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ABSTRACT OF THE DISSERTATION

Mathematical Tools and Convergence Results for Dynamics over Networks

by

Rohit Yashodhar Parasnis

Doctor of Philosophy in Electrical Engineering (Communication Theory and Systems)

University of California San Diego, 2022

Professor Behrouz Touri, Chair
Professor Massimo Franceschetti, Co-Chair

Mathematical models of networked dynamical systems are ubiquitous - they are used
to study power grids, networks of webpages, robotic and sensor networks, and social networks,
to name a few. Importantly, most real-world networks are time-varying and are affected by
stochastic phenomena such as adversarial attacks and communication link failures. Time-varying
networks, therefore, have been under study for a few decades. However, our current under-
standing of the dynamical processes evolving over such networks is limited. This observation
motivates the two-pronged objective of this dissertation: (i) to use theoretical and empirical

methods to analyze certain networked dynamical systems that cannot be studied using standard
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tools and techniques, and (ii) to develop suitable mathematical techniques for the systematic
study of such systems.

As our main contribution resulting from (i), we use the properties of random time-varying
networks to provide a rigorous theoretical foundation for the age-structured Susceptible-Infected-
Recovered model, a model of epidemic spreading. We then use system identification to show
that the age-structured SIR dynamics accurately model the spread of COVID-19 at city and state
levels in two different parts of the world — Tokyo and California.

As for our contributions resulting from (ii), we extend two assertions of the Perron-
Frobenius theorem to time-varying networks described by strongly aperiodic stochastic chains,
thereby widening the applicability of the fundamental result that is foundational to probability
theory and to the studies of complex networks, population dynamics, internet search engines,
etc. Our results enable us to extend several known results on distributed learning and averaging.
Moreover, they promise to advance our understanding of dynamical processes over real-world
networks.

As an application of these results, we study non-Bayesian social learning on random time-
varying networks that violate the standard connectivity criterion of uniform strong connectivity.
In doing so, we also make a methodological contribution: we show how the theory of absolute
probability sequences and martingale theory can be combined to analyze nonlinear dynamics
that approximate linear dynamics asymptotically in time.

Finally, we study the convergence properties of social Hegselmann-Krause dynamics
(which is a variant of the classical Hegselmann-Krause model of opinion dynamics and in-
corporates state-dependence into distributed averaging). As our main contribution here, we
provide nearly tight necessary and sufficient conditions for a given connectivity graph to exhibit

unbounded e-convergence times for such dynamics.
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Chapter 1

Introduction

In this chapter, we review a few background concepts that will be used in subsequent
chapters, we use some of these concepts to motivate the objectives of this dissertation, and we
provide a brief summary for each of the subsequent chapters.

We begin with a few basic concepts from graph theory.

1.1 Graphs and Networks

Given a natural number n, a time-invariant graph or a static graph on n nodes/vertices is
atuple G = (V, E), where V' is a finite set with |V'| = n, and F is a subset of V' x V, where |- |
denotes the cardinality of a set and ‘<’ denotes the Cartesian product of two sets. The elements
of V are called the nodes of GG or the vertices of (G, and the elements of E are called the edges
of G. For any two nodes 7, j € V, node j is said to be a neighbor of node i (equivalently, j is
adjacent to 1) if (i,j) € E.

A static graph G = (V| E) is said to be a directed graph or a digraph if there exists at
least one pair of nodes (i,7) € F such that (j,7) ¢ E, in which case the edges of G are called
arcs or directed edges. If a graph is not directed, it is said to be undirected, in which case its
edges are also said to be undirected. Note that the edge set of an undirected graph (V, E) satisfies
the following property: for any two nodes i, j € V', we have (7,j) € F if and only if (j,7) € E.

Suppose now that V' is the set of the first n natural numbers, i.e., V = [n| := {1,2,...,n}.



Then, by an extension of the terminology introduced above, a weighted time-invariant graph on
n nodes is a tuple G = ([n], E,W) where FE C [n] x [n] and W is a non-negative n X n matrix
such that for any two nodes i, j € [n], the (¢, j)-th entry of W is positive if and only if (,7) € E,
i.e., wi; > 0if and only if (¢,7) € £, in which case w;; is called the weight of the edge (3, j).
Here, the matrix W is called the the weight matrix of GG. In subsequent chapters, W is also called
the adjacency matrix of G and thereby denoted by A or Ag;.

We now extend all of the above static concepts to their time-varying counterparts. Given
a time index ¢ (which may be either discrete, as int = 0,1,2, ..., or continuous, as in ¢t € [0,00)),
a time-varying graph on n nodes is a tuple (V, E(t)) of a static vertex set V' that satisfies |V'| =n
and a time-varying edge set /() that satisfies F/(t) C V' x V for all times ¢. Similarly, a weighted
time-varying graph on n nodes is a tuple ([n], E(t),W(t)) of the static vertex set [n], a time-
varying edge set E(t) C [n] x [n], and a time-varying non-negative weight matrix 1 (¢) such
that for all 7, j € [n], we have w;;(t) > 0 if and only if (4,7) € E(t). Similar to time-invariant
graphs, time-varying graphs can be either undirected ((j,7) € E for all (,5) € E) or directed,
regardless of whether they are weighted or unweighted (not weighted).

In this dissertation, we often use the term network to refer to a graph, regardless of

whether the graph is static or time-varying, directed or undirected, and weighted or unweighted.

1.2 Dynamical Processes over Networks

Let R™ be the space of all n-dimensional real-valued column vectors. A continuous-time
dynamical process over a network G(t) = ([n], E(t), W (t)) is a function z : [0,00) — R" that

evolves in time as per an update rule that can be expressed by an equation of the form
x(t) = f(t,x(t),W(t)) forallt>0, (1.1)

where f is a function that has R" as its range and satisfies certain regularity conditions, and

x(0) is the initial state or the initial condition for (1.1). Likewise, a discrete-time dynamical



process over a network G(t) = ([n], E(t), W (t)) is a function = : {0,1,2,...} — R" that can be

described by an update rule of the form

z(t+1)= f(t,z(t),W(t)) forallte{0,1,2,...}, (1.2)

where f and z(0) are as described above. In the context of either of the two dynamics (1.1)
and (1.2), we refer to z:(t) as the state of the network G(t) at time ¢, and for a generic node index
i € [n], we refer to x;(¢) (the i-th entry of x(t)) as the state of the node i at time ¢. We also refer
to dynamical processes over networks as networked dynamical proceses.

We now provide a simple example of a class of dynamical processes over networks.
Consider a deterministic (non-random) time-invariant network G' = ([n], £, W). Suppose the
network has a non-random initial state 2:(0), and suppose the state vector =(t) evolves in time as

per one of the following two equations in the absence of a control input,

x(t+1)=Ax(t), t=0,1,2,... (1.3)

#(t) = Az(t), t>0, (1.4)

where A, the state evolution matrix, is an n x n matrix that is determined by W (in the simplest
case, we have A = W). Then (1.3) and (1.4) define the simplest and most well-understood
classes of dynamical processes over networks.

Observe that the dynamics defined by (1.3) and (1.4) are linear because the map z — Az
satisfies the properties of homogeneity and superposition, and they are time-invariant because
the network G (and hence also the state evolution matrix A) is constant in time. They are also
deterministic processes since both A and z(0) are assumed to be non-random.

However, most networks in the real world are dynamic rather than static, exhibit non-
linear behavior, and are affected by stochastic phenomena such as communication link failures

and adversarial attacks. In other words, most real-world network dynamical processes are



not time-invariant, non-random, or linear. This motivates us to study certain less-understood
dynamics over networks that involve either randomness, non-linearities, temporal dependence,
or a combination of some of these properties. In our analysis, we not only characterize the
convergence properties (or the long-term evolution) of some of these dynamics, but we also
develop mathematical tools that hold promise for advancing our understanding of several other
networked dynamical processes that are not studied in this dissertation.

We now categorize the networked dynamical processes studied in this work as follows:

I Dynamics related to distributed averaging, a method of information mixing that can be
used to model the spread of information in social networks, distributed coordination in

sensor networks and robotic networks, etc.

II Dynamics that model epidemic spreading in social networks.

We now introduce each of these categories.

1.3 Distributed Averaging and Related Dynamics

Distributed averaging is a method of information pooling or belief aggregation in multi-
agent systems or networks of interacting agents that share common objectives, such as networks
of temperature sensors used in an industrial plant, or social networks of voters attempting to
choose the best political candidates in an election. It is a networked dynamical process in which
the state of every node shifts to a weighted average of the neighbors’ states in every update
period.

Distributed averaging finds applications in distributed optimization [3, 4], distributed
parameter estimation and signal processing [5], distributed hypothesis testing [6], networks of
power systems [7], decentralized control of robotic networks [8], and opinion dynamics [9, 10].
Hence, a variety of distributed averaging dynamics have been studied till date within different
mathematical frameworks [11-13].

We now provide a brief mathematical description of these dynamics.



1.3.1 Distributed Averaging Dynamics

In discrete time, distributed averaging can be described as a dynamical process {z(t) }$2

on a network G(t) = ([n], E(t), W (t)) with the update rule

z(t+1) = A(t,x(t), W(t))x(t) forallt=1,2,..., (1.5)

where foreach ¢ € {1,2,...} the state evolution matrix A(¢,z(t), W (t)) is an n X n row-stochastic
matrix, i.e., all the entries of A(¢,z(t), W (¢)) are non-negative and the sum of the entries in every
row of A(t,z(t), W (t)) equals 1.

In what follows, Chapter 2 develops mathematical tools for studying time-varying dis-
tributed averaging dynamics that can be described either by (1.5) after replacing A(¢,z(t), W (¢))
with A(t) = W (t) or by the continuous-time analog of the same dynamics (given by @(t) =
A(t)z(t)). On the other hand, Chapter 3 focuses on a special class of state-dependent dynamics
that can be subsumed under (1.5) with A(t,z(t), W (t)) = A(x(t), Wy), where Wy is a certain
binary matrix that remains constant in time.

Chapter 4, by contrast, focuses on a dynamical process that is stochastic and non-linear,
but one that is closely related to the distributed averaging dynamics described above. This
non-linear process falls under the category of distributed learning dynamics, which we introduce

below.

1.3.2 Distributed Learning

Distributed learning is a method of implementing hypothesis testing in a decentralized
manner across a multi-agent system. To elaborate, consider a network of interacting agents driven
by the shared purpose of identifying an unknown state of the world or a parameter of interest.
Distributed learning then combines the process of belief aggregation or information mixing
inherent to distributed averaging with the process of acquiring private signals, measurements, or

observations made on the unknown state of the world.



Chapter 4 reviews a few applications of distributed learning as well as a few seminal
works on the topic. To see how all of the distributed learning dynamics that we study in Chapter 4
are related to distributed averaging, we note that the former are a special case of the family of

networked dynamical processes defined by
zo(t+1) = A(t)zg(t) + u(t,xg(t)), forallt=0,1,2,... (1.6)

where A(t) is the adjacency matrix of a random! time-varying graph G(t), 6 is a parameter that
belongs to a finite set O, zy is the (random) state of the system corresponding to a given value of
0, and the control input u : {0,1,2,...,} x R” — R" is a random non-linear function satisfying
limy_y o0 u(t, zg(t)) = 0 almost surely for a subset ©* of the parameter space ©. As a result, for
sufficiently large values of ¢ we have xy(t) ~ A(t)xy(t) for all # € ©*. This means that, for all
0 € ©%, the distributed learning dynamics studied in this dissertation approximate distributed
averaging in the limit as time goes to infinity. As we shall see in Chapter 4, this observation
enables us to exploit the properties of sequences of row-stochastic matrices in order to derive

convergence results on all the distributed learning dynamics analyzed therein.

1.4 Epidemic Spreading in Social Networks

Motivated by the devastating economic and medical impacts of COVID-19 all over the
world, Chapter 5 examines certain non-linear dynamical processes that model epidemic spreading
in social networks.

The dynamics investigated in Chapter 5 are of two kinds: (a) age-structured SIR dynamics,
defined by a system of bilinear ODEs, and (b) a time-homogeneous continuous-time Markov
chain that describes a stochastic epidemic process occurring over a random, time-varying social
network. Since most of the mathematical analysis responsible for our main theoretical results

involves a detailed examination of (b), in the remainder of this section we summarize a few

"We assume that all random quantities are defined with respect to an underlying probability space (€2, 3, Pr).



prerequisites from the theory of time-homogeneous continuous-time Markov chains (CTMCs).

1.4.1 Prerequisites from the Theory of Time-Homogeneous CTMCs

Suppose we are given a probability space (€2, B, Pr). We borrow the definition of time-

homogeneous CTMCs from [14] and modify it slightly for our purposes.

Definition 1 (Time-Homogeneous CTMCs). A time-homogeneous CTMC with state space X

is a random process {X(t) : t > 0} C X such that

(a) The paths X : [0,00) x Q — X are step functions that are right-continuous with respect to

the first argument; and

(b) For any set of times t; < t;+1 =t; + A; 11t and states x; € X, with tg := 0, we have

Pr (X (tk—H) = Xk+1 ‘ X(tz) = Xj Vi < k) =Pr (X (Ak+1t) = Xk+1 ‘ X(O) = Xk).

For time-homogeneous CTMCs, we define the concept of infinitesimal generators below.

Definition 2 (Infinitesimal Generator). The infinitesimal generator of a time-homogeneous

CTMC X := {X(t) : t > 0} is the function Q : X x X — R, defined by

Pr(X(t+At) =y | X(t) =x)

Q(x,y) == AI%I_I}O At forallx,y € X withx #y
if this limit exists, in which case we let Q(x,x) := — Y yex\(x} Q(X,y) forall x € X.

Throughout Chapter 5, we repeatedly use the following two well-known [15] properties

of infinitesimal generators for time-homogeneous CTMCs on finite state spaces:

(i) The random time 7" := inf{¢ > 0 : X(¢) # x¢} at which the CTMC X leaves an initial
state xg € X is exponentially distributed with rate —Q(xg,X¢) (so that the expected value

of T'is given by E[T] = — gz 5y)-

Q(x0,%x0



(i1) Given that the CTMC X has transitioned from a state x € X to another state at time ¢, the

conditional probability that the successor state is y € X'\ {x} is given by

Qx,y)
ZZGX\{X} Q(X7 Z) .

Pr(X(t) =y | X(0) =x,T =) =

1.5 Outline of the Dissertation

We now summarize the remaining chapters of this dissertation.

1. Chapter 2, which is based on [16], begins with a review of the Perron-Frobenius theorem, a
fundamental tool in matrix analysis that has applications to complex networks, population
dynamics, social learning, and numerous physical, engineering, and economic phenomena.
However, since this theorem and many of its extensions can be applied only to a single
matrix at a time, their applications in networked dynamical systems are limited to static
networks. To extend the applicability of these results to time-varying networks, Chapter 2
generalizes two assertions of the Perron-Frobenius theorem to sequences as well as con-
tinua of row-stochastic matrices. The results reported therein have potential applications

in areas such as distributed averaging, optimization, and estimation.

2. Having developed a mathematical tool to analyze variants of distributed averaging, Chap-
ter 3 considers a special class of state-dependent averaging dynamics called social Hegsel-
mann—Krause (HK) dynamics, a variant of the HK model of opinion dynamics where
a physical connectivity graph that accounts for the extrinsic factors that could prevent
interaction between certain pairs of agents is incorporated. As opposed to the original HK
dynamics (which terminates in finite time), we show that for any underlying connected
and incomplete graph, under a certain mild assumption, the expected termination time of
social HK dynamics is infinity. We then investigate the rate of convergence to the steady

state by studying the e-convergence time, i.e., the time required by the social HK system



to enter an e-neighborhood of the steady state. We provide bounds on the maximum
e-convergence time in terms of the properties of the physical connectivity graph. We
extend this discussion and observe that for almost all n, there exists an n-vertex physical
connectivity graph on which social HK dynamics may not even e-converge to the steady
state within a bounded time frame. We then provide nearly tight necessary and sufficient
conditions for arbitrarily slow merging (a phenomenon that is essential for arbitrarily slow
e-convergence to the steady state). Using the necessary conditions, we show that complete

r-partite graphs have bounded s-convergence times.

. In Chapter 4, which is based on [17], we study a set of distributed learning dynamics
called non-Bayesian social learning on random directed graphs, and we show that, under
mild connectivity assumptions, all the agents almost surely learn the true state of the
world asymptotically in time if the sequence of the associated weighted adjacency matrices
belongs to Class P* (a broad class of stochastic chains that subsumes uniformly strongly
connected chains). We show that uniform strong connectivity, while being unnecessary for
asymptotic learning, ensures that all the agents’ beliefs converge to a consensus almost
surely, even when the true state is not identifiable. We then provide a few corollaries
of our main results, some of which apply to variants of the original update rule such as
inertial non-Bayesian learning and learning via diffusion and adaptation. Others include
extensions of known results on social learning. We also show that, if the network of
influences is balanced in a certain sense, then asymptotic learning occurs almost surely

even in the absence of uniform strong connectivity.

. In Chapter 5, which is based on [17], we examine the age-structured SIR model, a variant
of the classical Susceptible-Infected-Recovered (SIR) model of epidemic propagation,
in the context of COVID-19. In doing so, we provide a theoretical basis for the model,
perform an empirical validation, and discover the limitations of the model in approximating

arbitrary epidemics. We first establish the differential equations defining the age-structured



SIR model as the mean-field limits of a continuous-time Markov process that models
epidemic spreading on a social network involving random, asynchronous interactions.
We then show that, as the population size grows, the infection rate for any pair of age
groups converges to its mean-field limit if and only if the edge update rate of the network
approaches infinity, and we show how the rate of mean-field convergence depends on the
edge update rate. We then propose a system identification method for parameter estimation
of the bilinear ODEs of our model, and we test the model performance on a Japanese
COVID-19 dataset by generating the trajectories of the age-wise numbers of infected
individuals in the prefecture of Tokyo for a period of over 365 days. In the process, we
also develop an algorithm to identify the different phases of the pandemic, each phase
being associated with a unique set of contact rates. Our results show a good agreement

between the generated trajectories and the observed ones.

Chapter 1, in parts, contains material as it appears in the abstracts of the following papers and
research articles: Rohit Parasnis, Massimo Franceschetti and Behrouz Touri, “Towards a Perron-
Frobenius Theorem for Strongly Aperiodic Stochastic Chains”, arXiv preprint arXiv:2204.00573
(2022); Rohit Parasnis, Massimo Franceschetti and Behrouz Touri, “On the Convergence Proper-
ties of Social Hegselmann—Krause dynamics,” in IEEE Transactions on Automatic Control 67.2
(2021): 589-604; Rohit Parasnis, Massimo Franceschetti and Behrouz Touri, “Non-Bayesian
Social Learning on Random Digraphs with Aperiodically Varying Network Connectivity”,
in IEEE Transactions on Control of Network Systems, in press (2022); and Rohit Parasnis,
Ryosuke Kato, Amol Sakhale, Massimo Franceschetti and Behrouz Touri, “Usefulness of the
Age-Structured SIR Dynamics for Modelling COVID-19”, arXiv preprint arXiv:2203.05111
(2022). The dissertation author was the primary investigator and author of these papers and

articles.
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Chapter 2

Towards a Perron-Frobenius Theorem for
Strongly Aperiodic Stochastic Chains

2.1 Introduction

Perron-Frobenius theorem is a foundational tool in linear algebra that is central to theory
of Markov chain, and has many applications in database systems, complex networks, population
dynamics, opinion dynamics, social learning, economic growth and income inequalities, and
many other physical, social, and economic phenomena [9, 18-29]. Its strength lies in connecting
the limiting behavior of A* as k — oo with the structural (graph-theoretic) pattern of a fixed
non-negative matrix A. For example, in the case of Google’s PageRank algorithm, A denotes the
transition matrix of a Markov chain modelling a web-surfer, and the theory relates the ergodic
(long term) behavior of this Markov chain to the centrality of webpages on World Wide Web
(WWW).

However, since this theorem and many of its extensions (e.g. [30-33]) apply only to fixed
matrices, their applications in understanding networked dynamical systems are limited to static
networks. By contrast, most real-world networks are time-varying due to changing connections
and communication patterns, temporary link failures, etc. [34-37]. Dynamical processes over
such networks are related to products of time-varying matrices that capture the network structure.
Such products are natural generalizations of powers of time-invariant matrices. This motivates

us to study the generalization of the Perron-Frobenius theorem to products of time-varying
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matrices, as such a generalization would enhance many of the applications of the original result
to time-varying settings.

In view of the above, we extend two assertions of the Perron-Frobenius theorem to
time-varying networks. Specifically, the original theorem implies that a weighted random walk
over a static strongly connected network has a stationary distribution that is (a) unique and (b)
positive. Analogously, we establish the generalization of strong connectivity for time-varying
networks and show that for lazy random walks over such networks, the time-varying extension of
stationary distribution (Kolmogorov’s absolute probability sequence [38]) is (a) unique and (b)
uniformly positive if and only if the network is strongly connected over time in the generalized
sense. We believe that this fundamental study will help advance the state-of-the-art understanding
of dynamical processes over real-world networked systems.

The chapter is organized as follows. We first present a brief overview of all our main
results in Section 2.2. Next, we formulate the problem of interest in Section 2.3 and discuss our
main results in Section 2.4. We then provide a few applications of our main results in Section 2.5
and end with a few concluding remarks in Section 5.6. The proofs of all the results are provided
in the Appendix.

Other Related Works: This endeavor evolves out of our work on social learning over
time-varying networks [39,40]. Therein, we showed that non-Bayesian social learning can occur
asymptotically almost surely over random time-varying networks even if standard connectivity
conditions are violated. This result begs the question, “What kinds of network connectivity
hinder social learning?”. Generalizing the Perron-Frobenius theorem should help answer this
question as well as other similar questions in the broader areas of social learning [41-47],
distributed optimization [4,48-52], distributed estimation [5,53-55], and distributed hypothesis
testing [6,56-59].

Notation: Let N := {1,2,...} denote the set of natural numbers and let Ny := N{J{0}.
Let R denote the set of real numbers, let R™ denote the set of n-dimensional real-valued column

vectors, and let R™*™ denote the set of square matrices with real entries. For a given matrix
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A e R™", welet a;; = (A);; denote the entry in the i-th row and the j-th column of A.

Let I denote the identity matrix (of the known dimension), let O denote the all-zeros
matrix (of the known dimension), and let 0 and 1 denote the vector (of the known dimension)
with all entries equal to zero and the vector with all entries equal to one, respectively.

A vector v € R is said to be stochastic if v is non-negative and v71 = 1. A matrix
Ap € R™™ is called row-stochastic or simply stochastic if Ay is non-negative and if each row of
Ap sums up to 1, i.e., if Ag > O and Agl = 1. Note that all matrix and vector inequalities are
assumed to hold entry-wise. Let { A(?) }$2 be a stochastic chain (a sequence of row-stochastic
matrices in R™*"™). Then, for any two times t1,t2 € Ny with ¢; < to, we use the following
notation to denote the backwards matrix product of { A(t) } 22, corresponding to the time interval
[t1, ).

A(tg : tl) = A(tg — 1)A(t2 — 2) ‘.- A(tl)

with the convention that A(¢ : t) := I for all t € N.

For a matrix A € R"*" and a subset S C [n], let Ag be the principal sub-matrix of A
corresponding to the rows and columns indexed by S. Let S := [n]\ S, and let Agg denote
the sub-matrix of A corresponding to the rows indexed by S and the columns indexed by S.
For a sequence of matrices {A(t)}72, C R™ "™ and times to,t; € Ny satisfying ¢y < t1, let
Ag(t1:tg) == (A(t1:t0))s and Agg(ty : to) == (A(t1 : t0)) g35-

An unweighted undirected graph with vertex set [n] and edge set £ is denoted by
G = ([n], E). On the other hand, a weighted time-varying directed graph with vertex set
[n], edge set E(t) C [n] x [n], and edge weights {w;;(t) : (i,7) € [n] x [n]} is denoted by
G(t) = ([n], E(t),W(t)), where W (t) € R™*" with (W (t));; := w;;(t), which denotes the edge
weight of the node pair (,7) € [n| x [n]. We assume that w;;(t) # 0 if and only if (4,j) € E(?),
ie., E(t) ={(i,7) € [n] x [n] : w;;(t) # 0}. Recall that G(t) is said to be strongly connected if,
for any two nodes 7, j € [n], there exists a directed path from i to j in G(¢).

For a weighted time-varying directed graph G(t) = ([n], E(t), W (t)), we let L(t) =
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(¢;5(t)) denote the weighted Laplacian matrix of G(t), defined by ¢;;(t) = —w;;(t) for all i # j
and (;;(t) = 354 wq;(t) for all 4 € [n]. In addition, for a given matrix Ao, we let G(Ag) =
([n],€(Ap), Ap) denote the weighted directed graph whose weighted adjacency matrix is Ay, i.e.,
we let £(Ag) = {(4,7) € [n] x [n] : (Ag);; > 0} and we construct G(Ap) in such a way that every

(i,5) € E(Ap) is a directed edge in G(Ap) with weight (Ap);;.

2.2 Overview of the Main Results

To highlight the main results of this work and before discussing the their connection
to the classical Perron-Frobenius Theorem in details, we state our main results here. These
results are based on the three definitions provided below. We shall reproduce these definitions in
Section and extensively discuss them with regards to the classical Perron-Frobenius Theorem in
Section 2.3.

The first definition is an extension of strong aperiodicity [60] to time-varying stochastic

chains.

Definition 3 (Strong Aperiodicity). A stochastic chain { A(t) }$2, is said to be strongly aperiodic

if there exists a constant vy > 0 such that a;;(t) >~y for all i € [n] and all t € Ny.

The second object, an approximate reciprocal chain, is a central object of this work and

we will see shortly its connection to the classical Perron-Frobenius Theorem.

Definition 4 (Approximate Reciprocity). A stochastic chain {A(t)}{2 is said to be approxi-
mately reciprocal if there exist constants py, 3 € (0,00) such that the following inequality holds

forall S C [n] and all times ty,t; € Ny that satisfy to < .

t1—1 t1—1
po > 1T A()1 < Y 1T Agg(H)1+ 5. 2.1
t:t() k:to

Finally, let us introduce a proper object extending the concept of Perron eigenvector

for a stochastic matrix to time-varying chains and a proper extension of positive eigenvector to
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time-varying setting.

Definition 5 (Uniformly Positive Absolute Probability Sequence). Ler { A(t)}72, be a stochas-
tic chain. A sequence of stochastic vectors {m(t)}72 is said to be a uniformly positive absolute

probability sequence for { A(t)}72, if

ml(t+1)A@t) =71 (t) forallte Ny

and if there exists a constant p* > 0 such that 7(t) > p*1 for all t € Ny,

With the introduction of these concepts, we are ready to assert the main results of this

work.

Theorem 1 (An Analog of the Positive Eigenvector Assertion of the Perron-Frobenius
Theorem). Suppose { A(t)}s2, C R™*™ is a strongly aperiodic stochastic chain. Then { A(t)}22,

has a uniformly positive absolute probability sequence if and only if it is approximately reciprocal.

As we shall show, this theorem generalizes the following Perron-Frobenius assertion to

time-varying matrices: an irreducible non-negative matrix has a positive principal left eigenvector.

Theorem 2 (An Analog of the Uniqueness Assertion of the Perron-Frobenius Theorem). Let
{A(t)}29 C R™ ™ be a strongly aperiodic stochastic chain that is also approximately reciprocal.
Then, {A(t)}2, admits a unique absolute probability sequence if and only if its infinite flow

graph is connected.

We shall see that this result extends the following statement to the case of time-varying
matrices: an irreducible non-negative matrix has a principal left eigenvector that is unique up to
scaling.

We now state the continuous-time analogs of the above results, which are based on the

following continuous-time analogs of the above definitions.
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Definition 6 (Uniformly Positive Absolute Probability Sequence in Continuous Time). Let
{A(t) }+>0 be a continuous-time stochastic chain and let ®(-,-) denote the state transition matrix
for the dynamics i(t) = Ax(t). Then, a continuum of stochastic vectors {m(t) }+>0 is said to be

a uniformly positive absolute probability sequence for { A(t) }+>0 if
()@t 7) =7 (1)

holds for all t > T > 0, and if there exists a constant p* > 0 such that w(t) > p*1 for all t > 0.
The following is the natural continuous counterpart of approximate reciprocity.

Definition 7 (Approximate Reciprocity in Continuous Time). A continuous-time stochastic

chain { A(t) }+>0 is said to be approximately reciprocal if there exist py, 5 € (0,00) such that
tm o tm o
[T Agg(1ae < [T 1T Agg(0)1dt+8
ty ty

holds for all sets S C [n] and for all £,m € Ny with { < m.

With these definition, we have the following results regarding the continuous-time

variations of Theorem 1 and Theorem 2.

Theorem 3 (Continuous-time Analog of Theorem 1). Let { A(t)}+>0 be a continuous-time
stochastic chain that satisfies Assumption 1 (which states that the weights {a;;(t) : i # j € [n]},
when integrated over certain recurring time intervals, are uniformly bounded). Then { A(t) }+>0

has a uniformly positive absolute probability sequence if and only if it is approximately reciprocal.

Theorem 4 (Continuous-time Analog of Theorem 2). Let { A(t)}+>0 be an approximately
reciprocal continuous-time stochastic chain that satisfies Assumption 1 (uniform bound on
integral weights). Then { A(t) }+>0 admits a unique absolute probability sequence if and only if

its infinite flow graph is connected.
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The rest of the chapter is on the detailed discussion on these results, their connection to

the classical Perron-Frobenius theorem, and their implications.

2.3 Classical Perron-Frobenius Theorem, Approximate
Reciprocity, and Absolute Probability

We first review the eigenvector assertions of the original Perron-Frobenius theorem. For
this purpose, we need to recall the following property of irreducible matrices, which is often

stated as a definition of irreducibility.

Lemma 1 (Section 8.3, [61]). A non-negative matrix Ay € R"*"™ is irreducible if and only if the

associated digraph G(Ay) is a strongly connected directed graph.

In addition, we need the concepts of reciprocity and infinite flow graphs, which we

reproduce from [62] below.

Definition 8 (Reciprocity/Cut-balance). A stochastic chain { A(t)}$2 is said to be cut-balanced

or reciprocal if there exists a constant « € (0, 1) such that
D> aii(t)Za) > ay(t)
€5 jes i€SJES
holds for all times t € Nq and all subsets S C [n] and their complements S := [n]\ S. In other

words, 1T Ag(t)1 > alT Ag(t)1 for all S C [n] and all t € Ny.

Intuitively, a stochastic chain is said to be reciprocal if the sequence of associated directed
graphs is such that the total influence of any subset .S of individuals on the complementary subset
S is comparable to the total reverse influence of S on 9, i.e., the ratio of the forward and the

backward influences does not vanish in time.

Definition 9 (Infinite Flow Graph [62]). For a stochastic chain { A(t) }{2, we define its infinite

flow graph to be the unweighted undirected graph G*° = (|n|, E°°) with vertex set [n| and edge
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set E°°, where

B {tiib i

S (g () + aji(t)) = 00ui 4 j € [n]}.

t=0

Intuitively, there exists a link from a node j € [n] to another node i € [n]\ {j} in the
infinite flow graph G*° if and only if node j exerts a long-term influence on node ¢ in the
time-varying directed graph G(A(t)).

We now observe that for a static chain A(t) = Ay, the irreducibility of Ay can be

expressed in terms of the connectivity of the infinite flow graph G and the reciprocity of
{A®)}20-
Lemma 2. Let {A(t)}52 be a static stochastic chain with A(t) = Ag € R"*" for all t € Ny.
Then, Ay is irreducible if and only if { A(t)}32 is reciprocal and its infinite flow graph G* is
connected.

We are now ready to recall two eigenvector assertions of the Perron-Frobenius theorem in

the context of row-stochastic matrices. Lemma 2 enables us to state these assertions as follows.

Proposition 1 (Eigenvector Assertions of the Perron-Frobenius Theorem for Stochastic
Matrices). Let {A(t)}2 be a static stochastic chain with A(t) = Ag € R" for all t € Ny. If
{A(t)}2 is reciprocal and if its infinite flow graph is connected, then Ay has a stochastic

principal left eigenvector my € R" that is

(a) entry-wise positive,

(b) unique.

Note that the original theorem applies to left eigenvectors as well as to right eigenvectors.
However, we choose to focus on the former because it is clear that all row-stochastic matrices
have 1 as their principal right eigenvector. Moreover, our main results are centered on a concept
that generalizes the notion of principal left eigenvectors to the case of time-varying row-stochastic

matrices. This concept is defined below.
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Definition 10 (Kolmogorov Absolute Probability Sequence [38]). Let { A(t)}:2 be a stochas-

tic chain. A sequence of stochastic vectors {m(t)}?2 is said to be an absolute probability

sequence for { A(t)}72, if
L (t+1)A(t) =nT(t) forallte Ny.

Note that every stochastic chain admits an absolute probability sequence [38]. Moreover,
if {A(t)}22, is a static chain with A(t) = Ag € R"*" for all ¢t € Ny, then the static sequence
7(t) = mp, where mp € R" is a stochastic vector satisfying Wg Ap = 7TOT , 1s an absolute probability
sequence for { A(t)}72,. Hence, absolute probability sequences are a time-varying analog of
stochastic principal left eigenvectors.

This discussion naturally leads to the following question: can we generalize Proposition 1
to the class of non-static stochastic chains (or any sub-class thereof) using the notion of absolute

probability sequences? The next section answers this question.

2.4 Results

We first extend Proposition 1 to discrete-time stochastic chains of the form { A(¢) : t € Ny}

and then to continuous-time stochastic chains of the form { A(t) : t > 0}.

2.4.1 Discrete Time

To extend the first assertion of Proposition 1 to time-varying matrices (non-static chains),
we need to extend the notion of positive principal left eigenvectors to the time-varying case. The

following concept, first introduced in [62], offers such an extension.

Definition 11 (Class P* [62]). We let (Class-)P* be the set of all stochastic chains that admit
uniformly positive absolute probability sequences, i.e., a sequence of stochastic vectors {m(t) }s2
for which there exists a p* > 0 such that 7(t) > p*1 for all t € Ny. (Note that the absolute

probability sequence and the value of p* may vary from chain to chain).
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It is worth noting that in the context of social learning, if {7 (¢)}72, is an absolute
probability sequence for {A(t)}{2, then 7;(t) denotes the Kolmogorov centrality or social
power of agent ¢ at time ¢, which quantifies how influential the i-th agent is relative to other
agents at time ¢ [62,63]. In view of Definition 47, this means that a stochastic chain belonging
to Class P* describes a sequence of influence graphs in which the social power of every agent
exceeds a fixed positive threshold p* at all times.

Since the definition of Class P* eludes simple interpretation, we would like to derive
necessary and sufficient conditions for a given stochastic chain to belong to Class P*. To this

end, we introduce the idea of approximate reciprocity, which is a weaker notion of reciprocity

(Definition 8).

Definition 12 (Approximate Reciprocity). A stochastic chain { A(t)}72, is said to be approxi-
mately reciprocal if there exist constants py, 5 € (0,00) such that the following inequality holds

forall S C [n] and all times ty,t; € Ny that satisfy to < t.

t1—1 t1—1

po > 1T Ags(t)1 < > 1T Agg(H)1+ 5. (2.2)
t=to k=tg

As it turns out, approximate reciprocity is a necessary condition for a given stochastic

chain to belong to Class P*.

Proposition 2 (Necessary Conditions for Class P*). Let { A(t)}22, C R™*™ be a stochastic

chain. If { A(t)}$2 belongs to Class P*, then { A(t) }$2 is approximately reciprocal.

Interestingly, approximate reciprocity is also a sufficient condition for certain stochastic
chains called strongly aperiodic chains to belong to Class P*. A given stochastic chain is called
strongly aperiodic if all the diagonal entries of its matrices are uniformly bounded away from

Z€10.

Definition 13 (Strong Aperiodicity). A stochastic chain { A(t)}72o C R"*" is said to be strongly

aperiodic if there exists a constant v > 0 such that A(t) > ~vI for all t € Ny.
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To connect approximate reciprocity, a property expressed in terms of sums of matrix
entries, to Class P*, a concept associated with products of matrices, we need the following

lemmas that help relate matrix sums to matrix products.

Lemma 3. Let ¢ € (0,1) be given. Then 1 —x > e~ M) for all x € [0,1 — €], where M (¢) :=

M =

1
i In

Lemma 4. Let n,0 € N and i,j € [n] be given. Let {B(t)}{-g C R™ " be a sequence of
substochastic matrices and let ty, := max{t € {0,1,...,0 — 1} : Bj;(t) > 0}. Suppose there exist

positive constants 1; and 1) such that

Bii(ti:to) >m if 0<tg<t1 <tr,

Bjj(ti:to) >n; if 0<tg<ti <o, and

o—1
> Bji(t) >4 forsome &€ (0,n).
t=0

Then Bj;(o : 0) > nin;0.

In addition to the above lemmas, we need the notion of approximately stochastic chains,

which we define below.

Definition 14 (Approximate Stochasticity). Ler n € N and m € NJ{oo} be given. A sequence
{A(t) YLy of n x n sub-stochastic matrices is said to be approximately stochastic if there exists

a constant A\ < oo such that

i 171 - A1) <A,
t=0

The constant A will be referred to as the deviation from stochasticity of the sequence { A(t) }{.

Note that A = 0 if {A(t)}]~, is a stochastic chain.

We are now well-equipped to establish approximate reciprocity as a sufficient condition

for strongly aperiodic chains to lie in P*. To do so, we use inductive arguments involving

21



approximately stochastic chains to prove a slightly more general result that asserts that the
backward matrix products of the concerned chains can be uniformly lower-bounded by a multiple

of the identity matrix. This general result is stated below and proved in the appendix.

Proposition 3. For every n € N, there exists a function
Mn - (Oa 1) X (07 1) X (0,00) X [0700) — (07 ]-)

such that the inequality,

A(tl . t()) Z nn(f%p()’BuA)I

holds for all ty,t1 € No,,po € (0,1),5 € (0,00), and A € [0,00) whenever { A(t) }52, C R™*"

is a substochastic chain with the following properties.
1. (Strong aperiodicity/Feedback property [62]). a;;(t) >~ for all i € [n| and all t € Ny.

2. (Approximate reciprocity). For every subset S C [n] and ty,t) € Ny satisfying to < t:

t1—1 t1—1
po > 1T Aga(t)1 < > 1T Agg(t)1+ 5.

t=to t=tg
3. (Approximate stochasticity). { A(t)}?2, is approximately stochastic and A is its deviation
from stochasticity.

We now obtain the desired sufficient conditions as a straightforward consequence of the

above proposition.

Corollary 1 (Sufficient Conditions for Class P*). Suppose {A(t)}i2, C R"*" is a strongly
aperiodic stochastic chain, i.e., suppose there exists a 7y > 0 such that A(t) > I for all t € Ny.

If {A(t)}32 is approximately reciprocal, then { A(t)}52, € P*.

As a direct consequence of Corollary 1 and Proposition 2, we obtain the following

necessary and sufficient conditions for Class P*: a strongly aperiodic stochastic chain belongs

22



to P* iff it is approximately reciprocal. Since a stochastic chain belongs to Class P* iff it has
a uniformly positive absolute probability sequence, we obtain Theorem 1, whose statement is

reproduced below.

Theorem 1 (An Analog of the Positive Eigenvector Assertion of the Perron-Frobenius
Theorem). Suppose { A(t)}s2, C R™*™ is a strongly aperiodic stochastic chain. Then { A(t)}22,

has a uniformly positive absolute probability sequence if and only if it is approximately reciprocal.

Observe how Theorem 1 parallels the first assertion of Proposition 1: the original theorem
asserts that for a static network that is reciprocal and whose infinite flow graph is connected (i.e.,
a network defined by an irreducible matrix), there exists a positive principal left eigenvector.
Analogously, Theorem 1 asserts that for a dynamic network that is approximately reciprocal,
there exists a uniformly positive absolute probability sequence.

Next, we extend the second assertion of Proposition 1 (the unique eigenvector assertion of

Perron-Frobenius theorem). For this purpose, we will need the following lemmas and definitions.

Definition 15 (Ergodicity for Stochastic Chains [64]). A stochastic chain {A(t)};2, € R™*"

is said to be ergodic if, for every tg € N, there exists a stochastic vector w(ty) € R" such that

lim A(t : tg) = 177 (tg).

t—00

To interpret the above definition, we first observe that in the distributed averaging
dynamics x(t+ 1) = A(t)z(t) with a starting time ¢y € Ny and an initial condition z(tg) € R",

we have

x(t) = A(t : tg)x(tp) forall te Ny (2.3)

For an ergodic chain, this means that lim; o 2:(t) = 77 (tg)x(tg)1, which is a consensus vector

(i.e., all its entries are equal). Therefore, a stochastic chain being ergodic means that it always
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enables consensus among the nodes of the network, regardless of the starting time ¢y and the

starting point z(tp).

Definition 16 (Infinite Flow Stability [62]). A stochastic chain { A(t)}?2 is said to be infinite
flow stable if

1. The sequence {x(t)}72,, which evolves as x(t +1) = A(t)x(t), converges to a limit for

all starting times ty € Ng and all initial conditions x(ty) € R™.

2. limy oo (24(t) —2(t)) = 0 for all (i,7) € E*, where E* is the edge set of the infinite

flow graph of {A(t) }{Z.

Put simply, a stochastic chain is infinite flow stable if (a) the states of all the nodes of
the corresponding time-varying network converge to a limit asymptotically in time, and (b) if a

consensus is necessarily reached among nodes that exert a long-term influence on each other.

Lemma 5. Suppose G* = ([n], E*), the infinite flow graph of { A(t)}{2, is connected. Then

{A(t)}2 is ergodic if it is infinite flow stable.

We are now ready to extend the second assertion of Proposition 1 to dynamic stochastic

chains. We thus reproduce the statement of Theorem 2 below.

Theorem 2 (An Analog of the Uniqueness Assertion of the Perron-Frobenius Theorem). Let
{A(t)}29 C R™ ™ be a strongly aperiodic stochastic chain that is also approximately reciprocal.
Then, {A(t)}s2, admits a unique absolute probability sequence if and only if its infinite flow

graph is connected.

Like Theorem 1, Theorem 2 closely parallels an assertion of the Perron-Frobenius
theorem. In view of Proposition 1, the original theorem asserts that, if a matrix describes a
static network that is reciprocal and whose infinite flow graph is connected, then its principal

left eigenvector is unique. Analogously, Theorem 2 asserts that, if a stochastic chain describes a
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time-varying network that is approximately reciprocal and whose infinite flow graph is connected,
then its absolute probability sequence is unique.

Besides, it is worth noting that stochastic chains that are approximately reciprocal and
whose infinite flow graphs are connected are a time-varying analog of irreducible matrices (this
follows immediately from Lemma 2). Therefore, we shall henceforth use the term irreducible

chains to refer to such chains.

2.4.2 Continuous Time

We now extend our discrete-time results (Theorems 1 and 2) to continua of row-stochastic
matrices, henceforth called continuous-time stochastic chains. Consider the following continuous-

time analog of the discrete-time dynamics (2.3).
x(t) = A(t)z(t) forallt >0, 2.4)

where A(t) = —L(t) is the negative of the Laplacian matrix of a given graph G(t). Throughout

this section, we assume

t2
/ aij(t)dt < 0o forall 0 <t < ty < oo. 2.5)

t1
It is well-known [65, 66] that under Assumption (2.5), the solution to (2.4) is unique and can be
expressed as

x(t) =@(t,7)x(r) forallt>7 >0, (2.6)

where the state-transition matrix ® is the unique solution to the equation continuum

t
O(t,7) = f+/ A(TY®(r',7)dr’ forallt > T >0.

T
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It is also known that ®(¢,7) is row-stochastic for all ¢t > 7 > 0, ®(7,7) = I for all 7 > 0, and
D(tg,t1) = B(ta,7)®(r,t1) forallty >7 >t > 0. 2.7)

Therefore, for any sequence of increasing times {t}7°; C R>o, if we let B(k) := ®(t41,t%)
for all k € Ny, then we have B(m : £) = ®(t,, : ty) for all /,m € N with ¢/ < m. As aresult, an

application of Proposition 3 to the stochastic chain { B(k)}7°, yields the following result.

Lemma 6. Let O(-,-) denote the state transition matrix for the dynamics (2.4) under the assump-
tion (2.5). Consider now a sequence of increasing times {t;,}7>, C R>o and a constant vy > 0

such that ®(ty.1,t;) > I for all k € Ny. If there exist constants Po, B € (0,00) such that

m m
Pod 1T 0gs (tpr,th) 1 < S 1T ®gq (ti,ty) 1+ (2.8)
k={ k=/

holds for all sets S C [n] and for all {;m € Ny with { < m, then there exists an 1 > 0 such that

O (tyn,te) > nl for all £, m € Ny satisfying { < m.

It is clear from Lemma 6 above and from Lemma 8 of [67] that the discrete-time chain
{®(thy1,tr) } 720 lies in Class P* if the approximate reciprocity condition (2.8) and the strong
aperiodicity condition ®(t51,t;) > [ are satisfied. As we shall see shortly, the following

assumptions ensure that both these conditions are met.

Assumption 1 (Uniform Bound on Integral Weights [65]). There exists an M < oo and an

increasing sequence {t;,}?° , C R>q such that
L1
/ Qi (t)dt S M
12

forallk e Nandalli,j € [n] with i # j.

Assumption 1 is sufficient to guarantee the strong aperiodicity condition (¢, 1,tx) > I

for some v > 0 and all k£ € Ny. This is evident from the proof of Lemma 8 in [65].
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Assumption 2 (Continuous-time Approximate Reciprocity). There exist py, 3 € (0,00) such

that

tm tm
m [ 1T Agg01d < [T Agg(t)1dt+ 8
te 124
holds for all sets S C [n| and for all {,m € Ny with { < m.
We now establish the required equivalence.

Lemma 7. Under Assumption 1, Assumption 2 is equivalent to the existence of constants

Do, € (0,00) such that (2.8) holds for all sets S C [n).

We now use Lemma 7 to show that approximate reciprocity in continuous time is
equivalent to { A(t) } 72, belonging to Class P*. To begin, we first define the continuous-time

analogs of absolute probability sequences and Class P*.

Definition 17 (Continuous-time Absolute Probability Sequence [67]). A continuum of stochas-
tic vectors {m(t)}+>0 is said to be an absolute probability sequence for a continuous-time
stochastic chain { A(t) }+>0 if

rl (t)®(t,7) =7" (1)
holds for all t > T > 0, where ®(-,-) denotes the state transition matrix for the dynamics (2.4).

Definition 18 (Continuous-time Class P* [67]). We let continuous-time Class P* be the
set of all continuous-time stochastic chains that admit uniformly positive absolute probability
sequences, i.e., a continuum of stochastic vectors {m(t) }+>0 such that 7(t) > p*1 for some scalar
p* > 0and all t € Ny. (Note that the absolute probability sequence and the value of p* may vary

from chain to chain).

We are now ready to state the first main result of this section. It is Theorem 3, whose

statement is reproduced below.

Theorem 3 (Continuous-time Analog of Theorem 1). Let {A(t)}i>0 be a continuous-time
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stochastic chain that satisfies Assumption 1. Then { A(t) }+>0 has a uniformly positive absolute

probability sequence if and only if it is approximately reciprocal.

The next step is to provide a continuous-time analog of Theorem 2. For this purpose, we

define the continuous-time analog of the infinite flow graph as follows.

Definition 19 (Infinite Flow Graph in Continuous Time). For a continuous-time stochastic

chain { A(t) }+>0, we define its infinite flow graph o be the graph G*° = ([n], E*°) with

B = {03} Clnl| [ (i (0)+aji(®) dt = oo, £ € m] |

We now reproduce the statement of the desired theorem (Theorem 4).

Theorem 4 (Continuous-time Analog of Theorem 2). Let { A(t)}+>0 be an approximately
reciprocal continuous-time stochastic chain that satisfies Assumption 1 (uniform bound on
integral weights). Then { A(t) }+>0 admits a unique absolute probability sequence if and only if

its infinite flow graph is connected.

To interpret Theorems 1 - 4, we provide below a series of remarks in which we start from
some existing interpretations of Proposition 1, which is based on the classical theorem, and we

extend these interpretations to the case of time-varying networks.

Remark 1 (Implications for Markov Chains). The eigenvector assertions of the Perron-
Frobenius theorem can be interpreted as follows: for a time-homogeneous Markov chain with
transition probabilities given by an aperiodic irreducible matrix, the probability of visiting
any given state converges asymptotically in time to a unique positive value, regardless of the
initial probability distribution. Analogously, Theorems 1 and 2 can be interpreted as follows:
given a starting time, for a backward-propagating time-non-homogeneous Markov chain with
transition probabilities given by strongly aperiodic irreducible chain, the probability of visiting

any given state converges asymptotically in time to a unique positive value, regardless of the
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initial probability distribution. Although this limiting probability is a function of the starting

time, it is bounded away from zero by a fixed threshold that does not depend on the starting time.

Remark 2 (Opinion Dynamics-Based Interpretation). In the context of opinion dynamics, the
matrix A(t) can be interpreted as the influence matrix at time t, i.e., a;;(t) quantifies the extent
to which agent i values agent j’s opinion at time t (or equivalently, the extent to which agent
7 influences agent 1 at time t). Therefore, an irreducible chain (and hence also an irreducible
matrix) describes a network in which every subset of agents influences the complementary subset
persistently over the entire course of opinion evolution, which means that there exists no group of
elite agents that dominate others forever. Additionally, as mentioned before, absolute probability
sequences can be interpreted as quantifying the agents’ social powers.

Therefore, an interpretation of the eigenvector assertions of the original theorem is as
follows: in a static social network, the social power of every agent (given by the eigenvector
centrality of the corresponding network node) is unique and positive if no subset of agents
dominates other agents forever. Analogously, Theorems I- 2 can be interpreted as follows:
in a time-varying social network, the time-varying social power of every agent (given by the
Kolmogorov centrality of the corresponding network node) is unique and uniformly positive
(lower-bounded by a constant positive threshold) if no subset of agents dominates other agents

forever.

Remark 3 (Implications for Economic Growth). Here, we follow the approach taken in [68].
Consider an economy with n sectors of activity, and let x; denote the activity level in the i-th
sector. Then the evolution of activity levels may be expressed as x(t+ 1) = A(t)x(t), wherein
a;;j(t) quantifies the number of activity units in Sector i that are required in the next economic
cycle as a result of the completion of each activity unit in Sector j. In addition, if A(t) is a static
matrix, then its principal left eigenvector gives the long-term economic value of the activity
carried out in Sector i during the zeroth time period (t = 0) relative to the long-term values of

the activities carried out in other sectors during the zeroth time period.
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Therefore, the original theorem now has the following interpretation: if the activity evolu-
tion matrix is static and exhibits the properties of reciprocity and connectivity (via irreducibility),
then the long-term economic value of the initial activity in any given sector relative to initial
activities in other sectors will be positive and can be determined uniquely. Analogously, our
main results imply that, if the activity evolution matrix is time-varying and exhibits the properties
of approximate reciprocity and connectivity of the infinite flow graph, then, for any starting time
period t = tq (as opposed to t = 0), the long-term economic value of initial activity in any given
sector relative to initial activities in other sectors will be uniformly positive and can be uniquely

determined.

Remark 4 (Implications for Population Dynamics). Analogous to the economic growth model,
we may consider a population comprised of n age groups instead of an economy comprised of
n sectors. We may let x; denote the population size of the i-th age group and further let a;;(t)
quantify the fraction of individuals that transition from the j-th age group to the i-th age group in
the t-th time period for i = j+ 1. In addition, we may let a1 ;(t) quantify the number of births per
parent in the j-th age group. In this setting, the entry 7;(to) of the absolute probability sequence
denotes the sensitivity of the long-term total population size to the size that the i-th age group
has at time to. One may then interpret the original theorem and our results in this context by

drawing analogies with the economic growth context discussed above.

2.5 Applications

We now derive a few corollaries of our main results. Since some of these corollaries

apply to random stochastic chains, we first define the relevant terms.

2.5.1 Infinite Flow Stability of Independent Random Chains

The concept of independent random chains is a straightforward extension of the concept

of deterministic chains, as per the definition below.
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Definition 20 (Independent Random Chain). A discrete-time stochastic chain {A(t)}$2, is

called an independent random chain if { A(t) }72 are all random and independently distributed.
We now extend the notion of Class P* to independent random chains.

Definition 21 (Class P* for Independent Random Chains [62]). An independent random
chain {A(t)}22, is said to belong to Class P* if the expected chain {E[A(t)]}2, belongs to
Class P*.

We will also need the notion of feedback property, a weak notion of strong aperiodicity

for independent random chains.

Definition 22 (Feedback Property for Independent Random Chains [62]). Ler {A(t)}:2 be
an independent random chain. We say that { A(t)}?2, has the feedback property if there exists
ay > 0 such that E[a;;(t)ai;(t)] > vEla;;(t)] for all t € Ng and all distinct i, j € [n], in which

case 7 is called the feedback coefficient.
In addition, we will use the term mutual ergodicity, which we define below.

Definition 23 (Mutual Ergodicity [62]). Ler { A(t)}{2 be a (deterministic or random) stochas-
tic chain. We say that i € [n| and j € [n] are mutually ergodic indices for { A(t)}32, which we
denote by i <+ 4 j, if limy_o0 (2i(t) — xj(t)) = 0 for the dynamics x(t +1) = A(t)z(t) started

with an arbitrary initial condition x(ty) = xo (where ty € Ny and xy € R").
Based on these concepts, we have the following result.

Corollary 2. Let {A(t)};2, be an independent random chain with feedback property, and

suppose the expected chain {A(t)}32, := {E[A(t)]}?2, is approximately reciprocal. Then,

(i) {A(t)}52 is infinite flow stable almost surely (i.e., almost every realization of { A(t)}22,

is infinite flow stable).
(ii) For any two indices i and j in [n], we have i <4 j iff i <> 7 .
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(iii) © and j belong to the same connected component of G*° iff i and j belong to the same

connected component of G, the infinite flow graph of {A(t)}32.

