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ABSTRACT OF THE DISSERTATION

Essays on Econometrics

by

Wenyu Zhou
Doctor of Philosophy in Economics
University of California, Los Angeles, 2020
Professor Rosa Liliana Matzkin, Co-Chair

Professor Shuyang Sheng, Co-Chair

This dissertation consists of four main chapters that study network social interaction
models and panel models with grouped heterogeneity. Chapter 1 and Chapter 2 are
representative work finished during my early exploration of economics. Chapter 3 and
Chapter 4 are completed during the last two years of my Ph.D. studies.

Chapter 1 studies a network social interaction model with heterogeneous links. I show
that the endogenous and exogenous social interaction effects as well as the strength of network
links are identified under some mild conditions. I adopt the nonlinear least squares method
to estimate the unknown parameters using data of a single network. I also investigate the
finite sample performance of the estimation method through Monte Carlo simulations and
apply the model to analyze an online social network.

Chapter 2 studies social interactions model with both in-group and out-group effects.
The in-group effect follows the standard setup in the literature, while the out-group effect
is introduced by assuming the economic outcome also depends on its out-group average
value. I present a network game with limited information of outside groups that rationalizes
the econometric model. I show that both effects are identified under a set of mild regularity

conditions. I propose to estimate the model using the two-stage least squares (2SLS) method
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and establish the asymptotic normality of the estimators. The finite sample performance of
the estimators are investigated through Monte Carlo simulations.

Chapter 3 studies a semiparametric panel quantile regression model with grouped
heterogeneity. The model can capture both time-variant and time-invariant effects of
explanatory variables when group-specific heterogeneity directly affects the coefficients. A
series-based estimation method is developed to estimate the parameters of interest and the
group memberships. I investigate the asymptotic properties of the estimators and propose
an information criterion to estimate the number of groups. The finite sample performance
of the estimation method and the information criterion are investigated through Monte
Carlo simulations. I apply the model to study the effect of foreign direct investment (FDI)
on economic growth. My empirical findings show that FDI has large and significant
heterogeneous effects on economic growth, especially for low-income countries, and such
effect diminishes as the GDP per capita increases. None of these findings have been
documented in previous literature.

In Chapter 4 (joint with Hualei Shang), we study a nonparametric additive panel
regression model with grouped heterogeneity. The model is a valuable extension to the
heterogeneous panel model studied in Su et al.| (2016). We propose to estimate the
nonparametric components using a sieve-approximation-based Classifier-Lasso method. We
establish the asymptotic properties of the estimator and show that they enjoy the so-called
oracle property. Besides, we present the decision rule for group classification and establish
its consistency. A BIC-type information criterion is developed to determine the group
pattern of each nonparametric component. We investigate the finite sample performance of
the estimation method and the information criterion through Monte Carlo simulations.
Results show that both work very well. Finally, we apply the model to study the demand

for cigarettes in the United States using panel data of 46 states from 1963 to 1992.
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Chapter 1

A Network Social Interaction Model

with Heterogeneous Links



1.1 Introduction

There is a growing literature on social interaction models. Researchers have paid considerable
attention to identification and estimation of social interaction models under different network
settings (e.g., Bramoullé et al. (2009)); Liu and Lee| (2010); Blume et al.| (2015)). In these
studies, the strength of network links, which is represented by a so-called adjacency matrix,
is either assumed to be known or the same. But most current network datasets only contain
information on the link profile (coded as 1 and 0), making it difficult for researchers to
know the strength of links ez ante. If the heterogeneity in links is ignored, the estimated
social interaction effects may be biased and can generate misleading policy implications. For
example, previous studies (Carrell et al.| (2009)); |Lin| (2010)) have found that there exist
positive social interaction effects on student academic achievement. However, a strong social
interaction effect may only exist between students with similar past academic performance
(Carrell et al|(2013))), and simply organizing students with polarized academic performance
into one classroom may not help to improve the overall academic performance of the whole
class. As pointed out in |Jackson et al. (2017)), it is important to capture the heterogeneity
in links if one wants to have a better understanding of social interaction effects.

In this chapter, we study a network social interaction model which enables researchers to
use information about the link classification to account for the heterogeneity in links. To the
best of our knowledge, there is limited existing literature on estimating the heterogeneity
in links using cross-sectional data of a single network. The idea is to classify network links
into different groups and impose group-level fix effects to control the heterogeneity. We also
propose a simple data-driven classification criterion to determine the types of links, which
does not require any extra information except for the adjacency matrix. We show that the
endogenous and exogenous social interaction effects as well as the strength of network links
can be identified under some mild conditions. We adopt the nonlinear least squares (NLS)
method for estimation, which has been used in \Wang and Lee| (2013)) and |[Liu et al.| (2017)).

