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Abstrac t 
Thre e studie s investigate d th e rol e o f  perceptua l  an d quantita -
tiv e situationa l  factor s o n th e structur e o f  5th -  an d 6th-graders ' 
menta l  models .  A  tas k involve d a  carto n o f  orang e juic e mad e 
from  concentrat e an d water ,  an d tw o glasse s o f  differen t  size s 
fille d from  th e carton .  Th e childre n ha d t o predic t  whethe r  th e 
tw o glasse s woul d tast e th e same .  W e manipulate d whethe r 
student s wer e presente d wit h physical ,  diagrammatic ,  photo -
graphic ,  o r  textua l  information .  W e als o manipulate d th e typ e o f 
relationship  specifie d betwee n quantities :  qualitative ,  eas y 
numerical ,  o r  difficul t  numerical .  W e foun d tha t  fo r  th e diagra m 
condition ,  difficul t  numerica l  relationship s yielde d poo r  perfor -
mance,  wherea s th e eas y numerica l  an d qualitativ e relationships 
yielde d excellen t  performance .  I n contrast ,  i n th e physica l 
condition ,  th e eas y numerica l  relationships  yielde d poo r  perfor -
mance,  wherea s th e difficul t  numerica l  an d quaUtativ e relation -
ship s yieldedexcellen t  performance .  Thes e an d otherresult s ar e 
interprete d b y developin g a  sketc h o f  th e menta l  model s pre -
proportiona l  childre n construc t  t o reason  abou t  thi s quantitativ e 
situation ,  an d describin g ho w situationa l  factor s influenc e th e 
constructio n o f  th e models .  Fo r  example ,  physica l  feature s le d 
t o model s tha t  capture d th e identit y relationshi p betwee n th e 
juic e i n th e glasse s (e.g. ,  th e juic e cam e fro m th e sam e carton ) 
wherea s numerica l  feature s le d t o model s tha t  capture d th e 
relationshi p betwee n th e constituent s o f  concentrat e an d wate r 
i n eac h glas s (e.g. ,  withi n a  glas s ther e i s mor e wate r  tha n 
concentrate) . 

T o reaso n wit h a  mode l  mean s tha t  th e fonn s o f  menta l 
representatio n an d transformation s o n thos e representation s 
captur e th e structur e o f  th e worl d (e.g. ,  Johnson-Laird ,  1983) . 
Usin g Palmer' s (1978 )  terms ,  th e representatio n o f  relation s i n 
a mode l  i s  intrinsic ,  tha t  is ,  th e structur e o f  th e representatio n 
preserve s th e structur e o f  th e referent .  However ,  give n tha t  an y 
situatio n ha s multipl e structures ,  wha t  determine s whic h smic -
tur e i s modeled ? Fo r  example ,  conside r  th e tas k illustrate d i n 
Figur e 1 .  T h e questio n i s whethe r  th e tw o glasses ,  filled  fro m 
th e sam e carton ,  tast e th e same .  T h e proble m ha s a  causa l 
structure :  th e juic e i n eac h glas s w a s poure d from  th e sam e 
carto n an d i s therefor e th e same .  T h e proble m als o ha s a 
quantitativ e structure :  th e rati o o f  concentrat e an d wate r  i s 
preserve d unde r  a  transformatio n o f  tota l  size .  I n thi s paper ,  w e 
explor e whethe r  5th -  an d 6th -  grad e students '  pre-proportiona l 
reasonin g ca n b e understoo d i n term s o f  menta l  models .  W e 
als o develo p evidenc e tha t  th e structure s th e student s mode l  ar e 
heavil y determine d b y situationa l  factors . 

O ur  interes t  i s i n th e w a y situation s influenc e tw o ke y 
feature s tha t  defin e th e structur e o f  students '  pre-proportiona l 
models .  O n e featur e w a s whethe r  th e mode l  supporte d quanti -
tativ e inference s o r  not .  Fo r  example ,  i f  on e reason s tha t  th e 

juic e i n th e tw o glasse s come s from  th e sam e source ,  on e i s no t 
reasonin g from a  mode l  o f  quantity .  O n th e othe r  hand ,  i f  on e 
reason s tha t  mor e orang e juic e mean s mor e orang e flavor ,  on e 
has included  quantitativ e informatio n i n th e model .  Th e 
secon d ke y featur e w a s whethe r  th e students '  model s parti -
tione d th e orang e juic e int o th e constituent s o f  wate r  an d 
concentrate .  Fo r  example ,  a  non-quantitativ e an d partitione d 
model  i s implicate d i f  on e reason s dia t  th e carto n wa s no t 
shake n properly ,  an d therefor e on e glas s receive d onl y water . 
A n exampl e o f  a  quantitativ e an d partitione d mode l  woul d 
occu r  i f  on e considere d th e relativ e amount s o f  concenttat e an d 
wate r  i n eac h glass .  Althoug h th e non-quantitativ e an d non -
partitione d mode l  o f  th e proble m provide s a  simpl e solution ,  i t 
i s  th e partitione d an d quantitativ e model s tha t  ar e necessar y fo r 
proportiona l  reasoning . 

