr + Cqque

prvt (YuY †u )vs

+ Cqque
prsv (YeY †e )vt

(5.4)
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ĊqqdN
prst =− CqqdN

prst

[
4g2

3 + 9
2g

2
2 − 6y2

qg
2
1

]
− CqqdN

vrwt (Y †d )vs(Yd)wp − CqqdN
vpwt (Y †d )vs(Yd)wr

− 1
2C

duq`
swrv(Y

†
N)vt(Yu)wp −

1
2C

duq`
swpv(Y

†
N)vt(Yu)wr

+ 1
2
{

2CuddN
vwst + CuddN

vswt

}
[(Yu)vp(Yd)wr + (Yu)vr(Yd)wp]

+ 1
2
{

2Cqqq`
prwv + 2Cqqq`

rpwv − Cqqq`
pwrv − Cqqq`

rwpv + 2Cqqq`
wprv + 2Cqqq`

wrpv

}
(Y †d )ws(Y †N)vt

+ 1
2C

qqdN
vrst (Y †uYu + Y †d Yd)vp + 1

2C
qqdN
pvst (Y †uYu + Y †d Yd)vr + CqqdN

prvt (YdY †d )vs

+ CqqdN
prsv (YNY †N)vt

(5.5)

Ċqqq`
prst =− Cqqq`

prst

[
4g2

3 + 3g2
2 − 6(y2

q + yqyl)g2
1

]
− 4

{
Cqqq`
rpst + Cqqq`

srpt + Cqqq`
psrt

}
g2

2

− 4Cqque
prwv(Ye)vt(Yu)ws + 4CqqdN

prwv (YN)vt(Yd)ws

+ 2Cduq`
vwst [(Yd)vp(Yu)wr + (Yd)vr(Yu)wp] + 1

2C
qqq`
vrst (Y †uYu + Y †d Yd)vp

+ 1
2C

qqq`
pvst (Y †uYu + Y †d Yd)vr + 1

2C
qqq`
prvt(Y †uYu + Y †d Yd)vs

+ 1
2C

qqq`
prsv(Y

†
NYN + Y †e Ye)vt

(5.6)

Ċduue
prst =− Cduue

prst

[
4g2

3 − 2
(
2ydyu + 2yeyu + y2

u + yeyd
)
g2

1

]
+ 4Cduue

psrt

(
(yd + ye)yu − y2

u − yeyd
)
g2

1 + 4Cduq`
prwv(Y †u )ws(Y †e )vt

− 8Cqque
vwst(Y †d )vp(Y †u )wr + Cduue

vrst (YdY †d )vp + Cduue
pvst (YuY †u )vr

+ Cduue
prvt (YuY †u )vs + Cduue

prsv (YeY †e )vt

(5.7)

ĊuddN
prst =− CuddN

prst

[
4g2

3 − 2
(
2yuyd + y2

d

)
g2

1

]
+ 4CuddN

psrt

(
yuyd − y2

d

)
g2

1

+ 4Cduq`
rpwv(Y

†
d )ws(Y †N)vt + 8CqqdN

vwst (Y †u )vp(Y †d )wr + CuddN
vrst (YuY †u )vp

+ CuddN
pvst (YdY †d )vr + CuddN

prvt (YdY †d )vs + CuddN
prsv (YNY †N)vt

(5.8)

A non-trivial check on these equations is provided by the custodial symmetry
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limit (Yu(N) → Yd(e), g1 → 0). In order to respect the custodial symmetry, the BNV

operator coefficients have to satisfy certain relations given in appendix A, and the RGE

flow should preserve these relations. Remarkably, the construction of custodial invariant

operators is compatible with U(1)Y invariance.

The structure of the anomalous dimensions can be clarified by studying the

symmetry properties of the BNV operators. The operatorsQqque andQqqdN are symmetric

in the two q indices [121],

Qqque
prst = Qqque

rpst , QqqdN
prst = QqqdN

rpst . (5.9)

The operator Qqqq` satisfies the relation [121],

Qqqq`
prst +Qqqq`

rpst = Qqqq`
sprt +Qqqq`

srpt . (5.10)

Qqqq` has three q indices, and so transforms like ⊗ ⊗ , which gives one completely

symmetric, one completely antisymmetric, and two mixed symmetry tensors. Eq. (5.10)

implies that one of the mixed symmetry tensors vanishes. The allowed representations of

the BNV operators are shown in Table 5.1.

The coefficients Cduue
prst and CuddN

prst can be decomposed into the symmetric and

antisymmetric combinations,

C
duue (±)
prst = 1

2
[
Cduue
prst ± Cduue

psrt

]
,

C
uddN (±)
prst = 1

2
[
CuddN
prst ± CuddN

psrt

]
. (5.11)

The coefficient Cqqq`
prst can be decomposed into terms with definite symmetry under

permutations,

Cqqq`
prst = Sqqq`prst + Aqqq`prst +M qqq`

prst +N qqq`
prst , (5.12)

where Sqqq`prst is totally symmetric in (p, r, s), Aqqq`prst is totally antisymmetric in (p, r, s), and
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M qqq`
prst and N qqq`

prst have mixed symmetry.

A convenient choice of basis is

Sqqq`prst = 1
6
[
Cqqq`
prst + Cqqq`

sprt + Cqqq`
rspt + Cqqq`

psrt + Cqqq`
srpt + Cqqq`

rpst

]
,

Aqqq`prst = 1
6
[
Cqqq`
prst + Cqqq`

sprt + Cqqq`
rspt − Cqqq`

psrt − Cqqq`
srpt − Cqqq`

rpst

]
,

M qqq`
prst = 1

3
[
Cqqq`
prst − Cqqq`

rspt − Cqqq`
rpst + Cqqq`

srpt

]
,

N qqq`
prst = 1

3
[
Cqqq`
prst − Cqqq`

sprt + Cqqq`
rpst − Cqqq`

srpt

]
. (5.13)

The coefficient M qqq`
prst is obtained by first anti-symmetrizing Cqqq`

prst in (p, r), and then

symmetrizing in (p, s). Likewise, N qqq`
prst is obtained by first anti-symmetrizing in (p, s),

and then symmetrizing in (p, r). Eq. (5.10) implies that N qqq`
prst vanishes.