Additionally, we investigate the finite sample performance of the model through Monte Carlo



simulations and apply the method to analyze an online social network.

1.2 Model

1.2.1 Setup

Researchers are interested in studying social interaction effects in some network which
consists of N agents. The network may contain more than one componentﬂ and can be
represented by a N x N adjacency matrix W, where W;; = 1 if 7 links to 7, and W;; = 0
otherwise. Following the convention, we assume W;; = 0 and there are no isolated agents.
We focus on undirected networkﬁ, i.e., W;; = Wj;. Researchers also have information on
the link classification and all links are classified into K groups. The classification can also
be represented by a N x N matrix M, where M;; denotes the group identity of the link
(,7). Let ¢x represent the strength of links in group k, where k € {1,..., K'}. Without loss
of generality, we normalize the strength of links in the first group to be 1, i.e., ¢; = 1. The

structural model is given by

Yy =Gy + xS+ Gxd + ¢, (1.1)

where y = (y1,..,yn) € RY is the vector of agents’ outcome variables,
x = (2),...,2) € RN*P is the matrix of agents’ exogenous characteristics. For the sake of
simplicity in notation, we assume p = 1 in the rest of the chapter. We define the N x N
matrix G to be the strength-adjusted adjacency matrixz, which reflects the influence of link

strength on the scale of social interaction effects. G is constructed using the original

'Components are parts of the network that are disconnected from each other.
2The model can be generalized to cover the directed networks.



adjacency matrix W and the classification matrix M as follows

VVijCMij

Gij = N
'21 VVZ'jCMij
1=

: (1.2)

where M;; is the group of the link (4,j) and cps; represents the corresponding link
strength. In addition, A is the endogenous social interaction effect and ¢ is the exogenous
social interaction effect. Therefore, the parameters of interest are 8 = (X, 3,6, ¢a, ..., cx)’, as
we assume that ¢; is normalized to be 1. It is worth noting that we can easily generalize
the model by allowing for component-specific unobserved fixed effects and similar
techniques of local difference can be applied to avoid the incidental parameters problem as

in Bramoullé et al. (2009) and |Lin| (2010)).

1.2.2 An Inherent Classification Criterion

In most cases, researchers can classify links according to the characteristics of the agents in
the network. For example, when studying the social interaction effects on student academic
achievement, links can be classified based on students’ previous academic performance.
Besides utilizing extra information, the adjacency matrix W can also provide useful
information for link classification. Sociology and computer science literature suggest that
codegree could be used as a measure of link strength (Marsden and Campbell (1984));

Gilbert and Karahalios| (2009)). Motivated by such evidence, we propose to use codegree

N
kij = WyWj; (1.3)

=1
as a default link classification criterion, which is easy to implement as the codegree matrix
equals W2, Besides, since most social networks are sparse, such a criterion also guarantees
the number of link groups K is bounded, which ensures an accurate estimation. Other

statistical properties of network data such as centrality may also be useful for link



classification.

1.2.3 A Simple Example

Here we present a simple example in which we use codegree as a classification criterion.

Consider the following network

=

I
coococor o
O O = O = O =
COoO R Rk ORO
co O~ OO
= = O = = = O
co—~ oo OO
co~ oo oo

Step 1: Calculate the classification matrix M = W oW ?2, where o is the hadamard product,

S

I
S O O O o o O
O O = O = OO
SO NN = O = O
O O = O = OO
O OO =N O
S OO O o o o
S OO O o o o

Step 2: Construct the strength-adjusted adjacency matriz G using the original adjacency
matrix W and the classification matrix M. Let ¢;, o, ¢3 denote the strength for links (3, j)

such that W;; = 1 and M;; = 0,1, 2, respectively. We normalize ¢; to be 1. According to



the equation (1.2)), the strength-adjusted adjacency matrix is given by

0 1 0 0 0 0 0
1 () Cc2
1+2co 0 1+2c2 0 14-2¢2 0 0
0 2(:26 iz:3 0 20; J2r03 2020 ~3H23 0 0
G=1 o 0 1 0 1 0 0
c C. C 1 1
0 2+2cz+03 2+20§+03 2+20§+03 0 2+42co+c3 2+2co+c3
0 0 0 0 1 0 0
0 0 0 0 1 0 0

1.3 Identification

In this section, we discuss the identification issue of the model.

