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Maximum likelihood analysis for the Cabibbo-Kobayashi-Maskavva matrix
Woon-Seng Choong and Dennis Silverman

Department of Physics, University of California, Irvine, Irvine, California 92727
(Received 10 August 1992; revised manuscript received 29 March 1993)

The probability of possible values for the four angles of the CKM matrix are determined by
finding the y values for each choice of angles fitting to ten standard experiments. The y isosurface

plots are first displayed in the space of three of the CKM angles showing the dependence of the
bounds on b and greatly improving the lower bound on V,g. The maximum likelihood g contour

plot in the p-g plane shows the probability of each location for the vertex of the unitarity triangle
which controls t P-violating asymmetries in B decays. We find for m& ——150 GeV that at the 20'

level the signal for asymmetries measuring sin(2P) is at least sin(2P) & 0.25. At the lo level the
signal is at least siu(2P) & 0.40, with the preferred range of sin(2P) = 0.6 + 0.2.

PACS number(s): 12.15.Hh, 11.30.Er, 12.15.Mm, 13.20.He

I. INTRODUCTION

The analysis of experimental constraints on the
four Cabibbo-Kobayashi-Maskawa [1,2] (CKM) angles is
rather standardized [3,4]. It involves showing the lo con-
tours in two parameters (p, rI) for each experiment sepa-
rately, for a specific choice of the third and fourth CKM
parameters. In this work, however, all of the standard ten
experiments are combined to form a joint y2 and eval-
uated for all values of the four CKM angles. Contours
for the y2 which correspond to the equivalent confidence
levels (C.L.'s) for lo, 2o, and 3o are then found in the
parameter space of the four angles. The displays of fixed
y2 surfaces in three angular dimensions for given choices
of 8qz ( A) show at once the dependence of the limits
of the two smaller angles 823 and Hq2 on each other and
on h'.

We also construct the p-g plot or the unitarity triangle
using the maximum likelihood statistical method. The
usual way the CKM parameters are analyzed is to assume
central values of sq2(A) and V,s or A in order to make
the p-g plot. The maximum likelihood y2 method used
here, however, takes each point in the p-g plot and then
for these possible physical values of p and g searches all
values of the CKM angles to find the smallest y which

predicts this p and g and assigns this y2 to the point.
One conclusion from the maximum likelihood p-g plot

is that even at the 2o contours there is still a signal for
the B factory at sin(2P) & 0.25, and at lo sin(2P) &

0.40, with sin(2P) = 0.60 the most likely value. We also
show on these plots the regions which give good and poor
values for each of the CP-violating B decay asymmetry
experimental angles.

In Sec. II we give the values which we use for exper-
imental results to constrain the CKM matrix elements.
In Sec. III we present fixed y surfaces in three param-
eter projections from the four-dimensional CKM angle
parameter space. In Sec. IV we present the maximum
likelihood p-g plots.

las for most of the experiments, references, and the form
of the CKM matrix [5]. For the matrix elements of the
mixing of the first two families, we use the GN values

[3]: (V„~(= 0.9744 6 0.0010, (V„,( = 0.2205 + 0.0018,
[V,q[ = 0.204 + Q.Q17, and )V„[= 1.Q2 6 0.18. For the 5

quark matrix elements, we use the heavy quark symme-

try result [6,7] on the exclusive B -+ D'Ivt rate to give
(although inclusive results are slightly higher [8,10,11])

iV,si = 0.037 6 0.006

(V„,/V. ,)
= 0.071 + 0.013 (2)

which includes the new B lifetime, r~ = 1.5 +0.16 ps [9].
For V„swe use the new results [10] from CLEO II

for ~V„s/V,s~ from the inclusive semileptonic decays of
B mesons detecting b -+ u transitions. These are
model dependent [10,11] with values from Altarelli et aL

(ACCMM) [12] (0.075+0.007), Koerner and Schuler (KS)
[13] (0.055 6 0.005), Wirbel, Stech, and Bauer (WSB)
[14] (0.072 6 0.007), and Isgur, Scora, Grinstein, and
Wise (ISGW) [15] (with tc = 1.00) (0.082 6 0.009). This
leads to the weighted mean with a small standard error

~V s/V, s~ = 0.068 +0.0033. Upper bounds from exclusive
B decay processes [16] from CLEO II of 0.08 to 0.13 at
90% C.L. are consistent with this. The above weighted
mean has, however, y2 = 10.5 for 3 degrees of freedom

giving a low confidence level. Since this is really only
one experiment with four theoretical models, the stan-
dard Gaussian approach is not really valid. A better
approach may be to ignore the errors on each model, use
the mean value of the models, and take the larger spread
of values &om the models as the true range that could
contain the physical result. To be conservative and use
the largest justifiable error, we fit a Gaussian about this
mean with its 0 set so that the resulting y2 is at the
50% C.L. For 3 degrees of freedom this is at y = 2.4.
(The 50% C.L. is the same as that where y2 = number
of degrees of freedom for large N. ) We then take

II. EXPERIMENTS TO CONSTRAIN THE CKM
MATRIX

We refer the reader to the review by Gilman and Nir [3]
(GN) for descriptions of the experiments, detailed formu-

for use in y . In this experiment, the 3o contours are
only to indicate the rough relative location with respect
to the 10 and 2' contours.