The gauge contributions to the anomalous dimensions respect the flavor symmetry

of the operators. With the decomposition Eq. (5.13), the gauge contribution to the

anomalous dimension matrix diagonalizes,

Ċ
duue (±)
prst = −

[
4g2

3 +
(

2± 20
3

)
g2

1

]
C
duue (±)
prst + . . .

Ċ
uddN (±)
prst = −

[
4g2

3 +
(2

3 ±
4
3

)
g2

1

]
C
uddN (±)
prst + . . .

Ṡqqq`prst = −
[
4g2

3 + 15g2
2 + 1

3g
2
1

]
Sqqq`prst + . . .

Ȧqqq`prst = −
[
4g2

3 − 9g2
2 + 1

3g
2
1

]
Aqqq`prst + . . .

Ṁ qqq`
prst = −

[
4g2

3 + 3g2
2 + 1

3g
2
1

]
M qqq`

prst + . . . . (5.14)

The “ · · · ” refers to the Yukawa contributions, which can mix different permutation

representations.
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5.3 Discussion

The renormalization group equations presented here have an involved flavor

structure; to better understand the generic features, we turn now to certain simplifying

hypotheses and models that produce a simple subclass of BNV operators.

5.3.1 Minimal Flavor Violation

The SM has an SU(3)5 flavor symmetry for the q, u, d, l, and e fields, broken

only by the Higgs Yukawa interactions. The symmetry is preserved if we promote the

Yukawa coupling matrices to spurions that transform appropriately under the flavor group.

Minimal flavor violation (MFV) [128, 129] is the hypothesis that any new physics beyond

the SM preserves this symmetry, so the Yukawa coupling matrices are the only spurions.

Dimension-six BNV operators do not satisfy naïve minimal flavor violation

because of triality. The argument proceeds as follows: under every SU(3)i flavor

transformation, each BNV operator transforms as a representation of SU(3)i with ni

upper indices and mi lower indices. All BNV operators satisfy
∑5
i=1(ni −mi) ≡ 1 (mod

3). No combination of Yukawa matrices (or other invariant tensors) can change this into

a singlet, as they all have (n−m) ≡ 0 (mod 3).

In extensions of the MFV hypothesis to account for massive neutrinos [130, 131,

132], a Majorana mass term introduces a spurion with (n −m) ≡ 2 (mod 3). This in

turn allows for the implementation of MFV, as pointed out in Ref. [133]. Note also

that if the Yukawa spurions are built out of objects with simpler flavor-transformation

properties [134], a variant of minimal flavor violation is possible without Lepton number

violation.

Finally, there is the possibility that the fermion fields do not each separately have

an SU(3) flavor symmetry, but that some transform simultaneously [135]. The latter is

an attractive option that is realized in Grand Unified Theories (GUTs), and we explore

this possibility in the next subsection.
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5.3.2 Grand Unified Theories

The Georgi-Glashow SU(5) theory [112] places uc, q, and ec in a 10 represen-

tation of SU(5), and dc and l in a 5. In the context of the type-I seesaw, N is a 1.

The flavor group in this case cannot be that of putative MFV since the fields in each

SU(5) representation must transform simultaneously. The flavor symmetry is instead

SU(3)3 = SU(3)10 ⊗ SU(3)5̄ ⊗ SU(3)1, where each SU(3) stands for transformations

in flavor space of the corresponding SU(5) representation [135]. The fermions and

spurions then fall into the representations

uc, q, ec ∼ (3,1,1) , Yu ∼ (6̄,1,1) ,

dc, l ∼ (1,3,1) , Yd, Y
T
e ∼ (3̄, 3̄,1) ,

N c ∼ (1,1,3) , YN ∼ (1, 3̄, 3̄) ,

MN ∼ (1,1,6) ,

(5.15)

where the right-handed neutrino Majorana mass MN also needs to be promoted to a

spurion. Note that the triality argument given previously does not apply to the Yukawa

matrices in this scenario. With the SU(5) GUT in mind, we will relabel the Yukawas

Yu → Y10, (Yd, Y T
e )→ Y5, and YN → Y1.

The operators transform as

Qduq` ∼ (3⊗ 3̄,3⊗ 3̄,1),

Qqqq` ∼ (3⊗ 3⊗ 3,3,1),

QuddN ∼ (3̄, 3̄⊗ 3̄, 3̄),

Qduue ∼ (3̄⊗ 3̄⊗ 3̄, 3̄,1),

QqqdN ∼ (3⊗ 3, 3̄, 3̄),

Qqque ∼ (3⊗ 3̄⊗ 3⊗ 3̄,1,1), (5.16)

which now can be combined with Yukawa couplings to build up invariant terms in the
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Lagrangian. Explicitly, the coefficients of the operators in terms of Yukawa matrices up

to second order are

Cduq` ∼ 1⊕ Y †10Y10 ⊕ Y †5 Y5 ,

Cqqq` ∼ Y10 ⊗ Y5 ,

CuddN ∼ Y †5 ⊗ Y
†

1 ,

Cduue ∼ Y †10 ⊗ Y
†

5 ,

CqqdN ∼ Y10 ⊗ Y †1 ,

Cqque ∼ 1⊕ Y10Y
†

10 ⊕ Y10 ⊗ Y †10 . (5.17)

Notice that only Cduq` and Cqque can be constructed out of flavor singlets. These

are the only two operators that can be generated by integrating out heavy gauge bosons in

the context of SU(5) or, in general, by flavor-blind SU(5) invariant dynamics. In addition,

these are the only two coefficients that remain in the limit Y5, Y1 → 0 (Yd, Ye, YN → 0).

To close this section, let us comment on the implications for supersymmetric

GUTs in our framework. BNV dimension-five operators are produced by integrating

out GUT particles in supersymmetric theories in the absence of selection rules like R-

parity [136, 137, 138]. Below the supersymmetry breaking scale, these will translate into

the operators Qqqq`, Qduue and QuddN in terms of the SM EFT Lagrangian, being only

suppressed by one power of the BNV scale: 1/(M /BMSUSY). A feature of this scenario is

that, as a result of the supersymmetric origin of the operators, all diagonal entries in flavor

vanish [137], so that proton decay would require a strange particle. The renormalization

group equations presented here only apply in the regime µ < MSUSY since they depend

on the spectrum of the theory, and we have assumed only dynamical SM particles. See

Ref. [139] for a RGE study of BNV effects in the context of supersymmetry.
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5.3.3 Magnitude of Effects

In this subsection, we simplify the RGE to estimate the magnitude of running a

BNV operator coefficient from the GUT scale to the electroweak scale. Working in the

context of a MFV GUT discussed in Sec. 5.3.2, we set Yd = Ye = YN = 0, assuming

top-Yukawa dominance. In that limit, the only two non-vanishing operators are Qduq`
prst and

Qqque
prst , whose RGE equations decouple. The coefficients of these two operators are given

by appropriate combinations of Y10 which transforms as the symmetric representation, 6̄.

