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THE MOLECULAR ORBITAL X-RAY YIELD 

R. Anholt , 

Nuclear Chemistry Division 
Lawrence Berkeley Laboratory 

University of California 
Berkeley, California 94720 

ABSTRACT 

The intensity distribution of K x-ray lines excited in ion:..atom 

collisions is formulated for very asymmetric collisions. At high 

x-ray energies, the distribution falls off as the x-ray energy 

to the minus eleventh power while around th~ line center, it is 

approximately Lorentzian. For nearly symmetric collisions, our 

formula describes MO x-rays and no purely separated atom Lorentzian 

is present. 
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In Macek and Briggs' (1974) dynamical theory of molecular orbital (MO) 

x rays, the intensity of continuum x rays observed far from the separated 

atom (SA) lines, is shown to come from contributions from the natural Lorentzian 

line shape of the SA x rays and a part which is due to MO x rays. The problem 

with this theory is that in many cases, the natural Lorentzian gives a yield 

as large or larger than the yield of contimIlUTl x rays experimentally observed 

far from the line center. In this communication, we show that for symmetric 

collisions (where the atomic number of the projectile equals that of the 

target) the yield of continuum x rays comes from a part which is due to one­

collision MO x rays and a part which is due to two-collision MO x rays. No 

SA Lorentzian contribution is present. Even in very asynnnetric systems where 

no MO x rays are present, the distribution, though near Lorentzian at the 

line center, falls to zero much more rapidly at high photon energies. 

Following Macek and Briggs (l974) and Weisskopf (1935), we find the 

line shape by Fourier analysis: 

ift Wx-wKL(t' )dt' 
= . ~ Joo A(t)D(R(t)) e 0 dt 

v 2n -00 

(1) 

where D(R(t)) is the dipole velocity matrix element ,wKL (t) = wh + :6w(t) is 

the time dependent energy difference between the 2p and Is (or 2pn and Iso) 

" states. In this paper we restrict ourselves to K and L transitions, but 

extension to other transitions is straightforward. The amplitude A(t) is 

for having excited a K electron into a higher bound or continuum state and 

the resulting frequency depende~t dipole, abbreviated as Dc(w) , is a function 

of the higher state quantum numbers and energy,of impact parameter b, and 
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ion energy Ei . The cross section in atomic units for x-ray emission is 

therefore the integral over impact parameter and sum over higher states: 

do (E ,E ) 
dE

x 
x 1 = (2) 

where ex = 1/137 and S stands for the sum over higher states. It is easy to 

show that a Lorentzian line shape is obtained when ~(t) and D(t) are time 

independent and: 

ACt) = {:-At/2 
t<O 

t>O 

where A .is the total transition probability. To treat the more general case, 

we replace A(t) by a(t)exp(-At/2) where aCt) expresses the amplitude for 

having exci ted a K electron through some colI ision process, and exp ( - Atl 2) 

expresses the decay of the vacancy by radiation and emission of Augerelec­

trons.In a two state, weak coupling approximation, aCt) is written: 

-1 t "-i.(: ~(t' )-W3 (t')dt' 
a

3 
(t) - VK3 (t) e .. "" dt 

-00 

(3) 

where VK3 (t) couples the Is state to a continuum or some other state denoted 

3. To evaluate (1) we consider t = 0 to be the time at the distance of closest 

approach in the first collision. Prior to t = 0, no other collisions have 

occurred (the ion has just entered the target), but for t> 0, we recognize 

that further collisions having non-zero A(t) from the first collision can 

occur. We integrate from -00 to T and from T to 00 where T is some time after 

the first collision when V(T)ahd 6W(T) can be considered negligibly small. 

Partially integrating, we obtain: 

o -I" [fT. .. ifl(wx,,-wh-6W(t')+iA/2)dt' 
V 2n Dc (wx ) = [i (wx - ~) - A/2] x· (aD + Da - 16waD) e dt 

-00 . 

J
oo i~t(wx-wh-6W(t') + iA/2)dt' 

+ a ( 00) (D - i6WD) e 
T . 

(4) 
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wh~re a, a, D, D = dD/dt, and 6.w are all ftmctions of time. Unlike Macek and 

Briggs' analogous formula (Eq. 9, 1974) no pure Lorentzian contribution such 

IJ as D(O) [i(wx - w~) - A/Z] -1 is apparent here. In the literature on ivD x-rays 

(Meyerhof et aI, 1974), one-collision, (where vacancies are "created" and then 

radiate in the same collision) and two-collision mechanisms (where vacancies 

are brought into the collision having been formed in some prior encounter) for 

the formation of JvD x rays have been theorized. The first term here gives 

. one-collisionMO x rays; the second effectively gives Macek and Briggs' 

expression for two-collision JvD x ray's IInlltiplied by the amplitude for having 

created a vacancy. 

The SA x ray line is in the an term in this expression. To see this; 

let 6.w and D be zero which should be the case in systems where the projectile 

atomic number (Zl) is IInlch less than the target atomic number (ZZ). In such a 

system, only the SA line should appear. Equation (4) reduces to: 

.( 5) 

Over the range of integration -T to +T [since Vet < -T) is zero], At/Z can be 

neglected. Now consider what happens when W approaches ~~ . 
. X .tU.. 

