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Abstract Standard models for simple metals and insulators often fail for systems
based on elements with unstable d- or f -electron shells, where strong electronic cor-
relations can generate new and unexpected states of matter. Such a scenario can often
be induced when a magnetic phase transition is tuned to absolute zero temperature
by an external control parameter such as chemical composition, pressure or magnetic
field. At the resulting quantum critical point (QCP), emergent phenomena, such as un-
conventional superconductivity and novel magnetic phases are frequently observed.
The temperature and energy dependences of the physical properties are also found to
deviate from expectations for a simple Fermi liquid. This “non-Fermi-liquid” (NFL)
behavior is commonly manifested as weak power laws and logarithmic divergences
in the physical properties at low temperatures and is often found in a V-shaped region
near a QCP, which has become the “classic” QCP phase diagram. However, there is
also a growing number of materials where the NFL behavior either occurs far away
from the QCP, within an ordered phase, or may not be associated with any puta-
tive QCP. Thus, after nearly 20 years of research, it remains unknown whether NFL
physics is universal, or if a multitude of unique subclasses exist. In this article, we
review research that has primarily been carried out in our laboratory on systems that
exhibit NFL behavior that does not conform to the “classic” QCP scenario.
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1 Introduction

A large number of strongly correlated d- and f -electron systems have been inves-
tigated during the past two decades in which the Fermi liquid paradigm appears to
be violated [1–5]. These systems are based on certain intermetallic compounds con-
taining transition metal, lanthanide, or actinide ions such as Mn, Fe, Ce, Pr, Sm, Eu,
Yb and U with partially-filled d- or f -electron shells in which the localized d- or
f -states are hybridized with conduction electron states. The interaction between the
magnetic dipole and electric quadrupole moments of the transition metal, lanthanide,
or actinide ions and the spins and charges of the conduction electrons generally leads
to magnetic or quadrupolar order at sufficiently low temperatures. In these systems,
complex phase diagrams of temperature T vs. a control parameter δ, such as chemi-
cal composition x, pressure P , and magnetic field H , have been found which contain
regions that exhibit non-Fermi liquid (NFL) behavior in the physical properties at
low temperature. The NFL behavior is characterized by logarithmic or weak power
law divergences in the physical properties at low temperatures T and an effective
Fermi temperature that appears in the dynamical susceptibility that is the tempera-
ture T itself (i.e., ω/T scaling). The NFL behavior was first established in chemi-
cally substituted f -electron compounds containing nonmagnetic substituents [1, 6,
7] and subsequently observed in stoichiometric f -electron compounds [8, 9]. Since
these NFL characteristics are found in both chemically substituted and stoichiometric
compounds, the underlying physics does not seem to be primarily driven by atomic
disorder.

A widely accepted “explanation” of NFL behavior is the classic quantum critical
point (QCP) scenario in which the NFL behavior is associated with quantum me-
chanical fluctuations of the order parameter about the QCP, the critical value δc of δ

at which a second order phase transition is suppressed to 0 K. In the QCP scenario,
the line describing the second order phase transition and the line that represents the
crossover from NFL behavior to Fermi liquid (FL) behavior emanate from the QCP
and form a “V-shape” on a plot of temperature vs. control parameter as illustrated in
Fig. 1(a). However, there are a large number of d- and f -electron systems that do not
conform to the QCP scenario; in some systems, the NFL behavior extends far from
the QCP into the unordered region or does not even seem to be associated with a read-
ily identifiable QCP (Fig. 1(b)), whereas in other systems, the NFL behavior extends
deep into the ordered region. A way of visualizing these situations is in terms of a
“line of QCPs” like one would encounter in a chemically substituted system in which
the NFL behavior is associated with single ion physics where the “single ion” QCP
is independent of composition (as long as interactions between ions do not become
so strong as to significantly alter the single ion physics). In some of these systems,
the NFL behavior may be attributable to a single ion description such as the Kondo
disorder model [10, 11] or a multichannel Kondo effect [12–16], whereas in other
systems, the NFL behavior may be ascribed to interacting ion models such as the
Griffiths phase model [17] that incorporates the Kondo effect and the RKKY interac-
tion in the presence of disorder and anisotropy. On the other hand, the nearly universal
recurrence of the T -linear electrical resistivity ρ, log(T ) divergence of the specific
heat C divided by T , C/T (the electronic specific heat coefficient γ = C/T ), non
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Fig. 1 Schematic temperature T vs. control parameter δ phase diagram for different NFL scenarios, where
δ is usually chemical composition x, pressure P or magnetic field H . The ordered state exhibiting FL be-
havior is suppressed when the control paramater δ is increased. At the critical value δc , the order parameter
vanishes at a quantum critical point (QCP). The phase diagrams illustrate the salient features of some of
the different scenarios. Not every phase diagram has been observed in the exact form in real systems. How-
ever, when similar phase diagrams have been reported in the literature, this is noted in the corresponding
references. (a) NFL behavior occurs in a narrow V-shaped region above the QCP. For higher values δ > δc ,
FL behavior is recovered. An example of this scenario is YbRh2Si2, where the control parameter is the
magnetic field (Fig. 24) [47, 235, 238]. (b) NFL behavior resides within an extended range of the control
parameter δ > δc . Examples are Ce1−xYxRhIn5 as a function of Y concentration (Fig. 12) [161] and
MnSi as function of pressure (Fig. 13) [179]. (c) The QCP is “protected” by some type of order (usually
superconductivity) that develops in a “dome” around the critical value of the control parameter δc . NFL
behavior is observed in a V-shape above the protected phase and FL is recovered for δ > δc . A prototypical
system for this scenario is CeIn3 as function of pressure [124]. (d) This situation is similar to (c), but NFL
behavior is observed outside the ordered and SCing phases. (e) The SC occurs entirely within the ordered
phase. A similar phase diagram is found for UGe2 under pressure, although no NFL behavior is observed
and the transition at δc is first order (Fig. 15) [207, 219]. (f) SC occurs only outside of the ordered phase.
This scenario is realized in CeRhIn5 as a function of pressure [132]

Curie-Weiss T -dependence of the magnetic susceptibility χ , and ω/T scaling of the
imaginary part of the dynamical susceptibility χ ′′ (ω,T ) suggest that there may be a
more general picture that encompasses all of these disparate situations that remains
to be developed.

Another remarkable phenomenon is the occurrence of some type of order (often
superconducting order) that envelops and seemingly “protects” the QCP by removing
the large amount of degeneracy associated with the quantum mechanical fluctuations
of the order parameter as shown in Figs. 1(c)–1(d). The presence of the degeneracy
can be seen in some systems as a peak in the residual resistivity ρ(0) or isotherms of
entropy S(T ) in the neighborhood of the QCP. In such cases, the new phase that en-
velops the QCP generally extends to both lower and higher values of δ than δc , or, in
other words, coexists with both the ordered and the unordered phases. However, there
are also cases where the new phase only coexists with either the ordered or unordered
phase, and excludes the other. The most striking example of this is superconductivity
near magnetic quantum critical points. In many systems, superconductivity coexists
with both the magnetically ordered and paramagnetic phases (Figs. 1(c) and 1(d)),
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while for other systems, it coexists with only the magnetically ordered (Fig. 1(e)) or
the paramagnetic phase (Fig. 1(f)). The case of superconductivity raises other im-
portant issues such as the symmetry of the superconducting order parameter which
involves singlet or triplet spin pairing of electrons.

The purpose of this article is to review research that has primarily been carried out
in our laboratory during the past two decades on systems that exhibit NFL behavior
that does not conform to the classic QCP scenario and the occurrence of supercon-
ductivity near QCPs, especially for FM QCPs and quadrupolar QCPs. The systems
discussed are primarily strongly correlated f -electron systems based on Ce, Pr, Yb
and U ions, although we also discuss related behavior in d-electron systems, particu-
larly MnSi and elemental Fe.

1.1 Outline of this paper

In this paper, the temperature-control parameter (T –δ) phase diagrams, where δ is
chemical concentration x, pressure P or magnetic field H , and NFL characteristics in
the electrical resistivity ρ, specific heat C, and magnetic susceptibility χ at low tem-
peratures of a number of f -electron systems we have investigated in our laboratory
are reviewed. Most of these systems do not conform to the simple QCP scenario—
the NFL behavior either occurs far away from the QCP, within the ordered phase,
or may not be associated with any readily identifiable QCP. These systems include
several U-based systems, M1−xUxPd3 (M = Sc, Y), U1−xMxPd2Al3 (M = Y, La,
Th), and URu2−xRexSi2, a few Ce-based systems, CeRh1−xCox In5, Ce1−xYxRhIn5,
Ce1−xRxCoIn5, and a newly discovered Yb-based NFL system Yb2Fe12P7.

We also discuss the temperature–pressure (T –P ) and chemical composition (T –x)
phase diagrams of various f -electron compounds that exhibit superconductivity in
the vicinity of magnetic quantum critical points that are accessed through the ap-
plication of an external pressure. These include the antiferromagnetic compounds
CeIn3 [9, 18], CeRhIn5 [19], and the ferromagnetic compounds UGe2 [20, 21],
URhGe [22, 23], and UCoGe [24–26].

A brief description is given of the heavy femion compound PrOs4Sb12 in which
unconventional superconductivity occurs near an antiferroquadrupolar ordered state
and may be mediated by quadrupolar fluctuations [27, 28].

Finally, we compare the NFL behavior and phase diagrams for the f -electron ma-
terials discussed in this article with the NFL behavior observed in d-electron systems
such as MnSi [29] and elemental Fe [30, 31].

1.2 Non-Fermi Liquid Characteristics

For many of the f -electron systems, the electrical resistivity ρ(T ), specific heat
C(T ), magnetic susceptibility χ(T ), and imaginary part of the dynamical mag-
netic susceptibility χ ′′(ω,T ) have the following NFL temperature dependences for
T � T0:

(i) ρ(T ) ∼ ±(T /T0)
n where n ≈ 1–1.5 (n ∼ 0.5 has also been observed);

(ii) C(T )/T ∼ (−1/T0) ln(T /T0), or ∼ T −1+λ (λ ∼ 0.7–0.8);
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(iii) χ(T ) ∼ 1−(T /T0)
1/2, ∼ (−1/T0) ln(T /T0), T −1+λ (λ ∼ 0.7–0.8), or C/(T α −

	);
(iv) χ ′′(ω,T ) scales as ω/T , where ω is the frequency.

A detailed discussion of these T -dependences follows below. In several of the f -
electron systems, the characteristic temperature T0 can be identified with the Kondo
temperature TK . These new NFL f -electron materials can be compared with “con-
ventional” heavy fermion f -electron compounds, such as CeAl3 and UPt3, which
behave as Fermi liquids [32], in spite of the strong electron-electron interactions that
renormalize the electron mass by ∼102–103 (or, equivalently, the effective Fermi
temperature TF is low, ∼1–10 K). Here, the temperature and frequency dependences
of the physical properties scale with TF . The quantities ρ(T ), C(T ), χ(T ), and
χ ′′(T ) have the following familiar FL forms for T � TF :

(i) ρ(T ) ∼ ±(T /TF )2;
(ii) C(T )/T ∼ γ0, where γ0 can be as large as ∼ several J/mol-K2!;

(iii) χ(T ) ∼ χ0, such that χ0/γ0 ∼ 1;
(iv) χ ′′(ω,T ) scales as ω/TF .

1.3 Issues Concerning Characterization of NFL Behavior

The electrical resistivity of the NFL systems displays power law behavior of the form
ρ(T ) ∼ ρ0 ± AT n where n is often close to 1 or 3/2 and in a few instances as low
as 1/2 [33, 34]. In many cases, the power law dependence can extend over several
decades in temperature. A common method of analyzing the resistivity is to plot the
ρ(T ) data as ln[ρ(T ) − ρ0] vs. lnT and to adjust ρ0 to give the best fit of the data
by a straight line over the largest range of temperature with emphasis on the data
at the lowest temperatures [6]. Such a straight line has the form ln[ρ(T ) − ρ0] =
lnA + n lnT , from which ρ0, A and n can be determined. In performing such an
analysis, it is most meaningful that it be performed on cubic materials if they are in
the form of polycrystals; if the compounds are not cubic, it is preferable to work with
single crystal specimens, if possible, to avoid obtaining a polycrystalline average over
the different grains with varying orientations with respect to the current direction in
the specimen.

One of the most striking types of NFL behavior, which is nearly universal, is found
in the specific heat C(T ), which can generally be described by a logarithmic or weak
power law divergence in temperature T with decreasing T of C(T )/T [1, 2, 6, 7,
35]. In some cases, this behavior crosses over into a more rapid divergence with de-
creasing T . This more rapid dependence has been attributed to magnetic ordering at
lower T , lifting the degeneracy of the NFL ground state. For example, the quadrupo-
lar Kondo effect (an electric quadrupole version of the spin 1/2, two channel mag-
netic Kondo effect) has a logarithmic divergence of C(T )/T with decreasing T and
a residual entropy at T = 0 K of (1/2)kB ln 2 per ion with an electric quadrupole or
magnetic dipole moment. If quadrupolar or magnetic ordering occurs at lower T , this
entropy has to be removed, which will result in a faster increase of C(T )/T with
decreasing T . In zero magnetic field, the specific heat is a reliable measure of NFL
behavior for polycrystalline samples. However, in finite magnetic field, it is neces-
sary to work with single crystals to get meaningful results and avoid a polycrystalline
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average of the response from different grains with varying orientations with respect
to the applied magnetic field.

The magnetic susceptibility of systems that exhibit NFL behavior seems to have
many different T -dependences. This may be due to magnetic impurities which intro-
duce Brillouin contributions to the magnetization M that become large at low tem-
peratures and saturate at large values of μH/kBT , where μ is the magnetic moment
of the magnetic impurity ion. On the other hand, M(H) may have negative curvature
that is intrinsic and due to a crossover from NFL to FL behavior. As a result, it is
difficult to determine whether the magnetization with negative curvature sometimes
found for NFL systems is intrinsic or associated with contributions from magnetic
impurities. This yields uncertainties in how to analyze the magnetization measure-
ments; i.e., whether to determine χ(T ) from the low field susceptibility or correct the
magnetization for the possible presence of magnetic impurities as described in other
publications [6, 36].

