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THE CUBIC DIRAC EQUATION: SMALL INITIAL
DATA IN H:(R?)

IOAN BEJENARU AND SEBASTIAN HERR

ABSTRACT. Global well-posedness and scattering for the cubic
Dirac equation with small initial data in the critical space Hz (R?)
is established. The proof is based on a sharp endpoint Strichartz es-
timate for the Klein-Gordon equation in dimension n = 2, which is
captured by constructing an adapted systems of coordinate frames.

1. INTRODUCTION AND MAIN RESULTS

In this paper we continue our investigation initiated in [I] regarding
the full range of Strichartz estimates available for the Klein-Gordon
equation, with the particular goal of providing L?L> type estimates.
As an application we prove global well-posedness and scattering for the
cubic Dirac equation with small data in the critical space.

As in [1, for fixed m > 0, we consider the (scalar) homogeneous
Klein-Gordon equation

(1.1) Ou + m?u = 0, in R x R™.

The validity of Strichartz estimates for solutions u of this equation is
a fundamental and well-studied problem. In the low frequency regime,
the dispersive properties of the Klein-Gordon equation are similar to
the Schrédinger equation, i.e. the decay rate is t~2. In the high fre-
quency regime they are similar to the wave equation, i.e. the decay
rate is ="z . In the high frequency regime there is also a penalized
Schrodinger-type decay: waves at frequency 2F decay as 25t~ 2 the pe-
nalization is due to the small curvature of the characteristic surface.
If one is not concerned with sharp estimates, in the high frequency
regime one could trade regularity for having access to the better decay
t~2. Such an approach severely limits the range of applications, in
particular to low regularity nonlinear problems.
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2 I. BEJENARU AND S. HERR

The decay rate discussed above plays a crucial role in determining
the range of available Strichartz estimates. It is well-known that the
endpoint Strichartz L?LS° estimate fails for the wave equation in di-
mensions n = 3 and for the Schrédinger equation in dimension n = 2,
see [24, 38]. As for the Klein-Gordon equation (L)) in three dimen-
sions, the endpoint L?L2° estimate does not fail if one allows for a loss
of regularity, see [20]. However, the sharp L? L estimate (dictated by
scaling) fails to hold true. In [I] we provided a microlocal replacement
of the missing sharp endpoint L?L2° Strichartz estimate in dimension
n = 3 by using adapted frames.

In dimension n = 2 the same problem becomes significantly more dif-
ficult due to the following reason: Both endpoint Strichartz estimates
for the wave equation (with respect to L{L°) and for the Schrodinger
equation (with respect to L?L%°) fail to hold. In this paper we will
address this problem by providing L?L> estimates in adapted frames.
For the Klein-Gordon equation in dimension n = 2, to our best knowl-
edge, these estimates are novel in literature, see also the discussion
below.

Throughout the rest of this paper, we will fix the physical dimension
n = 2. In applications to nonlinear problems, see [19, 1] for the case of
the cubic Dirac equation in three dimensions, the endpoint Strichartz
estimate and the L>L? energy estimate imply a bilinear Lf,w estimate
via the toy scheme

lu-vllgz, < llullzzpoe[|v]| Lo z2-

Since the L?2L°° estimate will be established in adapted frames, energy
estimates in similar frames are needed to recover the above L7, bilinear
estimate. As in dimension n = 3 in [I], combining the energy and the
Strichartz estimate to derive a uniform L? estimate is only possible in
presence of a null structure, see Section [3l

The idea to use adapted frames in order to find a replacement for
the missing L2L> endpoint Strichartz estimate is due to Tataru [39],
which was motivated by the Wave maps problem. In the context of the
Schrodinger equation, this was done for solving the Schrodinger Map
problem in two dimensions in [2]. Naively, one may expect that by
using the structures in [39] and [2], one can address the same problem
for the Klein-Gordon, but this is not the case. The reason is two-fold:
there are no straight lines (zero curvature submanifolds) foliating the
characteristic surface so as to emulate the Wave Equation construction;
trading regularity in order to rely only on the Schrodinger equation
would provide non-optimal estimates.
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Instead, our current work builds on ideas from [39] and [2] and brings
new ideas to provide a more complex construction well-adapted the
geometry of the characteristic surface for the Klein-Gordon equation.

As an application, we study the cubic Dirac equation in dimension
n = 2 at the critical regularity: Fix M > 0. Using the summation
convention, the cubic Dirac equation for the spinor field ¥ : R x R? —
C? reads as

(1.2) (=" 0u + M) = (Y0, )¢,

where y# € C**? are the Dirac matrices

o_ (1 0 1 (0 1 s [ 0 —i

and (-,-) is the standard inner product on C2.

The matrices v satisfy 7*v? + v#y* = 2¢*°I,, where (¢%¢) =
diag(1,—1). By adapting the set of matrices, the equation (2] can
be written in any spatial dimension. We refer the reader to [10, 32] for
the physical background for this equation.

The n-dimensional version of ([Z) becomes critical in H"z (R") in
the sense that it is (approximately) invariant under rescaling of solu-
tions. In three dimensions the equation was studied extensively, see
[9, 20, 19, B35 6, 23] and references therein. The state of the art result,
establishing global well-posedness for small data in the critical space,
was established by the authors in [I].

In dimension n = 2 and M # 0, we are aware of only two results:
[27, 28] where Pecher establishes local well-posedness of the equation
with initial data in H*(R?) for s > 1 and [3] where Bournaveas and
Candy establish local well-posedness of the equation with initial data
in H %(]Rz). To our best knowledge, no global well-posedness result is
known so far. The case M = 0 has been settled in [3] where Bournaveas
and Candy also prove global well-posedness and scattering for small
initial data in H2 (R?), see more commentaries below about this case.

Our main result in this paper is

Theorem 1.1. Let M # 0. The initial value problem associated to
the cubic Dirac equation (L2) is globally well-posed for small initial
data 1(0) € Hz(R2). Moreover, these small solutions scatter to free
solutions for t — +o0.

For results in space dimension n = 1, see |21, [5]. Concerning nonlin-
ear Klein-Gordon equations we refer the reader to [8 [15] [13] 30].

A special case arises in the massless variant of the cubic Dirac equa-
tion, that is (L2) with M = 0. A recent result of Bournaveas and
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Candy [3] provides the equivalent result of Theorem [I[1] for the case
M = 0. Their strategy stems from the observation that the massless
case carries similarities to the Wave Maps equation. The authors tailor
their resolution spaces around the original ones introduced by Tataru
[39] in the context of Wave Maps. In order to overcome the Besov
space obstacle, the authors of [3] used an idea from [I], i.e. adding a
high modulation nonlinear structure of type LYL? for certain p < 2.
The authors of [3] also obtain a local in time result for M # 0 by
treating the mass term M1 as a perturbation. However, from the
perspective of obtaining a global in time result, the above strategy is
limited to the case M = 0 since the resolution spaces for M # 0 were
not known prior to the work in the present paper.

Our results here and the one in dimension n = 3 from [I] may seem
orthogonal to the work of Bournaveas and Candy [3]. Indeed, we do not
address directly the problem in the case M = 0. However by passing
to the high frequency limit one can —at least formally— recoup the
results for M = 0 since we work in the in the scale invariant space
dictated by the wave part. We do not formalize this here and note
that the approach in [3] is a more elegant and easier way to deal with
this problem with M = 0. It is an instructive exercise is to check
that, on fixed bounded time intervals, our structures become in the
high frequency limit the ones used in [3] and originating in the work of
Tataru [39].

We describe some of the key ideas involved in this paper. The Klein-
Gordon waves travel with speed strictly less than 1, though in the high
frequency limit they reach precisely speed 1. Our frames will capture
the speed variation of these waves as well as their directions, and this
is why we work with two parameters: w (angle) and A (speed). Having
precise a formulation on how the range of speed parameter A depends
on the frequency plays a crucial role in the argument.

The first system of frames we construct to recover an L?L> estimate
stems from the one used [I]. An additional level of complexity is re-
quired due to the fact that once the high frequency waves enter the
Schrodinger regime the decay rate fails to provide us with a classical
L?L%° estimate. To fix this issue we need a bi-parameter system of
frames which depends both on w (angle) and A (speed).

The next problem arises from that the above system is well suited
for most angular interactions, but fails near the parallel interactions
(in fact it works at exact parallel interactions). Moreover, the null
structure cannot fix this failure as usually is the case. To remedy this
problem we construct another system of frames which is suited pre-
cisely to those angular scales and highlights a key geometrical property
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of wave interactions: waves with distinct frequencies always travel in
different directions in the context of the Klein-Gordon equation.

The organization of this paper is as follows: In the following subsec-
tion we introduce notation. Section [2lis devoted to endpoint Strichartz
and energy estimates. In Section [3] we recall the null-structure of the
cubic Dirac equation. In Section [ we construct function spaces for the
nonlinear problem. In Section [fl we prove auxiliary bilinear and trilin-
ear estimates. In Section [6] we prove the crucial nonlinear estimates
and provide a proof of Theorem [L.1l

We would like to point out that the notation, setup and general
reductions in the present paper are adopted from [1]. Also, we will
repeatedly refer to [I] for arguments which are similar in two and three
dimensions. As indicated above, the analysis in this paper is signifi-
cantly more involved, so it might be useful for the reader to take a look
at [1], too.

1.1. Notation. Here, we repeat the notation from [, Subsection 1.1]
and adjust it to the case n = 2: We define A < B by A < B—c for some
absolute constant ¢ > 0. Also, we define A < B to be A < dB for some
absolute small constant 0 < d < 1. Similarly, we define A < B to be
A < eB for some absolute constant e > 0, and A~ B iff A < B < A.

Let d(Mj, M) denote the euclidean distance between the two sets
M, M, C R

Similar to [19], we set (€)y, := (272F + |¢[?)2 for k € Z and £ € R2,
and we also write (§) := (£)o.

Throughout the paper, let p € C°(—2,2) be a fixed smooth, even,
cutoff satisfying p(s) = 1 for |s| < 1 and 0 < p < 1. For k € Z we
define x : R?2 = R, xx(y) := p(27%|y|) — p(27%+1|y|), such that A; =
supp(xx) C {y € R*: 21 < |y| < 281} Let X = Xe_1 + Xk + Xks1
and Ay := supp(Xx)- ) )

We denote by P, = xx(D) and P, = xx(D). Note that PP, =
PP, = P,. Further, we define X<k = Zf:_oo Xi, Xs>k = 1 — X<k as well
as the corresponding operators P, = x<x(D) and Psg = xsk(D).

We denote by K; a collection of spherical arcs (caps) of diameter 27
which provide a symmetric and finitely overlapping cover of the unit
circle S'. Let w(k) to be the “center” of x and let T, C R? be the cone
generated by & and the origin, in particular I', NSS! = k.

Further, let 7, be smooth partition of unity subordinate to the cov-
ering of R? \ {0} with the cones T, such that each 7, is supported in
%FH and is homogeneous of degree zero and satisfies

10 ne(€)] < G217, [(w(r) - V)V ie(€)] < On e~
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Let 7], with similar properties but slightly bigger support 2T, such
that 7.m. = 1. We define P, = n.(D), P, = 7.(D). With Py, :=
Ns(D)xk(D) and Py . = 7,(D)xx(D), we obtain the angular decompo-

sition
P, = Z P .
KEK,
and ka,.@f’kv,{ = pkﬁPk’,.C = Dy ,. We further define A, = supp(n.xx)
and Ay, = supp (7. \r)- -

We define Qu(r, &) = xom (TF(€) (7, €), and QZ,,u(7,£) = x<m(7F
(€))a(r,€). We also define Qf = Q% | + QF + Qx,.;. We set B,f,m to
be the Fourier support of Q<. and B,fm to be the Fourier support of
Q7. Additionally, we define Q%,, = 327" °_Q for a fixed large integer
¢>30,and Qf,, =1 — Q%,,. Given k € Z, and « € K, for some [ € N
we set B,:;K to be the Fourier-support of ka_zlPkﬁ. Similarly we define
B,

Given a pair (\,w) with A € R and w = (w;,wy) € S!, we define

wt = (—ws,w;) and the directions
1
0 =0,,=—7—7—=(\w),
SR ED
1
0t =0y, =———-=(—1, ),
o =T )
@O’ML :(O,ML).

With respect to this basis, understanding the vectors 0, ,, 9*@7 SRy

as column vectors, we introduce the new coordinates tg, g, with zg =
(24, x2), defined by

to N

(1.3) 1’1@ = (@)\,w @i"w @07WL) T
2

:L'@ IQ

If A = 1 we obtain the characteristic directions (null co-ordinates) as
in [39) p. 42] and [37, p. 476]. However, our analysis requires more
flexibility in the choice of the frames. For fixed k € Z we define A(k) =

(14 272k)~3,

2. LINEAR ESTIMATES

As in [1l Section 2], we recall that the decay rates of solutions to the
linear wave equation and Klein-Gordon equation, which are determined
by the principle curvatures of the characteristic hypersurfaces, have
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been analyzed e.g. in [40, 29, [36] 25, 31l [14] [11], 4, 22], see also the
references therein, and the detailed discussion in [26] Section 2.5].

In [I] we started investigating the endpoint Strichartz estimate for
the Dirac and Klein-Gordon equations in dimension n = 3. Let us
repeat that in this paper we continue our investigation in that direction
in dimension n = 2. We note that this requires a far more delicate
theory since we are dealing now with a missing endpoint Strichartz
estimate for the Schrodinger part as well.