Researc h b y Harel ,  Behr ,  Post ,  an d Les h (i n press )  use d th e 
proble m show n i n Figur e la .  Thei r  wor k demonstrate d tha t 
m a ny 6th-grader s decid e tha t  th e juic e i n th e tw o glasse s woul d 
not  tast e th e same ,  becaus e mor e juic e i n on e glas s mean s mor e 
flavor .  O n e interpretatio n o f  thi s surprisin g resul t  i s  tha t  th e 
childre n ignore d th e contextua l  informatio n tha t  woul d lea d t o 
a causa l  model ,  i n favo r  o f  a  decontextualize d applicatio n o f 
mathematica l  knowledge .  A n alternativ e interpretatio n i s tha t 
th e childre n attempte d t o mode l  th e quantitativ e structur e o f 
th e proble m tha t  wa s m a d e salien t  b y th e presenc e o f  numerica l 
information ;  however ,  the y wer e no t  abl e t o construc t  a  mode l 
tha t  supporte d reasonin g abou t  th e comple x ratios .  I f  thi s 
interpretatio n i s  correct ,  the n simplifyin g th e quantitativ e 
structur e o f  th e proble m o r  makin g th e quantitativ e structur e 
les s saUen t  woul d improv e performance . 

We predicte d tha t  presentatio n o f  physica l  material s woul d 
suppor t  th e creatio n o f  model s base d primaril y o n th e physica l 
an d causa l  structur e o f  th e situation .  Thes e model s ar e non -
quantitativ e an d d o no t  suppor t  inference s involvin g 
comparision s a m o n g th e constituen t  quantitie s o f  concentrat e 
an d water .  W e als o p-edicte d tha t  situation s tha t  d o no t  involv e 
numerica l  informatio n woul d suppor t  th e creatio n o f  model s i n 
whic h quantitie s ar e no t  partitione d int o thei r  constituen t 
quantities .  O n th e othe r  hand ,  w e predicte d tha t  th e inclusio n 
of  numerica l  informatio n woul d suppor t  partitionin g a  quan -
tit y spac e int o it s constituen t  quantities .  Thi s i s becaus e th e 
numerica l  informatio n highlight s th e decompositio n o f  th e 
quantit y o f  orang e juic e int o quantitie s o f  wate r  an d concen -
trate .  W e predicte d tha t  fo r  middle-schoo l  student s comple x 
numerica l  relationship s supportapartitione d quantitativ e space , 
ye t  d o no t  suppor t  th e coordinatio n o f  th e quantitativ e relation -
ship s necessar y t o m a k e a  vali d inference .  However ,  simple r 
numerica l  relationship s woul d suppor t  reasonin g abou t  th e 
relationshi p betwee n constituen t  quantities . 
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7 oz .  glas s o f 
orang e juic e \ 

ORANGE 

JUIC E 

oz .  wate r 40 

2 4 oz .  orang e 
concentrat e 

Uiiiililiilllll l 
4 oz .  glas s o f 
orang e juic e 

Figur e la .  D iagra m fo r  numerica l  condition . 

Larg e glas s o f 
orang e juic e 

Ingredients : 
water , 
orang e 
concentrat e 

Smal l  glas s o f 
orang e juic e 

Figur e lb .  Diagra m fo r  non-numerica l  condition . 

oi.or»no » f 
ooncentf»i » 

Figur e Ic .  Photograp h fo r  numerica l  condition . 

Experiments la & b 

Experimen t  l a wa s designe d t o demonstrat e tha t  i f  th e 
physica l  structur e o f  a  proble m i s mad e salient ,  childre n wil l 
ten d t o answe r  th e proble m correctly .  However ,  i f  th e quanti -
tie s i n a  proble m ar e emphasize d withou t  a  supportin g physica l 
model  student s perfor m mor e poorly .  Th e experimen t  wa s als o 
used t o develo p a  codin g syste m tha t  woul d b e use d t o analyz e 
children' s explanations .  Th e explanation s provide d evidenc e 
fo r  th e us e o f  differen t  type s o f  model s i n students '  reasoning . 

Subject s an d Desig n 
98 6th-grad e student s fro m fou r  classroom s a t  a  Nashvill e 

inner-cit y schoo l  participate d i n a  between-subjects ,  2 x 2 
experiment .  A  presentatio n facto r  ha d th e level s o f  physica l 
and diagrammati c presentation ;  a  quantitativ e facto r  ha d th e 

level s o f  non-numerica l  an d numerica l  information .  Subject s 
wer e randoml y assigne d t o on e o f  th e fou r  cells . 

Material s an d Procedur e 
Student s i n th e physica l  condition s wer e show n a  carto n o f 

orang e juic e an d tw o glasses ,  wherea s student s i n th e diagra m 
condition s wer e show n a  diagra m o f  a  carto n o f  orang e juic e 
and tw o glasse s o n a  larg e poste r  boar d (Figur e la) .  Cardboar d 
label s wer e place d besid e th e glasse s an d juic e carto n i n th e 
physica l  conditions . 