Remark 5. By the definition of infinite flow stability, Assertion (i) of Corollary 2 implies that if
{A(t)}s2 is an independent random chain with feedback property, then lim;_, o A(t : to) exists
almost surely for all tg € Ny. In conjunction with Assertions (ii) and (iii), this further implies
that, for any two indices i,j € [n] and an arbitrary starting time to € Ny, the event that the i-th
row of limy_, oo A(t : to) equals the j-th row of lim;_,oc A(t : tg) almost surely equals the event

that v and j belong to the same connected component of the infinite flow graph of the expected

chain { A(t)}$2.
2.5.2 Rate of Convergence to Steady State

We now provide a result on the rate of convergence for the dynamics x(t+ 1) = A(t)x(t)
2
in terms of the quadratic comparison function V;,(z) = >1% u; (xl —uT:L’) , where u is an

arbitrary stochastic vector in R".

Corollary 3. Let {A(t)}2, be an independent random chain with feedback property and
feedback coefficient v > 0, and suppose the expected chain { A(t)}$2, is approximately reciprocal.

In addition, let t; = 0 for ¢ = 0 and let

t—1
ty = argmin Pr ( min Y 17Ag(1)1> 5) >¢

t>tg— 141 Scimly S

for all ¢ > 1. Then, for all ¢ > 1 and all stochastic vectors u € R",

e6(1—6)%yp*

q
(m—1)? ) E[V,(2(0),0)].

E[Va (2 () 1)) < (1—

2.5.3 Implications for Infinite Jet-Flow and Sonin’s Jet Decomposition

For a stochastic chain to be ergodic, it is necessary for the chain to possess a property

called the infinite jet-flow property [69]. In this subsection, our aim is to connect the concept of
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approximate reciprocity with the infinite jet-flow property and also with the related concept of

Sonin’s jet decomposition [69, 70]. We first reproduce the required definitions from [69].

Definition 24 (Jet). For a given set S C [n), a jet J in S is a sequence {.J(t)};2 of subsets of S.
A jet J in S is called proper if ) C J(t) C S for all t € Ny. In addition, for a jet J, the jet limit
J* denotes limy_, J (t) if it exists, in the sense that the sequence becomes constant after a finite

time.
The following definition quantifies the interaction between two jets.

Definition 25 (Total Interaction between Jets). For a given stochastic chain {A(t)}72, and
any two disjoint jets J* and J' in S, the total interaction between the two jets over the time

interval [0,00), denoted by U o(J", JV), is defined by

Ua(J9T) =321 > > ag)+ > > aii(®)].
i=0 LieJu(t+1) jesm (1) i TV (L41) jETu (1)

The next definition captures the idea of long-term non-vanishing interaction between two

jets.

Definition 26 (Infinite Jet Flow Property). A stochastic chain { A(t)};2 is said to have the

infinite jet-flow property over a subset S of [n] if, for every proper jet {J(t)}{2 in S, we have

Ua({J () 320, {[n]\ J (1) }20) = 00

Finally, we reproduce the definition of a weak notion of ergodicity.

Definition 27 (Class Ergodicity). A stochastic chain {A(t)};2, is called class-ergodic if
limy_yo0 A(t : to) exists for all ty € Ny, in which case [n| can be partitioned into ergodic classes,
whereby i, j € [n] belong to the same ergodic class if lim oo ((A(t : to))ix — (A(t : 20))jr) =0
forall k € [n].
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We now have the following result, the second assertion of which is a consequence of

Theorem 5.1 in [62] and of Theorem 1 above.

Corollary 4. Ler { A(t)}22 be a strongly aperiodic and an approximately reciprocal stochastic

chain. Then

1. The infinite jet-flow property holds over each connected component of G, the infinite

flow graph of {A(t) }{Z.

2. The chain { A(t)}$2 is class-ergodic and the connected components of G* are the ergodic

classes of { A(t)}22,.

3. The connected components of G constitute the jet limits in Sonin’s jet decomposition [70]
of {A(t)}2o- These limits are attained in finite time.

2.5.4 Some Other Applications

We now briefly discuss a few other applications of our main results.

1. Multiple Consensus: We say that multiple consensus [71] occurs whenever lim;_, o x(t)
exists but is not necessarily a multiple of the consensus vector 1, meaning that different
entries of z(¢) may or may not converge to different limits. An immediate consequence of
Theorem 3 above and Theorem 2 of [71] is that multiple consensus always occurs in the
continuous-time dynamics #(t) = A(t)x(t) if {A(¢) }+>0 is an approximately reciprocal

chain that satisfies Assumption 1.

2. Eminence Grise Coalitions: In essence, an éminence grise coalition (EGC, [67]) is a subset
of the total agent population that has the ability to steer the opinions of all the individuals
in the network to a desired consensus asymptotically in time. A direct consequence of
Theorem 3 above and Corollary 3 of [67] is as follows: if { A(¢) }+>0 is an approximately
reciprocal chain satisfying Assumption 1, then the size of a minimal EGC of a network

with dynamics @(t) = A(t)x(t) is the number of connected components in the infinite flow

graph of {A(t) }+>0.
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3. Distributed Optimization: A typical distributed optimization framework consists of a
network of n interacting agents with the common objective of minimizing the sum of n
convex functions {f; : R? — R9}"_| subject to the constraint that for each i € [n], the
function f; is known only to agent 7. Notably, [72] provides a continuous-time algorithm
for distributed optimization without requiring the associated stochastic chain { A(%)}+>0 to
be cut-balanced [62]. However, the results therein are based on an assumption involving
an abstract concept called Class P* flows, the interpretation of which is aided significantly

by results such as Theorem 3.

4. Distributed Learning/Hypothesis Testing: In a typical distributed learning scenario, there
is a set of possible states of the world, of which a subset of states are true. In addition,
there is a network of interacting agents whose common objective is to learn the identity of
the true state through mutual interaction as well as by performing private measurements on
the state of the world. We note that [40] generalizes certain known results on distributed
learning to networks described by random, independently distributed time-varying directed
graphs. Importantly, the sequence of weighted adjacency matrices of all the networks
considered therein are assumed to belong to Class P*. Hence, along with Definitions 20

and 21, Theorem 1 significantly facilitates our interpretation of the main results of [40].

2.6 Conclusion

We extended two eigenvector assertions of the classical Perron-Frobenius theorem to
sequences as well as continua of row-stochastic matrices that satisfy the mild assumption of
strong aperiodicity. In the process, we established approximate reciprocity as an equivalent
characterization of Class P*, a special but broad class of stochastic chains that subsumes a few
important sub-classes such as cut-balanced (reciprocal) chains, doubly stochastic chains, and
uniformly strongly connected chains [62]. We then discussed a few applications of our main
results to problems in distributed learning, averaging with strongly quasi-non-expansive maps,

etc.

35



In future, we would like to examine whether it is possible to weaken the assumption of
strong aperiodicity while retaining the essence of our main results. We would also like to extend
our results to dependent random chains, as such chains are pivotal to the study of real-worlds
networks subjected to random phenomena such as communication link failures. As yet another
future direction, it would be interesting to attempt an extension of our results to sequences of
non-negative matrices that are not necessarily row-stochastic. Such an extension would result in
a complete generalization of the eigenvector assertions of the Perron-Frobenius theorem to the
case of time-varying matrices.

Nevertheless, we believe that our main results, even in their present form, have the
potential to find a significant number of applications other than those discussed above. This

belief is rooted in the already wide applicability of the classical theorem.

Appendix
Proof of Lemma 2

Proof. Since {A(t)}72, is a static chain, for any two distinct nodes 4, j € [n], there exists an
edge between 7 and j in G*° if and only if > 7% (a;;(t) +aj;(t)) = oo, which holds if and only
if (Ag)ij + (Ao)ji > 0. Hence, (i,7) € £ iff either (Ag);; > 0 or (Ap);; > 0.

Suppose now that G°° is connected. It follows from the above observation that for
every subset of nodes S C [n], there exists a pair of nodes (i,5) € (S x S)U(S x S) such that
(Ap)ij > 0. Suppose w.l.o.g. that (i,7) € S x S. If we further assume that { A(¢) }£2 is reciprocal,
this implies that 17 Ag¢ (1)1 > a1TAgs(t)1 > a(Ap)s; > 0. Hence, there exists a node pair
(p,q) € S x S such that (Ap),, > 0. We have thus shown that for every subset S C [n], there
exist directed edges from S to .S as well as from S to S in G(Ay). Therefore, G(Ap) is strongly
connected. It now follows from Lemma 1 that Ay is irreducible.

On the other hand, suppose we are given that Ay is irreducible. As a result, G(Ap) is

strongly connected (by Lemma 1). This means that G* is connected, because the preceding
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paragraphs argue that (7,j) € E* if either (i,5) € £(Ap) or (j,i) € E(Ap). Moreover, G(Ap)
being strongly connected also implies that for every S C [n], there exist two pairs of nodes
(i,7) € Sx Sand (p,q) € S x S such that a;; (t) = (Ag);; > 0 and apy(t) = (Ag)pq > 0. Therefore,
by letting

o= min[,me [n] : (AO)Z,'rrL >0 (AO)Z’m

n

and by using the fact that 17 4y1 = 171 = n, we can easily verify that the inequality given by

17 A45(t)1 > al” Ag4(t)1 holds for all ¢ € Ny. Hence, { A(t)}£2 is reciprocal. O

Proof of Proposition 2

Proof. Consider any set S C [n], and let S := [n]\ S. Then, there exists a permutation matrix )

such that
As(t)  Agg(t)

Ags(t) Ag(t)

for all t € Ny. Let {7 (¢) }$2,, denote an absolute probability sequence for { A(¢)}72,. Then one

QTA(t)Q =

may verify that the corresponding absolute probability sequence for {QTA(t)Q}tOiO is given by

{7(t)}$2, where

for all ¢ € Ny. As a result, the following holds for all ¢ € Nj.

As(t) Agg(?)
T L = |nL 7L (t).
s(t+1) mg(t+1) Agslt) Ash) [ 5 (1) S(Tf)}

The above equation is essentially a pair of two vector equations, the second of which is

Tt + 1)Agg(t) +7rg(t+ 1)Ag(t) = Wg(t).
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Multiplying each side of this equation by the all-ones vector yields

me(t+1)Agg(t) 1+ (t+1)Ag(t)l =75 (t)1.

(2.9)
On the other hand, the row-stochasticity of A(¢) implies that
Ag(t)1 =1— Agg(t)1. (2.10)
Combining (2.9) and (2.10) gives us
me(t+1)Agg(t) 1+ (t+1)(1— Agg(t)1) =L ()1 (2.11)
On transposition, we obtain
T (t+1)Agg(t)l = (75 (t) =g (t+1)) 1475 (t+1)Agg(t)1
Since {A(t)}72, € P*, there exists a p* > 0 such that 7g(t+ 1) > p*1. Therefore,
p 1T Ags(t)1 < (wga) —mL(t+ 1)) 1+7ml(t+1)Agg(t)1
< (7L —m5(t+1)) 1417 Agg (1. (2.12)

Now, let kg, k1 € N be any two numbers such that kg < k1. Then, summing both the sides

of (2.12) over the range ¢ € {ko,ko+1,...,k1 — 1} yields

ki1—1 k1—1
p* > 1T Agg(t)1 < (nf (ko) —mh (k1)) 14+ Y 17 Agg (01,
t=ko t=ko

where we have used a telescoping sum on the right hand side.
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Since (Wg(ko) - Wg—:(k’l)) 1< Wg—:(k‘o)l < 71 (ko)1 = 1, the above implies that

k1—1 ki1—1

Y 1T A< 14 Y 1T Ag (01,
t=ko t=ko

which is the same as (2.2). ]

Proof of Lemma 3

Proof. Let f:[0,1—¢] — R be defined by f(z) =1—z —e M) Then f(0) = 0. Next, note
that f”(z) = —M (e)?e=ME)* < 0 for all z € [0,1 —¢], implying that f is concave on its domain.

Also, observe that f(1 —¢) = 0. Therefore, by Jensen’s inequality, for any = € [0, 1 — ], we have

f(%):f(1_€(1—5)+<1— 1i5) .O> = 1i€f(1_€)+<1_ 1—5) J(0)=0.

Proof of Lemma 4

Proof. We define N = |{k € {0,...,0 —1}: Bj;(k) > 0}| and use induction on N. For N =1,

we have Bj;(kr) > ¢ and hence
Bji(J : 0) > Bjj(d ckp + 1)Bji(k‘L)Bii(k‘L : 0) > 77]'577,', (2.13)

which verifies the lemma.

Now, suppose the lemma holds when N = Ny for some Ny € N, and consider N = N+ 1.
We define ¢ := Bj;(kr,), and consider two cases.

If e > 4,1i.e., Bji(kr) > 0, then (2.13) still holds, thereby proving the lemma.

On the other hand, if € < 4, then we let B(k) := B(k) foreach k € {0,...,0 —1}\ {kz},
and

B(k‘L> = B(k?L) — Bji(kL)ejeiT.
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In other words B(ky,) is obtained from B(ky,) by setting its (j,7)™ element to zero. Therefore,

{B(k)}9_ is a sequence of substochastic matrices satisfying
{k€{0,...,0 —1}: Bji(k) > 0}| = No.

Next, we have Bii(k;l : ko) = Bji(ky : ko) > n; whenever 0 < kg < k1 < kr,. Since the
definitions of k7, and { B(k)}7_g imply that &, := max{k <o —1: B;j(k) > 0} < k, it follows
that Bii(k/‘l : ko) > m; whenever 0 < kg < k; < k. Next, note that for all kg, k1 satisfying
0<ko <k <oand{ko,...,k1 —1} # kz, we have Bj;(k1 : ko) = Bj;(k1 : ko) > n; whereas

for all ko, k1 satisfying 0 < kg < kj, < k1 < 0, we have

Bjj(k‘l : k‘o) > Bjj(]fl : k‘o) — Bjj(/{il ckp + 1)Bji(k‘L)B¢j(/{L : k‘o) > nj —€

because the substochasticity of { B(k)} implies that max{B;;(k1 : kp, + 1), Bi;(kr : ko)} < 1.
Moreover, 395 Bji(k) = Y95 Bji(k) — Bij(kr) > 6 —e. Thus,

Bii(ky tho) >m; if 0<ko<ky <kp,
Bjj(k‘l:k‘())Zﬁj if 0<ky<k <o, and

o—1
> Bji(k) > 5,
k=0

where 7} :=n; —e >0 —¢c >0and §:=0—¢e (0, 7)j). Therefore, by our inductive hypothesis,
we have Bji(a :0) > %T]Z‘ﬁjg = %T]Z‘(nj —e)(d—e).

Now, observe that

B.-

<

3

—
q
S

N—
I
oo

ji(O' : O) +Bjj(0 sk + 1)Bji<kL)Bii(kL : O)

v
N =N

ni(n; —e)(0 —€) +njen;

1 1 1
m62 + 5771'(77]' —d)e+ 5771'%‘5 > 577i77j5>
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where the last inequality holds because € > 0 and 7; > 0. The lemma thus holds for N = Ny +1

and hence, for all N <o. O]

Proof of Proposition 3

Proof. We use induction on n, the matrix dimension. Consider n = 1, suppose that v,pg €
(0,1),8 € (0,00) and A € [0,00) are given, and let { A(k)}?2, = {a(k)}72, be a sequence of
real numbers satisfying the three properties required by the proposition. Then, by the feedback
property of the chain, {ay} ;2 is a sequence of scalars in [, 1]. Let a;, := 1 — ay, for each k € Ny.
Then ay, € [0,1 —~] for all k£ € Ny, and >-32yar < A by almost-stochasticity. Hence, for any

given tp,t1 € Ny satistying t9 < ¢1,

t1—1 (a )tl 1 t 1_ 0o _
A(t1 . tO) — H (1 _ak > H e~ Yag e Zkl to & > M(’Y)Zk:oak > e—M(’Y)A
k=tg k=tg

b

where (a) is a consequence of Lemma 3. Thus, we may set 71 (7, po, 3, A) = e M (M)A This
proves the proposition for n = 1.

Now, suppose the proposition holds for all n < ¢ for some ¢ > 1, and consider n = g+ 1.
We again suppose that v, pg, 5 and A are given, and let { A(k)}?°, C R™*" be a substochastic
chain satisfying the required properties. For each k € Ny, let v(k) := 1 — A(k)1 and vpax (k) :=
max;c,| (v(k));. Observe that the feedback property and the stub-stochasticity of A(k) together
imply that 0 < v(k) < (1 —~)1 for all k € Ny. We also observe that A(k)1 > (1 —vmax(k))1

for all k € Ny. Therefore, for all 0 < kg < k1 < 0o, we have

A(ky ko)L = Ak — 1) A(ko + 1) A(ko)1 > A1 — 1) A(ko + 1)(1 — vmax (ko)1
()

k1—1
> ( 11 (1—vmax(k;))> 1

k=kq
(Q Zkl 1

k k‘ Umax )1

k 1 c
S e MOTLG W Q —vmag (14
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where (a) can be easily shown by induction, (b) is obtained by a repeated application of Lemma
3, and (c) follows from the almost-stochasticity of the chain.

We now construct two chains of substochastic matrices with dimensions smaller than
n and then apply our inductive hypothesis to the resulting chains. To this end, let us use

{70,71,72,..., 7} C NU{oc} to denote the set of times defined by 79 = ¢ and

T7—1
T —1nf{7'>7-l 1'1m1n > 1TATT(I<;)121}.

Clrlp 2 Ti—1

Further, let m = max{s: 75 < oo} so that 74 = oo iff s > m.

Now, consider any s € {0,1,...,min{m,n —1}}. Then, by the definition of 751, there
exists at least one set 7' C [n] such that 3% 71;2 17 A7 (k)1 <1 (note that this also holds if
m < n—1and s =m, in which case 7541 —2 = 00). We choose any one such set 7" and assume

that T = [|T] w.lo.g.! We accordingly define the chains {B(k)}72.. and {C(k)}?°.. as

Ap(k) if 7o <k < Tep1—1,
B(k) =

Iy otherwise,

and

An(k) ifrs <k <Tgy1—1,
Cky={" "

1 7| otherwise.
Now, the definition of 7" implies that ZT““ ! 1TA 7(k)1 < 1+n < 2n. Due to approximate
reciprocity, it follows that >°;* Tls_l 17 A7 (k)1 < 27;%5. Note that 3" ;3—1 17 AL 7(k)1 < 2n

also implies that

Ts+1—1 Ts+1—1
Z 171 - Ap(k Z 17 (A7 (k)1 +vp(k)) < 2n+A.

77'5

YIf T # [|T|], we can relabel the n coordinates so that 7' = [|T].
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Similarly, the inequality S5 " 17 Az (k)1 < 222 implies that

Ts 0

TS+171
S 171 Aqk)1) < 20 A,
k:Ts po

Therefore, {Ar(k)} ;2 ;8_1 and {A7(k)} 2t 718_1 are both almost-stochastic sequences. Since [ is
a stochastic matrix, it follows that { B(k)}72.. and {C'(k)}32, are also almost-stochastic.
Next, for any subset U C T, let U := [n] \ U and U := T\ U. Then {A(k)}32,, being

approximately reciprocal, satisfies

k1—1 k1—1
po Y 1A (k)1 <po S 1T Ap, (k)1
k=ko k=ko
k1—1 T
< DV Ayp(k)1+
k=kq
k1—1 T ki1—1 T
= > V' Ayp(k)1+ > 1 Apzp(k)1+p
k=ko k=kq
k1—1 ki1—1 ki1—1
< S 1T AR+ > 1T A (R)1+8< Y 1T A (k)1 +2n+ 8
k=ko k=ko k=ko

whenever 75 < kg < k1 < 7541. Since 1TBUU(I<:)1 =0forall U C T and k > 7541, it follows

that
ki1—1 ki1—1
po > 1By (k)1 < > 17 B (k)1+2n+8
k=ko k=kq

for all 75 < ko < k1 < oo. This shows that { B(k)}72 is approximately reciprocal (though one
of the associated constants is 5+ 2n instead of ). We can similarly show that {C'(k)}72, is
also approximately reciprocal. It can be easily seen that these two sequences also possess the

feedback property. Hence, by our inductive hypothesis, there exist positive constants

g = i (7,0, 421, A+2n) and nc = min, 1y (%po,ﬁJr
— T -

re[n

2n+f

A+

2n+5>
Po

such that B(ky : ko) > npl and C(k; : ko) > nel for all ko, ky € Ny satisfying 75 < ko < ky <
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Ts+1. By noting that A7 (k1 : ko) > B(k1 : ko) and Az (k1 : ko) > C(k1 : ko), we observe that
A(ky : ko) > mmind for all 75 < ko < k1 < 7541, where nmin := min{np,nc}. Note that this is
true for all s € {0,...,min{m,n —1}} and that the value of 7y, is independent of s.

We now consider two cases.

Case 1: m < n. In this case, 7,,41 is defined and it equals co. Hence, there exists an
s€40,1,...,m} such that 7, < #; < 7541. Therefore,

Aty tg) = Aty :7s) - A(Ts s Ts—1) - A(T1 : 10) > nfnf&] > nhin

Case 2: m = n. In this case, 7,, < 00, so we either have ¢ < 7,, or t1 > 7,.

If t; < 7, then there exists an s € {0,1,...,n— 1} such that 74, < t; < 75;1. Hence, we
can proceed as in Case 1. Otherwise, if t; > 7,,, we need the following analysis.

For each s € {0,1,....,.n— 1}, let G (5) be the directed graph whose adjacency matrix
W) is given by

e, r1—1
o) _ 1, ifi#jand ZZ:*;S Aij(k) > #,

1] ?
0, otherwise

forall 7, j € [n]. We now claim that G(*) is a strongly connected graph for each s € {0,...,n—1}.
In order to prove this claim, suppose it is false for some s € {0,...,n — 1}. Then, there exists a
partition {7, T} of [n] such that there is no directed link from any node in 7" to any node in 7" in

G'®). This implies that

7'3+1*1 Ts+1*1

- 1
2 VApp(1=33% 3 Ayk) <IT||T]- 5 <1,
— n
k=Ts ieTJET k=75
which contradicts the definitions of the times 7, ..., 7,—1, thereby proving the claim. Since the

weighted adjacency matrix of a strongly connected graph is irreducible, it follows that W) is
an irreducible matrix for each s € {0,...,n—1}.

Thus, for any two indices 7, j € [n], it follows that there exist r € [n], node indices
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lo,01,...,0r € [n—1] and time indices 0 < 51 < 59 <--- < s, <n—1suchthatly =11, = j, and

Wi(ljl) = Wl(f’li) == l(rsjflr = 1. Moreover, from the definition of W(s), it further follows
that
Tsl+1_1 7'52+1_1 1 Top4+1—1 1
Z Aih (k) > ﬁa Z Al1l2<k) > ﬁa ) Z Alr71j(kl> > ﬁ (215)
k=7s, k=ts, k=Ts,

Next, we bound A;, 1, (Ts,+1 : 7s,) for all w € [r]. On setting 7; = 1); = Nmin and

§ = min{ %, min 1 "and then applying Lemma 4 to the sequence { A(k) ZS:":S 1u, we obtain the

n2r 2

following for each u € [r]

1
Alu_llu (T5u+1 : TSu) Z §nl2nln(5

Now, for any y € [n] and any two indices 0 < s <t < n— 1, we have

t—1 t—1
Ayy (11 75) > H Ayy(Thg1 1 Tx) = H Thnin 2 Tnin-
k=s k=s

Thus,

Aij(Tn . to) = Aij(Tn . 7’0)
> Aii(Tsy 70) Ai gy (Tsr41 Ty ) Auny (Tsy © Toy 1) Alyty (Tsg 1 Tog) -+

o 'Al»,‘,llrfl (7—57’ : TST)Alrflj(Tsr'f'l?TSr)Ajj (Tn : Tsr+1)

Maind |
> <77ITIL1in' m21n > nginZnD>O7

n 772' J " n
where 1p 1= ( Nin - 5] Mmin-
Since 4, € [n] were arbitrary, we have shown that A(7, : to) > np117. From (2.14),
it now follows that A(ty : to) = A(ty : ) A(Tn : to) > npA(ty : 7,)11T > npe~MIP11T >

nDe_M(’Y)A['
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To summarize, in both Case 1 and Case 2, we have A(t; : tg) > nrl where

2 1 . n
N = (nﬁnn : m;‘“ -min{nz, Lr;““ }) e M2 > 0.

Since 7 is uniquely determined by 7, pp, 8 and A, it follows that we can define the function
M2 (0,1) % (0,1) x (0,00) x [0,00) — (0,1) by the relation 1, (v, po, 5, A) = nr while ensuring
that

A(tl . t()) Z 77n(’77p0757A)]

for all 0 <tp <1 < oo whenever { A(k)}72 , satisfies the required properties. Thus, the assertion

of the proposition holds for n = ¢+ 1 and hence, for all n € N. 0

Proof of Corollary 1

Proof. Since {A(t)}$2 is a stochastic chain, it satisfies almost stochasticity (with the deviation
from stochasticity being A = 0). Hence, if {A(¢)}2, satisfies (2.2) for all S C [n] and all

ko, k1 € Ng with kg < k1, then it follows from Proposition 3 that there exists an 1 > 0 satisfying
A(tl . to) 2 77[

for all ¢tg,t1 € Ng with tg < ¢1. This means that 1TA(t1 ttg) > 771T for all ¢1,%9 € Ng. In light

of Lemma 8 of [67], this means that { A(t)}72, € P*. O

Proof of Lemma 5

Proof. Since G* is connected, for every pair of indices (7,7) € [n] x [n], there exists a path
between ¢ and j in G*°. In other words, there exists an r € [n] and vertices (1,05, ..., € [n]
with /1 =i and ¢, = j such that ({1,03),(l2,03)...,({r—1,¢;) € E*. Since {A(t)}$2, is also
infinite flow stable, this means that lim; o (7¢, (t) — 2y, , , (t)) =0 forall k € [r —1]. As aresult,

we have lim;_,o(2;(t) —x;(t)) = 0. Since ¢ and j are arbitrary, it follows from Theorem 2.2

46



in [62] that { A(t)}£2, is ergodic. O
Proof of Theorem 2

Proof. From Theorem 1, we know that { A() } 22, admits a uniformly positive absolute probabil-
ity sequence, i.e., { A(t)}72, € P*. As aresult, Theorem 4.4 of [62] implies that { A(¢)}$2 is
infinite flow stable.

Now, suppose that the infinite flow graph of { A(t)}$2 is connected. Since the chain is
also infinite flow stable, we know from Lemma 5 that the chain is ergodic. It now follows from
Theorem 1 of [73] that { A(¢) }$2, admits a unique absolute probability sequence.

On the other hand, suppose that the infinite flow graph of {A(¢)}72, is not connected.
Then, by Lemma 3.6 of [62], either there exists an initial condition (to,z(ty)) with ¢y € N and
x(tp) € R" such that z(t+1) = A(¢)x(t) does not converge to a steady state (Case 1: lim;_,o x(?)
does not exist), or there exist indices ¢ and j such that (4, ) € [n] X [n] and limsup,_, . |z;(t) —
xj(t)] > 0 (Case 2).

In the first case, we know that lim;_,., A(t : tg) does not exist (because otherwise,
limy—y00 2(t0) = lim¢—yo0 A(t : to)z(to) would exist). Hence, { A(f) } 72, is not ergodic.

Consider now the second case and suppose that { A(¢) }$2 is ergodic. Then, for every
initial condition (¢, z(tp)), there exists a m(tp) € R™ such that lim;_,oo 2(t) = limy_y00 A(% :
to)z(to) = w1 (tg)x(to)1, which implies that limy oo 27(¢) = limg o0 2, (t) for all I,m € [n).
However, this contradicts the hypothesis of Case 2. Hence, { A(t) }$2, cannot be ergodic.

We have thus shown that if the infinite flow graph of { A(¢)}72 is not connected, it is not
ergodic. It now follows from Theorem 1 in [73] that if the infinite flow graph of { A(¢)}{2, is not

connected, then the chain does not admit a unique absolute probability sequence. 0
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Proof of Lemma 7

Proof. We first recall from Proposition 7 of [65] that under Assumption 1, there exists a constant

G € (0,00) such that
tk+1 tk+1
G/tk 1T Ags(t)1dt <1 gs (tri1,th) 1 < n/tk 17 Ags(t)1at (2.16)

holds for all & € Ny and all sets S C [n].
Now, suppose Assumption 2 holds. Then, for all S C [n] and ¢{,m € Ny with £ < m, we

have

D0 — tm+1
Gﬁ %1T@S§(tk+1,tk)l < Gpo /tg 1TAS§(t)1dt
-

(a) tm
<G </ o 1TASS(t)1dt+ﬂ>

17

m
S Z 1T®S§(tk+17t/€> + Gﬁv
k=¢{

where (a) follows from Assumption 2. Therefore, (2.8) holds with py = % and 5 = GS.
Similarly, if we are given that (2.8) holds for all S C [n], then we can again use (2.16) to

make arguments similar to the preceding ones to show that Assumption 2 holds with py = %150

and § = g O
Proof of Theorem 3

Proof. Suppose { A(t) }+>0 has a uniformly positive absolute probability sequence, i.e., suppose
{A(t)}+>0 € P*. Then we know that {®(t541,t)}72, € P* in discrete time. It follows from
Proposition 2 that {®(ty.41,t%)} 72 is approximately reciprocal in discrete time, i.e., there exist
constants jp > 0 and /3 € (0,00) such that (2.8) holds for all S C [n]. Lemma 7 now implies
that Assumption 2 holds, which means that { A(t) }+>0 is approximately reciprocal.

On the other hand, suppose we are given that { A(¢) }+>0 is approximately reciprocal with
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respect to the increasing sequence of times {¢;}7° ; C R>o. We now show that for any two times
71,72 > 0 with 71 < 79, the chain { A(¢) }+>0 is also approximately reciprocal with respect to the
augmented sequence of times ¢1,%2,...,t4, T1,tg+1,. .., tr—1,72,t;, ..., where ¢ := max{f € Ny :
ty <71} and r :=min{l € Ng : t; > 19 }. To this end, we use Assumption 1 to argue that for any

set S C [n], we have

t

/q+ 1" Agg(t)1de < Y- Z / ai(t)dt< S Y / aij(t)dt < n(n—1)M.
n i€[n] jeln]\{i} i€[n]jen]\{i}

Similarly, ;! 1T Agg(t)1dt, [7* 1T Agg(t)1dt, and [[7 1T A5 (t)1dt are all upper bounded

by n(n —1)M. In addition, we have ffem 17 Ag4(t)1dt > 0 for all £,m € Ng with £ < m. Asa

result, the inequality in Assumption 2 implies that for all S C [n] and ¢ < m, we have
tm tm 5
po/ 17 A o(t)1dt < / 17 Ago(£)1dt + B+ 2n(n — 1) Mpy,
t ty

where {t }22 o denotes the augmented sequence t1,to,...,tq, T1,tg+1,-- -, tr—1,72,tr, ... Invok-
ing Lemma 7 now shows that the stochastic chain {®(t)., ,},) }7 is approximately reciprocal
in discrete time. Moreover, Assumption 1 (which continues to hold after replacing {t}7>, with
{t.}720) and Lemma 8 in [65] together imply that {®(#}_ ;,t}.)}32 is strongly aperiodic. It
now follows from Proposition 3 that there exists a constant 7 > 0 such that ®(#, : ;) > nl for all
¢,m € Ny satisfying ¢ < m. In particular, we have ®(75 : 71) > nl. Since 71 and 7» are arbitrary,

it follows from Lemma 8 of [67] that { A(¢) }+>0 € P*. O

Proof of Theorem 4

Proof. Observe that by repeating some of the arguments used to prove Theorem 3, we can show
that Assumptions 1 and 2 continue to hold (if only with different constants) even if we augment
the sequence {t;}7°, by inserting into it an arbitrary constant 7 > 0. By Lemma 8 of [65],

this further implies that the discrete-time chain {®(t),, ; : t}.)}72 (Where {t} }72, denotes the
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augmented sequence ¢1,%9,...,7,...,) is strongly aperiodic. In addition, since { A(t) }+>0 satisfies
the uniform bound assumption (Assumption 1) in addition to the condition of approximate
reciprocity, we know from Theorem 3 that { A(t)}+>0 € P*. By Definitions 17 and 18, this
implies that {®(t)_; : 1}.)}72, € P* in discrete time. Hence, by Theorem 1, {®(#)_; : t3.)}72
is approximately reciprocal.

Now, the infinite flow graph of { A(¢) };+>0 being connected is equivalent to the condition
JSe1T Agg(t)1dt + [5° 1T Ag4(t)1dt = oo being satisfied for all S C [n], which, by Proposition
7 of [65], is in turn equivalent to the infinite flow graph of the discrete-time stochastic chain
{o(t], it t1.) }72 being connected. By the strong aperiodicity and the approximate reciprocity
of {®(#),,1,t},)}72 (established above), Theorem 2 implies that the connectivity of the infinite
flow graph of {®(t}, ,1})}72, is equivalent to the discrete-time chain admitting a unique
absolute probability sequence.

To summarize, the infinite flow graph of { A(t)}¢>0 is connected if and only if {®(%}, ; :
t1.) 72, admits a unique absolute probability sequence, i.e., if and only if the stochastic vectors
{m(ty)}72oU{m(7)} are unique. Since 7 is arbitrary, it follows that the infinite flow graph of

{A(t) }+>0 is connected if and only if the absolute probability sequence {7 (7)} >0 is unique. [J

Proof of Corollary 2

Proof. By Lemma 4.2 of [62], { A(t) }72, having feedback property implies that {E[A(t)]}52,
has the strong feedback property (i.e., the expected chain is strongly aperiodic). Since the
expected chain is also approximately reciprocal, we know from Theorem 1 that {E[A(¢)]}72, €
P*. Hence, {A(t)}2, € P*. Assertion (i) now follows from Theorem 4.4 of [62] and the

remaining assertions follow from Theorem 5.1 of [62]. L]

Proof of Corollary 3

Proof. We can repeat the arguments used in the proof of Corollary 2 to show that {E[A(%)]}72, €

P*. Therefore, this corollary is a straightforward consequence of Theorem 1 above, Lemma 4.2

50



of [62], and Theorem 5.2 of [62]. []

Proof of Corollary 4

Proof. The first assertion is a direct consequence of Theorem 1 above and Lemma 2 of [69]. The
second assertion follows from Theorem 1 above and from Theorem 5.1 in [62] (see Remark 5
above for a more detailed explanation). The third assertion follows from Theorem 1 above, from
Corollary 3 and Theorem 4 of [69], and from the fact that strong aperiodicity implies weak

aperiodicity. [

Chapter 2, in full, is a reprint of the material as it appears in Rohit Parasnis, Massimo
Franceschetti, and Behrouz Touri, “Towards a Perron-Frobenius Theorem for Strongly Aperiodic
Stochastic Chains”, arXiv preprint arXiv:2204.00573 (2022). The dissertation author was the
primary investigator and author of this article.

Chapter 2, in full, is currently being prepared for submission for publication as Rohit
Parasnis, Massimo Franceschetti, and Behrouz Touri, “Towards a Perron-Frobenius Theorem
for Strongly Aperiodic Stochastic Chains” (the publication venue is to be determined). The

dissertation author was the primary investigator and author of this article.

51



Chapter 3

On the Convergence Properties of Social
Hegselmann-Krause Dynamics

3.1 Introduction

With social networks gaining omnipresence and their associated datasets becoming
accessible to the public, opinion dynamics has attracted researchers from a range of disciplines
in recent times [74]. Besides having social scientific applications such as forecasting election
results [75], opinion dynamics models are also used in engineering problems such as distributed
rendezvous in a robotic network [76].

Among the existing models, confidence-based models form a noteworthy class. In
particular, a bounded-confidence model proposed in [77], also known as the Hegselmann-Krause
model (referred as the HK model from here on), has garnered a lot of interest in the last two
decades. Essentially, it models a non-linear time-varying system in which every agent’s opinion
is either a real number or a real-valued vector, and assumes that every agent has a confidence
bound defining their neighborhood (the set of agents influencing them at the given point in time).
At every time-step, each agent’s belief moves to the arithmetic mean of their neighbors’ beliefs.

To cite a few notable results, [78] showed that HK dynamics always converge to a steady
state in finite time for every set of initial opinions. Later on, the termination time of the dynamics
was studied extensively and it is now known that for a system of n agents having scalar opinions,

the maximum termination time is at least 2(n?) and at most O(n3) [79], [80], [81]. When the
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opinions are multidimensional, the best known lower and upper bounds are 2(n?) and O(n?),
respectively [79], [82]. Other properties of interest, such as inter-cluster distance and equilibrium
stability were studied in [83] and [84].

Even though a number of variants of the HK model have been proposed and analyzed
(such as [85-92]), very few models, such as the social HK model, proposed in [93], the gener-
alized Deffuant-Weisbuch model proposed in [94], and the social similarity-based HK model,
proposed in [95], address an important shortcoming that is central to the original model: the
assumption that every agent has access to every other agent’s opinion (regardless of whether or
not they are influenced by other agents).

Such an assumption is questionable, as on large scales a multitude of extrinsic factors
such as geographical separation along with differences in culture, nationality, socio-economic
background, etc., may drastically reduce the likelihood of two like-minded individuals contacting
each other. To address this issue, the social HK model incorporates a physical connectivity graph,
denoted by Gy, into the classical HK model. A pair of agents can access each other’s opinions
if and only if the corresponding vertices are adjacent in Gpp.

The social HK model was proposed in [93], which provides a conjecture on the minimum
value of the confidence bound required to achieve consensus in the limit as the number of agents
goes to infinity. Subsequently, [96] provided an upper bound on the number of time steps in
which two agents separated by a minimum distance influence each other. Recently, in [47], we
showed that for any incomplete G, and any continuous probability density function having the
state space as its support, the expected termination time of social HK dynamics is infinity.

This result motivates us to investigate the convergence properties of the social HK
model in this chapter. We begin by introducing the original HK model, the social HK model,
and the associated terminology in Section 5.2. In Section 3.3, we provide the proof of the
aforementioned result on the expected termination time of the dynamics. In Section 3.4, we
show that the conditional upper bound on the maximum e-convergence time provided in [47]

is applicable to a wider class of initial opinion distributions. In Section 3.5, we show that
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delaying an event that we call merging is the only way to indefinitely delay a social HK system’s
e-convergence to the steady state. We then provide a set of sufficient conditions and another set
of necessary conditions for arbitrarily slow merging, and use the necessary conditions to show
that the e-convergence time of a complete r-partite graph is bounded. We conclude by observing
that these conditions are nearly tight under certain assumptions on the initial opinion distribution,
and also provide some future directions.

A subset of the results of this work have also been reported in our conference paper [97],
where we discriminate between consensus and non-consensus states, and provide sufficient
conditions for a physical connectivity graph to have an unbounded convergence time in each
case.

Notation: We denote the set of real numbers by R, the set of positive real numbers by
R, the set of integers by Z, the set of positive integers by N, and the set NU{0} by Ny. We
define [n] :={1,...,n}. We use [ to denote the identity matrix (of the known dimension).

We denote the cardinality of a set S by |S|, the vector space of column vectors consisting
of n-tuples of real numbers by R", the co-norm in R" by || - ||, and the all-one vector and the
all-zero vector in R” by 1,, and 0,,, respectively, dropping the subscripts when the dimension is
clear from the context. For a set S, 15 denotes 1| S|-

An undirected graph on n vertices is G = (V, E') where V or V(G) is the set of vertices
and £ = F(G) CV x V is the set of edges, with (i,7) € E if and only if (iff) (j,i) € E for
i,j € V. If |V| =n, we can label the vertices so that V' = [n], without loss of generality
(w.l.o.g.). For any vector w € R" and a subset of vertices Vp C V, we let wp denote the
restriction of w to the coordinates specified by Vp. Also, for any [ € [n], let wyy denote the
vector [wy ... wy]T. Throughout this work, all the graphs are undirected. We say that i and ;j
are neighbors in G, if (7,7) € E (and hence, (j,7) € E). The set of neighbors of a node i in G
is the set N; := {j : (i,j) € E'} and the degree of node i is d; := |V;|. The adjacency matrix of
G = ([n], E) is the n x n binary matrix A,q; where (Auqj);; = 1 iff (7,7) € E, and the degree

matrix of G is the diagonal matrix D with D;; = d;. We define the normalized adjacency matrix
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of GG to be the matrix A := DilAadj. The Laplacian of G is defined to be L := D — A,q; and the
normalized Laplacian of G is defined to be N := D~Y/2LD~1/2 =T — D712, D~1/2. For
two graphs G1 = ([n], E1) and G2 = ([n], E2) on n vertices, we let G1 NG = ([n], E1 N E3).
For any subscript p, if G'p denotes a graph, then Ap denotes its normalized adjacency matrix. A
complete graph (or clique) on n vertices is the graph K, := ([n], [n] x [n]).

Finally, for any matrix M, we use Null(}/) to denote the null space of M.

3.2 Problem Formulation

3.2.1 Original Model

Consider a network of n agents. For each k € N, let 2;[k] be the opinion of the i agent at
time k. Then the state of the system at time k is defined as z[k] := [x1[k] z2[k] ... 2, [k]]" € R™.
Occasionally, we drop the indexing [k] for the state and its associated quantities when the context
makes the time index clear. In the original HK model, at time %, agents ¢ and j are neighbors iff
|zi[k] — xjk]| < R, where R, the confidence bound, is assumed to be the same for every agent.

Thus, the set of neighbors of agent ¢ at time £ is:
Ni(z[k]) ={j € [n] : [zi[k] — z; [K]| < R}.

Note that i € N; for all i € [n]. Also, 7 is a neighbor of j iff j is a neighbor of i. Therefore, we
can encode all of the information about the influences in the network at time £ into an undirected
graph, G(x[k]), which we call the communication graph of the network at time k. This n-vertex
graph has a link between two vertices iff the corresponding agents are neighbors at time k.
Observe that G.(x[k]) always has a self-loop at each vertex at all times. Finally, at every time

instant, every agent’s opinion shifts to the average of his/her neighbors’ current opinions:

> jeN; (x[k]) T5 K]

wilk U= =R )

3.1
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This being a bounded confidence model, it is possible that an agent does not have
any neighbor other than himself/herself, in which case, his/her opinion does not change i.e.,

xi[k+ 1] = ;[k]. Such an agent is said to be isolated.

3.2.2 Modification

In the original HK dynamics, if the opinions of any two agents are within a distance of R
from each other, then the agents necessarily influence each other. This assumption is relaxed in
the social HK model by the introduction of a second graph, as described below.

Let the physical connectivity graph Gy, = ([n], Epp,) be an undirected graph on n-vertices
with each vertex representing an agent. Two agents ¢ and 7 can communicate with each other
iff their corresponding vertices are adjacent in ;. Hence, for two individuals to influence
each other’s opinions, they not only need to be similarly opinionated but also to be physically
connected through G,;,. Throughout this chapter, we assume that G, is connected, time-
invariant, and contains all the self-loops, i.e., (i,7) € Epy, for all i € [n].

Observe that in the special case that GG, is a complete graph, no external restrictions are
imposed on the interaction between any two agents. This case, therefore, is equivalent to the
well-known original model of the last subsection. However, the social HK generalization starts
differing from the original model when there is at least one pair of non-adjacent vertices in Gy,

as will be revealed next.

3.2.3 State-Space Representation

Each of the two models discussed above has the following state-space representation:
zlk+1] = A(z[k]) z[k], (3.2)

where A(x[k]) is the normalized adjacency matrix of Gy, N Ge(z[k]). Thus, G[k] = G, N

Gc(z[k]) is the effective graph or the influence graph at time k. The original HK model is a

56



special case with G, = K, which gives G[k] = G.(z[k]).

Note the explicit dependence of the state evolution matrix on the state of the system at
time k. It arises from the dependence of the structure of the communication graph on the agents’
opinions at the concerned time instant.

Now, let Aug; (z[k]) denote the adjacency matrix of G[k] and let D (z[k]) denote its

degree matrix. Then
zlk+1] =D (a[k]) - Aagj (x[k]) - z[k]
which can be expressed more compactly as:
2k +1] = D™t Aygiz[k]. (3.3)

In other words, the state evolution matrix is given by A = D_lAadj. (We drop the dependencies

of these matrices on z[k] for notational simplicity).

3.3 Analysis of Termination Time

In this section, we show that social HK dynamics on an incomplete physical connectivity
graph may never attain the steady state in finite time. However, as the following result shows,

the system is guaranteed to converge to a steady state.

Proposition 4. Consider the dynamics described by (3.1) for any given initial state, xo € R".
Then the limit, xoo(x0) = limy_, o0 z[k] exists and will be referred to as the steady state of the

system corresponding to the initial state x.

Proof. Note that for any trajectory {x[k]} of the dynamics, the corresponding sequence of
matrices {A(z[k])} satisfies (a) A (2[k]) > 1, as each agent is always its own neighbor, and (b)

Aij(z[k]) > %Aﬂ(x[k]) as Gpp, N G(x) is undirected for all x € R™ and further, we are utilizing
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uniform neighbor averaging on this graph at each time %. Thus, by Theorem 2 of [98], the limit
Too(xp) exists for all xg € R™.

]

We now define some quantities in order to make the notion of finite-time termination

precise.

Definition 28 (Termination Time). For an initial state xo and a given physical connectivity
graph G, the termination time T (G, x0) is the time taken by the system to reach the steady

state corresponding to x, i.e.:

T(Gph,zo) :=inf{k € N: 2k] = 200 (0) }.

Next we define the maximum termination time for a given physical connectivity graph.

Definition 29 (Maximum Termination Time). For a given physical connectivity graph G, the
maximum termination time 1% (Gy,) is the supremum of termination times over all possible

initial states:

T*(Gpn) = sup T(Gpn, o).

zo€ER™
As a special case, it was shown in [80] and [81] that the maximum termination time of
the original HK dynamics satisfies cn? < T*(K,,) < Cn? asymptotically as n — oo when d = 1,
for some constants ¢,C' > 0.
We now state a few properties of a class of normalized adjacency matrices that appear in
the state evolution dynamics (3.2). These properties form the basis of our results.

The following lemma is proven in [82] as well as [47].

Lemma 8. For any undirected graph G, the normalized adjacency matrix A is similar to I — N

(where N is the normalized Laplacian matrix). As a result, Ais diagonalizable.
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The next result provides more information about the spectral properties of the adjacency

matrix of a graph, if we have mild additional structures on the graph.

Lemma 9. Let G be an undirected and incomplete graph that is connected and has all the
self-loops. Then, if the eigenvalues of the normalized adjacency matrix A (labeled as {\;}};)

are ordered such that |\1| > |\a| > -+ > | Ap|, we have 1 =\ > |A\o| > 0. Moreover, A has at

least one positive eigenvalue besides 1.

Proof. The first part of the result is proven [47]. Since A is a row-stochastic matrix, we have
A1 = 1. To show that A has a positive eigenvalue besides 1, we have >°1' ; \j =1+ > o\ =
Tr(A), but since G is incomplete, Tr(A) > 1. Therefore, "7, A; > 0 and hence, ); > 0 for some
i. O

We are now ready to show that on average, social HK dynamics on an incomplete graph

never terminate.

Proposition 5. Let z[0] be a random vector over R"™ whose distribution induces the Borel-
measure (1 on R™ with (V') > 0 for any non-empty open set V-C R" (or in other words,
the probability density function of x[0] is non-zero almost everywhere). Suppose that Gy, is
not a complete graph. Then the expected termination time of the dynamics is infinite, i.e.,

E o) [T(Gpn, 2[0])] = oc.
Proof. Let

S = {x eR"™: |£2%1>]<xz—§g%£1]xj] < R}.
Note that S is a nonempty open set in R™ and hence, (S) > 0. Also, whenever x[0] € S, every
agent is within the confidence of every other agent and thus G.(z[0]) is an n-clique. Additionally,
from the update rule (3.1), it follows that max;c,) z; [k] is monotonically non-increasing and
Min [, T [k] is monotonically non-decreasing. Therefore, the communication graph remains

a clique and hence, G (k] = Gpp, for all k € N. In this case, the dynamics become linear and

time-invariant: A = A(z[k]) = A(z[0]) and hence, z[k] = A*x[0].
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Lemma 8 now allows us to use the Spectral Theorem for Diagonalizable Matrices
(see [61], page 517) so as to write AF = i A?Pj, where ); is the 4™ eigenvalue of A and P;
is the projector onto the j eigenspace of A along the range space of A — AjI. Moreover, by
Lemma 9 we have \; = 1 and |)\;| < 1 forall j € {2,...,n}. Therefore, A¥ = P, + 300 /\;‘?P;
which implies that limy,_, . A* = P;.

Now, consider a random initial vector z[0] = zo ~ p. Then by the above discussion, on

the set {z[0] € S}, we have the following for any k£ € N:

Jalk] — oo (2l0]) | = || 4% 2[0] — lim A*z[o]|
=| i N P[0, (3.4)
j=2

which means that ||z [k] — 200 (2[0])|| = 0 iff 2[0] belongs to the null space of >-7_, /\;‘?Pj.

On the other hand, since \2 # 0 by Lemma 9, we have that rank( ?:2 A?Pj) > 1.
This implies that nullity( o A?Pj) < n—1. By the continuity of z[0], it follows that
Pr (ac [0] € Null(37_ )\;?Pj)) = 0. As a result, (3.4) implies that the event {z[k] = xo(x[0])}
occurs with zero probability on the set {z[0] € S}. Thus, on the set {z[0] € S}, the event
{T(Gpn,x[0]) = 0o} =N {x[k] # 2o0(x[0]) } occurs almost surely. Since Pr(x[0] € S) >0, it
follows that E ) T'(Gph, [0]) = oo. O

In essence, Proposition 5 states that for any incomplete Gy, there is a continuum of
initial states starting from which social HK dynamics never terminate. This shows that HK

dynamics over complete graphs are indeed an anomaly.

3.4 Bounds on the Convergence Time

Now that we know that a social HK system may never reach the steady state, the next
pertinent question is: how fast does it approach the steady state?

We begin with a few relevant definitions.
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Definition 30 (c-Convergence). Given a physical connectivity graph G, an initial state xy,

and € > 0, the system is said to have achieved c-convergence at time N > 0 if its state lies in

the e-neighborhood of the steady state corresponding to x, i.e., ||x[k] — xoo(x0)|| < €, for all

k> N.
Based on this, we define the e-convergence time as:

Definition 31 (¢-Convergence Time). For a given physical connectivity graph G, an initial
state xog € R", and a given € > 0, the c-convergence time kg(Gph,xo) is the time taken by the

system to achieve e-convergence:

ke(Gpn o) : =inf {N € N: ||z[k] — 200 (20)]| <,

forallk > N}.

Similar to 7™, we define k7 to be the supremum of e-convergence times for all initial

states.

Definition 32 (Maximum c-Convergence Time). For a given physical connectivity graph G,
and ¢ > 0, the maximum e-convergence time kX (Gpp,) is the supremum of e-convergence times

over all possible initial opinions:

kZ(Gpn) == sup ke(Gpn, o). (3.5)

ToER”™

3.4.1 Lower Bound

We now provide a lower bound on the maximum e-convergence time k2 (Gpp) in terms
of the conductance of G,;,. We borrow the definition of conductance from [99].
Let G = (|n], E') be an undirected graph on n vertices. For a subset S C [n], let 9(5) :=

{(i,j) € E|i€ S,j €S}, where S = [n]\S. In words, 0S represents the set of edges that
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connect S to the rest of the graph. Further, let d(.S) denote the sum of the degrees of the vertices

in S. Then we have the following definition.

Definition 33 (Conductance). The conductance ¢(G) of a graph G = ([n|, E) is defined as:

10(5)]
5(6) = min — 5
SSC;A[S} min (d(S),d(S>)

The next proposition states that a system whose physical connectivity graph has a low

conductance might take a long time to converge to its steady state.

Proposition 6. For any incomplete graph G, and any given € > 0, the maximum e-convergence

time of the social Hegselmann-Krause dynamics, as defined in (3.5), satisfies

log (#)
> .
log (1 - 2¢(Gph))

k;:k (Gph) (3.6)
Proof. Let N denote the normalized Laplacian matrix of G and let vy, < vy < --- <1, denote
the eigenvalues of V. Note that they can be ordered so because they are all real numbers by
virtue of the symmetry of V. By Lemma 2, we know that the eigenvalues of A are 1 — 1y >
1—vy > -+ >1—v,. By Cheeger’s Inequality [100], we have v, < 2¢((), which then translates
to |A2| > 1 —2¢(G) for the eigenvalue of A with the second-largest magnitude.

Now, let z[0] = v, where v is an eigenvector of A corresponding to A2, that also satisfies
max;_; v; —min}_; v; = R so that we have G (z[k]) = G, for all k € N as argued earlier. Note
that such a choice of v is possible as v # al for any o € R. As a result, the state evolution
reduces to 2[k] = A\52[0] and hence x (2[0]) = limy,_,o0 A52[0] = 0 (since [ A2| < 1 by Lemma 9).
For the system to reach an e-neighborhood of the steady state, we need || \52[0]|| < e. Together

with the lower bound on ||, this requires (1 — 2¢(Gpp))*||2[0]]] < e.
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Next, observe that the constraint max; ;{0] — min; 2;[0] = R enforces the following:

{0l 2 , f(masx0])? + (minaz;{0])2

= i 0] + i 0]+ 2

> R/V2.
Combining this with the necessary condition derived above, we need to have:
(1-20(Gpn))*(R/V2) <,

and hence,

log (%)
> .
log (1 — 2¢(Gph))

ks(Gph,U)

This implies (3.6). U

Remark 5. Proposition 6 can be used to compute a lower bound on the maximum -convergence
time in terms of n for graphs whose conductance is known as a function of n. For example, the

dumbbell graph on n vertices has ¢ = O (—2) [101] which yields k} = Q(n?).

1
3.4.2 Upper Bound Applicable to a Class of Initial Opinions

We now show that if the influence graph remains connected and time-invariant until

e-convergence to the steady state, then the said e-convergence is achieved in O(n3logn) steps.

Proposition 7. Suppose there exist ¢ > 0 and an initial state xo € R" such that the influence
graph, G[k] remains connected and constant in time until e-convergence is achieved. Then with

1 as the initial state, the social HK system achieves -convergence in O(n>logn) steps.

Proposition 7 follows immediately from Corollary 5.2 of [102]. See Appendix A for

further details.
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3.5 Arbitrarily Slow e-Convergence

The results in the previous section prompt us to ask: What if the initial state does not
enable G/[k] to remain constant in time? In such cases, the convergence time could be unbounded
above if the physical connectivity graph has more than three vertices. In other words, it is
possible that k2 (G ) = oo.