For convenience, we set m = 1 in the Klein-Gordon equation (L),
which extends by rescaling to (1)) with any m # 0. In this case, the
solution is given by

1(6it<D> D))y + l(ez’t<D> _ emittp)) UL

(2.1) u(t) = 5 7 o7

where (D) is the Fourier multiplier with symbol (¢). Obviously, we
need to study the propagator e*P). For the sake of the exposition,
we work out all the estimates for e‘P) the estimates for e P} are
then obtained by simply reversing time in the estimates for e’

2.1. Endpoint L2L* type Strichartz estimate. Our main result
in this subsection provides endpoint Strichartz estimates for functions
localized in frequency. The construction of the frame systems needed to
capture these estimates is time-dependent, but the constants involved
in the estimates are time independent.

We fix r € N, construct spaces that depend on r and provide uniform
estimates on intervals [—T,T] with 7' < 2. For k < 99 and w € S" we
define the set

27”

Akw = {’L2_ S Z, |’L‘ < W

} x {w}
and

2 o = 1Ilf © 2 oo .

ol s = g, 3 Mol
Note that if k1 < ko < 99 then Ay, ., C Ag,.. One could be more precise
about Ay, but this is not needed for low frequencies. However it is

needed for high frequencies and this is motivates the next definition.
For k > 100, and w € S' we define

1
Ak,w = {ﬁ’ me 2771070 [Qk—:&’ 2k+3]} « {w}

Qo = MR} x {Riwyi € 2, Ji] < 27547,
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where R denotes a rotation by 27", Recall that A(k) = (1 4 272¢)"3.
For k € Kpi10, we set Ay = Ap o) and Qo := O )-
Using these sets, we define

”QSHZAM L3 L, -~ inf Z ||¢®||L§OLO<>

¢=Z@€Ak,ﬂ %o

N @EAk ®
Wl 27, = it 3 Mol

We are ready to state the main result containing an effective replace-
ment structure for the missing endpoint Strichartz estimates.

Theorem 2.1. Let r > 0 and T € (0,27].
i) For all k <99, w € S' and f € L*(R?) satisfying supp(f) C A<y,
(2.2) ||1[—T,T}(t)€it<D>f||ZAk 1z e S fllzes

tg e

where the implicit constant does not depend on r and T'. R
) ii) For all k > 100, k € Kgy10, and f € L*(R?) satisfying supp(f) C
Ak,li;

(2.3) ||1[—T,T}(t)6“<D>f||ZAk 2 e S Sl

te

k
(2.4) I1-rmy(t)e” f|lzﬂk 22 17 S 22| fll e,

(t He

where the implicit constants do not depend on r and T.
iii) For all k > 100, 1 <1 <k, k1 € K; and f € L*(R?) satisfying

supp(f) C Ag s,

L
(2.5) > erm(t Pflle zr S22 | flle

e
KEK

where the implicit constant does not depend on r and T'.

The estimate (2.2)) is similar in nature to the corresponding estimate
n [2 Lemma 3.4]. We highlight the similarities and the differences.
By changing the variables and using that |[A| < 1 one passes from the
frames used in [2, Lemma 3.4] to the ones used in this paper. We do not
need to discriminate between the low frequencies and in this sense the
estimate as listed here is suboptimal; one could easily restate it with a
factor of 25 for functions that are localized at frequency ~ 2F, k < 99.
The range of admissible A is more carefully tracked here and this is
why our version of A differs from the one used in [2 Lemma 3.4].
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The rest of this subsection is devoted to the proof of Theorem 2.1l
In order to prove (2.2]) we consider the kernel

(2.6 Kaltia) = [ e s, el de
for k < 99. The key estimates about this kernel are:
(2.7) |K<k(t,x)] S ()7,
1
< -N -

Indeed, (2.7) is the standard decay rate for the Schrodinger kernel in
dimension 2, which applies here because we truncate at low frequencies.
(2.8) is obtained by using stationary phase type arguments, taking into
account that the critical points of the phase function ¢(§) = x- £+ (&)

are contained inside the cone |z| < ——1—1|¢|.

A /1+2—2k—2

For any w € S', we obtain the bound

LernEa(t, o) Sv Y Kolt,z), Kolt,z)=2"(te) ™.
@GA]C’W

This is obvious from (28] in the region of fast decay, and for fixed
(t,x) in the region of slow decay we count the number of © such that
lto] S 1: If |t| S 1, every © € Ay, satisfies this, so the sum is of the
size 1 which is ok in view of ([Z7)). In the case |t| > 1, the number
of such © is &~ 2"t7!, so the sum is of size (t)~!, which is again fine

because of (2.7)).
From this we derive

(2.9) S Kl o, S 1.
@EAk)w

This suffices to prove (2.2)). Indeed, using the 77 argument and the

duality:
([ LiLe) = > LiL3
CEYW Ok,

the problem is reduced to proving |[1_r 7 K<llss, 1 L < 1, which
= <kw teT

follows from (Z9). A more complete formalization of this type of ar-
gument can be found in [2].

We continue the more delicate part of the argument, that is the
analysis in high frequency with the aim of proving (2.3]), (24) and
235). For k € Z,k > 100 we define

(2.10) Kiltoa) = [ e s (e]) de
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and record the decay estimate
(211) [Ki(t )| £ 22(1 + 28|(t, 2)]) 72 min(1, (1 + 2¥|(, 2)) "22%)).

This estimate appears in many places in literature, see for instance [26].
We provided a self-contained proof in [1] for dimension 3 which can be
replicated almost verbatim for dimension 2 to give (2.11]).

We define localized versions of the above kernel. For fixed [ > 1 and
k € K; we define:

(212 Kinlts) = [ @5 531eDin(e) ds.

Kj . is the part of K}, localized in the angular cap x. Also, we define

@13 K (ta) = [ S, de

b Rz
where () is a smooth partition of unity with supp a; C {(j—1)272° <
€] < (5 +1)272°}. Obviously, we have

22241

(2.14) Kia(t,o)= Y K.

j=218_1

The important decay properties of K, and K ,z’n are recorded in the
following Proposition.

Proposition 2.2. For all k € Z,k > 100, and k € K410,

(2.15) | Kty )] S 251+ 27|t 2)]) 7
In addition, for N = 1,2, we have the following:
(2.16) | Koty )] S 250+ [ )N, if o | = 27770 (8, 2),

where af,,, = @ . For2'® —1<j <2241,

17) KL ()] S 250+ 2ty )7V [ty ] > 27,

~Y

where N, = 1/+/1 4 2-2k+105=2 gnq ty . = lo

M)

We remark that (2.16])-(2.17) hold with any N € N, but as stated it
suffices for our purposes. Ideally one would like to have the estimate
(ZI7) for Ky, is a similar form to (ZI6) and skip the cumbersome

K gﬂ kernels. While available, such a formulation is not able to provide

a strong exponent as above, see the factor 272*% in (2.17), and this
would impact a key property of the set Ay .
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We now show how (23] follows from the above result. Fix j €
218 —1,2%2 + 1] N Z and define

; 1
A :{ ‘€ 272070 jok20_gk+2 jok=20 4 ok+2 }x wlr
k,k m [] J ] { ( )}

For each © &€ Af;ﬁ we define
Ko(t, ) = 22*T71(1 4 2" |te|) 2
and claim that

(2.18) KL (t2)] S ) Kot ).
CEV

Since

Y Kol e S IM] sup [[Kellyy re

to tgTo
CIV Oy,
< 9k . Q2kprloThk <

we conclude with

J
1Kl i1 S1

By noting that A, = U;AJ , using (ZI4) and the fact that j runs in
a finite set, we obtain

1Ewllsy,  naopsg ST

which implies (2:3) by a 77 argument similar to the one we used in

the proof of (2.2I).
We continue with the argument for ([2.I8). We start with a few

observations, which in fact were the basis for the construction of the
set Ay, .:

P1: If |ty | < 272k2|(¢, z)| then there exists © € AJ, such that
|t@| < 2—k+2' ‘

P2: If [ty | > 272k=2|(¢, x)| then |63 | R ltel, for all © € Ay .

As a first case, let (t, z) be such that [t | < 2726=2|(¢, z)|. From P1

it follows that for each such (¢, z) we estimate the number of © € Ai’n
such that [te| < 27%+2 If Oy = (\g,w) is such a value, then any other
such © = (\,w) should satisfy |(A — \g)t| < 2753, There are two
subcases to consider next: '

If [t| < 2, then since all © = (\,w) € A, satisfy [\ — Ag| < 276
it follows that |(A — Xg)t| < 2756 hence the number of such © is
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|Akx| = 27%T. Thus the sum on the right of ([ZI8) is estimated by
|Ag| - 22T~1 = 2F and this is the bound we have for the kernel Kj .
If [t] > 2%, we use that the discretization in Ay, is at scale 2%,

it follows that the number of such \ is given by ~ 22::% =t~!T. The
sum on the right of [ZIR) is then > 22*T~1+~1T = 2%t~ which is
precisely the bound we have for the kernel Kj .

Next we consider the second case where |t; .| > 272*72|(¢, x)|. We use
P2: ‘tk’,{‘ Z ‘t@‘, forall © € Ai,n‘ Thus (1+2k‘t@‘)_2 Z (1+2k‘tk’n|)_2
and the right hand side of 2I8) is 2 |A], |- 22671+ (14 28t,.[) 72 =
28(1 + 2|ty .|) 72 and this is the bound we have on K,Zﬁ from (217).
This finishes the proof of (2.3).

A similar argument using (ZI0) proves (24). Note that the con-
struction of the set (2 . was designed precisely to fit the corresponding
P1 and P2 in this context: the angles considered in €, ., cover a neigh-
borhood of w(k) size 27%~8 which is double the size of the slow decay
neighborhood described by (2.16]).

Next we show how (Z) follows from (Z3). Since there are ~ 2+~
caps k € K such that P, f # 0, we obtain from (2.3)

S MmO P Bl 1o i

KEK

1
2
k=l B ~
<27 <§ : ||et(D>PHf||2X:Ak Lg@L%)

KEK

1
2
k-1 ~ k-1
S2 ( > !Iﬂfllig) S 27 | fllee-

KEK

We end this section with the proof of (2.5]).
Proof of Proposition[2.2. The following proof is very similar to [I]. We
begin with the proof of [ZIH). If |(¢,z)| < 2 the claim follows from
the fact that the domain of integration has measure ~ 2%~ ~ 2
otherwise the estimate follows from (2.I1]) and Young’s inequality.

Next, we turn to the proof of (2.I7)). For compactness of notation,
we write A = )\i and © =06 X (k)" By rescaling it suffices to consider

Bluls.n) = [ oG eas

for (&) = (€D TR (E])71e(€), and to prove
(219) Bl (5.0 S 2751+ [sel) 7 if [se] > 2753
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for N = 1,2. If |se|] < 1, the estimate follows from the fact that
the support of (; has measure ~ 27%. Now, we assume |sg| >> 1 and
write ¢(s,y,&) =y - & + s(§)x Define 0, = w - Vg, dy = -0, and

dy = —0u <m> Integration by parts implies

z@qﬁ

220) [ e = [ e )G )
We will prove

(2.21) [(d5.,)Y (GO Sx Isel ™, N =1,2,
so that (ZI9) follows from (2:20) and (2.21)). Indeed, we observe that

0u0(5,,€) = srt 5(522 20),
()
and in the domain of integration we have
& <l
k 1+ 2-2k|¢|2

—2k—10 —2k—10 —2k—9
<2 +2 < 279

—-A’4-‘cos(4(§,w))-1’

where we use that (j — 1)272° < [¢] < (j +1)27% and [£(§,w))] <
27k=10 " This implies

|0u0(s,y,6)| = [se| — [s[2727 > 27|se].

In particular it follows that
(2.22) \ | |sel 7"

where we used that |0,(| < 1. In addition, we have

o0 =0.(7g0) =+ (e~ et ) = @ (&)

from which, using the above arguments, we conclude that in the domain
of integration we have |9%¢| < 27%|s|. This allows us to estimate

‘a ‘ < 2_2k|8| < 2_2k|8| < ‘ |—1
a 0.0 ~ Tsel? ~ 7O

From this and (2.22) we obtain (ZI9) for N = 1. Now let N =2 and
compute

Sy

2
18 C):(QJC

(5.7 = 0 (5053

00?2 (0.0 (u0)* " (0.0)*
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We compute
3s

%0 = 1z (@ & = (@ ()}) = 0 )l

Recalling that [0,¢] > 3|se| > 272, |02¢| < 2% and |9)¢| Sy 1 we
conclude that

()| S Isel ™ +27%]se| 7> + 27" [se| ™ < [se] .