1.4 Routes to Non-Fermi Liquid Behavior

Experiments on a variety of f -electron systems suggest that there are two general
routes to NFL behavior involving interactions of the charges or spins of the conduc-
tion electrons with (1) unordered (single ion effect) and (2) ordered electric quadru-
pole or magnetic dipole moments of the transition metal, lanthanide or actinide ions.
Case (1) appears to be related to an unconventional Kondo effect, while case (2) is as-
sociated with order parameter fluctuations in the vicinity of a second order magnetic
(or, possibly, quadrupolar) phase transition that has been suppressed to zero tempera-
ture (quantum critical point QCP) or an effective field deep in the ordered state. The-
oretical models based on single ion physics include a multichannel Kondo effect, of
either magnetic or electric (quadrupolar) origin [12–16] and a single channel Kondo
effect with a distribution of Kondo temperatures due to chemical disorder (referred to
as the “Kondo disorder” model) [10, 11]. Theoretical models that incorporate interi-
onic interactions include fluctuations of an order parameter in the vicinity of a second
order phase transition at 0 K (quantum critical point model) [37–44], an inhomoge-
neous Griffiths phase [17], or ferromagnetic order [45]. The Griffiths phase consists
of magnetic clusters in a paramagnetic phase and forms as a result of the competition
between the Kondo effect and the Ruderman-Kittel-Kasuya-Yosida (RKKY) inter-
action in the presence of magnetic anisotropy and disorder. Most of the chemically
substituted systems in which NFL behavior is found have complex phase diagrams
containing a rich variety of strongly correlated electron phenomena; e.g., magnetic
order, quadrupolar order, spin glass freezing, Kondo effect coupled with low temper-
ature NFL behavior, heavy fermion behavior, and superconductivity. The proximity
of the glassy or long-range ordered magnetic phases to the phases with Kondo and
low temperature NFL behavior has made it difficult to distinguish between single ion
or cooperative effects as the source of the NFL behavior.

The QCP model has been widely applied to situations where a second order phase
transition, usually antiferromagnetic (AFM), is suppressed to T = 0 K by a control
parameter such as chemical composition (x), pressure (P ), or magnetic field (H ), ter-
minating in a QCP at T = 0 K. Order parameter fluctuations are manifested as NFL
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behavior at temperatures above the QCP and a line emanating from the QCP delin-
eates a gradual crossover from NFL to FL behavior at lower T and higher values of
the control parameter. Extensive investigations of several prototypical systems (e.g.,
CeCu6−xAux [46] and YbRh2Si2 [47]) have been analyzed within the context of
the QCP model and support the predicted “V-shaped” temperature-control parameter
phase diagram.

2 Y1−xUxPd3

An experimental investigation of the Y1−xUxPd3 system, carried out in our labora-
tory in 1990, revealed an unconventional Kondo effect with concomitant NFL be-
havior at low temperatures for U concentrations x in the range 0 < x ≤ 0.2 [6, 48].
The NFL characteristics included a linear T -dependence of ρ, a logarithmic in T di-
vergence of C/T , and a non-Curie Weiss χ that varies as T 1/2. Interestingly, these
NFL signatures were later observed in many other d- and f -electron systems [1,
2, 4, 5], including both chemically substituted and stoichiometric compounds. The
low temperature-composition (T –x) phase diagram of the Y1−xUxPd3 system is
shown in Fig. 2 [49]. Within the U concentration interval 0 < x ≤ 0.5, where
Y1−xUxPd3 crystallizes in the cubic Cu3Au structure, three different ground states
are found: non-Fermi liquid (NFL) behavior (0 < x � 0.2), spin glass (SG) freezing
(0.2 � x � 0.42), and long range antiferromagnetic (AFM) order (0.42 � x � 0.54).
The rapid decrease of the Kondo temperature TK with x, indicated in Fig. 2, has been
attributed to a ‘Fermi level tuning’ phenomenon in which the U4+ 5f binding energy
εf = EF − Ef , where EF is the Fermi energy and Ef is the energy of the U4+ 5f
state, increases by 1 eV as x increases from 0 to 1 [1, 50]. The increase of εf with x

was discovered in photoemission studies of Y1−xUxPd3 [51] and can be understood
in terms of the increase of EF with x as tetravalent U is substituted for trivalent Y.
The nearly linear increase of εf with x should cause a rapid decrease in TK since

TK ∼ TF exp[−1/N(EF )|J |)] ∼ TF exp[−εf /N(EF )〈V 2
kf 〉] (1)

where TF is the Fermi temperature, N(EF ) is the density of states at EF ,
J ∼ −〈V 2

kf 〉/εF is the exchange interaction parameter, and Vkf is the hybridization
matrix element that characterizes the admixture of the localized 5f states of U and
the conduction electron states. Assuming that εf increases linearly with x, it follows
from (1) that ln(TK) decreases linearly with x; i.e.,

ln(TK) = ln(TF ) − εf /N(EF )〈V 2
kf 〉 ∝ −εf ∝ −x (2)

The linear decrease of ln(TK) with x is borne out by the experimental ln(TK) vs. x

data for Y1−xUxPd3 plotted in Fig. 2.
An analysis of the NFL characteristics in the U contributions to ρ(T ), C(T ), and

χ(T ), the quantities �ρ(T ), �C(T ), and �χ(T ), respectively, indicate that these
features scale with U concentration x and Kondo temperature TK , where TK is in-
ferred from the high temperature behavior of ρ(T ) and χ(T ), at least over the range
0.1 ≤ x ≤ 0.2. It has proven to be difficult to test the scaling of �ρ(T ), �C(T ), and



J Low Temp Phys (2010) 161: 4–54 11

Fig. 2 Temperature-composition (T –x) phase diagrams with a logarithmic temperature scale for the
Y1−xUxPd3 (left panel) and Sc1−xUxPd3 (right panel) systems. Antiferromagnetic (AFM), spin glass
(SG), Kondo, and non-Fermi liquid (NFL) regimes are identified in the figures. The meanings of the
symbols are: Tirr—irreversibility temperature; TK —Kondo temperature; 	p—Curie-Weiss temperature;
ρ—electrical resistivity; C—specific heat; χ—magnetic susceptibility; the subscripts HT and LT refer to
measurements made at high and low temperatures, respectively. After Refs. [49, 52]

�χ(T ) to lower values of x. This is because the NFL features weaken rapidly with
decreasing x since their magnitudes are proportional to x and their gradients decrease
with increasing TK (decreasing x). Examples of the striking NFL characteristics in
�ρ(T ), �C(T ), and �χ(T ) found in the Y1−xUxPd3 system at low temperature for
a specimen with x = 0.2 are shown in Figs. 3(a), 3(b), and 3(c), respectively.

The �ρ(T ) data displayed in Fig. 3(a) have been fitted by the relation �ρ(T )/

�ρ(0) = 1 − a(T /TK)n, where ρ(0) and n are adjustable fitting parameters. Since
the best fit yields the value n = 1.1 ± 0.1, it was concluded that the �ρ(T ) data are
consistent with the expression

�ρ(T )/�ρ(0) = 1 − a(T /TK) (3)

The �C(T )/T data shown in Fig. 3(b) can be described well by an expression of
the form

�C(T )/T = (−bR/TK) ln[b′(T /TK)] (4)

in the range 0.3 K < T ≤ 10 K, but deviate from it below 0.3 K. Equation (4) has
the form predicted by the two-channel spin-1/2 Kondo model which yields specific
values for the contants b and b′. Within the context of the two-channel spin-1/2 Kondo
model, the upturn in �C(T )/T could be due to a lifting of the degeneracy of a
U4+ doublet ground state by an exchange field, which could remove the residual
(R/2) ln(2) entropy. The �χ(T ) data in Fig. 3(c) can be fitted between 0.6 K and
40 K by an expression of the form

�χ(T )/�χ(0) = 1 − χ(T /TK)1/2 (5)

after the magnetization M(H,T ) data have been corrected by removing a nonlinear
contribution that scales with H/(T − 	p) and was assumed to be due to magnetic
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Fig. 3 The U contribution to the electrical resistivity, �ρ, specific heat, �C, and magnetic susceptibil-
ity, �χ , of Y0.8U0.2Pd3, plotted as (a) log[1 − �ρ(T )/�ρ(0)] vs. logT , (b) �C(T )/T vs. logT , and
(c) �χ(T ) vs. T 1/2. After Ref. [49]

impurities [1]. The constants a, b, b′ and c in (3)–(5) have values of the order of unity
and were determined from an analysis described in Ref. [49].

The scaling of �ρ(T ), �C(T ), and �χ(T ) with x and TK suggests that the NFL
behavior at low temperatures is a single ion phenomenon that is associated with the
Kondo effect observed at higher temperatures. It is noteworthy that some of the NFL
features are, in fact, consistent with the predictions of the single ion quadrupolar
Kondo model, the electric analogue of the magnetic two-channel spin-1/2 Kondo
model. According to this model [15], the electrical resistivity �ρ(T ) should vary as

�ρ(T )/�ρ(0) = 1 − a(T /TK)1/2, (6)

a result that is clearly at variance with the experimentally observed linear
T -dependence described by (3). On the other hand, the quadrupolar Kondo model
predicts that the specific heat �C(T ) [13, 53] and the magnetic susceptibility �χ(T )

[54] have the same forms as (4) and (5), respectively, both of which are consistent
with experiment [1, 2, 50]. Furthermore, the applicability of the quadrupolar Kondo
model to the Y1−xUxPd3 system requires that the ground state of U4+ in the cubic
crystal CEF be the �3 nonmagnetic doublet that carries an electric quadrupole mo-
ment. In a cubic CEF, the nine-fold degenerate J = 4 Hund’s rule multiplet of U4+
is split into �4 and �5 triplets, a �1 singlet, and a �3 nonmagnetic doublet.

Several inelastic neutron scattering (INS) experiments have been carried out to
determine the ground state of U4+ in the Y1−xUxPd3 system [55–57]. However, the
results are not consistent with one another and further research will be required to
resolve this issue. From INS measurements on Y0.8U0.2Pd3, Mook et al. [55] inferred
that the U4+ ground state is the �3 nonmagnetic doublet. Based on polarized INS
studies of Y1−xUxPd3 with x = 0.2 and 0.45, Dai et al. [56] concluded that the U4+
ground state is the �5 triplet. From INS measurements on Y1−xUxPd3 with x = 0.2,
0.28, 0.37, and 0.45, Bull et al. [57] deduced that the U4+ ground state is the �3
doublet with a low lying �5 triplet first excited state. Furthermore, Bull et al. observed
that the low energy excitation moves towards zero energy transfer with decreasing U
concentration, leading to a ground state in which the �3 doublet and �5 triplet states
become degenerate at x = 0.2.

It should be noted that the U concentration range within which NFL behavior in
the Y1−xUxPd3 system is observed (0 < x � 0.2) is contiguous with the region in
which spin glass freezing occurs. This suggests that the NFL behavior in the physical
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properties at low temperature could instead be associated with a magnetic quantum
critical point at x ≈ 0.2. Andraka and Tsvelik [39], who performed measurements
of ρ, C, and M as a function of T and H on a Y1−xUxPd3 specimen of composi-
tion x = 0.2, concluded from the scaling behavior of C(T ,H) and M(T,H) with
H/T that the NFL behavior was associated with a second order phase transition at
T = 0 K. An interesting possibility is that the NFL behavior may originate from both
an unconventional Kondo effect, possibly quadrupolar in character, and order para-
meter fluctuations associated with a magnetic quantum critical point. On the other
hand, interactions between the U ions could modify the T -dependence of ρ so that it
varies as T rather than T 1/2, as predicted by the impurity quadrupolar Kondo model.

Motivated by evidence for a quadrupolar Kondo effect (QKE) in Y1−xUxPd3 [6,
49], studies of other M1−xUxPd3 systems, where M is trivalent or tetravalent, were
undertaken [49]. Among the systems investigated, only Sc1−xUxPd3 was found to
display NFL behavior [58]. Given that Sc and Y are isoelectronic, this similarity may
not seem surprising; however, La is also isoelectronic with Sc and Y, but La1−xUxPd3

does not display Kondo or NFL behavior [49, 52]. The T –x phase diagrams of the
Y1−xUxPd3 and Sc1−xUxPd3 systems are compared in Fig. 2, while the U contribu-
tions to the electrical resistivity, �ρ(T ), specific heat, �C(T ), and magnetic suscep-
tibility, �χ(T ), for the compounds Y0.8U0.2Pd3 and Sc0.7U0.3Pd3 are displayed in
Figs. 4(a), 4(b), and 4(c), respectively. For low values of x, the physical phenomena
are consistent with single-ion Kondo behavior. Because Sc3+ is smaller than Y3+,
the magnitude of the localized 5f—itinerant electron exchange interaction is greater
in Sc1−xUxPd3, and thus TK is larger for a given value of x. As shown in Fig. 4,
the T -dependences of the low temperature NFL electronic properties and the values
of TK of Y0.8U0.2Pd3 and Sc0.7U0.3Pd3 are nearly identical. The similar values of
TK for the two compounds can be explained in terms of Fermi level tuning [52],
discussed above.

Fig. 4 (a) U contribution to the electrical resistivity, �ρ, vs. T for Sc0.7U0.3Pd3 and Y0.8U0.2Pd3.
Solid lines are fits of (2) to the data with n = 1.0 and TK = 72 K for Sc0.7U0.3Pd3 and n = 1.1 and
TK = 49 K for Y0.8U0.2Pd3. (b) U contribution to the electronic specific heat coefficient, �Cp/T , vs. T

on a semilogarithmic scale. (c) Intrinsic magnetic susceptibility, χint, vs. T 1/2. Solid lines are fits of (5) to
the data with TK = 43 K for Sc0.7U0.3Pd3 and TK = 42 K for Y0.8U0.2Pd3. After Ref. [52]
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There has been some debate about whether the NFL behavior in the Y1−xUxPd3
system is an intrinsic electronic property or an extrinsic effect associated with metal-
lurgical inhomogeneity that several groups have reported is present in their samples of
Y1−xUxPd3 [59, 60]. Whereas U is inhomogeneously distributed on a micron length
scale in the Y1−xUxPd3 system, U was found to be nearly homogeneously distributed
in the Sc1−xUxPd3 system [52]. However, in spite of the difference in their metal-
lurgical properties, the Y1−xUxPd3 and Sc1−xUxPd3 systems have very similar T –x

phase diagrams and NFL characteristics in their low temperature physical proper-
ties. These results suggest that the observed NFL behavior in the Y1−xUxPd3 and
Sc1−xUxPd3 systems is intrinsic, and not a result of metallurgical inhomogeneity.