Here is a relevant example from [96]. Let G, be the path graph on 4 vertices, let
€ < R/2,and let X = {[—R,O,R, —(R=0)|" ford e (O,R/Q)}. Then note that for z[0] € X,
we have z1[1] = —R/2, x2[1] =0, x3[1] = R/2 and x4[1] = —(R — J) because at time 1, the
sets of neighbours of the first three agents are {1,2},{1,2,3} and {2,3} respectively. In G[1],
the fourth agent remains disconnected from the first three agents because R > 2 and the
confidence interval of the fourth agent at time 1 is [§ — 2R, d]. By induction, we can show that
x[k] = [—R/ 28 0,R/2%, —(R — 5)} g as long as the third and the fourth agents remain outside
each others’ confidence intervals, i.e., as long as R/ 24+ R—6>R,or equivalently, as long as
k <logy(R/0). Attime k = [logy(R/0)], however, agents 3 and 4 become neighbors. Thus,
at k = [logy(R/6)], the influence graph G[k] is a connected graph satisfying max; z;[k] —
min; z;[k] = max{R/2"¥ + R —§,2- R/2F} < R. This implies that 2 (2[0]) = 1 for some
¢ € R. Therefore, e-convergence requires |z;[k] —c| < e for i € [n]. By the triangle inequality,
this in turn requires |z3[k] — z4[k]| < 2e < R which is not satisfied for k£ < [log,(R/0)]. Hence,
ke(Gph, z[0]) > [logy(R/6)]. As aresult, we have kX (Gph) > supse(o,r/2) [10g2(12/6)] = oo.

We can generalize the example above to graphs having more than 4 vertices by choosing
the same initial opinions for agents 1 - 4, setting z;[0] = 24[0] for 5 < i < n, and by repeating

the above arguments. Therefore, we may state the following lemma without proof.

Lemma 10. For every n > 4, there exists an n-vertex physical connectivity graph Gy, such that

kX(Gpn) = oo forall € € (0, R/2).
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3.5.1 Underlying Phenomenon

In the example leading to Lemma 10, G [0] was a disconnected graph, and we could
indefinitely delay the formation of a link between two connected components of this graph
(namely, the connected components with vertex sets {1,2,3} and {4}) so as to make k. (Gpp, 2[0])
arbitrarily large. The next proposition will clarify that for any Gy, this is the only way to make
ke (Gph,[0]) arbitrarily large.

To establish this result, we define two kinds of events that can change the structure of

G'[k] during opinion evolution.

Definition 34 (Link break). Let G, = (V, Epp,) and let i,j € V. The link (i, ) is said to break
at time k > 1 if i and j are adjacent in G[k — 1] but non-adjacent in G[k]. Additionally, we let

B(i,j) denote the event that the link (i, j) breaks (at the concerned time instant).

Note that a link (i,5) € Ep, breaks at time & iff |2;[k — 1] —x;[k — 1]| < R, and |z;[k] —

l‘j[k‘H > R.

Definition 35 (Merging). Let G [ko — 1] be a disconnected graph for some ky > 1, and let
G1(z[k]) = (Vi, By (z[k])) and Go(x[k]) = (Va, Ba(2[k])) be two induced subgraphs of G|k]
that are disconnected from each other in G[k] at time ko — 1. Then Gy and G are said to merge

at time kq if there exists a pair of agents (i,j) € V| x Vo such that i and j become neighbors in

G at time ko, i.e., (i,§) € E(x[ko)).

Besides merging and link breaks, the only kind of event that can alter the structure of G
is the formation of a link between two agents belonging to the same component of this graph.
We call these events intra-component link formations.

We now borrow from [96] the definition of a Lyapunov function called energy and that

of a related quantity called active energy.

Definition 36 (Energy). Let G[k| = (V[k], E[k]). The energy of the social HK system at time k
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is defined as:

Ekl = S k]l —xlKP+ Y R%

(i.5)eE[K] (i.7) 2 EK]
Definition 37 (Active energy). Let G[k] = (V[k], E[k]). The active energy of the social HK

system at time k is defined as:

Eactlk] = 3 |wilk] — k]|
(i.d)< B[k

Note that 0 < E[k] < 2(3) R? forall k € N.

Lemma 11. If B(i,j) occurs at time k+ 1 for some k € N, then there exist two agents p,q € [n]

such that p € Nj[k], ¢ € Nj[k], and |z,[k] — z4[k]| > R.

Proof. Suppose the lemma is false, i.e., for every pair (p,q) € N;[k] x N;[k], we have |zp[k] —
x4[k]| < R. Then

i 1] —x; 1]] < — mi ; — mi
i+ 1]yl 1) < {6 il s oolK]~ ol

< Ll — I
- (p,q)e/\%ﬁc?m/j[k]up[ | = zq[K]]

<R.

The first inequality stems from the fact that HK dynamics are an averaging dynamics and each
agent’s opinion at any time instant is bounded by the minimum and the maximum of his/her
neighbors’ opinions at the previous time instant. The last inequality above implies that agents ¢
and j are neighbors at time k + 1, thereby contradicting the fact that the link (4, j) breaks at time

k+1. ]

Next, we need to establish that only finitely many link breaks can occur in any opinion

evolution process.
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Lemma 12. The total number of link breaks during the entire process of opinion evolution is

O(n®) regardless of the structure of Gy, and the initial state z[0] € R".

Proof. Based on Proposition 1 of [96], we have:

EMk] = Ek+1] > (1— [\|*) Ece K] (3.7)

for k € N, where

Ak := {max|A| : A # 1 is an eigenvalue of A[k|},

and if we let dp(G) be the largest diameter of any connected component of the graph G, we

have the lower bound

3 3
1— |\ > > — >,
Aul™ = 2n2deg(GK]) = 203

(3.8)
which was derived in [82] (see page 517 of [82]). Here, we derive a lower bound on the active
energy. Let i, j € [n] and suppose B(i, ) occurs at time k + 1 for some & € N. Then by Lemma
11, we can find two agents p,q € [n] such that p € Nj[k], ¢ € Nj[k], and |zp[k] — z4[K]| > R.

Therefore, by the definition of active energy, we have

Eact K] > ap[k] — il k]| + [wik] — (k] + | (k] — 2 K]

> ;(!wp[k] — ailk)| + ailk] — 25 (k)| + |25 (K] — g K1)
> :1))|95p[k5] _xq[kHQ
> R2/3, (3.9)

where the second and the third inequalities follow from the Cauchy-Schwarz and the triangle
inequalities, respectively.

Combining (3.7), (3.8) and (3.9) yields

2

EH — E[k+1] > QRnS (3.10)
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which means that the energy of the network decreases every time a link breaks and the decrement
corresponding to each link break is at least R?/2n3. Since £[0] < n?R? and £[k] > 0 for k € N,
the maximum possible number of link breaks that can ever occur is at most % =0(n°).

]

The next lemma bounds the maximum possible time interval between two consecutive

link breaks under the condition that no new link is formed during this interval.

Lemma 13. Let Gp = (Vp,Ep) be a connected component of Glkq| at some time ko > 0.
Suppose (i) no link break occurs between any two agents of G p until time ki > ko, (ii) one
or more link breaks occur within G'p at time k1, and (iii) no new edge is formed between any

node belonging to Vp and any node belonging to [n] during the time interval (ko,k1). Then

k1 — ko = O(n3logn).

Proof. Assumptions (i) and (iii) of the lemma imply that G p remains a connected compo-
nent of G[k] during (ko, k1). It thus follows from Lemma 11 and Assumption (ii) that D, :=
max;ev, &;[k1 — 1] — minjecy, xj[k1 — 1] > R. Hence, D, > 0.

Now, consider a hypothetical network N whose vertex set is Vp, and whose influence
graph and state at time & are denoted by G/[k] and y[k], respectively. Let D[k] = max;ey,, 2;[k] —
min;ey, ¢;[k| and let cly,, be the steady state associated with N corresponding to the initial
state y[0] = xp[ko] (Where xp denotes the restriction of x to the coordinates specified by
Vp). In this case, G’[k] achieves D.-convergence latest by time A := k; — 1 — kg because

¢ € [min; y;[A], max; y;[A]] and hence

max 4[] — ] = masx (e~ min i A], max [ A] )
< maxy;[A] — miny;[A]
=maxzp;[A+ ko] —minzp;[A + ko]
i J

=D..
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Moreover, since G'p remains a connected component of G/[k] during the interval (ko, k1),
our choice of y[0] implies that G[k] = G p for k € (0, A]. Thus, by Proposition 7, if there exists
an € > 0 such that \/ achieves e-convergence at time A or earlier, then the said e-convergence
occurs in O(|Vp|?log |Vp|) = O(n3logn) steps. Since D.-convergence occurs latest by time A
and since D, > 0, we can find an ¢ € (0, D] such that N achieves g-convergence precisely at

time A. Hence, A = O(n3logn), which proves the lemma. O

We are now ready to show that merging is unavoidable if we desire arbitrarily slow

e-convergence to the steady state.

Proposition 8. In social HK dynamics, all the link breaks and intra-component link formations
always occur in O(n®logn) time steps. Hence, if there exists € > 0 such that k(G ) = 0o, then
there exists a set Xy C R™ such that whenever x[0] € Xy, merging occurs at least once during

the process of opinion evolution.

Proof. Let ¢ > 0 be such that k% (Gpp) = oo. Consider an arbitrary initial state 2[0] € R". We
now consider two cases in the evolution of the dynamics. The cases are defined in such a way
that merging does not occur in either case.

Case 1: no link formation ever takes places. Then by Lemma 12, we know that at most
O(n®) links break in the opinion evolution process, and by Lemma 13, the maximum possible
time interval between two consecutive link breaks is O(n3logn). Therefore, the time at which
the last link breaks is at most O(n®logn). After this point in time, the structure of G/[k] never
changes. Therefore, for any > 0, it takes O(n*log(n)d(Gpn)) additional time steps to achieve
e-convergence. Hence, k- (Gpn, 2[0]) = O(n®logn) + O(n%log(n)d(Gpn)) = O(n®logn).

Now, consider Case 2: at least one new link is formed during the opinion evolution
but merging never occurs. For r € N\{0}, let ¢, denote the time at which the r-th set of
simultaneous link breaks occur. Now, suppose an intra-component link formation occurs at
atime k' € {t;,t;+1,...,t;41} for some [ € N\{0}. Let (7,7) denote this new link. Since no

merging occurs, (i, ;) is formed within some connected component G’ of G. Thus, we have

69



|zi[k' —1] — zj[K' —1]| > R and |z;[k'] — z;[k']| < R. Also, no link formation or link break
during the time interval [t;, &’ — 1] implies that G’ is a connected component of G/[k] for all
k € [t;, k' — 1]. In other words, the influence graph has a connected component that remains
constant during the time interval [t;, k" — 1]. Therefore, it follows from Proposition 7 that
k' —t; = O(n?logn-d(G1)) = O(n3logn).

Having seen that the time elapsed between a link break and the first intra- component
link formation to occur thereafter is O(n3logn), one can repeat the arguments of the previous
paragraph to show that the time elapsed between two consecutive intra-component link formations
too is O(n3logn), provided that no link breaks during the elapsed time.

Next, we estimate the maximum number of link formations that can occur in any opinion
evolution process. Note that there are at most n? links in an n-vertex graph. So, it may
appear that at most n? link formations can occur. However, every link break gives rise to
the possibility of a link formation. Therefore, the maximum number of link formations is at
most n? + O(n’) = O(n°). Hence, if all the link breaks and intra-component link formations
were to occur one after the other, then by Lemma 12, all of these events would occur in
O(n® -n3logn+n®-n3logn) = O(n®logn) steps. On the other hand, it is also possible that
some of these events occur simultaneously, so that the last of them occurs even sooner. After
all the link breaks and link formations, however, the structure of G remains constant and &-
convergence occurs in O(n®logn) additional steps. Thus, k- (Gph, z[0]) = O(n®(logn)) in Case
2.

Finally, since k7 (Gpn) = 00, there exists a set of initial states Xy C R" that do not belong
to the above two cases, i.e., a merging event occurs during the evolution of the dynamics started

at those initial states. O]
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3.5.2 Sufficient Conditions for Arbitrarily Slow Merging

Since the results of the previous subsection imply that arbitrarily slow merging between
two components of Gy, is necessary as well as sufficient for arbitrarily slow e-convergence, it
is essential to analyze the concept of arbitrarily slow merging in order to better understand the
latter concept. In view of this, we provide conditions on the components of G, that ensure that
the time of merging of the corresponding components of the influence graph is unbounded.

These conditions can be motivated informally as follows. Pick an arbitrary connected
component of Gy, and partition it into two induced subgraphs, G'p, and Gy, Let 1,2,...,l be

the nodes of G p, that are adjacent to one or more nodes of Gy, in Gy, (see Fig. 3.1). We call [/

Figure 3.1. Potential Neighbors of G, in G p,

the set of potential neighbors of G, in G'p, because only these nodes of G p, have the potential
to influence G,,. Now, suppose that at time 0, all the agents of G, have the same opinion
R — 6, where ¢ is a small positive quantity. Then their opinions will remain constant in time as
long as G'p, and G, are disconnected in the influence graph. To ensure that G'p, and G, are
disconnected in G[0], let us set all the initial opinions of [{] to some sufficiently negative values
(see Fig. 3.2). This can be done by setting z1[0] = v1,22[0] = va,...,2;[0] = v;, where v is an
eigenvector of the normalized adjacency matrix Ap, of G p, such that v1,...,v; are all negative.
Now, if the corresponding eigenvalue A is in (0, 1), the opinions of G p, will monotonically
increase and approach 0 as time passes, whereas those of Gy, will remain constant in time (at

least initially). Ata point in time £/, the opinion of some potential neighbor of G, exceeds the
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Opinion Axis

@ Protential Neighbor of Gq
X Non-neighbor always

Attimek =0 At time k = ky,

= Edge exists in Gy, but notin Glk]

Figure 3.2. Illustration for the Proof of Proposition 9

confidence threshold —¢ (see Fig. 3.2) where G, merges with G p,. Such an argument shows
that we can make k), arbitrarily large by choosing a sufficiently small 6.

To formalize the above discussion, we need some additional notation. Let Vp and V)
be the vertex sets of G'p, and G, respectively, and let Gplk] = (Vp, Eplk]) and Gglk| =
(V, Eq[k]) denote the corresponding induced subgraphs of the influence graph G[k]. Also, for
a given initial state zg € R", let kys(zo,Vp, V() denote the time at which Gp and G merge
for the first time. If no merging occurs, then we set k7 (zo, Vp, V) = co. We then have the

following result.

Proposition 9. Let G p, and Gy, be two vertex-disjoint induced subgraphs of G, (as described
above), and let [l] C Vp be the set of potential neighbors of G, in G p, (as shown in Fig. 3.1).

Suppose the following conditions hold:

1. Gp, is a connected graph.

2. Ap, has an eigenpair (\,v) such that A € (0,1), and v1,v2,...,v; are all positive or all
negative (which means that the entries of v corresponding to the potential neighbors of

G, within G p, are of the same sign).

Then there exists a set Xpy C R™ such that ky(xo,Vp,Vg) < 0o holds for all xg € Xy but
SUPg exy, K M (o, Vp, V) = oo, which means that G'p and G merge if the dynamics start in

X, but the merging time is unbounded.
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Proof. Wlo.g.,letVp={1,2,...,p}and Vo ={p+1,p+2,...,p+q} forsome p, q € [n]. Scale
v (outlined in condition (2) of the proposition) suitably so as to satisfy v; < 0 for 1 <7 <[ and
max; v; —minjv; < R. Let vg := —max;c( v;. Consider X = {zeR": zp=w,29 = (R—
§)1, for some & € (0,vg)}. Then observe that if 2[0] € Xy, then § € (0,v) ensures that G[0] is a
disjoint union of G'p, and G, (and possibly some other connected components). This is because
all the potential neighbours of G in G'p, i.e., the nodes 1,2,...1, are outside the confidence
interval [—d,2R — ¢] of every agent in V(, and because max; z p;[0] — min; z p;[0] < R implies
that G'p, is an induced subgraph of G[0]. Also, note that max; x p;[0] — min; z p;[0] < R enforces
zp[l] = Ap,z[0] = Av.

Now, A > 0 implies that xp;[1] = Av; < 0 for ¢ € [I]. Therefore, G p and G are also dis-
connected from each other in G[1] provided 6 < Avg. Similarly, for k > 1, we have zp[k] = \*v
implying that G'p and G remain disconnected from each other as long as § < Mo, i.e., for
k <logy,x(vo/d). However, since A < 1, a time is reached when k = [log; /5 (vo/d)] and conse-
quently, merging occurs, i.e., kar(z[0],Vp, V) = [log; /5 (vo/d)] < oo because the agent having
the opinion max;e v p;[k] = — My enters the confidence interval [—d,2R — 6] of its poten-
tial neighbor(s) in G¢. Therefore, sup,(gjc x,, kar (2[0], VP, V) = subse(0,00) [10g1 /1 (v0/9) | =
00. [l

3.5.3 Necessary Conditions for Arbitrarily Slow Merging

Having seen a set of sufficient conditions for arbitrarily slow merging, we now try to
derive a set of necessary conditions for a pair of subgraphs of the influence graph to exhibit this
property. To be specific, we seek to identify conditions on Gy, to indefinitely delay the merging
of G'p[k] and Gg[k] for some induced subgraphs G'p, and G, of Gppp?

The sufficient conditions in Proposition 9 provide a good starting point for this. For
simplicity, let us suppose that Condition 1 of this proposition holds (i.e., G p, is connected), and

let us focus only on Condition 2. Recall that this condition serves two purposes:
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1. At time 0, the sign pattern of v allows the nodes 1,...,! (the potential neighbors of G ) to
be outside the confidence interval [—d,2R — §] of G as well as to lie on the same side of

this confidence interval.

2. In the limit as &k — oo, the requirement A\ € (0, 1) ensures that the opinions of these nodes

approach 0 monotonically.

As a result, merging occurs exactly when the opinions of the potential neighbors of G move
sufficiently close to O (i.e., cross the threshold —¢). In this manner, Condition 2 guarantees the
occurrence of the desired merging event while simultaneously allowing us to delay this event
indefinitely.

This discussion motivates us to ask: if Condition 2 is violated, is arbitrarily slow merging
still possible? Can it happen by some other means? As per the intuition described below, the

answer is likely to be ‘no’.
Intuition

Suppose Condition 2 of Proposition 9 is violated. For simplicity, let us consider a special
case: let us assume that all the agents of GG, have the same initial opinion, say I, so that the
state of Gg[k] is fixed until the merging time ks = kpr(2[0], Vp, V). In addition, let us assume
that the initial state z p[0] of G p can be expressed as a linear combination of the eigenvectors
of Ap, corresponding to eigenvalues having distinct magnitudes, i.e., zp[0] = cpl + Z}n:z v;
for some ¢ € R, where {(\;,v;)}/L is a set of eigenpairs of Ap, satisfying [Aa| > -+ > [Ap,|.
Finally, suppose G p|k] remains constant and connected until it merges with Gg. Then, observe
that the state of G evolves as zp[k] = cpl + 327, )\;‘?vk for k € [0,kps), implying that the
opinion of every agent of Gp moves closer to ¢o with time (because |\;| < 1 by Lemma 9).

Now, the confidence interval of every agent of Go[0] is [0,2R]. So, if ¢ is very far from
[0,2R], then G p may never merge with G (because x p[k] moves closer to ¢yl with time). On

the other hand, if ¢y is close to the midpoint R of [0, 2R], then merging is likely to occur when
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G p achieves R-convergence to cpl. So, by Proposition 7, ks is likely to be bounded in this
case. Therefore, we assume that either |co — 0] or |cop — 2R is very small.

Next, since the eigenvalues have distinct magnitudes, we have > 7%, )\?vj ~ \svy for
sufficiently large k, i.e., the eigenvector v dominates the difference vector zp[k] — co1. Since
we are examining the boundedness of merging time k)7, kjs can be assumed to be much greater
than the time around which v9 dominates the difference vector. Thus, we may ignore the effects
of other eigenvectors on x p|k].

With these approximations, if A2 > 0, then the violation of Condition 2 of Proposition 9
is likely to imply that (x p[k])[;) has entries on either side of cy (i.e., it has some entries that are
less than cg as well as some entries that are greater than cg). Since c¢g is very close to either 0
or 2R (say, cg is close to 0), then this means that at least a few of the nodes 1, ...,/ are likely
to be within the confidence interval [0,2R] of G (because their opinions are greater than cp),
implying that merging occurs as soon as v2 becomes dominant.

On the other hand, if Ay < 0, then every non-zero entry of xp[k] —col ~ (—1)%|\o|Fvy
keeps flipping its sign as k increases, meaning that the potential neighbors’ opinions keep
oscillating about c¢g. Once again, since cg is very close to 0 or 2R, this suggests that Gp will
merge with G as soon as v9 begins to dominate.

Hence, the only way to indefinitely delay merging is to indefinitely delay the emergence
of v as the dominant vector. One way to do so is to scale down vy appropriately so that its entries
becomes negligible relative to those of some other eigenvector v; (where j > 3). However, this
would result in v; dominating x p[k] — co1 for small values of £, in which case we can simply
repeat the above arguments to show that the domination of v; would lead to immediate merging.

The above discussion suggests that arbitrarily slow merging is possible only if Condition
2 of Proposition 9 is violated. We state this formally in Lemma 16. However, in order to prove

this lemma, we need to extend our intuition to account for more general initial conditions.
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Extension to More General Initial States

Above, we argued that if Condition 2 of Proposition 9 is violated, and if there exists a
dominant eigenpair (\,v), then the sign of A and the sign pattern of v would possibly imply
that some potential neighbors of G would have opinions that are less than ¢y, and some whose
opinions would exceed g (both of which happen only periodically if A < 0). Thus, both (—oc0, ¢p)
and (cg,00) get occupied by the opinions of [[]. This insight suggested that the merging time is
bounded, which is enabled by the fact that the eigenvalues are distinct in magnitude and hence,
we have just one dominant eigenvector and ignore the rest.

For an arbitrary zp[0] € RIVPI, we have zp[0] = col+ > 7_5a;v; for some cp € R, 7=
|Vp| and a; € {0,1}, where (\;,v;) are the eigenpairs of Ap, ordered as [Ag| > [A3| > - > |\
but with possible repetitions in these absolute values. In this setting, v may not necessarily
dominate xp[k] — co1 for large k. This is because the following cases may arise.

Case 1: Ao = X3 =+ = \p, for some m < 7, and | \p,| > |Am+1] if m < 7. In this case,
we can simply combine vs, ..., vy, into a single eigenvector vh = >_jLgajv;, and observe that vh
dominates xp|k] — co1 for large k.

Case2: \g=+++=Xg = —Agy1 =+ = — A for some s <m < 1, and | \p,| > |A+1]
if m < 7. Wlo.g. suppose A2 > 0. Then we can combine the contributions of vs,...,vs by
setting vy := > 59 ajvj. Similarly, we set vy := 37" | a;jv;, and observe that for sufficiently
large k, we have 2 p[k] — col ~ M5v), for even k, whereas z p[k] — co1 = A5vlf for odd k, where
vh = vy +vy and vf = 0] —vj.

We use such combinations of the eigenvectors of Ap, to rigorously address the problem
at hand. In addition, we need to consider the transient phases of opinion evolution during which
combinations of some other eigenvectors (those corresponding to smaller |\;|) may dominate.
To address this, the comparison between [|(v2) (||, .-, [|(v7) (|| becomes important. For these

purposes, we introduce the Elimination Method below.
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The Elimination Method

Let {\;}7_; CR, {u;}7_; C R" and [ € [n] be fixed, and let S[k] := S-7_; AFu; for each
k € N, so that S[k] has the same form as x p[k] — co1 had in the preceding subsection. Then the

Elimination Method entails the following:

1. Find a minimal set of real numbers, {s;}i", such that {\;}7; = {£u;}i*, U{0}, and
p1 > -+ > py, > 0. Distinguishing between the magnitudes of {\;}}"_; helps us identify

the dominant vector combinations.

2. For each i € [m], find v;,0; € [7] satisfying Ay, = j1; = —\,,, and define u; := u,, and

u; = Ug,. If no such v; (respectively, ;) exists, then set uj = 0 (respectively, u; = 0).

3. Fori € [m], define o; = max ¢ |u2; +u;;| and G = max;e |u:; — ;|- Further, define v;
by: v; 1= (u;" + u?) /a; if a; # 0 and v; := 0 otherwise. Likewise, let z; := (uj — u;) /G
if ¢; # 0 and let z; := 0 otherwise. This is analogous to defining v4 and v4 (as above),

finding the infinity-norms and normalizing them with respect to the evaluated norms.

4. If a; = ¢; =0, discard 1; from {y; }7, decrement the value of m by 1, and re-enumerate
{1 };nzl so that p11 > pg > -+ > py,. This helps us remove redundant terms from the

summation.

The following observations illustrate the rationale behind the above method. First, we have the

following for every j € [I]:

m
Silk] =" ayulvij Yk €N:kiseven,
i=1

m
Silk] =" GuFzi; Yk eN:kisodd. (3.11)
=1

Hence, the vectors, {v;}7", and {z;}7~; will be called even-k vectors and odd-k vectors re-

spectively. Second, {(u;,v;)}i%, and {(u, 2;) }7~, behave like sets of eigenpairs with distinct
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eigenvalue magnitudes. Third, if we restrict our attention to the first [ entries alone, then
V1,...,Um and 21,...,2m have the same ‘strength’, because ||(2;) || = [|(vi) || = 1 for each
i € [m]. Thus, the scaling of these vectors is completely captured by {«a; } and {(;}. Finally, note

that at least one of {«;,(;} is comparable to || (ug')[l] || because Triangle Inequality yields

12u)pll < (el + 1(Gizs)p | = i+ G- (3.12)

Let us now put the Elimination Method in the context of arbitrarily slow merging. Recall the
notation of the previous subsection, and suppose xj[k] — ¢y = S;[k] for all j € Vp. Then, going
by our earlier arguments, in order to show that Condition 2 of Proposition 9 is necessary for
arbitrarily slow merging, it seems enough to show that v, and z7 collectively have significant
positive and negative elements, where v, (respectively, z;) is the vector that dominates S[k| for
even k (respectively, for odd k). This idea motivates the following lemma, which plays a key

role in the proof of Lemma 15.

Lemma 14. Suppose we have performed the Elimination Method on {S;[k] }é‘zl (defined above).
Also, suppose that for every pair (i, u;) satisfying A; > 0 and (u;) [ # 0, we have max ¢ ;) >
0, minyep usp < 0 and |maxpe ugp|/| minge usq| > Yo, where o € RY is a constant. Further,
foreach i € [m], let p(i) := argmax e vij, and p(i) := argmax e zij. Then for every i € [m),

we have

A

max (Uip(i)aziﬁ(i)) 2 90,

where Ao := 2]_‘;0. Furthermore, if vy, ;y < Ao (respectively, z;5;) < Ao), then G; Jai > A (respec-

tively a; /G > o).

Proof. Consider any i € [m] and let ¢(7) := arg minézl v;j and (i) := arg minézl Zij.
Now, two possibilities arise: either (u; )y = 0 or (u; )y # 0. If (u;)y = 0, then
(vi)p = —(23)y- Hence, either vy > |viq()| OF 24p3) > [244(;)- Since it turns out that

max (max rel Ivigl, max e |2 f|) =1 > 4o due to the Elimination Method, we infer that
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max (Uip(i)aziﬁ(i)) > Yo.
On the other hand, if (u;")p # 0, then j; = A,,, for some v; € [7]. Hence, max e u;; > 0

and | max g u:“f| /|min e u:}| > 7. In the light of Lemma 19, this implies that either
QU4 (1) > 0 and ‘Uzp(z)‘ > %]viq(i)], (3.13)

or

(:ZZ”;(Z) > 0 and |Z'L;5(z)| > '?0|Zuj(z)‘ (3.14)

If (3.13) holds, then as a result of the Elimination Method, we have 1 = max ¢ [vif| =
max (|v,~p(i)|, |Uiq(i)|)- Since a; > 0, this means that either [v;,;)| = 1 > o, or [v;,;)| >
A0lviq(i)l = Fo- Thus, |vy,;)| > Ao in either subcase. Similarly, (3.14) leads to the conclusion
that |z | > Ho-

For the second part, suppose v;,(;) < 4o Then z;;5;) > 4o by the first assertion. We now
consider two cases.

Case (a): max e[ |vi¢| = 0, implying that a; = 0. By (3.14), (; # 0. Thus, (;/a; = 00 >

Case (b): max e |vif| > 0. Then max ¢ |vi¢| = 1 due to the Elimination Method.
Furthermore, 4o < 1 by the definitions of 7 and 4. Now, the assumption v;,;y < %o and the
facts max ;e [vir| = 1, 4o < 1 and max pepy [vif| = max(|vyye) |, [Viq(:)|) together imply that

|viq(iy| = 1. Consequently, v4,;) < §0|viq(i)|- Therefore, by Lemma 19,

Yol ativsq(s) | — max (aivip(i) , 0)
Yo+ 1

 Yo@i —max (aivip(i),0>

B Yo +1

GiZip(i) =
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If v3,(;) < 0, then the above yields:

Gi Y0 Y0 .
- > > >0
a; — (+Dzpe — w0+l

because 0 < 2455y < max gy [24¢| = 1. On the other hand, if vy ;) > 0, then

Gi < 70~ Vip(i) - 7 — %0
o~ 7+l Y +1

= ’/)\/O'

]

When Lemma 14 is applied to (\;,u;) and (\;, —u;), it effectively means that under
conditions similar to the violation of Condition 2 of Proposition 9, v; and z; collectively have

significant positive and negative elements.

A Preliminary Result

We are now ready to make the above arguments precise and prove that Condition 2 of

Proposition 9 is nearly necessary for arbitrarily slow merging. We first state this result formally.

Lemma 15. For every initial state z[0] € R", let Gplk] = Gp(z[k]) = (Vp,Ep(z[k])) and
Golk] = Go(z[k]) = (Vg, Eq(x[k])) be two vertex-disjoint induced subgraphs of G[k] such
that G p,, the subgraph of Gy, induced by Vp, is connected. Also, let X denote the set of all

x[0] € R™ satisfying assumptions below:

(a). All the agents of G|0] have the same opinion value, i.e., ;[0 = xq for all i € Vi, where

zq € R is constant in time but depends on xz|0].
(b). knr(z[0],Vp, V) < o0, ie., Gp and G indeed merge.
(c). Gplk] is connected and constant until time k.

Furthermore, for some | € R, let [l] index the set of nodes of G'p|0] that are adjacent to one or

more nodes of G|0] in the graph G, as shown in Fig. 3.3.
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Now, suppose supggex ka(2[0]) = oo. Then Ap, has an eigenpair (A\,v) such that

0 <A <1, v #0 for some i € [l], and viv; > 0 for all i, j € [l].

Potential Neighbor of G .
Non-neighbor always (belongs to V(Gp)\[1]) X

K0

/1 \

Figure 3.3. Illustration for the Proof of Lemma 15

We prove this lemma by showing that it is mathematically equivalent to Lemma 16, a
purely technical result. To this end, suppose all the agents of Gy have the same initial opinion
zrg = R, and that Assumption (b). of Lemma 15 holds. Then, we can express the opinion
evolution of G'p during the interval [0,ky/) as zp[k] = col+ X7 )\fui, where ¢y € R, and
{(N\i,ui) }—1U{(1,1)} are the eigenpairs of Ap,. Now, as per Fig. 3.3, the lower confidence
threshold of G is g — R. Thus, Gp and G merge at time k) iff the following hold:
zplk] < (xg— R)1forall k < kps, and z[kps] > xg — R for some j € [I]. These relations are

equivalent to:

T
S Muy; <6 forall1 <k <kyandall j € [1], (3.15)
=1

and

-
> )\fMuit > ¢ forsomet € [l], (3.16)
i=1

81



where ¢ := xg — R — ¢y (see Fig. 3.3). Note that ) may or may not be positive. Also, for any 7,

the eigenvector u; need not even be unique up to a scaling factor because \; can be a repeated

eigenvalue of Ap,. Nevertheless, u; is constrained to belong to U;, the \;-eigenspace of Ap,.
In light of the above, arbitrarily slow merging is equivalent to sup KC = oo, where K is

the set of all merging times that satisfy the above relations. This motivates the next lemma.

Lemma 16. Let {\;}]_; and {U;}I_, be such that |\;| < 1 and U; is a linear subspace of R!
for each i € 1], where | € N. Further, suppose Ay > 0 for some f € [1]. Let K be the set of
all kyr € N such that (3.15) and (3.16) hold for some § € R and some (uq,...,us) € [T\, U;.
If sup K = oo, then there exists a d € [1] such that \q > 0, and there exists a corresponding

non-zero vector v € Ug such that viv; > 0 for all i,j € [l.

To put it simply, Lemma 16 asserts that if we wish to have arbitrarily slow merging
between an evolving network G'p and a static network G, then Condition 2 of Proposition 9

must be satisfied, except for the possible presence of zeros in the concerned eigenvectors.

Proof of Lemma 16

We first sketch the proof outline below:

1. Suppose that sup K = oo but the implication of the lemma does not hold. Then, for
any f € [7] such that Ay > 0, every uy € Uy has significant positive and negative elements (by

Lemma 18). We use this observation later on.

2. As time goes by, only one of the component vectors of ), )\fui remains significant.
Typically, this is the one corresponding to the largest | \;|. However, this is not necessary because
of possible repetitions in {|\;|}7_; and because the norms of {u;}’_; may not be comparable
to each other. To resolve these two issues, we perform the Elimination method and obtain

xj[k] — co = Sj[k], where S;[k] is given by (3.11).

3. To use the assumption sup K = oo effectively, we define psi1, ps2, and a few more

auxiliary quantities in terms of {o; }7~ |, {v; }iq, {# }i2, and {(; }";, and consider an increasing
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sequence of merging times { k! 2 .. We then try to identify the most dominant vector amon
q ging M Sh=1 y y g

{v; }1%, by identifying an index r such that for h € N:

(h)
afﬂh) > Eh) for some pffll) >0andalll <i<r,and
Pr1

Q

aﬁh) > pfng) oéh) for some pﬁ,’;) >(0andall r <i<m,

(h)

where limy,_, pr}ll = 0 but limp,_, s pﬁg) > (. The rationale is that for large h and large £,

the relations pg) > 0and p¥ > --- > pF guarantee the domination of v,. over vy11,...,Vm,
whereas ,051}11) ~ (0 ensures that v,, dominates vy, ...,v,—1. Similarly, we identify z7, the most

dominant vector among {z; };" ;.

4. We then use (3.15) and (3.16) to show that, along the sequence {k](\]/}) }72 . the greatest
positive entry v, of v, is eventually insignificant. Similarly, the greatest positive entry zzj of 2z

is eventually insignificant.
5. We use the above observation along with Lemma 14 to reach a contradiction.
We now prove the lemma by following this proof outline.

Proof. Suppose that sup/C = oo and that for every d € [7] such that Ay > 0, every vector
v € Uy \ {0} has both positive and negative entries.

Step 1: If \; > 0, then by Lemma 18 and the above assumption, there exists a positive con-
stant 74 that lower bounds the ratios | max,,c[ vp|/| mingep; vg| and [min, ey vp| /| max e vgl
for all v € Uy \ {0}. Hence, the positive constant 7o := minge[;.,~074 lower bounds these
ratios for every d € [7] for which \; > 0. Thus, every vector lying in Uy \ {0} has significant
positive and negative entries.

Step 2: We now perform the Elimination Method so as to obtain the values of {a;}",
{GYmy, {vi}, and {2}, for which S;[k] = >-7_; AFu;; satisfies (3.11). Here we make a

few observations. First, p; < 1 for all i € [m] because |\;| < 1 for all i € [m]. Second, if kj; is
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even and kj; > 4, then (3.15) and (3.16) imply that «; > 0 for some i € [m]. W.l.o.g., we assume
that kj; is even from now onwards.
Step 3: We let g := v0/(2+0), and for each s € [m] that satisfies as > 0, we define

the following quantities:

Q . Oy
ps1 = Max —, pg=min—
i<s—1ay i>s o

p(s) € argmaxvgj, ¢(s) € argminug;,
JEll] JEll]

Usp(s), 1 Vgp(s) = Y0
Vg0 = , and

1, otherwise

S Vs0
T max,ep (S [vir])

Similarly, for each s € [m] satisfying (s # 0, we define:

Ds1 = Mmax Q feo = min -
Psl i<sm1 Csa Ps2 >s Ci’

p(s) € argmaxzgj, ¢(s) € argmin z,
JEll] j€ll]

Zep(s), I Zgp(s) = 0
250 = , and

1, otherwise

- Zs0

T maXyc(i (ng ‘Zir‘) .

We also let p;1 = 0 if y > 0 and p,2 = 1 if oy, > 0. Similarly, p1; = 0if (; > 0 and py0 = 1 if
Cm > 0.
With the above, we can easily show that 75 € [%, 1].
We now analyze the evolution of the quantities defined above as kj; — oo. Consider
(h) (h)

any sequence, {yM}5, = {(uy"”,...,ur”’, 6}, of variables associated with an increasing

and unbounded sequence of solutions {kg\z)}ﬁ’;l C K. Since m < oo, there exists an index
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M, € [m] and a subsequence {y(hg)}g‘;l of the original sequence {y("}5%, such that M, €
( (h)

Arg MAax;c [y aihg) (where a; " := a;(y™)), for all g € N. Pick such a subsequence and relabel

itas {y(M}3°,, so that 0 < agh)/ag\z <1 forall i € [m]. Now that {agh)/a%}le is bounded
for each ¢ € [m], we may assume (by passing to yet another subsequence if necessary) that
n; = limp_y 00 %(h) / 0‘5\2 exists for each i € [m].

Now, let = min{i € [m] : n; > 0}. Thenn, =0 for b € [r — 1] and hence, limy,_, o pg{) =

0 whereas limj, pg’g) =1, > 0. Thus, for sufficiently large h, we have:

nr/2 < pf«g) <3n,/2, (3.17)

(h)

/{:](\Z) is large enough, and p,;’ is small enough (as will be made precise later). Moreover, since
k> ufﬂ > - >k for large k, we observe that v,. dominates S;[2k] for large k.

Step 4: Our next goal is to show that

vl < Ao. (3.18)

for sufficiently large h. To this end, we restrict our focus to even values of k, assume that h is
sufficiently large, and drop the superscript (n) to reduce clutter in notation. Since the detailed
proof of (3.18) is tedious, we relegate it to Appendix C and only present the informal argument
below.

Suppose vy, > o, implying that v;., is significant. Then for even kg\z) and positive

(h)
J, (3.16) would imply that ufM Urp > 0, which would mean that v,, > ¢ because k:g\}}) > 1 for
large h. However, this likely implies that >-7_; )\fuip ~ ,uffvrp > ,uffM vpp > 0 for large k < kjy,
thereby violating (3.15). Thus, our assumption that v;., > 5o was wrong. This proves (3.18).

Next, we establish the following odd-£ analog of (3.18):

Z5p(7) < 0, (3.19)
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where we have defined M, := argmax;c (i(h), ;= limp o0 gz.(h)/g](\z, and 7 := min{i € [m] :
7; > 0} analogous to M., n;, and r, respectively. Please see 3.6.3 for further details.

Step 5: Note that (3.18), (3.19), and Lemma 14 imply that » # 7. We may assume
that » < 7 because the case > 7 can be handled similarly. Then by the definition of 7, we
have limy,_, o Qgh) / C;h) = 0. Furthermore, by applying Lemma 14 to both r and 7, we obtain

min(ozf;h)/ gﬁh),gﬁ”) / aﬁh)) > 49. Therefore,

N OEORNORNG

r T T

h—>ooa(7]\’}) a h—o00 ngh) ' Q(h) ' O“(nh) Ozg(})

> 4000 Ao Ny = 00

because 7, > 0 by our definition of r. But this contradicts the definition of M., thereby proving

the lemma. O]

By proving Lemma 16, we have effectively proven Lemma 15. So, the next step is to
extend Lemma 15. To this end, we eliminate the assumption that the opinions of G/ remain
constant until the desired merging event occurs. To analyze the resulting scenario, we make a

few observations:

1. Since we now allow both G p and G to have changing opinions, we not only need to
focus on the potential neighbors of G in G p, but also on the potential neighbors of G'p in G|.
Let us assume for simplicity that {Vp,V(} is a partition of [n], the vertex set of Gpp. Then, from

the viewpoint of G/p, the potential neighbors are precisely the boundary nodes of G'p and G .

2. The merging time kj/(z[0],Vp,Vp) depends not on the absolute opinions of the
agents but rather on the differences between the opinions of the agents of G'p and G,. So, it
is sufficient to observe the opinion evolution of GG p from the reference frame of the boundary
nodes of Gp. To elaborate, suppose for simplicity that there are exactly b boundary nodes

in Gp, and G, each, and that there are exactly b boundary edges {(ic,je)}ou; C Vp x Vg
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between the two subgraphs. Then, instead of analyzing {x;, [k]}2_,, the absolute opinions
of the nodes {i.}_;, we may analyze {z;, [k] — 2, [k]}2_;, their opinions relative to {j}5_;.
Now, observe that we can express the vector [z;, [k],. .. ,:):ib[k]]T as a linear combination of the
eigenvectors of Ap, after restricting these eigenvectors to the coordinates specified by {i.}o_,.
We can do the same for [z;, [k],... ,ij[k]]T. Hence, we can express the relative opinion vector
(i, [k] — x5, [K],...,2i,[k] — x;,[K]]T as a linear combination of the eigenvectors of Ap, and

those of Ag, after restricting them to the coordinates specified by the boundary nodes. This

motivates the concept of boundary-restricted eigenvectors, which we formally define below.

Suppose G'p, = (Vp, Ep,) and G, = (V, Eq,) are two induced subgraphs of Gy, such
that Vp NV = 0. Let {(ic,je) }2—1 C Vp x V, be the set of boundary edges of {Gp,,G,} in
Ghpn (i.e., the set of edges connecting G p, with G, in Gpp), and let {1} U {4}/ be the union
of the spectra of Ap, and Ag, (such that \; # 1 for all d € [m]). Further, for each d € [m], let
Uq(P) (respectively, Uq((Q)) be the eigenspace of A\ with respect to A p, (respectively, Ag,) if Ag
is an eigenvalue of Ap, (respectively, Ag,), and let Uy(P) = {0} (respectively, Uy(Q) = {0}),
otherwise. Finally, for each d € [m], let ff (u) := [u;, ... u;,]T for all u € Uy(P), and let
fbcg(w) = [wj, ... wj,]T for all w € Uy(Q). Note that the dimensions of f{’(u) and fg(w)

equal b for all u € Uy(P) and w € Uy(Q).

Definition 38. For each d € [m], the boundary-restricted eigenspace of \g associated with
{Gpy,Gg,} is the set UfQ = UerUC?, where UY = span({ £ (v) : v € Uy(P)}) and 0% =
span({fg(v) v eUy(Q)}). Foranyv e UéjQ, we refer to v as a boundary-restricted eigenvector
of {Gp,,Gg,} corresponding to the eigenvalue \g, and we refer to (\g,v) as a boundary-

restricted eigenpair of {G p,,Gq, }.

Finally, we let k/(x[0]) denote the time at which G'p[k] and G[k] merge for the first

time.

Proposition 10. For every initial state z[0] € R", let Gp[k] = Gp(z[k]) = (Vp, Ep(x[k])) and
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Golk] = Go(z[k]) = (Vi, Eq(x[k])) be the induced subgraphs of G[k] corresponding to Vp

and Vg, respectively, and let X denote the set of all x[0] € R" satisfying the assumptions below:
(i). kar(z[0]) < oo, i.e., Gp indeed merges with G .
(ii). Gplk] and Gq[k| are connected graphs for 0 < k < ks (x[0]).

(iii). No link breaks occur in G plk] or Gg|k| until time kp;(x[0]).

Suppose sup (g x kar(2[0]) = oo. Then there exists an index d € [m| and a corresponding
boundary-restricted eigenpair (Aq,?) of {G p,, Gq, } such that Aq € (0,1), oy # 0, and vy > 0
foralle, f € [b).

Proof. Since no link break occurs within G p[k| or G[k] until they merge, both of them remain
connected in G[k] until kj;(2[0]). Moreover, since Supg[ojex s (2[0]) = oo, and because all
the intra-component link formations taking place in G [k] occur in O(n®logn) steps as per
Proposition 8, we may choose an x[0] € R™ such that kj;(z[0]) is large enough, and G p|k]
and Gg[k] both remain constant and connected during a time interval [k, kyz(2[0])) for some
ke < kar(2[0]). As a result, we may further assume that the sub-networks of Gy, corresponding
to G'p, and G, achieve R/4-convergence to their respective consensus states at some time
kr € [k, kar(2[0])). We now shift the origin of our time axis to kg, thus obtaining G'p[0] = Gp,
and Gg[0] = Gg,.

Now, we express the initial states of G p and G as

m
JJP[O] =cplp+ Z 551}5
d=1

m
2ql0] = colo+ Y B30T,
d=1

where cp, cg € R depend on our choice of 2 p[0] and 2¢[0], and the vectors are chosen such that

foreach d € [m], Ul[; (respectively, vf’ig) is an eigenvector of A p, (respectively, Ag,) corresponding
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to Mg iff A4 is an eigenvalue of Ap, (respectively, Agp,) and vg = 0 (respectively, vfl? =0)
otherwise. This is possible because Ap, and A, are diagonalizable by Lemma 8. In addition,
we assume that {v}}7,\ {0} and {Ug}gll \ {0} are bases of eigenvectors for Ap, and Ag,,
respectively.

Next, let {(ie,je) }2_1 C Vp x Vg enumerate the set of boundary edges of {Gp,, G, }
in Gp,. Note that assumption (3.5.3) requires |z;, (k] —x,[k]| > Rforalle € [b] and 0 < k <
kar := kar(2[0]), and |24, [kar] — 2, [kar]| < R for some t € [b]. Now, for a given e € [b], we

could either have

X, [/ﬂ] — Zj, [k] > R, or (3.20)

25, k] — i, [k] > R (3.21)

for a particular & € [0, kp/). Suppose (3.20) holds at some k; € [0,k)s) and (3.21) at some ks €
0, kpr). Then max(x;, [k1] — 2, [k2], . [k2] — xj.[k1]) > R. But this contradicts the assumption
that both G p and G have achieved R/4-convergence to their respective consensus states at
time 0. Therefore, for a given e € [b], if (3.20) holds for some & € [0, k), then it must hold for
all k € [0,kp/). Similarly, we can show that for a given & € [0, k), if (3.20) holds for some
e € [b], then it must hold for all e € [b]. The same applies to (3.21). Hence, w.l.0.g., we assume
(3.21) forall e € [b] and all 0 < k < k.

Now, for each d € [m], let g := [0g1 ... Dgp)’, where Og, = 65 Uiy — Bgvdje for e € [b].
Further, let 0 := cg — R — cp. With these definitions and the assumption given by (3.21), we can

express assumption (3.5.3) of the proposition as:

S Nsoge <6 forall 0 <k < kys andall e € [b)],
d=1

and >0, )\ZM Ugr > 60 forsomet € [b]. Since |A\g| < 1 for all d € [m] and maxyA; > 0 by

Lemma 9, and since (01,...,0m) € [1j2; U f Q, the assertion of Proposition 10 now follows
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immediately from Lemma 16. [l

3.5.4 Graphs with Finite Maximum c-Convergence Time

In this section, we show that the e-convergence time of a complete r-partite graph is

bounded. We first define complete r-partite graphs below.

Definition 39 (Complete r-Partite Graph). An undirected graph G = (V, E) is said to be a

complete r-partite graph if its vertex set, V admits a partition {V1,...,V,.} such that (i,j) € E

iff (i,5) ¢ U_, V.

We now characterize the eigenvectors of the normalized adjacency matrix of a complete
r-partite graph with self-loops. To this end, suppose G = ([n], E') is a complete r-partite graph
for some n € N. Let G have all the n self-loops, let A € R™*™ be the normalized adjacency
matrix of G, and let n; := |V;| > 1 for i € [r]. Foreachi € [r], let V; = {N;_1+1,...,N;}, where

Nj = Zg:l n; for j € [r] and Ny := 0. Finally, we define a matrix B € R"*" by:

(n—n;+1)7t if j =i
Bij = ,

ni(n—mn;+1)71 if j#£i

and let {w(i) }L_| be an eigenvector basis for B with {)\(i) T being the corresponding eigenval-

ues. We then have the following lemma.
Lemma 17. The matrices A and B (as described above) have the following properties:

(i) For each i € [r] such thatn; > 2 and eacht € {2,...,n;}, the vector v"!) € R™, defined

as’

+1, ifj=Ni-1+1

i =YL fi=Niaa+ts

0, otherwise
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is an eigenvector of A corresponding to 1/(n —n;+1). Moreover, the set Uy := {v(i’t) :

2 <t <mny,i€|r]}is a set of linearly independent vectors.

(ii) For each i € [q], the vector 1) € R", defined as @](f) = w](-i) forallp e Vjand j € [r], is

an eigenvector of A corresponding to A,
(iii) The eigenvectors of B span R", i.e., ¢ =r.
(iv) IFAD £1, then XD <0 for all i € [r].
(v) U:= ngl{v@t) 12 <t <n;}U{0W}_, is an eigenvector basis for A.

Proof. Observe that for all p € [r], the degree of each vertex in Vp, with its self-loop counted, is

n—ny,+ 1. Hence, given i € [r], for all p € [r]\ {i} and j € V},, we have:

(A, = (n—ny+1)7 (Ug\lf;t)ﬁl . Uf(\lflt)ﬁt)

—1 (it
=0=(n—np+1) 11)](-Z ),
Next, if j = N;_1+ 1, then

(A1) = (n—ni + 1)_1U%;?1+1 +0- U%;?1+t

= (n—n; +1)" .

Similarly, (Av(1); = 'Uj(-i’t)/(n —n; + 1) also holds for j = N;_; +¢. Finally, for j € V;\
{Ni—1+1,N;_1+1}, we have (Av(i’t))j =Ajj 0+ e\ 4js - 0= vj(i’t)/(n —n;+1). So,
for each i € [r] and each t € {2,...,n;}, v(*!) is an eigenvector of A corresponding to #ﬁl

By taking linear combinations, we can easily see that {v("!) : 2 <t < n;,i € [r]} are linearly

independent vectors. This proves (i).
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As for (ii), for any j € [r| and p € V}, we have:

(A1), =3 A,V

s=1
1 , 1 .
- = 50 R ()
= o+ > > -vm>
n—nj+1 7P Y (mewn_nj+1
=(n—n;j+1)7" -w](-i) + Y mn—nj+1)7! ~wl(i)
1€[r\{5}
=3 By
=1
= (Bw®); = ADw); = /\(i)@z()i).

To prove (iii), note that B = D1.SDs, where Dy := diag((n —n1+1)71,...,(n—n, +

1)~1), Dy := diag(ny,...,n,), and S is the symmetric r x 7 matrix given by:
1 . . .
- ifj=1
Sip=4" .
1 ifj#q

Now, observe that the commutativity of diagonal matrices allows us to express D1.5Ds as
DA(DpSDp)D;", where Dy := (DyD;")2 and Dp := (D1 Dy)?. Thus, the matrix B =
Da(DpSD B)Dg1 is similar to the symmetric matrix DgSDp and hence, its eigenvectors span
R",i.e.,qg=r.

As for (iv), for any @) # 1, we know that D%@(i) is an eigenvector of D%AD_% which
is a symmetric matrix as per Lemma 1 of [47]. Hence, {D%T)(i)}f:l is an orthogonal set. Since

1 ¢ {6(M}7_,, this implies that
1"D5® =0ifi e [r] and AV £1, (3.22)

thereby forcing each 7 to have both positive and negative entries. Now, pick any i € [r| for
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which A(¥) £ 1, and let s € [r] be the index such that wj(-i) >0 for j € [s] and wj(-i) < 0 otherwise
(we can always label the vertices suitably so that such an s exists). Then (3.22) implies that

1 < s <r—1. Consequently, we have the following relations:

J ) _ T+ Z ol = S )
1 n—np—+1

BN S Y SPE Pl 51

n—nst1+1

On the basis of this, we have the following for A(*) ¢ {0,1}:

0<(n—mn1+ 1)|w§i)| +(n—nsp1+ 1)|w§i+)1|

(n1 — D]l + (ngs1 — D]w'?,|
@) ’

implying A < 0 because n1,MNs+1 > 1 by assumption.

For part (v), note that U; and {ﬁ(i) i_, are linearly independent sets by assertions (i)
and (ii). Also, observe that span{3(®) | i € [r]} = span-{vU?) | j € [r],t € {2,...,n;}} because
7Tyt = wj(.i) x 1 —|—wj(-i) x —1=0. Finally, noting that |U| = >77_; (n; —1)+r=3_ 1 n; =n,

we conclude that U is an eigenvector basis for A. [

Remark 6. Points (1), (4) and (5) of Lemma 17, along with the fact that eigenspaces are linear,
imply that every eigenpair (\,v) of A that satisfies \ € (0,1), corresponds to some i € [r] such

that |V;| > 2 and vs = 0 for all s ¢ V;. Furthermore, Y- scy; vs = 0 for such an i.
We are now well equipped to establish our main result.

Proposition 11. Let n € N and € > 0 be given, and let G,;, = ([n], E,;) be a complete r-partite

graph for some r € [n]. Then kZ(G ) < oo.

Proof. If Gy is a complete 1-partite graph, then Ep, = () and hence k7 (Gpn) = 0. On the other
hand, if 7 = n, then Gpp = K,. In this case, kX (Gpn) = O(n3) < oo by [80] and [47]. Therefore,

93



we assume 1 < r < n hereafter.

Suppose k. (Gpn) = 0o. From Proposition 8, we know that arbitrarily slow convergence
happens only in the presence of arbitrarily slow merging and that all the other structural changes
in G[k] occur in O(n®logn) steps. Hence, it suffices to show that no two connected components
of the influence graph can take an arbitrarily long period of time to merge, under the assumption
that no link breaks occur.