Procedure s fo r  th e physica l  an d diagra m condition s wer e 
identica l  excep t  tha t  th e experimente r  poure d th e orang e juic e 
int o eac h glas s i n th e physica l  conditions .  Differen t  experi -
menters ,  readin g fro m a  script ,  addresse d eac h o f  th e group s o f 
student s a s a  whole .  I n th e numerica l  conditions ,  a n experi -
mente r  sai d "Her e I  hav e a  [drawin g o f  a ]  carto n o f  orange 
juice .  Th e juic e wa s mad e wit h 4 0 ounce s o f  wate r  an d 2 4 
ounce s o f  orang e concentrate .  Thi s glas s ha s 4  ounce s o f 
orang e juic e fro m th e carton .  An d thi s glas s ha s 7  ounce s o f 
orang e juic e fro m th e carton. "  I n th e non-numerica l  condi -
tions ,  a n experimente r  sai d "Her e I  hav e [ a drawin g of ]  a  carto n 
of  orang e juice .  Th e juic e wa s mad e wit h wate r  an d orange 
concentrate .  Thi s smal l  glas s ha s orang e juic e fro m th e carton . 
And thi s larg e glas s ha s orang e juic e fro m th e carton. " 

Afte r  th e presentation ,  student s receive d worksheet s tha t 
asked ,  "Woul d th e larg e glas s tast e th e sam e a s th e smal l 
glass? "  an d "I f  the y woul d no t  tast e th e same ,  whic h on e woul d 
tast e mor e orangy? "  The n th e workshee t  aske d student s t o 
explai n thei r  answers .  Student s too k approximatel y 1 0 min -
ute s t o complet e th e worksheets . 

Result s an d Discussio n 
Studen t  answer s wer e code d correc t  i f  the y state d tha t  th e 

tw o glasse s woul d tast e th e same ,  o r  i f  the y state d tha t  th e 
glasse s woul d tast e differen t  becaus e th e carto n o f  j  uic e ha d no t 
been shaken .  Tabl e 1  show s tha t  th e diagram-numerica l 
student s wer e th e mos t  likel y t o giv e a n incorrec t  answer ;  x 2 
(Idf ,  n=98 )  =  4.37 ,  p<.05 .  On e interpretatio n i s  tha t  th e 
number s i n th e diagra m conditio n le d student s t o construc t 
inadequat e quantitativ e models ,  wherea s i n th e physica l  nu -
merica l  condition ,  th e student s attende d t o th e causa l  structur e 
of  th e situation .  A n alternativ e hypothesi s  i s tha t  th e numerica l 
informatio n wa s simpl y a  distractio n t o th e students .  Thi s 
hypothesi s i s addresse d i n Experimen t  2 . 

Table 1. Percentages of correct answers 
and explanatio n type s (Exp .  la) . 

Correc t 
Explanations * 

N Q & NP 
Q & NP 

N Q& P 
Q& P 

Diagra m 
Number  No-Nu m 
(fl=27 )  (n=22 ) 

29.6 % 68.2 % 

16.7 % 38.5 % 
56.7 % 46.2 % 
3.3 % 15.4 % 

23.3 % 0.0 % 

Physica l 
Number  N o - N u m 
fn=23 > fn=26 ) 

60.9 % 57 .7 % 

29.0 % 30.3 % 
41.9 % 48 .5 % 

9.7 % 9.1 % 
19.4 % 12.1 % 

*  N Q =  Non-quantitative ,  N P =  Non-Partitioned , 
Q =  Quantitative ,  P  =  Partitioned . 
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Studen t  explanation s wer e code d a s evidenc e fo r  th e us e o f 
differen t  type s o f  models .  Thes e model s ar e delineate d i n 
Figur e 2  wit h a  graphica l  notation .  Fo r  eac h mode l  i t  i s 
indicate d whethe r  i t  support s quantitativ e reasoning ,  an d 
whethe r  th e tota l  quantitie s o f  orang e juic e hav e bee n decom -
pose d int o constituen t  quantitie s o f  concentrat e an d water . 
Eac h o f  th e model s i s describe d briefl y belo w wit h representa -
tiv e studen t  explanations . 

Non-quantitativ e &  non-partitioned .  Non-quantitativ e an d 

non-partitione d model s captur e th e physica l  o r  causa l  proper -

tie s o f  a  situatio n (Fig .  2a) .  Fo r  example ,  on e studen t  wrot e tha t 

th e glasse s woul d tast e th e sam e becaus e "th e orang e juic e wa s 

poure d ou t  o f  th e sam e carton. "  Similarly ,  on e coul d reaso n 

tha t  bot h glasse s contai n th e sam e kin d o f  orang e juice , 

focusin g o n a n identit y relationshi p (Fig .  2b) .  A s on e studen t 

wrote ,  "the y bot h hav e th e sam e orang e juic e an d the y can' t 

chang e b y themselves. "  Usin g eithe r  o f  thes e models ,  on e ha s 

not  mad e a  quantitativ e compariso n bu t  instea d reasone d abou t 

th e invarian t  physica l  propertie s o f  th e situation . 