This finishes the proof of (2.2I]) and, in turn, the proof of (2.17).
It remains to prove (2.I6). We reset the definition of © to © =
Oxk)w(x)- As above, by rescaling it suffices to prove

(223)  [Bua(s,y)l Swv 2781+ 2753 )) 7V if [yg| = 2777 (s,1))]

for N = 1,2, where we recall that y2 =y - wh. If [y3| < 2%, then the
estimate follows from the fact that the size of the support of integration
is <27k

We now consider the case |y3| > 2*. By replacing w with w' in the
above argument (see (Z.20))), we obtain

N B I (LGS

R2
As above, we claim

225) I 0YQE Sy (27MR) . N=12

Since the support of ¢ has measure ~ 27% (2.23) follows from (2.24))

and (2.25]).
We conclude the proof with the argument for (Z28). If £ in the
support of ¢ then

% =(1—c1)w + cow™, ey < 27718 ey < 27RO
and
‘ﬁ _ | < 2k
(E)n
We compute
£ 2 i9
Oprp=wh - (Y +5=2—) = yd + casA + cas(-2— — \).
€' e (E)r
We have |[y3| > 27%7%s| > 2|cas)|, as well as |y3] > 27%79(y,s)| >
|028(& — A)|. From these we conclude

(2.26) 020 Z lyo] > 2"
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and, using |9, ¢| < 2F,

Ot
(2.27) e S 2RI
In addition, we have
L 1,0 1. e)\2
8. 6(6) = 0, w8 _ (W W (w '5)): O+

within the support of ( and we conclude
1 E E k2 1—1
0 ()1 < S o S 2[R
an_Qb |aw1-¢|2 |y%|2 ©

From this and (Z27)) we obtain (2.25]) for N = 1. Now we consider the
case N = 2 and compute

(; l)2C: aiLC _38MLC83L¢_ Caf’)lgb +3C(83)L¢)2

(&ui ¢)2 (&ui (b)g (awl ¢)3 (&ui ¢)4 .

Further,

3 _ﬁ Wt 63 (ot 2) _ g —k
%t = 7z ((wh €' = (W O(}) = 50,

From ([226) and |02, ¢| < |s| and [0, ¢| Sy 27V it follows that
(50 )?] S 2 (w8 |72 + 28 [y |72 + 27 w72 + [yd ] < 2w |,
which completes the proof of ([Z.28) for N = 2. O

2.2. Energy estimates in the (A, w) frames. Next, we prove energy
estimates similar to [I, Subsection 2.2], but there will be important
differences which we will point out below. At the end of the notation
section we have introduced frames adapted to a pair (A, w) with A € R
and w € S'. We recall that we defined

1 L 1 L
Ory = m()\,w), Oy, = m( 1, \w), B, = (0,w™).
We also introduce here a fourth vector ©~ = ©, _,, for reasons which
will become apparent in the proof of the Theorem below. With respect
to this basis, understanding the vectors O, @iw, ©pL as column
vectors, we introduced the new coordinates tg, g, with z¢ = (2§, ¥3),
defined by

t

te .
1 1
g | = (@A,w Ox., @(Lwi_) X

1’26 )
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We denote by (7g,&e) the corresponding Fourier variables which are
given by

TO T
(6] = (@rw Oxn Oour) [ &
£ &2

In the following theorem we set By, , = B;H and Elm = B,jn

Theorem 2.3. a) Let 99 < m =min(j,k), 0 <1 <m+10 and k € K.
Let © = Oy, € A;,. Assume a = d(w, k) satisfies 27371 < o < 237
forl <m+9 and o < 237" for 1 = m +10; if j = 99 then we consider
only the last case. Define & = max(a,2™™).

i) If f € L*(R?) has the property that f is supported in Ay, the
following holds true

(2.28) alle™ fllig 2, S I fllee,

provided that | <m — 10 orl=m+ 10 A |j — k| > 10, and
Ly

(2.29) azlle t<D>f||L;°%Lfml)® Sz, 1<m+9.

ii) Consider the inhomogeneous equation
(2.30) (10, + (D))u=g, u(0)=0,

where § is assumed to be supported in the set By,.. If g € L L2, then
the solution u satisfies the estimate

(2.31) allullegs ez, < a7 lglloy r2, -

provided that | <m —10 orl =m+10A |j — k| > 10.
Ifge L, L%t 21y then the solution w satisfies the estimate
e k)

(2.32) alullpm 2 Sa2gllp, e . I<m+o.

Y
23 " (tel)g 2 V(e

{o L2, the solution u

iii) Under the hypothesis of Part ii) when g € L

can be written as
o0

(2.33) u(t) = )i, —i—/ Us () Xto>sdS
where ug(t) = e Ply, (homogeneous solution in the original coordi-
nates) and

(234) fiollz + [ llallzzds S @l
In addition v and 50 are supported in flk,n.

A similar statement holds true when g € L', L?
e

(t7w1)® ’
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A few remarks are in place about the statement of the above theorem.
First, the statement (2.29) and the corresponding ones in part ii) and
iii) hold true for all e with 273! < o < 237!, in the sense that we do not
need to restrict to I < m + 9. The reason we did so in the statement
is for the sake of conciseness. Nevertheless the statement (2.28]) for
[ = m + 10 does not require angular separation, thus covering the
ranges skipped by the way we state (2Z.29]).

What is important to note is that (2.28)) fails somewhere in the range
m—9 <1 <m+9in the sense that the energy estimates in the given
frames ”blow-up” and become useless. This is precisely the region
where we need to use the estimates (2.29).

A careful reading reveals that in the case [j — k| < 9, and | = m+ 10
we did not provide any estimates. As noted above, one can continue
estimates of type (229) and ([232) for [ > m + 10, but these will not
be helpful for our purposes.

Proof. i) Proof of (2.28). We start with an almost verbatim repetition
from [I, Proof of Theorem 2.4]: The space-time Fourier of w(t,z) =

D) f(x) is given by the distribution Fw = fdo where do(1,&) =
57: N is comparable with the standard measure on the surface

= /[¢|*> + 1. We change the variables (7,&) — (70,£e) and rewrite
fda = Fém —h(¢e); thus

(2:35) 1PNz, S L+ IVAlIL=) 21 f Lo

where the L* norms is taken on the support of F'.

We now work out the details. The equation of the characteristic
surface 7 = 1/|£|? + 1 can be rewritten as 72 — [£|* —1 = 0. In the new
frame this takes the form

1 1 112 22
)\2+1(>\ 0 —&6)° — m(79+>\5@) — &7 —1=0.
We solve this equation for 7, hence we rewrite it as follows
A2 —1 4\ 11—\

(2.36) )

AL 2
i) T role + A2+1( €)=
The solutions of this quadratic equation are given by
(28) o = (o) = 22 VP TGS O P+
We will identify which one of the two solutions is the correct one. The
positivity of the discriminant Ag = (A2 +1)2(£5)*+ (M — 1) (€312 + 1)
is implicit, as we know a priori that (2.36)) has at least one solution. We
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will come back shortly to these issues. We continue with the following
computation:

% 1 (22 + (A2 +1)%68 )
ocl N2 —1 £/ 2+ 1282+ (M= 1)(JEP + 1)
1 (N +1)%8
T e 1(2)‘ + (A2 — 1)1 — 2)\5(19)

. 2>\T@ -+ ()\2 - 1)£é
(A2 = 1)7e — 20E}
o

To—

2
In a similar manner we obtain Ve h* = (A*+ 1)%’, from which, using
o

(2.35)), it follows

Ekl’i| 7|

. ok 1\ 2
(2.38) H6”<D>f||L;>;L§ S <1+ sup ) £l z2-

To finish the argument we need a lower bound for |7g-|. We provide
below lower bounds for Ag and 7g- for (7,€) € By, as these more
general bounds are needed in Part ii).

We need to consider a few cases: 7 < k — 10, |j — k| < 9 and
j > k+ 10. Since the computations are entirely similar, we will deal
with 7 < k£ — 10 in detail. Here we have to consider two more cases:
[ <j—10and [ = j+ 10.

Case 1: [ < j —10. For (7,&) € By it holds that 7 — /|¢|? + 1 =
e(, &) with |e(r,€)| < 2872710 hence

To- =AT =& w=AM/[{P+ 1+ A —¢ w

i (3= DVIFTE + VIF T - 141 - S 28
We have the following: [(1 — A\)4/1+[£]72] < 2(1 — \) < 27516 <
2-21-12 (gince \ € A,), | T2 — 1| < 27%12 < 9220 9-2-6 <

- ﬁ‘gr < 7246 and |‘5‘| < 27278 From these we conclude that

k=210 < g < 2F72H10- thys we conclude that 7o- =~ 2Fa? and
o > 2k2002,

In particular, using (2.38]) we obtain (2.28). Since the solutions in
(2.37) can be recast in the form 7g- = +v/Ag and we just proved that
To- > 0 in By, it follows that the solutions 2™ in (2.37) correspond

to the choice of the surface 7 = /|£[? + 1.
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We now continue with the more general bounds for Ag in the set
By Since |1 — (£)] < 28721710 it follows that |72 — [£]2 — 1] < 22218
or equivalently, 72 — |2 — 1 = €(7,€) with |e(7,&)] < 2228 We
rewrite the equation in characteristic coordinates as above, to obtain

To- = Ao + (1 — M\)e
We have already shown that 7o- > 2¥72719 and since |(1 — A\)e| <
92k—2-8|] _ )| < 2-2-89-27+5 < 92—4-23 it follows that Ag >
22k=41=22 22kt in By,,.. A similar argument proves Ag ~ 2%*a* in
B -

Case 2: [ =j+ 10 . For (7,€) € By, it holds that 7 — /|{]2+ 1 =
e(T, &) with |e(r,€)| < 282720 hence

To- =AT =& w=AM/[{P+ 1+ - w

i (3= DVIFTE + VIF T - 14 1= S 28

We have the following: (1 — A)y/1+[¢[72 > 1 — X > 27%78 (since
Ae A, [WIHIE2 =1 < 27977 1 — &) < 27972 and [5] <

272712 From these we conclude that —7g- ~ 2% and also that
e > k210,

In particular, using (2.38]) we obtain (2.28)). Since the solutions in
([2:37) can be recast in the form 7o- = 4v/Ag and we just proved that
To- < 0 in By, it follows that the solutions A~ in (2.37) correspond
to the choice of the surface 7 = /|£|? + 1.

We now continue with the more general bounds for Ag in the set
By, .. Since |1 — (&)] < 2872730 hence |12 — [€]? — 1] < 2272728 or
equivalently, 72— €2 —1 = €(7, €) with |e(7, &)| < 22¥=2-28 We rewrite
the equation in characteristic coordinates as above, to obtain

To- = Ae + (1 — e

We have already shown that 7¢- > 28727710 and since |[(1 — A\)e| <
92k=2j=26|] _ )| < 92K-2-269-27+5 — 92%—4i-21 it follows that Ag >
22k=2=21 in By .. A similar argument proves Ag ~ 22*a¢* in By, .
Although we decided to leave out the details of this argument in the
cases |j — k| <9 and j > k + 10, we would like to point out a simple
fact. If j = k, £ = 2*w and € = 0, we obtain 7¢- = 0. This highlights
the reason why we cannot cover the case [ = m + 10 when |57 — k| < 9.
Proof of ([2.29). We start as in the proof of ([228) but with the

goal of writing fda = F5§é=h(T@,5é)’ This gives the bound
1
(2.39) 1l S @+ UIVAlz=)2 ]l

e
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where the L*> norm of Vh is taken on the support of F.
We use the equation of the characteristic surface in the form (2.30)
and solve this equation for &} :

(2.40) €2 = h*(10,£8) = £1/ Ae.

where Ag = 327 (Mo — €8)? — 575 (Te + A&S)? — 1. We continue with
the following computation:

ot 1 (MP-1)7e—2)X, 1 7o
oo A2+1 gg) A2 +1 &
1
In a similar manner we obtain 2 861 = (A2 + 1)69—{, from which, using
©
([2:39), it follows
k 2
(2.41) 1€ Fll o 12 1+ sup — | [ f]lre-
O (e ) e k,k |§®|
To finish the argument we use the following estimate |£3| = |€ - wt| ~

2k o

As before, a direct computation shows that in the set By, we have
€3] ~ 2F - @ and Ag ~ (2F - )2

ii) and iii) The proofs of these estimates are entirely similar to the
corresponding ones in [I]. The basic idea is that once the linear phe-
nomenology is unraveled by (2.28) and (2.29), obtaining the energy
type estimates is done in a similar manner: change the coordinates
and estimate all quantities taking into account the localization in By, .
Note that in part i) we upgraded some of our estimates to By. O

3. REDUCTION AND NULL STRUCTURE OF THE CUBIC DIRAC

The cubic Dirac equation ([2]) has a linear part with matrix coef-
ficients. Below, we rewrite (L2) as a new system which has two half
Klein-Gordon equations as linear parts, see (B.3]) below, and we identify
a null-structure in the nonlinearity, similarly to the ideas for the Dirac-
Klein-Gordon system presented in [7, Section 2 and 3] and adapted
to the Cubic Dirac equation in dimension n = 2 in [27]. However, in
contrast to the above mentioned papers, we keep the mass term inside
the linear operator. The setup here is the two-dimensional equivalent
of [I, Section 3] and we repeat the most important aspects:

Multiplying the cubic Dirac equation from the left with 4°, we obtain

(3.1) — (0 +a- V+if) = (¢, 5Y) Y.
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where § = 7% and o/ = 7%/ and o -V = ?9;. The new matrices
satisfy
(3.2) ada + okl = 267% 1, B+ o’ = 0.