For this purpose, let V1,...,V, be the r parts of Gpp, and let Vp, Vg C [n] be any two
disjoint sets. Further, let {(ic, j¢) }2_1 C Vp x Vi be the set of boundary edges connecting G p,
and G, in Gpp, and let {1} U {\}], be the union of the sets of eigenvalues of Ap, and Ag,
(such that Ay # 1 for all d). Now, since Gy, is a complete r-partite graph, it follows that G p,
and G, are also complete p-partite and g-partite graphs for some p, ¢ € [r], and their parts are
given by the partitions {Vp N V;}i_; \ {0} and {V N Vi}i_, \ {0}, respectively.

Next, for each initial state z[0] € R", let Gplk] = Gp(z[k]) = (Vp, Ep(z[k])) and
Gglk] = Go(z[k]) = (Vi, Eg(z[k])) be disconnected from each other in G[k] = G (x[k]) un-
til they merge at time kps(x[0],Vp,Vp). As per our earlier reasoning, we may restrict our
attention to the subset X' (Vp,V) C R" of initial states for which (i) ks (z[0],Vp,Vp) <
00, i.e., merging occurs, (ii) no link breaks occur within Gp[k] or Gg[k] until they merge,
i.e., for k < kpr(2[0],Vp,Vp), and (iii) both G p[k] and Gg|k| are connected graphs for k <
kar(2[0],Vp, Vo).

Now, suppose sup,ojex(vp,v,) ka(2[0], VP, Vip) = oo. Then Proposition 10 implies

that there exists a d € [m] with Ay € (0,1) and a corresponding vector v € U f @

satisfying
v 7 0 for some e € [b] and vfv, > 0 for all f,g € [b]. Since ve = u;, +wj, for some u € Uy(P)
and w € Uy(Q), we have either u;, # 0 or wj, # 0. W.Lo.g., we assume u;, > 0 (and hence
that (\g,u) is an eigenpair of Ap,). Now, let p € [r] and o € [r] denote the indices for which
ie € Vp,:=VpNV,and j. € Vi, := Vg NV,. Then observe that p # o because (e, je) € Epn.
Also, by Remark 6, Az € (0,1) implies that Y sevp, Us = 0. Hence, there exists another node

z € Vp, such that u, < 0. Now, two cases arise: either |Vi,| =1 or [V,| > 2.
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Consider Case 1: |V, | =1, i.e., Vo = {je}. Now, if A4 is not an eigenvalue of Ag,,
then Uy = {0}, which means w = 0. Hence, w;, = 0. Otherwise, by Remark 6, Lemma 17
requires w;, = 0 because Ay > 0 and |V,| < 2. Thus, wj, = 0 is true whenever |Vp,| = 1.
Moreover, p # o implies that (2, jc) € Epy. Since z € Vp and j. € Vip, we may denote z by
iy and j. by j; so that (z,j.) is the f-th boundary edge, (if,j), for some f € [b]. But now,
Vf = Ui F Wi = U+ wj, = uz < 0, whereas ve = u;, > 0. As aresult, vevy <0, thus violating
the requirement that vyv, > 0 for all f,g € [b].

On the other hand, in Case 2: |V, | > 2, both wj, = 0 and wj, # 0 are possible subcases.
If wj, = 0, then we simply repeat the arguments of the previous paragraph to show that vevy <0
for some f € [b]. So, assume w;, # 0. Then (A4, w) is necessarily an eigenpair of Ag,. Therefore,
the requirement > ey, ws = 0 of Lemma 17 implies wyw;, <0 for some y € V. First,
suppose w;, > 0 and w, < 0. Then, p # o implies that (z,y) € Ep, and hence that (z,y) is
a boundary edge. By denoting (z,y) as the f-th boundary edge (iy,j;) for some f € [b], we
have vy = u; sHwi, =uz+wy < 0. However, we still have v, = u;, +wj, > 0, implying that
vevy < 0. Now, assume w;, < 0 and wy, > 0. Then, by denoting the boundary edges (z, j.) and
(ie,y) as (i ja) and (ig,jg), respectively for some o, 3 € [b], we have v, = u, +wj, <0 and
vg = u;, +wy > 0. This implies that v,vg < 0. Thus, the requirement v v, > 0 for all f, g € [b]
is violated in Case 2 as well.

Hence, sup,gjc.x(vp,vp) ki (#[0], Vp, Vi) < co. Note that this applies to every selection
of Vp C V and Vg C V such that Vp NV = (). Moreover, since the number of such choices of
Vp and Vj; is finite, we conclude that no merging event can be delayed indefinitely in the social

HK dynamics on the given Gip,. This completes the proof. [l

3.6 Conclusion and Future Directions

In this chapter, we have investigated the convergence properties of the social HK model of

opinion dynamics. We have shown that for certain physical connectivity graphs, we cannot even
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guarantee e-convergence to the steady state within a bounded time-frame, much less termination
in finite time. In addition, we have shown that complete r-partite graphs have bounded e-
convergence times. Moreover, we can observe that the necessary and sufficient conditions
provided by Proposition 9 and Lemma 15 are nearly tight (i.e., tight under the assumption
v;v; # 0, in addition to the other assumptions made by these two results). However, finding a set
of necessary and sufficient conditions for arbitrarily slow merging (and thereby for arbitrarily
slow e-convergence) that are tight in the most general case, remains an interesting open problem.
Also open is the problem of finding other classes of graphs that have bounded e-convergence

times.

Appendices
3.6.1 Proof of Proposition 7

Proof. Let ¢ and x( be as described above, and let 2[0] = x9. Then observe that the state
evolution until e-convergence can be expressed as z[k] = A*zg, where A is the weighted
adjacency matrix of G[O] This is equivalent to the equal-neighbor, time-invariant, bidirectional
model of distributed averaging defined in [102]. Moreover, G[O] is a connected graph. Therefore,

invoking Corollary 5.2 of [102] completes the proof of the proposition. [

3.6.2 Some Technical Lemmas

Lemma 18. Consider a vector subspace U C R™ such that for every v € U\ {0}, we have

)

Then there exists a constant v > 0 such that ¢p(v) >~ for all v € U\ {0}.

viv; <0 for some i,j € [l). Further, define ¢ : R"\ {0} — R as

minie[l] V;

‘ maxie[l] (o
Y

¢(v) = min (’

mMaX;e[) Vi| | Mile)) Vs

Proof. Since ¢(Av) = ¢(v) forall A € R\ {0} and v € R™\ {0}, it suffices to prove the lemma
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forve D:=Un{veR":|v||=1}.

Observe that D is the intersection of the unit ball and a vector subspace of R". Hence, it
is a compact set. Next, since ¢ is continuous on D, we know that inf,cp ¢(v) is attained because
D is a compact set, i.e., U* := argmin,cp ¢(v) exists and is well defined. Hence, for all v € D
and any u € U*, we have ¢(v) > min,ep ¢(v) = ¢(u) > 0, which follows from the assumption

of the lemma enforcing max;cpju; > 0 > min;ep u;. U

Lemma 19. Let v € R! satisfy vivj <0 for some i,j € [l], and let v € R be any constant satisfying

0 < v < | max; v;|/|min; v;|. Then for any u € R, either

max(v +u); > 0 and ‘ma}(’(?’“‘)l > 5/ (3.23)
i min; (v +u);
or
max (v —u); > 0 and ‘HMXZ(U_U)Z >~ (3.24)
i min; (v —u);

where /' = ﬁ Moreover, if (3.23) holds and min;(v —u); < 0, then

~|min; (v — u);| — max (0, max;(v —u);)
y+1 '

max(v+u); > (3.25)
7

Proof. We first prove that either (3.23) or (3.24) holds. Before we begin, observe that v > (
implies 7/ < min(1,7).

Now, suppose neither (3.23) nor (3.24) is true. However, we know that max;(v+u); +
max;(v—u); > max;[(v+u)+ (v—u)]; = 2max; v; > 0. As aresult, either max;(v+u); > 0 (in
which case | max;(v+u);| <+/|min;(v +u);|), or max;(v —u); > 0 (in which case | max; (v —
w)i| < ~/|min;(v —wu);|). By implication, there exists a constant £ € (0,7) such that P} < eM;
and P» < eMs, where we define P, := max(0,max;(v + u);), P := max(0,max;(v — u);),

My == |min; (v +u);| and My := | min; (v — u);|.
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Now, three cases arise.

Case I: (min;(v + u);)(min; (v — u);) # 0 and either min;(v + u); > 0 or min;(v —
u); > 0. Suppose min;(v+u); = M7 > 0. Then max;(v +w);/ min; (v +u); > 1 >/, thus
contradicting the inequality P < M and thereby proving the first part of the lemma. The
subcase min; (v —u); > 0 is handled similarly.

Case 2: Either min;(v+w); = 0 or min; (v —u); = 0. Suppose min;(v+u); = M; = 0.
If max;(v+u); > 0, then we have eM; = 0 < Py, which again results in a contradiction and
establishes the first part of the lemma. On the other hand, if max;(v+w); = 0, then it follows
that u = —v. Consequently, the assumptions made by the lemma lead to the following: max;(v —
u); = 2max;v; > 0, and max;(v —u); > 2v|min; v;| = v|min; (v — u);| > /| min; (v — u);|.
These inequalities establish (3.24) and hence prove the first assertion of the lemma. The subcase
min; (v —u); = 0 is handled similarly.

Case 3: min;(v+u); = —M; < 0 and min;(v+u); = —Ma < 0. Observe that

2maxv; = max{(v+u)+ (v —u)};
i i

< max (v 4u); +max(v — u);
1 7

(a)

< Pr+ Py < e(My+ M,). (3.26)

Also,
2minv; = min{(v+u) + (v —u)};
(2 1
< max(v+u); +min(v —u);
7 (2

(b)

< Py — My < My — Mo. (3.27)
Similarly,

2minwv; < eMy— M;. (3.28)
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Within this case, two subcases arise. Subcase 1: Suppose both e M1 — Mo < 0 and
eMs — My < 0. In other words, ¢ < 1 < 1/e, where we define 1 := M;/Ms. Consider the
inequality eM; — My < 0 first. Along with (3.27), it implies: |min;v;| > 0.5|My — e My|.
Likewise, (3.26) and the assumption max; v; > 0 imply: | max; v;| < 0.5¢(M; + Mz). Combining

these inequalities with the assumption max; v; > | min; v;| yields:

e(My + Ma) S

3.29
M2—€M1 ( )

Similarly, the subcase inequality e My — M7 < 0, leads to:

e(My + My)
St M) 3.30
My —eMy = (3.30)

We express (3.29) and (3.30) in terms of 7 as (3.31)-(a) and (3.31)-(b) respectively:

— (a) (b)
v-e 9,200 (3.31)
e(1+7) v—¢

which is possible only if v —¢& < e(1++), i.e., only if € > ﬁ = /. This contradicts that
e € (0,7), thus establishing the first assertion of the lemma.

Finally, we have Subcase 2: e My — M7 > 0 or e M7 — My > 0. We assume the former
w.l.o.g. Thenn <e <~' <1< 1/e. Hence eM; — M, < 0, implying (3.31)-(a) again. On
eliminating 7 by using the observation 1 < &, we obtain (y+ 1)e? 4+ —~ > 0. Since ¢ is positive
by assumption, this inequality requires ¢ > % >~/ which contradicts ¢ € (0,7'), thereby
proving that either (3.23) or (3.24) holds.

For the second part, given that (3.23) holds, we have max;(v+u); = P; > 0. Note that
if Py > My = |min;(v —u);|, then (3.25) follows from v > 0. So, suppose that P; < M. Then
(3.27)-(b) implies that 2| min;v;| > Mo — P;. Likewise, max;v; > 0 and (3.26)-(a) together

imply that 2| max; v;| < P; + P». Combining these inequalities with the lemma assumption
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max; v; > | min; v;| yields % > 1, rearranging which we obtain:

S yMy — Py

P>
v+1

which is equivalent to (3.25). U

3.6.3 Proofs of (3.18) and (3.19)
Proof of (3.18)

We will assume that (3.18) is false, and show that v,, dominates other vectors for a range
of values of k. To begin, let p = p(r), suppose vy, > 4g so that v,.g = vy, and assume that £ is

even. Then, by (3.11):

r—1 m
Silk] =Y cipbvij + owpipon + > cipfug, (3.32)
=1 1=r+1
and by (3.15), this implies:
r—1 m
> v+ appion + Y iy <6, (3.33)
=1 1=r+1

for k in the range 2 < k < ks and j € [[].

Now, for any j € [I], we can show that:

r—1 ) m f
Z QU b Vij + Z Q[ Vgj (3.34)
=1 1=r+1

ST,Orlar,ulf + (pTQTr)_larl/Jf+1vr0' (3.35)

Next, we identify a range of k£ over which the contribution from p, dominates the

contributions from both ;11 and 1. Let ke := max(0,2[0.5log,, /4, . ,)(40/1,7)]) and

9r0_—) | Then, for p,; small enough, the bounds on 7, and (3.17)

k= 200.5108 (4, /4, 41) <7“p7~1p,«27'r
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ensure that k. < k. < oo, and
il < (pramy) " tappf g for k < KL,
Furthermore, the definition of %, and (3.17) imply that
(prgT,«)_laruvaro < 0.050zru,]fvro for k > kye.
Combining (3.34), (3.36) and (3.37) yields:

r—1 m
k k k
> v+ Y i vig| < 0.la v

=1 i=r+1

(3.36)

(3.37)

(3.38)

for kye < k <k and j € [l]. Thus, if (3.18) fails, then the contribution of the dominant vector

vy is much greater than the combined contributions of other even-k vectors when ky < k < k..

Now, (3.38), the assumption vy, > 49, and (3.33) at j = p together result in the following:

r—1 m
k k k
0 > oufly Vpp — E Qi Vij + E Qi Vi

=1 i=r+1

> 0.9, 1 vpg for ke < k < kL.

By (3.32), (3.38), and (3.39), we have:

Kre+1
S;lk] < 1.104ru],fvro < 1.1apir * Ogl/“r(ll/g)vro <4,
forall j € [I] and k € [kye +logy /,, (11/9), min(k]., kar)]
In particular,

SMEM] < 1.1 1 g < 5,

(3.39)

(3.40)

(3.41)

where k:q(ff ) = min(kqun(h) , k;](\]})) On the other hand, for (3.16) to hold for an arbitrarily large &,
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we need vy, to be much greater than ¢ so as to compensate for the corresponding (small) value
of 1#3 . This leads to a contradiction. To elaborate, let t(") € [I] be the index satisfying (3.16).

Then, for every h > hg, (3.16), (3.41), and (3.39) imply:

Z (’4') k(h)
O[ U t(h /J“z :uz
(h)
> O.9a( ),uf”vro — 1.1a£h)ufm UrQ- (3.42)
Division by Oz7(«h) and rearranging the terms yield:
h
(h) k(h) (h)
1. 1,uk UT‘O+Z Uy (k) < —,uf ) > 0.9, vro. (3.43)
i= 1(1/7”

However, the left-hand side of (3.43) tends to zero as h — oo (since 7, > 0) because the fact that
(h) /(h) (h)

limy,_, p,;” = 0 implies that limp_, k"’ = 0o and in turn that limy,_, kym” = 0o, whereas

the right-hand side remains positive. This contradicts our assumption on v, thus proving (3.18).
Proof of (3.19)

Proof. By (3.17), (3.18) and Lemma 14, we have

¢M > 500" >0 (3.44)

for h > hg. Therefore, analogous to M., n; for i € [m], and r, we define M, := arg MAaX;e (] CZ-(h)

for h > hg, 7; := limy,_, th)/cj(\i}z fori € [m|, and 7 := min{i € [m] : 7; > 0}, respectively (by
passing to a subsequence of {y("[0] }72  if necessary).
Suppose now that (3.19) is false. Note that we did not use the assumption that kg}}) is

even until (3.41). Thus, if Z55(7) > Ao holds, then similar to 5t > 0.9045-}1) /Lff”e vr0, We have:

5™ > 0.9cM ykro o, (3.45)
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where ky, := max(0,2[0.5log

plies:
s < Zaih)ﬂi Mgy < 045\4)M1M m
=1
since |v;;| < 1. Then, (3.45) and (3.46) result in:
(h)
O‘E\}Z S 0.94Fr0 20 1 Far
GV oom )
implying that limy,_, (0‘5\2 / gﬁh)) = oo. Hence:
h h h h h
i & & 2l
h—o00 a7(«h) h—o00 <](\]/2 ngh) ag‘}/}z 041(«h)

=75 -0 ' =0,

However, this contradicts (3.44). Therefore, (3.19) holds.

pr/urpa)(40/7777)]). On the other hand, Sy [k](\]})] > 6 im-

(3.46)

]

Chapter 3, in full, is a reprint of the material as it appears in Rohit Parasnis, Massimo

Franceschetti, and Behrouz Touri, “On the Convergence Properties of Social Hegselmann—Krause

dynamics,” in IEEE Transactions on Automatic Control 67.2 (2021): 589-604. The dissertation

author was the primary investigator and author of this paper.
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Chapter 4

Non-Bayesian Social Learning on Ran-
dom Digraphs with Aperiodically Varying
Network Connectivity

4.1 Introduction

The advent of social media and internet-based sources of information such as news
websites and online databases over the last few decades has significantly influenced the way
people learn about the world around them. For instance, while learning about political candidates
or the latest electronic gadgets, individuals tend to gather relevant information from internet-
based information sources as well as from the social groups they belong to.

To study the impact of social networks and external sources of information on the
evolution of individuals’ beliefs, several models of social dynamics have been proposed during
the last few decades (see [9] and [10] for a detailed survey). Notably, the manner in which the
agents update their beliefs ranges from being naive as in [103], wherein an agent’s belief keeps
shifting to the arithmetic mean of her neighbors’ beliefs, to being fully rational (or Bayesian) as
in the works [104] and [43]. For a survey of results on Bayesian learning, see [45].

However, as argued in [105] and in several subsequent works, it is unlikely that real-
world social networks consist of fully rational agents because not only are Bayesian update rules

computationally burdensome, but they also require every agent to understand the structure of the
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social network they belong to, and to know every other agent’s history of private observations.
Therefore, the seminal paper [105] proposed a non-Bayesian model of social learning to model
agents with limited rationality (agents that intend to be fully rational but end up being only
partially rational because they have neither the time nor the energy to analyze their neighbors’
beliefs critically). This model assumes that the world (or the agents’ object of interest) is
described by a set of possible states, of which only one is the true state. With the objective of
identifying the true state, each agent individually performs measurements on the state of the
world and learns her neighbors’ most recent beliefs in every state. At every new time step, the
agent updates her beliefs by incorporating her own latest observations in a Bayesian manner and
others’ beliefs in a naive manner. With this update rule, all the agents almost surely learn the
true state asymptotically in time, without having to learn the network structure or others’ private
observations.

Notably, some of the non-Bayesian learning models inspired by the original model
proposed in [105] have been shown to yield efficient algorithms for distributed learning (for
examples see [6, 106—113], and see [114] for a tutorial). Furthermore, the model of [105] has
motivated research on decentralized estimation [115], cooperative device-to-device communica-
tions [116], crowdsensing in mobile social networks [117], manipulation in social networks [118],
impact of social networking platforms, social media and fake news on social learning [119,120],
and learning in the presence of malicious agents and model uncertainty [121].

It is also worth noting that some of the models inspired by [105] have been studied in
fairly general settings such as the scenario of infinitely many hypotheses [109], learning with
asynchrony and crash failures [113], and learning in the presence of malicious agents and model
uncertainty [121].

However, most of the existing non-Bayesian learning models make two crucial assump-
tions. First, they assume the network topology to be deterministic rather than stochastic. Second,
they describe the network either by a static influence graph (a time-invariant graph that indicates

whether or not two agents influence each other), or by a sequence of influence graphs that are
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uniformly strongly connected, i.e., strongly connected over time intervals that occur periodically.

By contrast, real-world networks are not likely to satisfy either assumption. The first
assumption is often violated because real-world network structures are often subjected to a variety
of random phenomena such as communication link failures. As for the second assumption,
the influence graphs underlying real-world social networks may not always exhibit strong
connectivity properties, and even if they do, they may not do so periodically. This is because
there might be arbitrarily long deadlocks or phases of distrust between the agents during which
most of them value their own measurements much more than others’ beliefs. This is possible
even when the agents know each other’s beliefs well.

This dichotomy motivates us to extend the model of [105] to random directed graphs
satisfying weaker connectivity criteria. To do so, we identify certain sets of agents called
observationally self-sufficient sets. The collection of measurements obtained by any of these sets
is at least as useful as that obtained by any other set of agents. We then introduce the concept
of v-epochs which, essentially, are periods of time over which the underlying social network
is adequately well-connected. We then derive our main result: under the same assumptions as
made in [105] on the agents’ prior beliefs and observation structures, if the sequence of the
weighted adjacency matrices associated with the network belongs to a broad class of random
stochastic chains called Class P*, and if these matrices are independently distributed, then our
relaxed connectivity assumption ensures that all the agents will almost surely learn the truth
asymptotically in time.

The contributions of this chapter are as follows:

1. Criteria for Learning on Random Digraphs: Our work extends the earlier studies on
non-Bayesian learning to the scenario of learning on random digraphs, and as we will show,
our assumption of recurring y-epochs is weaker than the standard assumption of uniform
strong connectivity. Therefore, our main result identifies a set of sufficient conditions

for almost-sure asymptotic learning that are weaker than those derived in prior works.
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Moreover, our main result (Theorem 7) does not assume almost-sure fulfilment of our
connectivity criteria (see Assumption IV and Remark 7). Consequently, our main result

significantly generalizes some of the known results on social learning.

. Implications for Distributed Learning: Since the learning rule (4.1) is an exponentially
fast algorithm for distributed learning [114, 122], our main result significantly extends the

practicality of the results of [105,110, 123, 124].

. A Sufficient Condition for Consensus: Theorem 6 shows how uniform strong connectivity
ensures that all the agents’ beliefs converge to a consensus almost surely even when the

true state is not identifiable.

. Results on Related Learning Scenarios: Section 4.5 provides sufficient conditions for
almost-sure asymptotic learning in certain variants of the original model such as learning

via diffusion-adaptation and inertial non-Bayesian learning.

. Methodological Contribution: The proofs of Theorems 7 and 6 illustrate the effectiveness
of the less-known theoretical techniques of Class P* and absolute probability sequences.
Although these tools are typically used to analyze linear dynamics, our work entails a
novel application of the same to a non-linear system. Specifically, the proof of Theorem 7
is an example of how these methods can be used to analyse dynamics that approximate

linear systems arbitrarily well in the limit as ¢ — oo.

Out of the available non-Bayesian learning models, we choose the one proposed in [105]

for our analysis because its update rule is an analog of DeGroot’s learning rule [103] in a learn-

ing environment that enables the agents to acquire external information in the form of private

signals [122], and experiments have repeatedly shown that variants of DeGroot’s model predict

real-world belief evolution better than models that are founded solely on Bayesian rational-

ity [125-127]. Moreover, DeGroot’s learning rule is the only rule that satisfies the psychological

assumptions of imperfect recall, label-neutrality, monotonicity and separability [63].
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Related works: We first describe the main differences between this chapter and our prior

work [39]:

1. The main result (Theorem 1) of [39] applies only to deterministic time-varying networks,
whereas the main result (Theorem 7) of this chapter applies to random time-varying net-
works. Hence, Theorem 7 of this chapter is more general than the main result of [39].
As we will show in Remark 7, the results of this chapter apply to certain random graph
sequences that almost surely fall outside the class of deterministic graph sequences consid-

ered in [39].

2. In addition to the corollaries reported in [39], this chapter provides three corollaries of our
main results that apply to random networks. These corollaries are central to the sections
on learning amid link failures, inertial non-Bayesian learning, and learning via diffusion

and adaptation (Section 4.5.1 — Section 4.5.3).

As for other related works, [128] and [129] make novel connectivity assumptions, but
unlike our work, neither of them allows for arbitrarily long periods of poor network connectivity.
The same can be said about [120] and [130], even though they consider random networks and
impose connectivity criteria only in the expectation sense. Finally, we note that [131] and [132]
come close to our work because the former proposes an algorithm that allows for aperiodically
varying network connectivity while the latter makes no connectivity assumptions. However, the
sensor network algorithms proposed in [131] and [132] require each agent to have an actual
belief and a local belief, besides using minimum-belief rules to update the actual beliefs. By
contrast, the learning rule we analyze is more likely to mimic social networks because it is
simpler and closer to the empirically supported DeGroot learning rule. Moreover, unlike our
analysis, neither [131] nor [132] accounts for randomness in the network structure.

We begin by defining the model in Section 5.2. In Section 4.3, we review Class P*, a

special but broad class of matrix sequences that forms an important part of our assumptions.
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Next, Section 5.3 establishes our main result. We then discuss the implications of this result in
Section 4.5. We conclude with a brief summary and future directions in Section 5.6.

Notation: We denote the set of real numbers by R, the set of positive integers by N, and
define N := NU{0}. For any n € N, we define [n] := {1,2,...,n}.

We denote the vector space of n-dimensional real-valued column vectors by R". We use
the superscript notation © to denote the transpose of a vector or a matrix. All the matrix and vector
inequalities are entry-wise inequalities. Likewise, if v € R™, then |v| := [Jv1] |vg] ... |va]]T, and
if v > 0 additionally, then log(v) := [log(v1) log(vs) ... log(v,)]T. We use I to denote the
identity matrix (of the known dimension) and 1 to denote the column vector (of the known
dimension) that has all entries equal to 1. Similarly, O denotes the all-zeroes vector of the known
dimension.

We say that a vector v € R" is stochastic if v > 0 and vT'1 =1, and a matrix A is
stochastic if A is non-negative and if each row of A sums to 1,i.e.,if A>0and A1=1. A
stochastic matrix A is doubly stochastic if each column of A sums to 1, i.e., if A > 0 and
AT1 = A1 = 1. A sequence of stochastic matrices is called a stochastic chain. If { A(t)}$,, is
a stochastic chain, then for any two times ¢1,t2 € Ny such that t; < to, we define A(to : t1) :=
A(ta —1)A(ta—2)--- A(t1), and let A(ty : 1) := 1. If {A(t)}$2, is a random stochastic chain
(a sequence of random stochastic matrices), then it is called an independent chain if the matrices

{A(t)}$2, are P-independent with respect to a given probability measure P.

4.2 Problem Formulation

4.2.1 The Non-Bayesian Learning Model

We begin by describing our non-Bayesian learning model which is simply the extension
of the model proposed in [105] to random network topologies.
As in [105], we let © denote the (finite) set of possible states of the world and let 6* € ©

denote the true state. We consider a social network of 7 agents that seek to learn the identity of
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the true state with the help of their private measurements as well as their neighbors’ beliefs.
Beliefs and Observations

For each i € [n] and t € Ny, we let z1; ; be the probability measure on (6,2°) such that
i t(0) == pit({0}) denotes the degree of belief of agent 7 in the state 6 at time ¢. Also, for each
0 € ©, welet yu(0) := [111,4(0) p2,4(0) - pnt(0)]" € [0,1]".

As in [105], we assume that the signal space (the space of privately observed signals) of
each agent is finite. We let S; denote the signal space of agent i, define S := 51 X Sy X -+ X Sy,
and let wy = (w14,...,wn,t) € S denote the vector of observed signals at time ¢. Further, we
suppose that for each ¢ € N, the vector w; is generated according to the conditional probability
measure [(-|0) given that 6* = 0, i.e., w; is distributed according to {(-|6) if 6 is the true state.

We now repeat the assumptions made in [105]:
1. {wt}ten is an i.i.d. sequence.

2. Forevery i € [n] and 6 € ©, agent i knows [;(-|#), the i marginal of [(-|0) (i.e., [;(s]6) is

the conditional probability that w; ; = s given that 0 is the true state).

3. li(s]0) > O forall s € S;,i € [n] and § € ©. We let [y := mingeg min;e [, ming,es; li(si|6).

Note that [g > 0.

In addition, it is possible that some agents do not have the ability to distinguish between
certain states solely on the basis of their private measurements because these states induce the
same conditional probability distributions on the agents’ measurement signals. To describe such

situations, we borrow the following definition from [105].

Definition 40 (Observational equivalence). Two states 01,02 € © are said to be observationally

equivalent from the point of view of agent i if [;(-|01) = [;(-|02).

For each i € [n], let ©F := {0 € © : [;(:|0) = [;(-|6*)} denote the set of states that are

observationally equivalent to the true state from the viewpoint of agent . Also, let ©* := ¢, O]
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be the set of states that are observationally equivalent to 6* from every agent’s viewpoint. Since
we wish to identify the subsets of agents that can collectively distinguish between the true state

and the false states, we define two related terms.

Definition 41 (Observational self-sufficience). If O C [n] is a set of agents such that Nje0©} =

O%, then O is said to be an observationally self-sufficient set.

Definition 42 (Identifiability). If ©* = {0*}, then the true state 0* is said to be identifiable.
Network Structure and the Update Rule

Let {G(t)}+en, denote the random sequence of n-vertex directed graphs such that for
each t € Ny, there is an arc from node i € [n] to node j € [n] in G(t) if and only if agent ¢
influences agent j at time ¢. Let A(t) = (a;;(t)) be a stochastic weighted adjacency matrix of the
random graph G(t), and for each i € [n], let Nj(t) := {j € [n]\ {4} : ai;(t) > 0} denote the set
of in-neighbors of agent 7 in G(¢). We assume that at the beginning of the learning process (i.e.,
att = 0), agent 7 has 1, 0(0) € [0, 1] as her prior belief in state § € ©. At time ¢ + 1, she updates

her belief in @ as follows:

pit+1(0) = aii(6)BU; 141 (0)+ > aij(t)pje(6), 4.1)
JEN;(t)

where “BU” stands for “Bayesian update” and

li(wit41]0)pi ¢ (0)
B . — ’ J .
Ui t+1(0) oreo li(wit+1]0) it (0')

Finally, we let (€2, B,P*) be the probability space such that {w;}7; and {A(t)}2, are

measurable w.r.t. 3, and P* is a probability measure such that:

P* (w1 = s1,w2 = 59,...,wp = 5p) = [[ U(s¢]0")

111



forall sq,...,s, € Sandall r € NU{oo}. Asin [105], we let E* denote the expectation operator

associated with P*.

4.2.2 Forecasts and Convergence to the Truth

At any time step ¢, agent ¢ can use her current set of beliefs to estimate the probability
that she will observe the signals sy, s9,...,s; € S; over the next k time steps. This is referred to

as the k-step-ahead forecast of agent i at time ¢ and denoted by mz(’]? (s1,-..,5k). We thus have:

k
m® (51, s1) = 30 [T lilsr10)is(6).

fcor=1

We use the following notions of convergence to the truth.

Definition 43 (Eventual Correctness [105]). The k-step ahead forecasts of agent © are said to

be eventually correct on a path (A(0),w1,A(1),wa,...) if, along that path,

k
mgi)(sl,s%...,sk) — [ lLi(s;|6") as t— occ.
j=1
Definition 44 (Weak Merging to the Truth [105]). We say that the beliefs of agent i weakly

merge to the truth on some path if, along that path, her k-step-ahead forecasts are eventually

correct for all k € N.

Definition 45 (Asymptotic Learning [105]). Agent i € [n] asymptotically learns the truth on
a path (A(0),w1,A(1),wa,...) if, along that path, 11; (%) — 1 (and hence j1;+(6) — 0 for all
0 o\{0*}) ast — oc.

Note that, if the belief of agent 7 weakly merges to the truth, it only means that agent ¢
is able to estimate the probability distributions of her future signals/observations with arbitrary
accuracy as time goes to infinity. On the other hand, if agent ¢ asymptotically learns the truth, it

means that, in the limit as time goes to infinity, agent ¢ rules out all the false states and correctly
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figures out that the true state is #*. In fact, it can be shown that asymptotic learning implies weak

merging to the truth, even though the latter does not imply the former [105].

4.3 Revisiting Class P*: A Special Class of Stochastic
Chains

Our next goal is to deviate from the standard strong connectivity assumptions for social
learning [105,110, 123, 124]. We first explain the challenges involved in this endeavor. To begin,

we express (4.1) as follows (Equation (4) in [105]):

pre1(0) — A(t) 112 (0)
= diag ( -, agi(t) [M — 1] e ) e (6), 4.2)

mi (Wi t+1)

(1)

where m; i(s) := m; ; (s) for all s € S;. Now, suppose ¢ = 0*. Then, an extrapolation of the
known results on non-Bayesian learning suggests the right-hand-side of (4.2) decays to 0 almost
surely as ¢ — oo. This means that for large values of ¢ (say ¢t > Ty for some T € N), the
dynamics (4.2) for @ = 6* can be approximated as p+1(0%) ~ A(t)u:(6*). Hence, we expect the
limiting value of 1 (6*) to be closely related to lim;_, o, A(t : Tp), whenever the latter limit exists.
However, without standard connectivity assumptions, it is challenging to gauge the existence of
limits of backward matrix products.

To overcome this difficulty, we use the notion of Class P* introduced in [62]. This notion
is based on Kolmogorov’s ingenious concept of absolute probability sequences, which we now

define.

Definition 46 (Absolute Probability Sequence [62]). Let { A(t)}:2 be either a deterministic
stochastic chain or a random process of independently distributed stochastic matrices. A

deterministic sequence of stochastic vectors {m(t)};2 is said to be an absolute probability
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sequence for {A(t)}52, if
L (t+ DE[A(t)] =T (t) forallt>0.

Note that every deterministic stochastic chain admits an absolute probability sequence
[38]. Hence, every random sequence of independently distributed stochastic matrices also admits
an absolute probability sequence.

Of interest to us is a special class of random stochastic chains that are associated with

absolute probability sequences satisfying a certain condition. This class is defined below.

Definition 47 (Class P* [62]). We let (Class-)P* be the set of random stochastic chains that
admit an absolute probability sequence {m(t)}72, such that w(t) > p*1 for some scalar p* > 0

and all t € Ny.

Remarkably, in scenarios involving a linear aggregation of beliefs, if {m(¢)}{2, is an
absolute probability sequence for { A(t)}$2, then 7;(t) denotes the Kolmogorov centrality or
social power of agent ¢ at time ¢, which quantifies how influential the i-th agent is relative to
other agents at time ¢ [62,63]. In view of Definition 47, this means that, if a stochastic chain
belongs to Class P*, then the expected chain describes a sequence of influence graphs in which
the social power of every agent exceeds a fixed threshold p* > 0 at all times. Let us now now

look at a concrete example.

Example 1. Suppose A(t) = A, for all even t € Ny, and A(t) = A, for all odd t € Ny, where

Ae and A, are the matrices defined below:

1 0 11
Ag = . Ay = 22
1 1

Then one may verify that the alternating sequence [3 $|7,[3 2]7,(2 3|7, .. is an absolute

1
probability sequence for the chain { A(t) }{2,. Hence, {A(t)}i2, € P*.
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Let us now add a zero-mean independent noise sequence {W(t)};2, to the original
chain, where for all even t € Ny, the matrix W (t) is the all-zeros matrix (and hence a degenerate
random matrix), and for all odd t € Ny, the matrix W (t) is uniformly distributed on {Wy, —Wj},

with Wy given by

D=
DO —

0 O

Then by Theorem 5.1 in [62], the random stochastic chain { A(t) + W (t)}2 belongs to Class

P* because the expected chain {E[A(t)+ W (t)]} 20 = {A(t) }2, belongs to Class P*.

Remark 7. Interestingly, Example 1 illustrates that a random stochastic chain may belong to
Class P* even though almost every realization of the chain lies outside Class P*. To elaborate,
consider the setup of Example 1, and let A(t) :== A(t)+W (t). Observe that Ay — Wy = I,
which means that for any B € N and t; € Ny, the probability that A(t)+ W (t) = I for all
oddte {ty,....t1+2B—1} is (%)B > 0. Since {W(t)}2, are independent, it follows that
for P*-almost every realization {A(t)}52, of {A(t)}2,, there exists a time T € Ny such that
A(T+2B:7)=Ac-1-Ap-I---Ao-I = AB. Therefore, if {mr(t)}52, is an absolute probability
sequence for the deterministic chain { A(t)}$2,, we can use induction along with Definition 46

to show that wh (1 + 9B)A(T +2B : 7) equals 7k (7). Thus,
rh(r) =nh(r+2B)AB <1TAD.

Since the second entry of 1T AP evaluates to 2%, and since B is arbitrary, it follows that there
is no lower bound p* > 0 on the second entry of (7). Hence, { A(t)}22, ¢ P*, implying that

P*-almost no realization of { A(t)} belongs to Class P*.

We now turn to a noteworthy subclass of Class P*: the class of uniformly strongly
connected chains (Lemma 5.8, [62]). Below is the definition of this subclass (reproduced

from [62]).
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Definition 48 (Uniform Strong Connectivity). A deterministic stochastic chain {A(t)};2, is

said to be uniformly strongly connected if:
1. there exists a § > 0 such that for all i, j € [n| and all t € Ny, either a;;(t) > 6 or a;;(t) =0,
2. aii(t) > 0foralli € [n] and all t € Ny, and

3. there exists a constant B € N such that the sequence of directed graphs {G(t)}72,, defined
by G(t) = ([n], E(t)) where E(t) := {(i,7) € [n]* : a;i(t) > 0}, has the property that the

graph:

is strongly connected for every k € Ny.

Due to the last requirement above, uniformly strongly connected chains are also called
B-strongly connected chains or simply B-connected chains. Essentially, a B-connected chain
describes a time-varying network that may or may not be connected at every time instant but is
guaranteed to be connected over bounded time intervals that occur periodically.

Besides uniformly strongly connected chains, we are interested in another subclass of

Class P*: the set of independent balanced chains with feedback property (Theorem 4.7, [62]).

Definition 49 (Balanced chains). A stochastic chain {A(t)}$2, is said to be balanced if there

exists an o € (0,00) such that:

YooY aiit)yza Y Y ag(t) (4.3)

ieCjen]\C ie[n]\CjeC
for all sets C' C [n] and all t € Ny.

Definition 50 (Feedback property). Let {A(t)}:2, be a random stochastic chain, and let
Fi:=0(A0),...,A(t—1)) forall t € N. Then {A(t)}:2, is said to have feedback property if
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there exists a 6 > 0 such that

E[aii(t)aij(tﬂft] Z 5E[aij (t)|./—"t] a.s.

forallt € Ny and all distinct i, j € [n)].

Intuitively, a balanced chain is a stochastic chain in which the total influence of any
subset of agents C' C [n] on the complement set C := [n]\ C is neither negligible nor tremendous
when compared to the total influence of C' on C. As for the feedback property, we relate its

definition to the strong feedback property, which has a clear interpretation.

Definition 51 (Strong feedback property). We say that a random stochastic chain { A(t) }72,
has the strong feedback property with feedback coefficient § if there exists a 6 > 0 such that

a;i(t) > 6 a.s. foralli € [n] and all t € Ny.

Intuitively, a chain with the strong feedback property describes a network in which all
the agents’ self-confidences are always above a certain threshold.

To see how the strong feedback property is related to the (regular) feedback property,
note that by Lemma 4.2 of [62], if { A(t) }?2, has feedback property, then the expected chain,
{E[A(t)]}2, has the strong feedback property. Thus, a balanced independent chain with
feedback property describes a network in which complementary sets of agents influence each
other to comparable extents, and every agent’s mean self-confidence is always above a certain

threshold.

Remark 8. It may appear that every stochastic chain belonging to Class P* is either uniformly
strongly connected or balanced with feedback property, but this is not true. Indeed, one such
chain is described in Example 1, wherein we have A(t) + W (t) = Ae for even t € Ny, which
implies that (4.3) is violated at even times. Hence, { A(t) +W (t)}72, is not a balanced chain.
As for uniform strong connectivity, recall from Remark 7 that P*-almost every realization of

{A(t) + W (t)}52 lies outside Class P*. Since Class P* is a superset of the class of uniformly
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strongly connected chains (Lemma 5.8, [62]), it follows that { A(t) + W (t) }s2 is almost surely

not uniformly strongly connected.

Remark 9. [133] provides examples of subclasses of Class P* chains that are not uniformly
strongly connected, such as the class of doubly stochastic chains. For instance, let D C R™*"™
be any finite collection of doubly stochastic matrices such that I € D, and let {A(t)};2, be a
sequence of i.i.d. random matrices, each of which is uniformly distributed on D. Then { A(t)}72,,
being a doubly stochastic chain, belongs to Class P* (see [133]). Now, for any B € N and
t1 € Ny, the probability that A(t) = I for all t € {t1,...,t1 + B — 1} equals ﬁ > 0. In light
of the independence of { A(t)}$2, this implies that there almost surely exists a time interval
T of length B such that A(t) = I for all t € T, implying that there is no connectivity in the

network during the interval T. As the interval duration B is arbitrary, this means that the chain

{A(t)}s2 is almost surely not uniformly strongly connected.
4.4 The Main Result and its Derivation

We first introduce a network connectivity concept called y-epoch, which plays a key role

in our main result.

Definition 52 (v-epoch). For a given v > 0 and ts,t; € N satisfying ts <y, the time interval
[ts,t] is a y-epoch if, for each i € [n), there exists an observationally self-sufficient set of agents,
O; C [n], and a set of time instants T; C {ts+1,... s} such that for every j € O;, there exists a
t € T; satisfying a;;(t) >~ and (A(t : ts))ji > . Moreover, if [ts,tf] is a y-epoch, then ty —t

is the epoch duration.

As an example, if n > 9 and if the sets {2,5,9} and {7,9} are observationally self-
sufficient, then Fig. 4.1 illustrates the influences of agents 1 and n in the y-epoch [0, 5].

Intuitively, y-epochs are time intervals over which every agent strongly influences an
observationally self-sufficient set of agents whose self-confidences are guaranteed to be above a

certain threshold at the concerned time instants.
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[

rNode index

Figure 4.1. Example of a y-epoch (from the viewpoint of nodes 1 and n)

We now list the assumptions underlying our main result.

I (Recurring y-epochs). There exist constants v > 0 and B € N, and an increasing sequence

{ti}72; € N such that to, —to;—1 < B forall k € N, and

oo
> P ([tag—1,t2] is a y-epoch) = co.
k=1

This means that the probability of occurrence of a y-epoch of bounded duration does not
vanish too fast with time. Note, however, that t9; 11 — to, (the time elapsed between two

consecutive candidate y-epochs) may be unbounded.

IT (Existence of a positive prior). There exists an agent jy € [n] such that p, o(6*) >0, i.e.,

the true state is not ruled out entirely by every agent. We assume w.l.o.g. that jo = 1.

III (Initial connectivity with the agent with the positive prior). There a.s. exists a random

time 7' < oo such that! E* [log (A(T : 0)),,] > —oc for all i € [n].

'In general, if Q := {j € [n] : 1;,0(6*) > 0}, then we only need E*[max ;g log((A(T : 0));5)] > —oc.
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IV (Class P*). {A(t)}2, € P*, i.e., the sequence of weighted adjacency matrices of the

network belongs to Class P* w.r.t. the probability measure P*.
V (Independent chain). {A;}7°, is a P*-independent chain.

VI (Independence of observations and network structure). The sequences {w;}?°; and

{A¢}72, are P*-independent of each other.
We are now ready to state our main results.

Theorem 5. Suppose that the sequence { A(t)}72 and the agents’ initial beliefs satisfy Assump-

tions Il - VI. Then:

(i) If {A(t)}s2 either has the strong feedback property or satisfies Assumption I, then every

agent’s beliefs weakly merge to the truth P*-a.s. (i.e., P*-almost surely).

(ii) If Assumption I holds and 0* is identifiable, then all the agents asymptotically learn the

truth P*-a.s.

Theorem 7 applies to stochastic chains belonging to Class P*, and hence to scenarios in
which the social power (Kolmogorov centrality) of each agent exceeds a fixed positive threshold
at all times in the expectation sense (see Section 4.3). While Part (i) identifies the recurrence of
~v-epochs as a sufficient connectivity condition for the agents’ forecasts to be eventually correct,
Part (ii) asserts that, if y-epochs are recurrent and if the agents’ observation methods enable them
to collectively distinguish the true state from all other states, then they will learn the true state
asymptotically almost surely.

Note that the sufficient conditions provided in Theorem 7 do not include uniform strong
connectivity. However, it turns out that uniform strong connectivity as a connectivity criterion
is sufficient not only for almost-sure weak merging to the truth but also for ensuring that all
the agents asymptotically agree with each other almost surely, even when the true state is not

identifiable. We state this result formally below.
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Theorem 6. Suppose Assumption Il holds, and suppose { A(t)}$2, is deterministic and uniformly
strongly connected. Then, all the agents’ beliefs converge to a consensus P*-a.s., i.e., for each

6 € ©, there exists a random variable Cy € [0, 1] such that lim;_,o 111 (0) = Cyp1 a.s.

Before proving Theorems 7 and 6, we look at the effectiveness of the concepts of
Section 4.3 in analyzing the social learning dynamics studied in this chapter. We begin by noting
the following implication of Assumption I'V: there exists a deterministic sequence of stochastic
vectors {7 (t)}72, and a constant p* > 0 such that {7 (¢) }{2 is an absolute probability sequence

for {A(t)}2, and 7(t) > p*1 for all ¢ € Ny.

Using Absolute Probability Sequences and the Notion of Class P* to
Analyze Social Learning
1) Linear Approximation of the Update Rule: Consider the update rule (4.2) with # = 6*. Note

that the only non-linear term in this equation is

u(t) := diag < - aii(t) ll(““l'e) - 1] ... ) 11(6%).

mz’,t(wz’,tJrl)

So, in case lim; o u(t) = 0, then the resulting dynamics for large ¢ would be p;(0*) ~
A(t) e (6%), which is approximately linear and hence easier to analyze. This motivates us
to use the following trick: we could take the dot product of each side of (4.2) with a non-
vanishing positive vector ¢(t), and then try to show that ¢’ (t)u(t) — 0 as t — co. Also, since
{A(t)} € P*, we could simply choose {q(t)};2, = {m(t)}$2, as our sequence of non-vanishing
positive vectors.

Before using this trick, we need to take suitable conditional expectations on both sides
of (4.2) so as to remove all the randomness from A(t) and a;;(t). To this end, we define

B :=o(wr,...,wt, A(0),..., A(t)) for each t € N, and obtain the following from (4.2):
B pe1(07) | Be] = A() e (67) = E[u(t) | By,
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where we used that 1 (6*) is measurable w.r.t. B;.
We now use the said trick as follows: we left-multiply both the sides of the above equation

by the non-random vector 77 (¢ + 1) and obtain:

w7+ DE [u(t) | B = 77 (t4+ 1)E" [ (6%) B — 77 (¢4 At a(67).

Here, we use the definition of absolute probability sequences (Definition 46): we replace

71 (t41) with 77 (t + 2)E*[A(t 4 1)] in the first term on the right-hand-side. Consequently,

o (t+ DE [u(t) | B =" (t 4+ 2)E [A(t+ 1B g1 (6%) | Be] =7 (¢ + 1) A(t) e (6)
DB T (14 2) At + paesa (0°) | Bl =77 (1 + 1D A@)e (07), (4.4)

where (a) follows from Assumptions V and VI (for more details see Lemma 27). Now, to
prove that lim;_, u(t) = 0, we could begin by showing that the left-hand-side of (4.4) (i.e.,
7l (t+1)E*[u(t) | B]) goes to 0 as t — co. As it turns out, this latter condition is already met:

according to Lemma 21 (in the appendix), the right-hand side of (4.4) vanishes as ¢ — co0. As a

result,
: T * _
tlggow (t+1)E*[u(t) | B =0 a.s.
Equivalently,
n L (w: o*
> mi(t+1)aq(t)E* [Mm —1 ‘ Bt] pit(6*) — 0 almost surely as ¢ — oo,
i=1 mi,t<wi,t+1)

where we have used that a;;(t) and y;(0*) are measurable w.r.t. B;. To remove the summation
from the above limit, we use the lower bound in Lemma 24 to argue that every summand in the

above expression is non-negative. Thus, for each i € [n],

li(wit+1]0*

lim 7; (¢t + 1)ag; (1) E —1|B i1(07)=0
T i+ L (1) [mz_’t(%m) | s 0)
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a.s. More compactly, limy_, oo 7;(t + 1)E*[u;(t) | B¢] = 0 a.s. Here, Class P* plays an important
role: since 7(t+ 1) > p*1, the multiplicand 7;(¢ + 1) can be omitted:

lim E* [u;(t) | B] =0 a.s. 4.5)

t—00

We have thus shown that lim;_,oo E*[u(t) | B¢] = 0 a.s. With the help of some algebraic manipu-

lation, we can now show that lim;_,oc u(t) = 0 a.s. (see Lemma 25 for further details).

2) Analysis of 1-Step-Ahead Forecasts: Interestingly, the result lim;_,u(t) = 0 a.s. can
be strengthened further to comment on 1-step-ahead forecasts, as we now show.
Recall that 7(¢) > p*1 for all ¢ € Ny. Since log(u+(0*)) < 0, this means that the following

hold almost surely:

n
PR ) *\\ Qi s x4 T *
p htrglogf;:llog(uz,t(e )) = liminfp™1" log(1:(67))

> liminf 77 log (s (0%)) > —o0,
t—00

where the last step follows from Lemma 21. This is possible only if liminf;_, log (s ¢(6*)) >
—o0 a.s. for each i € [n], which implies that liminf; ,o 11;¢(6*) > 0 a.s., that is, there a.s.
exist random variables § > 0 and 7" € N such that y;+(0*) > 0 a.s. for all t > T". Since

limy o0 () = 0 as., it follows that limy . /105 = 0 .., that is,

lim az;(t) (ll(w”“'()) - 1) =0 as

t—0o0 mi (Wi t41)

On multiplying the above limit by —m; ¢(w; ++1), we observe that the following holds a.s.

limy o0 @i (t) (M ¢ (wig+1) — li(wig41]0%)) = 0. We now perform some simplification (see
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Lemma 28) to show that
lim a;i(t) (mit(s) —1i(s|60*)) =0 a.s. forall s € S;. (4.6)
t—o00

Therefore, if there exists a sequence of times {t;};>; with t;, T oo such that the i-th agent’s
self-confidence a;;(t) exceeds a fixed threshold v > 0 at times {5} >, then (4.6) implies that its
1-step-ahead forecasts sampled at {5} ;° ; converge to the true forecasts, i.e., limy_,oo M4, (5) =
1;(s]6%) a.s.

The following lemma generalizes (4.6) to h-step-ahead forecasts. Its proof is based on

induction and elementary properties of conditional expectation.

Lemma 20. Forall h €N, s1,s9,...,s, € S; and i € [n],

h
tli}rgoaii(t) (mgz)(sl,SQ,...,sh) -] li(srw*)) =0 as.

r=1

Proof. We prove this lemma by induction. Observe that since m;(s) < 1 for all s € S; and
i € [n], on multiplication by m; ;(s), Lemma 25 implies that Lemma 20 holds for » = 1. Now, sup-
pose Lemma 20 holds for some h € N, and subtract both the sides of (4.2) from E*[1s+1(0)|B¢]

in order to obtain

E* [Mt+1(9) |Bt] - Mt+1(9)
— 1001 6) B — A()yu0(6) — diag ( i) [”“’*"” - 1] ) ()

mi (Wi t+1)

Rearranging the above and using Lemma 26 results in

E* (11441 (0)|B] — pue41(0) + diag ( 5 ai(t) [m - 1] ,> i (0) =0

a.s. For i € [n], we now pick the i-th entry of the above vector limit, multiply both its sides by
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a;i;(t) Hfle li(sr|0) (Where s1,s9,...,s, are chosen arbitrarily from S;), and then sum over all

0 € O. As aresult, the following quantity approaches 0 almost surely as ¢ — oo

h
Zaw (H 5r|9> "1 t+1(0)[Bt] = pig41(0))

0cO

+ (H li(5r|9)) az(t) [M - 1] it (6) 4.7)
r=1

o mi (Wi t+1)

On the other hand, the following holds almost surely

0cO

h
> ai(t) (l:[ lLi(sr |9)> (E*pti,e41(0)|Be] — prie41(6))

= azz

fcOr=1 fcOr=1

h
1> Hl (57|0) ptie+1(0) ’Bt] —ai(t) Y [T li(sr]0)pi1(0)

= a;; (t)E* {m,ﬁﬁll(sl, . .,ST)‘BJ — aii(t)mggll(sl, ey Sp)

h
=E* |ay(t) (mEﬁLl(sl,...,ST) -1I li(sr\ﬁ)) ’Bt]
r=1
(h) h t—
—ay;(t) (mi’tﬂ(sl,...,s,ﬂ) 11! (ST|9)) X0 (4.8)
r=1

where the last step follows from our inductive hypothesis and the Dominated Convergence

Theorem for conditional expectations. Combining (4.7) and (4.8) now yields:

i i\ Wit
> (1:[151'(37"’9)) azi(t) llZ(HW) - 11 pit(0) =0

=) mi,t(wi,tJrl)
a.s. as t — oo, which implies:

2
ag;(t h+1 h
#mg’; )(wl"t+1,31, ey SR) — a?l-(t)mgt)(sl, coy8p) =0 as.as t— 0.
mz,t(wz,tJrl)

By the inductive hypothesis and the fact that |a;;(¢)| and |m; ;(w; 1+1)| are bounded, the above
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means:

2
Qg

h
h+1 *
M @igersste o) — ad(@mig i) [ (s 0) ZF 0 as.

r=1

Once again, the fact that |m; ;(w; ++1)| is bounded along with Lemma 25 implies that the limit

Qi (t)mm (wi7t+1) — Qi (t)ll' (wi7t+1 |@*) — 0 holds a.s. and hence that

h
h * *
azzi<t)mz(',t+1)(wi,t+1;317---ash)_azzi<t)li(wi,t+l|6 ) [Tl 107) =% 0 as.
r=1

By the Dominated Convergence Theorem for Conditional Expectations, we have

h

aZ(t)E* ml(-zH)(wi,tH,sl,...,sh) —Li(wig1169) [ li(srw*)ﬂﬁ}} Z%0 as.,

7
r=1

which implies that

h+1
a?i(t) > lilspt1]6%) (mgz+1)(8h+1781,...,3h) - 11 li(sr|9*)) Z%0 as.
r=1

Sh41€S5;

Since ;(sp1|0) > 0 for all sp1 € S, it follows that
(h+1) hid t—00
az(t) Miy  (She1,81,--,80) — 11 (s 6%) ] =0 as.
r=1
for all s1,s9,...,5,+1 € S;. We thus have
2
h+1
h 1 *
[aii(t) (ml(-’;_ ) (81,82, .. .,S}H_l) — H l; (Sr | 0 ))]
r=1
h+1
h 1 *
= aji(t) (m&ﬁ N(st,82, - ssm) = [ Ll | 0 >)
r=1

S| M (31732"~78h+1)—le’(srw*) )
r=1
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which decays to 0 almost surely as t — 0o, because mgﬁﬂ) (51,59, ,5he1) — [IE3 1 (s, | 6%)

is bounded. This proves the lemma for /4 + 1 and hence for all h € N. O

3) Asymptotic Behavior of the Agents’ Beliefs: As it turns out, Lemma 21, which we used
above to analyze the asymptotic behavior of u(t), is a useful result based on the idea of absolute

probability sequences. We prove this lemma below.

