UC Riverside
UC Riverside Electronic Theses and Dissertations

Title
Function Theory on Open Kahler Manifolds

Permalink
https://escholarship.org/uc/item/4qj7i5f\

Author
Ogaja, James W

Publication Date
2018

Copyright Information

This work is made available under the terms of a Creative Commons Attribution-
NonCommercial-NoDerivatives License, availalbe at
https://creativecommons.org/licenses/by-nc-nd/4.04

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/4qj7j5fv
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA

RIVERSIDE

Function theory on open Kahler manifolds

A Dissertation submitted in partial satisfaction

of the requirements for the degree of

Doctor of Philosophy

in

Mathematics

by

James W. Ogaja

June 2018

Dissertation Committee:

Professor Bun Wong, Chairperson
Professor Yat Sun Poon
Professor Frederick Wilhelm

Professor Qi Zhang



Copyright by
James W. Ogaja

2018



The Dissertation of James W. Ogaja is approved:

Committee Chairperson

University of California, Riverside



Acknowledgement

I would like to express my gratitude to Dr. Bun Wong for his passionate guidance and
critique that were helpful for successful completion of my thesis. His willingness to give
guidance whenever approached for consultations was beyond my expectations. My sincere
thanks also to Dr. Frederick Wilhelm for answering questions that are related to my research
and for his support. I also give thanks to Dr. Qi Zhang and Dr. Yat Sun Poon for their
critique and support that led to completion of my research. Lastly, I express my deepest

appreciation to my family members and friends for all their support.

iv



To my Mother, Wilfrida A. Ogaja



ABSTRACT OF THE DISSERTATION

Function theory on open Kdhler manifolds

James W. Ogaja

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2018

Professor Bun Wong, Chairperson

The structure of an open complete Riemannian manifold (M", g) with nonnegative sectional
curvature has been studied extensively and well understood. There are two classical results
due to Gromoll-Meyer [9] and Cheeger-Gromol [4]. Gromoll and Meyer proved that a
complete open manifold (M™, g) with positive sectional curvature is diffeormorphic to R™.
On the other hand, Cheeger and Gromoll proved that a complete open manifold (M", g)
with nonnegative sectional curvature admits a totally geodesic compact submanifold S such
that M™ is diffeomorphic to the normal bundle of S in M™.

It is natural to imagine that these results and many others can easily be attained in Ricci
curvature case. However, in this case, there are relatively few structural results except
in a lower dimensional case n = 2 where all notions of curvature coincide. In [17], Shen

proved that a complete open Riemannian manifold with nonnegative Ricci curvature and
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maximum volume growth is proper (admits an exhaustion function). Regarding Shen’s
result, it was observed by Wong and Zhang [21] that a complete open Kdahler manifold with
positive bisectional curvature and maximum volume growth can be embedded as a complex
submanifold in a complex Euclidean space of higher dimension. Their observation is a partial
result of a weaker version of Yau’s conjecture which states that a complete open Kdahler
manifold with positive bisectional curvature can be embedded as a complex submanifold in
a complex Euclidean space of higher dimension. The original Yau’s conjecture [20] states
that: a complete open Kahler manifold with positive bisectional curvature is biholomorphic
to complex Euclidean space.

Here, we exhibit that a complete open Kahler manifold with positive bisectional curvature
can be embedded as a complex submanifold in a complex Euclidean space of higher dimen-
sion if the volume of a cone of rays from a fixed base point is asymptotic to the volume of
a geodesic ball centered at the same point. The volume growth condition we consider here

is weaker than the maximum volume growth condition.
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Chapter 1

Introduction

In this section we present a brief overview of our work. Structure of positively curved
manifolds have been extensively studied with analysis of the Busemann function. There are

different versions of Busemann functions.

Definition 1.1. We define the spherical Busemann function as

by(xz) = lim {r — d(z,d(B(p, 7))},

T—00

where O(B(p,r)) denotes the boundary of a geodesic ball centered at p with radius r.

Definition 1.2. For a ray v emanating from a point p € M we define the Busemann

function with respect to a ray v as

o) = Jim {t = d(a,7(1))

Some texts refer to f, as simply a Busemann function.



Definition 1.3. For a manifold M, a function f : M — R is ezhaustion if f~(—o0,a] is

compact for any real number a.

Interestingly, in a complete open Riemannian manifold, nonnegative sectional curvature

does not guarantee that f, is exhaustion [18], whereas by(z) is exhaustion.

Definition 1.4. Let M"™ be a complete Riemannian n-manifold. Define ayr by

o i VOIB(.7)

r—o00 rn

where B(p,r) denotes a metric ball a round p € M with radius r. We say that M™ has
maximum volume growth if aps > 0.

The proof of the following result can be found in [17].

Theorem 1.5. (In the proof of Lemma 3.4, [17]) If M is an open complete Riemannian
manifold with nonnegative Ricci curvature and mazimum volume growth, then b, is exhaus-

tion for any p € M.

We extend this theorem by replacing maximum volume growth condition with a weaker

volume growth condition (see page 5).

Definition 1.6. Cone of rays. Let S,M C T,M be a unit tangent sphere in the tangent

space T, M for a point p € M.

For any subset N C S,M , define

C(N) = {q € M | there is a minimizing geodesic y from p to q such thaty'(0) € N}



T,M

exp,,

Figure 1.1: Cone of rays



to be the cone over N and let

BN(p,T) = B(p,?") mC(N)

Let ¥ = {v C S,M | exp,(rv) : [0,00) — M is a ray}. As denoted above, we have

Bs(p,r) = B(p,r) N C(%).

In chapter 4, we establish that if M is a complete open manifold with nonnegative Ricci
curvature, then the volume growth condition

lim Vol(Bx(p,r)) _
% Vol(B(p,r)

is weaker than the maximum volume growth condition.

It is essential to note that nonnegative Ricci curvature ensures that our volume growth

codition is independent of the base point.

Lemma 1.7. Let M™ be a complete open manifold with Ricyy > 0. For a fixed p1 € M,
the volume growth
Vol(Bs(p,r))

2 el B o) T

is independent of the base point p € M.

Proof. Let p,q € M and d = d(p,q). Then it is clear that B(p,r) C B(q,r + d) and

B(q,r) C B(p,r + d). By Bishop-Gromov volume comparison theorem,



Vol Ber) L (e )" Vol(Br(pr 4 d))
rlggomeOZ(B(pl,r)) = lm f{[wd} Vol(B(p1,r)) }
[ (

lim 1nf{ _: } Vol(Bs(g,r )}

v

T—00 VOl( (pl, ))

] Vol Bg(q, T)
riso’ Vol Vol(B(p1,r))

v

li
ror00 [T—I—d

Vol(Bs(g,7)
r—)oo VOZ( (plv ))

Y

Likewise

Tlggo anol( Blpr, )) <r1—>oo fVol( B(p1, ))

Hence

.. Vol(Bs(p,7)) .. . .Vol(Bs(q,r)
1 f——=7 ] f———=
rggo m VOl(B(pl,T)) rggo 1n VOl(B(pl,T’)>
for any p,q € M.

O]

In this paper, we study structures of complete open manifolds with Ricpy» > 0 and volume

growth condition

Vol(Bs(p,r)) _ 9" —1
lim inf >
r—co  Vol(B(p1,7)) 9"

We also study structures of complete open Kahler manifolds with positive bisectional cur-



vature and volume growth condition

. Va(Bs(p.r) 9" -1
1 f
a5 M Vol(Blpr,r)) ~ 9

where n = dimcM

Note that for any p,p1 € M,

We prove the following theorems:

Theorem 1.8. Let M be a complete open manifold with Ricpyy > 0. Let a(n) = 93;1 where

n = dimgpM. If

. Vol(Bs(p,r))
a(n) < Jim mfm’

then for any a € R, b;l(a) is compact .

Theorem 1.9. Let M be a complete open Kahler manifold with positive bisectional curva-

ture. If

. Vol(Bs(p,r))
a(n) < Jim. mfm’

where n = dimcM and a(n) = 92;27;1, then M is a Stein manifold.

In chapter 4 we state general results from Riemannian geometry that will be required in
the proof of theorem 1.8 and in chapter 5 we state general results from complex geometry
that will be required in the proof of theorem 1.9.

In chapters 6 and 7, we provide proofs of theorems 1.8 and 1.9 respectively.



It Remains a challenge to completely remove the volume growth condition or provide a
counter example of the Greene-Wu'’s conjecture (weaker version of Yaus’s conjecture). Chen
and Zhu proved a result in [6] that points to a possible future direction towards establishing
that. They proved that a complete open Kahler manifold with positive bisectional curvature

has at least a half-volume growth.

Theorem 1.10. Let M be a complex n-dimensional complete open Kahler manifold with
nonnegative holomorphic bisectional curvature. Suppose also its holomorphic bisectional

curvature is positive at least at one point. Then the volume growth of M satisfies

Vol(B(p,r)) > ar™, 1<r < 400,

where o is some positive constant depending on p and the dimension n.

By having a closer look at the proof of the above theorem in [6], we realize that « is

independent of the base point p. A modified version is presented in chapter 5.



Chapter 2

Basic Facts and Definitions

In this chapter we discuss facts, definitions, and ideas that are key to the development of

our results. Materials here closely imitate expositions in [23], [3], and [10].

2.1 Notion of Metric, Connection, and Curvature

Definition 2.1. A Riemannian metric on a smooth manifold M is a 2-tensor field g €
J2(M) that is symmetric (i.e g(X,Y) = g(Y, X)) and positive definite (i.e., g(X,Y) >0
if X #£0).

Thus a Riemannian metric determines an inner product on each tangent space 1), M which
is typically written (X,Y) = ¢(X,Y) for X,Y € T,M. A Riemannian manifold is a
manifold together with a given Riemannian metric.