Interestingly, the electronic specific heat in Sc1−xUxPd3 was found to follow the
form of (2) for T above the SG transition, while for 0.05 K < T < 2.5 K, the electrical
resistivity follows �ρ(T ) ∼ 1 − a(T /TK)n, where n ranges from 1.3 at x = 0.2 to
0.5 at x = 0.35 [33]. Surprisingly, for concentrations in the vicinity of the onset of
SG freezing, the low-T resistivity is indeed consistent with the QKE. However, since
the sublinear T -dependence of ρ of Sc1−xUxPd3 occurs in the region of spin glass
ordering, its origin may be at least partially associated with the spin glass phase. It is
also interesting to note that sublinear T -dependences of ρ have been observed in the
NFL compound CeCoIn5 with various lanthanide substituents [34].

Inelastic neutron scattering experiments on Sc1−xUxPd3 [61] reveal excitations in
the x = 0.35 compound that are broad in energy �ω, T -independent, and wave vector
q-independent, and consistent with a single-ion scenario. Furthermore, the imaginary
part of the dynamical susceptibility χ ′′(q,ω,T ) scales with ω/T for all values of q ,
ω, and T studied with a scaling exponent α = 1/5, indicating that temperature is the
only relevant energy scale. Since the ω/T scaling is found in a sample that is close
to the SG QCP, it is tempting to ascribe the ω/T scaling of χ ′′(ω,T ) with α = 1/5
to magnetic fluctuations associated with the spin glass (SG) QCP. Because similar
scaling has been observed in UCu5−xPdx (α = 1/3) [62, 63] and CeCu6−xAux (α =
0.75) [64], both of which have AFM QCPs, URu2−xRexSi2 (α ranging from 0.2 at
x = 0.2 to 0.5 at x = 0.6), which has a FM QCP [65], it is possible that the NFL
behavior in all of these systems is tied to quantum criticality, specifically related to
local moment fluctuations, regardless of the exact nature of the magnetically ordered
phase.

3 U1−xMxPd2Al3 (M = Th, Y, La)

Three systems that exhibit NFL behavior at low temperatures, derived by substitut-
ing different elements (Th, Y, La) into the same heavy fermion parent compound,
UPd2Al3, have been extensively studied in our laboratory. The NFL behavior in these
three systems, U1−xMxPd2Al3 (M = Th, Y, La), apparently originates from two dif-
ferent mechanisms: an unconventional Kondo effect (M = Th) and fluctuations of an
order parameter in the vicinity of an SG QCP (M = Y, La). The parent compound
UPd2Al3 has a moderately large electron effective mass m∗ ≈ 50me, inferred from
an electronic specific heat coefficient γ ≈ 140 mJ/mol K2 [66], and exhibits the co-
existence of AFM order with a Néel temperature TN = 14.6 K and superconductivity
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with Tc ∼ 2 K. The AFM structure consists of an AFM stacking along the c-axis of
FM planes with relatively large ordered moments of ∼0.85 μB lying in the hexago-
nal basal plane [67]. In the following discussion, we briefly describe the T –x phase
diagrams and NFL behavior observed in the Th, Y, and La substituted UPd2Al3 based
systems.

The T –x phase diagram of the U1−xThxPd2Al3 system is shown in Fig. 5(a).
With increasing Th concentration x below ∼0.2, TN and Tc decrease only slightly [2,
68], whereas the features in ρ(T ), C(T ), and χ(T ) associated with the AFM and
superconducting transitions are suppressed rapidly for x below ∼0.2 [2]. The small
decrease of TN and Tc with x suggests that U has the same valence as Th(4+) in
U1−xThxPd2Al3 in the region where AFM order and SC are observed (0 ≤ x � 0.2)
[68]. As x in the U1−xThxPd2Al3 system is increased further, a crossover occurs
in the range 0.2 � x � 0.4 to an NFL regime for 0.6 � x < 1. In the NFL regime,
ρ(T ) and χ(T ) exhibit Kondo-like behavior at high temperatures and NFL be-
havior at low temperatures T < TK [2, 69, 70]. The NFL characteristics in ρ(T ),
C(T ), and χ(T ) scale with U concentration (1 − x) and TK , indicating that the
NFL behavior is a single ion phenomenon, presumably associated with an uncon-
ventional magnetic moment screening mechanism (Kondo effect). It is not known
whether the magnetic moments of the U ions are completely, under, or over screened
by the conduction electron spins. However, there is no evidence for magnetic or-
der down to 20 mK from the ρ(T ) measurements. The U contributions to ρ(T ),
C(T ), and χ(T ) in U1−xThxPd2Al3 have the following T -dependences: (i) �ρ(T ) =
�ρc + �ρK(T ), where �ρK(T ) = �ρK(0)[1 − a(T /TK)n] for 20 mK � T �
20 K, with n ≈ 1.5, TK ≈ 20 K, and a ≈ 0.3 [70]. The potential scattering term
�ρc and the Kondo scattering contribution �ρK(0) both scale with U concentration
(1 − x) and the Kondo temperature TK is independent of x, consistent with single-
ion behavior. (ii) �C(T )/T ∝ −[(1 − x)/TK ] ln(T /TK) [29, 33] or �C(T )/T ∝
(1 − x)(T /TK)−1+λ with λ = 0.8 [35] (Fig. 6). (iii) �χ(T ) ∝ (1 − x)(T /TK)−1+λ

with λ ≈ 0.5–0.6 [2, 35]. Similar results for �χ(T ) were obtained by Strydom et al.
[71].

Shown in Fig. 5(b) is the most recent version of the T –x phase diagram of the
U1−xYxPd2Al3 system [72, 73]. In contrast to the U1−xThxPd2Al3 system, TN and
Tc decrease rapidly with increasing x in the U1−xYxPd2Al3 system. The AFM order
that occurs in the region 0 < x � 0.3 is replaced by spin glass freezing in the region
0.3 < x ≤ xc ≈ 0.7. At xc, the spin glass freezing temperature TSG vanishes (QCP)
and NFL behavior occurs for 0.7 ≤ x � 0.85 [72].

Displayed in Fig. 7 are ρ vs. T , C/T vs. logT (upper inset), and χ vs. T 1/2 (lower
inset) data for a U1−xYxPd2Al3 sample with a composition (x = 0.8) close to that
of the QCP at xc ≈ 0.7. These results suggest that the NFL behavior in this system
is a cooperative phenomenon arising from fluctuations of a magnetic order parameter
above the spin glass freezing transition at T = 0 K. In the U1−xYxPd2Al3 system,
ρ(T ), C(T ), and χ(T ) have the following T -dependences at low temperatures [72,
73]. (i) ρ(T ) ∝ T n (0.1 K � T � 7 K) where n evolves from 1.5 for samples in the
vicinity of the QCP to 1 for x > 0.8. (ii) C(T )/T ∝ − lnT or T −1+λ with λ ≈ 0.8
(0.6 � T � 5 K). (iii) χ(T ) ∝ [1 − (T /T0)

1/2] with T0 ≈ 30 K (0.4 K � T � 7 K).
It is interesting that ρ is predicted to vary as T 1.5 for 3D and T for 2D near an AFM
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Fig. 5
Temperature-composition (T –x)
phase diagrams for
(a) U1−xThxPd2Al3,
(b) U1−xYxPd2Al3, and
(c) U1−xLaxPd2Al3.
Antiferromagnetic (AFM), spin
glass (SG), superconducting
(SC), and non-Fermi liquid
(NFL) regions are identified in
the figures. After Ref. [74]

Fig. 6 Specific heat C divided
by temperature T for
U1−xThxPd2Al3 for x = 0.4,
0.6, and 0.8. For all of these
concentrations, there is a low
temperature upturn in C/T that
is indicative of non-Fermi-liquid
(NFL) behavior

QCP. However, there is no evidence for a dimensional crossover in this system near
x = 0.8.

The T –x phase diagram of the U1−xLaxPd2Al3 system shown in Fig. 5(c) is very
similar to that of the Y-substituted system; both show the suppression of TN , giv-
ing way to spin glass freezing at higher substituent concentrations, followed by NFL
behavior where TSG is suppressed to zero [76]. The fact that substituting UPd2Al3
with trivalent La and Y results in similar phase diagrams, in contrast to tetravalent
thorium, supports the idea that the valence of the substituent atom is primarily re-
sponsible for the magnetic properties of the system. For the U1−xYxPd2Al3 system
with x = 0.8 and 0.9, the specific heat C(T )/T ∝ − lnT , similar to the La and Th
substituted systems. The resistivity can be fit by the expression ρ(T )/ρ0 = 1 − aT n

where n ∼ 1.3.
Shown in Fig. 8 is the resistivity ρ(T ) for a sample with x = 0.8 in the NFL regime

for each of the three systems U1−xMxPd2Al3 (M = Th, Y, La) [74]. At low tempera-
tures, ρ(T ) behaves as a power law with n ∼ 1.5 for all three systems; however, ρ(T )

increases with T for the Y substituted system, and decreases with T for the La and
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Fig. 7 Electrical resistivity ρ

vs. T , specific heat divided by
temperature, C/T , vs. lnT

(upper inset), and magnetic
susceptibility χ vs. T 1/2 (lower
inset) for U0.2Y0.8Pd2Al3.
After Ref. [75]

Fig. 8 Electrical resistivity ρ

normalized to its value at 300 K
as a function of temperature T

for samples of U0.2M0.8Pd2Al3
(M = Th, Y, La). The inset
shows the unit cell volume V

determined from powder X-ray
diffraction as a function of x for
the U1−xMxPd2Al3 systems.
After Ref. [74]

Th substituted systems (see Fig. 8). These different behaviors of ρ(T ) correlate with
the lattice parameters in these systems [76], which are shown in the inset to Fig. 8.
Substitution of La or Th results in an expansion of the hexagonal lattice of UPd2Al3
and an increase in ρ(T ) with decreasing T , whereas substitution of Y leaves the lat-
tice virtually unchanged and a decrease of ρ(T ) with decreasing T . However, the
correlations between the change in ρ(T ) and the lattice parameter is not quantitative;
the change in ρ(T ) is larger for Th substitution, while the change in the lattice para-
meter is larger for La substitution. The experiments on the U1−xMxPd2Al3 (M = Th,
Y, La) systems reveal that there are two possible routes to NFL behavior, a single-
ion mechanism associated with an unconventional Kondo effect, and an inter-ionic
interaction mechanism involving order parameter fluctuations near a second-order
phase transition that has been suppressed to 0 K. Although atomic disorder is obvi-
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ously present in these pseudoternary systems, it does not appear to be the dominant
underlying mechanism for the NFL behavior, in view of the similarity of the NFL
characteristics for chemically substituted and stoichiometric f -electron materials.

4 URu2Si2

The heavy fermion compound URu2Si2 undergoes two ordering transitions: below
about 1.5 K it is a superconductor, while at higher temperatures but below 17.5 K,
it is in a hidden order (HO) phase [77–79]. The latter ordered phase has been the
subject of much attention and disagreement over the more than two decades since the
discovery of the compound. The HO phase is so named because its ordering transition
is accompanied by a large BCS-like specific heat anomaly [77] whose entropy can-
not be accounted for by the small associated antiferromagnetic moment [80]. While
it is now widely accepted that the antiferromagnetic moment is not intrinsic to the
HO phase [81], the search for an alternative order parameter continues. Theoretical
descriptions of the HO parameter can be broadly divided into those based on local or
itinerant degrees of freedom, as indicated by some recent proposals, which include
quadrupolar order [82], nesting-driven [83, 84], and unconventional Kondo scenar-
ios [85]. Although the microscopic order parameter has not yet been definitively es-
tablished, a multitude of bulk property measurements indicate that a partial gapping
of the Fermi surface is involved in the HO transition. In addition to the BCS-like
specific heat anomaly, there are anomalies in the electrical resistivity, magnetic sus-
ceptibility [77–79], ultrasound [86], thermal expansion [87], and an increase in lattice
thermal conductivity [88]. Additional evidence points to the opening of a large gap in
the tunneling spectrum [89], the incommensurate spin excitation spectrum [90], and
the crossing of the chemical potential by a heavy electron band [91].

Identifying NLF behavior in URu2Si2 is complicated by the rather complex T

dependence of its bulk properties under ambient conditions. Both the magnetic sus-
ceptibility and electrical resistivity are anisotropic [78, 79], and show characteris-
tics typical of Kondo lattice materials. The magnetic susceptibility χ(T ) follows a
Curie-Weiss law at high temperatures, reflecting a uranium free ion moment, but de-
viates from this behavior above 100 K and peaks at 50 K. At low temperatures, χ(T )

saturates to a value of χ0 ≈ 0.005 cm3 mol−1. The electrical resistivity ρ(T ) has a
negative slope between room temperature and 75 K, where it reaches a maximum
and then decreases dramatically, which may be attributed to Kondo coherence. Well
below the HO transition temperature, ρ(T ) has been described both by T 2 Fermi
liquid behavior [92–94], and T n dependence, where n < 2 [95, 96]. Given the pres-
ence of the two phase transitions, the electronic specific heat C(T ) is also some-
what complicated. It is possible to estimate T -linear Fermi liquid-like γ0 terms both
above (∼150 mJ mol−1 K−2) and below (∼60 mJ mol−1 K−2) the transition [77,
79, 90], and the Sommerfeld-Wilson ratio χ0/γ0 is on the order of one. However,
below 10 K but above the superconducting anomaly, C/T actually has a negative
slope, well-described by logarithmic or weak power-law T -dependence [77]. Taken
together, these properties are broadly consistent with Fermi liquid behavior, although
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the agreement may be fortuitous because the HO state of URu2Si2 is not a para-
magnetic metal, and the true low temperature limiting behavior is masked by the
superconducting phase.

In order to find signatures of NFL behavior in URu2Si2, it is thus necessary to
tune the system away from its superconducting ground state. Such tuning is gener-
ally accomplished in the laboratory by the application of external pressure, magnetic
field, or chemical substitution, and all three approaches are well represented in the
literature. While the application of pressure does suppress superconductivity [92], it
also transitions the system from HO into an antiferromagnetic state at 8 kbar [81, 96].
Despite this change in ground state, the anomalies in the bulk properties associated
with the HO and antiferromagnetic phase transitions are similar and changes in the
T dependence are subtle between the two phases [93, 95, 97, 98]. For example, it is
possible to fit ρ(T ) with a T 2 term to at least 20 kbar [95, 97]. Complementary low-
T magnetic and calorimetric data are lacking. The absolute value of χ(T ) is difficult
to measure under pressure because of the small moment [99]. However, early mea-
surements of C(T ) under pressure seem to suggest that the magnitude of the negative
slope in C/T is diminished by pressure [100]. Consequently, there is little evidence
for the presence of NFL behavior under pressure.