As an example, we focus on Qduq`
prst , whose coefficient takes on a simple form:

Cduq`
prst = Cduq`

rs δpt, where Cduq`
rs = f(Y †10Y10)rs , (5.18)

and f(0)rs ∝ δrs. The RGE of this coefficient becomes

Ċduq`
rs →

[1
2Y
†

10Y10 − 4g2
3 −

9
2g

2
2 −

11
6 g

2
1

]
rw
Cduq`
ws . (5.19)

We can now choose the basis Y10 = Yu = diag(0, 0, yt), where yt is the top-quark

Yukawa coupling and lighter up-type quark masses are neglected. With this simplification,

Cduq`
rs is a diagonal matrix. Setting MGUT ≈ 1015 GeV, the Cduq` coefficients at the

electroweak and GUT scales are related by

Cduq`
33 (MZ) ≈ (2.26)(0.96)Cduq`

33 (MGUT) ,

Cduq`
22 (11)(MZ) ≈ (2.26)Cduq`

22 (11)(MGUT) . (5.20)

The first factor in parentheses comes from the gauge contribution alone, is dominated

by the QCD coupling, and is common to all flavor coefficients. The second factor is

the extra correction from including the Yukawa contribution, with only the top entry

sizeable. Whereas the gauge contribution to the RGE enhances the Cduq`
rs coefficient at

lower energy scales, the Yukawa contribution gives a small suppression.

The Yukawa-induced running will in general be negligible for the lightest genera-
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tion coefficients and processes like proton or neutron decay are unaffected. The Yukawa

running gives a small correction for heavier generations. Note that the relatively small

correction from Yukawa running compared to gauge-induced running stems from the

different numerical coefficients of the anomalous dimension, since g3 ∼ yt. For example,

in Eq. (5.19), the color and SU(2)L gauge contributions have each a pre-factor ∼8 times

that of the Yukawas. These numerical factors cannot be estimated and require the explicit

computation presented here.

The Yukawa running studied in this section have the most impact in heavy flavor

BNV transitions, which are searched for experimentally [140, 141]. In this regard, the

fact that W boson exchange below the electroweak symmetry-breaking scale produces

flavor mixing is relevant. In particular, at two-loop order, proton or neutron decay is

sensitive to BNV operators with arbitrary flavor. Even though a two-loop effect, this

places a strong bound on heavy flavor BNV. Discussions of heavy BNV transitions taking

into account these effects can be found in Refs. [142, 143, 144].

5.4 Conclusions

In this chapter, we have included the Yukawa contribution to the anomalous

dimension matrix of baryon number violating operators and have thus completed the

one-loop renormalization group evolution. Together with the computation of Refs. [12,

13, 14], this completes the anomalous dimension matrix for the totality of dimension-

six operators of the SM. We included right-handed neutrinos and therefore two new

BNV operators, and classified all the operators under flavor symmetry. None of the

operators satisfies SU(3)5 minimal flavor violation, but it is possible to impose a weaker

grand unified theory variant of MFV. The Yukawa coupling corrections only give small

corrections to the operator evolution.

This chapter is a reprint of material as it appears in “Renormalization group

evolution of dimension-six baryon number violating operators,” R. Alonso, H.-M. Chang,

E. E. Jenkins, A. V. Manohar and B. Shotwell, Phys. Lett. B 734, 302 (2014) [arXiv:1405.0486

http://arxiv.org/abs/1405.0486
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[hep-ph]], of which I was a co-author.

http://arxiv.org/abs/1405.0486
http://arxiv.org/abs/1405.0486


Chapter 6

Non-Standard Semileptonic Hyperon

Decays

We investigate the discovery potential of semileptonic hyperon decays in terms of

searches of new physics at teraelectronvolt scales. These decays are controlled by a small

SU(3)-flavor breaking parameter that allows for systematic expansions and accurate

predictions in terms of a reduced dependence on hadronic form factors. We find that

muonic modes are very sensitive to non-standard scalar and tensor contributions and

demonstrate that these could provide a powerful synergy with direct searches of new

physics at the LHC.

6.1 Introduction

The meson and baryon semileptonic decays have played a crucial role in the

discovery of the V − A structure [145] and quark-flavor mixing [146] of the (charged

current) electroweak interactions in the Standard Model (SM). From a modern perspective,

high-precision measurements of these decays provide a benchmark to test the SM and

complement the direct searches of new physics (NP) at teraelectronvolt (TeV) energies.

For example, the accurate determination of the elements Vud and Vus of the

95
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Cabibbo-Kobayashi-Maskawa (CKM) matrix can be used to test its unitarity, constraining

NP with characteristic scales as high as Λ ∼ 10 TeV [147]. Furthermore, one can test the

V −A structure of the charged currents in d→u transitions using neutron and nuclear β

decays [148, 149, 147, 150, 151, 152, 153] and pion decays [154, 155]. Current limits

for the associated NP scale are also at the TeV level, and important improvements are

expected from future experiments [156]. Searches of non-standard d → u transitions

can also be done using LHC data, through e.g. the collision of d and u partons in the

pp→ e±+MET +X channel (where MET stands for missing transverse energy) [156].

This leads to an interesting synergy between low- and high-energy NP searches in these

flavor-changing processes.

A similar comprehensive analysis of exotic effects in s→ u transitions has not

been done yet. The (semi)leptonic kaon decays are optimal laboratories for this study due

to the intense program of high-precision measurements and accurate calculations of the

relevant form factors that has been carried out over the last decades [157]. Indeed, bounds

on right-handed [158, 159] or scalar and tensor [160] NP interactions at the 10−2 − 10−3

level (relative to the SM) can be obtained [161, 162]. Generally speaking, (pseudo)scalar

and tensor operators modify the spectrum of the decay and a detailed knowledge of the

q2 dependence of the form factors becomes necessary [163].