Following [7] we decompose the spinor field relative to a basis of the
operator a-V+i3 whose symbol is a-£+/3. Since (a-£+8)? = (|€]*+1)1,
the eigenvalues are +(¢). We introduce the projections Il (D) with

symbol
1 1

IL(€) = 3l F 1y €0+ 5)

As in [1], we slightly deviate from [7, formula (5)] by switching the sign
in II; for internal consistency purposes. The key identity is
—i(a -V +if) = (D)(II_(D) - 11,(D))

where (D) has symbol 1/|¢|?2 + 1. The following identity, which can
be verified easily at the level of the symbols, will be important in our
computations:

s

[L(D)p = B(II=(D) ¥ @)

We then define 1L = I (D)y and split v = ¥, +1¥_. By apply-
ing the operators 11 (D) to the cubic Dirac equation we obtain the
following system of equations

(10 + (D))hy = =1L (D) ((, Bv) B¢)

(10, — (D))v— = =L (D)((), Bv) BY)).
This system will replace (I.2]) as the object of our research for the rest
of the paper. It is obvious from the form of the operators Il that
|U|lx =~ [|Y+]|x + ||[¢-||x for many reasonable function spaces X. In
particular we use it for X = H %(Rz) so that we conclude that the
initial data for 33) satisfies 1, (0) € Hz (R2).

To reveal the null structure, we start with (¢, f1) which, in our
decomposition, is rewritten as

(¢, B¢) = (I (D)4 + (D), BIL(D)¢py + T (D))¢h-)
= (Il (D), B (D)ipy) + (N (D)yp—, BT (D)) )
+ (L (D), FIL(D)y—) + (I (D)p—, STLL (D))

Next we analyze the symbols of the bilinear operators above.

(3.3)

Lemma 3.1. The following holds true
(3.4 L (T (n) = O(L(&m) + O™ + (m ™)
' L (e (n) = O(L(=&m) + O™+ (m ™)
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Proofs of this result can be found [7] or [27] modulo the fact that the
operators Il there do not include the 8 factor; but this is accounted
by the additional factor of O((¢)~! + (n)~') in the estimate above,
see also [I, Lemma 3.1] for the three-dimensional case. For a detailed
explanation why the above result plays the role of a null structure we
refer the reader to [1, Section 3].

4. FUNCTION SPACES

Based on the estimates developed in Section 2] we now define the
function spaces in which we will perform the Picard iteration for (83)).
The construction here is a significant refinement of [I, Section 4]. Some
of the similarities to the function spaces used in the wave map problem
[16], 37, [39] are highlighted by using a similar notation.

For 1 < p < 0o we define

1
HfHVLm = ||f||Lt°°L§+< supz Z ||63thu+1<D>f(tuﬂ)_ezpztyw)f(tu)Hi%) v

(tv)e veN

where the supremum is taken over the set Z of all increasing sequences.
For the following, we consider a fixed » € N (which is implicit in the
definition, cp. Subsection 2.T]).
For low frequencies, that is for £ < 99, we define

115 = 1171z

+(D) [ZSIEC]

+31€1§I))1 HfHZAW L2 Lo -

For the high frequencies, that is £ > 100, the norm has a multiscale
structure. We recall the notation convention that A;,., = Aj..,), and
similarly for €;,,. Given I < k+ 10, x € K; and j > 89, we define
structures SE[k, k, j].

89 <j=1—-10<k—10o0orl=k+10Aj > k+ 10, let

1 Fllsspong = sup  sup 27| flloeg 12, -
rk1€K +10: @GAjy,il g g
d(k,kp)<2—1+3

If max(90,1 —9) < min(j, k) <1+9, let

l
N = su sup 272
Iflshmar = swp - swp 2R s e
2713 <d(k,nq) <2713

If max(90,!+ 10) < min(j, k), let

||f||Si[k,n,j] = sup sup 2_l||f||L°j[L2i
KlG’C]‘+101 @GAjy,il ‘e %o
2-1=3<d(k,k1) <2143
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Then for k € K; we define the cap localized structure as

Wl strm = [ fllzoorz + sup S Nl s .-
max(89,l—10)<j

We define the endpoint structure
1
—k 2 2 2
lewos = (3 2 MRS, s, IR, i )

KEKK+10

Next, for some % <p< % (any p in this range will work, see Section
[6) we define

1
2
i_ m
Hf||s§:<§:||Pnf||%/i<D>> + 2675 sup 27| Q% fll g

KEK

<I<k+10

1
2
i lswo + s (D 1@ aPud [epem)
KEK)

Remark 1. If I; > Iy, we have that for each x; € K;; the number of
Ky € Ky, with k1 N kg # () is uniformly bounded. As a consequence,
essential parts of this norm are square-summable with respect to caps:
For later purposes, we note that for [ <’,

2 2
> ||Pf-ef||vj§<D> <)) ||Pnff||vj‘2:<D>,
KEK, K’GICZ/
and, for all 1 <[ <k,
2 < 2
HEZK 1Pefllvz,, S 1FIlse-
l
Similarly, we have

—k 2 2
RO r|pn,pnf||zwwzl)@+r|pﬂ,pnf||zw%mi}

K'eK; rEKk+10 5 %o
< Z —k 2 2 < 2
S 2 2R, e, I S e
KELK 110 e e

For this reason we introduce the norm

1
2
||f||z2s,;t = (Z ||Pnf||%/§<D>> + ||f||END,f

KEK
which has now the property that for any 1 <1 < k + 10
(4.1 S IR S 1124

KEK)
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For any |l — I'| < 10, we also have
> D NPeQE Pl e S I 1,
R’GICZ/ KEK)

where we use Part i) of Lemma [L.] below.

The space S* corresponding to regularity at the level of H?(R?) is
the complete subspace of L>°(R, H?(R?)) defined by the norm

1 llsse = IP<sof sz, + (D2 22 B3 )"

k>90

Recall from Subsection 2] that this construction is useful up to time
27, so for any closed interval I C (—27,2") we define the space S*7(I)
of all functions on I which have extensions to functions in S*°, with
norm

N = i f F ,U:F = .
fllsso = inf {IFllssr < Fly = £}

Note that the space S5 (I) := ST7(I) N C(I, H’(R?)) is a closed
subspace of ST7(1).

Now we construct the space for the nonlinearity. For 1 < ¢ < oo,
b € R, we define

£l 500 = [[ (27 1Qm Fl122) sl -

For the low frequency part of the nonlinearity we define

£l = _int - AWAlemga W llegss + 1ol g+ 1 gz

Let (NF)* denote the dual of Ni° and let S be endowed with the
norm

(4.2) Il = 1 f 5oz + [1f1] 4= 300
Then, we observe that for k < 99,
(4.3) SE c (NE)* ¢ Sy

Next, let & > 100. For 1 <[l < k + 10 we consider k € K; and
consider the following types of atoms:
A1 :If89<j=1-10<k—100orl=k+10Aj > k410, functions
f@ with
2\ fellz, 2, =1,
(S] ©

where © € A;,, and k1 € K410 with d(k, ) < 273,
A2 : If max(90,l —9) < min(j, k) <1+ 9, functions fo with

l
22 =1
Ifolsz, oz, =1
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where © € Q; ., and Ky € K410 with 27173 < d(ky, k) < 273,
A3 : If max(90,1+ 10) < j < min(j, k), functions fg with
2l||f®HLt1iLii =1,
(S] ©
where © € A;,, and k1 € K410 with 273 < 20 d(ky, k) < 23,
We then define, in the standard way, N*[k, k] to be the atomic space

based on the above atoms.
Now, similarly to [I], we define the following atomic structure

| £l = inf (il + 1ol 2

f:f1+f2+21§l§k+10 g1

+ Y (X 1Palepn) )

1<I<E+10  weK,

(4.4)

where the atoms ¢; in the above decomposition are assumed to be
localized at frequency 2% and modulation < 2¥~2 more precisely that
ka_glpkgl =4qi-

The third component in N7, i.e. the > 1<i<ks10 91> Will henceforth
be called the cap-localized structure. The atoms g; are localized in
frequency and modulation, while when they are measured in N*[k, x]
the atoms ae in the decomposition g, = ) 4 ae are not assumed to
keep that localization. However, by applying the operator @fk_zzpk,n
to the decomposition and using [I, Lemma 4.1 i)] (which holds true in
dimension 2 verbatim) one obtains a new decomposition with similar
norm. From now on our convention is that we assume that the atoms ag
in the atomic decomposition have the correct frequency and modulation
localization.

Let (N*)* denote the dual of N;”* and S; be endowed with the
norm

(4.5)

Il = Iz + 1 gegot 50 (D0 1Q% oPef )
1<i<k+10 ek,

1
2

Then, we record that
(4.6) SE c (N ¢ S,
with continuous embeddings, i.e.

[l S 1l gyzonye < 1N

Now we are in a position to define the space for dyadic pieces of the
nonlinearity for high frequencies by setting

11k
1 vt = 1F e+ 2575 fl oz
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The space for the nonlinearity at regularity H? is defined via

1
o 2
| Fllvee = 1 Pesofllz, + (D0 2% Puf I3 )

k>90

Now we show why the above structures are relevant for the equations
we study. We first note a technical result on boundedness properties
of certain frequency and modulation localization operators.

Lemma 4.1. i) For all k > 100 and m > 1, the operators @im are
bounded on S,;t, N,;t.

ii) For all k > 100,1 <1 < k+ 10,k € K;, and functions u localized
at frequency 2%, we have

(4.7) I (T (D) — T (2"w () Peulls < 27" Peulls
for S € {Sif, S}
Proof. i) We start with the boundedness of Q;m on the components of

Ski. The boundedness of @ém on the Vﬁw) is standard, see e.g. [12]
Cor. 2.18]. The boundedness of Qém on the

267D sup 27| Q3 f gz

structure follows from the commutativity property Qi,@ﬁm = QﬁmQ,in,
and the boundedness of Qﬁm on the LV L2 type spaces. B B

Next, we notice that the kernel of Qﬁm}sﬁ belongs to L;, under the
hypothesis m > 1 and k € Ky 10. Using_that PHQiEm = ~j<EmJ5,€PH, this
implies the boundedness of Qém on the . .

—k 2 2
(X 2MIRA, i, F IR, s )

KkEKK110

D=

component of S l;t

For the boundedness of Q% on the S*[k, k] components we use an
argument similar to the one used in [I, Lemma 4.1], part ii). S*[k, x|
itself has several components and we will provide a complete argument
for one of them; this will also serve as a template for the other ones.
With x € K; for some 1 <[ < k+ 10, it is enough to consider only the
case m < k — 2. We fix the + sign choice, fix j with max(90,+ 10) <
min(j, k), consider £y with 2773 < d(k, k1) <273 and © € A, ,.

The operator Qimpk,i is a Fourier multiplier whose symbol

am,k,n(77 5) = XSM(T - <§>)>~<k(§)ﬁn(§)
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satisfies
|07 am k] S (275277
The inverse Fourier transform of a, i, with respect to 7; ,, satisfies
| K pn(te, Co)l Sn 2721 4 |te]2™ )™, for any N € N.
From this we obtain the uniform bound
||Kl,k,n||Lg(_)Lg§_) S L
On the other hand we have
Feo QL Ponf) = Kip %10 Feo

where one performs convolution with respect to tg variable only. From

the above statements it follows that Q;mpk,i is bounded on L?;L:% o

Proving that Qém on the components of N,;t is done in an entirely

similar way.
ii) The proof is very similar to [I, Lemma 4.1] and therefore omitted.
O

We continue with a few preparatory results. In order to later deal
with the Vf< py structure, we show that the analogue of the fungibility

estimate [34], formula (159)] holds in our spaces, more precisely

Lemma 4.2. For all ¢ = Pyg and any collection (I,),en of disjoint
intervals the estimate

(4.8) > H11V9||?V; S Hg||?vét

holds true, uniformly in k > 100.

Proof. We proceed similarly to [34, pp. 176-178], the minor differences
in the following proof are mostly due to the lack of scale invariance:
It suffices to consider the +-case. It is obvious for L!L2-atoms, so
we are left with X~ 2"1-atoms and the cap-localized structure.
a) X+t~ zlatoms: We will prove

2 2
(4.9) ; HlI"fIHLtlL?c—i—X*’*%'l S ||f1HX+»*%’1’

for P,fi = f1. By definition, this follows from

(4.10) > I1L,Qu Al S 27| Qu il

. 1
Lirz4x+=2!
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which we establish by proving
(4.11) Y NQem(14,Qu )7 S 1Qmfill7z,

(412) Z ||Q-<m(1IuQm.fl)||%%L§ 5 2_m||Qm.fl||%2

The first one is trivial, since Qy,, is bounded in L?, so we focus on
(@12): Let (J,) be the subcollection of all intervals in ([,) satisfying
|J,| > 27™ and (K,) all remaining intervals. For the short intervals
(K,), we obtain

Y NQum (1 Quuf D712 S Y Ik, Qufill2
S22 1, Qufill7e

Concerning the long intervals (.J,), we have

Q<m(1Jume1) = Q%m((QleJu)(mel))

and it is easily checked that
(4.13)

|Q~m1[a,b]( )| Oé[ab (t)_N, Oé[a7b]7m(t) = 1 + 2m|t — a\ —+ 2m‘t — b‘

Let J, = [a,,b,]. Because of their disjointness and |.J,| > 27, we have

> o O S (2t —a 42 =0, )TV ST (N> 1),

v v

Fix N = 2. We conclude that
I CRARENATAFED S [CRAICHA]

ZH [av,bu], ||L2|| aubu me1HL2L2
< 2 mz HO[[a by me1HL2L2
S22 ar? 1 mONQu A B]72dt S 27|Qmfill7
~ R [av,bu],m mJ1 L2905 mJ1l[2-

i b) ca~p—localized structure: Consider f3 = Zlgzgk 1101 satisfying
QY _Prgi = g1 For fixed 1 <1 <k + 10, we write

Lg = Q>k a(log)) + Q% (1, 91)
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By a similar argument as presented in [Il Proof of Prop. 4.2, Part 1,
Case ¢)] it follows that

k21
||Pﬁgl||L§x S 272 || Pogill vt fhom)-

For the first contribution, this implies

Z||Q>k (L9l R S 27 kZZH (17, Pegi ||L2

ke, v

< 22k Z ||P,«ugz||L?,z S Z HP’“ng?Vﬂk’”}'

KEK KEK

For the second contribution we use Lemma 4.1 and the fact that

> Al 2 S IRIZ, 2
v

for any orthogonal frame (y;,42) € R due to Minkowski’s inequality
to deduce that for fixed x € K; we have

Z 1Q% ko (L, Peg) s g S D Nt Pagt) s ) S I1Pagill R

which we then sum up with respect to k € ;.