A number of high magnetic field studies on URu2Si2 have uncovered a rich phase
diagram in the vicinity of the critical field of the HO phase. Building on early mea-
surements that showed multiple high field transitions [101, 102], it has been deter-
mined that there are at least five ordered phases between 30 T and 40 T [103–106].
Much of the novel physics appears related to a Fermi surface reconstruction near
38 T associated with polarization of the heavy electrons [104, 105, 107]. Magne-
tization and electrical resistivity studies suggest that a high-field quantum critical
point is masked or “protected” by an ordered phase [104, 105]. The T dependence
of the resistivity outside of this phase, for T > 3 K, can be described by power laws
ρ(T ) ∼ T n with n < 1 [105]. This effectively defines a fan-like NFL region in the
H–T plane emanating from the H -tuned quantum critical point hidden under the or-
dered phase. At lower T , ρ(T ) fits exhibit n < 2 in several of the ordered phases for
fields below 39 T. At higher fields, in the field-polarized paramagnetic phase, ρ(T )

exhibits a T 2 dependence, with an A coefficient that diverges as the critical field
is approached from high field. Surprisingly, these high H features persist even in
Rh-substituted samples, in which the HO is suppressed, indicating that the quantum
critical behavior is a phenomenon independent of the HO [108, 109]. Non-Fermi liq-
uid behavior has also been identified at lower fields, just above the superconducting
critical field, although still well into the HO phase, where the in-plane ρ(T ) is linear
in T to millikelvin temperatures [110]. High field calorimetric or magnetic evidence
for NFL behavior has not been reported.

Chemical substitution, particularly on the Ru site (URu2−xMxSi2 for transition
metal M), also has yielded very rich physics [111, 112]. The HO phase is typically
suppressed by about x = 0.1 (5%), while at higher substituent concentration, long
range magnetism emerges. The most extensively studied examples have been anti-
ferromagnetism in the case of Rh substitution [113] and ferromagnetism in the case
of Re substitution [114]. Details of the phase diagrams of these two systems were
recently compared [115]. In fact URu2−xRexSi2, studied extensively in our labora-
tory, is the first known example of a ferromagnetic heavy fermion compound, with a
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Fig. 9 Strength of the
logarithmic low T divergence in
C/T in polycrystalline
URu2−xRexSi2. The inset
shows how the divergence is
strongest near x = 0.3

maximum Curie temperature of 40 K at x = 0.8, which is very near the Re solubility
limit at x = 1. The ferromagnetic state, which features only a small moment, has been
confirmed by neutron scattering and 29Si NMR [116, 117]. The magnetism appears
to have an itinerant origin: in addition to the small moment, there are no anomalies
in electrical resistivity or specific heat at the Curie temperature. The heavy fermion
state gives rise to an enhanced electronic specific heat [111] and a narrow Drude peak
in optical conductivity [118].

Most interestingly, archetypal NFL behavior has been identified in the bulk prop-
erties of URu2−xRexSi2: power law T dependence in ρ(T ) and χ(T ), and weak
power law or logarithmic divergence in C(T )/T at low T , shown in Fig. 9 [119].
However, these NFL phenomena are rather unique, as they are found inside the ferro-
magnetic phase, in sharp contrast to the “conventional” occurrence of NFL behavior
in the unordered or paramagnetic state. The behavior was tentatively ascribed to a
quantum Griffiths phase scenario, which could in principle explain the power-law
T -dependence and is consistent with the expected important role of substitutional
disorder in this system. The case for NFL behavior was strengthened by a subsequent
inelastic neutron scattering study, which found energy-temperature (ω/T ) scaling in
the dynamic magnetic susceptibility [120]. The significance of this behavior, identi-
fied in varied NFL materials like UCu5−xPdx [62]and Sc1−xUxPd3 [61], is that the
temperature itself acts like the energy scale in the system, as would happen in the
absence of an effective Fermi energy. Also, the scaling exponents determined from
ω/T scaling agree with the NFL exponents from the power-law T dependence in
bulk χ(T ).

A major source of uncertainty in the preceding studies on URu2−xRexSi2 was
the polycrystalline microstructure of the samples, which could lead to disorder
or directional averaging. Nonetheless, the physical properties of single crystals of
URu2−xRexSi2 do generally agree with the earlier bulk measurements, although
some new and interesting information has been revealed [121]. A phase diagram
based on the measurements on single crystals is shown in Fig. 10. Because the bulk
magnetism in URu2−xRexSi2 is very Ising-like, with an easy magnetic c-axis, ori-
ented single crystals allowed a comprehensive study of the finite-temperature (clas-
sical) critical scaling as the ferromagnetic quantum phase transition is approached
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Fig. 10 (Color online) Phase
diagram of URu2−xRexSi2
derived from measurements on
single crystals. The upper panel
shows the evolution of two
parameters associated with NFL
behavior: the ρ(T ) power law
exponent, which is always less
than 2, and the coefficient of the
divergent logarithmic term in
C/T . The lower panel shows
the suppression of the hidden
order phase and the onset of
ferromagnetism with increased
Re concentration. The
ferromagnetic phase boundary is
derived from an unconventional
scaling analysis [65]

from high x [65]. The results are unprecedented: the magnetic exponents are not con-
stant as the Curie temperature varies. Instead, δ and γ are suppressed continuously
towards the critical concentration, implying a continual change in symmetry class,
a rather unconventional scenario. Despite this, the exponents γ match the NFL-like
χ(T ) exponents determined previously [119], providing a consistent explanation. In
addition, the ferromagnetic critical concentration has been identified to be less than
x = 0.2, which is quite close to the extrapolated endpoint of the HO phase boundary
near x = 0.15. This raises the exciting possibility that the two phases share a common
critical endpoint, which may lie at the heart of the unusual physics in this system. Fu-
ture neutron scattering measurements on single crystals will provide important insight
into this open question.

5 CeIn3 and CeMIn5 (M = Co, Ir, Rh)

The family of compounds CenTmIn3n+2m, with T = Co, Rh and Ir, n = 1, 2 and
m = 0, 1 [122], has continuously attracted scientific interest in the context of heavy
fermion superconductivity since its discovery in the late 1990ies. This class of mate-
rials displays a variety of exciting phenomena including superconductivity (with and
without application of pressure), antiferromagnetism, valence fluctuations, Kondo
physics and NFL behavior.

The cubic parent compound CeIn3 orders antiferromagnetically below a Néel tem-
perature TN ≈ 10 K that can be suppressed by application of pressure and vanishes
at PN ≈ 25 kbar [123]. The pressure phase diagram of CeIn3 is prototypical for an
antiferromagnetic QCP scenario (Hertz-Millis theory [40, 41]): the temperature de-
pendence of the electrical resistivity changes from a nearly quadratic temperature de-
pendence at ambient pressure to �ρ ∼ T 1.5 in a narrow interval around PN and back
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to ideal T 2-Fermi-liquid behavior in the paramagnetic phase [124, 125]. De Haas-van
Alphen measurements confirm that the electronic state of the 4f -electrons changes
from local to itinerant character at PN [126], demonstrating that the magnetic phase
diagram is driven by the competition between long-range RKKY and Kondo interac-
tions as in the classical Doniach picture [127]. On the high pressure side of PN , the
Kondo interactions, in turn, lead to the formation of a heavy Fermi-liquid. However,
the existence of a QCP is contradicted by recent NQR measurements that suggest
that the QPT at PN is first order [128]. In a narrow dome around PN and below
Tc = 0.19 K (at PN ), superconductivity is observed for high purity samples (residual
resistivity <1 µ
 cm) [124]. The coexistence of AFM order and superconductivity
around a putative QCP demonstrates that the superconductivity is unconventional in
nature. The strong magnetic interactions between the 4f magnetic moments and the
itinerant electrons suggests that the superconductivity may be mediated by magnetic
interactions rather by phonons, as for conventional superconductors [18].

The series CeT In5 with T = Co, Rh, Ir is crystallographically related to the par-
ent compound CeIn3. The tetragonal structure of CeT In5 can be viewed as a lay-
ered structure where building blocks consisting of CeIn3 and T In2 are stacked, one
upon the other, in an alternating fashion. At ambient pressure, CeRhIn5 exhibits an-
tiferromagnetic order with a propagation vector k = (0.5,0.5,0.297) at TN = 3.8 K
[129], while CeIrIn5 [130] and CeCoIn5 [131] both evince superconductivity below
Tc = 0.4 K and Tc = 2.3 K, respectively. Here the latter is the highest Tc of the known
Ce-based heavy-fermion superconductors [131]. In CeRhIn5, superconductivity de-
velops out of a NFL normal state above an applied pressure of 16.3 kbar [19]. For
increasing pressure, Tc is reported to increase towards approximately 2 K at about
30 kbar, followed by a decrease and the eventual suppression of superconductivity at
85 kbar [132]. More recent measurement of the electrical resistivity, specific heat and
magnetic susceptibility at low temperature, however, suggest that superconductivity
in CeRhIn5 develops below Tc = 110 mK within the AF phase [133]. It is interesting
to note that the Tc increases by an order of magnitude from the 3D cubic CeIn3 to-
wards the quasi-2D tetragonal compound CeCoIn5 with the largest lattice anisotropy
c/a. This is in agreement with mean-field theory of superconductivity for nearly an-
tiferromagnetic metals which demonstrates that magnetically mediated superconduc-
tivity is more stable in quasi-2D compared to 3D [134]. Monthoux et al. [134], how-
ever, emphasize that this kind of magnetically mediated superconductivity is sensitive
to small changes in the band structure, possibly yielding an explanation why CeRhIn5
with a c/a ratio intermediate between CeIrIn5 and CeCoIn5 only exhibits supercon-
ductivity below Tc = 110 mK. For the entire series of CeT In5 compounds, both the
specific heat [135] and the spin-lattice relaxation rate divided by temperature 1/T1T ,
measured by means of NQR [136–138], provide compelling evidence for the exis-
tence of line nodes in the superconducting energy gap and therefore unconventional
superconductivity.

In particular, CeCoIn5 continues to generate great interest, as it exhibits strong
Pauli paramagnetic effects [139] that, combined with its quasi-2D structure and
super-clean crystal properties [140, 141], fulfill the stringent requirements for
the stabilization of the inhomogeneous Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)
state[142, 143]. However, up to now, unambiguous microscopic proof for the ex-
istence of the FFLO state does not exist, in spite of the multitude of experimental
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signatures that were reported that suggest the formation of a FFLO phase [144–148].
The situation is additionally complicated by the existence of a magnetic field-induced
long-range AFM phase (Q-phase) that was recently observed by means of NQR [149]
and neutron scattering [150] experiments. This magnetic state emerges in the super-
conducting mixed state and is observed in the same high-field and low temperature
region of the phase diagram that was proposed for the FFLO state. The ordering wave
vector if the AFM order is observed to be field independent in contradiction with the
predictions for the FFLO state. This rules out the existence of the FFLO state in
CeCoIn5 and new theoretical work on this issue suggests that the Q-phase represents
a new exotic state at high fields in which a pattern of coexisting SCing condensates
develops [151].

All three compounds show pronounced NFL features in their physical proper-
ties above Tc or when the superconducting phase is suppressed by either temper-
ature, pressure, chemical substitution, or magnetic field. An overview of some of
the corresponding NFL exponents is provided in Table 4 of Ref. [152]. In CeIrIn5,
the electrical resistivity increases as ρ(T ) − ρ(T0) ∝ T n with n = 1.3 ± 0.05 for
T0 ≤ T ≤ 5 K [130]. Here T0 is the temperature where the resistivity drops below the
instrumental resolution above the actual bulk superconducting transition observed
in the specific heat and the magnetic susceptibility. When T0 is suppressed by ap-
plication of a magnetic field the NFL resistivity can be observed down to 60 mK.
Specific heat measurements in zero field show that C/T can be fitted as γ − AT for
0.4 K < T < 2.5 K [153]. In a magnetic field of 6 T applied perpendicular to the
basal plane, this changes to γ0 − AT 1/2 for 0.6 < T < 6 K which compares well to
NFL theory for 3D antiferromagnetic fluctuations [38, 41]. In CeCoIn5, the resistiv-
ity ρ(T ) − ρ0 was found to be linear in T above the superconducting transition and
up to pressures of 1.6 GPa [154]. Such behavior is expected for 2D antiferromag-
netic quantum-critical system [44] and leads to the proposal that CeCoIn5 is near an
AFM QCP situated at slightly negative pressures [154]. At higher pressure, a FL-like
resistivity ρ(T ) − ρ0 ∼ T 2 is recovered between Tc and a cross-over temperature
TFL (� 2.5 K), whereas above TFL and up to 60 K, ρ(T ) − ρ0 ∼ T 1.5 is observed.
The low temperature specific heat can be best fit by C/T ∼ − lnT which is also
consistent with NFL behavior. CeCoIn5 is particularly interesting because magne-
toresistance and specific heat measurements suggest the existence of a QCP situated
at the upper critical field Hc2(T ) = 4.95 T [155, 156]. Regardless of the field di-
rection, the normal state properties retain their NFL character up to Hc2; above the
upper critical field and below a cross-over temperature, FL behavior of the resistivity
is finally restored. In CeRhIn5, the resistivity does not exhibit FL behavior over the
entire pressure range investigated. At P = 3.2 kbar, which is where the maximum in
the superconducting transitions is observed, the resistivity has linear T -dependence
in the normal state, similar to CeCoIn5 at ambient pressure [132].