Quantitativ e &  non-partitioned .  S o m e student s mad e ex -

phci t  judgement s tha t  quantit y i s irrelevan t  i n determinin g a 

qualit y suc h a s taste .  Fo r  example ,  "N o matte r  ho w muc h yo u 

hav e i n th e glasse s the y wil l  tast e th e same. "  Thi s typ e o f  mode l 

(Fig .  2c )  doe s no t  suppor t  reasonin g abou t  th e th e constituen t 

quantitie s o f  wate r  an d concentrat e tha t  underU e proportiona l 

reasoning ,  ye t  take s int o accoun t  th e differen t  quantitie s o f 

orang e juic e i n th e tw o glasses .  S o m e student s reasone d tha t  a n 

increas e i n th e measur e o f  a  quantit y alway s result s i n a n 

increas e o f  th e measur e o f  a  qualit y associate d wit h tha t 

quantit y (Fig .  2d) .  Fo r  example ,  on e studen t  wrot e tha t  "th e 7 

oz .  glas s ha s mor e s o i t  wil l  tast e stronger. "  Again ,  thi s mode l 

capture s onl y th e tota l  quantit y o f  orang e juice ,  no t  th e con -

stituen t  quantitie s o f  wate r  an d concentrate . 

Non-quantitativ e &  partitioned .  S o m e student s combine d 

aspect s o f  reasonin g abou t  th e physica l  propertie s o f  th e orang e 

Juic e an d on e o f  th e constituen t  quantities .  Fo r  example ,  on e 

studen t  state d tha t  th e larg e glas s woul d tast e stronge r  becaus e 

"i t  wa s poure d las t  an d th e pul p i s a t  th e bottom. "  I n thi s mode l 
(Fig .  2e) ,  pourin g play s a  causa l  rol e i n determinin g th e qualit y 

of  "oranginess" ,  a t  th e sam e tim e constituen t  quantitie s ar e 

distinguishe d i n th e carton .  I n a  secon d mode l  o f  thi s typ e 

(Figur e 2f) ,  student s identif y tha t  th e tw o glasse s hav e "th e 

same ingredients" ;  however ,  n o quantitativ e statement s ar e 

made. 

Quantitativ e &  partitioned .  I n anothe r  typ e o f  model ,  o r 

constituten t  quantit y wa s identifie d an d a  compariso n w j 

made involvin g tha t  quantit y only .  Fo r  example ,  on e snjde i 

wrot e tha t  th e large r  glas s wil l  tast e stronge r  becaus e "th e lar g 

glas s ha s mor e orang e concentrate. "  Thi s typ e o f  mode l  (Fi j 

2g )  doe s no t  suppor t  comparison s tha t  involv e bot h constitue i 

quantities .  I n a  relate d mode l  (Fig .  2h) ,  student s consider e 

bot h ingredient s bu t  mad e a n incorrec t  inference .  Fo r  exampl ( 

one studen t  wrote ,  "Th e 7  oz .  woul d tast e mor e orang y tha n 

oz .  becaus e i t  woul d hav e mor e orang e concentrat e tha n th e 

oz .  an d th e 4  oz .  woul d hav e mor e wate r  tha n th e 7  oz. " 
Al l  studen t  explanation s wer e capture d b y th e model s i 

Figure s 2 a -  2 f  excep t  fo r  on e uninterpretabl e explanatio r 
Tabl e 1  show s tha t  th e mos t  c o m m o n typ e o f  mode l  w a 
quantitative ,  bu t  no t  partitione d int o constituen t  quantitie s 
Thes e ar e model s tha t  tak e int o accoun t  th e size s o f  th e glass e 
but  no t  amount s o f  concentrat e o r  water .  Student s i n t h 
diagram-numerica l  conditio n primaril y use d model s tha t  we r 
quantitative ,  whil e th e othe r  student s use d bot h quantitati v 
model s an d thos e tha t  rel y o n causa l  propertie s o f  th e situatio n 

E x p e r i m e n t  l b 

Experimen t  l b wa s designe d t o rephcat e an d exten d Exper t 
ment  l a wit h a  differen t  procedur e an d se t  o f  materials .  23 -
student s receive d packet s tha t  ha d eithe r  a  photogr^h ,  di a 
gra m o r  textua l  descriptio n o f  th e orang e juic e task .  Hai f  o f  th i 
student s i n eac h conditio n receive d th e numerica l  versio n an i 
hal f  receive d th e non-numerica l  version .  Base d o n th e resul t 
of  Experimen t  la ,  w e predicte d tha t  student s i n th e tw ( 
photograp h condition s an d th e diagra m non-numerica l  cond i 
tio n woul d outperfor m th e student s i n th e othe r  thre e cond i 
tions .  W e beUeve d tha t  th e lac k o f  a  visua l  structur e i n th e tw ( 
tex t  condition s woul d diminis h th e chance s tha t  studen t 
woul d mode l  th e physica l  structur e o f  th e problem .  A s show i 
i n Tabl e 2 ,  thes e expectation s wer e generall y born e ou t  wit ] 
70.6 % o f  th e forme r  grou p makin g correc t  response s compare ( 
t o 57.4 % correc t  response s i n th e latte r  group ;  x 2 (Idf ,  n=23 4 
= 4.43,p < .05 .  Als o a s predicted ,  th e photograp h an d diagra n 
non-numerica l  group s wer e mor e likel y t o us e th e non-quant i 
fie d an d non-partitione d models ;  33.6 % vs .  20.9% ,  x 2 =  4.7 8 
p <  .05 .  Fo r  thi s ag e group ,  thes e model s almos t  invariabl y le ( 
t o correc t  solution s (96.9% )  compare d t o th e quantitativ i 
model s (51.8%) ;  X 2 =  41.1 ,  p  <  .001 . 