In this chapter we investigate the physics potential of the semileptonic hyperon

decays (SHD) to search for NP. Although the description of these modes may seem

involved due to the presence of six nonperturbative matrix elements or form factors,

they present interesting features [164, 165, 166, 167]: (i) In the isospin limit, there are

a total of 8 different channels, each having a differential decay rate with a rich angular

distribution that could involve the polarizations of the baryons. (ii) The same form

factors in different channels can be connected to each other and with other observables

(e.g. electromagnetic form factors) in a model-independent fashion using the approxi-

mate SU(3)-flavor symmetry of QCD. (iii) The maximal momentum transfer is small

compared to the baryon masses and it is parametrically controlled by the breaking of

this symmetry. Therefore, a simultaneous SU(3)-breaking and “recoil” expansion can be
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performed that simplifies, systematically, the dependence of the decay rate on the form

factors.

On the experimental side there is much room for improvement. Except for

the measurements performed by the KTeV and NA-48 Collaborations in the Ξ0 →

Σ+ channel [168, 169, 170, 171, 172], most of the SHD data is more than 30 years

old [173]. On the other hand, (polarized) hyperons could be produced abundantly in the

NA62 experiment at CERN or in any other hadron collider like the future pp̄ facility

PANDA [174] at FAIR/GSI or J-PARC [175].

In the following, we investigate the physics reach of the SHD with a discussion

based on the sensitivity of the total decay rates to non-standard scalar and tensor inter-

actions. We show that the bounds from SHD are competitive with those derived from

the LHC data on the pp→ e± +MET +X channel and leave the interplay with kaon

decays for future work (see [158, 159, 160, 161] for the current status).

6.2 The SM Effective Field Theory

In the SM, and at energies much lower than the electroweak symmetry breaking

scale, v = (
√

2GF )−1/2 ' 246 GeV, all charged-current weak processes involving up and

strange quarks are described by the Fermi (V − A)× (V − A) four-fermion interaction.

Beyond the SM, the most general effective Lagrangian is [147]:

Leff = −GFVus√
2

(
1 + εL + εR

)
×

∑
`=e,µ

[
¯̀γµ(1− γ5)ν` · ū

[
γµ −

(
1− 2εR

)
γµγ5

]
s

+ ¯̀(1− γ5)ν` · ū
[
εS − εPγ5

]
s

+ εT ¯̀σµν(1− γ5)ν` · ūσµν(1− γ5)s
]

+ h.c., (6.1)
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neglecting O(ε2) terms and derivative interactions, and where we use σµν = [γµ, γν ]/2.

This Lagrangian has been constructed using only the SM fields relevant at low scales,

µ ∼ 1 GeV, and demanding the operators to be color and electromagnetic singlets.

Furthermore, we have restricted our attention to non-standard interations that conserve

lepton flavor and are lepton universal. Finally, we assume that the Wilson coefficients

(WC) εi are real, since we focus on CP -even observables.

In light of the null results in direct searches of NP at colliders, we assume that

its typical scale, Λ, is much larger than v. In such case, NP can be parameterized

using an effective (non-renormalizable) Lagrangian, Leff = LSM + (1/Λ2)∑i αiO
(6)
i +

. . . , where the O(6)
i are now operators built with all the SM fields and subject to the

structures of its full (unbroken) gauge symmetry group [117]. The WC εi in eq. (6.1)

are generated by the high-energy WC αi, which in turn can be obtained by matching

to a particular NP model at µ = Λ, and by running down to µ ∼ 1 GeV using the

renormalization group equations, with the heavier fermions and weak bosons integrated

out in the process [118, 12, 13, 14, 176].

This framework, usually referred to as the SM effective field theory (SMEFT), al-

lows for a bottom-up investigation of NP, describing the implications of collider searches

for low-energy experiments and vice versa. Needless to say, this interplay would become

crucial in shaping the NP if a discrepancy with the SM is to be found. Examples of

top-down applications, with correlated effects at high- and low-energies, can be found in

scenarios with lepto-quarks [177] or extra scalar fields [163, 150].

6.3 Semileptonic Hyperon Decays

Neglecting electromagnetic corrections, the amplitude for a particular SHD

B1(p1)→ B2(p2)`−(p`)ν̄`(pν) factorizes into the leptonic and baryonic matrix elements.

For the (axial)vector hadronic currents we have the parametrization in terms of the
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standard form factors [166, 178]:

〈B2(p2)| ūγµs |B1(p1)〉

= ū2(p2)
[
f1(q2) γµ + f2(q2)

M1
σµνq

ν + f3(q2)
M1

qµ

]
u1(p1), (6.2)

〈B2(p2)| ūγµγ5s |B1(p1)〉

= ū2(p2)
[
g1(q2)γµ + g2(q2)

M1
σµνq

ν + g3(q2)
M1

qµ

]
γ5u1(p1), (6.3)

whereas the non-standard (pseudo)scalar and tensor interactions introduce new form

factors [178]:

〈B2(p2)| ū s |B1(p1)〉 = fS(q2) ū2(p2)u1(p1), (6.4)

〈B2(p2)| ū γ5 s |B1(p1)〉 = gP (q2) ū2(p2) γ5 u1(p1), (6.5)

〈B2(p2)| ū σµν s |B1(p1)〉 ' fT (q2) ū2(p2)σµν u1(p1). (6.6)

In eqs. (6.2)-(6.6), u1,2 are the parent and daughter baryon spinor amplitudes, M1,2 their

respective masses, q = p1 − p2 is the momentum transfer, with m2
` ≤ q2 ≤ (M1 −M2)2.

Furthermore, in Eq. (6.6) we have neglected other contributions to the matrix element of

the tensor current since they are kinematically suppressed ∼ O(q/M1) [178].

A crucial aspect in the study of the SHD is the approximate SU(3)-flavor symme-

try of QCD. It controls the phase space of the decay and allows for a systematic expansion

of the observables in the generic symmetry breaking parameter, δ = (M1−M2)/M1 [165].

Relations among form factors are obtained in the exact symmetric limit using standard

group theory (see e.g. Ref. [179]) and O(δ) corrections can be calculated using model

independent methods [180, 181, 182, 183, 184, 185, 186, 187]. In addition, the form

factors can be expanded around q2 = 0 in powers of q2/M2
X ∼ δ2, whereMX ∼ 1 GeV is

a hadronic scale related to the mass of the resonances coupling to the currents [188, 189].