If p is a point in a Remannian manifold (M, g), we define the length or norm of any tangent
vector X € T,M to be |X| := (X, X)2. We define the angle between two nonzero vectors
X,Y € T,M to be the unique 6 € [0, 7] satisfying cosf = (X,Y)/(|X]||Y])

If (1, ..., €5) is a local frame for TM, and (¢*, ..., ") its dual coframe, A Riemannian metric



can be locally written as

9= gz’j@i ®90j,

where g;; = (e;, ;) is symmetric in ¢ and j and depends smoothly on p € M. In a coordinate

frame, g has the form

g= gijdxi ® da?. (2.1)

Since g;; is symmetric in ¢ and j, (2.1) is equivalent to

g = gijdz'dz’

Definition 2.2. Let 7 : E — M be a vector bundle over a manifold M, and let E(M)

denote the space of smooth sections of E. A connection in M is a map

V: J(M) x E(M) — E(M),

denoted (X,Y) — VxVY, satisfying the following properties:

(a) VxY is linear over C*°(M) in X :

VfX1+gX2Y = fVx,Y +9Vx,Y for f,ge€ COO(M)



(b) VxY is linear over R in Y':

Vx(aY1 +bY2) =aVxY1 +bVxYs fora,beR

(c) V satisfy the following product rule:

Vx(fY) = fVxYi+ (X/)Y for f € C™(M).

VxY is called the covariant derivative of Y in the direction of X.
Here, J(M) denote a space of vector fields.

A linear connection on M is a connection on T M, i.e., a map

V' J(M) x J(M) — J(M),

satisfying properties (a) — (c) in the definition of a connection above. A linear connection

on M 1is often simply called a connection on M.

A linear connection appears in components. Let {E;} be a local frame for T'M on an open

subset U C M. For any choices of ¢ and j we can expand Vg, E; in terms of the same frame.

Vg E; =T}E), (2.2)

If the dimension of M is n, n? functions Fi-“j on U are called Christof fel symbols with

respect to the frame {E;}.

10



Lemma 2.3. Let V be a linear connection, and let X, Y € J(U) be expressed in terms of

a local frame by X = X'E;, Y = YjEj. Then

VxY = (XY* + X'YITE) By, (2.3)

Proof. By definition rules, we have:

VxY = Vx(YEj)
= (XY)E; +Y'Vxig E;
= (XY)E; + X'YIVg,E;

= XYJE; + X'YIT};Ey,

We obtain (2.3) by replacing the dummy index in the first term. O

Example 2.1.1. On R™ we define the Euclidean connection by

Vx(Y79)) = (X¥7)9, (2.4)

Vx(Y) is just the vector field whose components are just the directional derivatives of the
components of Y in the direction of X. Its Christoffel symbols in standard coordinates are
all zero.

A linear connection V is said to be compatible with a metric g = (-,-) if it satisfies the

11



following product rule for all vector fields X, Y, Z.

Vx{Y,Z)=(VxY,Z)+(Y,VxZ).
Definition 2.4. A Lie algebra is a real vector space g equipped a skew-symmetric, bilinear
map [,]: g X g— g such that
[[Xv Y], Z] + [[Yv Z]vX] + HZ7X]7Y] =0, VXY, Z€g

The product structure in a Lie algebra is called the Lie bracket. The identity above is
called the Jacobi identity.

The linear connection V has a torsion tensor defined by

Ty(X,Y)=VxY — VyX — [X,Y], for any vector fields X,Y

If Ty = 0, then a linear connection V is said to be torsion- free.

The curvature R of a linear connection is a (?)—tensor field defined by

RxyZ =VxVyZ - VyVxZ - VixyZ

For a given metric (-, -) on T'M, there is a unique linear connection on M that is torsion-free:

Proposition 2.5. Given a Riemannian manifold (M™,(-,-)), there is a unique connection
V on M that is both torsion free and compatible with (-,-). This connection is called the

Riemannian connection or Levi-Civita connection of the Riemannian manifold.

As a (i’)—tensor field, the curvature tensor of a Riemannian connection can in terms of any

12



local frame with on upper and three lower indices. For example, in terms of local coordinates

(z%), R can be written as

R = Ryjlda’ @ da? ® da* ® 0,

where the coefficients are defined by

R(8;,0;)0k = Riji'0;

We define the Riemannian curvature as the covariant for tensor field obtained from the

(‘;’)—tensor field by lowering the last index. Its action on vector field is defined by

R(Xv}/aZa W) = <RXYZ7 W>

and in coordinates it is written as

R = Rijpds’ ® dr? @ da* ® da'

where Rijn = gimRijr™ and g, = (01, Om). It obeys the following symmetries:

RX,Y,Z,W) = —R(Y,X,Z,W)
R(X,Y,Z,W) + R(Z,X,Y,W)+R(Y,Z,X,W)=0

R(X,Y,Z,W) = R(Z,W,X,Y)

13



Definition 2.6. Let {X,Y} be a basis of a 2-dimensional subspace P C T, M, the sectional curvature

of the metric in the 2-plane section P is defined by

R(X,Y,Y, X)

KB = xpve - x.vpe

The right hand side is independent of the choice of basis {X,Y} of the 2-plane P C T,M:

suppose {Z, W} is another basis of P. Then we have

Z = aX+bY

W = X +dY

for some constants a, b, ¢, d with ad — bc # 0. It follows that

[ZPIWP = (2,W)? = (ad = be)*(IXP|Y* = (X, Y)?)

Since R is skew-symmetric in its first two (or las two) positions, we have

= (ad —bc)’R(X,Y,Y, X)

Thus proving the claim.

Definition 2.7. Let {e1,...,e,} be an orthonormal basis of T,M. For any X,Y € T,M,

define

14



XY = 3 Rien X, V.00
i=1
Here we are taking the trace of the 4-tensor R at its first and fourth positions. It is clear
that 7(X,Y) = r(Y,X). So r is a symmetric covariant 2-tensor on M. It is called the
Ricci tensor of a Riemannian manifold M. The right hand side of the above formula is
independent of the orthonormal basis {e;}: suppose {e;} is another orthonormal basis of

T,M. Then there is an n X n orthogonal matriz A = (a;j) such that €} = Z?:l a;jej for

each 1 <1 <n. We then have

3
3
3

ZR(@Q,X,Y,e;) = aijairR(ej, X, Y, er)
) 7,k=1

n

@
I
—_
.
Il
—

I
M:

az]azk> 6]7X7 Y, ek)

J,k=1 \i=1

??‘
S

n
= 6ij(ej7X> Y7 ek’) = ZR(ejvxa Y7 e])
Jik=1 j=1

For any 0 # X € T,M, the Ricci curvature in the direction of X is defined by

_ X, X)
TR

It is just the average value of the sectional curvature for all the 2-plane sections containing

X.
The trace of the Ricci tensor r is a scalar valued function on M, which is called the

scalar curvature of the Riemannian manifold denoted by s. At a point p € M, the value

s(p) is given by

15



s(p) =) rle)= > Rleiejeje)
i=1 1<iZj<n

where {e;} is any orthonormal basis of T,M. The scalar curvature at p is the average value

of the sectional curvature for all the 2-plane sections in T, M.

2.2 Geodesics, Rays, and Busemann function

A curve in a manifold M is a smooth map v : I — M, where I C R is some interval. If I
is a closed bounded interval [a,b] C R, then v : I — M is called a curve segment.

Lengths of Curves. If v : [a,b] — M is a curve segment, we define the lenght of v as

b
Liy) = / ()t

If I has an endpoint, smoothness of v means that v extends to a smooth map defined on
some open intervals containing /. Here, the notion of smoothness is equivalent to saying the
components functions 7* in any local coordinates have one-sided derivatives of all orders at
the endpoint, or having derivatives of all orders that extend continuously to the endpoint.
Since v can always be extended to a smooth curve on a slightly larger open interval and then
restrict back to the original after working with it, it suffices to assume whenever convenient
that ~ is defined on an open interval.

At any time ¢ € I, the velocity 4(t) of v is defined as the push-forward ~.(d/dt). It acts on

functions by

16



This corresponds to the usual notion of velocity in coordinates. If we write the coordinate

representation of v as y(t) = (y(¢),...,7"(t)), then

0
al‘i

() = 4(t)

A wector field along a curve v : I — M is a smooth map V : I — TM such that
V(t) € TyyM for every t € M. Let J(v) denote the space of all vector space along 7. A
vector field V' a long v is said to be extendible if there exists a vector field V € J (M) such
that for each t € I, V(t) = f/v(t). Not every vector field along a curve v is extendible. For
example, if y(t1) = y(t2) but 4(t1) # Y(t2), then ¥ is not extendible.

To make sense of a directional derivative along a curve, we have the following.

Lemma 2.8. Let V be a linear connection on M. For each curvey : 1 — M, V determines

a unique operator

Dy:J(v) = IT()
satisfying the following properties:

(a) Linearity over R:

Dy(aV +bW) =aDV +bDW  for a,b € R.

(b) Product rule:

Dy(fV) = fV + fD,V for feC®()

17



Figure 2.1: f, is Lipschitz (f,(z) < d(p,x))

(¢c) If V is extendible, then for any extension V of V,

DV (t) = V&(t)f/.

Definition 2.9. Let M be a manifold with a linear connection V, and let v be a curve in
M. The acceleration in 7y is the vector field Dy along v. A curve 7y is called a geodesic

with respect to V if its acceleration is zero: Dyy =0

Minimizing geodesic: A geodesic 7 is minimizing if for any other geodesic with the same
endpoints 7, L(y) < L(7).

Ray: A ray v :[0,00) = M in M is a minimizing geodesic such that to —t; = d(y(t2),v(t1))
for all t9 > ¢1 > 0.

Recall that f,(x) = limyoo{t — d(z,v(t))} for each ray . By triangle inequality, ¢ —
d(z,v(t)) < d(p,x) < oo (Figure 2.1). So, f is Lipschitz continuous. However, it is not

smooth.

18



Figure 2.2: b, is Lipschitz (r — d(z,0B(p,r)) < d(p, x))

Note: It is important to note that for any open complete manifold, there is always at least

a ray.

Lemma 2.10. Let M be a complete open Riemannian manifold. For each x € M define
Bj(z) : R = R by Bj(z) = r — d(x,0B(p,r)). Bj(z) is non-increasing (with respect to
r) for r > d(p,xz). Here, 0B(p,r) denotes the boundary of a geodesic ball centered p with

radius r.

Proof. Consider real numbers 71 and 7o such that ro > r; > d(x,p). Let 2’ € dB(p,r2)

be such that d(z,z") = d(xz,0B(p,r2)). Take a minimizing geodesic v from = to z’. If

19



7(to) € OB(p, 1), then

r1=d(y(to),p) > 7r2—d(y(to),0B(p,12))

= 12 —d(z,0B(p,r2)) + to,

that implies

d(ZL‘, 8B(p, Tl)) < d($, 7(250))

IN

d(z,0B(p,ra) — T2+ 71

Hence B)(z) > B2(z). O
Recall that

by(x) = lim {r —d(xz,0B(p,r))}

r—00

Equivalently, we can verify that b, is Lipchitz continuous (Figure 2.2). Take z’ € 0B(p,r)

such that d(z,2’") = d(x,0B(p,r)). By triangle inequality,

r—d(z,2") < d(z,p)

Similarly,

d(z, ") < d(2',p) + d(x,p)

i.e

—d(z,p) <r —d(z,2")

20



Hence |r — d(z,0B(p,7))| < d(z,p).