The rich physics in the series CenTmIn3n+2m described above provides a large
phase space for probing the interplay between superconductivity, magnetism, quan-
tum criticality, Kondo and NFL phenomena. This is particularly appealing, because
relatively large single crystals can be grown by means of the indium self-flux method
and doping studies on all three different atomic sites are possible in this family (see
e.g., [157] for a recent review). We have carried out detailed doping studies on both
the Ce and T sites.
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By substituting Co onto the Rh site in CeRhIn5, we demonstrated the CeCoIn5
is indeed near to an antiferromagnetic QCP [158, 159]. We tracked both TN and
Tc in the electrical resistivity, specific heat and magnetic susceptibility over the en-
tire doping range and established that the AFM state in CeRh1−xCox In5 persists
up to a critical concentration xc ≈ 0.75 where TN is suppressed to zero. Super-
conductivity is observed for concentrations 0.4 � x below Tc = 1.6 K and coex-
ists with the AFM phase. Up to x ≈ xc , it remains insensitive to the Co concen-
tration where it increases up to 2.3 K for pure CeCoIn5. Around the putative AFM
QCP both the residual resistivity and entropy are significantly increased (Fig. 11).
Finally, for selected Co concentrations (x = 0.1, 0.2, 0.4 and 0.6), the electrical re-
sistivity was also studied under hydrostatic pressure. For the samples with x = 0.1
and 0.2, superconductivity appears upon the application of pressure. Apart from the
x = 0.6 sample for which no AFM is observed, superconductivity is found to co-
exist with the AFM until the magnetic order is suppressed. It is, in particular, re-
markable that the superconducting transition temperature Tc is constant over a wide
pressure range even far from the possible QCP, unlike the prototypical scenario for
unconventional superconductivity mediated by magnetic fluctuations proposed in
Ref. [18]. In a different study by Nicklas et al., where Ir, instead of Co, was sub-
stituted for Rh, a strikingly similar phase diagram was observed [160]. However, in
this case, the application of pressure splits the broad superconducting phase into two

Fig. 11 The entropy and phase
diagram of CeRh1−xCox In5 as
reported in Ref. [159] are
shown. Note that the entropy
increases around the position of
the putative AFM QCP at the
critical concentration xc ≈ 0.75
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Fig. 12 The magnetic phase
diagram of Ce1−xYxRhIn5 as
reported in Ref. [161] is shown.
The Néel temperature TN vs.
yttrium concentration x was
determined from specific heat
C(T ), magnetic susceptibility
and resistivity. The region NFL
behavior is indicated for samples
with 0.4 ≤ x ≤ 0.9. Upper left
inset: resistivity at 1.8 K vs. x.
Upper right inset: magnitude of
the NFL contributions to C(T )

(solid circles) and χab(T ) (open
circles) plotted as B/λ and A

where C(T )/T = BT −1+λ and
χab = AT −1+λ. Bottom inset:
fraction of Ce ions contributing
to the CEF-like effect in C(T )

(solid circles) and χab(T )

(‘open circles)

separate domes, suggesting the existence of two different pairing mechanisms. For
CeRh1−xCox In5, we also observed that the electrical resistivity in the normal state
exhibits NFL behavior for all concentrations, where the exponent n � 0.5 on the low
pressure side of the QCP associated with the AFM phase. At the critical pressure,
the exponent shows a sudden jump to n ≈ 0.8 and stays constant up to 30 kbar. We
emphasize that the NFL behavior is observed over the entire investigated pressure
range.

We have observed similarly persistent NFL characteristics in Ce1−xYxRhIn5.
Doping Y onto the Ce site suppresses the AFM order at a critical concentration
xc ≈ 0.38. Above this critical concentration, specific heat and magnetic susceptibility
measurements indicate NFL characteristics that can be fit with power laws reminis-
cent of the Griffith-McCoy singularity model after a nuclear Schottky anomaly is
subtracted [161]. More interestingly, the magnitude of the respective NFL contribu-
tions is more pronounced for increasing x and is observed up to x = 0.9 (Fig. 12).
The extended range of concentration and pressure over which NFL behavior is ob-
served in both CeRh1−xCox In5 and Ce1−xYxRhIn5 is unusual and not in agreement
with the general perception of NFL signatures arising around a QCP as observed for
CeIn3.

In a further systematic study of the electrical resistivity for various magnetic (Pr3+,
Gd3+, Dy3+, Er3+) and non-magnetic (Y3+, Yb2+, Lu3+) rare earth ion substitutions
on the Ce site of CeCoIn5, we established that both the superconductivity and the
Kondo-lattice are insensitive to the exact f -electron configuration of the substituent:
both the superconducting transition temperature Tc and the Kondo-lattice coherence
temperature Tcoh are suppressed at one universal rate as a function of residual resis-
tivity ρ0 for all the rare earth substitutions investigated. In stark contrast, the NFL
signature in the resistivity is changed drastically from T -linear to sub-T -linear be-
havior by tuning the f -electron configuration [34].
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Fig. 13 Pressure phase diagram
of MnSi as reported in [29].
Here ρ and χ indicate that the
helical ordering temperature Tc

was determined by
measurements of the electrical
resistivity [171] and magnetic
susceptibility [178, 179],
respectively. ENS denotes
elastic neutron scattering [180]
that identified the cross-over
temperature scale T0 to the
partial order. Larmor denotes
Larmor diffraction
measurements carried out to
measure the lattice expansion of
MnSi as a function of pressure
and temperature (see text for
details) [29]

6 MnSi

Below TC = 29.5 K, the itinerant-electron magnet MnSi orders in a well under-
stood homochiral helimagnetic ground state [162–164]. The helix, with a pitch of
about 180 Å, propagates along the space diagonals of the non-centrosymmetric cubic
crystal-structure (space group P 213). Here the lack of inversion symmetry leads to
weak spin-orbit coupling, manifested in the Dzyaloshinsky-Moriya interaction (DMI)
[165, 166], of the form m · � × m. In turn, the helimagnetic ground state arises as
a consequence of three competing energy scales, where the interplay between ferro-
magnetic exchange and the DMI stabilizes the helical spiral, that is finally weakly
pinned to the 〈111〉 direction by crystal field interactions [162].

In the helical phase, MnSi is well described as a weakly spin-polarized Fermi liq-
uid [167]. The helical order can be suppressed by applying pressure and vanishes at
Pc = 14.6 kbar [168, 169] (Fig. 13). At Pc, the temperature dependence of the resis-
tivity abruptly changes from T 2 to T 1.5, indicative of NFL behavior [169, 170]. In
contrast to the commonly discussed picture of NFL behavior occurring in the vicinity
of a QCP, the NFL resistivity in MnSi is observed over an extended region; arising
approximately below 10 K near Pc , the NFL behavior has been observed down to
the low mK range [171]. The NFL behavior further persists up to 45 kbar [171–174],
where the temperature exponent was reported to increase again from 1.5 [174].

In principle, the observed extended NFL resistivity makes MnSi a candidate for a
system with a true and stable “NFL phase” far from a QPT. Interestingly, a recent cal-
culation by Belitz et al. shows that for a helimagnet driven by the DMI, exceptionally
soft Goldstone modes are expected that would lead to anomalous thermodynamic and
transport properties even inside the ordered phase [175]. We have recently performed
an inelastic neutron scattering study that clearly demonstrates that helimagnons in-
deed exist in the proposed form at ambient pressure [176].

Yet, the observed NFL behavior above Pc has historically been discussed in terms
of QPCs. The long-period helimagnetic ground state of MnSi is locally similar to a
ferromagnet, and originally MnSi played a prominent role in the development of spin
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fluctuation theory for itinerant ferromagnetism [37, 177], in turn leading to studies
searching for a “ferromagnetic” QCP [168, 169]. However, subsequent studies es-
tablished the NFL resistivity above Pc is not driven by a QCP. AC magnetic suscep-
tibility measurements on high purity single crystals demonstrated that the magnetic
phase transition at TC changes from second order to first order at P ≈ 12 kbar. Addi-
tionally the existence of itinerant metamagnetism corroborates the presence of a local
minimum in the free energy [178, 179].

Up to the present, critical magnetic fluctuations at Pc that would be expected for
a ferromagnetic QCP have not been identified. Interestingly, elastic neutron scatter-
ing experiments (energy resolution 50 µeV) revealed that the ordered magnetic mo-
ment does not vanish at Pc [180]. Instead the scattering intensity of the magnetic
Bragg reflections at ambient pressure is redistributed onto a small sphere in recipro-
cal space with a radius corresponding approximately to the pitch of the helix. This
suggests that the helices have lost their long-range directional order and a “partial
order” similar to liquid crystals develops. Broad maxima are observed on the sphere
in the 〈110〉 direction differing from the 〈111〉 propagation direction of the helix be-
low Pc. The maxima appear below a cross-over temperature T0 that extrapolates to
zero at P0 ≈ 21 kbar (Fig. 13). In μSR measurements performed by Uemera et al., no
magnetic signal was observed above Pc [181]. This suggests that the partial order be-
low T0 is not static on the slower timescales probed by μSR, but is dynamic on time
scales between 10−11 and 10−10 s. In this case T0 represents a freezing temperature
below which the fluctuations of the partial order become slow enough to be observed
in elastic neutron scattering or NMR [182].

Consequently, the question arises as to whether the anomalous transport proper-
ties can be explained by a new QCP situated at P0. At a pressure controlled QCP,
a change of sign is expected in the Grüneisen parameter [183]. Using this criterion,
thermal expansion measurements under pressure performed by means of neutron Lar-
mor diffraction recently established that neither the transitions at Pc nor at P0 can be
associated with a QCP [29].

In our recent extensive inelastic neutron scattering study of the helimagnetic phase
at ambient pressure, we pursued the route to NFL-like behavior proposed by Belitz
et al. Their calculation shows that within the ordered helimagnetic phase anomalous
soft helimagnon modes would lead to a �ρ ∼ T 5/2 resistivity for the clean limit.
For a more realistic scenario, including weak disorder effects as expected near to
the phase transition, the leading term in the resistivity caused by helimagnons is lin-
ear in temperature [184], in contrast to the observed T 1.5 dependence. Before our
study, no experimental results about the nature of the helimagnetic Goldstone modes
were available, partly because the experimental conditions are extremely challenging.
High resolution in both Q and energy is required due to the tiny size of the magnetic
Brillouin zone defined by the small helical propagation vector k = 0.035 Å−1.

Our results reveal the existence of anomalously broad dispersive modes as illus-
trated in Fig. 14 [176]. A naive interpretation of the data suggests an extreme form of
broadening caused by an exotic damping mechanism. However, using a model based
on the theory in Ref. [175], one obtains a quantitatively precise and complete account
of these helimagnon bands. For the fit of the neutron data only three parameters have
been used, namely, the measured pitch of the helix, the measured spin wave stiffness
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Fig. 14 Recent results highlighting the existence of helimagnons in MnSi as reported in [176, 191]. Pan-
els (a) and (b) show typical energy scans across the magnetic excitations in the helimagnetic phase at
T = 20 K. The inset in (b) shows the position of the scans around the (1,1,0) nuclear Bragg reflection
(gray point) and the magnetic satellite reflections of the four magnetic k-domains within (black) and out of
the scattering plane (empty points). The solid black line is the fit that was obtained by convolution of the
instrumental resolution �E with the theoretical peaks that are denoted in different gray shades indicating
contributions from the four domains. (c) Excitations in the A-phase at H = 170 mT and 27.2 K. The solid
lines are multiple Gaussian fits to the data based on no particular theory. Note, however that the observed
dispersive modes are very similar to the helimagnons observed in the helimagnetic phase. (d) Illustration
of characteristic features of helimagnon bands. For trajectories in reciprocal space (dashed line in inset)
with a finite component q⊥ of the wave vector perpendicular to the helical propagation vector kh (here
q⊥ = 4kh) multiple bands with approximately equal weight are excited due to Umklapp scattering at the
boundary of the tiny magnetic Brillouin zone (vertical dashed lines). The strong Umklapp scattering stops
the motion of spin excitations with small q‖ leading to flat bands (denoted by horizontal dashed lines).
The spectral weight of the corresponding modes is proportional to the area of the points, where a maximal
size cut-off was used for better visibility. For clarity only one of the existing four k-domains is shown

in the ferromagnetic phase (both fixed by previous experiments), and a single scale
factor for the overall amplitude of the signal as the only free parameter. In particular,
the abundance of helimagnon bands turns out to be a new universal property of spin
excitations in chiral magnets that is driven by multiple, strong Umklapp scattering in
small magnetic Brillouin zones.

Belitz et al. calculated an estimate for the helimagnon contribution to the elec-
trical resistivity based on realistic values for MnSi. The results demonstrate that the
helimagnon contribution would be negligible compared to the Fermi-liquid contri-
bution [184]. Therefore, the good agreement between theory and experiment for the
helimagnons at ambient pressure indicates that the helimagnons are most likely not
the source for the NFL behavior of the resistivity above Pc .
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It is clear that a better understanding of the NFL transport properties above Pc

may be obtained by revealing the nature of partial magnetic order. Several forms of
complex unconventional magnetic order stabilized by means of higher order terms of
the DMI have been proposed as possible candidates for the partial order [185–188].
Recently, small angle neutron scattering (SANS) and Hall-effect measurements, in
combination with detailed calculations, revealed the existence of a topological mag-
netic state in MnSi, although at ambient pressure in a small phase pocket just be-
low TC and for small magnetic fields [189, 190]. The so-called A-phase represents a
skyrmion lattice similar to the proposals for the partial order, proving that such a mag-
netic phase in fact can be stable. A calculation in Ref. [189] showed that the skyrmion
lattice may only be stabilized by thermal fluctuations of the magnetization over short
length scales. We therefore extended our study of the magnetic excitations at ambi-
ent pressure by performing measurements with magnetic fields. The result presented
in Fig. 14 show that the magnetic excitations in the A-phase of MnSi are strongly
reminiscent of the helimagnons observed in the helical phase [191]. This establishes
helimagnons as a possible prerequisite for complex chiral magnetic textures.

A further candidate for a complex chiral magnetic phase in MnSi, reminiscent of
the partial order at high pressure, is currently under discussion. In a small temper-
ature interval of about 1 K above TC in zero magnetic field, SANS measurements
suggest that the helix is unpinned [192, 193], which is, in addition, observed in var-
ious bulk measurements [194–197]. An alternative point of view is that the charac-
teristic paramagnetic fluctuations of a helimagnet are observed [193, 198]. By means
of polarimetric neutron spin echo measurements, Pappas et al. demonstrated that the
chiral fraction of the magnetic fluctuations in this temperature interval does not agree
with this scenario and proposed that the observed data may be better explained by a
skyrmion liquid phase [199] as suggested by Rößler et al. (see electronic supplement
of [185]). However, the proposal lacks a calculation demonstrating that a skyrmion
liquid would be (i) a stable phase under the investigated conditions and (ii) would
lead to the observed chiral fraction, and the issue remains unresolved.

In summary, the source of the observed extended NFL behavior in MnSi still re-
mains unclear. Currently, there is no theoretical account of how the observed forms
of complex chiral magnetic order may induce the NFL resistivity observed in MnSi;
further theoretical efforts along this line would be highly desirable. From the exper-
imental point of view, the clear understanding of the Goldstone modes of the heli-
magnetic ground state at ambient pressure [176] may provide a new route towards
the exploration of the unconventional behavior above Pc. Here, the future challenge
consists of tracking the helimagnons as a function of pressure in order to verify that
their characteristics change distinctively around Pc or if even entirely new excitations
are observed. An additional task involves the exact determination of the dynamical
nature of the partial order as a function of pressure, temperature and magnetic field.