Let us illustrate this with the total decay rate for the electronic mode in the SM
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which, expanded up to next-to-leading order (NLO) in δ and neglecting me, is [165]:

Γe, SM '
G2
F |Vus f1(0)|2 ∆5

60π3

[(
1− 3

2δ
)

+3
(

1− 3
2δ
)
g1(0)2

f1(0)2 − 4δ g2(0)
f1(0)

g1(0)
f1(0)

]
, (6.7)

with ∆ = M1−M2. This expression contains a minimal dependence on the form factors.

No information on their q2 dependence is required and, moreover, the last term can be

neglected because the weak-electric charge, g2(0), is itselfO(δ) [178]. Thus, besides GF

and Vus, and up to a theoretical accuracy of O(δ2) ∼ 1− 5%, the total decay rate of the

electronic mode in the SM only depends on hyperon vector and axial charges, f1(0) and

g1(0). Eq. (6.7) makes manifest that f1(0) is essential for extracting Vus from the rates,

while the ratio g1(0)/f1(0) can be obtained measuring the angular distribution of the final

lepton [165, 166]. Neglected electromagnetic corrections are of a few percent [165, 190],

well within the accuracy achieved at NLO in the SU(3) expansion.

Beyond the SM, we generally have two types of effects. On one hand, (ax-

ial)vector modifications to the SM, described by the WC εL,R, can be arranged (cf.

Eq. 6.1) into a change of the normalization of the rate according to the replacement

Vus → Ṽus = (1 + εL + εR)Vus, and of the axial coupling to the leptonic current by

the factor (1− 2εR). The former combination involves a modification of Vus which has

been tightly constrained by testing CKM unitarity [147]. The latter could be determined

in SHD from the measured g1(0) → g̃1(0) = (1 − 2εR)g1(0) only if g1(0) was known

accurately from QCD (for recent progress in the lattice see Refs. [191, 192]).

On the other hand, the WC εS,P,T introduce new structures in the energy and

angular distributions. Restricting ourselves to O(v2/Λ2) (or linear in the WC), they

appear from the interference of the NP terms with the SM and the contributions of the

(pseudo)scalar and tensor operators are suppressed by m`/
√
q2. Therefore, while the

electronic channels can be analyzed specifically to measure and study the normalization

of the rates |Ṽus f1(0)| and the relevant form factors, the muonic modes could use the
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Table 6.1: Comparison between the predictions of Rµe in the SM at NLO and experi-
mental measurements for different SHD.

Λ→ p Σ− → n Ξ0 → Σ+ Ξ− → Λ
Expt. 0.189(41) 0.442(39) 0.0092(14) 0.6(5)

SM-NLO 0.153(8) 0.444(22) 0.0084(4) 0.275(14)

information thus obtained to constrain the (pseudo)scalar and tensor operators. Besides

that, it is important to note that the pseudoscalar quark bilinear receives a kinematical

O(q/M1) suppression that largely neutralizes the sensitivity of SHD to εP (see however

Ref. [153]). For this reason, we center our discussion below on the study of εS and εT .

We expand the contributions in the SM up to O(δ), but we keep only the leading

terms in the NP terms. This implies a relative O(δ2) error in the SM predictions, which

we fix to a 5% in all channels for definiteness, and an uncertainty O(δ) ∼ 10− 20% in

the sensitivity to NP that will not affect the conclusions of our analysis.

6.4 Bounds on Scalar and Tensor Operators

Let us now introduce the ratio:

Rµe = Γ(B1 → B2 µ
− ν̄µ)

Γ(B1 → B2 e− ν̄e)
. (6.8)

This observable is not only sensitive to lepton-universality violation but also linearly

sensitive to εS and εT . In addition, one expects the dependence on the form factors in the

SM to simplify in the ratio. In fact, working at NLO we obtain:

Rµe
SM =

√
1−

m2
µ

∆2

(
1− 9

2
m2
µ

∆2 − 4
m4
µ

∆4

)

+15
2
m4
µ

∆4 arctanh
√1−

m2
µ

∆2

 . (6.9)
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This is a remarkable result: up to a relative theoretical accuracy of O(δ2), Rµe in the SM

does not depend on any form factor. In Table 6.1 we compare the experimental ratios

to the results predicted in the SM. As discussed above, the main reason for the large

experimental errors is that most of the data in the muonic channel is very old and scarce.

At this level of precision, which generously covers the theoretical accuracy attained by

Eq. (6.9), we observe that the experimental data on Rµe agrees with the SM.

One can now use this consistency of the data with the SM to set bounds on

the WC of the scalar and tensor operators, which generate the following non-standard

contribution:

Rµe
NP '

(
εS

fS(0)
f1(0) + 12 εT g1(0)

f1(0)
fT (0)
f1(0)

)
(1− 3

2δ)
(
1 + 3 g1(0)2

f1(0)2

) Π(∆,mµ), (6.10)

where Π(∆,mµ) is a phase-space integral:

Π(∆,mµ) = 5
2
mµ

∆

(2 + 13
m2
µ

∆2

)√
1−

m2
µ

∆2

−3
(

4
m2
µ

∆2 +
m4
µ

∆4

)
arctanh

√1−
m2
µ

∆2

 . (6.11)

It is particularly convenient to express the dependence on the WC in “units” of the SM

ratio:

Rµe

Rµe
SM

= 1 + rS εS + rT εT , (6.12)

where rS,T are dimensionless numbers encapsulating the net sensitivity to the WC.

The values of the form factors that we use to calculate rS,T are given in Tab. 6.2.

The ratio g1(0)/f1(0) is measured from the angular distribution of the electronic chan-

nels [173]. The scalar form factor can be obtained, up to electromagnetic corrections,

using the conservation of vector current in QCD, fS(0)/f1(0) = ∆/(ms −mu) [153].

For the tensor form factors we need to use model calculations [193], whose errors are
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Table 6.2: SHD data for g1(0)/f1(0) and theoretical determinations of fS,T (0)/f1(0) at
µ = 2 GeV used in this work. The corresponding rS,T are shown in the last two lines.