Assumption 1: Ele|z] = 0 and E[z'z] is non-singular.

Assumption 2: |\ < 1.

Assumption 3: \g + ¢ # 0.

Assumption 4: 0 < ¢, < M for all k=1, ..., K, where M is a constant.

Assumption 5: There exist 4,7 € V such that (G?);; # (G?)j;.

Assumption 6: The network contains either (1) one component, or (2) L components such
that every non-empty proper subset P of {1, ..., L} satisfies ¢(Gp) N ¢(Gpc) # ), where Gp
represents the subnetwork that is comprised of all components in P and ¢(Gp) denotes the
set of link identities of all links in this subnetwork.

Assumptions 1-5 are standard in the literature of social interaction models. It is worth noting

that Assumption 2 implies that (I — AG) is invertible, which enables us to rewrite (1.1]) into



the reduced form

y=(I-\G)'(BI+5G)x + (I —\G) ', (1.4)

which will be used for the estimation of parameters. Assumption 3 rules out the cases
in which endogenous and exogenous social interactions are zero or balance each other out.
Assumption 4 basically ensures that link strength is positive and finite. Assumption 5 relates
to the asymmetry of network structure as pointed out in |De Paula et al. (2018) and implies
the network independence condition in Bramoullé et al.| (2009)). Assumption 6 ensures that
all link identities in the network can be compared with the normalized group such that ¢; = 1.
If there are multiple components, we must have some links acting as an information bridge
between different components to make each link comparable with links in the normalized
group.

Proposition 1: Under Assumptions 1-6, parameters 0 = (X, 3,0, ca, ...,cx)" in the social
interaction model defined in Section 2 are identified if (1) the sign of (A8 + J) is known, or
(2) A > 0.

Proof: See the appendix.

1.4 Simulation and Empirical Application

Since the model is nonlinear in parameters, we use the nonlinear least squares (NLS) method
for estimation following Wang and Lee| (2013) and |Liu et al.| (2017)). The NLS estimator of
0= (\p,0,co,...,cx) is given by

Onrs = arg Ienin [y — h(z,0)]'[y — h(zx,0)] (1.5)

where h(z,0) = (I-\G(0))"'(BI+0G(0))x. Following a similar argument in Wang and Lee
(2013)) and |Liu et al.[(2017)), we can show the NLS estimator is consistent and asymptotically

normal. A sketch of the asymptotic analysis is included in the online appendix.



1.4.1 Simulation

To investigate the finite sample performance of the proposed NLS estimator and
demonstrate the insight of the model, we conduct Monte Carlo experiments based on the

following specification

N N
Y; = )\Zgwyj +x15+(529zﬂi] + €, (16>

7=1 j=1

where x; is drawn from independent N(0,2) distributions, ¢; is drawn from independent
N(0,1) distributions and y; is generated according to equation . Weset A =0.5, 5 =1,
9 = 0.8 and generate 3 networks using the Erdés-Rényi model with N = {100, 200,400},
requiring the average degree to be 5 and that there be no isolated agents. Such network
settings aims mimic sparse social networks in reality. There are three link identities in our
experiments and the probability of a link belongs to each group equals % We normalize the
strength of one group to be 1, i.e., ¢; = 1. For parameters that control the strength of links,
we consider 3 cases which mimic different real-world scenarios: (1) (¢1,¢2,¢3) = (1,1,1), (2)
(c1,02,c3) = (1,1.1,1.2), (3) (1, ¢2,¢3) = (1,2,4). In this first case, there is no heterogeneity
in links, while the heterogeneity becomes more severe in the second and in the third case.
We conduct 1000 repetitions for each settinﬂ and report the mean and standard deviation
of the empirical distribution of the estimates in Table [I.1]

First, the simulation results show that the parameters of interest can be consistently
estimated using the nonlinear least squares method in each scenario. It is worth noting
that the estimation method works well for sparse social networks, as the density of the
network with 400 agents in our third setting is only 1.3%. Second, it can be seen from the
simulation results that both the bias and the standard deviation decrease when the size of
the network increases. Third, we find that the standard deviations of ¢y and c¢3, which
measure the strength of links, increase when the heterogeneity in links becomes more

severe. This phenomenon may be attributed to the functional form of the elements in the

3The initial values for parameters are (), 3,6, 2, c3) = (0,0.5,0.5,1,1).



c2
1+ca+c3

strength-adjusted adjacency matrix G. For example, the corresponding variation in
is small with respect to the change in c3 when c3 is much larger than cp, which may

increase the difficulty of finding the global minimizer in equation (|1.5]).