We obtain
1 1
2 ~ 2
(anbfgnw) > (10t a2, )
1<i<k-10 v

1

~ 2

(3 Y 0%t Pegdl s y)”

v KREK;

1
Z ( Z Hpngl’|?v+[k,n]) g

1<I<k+10  keK,

and the proof is complete. Il

Let ¢ be any fixed Schwartz function and 7 (-) = ¥(5).

Lemma 4.3. Fiz any 1 < p < 2. For all'T > 0 we have
(4.14)

sup 2| Qum(r Pef)lprrz S sup 2"|QumPrfllrr2 + T Y Pof |l o2

Consequently, there exists ¢ > 0 such that for any closed interval I C
(=21 271 we have

(4.15) 1P G|l g1y < el D]l rroe2)-
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Proof. Let f = P, f. Obviously,
1Qsm¥r|lLe S 1
and [Qmtr](t) = [Qr2n1](7), hence
|Qurllg Sy TH{T2™) ™ for any N € N.
We split
QU1 f) = Qu|QemWr)[] + Qum[Qum(¥r) f] + Qu[Qsm(¥r) f].
First,
Q@ (r) gz S Qe ()12 Qo 1.

Second,

2"|Qm| Qe (V) flll2p22 S 1@ (W) 122" ([ [ Lo 2

S To(T2™) 72 flligers S T I f lloere.

Third,
2™M|QulQ@sm () fllzrzs S27 Y 1 Qumy (V1) Qumy fll o2
mi1>m
S2" Y 1@y (V)| Qs fllpre
mi>m
S D 2m M sup 27| Quy fll e
mi>m mi

Concerning the second claim, we define the extension F = t)pe™"P) ¢,
where we choose ¥ to be equal to 1 on (—1,1), to be supported in
(—2,2) and 7 defined as above with 7' = 2"7!. The estimate fol-
lows from the first claim, the results from Section 2] and the fact that
multiplication with smooth cutoffs is a bounded operation in V2. O

Proposition 4.4. i) For all g € N;- and initial data Uy € L2(R2) both

localized at (spatial) frequency 2F (m the sense that Pog = g, Pyug =
up), k > 100, the solution u of

(4.16) (10, £ (D))u =g, u(0) = up,
we have Yru € SE for all 1 ST <27, and
(4.17) [rullss S lglls + lollse

ii) A similar statement holds true for 90 < k <99. For all g € Ngigg
and initial data ug € L*(R?), both localized at (spatial) frequency < 2%
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(in the sense that pgggg = g,p§89UQ = wug), the solution u of (A.IG)
satisfies hru € Szgy for all 1 ST <27, and

(4.18) [¢rullg:

s, Sllollys, + luollze.

Proof. 1) It suffices to consider the + case. Due to Lemma 3]t suffices
to consider ug = 0.
Our first claim is that we have the following estimate:

(4.19) lullspvenoy + 1Yrullenny S llgllvg

where S;F \ END;" contains all norm components of S,f except the
END; one. The time cut-off in is needed to recoup the EN D}’ struc-
ture.

Besides the V<2D> component, the proof of (4.19) is analogous to the

3d case in [I, Prop. 4.2], which, in particular, implies the L L2-bound.
In what follows we provide the estimate for the V<Zb> part of (4.19).
First, we follow the general strategy of [34) Prop. 5.4 and Lemma
5.8] to prove the V<2D>—estimate on a fixed cap k € K; with [ := k 4 10:
For any interval [a, b] the function
w,(t) = Pou(t) — D) P a(a)
solves
(Zat + <D>)wn = Plig7 wn(a') = 0,
hence we obtain, using the L°L2-bound,
1Peu(b) — =P Pou(a)l 2 S 1Vjap Py -
For any (t,) € Z, using (4.8]), we conclude
Z ||6_ity+1<D>Pnu(tu+1) _ e—itu<D>PHu(t,})H%g < Z ||1[tu,tu+1]Pﬁg||?V;r
< 1Pl

and finally we take the supremum over Z.
Second, we sum up the squares: By the estimate above,

1 1
2 2
(X hPalts ) 5 (X Pl )
KEK, KEK]

hence it remains to prove

(4.20) (X 1Plls)” < Nl

KEK)
uniformly in 1 <[ < k4+10. By Minkowski’s inequality, this is obviously
true for the LY L2-part of the N, -norm, and also for the X+t~21 and
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L}L%-atoms in N,”™, so it remains to prove it for the cap-localized
structure. We observe that

(X (2 (ZIrPalien)’))

HEICk+10 1< <k+10 HIEK:I/

1
S 3 (X X InRlhepa)”

1<U<k4+10  w'eKy K€Kk 10

We now argue why (£20) holds for the case when g is an atom in
the cap localized structure. The only non-trivial case is when go =
Q<k—or Poge where k' € Ky and I” < k + 10, while the information

we have is control on ||g@||L1 2 or |lgellr. 2 as described in A1l
e :c% (t,zl)(_)

- A3 prior to the definition (Z.4]). Without restricting the generality
of the argument, consider we have control of the first type. The key
observation is that the operators P,Q_j_oy P are almost orthogonal
with respect to k € K; when acting on L2 One way to formalize this

is through the identity P,  Qpooop Py = P(FL ¢o)Ps Q<k_oy Py where
(/<o o) are operators localizing the Fourier variable g in almost dis-
joint cap-type regions. This is a consequence of the transversality be-
tween the direction © and the Fourier support of Q_-y_oy P
Taking advantage of this almost orthogonality, we obtain

> IPegelliy 1z, < lgolliy vz, -

KEK K110

and this finishes the proof of (£I19]).

Next we show how we derive (4I7) using (4I9). The problem en-
countered by a direct argument is that ¢ does not commute well with
the modulation localizations present in the ST[k,x|. ¥7u solves the
following equation:

(4.21) (i0; & (D)) (ru) = brg + ipu.
with the initial data ¢ru(0) = u(0) = 0. Since we have

livpullice S Nullpgerz S llullss < Mgl
and from the proof of Lemma [£.2] we easily obtain

(122) Izl S gl
We can invoke again (4.19)), this time for the equation (£.21]), to obtain

||¢TU||S;\END; S ||9||Nk,+-

This concludes the proof of (LI7]).
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ii) The proof of part ii) can be carried over in a similar but simpler
4
way, except for the case when g € L;,. A complete argument, including

4
the L}, part, can be found in [2, Proposition 7.2]. O

Corollary 4.5. For any r € N, closed intervals I C (=271, 2771 all
ug € H°(R?) and g € N*7, there exists a unique solution u € S*7(I)
of ([EI6), and the following estimate holds true

(4.23) [ullstomy S Nlgllneem + lluollae

Proof. By definition of the spaces, it suffices to prove this for frequency
localized functions which is provided by Proposition .4 above. O

Now, we conclude that we can control all non-endpoint Strichartz
norms in our spaces, see also [16] (17, 37, (18] for other Strichartz type
bounds. We refine the argument from [34] in the sense that we include
additional cap-localizations which give stronger bounds.

Corollary 4.6. Let p,q > 2 such that (p, q) is a Schrédinger-admissible
pair, i.e.
1 1 1 2
p,q) #(2,00), —+—-==,ands=1— —
(p.0) # (2u00), o 0 = :
or a wave admissible pair, i.e.

2 1 1 5 1
pa‘]?'é47007_+—§—,ands:1———_
(P q) # ( )p e

qg p
i) Then, we have
(4.24) 1Peull p s ey S 25| Prull -
ii) Moreover, we have
1
2 S
(4.25) Sup ( Z ||Pkpﬁu||%f(R;L%(R2))> S 2 ||Pku||s;c~
1<I<k+10 s

Proof. 1t suffices to prove ii). The estimate holds for P,P,u in the
atomic space U% (D) because it is true for free solutions, which follows
from TT* argument and (2.I1]), hence it holds for UP-atoms. Now,
by changing P,P.u on a set of measure zero, we may assume that

u is right-continuous, hence the claim follows from || PyP.ullyr = <
ULy =

HPkPH“||V§<D>u which holds for any p > 2, see [34], formula (189)], and

[12 Section 2] for more details on these spaces. The claim follows from
the definition of || - ||Slzci: and

2 2
sup > PSS D 1P,

1<I<k+10 S8 el
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which is obvious. 0

Clearly, one can also interpolate the estimates provided by Corollary
to obtain all Klein-Gordon admissible pairs (up to endpoints).

5. BILINEAR AND TRILINEAR ESTIMATES

Next, we provide crucial bilinear Lf,w—type estimates for functions in
our spaces, cp. [, Section 5] for the easier three-dimensional case. For
technical reasons, we also provide some trilinear estimates at the end
of the section.

We use the same convention as in [1 Section 5] throughout the rest of
the paper, namely that u’s will denote scalar-valued functions u : R x
R? — C, while ¢’s will denote vector-valued functions 1) : RxR?* — C*.
As before, a function f is said to be localized at frequency 2% if f = D, f
it £ > 90 or f = P<gf if K = 89. The first main result in this section
is

Proposition 5.1. i) For all ky > 89 and ke > 100 with 10 < |k — k|
and v € S,;'; localized at frequency 2% for j = 1,2, the following holds
true:

(5.1)  [[{ILe(D)thr, BLLL(D)a) || 12 S 21671||¢1||s;;1 12l 5
ii) If in addition | < min(ky, ko) + 10, then

Z <Hi(D)pm¢l>5Hi(D)pﬁzw2>

K1,k €K
d(xkq,trg) <21

kol
S 277 [[Wllsz 1l g
1 2

In both (B1)) and (B.2) the sign of each £k and Iy is chosen to be
consistent with the one of the corresponding S*.

ii1) In the case |k — ko| < 10 the above (B.1)-(5.2) hold true provided
the parallel interaction term

Z <Hi(D)pﬁ1¢1>5Hi(D)pﬁz¢2>

nl,NQEKkZ:
d(trq,rg)<2 k2 +3

L2

(5.2)

18 subtracted.
i) If S,;Z’w is replaced with S,;';, then (B1l) and (B52) improve as

follows:
min(kq,kg) . min(kq,kg)—1
- the factor becomes 2= 2 | respectively, 2 2 ;

- they hold for all ki,ky > 89 (in particular, no terms need to be
subtracted in the case |ky — ko| < 10).
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Proof of Proposition[5.1. To make the exposition easier, we choose to
prove all the estimates for the + choice in all terms. A careful exami-
nation of the argument reveals that the other choices follow in a similar
manner.

We consider k; > 89 and ko > 100 and distinguish the following
three cases: k1 < ko — 10, |k1 — ko] < 10 and ky > ko +10. We will work
out in detail the first case, that is for k& < ky — 10. One should also
note the close relation between these ranges and the the ones given by
the energy estimates in Theorem [2.3]

We will reduce (5.I)) and (5.2]) to the following claim: For all uq, us
localized at frequencies 2%, respectively 2%, and [ < k; + 10 the fol-
lowing estimate holds true:

= = kit
(5-3) Yo IPauPous| S22 lunllsy Nzl

K1,k €K
where * means that the above sum is restricted to the range 27/72 <

d(ky, ke) <272 or d(ky, ko) < 2742 in the case | = ky + 10.
We rely on the following estimate:

Z ||pmul : pﬁ2u2||L2 < A+ Ay,

K1,k €K

where

A= Y [ Payuall oo | Py Qe —2ntia| 12

K1,k €K *
2k1—1 ~ 3 ) 2
S22 < Z ||Pn1U1||%§°L%)2< Z ||P“2Q?’“2‘21u2”%2)2
Kk1EK; ko €K
2k —1 ~ % _ ko2
<9273 (Z ||PmulHLf°Lg) 277 || @ero-artiaf] v g
H1€K1

k1t
S22 [l fluzllgy e
1 2

The second term As, corresponding to the interaction ]—Z’Klul-Q<k2_2l]5K2 Uo,
needs particular attention. We distinguish three particular scenarios

[ <ki—11,k—10 <1 < k+9and ! = k;+10 and each of them is dealt
with one of the three energy in frames components in the definition of
S + [k’g, I{Q] .
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If | <k — 11, then we estimate as follows

TS VI DI LY S N

K1,k2€K % KEK K, 110

sup || Q<k,— 21P@U2||L°°L2
Oehy,

[NIES

< < Z sup sup ||Q-<k2 21P/i2u2||L°°L2 )
Ko €K Ni:ﬁ;;éo Ok
_ 2\ 3
(X (X 1Py, )
K1EK; HEICk1+1O
S —Hullls+2HUzlls+w

If k1 —10 <1< k;+9, then

A2 = Z Z ||P PHIUlHZQ (t:vl)

K1,k2€E % KEKE, 110
@S&E,K ||Q-<k2—2lpnzu2||Lt°(‘;L§®

1
< Z sup sup ||Q<k2 2lec2u2HLoo L%O) ’

KEKE. 1100 OEN k
0E 1+ 1,k
26K kN1 #D

(Z < Z ||PH]5,¢1U1||ZQ L?QL%)?)%

r1€EK; HE’Ck1+10

AN

K Lz
<27 ||Pn1u1||s,j122 ||P,§2u2||sk+2,w.