Λ→ p Σ−→ n Ξ0→ Σ+ Ξ−→ Λ
g1(0)/f1(0) 0.718(15) −0.340(17) 1.210(50) 0.250(50)
fS(0)/f1(0) 1.90(10) 2.80(14) 1.36(7) 2.25(11)
fT (0)/f1(0) 0.72 −0.28 1.22 0.22

rS 1.60 4.1 0.56 3.7
rT 5.2 1.7 7.2 1.1

difficult to quantify. Nevertheless, it is interesting to note that the tensor form factor

for the neutron β-decay is predicted to be 1.22, which is in the ballpark of the values

obtained in the lattice [150, 194, 195, 192, 196]. This situation should be easily improved

by future lattice calculations of the hyperon decay tensor charges.

The sensitivities to εS,T exhibited by the SHD (last two lines of Tab. 6.2) are

strongly channel-dependent. In Fig. 6.1, we show 90% confidence level contours in the

(εS, εT ) plane using a χ2 that includes the experimental measurements of Rµe and where

we propagate the experimental and theoretical uncertainties of the SM predictions in

quadratures. For rS,T we use the values in Tab. 6.2. As we can see, even though the

experimental data on Rµe is not precise, the strong sensitivity of SHD to NP leads to

stringent bounds in εS,T ; namely:

εS = 0.003(40), εT = 0.017(34) , (6.13)

at 90% C.L. Accounting for the running of εS,T on the renormalization scale µ [197],

and assuming natural values for the WC at µ = Λ, these bounds translate into Λ ∼

v (Vus εS,T )−1/2 ∼ 2− 4 TeV [156].
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Figure 6.1: 90% CL constraints on εS,T at µ = 2 GeV from the measurements of Rµe in
different channels (dot-dashed lines) and combined (filled ellipse). LHC bounds obtained
from CMS data at

√
s = 8 TeV (7 TeV) are represented by the black solid (dashed)

ellipse.

6.5 Limits from LHC Data

As discussed above, the SMEFT allows to interpret model-independently high-

and low-energies searches of NP. In particular the cross-section σ(pp→ e+ MET +X)

with transverse mass higher than mT is modified by non-standard ūs → eν̄ partonic

interactions as follows:

σ(mT>mT ) = σW + σS|εS|2 + σT |εT |2 , (6.14)

where σW (mT ) represents the SM contribution and σS,T (mT ) are new functions, whose

explicit form can be found in Ref. [156] (up to trivial flavor indexes changes). Thus,

comparing the observed events above mT with the SM expectation we can set bounds on

εS,T . In particular, one (three) event is found with a transverse mass above mT = 1.5 TeV

(1.2 TeV) in the 20 fb−1 (5 fb−1) dataset recorded at
√
s = 8 TeV (7 TeV) by the CMS

collaboration [198, 199], in good agreement with the SM background of 2.02 ± 0.26
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(2.8± 1.0) events. Using Eq. (6.14) this agreement translates in the 90% C.L. limits on

εS,T shown in Fig. 6.1. We use the MSTW2008 PDF sets evaluated at Q2 = 1 TeV2 [200]

to calculate σS,T . Further details can be found in Ref. [156].

Fig. 6.1 illustrates the interesting competition that future SHD measurements

could have with LHC searches of NP affecting s→u transitions. It is important to note

that the dependence of the cross section (6.14) on the WC is quadratic, whereas in SHD

it is linear. Besides reducing the sensitivity of the future collider searches of NP in this

channel, one might also need to consider possible cancellations with linear effects from

dimension-8 operators in the SMEFT.

6.6 Conclusions and Outlook

In summary, the most important features of SHD in relation to searches of NP

at TeV scales are: (i) The SHD are controlled by a small SU(3)-breaking parameter,

allowing for systematic expansions that lead to accurate expressions in terms of a reduced

dependence on form factors, cf. Eq. (6.9). (ii) The interference of the (pseudo)scalar and

tensor NP operators with the SM in the rate is chirally suppressed. Therefore, electronic

modes are well suited to measure normalization factors |Ṽus f1(0)|, NP-modified g̃1(0)

and other form factors. (iii) The muonic modes, on the other hand, show a strong linear

sensitivity to scalar and tensor contributions that depend on the different combinations

of form factors in each channel. This allows to constrain them using SHD alone, with a

precision that is competitive with the LHC data, cf. Fig. 6.1 and Eq. (6.13).

Our hope is that the present study triggers a program of high-precision measure-

ments of different observables in the SHD. Hyperons can be produced in great numbers

in current [175] and future facilities [174]. One may also wonder if better measurements

could be extracted from the analysis of the data collected in past experiments like Hy-

perCP [201], KTeV and NA48. Any development on the experimental side will directly

improve the bounds on NP obtained in this work with an observable as simple as Rµe,

and using data with ∼ 10− 20% relative errors.
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Future improvements on the experimental precision will need to be accompanied

by similar efforts on the theory side. In particular, the inclusion of O(δ2) terms in the

SM predictions would improve the accuracy to ∼ 0.1% − 1%. Besides that, further

nonperturbative calculations of the tensor form factors would improve the assessment of

the sensitivity to εT . Finally, it will be important to perform this comprehensive analysis

of the SHD in complementarity with the kaon decays. Work along these lines is in

progress.

This chapter is a reprint of material as it appears in “Nonstandard Semileptonic

Hyperon Decays,” Hsi-Ming Chang, Martin González-Alonso and Jorge Martin Camalich,

Phys. Rev. Lett. 114, 161802 (2015) [arXiv:1412.8484 [hep-ph]], of which I was a co-

author.

http://arxiv.org/abs/1412.8484


Appendix A

Bag Model Wave Function in

Momentum Space

We collect simplified expressions for the bag model wave function in momentum

space and the functions φn needed for the PY projection. Several of these results were

already obtained in Ref. [37]. The Fourier transform of the wave function is

Ψ̃m(k) =
∫

d3x eik·x Ψm(x)

= 2πΩR3/2
√

Ω2 − sin2 Ω

 s1(κ)χm

s2(κ) k̂·σ χm

 , (A.1)

where κ = |k|R and

s1(κ) = 1
κ

[sin(κ− Ω)
κ− Ω − sin(κ+ Ω)

κ+ Ω

]
,

s2(κ) = 2j0(Ω)j1(κ)− κ

Ωs1(κ) , (A.2)
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and χm is defined in Eq. (2.5). For the unpolarized and longitudinally polarized single