E x p e r i m e n t  2 

Experimen t  2  wa s designe d t o develo p evidenc e o n th « 
interactio n betwee n numerica l  siniation s an d quantitativ e mo d 
els .  Green o (1991 )  claim s tha t  model s involvin g specifi c 
multipUcativ e factor s o r  divisor s ar e easie r  t o construc t  tha i 

Tabl e 2 .  Percentage s o f  correc t  answer s an d N P &  N Q explanation s (Exp .  lb) . 

Correc t 
NQ &  NP * 

Text 
Num]2£i  No-Nu m 

55.3 % 
32.3 % 

65.6 % 
15.6 % 

Diagra m 
Number  Np-nu m 

51.3 % 
27.6 % 

75.6 % 
42.4 % 

Phot o 
i imb ^  No-nu m 

65.0 % 
34.2 % 

71.1 % 
50.0 % 

*  Percentage s o f  explanation s withi n a  condition .  N Q =  Non-quantitative ,  N P =  Non-Partitioned . 
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Model s f ro m Kxper imen t  1 . 

Non-quantitativ e &  non-partitione d 

2a.  Common sourc e 2b .  Identit y 

orang e 

orang e orang e 

orang e 

orang e orang e 

Non-quant i tat iv e &  partitione d 

2e. Not shaken 2f. Same ingredients 

concentrat e 

wate r 
concentrat e 

/  V 

wate r 
concentrat e 

wate r 
concenlrat e 

Quant i tat iv e &  non-part i t ione d 

2c .  Quantit y irrelevan t  2d .  Quantit y determine s quabt y 

orang e 
juic e 

^  ^ 

orang e 
juic e = 

orang e 
juic e 

orang e 
juic e 

Quanti tat iv e &  partitione d 

2g.  Focu s o n on e ingredien t 

concentrat e concentrat e 

2h .  Focu s o n tw o ingredient s 

"̂ tfnc^Btrate l concentrat e 

orang e 
juic e 

M o d ek fro m Experimen t  2 . 

Quantitativ e &  non-partitione d 

2m. Common source quantitative 

orang e 

X \ 

orang e 
juic e 

orang e 
juic e 

Key 

= taste s th e s a m e 

< ,  >  taste s strongCT ,  weake r 

^  pourin g 
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numerica l  constituent s 

- relationshi p 

Quantitat iv e &  partitione d 

2i .  S a m e amoun t  o f  ingredient s 

wate r 

concentrat e 

wate r wate r 

concentrat e concentrat e 

2k .  S a m e numerica l  amount s 
of  ingredients . 

concentrat e 

F i g u r e 2 .  S tuden t s m o d e l s . 

2j .  Sam e relativ e amoun t 
of  ingredient s 

wate r 

concenoat e 

concentrat e ]  = 
wate r 

concentrat e 

21.  S a m e relativ e numerica l 
amount s o f  ingredient s 

wate r 

concentrat e 

" > ^ 

wate r 
concenlrat e 

— 
-

— 

wate r 

1 ance nd-at e 
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thos e tha t  d o no t  involv e specifi c  values ,  an d tha t  model s 
involvin g doubUn g an d halvin g ar e probabl y availabl e t o man y 
people ,  h i  Un e wit h thi s argument ,  Spinill o an d Bryan t  (1991 ) 
hav e show n tha t  judgement s abou t  proportionalit y involvin g 
th e "half '  boundar y ar e easie r  fo r  children .  Therefore ,  i n th e 
diagra m conditio n w e expecte d tha t  simple r  number s woul d 
enabl e student s t o recogniz e a  relationshi p betwee n constitu -
ent  quantities ,  suc h a s 1/ 2 an d 1/2 .  Thi s woul d allo w the m t o 
m ap th e relationshi p ont o th e glasse s an d construc t  "correct " 
quantitativ e an d partitione d models . 