2.3 Jacobi fields and Cut Locus

Jacobi field provides a way of describing how geodesics from a given point p € M spread

apart. In particular, the spreading a part is determined by curvature condition.

Definition 2.11. Let v : I — M be a geodesic in M. A wector field J along v is called a

Jacobi field if it satisfies the equation

D}J(t) + R(J(t),7(t)3(t) = 0

Proposition 2.12. (Ezistence and Uniqueness of Jacobi Fields) Let v : 1 — M be
a geodesic in M. Let a € I and p =~(a) € M. For any pair of vectors X,Y € T,M, there

exists a unique Jacobi field J a long v such that

J(a) =X, and DyJ(a) =Y

Proof. Choose an orthonormal basis {e;} for T,M, and extend it to a parallel frame along

all of v. Writing J(t) = J(t)e;, we can express Jacobi equation as

J'+ Rl 74 = 0.

This is a linear system of second-order ODEs for the n functions J?. Making the usual sub-
stitution V¥ = J* converts it to an equivalent first-order linear system for the 2n unknowns

{J?, V). Then, by existence and uniqueness of linear ODEs, the existence and uniqueness

21



of a solution on the whole interval I with any initial conditions J¢(a) = X, Vi(a) = Y is

guaranteed. O

Definition 2.13. Let S;M = {v € T,M : ||[v|| = 1} be the unit sphere in T,M. For any

veT,M, we define

cut(v) = maz{t : Yyljo, is minimizing}.

This defines the cut locus distance function

cut : SpM — (0, 0]

which is continuous. Let

Cp={tv:veS,M, t<cut(v)}

This is a closed subset of T,M and its boundary 0C), is called the cut locus in the tangent
space of the point p.

The cut locus of p in M 1is defined to be image of the cut locus of p in the tangent space
under the exponential map at p. Thus, we may interpret the cut locus of p in M as the

points in the manifold where the geodesics starting at p stop being minimizing.

2.3.1 Conjugate Points

One application of Jacobi field is to investigate when the exponential map is a local diffeo-

morphism. We know that if M is complete then exp, is defined on all of T,M, and is a

22



local diffeomorphism near 0. However, it may cease to be a local diffeomorphism at points
far away.

A good example is by the sphere S™(R). Each geodesic starting at a given point meet at
the antipodal point which is at a distance mR along each geodesic. The exponential map is
a diffeomorphism on the geodesic ball B;r(0) but fails to be a diffeomorphism on all points

on the sphere of radius 7R on S, M.

Definition 2.14. Consider a geodesic segment ~y joining p,q € M. The points p and q are
conjugates to each other along ~v if there is a Jacobi field along v vanishing at p and q but

not identically zero.

Remark 2.1. The most important fact about conjugate points is that they are the image

of singularities of the exponential map.

A point in a cut locus of p € M is called a cut point of p.

Proposition 2.15. Suppose that y(ty) is the cut point of p = v(0) along v. Then:

a) either v(to) is the first conjugate point of v(0) along =,

b) or there exists a geodesic o # 7y from p to y(tg) such that L(o) = L(7)

Conversely, if (a) and (b) are satisfied, then there exists t in (0,to] such that v(t) is the cut

point of p along ~y.
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Chapter 3

Busemann Functions on Complete
Open Manifolds with

Nonnegative Sectional Curvature

Noncompact complete Riemannian manifolds of nonnegative sectional curvature have been
extensively studied by analysis of Buseman function(s).

In the proof of soul theorem [4], Cheeger and Gromoll proved that the Buseman function
by(x) on a complete open Riemaniann manifold with nonnegative sectional curvature is

convex and exhaustion.

Definition 3.1. A function v : M — R is convez if for any normal geodesic o : R :— M

and any X € [0,1], Yoo ((1 — N)t1 + At2) < (1 = N oo(tr) + Mpoo(ta).

Definition 3.2. A function f : M — R is an exhaustion function if for any ¢ € R,

f7 1 ((—o0,c]) is a compact subset of M.
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Theorem 3.3. (Theorem 1.10 in [4]) Let M be a complete open manifold with nonnegative

sectional curvature. Then the function f. : M — R is convex.

Definition 3.4. A subset S C M is said to be geodesically convex if every point in S can

be joined by a minimizing geodesic in M whose image is in S.

Corollary 3.5. Let M be a complete open manifold with nonnegative sectional curvature.

For a € R, denote
Dy, ={x € M : supfy(z) < a}, where sup is taken over all rays .
g

D, is geodesically conver.

Proof. Take points x,y € D, and let o : [a, 3] — M be a minimizing geodesic from z to y

(0(a) =z and o(f) = y). For any ray v : [0,400) — M we have that fyoo((1-N)a+AF) <

((1=A) fyoo(a)+Afyoo()). In other words, for any t in [o, (], we have that supf, (o (t)) < a.
v

Same as saying that the image of o : [, 8] — M is contained in D,. So, the image of any

minimizing geodesic with end points contained in D, is contained in D,. Hence D, is

geodesically convex. O

To prove that the Busemann function b, is exhaustion, it suffices to established that for any
a € R, D, is a compact subset of M. Here is a short description of a strategy independent

of the one originally presented by Cheeger and Gromol:

Theorem 3.6. Let M be a complete open manifold with nonnegative sectional curvature,

then by, is exhaustion.

Proof. Assume that D, is noncompact. Then we can construct a sequence of minimizing
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geodesics {o;} whose images are contained in D, such that ¢;(0) = p and _0}1- =oisa
7 o
ray. Since D, is closed, image(c) C D,. However, supf,(co(t)) =t for any t > 0. A
g
contradiction to the definition of D,. Thus, D, must be compact. We have just proved
that b(x) = supf, is exhaustion. For any minimizing geodesic from p to a point on 0B(p,r)

o
we have that d(z,0B(p,r)) < d(z,7v(r)). Thus,

bp(x) = lim {r —d(z,0B(p, 7))} = sup,{fy(2)}

r—00

Since b(z) < by(x) for any = € M, we have that b, is exhaustion. O

It is interesting to note that the above result does not hold for a single ray Busemann
function f,. We can construct examples of complete open manifolds of nonnegative sectional
curvature on which f, is not exhaustion by simply considering the following theorems by

Shiohama [18] page 297.

Theorem 3.7. Let M? be a connected complete open manifold of dimension 2 with a
nonnegative Gaussian curvature G. Let v : [0,00) — M? be a ray with respect to which Iy

1s non-exhaustion. Then we have

Gduy <m
M2

Theorem 3.8. Let M? be a connected complete open manifold of dimension 2 with non-
negative Gaussian curvature G. Assume that M? admits an exhaustion Busemann function
f~- Then we have

Gdu > m
M2
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Figure 3.1: S xR

Example 3.0.1. Flat Cylinder (Figure 3.1)

For a point p € M? = S? x R, there exists only two rays v and T, which are in opposite

directions. For any point x € M?, we denote h~(x) = d(z,v) and h(z) = d(x, {y,T}).

By theorem 3.8 above, f is not an exhaustion function. However, b(z) = supf,(x) and
v

by(x) are exhaustion by simply observing that d(p,xz) — b(x) < 2h(z) by triangle inequality,

and that h(xz) < 7.
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Chapter 4

Bishop-Gromov Comparison
Theorem and Volume Growth

Condition

Many important tools and results of Ricci curvature lower bound is from the use of compar-
ison thorems, e.g, Bishop-Gromov volume comparison, Mean curvature comparison, Lapla-
cian comparison, Meyers’ theorem, Cheeger-Gromoll’s splitting theorem. Here, we will
present Bishop-Gromov volume comparison and its’ generalized version, Mean curvature

comparison, and Laplacian comparison.

Theorem 4.1. (Bishop and Gromov volume comparison)

Let the Ricci curvature of a complete open manifold M satisfies the lower bound

Ricyr > (n — 1)K
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for a constant K € R. Let My be the complete simply connected space of constant sectional

curvature K. Then for any p € M and px € M}, the function

_ Vol(B(p,r))
) = Vo (Bo )

is non-increasing on (0, 00).

Next, we will discuss the volume comparison theorem that generalizes Bishop-Gromov com-
parison theorem. Some materials in this section follows from exposition in [24].

Let f be a smooth function on M™. We define its gradient, Hessian, and Laplacian by

(Vf, X) = X(f)

Hess(f)(X,Y) = (Vx(Vf),Y)

and

Af =tr(Hess(f))

respectively. For a bilinear form A, we denote |A|?> = tr(AA?). Here, we introduce volume

comparison theorem from Weitzenbdck Formula.

Theorem 4.2. (The Weitzenbock Formula) Let M™, g be a complete Riemannian manifold.

Then for any function f € C3(M), we have

SAIVSP = |Hessf[> + (V/, V(AS) + Rie(V f, V)
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point-wise.

Proof. Fix a point p € M. Let {X;}", be a local orthonormal frame field such that

X;, X;) = 9;; and Vx, X;(p) = 0. Computation at p gives
J J i

SAIVIE = 5 S XX(VA V)
- ZlXvain,Vﬁ
- iXiHess(f)(Xi,Vf)
= iXiHess( F)(Vf,X;)(Hessian is symmetric)
= D XlVv, (V) Xi)
= iwxivvf(w),xi) + Z(va(vf), Vx, Xi)

7

= Z(invvf(Vf), Xi)(The other term vanishes at p)

= D _(RXG, VOV Xi) + 3 (VerV VI, Xi) + 3 (Vix,vn V5 X)

i

The first term is by definition Ric(V f, V f); the second term is

DVHVAVEX = 1) = (Vx,V Ve Xe) = (V) (VX V] Xi) -0 (at p)

3 K3

= (VH(AS)

= (V/,V(AS),

and the third term is
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ZHess(f)([Xi,Vf],Xi) = ZHess(f)(inVf—Vin,Xi)

l = ZZ:HBSS(f)(VXin,Xi)_Hess(f)(VVinin)
= D Hess(f)(Vx,V/, Xi) = 0 (at p)
= iHess(f)(Xi,VXin)
= ivxiw,vxiw

= [Hess(f)?