PDFs this leads to

¯̃Ψm
n̄/

2 Ψ̃m = πR3Ω2

2(Ω2 − sin2 Ω) (s2
1 + s2

2 + 2s1s2k̂z) ,

¯̃Ψm
n̄/

2γ5Ψ̃m = (−1)m+3/2 πR3Ω2

2(Ω2 − sin2 Ω)

× [s2
1+s2

2(1− 2k̂2
⊥)+2s1s2k̂z] . (A.3)

For the transversely polarized PDF we need

¯̃Ψ↑
n̄/

2γ
1
⊥γ5Ψ̃↓ + ¯̃Ψ↓

n̄/

2γ
1
⊥γ5Ψ̃↑

= πR3Ω2

Ω2 − sin2 Ω [s2
1+s2

2(1− 2k̂2
x)+2s1s2k̂z] . (A.4)

The functions φn, used in the PY projection, are

|φn(p)|2 = 24−nπR3Ωn−2

κ(Ω2 − sin2 Ω)n
∫ Ω

0

dv
vn−1 sin 2κv

Ω T n(v) , (A.5)

with

T (v) =
(

Ω− 1− cos 2Ω
2Ω −v

)
sin 2v −

(1
2 + sin 2Ω

2Ω

)
cos 2v

+ 1
2 + sin 2Ω

2Ω − 1− cos 2Ω
2Ω2 v2 . (A.6)



Appendix B

Relationship between the dPDFs F and

F

The relationship between the dPDFs F and F defined in Sec. 2.2.3 is

Fq1δq2(x1, x2,k⊥) = − iM2

k2
⊥

∫
dz⊥eik⊥·z⊥(k⊥ ·z⊥)

× Fq1δq2(x1, x2, z⊥) ,

F∆q1δq2(x1, x2,k⊥) = − iM2

k2
⊥

∫
dz⊥eik⊥·z⊥(k⊥ ·z⊥)

× F∆q1δq2(x1, x2, z⊥) ,

F tδq1δq2(x1, x2,k⊥) = M4

|k⊥|4
∫

dz⊥eik⊥·z⊥ [2(k⊥ ·z⊥)2−k2
⊥z2
⊥]

× F t
δq1δq2(x1, x2, z⊥) . (B.1)

The factors of k ·z arise because q1δq2 and ∆q1δq2 have ⊥ angular momentum one,

and δq1δq
t
2 has ⊥ angular momentum two. The other spin structures are not affected

when switching to momentum space, so Fq1q2(x1, x2,k⊥) is the Fourier transform of

Fq1q2(x1, x2, z⊥), etc.
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Appendix C

Resummation

For the NLL′ distribution in Eq. (4.50), we need expressions for the evolution

kernels. Apart from the non-perturbative parameter gL1 , the evolution kernels are the

same between calorimeter thrust and track thrust, and governed by the relevant RGEs

given in Sec. 4.5.

The RGE for the hard function in Eq. (4.30) leads to the evolution

H(Q2, µ) = H(Q2, µ0)UH(Q2, µ0, µ) ,

UH(Q2, µ0, µ) = eKH(µ0,µ)
(
Q2

µ2
0

)ηH(µ0,µ)
,

KH(µ0, µ) = −4KΓ(µ0, µ) +KγH
(µ0, µ) ,

ηH(µ0, µ) = 2ηΓ(µ0, µ) , (C.1)

where KΓ(µ0, µ), ηΓ(µ0, µ) and Kγ are given below in Eq. (C.4). Similarly, the RGE for

the jet function in Eq. (4.49) leads to the evolution

J̄(s̄, x, µ) =
∫ s̄

0
ds̄′ UJ̄(s̄− s̄′, µ0, µ) J̄(s̄′, x, µ0) ,

UJ̄(s̄, µ0, µ) = eKJ̄−γE ηJ̄

Γ(1 + ηJ̄)

[
ηJ̄
µ2

0
LηJ̄

(
s̄

µ2
0

)
+ δ(s̄)

]
,

KJ̄(µ0, µ) = 4KΓ(µ0, µ) +KγJ̄
(µ0, µ) ,
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ηJ̄(µ0, µ) = −2ηΓ(µ0, µ) . (C.2)

The function KγJ̄
contains the contribution from the non-perturbative parameter gL1 to

the non-cusp anomalous dimension γJ̄ [αs]. Finally, the RGE for the soft function in

Eq. (4.35) leads to the evolution

S̄(k̄, µ) =
∫ k̄

0
dk̄′ US̄(k̄ − k̄′, µ0, µ) S̄(k̄′, µ0) ,

US̄(k̄, µ0, µ) = eKS̄−γE ηS̄

Γ(1 + ηS̄)

[
ηS̄
µ0
LηS̄

(
k̄

µ0

)
+ δ(k̄)

]
,

KS̄(µ0, µ) = −4KΓ(µ0, µ) +KγS̄
(µ0, µ) ,

ηS̄(µ0, µ) = 4ηΓ(µ0, µ) . (C.3)

Here, KγS̄
contains the contribution from gL1 to γS̄[αs].

The functions KΓ(µ0, µ), ηΓ(µ0, µ), and Kγx(µ0, µ) in the above RGE solutions

are defined as

Ki
Γ(µ0, µ) =

∫ αs(µ)

αs(µ0)

dαs
β(αs)

Γicusp(αs)
∫ αs

αs(µ0)

dα′s
β(α′s)

,

ηiΓ(µ0, µ) =
∫ αs(µ)

αs(µ0)

dαs
β(αs)

Γicusp(αs) ,

Kγx(µ0, µ) =
∫ αs(µ)

αs(µ0)

dαs
β(αs)

γx(αs) , (C.4)

and their explicit expressions at NLL order are

KΓ(µ0, µ) = − Γ0

4β2
0

{
4π

αs(µ0)

(
1− 1

r
− ln r

)

+
(

Γ1

Γ0
− β1

β0

)
(1− r + ln r) + β1

2β0
ln2 r

}
,

ηΓ(µ0, µ) = − Γ0

2β0

[
ln r + αs(µ0)

4π

(
Γ1

Γ0
− β1

β0

)
(r − 1)