Lemma 21. Let 0 € ©*. Then the following limits exist and are finite: P*-a.s: limy_soo 7 () 111(6),
limy oo ! (t+ 1) A(t)pe(0) and limy_yoo 71 (t)log 114 (0%). As a result, we can assert that

EX[7T (¢ +2) At 4+ 1) g1 (0%) | By] — 77 (t + 1) A(t) e (0*) approaches 0 a.s. as t — oo.

Proof. Let B, := o (A(0),...,A(t—1),w1,...,w;) for all t € N. Taking the conditional expecta-
tion E[-|B{] on both sides of (4.2) yields

E*[141(0) | Bi] —E*[A(t) | Bi]e(0)
= diag ( ., EF [aii(t) (w — 1>

mi,t(wi,t+1)

B;] . ) (6%, 49)

where we used that y;(6) is measurable w.r.t. 5. Now, observe that 3; C B;, which implies that

E* laii(t) <li(°"“+1 | 9)) - 1) | Bg] —E* [JE* laii(t) (Zi(”i’t“ | 9)) - 1) | Bt] | BQ]

mi,t(wi,tJrl mi,t(wi,tJrl

_E* [aii(t)-E* lli(u’i’t”'@) 1 ’ Bt] ‘BQ]

mi,t(wi,t+1)

>0

Y

where the inequality follows from the lower bound in Lemma 24. Hence, (4.9) implies that

E*[p1(0) | By) > E*[A(t) | By]ue(0). Since E*[A(t) | B;] = E*[A(t)] by Assumptions V and VI,
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it follows that

E*[pi41(0) | By > E*[A(t)] 4 (6) (4.10)

a.s. for all t € N. Left-multiplying both the sides of (4.10) by w7 (¢4 1) results in the following

almost surely

77 (4 1)E [141(0)|BY) > 77 (¢ + DETA() e (6)

=7 () (0), (4.11)

where the last step follows from the definition of absolute probability sequences (Definition 46).

Since {7 () }72, is a deterministic sequence, it follows from (4.11) that

E*[n" (t+per(0) | B = 7" ()pe(6)  as.

We have thus shown that {77 (¢)p;(0)}99, is a submartingale w.r.t. the filtration {13;}2°,. Since
it is also a bounded non-negative sequence (because 0 < 7(t),us(0) < 1), it follows that
{7 (t)ps(0)}32, is a bounded non-negative submartingale. Hence, lim; oo 7 (t)11¢(0) ex-
ists and is finite P*-a.s.

The almost-sure existence of limy o 7 (t 4+ 1) A()14(0) and limy o0 77 (£) log 1 (6%)
can be proved using similar submartingale arguments, as we show below.

In the case of limy oo 7 (¢ + 1) A(t) ¢ (6), we derive an inequality similar to (4.10): we
take conditional expectations on both sides of (4.2) and then use the lower bound in Lemma 24
to establish that

E*[pe+1(0) | By) > A(t) e (0)  a.s. (4.12)
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Next, we observe that

(a)

o (t+ DA pe(0) < 7 (¢ + DE*[er1(6)| B
=" (t+2)E [A(t + 1)JE*[ue-+1(6)| B

®) 7l (t+ 2B [A(t+ 1)| B E* [141(0) | B]

92T (4 2B [A(t+ 1)1 (0)|B]

=B [al (t+2)A(t + 1)1 (0)|By]  as., (4.13)

where (a) follows from (4.12), and (b) and (c) each follow from Assumptions V and VI.
Thus, {77 (t 4 1)A(t)u(0)}$2, is a submartingale. It is also a bounded sequence. Hence,
limy oo ! (t 4 1) A(t) e (6) exists and is finite a.s. Next, we use an argument similar to the
proof of Lemma 2 in [105]: by taking the entry-wise logarithm of both sides of (4.1), using the

concavity of the log(-) function and then by using Jensen’s inequality, we arrive at:

. . li(wi+1|0%)
log ft.141(6) > asa(t) log 1z (6%) + asi(t) log <(“')+ S gy (1) log 1;4(67).
M ¢ (Wi t41) JEN(D)

(4.14)

Note that by Lemma 23 and Assumptions II and III, we have the following almost surely for all
i€ [n]:

i (0%) = (AT 0))ir(lofm) "y o(6°) > 0.

Therefore, (4.14) is well defined for all ¢ > T and i € [n]. Next, for each i € [n], we have:

mz t Wz t+1) s€S; mlﬂf(s)

where D(p || ¢) denotes the relative entropy between two probability distributions p and ¢, and is

always non-negative [134]. Taking conditional expectations on both the sides of (4.14) and then
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using (4.15) yields:

E*[log i 1+1(07) | Byl > E*[aii(t)]log pip(0%) + D E*[ag;(t)]log;4(67) (4.16)
JEN(t)

a.s. for all i € [n] and ¢ sufficiently large, which can also be expressed as E*[log ;41 (6) | B}] >

E*[A(t)]1og 1 (0*) a.s. Therefore, E*[A(t)]log 114 (6*) < E*[log p1¢+1(6%) | Bj] a.s., and we have:

! (t)log () = 7 (t+ 1)E*[A(t)] log 1 (67)
<@l (t+1)E [logu41(6%) | By]

= E*[al (t+1)log pe1(0%) | By (4.17)

a.s. Thus, {77 (t)log p:(6%)}2, is a submartingale. Now, recall that the following holds almost

surely:

" )" "
p(0) > AT 0 () of6°) 0

which, along with (4.17), implies that {77 (t)log j1¢(6*)}? 1 is an integrable process. Since
7L (t)log s (0*) < 0 a.s., it follows that the submartingale is also L!(IP*)-bounded. Hence,
limy_y00 77 (t)log 114 (%) exists and is finite almost surely.

Having shown that limy oo 77 (¢ + 1) A(t) e (6*) exists a.s., we use the Dominated
Convergence Theorem for Conditional Expectations (Theorem 5.5.9 in [135]) to prove the
last assertion of the lemma. We do this as follows: we note that we almost surely have

limy o0 (77 (¢4 2)A(t+ 1) g 1(0%) — 77 (£ 4 1) A(£)s(6%) ) = 0. Therefore,

E* " (t+2)A(t+ Dper1(97) [ Bl =7 (¢ +1)A(t) e (67)

= E*[nl (t+2) At + Dpes1 (0%) =7l (t+ DA e (0%) | B) = 0 a.s.as t — oo,

where the second step follows from the Dominated Convergence Theorem for Conditional

Expectations. L
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We now use the above observations to prove Theorems 7 and 6.

Proof of Theorem 7

We prove each assertion of the theorem one by one.
Proof of (i): If { A(t)}2, has the strong feedback property, then by Lemma 20, for all
s€ S;, heNandi€ [n],

h
m§§)<81,827~-,sh> ~ Tl Us69) =F 0 as
r=1

which proves (i).

So, let us now ignore the strong feedback property and suppose that Assumption I
holds. Let Dy, denote the event that [to_1,%0x] is a y-epoch. Since {A(t)}22, are indepen-
dent, and since Y72, Pr(Dy) = oo, we know from the Second Borel-Cantelli Lemma that
Pr(Dj, infinitely often) = 1 a.s. In other words, infinitely many ~y-epochs occur a.s. So, for
each k € N, suppose the k-th y-epoch is the random time interval [To;_1,75;]. Then by the
definition of y-epoch, for each k& € N and i € [n], there almost surely exist r; j, € [n], an obser-
vationally self-sufficient set, {o; 1(1),...,0;1(75 %)} C [n], and times {7; ;,(1),..., 7 1(rix)} C

{TQk—b ... 7T2k} such that

min (aai,k(Q) o5k (q) (Ti,k(q>>7 (A<7'i,k(Q) : T2k—1))ai,k(q)i) >

a.s. for all ¢ € [r;(k)]. Since n is finite, there exist constants r1,72,...,7, € [n| and a con-
stant set of tuples {(ci(1),...,0i(7:)) }ic[n) such that r;p =r; and (0yx(1),...,00k(rix)) =
(0i(1),...,0i(r;)) hold for all ¢ € [n] and infinitely many k£ € N. Thus, we may assume that the

same equalities hold for all 7 € [n] and all £ € N (by passing to an appropriate subsequence of
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{T}:}72 . if necessary). Hence, by Lemma 20 and the fact that Ugy(q)os(q) = - WE have

h
h *
fngq>,n,k<q><51r~vsh> %pl_Tl Los(q) (5p16%)

m

a.s. for all s € [r] as k — oo, which means that the forecasts of each agent in {o;(q) : ¢ € [r;]}
are asymptotically accurate along a sequence of times. Now, making accurate forecasts is
possible only if agent 0;(g) rules out every state that induces on Sei(q) (the agent’s signal
space) a conditional probability distribution other than [, (+|0*). Such states are contained
in ©\ @;(q). Thus, for every state 6 ¢ 9;(61)’ we have fig,(g), 7,,.(q)(0) = 0 a.s. as k — o0
(alternatively, we may repeat the arguments used in the proof of Proposition 3 of [105] to prove
that pi,,(g), Ti,k(‘])<9) — 0 a.s. as k — 00).

On the other hand, since the influence of agent ¢ on agent o;(¢q) over the time interval
[Tok-1,7i,k(q)] exceeds 7, it follows from Lemma 23 that /i, (y), r, , (4 (¢) is lower bounded by a

multiple of y; 1, ,(#). To elaborate, Lemma 23 implies that for all § € © \ 9%.(0)

Hos(g), 7 1(a)(0)
M4 Top 4 (9) < a0 )

<n>7'zk() Tog—1
(A(Tik(q ) Tok-1))0;(g)i

< Foita i) (n)B
B gl lo

Considering the limit /5, (¢), 7, ,.(¢) (6) — 0, this is possible only if limy,_, o 11,73, _, (¢) =0 a.s. for
alld € ©\ O3 and g € 73], i.e., img o0 i1, (0) =0 as. forall § € U e (@ \O;. )
Since {0;(q) : ¢ € [r;]} is an observationally self-sufficient set, we are able to deduce that
Ugelri] (6\@;@> = ©\ ©* and hence that limj_, i 1, _,(0) = 0 a.s. for all € ©\ O*.
Since i € [n] is arbitrary, this further implies that limj,_,, yi7,, ,(6) = 0 for all § ¢ ©*. Hence,

hmk—>oo E@E@* Wy (9) =1a.s.

To convert the above subsequence limit to a limit of the sequence {> gco« 11(6) }i2g, We
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first show the existence of limy o 77 (£) Y geo~ i1¢(f) and use it to prove that

lim > m(f)=1 aus (4.18)

t%ooeee*

This is done as follows. First, we note that lim;_,o, 77 (t) Sgce« 11(6) exists a.s. because

lim 77 (6) 3 (6) = 3 lim 7T (£)a(6),

t=o0 Hco* Hco*

which is a sum of limits that exist a.s. by virtue of Lemma 21. On the other hand, since

limg o0 Ypco* i1y, (7) = 1 a.s., we have

. T 1 T _
klgf)loﬂ' (Tog—1) QEZ@* Ty (0) = k:lggoﬂ (Top—1)1=1

a.s. because {m(t)}$2, are stochastic vectors. Hence, limy oo 77 (£) Yge+ 11¢() = 1 a.s., be-
cause the limit of a sequence is equal to the limit of each of its subsequences whenever the
former exists.

We now prove that liminf;_,. > gco« 11:(6) = 1 a.s. Suppose this is false, i.e., suppose
there exists an ¢ € [n] such that liminf; o > gce+ ptit(#) < 1. Then there exist ¢ > 0 and a
sequence, {¢g}72; C N such that Y gcgx fti,0,, (0) < 1—¢ for all £ € N. Since there also exists

ap* > 0 such that 7(t) > p*1 a.s. for all t € N, we have for all & € N:

T (or) D b (0%) S mi(or)(1—e)+ > mipr)-1
hcO* J€[n]\{i}

= i mi(pr) —emi(or)
=1
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which contradicts the conclusion of the previous paragraph. Hence, liminf;_, > gco« pt(0) =1

indeed holds a.s., which means that

lim Z ue(0) =1 a.s. 4.19)

t—>ooee®*

In view of the definition of ©* (see Section 5.2), (4.18) means that the beliefs of agent i
asymptotically concentrate only on those states that generate the i.i.d. signals {w; ¢ }7<; according
to the true probability distribution /;(-|6*). That is, agent i asymptotically rules out all those
states that generate signals according to distributions that differ from the one associated with the
true state. Since agent ¢ knows that each of the remaining states generates {w; ¢}, according to
1;(-]6*), this implies that agent ¢ estimates the true distributions of her forthcoming signals with
arbitrary accuracy as t — o0, i.e., her beliefs weakly merge to the truth. This claim is proved
formally below.

For any i € [n] and k € N, we have

mg? (s1,. => Hl (sr]0) it (0
e r=1
k
(@) 3 Hl (7)) i (0 +<le ST|9*) > wir(6
0e0\0*r=1 r=1 Hco*
k
==Y Hz (s-]0) 0+(le sr|9*)
fce\O* r=1 r=1

E?v

i(sr|0) P*-as.

7“:1

where (a) follows from Definition 40 and the definition of ©*. Thus, every agent’s beliefs weakly

merge to the truth P*-a.s.
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Proof of (ii): Next, we note that if Assumption I holds and #* is identifiable, then:

P8 = fum, 2 () =l Y (@) =1
e{6*} 0co*

a.s., where the last step follows from (4.18). This proves (ii).

Proof of Theorem 6

To begin, suppose { A(t)}$2 is a deterministic uniformly strongly connected chain, and
let B denote the constant satisfying Condition 3 in Definition 48. Then one can easily verify that
Assumptions I and III hold (see the proof of Lemma 22 for a detailed verification). Moreover,
{A(t)}20 € P* by Lemma 5.8 of [62]. Thus, Assumptions I - VI hold (the last two of them hold
trivially), implying that Equation (4.18) holds, which proves that ¢y = 0 for all § € © \ ©*. So,
we restrict our subsequent analysis to the states belonging to ©*, and we let  denote a generic
state in ©*.

Since we aim to show that all the agents converge to a consensus, we first show that their
beliefs attain synchronization as time goes to 0o (i.e., limy— o0 (1£5,£(0) — p15,1(0)) = 0 a.s. for all
i,j € [n]), and then show that the agents’ beliefs converge to a steady state almost surely as time

goes to 0o.
Synchronization

To achieve synchronization asymptotically in time, the quantity | MaX;e |y i (0) —
min e, 45,6 (0) |, which is the difference between the network’s maximum and minimum beliefs
in the state #, must approach 0 as ¢ — oco. Since this requirement is similar to asymptotic stability,
and since the update rule (4.2) involves only one non-linear term, we are motivated to identify a
Lyapunov function associated with linear dynamics on uniformly strongly connected networks.

One such function is the quadratic comparison function V; : R" x Ng — R, defined as follows
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in [62]:
v;(x,k):::}{;kaa(xi—-wfkk)x)?

Remarkably, the function V. (-, k) is comparable in magnitude with the difference function

d(z) := | max;ep, ¥i —min e[, z;|. To be specific, Lemma 29 shows that for each k € N,

d(x) </ Vz(z, k) <d(z). (4.20)

o=

(p*/2)

As a result, just like V7, the difference function d(-) behaves like a Lyapunov function
for linear dynamics on a time-varying network described by { A(?) }$2,. To elaborate, V; being a
Lyapunov function means that, for the linear dynamics x(k + 1) = A(k)z (k) with 2(0) € R™ as

the initial condition, there exists a constant x € (0, 1) such that
Va(z((g+1)B),(¢+1)B) < (1—rK)Vz(x(0),0)

for all ¢ € Ny (see Equation (5.18) in [62]). This inequality can be combined with (4.20) to
obtain a similar inequality for the function d(-) as follows: in the light of (4.20), the inequality

above implies the following for all ¢ € Ny:
d(z(¢+1)B) <

Now, note that there exists a gg € Ny that is large enough for 2(1;f ) <1 to hold. We then

have

d(x(To)) < ad(x(0)),

2(1—k)90
p*

where Tp := (qo+1)B and o := < 1. More explicitly, we have d(A(Tp : 0)zg) <

ad(zg) for all initial conditions zp € R™. Now, given any r € N, by the definition of uniform
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strong connectivity the truncated chain {A(t)}°, 5 is also B-strongly connected. Therefore, the

above inequality can be generalized to:

d(A(To+rB :rB)xg) < ad(xg). (4.21)

By using some algebra involving the row-stochasticity of the chain { A(¢) } 22, Lemma 30

transforms (4.21) into the following, where ¢1,%2 € Ng and ¢ < t9:

ta—t)

d(A(ta : t1)xo) < a 7o

d(xp). (4.22)
For the linear dynamics z(k+ 1) = A(k)xz(k), (4.22) implies that d(xz(k)) — 0 as k — oco. Since
we need a similar result for the non-linear dynamics (4.2), we first recast (4.2) into an equation

involving backward matrix products (such as A(ts : t1)), and then use (4.22) to obtain the desired

limit. The first step yields the following, which is straightforward to prove by induction [124]

t
pea1(0) = At +1:0)uo(0) + > A(t+1:k+1)pu(0), (4.23)
k=0

where pi(6) is the vector with entries:

pik(0) = a;i(k) (W — 1) 11:.£(0).

mi,k(wi,k‘—i—l

We now apply d(+) to both sides of (4.23) so that we can make effective use of (4.22). We do

this below.

(a) ¢

d(p+1(0)) < d(A(t+1:0)p0(0)) + D d(A(t+1:k+1)p(0))

k=0
() 141_o ¢ t—k_o
< a0 "d(po(0)+ Y a0 Td(pr(0)). (4.24)
k=0

In the above chain of inequalities, (b) follows from (4.22), and (a) follows from the fact that
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d(z+y) < d(z)+d(y) for all z,y € R™.

We will now show that limy_,o d(p¢+1(0)) = 0 a.s. Observe that the first term on the
right hand side of (4.24) vanishes as ¢ — co. To show that the second term also vanishes, we use
some arguments of [124] below.

Note that Theorem 7 (i) implies that for all i € [n] and 6 € ©*:
li(wip110) —mip(wie) = li(wi g41|07) —mig(wi) = 0

a.s. as t — oo. It now follows from the definition of pg () that limy_ .o px () = 0 a.s. for all
0 € ©*. Thus, limy,_, o, d(pr(0)) =0 a.s. for all € ©*.
t—k
Next, note that Z};:O QTO_2 <a 2. m < 00. Since limyg_, o d(pi(0)) =0 a.s., we
t—k
have lim; oo S5 aTT_Zd(pk(H)) = 0 a.s. by Toeplitz Lemma. Thus, (4.24) now implies that

lim¢ o0 d(p12+1(0)) = 0 a.s. for all f € ©%, i.e., synchronization is attained as t — oc.
Convergence to a Steady State

We now show that limy_,« j; +(0) exists a.s. for each i € [n] because lim; o0 77 (£) 11(6)

exists a.s. by Lemma 21. Formally, we have the following almost surely:

Jim p1i ¢(0) = lim (ui,t(e)ém (t))

which exists almost surely. Here (a) holds because limy oo (15,6 (6) — 14,6(0)) = 0 a.s. as a result
of asymptotic synchronization.

We have thus shown that lim;_, o p1:(6) exists a.s. for all § € ©*, and we have also shown
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that limy oo |pi,¢(0) — pt5,(8)] =0 a.s. for all ¢, j € [n] and § € ©*. It follows that for each 6 € ©%,
limy¢ o0 11£(0) = Cy1 a.s. for some scalar random variable Cy = Cy(A(0),w1, A(1),w2,...). This

concludes the proof of the theorem.

4.5 Applications

We now establish a few useful implications of Theorem 7, some of which are either

known results or their extensions.

4.5.1 Learning in the Presence of Link Failures

In the context of learning on random graphs, the following question arises naturally: is it
possible for a network of agents to learn the true state of the world when the underlying influence
graph is affected by random communication link failures? For simplicity, let us assume that there
exists a constant stochastic matrix A such that a;;(¢), which denotes the degree of influence of
agent j on agent ¢ at time ¢, equals 0 if the link (j,7) has failed and A;; otherwise. Then, if the

link failures are independent across time, the following result answers the question raised.

Corollary 5. Let ([n], E) be a strongly connected directed graph whose weighted adjacency
matrix A = (Aj;) satisfies Ai; > 0 for all i € [n]. Consider a system of n agents satisfying the

following criteria:
1. Assumption II holds.

2. The influence graph at any time t € N is given by G(t) = ([n], E — F(t)), where F'(t) C E
denotes the set of failed links at time t, and {F(t)}72, are independently distributed

random sets.
3. The sequences {w:}?2, and {F'(t)}2, are independent.

4. At any time-step, any link e € E fails with a constant probability p € (0,1). However, the

failure of e may or may not be independent of the failure of other links.
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5. The probability that G(t) is connected at time t is at least o > 0 for all t € Ny.
Then, under the update rule (4.1), all the agents learn the truth asymptotically a.s.

Proof. Since {F'(t)}72, are independent across time and also independent of the observation
sequence, it follows that the chain { A(t) }22,, satisfies Assumptions V and VI.

Next, we observe that for any ¢ € Ny, we have E*[A(t)] = (1 — p) A and hence, {E*[A(t)]}
is a static chain of irreducible matrices because A, being the weighted adjacency matrix of a
strongly connected graph, is irreducible. Also, min,cp,) Aj; > 0 implies that {E*[A(¢)]} has
the strong feedback property. It now follows from Theorem 4.7 and Lemma 5.7 of [62] that
{E*[A(t)]} belongs to Class P*. As a result, Assumption IV holds.

We now prove that Assumption I holds. To this end, observe that {(G(nt),G(nt +
1),G(nt+n—1))}2, is a sequence of independent random tuples. Therefore, if we let L, denote
the event that all the graphs in the ™ tuple of the above sequence are strongly connected, then
{L,}22 is a sequence of independent events. Note that P(L,) > ¢" and hence, >°2, P(L,) =
0o. Thus, by the Second Borel-Cantelli Lemma, infinitely many L, occur a.s. Now, it can be
verified that if L, occurs, then at least one sub-interval of [(r — 1)n,rn] is a y-epoch for some
positive v that does not depend on r. Thus, infinitely many y-epochs occur a.s.

Finally, the preceding arguments also imply that there almost surely exists a time 7' < 00
such that exactly 1 of the events {L,}°2 has occurred until time 7". With the help of the
strong feedback property of { A(t)}72, (which holds because A;; > 0), it can be proven that
log(A(T :0));1 > —oc a.s. for all ¢ € [n]. Thus, Assumption III holds.

We have shown that all of the Assumptions I - VI hold. Since #* is identifiable, it follows

from Theorem 7 that all the agents learn the truth asymptotically a.s. 0

4.5.2 Inertial Non-Bayesian Learning

In real-world social networks, it is possible that some individuals affected by psycho-

logical inertia cling to their prior beliefs in such a way that they do not incorporate their own
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observations in a fully Bayesian manner. This idea is closely related to the notion of prejudiced
agents that motivated the popular Friedkin-Johnsen model in [136]. To describe the belief updates
of such inertial individuals, we modify the update rule (4.1) by replacing the Bayesian update

term BU; ;11 (#) with a convex combination of BU; ;+1(#) and the i agent’s previous belief

um(@), i.e.,

pi41(0) = ais(D) i(Dpin(6) + (1= Ai(1))BUi 141 (6))

+ D aii(t)ue(0), (4.25)
JEN(®)

where \;(t) € [0, 1] denotes the degree of inertia of agent ¢ at time ¢. As it turns out, Theorem 7
implies that even if all the agents are inertial, they will still learn the truth asymptotically a.s.

provided the inertias are all bounded away from 1.

Corollary 6. Consider a network of n inertial agents whose beliefs evolve according to (4.25).
Suppose that for each i € [n], the sequence {\;(t)}72, is deterministic. Further, suppose
Amax ‘= SUD¢eN, MAaX;e/[y] Ai(t) < 1 and that Assumptions Il - VI hold. Then Assertions (i)

and (ii) of Theorem 7 are true.

Proof. In order to use Theorem 7 effectively, we first create a hypothetical copy of each of
the n inertial agents and insert all the copies into the given inertial network in such a way that
the augmented network (of 2n agents) has its belief evolution described by the original update
rule (4.1). To this end, let [2n] index the agents in the augmented network so that for each i € [n],
the " real agent is still indexed by i whereas its copy is indexed by i + n. This means that for
every i € [n], we let the beliefs, the signal structures and the observations of agent i +n equal

those of agent 7 at all times, i.e., let fij4n¢(6) := i £(0), Sitn := Si, lign(+]0) :=1;(:|0) and
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Witn,t = w; ¢ forall € © and all ¢ € Ny. As aresult, (4.25) can now be expressed as:

i t+1(0)

(4.26)

for all i € [n], where b;(t) := (1 — \;(¢))asi(t), and w;(t) := A\;(t)ai; (t) so that ay;(t) = b;(t) +
w;(t). Now, let b(t) € R™ and w(t) € R" be the vectors whose i entries are b;(¢) and w;(t),

respectively. Further, let A(t) € R™*" and A(t) € R2"*2" be the matrices defined by:

0, ifi=j

aij(t) = (A(t))i; =

and

Ao = A(t)/2+diag(b(t)) A(t)/2+ diag(w(t))
A(t)/2+diag(w(t)) A(t)/2+diag(b(t))
Then, with the help of (4.26), one can verify that the evolution of beliefs in the augmented

network is captured by:

pig1(0) = @ii(t)BU 1 (0) + D aij(t)psu(9), (4.27)
je2n\{i}
where @;;(t) is the (i, j)-th entry of A(t).
We now show that the augmented network satisfies Assumptions II - VI with { A(t)}$2,,
being the associated sequence of weighted adjacency matrices.
It can be immediately seen that Assumption II holds for the augmented network because
it holds for the original network.

Regarding Assumption ITI, we observe that b;(t) > (1 — Amax ) a4 (t) and also that a;;(¢) >

142



a;j(t) = Sa;j(t) for all distinct 4, j € [n] and all t € Ny. Therefore,
dij (t) Z )\Oaij (t) (428)

for all 7,5 € [n]| and all ¢ € Ny, where \g := min{l — Amax, %} Note that \y > 0 because

Amax < 1. Since Assumption III holds for the original network, it follows that
(A(T:0))i1 > N (AT :0))i1 >0 as.

for all i € [n]. By using the fact that @(,, 1) (n4-j)(t) = @(n44) j(t) = @i (t) for all distinct , j € [n],
we can similarly show that (A(T : 0))(ntiy1 > 0 a.s. for all i € [n].

As for Assumption IV, let {7 (t)};2, be an absolute probability process for { A(t)};2,
such that 7(¢) > p*1 for some scalar p* > 0 (such a scalar exists because { A(t)}72, satisfies
Assumption IV). Now, let {7 (t)}?°, be a sequence of vectors in R?" defined by 71, (t) =
7:(t) = m;(t)/2 for all i € [n] and all t € Ng. We then have 7(t) > 0 and Y2 7;(t) = 1.

Moreover, for all i € [n]:

(F(t+1A®W), = Zaﬂ )7t +1)

= [%:{ } (aji(t) + &n—&-ji(t)) 7Tj2(t) + (azz( ) + an—l—zz(t))Wi(t;_l)
Jjen\{i
- [%{,}aﬁu)”jf) +03(0) + ()

fZaﬂ oy (t+1)

_ ; (+"(t+1)A®)

2
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and hence,

E* (7 (t+1)A(1)), | Bi| = ;]E* (7" (t+DAW) 18| = ;m(t) = 7i(t) (4.29)

for all i € [n]. We can similarly prove (4.29) forall i € {n+1,...,2n}. This shows that {7 (¢) }?2,
is an absolute probability process for {A(t)}32. Since 77 (t) = 4[xT(t) 7T (t)] implies that
7(t) > %*12” for all t € N, it follows that { A(t)}£2, € P*, i.e., the augmented network satisfies
Assumption IV.

Note that the augmented network also satisfies Assumptions V and VI because A(t)
is uniquely determined by A(t) for every t € Ny (under the assumption that {\;(¢)}72, is a
deterministic sequence for each i € [n]).

To complete the proof, we need to show that if { A(¢)}72, has feedback property (or
satisfies Assumption 1), then {fl(t)}fio also has feedback property (or satisfies Assumption I).

Since the following holds for all i € [n]:
itnitn(t) = @;i(t) = (1= Ai(t))aii(t) > (1 — Amax)aii(t), (4.30)

it follows that { A(t)}32,, has feedback property if {A(t)}$2, has feedback property. Now,
suppose the original chain, {A(t)}72 satisfies Assumption I. Recall that G, 1) (n45)(t) =
Q(ni)j(t) = @;5(t) for all distinct i, j € [n]. In the light of this, (4.28) and (4.30) now imply that

Qitn j4+n(t) > Xoai;(t) for all 4, j € [n] and all ¢ € Ny. It follows that
min{(A(tz : t1))ij, (A2 : 01))nyinti} = A (Alt2 1 1)) (4.31)

for all i, j € [n] and all ¢,t2 € Ny such that ¢; < t3. Moreover, if O is an observationally self-
sufficient set for the original network, then both O and n 4 O are observationally self-sufficient
sets for the augmented network. Therefore, by (4.31), if [¢1,¢2] is a y-epoch of duration at

most B for { A(t)}?2, then [t1,to] is a A§y-epoch for { A(t)}52,,. Assumption I thus holds for
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{A6)}20-
An application of Theorem 7 to the augmented network now implies that the first two

assertions of this theorem also hold for the original network. [

Remark 10. Interestingly, Corollaries 5 and 6 imply that non-Bayesian learning (both inertial
and non-inertial) occur almost surely on a sequence of independent Erdos-Renyi random graphs,
provided the edge probabilities of these graphs are uniformly bounded away from 0 and 1 (i.e., if
p(t) is the edge probability of G(t), then there should exist constants 0 < § <n < 1 such that
d < p(t) <mforallt € Ny.) This is worth noting because a sequence of Erdos-Renyi networks is
a.s. not uniformly strongly connected, which can be proved by using arguments similar to those

used in Remarks 8 and 9.
4.5.3 Learning via Diffusion and Adaptation

Let us extend our discussion to another variant of the original update rule (4.1). As per
this variant, known as learning via diffusion and adaptation [110], every agent combines the
Bayesian updates of her own beliefs with the most recent Bayesian updates of her neighbor’s
beliefs (rather than combining the Bayesian updates of her own beliefs with her neighbors’
previous beliefs). As one might guess, this modification results in faster convergence to the truth
in the case of static networks, as shown empirically in [110].

For a network of n agents, the time-varying analog of the update rule proposed in [110]

can be stated as:

pig1(0) = D_ aij(t)BUj41(0) (4.32)
j=1

foralli € [n], t € Ny and # € ©. On the basis of (4.32), we now generalize the theoretical results
of [110] and establish that diffusion-adaptation almost surely leads to asymptotic learning even

when the network is time-varying or random, provided it satisfies the assumptions stated earlier.

Corollary 7. Consider a network H described by the rule (4.32), and suppose that the sequence

{A(t)}$2 and the agents’ initial beliefs satisfy Assumptions II - VI. Then Assertions (i) and (ii)
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of Theorem 7 hold.

Proof. Similar to the proof of Corollary 6, in order to use Theorem 7 appropriately, we construct
a hypothetical network H of 2n agents, and for each i € [n], we let the signal spaces and the

associated conditional distributions of the i and the (n 4 i)™ agents of H be given by:

S =Spvi =5, 1;(-10) = lnyi(-|0) = 1;(-|6) for all 6 € O, (4.33)

respectively. Likewise, we let the prior beliefs of the agents of H be given by fi; 0 = fin1i0 =
wio for all i € [n]. However, we let the observations of the hypothetical agents be given
by @i ot = Wnti ot = wip and @; 2441 = Wy 241 = w; ¢ for all £ € Ny. In addition, we let
W (t) := diag(ay1(t), ..., ann(t)) and A(t) := A(t) — W (t) for all t € N so that a;;(t) = 0 for all

i € [n]. Furthermore, let the update rule for the network H be described by:

fiiir1(0) = au(BU 1 (0)+ S g (8)fi.4(6), (4.34)
JeRn\{i}

where @;;(t) is the (i, 7)™ entry of the matrix A(t) defined by

LA LA _
o) — sA(t—1) sAt—1)+W(t—1)
LAt—1)+W(t—1) TAt-1)

and A(2t +1) = Iy, for all t € Ny, and

__ Li(@ip110) 2+ ({6})
BU; 111(0) := = ’ :
’t+1( ) Z@'E@ lZ ((:)i,t—kl |8/)/127t({‘9/}>

One can now verify that for all £ € Np:

BU; +(0) = fii 2(0) = fin+i 2¢(6) = BU; 2(6)
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and

it (0) = fii2e+1(0).

Hence, it suffices to prove that the first two assumptions of Theorem 7 apply to the hypothetical
network H.
To this end, we begin by showing that if Assumption I holds for the original chain

{A(t)}$2, then it also holds for the chain { A(¢)}9°,,. First, observe that

([n [n>A(2t+2):<A(t) A(t))-

Since A(2t + 3) = Iay, this implies:

([n [n>21(2t+5:2t+2)
= (A(t—H) A(t+1)) A(2t+2)
= (46+040) A@+A)

= <A(t—|—2 1) A(t+2: t)) .
By induction, this can be generalized to:

<In In) AQ(t+k)+1:2t+2)

= (A(t+k: ) A(t+k: t)) : (4.35)

for all k£ € N and all ¢ € Ny. On the other hand, due to block multiplication, for any i, j € [n], the
(i,7)™ entry of the left-hand-side of (4.35) equals (A(2(t+ k) +1:2t+2));; + (A2(t +k) +1:

2t +2)),+i;. Hence, (4.35) implies:

(A(t—{—k’ : t))ij- (4.36)

N | —

max { (A(2(t+ k) +1: 2t +2))i5, (AQR(t+ k) +1: 2 +2))nyij ) >
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Together with the fact that A(QT +1) = I for all 7 € Ny, the inequality above implies the
following: given that i € [n], ts,1; € No, and k € N, if there exist v > 0, C' C [n] and T C {t;+
1,...,ts} such that forevery j € C, there exists at € T satisfying a;;(t) >y and (A(t : ts));i > 7,
then there exists a set C' C [2n] such that {i modn:i € C} = C and for every j € C, there

exists at € T satisfying
a;5(2t41) > /2 and (A(2t+1:2t5+2)) > /2.

Next, we observe that if O C [n] is an observationally self-sufficient set for the original
network 7{, then (4.33) implies that any set O C [2n] that satisfies {i modn:i€ O} = Oisan
observationally self-sufficient set for #. In the light of the previous paragraph, this implies that
if [ts,t] is a y-epoch for H, then [2t, +2,2t¢ + 1] is a 3-epoch for H. Thus, if Assumption I
holds for H, then it also holds for H.

Now, since Assumption II holds for H, it immediately follows that Assumption II also
holds for H.

Next, on the basis of the block symmetry of 121(275), we claim that the following analog of

(4.36) holds for all 7, j € [n]:

max { (AQ2(t+k) +1:2t+2))ij, (AQ(E+E) +1:2t+2))insj | > ;(A(tJrk 1))

This implies that for any 7 € N:

—_

max { (A(2r +1:2))ij, (AQ27+1:2))ins;} > S(A(T:0)).

2
On the basis of this, it can be verified that Assumption III holds for H whenever it holds for .

As for Assumption IV, it can be verified that if {m(¢)}72, is an absolute probability
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process for { A(t)}22,, then the sequence {7 (t)}$2, defined by
1
et =7T@2t—1)= 5[7TT(1t— 1 af(t—-1)]

for all t € N and #7(0) = £[x7(0) 77(0)] is an absolute probability process for {A(t)}2,.
Since {A(t)}£2, € P*, it follows that { A(t)}9°, also satisfies Assumption IV.

Finally, observe that { A(t)}9°, satisfies Assumptions V and VI because the original
chain { A(t)}?2, satisfies them. In sum, Assumptions II - VI are all satisfied by H. As a result,
Assertions (i) and (ii) of Theorem 7 hold for 7. Hence, the same assertions apply to the original

network as well. O

Remark 11. The proof of Corollary 7 enables us to infer the following: it is possible for a
network of agents following the original update rule (4.1) to learn the truth asymptotically
almost surely despite certain agents not taking any new measurements at some of the time
steps (which effectively means that their self-confidences are set to zero at those time steps).
This could happen, for instance, when some of the agents intermittently lose contact with their
external sources of information and therefore depend solely on their neighbors for updating their
beliefs at the corresponding time instants. As a simple example, consider a chain {A(t)}72, €
P*NR™", an increasing sequence {1}, € No with 19 := 0, and a chain of permutation

matrices, { P(k)}72, C R™*" such that P(k) # I, for any k € N. Then the chain,

A0),...,A(r — 1), PT(D)A(m), P(1), A(Ty + 1),

LA —1), PT(2)A(1), P(2), A(T2 + 1),

can be shown to belong to Class P* even though Py;(k) = 0 for some i € [n] and infinitely
many k € N. If, in addition, {A(t)}?2, satisfies Assumption I and {11, }7°, have been chosen
such that 7,1 < top_1 < top, < T for each k € N, then it can be shown that even the modified

chain satisfies Assumption I. In this case the assertions of Theorem 7 apply to the modified
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chain. Moreover, the modified chain violates Condition 2 of Definition 48, and hence, it is not
a uniformly strongly connected chain. The upshot is that intermittent negligence of external
information combined with the violation of standard connectivity criteria does not preclude

almost-sure asymptotic learning.

4.5.4 Learning on Deterministic Time-Varying Networks

We now provide some corollaries of Theorem 7 that apply to deterministic time-varying

networks. We will need the following lemma in order to prove the corollaries.

Lemma 22. Ler {[A(t)]}$2 be deterministic and uniformly strongly connected. Then Assump-

tions I, I1I and 1V hold.

Proof. Let 6, B, {G(t)}2, and {G(k)}72, be as defined in Definition 48. Consider As-
sumption I. By Definition 48, for any two nodes i,j € [n] and any time interval of the form
[kB,(k+1)B — 1] where k € Ny, there exists a directed path from i to j in G(k), i.e., there exist
an integer ¢ € [B], nodes s1,52,...,54—1 € [n| and times 71,...,7, € {kB,...,(k+1)B -1}
such that

Ajsg1 (TQ>7 Asq_1,5q—2 (T(I*l)v e >a81i(7_1) > 0.

Observe that by Definition 48, each of the above quantities is lower bounded by 4. Also,
arr(t) > 0 and hence, a,(t) > 6 forall r € [n] and t € [kB,(k+1)B —1]. Hence, for all r € [n]

and ty,to € {kB,...,(k+1)B} satisfying t; < t:

to—1
(Atz :t1))pr = [T are(t) = 6271 > 6% (4.37)
t=t1
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It follows that:

(A(rg +1:kB))ji

> sy (Tg) (A(Tg : Tg1+1))sg1sg1  Gsgorsg—2(Tq=1) (A(Tg—1:Tg—2+ 1)) sy ps4 2
casi (1) (A(T1 2 kB)) i

> (5.5B)q

> 5q(B—|—1)

> §B(B+1).

(4.38)

Thus, setting v = 05(5+1) ensures (A(7 : kB));i > v as well as a;;(1) > ~y for some 7 € {kB +
1,...,(k+1)B}. Since i,j € [n] and k € Ny were arbitrary, and since [n] is observationally self-
sufficient, it follows that [k B, (k+ 1) B] is a y-epoch for every k € N. Thus, by setting to;,_1 =
2kB and to;, = (2k+ 1) B, we observe that the sequence {;}7° ; satsifies the requirements of
Assumption L.

As for Assumption III, (4.38) implies the existence of 71,79,...,7, € [B] such that
(A(73:0));1 > 0 for every i € [n]. Then (A(B:0));1 > (A(B : 7:))ii(A(7; : 0));1 and the latter
is positive since (A(B : 7;))i; > 0 by (4.37). Thus, Assumption III holds with T'= B.

Finally, Assumption IV holds by Lemma 5.8 of [62]. ]
An immediate consequence of Lemma 22 and Theorem 7 is the following result.

Corollary 8. Suppose Assumption II holds and that { A(t)}$2, is a deterministic B-connected
chain. Then all the agents’ beliefs weakly merge to the truth a.s. Also, all the agents’ beliefs
converge to a consensus a.s. If, in addition, 0* is identifiable, then the agents asymptotically

learn 60* a.s.

Note that Corollary 8 is a generalization of the main result (Theorem 2) of [123] which

imposes on { A(t) }72, the additional restriction of double stochasticity.
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Besides uniformly strongly connected chains, Theorem 7 also applies to balanced chains

with strong feedback property, since these chains too satisfy Assumption IV.

Corollary 9. Suppose Assumptions Il and III hold, and that { A(t) }{2 is a balanced chain with

strong feedback property. Then the assertions of Theorems 7 and 6 apply.

Essentially, Corollary 9 states that if every agent’s self-confidence is always above a
minimum threshold and if the total influence of any subset S of agents on the complement set
S = [n]\ S is always comparable to the total reverse influence (i.e., the total influence of S on
S), then asymptotic learning takes place a.s. under mild additional assumptions.

It is worth noting that the following established result (Theorem 3.2, [124]) is a conse-

quence of Corollaries 8 and 9.

Corollary 10 (Main result of [124]). Suppose { A(t) }{2 is a deterministic stochastic chain such
that A(t) =n(t)A+ (1 —n(t))l, where n(t) € (0,1] is a time-varying parameter and A = (A;;)
is a fixed stochastic matrix. Further, suppose that the network is strongly connected at all times,
that there exists® a v > 0 such that Ay; >~y for all i € [n] (resulting in a;(t) > 0 for all i € [n)
and t € Ny), and that (i, o(0*) > 0 for some jo € [n]. Then the 1-step-ahead forecasts of all
the agents are eventually correct a.s. Additionally, suppose o := inficn,1(t) > 0. Then all
the agents converge to a consensus a.s. If, in addition, 0* is identifiable, then all the agents

asymptotically learn the truth a.s.

Proof. Let § := min; je,{Aij : Aij > 0}, let €' C [n] be an arbitrary index set and let C =
[n] \ C. Observe that since the network is always strongly connected, A(t) is an irreducible
matrix for every ¢ € Ny. It follows that A is also irreducible. Therefore, there exist indices p € C'

and q € C such that A, > 0. Hence, Ay, > d. Thus, for any ¢ € N:

DO ag(t) =YD n(t)Aiy > n(t)Apg = n(t)o.

iGC]'GC_’ ZECJQC

2This assumption is stated only implicitly in [124]. It appears on page 588 (in the proof of Lemma 3.3 of the
paper).
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On the other hand, we also have:

oD ai(t)=n(t) > > Ay <n(t) > Y 1<nPy(t).

ieCjelC ieCcjeC iecjeC

Hence, 3oicc 350 aij(t) = 7?—2 Yicc 2jec aij(t) for all t € N. Moreover,
a;i(t) =1-n(t)(1-Ay) 21-1(1-7)=7>0

for all i € [n| and t € N. Hence, {A(t)}72, is a balanced chain with feedback property. In
addition, we are given that Assumption II holds. Furthermore, feedback property and the strong
connectivity assumption imply that Assumption III holds with 7" =n — 1. Then by Corollary 9,
all the agents’ beliefs weakly merge to the truth. Thus, every agent’s 1-step-ahead forecasts are
eventually correct a.s.

Next, suppose infen, n(t) > 0, i.e., n(t) > o > 0 for all ¢t € Ny. Then for all distinct
i,j € [n], either a;;(t) > 0d or a;;(t) = 0. Along with the feedback property of { A(t)}72 and
the strong connectivity assumption, this implies that { A(t) }$2, is B-connected with B = 1. We

now invoke Corollary 8 to complete the proof. 0

Finally, we note through the following example that uniform strong connectivity is not

necessary for almost-sure asymptotic learning on time-varying networks.

Example 2. Let n =6, let {2,3} and {5,6} be observationally self-sufficient sets, and suppose
111,0(0%) > 0. Let {A(t)}2 be defined by A(0) = £117 and

Ae ift = 2% for some k € N,
Alt) =14, ift=2%" for some k € Ny,

I otherwise,
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where

1/3 1/3 1/3 0 0 0
1/8 1/2 3/8 0 0 0
1/4 1/2 1/4 0 0 0

Ao =
0 0 0o 1/3 1/3 1/3
0 0 0 1/8 3/8 1/2
0 0 0 1/2 1/4 1/4
and
1/3 0 0 0 1/3 1/3
0 3/8 3/8 1/4 0 0
0 1/6 1/2 1/3 0 0
A, =

0 1/3 1/3 1/3 0 0
1/2 0 0 0 1/4 1/4

1/2 0 0 0 3/8 1/8
Then it can be verified that { A(t)}72, is a balanced chain with strong feedback property. Also,
our choice of A(0) ensures that Assumption III holds with T = 1. Moreover, we can verify that
Assumption I holds with to,_1 = 2F and toy, = 28 + 1 for all k € N. Therefore, by Corollary 9,
all the agents asymptotically learn the truth a.s. This happens even though {A(t)}:2, is not

B-connected for any finite B (which can be verified by noting that lirnk_mo(QZk"r1 — 9% ) = 00).

Remark 12. Note that by Definition 49, balanced chains embody a certain symmetry in the
influence relationships between the agents. Hence, the above example shows that asymptotic

learning can be achieved even when some network connectivity is traded for influence symmetry.

4.6 Conclusions and Future Directions

We extended the well-known model of non-Bayesian social learning [105] to study social
learning over random directed graphs satisfying connectivity criteria that are weaker than uniform

strong connectivity. We showed that if the sequence of weighted adjacency matrices associated
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to the network belongs to Class P*, implying that no agent’s social power ever falls below a
fixed threshold in the average case, then the occurrence of infinitely many y-epochs (periods of
sufficient connectivity) ensures almost-sure asymptotic learning. We then showed that our main
result, besides generalizing a few known results, has interesting implications for related learning
scenarios such as inertial learning or learning in the presence of link failures. We also showed
that our main result subsumes time-varying networks described by balanced chains, thereby
suggesting that influence symmetry aids in social learning. In addition, we showed how uniform
strong connectivity guarantees that all the agents’ beliefs almost surely converge to a consensus
even when the true state is not identifiable. This means that, although periodicity in network
connectivity is not necessary for social learning, it yields long-term social agreement, which may
be desirable in certain situations.

In addition to the above results, we conjecture that our techniques can be useful to tackle

the following problems.

1. Log-linear Learning: In the context of distributed learning in sensor networks, it is well-
known that under standard connectivity criteria, log-linear learning rules (in which the
agents linearly aggregate the logarithms of their beliefs instead of the beliefs themselves)
also achieve almost-sure asymptotic learning but exhibit greater convergence rates than
the learning rule that we have analyzed [6, 106]. We therefore believe that one can obtain
a result similar to Theorem 7 by applying our Class P* techniques to analyse log-linear

learning rules.

2. Learning on Dependent Random Digraphs: As there exists a definition of Class P* for
dependent random chains [62], one may be able to extend the results of this chapter to
comment on learning on dependent random graphs. Regardless of the potential challenges
involved in this endeavor, our intuition suggests that recurring y-epochs (which ensure a
satisfactory level of communication and belief circulation in the network) in combination

with the Class P* requirement (which ensures that every agent is influential enough to
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make a non-vanishing difference to others’ beliefs over time) should suffice to achieve

almost-sure asymptotic learning.

In future, we would like to derive a set of connectivity criteria that are both necessary and
sufficient for asymptotic non-Bayesian learning on random graphs. Yet another open problem is
to study asymptotic and non-asymptotic rates of learning in terms of the number of y-epochs

occurred.

Appendix: Relevant Lemmas

The lemma below provides a lower bound on the agents’ future beliefs in terms of their

current beliefs.

Lemma 23. Given t,B € N and A € [B], the following holds for all i, j € [n| and 6 € O:

B
l
/ubji_i_A(@) > (A(t+A: t))ji <7(1)> nui’t(e). (4.39)
Proof. We first prove the following by induction:
Io)*
tji+a(0) = (At +A ) <n> nL;t(0). (4.40)

Pick any two agents i, j € [n], and note that for every 6 € ©, the update rule (4.1) implies that

Lj(wji+116)

+(0) > a;i(t)lopi(0),
mj7t(wj,t+1)uj’t( ) = ajj(t)lop;.(0)

i e1(0) > aj;(t)

whereas the same rule implies that /1 ;41(0) > aj;(t)p;+(6) if @ # j. As a result, we have

i t+1(0) > aji(t)lop(6), which proves (4.40) for A = 1. Now, suppose (4.40) holds with
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A = m for some m € N. Then:

(a) lo
i trm1(0) > ajp(t +m)g N, t+m(0)

(b) m—+1
> ajp(t+m)(A(t+m:1))pi <n> n”p; ¢ (0). (4.41)

for all p € [n], where (a) is obtained by applying (4.40) with A = 1 and with ¢ replaced by ¢ +m,

and (b) follows from the inductive hypothesis. Now, since

(A(t+m+1:1)) = iajq(t—i-m)(A(H—m 1)) gis
—

it follows that there exists a p € [n] satisfying
ajp(t+m)At+m:t)y > A((t+m+1:1))/n.

Combining this inequality with (4.41) proves (4.40) for A = m + 1 and hence for all A € N.

Suppose now that A € [B]. Then (4.40) immediately yields the following:

A B
) (4004805 (0] ) (a00+-2 05 () o),

where the second inequality holds because %0 < lp < 1 by definition. This completes the

proof. ]

Lemma 24. There exists a constant Ky < oo such that

li(wit+1]0)

0<E* —
mi,t(wi,t+1>

< Ky

1’&

P*-a.s. for all 0 € ©} i € [n| and t € Ng. Moreover, the second inequality above holds for all

0 co.
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Proof. By an argument similar to the one used in [105], since the function Ry >z — 1/x € R4

is strictly convex, by Jensen’s inequality, we have the following almost surely for every i € [n]

and 0 € ©;:

-1
E*[lz’(wi,mlﬁ‘lg] (E*lth(W’Bt]> , (4.42)

mi (Wi t+1) (wit+110)

Also, (4.2) implies that 1i;() is completely determined by wy, ... ,ws, A(0),..., A(t—1)

and hence, it is measurable with respect to I3;. Therefore, the following holds a.s:

o it (wigsr) ‘ 1 . [Zefeel i(Wit41]0") i e (0") ‘ ]
Ef|—————— | B;| =K B
[zmme) ! Li(wig41]0) !

i (w; 0"
:ZE l(tH"Bt]MtQI)

6'cO l (wl t+1|6

Z E* [l(wltﬂle) ‘ J(wl,...,wt)] W(e’)

0'cO v t+1|0*)

2SS sl a9

0'eOscs;

=1,

where we have used the implication of observational equivalence and Assumption VI in (a), and
the fact that {w; ;}72, are i.i.d. ~ [;(-|¢*) in (b). Thus, (4.42) now implies the lower bound in
Lemma 24.

As for the upper bound, since /y > 0, we also have:

li(wit+1]0) 1 1 (a) 1
: S = S — <09,
mi(wite1) ~ Mig(wipr1)  geoli(wi1|@)pit(0) ~ lo

M4 (Wi e41)

where (a) follows from the fact that >~y g 41, ¢(¢) = 1. This shows that E* Liwiinl6) 4 ’ Bt] <

ll — 1 a.s. forall § € ©. Setting Ky = % — 1 now completes the proof. [

The next lemma is one of the key steps in showing that the agents’ beliefs weakly merge
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to the truth almost surely.

Lemma 25. For all i € [n], we have

li(wit41|0%)
mz‘,t(wi,tﬂ)

u;i(t) := ai(t) <

— 1) pit(0*) =0 as.as t— oo.

Proof. Let i € [n] be a generic index. Similar to an argument used in [105], we observe that

(4.5) implies the following:

% li Wq 9* *
a;i(t)E l(tH') -1 ‘ Bt] i (0%)

M ¢ (Wi t41)

:au Mzt 9* Zl |‘9* (l(8’9 )_1>

sES; mi t(s)

@ aii(t) it (6°) > <51(3|9*)li(8119*) _mi’t(s>> + g ()it (07) D (mig(s) —1i(s]6%))

SES; mi7t(s) SES;

0* ; 2
- Z CL” Hz t ( ( | ) mm(S)) tﬂg 0 a.s.
SES; mm(s)
where (a) holds because - g, mi¢(s) = Y ses, li(5|0%) = 1 since both [;(-|6*) and m; 4(-) are
probability distributions on S;. Since every summand in the last summation above is non-negative,

it follows that for all 7 € [n]:

(li(s]0") —mia(s))?

mi ()

a;i(t) i (07) —0 forallseS;

a.s. as t — oo. Therefore, for every s € S; and i € [n],

lim sup [aii(t) <li(3|9*) - 1) ,Mi,t(g*)] 2

t—00 mi,t(s)
= limsup [aii(ﬁﬂi,t(e*) L ,_miyt(S)]Z ' aii(twi’t(e*)]
t—00 mz,t(s) mz,t(5>

(510%) —m 4(s)]?
< limsup [aii(t)/u,tw*)[lz( 107) = mis(s) .1] =0 as.,

t—00 mz‘,t(S ) lo
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which proves that

lim =0 a.s.

t—00

aslt) (10 1) )

mi¢(s)

Since S; is a finite set, this implies that

. Li(s]6%) ]
tgrgogréeg:: ai;(t) <mi,t(5) —1|pi(0%)]=0 as.,
which proves the lemma, because w; ;11 € S; for all ¢ € Ny. ]

We are now equipped to prove the following result which is similar to Lemma 3 of [105].