O]

This is powerful in the sense that we have a freedom to choose the function. We will
choose a distance function. For a fixed p € M let r(z) = d(p,x) be the distance function
from p to x. This is a Lipschitz function and it is smooth except on the cut locus of p.
It also satisfies |Vr| = 1 where it is smooth. We have that Vr = % in general polar
coordinates at p. Let {e1,e2,...,e,—1} be an orthonormal basis for the geodesic sphere, and
denote the mean curvature of the geodesic sphere by m(r) with the outer normal N, where
m(r) = Z?’:_ll(Ve,.N ,€;). In general polar coordinate, the volume element can be written

as dvol = dr A A, (r)dw where dw is the volume form on the standard S"~!. We suppress

the dependence of A, (r) on w for notational convenience.

Lemma 4.3. Given a complete Riemannian manifold (M™,g) and a point p € M, we have

Ar =m(r) and m(r) = ‘?4/((:)).
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Proof. By definition

n—1

Ar =tr(Hess(r)) = Z(Vei(VT), ei;) + (Vn(Vr),N)

This proves the first equation.
Next, consider the map ¢ : T,M — M defined by ¢(v) = exp,(rv). Let {vq,...,vn—1} be

the orthonormal basis for the unit sphere in 7}, M. Then

A(r) = dvol (;,w(vl),...,w(vn_1)>

= dvol (88 dexp,(rvi), ...,dexpp(vn_1)>

)
r

= Ji(r) ANJa(r) Ao A Tp1 (1)
Where J;(r) = dexpp(rvi). Fix r¢g. We have

AI(TO) i Z?;ll Jl(TU) VANPVAN JZ{(T‘Q) VANRAN Jnfl(To)

A(TO) JI(TO) A JQ(T()) VANPYRAN Jn_l(ro)

Let Ji(r), ..., Jn—1(r) be the linear combinations (with constant coefficients) of the J;(r)’s

such that J1(rg), ..., Jn_1(ro) form an orthonormal basis. Then

32



Al(rg) ST (10) A e ATL(T0) A oo A Ty (70)

A(ro) Ji(ro) A Ja(ro) A coe A Jp—1(10)

S T1r0) A e AT (10) A oo AT 1 (7o)
J1(ro) A Ja(ro) Ao A Tpn_1(70)

n—1

= Y T1(r0) A e ATi(10) A oo A T (ro)
i=1
n—1

= ST, o))

i=1

Let fi(t,s) = expp(sv; + ti). Then

0
Ji(ro) = dexpy(rovi) = 95 Ofi(t, s)

S=

and

0 0
/ e —_ —_ .
Ji(TO) o at‘t:ro aS s=0f2(t,8)
0 0
= Btlem0ds iy 1)
= VswoN

Therefore, we also have 7;(7"0) = ViV

i\T0

Thus
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Theorem 4.4. (Main Comparison Theorem)

Let (M™, g) be complete, and assume that Ric(M) > (n — 1)H. Outside the cut locus of p,

we have:

1) Laplacian Comparison: Ar < AHr,

2) Volume Comparison: Aﬁg) is non-increasing along radial geodesics.
3) Mean Curvature Comparison: m(r) < m™ (r)

(Quantities with superscript are counterparts in the simply connected space with constant

sectional curvature H. Equality holds iff all radial sectional curvatures are equal to H)

Proof. First we prove Laplacian Comparison. Let f(z) = r(z) and note that [Vr| = 1. Out

of cut locus of p, we obtain
or or’ or

|Hess(r)|? + 2(Ar) + Ric < 0 8) =0

Let A1, ..., A, be the eigenvalues of Hess(r). Since the exponential function is radial isom-

etry, one of the eigenvalues, say A1 is zero. By the Cauchy-Schwarz inequality, we have
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AL+ .o+ ) _ tr(Hess(f))  (A)?

H DY R i
|Hess(r)|* = A5+ ... + A7 > —1 1 o

Thus, if Ric > (n — 1)H, then

(A2 0
—(A —1)H<O0
n—1+8r( r)+(n—1)H <
(n—1) v (n—1)
Let n = A Then WZL Note that Ar — — when r — 0; thus u — r.
T U

Integrating the above inequality gives

(n — 1)v/Hcotv/Hr, for H > 0,

Ar < Afp = ("—1)’ for H=0

T

(n —1)v/—Hcoth/—Hr, for H <0

\

Next, we discuss equality case. If equality holds at 7, then for any r < rq, all the inequalities
above become equalities. In particular, the (n — 1) eigenvalues of Hess(r) are equal to
vV Ncoty/Hr (to simplify the constant, we assume H > 0. For H < 0, replace cot by coth.)
Let X; be the orthonormal eigenvalues of Hess(r) at r for i = 1,2, ..., n;

Thus

inaa = VHcotvVHrX;.
T

Extend X; in such away that [X, %] =0 at r, then
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0 0
Sec (X, 87’) = — <V;VXim,Xi>

= — <V% (\/ﬁcot\/ﬁr> Xi7Xi>

= Hesc®VHr — <V@Xi,Xi>
or

Xia'f"

= Hes®VHr — (VHeotVHr)? = H

= HCSCQ\/ET’—\/ECOt\/ﬁT<V 8Xi>

Volume comparison and mean value comparison follows from lemma 4.3. O
For the application of the volume comparison theorem, an integrated form is used.

Lemma 4.5. Let f,g be two positive functions defined over [0, 00). [fg 1S mon-increasing,

then for any R>r >0,5>s>0,r>s, R>S, we have
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We now compute

OF 1 Y !

5 = Qom0 v [[sm)
9(y) J) g(t)at (f(y
(J2 g(t)dt)?

But

Thus

that is,

F
which implies a— <0.
Jy

O]

Theorem 4.6. Let M be a complete open with Ric > (n —1)H. Let AL (p) be the set of
q € M such that x < r(q) <y and any minimal geodesic v from p to q satisfying v € T.

Then
Vol(Ag’y)
Vol(AH (z,y))

is non-increasing. Here, I' is a measurable subset of Sg_l.
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Proof. Note that

min{y,cut(w)}
Vol(AL ):/dw/ A(r,w)dr
r

(Ivy) mzn{l‘,CUt(w)}

A
where cut(w) is the distance to the cut locus in the direction w € S’g—l. Sicce A(;;’(L:) is
non-increasing for any w and r < cut(w), lemma 4.5 implies, for z >y

min{y,cut(w)} min{z,cut(w)}
/ A(r,w)dr / A(r,w)dr
min{z,cut(w)} min{z,cut(w)}
min{y,cut(w)} - min{z,cut(w)}
/ A (rYar / AR (rYdr
min{z,cut(w)} min{z,cut(w)}
That is
min{y,cut(w)}
H
min{y,cut(w)} /mzn{x cut(w)} A (T)d?“ min{z,cut(w)}
/ A(r,w)dr > mm{’z cut ()] / A(r,w)dr
min{z,cut(w)} AH . min{z,cut(w)}
min{z,cut(w)}
min{y,cut( w)}
/ (T)d?" min{z,cut(w)}
> . A(r,w)dr
min{z,cut(w)} /min{:v,cut(w)}
AR (rYdr

H
/ A /min{z,cut(w)}

/ AH (T)d?“ min{z,cut(w)}

v

A(r,w)dr

where the last inequality follows from the three possibilities; cut(w) <y < z,y < cut(w) < z,

and y < z < cut(w).

38



The inequality before that uses the fact that

/x U (r)dr
/m A ()

is non-increasing for a < b. Integrating the above over I', we get

Y
/ AH (r)dr
VOZ(Agz)
[t
Vol(

_ ﬁ ol AT
= Vel(Af(z,2)) Oz

Vol(A},)

A\

The equality part follows from equality discussion in theorem 4.4.

O]

From theorem 4.6 above we deduce the generalized version of Bishop-Gromov volume com-

parison theorem by letting H =0, =0, and y = r:

Theorem 4.7. (Generalized version of Bishop and Gromov volume comparison)
Let M be a complete open manifold with Ricpy > 0. Then for any measurable subset

N C S,M and any p € M, the function

Vol(Bn(p,T))

Tn

p(r) =

is non-increasing on (0, 00).

Corollary 4.8. Let M be a complete open manifold with Ricpr > 0. Then for any measur-
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able subset N C S,M, k> 1, andp € M,

Vol(Bn(p,kr)) < k"Vol(Bn(p,7))

For simplicity, let us denote 7(x) = ry(z).

Lemma 4.9. Let M be a complete open manifold. Let ¥5 be a d-neighborhood of 3 in S, M.
¥$ is a compact subset in Sp,M since X is open and XN X§ = 0. So there exist a constant

ro > 0 such that Bse(p, r) C B(p,19) for any r > 0.

Proof. On the contrary, there is a sequence {r,} such that r, — oo and a corresponding
sequence of minimizing geodesics {0y, } such that o,, is a minimizing geodesic from p to r,, and
0,,(0) € X§. We can take 0, (t) = exp,(to,(0)). Since X§ is compact in S, M, the sequence
{07,(0)} converges to 0., (0) € X§. Next, we prove that o is a ray. Otherwise, there is an s
such that the distance from p to exp,(s07,(0)) is less than s. Say, d(p, exp,(s04,(0))) = s—e¢.
By continuity of exp,, there exists § such that d(exp,(s0%(0)),exp,(s05,(0))) < & when

l|0oo — 0k|| < &, where o, € T,M. Then for r, > s

IN

d(p, exp,,(rna;,(0)) d(p, exp,(505,(0)) + d(exp, (s05,(0)), exp,(s7(0)))
—i—d(expp(sa;(O)), expp(rna}€ (0)))
< (s—e)+e+(rn—23)

= ’[”n
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A contradiction. Hence 0o is a ray. This also contradicts the fact that o (0) € X§

O

Remark 4.1. Applying theorem 4.7 above, it is easy to show that the maximum volume
growth condition implies that

Vol(Bx(p,r)) B

rroo Vol(B(p,r)) (4.1)

given that the manifold is complete open and admits nonnegative Ricci curvature as evi-

denced in the following lemma and it’s corollary. From lemma 4 of [15] we have

Lemma 4.10. Let M be a complete open manifold with Ricpyr > 0. Suppose that M has a

mazimum volume growth i.e

Vol(Bp,
i VONB@T) S
r—00 rn

then

= aM
7—00 rn

Proof. Since Vol(B(p,r)) = Vol(Bs(p,r)) + Vol(Bxe(p,r)), it suffices to prove that

1o Vol(Bse(p,r)

r—00 rn

=0

Given any ¢ > 0, choose § > 0 small enough such that the open §-neighborhood X5 of X

is such that Vol,_1(X\Xs5) < €. Here, Vol,,—; is the n — 1-dimensional volume in a unit
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sphere S,M. By theorem 9,
VOZ(BE(;\E(p) T))

TTL
is an increasing function of r. Thus,
Vol(Bs;\x(p; 7)) < lim Vol(By;\x(p, 7))
rn r—0 rh
_ Vol,—1(35\X) £

n n

By lemma 9, there exists a constant ro > 0 such that By (p,7) C B(p, 1) for all r > rg

sufficiently large. Therefore

Vol(Bse(p,r) _ Vol(Bsz(p,7)) N Vol(Bsy\x(p, 7))
,rn ,r.n ,r.n
Vol(B
< M + &
T n

< (TO VOZ”;;(SPM ) 4 €> /n <e.