Ther e ar e a  serie s o f  model s tha t  di d no t  appea r  i n Experi -
ment s l a & b tha t  w e though t  woul d b e facilitate d b y th e us e o f 
simple r  numbers .  Thes e ar e show n i n th e lowe r  righ t  come r  o f 
Figur e 2 .  Usin g th e mode l  i n Figur e 2i ,  on e reason s tha t  ther e 
woul d b e th e sam e amoun t  o f  ingredient s i n bot h glasses .  Thi s 
model  contain s quantitie s tha t  hav e bee n partitioned ,  bu t  th e 
constituen t  quantitie s themselve s ar e equate d rathe r  tha n th e 
relationshi p betwee n th e quantities .  Usin g th e mode l  i n Figur e 
2j ,  on e reason s tha t  th e tw o glasse s hav e th e sam e relativ e 
amount  o f  ingredients .  Thi s mode l  contain s quantitie s tha t 
hav e bee n partitioned ,  a s wel l  a s th e relationshi p betwee n thos e 
partitions .  Usin g th e mode l  i n Figur e 2k ,  on e attempt s t o 
reaso n numericall y abou t  th e relativ e amount s o f  ingredients , 
statin g tha t  th e tw o glasse s hav e th e sam e numerica l  amount s 
of  ingredient s a s i n th e carton .  Ther e i s recognitio n tha t 
numericall y somethin g remain s th e sam e abou t  th e constituen t 
quantitie s i n th e thre e containers ;  however ,  on e directl y im -
port s th e quantitie s themselves ,  rathe r  tha n th e relationshi p 
betwee n th e quantities .  I n th e mode l  21 ,  on e make s a  correc t 
numerica l  statemen t  abou t  th e relativ e amount s o f  wate r  an d 
concentrat e i n th e tw o glasses .  O n e ha s forme d a  numerica l 
relationshi p betwee n th e constituen t  quantitie s i n th e carto n 
and m ^ p e d thi s ont o bot h glasses . 

I n thi s sUidy ,  w e use d simpl e numerica l  relationship s rathe r 
tha n quaUtativ e relationships .  Ou r  expectatio n wa s tha t  nu -
merica l  simplicit y woul d yiel d differen t  model s i n th e physica l 
conditio n tha n thos e propose d abov e fo r  th e diagra m condi -
tion .  I n th e physica l  condition ,  w e expecte d th e eas y number s 
an d th e physica l  forma t  t o elici t  conflictin g models .  Th e prio r 
experiment s sho w tha t  student s w h o vie w mor e realisti c for -
mat s ten d no t  t o construc t  a  mode l  o f  th e relationshi p betwee n 
th e concentrat e an d wate r  i n th e carton .  Thi s ca n becom e a 
proble m i f  student s mode l  th e quantitativ e structur e relatin g 
th e size s o f  th e glasses .  W e invite d thi s mode l  b y makin g on e 
glas s doubl e th e siz e o f  th e other ,  a  relationshi p w e though t 
woul d b e easie r  t o mode l  tha n 7  t o 4 .  I f  student s mode l  thi s 
quantitativ e relationship ,  the y wil l  hav e a  quantitativ e differ -
enc e betwee n th e size s o f  th e tw o glasse s an d a  homogeneou s 
quantit y i n th e carton .  A s a  resul t  o f  th e non-partitione d mode l 
of  th e juice ,  thei r  model s woul d no t  includ e a  mean s fo r 
equatin g th e glasse s becaus e the y d o no t  includ e a  relationshi p 
betwee n concentrat e an d water .  A s a  result ,  whe n the y reaso n 
wit h thei r  model s the y wil l  b e mor e likel y t o conclud e tha t  a 
differenc e i n quantit y o f  juic e lead s t o a  differenc e i n flavor . 
Thi s mode l  i s  represente d a s Figur e 2m . 

Unlik e th e prio r  studies ,  w e aske d student s t o mathemati -
call y prov e thei r  answers ,  wit h th e ide a tha t  th e for m o f  thei r 
proof s woul d furthe r  illuminat e thei r  models .  W e als o aske d 
th e student s t o re-evaluat e thei r  answer s afte r  doin g th e math -
ematica l  work .  I f  th e student s ha d a  robus t  quantitativ e model , 

the n thei r  confidenc e i n thei r  origina l  answe r  shoul d no t 
decrease .  However ,  i f  th e student s ha d wea k o r  non-existen t 
quantitativ e models ,  the n th e mathematic s shoul d dra w the m 
towar d th e inequaht y o f  th e tw o glasses . 

Subject s a n d Desig n 

75 6th-grad e student s fro m fou r  classroom s a t  a  Nashvill e 
suburba n schoo l  participate d i n a  between-subjects ,  2 x 2 
experiment .  A  presentatio n facto r  ha d th e level s o f  physica l 
and diagrammati c presentation .  A  numerica l  difficult y facto r 
had th e level s o f  eas y an d bard .  Studen t  assignmen t  t o 
conditio n wa s counter-balance d b y class . 