7 Ferromagnetic superconductors

Materials such as ErRh4B4 [200–203] and HoMo6S8 [204, 205], which display the
coexistence of superconductivity and ferromagnetism, have been known for over
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three decades. In the latter compounds, TC lies below Tc and the superconductiv-
ity vanishes at a second, lower critical temperature T ′

c < TC . Within the tempera-
ture interval between T ′

c and TC , the ferromagnetism and superconductivity coexist
macroscopically (in a spatially inhomogeneous manner), whereas a new sinusoidally-
modulated state with a wavelength ∼100 Å and superconductivity coexist microscop-
ically (within the same volume element) [206]. In contrast, the recently discovered
uranium-based compounds UGe2 (under pressure) [207], URhGe [24], UIr (under
pressure) [208, 209], and UCoGe [210] appear to exhibit the microscopic coexistence
of superconductivity and true itinerant electron ferromagnetism. Such a coexistence
is intriguing since, in a conventional superconductor, the large internal field gener-
ated by the ferromagnetic order would be expected to destroy the superconducting
state by breaking the spin-singlet Cooper pairs [211]. It is thus often suggested that
the superconducting electrons in such compounds may pair in triplet states, medi-
ated by critical fluctuations associated with a ferromagnetic quantum critical point
(QCP) [210, 212, 213]. Non-Fermi-liquid behavior might be expected in the vicinity
of a ferromagnetic QCP for the reasons discussed above.

Although the paramagnetic to ferromagnetic transition is often considered as a
prototype of a second order phase transition, it has been proposed that a generic
feature of itinerant ferromagnets is that the transition becomes first order when it is
suppressed towards zero temperature [214]. This implies that the phase diagrams of
the uranium-based ferromagnetic superconductors described below may not, strictly
speaking, contain QCPs. This has important implications for our understanding of
the mechanism of superconductivity in such compounds, as well as for the pres-
ence of NFL behavior. In the case of phase transitions that are only very weakly
first order, nearly quantum critical fluctuations may still be present and lead to the
formation of novel superconducting states [215]. In the remainder of this section,
we review the phase diagrams of uranium-based ferromagnetic superconductors as
tuned by doping, magnetic field, and pressure with a focus on the presence, or ab-
sence of, NFL behavior. For comparison, we also briefly discuss the phase diagram
of the simplest ferromagnet-based superconductor, elemental iron. For each figure,
we have attempted to reproduced the published data as accurately as possible, though
for the definitive representation, the reader is referred to the literature cited in the
figure captions.

Figure 15a presents the phase diagram of UGe2 under pressure. At ambient pres-
sure, UGe2 displays ferromagnetic order below TC1 = 52 K. Under pressure, this
ordering temperature drops monotonically to zero near a critical pressure Pc1 ∼ 1.6
GPa [207]. A second ferromagnetic transition TC2 at lower temperatures is also
monotonically suppressed until it is driven to zero near a critical pressure Pc2 ∼
1.2 GPa. Just below Pc2, superconductivity appears, passing through a dome with
maximum critical temperature of Tc ∼ 0.9 K at Pc2. The entire dome appears within
the ferromagnetic phase and superconductivity does not persist into the paramagnetic
region beyond Pc1. The complete absence of superconductivity in the paramagnetic
phase offers circumstantial evidence that the superconductivity in UGe2 is of an un-
conventional nature. A careful study of the saturation moment under pressure shows
that it changes abruptly and discontinuously near each critical pressure (Fig. 15(d)),
and at pressures above the critical pressure, a sufficiently large magnetic field induces
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Fig. 15 Characteristics of
UGe2 as a function of pressure.
(a) Ferromagnetic ordering
temperatures TC1 and TC2, and
superconducting critical
temperature Tc multiplied by
10 [207, 219]. (b), (c) Residual
resistivity and A coefficient of
power law fit to the electrical
resistivity, respectively for
polycrystalline UGe2 [21]. (d)
Saturation magnetization μs and
μx . The value of μx is
determined by extrapolating the
magnetization to zero from
above Hx , the critical field for a
metamagnetic transition [216].
(e) Coefficient γ of the
electronic specific heat for
single crystal (open
circles) [219] and
polycrystalline (filled
circles) [220] samples

metamagnetic transitions, proving that the transitions become first order [216]. Ac-
cordingly, it is likely that the critical pressures in UGe2 represent QPTs rather than
QCPs. Nonetheless, the large upper critical field, which exceeds both the paramag-
netic and orbital limits for a weak coupled s-wave superconductor implies that the
superconducting state in UGe2 can not be conventional [217]. The low temperature
resistivity follows T 2 power law behavior over the entire pressure range from ambient
to ∼2 GPa [21, 207, 218]. Interestingly, while the residual resistivity ρ0 (Fig. 15(b))
passes through a maximum near Pc2 where Tc is also maximized, the A coefficient
(Fig. 15(c)) passes through a maximum near Pc1 [21]. Specific heat measurements
under pressure show that the electronic coefficient of the specific heat γ (Fig. 15(e))
increases as the pressure is increased towards Pc1 [219, 220], consistent with an in-
crease in the electron effective mass near this pressure.

The temperature T vs. magnetic field H phase diagram of single crystalline
URhGe is shown in Fig. 16(a). URhGe displays FM below TC ∼ 9.5 K with the spon-
taneous magnetization parallel to the c-axis, and develops superconductivity below
∼0.2 K [24]. The upper critical field Hc2 significantly exceeds the Pauli paramag-
netic limiting field which lends support to the idea that URhGe displays spin-triplet
pairing [22]. Remarkably, a re-entrant superconducting (RSC) phase appears when
a field above ∼10 T is applied along the b-axis (perpendicular to the magnetic easy
axis) [23]. Applying magnetic fields along the b-axis results in the spins progressively
tilting away from the c-axis towards the b-axis. Eventually, a first order transition oc-
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Fig. 16 (a) Temperature T vs.
magnetic field H phase diagram
of single crystalline URhGe, for
fields applied parallel to the
b-axis (perpendicular to the
magnetic easy axis) [23, 224].
SC and RSC indicate the
superconducting and re-entrant
superconducting phases
respectively. HR indicates the
critical field for which the easy
magnetization switches from the
c- to b-axis [224]. The field
dependence of the Curie
temperature is taken from
Ref. [225]. (b) and (c) show
representative values of the ρ0
and A coefficients, respectively,
for fits to the low temperature
electrical resistivity with
ρ(T ) = ρ0 + AT 2 [224].
(d) Total magnetic moment Mtot
and moment parallel to the
b-axis Mb for fields applied
along the b-axis, as measured by
neutron scattering [23]

curs and the spins jump into alignment with the b-axis at the critical field for spin
reorientation HR (see Fig. 16(d)). The RSC phase appears in a dome centered around
the extrapolated low temperature value of HR [23]. Thus, the RSC in URhGe ap-
pears not to be linked to a prototypical ferromagnetic QCP, but rather to fluctuations
associated with a first order transition in the orientation of the magnetic moments.
Power law fits to the low temperature electrical resistivity indicate T 2 Fermi-liquid
behavior over the measured field range up to ∼16 T [224]. Both coefficients, ρ0 and
A, pass through maxima near HR (see Figs. 16(b) and 16(c), respectively). Assuming
a Kadowaki-Woods relationship, m∗ ∼ √

A, between A and the effective mass m∗,
one may associate the RSC with an enhancement of the quasiparticle effective mass
in the vicinity of HR [224].

A detailed review of the properties of UCoGe is provided by Gasparini et al. else-
where in this issue. In the following, we summarize phase diagrams of UCoGe, as
tuned by magnetic field, pressure, and doping. UCoGe displays coexisting super-
conductivity and ferromagnetic order with the superconducting critical temperature
(Tc ∼ 0.8 K) below the Curie temperature (TC ∼ 3 K) [210]. NMR measurements
show that the ferromagnetic transition in UCoGe is of first-order character [230].
The small saturated moment, μsat ∼ 0.03μB [210], and large ratio of the effective
moment to saturated moment μeff/μsat, indicates the highly itinerant nature of the
ferromagnetism.
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Fig. 17 (a) Curie temperature
and superconducting critical
temperature of UCoGe single
crystals as a function of
magnetic field applied along the
b-axis, perpendicular to the easy
magnetization axis [231].
(b) A coefficient of quadratic
T 2 fits to the electrical
resistivity as a function of fields
applied along different
crystallographic axes [231]

Like URhGe, the magnetic easy axis for the FM in UCoGe is along the c-axis. For
magnetic fields applied along the a-axis of UCoGe, large zero temperature critical
fields, Hc2(0) ∼ 20–30 T, are found [231]. For fields aligned to the b-axis, hints of
re-entrant superconductivity are evinced by an “S”-shaped bend in the upper critical
field curve near T/Tc ∼ 0.65 (Fig. 17(a)). TC is suppressed with increasing magnetic
field and is destroyed near 15 T. This is near the same field at which there appears to
be a small enhancement of the critical temperature. The temperature vs. field phase
diagram of UCoGe for fields applied along the b-axis is reminiscent of that observed
in URhGe. However, for UCoGe at intermediate magnetic fields, the superconductiv-
ity is not completely suppressed to zero as it is for URhGe in the field region between
the SC and RSC phases. A similar “S”-shaped bend in the upper critical field curve
is also found for UGe2 [217]. For all field orientations and fields (up to 16 T), the
resistivity can be fit by a Fermi liquid power law with n = 2. However, because TC

and Tc are rather close together, the temperature interval over which the fitting is
performed is very small (this is also an issue for the power law fits described below
for UCoGe under pressure and Si-doped UCoGe). For fields along the a- and c-axes,
the coefficient A is gradually suppressed, while for fields applied along the b axis, A

passes through a maximum near the field (15 T) at which FM order is destroyed [231]
(Fig. 17(b)). This suggests the effective mass m∗ is increased at a field-induced QCP
near 15 T, which could contribute to the enhancement of the superconductivity.
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Fig. 18 (a) Pressure
dependence of the Curie
temperature TC and
superconducting critical
temperature Tc for both
polycrystalline [25] and single
crystalline [26] UCoGe. Panels
(b) and (c) show the results of
quadratic T 2 fits to the electrical
resistivity over the narrow
temperature window between Tc

and 1.7 K. (d) Magnitude of the
feature at TC in the ac magnetic
susceptibility signal, which may
be related to the size of the
ordered magnetic moment

The effect of pressure on some properties of UCoGe is illustrated in Fig. 18. Un-
der pressure, TC decreases and Tc initially increases [25, 26]. Near 1–1.5 GPa, TC is
suppressed to zero temperature and Tc passes through a weak maximum. The mag-
nitude of the feature in the ac magnetic susceptibility at TC , which may be related
to the size of the ordered moment, is also gradually suppressed with pressure and
extrapolates to zero near Pc ∼ 1.5 GPa. The exponent n drops from n = 2 at am-
bient pressure to n � 1 near the critical pressure (Fig. 18(b)). At higher pressures,
n begins a slow recovery towards higher values, although by 2.5 GPa (the highest
pressure reported), n has only reached ∼1.25. Surprisingly, ρ0 passes through a min-
imum near this critical pressure. At the critical pressure, one also finds a peak in the
coefficient A (not shown), although the interpretation of A for a non-quadratic tem-
perature dependence is unclear. As mentioned above, these coefficients of the power
law behavior are based on fitting over a quite small temperature range [25]. Although
there is evidence for a pressure-induced QCP in UCoGe, as provided by the gradual
suppression of the magnetic state and perhaps the appearance of NFL behavior in
the electrical resistivity, the superconductivity seems to persist over a broad range of
pressures, rather than being localized around the putative quantum critical point. Fur-
thermore, the superconducting state seems to be unperturbed by the transition from
ferromagnetism to paramagnetism.
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Fig. 19 (a) Curie temperature
TC and superconducting critical
temperature Tc as a function of
dopant concentration x in
UCoGe1−xSix [212]. (b)
Exponent n obtained from
power law fits to the low
temperature electrical
resistivity [212]. (c) Saturated
moment as determined by
extrapolating the ordered
magnetization to zero field [212]

Upon substituting Si for Ge (UCoGe1−xSix ), both Tc and TC decrease until they
both vanish simultaneously for x � 0.12 [212] (Fig. 19). One might expect that this
kind of isovalent replacement of Ge with the smaller Si ion would result in a “chem-
ical pressure” that would mimic the effect of physical pressure. However, chemical
substitution has the additional effect of introducing atomic disorder, which may be
the reason behind the monotonic suppression of Tc. The fact that the superconductiv-
ity and ferromagnetism appear to vanish at the same critical concentration, suggests
an intimate link between the two states, wherein the superconductivity is enhanced by
the presence of ferromagnetic order. The low temperature resistivity follows power-
law behavior throughout the doping range 0–0.2 with the exponent n dropping from
∼2 in the undoped compound to ∼1 at x = 0.1 near the critical concentration for
the destruction of ferromagnetism. The exponents for concentrations below x = 0.12
are based on fitting the electrical resistivity only over the small temperature interval
between Tc and TC . At high silicon concentrations, Fermi-liquid n = 2 power law
behavior is regained.

We have studied the effect of doping from ferromagnetic UCoGe to paramagnetic
UFeGe. UFeGe exhibits a monoclinic distortion of the orthorhombic TiNiSi struc-
ture below ∼500°C. However, we found that the orthorhombic TiNiSi structure of
UCoGe persisted up to x � 70% for UCo1−xFexGe. Similar to a recent report which
was restricted to small dopant concentrations [232], we found that the Curie tempera-
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Fig. 20 (a) Curie temperature
TC and superconducting critical
temperature Tc as a function of
dopant concentration x in
UCo1−xFexGe [234].
(b) Saturated moment as
determined by extrapolating the
ordered magnetization to zero
field. (c) Effective magnetic
moment from Curie-Weiss fits to
the temperature dependent
magnetic susceptibility.
(d) Ratio of the effective
moment to saturation moment
indicating a highly itinerant
ferromagnetic state near x = 0.2

ture initially increased and the superconductivity was rapidly suppressed (Fig. 20(a)).
At higher iron concentrations, the Curie temperature passes through a maximum and
is then suppressed to zero near xc = 0.22. The saturation moment, as determined by
extrapolating the ordered magnetization to zero, also passes through a maximum and
vanishes near xc (Fig. 20(b)). The effective moment, estimated by fitting the temper-
ature dependent magnetic susceptibility to Curie-Weiss behavior, exhibits an increase
with doping (Fig. 20(c)). The ratio μeff/μsat of the effective moment to the satura-
tion moment, which offers a measure of the degree of itinerancy, passes through a
minimum near the concentration at which TC is maximized (Fig. 20(d)) and then in-
creases at higher x. At xc, the ratio μeff/μsat, is even larger than in undoped UCoGe,
indicating a high degree of itinerancy. Thus, there is some good evidence for a QCP
near xc. If the superconductivity in UCoGe is indeed spin-triplet in nature, the lack
of superconductivity near the UCo0.8Fe0.2Ge concentration may be a result of the
atomic disorder inherent in doped samples. Efforts are currently underway to study
the region near UCo0.8Fe0.2Ge with finer doping increments, in high quality single-
and polycrystalline samples, in order to investigate whether superconductivity can be
induced near this FM QCP. In a recent extension of this work, we have found that
NFL temperature dependences of the electrical resistivity and specific heat develop
in samples close to the xc concentration [233].