Since € > 0 is arbitrary small, we have proved that

Vol(Bse(p, )

,r.n

=0

Hence

lim Vol(Bx(p,r))

= aM
r—00 rh
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Corollary 4.11. Let M be a complete open manifold with Ricyy > 0. Suppose that M has

a mazximum volume growth. Then equation (4.1) holds.

Proof. By lemma 11 above

Vol(Bx(p,r)) - Vol(Bx(p,r))

li

- lim

r—oo Vol(B(p,r)) = T r—00 VOl(Bn(PJ‘))
1
apM
=1

The converse is not true. In other words, equation (4.1) does not necessarily imply maximum

volume growth. We construct a counter example.

4.0.1 Paraboloid in R""!(n > 2).

In this subsection we investigate the volume growth condition of a paraboloid in R**!(n > 2)
with the purpose of proving that condition (4.1) is weaker than the maximum volume growth
codition on a complete open manifold with nonnegative Ricci curvature.

Some materials in this subsection closely follow expositions from pages 6,7, and 8 in [5].

Let H be a hypersurface in R**! with a smooth parametrization f : D — H defined by

f(l’la$2a ce "xn) - (xlv c '7xn7r(1:17 c '71:11))7

where D C R"*!. The standard basis {9y, - - -,0,} for the tangent space T,H at each point
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b= (xla o '7$n) is given by

0
872 = 85‘1 = (07 : 'aoalvov' : '707Ti)>
or . .
where r; = e We then have that the unit normal vector is defined by
T

_ (_Tla"'a_TTL?l)
Vit 441

Second fundamental form and shape operator. Second fundamental form and shape
operator makes it easier to compute curvature tensors of hypersurfaces. Second fundamental
form of H denoted by

I:T(H) x T(H) — N(H)

is defined as TI(X,Y) := (VxY)', where T(H) is a tangent bundle of H and N'(H) is a
normal bundle of H and V is a Riemannian connection on R"*!. Considering N, we can

replace Il by a simpler scalar-valued form h

h(X,Y) = (I(X,Y), N).

Since N is a unit vector,

I(X,Y) = h(X,Y)N

So by definition,
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hij = h(0;,0;) = V,0;-N

0,0,
T'Z‘Tj

Vi A2l

where 7; ; = 0;0jr. Raising one index of h, we get a shape operator s of M characterized
by

(sX,Y) = h(X,Y),

for all X,Y € T(H). Because h is symetric, s is a self adjoint linear endomorphism on
T,(H), that is

(sX,Y) = (X,sY),

for all X,Y € T(H).

Computing Riemannian curvature tensor of a hypersurface by shape operator.
Using s we can compute Riemannian curvature tensor of a hypersurface H as follows.

The Weingarten equation states that if X, Y € T(H) and N € N(H) are arbitrary extended
to R™*! then

(VxN,Y) = —(N,II(X,Y))

at every point of H. So,

ON
= 4.2
s0 Py (4.2)
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Also by denoting s9; = sg 0;, we have

882‘ = (Silv I S?a Z Sgrj) (43)
J

Let b =7} +---+72 + 1. Then from equations (4.2) and (4.3), we obtain

S‘g = —bfgrj Z TETks + 1)7%7‘“‘. (4.4)
k

We can also write the shape operator s in matrix form:

h(0;,0k) = hi. = (s0;,Ok)
= (s10;,0)
= SZgjk
So
= g (45)

and we can rewrite (4.4) as

Sg = Z(—b%Tﬂ’k + b*%csjk)rm
k
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then by symmetry of h and equation (4.5) we have that ¢g'* = —b_lrjrk + 0k, where 03, is
the Kronecker symbol.

For any X,Y, Z, W € T,(H), we define Gauss equation as

R(X,Y,Z,W)=R(X,Y,ZW) - (II(X,W), 1Y, Z)) + (II(X, Z2),T1I(Y, W))

in R"*!, R = 0. Hence

R(X,Y,Z,W) = —h(X, Z)h(Y, W) + h(X, W)h(Y, Z)

and
R(X,Y,Y, X) = h(X, X)h(Y,Y) — h(X,Y)?
that is
R(0;, 05, 0k, 0y) = h(0;, O1)h(0;, Ok) — h(0;, O )1 (0;, O)
and

-1
Rijii = hahji — highg = b (rigrj e — rigrii)

Paraboloid. Consider a hypersurface f : R® — M C R"*! defined by f(z1,---,2,) =

(1, -y xn,r(z1,- - -, Tp)), where r = a:% + -+ $% Then r; = 2x;, r;; = 26;; and
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b=7r?+--+712+1=42? +. .. +42? + 1. The curvature tensor becomes

Rijii = 4b~ 1 (6ud — mikrin)

and

- 4
Rijji = 4b~ (813655 — 0i505:) = b

At p=(x1,---,zy) let X € T,M be a vector. Construct an orthonormal basis {E;} C T,M

such that &—‘ = F;. Let

X=a101+ -+ anoy

and

E1:62181++6,z¢an

then

Since h is bilinear,

4 ) ) 4 ) )
R(E, X, X, E;) = o (a7 + -+ a)((e1)” + -+ + (1)) = S (are] + -+ + aney)
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Note that (X, E;) = 0 implies ajel + - - - + ane’, = 0. Thus R(E;, X, X, E;) > 0 and
Ricci(X) = ZR(EZ-, X,X,E)>0

The vertex 0 of a paraboloid M has an empty cut locus. Assume otherwise, that
is, let v : [0,a] — M be a minimizing geodesic such that v(0) = 0 and v(a) = p, where p is
a cut point of 0. We consider two cases.

Case I: p is a conjugate point of 0 a long a geodesic v. Choose an orthonormal basis
{ei}i=1,...n of ToH where e; = 4(0) which can be extended to parallel orthonormal fields
A(t), ea(t), - - -, en(t) along . Let J be a nontrivial Jacobi field a long v such that J(0) =

0= J(p). Then J(t) = > ai(t)e;i(t) for smooth functions a; € C®,i=1,---,n.

n

R(LAY = D (R4 eei
i=1

= Z Za] eja %61>z

=1 \j=1

= E a;(R(ej, 7). e 61+E E a;(R(ej,¥)%, ei)e;
1=2

7j=1
4 4
= O+Zai6igzgzaiei
1=2 =2

Also note that

J Zal el

SO
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3w et + 3 ai(t)ei(t)% ~0. (4.6)
=1 1=2

By Symmetry of curvature tensor,

. 9, .
@<J7 ’7> = <Dt J7 ’7>
= —R(J,%,%,9) =0

Thus (J,%) is a linear function of ¢ or a constant. By construction, (J,¥) = a1(t), and from
initial conditions of Jacobi field J, a1(0) = a;(p) = 0. Thus a;(t) = 0 for any t. Hence

equation (4.6) becomes

14 . _
a;(t)"e;(t) + E az(t)ez(t)b =0
1=2 1=2
i.e
d? 4
— Y 4.
72 J + Jb 0 (4.7)

Applying ODE to equation (4.7) above, we obtain a unique solution J(t).
Since M is complete there exists aray 7 from 0 € M. Let {f;}i=1.... , be an orthonormal basis

of ToM where f; = 7(0) and can be extended to parallel orthonormal fields 7(t), fa(t),- -
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-, fn(t) along 7. Let J be a Jacobi field along 7 normal to 7. Then

J(t) = Zbifi(t)
i=2
and

d? 4

Note that % is constant on each metric circle Sy(t) = {p € R" : d(0,p) =t} for t € [0, 00).
Since v and 7 are minimizing geodesics within (0, a], there is a unique solution satisfying
both equations (4.7) and (4.8). This contradicts that 7 is a ray. Hence there is no conjugate
point of 0 a long 7. In other words, the vertex 0 has no conjugate points. Hence 0 is a pole.
Case II. There is another minimizing geodesics 7 : [0,a] — M such that v # 7 in (0, a),
7(0) = 7(0), and y(a) = 7(a). Since 0 is a pole and M is diffeomorphic to R", there is no
such geodesic 7.

From cases I and II above, the vertex 0 of a paraboloid M C R™*! has an empty cut locus.
Thus volume growth condition (4.1) holds at 0 and extends to other points by lemma 1.7.
Mazimum volume growth. Next, we establish that a paraboloid M C R™*! doesn’t

admit maximum volume growth condition. Let » > 0 and a point p € M. Denote

R(p,r) = {n(r): v aray from p}

We define D(p, r) = supdiam(B), where the supremum is taken over all bounded components
B

B of M\B(p,r), with BN R(p,r) # (. The following is a special case of lemma 4.1 in [16].
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Lemma 4.12. Let f : Rt — R* be a function defined by f(z) = /23 +x3 + -+ 22,

where f(2) = /2. f(2) = /23 + 23+ + 22 defines a surface of revolution in R"*1 with

coordinates (x1,x2, -+, Tn, z). The volume growth of the surface(paraboloid) is at most P

Proof. Let r = d(0.(x1, 2, -+, 2n, 2)). It follows that r = [ \/1 4 [f'(z)]?dz. By definition

f(2) < O(z%). Then f'(z) < O(22) < O(1). Hence

z2<r<Cxz (4.9)

for some constants C' > 0. Clearly D(0,r) < 27 f(z) = (’)(z%) Hence by equation(4.9),

D(0,r) < (’)(r%). Thus the volume of a ball centered at 0 is at most r"%" . O

Remark 4.2. From lemma 4.14 above, if M = {(z1, 22, -+, ¥p,2) : 2 = 22 + 23+ -+ 22},
then M does not admit the maximum volume growth condition. However, since the point
p=(0,0,---,0) has an empty cut locus, equation (4.1) is satisfied at p. By lemma 1.7, we

have the same conclusion at other points as well.
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a Pole

(M, ds3y)

Figure 4.1: A paraboloid in R"*!
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Chapter 5

Complex Manifolds

Definition 5.1. Let M be a topological space which is connected, Hausdorff and has count-
able base. 1t is called complex manifold of (complex) dimension n if there exists an open
covering {Ug}aeca, and for each a € A a homeomorphism f, from U, onto an open subset
D, € C", such that for any pair a,b € A with Uy, = U, N U, # 0, the mapping fq o f;l is
a biholomorphism (i.e., homeomorphism that is two way holomorphic) between f,(Ug) and

Ja(Uap).