We obtain: 

(6) 

where the'integral is simply a
3

(oo). The square of Dc(wx) summed over higher 

states gives a Lorentzian times the probability of creating a vacancy. 

Far from the line center, however, this term does not predict a Lorent-

zian line shape. To see this for the case where Zl «ZZ and no JvD x rays are 



-4-

present, we can use the Semi-Classical Approxbnation(SCA) (Bang and Hansteen, 

1959; Choi and Merzbacher, 1969) to evaluate (5). Again D, flw, and At/2 are 

neglected. Here we specialize state 3 to include onlyL = 0 states in the 

continuun. It is known that excitation to bound states is generally negligible 

when Zl «Z2 (Merzbacher and Lewis, 1955). The probability of exciting L = 1 

and 2 states becomes important at high vl/vK where vI is the projectile 

velocity and vK is the K electron velocity, but since we will be calculating 

the x ray cross section per K vacancy (calculated making the same approxi-

mation), errors here will tend to cancel out. The cross section per K 

vacancy is defined as 

1 
o 

do 
dEx 

4/3a 3 w IDI2 /271" , X 
= 

00 00 I 2 f 271"bdb f d£ M (w + wL - £) I ' 
o 0 P x 

where £ is the continuum energy, a is the fine structure constant, and 

(7) 

1»,(w) = JooV](£(t) eiwtdt 

-00 

with VK£(t) = Zl~2J d 3y lJi;lr-R(t)I-1lJils 

(8) 

T can be taken to be infinity because Vet < T) and Vet > T) is zero if only single 

collisions are considered. We restrict ourselves to low energy collisions 

2 
where (v /vK) «1. The integrals can be evaluated obtaining Htrus' approxi-

'. 
mation (Bang and Hansteen, 1959) 

2 2 
1 do =:: 220 n ZlaK (2y 1 (9) 

dW 
,--

Z2Ry 5 Z2 VK WIO 

s 2 

where W(w) = hW/(Z~Ry), Zs is the screened target charge, and ~ is the target 
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K shell radius. This is integrated over £ to obtain: 

1 do -
o dEx 

where A is the'radiative transition 'probability. Very close to the line x 
center, we again have a Lorentzian nrultiplied by the probability (or cross 

section) for making K vacancies. Far from the line center, at high x-ray 

(9) 

-11 energies, the intensity drops off as Wx Note that in general (10) could 

also be written as: 

1 do -o dEx 
= 

O(El'U=~ + UL) 

o (El'U = UK) 
(11) 

so scaling law curves (e.g., Merzbacher and Lewis, 1955) can be used to predict 

the entire spectral intensity. 

In Fig. 1 we plot this intensity for 33 MeV 0 + Zr and compare with 

the experimental intensity {Anholt and Saylor) and a natural Lorentzian line 

shape. There, the s:A theory nearly holds; it predicts a K vacancy cross 

section of 160 barns compared to l30± 30 measured. It is not known whether 

the continuum intensity observed in this experiment is due to MO x rays (D 

and 6w are not quite negligible), bremsstrahlung, or some other effect. 

Clearly our theory of the SA line lies much lower than experiment. 

As Wx approaches zero (10) predicts that the yield for 0 + Zr would 

approach the ratio of the Zr K to L binding energy raised to the ninth power. 

This large factor, 99
, is an artifact of the neglect of (V

1
/VK)2 terms in (9). 

When (11) is used, we obtain only about 10 3 times the Lorentzian intensity at 

w = 0, and the total area of this curve agrees with the area under a pure x 

Lorentzian (unity) to within 3 parts per thousand. For low x-ray energies 
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we have plotted the Eq. (11) results in Fig. 1 and not the results based on 

(10) . 

In near syrrnnetric ion-atom collisions, 6w and D are not negligible, 

and this distribution does not describe the x-ray yield. In those systems 

we cannot distinguish between the distribution coming from the SA x-rays and 

the one-collision MO x-ray yield. The continuous (though often oscillatory) 

buildup and decay of the amplitude governs the x-ray line shape, and in 

these low energy systems this slow buildup cannot be described by a step 

function. 

In conclusion, it has been shown that while a nearly Lorentzian line 

shape is obtained around the center of x-ray lines coming from collisionally 

excited K vacancies, the distribution falls off rrruch more rapidly than a 

Lorentzian in the high energy wings of the line. The Lorentzian line shape 

comes from the purely artificial assumption that vacancies can be instantan­

eously created at t;ime t:: o. When both the creation and the decay of the 

vacancy is considered, the resulting photon distribution can be very different. 
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FIGURE CAPTION 

Photons/keV/Zr K vacancy for 33 MeV 0 + Zr collisions. Dashed 

curve gives experimentally observed continuum yield. Dash-dot 

gives natural Lorentzian line shape; solid gives shape calculated 

in present work. We have ignored the K8 lines here, and the Ka 

line has been shifted to an average energy. 
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