Figure 21 presents data for UIr as a function of pressure. UIr is an Ising-type ferro-
magnet with a Curie temperature TC1 ∼ 46 K and the spin easy axis along [101]. The
small ratio of the ordered moment (0.5μB/U ) to the effective moment (2.4μB/U )
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Fig. 21 (a) Temperature T vs.
pressure P phase diagram for
UIr. The open circles indicate
the various FM ordering
temperatures as measured by
electrical resistivity, ac magnetic
susceptibility, and
magnetization [226]. The
superconducting critical
temperature Tc has been
multiplied by a factor of 50.
(b), (c), and (d) show the
parameters given by fitting the
low temperature electrical
resistivity of single crystalline
samples with
ρ(T ) = ρ0 + AT n [208].
(e) Pressure dependence of the
ordered magnetic moment for
two different samples, as
determined by either residual
magnetization or Arrott plot
analysis [226]

indicates the itinerant nature of the ferromagnetism. Under pressure, TC1 drops
monotonically [227] and then vanishes at the critical pressure PC1 ∼ 1.7 GPa [209].
A second ferromagnetic phase, FM2 appears above ∼1.2 GPa. The ordering tem-
perature of the FM2 phase is monotonically suppressed with pressure from ∼30 K
near 1.2 GPa and vanishes abruptly near the critical pressure PC2 ∼ 2 GPa. Yet a
third magnetic transition appears above ∼1.4 GPa at ∼30 K and is monotonically
suppressed continuously to zero temperature near Pc3 ∼ 2.7 GPa. Superconductivity
with a maximum temperature Tc ∼ 0.14 K appears in a very narrow dome localized
around PC3 [208]. The superconductivity has been observed by zero electrical resis-
tance and by a drop in the ac magnetic susceptibility [226, 228]; however, thermody-
namic signatures of the superconducting transition (via, e.g., ac calorimetry) have not,
to our knowledge, been reported. An interesting feature of UIr is that the crystal struc-
ture is non-centrosymmetric. The presence of superconductivity in a ferromagnetic
material which lacks inversion symmetry raises some interesting questions about the
symmetry of the superconducting order parameter [229]. Figure 21(e) displays the
pressure dependence of the ordered moments for the various ferromagnetic phases as
a function of pressure, as determined by residual magnetization or Arrott plot analy-
sis [208, 226]. Within the FM1 phase, the ordered moment decreases monotonically
with pressure and just below PC1 has dropped to roughly half of the ambient pressure
value. Upon further increase of pressure, the ordered moment drops abruptly in the
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Fig. 22 (a) Structural,
magnetic, and superconducting
phases of iron as a function of
pressure [20, 31, 221]. The
superconducting critical
temperature has been multiplied
by a factor of 100 to make it
more visible. (b), (c), and (d)
show the n, ρ0, and A

coefficients of power law fits to
the electrical resistivity,
respectively [30, 31]

FM2 phase to a much smaller value of � 0.08μB/U . In the FM3 phase, two dif-
ferent samples exhibited rather different values of the ordered moment; however, for
both samples the ordered moment decreases with pressure and vanishes above PC3.
At pressures below PC1, the low temperature electrical resistivity is well described
by Fermi-liquid T 2 power law behavior (Fig. 21). Above PC1, the exponent of the
power law abruptly drops to n ∼ 5/3, corresponding to the predicted behavior due to
critical fluctuations of a three-dimensional ferromagnet. Just above PC1, the n ∼ 5/3
power law behavior persists over more than two decades in temperature, from 0.1–
15 K. Upon further increase of pressure, n increases weakly and then passes through
another minimum of n ∼ 5/3 at PC3. Above PC3, the exponent begins to recover
towards n = 2. The residual resistivity passes through a maximum in the vicinity of
the FM2→FM3 transition (Fig. 21(c)). The A coefficient (Fig. 21(d)), determined by
fitting the lowest temperature data with a T 2 power law, passes through maxima near
PC1 and PC3, the same pressures at which the NFL behavior is most pronounced. It is
interesting to note that the critical pressures PC1 and PC3 are quite similar in terms of
their NFL behavior, but that superconductivity only develops at the critical pressure
associated with a FM→PM transition and not the one associated with the transition
between two different FM phases.

As shown in Fig. 22(a), iron converts from a ferromagnetic bcc “α” phase to a
non-magnetic hcp “ε” structure at pressures above ∼10 GPa (at low temperature).
Recent combined XAS and XMCD measurements indicate that the magnetic phase
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transition slightly precedes the structural transition, suggesting that the magnetic tran-
sition drives the structural one [222]. The sharpness of the transitions is taken as ev-
idence that both transitions are first order. At pressures above that required to drive
iron into the non-magnetic ε phase, superconductivity appears and passes through a
broad maximum of ∼2 K near 20 GPa [221]. The fact that the superconductivity only
appears in the non-magnetic phase (exactly the opposite of the situation for UGe2)
might lead one to conclude that iron is a conventional superconductor since the on-
set of ferromagnetism immediately destroys the superconductivity. In addition, the
first order character of the magnetic and structural transitions would seem to rule out
the presence of strong critical fluctuations in the vicinity of the α → ε transition as
the driving force behind the superconductivity. Nonetheless, at least one piece of evi-
dence suggests an unconventional pairing mechanism in iron: the superconductivity is
highly sensitive to non-magnetic disorder, which is an expected feature of spin-triplet
superconductors. Complete resistive transitions are only observed in samples with
an electronic mean free path above a certain threshold value [30]. NFL behavior is
observed in the exponent n of power law fits to the normal state electrical resistivity,
which displays an abrupt change from n ∼ 2 at pressures below the α → ε transi-
tion, to n ∼ 5/3 at pressures above the α → ε transition [30, 31] (Fig. 22(b)). The
T 5/3 power law behavior is expected within the nearly ferromagnetic Fermi-liquid
model [223]. It is remarkable that this NFL power law behavior persists far into the
non-magnetic state, to pressure at least twice that required to drive the system non-
magnetic. Thus, iron appears to exhibit an extended NFL quantum phase, rather than
a small region of NFL behavior localized around a QCP.

It appears that NFL behavior is absent in the above phase diagrams when the or-
dered moment jumps or vanishes discontinuously at the critical value of the tuning pa-
rameter. This seems to be the case for both UGe2 and URhGe, and is consistent with
the transitions in these materials having a stronger first order character. In UCoGe
(and possibly UIr), where the ordered moment extrapolates to zero near the critical
value of the tuning parameter, as would be expected for a true QCP, NFL behavior
may be observed. The situation in pure iron is intriguing, in that the α → ε magneto-
structural transition is strongly first order, yet the transition is accompanied by the
appearance of NFL behavior.

8 Yb2Fe12P7

Yb-based compounds that exhibit heavy fermion and NFL behavior are quite rare. In
this section, we discuss the unconventional T –H phase diagram in the compound
Yb2Fe12P7. For comparison purposes, we first briefly review the behavior of the
well studied compound YbRh2Si2, which is thought to be a prototypical example
of the Kondo destruction QCP scenario where antiferromagnetic order is suppressed
to T = 0 K by a magnetic field, accompanied by a crossover from a small to a large
Fermi surface; i.e., a heavy Fermi liquid emerges for δc ≤ δ. In this instance, the sup-
pression of the ordered state and the so-called Kondo destruction occur at the same
δ, in contrast with the spin density wave scenario. Order parameter fluctuations are
manifested as NFL behavior at T s above the QCP and a line emanating from the QCP
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delineates a gradual crossover from NFL to FL behavior at lower T and higher values
of δ.

The compound YbRh2Si2 has attracted intense interest because it is a model ex-
ample of a heavy fermion (HF) system where NFL effects are observed near the
suppression of a magnetic ordering temperature [47, 235, 236]. This material ex-
hibits high crystalline purity, is stoichiometric, and is found extremely close to (but
still on the magnetic side of) a QCP. Moreover, it was the first example of a Yb-
based compound to show strong evidence for NFL behavior near a QCP. Similar to
CeCu2Si2, it crystallizes in a tetragonal structure (I4/mmm) with lattice constants
a = 4.007 Å and c = 9.858 Å. The high temperature magnetic susceptibility χ(T )

for both crystallographic directions reveals Curie-Weiss (CW) behavior (for 200 K
< T ) with the effective magnetic moment μeff ≈ 4.5 μB/Yb and CW temperatures
θ = −9 K and −180 K for magnetic field parallel and perpendicular to the c-axis,
respectively. The electrical resistivity is nearly constant for 100 K < T . As expected
near the onset of a coherent ground state, ρ(T ) decreases precipitously below the
coherence temperature Tcoh. Measurements of χac(T ), ρ(T ), and C(T )/T reveal
a phase transition to a magnetic ground state near TM ≈ 65 mK which is thought
to be antiferromagnetic, although bulk magnetization measurements indicate ferro-
magnetic fluctuations above the QCP [237]. Measurements for YbRh2(Si1−xGex )2
(x = 0.05) show that isoelectronic substitution suppresses TM below 20 mK [238].

Early measurements also revealed deviations from FL behavior in YbRh2Si2 near
the QCP including: A linear T -dependence of ρ(T ) for 20 mK–1 K, a logarith-
mic T -dependence of C(T )/T for 0.3 K–10 K, and a power law dependence of
C(T )/T for T < 0.3 K [47, 235, 238]. Inelastic neutron scattering experiments
showed that these types of behavior are unrelated to the excited crystalline elec-
tric field states [239]. By analogy to CeCu6−xAux , these results were taken as evi-
dence for 2D antiferromagnetic critical fluctuations near the QCP [47, 236], although
it should be pointed out that this conclusion remains an open issue. Subsequently,
several other unusual phenomena were observed near the QCP including divergent
Grüneisen ratios for YbRh2(Si0.95Ge0.05)2 [240] and further evidence for ferromag-
netic quantum critical fluctuations (inferred from 29Si NMR and ESR measurements
[241, 242]). In order to further probe the low T NFL behavior, extensive studies
in applied magnetic fields have been performed. For instance, a T –H phase dia-
gram developed from ρ(T ,H) data (for H applied parallel to the magnetically hard
c-axis) is shown in the lower left panel to Fig. 24 where the color gradient repre-
sents the evolution of the exponent n where n(T ,H) = ∂ ln(ρ −ρ0)/∂ lnT , assuming
ρ(T ,H) = ρ0 + AT n [238]. As expected for the typical “V” shaped QCP phase di-
agram, order parameter fluctuations are manifested as NFL behavior at T s above the
QCP and a line emanating from the QCP delineates a gradual crossover from NFL
to FL behavior at lower T and higher values of H . FL behavior (�ρ(T ) ∼ T 2) is
observed inside the magnetically ordered state. Hall effect measurements have also
shown that, with increasing field, the Hall coefficient (RH ) decreases abruptly at the
AFM QCP. This indicates a sudden increase in the Fermi surface, consistent with the
abrupt expansion of the large Fermi surface associated with a heavy fermion state
at H = Hc [243]. It is noteworthy that the abrupt change is seen only in the low T

limit. Results from thermopower measurements were also found to support this point



J Low Temp Phys (2010) 161: 4–54 41

of view [244]. These observations have led to the conclusion that the heavy fermion
state breaks down at the QCP, commensurate with the suppression of the magnetic
state, resulting in quantum fluctuations [245]. As a result, YbRh2Si2 is thought to be
a model example for NFL behavior in the context of an AFM QCP scenario.

We recently reported new measurements on single crystals of the ternary
compound Yb2Fe12P7 [246]. This material is a member of a broad class of
pnictogen-based systems with noncentrosymmetric structures and the chemical for-
mula Lnn(n−1)T(n+1)(n+2)Mn(n+1)+1, where Ln is a lanthanide (or actinide), T is
a transition metal, and M is a metalloid (phosphorus, arsenic) [247, 248]. The
Ln2Fe12P7 compounds crystallize in a noncentrosymmetric hexagonal structure
(space group P 6̄) with two Ln sites. For Ln = Yb, the lattice parameters are
a = 9.111 Å and c = 3.626 Å. The χ(T ) data reveal Curie-Weiss (CW) behav-
ior where the effective magnetic moments (μeff = 4.1 μB/Yb and 4.8 μB/Yb for
H‖c and H⊥c, respectively) are close to the value expected for Yb3+ free ions
(μeff = 4.53 μB/Yb) according to Hund’s rules. The crystalline anisotropy is re-
flected in the CW temperatures (θ ) taken from fits to the data, for which θ = 1 K
and −27 K for H‖c and H⊥c, respectively (Fig. 23(c)). For χ⊥(T ), a CW law is
observed down to T ∼ 30 K, below which the data increase more weakly than ex-
pected from the high—T CW behavior. The departure from CW behavior occurs near

Fig. 23 (a) Electrical resistivity
ρ vs. temperature T for
T = 0.05 K–290 K and
H = 0 T. (a) Inset: ρ − ρ0 vs. T

on a log-log plot. The fits are
described in the text. (b)
Specific heat divided by
temperature C/T vs. T for
several magnetic fields H . (b)
Inset: Derivative of the electrical
resistivity with respect to T ,
∂ρ(T ,H)/∂T . (c) Magnetic
susceptibility χ = M/H vs.
temperature T for magnetic field
H applied perpendicular and
parallel to the c-axis. The solid
lines represent Curie-Weiss fits
to the data as described in the
text. (c) Inset: χ = M/H vs.
temperature T for magnetic field
H applied perpendicular to the
c-axis. The solid and dotted
lines represent the power law fit
and logarithmic fits to the data,
respectively, as described in the
text
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Fig. 24 (Color online) The T –H phase diagrams for YbRh2Si2 (left panel) and Yb2Fe12P7 (right panel).
For Yb2Fe12P7, the values for TM are taken from measurements of C(T ,H) (triangles) and ρ(T ,H)

(upside down triangles). The color gradients represents the quantity ∂ ln(ρ − ρ0)/∂ lnT where ρ0 is the
value, for each ρ(T ,H), that maximizes the temperature range for the low T power law behavior. We
emphasize that the values of ∂ ln(ρ − ρ0)/∂ lnT above the low T fit range do not represent the true local
exponent n since they refer to the value of ρ0 from the low T power law behavior. Also note that the
temperature range for the low T power law behavior appears to be somewhat reduced from what would
be inferred from Fig. 23. This is because it is necessary to smooth ρ(T ) before taking the logarithmic
derivative. This process has the effect of reducing the apparent fit range because, in the upper temperature
limit of the power law region, adjacent averaging samples the higher T data which have a lower local slope
than the low T power law

the onset of correlated electron phenomena inferred from C(T ,H) and ρ(T ,H). A
similar trend is observed for χ‖(T ) for T < 10 K. The ρ(T ,H = 0) data decrease
from room T , indicating metallic behavior down to T ∼ 50 K. Below T ∼ 30 K,
ρ(T ,H = 0) evolves through a pronounced shoulder (Fig. 23(a)). The H = 0 T spe-
cific heat divided by temperature C(T ,H = 0)/T data increase rapidly for T < 10 K,
suggesting the formation of a strongly correlated electron ground state (Fig. 23(b)).
At low T , measurements of ρ(T ) and C(T )/T reveal a phase transition to a magnetic
ground state near TM ≈ 0.9 K, which appears to be antiferromagnetic (Fig. 23).