B mixing gives a limit n IV«/V&l through xq as
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given in GN [3]. We use the values from GN except for
the theoretical quantities we assume the results of lattice
gauge calculations to be correct and use the recent lattice
determination [17] y B~f~ = 220 6 40 MeV which is
larger but with about the same error as the GN [3] value
of 150 + 50 MeV. We also use the recent next-to-leading
order @CD correction [18] g = 0.55, which is significantly
different Rom the leading order correction g = 0.85. It is
necessary to use the new value since the product (B~q)
is @CD renormalization point invariant [19]. We use the
range with errors rather than separate figures for separate
values since the range is now only 20% and its effects
are included in expanding the contours in the maximum
likelihood method.

The ~ parameter in the K meson system is the only
direct evidence for t P-violation or for a nonzero value
of g. We use the same values as GN with the exception
of interpreting the range 1/3 ( Blc ( 1 as 90%%uo C L.
limits, so that at 10 we take 0.47 & B~ & 0.87, which is
consistent with the range of lattice values [20] where the
range runs &om 0.48 to 0.90 at 1+ in the second reference.

The ninth and tenth experimental bounds are from
the second-order weak short-distance contributions to
the KL, -+ yp decay rate [4]. From this reference we
take the largely uncertain but small off-shell two pho-
ton contribution (namely, between [4] 0.04 x 10 s to
0.20 x 10 s) to be zero to get the most conservative

limit. This contribution is small compared to the com-
bined errors in any case. Minimizing the y terms for
both the new results of BNL [21] [(6.86+ 0.37) x 10 ]
and of KEK [22] [(7.9 6 0.7) x 10 ] and subtracting
the two photon unitarity [23] value [(6.83+0.28) x 10 ],
we And the bound on the short-distance contribution
B(KI. ~ pp)sD ( (0.26 6 0.43) x 10 . The y after
minimizing is 1.7, which must also be added to the to-
tal y . For the equation controlling the short-distance
effects see Refs. [24,25,4]. This puts an upper bound on

(1 —p)2. The bound is most efFective at high mt.
Our maximum likelihood analysis mainly differs from

a recently published one [26] in that we use the newly
available results of the KL, —+ p,p, we use the new smaller
CLEO II values for ~Vub/V, s[, and we use the new lattice
and @CD calculations on QB~rjf~, which no longer ne-
cessitates treating it as a discrete parameter. It differs
from others [27] who only analyze two experiments, ~e~

and Bg-Bd mixing, in two variables, p and g.

III. RESULTS OF THE COMBINED
PROBABILITY ANALYSIS

We computed the y from 6tting all of the ten ex-

perimental constraints for all relevant values of the four

angles of the CKM matrix.
In Fig. 1 are shown views of the three-dimensional

isosurfaces in Oq3, 023, and b, with Oi2 fixed at its

0.08 0.08

623 (b)

~ a, l ~ ~ . v ~ ~j
Ih II $$j

g
. rrut

0.008 180'

O.OS

(b)

0.008

(a) 0.008

I80

180

FIG. 1. Views of the three-dimensional angular plot showing the surfaces of y = 7.0 and y = 12.8 corresponding to la and

2o, respectively, with variables from 0 & 8 3 & 0.08, 0 & b & 180, and 0 & 8&3 & 0.008, for 6xed 0» ——0.223 and m& ——150
GeV. For comparison are shown in (a) and (b) central values and limits from Eqs. (1) and (2) without the maximum likelihood

method. Central values are solid lines, 1o. limits are dashed lines and 2o. limits are dot-dashed lines.
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most likely value of 0.223. The plot is for mq ——150
GeV. The black inner surface is at y2 = 7.0 and the
outer surface is at y2 = 12.8, corresponding to lcr and 20.

confidence levels, respectively, for ten experiments with
four parameters giving 6 degrees of freedom. We note
the large range of b that exists at 20, and that the cross
sections of the surfaces in the (His-82s) planes depend
on b, having less area at the extremes of b. The central
value for a2s V,s (solid line), and its 10' (dashed lines)
and 20 (dot-dashed lines) error limits &om Eq. (1) alone
are plotted as horizontal lines in Figs. 1(a) and 1(b).
Also plotted in Fig. 1(a), as slanted lines, are the central
value for the ratio ais/a2s ~V„s/V,i, [ (solid line) and its
la (dashed lines) and 20' (dot-dashed lines) limits, from
Eq. (2) alone. We note that the combined analysis 2o
isosurface only reaches down to the 10 lower limit on [V,b~

&om Eq. (1) when taken alone. This great improvement
on the lower limit on ]V,s~ results from the combined
probability analysis.

0
—1

0
—1

rn = 110 GeVt

m = 150 GeVt

m = 200GeVt

(a)

(b)

IV. MAXIMUM LIKELIHOOD PLOT FOR
VALUES OF p AND g (c)

The real and imaginary parts of V„b are typically
shown in the p —g plot, where p and g are the real
and negative imaginary parts of V„p after scaling out
AAs in the Wolfenstein parametrization [28] which is
V„s—A A(p —iri), V,s = A A, and Vgg = A A(1 —p —ig).