1.4.2 Empirical Application

As an empirical illustration, we apply the model to analyze a social network of Internet
celebrities using data collected from Sina Weibo, which is a popular Twitter-type social
media in China. Our data set includes account information, individual characteristics and
the link profile of 426 social media influencers, which mainly consist of singers and actors.
Two agents are linked if they follow each other on Sina Weibo. Descriptive statistics are
included in the appendix. We are interested in evaluating the social interaction effects on
their willingness to interact with their followers, which is measured as the average number
of daily posts in 2018. We cluster the links into three groups following two designs. In the
first design, links are classified based on the disparity of social influence of two sides, which
is measured by the ratio of their numbers of followers. One third of the links with largest
ratios are classified into the first group and we normalize the strength of this group to be
1. The rest of links are classified evenly into two groups according to their ratios. Similarly,
in the second design, links are classified based on their codegrees and we normalize the link
strength of the group with the smallest codegrees. The estimation results are reported in
Table [L2

There are several interesting findings about the estimation results. We find a positively
significant endogenous social interaction effect on these social media influencers’ willingness
to interact with their followers. The results also show that male social media influencers tend
to interact with their followers more frequently and the number of followers has a significant
positive effect on their willingness to post new messages on the social media. In addition, we
find significant heterogeneity in links and the magnitudes of endogenous social interaction

effects are similar to each other in both designs. However, selecting the best link classification



criterion is beyond the scope of this chapter and we leave it as future work.

1.5 Conclusion

In this chapter, we have studied a network social interaction model, which enables researchers
to detect the heterogeneity in links. We propose to estimate the model using the nonlinear
least squares method. We investigate the finite sample performance of the NLS estimator
through Monte Carlo simulations and apply the model to analyze the social interaction

effects in a real social network.

10



Table 1.1: Monte Carlo Simulation Results (1000 draws)

N=100 N=200 N=400
Parameters Mean S.D. Mean S.D. Mean S.D.
No Heterogeneity
A=0.5 0.505 0.470 0.496 0.381 0.503  0.285
g=1 1.000 0.103 1.001  0.077 0.999 0.054
0=0..8 0.794  0.635 0.801 0.489 0.798  0.366
cp=1 1.012  0.567 1.005 0.349 1.002 0.242
cg=1 1.015 0.525 1.001 0.351 1.004 0.248
Weak Heterogeneity
A=0.5 0.497 0.501 0.498 0.377 0.502  0.283
g=1 1.001 0.115 1.001  0.078 0.999 0.053
0=0.8 0.799 0.643 0.799  0.489 0.794 0.364
co=1.1 1.110 0.639 1.105 0.398 1.103  0.276
c3 =12 1.213 0.634 1.209 0.442 1.205 0.298
Strong Heterogeneity
A=0.5 0.497 0.413 0.498 0.314 0.503  0.233
g=1 0.999 0.098 1.001  0.073 0.999 0.049
0=0.8 0.802 0.578 0.797 0.419 0.799 0.304
co =2 2.073 1.668 2.020 1.057 2.017 0.747
c3 =14 4.128 3.173 4.061 2.061 4.036  1.402

11



Table 1.2: Estimation Results of the Weibo Dataset

Design 1 Design 2

Coef.  t-value Coef. t-value
Endogenous effect 0.148 2.086 0.162 2.239
Own characteristics
Age —0.021 —1.473 —0.025 —1.564
Male 0.182 1.981 0.167  2.101
Number of followers 0.127 2.416 0.119 2.355
Exogenous effects
Age —0.014 —0.339 —0.009 —0.198
Male 0.196 1.207 0.183 1.331
Number of followers 0.098 1.254 0.109 1.586
Link strength
Co 1.284  2.032 1.197 1.802
3 2193 2741 1.635  2.327
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Chapter 2

Social Interaction Models with

Out-group Effects

2.1 Introduction

Ever since the seminal work of Manski (1993)), social interaction models have attracted
considerable attention from both theoretical and empirical sides; see |Jackson et al.| (2017)
and |Kline and Tamer| (2020)) for a comprehensive review. The key feature of such models is
that the economic outcome of interest is not only determined by one’s own characteristics
but also by his peers. For example, students’ academic achievement, measured by GPA, are
also affected by their friends’ performance (Lin| (2010)).