Material s a n d Procedur e 

The hard-numerica l  condition s involve d th e sam e number s 
as i n th e firs t  tw o experiments .  Th e easy-numerica l  condition s 
involve d 2 0 ounce s o f  wate r  an d 2 0 ounce s o f  concentrate ,  wit h 
2 an d 4  ounc e glasses .  A n experimente r  presente d th e physica l 
and diagra m material s a s i n Experimen t  la .  A  workshee t  wa s 
the n give n t o eac h student .  Student s chos e whethe r  th e glasse s 
woul d tast e th e sam e o r  different .  Additionally ,  the y wer e 
aske d t o rat e h o w sur e the y wer e o f  thei r  answe r  fro m 1  (ver y 
unsure )  t o 5  (ver y sure) .  Student s wer e the n aske d t o "Sho w 
w hy you r  answe r  i s conec t  usin g arithmetic" .  The y wer e the n 
aske d t o chos e agai n whethe r  glasse s woul d tast e th e sam e o r 
different ,  an d t o rat e h o w confiden t  the y wer e i n thei r  answers . 
Student s too k 2 0 minute s t o complet e th e questionnaire . 

Result s a n d Discussio n 

Tabl e 3  show s th e percentag e o f  correc t  answer s fo r  eac h 
conditio n befor e an d afte r  student s attempte d a  mathematica l 
solution .  Th e result s wer e analyze d i n a  multivariat e analysi s 
of  variance .  Confidenc e rating s wer e give n a  negativ e valu e 
fo r  differen t  response s an d apositiv e valu e fo r  sam e responses . 
Students '  confidenc e score s o n th e firs t  an d secon d answe r 
serve d a s dependen t  measure s wit h forma t  an d numerica l 
difficult y a s crosse d independen t  variables .  Ove r  bot h re -
sponses ,  ther e i s a  forma t  b y numbe r  interactio n i n whic h th e 
diagram-eas y an d th e physical-har d problem s yielde d th e mos t 
correc t  responses ;  F(l,71)=8.76 ,  p<.01 .  Ther e wa s als o a 
presentatio n forma t  b y tria l  interactio n whereb y th e physica l 
condition s droppe d i n accurac y mor e tha n th e diagra m condi -
tions ;  F (  1,7 1 )=7.97 ,  p  <.01 . 

Table 3. Percentages of correct answers 
and N P &  N Q explanation s (Exp .  2) . 

D iagra m 
Har d Eas y 

Correc t  1s t 
Correc t  2n d 

6 8 . 4 % 
4 7 . 4 % 

Physica l 
Har d Eas y 

(n=\9 )  (n=18 ) 

89 .5 % 
89 .5 % 

94 .7 % 
52.6 % 

66.7 % 
38.9 % 

N Q & N P*  21 .1 % 21 .1 % 47 .4 % 16.7 % 

*  Codin g doe s no t  conside r  students '  mathematica l  work . 
N Q =  Non-quantitative ,  N P =  Non-Partitioned . 

These results can be explicated by considering the models 
student s constructe d i n eac h condition .  Th e stron g initia l 
performanc e i n th e physical-har d conditio n replicate s th e firs t 
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tw o studie s i n whic h w e als o foun d tha t  a  larg e percentag e o f 
th e student s employe d non-partitione d an d non-quantitativ e 
models .  However ,  students '  mathematica l  wor k undermine d 
thei r  judgmen t  o f  th e equivalenc e o f  th e juic e i n th e tw o 
glasses .  Th e mathematic s require d inference s involvin g th e 
constituen t  quantitie s o f  concentrat e an d wate r  whic h ar c no t 
supporte d b y a  physica l  model .  A s furthe r  evidenc e fo r  thi s 
conjecture ,  i t  m a y b e note d tha t  th e diagram-har d an d physical -
har d condition s ha d nearl y equivalen t  percentage s o n thei r 
secon d answers .  Thi s i s  because ,  i n bot h cases ,  th e directiv e t o 
solv e th e proble m arithmeticall y le d student s t o construc t 
simila r  model s o f  th e comple x quantitie s o f  th e problem . 

The diagram-eas y conditio n present s th e first  indicatio n o f 
quantitativ e proportiona l  reasoning .  A  typica l  m o v e wa s t o 
poin t  ou t  tha t  2 0 an d 2 0 mak e a  balanc e o f  1/ 2 an d 1/2 .  Th e 
symmeuy o f  th e relationshi p m a d e i t  eas y t o m a p th e relation -
shi p ont o th e 4  an d 2  ounc e glasses .  Th e fac t  tha t  th e 
percentage s o f  correc t  answer s di d no t  chang e o n th e secon d 
uia l  show s tha t  student s ha d initiall y  constructe d quantitativ e 
model s tha t  coul d suppor t  expUci t  quantitativ e manipulation . 

Her e w e se e tha t  student s ca n construc t  model s o f  propor -
tiona l  relation s i f  th e ratio s ar e o f  simple ,  specifi c  quantities . 
The rol e o f  specifi c  number s an d numerica l  relationship s 
support s th e clai m tha t  student s us e quantifie d model s i n thei r 
reasoning .  Ha d the y simpl y bee n applyin g a  se t  o f  rule s wit h 
genera l  application ,  specifi c  value s shoul d no t  hav e le d t o 
superio r  performanc e whe n student s considere d constituen t 
quantities .  However ,  i n Experiment s l a &  b  w e foun d tha t 
solution s tha t  include d constituen t  quantitie s wer e generall y 
incorrect ,  eve n whe n ther e wer e n o difficu h quantitativ e rela -
tionship s specifie d i n th e proble m (e.g. ,  diagram-qualitativ e 
conditio n o f  Experimen t  lb) .  Thes e result s implicat e specifi c 
model s o f  specifi c  situation s rathe r  tha n generall y appUcabl e 
rules . 