From the angular parametrization the relation is

p+irj = V„'s/([V,&V,s]) = arse* /(ai2a23ci3)

It has been usual to do these plots for fixed values of
A and also of V,g or A. In our maximum likelihood ap-
proach we note that each potential value in the p-g plot
must be considered separately for evaluating the prob-
ability of it being the correct pair of values. We thus
look through all values of the CKM angles that give the
same p and q, and find the least y2 in the total set to
assign to the maximum likelihood for the correct answer
being that pair of p and g. By fitting all ten experiments
together, the combined y2 takes into account the statisti-
cal weight of the various intersection areas, instead of the
usual display of the lo contours for each of three experi-
ments separately, in which combined statistical weight is
hard to judge by eye. We show plots for mq ——110, 150,
and 200 GeV corresponding to the widest range of the
CERN e+e collider LEP [29) for mq of 111—197 GeV
and the Collider Detector at Fermilab (CDF) and DO
lower bounds.

The maximum likelihood p-g plot is shown in Fig. 2(b)
for mq ——150 GeV. The line contours shown correspond
to confidence levels associated with lo or 68.3% (y
7.0), 2o or 95.4% (y2 = 12.8), and 3o or 99.7% (y
20.1).

The unitarity triangle has base corners on the p axis
at p = 0 (with enclosed angle p = b) and at p = 1 (with
enclosed angle P), and the third corner is at the p-g value
with enclosed angle o,.

In Fig. 2(b) are also shown lines of constant values

Q 0
—I

FIG. 2. Maximum likelihood p-g plot with the closed con-
tours corresponding to C.L. of 10, 20, and 3o. The straight
lines show the values of the CP-violating B decay asymme-
try experiments proportional to sin(2p) = sin(2b) in (a) for
mq ——110 GeV, to sin(2P) in (b) for mq ——150 GeV, and to
sin(2a) in (c) for mq ——200 GeV.

[27) of sin(2P) emanating &om p = 1.0, rl = 0, and sep-
arated by 0.2. The CP-violating B& decay asymmetries
for b -+ cca such as the standard B&o ~ QKa, and b ~ ccd
in B&o +D+D, are -proportional to sin(2p) [30]. We see
that since the height of the experimental rays are propor-
tional to sin(2P) rather than to sinP as g is, the experi-
mental results varies roughly twice as fast for increasing
P as q does, giving a factor of 2 improvement in the errors
associated with determining i1 by measuring P. Similar
comments apply to the figures below with angles p = b
and a.

In Fig. 2(a) are shown the joint y2 contours as de-
scribed above but with mq ——110 GeV. Also shown are
lines of constant values of results for the CP-violating
Bo decay asymmetries proportional to sin(2b) = sin(2p)
with lines separated by 0.2. This angle shows up in quark
subprocesses of 6 ~ uud in B, decays as in B, + pKp
[30].

In Fig. 2(c) are shown the likelihood contours at mq
= 200 GeV. The movement of the contours to higher p
at higher rnid are due to the KL, ~ pp limit on short-
distance second-order weak processes and the B-B mix-
ing contours, both of which move to smaller (1 —p) with
increasing mq. Also shown are lines of constant values
of sin(2o. ) which emanate in arcs from the origin. Inter-
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vening lines are separated by 0.2. The CP-violating B&
decay asymmetries proportional to these are for b m uud
as in B~~ m sr+sr

We see in all three of these plots of superimposing the
CP-violating lines, that just the value of g by itself does
not determine the magnitude of the experiments, but the
detailed location of the vertex in the p-g plane. It is
also striking and important how the sin(2P) and sin(2p)
lines intersect at large crossing angles. Along with the
fine grained spacing of the sin(2n) contours we see how
two or all three types of experiments will locate the CP-
violating value of g and also p to a high precision.

To investigate the effect of a change in the central value
of ilB~fit, we have studied contours with this decreased
by lo. &om 220 + 40 MeV to 180 6 40 MeV. The efkct
is that the right-hand side of the contours moves to the
left by about I/2o', corresponding to an increase of the
~Vtg] side of the unitarity triangle by about 7%.

the shape in the 8/3 and 82q plane, and the changes of
this cross section with variation in b. The lower limit
on 023 or [V,q] from the joint analysis is improved over
the lo lower limit on [V,b] by itself so that that value
now becomes a 2' lower bound. We have also shown
how the values of the three classes of CP-violating B
decay asymmetries show up on the p-g plane and how

they complement each other in providing a high resolu-
tion in this plane. Even at the 2' level there is a signal
expected from CP-violating Bo decay asymmetries [31].
At mt ——150 GeV the signal for the sin(2P) processes in
Fig. 2(b) is at least sin(2P) & 0.25 at 2o' and at 1cr the
signal is at least sin(2P) ) 0.40, with the most probable
signal at sin(2P) = 0.6 + 0.2.
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