Motivated by the fact that many real-world networks can further decomposed into sub-
groups, a large amount of literature has focused on social interaction models with group
structures; see Lee| (2007)), Liu and Lee (2010) and Bramoullé et al.| (2009), among many
others. All these studies assume that individuals can only be affected by their within-group
friends. Such setting, however, can be restrictive in reality because potential group-level
interaction effects are completely ignored. We illustrate this point using the same example

of students’ academic achievement. Suppose that all students in some city form a network.
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This single network can be further decomposed by treating each school as a group. It is likely
that a student’s GPA may not only be affected by students in his school but also by the
average academic performance of students in other schools if all students need to compete
together, such as taking the city-level high school entrance examination.

In this paper, we regard the social interaction effect induced by individuals outside the
group as the out-group social interaction effect. To introduce such effect into the classic
social interaction models, we assume that one’s economic outcome depends not only on
his friends’ economic outcomes but also the average value of other groups. This setting is
motivated by the observation that one may not know the situation of other groups as well
as of his own group. For example, it is likely that students have more information of the
academic achievement of his peers in the same school than in other schools.

We show that both the in-group social interaction effect and the out-group social interaction
effect are identified under a set of assumptions that have been made in previous studies
(Bramoullé et al.| (2009)). To estimate the parameters of interest, we adopt the two-stage
least squares estimation method developed in Kelejian and Prucha) (1998) and establish the
asymptotic normality of the estimators. We investigate the finite sample performance of the
2SLS estimators through Monte Carlo simulations, which show they performs very well.
Our paper contributes to the literature of social interaction models by first introducing
the the out-group social interaction effect. 1t is noteworthy that ignoring the out-group
social interaction effect may lead to a significant bias of the in-group social interaction
effect because these two effects are often positively correlated in practice. We illustrate
this observation based on numerical experiments in Section [2.4, With the model and the
asymptotic results developed in this paper, one can conveniently test whether the in-group
social interaction effect alone is enough to capture all the interaction effects in real-world
network data sets, making our model an appealing choice for empirical studies.

The rest of the paper is organized as follows. Section presents the econometric model

and a network game as its microfoundation. Section [2.3| studies the identification and the
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2SLS estimation of the model. Section investigates the finite sample performance of the
proposed estimators through Monte Carlo simulations. Section concludes. The online
appendix offers proofs.

Notations. For any real vector or matrix A, we use A" to denote the transpose of A and
A~! to denote its inverse. We use A;; to denote the ijth element of a matrix A. For two
positive integers a and b, we let 0,4, denote the a x b matrix consists of zeros and 1,
denote the a-dimensional unit vector. For a sequence of random variables X,,, we let ,, oo X,
denote its probability limit, ¥ and 4. denote convergence in probability and in distribution,

respectively.

2.2 Setup

2.2.1 The Model

Suppose we have data of a single network which consists of n individuals and K groups. We
let Gy denote the kth group. In the group Gy, k = 1,..., K, there are n; individuals, so
n =ny +---+ng. The corresponding n; x n; adjacency matrices Wy, are observed. Without
loss of generality, we let Gy = {1,....n1},...,Gx = {Zri ' np + 1,..., 5K  ng.} denote the
group structure and we use G(i) to represent the individual i’s group for i = 1,...,n.
Following the literature (e.g., |Lee| (2007) and [Bramoullé et al.| (2009)), we assume that links
only exist within groups. The social interaction model with both in-group and out-group
effects is given by:

vi =M Y Waayy + Nf-ce + 2 6+ 6, (2.1)
jeG(i)

where \; measures the in-group social interaction effect, Ay measures the out-group social
interaction effect, We),; is the ijth element of the adjacency matrix of the group G(i),

Y_c(;) is the average value of the economic outcome outside the group G(i), i.e., y_gu =
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1/(n —ngae)) 2 jec() Yjs Ti 1s a px 1 vector of nonstochasticﬂ individual-specific characteristics
and ¢; is the error term.

To facilitate our discussion, we rewrite the model in its matrix form:

Y = AW, Y + L,WLY + Xﬁ + €, (22)
where Y = (y1,...,yn)", X = (21, ...,7,) " and the two adjacency matrices are given by
Wl 0n1><n2 s Onlan
0n2><n1 W2 e 0’n2 XN
W1 - S Rnxn,
OnKan OnKXn2 e WK
and ) )
0n1 Xni njnl ni 1;[2 st njnl ni 1;L|—K
a1, 0,1, %1, R TELLTy A

W, e R™".

1 T 1 T
n—ng - K 1711 n—ny ="K 1712 t O”Kan

Remark 1: If \y = 0, then model (2.1)) becomes a simplified version of the models studied

in Bramoullé et al. (2009)) and |Lee| (2007). The main difference is that we do not include

group-specific fixed effects here for the sake of simplicityﬂ.