Lemma 26. Forall 0 € O :
E*[14+1(0)|B] — A(t)ue(0) 0 as.as t— oo.

Proof. We first note that >~ .cg. 1;(s]0) = Y scg, li(s|0*) = 1 implies that for all 6 € ©:

S 1(s/6%) (h(s!@_1> S h(sl6) (zi(sleﬁ _1>.

Hence, for any ¢ € [n] and 0 € O:

a;i(t)E* l”‘”“‘@ 1 ’ Bt] = ai(t) 3 Li(s]6%) ( li(s10) 1)
mi ¢ (wit+1) s€5; mii(s)
= a;i(t) D li(s|0) <li(§‘9*) B 1)
seS; m%t(s)
=Y li(s]0)aii(t) (li(s!e*) — 1) 20 as., (4.43)
s€S; mi?t(s)

where the last step follows from Lemma 25. Consequently, taking conditional expectations on
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both sides of (4.2) yields

li(wit+1]0

E*[p1e41(0)|Be] — A(t) pue (0) = diag ( - ai(E)E” [ —— ) 1 ’ Bt] ,> e (0) =0
mi (Wi t+1)

almost surely, thus proving Lemma 26. U

Lemma 27.
E* [l (t+2)A(t+ 1)1 (0%) | Bi) = 7l (t+2)E*[A(t +1)] - E* g4 1(0%) | By]
Proof. We first prove that the following holds almost surely:
E*[AQ+ Dpea(07) | Be] = E*[A( + D]E (141 (67) | Bl- (4.44)

To this end, observe from the update rule (4.1) that the belief vector js41(6*) is determined
fully by wi,...,ws,wey1 and A(0),..., A(t). That is, there exists a deterministic vector function

1) such that

:ut-i-l(e*) = @b(wh oo ,QJt,A(O), v 7A(t)7wt+1)?

Consider now a realization wq of the tuple (wi,...,w;) and a realization Ay of the tuple

(A(0),...,A(t)). Also, recall that wy11 € S =T S;, and let ¢ : S — [0,00) be the func-
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tion defined by ¢(s) := ¥ (wo, Ag, s). Then,

E*[A(t + 1)p1(07) | By
= E*[A(t + D1 (07) | wis...,wp, A0), ..., A(t)]

=B [A(t+ Dpar (09) | (w1, .0, A0),..., A(t)) = (w0, Ao)]

=B [A(t+ Do(wi,... w A0), ..., Al),wis1) | (w1, wp, A0), ..., A(t)) = (w0, Ao)]
=E"[A(t+ 1) (wo, Ao,wi1) | (wi, ... wi, A0), ..., A(E)) = (Wo, Ao)]

=E At + D o(wi1) | (Wi, ,wr, A(0),..., A(t)) = (wo, Ag)]

WE LA+ 1)g(wisn)

O B A+ 1)E [ (wrs1)]

DA+ DIE [Blwrs) | (@1, w1, A0, A®)) = (wo, Ao)]

= B A+ DIE [ (wo, Ao, wr1) | (wi,--wr, A(0), -, A(1)) = (Wo, Ao)]

=E*[A(t+ 1)]E [ (wi, ..., we, A0), ..., At),wi1) | (w1, we, A(0),..., A(t)) = (w0, Ao)]
=E*[A(t +1)]

E [ (wr, . we, A(0), AL, wig) | wiy e we, A(0), L A(L)]

— E*[A(t+ D)]E [ (wr,...,wi, AQ0), ..., A(t),wis1) | B]

=E*[A(t+1)]E* 0%) | B
[ ( )] [Mt+1( ) | t] (wl,...,wt,A(0)7...,A(t)):(W07A0)

where (a) follows from Assumptions V and VI, (b) follows from Assumption VI, and (c)
follows from Assumption VI and the assumption that {w;}{°; are i.i.d. Since (wq,Ap) is
arbitrary, the above chain of equalities holds for P*-almost every realization (wg,Ap) of

(wi,...,wt, A(0),..., A(t)), and hence, (4.44) holds almost surely.
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As aresult, we have

E* [« (¢4 2)A(t + Dpue(67) | B L 7" (0 4+ 2)E* [A(t +1)1ae(67) | By

() WT(tJrQ)E* [A(t+ D] E* [ (07) | By],

where (a) holds because 7 (¢ + 1) is a non-random vector, and (b) holds because of (4.44). This

completes the proof. [

Lemma 28. Let i € [n]. Given that limy_, 0 aii (t)(m ¢(wit41) — li(wit41]0%)) = 0 a.s., we have
lim a;i(t)(mit(s) —1i(s|6%)) =0 as. foralls e S;.
t—00

Proof. We first note that lim; o @i (t) (M ¢ (wi t+1) — li(wit+1]6%))| = 0 a.s. So, by the Domi-

nated Convergence Theorem for Conditional Expectations (Theorem 5.5.9 in [135]), we have

lim E* [|aii (t) (mi g(wit+1) = li(wi+1]67))] | Bl =0 a.s. (4.45)

t—o00

Now, since wj ¢+1 is independent of {wy,...,ws, A(0),..., A(t)} because of Assumption VI and

the i.i.d. property of the observation vectors, we have
P*(wi7t+1 =S ’ Wi, ... ,wt,A(O), RN ,A(lf)) = P*(wi’t+1 = S) = ZZ(S‘G*)

Also, the mapping m; () is determined fully by wy,...,w; and A(0),..., A(t) (i.e., m;(s) is

Bi-measurable for all s € S;). Therefore, (4.45) is equivalent to the following:

hm > 1i(s10%)]ai () (mig(s) — li(s]67)) =0 a.s.

SES

Now, since [;(s|60*) > 0 for all s € S;, every summand in the above summation is non-negative,
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which implies that
lim ;(s|6%)|aii(t)(mi(s) —1i(s]07))| =0 a.s. forall s € S;.
t—o0
Finally, since /;(s|0*) > 0 is independent of ¢, we can delete /;(s|60*) from the above limit. This

completes the proof. [

Lemma 29. Let the function d : R"™ — R be defined by d(x) := MaX;¢ (] Li — Milje[,) 25, and let
the function V. : R™ x Ng — R be defined by Vy(z,k) := X" m;(k)(2; — 77 (k)x)? as in [62].
Then

(S

d(x) </ Vz(z, k) <d(x)

forall x € R™ and k € Ny, where p* > 0 is a constant such that w(k) > p*1 for all k € Nj.

(p*/2)

Proof. For any x € R", let us define ¥max := max;c[, T; and Tmin := min;c[, ;. Then for any

k € Np:
n
Va(z, k) > p* Z(mz — 7TT</€)I)2
i=1
> p* (xmax - WT(k)x)Q +p* (ﬂ'T(k)x - xmin)
> % (xmax - J3min>27 (4.46)
which follows from the fact that a2 + 0% > %. Also, since Ty < 2, 7! (k)2 < Zmax, We
have:
n
Vw(x> k) < Z"Tz(k) (mmax - xmin)Q = (xmax - $min)2- (447)
i=1

As aresult, (4.47) and (4.46) together imply that

d(x) </ Vz(z, k) <d(z). (4.48)

o] =

(p*/2)

164



O]

Lemma 30. Let qo € N, and suppose that { A(t) }$2 is a B-connected chain satisfying d( A(To+
rB:rB)x) < ad(x) for all x € Ry, r € Ny and Ty := (qo + 1) B. Then the following holds for

allx e R,

ta—t)

d(A(ta :t1)x) <a To

d(x). (4.49)

Proof. We are given that d(A(To+7B : rB)z) < ad(z). In particular, when r = u(qy + 1) for

some u € Ng, we have rB = uT1j, and hence:
d(A((u+ )Ty : ulp)x) < ad(zx)
for all x € R™ and u € Ny. By induction, we can show that
d(A((u+k)Ty : uTp)x) < oFd(z)

for all x € R™ and u,k € Ny. Furthermore, since {A(?)}7, is a stochastic chain, we have
d(A(ka : k1)x) < d(x) for all k1,ke € Ny such that k1 < ko. It follows that for any v, w € [Tp],
k € Ngpand z € R":

d(A(v+ (u+k)Ty : uTh —w)x)
= d(A(U + (u + k)T()) : (u + /C)T()) A((u—|— k)T() : UT()) 'A(UT() cudpy — w):c)
<d(A((u+k)Tp : uTp) - A(uTp : uTpy —w)x)

< aPd(AWTy : uTy —w)z) < ofd(x).

Now, if v 4+w > Tp, it is possible that & < 0 and yet v+ (u+ k)T > uTp — w. However, since
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« < 1, in case k < 0, we have:
d(A(v+ (u+ k) Ty : uTp — w)z) < d(z) < oFd(z),
which shows that
d(A(+ (u+ k)T : uTy —w)z) < oFd(z) (4.50)

holds whenever v + (u+ k)Ty > uTy — w. Now, for any ¢1,t2 € Ny such that ¢; < to, on setting
U= ftl/T(ﬂ, k= LtQ/T()J — [tl/T(fI, v =19 — Ltz/TgJTg and w = [tl/T()—IT() —t1, we observe
that to = v+ (u+ k)Tp and t1 = uTp — w with v,w € [Tp]. Since k > % — 2, we can express

(4.50) compactly as:

to—tq _9

d(A(ta :t1)x) <a T “d(z), (4.51)

which completes the proof. ]

Chapter 4, in full, is a reprint of the material as it appears in Rohit Parasnis, Massimo
Franceschetti, and Behrouz Touri, “Non-Bayesian Social Learning on Random Digraphs with
Aperiodically Varying Network Connectivity”, in IEEE Transactions on Control of Network

Systems, in press (2022). The dissertation author was the primary investigator and author of this

paper.
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Chapter 5

Usefulness of the Age-Structured SIR Dy-
namics in Modelling COVID-19

5.1 Introduction

The global COVID-19 death toll has crossed 6 million [137], and it is no surprise that
researchers all over the world have been forecasting the evolution of this pandemic to propose
control policies aimed at minimizing its medical and economic impacts [138—143]. Their efforts
have typically relied on classical epidemiological models or their variants (for an overview
see [144] and the references therein). One such classical epidemic model is the Susceptible-
Infected-Recovered (SIR) model. Proposed in [145], the SIR model is a compartmental model
in which every individual belongs to one of three possible states at any given time instant: the
susceptible state, the infected state, and the recovered state. The continuous-time SIR dynamics
models the time-evolution of the fraction of individuals in any of these states using a set of
ordinary differential equations (ODEs) parameterized by two quantities: the infection rate (the
rate at which a given infected individual infects a given susceptible individual) and the recovery
rate of infected individuals.

Even though the continuous-time SIR model is a deterministic model, it models an

inherently random phenomenon in a large (but discrete) population. To bridge between the
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deterministic continuous-time SIR model and the underlying random processes over a finite
population, researchers have shown that the associated (continuous-time) ODEs are the mean-
field limits of continuous-time Markovian epidemic processes over a finite population [146, 147].
Similar results have been obtained for variants of the original model, such as for the SIR dynamics
on a configuration model network [148, 149]. These results theoretically justify the SIR model
ODEs.

Classical SIR models, however, (continuous and discrete-time) are homogeneous — the
same infection and recovery rates apply to the whole social network despite differences in the
individuals’ age, gender, race, immunity level, and pre-existing medical conditions. For COVID-
19, this assumption is inconsistent with studies showing that the contact rates between individuals
and the recovery rates of infected individuals depend on factors such as age and location [150—
153]. In addition, [154] argues that homogeneous models can introduce significant biases in
forecasting the epidemic, including overestimation of the number of infections required to achieve
herd immunity, overestimation of the strictness of optimal control policies, overestimation of the
impact of policy relaxations, and incorrect estimation of the time of onset of the pandemic.

We therefore need to shift our focus to variants of the classical SIR model with hetero-
geneous contact rates. Examples include the multi-risk SIR model [141] and the age-stratified
SIR models considered in [140, 155, 156], in which the population is partitioned into multiple
groups and the rates of infection and recovery vary across groups. See [154] for a survey of these
papers.

However, the models considered in the above works have two main shortcomings. On the
one hand, barring exceptions such as [157], they are typically not validated using real data. On
the other hand, they do not have a strong theoretical foundation because the dynamical processes
studied in these works have not been established as the mean field limits of stochastic epidemic
processes evolving on time-varying random graphs. We emphasize that even the convergence
results obtained for homogeneous SIR models [146—-149] make the unrealistic assumption that the

network of physical contacts (in-person interactions) existing in the population is time-invariant.
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As such, we cannot justify the use of these models in designing optimal control policies aimed at
minimizing the impact of any epidemic. We therefore address the aforementioned shortcomings
using the age-structured SIR model, a multi-group SIR model that partitions the population
of a given region into different age groups and assigns different infection rates and recovery
rates to the age groups. We note that, although we adopt the term age-structured in this chapter,
our analysis also applies to populations partitioned on the basis of differences in geographical
location, sex, immunity level, etc. Moreover, among existing heterogeneous models [154], the
age-structured SIR model is the simplest and hence more mathematically and computationally
tractable than other models.

The contributions of this chapter are as follows:

1. Modeling: We extend our previously proposed stochastic epidemic model [158] to a more
general model that incorporates (a) a random and time-varying network of physical con-
tacts (in-person interactions between pairs of individuals) that are updated asynchronously
and at random times, (b) random transmissions of disease-causing pathogens from in-
fected individuals to their susceptible neighbors, and (c) recoveries of infected individuals
that occur at random times. We analyze the resulting dynamics and show that under
certain independence assumptions, the expected trajectories of the fractions of suscep-
tible/infected/recovered individuals in any age group converge in mean-square to the

solutions of the age-structured SIR ODE:s as the population size goes to oco.

2. Convergence Rate Analysis: We derive a lower bound on the effective infection rate for a
given pair of age groups in the stochastic model. This bound, as we show, is approximately
linear in the reciprocal of the network update rate, which leads to the infection rate
converging to its limit (specified by the ODEs) as fast as the reciprocal of the network

update rate vanishes.

3. Validation: We validate our age-structured model empirically by estimating the parameters

of our model using a Japanese COVID-19 dataset and, subsequently, by generating the
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age-wise numbers of infected individuals as functions of time. In this process, we leverage
the crucial fact that the ODEs defining our model are linear in the model parameters
(transmission and recovery rates), which enables us to use a least-squares method for the

system identification.

4. A Method to Detect Changes in Social Behavior: We design a simple algorithm that
can be used to detect changes in social behavior throughout the duration of the pandemic.
Given the age-wise daily infection counts, the algorithm estimates the dates around which

the inter-age-group contact rates change significantly.

5. Insights into Epidemic Spreading: We interpret the results of our phase detection algo-
rithm to identify the least and the most infectious age groups and the least and the most
vulnerable age groups. Additionally, we analyze the data for the entire period from March
2020 to April 2021 to explain how certain social events influenced the propagation of

COVID-19 in the prefecture of Tokyo.

The structure of this chapter is as follows: We introduce the age-structured SIR model
and our stochastic epidemic model in Section 5.2. We establish the age-structured SIR ODEs as
the mean-field limits of our stochastic model in Section 5.3. We also discuss the limitations of
(converse result for) our model in Section 5.3. Next, we describe the empirical validation of our
model (in the context of the COVID-19 outbreak in Tokyo) in Section 5.5. We conclude with a
brief summary and future directions in Section 5.6.

Related Works: [159] proposes a heterogeneous epidemic model with time-varying pa-
rameters to show that heterogeneous susceptibility to infection results in a temporary weakening
of the COVID-19 pandemic but not in herd immunity. The model is validated using the death
tolls (and not the case numbers) reported for New York and Chicago for a period of about
80 days. [155] uses the age-structured SEIQRD model to predict the number of deaths with a
reasonable accuracy, but unlike our work, it does not use the proposed model to generate the

number of new cases as a function of time. [160] uses heterogeneous variants of the SEIR model
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to study the impact of the lockdown policy implemented in France, but it does not validate these
models empirically. [152] reports contact rate matrices for the population of the UK based on the
self-reported data of 36,000 volunteers. However, the study ignores the time-varying nature of
these contact rates, which we capture in our phase detection algorithm (Section 5.5). Another
study that uses time-invariant model parameters is [161], which proposes the age-structured
SEIRA model and uses it to simulate the number of new infections in different social groups of
Chile.

[162] uses a heterogeneous SEIRD model to predict the effects of various relaxation
policies on infection counts in certain regions of Italy. The model therein is empirically validated
only using the data obtained during the first 60 days of the pandemic. In [156], the authors
propose an age-structured SIRD model and calibrate it with the data obtained from [138]. Unlike
this chapter, however, [156] divides the population into only two age groups, and does not
compare the model-generated values of the number of infections with the official case counts.
Two other studies that use two-age-group SIR models are [163] and [164]. While [163] argues
that in Florida, old and socially inert adults have been possibly infected by the young, [164]
argues that age-group-targeted policies are more effective than uniform policies in reducing the
economic impact of COVID-19. [165] proposes a heterogeneous SIR model with feedback and
forecasts the economic and medical impacts of various policies aimed at controlling the pandemic
in Chile. Unlike our study, however, [165] ignores the time-varying nature of contact rates. [157]
proposes the SEIR-HC-SEC-AGE model, a heterogeneous SEIR model that sub-divides each
age-group further into risk sectors with different vulnerabilities to the SARS-CoV-2 virus. The
model therein, which is calibrated to predict the effects of different lockdown policies in certain
regions of Italy, simulates the time-evolution of the observed death toll with a high accuracy. By
contrast, we pick a much simpler heterogeneous model and examine whether it fits the observed
case numbers well. [140] and [141] use an age-structured SIR model to show that control policies
that target different age groups differently perform better than uniform policies. However, these

results assume that inter-age-group contact rates are the same for all pairs of age groups, an
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assumption that is inconsistent with our empirical results (Section 5.5). Hence, deriving optimal
policies in the framework of the age-structured SIR model under more general assumptions is an
important open problem.

Notation: We let N denote the set of natural numbers and Ny := NU{0}. We let
1] :={1,2,...,¢} for ¢ € N. We denote the set of real and positive real numbers by R and R,
respectively. For 2 € R, we let 2 := max{x,0} denote the positive part of .

The symbols ¢ and £ are used as a continuous-time and discrete-time indices, respectively.
We use the notation z(t) for functions z : Ry U{0} — R and z[k] for functions z : N — R. We
occasionally omit the time index (¢) when the value of ¢ is clear from the context.

We use the Bachmann-Landau asymptotic notation O( f(n)) for a given function f : N —
R in the context of n — co. We use o(At) in the context of At — 0. In addition, for a given
function g : [0,00) — R, we use the notation ¢’ = ¢'(t) to denote %, the first derivative of g with
respect to time.

For a set S, we let |S| denote the cardinality of S. In this chapter, all random events
and random variables are with respect to a probability space (2, F,Pr), where () is the sample
space, F is the set of events, and Pr(+) is the probability measure on this space. We denote
random variables and random events using capital letters, and for a random event C', we define
1¢ to be the indicator random variable associated with C, i.e, 1o : €2 — R is the random variable
with 1¢(w) = 1 if w € C and 1¢(w) = 0, otherwise. For an event C' € F, C represents the
complement of C'. For a random variable X, E[X] denotes the expected value of X and E[X | C]
denotes the conditional expectation of X given the event C. For random variables X and Y and
arandom event C, we define

E[X1c|Y]

XA =g vy
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Therefore, for an event I' € F

Ellpnc | Y]

Pr(F|Y.0) =E[lr | Y.C] = = "7

We denote tuples of length » > 1 using bold-face letters and random tuples using bold-
face capital letters. For a tuple x of length € N and an index ¢ € [r], we let zy = (x), denote
the /-th entry of x.

Forn € Nand E C [n] x [n], we use G = ([n], F) to denote the directed graph (digraph)
with vertex set [n] and edge set E. Finally, for a graph G = ([n], F), given two distinct nodes
a,b e [n],welet (a,b) :=(a—1)(n—1)+b— xp_q, Where xo = 1 if @ > 0 and x,, = 0, otherwise.

2

Note that (-,-) maps the edges between (distinct) nodes of the graph to the numbers 1,...,n° —n

in lexicographic order.

5.2 Problem Formulation

We now introduce two epidemic models, of which the first describes a deterministic
dynamical system and the second describes a stochastic process on a finite population. One of

the main objectives of this work is to relate these models, which is achieved in Section 5.3.

5.2.1 The Age-Structured SIR Model

Consider a population of individuals spanning m age groups!. Suppose a part of this
population contracts a communicable disease at time ¢ = 0. Let s;(t), 5;(¢), and r;(¢) denote,
respectively, the fractions of susceptible, infected, and recovered individuals in the ¢-th age group
at (a continuous) time ¢ > 0, so that s;(t) + 3;(t) + i () equals the fraction of individuals in the

1-th age group for all £ > 0. As the disease spreads across the population, susceptible individuals

! As mentioned before, throughout this chapter, we could generalize the discussions involving age groups to
subpopulations distinguished by geographical locations, pre-existing health conditions, sex, etc.
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get infected, and infected individuals recover in accordance with the system of ODEs given by

Sz(t) = —Si(t) ilA’L_]/Bj (t)a
j=

Bi(t) = si(t) Y- AijBi(t) —viBi(), (5.1

where for each i, € [m/], the constant A;; represents the rate of infection transmission from
an individual in age group j to an individual in age group ¢, and 7; denotes the recovery rate
of an infected individual in age group . Hereafter, we refer to A;; as the contact rate of age
group j with age group 1. Note that the third equation in (5.1) can be obtained from the first two
equations simply by using the fact that 5;(t) 4 3;(t) +7;(t) = 0 for all £ > 0. Also, if m = 1, the

above model reduces to the classical (homogeneous and continuous-time) SIR model.

5.2.2 A Stochastic Epidemic Model

Let us now define a continuous-time Markov chain that describes an age-structured pro-
cess of epidemic spreading occurring over a finite (atomic) population composed of individuals

that are connected through a random, time-varying network G/(t).
Age Groups

Let n € N denote the total population size, and let [n] be the vertex set of the time-varying
graph G(t), so that the vertex set indexes all the individuals/nodes in the network. We assume
that [n] is partitioned into m age groups {.4;}”, and that |.4;| (the number of individuals in the
i-th age group) scales linearly with n for all ¢ € [m]. In the following, ¢, j € [m] are generic age

group indices.
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State Space

The state space of our random process is the space S = {—1,0,1}" x {0,1}2"»=1)_ The

network state is a tuple x = (x1,x2,...,%9,2_,,) € S, where

(1) {Z¢} e[y denotes the disease states of the nodes in the network, i.e., for £ € [n], we set

xy =0, 1, or —1 accordingly as node / is susceptible, infected, or recovered, respectively.

(ii) For £ € {n+1,n+2,...,n?}, we let z, denote the edge state of the (-th pair in the

lexicographic order of pairs of distinct nodes given below.
(1,2),...,(1,n),(2,1),...,(2,n),...,(n,1),...,(n,n—1)

In other words, for any node pair (a,b) € [n] x [n] such that a # b, we set z, ;) = 1 if there
is a directed edge from b to a in the network (&, and Tiqp) = 0, otherwise. For notational

convenience, we let 1, 4)(X) 1= Z(4p)-

(iii) For ¢/ € {n2 +1,...,2n% — n}, we let xy be a binary variable whose value flips (becomes
1 — x,) whenever the (¢ —n?)-th edge state gets updated (re-initialized). However, the
direction of this flip (whether x, changes from 0 to 1 or from 1 to 0) carries no significance.

State Attributes

For all x € S, we let S;(x) :={a € A; : o, =0}, Z;(x) :=={a € A; : x, = 1}, and
Ri(x):={a € A; : z, = —1} denote, respectively, the set of susceptible individuals, the set of
infected individuals, and the set of recovered individuals in .4; given that the network state is x.
We let S(x) := U™, Si(x) and Z(x) := U" ,Z;(x). Additionally, for every node a € [n], we let

E](.a) (x) 1= 3 ceT;(x) L(a,c) (X) be the number of arcs from Z;(x) to a.

The Markov Process

Let X(¢) € S denote the state of the network at any time ¢ > 0. Then we assume that

{X(t) :t > 0} is a right-continuous time-homogeneous Markov process in which every transition
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from a state x € Sto a state y € S\ {x} belongs to one of the following categories:

1. Infection transition: This occurs when a node a € S;(x) gets infected by a node in
UL Zx(x), while the disease states of all other nodes and the edge states of all the
node pairs remain the same. In other words, x, =0, y, = 1, and x; = y, for all ¢ # a.
Denoting the state-independent rate of pathogen transmission from a node in Zj(x) to an
adjacent node in S;(x) by B;j, we note that the rate of infection transmission from any
node ¢ € Z(x) to a is Bii1(, ) (x). Hence, the total rate at which a receives pathogens
from 7y, is 3 ce7, (x) Bikl(a,c)(X) = BikE,(Ca) (x), assuming that different edges transmit the
infection independently of each other during vanishingly small time intervals. As a result,

the effective rate at which a gets infected is >} ; BikE,ga) (x). We denote the successor

state y of x, where the node a turns from susceptible to infected, by X+,.

2. Recovery transition: This occurs when a node a € Z;(x) recovers, i.e., o = 1, yo = —1,
and xz, = y, for all £ # a. We let y; denote the rate at which an infected node in .4; (such

as a) recovers. For such a transition, we denote y = x,.

3. Edge update transition: This occurs when z,;y, the edge state of a node pair (a,b) €
A; x Aj, is updated or re-initialized, i.e., Y24 (45 = 1 — Tp2 (qp)> and yg =z for all
0 ¢ {{a,b),n?+ (a,b)}. We let \ denote the edge update rate or the rate at which an edge
state is updated. In addition, given that the edge state of (a,b) is updated at time ¢ > 0, the
probability that 1, 4(t) = 1 (i.e., the edge (a,b) exists after the re-initialization) equals
%, where p;; > 0 is constant in time. Therefore, if y, ;) = 1 (meaning that (a,b) exists
as an arc in G in the network state y), then the rate of transition from x to y equals )\%,
whereas if y, ;) = 0, then the rate of transition from x to y equals A (1 — %) In the
former case, we write y = X444, While in the latter case, we write y = x (4. Note that

the rate of transition from x to X4 ) OF X4 (4 5) does not depend on x.

The edge update transition of (a,b) can be described informally as follows. Throughout

the evolution of the pandemic, a and b decide whether or not to meet each other at a
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constant rate A > 0, i.e., their decision times {Tg(a’ 7= form a Poisson process with rate

A. Each time they make such a decision, they decide to interact with probability %, and
they decide not to interact with probability 1 — %, independently of their past decisions.

The probability of interaction is assumed to scale inversely with n so that the mean degree

of every node is constant with respect to n.

To summarize, the rate of transition from any state x € S to any state y € S\ {x} is given by Q,

the infinitesimal generator of the Markov chain {X(¢) : ¢ > 0}, where for x #y

Sy BikElga) (x) if'y = x4, for some a € S;(x),i € [m)]
Vi if y = x|, for some a € Z;(x),i € [m]
Qx,y) = A if y = Xy(q,p) for some (a,b) € A; x Aj,i,j € [m] »
A (1 - %) if y = x| (q), for some (a,b) € A; X Aj,i,j € [m]
0 otherwise
and Q(x,x) = —Yyes\(x} Q(x,y). In addition, we say that y succeeds x potentially iff

Q(x,y) > 0.

5.3 Main Result

To provide a rigorous mean-field derivation of the dynamics (5.1), we now consider a
sequence of social networks with increasing population sizes such that each network obeys the

theoretical framework described in Section 5.2. Given a network from this sequence with pop-

ulation size n € N, we let S\ (£) := §;(X(1)), V" (¢) := T;(X(t)), and R\ (1) := R; (X (1))

denote the (random) sets of infected, susceptible, and infected individuals in the j-th age group,

respectively, and we let sgn) (t) == %|Sj(n) (t)], 5](-") (t) := %|I](~n) (t)| and r](-n) (t) := %\Rﬁn) (t)]
denote the fractions of susceptible, infected, and recovered individuals in the j-th age group,

respectively. As for the absolute numbers, we let S](n)(t) = |S](.n)(t) B I](.n)(t) = |I(.”) (t)|, and

J
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Rg-n) (t) = |R§-n) (t)]. Additionally, we let £(™)(t) denote the edge set of the network at time ¢,
and we drop the superscript () when the context makes our reference to the n-th network clear.

Another quantity that varies with n is A" the edge update rate. To obtain the desired
mean-field limit in Theorem 7, we assume that A\(™) — 0o as n — oc. To interpret this assumption,

consider any pair of individuals (a,b) € A; x A; that are in contact with each other at time ¢ > 0

during the epidemic. Since the edge state of (a,b) is updated to 0 (the state of non-existence) at a

_ Pij

time-invariant rate of \(" ( -

), the assumption implies that the mean interaction time of b
with a, which is ﬁ +0 (m) , vanishes as the population size increases. This is a possible
real-world scenario, because as n increases, the population density of the given geographical
region increases, which could result in overcrowding and rapidly changing interaction patterns
in the network. This may be especially true in the case of public places such as supermarkets
and subway stations at a time when the society is already aware of an evolving epidemic.
Another implication of lim,,_, A = o is that the rate at which a given infected node contacts
and transmits pathogens to a given susceptible node vanishes as the population size goes to
oo (see Remark 13 for an explanation). This implication is weaker than the often-assumed
condition that the rate of pathogen transmission is proportional to the reciprocal of the population
size [166, 167].

We are now ready to state our main result. Its proof is based on the theory of continuous-
time Markov chains and an analysis of how the disease propagation process is affected by random
updates occurring in the network structure at random times (which results in Propositions 12

and 13) in addition to the proof techniques used in [166]. The proofs of all these results are

available in the appendix.

Theorem 7. Suppose that lim,,_,oc \™) = 0o and that for every i € [m], there exist s; ¢, 5i0 €

0, 1] such that limy,_ sz(-n) (0) = 540 and limy, o ﬁi(n) (0) = Bi0. Then for each i € [m)],

Jn e[| (40.570) - ][] <o

178



on any finite time interval [0, Ty|, where (y;(t),w;(t)) is the solution to the ODE system given by

the first two equations in (5.1), i.e., (y;(t),w;(t)) satisfies
(D) 9i=—vyix e Aijwj,  vi(0) =sio,
(1) i =y X5 Aijwj —viwi,  wi(0) = Bio,
and A € R"™*™ is defined by A;j = p;; Bij.
Theorem 7 relies on the following proposition.

Proposition 12. For each i,j € [m], let
Xij = Xij(t,;S,Z) := El(q)(t) | §(1),Z(t)] = Pr((a,0) € E(t) | S(t),Z(t))

be the random variable that denotes the conditional probability that a pair of nodes (a,b) €
Si(t) x Z;(t) are in physical contact at time t given the state of the network at time t. Then the

following equations hold for all t > 0:
(i) Elsi)' = = XjL1 BijE[nxijsif),
(i) E[B;] = 7 BijElnxijsiB;] — vE[Bi],
(iii) Bls7] = =74 (QBUE[”XUS? 351 = BijE[nxi;siB;]/ n)
(iv) B[B) = Sy Bij(2E[nxijsiBiB:) + ElnxijsiBs)/n) — i (2B[57] — E[B]/n).

Proof. We derive the equations one by one.
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Proof of (i).

Suppose i, j € [m] and t > 0 are given. Let W;(t) := min{¢: { € S;(t)} and X;(t) :=

min{¢: ¢ € Z;(t)}. Then, as per our model of disease propagation, for any At > 0, we have

Pr(Uyeptsan{X;(t) ~ Wi(t)}
‘ (Wi(t)vXj(t)) € ﬂTe[t,t—FAt)E(T)vSvI)

= Bl'jAt—f—O(At), (5.2)

wherein we have used the Bachmann-Landau asymptotic notation o(z), which means that

lim Lx) =0.
z—=0 o

Before we proceed, we define the random variable x;;(¢,S,Z) to be the following

conditional probability:
Xij (1,8, T) = Pr((Wi(t), X;(t)) € E(t) | S(t),Z(t)).

Observe that x;;(t,S,Z) is a conditional probability that there exists an edge at time ¢ between
the susceptible node of .4; with the smallest index and the infected node of .A; with the smallest
index. However, recall from Section 5.2 that the probabilities of disease transmission and edge
existence are independent of how the nodes are labelled within their respective age groups. Hence,
Xij(t,S,T) is simply the conditional probability that any two nodes a € S;(t) and b € Z;(¢) are
in contact with each other at time ¢, given that S(¢) and Z(¢) are known.

Now, suppose At is small enough so that [t,t + At) C [kT,(k+1)T) for some k € Ny.
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It then follows that F(7) is constant for 7 € [¢,¢ + At) and hence,

Pr((Wi(t), X;j(t)) € Nreperan£(r) | S(),Z(1))

= Pr((Wi(t), X;(1)) € E(t) | S(2),Z(t)) = Xij- (5.3)
Another implication of [t,t + At) C [kT,(k+1)T) is that

Ureftt+a61X;(t) ~ Wit)} C Urepta+ant(Wi(t), X;(t)) € E(1)}

={(Wi(t), X;(t)) € Nrepptan E(T)}-
Therefore, on combining (5.2) and (5.3) we obtain
Pr(Urcpr o an{X;(t) ~ Wit)} | S(t),Z(t)) = Bijxij At +o(At).

By the label symmetry arguments discussed above, the above implies that for any node pair

(a,b) € Si(t) x T;(8),
Pr(Urcpp iran{b~ a} | S(t),Z(t)) = Bijxij At + o(At). (5.4)

Next, we evaluate the probability of multiple transmissions occurring during [t,t + At) as shown

below.

Pr (Upy meitaran ({0 2 a1} n{by 2 as}) | 8,7)
=Pr <UTI,TQe[t¢+At) ({b1 % a1} N {ba 5 ag}) | (a1,b1), (az,b2) € mTe[t,t—l—At)E(T)vSvI>
X Pr<<a17b1)v <a27b2) S mre[t,t+At)E(T) | 871->

<Pr (Url,rge[t,t+At) ({b1 5 a1} N {ba > ag}) | (a1,b1), (az,b2) € mre[t,t—l—At)E(T)aS?I)‘
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In continuation of the above sequence of inequalities, we have

Pr (UTl,TQG[t,t+At) ({b1 > a1} N {ba 2 as}) | (a1,1), (ag,b2) € mTG[t,tJrAt)E(T)aSaI)
(a) T
= Pr(Urepi+anibs ~ a1}t | (a1,01) € NpgprirnnB(7),S,7)
X Pr(UTG[t,t—i—At){b? > CLQ} | ((lz,bz) S ﬂre[t7t+At)E(7)7S7I)
= (B;jAt+o(At))?

= o(At),

where (a) follows from Assumption V. We now use (5.4) along with the inclusion-exclusion

principle to obtain the following:

Pr(N;epi+aniZ; -8} |8,1)

= > Pr(Negpiranid ~a}|8,1)
(a,b)€S; xT;

- >, Pr <U76[t,t+At) ({b1 ~~ a1}

(a1,b1), (a2,b2)€S; xZL;

m{b2@a2})|s,z)+---

—
S
N

= (Bijx(t,S,I)At-i-O(At))
(a,b)€S; xZ;

- S (Bix(t,S,I) At +o(At))? + -
(a1,b1), (a2,b2)€S; XT;

= S;I; (Bijx(t, S, T) At + o(AL)) — o( AL) + o( AL) — - -

= BinijSi[jAt+0(At)7 (55)

where (a) follows from the assumption that different edges transmit independently of each other

during vanishingly small time intervals. By using a similar argument based on the inclusion-
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exclusion principle, we can invoke the same assumption to show that

Pr(S; is infected during [t,¢+ At) | S,7)
=Pr (UT:1 Ureftiran {Zj > Sit | S,I)

=> Pr <Ure[t,t+At){Ij S} | S,I) +o(At)
j=1

= ZBinl‘jSinAt—i—O(At). (5.6)

Now, we need to use the above expressions to compute the expected decrease in the
number of susceptible individuals over a small time interval. To this end, we first let A.S; :=
Si(t+ At) — S;i(t) and observe that it is unlikely for more than one susceptible individual to be

infected during a small time interval:

Pr (N (Urepreran{be = a}) | S,T) = ﬁ (O(At)+o(At)) = o(At) forall d>2.
=1
5.7
Thus,
Pr(S; is infected during [t,t + At) | S,Z) — Pr(AiS; = —1| S,Z) = o(At).
Consequently,

5:(1)
E[S;(t+At) — Si(t) | S,T] = (—1)-Pr(AS; = —1| 8,7) + Z ) Pr(AS; = —j | S, T)

Si(t)
(ZBUX t,8,2)S;iI; At 4 o( At) ) > (-

7=1 71=2
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Since S;(t) < n < oo, we have

E[S;(t+ At) —Si(t) | S, I (i iix(t,S,1)S;1; At+0(At)) +o(At)

=— ) DBijxijSiljAt+o(At), (5.8)
7=1

Taking expectations on both sides of (5.8) and dividing by At results in the following:

ui o(At
== ByE[xi;Silj] + =

) AL (59
7=1

Si(t+ At) — S;(t)
S

Thus,

<M&@wznmEWN+Am—M&w]

At—>0 At
j 1

Dividing both sides of the above by n yields (i).

Proof of (ii).

For any time ¢ € [0,00) and any node a € U, 7;(t), let D, denote the event that a

recovers during the time interval [t,¢ 4+ At). Then

Pr(Uiez, Di | S(1),Z(t))

=3 Pr(Dy|8,T)— 3. Y Pr(Du, N Dy, | S,T) +

a€Z; a1€Z; a2€Z;
WS (yiat+o(A) — 3 Y Pr(Da, | S.T)-Pr(Dy, | S,T) +
a€Z; a1€Z; a2€Z;
=y LiAt+o(At) — > > (viAt+o(At)) +
a1€Z; a2€L;
= ’)/Z‘[Z'At—i—O(At),

(5.10)
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where (a) holds because of the assumption that different nodes recover independently of each

other during vanishingly small time intervals. Consequently,

viliAt 4+ o(At)

= Pr(User, Da | S,T)

> Pr(T(t+AY) C (1) | S, T)

= Pr((Usez, Da) N{A:Si =0} | S, Z)

f)
> Pr(UaeL-Da | S,I) Pr (AtSz =0 | S,I)

= (%‘]Z‘At + O(At)) (1 + 0(At) — Z Bz‘injSi]jAt)
j=1

= %]Z'At + O(At),
which shows that Pr(1;(t + At) < I;(t) | S,Z) = v [; At + o(At). Similarly, we can show that

Pr(L;i(t+ At) > I;(t) | S,7)
=Pr(S;(t+ At) < S;(t) | S,Z) + o(At)

= Z BijxijSinAt + O(At).
j=1

Moreover, by repeating some of the arguments used in deriving (5.35), we can show that

Pr(l;(t+ At) —1;(t) < —2|S,Z) = o(At). Therefore,

E[A () | S, Z]

=+1- Pr([i(t—i-At) > Iz(t) ‘ S,I)
C1PH(T(E+ AL < Li(t) | S, T)
1m

= EZBij(nXij)SinAt_'Yi[iAt+0<At)- (5.11)
=1
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The rest of the derivation parallels that of (i); take expectations on both the sides of (5.11),

divide by At, let At — 0 and divide both sides by n so as to obtain (ii).
Proof of (iii).

Observe that when A;S; = —1, we have S2(t + At) — S?(t) = 1 — 25,(t). Therefore,

E[S2(t+At) — S2(t) | S,T]
= (1—25;(1))-Pr(AsS; = —1| S, )+ o(At)
1

= gBianij (Z Si]jAt — Z Z SZZIJAt) + O(At).

j=1 j=1
Taking expectations on both sides, dividing by At, letting At — 0, and dividing both sides by n?
yields (iii).
Proof of (iv).
Observe that if A¢I;(t) = —1, we have I2(t+ At) — I2(t) = 1 —21;(t), and if A L;(t) =1,

we have I2(t+ At) — [2(t) = 14 2L;(t).
Thus,

E[I2(t+ At)—I12(t) | S, T]
= (1 —2]@(15)) -Pr(]i(t—FAt) < Iz’(t) | S,I)

+ (1+2L(t)) - Pr(Li(t+ At) > Li(t) | S, 7). (5.12)
On substituting the probabilities above with the expressions derived earlier, taking expectations
on both sides, dividing by n2At and letting At — 0, we obtain (iv). ]

We point out that if y;; = % then Equations (i) and (ii) have the same coefficients as (I)
and (ID). It is then natural to ask: how does the conditional edge probability x;; compare to the

unconditional edge probability %? The following proposition provides an answer. As we show
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in Remark 13, our answer helps characterize the rate at which the infection transmission rates

converge to their respective limits, an analysis missing from other works such as [166] and [167].

Proposition 13. Forallt >0, n € Nandi,j € [m],

Pij (1 _ Bi ( _ —/\(n)t)>< <P
n(l (™) L—e =XNig =T

Remark 13. Given (S(t),Z(t)), note that the conditional probability that a given infected node in
Ay infects a given susceptible node in A; during a time interval [t,t+ At) is B;;xij(t,S,T)At +
o(At). In light of Proposition 13, this means that the associated conditional infection rate

Bijxi;(t,S,T) belongs to the interval

1 B;; _\(n) 1
[nAij (1 - )\(nj) (1 —e t)) aAij] .

On taking expectations, we realize that the same applies to the associated unconditional infection

rate as well. Hence, the total rate of infection transmission from all of A; to any given node of

Aj; is at least IJ(.n) (t) x %Aij <1 — f(ﬁf) (1— e)‘(n)t)> = Aijﬂj(n) (1) (1 - fz:’f) (1— ex(”)t)) and

at most Aj; 5§n) (t). Since we assume lim,,_ M) = oo, this further implies that the concerned
rate is approximately A;; 3 ](-n) (t) for large n, thereby giving us an interpretation of the ‘contact
rate’ A;; as a normalized infection rate. That is, in the limit as n — oo, the matrix A quantifies
the infection transmission rates between any two age groups relative to the level of infectedness
(fraction of infected persons) of the transmitting age group. Moreover, Proposition 13 also
implies that the difference between the age-wise infection transmission rates and their respective

mean-field limits (which exist as per Theorem 7) is O (ﬁ)

5.4 A Converse Result

The purpose of this section is to argue that the age-structured SIR dynamics does not

model an epidemic well if the infection rates B;; are high enough to be comparable to the edge
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update rate of the network.

Theorem 8. Suppose oo = lim,, 00 A < 00 and that for every p € [m), there exist $p,05 Bp,0 €
0, 1] such that sén)(()) — Sp.0 and Bl(n)(()) — Bp,o as n — oo. In addition, let {(yq(t),wy(t))}
be the solutions of the ODEs (I) and (II). Then, there exists no interval [t1,t2] C [0,00) for which

m
MiNy, e (m] Milge(r, 1) Yp(t)wq(t) > 0 and on which the pairs { <S((]n) (1), Bén) (t)) } uniformly
I ? qzl
converge in probability to the corresponding pairs in {(y,(t),wy(t)) }yLy. More precisely, for
every interval [t1,t2] C R such that y,(t) > 0 and wy(t) > 0 for all p € [m] and t € [t1,t2], there

exists a ¢ € [m] and an £, > 0 such that

liminf sup Pr (H (sg") (t),ﬂé”) (t)) — (g;/q(t),wq(t))H2 > €q) > 0.

0 te(ty to]

Proof. Suppose, on the contrary, that there exists a time interval [t1,t9] C [0,00) such that
yp(t) > 0 and wy(t) > 0 for all p € [m] and ¢ € [t1, 2], and the following holds for all g € [m]

and all £, > 0:

liminf sup Pr (H(sg")(t),ﬁ(gn)(tn — (yq(t),wq(t))H2 > 5q> =0,

0 telty to]

i.e., for a fixed € > 0, there exists a sequence {7(n)}>>; C N such that

lim sup Pr(||(s57) (), BTV () = (g (1), (1)), > €) =0.

0 te(ty to]

We then arrive at a contradiction, as shown below.
We first choose an 7 > 2 (1—1— A/\L;:X) (where Apax = max{A,; : p,q € [m]}) and a
t € (t1,t2). By our hypothesis and norm equivalence, for kg := n)%oo and for every 0 > 0, there

exists an N, s € N such that
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forall n > N, s and all T € [t — ko, t].

We now define ap := miny, ge ) minger, 1) Yp(t)wy(t) and we let a and b be any two
nodes such that (a,b) € S;(t) x Z;(t) for arbitrary i,j € [m]. Additionally, we let K :=1¢—
inf{7 > 0:b € Z(7)} denote the (random) time elapsed between the time at which b gets infected

and time ¢. We then have

Pr(K < ko |S(t),Z(t)) = Pr(bis infected during [t — ko, t] | S(t),Z(t))

(a)
S 1 _ e—AmaxKuO

(b)
< Apmaxko

Amax
= ) (5.13
N Aoo )

where (b) holds because 1 —e™" < u for all w > 0, and (a) can be explained as follows: given
(S(7),Z(7)) and an infected node c € Z,(7) for some time 7 € [t — ko, ), and given that b € S;(7),
we know from Proposition 13 that the conditional probability of the edge (b, ¢) existing in the
network at time 7 is at most %. Also, as per the definition of our stochastic epidemic model,
given that (b,c) € E(7) and given (S(7),Z(7)) (and hence, also that (b,c) € S;(7) x Z,(7)), the
conditional rate of infection transmission from c to b at time 7 is Bj,. Hence, given (S(7),Z(7))
(and hence, that (b,c) € Sj(7) X Z4(7)), the conditional rate of infection transmission from ¢ to
b is at most qu% = :(—%. Under our modelling assumption that distinct edges transmit the
infection independently of each other during vanishingly small time intervals, this means that,
conditional on S(7) and Z(7), the conditional total rate at which b receives infection is at most

NS ;‘i =X |zq<f>\7f§§j> = 2 Ty < A 32 070 0) <

getmlceTyr) T e ] 4€im]

Note that this upper bound is time-invariant and does not depend on S(7) or Z(7) for any time 7.

It thus follows that, conditional on (S(t),Z(t)), the rate at which b gets infected is at most Apax
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throughout the interval [t — kq,t) and hence, the probability that b does not get infected during
an interval of length ky is at least e~“max%0_This implies (a).

We now infer from (5.13) that

Amax

- 5.14
M (5.14)

Pr(K > ko | S(t),Z(t)) > 1

Next, we lower-bound Pr(7T" > kg | S(¢),Z(t)). To this end, note from Proposition 13 that

Pr((a,b) € E(t) | S(t),Z(t)) < £4.. As a result, we have

= m(n)

|Pr(T > ko | S(1),Z(t)) — Pr(T > ko | (a,b) & E(t),S(1),Z(t))]
= |Pr(T'> ko | (a,) ¢ E(t),S(t),Z(1))(1 —Pr((a,b) € E(t) | S(¢),Z(t)))
Y PH(T > ko | (a,b) € E(),S(t),Z(t)) - Pr((a,b) € E(t) | S(t),Z(t))

—Pr(T > ko | (a,) ¢ B(t),S(t),Z(1))]

Pij
7(n)’

<

which also means that

[Pr(T < ko | (S(,Z(1)) = Pr(T < g | (a,b) € B(1), (S(),Z())| < L. (5.15)
Moreover, for any realization (Sp,Zp) of (S(t),Z(t)), Remark 17 asserts that
Pr(T < ko | K =&, (S(t),Z(t)) = (S0, o), (a,b) ¢ E(t)) <1—e 0

for all 0 < k <. Since the right-hand-side above is independent of both x and (Sy,Zy), it follows

that

Pr(T < ko | (S(t),Z(t)),(a,b) & E(t)) <1—e 0 < \rg. (5.16)
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Therefore, as a consequence of (5.14), (5.15), (5.16), and the union bound, we have

Pr(T > ko, K > ko | S(t),Z(t)) =1 —Pr({T < ko} U{K < ko} | S(t),Z(t))

>1-Pr(T < wo | S(),Z(t)) — Pr(K < ko | S(t),Z(1))

A A(m(n) i
> 1 o max o - 'l] ) .1
- N Ao N Ao m(n) (5.17)

This further yields,

Xij(t,S,I)
=Pr((a,b) € E(t) | S(t),Z(1))
—Pr((a,b) € E(t) | T > ko, K > 10, S(),Z(8) - Pr(T > w0, K > g | S(£), Z())

+Pr((a,b) € BE(t) | {T < kol ULK < w0}, S(t),Z(t)) - Pr({T < ro} U{K < ro} | S, T)

Pij ,—Bijx Amax Alr(m) Pij Amax Al () Pij Pij
< 15 K0 1— . .
S ( e T TR ) 7(n)

N Ao NAoo m(n)

+
Moo NAoo  m(N) Moo Mo 7(n)) m(n)

(5.18)

where the inequality is a consequence of (5.17) and Remark 16. Recall that limn_>oo A = Aoos

B
which means that the right hand side can be made smaller than (1 +¢)£%-¢ = by choosing n

m(n)

large enough. Moreover (5.18) holds for all ¢ € [t1,12].

Proposition 12 now implies that for all ¢ € [¢1,t2] and large enough n,

m m B

Z E[nxij;sif;] > Z ij(l+e)e "AooE[szﬁj] (5.19)

= 7=1
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Now, observe that for any ¢ € [t1, 2], we have

Elsi()B;(t)]
< 1P ([ (557 (7). 57 (7)) = wa () wa (M) > 2)
+ (wi(t) +¢)(yj(t) +e)-Pr (H (5((1”) (1) ,55") (7')) — (yq (1), wy (7))H1 < 5)

< S+yi()w;i(t) +2e + €2 (5.20)

i
e7l>\oo

B;
Therefore, assuming that § and  are small enough to satisfy J +2¢ 42 < oy ( — 1) ,(5.19)

implies the existence of a constant &’ > 0 such that :

m m

Z anSz@] Z ’L]yl +5 _yz(t)+ g

Since this holds for all ¢ € [t;, 2], we have
Efs{™ ™) (t2)] - yit2) > Els{™ (1) =i (1) + (t2 — 1)’

for all sufficiently large n. Here, we observe that {sgn)(tl), 5](“) (t1) 24,5 € [m],n € N} are
bounded by the constant function 1, which is integrable with respect to probability measures.
Therefore, {sz(-") (t1) 14,7 € [m],n € N} are uniformly integrable. Since they converge in proba-
bility to {y;(t1) : ¢,j € [m]} (by hypothesis), it follows by Vitali’s Convergence Theorem that
they also converge in L'-norm. Thus, E[sgn) (t1)] — yi(t1) — 0 as n — oo, thereby implying that

liminf (E[sgf("”(tz)] - y,-(tg)) > (ty—t1)e" (5.21)

n—oo

On the other hand, Vitali’s Convergence Theorem and our hypothesis also imply that
E[s(n) (tg)] — y;(t2) as m — oo, which contradicts (5.21). Hence, our hypothesis that the fractions

{sq (t ), ( ) }qe[m) converge in probability to the solutions of (I) and (II) uniformly on the
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interval [t1,to] is false. This completes the proof. O

Before interpreting Theorem 8, we first note that the result only applies to the time intervals
on which {y;(t)w;(t) : 4,7 € [m]} are positive throughout the interval. Although this condition
appears stringent, it is mild from the viewpoint of epidemic spreading in the real world. This is
because, in practice we are only interested in time periods during which every age group has
infected cases (which ensures that 3;(t) > 0 for all j € [m]), and most epidemics leave behind
uninfected individuals (thereby ensuring that s;(¢) > 0 for all ¢ € [m]). Therefore, Theorem 8
applies to all time intervals of practical interest.

Restricting our focus to such intervals, Theorem 8 asserts that, if the edge update rate
does not go to oo with the population size, then there exists a positive lower bound on the
probability of the age-wise infected and susceptible fractions differing significantly from the
corresponding solutions of the age-structured SIR ODEs at one or more points of time in the
considered time interval. At this point, we remark that for large populations, the edge update
rate \ is approximately the reciprocal of the mean duration of every interaction in the network.
This means that the greater the value of ), the faster will be the changes that occur in the social
interaction patterns of the network. Therefore, in conjunction with Theorem 7, Theorem 8
enables us to draw the following inference: the age-structured SIR model can be expected to
approximate a real-world epidemic spreading in a large population accurately if and only if the
social interaction patterns of the network change rapidly with time. This is more likely to be the
case in crowded public places such as supermarkets and airports.

There is another way to interpret Theorems 7 and 8. Note that we have assumed that
the sequence of edge states realized during the timeline of the epidemic are independent for
every pair of nodes in the network. Therefore, for greater values of )\, the network structure
becomes more unrecognizable from its past realizations. Thus, the age-structured SIR model

can be expected to approximate epidemic spreading well if and only if the network is highly
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memoryless, i.e., if and only if the network continually “forgets” its past interaction patterns

throughout the timeline of the epidemic under study.

Remark 14. Observe from the proof of Theorem 8 that the difference between E[s;|, the first

derivative of the expected fraction of infected nodes in A;, and y,, the first derivative of the
corresponding ODE solution y;(t), is small only if ¢ s is close to 1 , which happens when

Aoo > Bjj. Moreover, this observation is consistent with Remark 13, according to which the total
infection rate from [n] = UL, A; to any given susceptible node in A; is close to 3771 Ai;3;(t)

A(n)

(and hence, in close agreement with the ODEs (5.1)) when < 1. Along with Theorems 7
and 8, this means that the age-structured SIR model is likely to approximate real-world epidemic
spreading well if and only if the infection transmission rates are negligible when compared to

the social mixing rate \.

Intuitively, when B)fj < 1, the time scales (the mean duration of time) over which the
concerned disease spreads from any age group to any other age group are orders of magnitude
greater than the time scale over which the network is updated. As a result, the independence
of the sequences of edge state updates ensures that most of the possible realizations of the
network structure are attained over the time scale of infection transmission. Equivalently, from
the viewpoint of the pathogens causing the disease, the effective network structure (the network
topology averaged over any of the age-wise infection timescales) is close to being a complete
graph. Hence, by extrapolating the existing results on mean-field limits of epidemic processes
on complete graphs (such as [166]) to heterogeneous epidemic models, we can assert that the
age-structured SIR ODEs are able to approximate the epidemic propagation with a high accuracy.