~

If | = ky + 10, we repeat the argument of the first case without the
additional localization to caps of size 2¥+1% and obtain

A= 30 Pull,,, | s S 1Qu-aPutalig,

K1,k2€K) %

k1,k1

< gy 2" fluall g

Obviously, (B.3]) implies

- = kit
(5.4) Z | Py 1 Peyua|| 2 S 272 ||“1Hs,j1||“2||slj2’w'

K1,k2 €L %
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Now, we turn to the proof of (5.2). Using (5.4]) we claim the following
>~ (D) Py, AILL(D) Peyts) | 2
(5.5) K1,R2 €K ¥
<277 L (D) gy 1ML (D)0
To prove (B.5]), we linearize the operator I1, (D) as follows
4(D) = L, (25(,)) + 11, (D) — L, (25e(x,))
where j = 1,2. Taking into account (5.4]) and (B.4]) we obtain
D I (2Rw (k1)) Py, AT (250 (k2)) P )| 2

K1,k2€K %

Kyt
S 25 g allgie
1 2
where we have used |Z(w(k1),w(k2))| < 27! and that
O@2 M 4277y <ok <ol

The estimate for the remaining terms follows from using (5.4]) and ([£.7).
Now, we use

[{IL(D)thy, SILL(D)t2) | 2
SO D PLIL(D)n, BPLTL(D)o) | 12,

1<I<k1410 Kk1,k2€K %
and (5.5]) and observe that the summation with respect to [ is performed

using the factor of 273,

This finishes the proof of i) and ii) in the case k; < ko — 10. The
proof of (B3] in the case k; > ko + 10 is similar in the case [ < ko — 11
and [ = ky + 10, and also in the case ky — 10 < [ < ky 4+ 9 for the
contributions A;. In the case of A, we modify the argument as in [I]
Prop. 5.1]: We decompose

Plilul = E PnPnlul
KEK K +10

and note that the interactions Pﬁpﬁlul ]5,{2 uy are almost orthogonal with
respect to K € K, 410, which follows from the fact that both Pﬁpﬁlul
and J5H2u2 have Fourier-support of size & 1 in the direction orthogonal
to w(ks). As a consequence

prclul : pﬁ2Q<k2—2lu2Hiz

5 Z ||Pnpn1u1 . pﬁz@<k2—21u2||%2

KEKE; +10
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and we can proceed as before.
The proof in the case |k; — ko] < 10 is similar, except that there
there is no mechanism to deal with the parallel interactions

Z <pmulapn2u2>

K1 VNQE)CkZ:
d(rq,mg) <27 F2H3

in (5.3). This is the reason we cannot estimate this term and claim
only the equivalent of (5.1))-(5.2)) which excludes it.
Finally, the improvement in iv) is justified as follows: Since both

ot ky
terms are in S; type spaces, by symmetry reasons we can replace 27
min(kq,kg)

by 272 7 in (BI) and similarly in (52). If 89 < K,k < 100 we
simply use the L*-Strichartz bound on both functions. In the other
cases where |k; — ko| < 10 we use the fact that in S;” we have access to
the full family of Strichartz estimates for both terms and we estimate
the parallel interactions term as follows:

H Z <pmul, p@U2>H

K1 ,KQEICkZ:
d(rq,mp)<2~R2t3

S0 Pawlpal| Pz s

K1,K9 GICkQ:
d(ry,kg)<2 k2 t3

~ 1 ~ 1
SO 1Pawl7)? (D] 1Peuall7e)?
K1€EKE,, K2€KK,,
S22l [Juall g -
1 2

This matches the numerology claimed in (53] and adds up correctly
with the other angular interactions to give (B.I]) and (5.2)). O

Remark 2. The estimates of Proposition [5.1] can be interpolated with
the trivial estimate

nllvolllzoorz S 254 ([0 || o r2l|¥ol oo r2
obtain by the Bernstein inequality. In particular, for 2 < r < oo we
obtain

(5.6) H<Hﬂ:(D)w1>5Hi(D)¢2>}

1

sz S 20D g s

We finish this section with two results covering two trilinear esti-
mates.
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Lemma 5.2. Assume ki < ko < k3 and each 1; is supported at
frequency 2 i = 1,2,3. The following estimate holds true for any
% < p <2 and any choice of signs s; € {£},1=1,2,3:

200 =28 | (I, (D), BT, (D)) 1Ly (D)3 | 1o 12

3
ol el | BE T
7j=1

(5.7)

S
J.
Skj

Proof. The strategy is to recombine 1), and 13 or ¥ and 13 and provide
an L? type estimate as in (5.1]). The problem is that the null structure is
lost when we recombine terms. However, a careful analysis reveals that
one can still extract gains from the null structure when recombining
terms.

We provide a complete argument for the I, (D) part of each term,
that is we assume 1); = I, (D)v;,Vi € {1,2,3}. A similar argument
works for the other combinations. Fix 0 < < k; + 10 and write

I = Z <J5mwlaﬁpmw2>ﬁ¢3

K1,k2€K 1%

where * indicates that we consider the range 2713 < d(ky, rg) < 27146,

if | < k;+ 10, or d(ky, ko) < 2746 in the case [ = ki + 10.

Let | < k1 + 10. Fix k1, ko € K; subject to x. We explain now how
to take advantage of the null condition in this context. For j = 1,2 we
decompose

[14(D) = M4 (2%w(sy)) + T4 (D) = T4 (2M w(ky))

and use (3.4) and (A7) to extract a factor of 27! from the expression
(Pm@bl, ﬁpmwg) in all the computations below. To keep things simple
in the estimates below, we skip the step where each v¢;,7 = 1,2 goes
through the above decomposition and simply just book the factor of
271,

We start with the high modulation component of 13 which we esti-
mate as follows

(P, 01, BPryth) BQs ey -2t 1rr2
(58) = 2_l||Pm¢1||L§f;||Pn2¢2||LE%LgO||th3—2l¢3||Lgx

2k —1

< 2™

-~ p—2 ~ _k3
||Pn1¢1’|l2s]jl2(1+ > )k2||Pn2¢2Hl2s,j22 2 |3 lve

+D)
For the low modulation component, we decompose

(5.9) Y=Y > Puts+ Y Puis

I'<l—8 k3eKy* K3 €™
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where if k3 € K, d(ks, k1) = d(ks3, ka) = 27" while if k3 € K;**,
d(ks, k1) + d(k3, ko) < 2719 Fix I’ < [ — 8. Using (5.3)) we estimate

[{Poyt1, B8P, 02) B Z Py Q <s—2ts| r 12

Ks €T

Patis Y PruQyarts|

§2_l||15m¢1“ 2%
Le “Le r3EK

L2

Ko+l

;2 ~ ~
52_12(1#’21, L ||Pm¢1”l2s,jl2 2 HPnz%Hl?stQ H¢3||Sk+37

since it follows from the proof of (5.3]) that the operator (g, o is
disposable and we only need the [2Sj, component for f’,{z@bQ.

For the second sum, where x3 € K;**, the key property is that
27 < d(ks, k1) + d(ks, k2) < 271 Thus we can split the set Kj** =
S1 U Sy, 81N Sy = 0 such that k3 € ) satisfies d(ks, k1) > 27, while
K3 € Sy satisfies d(ks, ko) > 271

The part of the sum with k3 € S is estimated as above with " = [,
thus leading to

||<pli1¢l> ﬁpﬁz¢2>6 Z PH3Q'<]€3_21,¢}3||L?L%

Kk3ES2

p=2 ~ katl
<290 By s 2% | Pegtinllnss 9
1 2 3
The part of the sum with k3 € Sy is estimated as follows

[(Pr 1, BPeytha) B> PryQ<a—atsl rpre

Kk3€ES1

pm?/fl Z PH3Q<]€3—21'¢3HL

K3€EST
kq -+l

(91 ~ 1 1yk1+l (3 1 ~
<2 '9(5 Zp)k2||Pn2¢2||l2s,j22(p+4) 720 p)k1||Pm¢1||z2s,jl||w3||s]j3-

<97l P
N2 ||PH2¢2||L3%L30

8p
a+p
¢ L3

The last inequality was obtained by interpolating between the two es-
timates

1Pen > Pn3Q<k3—2l¢3’

K3€EST

[SETI
oy 5277 WPty ol

1Pt > Pn3Q<k3—2l¢3’

K3€ST

< ok || [
yoss S 2 WPl Ioallsg
where the first one follows from (5.3) and its proof, while the second
one follows from the trivial estimate || Py, ¢z < 28| Pt 152

to N
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Bringing together the two inequalities we obtain:

||<15n1¢17515n2¢2>5 Z PRSQ<k3—2l¢3||LfL§

S
_l (T L ~ 9_ 1 ~
S8 Pyl 2575 Pl sl

At this time we can perform the summation with respect to the de-
composition of 3 in (5.9]) to obtain:

||<pmw1> ﬁpn2¢2>6Q-<k3—2l¢3HLfLi
LI ~ 9 1 ~
<2722 2p>k1||me1||lzsz12<s 2p)kz||Pm¢2||lgsk+2IIwgll%,

To this estimate we add the high modulation component estimate in
(5.8) to conclude with

(P tbr, BPuytba) Bbs| o2
L (7T_1 ~ 9_ 1 ~
52_52(8 2")lePnﬂ/11||zQSlj12(8 QP)k2’|Pnz¢2||z2s,j2’|1/13||s]j37

The cap summation with respect to ki,ks € K; : * is performed
using the [? property of the [2Sy spaces ([A.):

I )" (P, BPoytha) Bs rpre

K1,k €K%

I _(T_1 9_ L
52—52(8 gp)/ﬂHd}lleS]j (3 2p)k2’|1/}2||l25k+ ’|1/13||sk+,
1 2 3

Recall that up to this point we have used that | < k1+10. If [ = k;+10,
then one proceeds as above up to the point where we split the set
I = 51 U Sy. The modification in this case is that we simply retain
only the S; component which is now characterized by d(ks, k) < 275
and estimate as above to obtain

I > (Patbr, BPaytha) Bs| prpe

K1,k2€LC %
I (T_1 2_L
27226720 gy | g 267202y | o1 [l
1 2 3

where [ = k; + 10. Finally, the summation with respect to [ is done
using the factor 273

I_L §%
||<¢1’5¢2>5¢3||L{’L% < 2(8 2p)k1||,¢)1||sk12(8 2p)k2||¢2||sk2||,¢)3||sk3
3
< 2(%_%)1412(%—%)'@2—%3 l_IQ%JH%'HS+

from which (5.7)) follows. O
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Lemma 5.3. Assume ky < min(ks, k3) and each ; is supported at
frequency 2% i = 1,2,3. For any 2 < p < oo and any choice of signs
s; € {£},i=1,2,3, the following estimate holds true:

HH81 (D>¢1 <H82 (D)¢27 Py, (D)1D3> ||L§’L;

(5.10) _1
< 207 gy sy lallsz [lvslls

51

s3,w .,
k

Proof. Note that (5.10) follows from
[TLs, (D)1 (1L, (D)1b2, Bllsy (D)3)[ 218
S 2% [l spr el s
by interpolating with the trivial estimate:
901 (Y2, Bs) | Leors S N1 llpge W2l ooz 1903 Lo L2
< 29l Il [l

52

Therefore the rest of this proof is concerned with (BI)). The argu-
ment carries some similarities with the one used in Lemma 5.2 In
particular we extract the gains from the null condition as explained in
the body of that proof and skip the formalization here. We provide a
complete argument for the I1, (D) part of each term, that is we assume
v, = (D), Vi € {1,2,3}. A similar argument works for the other
combinations.

We decompose
(5.12)

Ui (e, Bis) = Y Zmelz > (P, BPts)

0<I<k+10 k1€K; 1=2 Kko,k3€K2(K1,i)

where K2 (k1,2) = {(ka, k3) € Kix Ky : 2713 < d(ky, ko) < 2776 d(ky, Kk3) <
276Y and K?(k1,3) = {(ko,k3) € Ky x K @ 2703 < d(ky, k3) <
2716 d(ky, ko) < 2716} for | < ky + 10 while for [ = k; + 10 we pick
’C?(K,l, 2) = ’C?(K,l, 3) = {(/{2, /€3) e KixK; - d(/ﬁl, K,g) < 2_l+6, d(/ﬁl, I{Q) <
271461 As defined, these sets are not disjoint, so we (implicitly) remove
elements which are counted multiple times.