It is a convention in the literature of social interaction models to assume that the individual
characteristics X are nonstochastic; see |Lee| (2004) and |Lee| (2007)), among many others.

2The identification results can be derived similarly for models with fixed effects but estimation procedure
would be much more complicated; see |Lee| (2007) for more details. We leave model with group-specific
fixed effects as a future research direction.
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2.2.2 The Microfoundation

In this subsection, we present a network game with limited information of outside groups as a
microfoundation for model following the literature (Bramoullé et al. (2007)). Consider
a network game in which each individual maximizes his utility by setting the optimal level
of y;. We assume that any individual ¢ has full information of other individuals in his group
but only knows the average value of the economic outcome outside his group, i.e., F; =
{mi, Waay, Yau) Xaw): Y-aa) }» where m; is the individual-specific heterogeneity in marginal
return of y;, Yq() is a ng(;)-dimensional vector of economic outcomes of the group G/(i) and
X¢(i) is defined in the similar fashion. Each individual ¢ is supposed to have the following

utility function:

_ 1
wiyss Fi) = (mi+ M0 Y Wewi9s + MY-ca))¥i — §yf : (2.3)
JEG(H)
~—
benefit cost

where the term (m; + X\ > W/i?(i)yj + Ao¥—_c(;)) measures the marginal return of ;. It is
JEG(i)

noteworthy that individual’s marginal return now depends not only on his in-group friends

but also the average value of the economic variable outside his group. From the first order

condition, the individual ¢’s best response function is given by:

yi=mi+ M D, Waeiyi + Ab-ca)- (2.4)
JEG()

If we let m; = =] 3+ ¢€;, the best response function becomes the econometric model ([2.1]).
We next characterize the unique interior Nash equilibrium of the network game defined

above.

Assumption 1. The adjacency matriz Wy, is row-normalized with Wy, ;; > 0, Wy, ;; = 0 for

E=1,...K and 1 <i<j <ny.
Assumption 2. ||+ || < 1.
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Assumption 1 is standard in the literature of social interaction models (e.g., Lee (2004)),
Bramoullé et al.| (2009) and |Liu and Lee| (2010)).). Assumption 1 requires that the group-
specific adjacency matrices to be row-normalized and individuals do not link to themselves.
Assumption 2 restricts the sum of the absolute values of the in-group and out-group social

interaction effects, which ensures the Nash equilibrium of the network game is unique.

Proposition 1. If Assumptions 1 and 2 hold, the matriz (I — A\ W1 — A\aWy) is invertible
and the network game with payoff function has a unique interior Nash equilibrium in

pure strategies:

Y =(1- MW, — \,W,) ',

where T = (71, ..., m) "

Proof: See the online appendix.

2.3 Identification and Estimation

2.3.1 Identification

In this subsection, we show that the parameters in model (2.1)) are identified under a set of

mild assumptions. Let # = (A, A2, 37)" denote the vector of true parameters.
Assumption 3. 3; # 0 foralli=1,...,p.
Assumption 4. Fori=1,....n, v; is i.i.d distributed with E[v;] = 0 and Var(v;) = 0% < co.

Assumption 3 ensures that all individual characteristics can be used as valid instrumental
variables. Assumption 4 requires that the error terms are 7.7.d. Both assumptions have been
made in most previous studies (Kline and Tamer| (2020)). The next proposition establishes

the identifiability of the parameters.

Proposition 2. If Assumptions 1, 2, 3 and 4 hold, the parameters of interest
0= (A1, Mo, 87) 7 are identified.
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Proof: See the online appendix.

2.3.2 Estimation

We next discuss the estimation of model . Given the fact that the OLS estimators
are inconsistent because of the famous reflection problem (Manski| (1993))), we propose to
estimate the parameters using the 2SLS method developed in Kelejian and Pruchal (1998)).
Let Z = (WY, W,Y, X) denote the design matrix of model and H denote the matrix
of instrumental variables, for example, H = (W;X, W,X, X). The 2SLS estimators are
then given by:

fosis = (Z'PRZ) 'ZTPLY, (2.5)

where Py = H(H H)'H'. Next we establish the asymptotic properties of the proposed

2SLS estimators.

Assumption 5. There exists a generic positive constant ¢ and sy such that li_)m Th =g, >c
n o

forallk=1,..., K.

Assumption 6. The column sums of the group-specific adjacency matrices Wy, k=1,..., K

are bounded uniformly.

Assumption 7. The nonstochastic matriz X have full column rank and its elements are

bounded in absolute values uniformly.