5.0.1 The Almost Complex Structure

Let M™ be a complex manifold of dimension n. Since C™ = R?", and biholomorphism are
diffeomorphisms, M is also differentiable manifold of (real) dimension 2n. It is denoted by
Mg and it is called the the underlying dif ferentiable mani fold of the complex manifold.
The complex manifold M is called a complex structure on M.

Write N?" = Mg. The complex structure on N induces a splitting of the complexification

of the tangent bundle TNC = TN ®g C into the sum of complex subbundles of equal rank.

54



We can denote this splitting by TNC = TM 19 ¢ TM O We can describe this splitting
in coordinate neighborhood as follows.

Let {z1,....., z,} be a local holomorphic coordinate in a neighborhood U of p € M. De-

note z; = xj + iy;. Then (z1,....,2n,y1,...., Yn) is a smooth(real) coordinate in U, and
{8%1, ..... , %} gives a local frame of the tangent bundle T'N. Denote by
0 1/ 0 e, and 0 1/ 0 i 0
— =—|=——-i— ] and — == | — +i—
0zj 2\ Ox; 0y, 0z; 2 \O0xj 0y
for each 1 < j < n. Then TM (0 is the complex subbundle of TNC spanned by {8%1, ooy %},
while TM©1) is spanned by {%, ceens %}

A bundle isomorphism J : TN — TN defined by

0 0 0 0

gwj 0y "oy Owy

for each 1 < j < n can be linearly extended over C to an isomorphism on TNC, and still
denoted by J, where
0 0 J 0 .0

J— =1— = —1=—

dz; 0z, 0% 0%,
for each 1 < j < n. Definition of J is independent of local coordinates, so J is a bundle
map from T'N onto T'N.
For a real vector ( or vector field) X on N, X —i.J is a vector in TM (19 and any vector in
TM™) is in this form for some real tangent vector X. Thus the map X — X —iJX defines
an isomorphism (over R) between TN and TM (19, Sections of TNC (TM®10) | or TMO:D)

are called complex fields (of type (1,0) or (0,1)) on M. A complex field is of type (1,0) if
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and only if it is in the form X — ¢JX for some real vector field X.

Definition 5.2. An endomorphism J of a tangent bundle of a differentiable manifold N
satisfying J*> = —1I is called an almost complex structure on N. Here, I denotes the

identity map of TN

5.0.2 Kahler manifold

Let M™ be a complex manifold. A Hermitian metric on M is simply a Hermitian metric
defined on the holomorphic tangent bundle TM. That is, a covariant 2-tensor which is

Hermitian symmetric and positive definite everywhere, i.e

h=> hdzdz
ij=1

where (21,22, -+ ,2,) is a local holomorphic coordinate, h = (hg) is an mxn matrix of
smooth functions which are Hermitian symmetric and positive definite. The real part g =
Re(h) of h, is a symmetric, positive definite covariant 2-tensor. So, ¢ is a Riemannian
metric on the underlying smooth manifold Mg of M. Thus a Hermitian manifold is always
a Riemannian manifold. Conversely, if we start with a Riemannian metric g on Mg, then
it is (coming from) a Hermitian metric iff g(JX,JY) = g(X,Y) for any real vector fields
X, and Y, where J is the almost complex structure on M. Under a local holomorphic
coordinate (z1, 22, - ,2p), if we write zx = xp + Xpig, then (1,29, -+ ,29,) is a local

diffentiable coordinate in M. By writing

2n

9= gavdzadzs
a,b=1
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we have that

9= (gab) = )

where h = (h;;) = A++/—1B

Hermitian metric is a Kéhler metric if it’s torsion, T = do+0 A vanishes, where § = Ohh~!

and ¢ is the dual of a local holomorphic frame of a tangent space.

Suppose (E, h) is a Hermitian vector bundle over a complex manifold M"™ and u and v are

sections in F, then we define a curvature tensor (2,5 by

s
Qs = Y Quhyzuiv,
i =1

where Q = df — O N0, Q = (Qij)i<ij<n, ¥ = Y uie;, and v = ) ve; under a frame
{e1,-++ ,e,} of E. For sections u, v of E and (1,0) type tangent vectors X, Y in M, we

denote

Ryvp = Qua(X,Y)

Restricting the curvature to the tangent bundle of M™, i.e E = TYOM, it becomes a

covariant 4-tensor

Ryyyw = QZW(Xv ?)

The normalized curvature in the direction of X and Z

Ryxs7
BX2) = 1%z
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is called the bisectional curvature of h in the direction of X and Z, while

is called the holomorphic sectional curvature of h in the direction X.

This R is not the Riemannian curvature tensor of the Riemannian metric Re(h) in general,

unless h is Kahler. The following is a discussion of Kdhler case:

Let (M™, h) be a Kahler manifold. Denote by (,) the underlying Riemannian metric Re(h),
and by V, R the Riemannian connection and Riemannian curvature respectively. The
curvature tensor R of h is just the linear extension (over C) of the Riemannian curvature

tensor R of the metric Re(h). This justify the use of same symbol.

The Kdéhlerness of the metric means (Ju, Jv) = (u,v) and V,(Jv) = JV,v for any two
real vector fields w and v, where J is the almost complex structure of M. The Riemannian
curvature tensor satisfies R(u, v, Jz, Jw) = R(u,v, z,w) because of R(u,v)Jz = JR(u,v)z
by definition of R and commutativity of V, with J. In practice, it is more convenient to

write R in terms of its complex components.

When we extend g = (,) linearly over C to TMr QC = TM @ TM, then (,) becomes
a complex bilinear form and h(X,Y) = 2(X,Y), (X,Y) = (X,Y) for any X,Y € TM.
For the linearly extended Riemannian curvature tensor R over C to a quadrilinear map on

TM @ TM, the only non-trivial components of R are R(X,Y,Z, W) for X, Y, Z, W in
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TM. By First Bianchi identity, we get

R(X,X,Y)Y) = —R(u,Ju,v,Jv)
= R(v,u, Ju, Jv) + R(Ju,v,u, Jv)

= R(v,u,u,v)+ R(Ju,v,v, Ju)

Therefore when X, Y are non-zero,

| Ju A vl?
|uf?|vf?

lu A v|?

BX.Y) = ERE

K(JuAv)+ K(uAv)

and H(X) = B(X,X) = K(u A Ju) where K is the sectional curvature:

R(Ju,v,v, Ju)
K(Junv) =—5 r
and
R(u,v,v,u)

From this we deduce that for a Kdhler manifold, the bisectional curvature is ”dominated”

by the sectional curvature in the sense that B will be positive (negative,nonpositive, or non-
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negative) if K is so. While the holomorphic sectional curvature just the sectional curvature

in a 2-plane 7 € T, MR such that J7 = 7 (i.e a holomorphic plane section).

The Ricci curvature tensor of Kahler manifold (M,h) is defined to be the trace of R:
r(X,Y) = > R(X,Y,e;e;) for any unitary frame {e;}. We use the same letter to

denote value

called the Ricci curvature of h in the direction of X # 0. So, r is the average value of B
which implies that the bisectional curvature dominates the Ricci curvature.

The scalar curvature s of a Kdhler manifold is defined by

Definition 5.3. If f is of class C?, then f is plurisubharmonic iff the hermitian matriz
2

Ly = (aj) called Levi matriz with entries a;j = 8‘37% is positive semidefinite.

Equivalently, a C%-function f is plurisubharmonic iff /—100f is a nonnegative (1,1) form.

Next, we exhibit a modified version of theorem 1.9. We simply adjust the proof presented

by Chen and Zhu in [6].

Theorem 5.4. Let M be a complex n-dimensional complete open Kiahler manifold with
nonnegative bisectional curvature. Suppose also its bisectional curvature is positive at a

point xg € M. Then the volume growth of M satisfies

Vol(B(p,r)) > ar™
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forallp € M and 1 < r < 400, where « is a positive constant depending on xg and the

dimension n.

Schoen and Yau constructed a cut-off function [14] as follows (see Lemma 2.1 in [6]).

Lemma 5.5. Suppose M is an n-dimensional complete Riemannian with nonnegative Ricci
curvature. Then there exists a constant C(n) > 0, depending only on the dimension n,
such that for any p € M and any number 0 < r < +oo, there exists a smooth function

or € C°(M) satisfying

and

for x € M where d(z,p) is the geodesic distance between x and p.

Proof of Theorem 5.4. The Busemann function by, is strictly plurisubharmonic in a neigh-
borhood of xy. Note also that nonnegative bisectional curvature implies nonnegative Ricci
curvature. So, by Lemma 5.5 above, for a fixed p € M, we get the cut-off point function ¢,
for any r > 0. The following construction is found in [6] (Proof of Theorem 1, page 73); fix
a small positive number § and a large positive number 7. Let p : R?® — R be a nonnegative

smooth function supported in the unit ball centered at the origin of R?", with

/R2n p(v)dv =1
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Set

1 v 2
pe(v) = €2—np(g), veER™ >0,

and

(n*pe)(z) = /Rzn pe(v)n(exp,(v))dv, for x € M.