]
,

Kγx(µ0, µ) = −γx,02β0
ln r . (C.5)
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Here r = αs(µ)/αs(µ0), and βi, Γi, and γx,i are the coefficients of the β-function, the

cusp, and the non-cusp anomalous dimensions in their αs expansion,

β(αs) = −2αs
∞∑
n=0

βn

(
αs
4π

)n+1
,

Γcusp(αs) =
∞∑
n=0

Γn
(
αs
4π

)n+1
,

γx(αs) =
∞∑
n=0

γx,n

(
αs
4π

)n+1
. (C.6)

At NLL′ order, we only need the first two coefficients of β(αs) and Γcusp(αs), which are

β0 = 11
3 CA −

4
3 TF nf ,

β1 = 34
3 C2

A −
(20

3 CA + 4CF
)
TF nf ,

Γ0 = 4CF ,

Γ1 = 4CF
[(67

9 −
π2

3

)
CA −

20
9 TF nf

]
. (C.7)

For the non-cusp anomalous dimension γx(αs) we only need the first coefficient, given

in Eqs. (4.30), (4.35), and (4.49).



Appendix D

Profile Functions

The optimal choice of RG scales depends on the value of τ , so we use profile

functions to smoothly interpolate between the small τ and large τ regions.

Our choice of running scales is adopted from Ref. [93] with some modifications:

µH = eH Q , (D.1)

µJ(τ) =
[
1 + eJ θ(τ3 − τ)

(
1− τ

τ3

)2 ]√
µH µrun(τ, µH) ,

µS(τ) =
[
1 + eS θ(τ3 − τ)

(
1− τ

τ3

)2 ]
µrun(τ, µH) ,

where µrun is given by

µrun(τ, µ) =



µ0 + a τ 2/τ1 τ ≤ τ1 ,

2a τ + b τ1 ≤ τ ≤ τ2 ,

µ−a(τ−τ3)2/(τ3−τ2) τ2 ≤ τ ≤ τ3 ,

µ τ > τ3 ,

a = µ0 − µ
τ1 − τ2 − τ3

, b = µτ1 − µ0(τ2 + τ3)
τ1 − τ2 − τ3

. (D.2)

The expressions for a and b follow from demanding that µrun is continuous and has
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a continuous derivative. The value of µ0 determines the scales at τ = 0, while τ1,2,3

determine the transition between the peak, tail, and far-tail regions discussed in Sec. 4.5.

For τ > τ3, our choice for µrun ensures that the resummation of logarithms of τ turns off.

The parameters for the central curve are

eH = 1 , eB = eS = 0 , µ0 = 2 GeV ,

τ1 = 2 GeV
Q

, τ2 = 0.15 , τ3 = 0.33 . (D.3)

The scale uncertainty bands are obtained by taking the envelope of the following scale

variations:

a) eH = 2±1 , eJ = eS = 0 ,

b) eH = 1 , eJ = ±0.5 , eS = 0 ,

c) eH = 1 , eJ = 0 , eS = ±0.5 . (D.4)



Appendix E

Plus Distributions

The standard plus distribution for some function g(x) is defined as

[
θ(x)g(x)

]
+

= lim
β→0

d
dx
[
θ(x− β)G(x)

]
(E.1)

with

G(x) =
∫ x

1
dx′ g(x′) . (E.2)

This satisfies the boundary condition
∫ 1

0 dx [θ(x)g(x)]+ = 0. The two special cases we

need in this chapter are

Ln(x) ≡
[
θ(x) lnn x

x

]
+

= lim
β→0

[
θ(x− β) lnn x

x
+ δ(x− β) lnn+1β

n+ 1

]
(E.3)

Lη(x) ≡
[
θ(x)
x1−η

]
+

= lim
β→0

[
θ(x− β)
x1−η + δ(x− β) x

η − 1
η

]
.

In our calculations, we use the plus distribution identities appearing in appendix B of

Ref. [105]. In particular, we utilize the following rescaling identity for a constant λ,

λLn(λx) = lnn+1(λ)
n+ 1 δ(x) +

n∑
k=0

(
n

k

)
lnn−k(λ)Lk(x) . (E.4)
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Appendix F

Operator Relations and Custodial

Symmetry

Refs. [119, 118] split the Qqqq` operator into two operators

Q
qqq` (1)
prst = εαβγεijεkl(qiαp Cqjβr )(qγks Cllt) ,

Q
qqq` (3)
prst = εαβγ(τ Iε)ij(τ Iε)kl(qiαp Cqjβr )(qγks Cllt) ,

(F.1)

where τ I is an SU(2)L generator. These operators can be written in terms of Qqqq`
prst [121]

Q
qqq` (1)
prst = −(Qqqq`

prst +Qqqq`
rpst) ,

Q
qqq` (3)
prst = −(Qqqq`

prst −Qqqq`
rpst) ,

(F.2)

Q
qqq` (1)
prst and Qqqq` (3)

prst are symmetric and antisymmetric in the first two flavor indices,

respectively, and transform as symmetric plus mixed, and antisymmetric plus mixed

representations under permutation of the three q indices. Since there is only one mixed

symmetry tensor in Qqqq` by Eq. (5.10), the mixed symmetry tensors in Qqqq` (1,3) are the

same, and the two operators are not independent.

The custodial SU(2)L × SU(2)R symmetry is preserved in the SM for g1 → 0

and Yu(N) → Yd(e). It can be implemented in the BNV operators by arranging the right-

116



117

handed fermions in doublets, qR = (uR, dR)T and `R = (NR, eR)T . By construction,

Qqqq` is already custodial invariant and the five remaining operators are grouped into the

custodial SU(2) invariant combinations

εijεkl(qiR pCq
j
R r)(qksC`lt) = −Qduq`

prst −Qduq`
rpst ,

εijεkl(qipCqjr)(qkR sC`lR t) = Qqque
prst −QqqdN

prst ,

εijεkl(qiR pCq
j
R r)(qkR sC`lR t) = −QuddN

prst −QuddN
rpst

−Qduue
prst −Qduue

rpst ,

(F.3)

where color indices are implicit. The component fields of qR and `R have different

hypercharges, but the custodial invariant operators are U(1)Y invariant. The above

equations imply extra relations for the operator coefficients

Cduq`
prst =Cduq`

rpst , Cqque
prst =− CqqdN

prst ,

Cduue
prst =Cduue

rpst , Cduue
prst =CuddN

prst , (F.4)

in the custodial SU(2) limit.
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