On the other hand, if the infection rates B;; are too high (and hence, comparable to
the social mixing rate A, which is always finite in reality), the pathogens perceive a randomly
generated network even on the time scale of infection transmission. Since this random network
is sparse (because we assume the expected node degrees to be constant, which results in the edge

probability scaling inversely with the population size), it follows that the number of transmissions
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occurring in any given time period is likely to be smaller than in the case of a complete graph.
Thus, the age-structued SIR ODEs overestimate the rate of growth of age-wise infected fractions.

This is further confirmed by the sign of the inequality in (5.21).

5.5 Empirical Validation

We now validate the age-structured SIR model in the context of the COVID-19 pandemic
in Japan as follows: we first estimate the model parameters using the data provided by the
Government of Japan, and we then compare the trajectories generated by the model with the

reference data.

5.5.1 Dataset

We use a dataset provided by the Government of Japan at [168]. This dataset partitions
the population of the prefecture of Tokyo into m = 5 age groups: 0 - 19, 20 - 39, 40 - 59, 60 -
79, and 80+ years old individuals. For each age group i € [m] and each day k in the year-long
timeline I' = {March 10, 2020, ..., April 9, 2021}, the dataset lists the total number of people

infected in the age group until date k. We denote this number by IZ-T [k].

5.5.2 Preprocessing

Due to several factors, such as lack of reporting/testing on the weekends, the raw data has
missing information and is contaminated with noise. Therefore, using a moving average filter
with a window size of 15 days, we de-noise the raw data to obtain the estimated total number
of infected individuals by day k in age group ¢, denoted by I ZT [k]. We then estimate from the
smoothed data the number of susceptible, infected, and recovered individuals in age group ¢ € [m)]
on day k, denoted by S;[k|, I;[k], and R;[k], respectively. We do this as follows: for any age
group i € [m] and day k € T, we have I [k] = I;[k] + R;[k], because the cumulative number of
infections I [k] includes both active COVID-19 cases and closed cases (cases of individuals who

were infected in the past but recovered/succumbed by day k). Therefore, to estimate /;[k] and
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R;[k] from I'[k], we assume that every infected individual takes exactly T = 14 days to recover.
This assumption is consistent with WHO’s criteria for discharging patients from isolation (i.e.,
discontinuing transmission-based precautions) [169] after a period involving the first 10 days
from the onset of symptoms and 3 additional symptom-free days (if the patient is originally
symptomatic) or after 10 days from being tested positive for SARS-CoV-2 (if the patient is
asymptomatic). After the required period, the patients were not required to re-test. Under such an
assumption on the recovery time, we have R;[k] = I [k — Tg] and I;[k] = I [k] — IT [k — Tg].
Next, we obtain S;[k] by subtracting I [k] from the total population of .A;, which is obtained
from the age distribution and the total population of Tokyo.

We must mention that in the subsequent analysis, all infected individuals are considered
infectious, i.e., they can potentially transmit the SARS-CoV-2 virus to their susceptible contacts.
This assumption, on which the classical SIR model and all its variants are based, is consistent
with the CDC’s understanding of the first wave of SARS-CoV-2 infection, which claims that
every infected individual remains infectious for up to about 10 days from the onset of symptoms,

though the exact duration of the period of infectiousness remains uncertain [170].

5.5.3 Parameter Estimation Algorithm

Before estimating the parameters of our model, we discretize the ODEs (5.1) with a step

size of 1 day and obtain the following:

silk+1] — silk] = —sift] il A1k
Bilk + 1] — Bi[k] = s4[K] i Aij B5k] = viBilk], (5.22)
j=1

rilk + 1] —ri[k] = i B [K],

A key observation here is that these equations are linear in the model parameters.

Therefore, given the sets of fractions {s;[k] : i € [m],k € T'}, {Bi[k] : ¢ € [m],k € '}, and
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{ri[k] : i € [m],k € '} (which we obtain by implementing the data processing steps described
above) for all i € [m], we can express (5.22) in the form of a matrix equation C'z = d, where
the column vector z € R™ *™ is a stack of the parameters {A;; : 1 <i,7 <m}and {y;:1<
i < m}, the column vector d is a stack of the increments {s;[k+ 1] — s;[k] : ¢ € [m],k € T'},
{Bilk+1] = Bi[k] : i € [m],k € '}, and {r;[k + 1] —r;[k] : i € [m],k € '}, and C is a matrix of
coefficients. Thus, solving the least-squares problem (5.23) gives us the best estimates of the

model parameters {A;; : i,7 € [m]} U{~; : ¢ € [m]} in the mean-square sense.

& = argmin||Cx — d||2. (5.23)
x>0

Howeyver, the values of the contact rates Aij change as and when the patterns of social
interaction in the network change during the course of the pandemic. For this reason, we assume
that the pandemic timeline splits up into multiple phases, say I'1,...,['s, with the contact rates
varying across phases, and we perform the required optimization separately for each phase. At
the same time, we do not expect the contact rates to make quantum leaps (or falls) from one
phase to the next. Therefore, for every ¢ > 2, in the objective function corresponding to Phase
¢ we introduce a regularization term that penalizes any deviation of the optimization variables
from the model parameters estimated for the previous phase (Phase ¢ — 1). Adding this term also
ensures that our parameter estimation algorithm does not overfit the data associated with any one

phase. Our optimization problem for Phase ¢ thus becomes
) = argmin ([|Cz — 2 + M2 — 2 V]J3), (5.24)
x>0

where (0 is the parameter vector estimated for Phase /.

We now summarize this parameter estimation algorithm for Phase ¢ € [s] .
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Algorithm 1. Parameter Estimation Algorithm for Phase ¢
Input: (s;[k], 8;[k],r;[k]) for alli € [m] and k € Ty

Output: 7
1: function GET_PARAMETERS((s;[k], 5 [k],ri[k]))
2: for each day, each age group do
3: Stack the difference equations (5.22) vertically
4: Obtain the matrix equation C'x = d
5: Solve Least Squares Problem (5.24)

6: return 7

5.5.4 Phase Detection Algorithm

We now provide an algorithm that divides the timeline of the pandemic into multiple
phases in such a way that the beginning of each new phase indicates a significant change in one
or more of the contact rates {A4;; : 7,5 € [m]}.

Given the pandemic timeline {py,...,ps} (Where py denotes March 10, 2020 and p;
denotes April 9, 2021), our phase detection algorithm outputs s — 1 phase boundaries p; <
p2 < -+ < ps—1 that divide [pg,ps) into s phases, namely 'y = [po,p1),T'2 = [p1,p02),...,'s =
[ps—1,ps). Central to the algorithm are the following optimization problems:

Problem (a): Unconstrained Optimization
miréigrdize ||C[p,p+w)x — d[p,p+w) ||2 (525)
Problem (b): Constrained Optimization

mir;izrrolize 1Cp ptw)™ — djp pr) 2,

subjectto ||z — Tlpptw) |2 < EHE[ppr,pprer) ||2- (5.26)
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In these problems, p € I' denotes the start date (chosen recursively as described in Al-
gorithm 2), w € N is the optimization window, Ap < w is the algorithm step size, [p,p + w)

denotes a w-day period from day p, C| are obtained from {(s;[k|, Bi[k],7i[K]) :

p,p+w) and d[

p,ptw)
i € [m],k € {p,...,p+w}} by using the procedure described in Section 5.5.3, and z :=
argming > || Cp p4w)T — djp ptw)ll2 is the parameter vector estimated by Problem (a). We
set w = 30 (days), and the quantities Ap and ¢ are pre-determined algorithm parameters whose
choice is discussed in the next subsection.

Observe that both Problem and Problem (b) result in the minimization of the mean-square
error (5.27), where {(8;[k], B;[k],7i[k]) : i € [m],k € {p,...,p+w}} are the model-generated
values (estimates) of the susceptible, infected, and recovered fractions {(s;[k], B;[k],7i[k]) :
i€ [m],ke{p,...,p+w}}. Also note that Problem (a) performs this minimization while
ignoring all the previously estimated model parameters, whereas Problem (b) performs the same
minimization while constraining x to remain close to the parameter vector estimated for the
period [p— Ap,p — Ap+w). However, if the contact rates do not change significantly around
day p, then the additional constraint imposed in Problem (b) should be satisfied automatically

(without imposition) in Problem (a), which should in turn result in the same mean-square error

for both the problems.

LI R ((si[k]—§i[k])2+(ﬂz-[k]—Bi[k])zﬂm[k]—ﬂ-[k])z’).

Sm(w + 1) i€[m] ke{p,...,p+w}

(5.27)

Therefore, after solving Problems (a) and (b), our phase detection algorithm compares
S(G)p (the mean-square error for Problem (a)) with S(b)p (the mean-square error for Problem

(b)) as follows: using (5.27), the algorithm first computes S(G)p and E(b)p. It then compares
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En—Ela . .. . . .
W with 9, a positive threshold whose choice is discussed in the next subsection. If
a)p

[€0)p — Eayp]

>4 (5.28)
E(a)

p

then p is identified as a phase boundary. Otherwise, the algorithm increments the value of p
by Ap, checks whether the interval [p,p+ w) is part of the timeline I, and repeats the entire
procedure described above.

Finally, the algorithm merges every short phase (length < 20 days) with its predecessor
by deleting the appropriate phase boundary(s). There are two reasons for this step. First, the
contact rates are believed to change not instantly but with a transition period of positive duration.
Second, since the data used is noisy, to avoid overfitting the data it is necessary for the number of
data points per phase (given by 2m times the number of days per phase) to significantly exceed
m? 4+ m, the number of model parameters to be estimated per phase.

We now provide the pseudocode for the entire algorithm. Observe that Problems (a) and
(b) are both convex optimization problems. This enables us to use the Embedded Conic Solver

(ECOS) [171] of CVXPY [172,173] to implement our algorithm.
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Algorithm 2. Phase Detection Algorithm

Input: (s;[k], 5;[k],ri[k]) foralli € [m] and k € T’

Output: Set of phase boundaries B

1: function DETECT_PHASES((s;[k], 5;[k],ri[k]))

2:

3:

10:

11:

12:

13:

14:

15:

16:

17:

18:

Initialize set of phase boundaries B < ¢
Initialize start date p < Ap
while p € I'do
Solve Problem (a) for window [p, p+w)
Solve Problem (b) for window [p,p+ w)
if condition (5.28) holds then
B+ BU{p}
pp+Ap
Initialize pgare < 0
Initialize b < list(B)
Sort b in ascending order
for p € b do

B+ B\{p}
else
Pstart = P
return B

5.5.5 Selection of Algorithm Parameters

We now explain our parameter choices for the algorithms described above.
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Phase Detection Algorithm

As mentioned earlier, for Algorithm 2, we set Ap = 5 days and the optimization window
w = 30 days. This ensures that the optimization window is large enough for the number of model
parameters to be significantly smaller than the number of data points used to estimate these
parameters in Problems (a) and (b). In addition, we set 6 = 3, and ¢ = 10~* for the following

reasons:

1. e =10"*: If both [p,p+w) and [p — Ap,p — Ap+w) are sub-intervals of the same phase,
then the same set of contact rates (and hence the same parameter vector =) should apply to

the network during both the time intervals.

2. § = 3: If day p marks the beginning of a new phase (i.e., a new set of contact rates), we
expect the least-squares error (5.27) to increase significantly upon the imposition of the

constraint introduced in (5.26).
Parameter Estimation Algorithm

We set A = 107° in (5.24). This small but non-zero value is consistent with our belief that
around every phase boundary, contact rates change gradually but significantly during a transition

period involving the phase boundary.

5.5.6 Results

We now present the results of implementing both the algorithms on our chosen dataset.
Phase Detection

Algorithm 2 detects the following phases.
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Table 5.1. Phases Detected by Algorithm 2 [1, 2]

Phase From To Corresponding Events

1 Mar 10 2020 Mar 28 2020 Closure of Schools
2 Mar 28 2020 April 23 2020 Issuance of State of Emergency
3 April 23 2020 | May 20 2020

4 May 20 2020 Jun 22 2020

5 Jun 22 2020 Jul 24 2020 Summer Vacation
6 Jul 24 2020 Aug 25 2020 Obon, Summer Vacation
7 Aug 25 2020 Sep 23 2020 Summer Vacation
8 Sep 23 2020 Oct 20 2020 “Go to Travel” Campaign

Relaxation of Immigration Policy
9 Oct 20 2020 Nov 14 2020 “Go to Eat” Campaign

“Go to Travel” Campaign

10 Nov 14 2020 Dec 19 2020
11 Dec 19 2020 Jan 12 2021 Issuance of State of Emergency
Winter Vacation

12 Jan 12 2021 Feb 07 2021

13 Feb 07 2021 Apr 09 2021

Although some of the detected phases can be accounted for by identifying changes in
governmental policies and major social events, many of them seem to result from changes in
social interaction patterns that cannot be explained using public information sources (such as
news websites). However, this is consistent with out intuition that social behavior is inherently
dynamic — it displays significant changes even in the absence of government diktats and important
calendar events. Moreover, except for the first phase, the length of every phase is at least 25
days, which points to the likely scenario that it takes at least 3 to 4 weeks for the contact rates
to change significantly. This could be true because social behavior is often unorganized. In
particular, the interaction patterns of any one individual are often not in synchronization with
those of others.

Another noteworthy inference to be drawn from Table 5.1 and Figure 5.1 is that policy
changes initiated by governments have a delayed effect at times. For example, the “Go to Travel”

and the “Go to Eat” campaigns, launched between mid-September and mid-November (Phases 8
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and 9), seem to have caused a spike in daily case counts in the subsequent phases (Phases 10
and 11). Likewise, the State of Emergency issued in Phase 11 seems to have come to fruition in

Phase 12 and its effects appear to have remained until the last phase (Phase 13).
Parameter Estimation and Its Implications

Figure 5.1 below plots the original and the model-generated fractions of infected individ-

uals in each age group as functions of time.
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--a-- Generated:0-19
nooiso{ —e— Original:20-39
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0001251 —e— Qriginal:40-59
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Figure 5.1. Age-wise Daily Fractions of Infected Individuals in Tokyo, Japan: Original and
Generated Trajectories

Figure 5.2 plots the estimated contact rates and labels the 10 most significant ones among
the 25 rates.

As seen in Figure 5.1, three COVID-19 surges or “waves” occur during the considered
timeline. For each wave, we explain below the corresponding contact rate variations and their

implications with the help of the mobility data of Tokyo (Figure 5.3) collected by Google [174].
The First Wave (March 2020 - June 2020, Phases 1 - 3)

This wave corresponds to a rapid surge in daily cases across the world followed by various
governmental measures such as issuance of national emergencies, tightening of immigration
policies, home quarantines, and school closures. In Japan, the national emergency consisted of

various measures such as restrictions on service times in restaurants and bars, enforcement of
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The period in which state of emergency is issued is highlighted in red.
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work from home, and a limit on the number of people attending public events. As a result of

these measures, the mobility of workplaces, retail and recreation, and transit stations dropped

dramatically in April 2020 and remained low for over a month (Figure 5.3).

This drop is reflected in our simulation results (Figure 5.2), which show that the three

greatest contact rates decreased steadily from April to June. However, Figure 5.2 also shows

that contact rates from the age group 60-79 to most other age groups (shown in blue) remained

remarkably high throughout the timeline I'. This may be because most people admitted to nursing

homes are aged above 60 and frequently come in contact with the relatively younger care-taking
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staff. More strikingly, the contact rate from age group 60-79 to age group 80+ is consistently
high. This could be because there is a significant number of married couples with members
from both these age groups (thereby resulting in a high value of p;; for (i,j) = (m,m —1)) and
because the age group 80+ has the lowest immunity levels, which leads to a large effective B;;

(infection rate) for (i,7) = (m,m —1).
The Second Wave (July 2020 - September 2020, Phases 4 - 7)

The most intriguing aspect of the second wave is that the wave subsided without any
significant governmental interventions (such as the issuance of a nationwide emergency). To
explain this phenomenon, some researchers point out that (i) the rate of PCR testing increased
in July and thus more infections were detected in the first few weeks of the second wave, and
(i1) people’s mobility decreased in August during the Japanese summer vacation period called
“Obon” [2]. As we can infer from Figure 5.3, this decrease in mobility occurs primarily at
workplaces and transit stations [2].

Besides Figure 5.3, our simulation results provide some insight into the second wave.
Figure 5.1 shows that the contact rates from age group 60-79 to other age groups do not show
any increase during the first few weeks of the wave. However, the intra-group contact rate
of the age group 20-39 increases rapidly before this period and drops significantly in August,
corresponding to a decrease in daily cases. This strongly suggests that the social activities of
those aged between 20-39 played a key role in the second wave. Meanwhile, contact rates
from the age group 60-79 decreased after the first wave, possibly because of an increase in the
proportion of quarantined individuals among the elderly, which in turn could have resulted from

an increased public awareness of older age groups’ higher susceptibility to the virus.
The Third Wave (October 2020 - January 2021, Phases 8 - 11)

This wave was the most severe of the three because in October, a policy promoting

domestic travel (the “Go to Travel” campaign) was implemented in the Tokyo prefecture and
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eating out was promoted as well (as part of the “Go to Eat” campaign). In addition, Japan
started relaxing its immigration policy in October. [2] points out that the “major factors for
this rise include the government’s implementation of further policies to encourage certain
activities, relaxed immigration restrictions, and people not reducing their level of activity”. This
observation is supported by Figure 5.3, which shows that there is no drop in mobility in any
category during the third wave. As a result, daily infection counts dropped only after the second
state of emergency was issued by the government on January 7, 2021.

In agreement with these observations are our simulation results (Figure 5.1), which show
that the age group 60-79 remained the most infectious throughout the third wave, and that the
contact rates from the age group 20-39 gradually increased in the early weeks of the wave. This
was followed by a remarkable decrease in the intra-group contact rate of the age group 60-79

from mid-January onwards.

Comparing the Age Groups on the Basis of Infectiousness as well as
Susceptibility

It is evident from Figure 5.2 that among all the five age groups, members of the youngest
age group (0-19) are the least likely to contract COVID-19. This validates the current understand-
ing of the scientific community that children and teenagers are more immune to the disease than
adults. At the opposite extreme, the age groups 80+ and 20-39 appear to be the most vulnerable,
possibly because members of the former group have the lowest immunity levels and the latter
group exhibits the highest levels of mobility and social activity.

Besides throwing light on how the likelihood of receiving infection varies across age
groups, Figure 5.2 also throws light on how the likelihood of transmitting the infection varies
across age groups. From the figure, the two most infectious age groups are clearly 60-79 and
20-39. Surprisingly, the age group 80+ is found to be less infectious than the group 60-79,

perhaps because of the lower social mobility of the former. The figure also shows that the
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age groups 0-19, 40-59 and 80+ are remarkably less infectious than the other two age groups.
However, we need additional empirical evidence to validate these findings, and it would be

interesting to see whether our inferences are echoed by future empirical studies.

5.6 Conclusion and Future Directions

We have analyzed the age-structured SIR model of epidemic spreading from both theo-
retical and empirical viewpoints. Starting from a stochastic epidemic model, we have shown that
the ODEs defining the age-structured SIR model are the mean-field limits of a continuous-time
Markov process evolving over a time-varying network that involves random, asynchronous
interactions if and only if the social mixing rate grows unboundedly with the population size.
We have also provided a lower-bound on the associated convergence rates in terms of the social
mixing rate. As for empirical validation, we have proposed two algorithms: a least-square
method to estimate the model parameters based on real data and a phase detection algorithm to
detect changes in contact rates and hence also the most significant social behavioral changes
that possibly occurred during the observed pandemic timeline. We have validated our model
empirically by using it to approximate the trajectories of the numbers of susceptible, infected, and
recovered individuals in the prefecture of Tokyo, Japan, over a period of more than 12 months.
Our results show that for the purpose of forecasting the future of the COVID-19 pandemic and
designing appropriate control policies, the age-structured SIR model is likely to be a strong
contender among compartmental epidemic models.

Our analysis, however, has a few limitations. First, it is not clear whether the large
number of phases detected by Algorithm 2 indicates rapidly changing social interaction patterns
or simply that our model is unable to approximate the pandemic over timescales significantly
longer than a month. Second, the outputs of our algorithms have a few surprising implications
that are as yet unconfirmed by independent empirical studies. For example, the estimated contact

rates indicate that the age group 60-79 is consistently more infectious than the age group 20-39,
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a finding that is inconsistent with the widely held belief that younger age groups are significantly
more mobile than the older ones. Such apparent anomalies highlight the need for age-stratified
mobility datasets that would enable further investigation into the dynamic interplay between

social behavior and epidemic spreading.

Appendix

Our first aim is to prove Proposition 12, which is based on the Lemma 31. This lemma
describes a known property of continuous-time Markov chains, but we prove it nevertheless. The

proof is based on the concept of jump times, defined below.

Definition 53 (Jump Times). The jump times of the Markov chain {X (1) : 7 > 0} are the random

times defined by Jy :=0and Jy:=inf{r > 0: X(Jy_1+7) # X(Jy_1)} forall ¢ € N.

Note that jump times are simply the times at which the Markov chain jumps or transitions

to a new state.

Lemma 31. Letr x € S and let [t,t + At) C [0,00). Given that X(t) = x, the conditional

probability that more than one state transitions occur during [t,t + At) is o(At).

Proof. Lety,z € S be any two states such that y and z potentially succeed x and y, respectively.
Also, let {X(J;)}52, be the embedded jump chain of {X(7)}>0 (where Jy := 0). Then, given
that X (0) = x, X(J1) =y, and X(J2) = z, the holding times J; and J2 — J; are conditionally
independent exponential random variables with parameters ¢, := |Q(x,x)| and ¢, := |Q(y,y)|,
respectively. Therefore, given that the original Markov chain makes its first and second transitions
from x to y and from y to z respectively, the conditional probability that both of these transitions

occur during [0, At) is given by Pr(Jy < At | (X(0),X(J1),X(J2)) = (x,y,2)), which is upper-
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bounded by Pr(Jz — J; < At, J1 < At | (X(0),X(J1),X(J2)) = (x,¥,2)), which equals

Pr(Jo — Ji < At | (X(0),X(J1),X(J)) = (x,y,2))
Pr(Ji <At [ (X(0),X(/1),X(J2)) = (x,y,2))

= (1—e WA (1 — e~ @A) = o(At). (5.29)

Therefore, Pr(J < At | X(0) = x), which is a quantity upper bounded by maxy ,esPr(J2 <
At | (X(0),X(J1),X(J) = (x,y,2)), is o(At). Hence, given that X(0) = x, the conditional
probability that at least two state transitions occur during [0, At) is o(At). By time-homogeneity,
this means the following: given that X (¢) = x, the conditional probability that at least two state

transitions occur during [¢,¢ + At) is o(At). O

Proof of Proposition 12
Proof. We derive the equations one by one.
Proof of (i)

Consider any state x € S. Then, by the definition of Q, for any i € [n] and a € S;(x), we

have

Pr(X(t+ At) = Xpq | X(t) = x) = Q(x,X10) At + 0(At) = (Z By E ) At +o(At).

(5.30)
We now use (5.30) to evaluate the probability of the event {.S;(t + At) = S;(¢t) — 1}. To
this end, let Dy(U,t,At)) denote the event that exactly ¢ nodes in a given set U C [n] recover

during [t,t + At) (i.e., there exist exactly ¢ indices rq,...,7, in U such that X, (t) =1 and

X, (t+ At) = —1). Similarly, let .#,(U,t, At) denote the event that exactly ¢ nodes in U get
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infected during [¢,¢ + At). Then,

Pr(S;(t+At) = S;(t) = —1| X(t) = x)

= Pr(S (A, t, At) | X(1) = x)

—~
~

a

= Pr(Do([n],t, At) N Fo([n] \ Ai, t, At) NI (A; t, At) | X(t) = x) + o(At)
= Pr (Upes, oo {X(t+At) = x4} | X(t) = %) +o(At)

= Y Pr(X(t+At) =x40 | X(t) = x) +0(At)

o ( iBijE]('a) (X)) At +o(At)

= i Bijliqp)(x) | At +o(At). (5.31)
Jj=laeS;(x) beT; (x)

where (a) is a straightforward consequence of Lemma 31, and (b) follows from (5.30). Since

this holds for all x € S, we have

Pr(Si(t+At) — Si(t) = —1 | X(t)) = (i 3 Bij1(a7b)(t)) At+o(At), (5.32)

<
I
_
IS
m
%)
=
=
=
o
m
N
PN
N

where S;(t), Z;(t), and 1(,)(t) stand for S;(X(t)), Zi(X(t)), and 1, (X(t)), respectively.
Since S(t) and Z(¢) are determined by X(¢), we may express (5.32) as

J=1a€S;(t)beT; (1)

Pr(S;(t+At) — Si(t) = —1| S(t),Z(t),X(t)) = (i >y Bijl(ayb)(t)) At+o(At).

(5.33)
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As aresult, we have

Pr(Si(t+At) = Si(t) = =1 S(t),Z(t)) = (i > BijE[1(ap)(t) | S(t)l(t)}) At

At this point we note that
ElL(q) @) [ S(),Z(1)] = Pr((a,0) € E@) [ S(t),Z(t)) = xi5 (¢, S, T)-
We thus have the following for AS; := S;(t + At) — S;(¢):

E[AS; | S(), ()] = — Pr(AuS; = 1] SE),Z(1) = 3 0-Pr(AeS; = —)
(=2

—

a

= —Pr(AuS; = —1|8(t),Z(t)) +o(At)

~

J=laes;(t) be;(t)

(Z Yo > Bijxi(t) )A’H'O(At)
- (i Bijxij (t)Si(t)L; (t)) At+o(At), (5.35)
j=1

where (a) follows from Lemma 31. Taking expectations on both sides of (5.35) and dividing the

resulting relation by At now yields

g[S+ 20500 _ f; Bl (0L 0]+ 200, (536

where we used that S;(t) = ns;(t). On letting At — 0 and then dividing both the sides of (5.36)

by n, we obtain (i).
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Proof of (ii)

Observe that for any x € S, we have

Pr(Li(t+ At)—I;(t) =1 | X(t) = x)
= Pr(|Zi(X(t+ At))| - [Zi(X(1)| = 1| X(t) =x)
= Pr(Uj—o(De(Ai,t, At) N I (A, At)) | X(t) = x)

@ Pr(Do(Ai t, AN A1 (Airt, At) | X(1) = x) + o At)

© ( ) f:BijEJ(C)(x)) At +o(At),

where (a) and (b) follow from Lemma 31 and (c) follows from (5.30).
On the other hand,

Pr(L;(t+At) — I;(t) = —1 | X(t) = x)

= Pr(Uj_o(Dps1 (Ai, t, At) N Iy (A t, AL)) | X(t) =x)

9 pr(Dy(As,t, A1) N To(Aist, A) | X(£) = x) + o At)

(0)

—

= > Pr(X(t+At) =x | X(t) =x) +o(At)
c€Z;(x)

= > (Q(x,x)c) At +0(At)) + o( At)

CEIi(X)

= Z YAt + o(At)
c€Z;(x)

= 3| [;(x)| At + o( At).
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As aresult of (5.37), (5.38), and Lemma 31, we have

E[L;(t+ At) = Li(t) | X(t)] = ( > iBijEJ(C)(X(t))—%IIZ-(X(t))I) At +o(At).

ceS; (X) J=1

We can repeat the arguments used in the proof of (i) to prove that

E[Ii(t+At> Ii(t) |S (Z BZ]XZ] )I (t ) Vil ( )) At+0(At>

which implies that

El (t+AAtZ ]:i Enyi; (¢ (t)]j(t)]—%E[Ii(t)]—i—O(AAtt).

On dividing both sides by n and then letting At — 0, we obtain (ii).
Proof of (iii)

Observe that when AyS; = —1, we have S?(t + At) — S?(t) = 1 — 25;(t). Therefore,

R[S2(t+At) — S2(t) | S(t),Z(t)] = (1 —2S;(t)) - Pr(AS; = —1| S(t),Z(t)) 4 o( At)

m m
= (Z BinZ‘jSinAt -2 Z BinijS?IjAt> + O(At).
j=1 j=1

Taking expectations on both sides, dividing by At, letting At — 0, and dividing both sides by n?
yields (iii).
Proof of (iv)

Observe thatif A;I;(t) = —1, we have I2(t +At) — I2(t) = 1 —2I;(t), and if A¢I;(¢) =1,
we have [2(t+ At) — I2(t) = 1+ 2I;(¢).
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Thus,

E[I}(t+At) — (1) | S(1),Z(t)]

=(1-2L(t)) -Pr(Al; =—1|S(t),Z(t)) + (1 +2L(t)) - Pr(Al; = 1| S(¢),Z(t)) + o(At)

On substituting the probabilities above with the expressions derived earlier, taking expectations

on both sides, dividing by n?At and letting At — 0, we obtain (iv). O

Lemma 32. Let a € A; and b € A; be any two nodes, let t € [0,00) be any time, and let T € [0,1]
be the random variable such that t — T is the time at which 1, ) is updated for the last time

during the interval [0,t]. Then the random variables T and 1, (t) are independent.

Proof. For 1 € [0,t], let N, denote the number of times 1(4,p) 1s updated in the open interval
(t —,t), and let U, denote the zero-probability event that 1(4,p) 1s updated at time ¢ — 7. Note
that Q(x,X4(q,5)) + Q(X, X (q4)) = A for all x € S, which means that the rate at which 1, ) is
updated is time-invariant and independent of the network state. This means that the sequence of
times at which 1, ;) is updated is a Poisson process, which further means that the updates of
1(4,p) Occurring in disjoint time intervals are independent. It follows that N is a Poisson random

variable (with mean A7) that is independent of U and 1, p) (t—7). As aresult,
Pr((a,b) € E(t) | T =) < Pr((a,b) € E(t—7) | Us, N> = 0)

() Pr(N;=0](a,b) € E(t—71),U;) Pr((ab) € B(t—1) | Us)

Pr(N,=0]U;)
_ Pr(N; =0|1pn(t—7)=1U;)
Pr(N, = 0| Uy) Pr((a,b) € B(t—7) | Ur)
— Pr(NT = 0)
~ Pr(N, =0) Pr((a,b) € E(t—1) | Ur)
@ i

where (a) follows from the definition of T, (b) follows from Bayes’ rule, and (c) follows from
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the model definition (Section 5.2). Thus, Pr(1(,4)(t) = 1| T = 7) and Pr(1(4)(t) =0 | T =7)

do not depend on 7, which means that 7" and 1,3 (?) are independent. O

The proof of Proposition 13 is based on the concepts of transition sequences and agnostic

transition sequences, which we define below.

Definition 54 (Transition Sequence). Consider any time t > 0, integer r € Ny, tuples denoted
by xV x@ . x) €S, and times 0 <t; <ty <---<t, <t Let F= {X(O) o 3
Iy x () by x(")} denote the event that the embedded jump chain {X(J;) : £ € Ny} satisfies
X (Jy) =% and J; =t, forall £ € (7], and Jy+1 > t. Then F'is said to be a transition sequence

for the time interval [0,t].

Note that if F’ is a transition sequence for [0, ], then for every tuple x € S, we either have

F c{X(t)=x}or FF C {X(t) #x}.

Definition 55 ((a,b)-Complement). Let x € S. Then the (a,b)-complement of x, denoted by

X (o) is defined by

o, if (€ 20" —n]\ {{a,b)},

l—xp ifl={a,b).

Definition 56 ((a,b)-Agnostic Transition Sequence). Let a,b € [n)], and let F = {x©) O
by k() L x("} be a transition sequence for a time interval [0,t]. Further, let A(a,p)(F) be

defined by N, p)(F) :=

mac{ee 0 GG 7 {re o € T} 0

0 otherwise.

Then the (a,b)-agnostic transition sequence for F' is the event Fyqp)y = FUF (ab) where F (ad)
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defined by

t
_JL 0t Map) V7L (A (F)=1) MapE) (M) (F))
Faw ‘_{X = - ~ Xaw)
Map) I+ (A py(F)+1) Man) B+ () 1 ()
(@) T X Gy X<a7b>}’

is called the (a,b)-complement of F.

Given that F" occurs, 5 () (F) denotes the time at which the edge state of (a,b) is updated
for the last time during the time interval [0, ¢] (note that, if the edge state of (a,b) is not updated
during [0,¢], then ¢ iy (F) = to := 0). Therefore, the only difference between F' and F(T,b) is
that the last edge state of (a,b) to be realized during the interval [0, ¢] is different for " and F| (a,b)-
Stated differently, if F' C {(a,b) € E(t)}, then Fap C {(a,b) ¢ E(t)}, and vice-versa. As a
result, the event F( p) is (a,b)-agnostic in that the occurrence of this event does not provide any
information about the edge state of (a,b) at time ¢.

Note that if F'is a transition sequence, then F/, F(@), and Fy(, ) are all zero-probability

events. We now approximate these events with the help of suitable positive-probability events.

Definition 57 (§-Approximation). Let F' = {X(O) D ) L x( ")} be a transition
sequence. Then, for a given § > 0, the §-approximation of F' is the event FO := {X(0) =
xO L X(J) =x0) A T e [Art, At +6), .. AT € [At, At +6), A1 J > t—1,}, where

AgJ = Jdp—Jp—1, Agt:=1tg— 141, and to := 0. Also, the d-approximation of Fy(, ) is the event

k 6(a b) " =F°U F 6 is the 6-approximation of F(aT;) )

(a.b)

The following lemma evaluates the probability of occurrence of a d-approximation event.

Lemma 33. Ler F' = {X(O) DR ) Y x(Y be a transition sequence. Then for all
5
sufficiently small 6 > 0, the ratio % equals

ar(t—tr) ﬁ Qr_. (e~ -1 emte-1) 5 4 o(8)),
(=1
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where ty := 0, ¢ == —Q(x), x), and Qo o+1 = Q(x9),x+N) for each ¢ € [r].

Proof. Observe that

Pr(F?°)
Pr(X(0) = x(0)

= Pr(Nyepr{X(Jo) =x9, ApT € [At, Agt+6)} | X(0) =xV)
X Pr(Apy1d >t =ty | Npep{X(Je) =xO AT € [Agt, At +6)})

W T Pr(AT € [Adt, Agt+68),X () = x| X(Jp_p) = xD)
/=1

X Pr(Apy1d >t —t, | X(J,) =x)

i H AlJ S Aﬁt Agt—i—é) (J1> = X(E) | X(O) — X(f*l))

x Pr(Ar] > t—t, | X(0) = x™)

© H( (A1 € [Adt, Mgt +8) | X(0) = xD)

PrX (1) = x| X(0) =2l 1)
x Pr(AyJ > t—t, | X(0) =x"))

@) H ((qg_le_W—lAlt(S—i—o(d)) qelf) « e~ tr(t=tr)

qr—1

_ o ar(t=tr) ﬁ Qo1 (e—Cqu(te—teq)(;jL 0(5)) 7
/=1

where (a) follows from the strong Markov property and the fact that jump times are stopping

times, (b) follows from Proposition 3.2 of [14], (¢) follows from the fact that X (/1) and A;.J

(which equals Jp) are conditionally independent given X (0) (see Proposition 3.1 of [14]), and

(d) follows from the following two facts:

1. AyJ is conditionally exponentially distributed with mean q[_ll given that X (0) = x

(-1).

2. For the embedded jump chain, the probability of transitioning from x € Stoy € S is

Q(x,y)
[Q(x,x)["
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For the rest of the appendix, let a € A; and b € A; be any two nodes, let ¢t € [0,00) be
any time instant, let 7' € [0,] be the random variable such that t — 7" is the time at which 1, )
is updated for the last time during the interval [0,¢), and let K := ¢ —min{¢,inf{7 : b € Z(7)}},

where inf{7 : b € Z(7)} is the time at which b gets infected.

Lemma 34. The PDF of T has [0,t] as its support and is given by
fr(r) = e M+ e_)‘t(SD(T —1),

where 6p(+) is the Dirac-delta function.

Proof. The definition of 7" implies that the support of its PDF is [0,¢]. To derive the required
closed-form expression for this PDF, recall that Q(x, XT(a,b)> +Q(x,x ¢(a,b)) = Aforall x €8,
which means that the edge state of (a,b) is updated at a constant rate of A at all times. Therefore,
for any 7 € [0,%), the quantity Pr(7" > 7) (the probability that 1(, ;) is not updated during
[t —7,t]) is given by e=*". However, Pr(T > t) = 0, implying that Pr(T =t) = Pr(T > t) =
lim,_,,- Pr(T > 7) = e~*. Hence, the CDF of T is F(7) = 1—e*7 for all 7 € [0,t), and

F(t) = 1. Taking the first derivative of this CDF now yields the required expression for fr. [

To prove the next lemma, we need the notion of agnostic superstates, which is defined

below.

Definition 58 ((a,b)-Agnostic Superstate). Given a node pair (a,b) € [n] X [n], a collection of
states X C S is an (a,b)-agnostic superstate if X can be expressed as X = {x,x(ﬂ),y,y(ﬂ)}
for a pair of states x,y € S satisfying Yn24(ab) = 1 = Tp24(ap) and x¢ = yy for all (c2n?®—

n]\ {n?+ (a,b)}.

Note that an (a, b)-agnostic superstate specifies the disease states of all the nodes and the

edge states of all the node pairs except (a,b).
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Definition 59 ((a,b)-Agnostic Jump Times). Given (a,b) € [n] x [n], the (a,b)-agnostic jump
times of the chain {X(7) : 7 > 0}, denoted by {Ly}72, are defined by Lo := 0 and Ly, :=
inf{Jp: £ €N, Jy > Lip_1,X(Je) & {(X(Jr-1))1(ap)> (X(Je-1)) (a,p) } } for all k € N.

Note that {L;}7, C {Jr}72, and that the (a, b)-agnostic jump times of {X(7)} are the

jump times of the chain at which the edge state of (a,b) is not updated.
Lemma 35. K is independent of (T',1(,)(t)).

Proof. Note that K is a function of K := inf {7 >0:b€Z(r)}, the time at which b gets infected.
Hence, it suffices to prove that K is independent of (7, Lia,p)(1))-

Consider now any > 0 and note that { K > x} = U_, ({f( =Ly}N{Ly> /4;}) To
examine the probability of { K = Ly}, we let F () denote the set of all the events of the form
F={X(0)eXO X(L)eXM, . . X(Ly)e XM} (where X . XN are (a,b)-agnostic
superstates satisfying X(*¥) £ X(5=1) for all k € [N]) that satisfy F' C { K = Ly}, and we observe
that {K = Ly} = Upery () F-

We now examine Pr(F) for an arbitrary F = {X(0) € X0 X(L1) e X, X(Ly) €
XM € Fy(k). Pick any k € [N] and x € X*~D_ Note that F' € {K = Ly} implies that
b € §(x). In view of our definition of Q, this means that Q(x,x) = — }_,cs\ (x} Q(x,2), which
possibly depends on the disease states {z1,...,7,} and on the edge states {1, 4)(x) : (¢,d) €
[n] x [n] : d € Z(x)}, does not depend on 1(,)(x). We next observe that, by the definitions
of (a,b)-agnostic states and jump times, none of the possible transitions from X~ to X(*)
involves an edge state update for (a,b), which means that the values of both X, ;) = 1(4,)(X)

(k=1)

and X, 2,5 are preserved in such transitions. Therefore, for every x € X , there exists

at most one state y € X(*) that potentially succeeds x. For such a state y, the transition rate
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Q(x.y), given by

> g1 YdeT, (x) Bpgl(c,a)(x)  if 3¢ € Sp(x) such that y = x4,
Yp if 3¢ € Z,(x) such that y = x,
Qx,y) =
pycs if 3 (¢,d) € Ap x A\ {(a,b)} withy =xy(c.q),
A(1—2e) if 3 (a,b) € Ay x Ag\ {(a,b)} with y = x(,.4),

does not depend on x4 5y = Y(q,p) OF ON Tp2 (4 ) = Yn2.4(a,p)> DeCause b ¢ T(x) implies that
(a,b) € UpLy Uces, (x) Ugeii(c,d) - d € Zy(x)}. It follows that the rate at which the Markov
chain {X(7)} transitions from x to a state in X(*), given by Yaextt) Q(x,2) = Q(x,y), is

time-invariant and takes the same value for every x € X(k=1)

. This means that, as long as the
Markov chain {X(7) : 7 > 0} does not leave the (a,b)-agnostic superstate X(*~1), the rate at
which the chain transitions to X(¥) remains the same regardless of transitions within X(*=1), We
can express this formally as

_ Pr(X(r+A7) e X®) | X(7) e XD X(7) =x)
lim
AT—0 AT

_ Q(xt-1 x(®)

forall 7> 0and x € X(k_l), where

(k) (k1)
Q(X(k_l)’x(k)) — lim PI(X(T+AT) eX ‘ X(T) eX )
AT—0 AT

denotes the time-invariant rate of transitioning from XE=1) o X().
By Markovity, this implies that?

lim Pr(X(t+ A7) e XW) | X(7) =x,{X(7): 0< 7/ < 7})

— (k—1) x(k)
AT—0 AT Q(X ’X )’

2In this chapter, conditioning an event H on {X(7') : 0 < 7/ < 7} means conditioning H on every X (') for
0 <7’ <, i.e., conditioning H on the trajectory traced by the Markov chain during the interval [0, 7] and not just
on the random set of tuples {X(7') : 0 < 7/ < 7}. Conditioning on the set {X(7') : 0 < 7/ < 7} is not sufficient
because sets, by definition, are unordered.
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forall 7> 0and x € X(kfl), which means that the conditional rate at which the chain leaves
X*=1) time 7 is independent of the history {X () : 7/ € [0,7]}. Since {1(, (") : 0 < 7/ < 7}
are determined by {X(7') : 0 < 7/ < 7}, it follows that

L PH(X(r 4 A) € X0 | X() =x, {1y () 0 < 7' < 7))
AEEO AT

=Q(x*=1,xM)

for all 7 > 0 and x € X*~1. Now, let T4 (7) :=inf{r' > 0: X(7+7') = (X((T+7') " ))(ap) }
be the (random) time elapsed between time 7 and the first of the updates of 1, ;) that occur after
time 7 and result in 1(a,b) = 1. Then, the following holds for all x € X(’“_l), 72>0,0>0and

sufficiently small A7 > 0:

Pr(TH (1) > 0 | X (1) =%, {1(ap)(7) : 0 <7 < 7}, X (7 + A7) € XP)
=Pr(Ty(t+ A1) >0 - AT
| X(7) =%, {L(ap)(7) : 0 <7 <7} X(7+ A7) € X T3 () > A7)
Pr(Th(1) = AT | X(1) =%, {L(p) (7)) : 0 < 7/ < 7}, X (7 + A7) € XW)
=Pr(T3(1+ A7) > 0= AT | X(7) =%, {1(0p)(7) : 0 < 7/ < 7}, X(7+ A7) € XB),
Xz (ap) (1) = X2 oy () VT € [1,7+ AT))
Pr(Ty(r) = AT | X(1) =%, {1(4p)(7) : 0 < 7/ < 7}, X (7 + A7) € XP)

@ (ATHEAD Py(Ty(7) > AT | X(7) =%, {1(qp)(7) : 0 < 7 <7}, X(7 + A7) € X(B))

—

pis
AT—0 e—)\%a’ X 1

—
=
=

= Pr(Th (1) >0 | X(1) = X,{l(%b)(T/) 0< 7 <1},
where (a) and (b) follow from Markovity and the fact that Q(z,2z(q)) = A2 for all F €.

Now, let T (7) := Ty(7) and T\ () := TH(T{"""(r)) for all ¢ € N. Then, since {T{"}3,

are stopping times, similar arguments can be used to show the following for all o1,072,...,00, >0
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andall / € N

- (1) (0)
A171'IE>OPI‘ (TT (1) = 01,....,T37(1) = 04

X(7) =%, {11 (7)) : 0< 7 <7}, X (74 A7) € XF)
(a,)

—Pr (T“)(T) > o1, T (0) > 00 | X(7) =%, {10y (7) 10 < 7/ < T}) .

/]\
Similarly, if we let 7| := inf{r’ > 0: X(7 +7') = (X((T + 7)) (ap} and T (7) :=
Ti(Tfé_l)(T)) for all / € N, then we can show that for all o41,...,01¢,0,,...,0,# > 0 and
all 0,0’ € N,

AlirgoPr (TT(I)(T> > 041, ,TT(Z)(T) > UTg,Tfl)(T) >0l ’Tfe )(T) > o

X(1)=x{1liup(7):0<7 <7}, X(r+ AT e x*)
(a.b)

/

_py (TT“)(T) > o, IO 2 000, TO@) 2 010, T () 2 010

As aresult, we have the following for all o41,...,04¢,0,,...,0,¢ > 0 and all 0,0 € N:

Pr(X(r+47) € XW | X(7) =, {10y (M ATE () 2 016} AT () 2 046}
AT
w P ({00 2 e AT () 2 016} | X(7) = x {10 ()} X(r +47) € X))
Pr({T{7(r) 2 rreHy AT(0(1) 2 o1}y | X(7) =% {1y ()} o)

Pr (X(r +47) € XWX (7) =%, {10 (")} o
AT

X

A0 % QXD x(k)),
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1.e.,

. (X(r+ A7) € X | X(7) = %, {10y (Do AT (OHr ATV (L)
AHEO AT

= Q(X(kil) ) X(k))

for all £,¢" € N. Now, observe that if we are given {1(q4)(7') : 0 <7/ < 7}, then {1, (7') :
7 < 7/ <t} are determined by a subset of the random variables {TT(Z)}?il U {Tfe)}g'il and this
subset is random but almost surely finite. Hence, the above limit implies the following for all

x € X*=1) and 7 > 0:

Pr(X(r+A7) € X | X(7) = x, {10 (7) : 0< 7/ < 1})
lim :

— (k—1) x (k)
AT—0 AT Q(X 7X )

Moreover, since the above arguments remain valid if we replace X*) with an arbitrary (a,b)-

agnostic superstate Y # X(#*~1) we can generalize the above to

Pr(X(r+A7) € Y| X(7) =%, {1(p) (7)) : 0 < 7/ < 1})

. _ (k=1)
A, Ar QETLY)
for all (a,b)-agnostic superstates Y # X(*~1) Tt follows that
Pr(X(r+ A7) ¢ X*-D | X(7) =x,{1 M 0< 7 <t
Pr(X(r A7) ¢ XD | X(7) =% {1 () D s qutom
AT—0 AT Yo (k1)
(5.39)

for all x € X(*~1) and all 7 > 0. This means that, given {X(L;_;) = x} for some x € X(*~1),
the random quantity L — L;_1, which is the duration of time spent by the Markov chain in
XE=1 s conditionally exponentially distributed with rate 3", X (k1) Q(X(k_l),Y) and it is
conditionally independent of {1, )(7’) : 0 < 7" < ¢}. Besides, the above deductions also imply

k—1)

the following: given {1, ;)(7) : 0 < 7" <t} and given that the chain exits X( from state x
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at time 7 > 0, the conditional probability that it enters X(*) at time 7 is

PY(X(T) € X(k) | X(T_) =X, {l(a,b)(T/) 0< - < t},X(T) ¢ X(k—l))

= Jim Pr(X(r) € X | X(r— A7) =%, {1(p () 0< 7 <1}, X(r) ¢ XE)
o PHXD) €XB X (r - Ar) = x {1gp(7) 0= 7 1))

- Aar—0Pr(X (T)géXk D X(1— A7) =x,{1(qp)(7") : 0 < 7/ < t})
o PHXE) € XWX (- A7) = x {1 () 10 7 < 1})

AT—0 AT

‘ (PI(X(T) ¢ X (k1) | X(7— A7) =x,{1(4p) ():0< 7' < t})) -
X lim ’
AT—0 AT

Q(x(k—l) X(k))

Y

- Zy7gx(k*1) Q(X(k_l) ,Y) '

By invoking Markovity in the preceding arguments, the above can be generalized to

PI"(X(T) € X(k) ‘ X(T_) =X, {X(T/>}T/E[O,T)>{1(a’b) (T/)}T’E[O,ﬂ?X<T> ¢ X(k_l))
_ QY xM)
B ZY;&X(’“—U Q(X(k*1)7Y) ’ (5.40)

which implies that

Pr(X(r) € X | X(r') =xV7" € [Li1.7) {X(T) HL () (")} o X(7) ¢ X5

Q(x(if—l)x(k))
B ZY#X(kfl) Q(X(k_l),Y) )

Equivalently,

Pr(X(Ly) € XM | X(Lg-1) =%, {X (™) e i) L) (T} ey L = 7)

Q(x(k—l)jx(k))
a 2y £x (k1) Q(X*=1),y)’
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forall 7 > 0 and x € X(k—1), Hence,

Pr(X(Lg) € X | X(Ly—1) € XF V) AX() b repo.n s Ll iary (T rreposs L)
(k—1) x(k)
- QT XT) (5.41)
ZY;&XUC*U Q(X( )7Y)

Since the entire analysis above holds for all k£ € [IN], we have the following for all indices

01,02,...,0n > 0.

.
=

/N

/N

Mo { Lk — -1 > 0 }) N (Mo {X (Le) € XM} | X(0) € X {1(45)(7)})

N
= [I Pr(X(Ly) € XV, Ly~ Ly—y > 03, | {X(Le) € X, Le — Le_1 > 0}, {11 (7)})

k=1

1] (k—1) ol Q(X(k—l)yx(k))

=T R e ey (5.42)
kl;[l ( Y#g” ) kl;[l ZY#X(kﬂ)Q(XUf DY)

where (a) is a consequence of the strong Markov property and the fact that { L; }3_; are stopping
times, and (b) follows from (5.39) and (5.41). Since o071, ...,0 are arbitrary and since the above

expression is independent of {1(a7b) (1) : 0 <7 <t}, we have shown that for the event

N
Fﬂ{LNzn}:{X(O)eX(O), X(Ly) e X ST (Lp — Ly ) }
k=1
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we have Pr(FN{Ly > K} [ {1(4p)(7) : 0 <7 <t}) =Pr(FN{Ly > K}). As aresult,

Pr({K = Lx} 0 {Lx > £} [ {1(p)(7) : 0 <7 < t})

= Pr (Upery o) (F N {Ln > £}) | {Lap(7) : 0< 7 < 1})
Y S Pr(FO{Ly =k} [ {lup () :0< T <1})
FeFn(k)

—

= Y PuFN{Ly>+})
FeFn(k)

Pr (UFGJ-'N y(FN{Ly > "i}))

=Pr({K = Ly}n{Ly > k}),

®)

where (a) and (b) hold because the definition of Fy(x) implies that F(x) is a collection of
disjoint events. Since { K > k} = U, ({f( =Ly}N{Ly> /{}) and since { K = L1} N{L; >
K}, {K = Ly} N{La > k},... are disjoint events, it follows that Pr(K > & | {Lap(1):0<7<
t}) = Pr(K > k). Moreover, since x > 0 is arbitrary, this means that K is independent of
| {1(ap)(7) : 0 < 7 < t}. Finally, since K and (7', 1(,4)(t)) are functions of K and {Lap) (1)

0 <7 <t}, respectively, it follows that K and (7',1,)(t)) are independent. O

Remark 15. Observe that in the proof of Lemma 35, (5.42) implies that the event { Ly > Kk} N
(ﬂ,ivzo{X(Lk) € X(k)}) is independent of {14 )(7) : 0 <7 <t} (since Ly = Zé\]:l(Lk —Li_q)
and since the initial state X (0) is assumed to be non-random). Note that this is true for all the
choices of (a,b)-agnostic superstates {XFWN_that satisfy NY_{X(Lg) € X} C {K = Ly}
and hence also for all {XFYY_ that satisfy \Y_{X(Ly) € X} c {K = Ly }n{X(K) € Y},
where Y is an arbitrary (a,b)-agnostic superstate. Now, let us by X the set of all {X* }i;\[:o

satisfying NY_{X(Ly) € XY € {K = Ly} N {X(K) € Y}, we have

Ugoyy ex (MZofX(Zy) € XW}) = {K = Ly} n{X(K) € Y}.
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Then, by the preceding arguments we have

Pr({K = Ly} n{X(K) e Y}Nn{Ly > r} | Map(7):0<7 <t})
_ Py (u oy e (Mo {X(L1) € XP) A {Ly 2 w1} | {1up(r) :0< 7 < t})

= > Pr(nip{X(Le) e XMy {Ly > 5} [{1(ap)(T) : 0< 7 < t})
{(XEN ex

= > Pr(nlo{X(L) eXPyn{Ly > k})
(XN Jex

=Pr (U{X(k)}iv_OEX (ﬂé\fzo{X(Lk) S X(k’)} N {LN > /i}))

=Pr({K = Ly} n{X(K) e Y}N{Ly > k}), (5.43)

which shows that { K = Ly} {X(K) € Y}N{Ly >k} is independent of {L(ap)(7): 0< 7 <t}
Since {K >k} N{X(K) € Y} = U¥_, ({f( = Ly} N{X(K)eY}n{Ly > /i}), it follows
that {K >k} N{X(K) € Y} is independent of {1(a,p)(7) : 0 <7 < t}. As a consequence of this
observation, the fact that Y is an arbitrary (a,b)-agnostic superstate and the fact that k is an

arbitrary non-negative number, we have that (X(K), K) are independent of Lap(r):0<7<

t}, where X(K) denotes the (a,b)-agnostic superstate of the chain at time K.

In order to state the remaining lemmas, we need to introduce some additional notation.
For two nodes (a,b) € [n] x [n], we let b % a denote the event that b transmits pathogens to a at

. . . . A
time ¢. For a given time interval [¢,¢+ At) C [0,00), we let {b fey a} 1= Ureltt4+an)10 ~ a}.

t,At
The complement of this event is denoted by {b o a}. For two given node sets A, B C [n], we

use {B Ly A} to denote the event that some node(s) of B infect(s) one or more nodes in A at
time ¢.

We now provide a sequence of lemmas that we later use to prove Proposition 13.

Lemma 36. Suppose a € A;, be Aj, y € {0,1}, and t1,t2 € [0,00) such that t < ta. Given that

beZ;(t1) :=1I;(X(t1)) and that 11, p)(7) := 1(44)(X(7)) =y for all T € [t1,t2), the conditional
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probability that b neither recovers nor infects a during the interval [t1,t2) is e~ (Bijoiy+;)(t2—t1)

where 0;; is the Kronecker delta.