Of  th e model s w e observed ,  th e onl y typ e tha t  support s a 
judgmen t  abou t  proportionalit y wer e th e quantitativ e an d 
partitione d models .  Usin g thes e models ,  student s ca n compar e 
th e relationshi p betwee n th e relativ e amount s o f  concentrat e 
and wate r  i n th e glasse s an d carton ,  thu s creatin g a  secon d orde r 
relationship ,  o r  a  "relation s betwee n relations "  (Inhelde r  an d 
Piage t  1958) .  I n th e model s w e found ,  student s wer e makin g 
part-par t  comparison s betwee n concentrat e an d water ,  rathe r 
tha n calculatin g th e proportio n o f  eithe r  concentrat e o r  wate r 
t o th e tota l  amoun t  o f  orang e juice .  Previou s wor k ha s show n 
tha t  childre n ar e abl e t o us e part-par t  relation s t o m a k e propor -
tiona l  judgement s earlie r  tha n part-whol e relation s (Noelting , 
1980a ;  Noelting ,  1980b ;  SpiniU o &  Bryant ,  1991) .  A  usefu l 
next  ste p i n ou r  researc h woul d b e t o determin e wha t  situation s 
coul d lea d childre n t o compar e a  par t  t o th e whole . 

An intriguin g resul t  fro m Experimen t  2  i s th e poo r  perfor -
mance o f  th e student s i n di e physical-eas y condition .  Ou r 
hypothesi s wa s tha t  th e physica l  presentatio n o f  th e proble m 
woul d yiel d a  non-partitione d representatio n o f  th e problem . 
However ,  w e als o though t  tha t  th e simpl e 4  ounc e t o 2  ounc e 
relationshi p betwee n th e glasse s woul d suppor t  th e construc -
tio n o f  a  quantitativ e mode l  o f  th e tw o glasses .  Thi s present s 
a proble m i n tha t  th e student s woul d hav e a  specifi c  quantita -
tiv e differenc e betwee n th e size s o f  th e glasses ,  bu t  withou t  th e 
rati o o f  th e constituent s the y woul d hav e n o wa y t o maintai n 
thei r  equivalence .  A s a  result ,  th e student s woul d b e mor e 

likel y t o asser t  tha t  mor e juic e mean s mor e flavor.  I f  w e 
conside r  errors ,  w e find  tha t  58 .3 % o f  th e error s o f  th e physi -
cal-eas y student s wer e base d o n th e clai m tha t  mor e juic e 
yield s mor e flavor.  I n contrast ,  combinin g error s i n th e othe r 
condition s (th e n' s ar e to o smal l  t o trea t  separately) ,  w e find 
tha t  onl y 2 5 % o f  th e error s wer e base d o n thi s misconception . 
Thi s differenc e i s significant ;  ̂ 2 . 6 ,  n=32 ,  p<.01 . 

Conclusion 

I n th e curten t  studie s ther e wer e severa l  result s tha t  poin t 
towar d th e deploymen t  o f  menta l  model s tie d t o specifi c 
situations .  Th e regularit y o f  inference s i n respons e t o situ -
ationa l  factor s mdicate s tha t  subject s wer e no t  simpl y missin g 
a se t  o f  rule s necessar y fo r  proportiona l  reasoning .  T h e stron g 
result s fro m th e diagram-eas y numbe r  conditio n o f  Experi -
ment  2  als o sho w tha t  thes e situationa l  factor s (viz .  numerica l 
information )  wer e no t  merel y distractin g student s o r  leadin g 
the m d o w n mindles s path s o f  symbo l  pushing .  Th e suppor t  o f 
specifi c  value s i n th e diagram-eas y conditio n als o implicate s 
model s i n tha t  th e specifi c  value s allo w student s t o construc t 
determinat e structure s tha t  suppor t  specifi c  transformations . 
The effec t  o f  combinin g eas y number s wit h th e physica l 
situatio n als o implicate s menta l  model s unde r  ou r  interpreta -
tion .  I n thi s condition ,  studen t  performanc e wa s poor ,  a s w e 
predicted .  Unde r  a  rule-base d interpretation ,  thi s woul d b e a 
unlikel y predictio n becaus e th e studen t  woul d presumabl y 
hav e tw o rule s supportin g a  "sam e taste "  answer :  acausa l  rul e 
tha t  worke d whe n ther e wer e n o numbers ,  an d a  quantitativ e 
rul e tha t  worke d whe n ther e wer e simpl e numbers .  Give n thes e 
findings,  w e believ e ther e i s a  plac e fo r  a  menta l  mode l 
approac h i n understandin g th e developmen t  o f  proportiona l 
reasoning . 
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