Assumption 8. The matriz of instrumental variables H has full column rank k > p+2 for
all n large enough. In addition, H consists of a subset of the linearly independent columns
of (X, W1 X, WX W, W, X WyWyX...), where the subset contains at least the linearly
independent columns of (X, WX, W,X).

Assumption 9. Qyy = lim,_,o, n " "H'H exists and is finite and nonsingular. Furthermore,

Qrz =nsoo N "H'Z exists and is finite and has full column rank.
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Assumption 5 requires that each group contains a substantial number of individuals, which
is reasonable for most empirical applications. Furthermore, this condition together with
Assumption 6 ensure that the matrices W; and W5 have uniformly bounded row and column
sums. Assumptions 5-9 are standard in the literature of social interaction models, e.g.,
Kelejian and Pruchal (1998) and |Liu and Saraiva| (2015). The asymptotic distribution of the

2SLS estimators are given in Proposition

Proposition 3. If the data is generated by model and Assumptions 1-9 hold, then

Vi(Oasrs — 0) 5 N0, [Q1,QukQuAd ™).

Notice that Qpuz and Qg can be calculated directly using observed data, so it is
straightforward to conduct statistical inference on A; and Ay with the help of general ¢

tests.

2.4 Monte Carlo Simulations

To investigate the finite sample performance of the proposed estimators, we conduct Monte

Carlo simulations based on the following specification:

Yi =M1 Z Wiy + Ael-ciy + 2 b1 + 2i2B2 + €. (2.6)
JEG(H)

We consider two sets of parameters, which represent cases of weak out-group effect and
strong out-group effect, respectively: (1) Ay = 0.60, Ay = 0.20 and 51 = (B2 = 1; (2)
A1 = 0.20, Ay = 0.60 and pB; = Py = 1. The individual characteristics x;; and ;5 are drawn
from independent N (0, 2) distributions and the error term ¢; is drawn from standard normal
distributions. When implementing the 2SLS method, we let H = (X, W;X, W, X). We fix
the group size to be 50 and consider three different settings: n = 100, 200, 400, which consist

of 2,4,8 groups, respectively. The group-specific adjacency matrices W, are constructed
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following the specification in |Liu and Lee (2010): for the ith row of W}, (i = 1,...,50), we
draw a integer my,; randomly from the set of integers [0, 1,2,3,4]. If i + my; < 50 we set the
(1 + 1)th, ..., (i +my;)th elements of the ith row of W} to be ones and the rest elements in
that row to be zeros. Otherwise, the entries of ones will be wrapped around such that the
first (my; — 50) entries of the ith row will be ones. In the case of my; = 0, the ith row of
Wy, will have all zeros. We then normalize the matrix W by its row sums. The number of

repetitions in each experiment is 1000. The simulation results are reported in Table [2.1]

Table 2.1: Finite Sample Performance of the 2SLS Estimators (1000 draws)

n = 100 n = 200 n = 400
Parameters Mean S.D. Mean S.D. Mean S.D.

Case 1
A =0.6 0.5959 0.0362 0.6002 0.0331 0.5991 0.0098
Ay = 0.2 0.1876 0.0880 0.1956 0.1640 0.1892 0.1098

61=1 0.9927 0.0625 0.9993 0.0535 0.9997 0.0289
B =1 0.9958 0.0634 0.9991 0.0519 0.9994 0.0287
Case 2

A1 =02 0.2003 0.0236 0.2002 0.0162 0.2011 0.0117
A2 =0.6 0.6066 0.1309 0.6018 0.0898 0.6018 0.0865
f1=1 1.0002 0.0544 1.0007 0.0364 0.9988 0.0242
P2 =1 0.9991 0.0538 0.9993 0.0368 1.0003 0.0250

The simulation results in Table 2.1 show that the 2SLS estimation method works well for
our model as both the bias and the standard error of the estimates are relatively small
compared with their true values. We next investigate the estimation bias of the in-group
social interaction effect if the out-group effect is ignored. In this case, we adopt the
standard 2SLS estimation method in Kelejian and Pruchal (1998) for estimation and take
H = (X, WX, W2X) as instrumental variables. The estimation results are shown in Table

22
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Table 2.2: Simulation Results of the Mis-specified Model (1000 draws)

n =100 n = 200 n = 400

Parameters Mean S.D. Mean S.D. Mean S.D.
Case 1: Ay = 0.2

A1 =0.6 0.5793 0.0688 0.5799 0.0401 0.5904 0.0207
f1=1 0.9646 0.0941 0.9712 0.0596 0.9783 0.0375
P2 =1 0.9671 0.0920 0.9671 0.0609 0.9781 0.0392
Case 2: Ao = 0.6