We fix 0 <1 < k1 + 10, k; € K; and aim to estimate

Z Pnﬂbl Z <PR2¢27 ﬁpﬂsw3>

Kk1EK k2,k3€K2 (K1,2)

(5.11)

.51 .53 w,

Notice that, given the structure of the set K?(k,2), for all ko, k3 €
K2(k1,2) we have d(kq, k3) S 27" and this allows us to book the gain of
27! from the null condition as explained in Lemma[5.2l Combining this
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with the fact that in the above sum we have 2713 < d(ky, ko) < 27176
we invoke (5.3]) to obtain

1Y Povr Y (Pagthe, BPs) iz

K1EK; HQ,RSGK?(R1,2)

ki
<2727 Wl”s,le%Hs,jz sup || Pe; ¥ Loor2
K3

k1

—1
<2 [llsg Il sl g

A similar argument gives

1Y Patn > (Pots, BPegtbs)llrons

K1€EK; ng,n3elCl2(/i1,3)
k1l
S277 1llsy 1ellsy 1l e

If | = k; + 10 then we proceed as above in the case of K7 (k1,2) since
1y comes with the stronger structure S ,:; .
To conclude with (5.I1) we need to perform the summation with

respect to [ in (BI2); this is trivially done using the power of 275, O

6. THE DIRAC NONLINEARITY

The main result of this section is the following

Theorem 6.1. Choose sy, s5, 53,54 € {+,—}. Then, for all i), € S5+
satisfying Yy, = I (D) for k =1,2,3, we have

(6.1) [T, (D) (1, BY2)BY3)| ory S N1l oy 1 1202

The rest of this section is devoted to the proof of Theorem and
the proof of our main result Theorem [[T], which is organized similarly
to [II, Section 6.

The estimate (G.1) will be derived from similar estimates for fre-
quency localized functions. Our aim will be to identify a function

G(k) : Nigy — (0,00) such that

g [Vl gos 1 -

(6.2) > GK)agbrcrydi, S llallellbllellclelld]l

k1,k2,k3,ka€N>g9

for all sequences a = (a;);en.q,, €tc, in [?. Here, we set Nsgg = {n €
N:n Z 89} and write k = (]{31, ]{52, ]{53, ]{54)
With these notations, the result of Theorem follows from
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Proposition 6.2. There exists a function G satisfying ([6.2)) such that
if 1; are localized at frequency 2%, k; > 89 and ¢; = I, (D) for
j=1,2,3, then the following holds true

(6.3) 2% || Pyl (D)((tb1, Bib)

3
H 2 2 ||¢J
7j=1

for any choice of sign si, sa, 53,54 € {+,—}.
We break this down into two building blocks:

Lemma 6.3. Under the assumptions of Proposition[6.2 the following
estimate holds true for any % <p<2:

(6.4) 257 2% | P TL,, (D) (1, o) Bes) | porz S Gk Hz—nwg

Lemma 6.4. Under the assumptions of Proposztwnm (including now
that 1, are localized at frequency 2% and 14 = 11,,(D)1y) the following
estimate hold true:

‘/<¢1>5¢2> : (¢3,ﬁ¢4)d9§dt’

H H ||Q/’J

7=1
Next, we show how Lemmas [6.3] and [6.4 imply Proposition [6
Proof of Prop. [6.2. The estimate (6.4]) provides the LY L? part of (IBB])

Next, we explain why (6.5) implies the atomic part of (6.3). The
nonlinearity

(6.5)

w

: _7”@/)4

S4'LU

N = By, 11 54( )((%ﬁ%%%)
satisfies N = P, I1,,(D)N and has to be estimated in Nj!. Using the
duality (8], it suffices to test N against 14 € S and to prove the
estimate

(6.6)
3
‘/p,m (DN ) dxdt)<G ]1;[1 gyl

We have
/ N ) dedt = / (n, Bin) B, Ty, (D) Poytos) dadt

’ _7H1/14

S4w

= /Wl,5¢2><¢3>5Hs4(D)Pk4¢4>difdt-
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Now, we split ¢; = I (D)y; + II_(D)v;, and each contribution to
(6.6) is bounded by (6.5]). O

Proof of Lemmal6.3 We will use the notation:
k2 k3
5222 [l 22 sl gz

The argument is symmetric with respect to ki, ks, hence we can
simply assume that k1 < ks.

We first consider the case k3 < ki 4+ 20, in which case k; < ko + 30
or else the Lh.s. of (6.4) vanishes. Using Strichartz and Prop. 5.1}, we
obtain

||<w1>5¢2>5¢3”LfL§ S ||<¢1,5¢2>||L2||¢3|| 22%

z

k1
TR =27 4]

? ||¢1||551||¢2|

k3—ko

22058 gy g

<% Fhagtiy 2—“% TR

which is acceptable given that 0 < 22 < 5
If ki + 20 < kg < kg + 20 we use (IBII) and obtain

{1, B2) Bslinprs S 1KW1, B2 5o Nlsll s
LPHr2 L P L

x

< 2673y |

9_ 1
Yalls; 273" ol

< 2”2—;2164222;;(164—162)2(%—%)(161—k2)2(§—%)(k3—kz)TR

St S:3
k1 k3

which is acceptable given that % <p<2
Next we consider the case ky + 20 < k3, in which case k4 < kg + 10
or else the Lh.s. of (6.4]) vanishes. In this case the estimate (5.7]) gives
the desired bound provided that % <p<2
O

It remains to prove Lemma[6.4l Before we start to do so, we analyze
the modulation of a product of two waves. We consider two functions
1,19 € ST where their native modulation is with respect to the quan-
tity |7—(¢)|. However, for (11, S19) we quantify the output modulation
with respect to ||7| —(£)]. We recall from [1] the following lemma which
contains the modulation localization claim which will be used several
times in the argument.

Lemma 6.5. i) Let k, kiky > 100 and | < mln(k;l, ko), and let k1, ko €
K1, with d(ky, k2) ~ 27", and assume that u; = ij,,iJQqnu], where

m:k?1+k52—/{5—2l.
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Then, if s1 = sg,
Pp(uauz)(7,§) = 0 unless [|7] — (§)| = 2™.
i1) Using the same setup as in part i) but with s; = —so and d(k1, —Ko) &
27! the same result applies with
m = min(kl, ]{?2) — 2l.

Proof. i) The proof of the same result in [1] (where we worked in di-
mension 3) does not involve the dimension of the physical space, thus
it carries over verbatim to dimension 2 for s; = sy = 4. The argument
S1 = S§o = — is entirely similar.

ii) Since the modulation of the inputs are much less than the claimed
modulation of the output it is enough to prove the argument for free
solutions. Let (&1, (1)) be in the support of 4y and (—&s, (§2)) be in
the support of Gy. Then, the angle between & and & is ~ 27!, Let
€ =& — & be of size 2% and 7 = (1) — (&). Our aim is to prove that

[(€1 — &) — [(&) + (&) = 2™.

The claim follows from

(€1 — &) — [(&1) + (&) =

:2|§1||€2|(1 + cos(£(&1,€2)))
(&1 — &) + (&) + (&)
%Qmin(kl’]w)é(gl, 52)2

because by assumption we have 2min(k1:k2)=2l 5, 9—max(kikz) O

(&1 —&)° = ({&1) +(£2))?
(&1 — &2) + (1) + (&2)]

+ 0(2— max(kl,k2)>

Proof of Lemma [6.4 Without restricting the generality of the argu-
ment we prove (6.5]) for the + choice in all terms. Once we finish the
argument for the + choice in all terms, we indicate how the other cases
are treated. Thus, for now, we drop all the + and simply consider
;€ S,:; and write Sy, = S,; instead.

For brevity, we denote the Lh.s. of (6.5]) as

I:= }/Wl,ﬁ?ﬂﬁ - (13, Bthy)dxdt

and the standard factor on the r.h.s. as
L L
J =127 Islls,, -2 Il
j=1

Since the expression I computes the zero mode of the product (¢, Bi)s)-
(13, B1y), it follows that (i1, Be) and (3, 51)4) need to be localized at
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frequencies and modulations of comparable size, where the modulation
is computed with respect to ||7| — (£)|. This will be repeatedly used in
the argument below along with the convention that the modulations of
U,k =1,...,4 are with respect to |7 — (£)|, while the modulations of
(11, Bpe) and (1)3, B1hy) are with respect to ||7| — (£)].

We also agree that by the angle of interaction in, say, ({1, f1)s) we
mean the angle made by the frequencies in the support of 1&1 and ’1212,
where we consider only the supports that bring nontrivial contributions
to I.

We organize the argument based on the size of the frequencies.

There are a two easy cases we can easily dispose of.

Case 1: max(ky, ko, ks, kq) < 200.

In this case we estimate

I'S leHLng||w2||L§L§||¢3||L§L§||¢4HL§°L§
S 1allse 1921, (19351, ll0all s,
SJ

Case 2: k4 < 100. Using (5.0]) in the context of part iv) of Proposition
.1l we obtain:

I's ||<¢1,B¢2>IIL2||¢3HL4H¢4IIL4

mnn(k:l ko)
S 2 [alls,, 1¥2lls, 2% [©s 51, 1¥allsyz
< 2_max(l;1 ,k2) J

~

Given that, in order to account for nontrivial outputs, we need to con-
sider only the case when k3 < max(ky, k2), the above estimate suffices.
We continue with the more delicate cases. In light of Case 2, from
now on we work under the hypothesis that k4 > 100.
Case 3: ky < min(ky, ko, k3) + 10.
If k3 > k4 + 10, then we use (5.]) and (5.2)) to obtain

min(k 1 ko) k kq—max(kq,ko)

E3 Zqmaxiiyh2)
IS 272 [nlls, [10alle, 2% (19s]lsi, [9allsy <272,

which is acceptable given that k3 < max(ky, ks) + 10 (or else I = 0).
If k4 — 10 < k3 < ks + 9 the above argument covers most of I except

Loy = ’ Z / W1, Ba) - (Payths, BPpytbs)ddt

K3,/g €K,
d(rg,rg)<27 k4+3
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If Ky, ky < k4 + 15 this is estimated as follows:

Lpar S 11l e 9ol z2s 27 > | Pastosll pre || Prstiall e 12
K3,k €K,
d(rg3, n4)§2f’%4+3
+k2)
s, 1925,
! !

Y N Patslise Y IPutullier
k3EKE, K4 €L,
2(k1+k2+k3)

<20 7 sy, [l sl lvals,

SJ

where we have used that |k; — k4| < 15, for i € {1,2,3}.

If ky > ky + 15, then ky > ky + 10. In addition, since (¢, fibg) is
supported at frequency < 2% it follows that only the interactions be-
tween 1; and 1), making an angle < 2%4=%1 have nontrivial contribution
to I. Therefore we need to consider only

he=| ¥ S [Pt B (Puytn, PP ) dade

Nl,NQEKk17k4: K3, K4€)Ck4
d(r1,k0)S2F4 7KL d(kg,ky)<2 ka3

Now we use a similar argument to the one when ky, ks < k4 4 15:

Lur S275 N | P tallpprell Pestall rpre

w182 €K oy
d(r1,mp)S2Rak1

2 Z ||pﬁ3¢3||L§Lg||pn4w4||L§°Lg

mgm4€)€k4:
d(ﬁg,ﬁ4)§27k4+3

S/Q_kl Z HmelHing Z ’|Pnz¢2||2L§Lg

K1EK K, —ky K2€K K, —ky

1
2

D=

Z ||Pn3¢3||%§Lg Z | Prestall7 oo 2

f{gE’Ck4 H4€’Ck4

2k kg tha)

<27 5 TR s, [Wlsy, sl [l sp
1 2 3 4

< 2§(k4—k1)J

which suffices.
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Case 4: there are exactly two i € {1,2,3} such that k4 < k; + 10.
Case 4 a) Assume that k3 > k4 — 10. Since the argument is symmetric
in k; and ks, it is enough to consider the scenario k; < kg — 10 < ks.
Note that |ky — k3| < 12.

To streamline the argument we ignore for a moment that in the case
|ks — k4] <9 the proof below does not cover the estimate for I,,.. We
will explain at the end how to estimate this term. .

— R4

We claim that either the angle of interactions in (13, S1)4) is < 92"15s
k k
or at least one factor v;,j = 1,...,4 has modulation 2 2 5 T

see this, suppose that the claim is false. Then, the modulation of
k1+7k
(1, Bbg) is < 2 M while it follows from part i) of Lemma that
oy 4Tky

the modulation of (¢35, B1)) is > 27 s . This is not possible, hence
the claim is true. Note that in using Lemma we are assuming that
ks, ky > 100. If this is not the case, that is ks = 99, then ky, ks, k3, ky <
200 and this is covered under Case 1.