Low T measurements for Yb2Fe12P7 indicate NFL behavior. We find that for T

< 10 K, χ⊥(T ) can be described using either power law or logarithmic functions of
the forms χ⊥(T ) = aT −n where a = 0.27 cm3 Kn/mol and n = 0.32 or χ⊥(T ) =
b − c lnT where b = 0.25 cm3/mol and c = 0.05 cm3/mol (inset Fig. 23(c)). Re-
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markably, ρ(T ,H = 0) is nearly linear for more than a decade in T below TM (inset
Fig. 23(a)). This result is particularly interesting because it implies the existence of
an NFL phase deep within the magnetically ordered state which has an associated
large value of the electronic specific heat coefficient γ = C(T )/T . This result is in
contrast to typical NFL systems (e.g., CeCu6−xAux and YbRh2Si2) where the NFL
behavior emerges only near the QCP and is often commensurate with the destruction
of the HF ground state.

Studies of ρ(T ,H) and C(T ,H)/T were performed in order to develop a T –H

phase diagram at low T . It is possible to track the evolution of the power law behav-
ior in ρ(T ,H) at low T by fitting the data with the expression ρ(T ) = ρ0 + AT n.
The best fits were determined from a plot of ln(ρ − ρ0) vs. ln(T ) in which the value
of ρ0 was selected to maximize the linear region of the fit extending from low T .
Based on this analysis, we find the T –H phase diagram shown in the right lower
panel to Fig. 24. First, TM (inferred from ∂ρ(T ,H)/∂T and C(T ,H)/T ) decreases
with H until it becomes impossible to track for 0.7 T < H . As a result, it is unclear
whether there is a first order transition near 0.7 T or a second order transition in the
vicinity of ∼1.5 T, where we have extrapolated TM = 0 K (dashed line in Fig. 24,
right panel). From the power law fits to ρ(T ,H), we find that n ∼ 1.1 for H = 0 T.
As H increases, n rapidly crosses over to a value ∼1.5 near H = 0.5 T, close to the
field where TM is no longer observable. Starting near H ∼ 2.5 T, the n ∼ 1.5 depen-
dence extends over an increasingly broad T region. From this result, we infer that
Yb2Fe12P7 has an unconventional ground state which includes a QPT between two
phases that exhibit NFL behavior with different power law exponents of the electri-
cal resistivity. On the other hand, we also find that for 1 T < H , the low T value
for C(T ,H)/T is suppressed and the location of the broad maximum shifts towards
higher T (Fig. 23(b)). This behavior is consistent with the recovery of a FL state
due to the increase of the Zeeman energy with H . This apparent disagreement be-
tween ρ(T ,H) and C(T ,H)/T highlights the point that the T –H phase diagram for
Yb2Fe12P7 is highly anomalous and does not conform to the classical QCP scenario.

9 PrOs4Sb12

The filled skutterudites are a well known class of compounds that have generated in-
tense activity during the past three decades due to the wide variety of interesting elec-
tronic and magnetic phenomena that they exhibit and their promising thermoelectric
properties [249–251]. Filled skutterudites have the chemical formula MT4X12 where
the “filler” atom M = La-Nd, Sm, Eu, Yb, U, Th, the transition metal T = Fe, Ru,
Os, and the pnictogen X = P, As, Sb. The filled skutterudites exhibit many types
of correlated electron behavior including: Spin fluctuations, itinerant electron fer-
romagnetism, local moment ferromagnetism and antiferromagnetism, conventional
BCS (Bardeen-Cooper-Schrieffer) superconductivity, unconventional superconduc-
tivity, heavy fermion behavior, hybridization gap semiconducting behavior, non-
Fermi liquid (NFL) behavior, etc.

The Pr-based filled skutterudites (PrT4X12; T = Fe, Ru, Os and X = P, Sb, As)
are mainly correlated electron metals which exhibit a variety of low temperature phe-
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Fig. 25 (Color online) The
H–T phase diagram for
PrOs4Sb12. The
superconducting state phase
boundary is derived from the
electrical resistivity data. The
high field ordered phase (HFOP)
is deduced from features
observed in ρ(T ,H), C(T ,H),
M(T,H) (H parallel to [001]
and [111]), thermal expansion
α(T ,H), and magnetostriction
λ(T ,H). After Refs. [28, 260]

nomena [250]. Of these compounds, PrOs4Sb12 has received the most attention, ow-
ing largely to the fact that it is the first Pr-based heavy fermion superconductor, for
which Tc = 1.85 K and Hc2(0) = 2.5 T [27, 28]. The superconducting state breaks
time reversal symmetry [252], apparently consists of several distinct superconduct-
ing phases, some of which may have point nodes in the energy gap [253, 254], and
may involve triplet spin pairing of electrons [255]. Additionally, it has been shown
that there likely are multiple superconducting bands [254, 256–259]. The supercon-
ductivity develops from a Fermi liquid ground state where the conduction electrons
apparently have masses that are fifty times larger than the free electron mass [27, 28].
It is evident that the heavy quasiparticles participate in the superconductivity, in that
the specific heat jump �C is comparable with γ Tc [28]. It has also been demonstrated
that the superconductivity develops out of a non-magnetic �1 crystalline electric field
(CEF) ground state with a low lying �5 (using the notation for a cubic CEF) and that
the application of magnetic fields larger than 4.5 T induces a high field ordered phase
(HFOP) [28, 260] which is thought to be due to antiferroquadrupolar ordering [261]
(Fig. 25). As a result of this wealth of unusual behaviors, PrOs4Sb12 has been the
subject of much investigation since it’s discovery in our lab in the early 2000s. How-
ever, in spite of the vigorous research that has been devoted to this compound, there
yet remain several outstanding issues to be addressed.

The nature of the superconductivity in PrOs4Sb12 continues to be an unresolved
issue. Experimental studies have reported various H–T phase diagrams with mixed
evidence for nodes in the pairing gap. Some experiments have also indicated the pres-
ence of multiple gaps, suggesting that the pairing involves either multiple bands or
multiple order parameters. In order to address this issue, transverse field muon spin
rotation (TF-μSR) measurements, in fields up to 200 Oe, were performed. These
measurements suggest that the superconducting penetration depth λ(T ) is tempera-
ture independent at low temperatures, consistent with a completely gapped quasipar-
ticle excitation spectrum. In contrast, radio frequency (rf) inductive measurements
yield a stronger temperature dependence of λ(T ), indicative of point nodes in the
gap. It is possible that this discrepancy is related to multiband superconductivity [257,
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258]. It is also worth noting that measurements of the muon Knight-shift in the nor-
mal state of PrOs4Sb12 suggest that the perturbing effect of the muon charge on the
neighboring Pr3+ crystalline electric field is negligibly small and therefore is unlikely
to cause the difference between the TF-μSR and rf results. The superconducting state
has also been probed via Andreev reflection spectroscopy measurements, revealing
distinct spectral evidence for the presence of gap nodes, the evolution of which has
been interpreted within a scenario for multigap pairing [262]. Thermal and charge
conductivity measurements were recently performed for single crystal samples of
PrOs4Sb12 and PrRu4Sb12. In zero magnetic field, the low temperature electronic
thermal conductivity of PrRu4Sb12 is consistent with a fully gapped Fermi surface.
For PrOs4Sb12, residual electronic conduction in the zero-temperature limit indicates
the presence of nodes in the superconducting energy gap. The electronic thermal con-
ductivity for both compounds shows a rapid rise at low magnetic fields. In PrRu4Sb12,
this result is interpreted in terms of multiband effects. In PrOs4Sb12, the effect of the
Doppler shift of nodal quasiparticles and multiband effects were considered [254,
259].

To further advance our understanding of PrOs4Sb12, studies of the substitu-
tional systems Pr1−xNdxOs4Sb12 and Pr(Os1−xRux )4Sb12 were undertaken. For the
Pr1−xNdxOs4Sb12 series, the x = 1 end-member is a ferromagnet with an ordering
temperature TC ∼ 0.9 K [265]. As mentioned above, several measurements have in-
dicated that the superconducting electron pairing in PrOs4Sb12 may be spin-triplet.
This result implies that the superconductivity in PrOs4Sb12 could tolerate the pres-
ence of magnetic moments. In contrast, for the series Pr(Os1−xRux )4Sb12, the x = 1
end-member is a conventional BCS superconductor [266]. Thus, it was expected
that these substitutions would uniquely affect the unconventional superconductivity,
heavy fermion behavior, and CEF effects, and thereby provide insight into the mecha-
nisms underlying the unusual phenomena in the pure compound. The results of these
studies are summarized in Fig. 26.

In order to determine the T –x phase diagram for the Pr1−xNdxOs4Sb12 system,
measurements of ac magnetic susceptibility vs. temperature in zero-field and elec-
trical resistivity vs. temperature in magnetic fields between H = 0 T and 8 T were
performed for several concentrations x [250, 267]. A phase diagram for Tc and TC

vs. Nd concentration was developed which reveals that superconductivity persists up
to the surprisingly high value of x ∼ 0.5 and ferromagnetism appears above x ∼ 0.5.
Both Tc and TC are suppressed almost linearly toward x = 0.5, at which point a sud-
den disappearance of the ferromagnetic feature in the ac magnetic susceptibility vs.
temperature data suggests that this concentration may be near a possible quantum
phase transition. The low temperature H–x phase diagram was also developed, from
which it is apparent that the normal state features related to the HFOP persist up to
x ∼ 0.5 (note that for x > 0.5, measurements have yet to be performed). In contrast,
while the HFOP is only weakly perturbed with increasing x up to 0.5, Hc2 (T = 0)
is strongly suppressed up to x ∼ 0.3, above which Hc2 (T = 0) decreases more grad-
ually up to x ∼ 0.5. These data, along with specific heat measurements indicate that
the possible coexistence of ferromagnetism and superconductivity for x > 0.3.

From measurements of electrical resistivity, dc magnetic susceptibility, ac mag-
netic susceptibility, and specific heat [28, 266, 268], the phase diagrams for
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Fig. 26 Left panel (a) Zero-kelvin H–x phase diagram for Pr(Os1−xRux )4Sb12. Left panel (b)
Zero-kelvin H–x phase diagram for Pr1−xNdxOs4Sb12. The dashed line and the gray area are guides
to the eye. Left panel (a) Inset: Ruthenium concentration x dependence of the specific heat jump at the
superconducting transition divided by the transition temperature �C/Tc . Right panel (c) Superconduct-
ing transition temperature Tc vs. Ru concentration x in the Pr(Os1−xRux )4Sb12 system. The solid lines
drawn from x = 0 and x = 1 toward x = 0.6 are guides to the eye. The possible low temperature phase
identified as Tc3, which was determined from the Hc1(T ) and magnetic penetration depth data [263, 264]
is also plotted. Right panel (d) Tc and the Curie transition temperature TC vs. Nd concentration x in the
Pr1−xNdxOs4Sb12 system

Pr(Os1−xRux )4Sb12 were also established. As shown in Fig. 26 as x increases, Tc

decreases to a minimum value at x = 0.6, and then increases again to x = 1. As noted
earlier, it is also observed that the quantity �C/Tc is large for x = 0, reflecting the
large mass of the quasiparticles involved in the superconducting ground state. How-
ever, with increasing x, the large value for �C/T is suppressed to a constant value
for 0.05 < x. Additionally, the double superconducting transition that is observed
in specific heat measurements for the pure compound disappears for 0.05 < x [269].
Thus, there apparently are two interesting Ru concentration regimes where the ground
state may change: x ∼ 0.05 and x ∼ 0.6. In order to investigate this issue, the evo-
lution of the superconductivity and the HFOP was measured by means of electrical
resistivity in magnetic fields up to 18 T. For x < 0.4, the upper critical field curves
are conventional. However, for 0.4 < x, the Hc2(T ) curves are nearly linear [270].
This result may be consistent with the multi-band picture for superconductivity which
has been proposed to explain features in several other measurements, as mentioned
above. Interestingly, it was also revealed that the HFOP is weakened with increasing
x and suppressed by x ∼ 0.1 [270], which is in the vicinity of the Ru concentration
where many of the other features related to unconventional superconductivity are
suppressed.
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10 Concluding Remarks

Over the years, NFL behavior has evolved from a rare curiosity to a common phe-
nomenon. Although we have discussed several different materials in this review, they
represent a small sample of NFL systems known today. In contrast to twenty years
ago, the occurrence of NFL behavior is now observed in a wide variety of materi-
als. Examples include materials with important applications potential, including the
cuprate superconductors, and the recently discovered iron arsenide superconductors.
Although NFL behavior is often associated with quantum critical fluctuations, it is
evident there are many cases that do not fit this mold cleanly, including Y1−xUxPd3,
URu2−xRexSi2, Yb2Fe12P7, Ce1−xYxCoIn5, MnSi, etc. It is also worth noting that
there are many systems, such as PrOs4Sb12, which have interesting phase diagrams
with evidence for a QCP, but do not exhibit NFL behavior. It is safe to say that today
NFL behavior is not completely understood. Unraveling what these various materi-
als share in common and what aspects of their NFL behavior are system-specific is
a current very active field of research. Undoubtedly many more materials exhibiting
NFL behavior will be discovered in the future.
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