Proof. LetX:={x €S:b€Tj(x),1(4)(x) =y}. Also, let At > 0. Since the rate of infection

transmission from b to a at time 1 is Bj;1(4 ) (X(t1)), we have the following for all x € X:

Pr (b thvét a

X(tl) = X) = Bl‘j(slyAt—l— O(At).
On the other hand, denoting the event that b recovers during [t1,t1 + At) by D;, we have
Pr(Dy | X(t) =x) = v;At +o(At).

Similarly, if we let F{, ;) denote the event that the edge state 1, ) flips (i.e., changes from y

to 1—y) during [t1, 1 + At), we have Pr(Flq5) | X (1) =x) = A (y (1 - 22) + (1—y)%) At +

n

o(At). As a result, we have

Pr ({b tlﬁt a} NDyN Fgp) ‘ X(t) = x>
—1—Pr ({bt%ta}quUFGb ’X _x>
@y _pr (b 1l
 (Byjdry At 4+ o(At)) — (At + o(Ab)) — (A (y (1 - "’nﬂ) +(1- y)p”> At+o(At)>
+o(At)

— 1= (Bt 2+ (v (1-22) + (1-)22 ) ) Ar+o(a),

(1) = X) —Pr(Dy | X (1) =x) = Pr(Flap | X(t1) =x}) +o(At)

where (a) follows from Lemma 31 and the Inclusion-Exclusion principle. Since this holds for all
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x € X, the above implies that

t1,At _ _
Pr ({b ~ a} ﬂDbﬂF(a’b) ’ X(tl) S X)

- (Bijaly i+ A (y (1 - pnﬂ> e —y)p;j)) At +o(At).
Now, consider any ¢ € Ny. By replacing ¢; with t; + ¢At in the above relation, we obtain
t1+EAL AL (0 =(0)
Prigb 4 a,nDy NE, ‘ X(t1 +lAt) € X

- (Bij(slyﬂjﬂ (y (1-?) +(1—y)p;j>) At +o(At),

where Déé) is the event that b recovers during [t + (At,t; + (£ +1)At) and F((f)b) is the event

that 1, ) flips during [t1 +¢At,?1 + (£ +1)At). Therefore, on setting At = % for an arbitrary
N € N, it follows that

t1,to—t
Pr <{bel(t)}ﬂ{b v 1a}ﬂ{1(a7b)(7) — Ve [tl,tg)}’X(tl) :x>
N-1 t1+HCAE AL _ () =0
= gPr<{b ~b a}ﬁDé)ﬂF((a?b)

t ,lAt _ _ _ _ _
b a,Dp, DV, DY Flpyy o F D X (1) :x>

(a,b)
t1,At _ _
x Pr ({b o a}ﬁDbﬂF(%b) ‘X(fl):X>
N-1 t1+HCAL AL _ _
- 11 Pr({b g2 a}mD,ﬂ’%F((f)b)
(a) N , Pij Pij
= I (1= (Bijory+v+ Xy 1—? —i—(l—y)? At+o(At)

< (1= (Bt +5+2 (v (1-22) + (1= )22 ) ) Ar+o(an)), (5.44)
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1.e.,

Pr <{b eZ(t)}N {btht;é)—tl a} m{l(a,b)(7> =yV7 € [t1,t2)} ‘ X(t1) = X)
AN -
’X(t1+€At) eX,b A a (DY AFS) Yo X (1) = )
y (1 _ (Bijalyﬂj A (y (1 - if) +(1 —y)iij)) At+o(At))

= (1— (Bz‘j51y+7j+)\ (y (1 —’ﬁ) +(1—y)p§>) (tQJ_th)>N+o(;> . (5.45)

where (a) follows from the following observation: for any y € X, Markovity implies that

t1+HLAL, AL _ _
Pr ({b R a} nDY PO

(a,b)

AN
‘X(t1+€At):y,b «/6 a {D U 0,{F U O,X(tl) >

b (a,b) 1 y

- (Bijélyﬂjﬂ (y (1 _ pnf) e —y)f’:)) At +o(At),

which further implies that
t1+0AL AL _ _
Pr ({b + a} nDy N EY),
t1 LAt 7(
‘X(tl—i—éAt) eX,b + a,{D) U 0,{F U O,X(tl) )

—1- (Bij(slyﬂjﬂ (y (1— f;j) +(1—y)f;§j)) At +o(At).
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Now, since (5.44) holds for all N € N, it follows that

Pr <{b EI(t)}m {btl’t;;tl CL} ﬂ{l(a’b)(T) =yVrTe [tl,tQ)} ‘ X(tl) :X>

=t (1 (B (152 o 82 (257)) o ()

N N
_ 6—(Bij61y+w+A(y(1—%)+(1 y)p“))(tz—tl).

(5.46)
Similarly, we can show that
Ay (1=20) (1—y) 2L ) (ty—t
Pr (1(0(r) =y¥7 € [f1,82)| X () =x) = (0= s )
As a result of (5.46) and (5.47),
ty,ta—t1
Pr ({b eZ(t)}N {b «/4 } ‘ {1(&6)(7') =yV71 € [t1,t2)},X(t1) = x)
1,t0—11
Pr ({bEI( )}ﬂ{b % }ﬂ{l(a’b)(T):yVTG [tl,tQ)} ‘X(tl):X>
Pr (1(@) () = y¥r € [t1, t2) ' X(t) = x)
e~ (Bijoiy+;)(ta—t1)
Since the above holds for all x € X, it follows that
t1,t2—t1
pe(weze)n{o" %" ol [ Qi) =y € ) X %)
= e~ (Bijoy ;) (t2—t1)
which proves the lemma. [

Lemma 37. Let T, := f i 1 (a,b)(0)do denote the total duration of time for which the edge (a,b)

exists in the network during [t — Kt —T). Then, for all k,7 € [0,t] and all T,, € [0,(k —T)+],
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we have

0,t
Pr (b ~a

(K, T, Ton) = (/1,7', Ton)vb € I(t_)’ (a’b) g E(t)) _ e—BijTun7

where we define (0~ ) := Uz>0 Nrrgjg—e,0) Z(7") for all o > 0. In other words, c € Z(o™) iff
there exists an € > 0 such that c € Z(7') for all 7’ € [0 —¢,0).

t—K,Kk—T

Proof. We first show that {b o a} is conditionally independent of {(a,b) ¢ F(t)} given
(K, T, Ton) - (/{/, 7—, Ton) and b E I(t - T):

Pr <(a’b) < E(t) ‘ (K7TaTon) = (H,T,Ton)ab GI(t—T),bt_:Z_T a)

—
~

< Pr ((a,b) cE(lt—7)

=T
(K, T,Ton) = (K,T,Ton),b € Z(t —T),b a)

—
~

Pij
n

=Pr((a,b) e E(t—7)| T =71)

—
~

2 Pr((a,b) € E(t) | T =7), (5.48)

where (@) and (c) hold because 1(, ) is not updated during the interval [t —7,t), and (b) follows
from the modeling assumption that the probability of the edge (a,b) existing in the network
following an edge state update is 2 (independent of the past states {X(7/) : 0 <7/ <t—7}),
the fact that {b € Z(t —7)} = {b € Z((t — 7))} almost surely, and from the observation that
¢t — 7 is an update time for 1(, ;) given I" = 7.

In view of (5.48), the definitions of K, T', and 7;, imply that

Pr <b 9/75 a|(K,T,Ton) = (k,7,7Ton),b € Z(t7),(a,b) ¢ E(t))
_Pr (b T | (KT Top) = (.7 70n) b € T(t), (a,D) € E(t))
_Pr (b T | (KT, Tn) = (5,7 7on) b € I(t‘)) ,
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which means that

0,
Pr (b ~bal (K, T, Ton) = (K, T, Ton), b € Z(t™), (a,b) ¢ E(t))
t—K,k—T
=Pr (b al(K,T,Ton) = (K, T,Ton),b EL(t —7),b & UT'e(tT,t)R(T/)>
t—K,k—T
=Pr (b a|(K,T,Ton) = (K, 7,Ton),b € Z(t — 7')) , (5.49)

where the last step holds because Q(x,x);) = ~; for all x € S satisfying x;, = 1, which implies
that, given b € Z(t — 7) and any other conditioning event, node b recovers during (t —7,t) at a
constant rate of -; independently of all past edge states and past disease states (and therefore
independently of past transmissions as well). Hence, {b t_’i;Z_T a} and {b ¢ Uprcp—ryR(T)}
are conditionally independent given (K, T, Ton) = (K, 7,7on) and b € Z(t — 7).

We now evaluate the right-hand side of (5.49) as follows. Let C' denote the (random)
number of times 1, ;) flips (changes) during [t — K,t—T], and let the times of these changes
be 71 < --- < T. We assume that C' is even (as the case of C being odd is handled similarly)
and that 1, ) (7) = 0 for 7" € [t — K, T1] (the case 1(44)(7') = 1 for 7’ € [t — K, T1] is handled
similarly). Then, for a given ¢ € N and a collection of times ¢1,.. ., %, Ton, we have {C' = ¢, T =
t1,...,Te =t} C{Ton = Ton} iff 22/221 (tog —tag—1) = Ton- Suppose this condition holds. Then,

observe that

t—K,k—T
Pr (b % abeI(t—r) (K,T,Ton):(K,T,Ton),C:c,(Tl,...,Tc):(tl,...,tc)>
t—K,k—T
:Pr<b o a,beZ(t—r)

‘ (K, T,Ton) = (K, T, Ton), 1(a,b) (T/) =1iff7’ € Ui/jl [t2k—17t2k]>7
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which means that

t—K,k—T
Pr (b v a,beZ(t—1)

(K, T,Ton) = (K, 7,Ton),C = ¢, (T1,...,T.) = (tl,...,tc))

() c/2 tog—1,t2k—tok—1 / ’
Y] pr <b # a,b€Z(toy)|Lap(r) =1V7T € [t%ht%}vbew%l))
k=1
c/2+1 tok—2,tak—1—t2k—2
x [T Pr(b A a,b € I(top—1)
k=1

‘ Lip) (T') =0V 7" € [tor—2,top—1],b € I(t2k—1)>

b c/2 c/2+1
®) 11 e~ (Bij+7j)(tae—tak—1) 11 e~ Vi (tak—1—t2k—2)
k=1 k=1

2 41
— ¢ Bij ZZ/Zl(tQk —top—1) . o= S (te—te—1)

—B;Ton ,—j (k—T
= e 1y ione ,Y]( )7

(5.50)

where (b) follows from Lemma 36, and (a) follows from the following fact: since the definition
of our epidemic model implies that the rate of pathogen transmission from b to a at any time
instant ¢" depends only on 1, (') and the disease state of b at time ', transmission events
corresponding to disjoint time intervals are conditionally independent if we are given 1, ;) and
the disease state of b as functions of time.

On the other hand, we have

Pr(be Z(t—7) | (K,T,Ton) = (k.7 7on), C = ¢, (Th, ..., T) = (t1,..., L))

—Pr(b¢ R(t—7) | (K, T, Ton) = (ks 7 7on), C = ¢, (T1, ..., T.) = (1, ., tc))

— ¢ i((t=7)=(t=r))

— e i(r=T)

) (5.51)

where the second equality holds because our model assumes that the rate of recovery of an
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infected node is time-invariant and independent of all the edge states and the disease states of
other nodes (precisely, Q(x,x);) = ; for all x € S such that b € Z(x)).
As aresult of (5.50) and (5.51), we have

t—K,k—T
Pr (b a

t—K,Kk—T
Pr(b o a,beZ(t—r)

(K, T,Ton) = (k,7,7on),b € Z(t —7),(C,T1,...,Tc) = (c,tb...,tc))

(K,T’Ton) = (K,T,Ton)’(C,Tl,...’TC) = (C’tl,...7tc)>

PribeZ(t

(K, T,Ton) = (K, 7,7on), (C,Th,...,To) = (c,tl,...,tc)>

— ¢~ BijTon

Since (¢, t1,...,t.) was an arbitrary tuple satisfying {(C,T1,...,T¢) = (¢, t1,...,tc)} CT{Ton =

Ton }» it follows that

t—K,k—T
Pr (b ~ o a

(K, T, Ton) = (7 7on) b € T(t — T)> By

Invoking (5.49) now completes the proof. [

Observe that in the above proof, given that K = x and that (a,b) ¢ E(t), (C,T1,...,1¢)
uniquely determines {1(,)(7) : t — K <7 <t}. Therefore, as an implication of the above proof,

we have
t—Kt
f%@»%amxzmﬂ@Mﬂw—KsTsﬂmeﬂr»@m¢E@):f&ﬁv

The dependence on the random variable 7;, holds because 7, is a function of {1((176)(7) ;

t — K <7 <t}. By invoking Markovity, this result can be extended to

Pe(b "0 K = {1 (7): 07 S DE T, () € BO)) =P,
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which is equivalent to the following lemma.

Lemma 38. Let T, .= 'tt__[:'; l(a,b)(a)da denote the total duration of time for which the edge

(a,b) exists in the network during [t — Kt —T). Then, for all € [0,t], we have

0,¢
Pr (b ~ba

K=r{1(gp(r):0<7<t}beZ(t),(a,b) ¢ E(t)) — ¢ BijTon

Lemma 39. Recall from Lemma 38 that Ty, = [/~ 1 (a,p)(0)do. Then for all k,7 € [0,t], we

have

Pr ((S(t),I(t)) = (S0, To) ’ (KT, Tyn) = (1,7, 7om) b 5, (a,5) & E(1), b € I(t))

—Pr ((3@),1@)) = (S, To) ‘ K = r,b ot a (a,b) & E(t),b e I(t)) .

Proof. We first examine the following conditional probability for an arbitrary (a,b)-agnostic

superstate Y:

Pr ((S(t),I(t)) (S0, T0), X(K) € Y, K — b a,b € T(t)

‘ {(Lapy(7) 10 <7 <t} (ah) ¢ E(t)).

To begin, note that the proof of Lemma 35, Remark 15, and the fact that K is a function of &

together imply that
TRy (0<r <t} (ab)g B (F) = [K (K)
and that

Pr(X(K) €Y | K =k {1(4p)(1):0< 7 < t},(a,0) ¢ E(t)) =Pr(X(K) €Y | K = k).
(5.52)
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Next, for the event {b € Z(t™ )}, we have

Pr(beZ(t7)| K =rX(K) €Y, {14y (r):0< 7 <t},(a,b) ¢ E(1))
(i) e i(t=K)

b
Upr(vez(t)| K =) (5.53)
where (a) and (b) follow from our modelling assumption that Q(x,x;) = -y, for all x satisfying
xp = 1, which means that the recovery time of b depends only on the time of infection of b and is

conditionally independent of all other disease states and all the edge states. Similarly, we have

Pr (b | X(R) €Y, K = ko {L(ap)(7) 10 < 7 < t},(a,b) ¢ E(t),be z@))

@ p, (b Goa| K = ko { L (ap)(7) 10 < 7 <1}, (a,b) ¢ E(t),be z(z))

(i) e_BijTon

(5.54)
where (a) follows from our modelling assumptions, which imply that the rate of infection
transmission along an edge depends only on the edge state of the transmitting edge and the
disease state of the transmitting node and is conditionally independent of other disease states and
edge states (which are captured by the (a,b)-agnostic superstate of the chain) and (b) follows
from Lemma 38. Note that Tt is a function of 7" and hence also of {1, )(7): 0 <7 <t}

It remains for us to analyze

Pr (<s<t>,z<t>> _(S0.T0)

‘ X(K)eY,K = /-i,bi)/i a,b€Z(t),{1(ap) (1) : 0< 7 <t} (a,b) ¢ E(t))

To do so, we first let L denote the time of the first (a,b)-agnostic jump to occur after b gets

infected, i.e., N :=inf{{ e N: L, > K }, and we note the following: given the conditioning
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events and variables above (including the event that b does not infect a during [0,¢]), the total

conditional rate at which a receives pathogens at any time 7 < Ly is

m

> 2 BileaX(K)),

9=1deT,(X(K)\{b}
which is determined uniquely by Y, the (a,b)-agnostic superstate of the chain at time K. There-
fore, this rate is conditionally independent of 1, ;) (7) for any 7. Similarly, for all age groups
¢ € [m], given the conditioning events and variables above, the conditional rate at which a

node d € Z,(X(K)) recovers, which equals -y, and the total conditional rate at which a node

c € Ay \ {a} receives pathogens, which equals >/ ; 2 ae1,(x(k)) Bral(cd) (X(K)), are both
conditionally independent of 1, ;) (7) given that X(f( ) € Y. Therefore, by using arguments sim-
ilar to those made in the proof of Lemma 35, we can show that (S(Ly),Z(Ly)) is conditionally
independent of {1, (7) : 0 < 7 <t} given the rest of the conditioning events and variables.

Moreover, by repeating the above for subsequent (a, b)-agnostic jumps, we can generalize this

conditional independence assertion to (S(t),Z(t)), which means that

Pr ((8().7()) = (So.T0)
’ X(K)eY,K = fi,b?/z a,b€Z(t™),{1(ap)(7): 0 <7 <t},(a,b) ¢ E(t))

~Pr ((S(t),I(t)) = (80,T0) | X(K) €Y, K = k,b abe Z(t7),(a,b) ¢ E(t)) . (5.55)
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Combining (5.52), (5.53), (5.54) and (5.55) now yields

Pr ((S(t),I(t)) = (S0, Zy),X(K) € Y,b 35 a,bEL(t)
‘ K = r {1y (7) 0 <7 <1}, (a,b) ¢ E(t))
= e ((S(0.2(0) = (80, 70) | X(R) €Y. K = w0 0.0 €20 )00 ¢ EC0)
x e Bilon 5 Prbe I(t7) | K = k) x Pr(X(K) € Y | K = k)
Summing both the sides of the above equation over the space of all (a,b)-agnostic superstates Y
gives
Pr (S0 2(0) = ($0.70).0 7 0.0 €T(7) | K = {La(r):0.< 7 < 11,00 ¢ EC0)
= e BT x Pr(be Z(t7) | K = k)
x> (Pr ((S(t),I(t)) = (S0, Z0) | X(K) €Y, K =k,b gf» a,beZ(t™),(a,b) ¢ E(t))
Y

Pr(X(K)€eY|K = n)) : (5.56)
Here, we recall from our earlier arguments that

e~ Biilon x Prbe Z(t7) | K = k)
=Pr (b ?/2 alK=r{1gp(r):0<71<t},(a,b) ¢ E(t),be I(f))
xPr(beZ(t7) | K =k {1y (m):0< 7 <t},(a,b) ¢ E(t))

=Pr (b?/i a,b€Z(t™) [ {1(ap)(7): 0 <7 <t},(a,b) ¢ E(t)) .
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In light of (5.56), this means that
Pr (S0 2(0) = ($0.70).0 0.0 €7(7) | K = (La(r):0 < 7 < 11,00 ¢ EC0)
—Pr<b?/¢t>a,b61 ) [ {1 (ap)(7) : Ogrgt},(a,b)éE(t)>
X (Pr = (So,Zo) | X(K )GY,K:m,b(«)fza,bGI(t_),(a,b)§ZE(t)>

Pr(X(K )€Y|K—I€)>

Dividing both the sides of this equation by

Pr (b(«)/Z a,beZ(t™) | {1(&6)(7') :0<71<t},(a,b) ¢ E(t))

gives

Pr <(5(75)7I(t)) = (So,20) | K = k,b gz a,b€Z(t ), {Liapy(1):0<7<t},(a,b) & E(ﬂ)
-y (Pr ((S(t),I(t)) (S0 T0) | X(K) €Y, K = b o a,b € T(t), (a,b) E(t))
Y
Pr(X(K)€Y| K:m))

—pr (<s<t>,z<t>> — (S0.T) | K = b b a,b € T(), (a,d) ¢ E(t)) |

where the last step holds because the summation is independent of {1, 4)(7) : 0 <7 <t} given
0,t

that (a,b) ¢ E(t). We have thus shown the following: given K = k,b ~4 a, and b € Z(t™), the

event {(S(t),Z(t)) = (So,Zo)} is conditionally independent of {1, 4)(7) : 0 <7 <t}. Since T

and T,, are functions of {1(a7b) (1) :0 <7 <t}, the assertion of the lemma follows. O
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Proof of Proposition 13

Before we prove Proposition 13, we recall that for any transition sequence F' = {X(O) N
x(M B Iy ) 1 x("} on a time interval [0, #], the index A(q,p) (F) indexes the transition in
which (a.b) is updated for the last time during [0, ¢] given that /" occurs. We now define another

similar index below:

. . ‘ N
I(a,b)(F) = m1n{€ € [r] - x(©) :X%b 1)} if {E € [r] - x (0 :X%b 1)} oy

0 otherwise.

Observe that I'y(F') indexes the transition in which b gets infected given that F' occurs.

Proof. Consider any realization (Sp,Zy) of (S(t),Z(t)), and let F be the set of all the tran-
sition sequences for [0,¢] that result in the occurrence of {(S(t),Z(t)) = (So,Zp)}, so that
{(S().Z(1) = (S0.T0)} = UperF.

Consider now any pair of nodes (a,b) € A; NSy x AjNZ (so that we have a € S;(t)
and b € Z;(t) in the event that (S(t),Z(t)) = (So,Zo)), and note that for any transition sequence
F € F, we have F/ (@) € F, because both F’ (@) and F’ involve the same node recoveries and
disease transmissions (all of which occur along edges other than (a,b)). Therefore, [, 3y C F
for each F' € F, and it follows that {(S(),Z(t)) = (So,Z0) } = UreF F2(ap)-

Hence, we can derive bounds on x;;(t) (defined to be Pr((a,b) € E(t) | S(t),Z(t))) by
bounding Pr((a,b) € E(t) | (S(t),Z(t)) = (So,Zo)) = Pr((a,b) € E(t) | Urer 7 (qp))- To this

end, we pick I € F and § > 0, and apply Bayes’ rule to Pr((a,b) € E(t) | Fiﬁs(a b)) as follows.

Pr(Ff_?(%b))

Pr(Ff,y | (a.b) € E(1)-Pr((a,b) € E(1)

_ (1 n Pr(Fy,y | (a,b) ¢ B(1)) Pr((a,b)

Pr(Fj,, | (a,b) € E(t) Pr((a.b)

N——
L

Pr((a,b) € E(t) | Fg(a,b)) = (

M [ 1R
& &

242



At this point, note that Pr((a,b) € E(t)) = 22, which is the probability that the edge (a,b) exists

in the network after the last of the updates of 1, ;) to occur during [0,]. Therefore,

Pr(Fy | (a.0) ¢ B() 1 pz’j/”) B . (558)

Pr((a,b) € B(1) | Ff{o) = (1 “PHFl, @b € E®)  py/n

Pr(Fy, (@b EE())
Pr(Ff, () €E())

or FO C {(a,b) ¢ E(t)}. Assume w.l.o.g. that F* C {(a,b) ¢ E(t)} (equivalently, F((Sﬂ) C

We now estimate . Note that if § is small enough, either F° C {(a,b) € E(t)}

{(a,b) € E(t)}), and observe that

Pr(Ep, ) | (a,b) ¢ B(t))  Pr(F5,, N {(a,b) ¢ B(t)}) Pr(a,b) € E(t)

Pr(Fy, 4 | (a,b) € E(1)) B Pr(Fy, ;) N{(a,b) € E(t)}) Pr(ab) ¢ E(t)

_ Pe(E%) ([ pi/n
_PY(F&J)))<1_pij/n . (5.59)

1
Thus, the next step is to evaluate Pl:(r]gl; )). To do so, suppose F' = {X(O) b B3
(a,b)

I ) TR L 00Y with £ =t Aapy)(F) =C€{0,1,....r}, Ty(F) = £ € {0,1,...,r},

EA gy (F) = ¢ =t — 7 for some 7 € [0,], and tp, gy = t¢ =t — k for some & € [0, 7]. Then the

assumption F° C {(a,b) ¢ E(t)} implies that x(¢) = i%;;)) and hence also that XEZ?b) = Xﬁ;;)) :

As aresult,

It now follows from Lemma 33 that

Pr(F°) B e—ar(t—tr) ¢ qé_lyﬂ(e_%—l(té_té—l)a_|_0((5))

Pr(F(‘Zfb)) a @—ér(t—tT)HZ:< q€_176(6_6l71(t6_t271)5—}-0(5))’

(5.60)

where q;_1 ¢ := Q(x(ffl),x(e)) and qy_1 ¢ := Q(XE%;),XE%)) forall £ € {C+1,....r}, qp:=

—Q(X(E),X(E)) and qp := —Q(XE%),XE%)) forall¢ € {(,...,r}, qc—1,¢c = Q(X(C_l),xi%;z))) =
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AMI1=21), geoy o= Q(X(C_ILX%%;;))) = A2 and Gy = g1 = —Q(x(CTH,x (D),

The above definitions imply that = q‘ 1 2 1pp 7 7{ To evaluate qé “forle{C+1,...,7},
, )

(£-1)
observe that by the definition of A g ) (£ ) we have x(¥) ¢ {XT(a,b) ) XJ,(M)} for £ > (= Ay p) (F).

Moreover, the facts F' C {S(t) = Sy} and a € Sy together imply that x(©) £ x ) for all

¢ € [r]. Hence, x¥) ¢ {X%ﬁ%,xﬁ 1% } for all ¢ > (. It now follows from the definition

of Q (Section 5.2) that Q(x!~1) x(¥)) = Q(XE%;),XE%)) for all £ € {(+1,...,r}. Thus,
szcqé—l,f . 1—pij/n
[l—c@e-1e — pPig/n°

To relate g, to gy, note that F' C {(a,b) ¢ E(t)} implies that XE ) py = 0 and hence also

that <X(£) ) =1 for ¢ > (. Since x = ( © ) for all u # (a,b), we have
(avb) <a7b> (avb)

forall £ € {¢, ...,r} such that b € Z;(x¥)), and

(6) 0) _ o )
Q (X(a,b)’ < (a,b))Ta> =Q <X( )7XTa>

forall £ € {¢,...,r} such that b ¢ Z;(x(")). As a result,

) ) .
Q(x“) (x2;) )Z apos) - wesese (5.61)
ta Q<x(4) %a))—FBU if max{¢,€} < (<.

Moreover, using the definition of QQ one can easily verify that regardless of whether the network
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or in state XE%), the rates of infection of nodes in S(x(9))\ {a}, the recovery

rates of nodes in Z (x(f)), and the edge update rate (which is )\) are the same. Given that

is in state x(©)

Q(x,x) = = Yyes\(x} Q(x,y) for all x € S, it now follows from (5.61) that

0 ifc<l<¢
Qr—qe= (5.62)
Byj if max{(,{} <l<r.

Combining the above observations with (5.60) yields

r—1
PNF%):<1—Mﬂ%>4@ﬂma4n [ (c@wtn=tsL o)

Pr(F(iﬁ) pij/n 1=¢—1

(a) 1—pm/n> T (plde—ac)(tesa—to)

St I Vi e +17 5+0(5)
pij/n e_I;[_1( )

. maX{ 75}71 r

() iy [T (s )
pi/n ) e (=max{¢.£}

_ (1 piﬂ'/n) Bis (t—tmaxic.e3) +0(6),
pij/n

which means that
Pr(F?) 1=pij/n\ B, min{r.x)
_ i min{1,K 5). 5.63

Pr(F(%)) ( pifn )¢ o) ooy

We now use (5.57) and (5.59) along with (5.63) to show that

_1
PI‘(( ,l) c E(t)‘ F{.?(a b)) (1 (1—Pw/n> Bijmin{’r,li} (5)>
’ pij/n

Pij 1
=— . — — : +0(0).
n %.1_’_ (1_%) eBijmln{T,K,} ( )
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In the limit as § — 0, this yields

Pij 1
Pr((a,b) € E(t) | Fo(qp)) = 77 ST (1 - Lj) g (5.64)

Note that these bounds hold for all F' € F satisfying ¢t — wny(F) =T and t —tp, () = K.
We now recall that 7" is the difference between ¢ and the time at which 1, ;) is updated for the
last time during [0,¢], so that we have T' =1t — (@) (F) whenever Fy(, ) occurs. Likewise, K =
t —tp,(r) On Fy(4 ). Therefore, (5.64) holds for all F' € F satisfying F' C {T =7} N{K = r}.
As aresult, we have
Pij 1

Pr((a,b) € E(t) | U F A =17 K=K)=—"— — ; .
((a,0) O VrerFray) g ) n %.1+(1_%>63ijmm{7,n}

Since UperF(q,5) = {(S(t),Z(t)) = (So0,Zo) } as argued earlier, it follows that

Pr((a,b) € E(t) [ (8(),Z(t)) = (S0,Z0), T = 7, K = K)

Pij 1
_ P R (5.65)
no P (1 _ %ﬂ) eBijmin{r,x}

Observe that 0 < min{x, 7} < 7, which means that

P> Pr((a,b) € B(1) | (S(1).Z(1)) = (S0.%0). T = 7. K =)

mn
> P !
no G (12 BT
> Pid =By (5.66)
n

Furthermore, since the above bounds do not depend on «, we can remove the conditioning on /'

to obtain

% > Pr((a,b) € E(t) | (S(t),Z(t)) = (S0,Z0), T =T) > %e—Biﬂ. (5.67)
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Consequently,

% > Pr((a,b) € E(t) | (S(t),Z(t)) = (S0, o))

..t
2 20 [P fri(so) 2i0)=(600) (T)T

n

-1 Bne).

n

where the second inequality follows from Lemmas 41 and 42. Since (Sp,Zy) is an arbitrary

realization of (S(t),Z(t)), the assertion of the proposition follows. O

Remark 16. The proof of Proposition 13 enables us to make a stronger statement about the
conditional probability of b being in contact with a at time t. Indeed, consider (5.65) and observe
that it holds for all realizations (So,Zo) of (S(t),Z(t)) that satisfy a € SoNA; and b € Ty N Aj.

It follows that

Pij 1
Pr((a,b) € E(t) | S(t),Z(t),T =7,K = k) = # Pij .14 (1 — Lﬂ) eBij min{7 .}

holds for all node pairs (a,b) € S;(t) x Z;(t). Equivalently, the following holds for all (a,b) €
Si(t) x Z;(t):

Pii 1
no Piqy (1 _ f%) o Bijmin{T,K}’

Pr((a,b) € E(t) | S(t),Z(t),T,K) =

Lemma 40. Ler 71,72 € [0,t]. Then

Pr <b?;¢t>a beZ(t™),K=r,T=m,(a,b)¢ E(t))
I< 07 < eBii(r2=m1),
Pr (b%a t-),K =x,T=m,(a,b) ¢E(t)>

Proof. Consider TOn : ( ftt 2 g ( "dr' ) L which denotes the duration of time for which b
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is in contact with a during the interval [t — k,¢ — 72). Then, for any o € [0, (k — 72)+ ], we have

0,¢
Pr <b ~5a

T =obeZ(t™),K =rT=r,(a,b) ¢ E(t))

t—K,k—T1
=Pr <b ~a

t—K,k—T2 (12)
:Pr<b 4 a|Ton” =00 €Z(t7),K =k,T =11,(a,b) ¢ E(t)

t—T2,T2—T1
x Pr (b ~

(a) t—K,k—T2
> Pr (b ~

b
(>) e—BijO' . e_Bij(TQ_Tl)

(c) t—K,k—T2
=Pr(b ~ a

0,t
=Pr <b«/¢> a

égQ):U,bEI(t_>,K—/<J T =1,(a,b )

T =6 b e I(t), K = 5, T =, (a,b ¢Et>

o(n)_ bEI( )K—FLT_Tl,ab ¢E > —Bjj(m2—T1)

) — o beT(t™),K =k, T =1,(a,b) ¢ E(t)) e~ Bij(r2=m1)

TS — o b e Z(t7), K =k, T =19, (a,b) ¢ E(t)) e~Bim=m)  (5.68)

where (a) follows from the fact that [~ ' 1(a,p) (7')d7" < 79 — 71 and from the observation that

t—T11

t—To,To—T
Pr(b L ér?):a,beI(t_),K:/s,T:Tl,(a,b)géE(t),/

t—7o
t—T1
—Bj; (];_721 1(a,b)(7'l)d7'l>

Y

Ligp) (T')dT’)

the proof of which parallels the proof of Lemma 37, and (b) and (c¢) follow from the fact that

t—K,K—To
Pr (b ~

) = beT(t™),K=kT="1"(ab) ¢ E(t)) — e Bijo

holds for all 7 € [0,¢], the proof of which also parallels the proof of Lemma 37.
We now eliminate TO(I?) from (5.68). To do so, we first note the following: given
that ¢t — T > ¢t — 1, the random variable Tél?) is by definition conditionally independent of

t — T (the time of the last edge update of (a,b) during [t — 72,]) because the edge update
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process for (a,b) is a Poisson process and hence, for any collection of disjoint time intervals,
the times at which 1, ;) is updated during the intervals are independent of each other. Since

{T=n}{T=n}c{t—-T>t—m}andsince {t —T >t—7} = {T < 1}, it follows that

< t7), K:m,T:Tl,(a,b)géE(t))

/ﬁ e Pr(b%a

f <T2)|bez( t-), K:n,T:Tl,(a,b)ﬁéE(t)(

(k—T2)+
= /0 Pr (b «/@ a

™ o be(t )K:mT:ﬁ(mm¢E@>

o)do

TS = o b e T(t )K:mT:n(mm¢E@>

f T2 (e T (t-), K=k, T<rs,(a,b)EE(t) (0)do, (5.69)

and likewise,

0,t

Pr <b ~5a
(k—T2)+ 0,t

= /0 Pr (b ~ba

f i) |bez(t—),K:n,TgT2,(a,b)gE(t)(

beZ(t ), K =rT=m,(ab)¢ E(t))

T =0 beZ(t™), K =1, T =15, (a,b) ¢ E(t))
o)do.

Therefore, taking conditional expectations on both sides of (5.68) w.r.t. the probability density

function f yields

{2 \beT(t-), K=k, T<73,(a,b) ¢ E(t)

0,t
Pr <b ~5a

beﬂtLK:mT:n(mw¢E®)

0,¢
> Pr (b SalbeZ(t™),K =k,T=m1,(a,b) ¢ E(t))eBij(ﬁTl),

which proves the upper bound. For the lower bound, we again proceed as in (5.68), but reverse
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the inequality signs:

0,t
Pr (b ~a

T =obeZ(t ), K =rT=m,(a,b) ¢ E(t))

t—K,k—T2
=Pr (b ~5a

) =obe(t),K =k T=r,(a,b) ¢ E(”)

t—To,T0—T1
x Pr (b ~a

t—K,k—T2

<Pr (b 4 a i) —a,bEI(t_),K—K,T—Tl,(a,b)géE(t))

— ¢ Bijo

t—K,K—T:
— Pr (b % alTS =00 e T(t), K = 5k, T =1, (a,b) ¢ E(t))

0,¢
=Pr (b«/@ a

T =0 beZ(t™),K =r,T=ry(a,b) ¢ E(t))

In light of (5.69) and (41), the above inequality implies the required lower bound.

Lemma 41. Let T' denote the random time defined earlier. Then

t g Bi; _
/06 BiT fr (86 20)=(S0.To) (ab) ¢ B(t) (T)dT > 1—73(1—6 A,

Proof. We first use Bayes’ rule to note that for any x € [0,1],

fT|K:m,(S(t),I(t)):(soJo),(a»b)¢E(t) (7)

=Pr((S(t),Z(t)) = (So,Z0) | T =7, K = ,(a,b) & E(t))
frIT=r(ab)¢E®) (K)  fri(apeE®) (T)

(f Pri(s0).20) = ($0.20) | 7= . = (a) ¢ B(0)

-1
SrIT=1 ()¢ E@) (F) - fT)(ab)¢E®) (T/)d7'> :
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) =0 beT(t7),K =k, T =11, (a,b) ¢ E(t)>

(5.70)



We consider each multiplicand one by one. First, we use Lemmas 32 and 35 to note that

frim=r(a0)2E@) (K) - fT|(ap)¢E@)(T) = fK (5) fr(T). To deal effectively with the other multi-
plicands, we let Tg, := ( f K 1 (ab)(T "dr' )+ denote the total duration of time for which b is in

contact with a during the time interval [t — K,t — T'], and we observe that

PI((S(),Z(1) = (S0.To) | T = 7,K =1, (0.) & E(t)
/ ) (Pr (,Z() = (S0,T0) | T = 7, K = 1, Ton = 7om, (a,b) & E(1))
S Ton| K=k, T=7,(a,0) £ E(1) (Ton)> dTon
_ /O(H)+ (PHS().Z(0) = (50,70) | T = 7,K = 5, Ton = 7ons a,0) & B(0), Ya,
be ()
Pr(bob a|be Z(t )T = 7, K — k. Ton = 7ons (a,) & E())
Pr(beZ(t™) | T =1,K =k, Ton = Ton, (a,b) & E())
Pl == (w50 (on) ) don
9 [ (Pr((S(0). 1) = (S0.T0) | K = 5. (0.6) ¢ Bl#).bF b € T()
—B;;Ton

e e ik fTon|K:“vT:T’(a’b)¢E(t) (Ton)> dTona

where (a) follows from Lemmas 37 and 39 and from the modelling assumption that b recovers at

rate ; independently of any edge state. On substituting the above expression into (5.70), we

obtain

(fO(H_T)Jr e BTy, T(Ton)d70n> fr(7)
fo (f T e~ Biitny)y ; (Ton)dTon) fr(r")dr!

(5.71)

FT K=k (S (1), (1) = (S0,T0) () £ E () (T) =

Y
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where V. 7 (+) := 1o, K=k, =7 (a,b)¢E(t) (*)- Now, Lemma 37 implies that

(k—7)
/0 . e_BijTon@Z%,T(Ton)dTon
(k—7)+ 0,t
:/0 Pr{b+~ta

. fTon‘K:H,TZT,(a7b)¢E(t) (Ton)) dTon
a (k—T) 0,t
O e (v

’ fT0n|b€I(t_),K:F\?,T:T,(a,b)¢E(t) (Ton)dTon

Ton=Ton,b€Z(t™),K =k, T =1,(a,b) ¢ E(t))

Ton=Ton,b €EZ(t"),K =k, T =7,(a,b) ¢ E(t))

0,
=Pr <b«/¢ a

beZ(t™),K =r,T=r,(a,b) ¢ E(t)),

where (a) holds because the recovery time of b is conditionally independent of T;, given K = &
(recall that b recovers at rate -y; independently of any edge state (and hence independently of T5,,),
and {b € Z(t7)} is precisely the event that the recovery time of b is at least K). Hence, (5.71)

implies that for any 71,7 € [0,¢] satisfying 71 < 75, we have

oA - =k, T"=19,(a
o(m) Pr (b%a beZ(t™),K =k,T=m1,(ab) §éE(t)> el -
9n) - p, (bi’ia bEI(t),K:R,Tzrl,(a,b)géE(t)) Jr(m)

where g(+) = f1|K—x(S(t),2(t)=(S0,T0),(a:b) ¢ E(#) (*)-

As a consequence of (5.72) and Lemma 40, we have

Q

(7-2) S eBij(TQ_Tl) fT(TQ)

9(m1) fr(m)

Since f7(7) = Ae T + e M§(1 —t) for T € [0,1] (see Lemma 34), we have the following for all
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0<<m<t:
g(m) < e OB (=) g (), (5.73)
and for all 0 < 7 < t, we have
9(t) < fﬁl(ﬂ, (5.74)

where g(t) scales §(0) so that g(t) = g(¢)0(0). Since ¢ is the Dirac-delta function, (5.74) simply

means that
ef(AfBij)(th)
PH(T =1 | K =, (S(1)Z(1)) = (0,To). (a,b) ¢ B(1)) < “————g(r).
Our next goal is to use (5.73) and (5.74) to show that
t t
/0 e BiiTg(r)dr > /0 e BiTp(r)dr, (5.75)

where ¢ is the probability density function defined by
o(1) = (A— Bij)e_()‘_Bij)T + e_()‘_Bij)té(T —1)

for all 7 € [0,¢] and ¢(7) = 0 for 7 > ¢. To this end, we compare g with ¢ under the following
two cases.

Case 1: There exists a time 7y € [0,%) such that g(79) < (7). In this case, (5.73) implies
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that for all 7 € [r9,1),

< e~ (A=Bi)r=m0) () _ Bij)e—(A—Bz‘j)(To)
= 90(7_)7
which means that the set {7 € [0,%) : g(7) < ¢(7)} is either [7*,%) or (7*,%), where 7" := inf{7 :

g(T) < ¢(7)}. Also, by the definition of 7%, we have g(7) > (1) for all 7 € [0,7). Next, to

compare g and ¢ at 7 = ¢, we use (5.74) to note that

e—(A=Bij)(t—70)

9(t) < ——————9(m)d(0)
¢~ (A=Bij)(t=m0)
< J 0 ()\_Bij)e_(,\_Bij)ro(;(O)
=< ;> 0
< ¢t (5.76)

Thus, g(7) —¢(7) > 0 for all 7 € [0,7*) and ¢(7) — ¢(7) <0 for all 7 € (7%, ¢]. Now, since g

and ¢ are both PDFs, we must have [;°(g(7) — ¢(7))dr = 0 or equivalently,

Since both the integrands above are non-negative, we have

*

LB g(r) = plr))ar
> e [ (g(r) — p(r))dr
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Adding [ e B g(7)dr + [] e~ BiiTo(r)dr to both sides now yields (5.75).
Case 2: g(1) > (1) for all T € [0,t). In this case, we can simply set 7* = ¢ and repeat
the arguments following (5.76) in Case 1 to show that (5.75) holds.

Next, we use the definition of ¢ to evaluate fg e Bij To(7)dT, and we then restate (5.75)

as follows:
t _po- Bij M
/0 €T P K= (S(6)2(0)=(S0.To) (b)) (T)AT 2 1= (1 =), (5.77)
Since this holds for all x € [0, ), the assertion of the lemma follows. ]

Using arguments very similar to the proof above, we can prove the following result.

Lemma 42. Let T’ denote the random time defined earlier. Then

b BT Bij At
/O e Fr1(S(0),2(0)=(S0.T0).(ab)eB(r) (T)AT 2 1 = == (1 —e™).
Remark 17. In the proof of Lemma 41, if, instead of using (5.72) along with the upper bound
in Lemma 40, we had used (5.72) along with the lower bound in Lemma 40, we would have
obtained

> fT<7—2) _ e*)\(TQ*T]).

fr(71)

In addition, if we had subsequently replaced t with a generic T € [0,t) and the weighting

9(m2)
g9(1)

function [0,00) > 7 — e~ Bii™ € (0,00) by the constant function 1, and if we had defined by
(7)== XA 4+ e~ M§(T —t), then using the same arguments but with reversed inequality signs,

we would have been able to prove that
T T
/0 1-g(7)dr' < /0 1-o(7)dr'.

Since the integral on the left-hand-side is Pr(T < 7| K = k,(S(t),Z(t)) = (S0, Zo), (a,b) ¢ E(t))
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A

and since the right-hand-side evaluates to 1 — e~ ", we conclude that

Pr(T < 7| K = #,(S(t),Z(t)) = (So.Zo), (a,b) & E(t)) <1—e

forall T €10,t) and all k € [0,1].

Some Auxiliary Lemmas

In addition to the above results, the proof of Theorem 7 relies on the following lemmas,

which we reproduce from [166].
Lemma 43. For random variables Y and Z, we have Var[Y + Z| < 2(Var[Y] + Var[Z)).
Lemma 44. For a random variable Y € [0,1], we have Var[Y?] < 4Var[Y].

Lemma 45. For random variables Y and Z in [0,1],
|E[Y Z] - E[Y]E[Z]| < (Var[Y]+ Var[Z])/2

[E[Y?Z] - E[Y*E[Z]| < 2(Var[Y] + Var[Z]).
The following result is a straightforward consequence of the above lemmas.

Corollary 11. For non-negative random variables Y and Z satisfying 0 <Y + Z < 1, we have
VarlY Z] < 8(Var[Y| + Var[Z)).
Proof. Note that 4Var[Y Z] = Var[2Y Z] = Var[(Y + Z)? + (—1)(Y? 4 Z?)]. Hence,

Varly 2) € 2(Varl(Y + 2)%) + (~1)Vary? + 22)

< 2(aVarly + 2]+ 2(Varly?] + Var(27))

—~
~

—

C

< 2(4Var[Y + Z] +2(4Var[Y] +4Var[Z])),

~
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where (a) follows from Lemma 43, (b) from both Lemma 43 and Lemma 44, and (c) from

Lemma 44 alone. Thus,
Var[Y Z] < 2(Var[Y + Z] 4 2(Var[Y] + Var[Z])) < 8(Var[Y']+ Var[Z]),

where the last inequality follows from Lemma 43. [

Proof of Theorem 7

Proof. The proof is based on Proposition 13 and it follows the approach used in [166]. We first
modify Equations (i) - (iv) (Proposition 12) by expressing the expectations of cross-terms such
as E[s;3;] in terms of expectations of individual terms such as E[s?] and E[3;]. To begin, we

apply Lemma 45 to E[s;(t)3;(t)] and obtain

1
[E[s:()8;(1)] — Elsi(O)]E[5; (1)]| < 5 (Varls;(t)] + Var[5;(1)]).
Therefore, there exists a function h; j 1., : [0,00) — [—1,1] such that

hi j1n(t)

E[s;(t)B;(t)] = Elsi(t)|E[3;(t)] + 5

(Var(s;(¢)] + Var[3;(t)]).

Similarly, we can use Lemma 45 to show that there exists a function h; j 2, : [0,00) —

[—1,1] such that
Els; (t)3; (t)] = E[si (t)*EL5; (£)] + 2hij2,0 () (Var]si(t)] + Var[5;(1)).
Next, we use Corollary 11 to express E[s;(t)5;(t)5i(t)] as

B[54 (1)65(1)51(0)) = Blsa() 85 0JB15:(0)] + 55 (var( (1)) + Var( 31,
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which means that

Bl (1)5 (1)5:(1)] = (Elss() (5 (1)) + Pign(®)

2

(Var[si(1)]+ Var(3; (0)]) ) B[ (1)

+ (i j.6.n (£) (8Var[s;(t)] 4 8Var(5; (t)]) + Var[Bi(t)]),

where hi,j,t'),n(t) S [—1, 1] and hi,jﬁ,n(t) S [0, 1].

We thus obtain the following relations:
(D) Elsi)] = E[si]E[3;] + "512 (Varls;] + Var[3)]),
(D) E[s7B;] = E[si]*E[B;] + 2hi,j2.n(Var[si] + Var[5;]),

() Efsif;] = (ElsiJE[5;)+ 42 (Var(si] + Var(3)])
+hi’§5’" (hi j6.n(8Vars;] +8Var[3;]) + Var[53;]).

To handle terms of the form B;;E[n - x;;(t,S,Z) - U] where U is some random variable,
we use Proposition 13 to obtain
Bij Ay
Aij (1- W(l —e ) ) E[U] < BjE[nxi;(t,S,7)U] < Aj;E[U].
As aresult, if Pr(|U| < 1) = 1, then there exists a function h; j 7, : [0,00) — [0, B;; A;] such
that

hijun(t)

BijE[nxij(t,S,I)U] = AUE[U] )

By making the above substitutions in (i) - (iv) and by using the identity Var[Y] = E[Y?) —

2E[Y|E[Y], we obtain the following differential equations:

M) Efs]/ = XL, Mate ;-n:lAz-j( [siJE[B)) + "5 (Vars;] + Var[3;])).

(D) E[5) = £y Ay (E[TE[S;] + 422 (Varls] + Var[8;))) — £7 Mz —yiE[5,
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(I10)

m

Varls;] = —2 Zl Aij (E[si)*E[8)] + 2hs 2.0 (Var[s;] + Var[8;]))
iz

#37 y (BlsB15]+ P50 Vs vl ) (280 + 1)

j=1
2N 8, hij7n , hijin
( A a2 )

2

1

J

av)
vl =234 (Bl TBITEL5] + 512 (Vers] 4 Vel L)
2

i fij5n (hi j.6.n(8Var[s;] + 8Var|3;]) + Var[3;]) )

+ZAZJ( B[5.]) (BIsiE5;) 21" (Varls] + Var[3)) — 25 Var[5)

E[3i] 2hijon | Nigjrn
+7i _Z NORRESCNA

n j=1

where 1; j.7.n, hi jg.n, and h; j o n are functions from [0, 00) to [0, B;;A;;] and are defined on the
basis of (5.78).

The above equations constitute a proper system of differential equations with the same
variables {E[s;]}™,, {Var[s;]}i™, {E[5i]}}%,, and {Var[3;]}, appearing on both the sides.
To express these equations compactly, we define PANS [0, 1]4m as the vector whose entries
are given by zf? = ZA(LT(?—1)+1 = Es")], zz@ = Zé(L?i)—l)+2 = E[3"), Zz(r?i) = Zz(t?i)—l)Jrs =
Var[sl(n)], and zi(z) = zg) = Var[ﬁi(n)}. Then z(™)(¢) is a solution to the initial value problem

(Z(n))/ = gn(t72("); 1/n, 1/>\(”)) and z(0) = zé"), where

1 i
D) g (t,zie1,e0) = — XL 1A2J(2212]2+ e (Zz‘,3+2j,4)>+€2ZT:1hi,j,7,n»

2 hz 1,1,n
(ID) gl-(,n)(t,z;ﬁl,éz) =00 A (Zi,lzj,Z + LR (23 +Zj,4)) —i%i2 — €2 2521 Nij 7 ns
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(I10)

m
3
gf,n) (t,ze1,82) = =2 Aij((2i.1)*2j.2+ 2hi j2.n (21 3+ 2j.4))

=1
m hijin
+> A (%1%2 =g (st ZjA)) (221 +¢1)
=1
m
+ Y (2hijsne2 — hijine1e2 — 2E[s1]hi j7ne2) |
=1

Iv)

m
4 hijin
gz(n) (t, Z; 51,62) =2 Z Aij (Zi,lzj,QZi,Q + ‘72 (2@3 + ZjA)Zi,?
J=1

hi s
+ % (hi,j,ﬁ,n(Szz',:a +82j4) + %4) )

+> Aij(e1—22i2) (%1%2 + 2’32’ (21,3 + 2j,)
=1
m
—2vizia+e1viziz— O (2hijone2+ hij7nE1€2),
=1

V) 25" = (s7(0), 87(0),0,0,55(0), 55(0),0,0, ..., s\ (0), B3 (0),0,0).

Observe that irrespective of the value of n, the solution (Z; 1(¢), Z; 2(t), z:,3(t), Z; 4(t)) :=

(yi(t),wi(t),0,0) solves the initial value problem 2’ = g, (¢, 2;0,0) and z(0) = 29, where

20 := (51,0,/1,0,0,0,520,32.0,0,0,. .., 5m.0, Bm,0,0,0).

Next, we need to bound Hz(”) (t)— E(t)H (where z(t) € [0,1]*™ is the unique vector
satisfying zy(;_1)4¢(t) = zi¢(t) for all i € [m] and ¢ € [4]). For this purpose, we will need the

following lemma, which we borrow from [166].

Lemma 46. Consider the initial value problems i’ = fi(t,x), £(0) = x1 and 2’ = fo(t, ),

x(0) = o with solutions p1(t) and @o(t) respectively. If fi is Lipschitz in x with constant L and
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1f1(t.2) = fa(t, )| < M, then ||o1(t) = p2(t)l| < (|21 — w2l + M/L)e" — M/L.

Now, note that the domain of z for gy, (¢, z;€1,£2) can be chosen to be bounded because
0 < E[si],E[3;] < 1 and Var[s;] < E[s?] < 1. Similarly, Var[3;] < 1. Also, we let £1,&2 € (0,1)
and define € := max{e1,e2}. Since g,(t, 2;0,0) is a polynomial in z, it is Lipschitz-continuous
with some Lipschitz constant L € (0,00). In addition, we use the bounds on z and the functions

{hijen:1<€<9} as follows:

m m m
||gn(t,z;€1,82) —gn(t,Z;U,O)H < QZ Z AijE 21252+ hl’JQML(Zi73+Zj74) +Z%’6
i=15=1 =1
jm m
—|—1OZ ZAijBijg
i=1j=1
m m m
< (Z ZAU(4+1OBU>+Z%) £,
i=1j=1 i=1

1.e.,
|gn(t,z;€1,82) — gn(t,2;0,0)|| < M(e),

where M (¢) := ( oy Z;nzl Ajj (4+ 1OB¢j) +>n, %‘) E.

We now apply Lemma 46 after setting
f1(t,$)=gn(t,:v,0,0), fg(t,x)zgn(t,x,l/n,l/)\(”)), r1 =20, T2=2%
Also, we let o1 = z and @9 = 2(")_ Then we have

20 — Z(()n)

MOén> Lt MOén
6 J—
L L’

2 -] < ( +
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where o, 1= max{%, ﬁ} Thus, forall t < T,

(5.79)

Since lim._,g M () = 0, lim;, 500 z(()n) = 20, and lim,, _, oo v, = lim,,_, oo max {%, ﬁ} =0, the

right hand side of (5.79) goes to zero as n — oo. Hence we have the uniform convergence

2" =5 Z over any finite time interval [0,7]. The last step is to show that ARy implies
L%-convergence, i.e., E|| (sgn) —Yi, Bi(n) —w;)l||2] = 0 as n — oco. To this end, we have
E{ll(sf" — i, B — w3 = El(s{" = )] + EI(8]" —wi)’]
= (E[s{"] — 1i]) + (E[5"] — wi)? + Var[s{")] + Var[3"]

< |E[s{™) — yi] |+ |E[8™] — wi]| + Var[s{™] + Var[5{"]

= [y —Zual |45 — zal +12f5) — Zal =AY — il
where we used that 2; 3 = Z; 4 = 0, and the inequality holds because v;, E[sz(-n)] ,Wj, E[ﬁi(n)] €[0,1].
Thus, the uniform convergence of z("™) to Z over [0, 7] proves that E[| (sgn) —Yi, Bi(”) —wj)||2] =0

as n — oQ.

O

Chapter 35, in full, is a reprint of the material as it appears in Rohit Parasnis, Ryosuke
Kato, Amol Sakhale, Massimo Franceschetti, and Behrouz Touri, “Usefulness of the Age-
Structured SIR Dynamics for Modelling COVID-19”, arXiv preprint arXiv:2203.05111 (2022).
The dissertation author was the primary investigator and author of this article.

Chapter 5, in full, is currently being prepared for submission for publication as Rohit
Parasnis, Ryosuke Kato, Amol Sakhale, Massimo Franceschetti, and Behrouz Touri, “Usefulness
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