Clearly n * p. is smooth and converges to 7 uniformly on compact sets as € — 0. It is also
well-known that 7 % p. is also plurisubharmonic on any compact subset as € > 0 becomes

small enough. Denote by w the Kahler form of M. We compute

(r = 8)"(vV=1)"(90(n * p:)"

{pr>6}
=— / n(er — 6)" 1 (V/=1)"0¢, AN O(n * ps) A (80(n % pe))"*
{pr>6}
27’LC 2n n— n— Ya) n—
< [ EEEY g o (VI 000 < o)
{or>6}
27”LC 2n 2 n— n— YA n—
< [ RO V) 0B # o)) A
{or>6}
B e 61
{or>6}

Since n is strictly plurisubharmonic in a neighborhood of zg, by letting ¢ — 0 and the
0 — 0, we know that there is a positive number cg, depending on xg and the dimension n,

such that for r > 1,
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0<ecy < /M S (V/=T)"(9b,)"

< o
2nC'(2
< 2O [ (5.2)
r M
By Lemma 5.5, we have
d © d
/ orw" < / e~ I+ (i’p))w"—i-Z/ e~ (1452
M B(p,r) k=0 Y B(p.2F1r)\B(p,2kr)
o0
< Vol(B(p,r) + Y e 2 2" Vol(B(p,r))
k=0
< CVol(B(p,r)) (5.3)
> k
where C is a positive constant depending only on the dimension n, C = 1+Z e 2 (2k+1)2"
k=0
Since p is arbitrary, by combining equations (5.2) and (5.3), we get
Vol(B(p,r) > ar”
for all p e M and 1 < r < oo, where a = %C’?#)C as desired. O

Definition 5.6. A complex manifold M™ is Stein if and only if it can be embedded as a

closed complex submanifold in CN, n < N.

For any open neighborhood V- c CV (Figure 4.1), VAM" = {f1 =0, ....., fN—n = 0}, where

oFf:
fi,----., fn—n are holomorphic in V' and < fz) has rank N — n.
0z; 1<j<n

1<i<N-—n
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(CN

Mn
Figure 5.1: Stein Manifold

Stein manifolds can also be defined intrinsically. That is, let M™ C CV be such a manifold,
and denote by O(M) the ring of global holomorphic functions on M™. Then M satisfies

the following:

1. M is holomorphically convex, i.e for any compact K C M, the set K = {z €

M | |f(z)| < supgl|f|,Vf € O(M)} is also compact.

2. Given any two distinct points z and y € M, there exists f € O(M) such that f(x) #

f(y).

3. Given any © € M, there exists f1,---, f, in O(M) such that (fy,---, fn) gives a

holomorphic coordinate in a neighborhood of .

Grauert established that if a complex manifold admits a smooth strictly plurisubharmonic
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exhaustion function then it is a Stein manifold.

Theorem 5.7 (H. Grauert). Let M be a complex manifold. Suppose there exists a C*°

strictly plurisubharmonic exhaustion function f: M — R. Then M is a Stein manifold.

The proof of Grauert is hard. However, it’s converse is easy to prove.

Theorem 5.8. Let M™ C CV be a Stein manifold, then there exists a C™ strictly plurisub-

harmonic erhaustion function.

Proof. Let p: C" — R be a distance function i.e p(z) = [2]? = |21+ ..... + |2]? : C"* — R.
By direct computation, ddp is positive definite i.e p is strictly plurisubharmonic. The
restriction of p on M, p|pr : M — R is again strictly plurisubharmonic. It is clear that p is

exhaustion. And then restriction, p|ys is also an exhaustion.
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Chapter 6

Complete Open Manifolds with

nonnegative Ricci curvature

In this chapter we investigate structures of a complete open manifold with nonnegative Ricci
curvature. It is natural to expect that the rich results in the case of sectional curvature
are easily attainable in the case of Ricci curvature. However, in the latter case, there are
relatively few structural results except in a lower dimensional case n = 2 where all notions
of curvature coincide. The Busemann function is one of the most useful tool in studying
the structure of positively curved complete open manifolds. In the former case (sec > 0),
it is an easy consequence from Topogonov comparison theorem that b, is convex. It then
easily follows that the sublevel sets of b, are convex and compact. This argument doesn’t
work for the latter case (Ric > 0) because it is only known that b, is subharmonic. Since
the volume expansion is dependent on the Ricci curvature tensor, the natural idea is to
apply volume growth comparison theorem. As mentioned in chapter 1 (Theorem 1.5), Shen

proved in [17] that if M is a complete open manifold with a nonnegative Ricci curvature
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and maximum volume growth, then for any point p € M, b, is exhaustion. By remark 4.1,
we extend this theorem by replacing the maximum volume growth condition with a weaker

condition in theorem 1.8.
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Figure 6.1: Excess function

9" —1

Theorem 1.8 states: Let M be a complete open manifold with Ricys > 0. Let a(n) = on

where n = dimgpM. If
.. Vol(Bs(p,r))
1 f——
"< BB )

then for any a € R, b, (a) is compact .

Proof. (Proof of Theorem 1.8)
Proving by contradiction, we assume that b~!(a) is non-compact and then show that the
assumed volume growth condition is not true.

We define the excess function for two points p, g as
epq = d(p,x) + d(z,q) — d(p, q).
By the triangle inequality (Figure 6.1), we have that
epq(x) < 2h(x) (6.1)

Denote r,(x) = d(p,x). Assume that the minimizing geodesic between p and ¢ is part of

a ray emanating from p. Now, taking the limit of inequality (6.1) as g goes to infinity, we
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B (p1y(0) + Iy (2) “ =——x
I “
Byy(p,rp(z) + hp(2))

Figure 6.2: B(z, hy(x)) C Bse(p,rp(z) + hp(z))\Bse(p, rp(z) — hp(z))

end up with the following inequality

() = Jim {t = d(z, ()} < 2hy(3), (6.2)

where h.(z) is a distance from z to a ray v emenating from p. Since

() = by() < rpfar) — Jim { — d(z, (1))}
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for each ray v emanating from p, inequality (6.2) implies that

p(x) = bp(z) < 2R (z) (6.3)

Let hy(z) = d(x, Rp), where R, is a union of rays emanating from p. Since inequality (6.3)

holds for any ray 7, we have that

Recall that

Y ={vCSM | exp,(rv) : [0,00) = M is a ray}.

and

C(2) N C(x9) = 0.

For any r > 0 and p € M we have that

BZ(pa’r) N BEC(p)T) = @

Observe that B(x, h,(x)) C C(X°). It then follows that

B(z, hp(w)) C Bse(p,rp(z) + hp(z))

See figure 6.2.
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Since b, is exhaustion whenever h,, is bounded, we assume that h, is unbounded. Due to
boundlessness of b, 1(a), we can construct a diverging sequence {x,,} C b, Y(a). Conse-

quently, {h,(2m,)} is a divergence sequence.

For simplicity let us denote h,, = hy(xy,) and r,, = 7(z,,). By the generalized version of

Bishop-Gromov volume comparison theorem,

Vol(Bse(p, rm — hm)) [rm — hmr (1t
VOZ(BZC(pa""m + hm)) T lrm Tt hm B 1+ 1;77:
From figure 6.2 above, we have
B(xm, hin) C Bse(p, rm + hm)\Bse(p, rm — ham) (6.5)

and

VOl(B(.’L‘m, hm) S VOZ(BEC(p7 T'm + h’M)) - VOZ(BEC(p7 m — hm))

_ hm ™
< {1 - i } Vol(Bse(p, Tm + hm))
< Vol(Bse(p, 3hm + a)) (6.6)

The last inequality is due to the fact that h < r and

rp(x) = by(x) < 2hy(x)
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In particular

rp(x) + h(xz) < 3h(z) + a, when x € bgl(a)

Now, denote ri(x) = d(z1,x). By triangle inequality and equation (6.4),

: r1(zm) : rnp) . rp(Tm)
lim sup <  lim sup + lim sup
m—00 »(Tm) m—00 p(Tm) =00 hyp(zm,)
< 2 (6.7)
Also note that
B(x1, hym) C B(xm, hin + 11(2m,)) (6.8)
By volume comparison theorem we obtain
Vol(B(xm, h ))>{ fom ]HVZ(B( B + 71(24,)) (6.9)
) Tmyhm)) > | ————— 0 Ty B + 71 (2, .
hm + 7"l(ftm) !

For simplicity we denote f,(r) = Vol(B(p,r)) for a fixed p € M. From inequality (6.7),

(6.8), and (6.9), we have
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lim inf
m—00 fp(hm)
> lim inf [( hon > Vol(B(xpm, hpm + rl(xm)))}
m—r00 (B + r1(zm)) fp(ham)
> lim inf [( B > Vol(B(xl,hm))}
m=—r00 (hm + r1(zm)) fp(hm)
> lgn inf 1( N7 lim ianOZ(fBEil,)hm))
m o T1(Tm m—0o0 m
(14 g P
1
> — 6.10
S (6.10)
The last inequality is due to the fact that the volume growth
lim ianOl(B(:Cl7 fim))
m—o00 fp(hm)
is independent of the base point x7.
From inequalities (6.6), (6.10), and the volume comparison theorem, we have
1 < lim ianOZ(B(:Em7 fim))
3n m—00 fp(hm)
Bse(p. 3h,,
< lim ianOZ( sie(p, 3hm + a))
m—o00 fp(hm)
< 3 lim e 2B ) (6.11)
m—co fp(hm)
Which leads to the inequality
. . VOZ(BZC(]?, hm)) 1
>
n}gnoo inf T (o) 2 o (6.12)
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However, the equation

Vol(B(p,r) = Vol(Bx(p,r)) + Vol(Bse(p,r))

and the volume growth condition assumption imply that

.. JVol(Bse(p,r)) 1
lim inf——m———= < — 6.13
r—00 fp('r) gn ( )

which contradicts inequality (6.12). Hence b, !(a) must be compact.

Example 6.0.1. Consider M = {(z1,72, -, ¥p,2) : 2 = 23 + 25 + - - - + 22} C R,
(M, dsfw) is a complete open manifold with positive sectional curvature as shown in chapter
4. Here, ds3, is an induced Euclidean metric. For 0 # q € M, let D,(q) be a geodesic ball

of radius r around q. Consider a smooth function f : D,(q) — R. For a small neiborhood U
of D,(q), there exists a smooth function h : M — R such that h[m = f and supp h C U.
For e >0, denote M, = (M,ds?vl + Ehdsf\/l). We can choose € small enough such that the
curvature remains positive throughout M and an extension v : [0,00) — M. of a minimal
geodesic from 0 = p to q leaves D, (q) forever and intersects one of the previously a ray at
a point. It follows that the point p is no longer a pole. Since only rays intersecting and
neighboring D, (q) are affected in a new manifold, for 0 < a < 1, we can vary r > 0 and
€ > 0 such that

Vol(Bs(p,7))

lim inf

e Vol (Blp,r)

Neither any other point is a pole in this metric.
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Not a Pole

»/

+

Figure 6.3: Metric pertubation of a paraboloid (M. = (M, ds3 + chds3))
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Chapter 7

On the Structure of a Complete

Open Kahler Manifolds

In this section, we present the proof of theorem 1.9.