In the first subcase, where the angle of interaction in (i3, 514) is

smaller than 2k1;6k4, we use (5.1) and (5.2) to estimate

k1—ky k1 k3
602227 [ |5, [[02lls, 105l llhall s

k1—kq ka—ko

<272

1<2

which is acceptable.
We now consider the second subcase, in which the modulation of the
k Tk k k
factor v, is 2 2 5 =2 5 for some j€{1,2,3,4}.
j = 1: Since 9, has modulation 2> QM—;IM, we use the Sobolev em-
bedding for 1, to obtain

™
IS [ llzzege 1l o222 ([0l s, [0 llsy
k
S 25 [ allballs,, 27 1)l [Pallsz

k1—ka ka—Fko

<2atote

k1+ky

j = 2: Since 15 has modulation = 272 | Sobolev embedding for
and (B.0)) yields

ks
LS 1l 2l 2227 (|93l 1allsie

k1+ky

kg ks
S 21 llppera2 0 [Wallsy, 2% [10slloallallsy

k1—ka ka—Fko

<2 ittt
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j = 3: We use (5.0) and estimate as follows
S [ AT PN P T

k1+7ky

k1 1=V kq e
< 2% [nlls, Ialls, 2079525 s, 2 [l sy
5ky—4kg—ks

3

< 2(%—%)(141—/&3)2

which is acceptable provided we choose a % <p< %.
j =4: We (65.6) and estimate as follows:

IS 10 B0zl e, el
t T

_1 1,1 _
< 207 IM s, 1, 2277 s 5, 2

< 9(f5—P)(ki—ks) oM 7

ky+7ky
|94l s
4

and this is acceptable provided we pick 4 > r > %.

The argument is complete, except that we owe an estimate for 4, in
the case |ks — k4| < 9. Note that, in this case we also have ko < ky+15.
By recombining v with 1)y, 19 with 13 (at the cost of having no null
structure) and using (5.3)), we estimate

k1—kq
Lpar S 275289k, Nl sy, 1alls 2% a5, 0k Nl 5y S 272 .

Case 4 b) Assume now that k3 < k4 — 10, hence ki, ky > ky — 10

and |k; — k2| < 12. Here we claim that either the angle of interactions

in (Y, Pihg) is < 95mtoki=k2 o1 at least one factor v, g =1,...,4
has modulation 2 9 Indeed, if the claim is false, it follows from
Lemma [6.0] part i), that the modulation of (1, S1);) is > 955 while
the modulation of (13, B1y) is < 95 This is not possible, hence
the claim is true. Note that in using Lemma we are assuming that
k1, ke > 100. If this is not the case, that is either k1 = 99 or ky = 99,
then kq, ko, k3, k4 < 200 the argument is provided in Case 1.

In the first subcase the angle of interaction in (17, 51b5) is smaller
than 25 * Qki—k2 Then, we use (5.2)) to estimate the contribution of
(11, B1be) and (B.1]) to estimate the contribution of (3, S1b4). This gives
I< 2%55 9k1=F2 ] which is acceptable.

In the second subcase, where at least one modulation is high, one
proceeds in a similar manner to Case 2a) above. We indicate the start-
ing point in each case and leave the details to the reader.

j = 1: We proceed as in the case j = 4, Case 2a):
Y Y P P L Tn s

I
L3



THE CUBIC DIRAC EQUATION 51

7 = 2: Identical to the case j = 1.
j = 3: We proceed as in the case j = 1, Case 2a):

By
IS 27 |[onlls,, el s, 198l p2ree 10all oo 2.
j = 4: We proceed as in the case j = 2, Case 2b):

k1
IS 22 [ llse, 1902l s, [[93]] 2oe a2

Case 5: |ko — k4| < 2 and ky, k3 < kg — 10. Without restricting the
generality of the argument, we may assume that k; < k3.
We claim that either the angle of interaction in (13, f1)4) 1

or one factor ¢;,j = 1,...,4 has modulation 2 9HEE Indeed, if all
(11, Bia) is

. This forces (wg, ﬁ¢4> to be localized

at modulation < 6" by

Lemma [6.5], part i). Note that in using Lemma [6.5] we are assummg
that ks, k4 > 100. If this is not the case, that is k3 = 99, then k; = 99
and the estimate I < J suffices.

In the first subcase, when the angle of interaction in (i3, B14) is

< 2% we use (IBZI) to obtain

I's s, 1215, 27 [©sllsi, [¥allsye <

Next, we consider the second subcase when the factor 1; has modu-
lation > 2 A 22 2" for some J € {1 2,3,4}:
, S0 we use Sobolev embed-

dmg for ¢1 and (E[I) for (1, 5¢4) to obtaln
I's ||¢1’|L§Lgo||¢2“L§°L32%3H¢3||Sk3H¢4HS,?4
< 25 |2 llnll 5, 2 ||¢3||sk3 [¥allsp
52'“2 s, I9alls, 27 [¥3]ls, 190l spz

S

j = 2: Here, the modulation of s is 2> 2" and we proceed as
above to obtain

k3
IS e 92| 22272 ngllskSHWst
1+ Fk1+3k3
S 2 [ || gera2” ||¢2||s,622 |5l sy, el

< 9"
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j = 3: The modulation of 15 is = 2k1§7k3, we use the Sobolev em-

bedding for 13 to obtain

I S [, Baba) HLt,,—ETL% 195l 22 poe 1904l 5o 2

k
S (1, BY2) ||L)S,,%L22 Nsll oz llvball oo

x

k1+

k1 2 LYo o F117k3
S 27 [[¥nlls, 192015, 2% 772775 sl s, 14l s,
2(%—%)%1—’93)1

N

which is acceptable provided we choose a % <p< %.

j = 4: Since the modulation of ¥, is 2 95 , we estimate as follows

LS B lpnalivsll e, llalle
t T

1— 1\ 141y _k1+7k3
< 20798 4 g s, 255 el s, 250 e

and this is acceptable provided we pick 4 > p > %.

Case 6: |k1 — k4| < 2 and ko, k3 < k4 — 10. By switching the roles of
11 and )y, this case is entirely similar to Case 5.

Case 7: |k3 — k4| <2 and ky, ko < ky — 10. Without loss of general-
ity we assume ki < ks.

Since |ks — k4| < 2 there will be a problem with estimating 4. We
estimate this term the same way we did in Case 3 (see k1, ko < k4 + 15
part there) to obtain:

L S2°58 0
and this is fine. As a consequence, in the rest of the argument we can
tacitly ignore that the estimates we provide do not work for the I,
part of I.
The key observation is that either the angle of interaction between
3 and 1y is S 9552 9ka—ks o1 at least one factor has modulation e

k1+T7kg . . k1+Tko .
275 . Indeed, if all modulations are < 275 |, then the modulation

of (11, Bihg) is < 252 and part i) of Lemma implies the claim.
Note that in using Lemma we are assuming that ks, ky > 100. If
this is not the case, that is k3 = 99, then ky, ko, k3, k4 < 200 and the
argument is provided in Case 1.
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We consider the first subcase, when the angle of interaction between
k1

by and ¥y is < 2722k ~ks | Using (51) and (52) we estimate

k1—kg ko—k3 k1 —ko
2 2

b by
L322 [l [[Palls, 2227527272 {[dslls, [[allsy, S 275

. k1+Tk .
In the second subcase, 1; has modulation 2 2 "5 for some j €

{1,2,3,4}.
j = 1: The modulation of 1 is = 9", Using (5.10) with p = 2
for 19, 13, 14, and the Sobolev embedding for i, we estimate

kg

IS lnllezrge2? Wellse, 1sl s, [1¢allse
ko

S 2912227 [nllsy, 193l s, Nl 0all s,

_k1+7k2 k_z
S 2R [l 27 12ls, 1l s, el s

< 21—76(161—162)J'

J.

j = 2: Using (5I0) for ¢4, 3,1, and the Sobolev embedding for )y
we proceed as follows:

(-1
LR 27 Wl al ger, 19sllsi, allsy,

1-1)k
S 2( q) 1||¢1||Sk12k2||¢2||Lq—erz||¢3||Sk3”w4||sg4
t T

k1+7ko

—_ 1\ ko
<20 s, 2520275 [l llsls, llvall sy,

which is acceptable as long as p = &5 € (3,2) and % < 2, which is
both satisfied as long as % < q<A4
j =3 and 7 = 4: Here we assume that 13 and 4 have modulation

k1+7kg . .
2 275 . In this case we estimate

LS [l oo ll9bal e 1403|244l 2
k14

_ 7ko
SR s, lenlls, 275 sl Ialsy

< 2slhi—ka) g

j = 3 (only): The modulation of 5 is 2 252 and all the other
k k
terms have modulation < 25 2. In this case we note that the angle

. . . k1—ko .. .
of interaction between 1y and 4 is = 2716 or else their interaction
k1+7ko

has modulation < 275~ and this cannot be changed by 17 to match
the modulation of 3. Thus combine 1y and 14, use (5.3)) to obtain
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ko [ _k1—ko
IS [ llz=27 2775 ([als, [[€allsy, 140l 22

Ky k1+7ko

ko | k1—kg _
S 2 eills, 2227 5 Yalls, 27 1 [[9slsy, llallsy,

< 2(1—2—3—12)(’91—/62)1

j = 4 (only): We change the role of 13 and 1), in the above argument.

We are now done with the analysis of (6.0) in the case s; = s9 =
s3 = s4 = +. It is obvious that the same argument works for s; =
Ss9 = s3 = s4 = —. Next we indicate how the other sign choices can
be dealt with, by highlighting the similarities and differences from the
choice s1 = s5 = s3 = s4 = +. We do this by going over each case.

No changes are needed in the easy cases: Case 1 and Case 2.

Case 3: ky < min(ky, ko, k3) + 10.

Here the only part that needs to be adjusted is the last scenario when
ky — 10 < k3 < ]f4—|—9,]€1 > k4+15,]{32 > ks + 10 and s; = —sy. As
already argued there, only the interactions between ¢, and 1), making
an angle < 21~ have nontrivial contribution to I, that is only pairs
(P by, BPotbs) with d(ky, ko) < 2847F1 But this implies d(k1, —k2) &
1, and we claim that at least one factor has modulation > 2% Indeed,
otherwise all factors have modulations < 2* from which we obtain
two contradictory results: (11, 81,) has modulation ~ 2¥ (on behalf
of part ii) of Lemma [6.5) while (13, 514) has modulation < 2%t

Now it is an easy exercise to establish the desired estimate, given
that at least one factor has modulation > 2%,

Case 4: there are exactly two i € {1,2,3} such that k4 < k; + 10.
Case 4 a) Assume that k3 > k4 — 10. The argument is the same

if s3 = s4. If s3 = —s4 then the new claim is: either the angle of
k1—k
interactions in (i3, fiby) is ™ + a with |a| < 27 or at least one
k1+7k
factor ¢;,7 = 1,...,4 has modulation 2 2 S This claim is proved

in a similar manner, just that now we invoke part ii) of Lemma [6.5
Then the rest of the argument is carried in a similar manner.

Case 4 b) Assume that k3 < ks — 10, hence ki, ks > k4 — 10 and
|k1 — ko| < 12. If 51 = s5 the proof is the same.

If s1 = —sy and kqy, ko < k4 + 10, then the claim there is modified
as follows: either the angle of interactions in (¢4, f1)s) is ™ + a with
la] < 9% or at least one factor Y;,j = 1,...,4 has modulation
> g

. This is proved using part ii) of Lemma [6.5. Then the rest
of the argument follows in a similar manner.
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If s; = —s9 and max(ky, ko) > k4 + 11, in which case ki, ky > k4 + 6,
then only interactions at angle < 1 in (1), S1)) contribute to I given
that the output (i, S1b9) is localized at much lower frequency. Using
part ii) of Lemma we conclude that at least one factor v; has
modulation > 2% and then the argument becomes easier.

Case 5: |ko — k4| < 2 and ky, k3 < kg — 10. Without restricting the
generality of the argument, we may assume that k; < ks.

No modification is needed if s3 = s4. If s3 = —s, then the claim is
modified to: either the angle of interaction in (i3, 514) is ™ + « with

ki—k . . k1 +7k
la| < 27 or one factor Y;,7 = 1,...,4 has modulation 2 2 e

This is done using part ii) of Lemma [6.5. The rest of the argument is
similar.

Case 6: |k1 — k4| < 2 and ko, k3 < ky — 10. By switching the roles of
11 and )y, this case is entirely similar to Case 5.

Case 7: |k3 — k4| <2 and ky, ko < ky — 10. Without loss of general-
ity we assume ki < ks.

No modification is needed if s3 = s4. If s3 = —s4 then only interac-
tions at angle < 1 in (¢, f1)4) contribute to I given that the output
(b3, B1by) is localized at much lower frequency. Using part ii) of Lemma
we conclude that at least one factor ¢; has modulation > 2% and
then the argument becomes easier. O

Based on Theorem we can now prove Theorem [LI] concerning
the global well-posedness and scattering of the cubic Dirac equation
for small data.

Proof of Theorem[1L 1. In Section Bl we reduced the study of the cubic
Dirac equation to the study of the system (B.3]). In the nonlinearity of
([B3) we split the functions into ¢» = 1, +1_ where ¢+ = 111 and note
that ¥4 = I1194. Using the nonlinear estimate in Theorem and the
linear estimates in Corollary [£.5] a standard fixed point argument in a

1 1

small ball in the space Sg’g(l ) x S5 2 (I) gives local existence on every
time interval I containing 0, uniqueness and Lipschitz continuity of
the flow map for small initial data (1, (0),_(0)) € Hz(R?) x Hz(R?).
Since all the bounds are independent on the size of I, this implies
global existence, uniqueness and Lipschitz continuity of the flow map
for small initial data (¢, (0),4_(0)) € H2(R2) x Hz(R?).

Concerning scattering, we simply use the fact that ¢, € VZH 2: this
is obtained first on every time interval I with bounds independent of
the size of I which then implies the global bound on R. U
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