7.0.1 Yau’s conjecture

Yau’s Uniformization conjecture: Let (M,ds?) be a complete open Kahler manifold

with positive bisectional curvature. Then M is biholomorphic to C"*, n = dim¢c M.

Weaker version (Greene-Wu, Siu, Yau): Let M be a complete open Kahler manifold
with positive bisectional curvature. Then M is Stein.

The most recent partial result of Yau’s uniformization conjecture is stated as follows.

Theorem 7.1. (Gang Liu [12], Lee-Tam [11], 2017) Let M be a complete open Kahler
manifold with nonnegative bisectional curvature and maximum volume growth. Then M is

biholomorphic to C"
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In [21], Wong and Zhang partially proved a weaker version.

Theorem 7.2. (Wong-Zhang) Let M be a complete open Kahler manifold with positive

bisectional curvature. If M admits a maximum volume growth then M is Stein.

Definition 7.3. A real-valued function g : M — R is said to support f at p € M if and

only if g is continuous near p, g < f and g(p) = f(p).

Definition 7.4. Define

. 2(dimM) ,
SF() = lim inf ) { [T f(p)}

r2

where s the usual star operator in Hodge theory and ol is the Green’s function of the ball
B(p,r). Recall that ol, is a fundamental solution of the Laplace-Beltrami operator V with

singularity at x (i.e Vol, = 05 ) which vanishes on 0B(p,r).

Let M be a Kdhler manifold and f|;, be the restriction of f to a 1-dimensional complex
submanifold L through p. Then S(f|.)(p) is defined via induced Kahler metric on L, and

by definition,

Pf(p) = infS(/]2)(p)

where the infinum is taken over all 1-dimensional complex submanifold L of M through p.

Lemma 7.5. [Lemma 3 [22]] [ is strictly plurisubharmonic if for some positive function

konM, Pf>k.

Lemma 7.6. [Lemma 4 [22]] If g supports f at p, then Pf(p) > Pg(p). If f is supported

at every point of M by a strictly plurisubharmonic then f is strictly plurisubharmonic.
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Lemma 7.7. [Lemma 1 [22]] If f is C? at p, then Pf = 4m§(n35f(X, X) where X runs

through all unit vectors tangent vectors of type (1,0) at p.
Greene and Wu [22, Theorem A part (c) | proved the following result:

Theorem 7.8. If M is a complete open Kahler manifold with positive bisectional curvature

then by, is strictly plurisubharmonic.

Idea of the proof: It suffices to prove that Pb,(z) > 0. Recall that B)(z) = r —
d(x,0B(p,r)) and that B)(x) — by(z) uniformly. Consider a ball B of radius s containing
z. Let y € OB(p,r) a point satisfying d(z,y) = d(x,0B(p,r)) = r. Define f : B — R by
f=r—d(y). Since f(x) = Bj(z), f supports B, at x.

The next move is to find a C'**° function g : B — R that supports f at x.

Let v : [0,7] — M be a minimizing geodesic from z to a point in dB(p,r) such that |§| = 1.
Let A be a ball of radius s in T, M. Define the following (dimp)-parameter variation of -,
namely k : [0,7] X A — M such that if X € A and X (¢) is the parallel translate of X a long
oy 10 7(t), k(t, X) = eapyo[(1 — HX (1),

Note that since parallel translation preserves the complex structure tensor J, J[X(t)] =

(JX)(t) for every X € A. This plays a role in the following summary of the properties of k
i) kis C
ii) k(t,0) =~(t) for all ¢t € [0, 7], where 0 is the point of origin in T),M.
iii) k(0,X) = exp,X for every X € A.

iv) k(r,X) =y for evry z € A.
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v) if X € T,M and sX € A for every s € (—a,a). Then the variation of v given by
[0,7] X (—a,a) — M such that (¢,s) — k(t,sX) is a variation that induces the vector

field a long (1 — L)X (t) along .

vi) The variation of v given by (¢,s) — k(t,sX) and (¢, s) — k(t,sJX) induces a vector

field along ~ such that J applied to the former yields the latter.

Now define g : B Nexp, A — R by g(exp,A) = r — [ length of the curve t — k(t, X)]. g is
C> and supports b, at z(= exp;0). It is enough to prove that there exists a sequence ¢,
e, depends only on B and ¢, — 0 as r — oo such that the minimum eigenvalue of 9dg at z
exceed ¢,. Since M is Kihler and g is C™, the eigenvalues of 90g can be calculated from

those of the Hessian D?g in the following way:

999(Xo, Xo) = D*g(X, X) + D*g(J X, JX),

where Xy = X 4+ /—1JX and D? is the covariant differential operator.

Let X be any unit vector in T,M. It follows that JX is also a unit vector in T,M. Let
m : (—a,a) — B and 72 : (—a,a) — B be geodesics such that 7;(s) = exp,(sX) and
n2(s) = exp;(sJX). In particular, n1(0) = X, 72(0) = JX. Then D?g(X, X) = (gom)"(0)
and D?g(JX,JX) = (gon2)"(0). From the definition of g, —(g on;)”(0) is nothing but the
second variation of arclength of the family of curves t — k(t,sX), s € (—a,a), similarly for
—(g0n2)"(0) .

Thus if V(t) and JV(t) are the vector fields a long 7 given by V(¢) = (1 — %) X(¢) and
JV(t) = (1 - 1) JX(t), then properties (v) and (vi) of k and the second variation of arc-

length formula give:
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D?g(X, X) = /0 RELVAV) = (V. V) + ((V.A) Yt

D?g(JX,JX) = /T[R(ﬁ, JV, 3, JV) = (JV, IV + {J(V,%) Ydt
0

where the prime denotes %. Now, let P, = span{¥,V} and P» = span{?,JV} at each

v(t). Since [V|=1—1L, R(%,V,%,V)+ R(%,JV,%,JV) = (1 — L)B(Py, P,), where B is the

bisectional cuvarture. Moreover, (V, o) = (JV, Jo) = -%. Hence

T T

. l
90g(Xo, Xo) > -2 +/ <1 - t) Bdt
0

For r large enough, 99g(Xo, Xo) > 0.
By Lemmas 7.5, 7.6, and 7.7, b, is strictly plurisubharmonic.

O
From a similar argument, we also have that for a fixed ray v, f, is also strictly plurisub-

harmonic given the same conditions.

Since in Kdahler manifold positive bisectional curvature implies positive Ricci curvature, we
can deduce theorem 1.9 from theorem 1.8. Here we list some results that leads to the proof

of theorem 1.9.

Let the sheaf of germs of continuous real-valued functions on a C*° Riemannian manifold

M be denoted by (.

Definition 7.9. a C° fine topology on the set I'(¢, M) of continuous functions on M is the

topology generated by sets
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{F el M) f(p) — F(p)l <gp),p € M},

where f € T'((, M), g € T'((, M) and g is positive everywhere on M.

Definition 7.10. A C* function f on a Riemannian manifold M is subharmonic if Af is
nonnegative everywhere on M. If X1, ...., X,, is an orthonormal frame in the tangent space

T,M of M at a point p, then

Afly = D*f(Xi, X;)

i=1
where D2 f(X;, X;) = second derivative of f at p along the geodesic through p having tangent vector X;

Remark 7.1. From definition above, it follows that a plurisubharmonic function is neces-

sarily a subharmonic function.

Definition 7.11. A compact-open topology on I'((, M) is the topology generated by the sets

{F eT(¢M)|f(p) - F(p)l <e,pe K}

where f € T'(¢, M), € is a positive real number, and K is a compact subset of M.
The following two results are due to Greene and Wu in [8].

Theorem 7.12. (Pg 67 in [8])
A C* subharmonic exhaustion functions are dense in the compact-open topology in the

continuous subharmonic exhaustion functions.

Theorem 7.13. (Pg 80 in [§])
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If M is a complex manifold then the C* strictly plurisubharmonic functions are dense in

the continuous strictly plurisubharmonic functions in the C° fine topology.

For convenience, we restate theorem 1.9: Let M be a complete open Kdhler manifold with

positive bisectional curvature. If

.. JVol(Bs(p,r))
a(n) < rlggo mf—Vol(B(p, )

where n = dim¢M and a(n) = %, then M is a Stein manifold.

Proof. (Proof of theorem 1.9) As stated in page 80, in Kédhler manifold, positive bisectional
curvature implies that the Ricci curvature is positive as well. Let p € M. Then by theorem
1.8 and theorem 7.8, b, is an exhaustion function and a continuous strictly plurisubharmonic
function. By theorem 7.13 above, it follows that there exists a C'* strictly plurisubharmonic
function g : M — R such that b,(z) < g(x). Since g dominantes an exhaustion function b,
at every point, g itself is exhaustion. So, g(z) is smooth, exhaustion, and strictly plurisub-

harmonic. Hence M is Stein.
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Chapter 8

Application to Topology

Let Hp(M,Z) denote the k-th singular homology group of M with integer coefficients.
It is well know that if M is a complete proper Riemannian n-dimensional manifold with
Ricpyr > 0, then using Morse theorem, M has the homotopy type of a CW complex with
cells each of dimension < n — 2 and H;(M,Z) =0, >n —1 [16], [13].

As an application of theorem 1.8, we have the following result.

Theorem 8.1. Let (M, g) be a complete manifold with Ricpyr >0 . If

where n = dimgM and a(n) = 9;—;1, then M has the homotopy type of a CW complex with

cells each of dimension <n — 2. In particular, H;(M,7Z)=0,1>n—1

It is well established that if M is a Stein manifold of n-dimension, then the homology
groups Hy(M,Z) are zero if k > n and H,(M,Z) is torsion free [1, theorem 1], [2]. As an

application of theorem 1.9, we have the following result.
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Theorem 8.2. Let M be a complete open Kahler manifold with positive bisectional curva-

ture. If

Hy(M,Z) =0, fork>n

and H,(M,7Z) is torsion free
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