A1 =0.2 0.3645 0.0979 0.3206  0.0908 0.2845 0.0735
g1 =1 1.1067 0.1801 1.0765 0.1208 1.0574  0.0888
B2 =1 1.1082 0.1731 1.0714 0.1194 1.0565 0.0901

The results in Table 2.2] indicate that ignoring the our-group social interaction effect will
lead to substantiate estimation bias of the in-group social interaction effect. This problem
is especially severe when the out-group effect is large (Case 2). In this sense, the model
proposed in this paper can become an appealing choice for empiricists to deal with potential

out-group social interaction effect in the data.

2.5 Conclusion

In this paper, we study a new class of social interaction models with both in-group and
out-group effects. We provide a network game with limited information of outside groups
which rationalizes the econometric model. We show that the parameters of interest are
identified under a set of mild conditions. We propose to estimate the model using the 2SLS
method developed in Kelejian and Pruchal (1998) and establish the asymptotic properties of
the estimators. We investigate the finite sample properties of the 2SLS estimators through

Monte Carlo simulations which show the estimation method performs very well.
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Chapter 3

Semiparametric Quantile Panel
Regression with Grouped

Heterogeneity
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3.1 Introduction

In recent years, quantile panel regression models have attracted considerable interest in both
theoretical and applied econometrics as they can take advantage of panel data structure but
still reserve the merits of quantile regression. Even though substantial progress has been
made by previous studies, the current literature still cannot simultaneously handle several
important features of real-world data sets. First, almost all existing literature uses individual
fixed effects to control heterogeneity, which has been suggested by many empirical studies
as problematic if the heterogeneity can directly affect the data-generating process (Lee et al.
(1997)), Durlauf et al. (2001), |Cavalcanti et al.| (2011) and Zhu et al.| (2016])). Second, most
prior studies focused on linear models, which prevents them from capturing potentially time-
varying or nonlinear quantile effects.

Motivated by such facts, we propose a semiparametric quantile panel regression model with
grouped heterogeneity that can account for the above two issues. Our model is fairly general
as it includes several prior models as special cases, such as Wang et al.| (2009), |Cai et al.
(2018)) and |Zhang et al. (2019), etc. The key feature of our model is that the conditional
quantile function consists of both a parametric component and a nonparametric component:
the parametric component takes a linear structure, which captures effects of explanatory
variables that do not vary across different time periods; the nonparametric component takes
a varying coefficient structure, which captures effects that evolve with certain time-varying
variables. At the same time, we allow the unobserved grouped heterogeneity to affect both
parametric and functional coefficients by assuming individuals belonging to different latent
groups have heterogeneous coefficients.

The flexible setting of our model brings new challenges for estimation because not only the
parameters of interest but also individuals’ group memberships have to be estimated. To
meet these requirements, we develop a series-based estimation method that mimics the
k-means clustering method in the statistics literature. ~We establish the asymptotic

properties of the estimators of both parametric and functional coefficients as well as the
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group memberships.  More specifically, we show the asymptotic normality for the
estimators of the parametric coefficients and the convergence rate of the functional
coefficients, which can achieve the optimal convergence rate in Stone| (1982) under some
regularity conditions. We also propose an information criterion to estimate the true
number of groups using observed panel data. The finite sample performance of the
estimation method and the information criterion are investigated through Monte Carlo
simulations. The results show that both work very well.

We illustrate the usefulness of our model by applying it to study an important topic in
the empirical growth literature: the effect of foreign direct investment (FDI) on economic
growth. Many previous studies have looked into this question using various econometric
methods and data sources; see |Carkovic and Levine| (2005), Kottaridi and Stengos| (2010)
and Cai et al.| (2018), among many others. However, they all ignored the potential grouped
heterogeneity in such effect[!] which is likely the main reason that their estimates are small
and insignificant. Based on the most recent data, we show that the effect of FDI on economic
growth is in fact heterogeneous, large and significant, especially for low-income countries. In
addition, we find that the scale of the effect decreases as GDP per capita increases, which is
also ignored by prior studies.

Our paper contributes to the literature in three aspects. First, our paper complements the
literature on quantile panel regression by considering a semiparametric model with grouped
heterogeneity, which is of much potential interest for empiricists. Second, our paper
contributes to the thriving literature on panel models with grouped heterogeneity by
generalizing the clustering estimation method to the semiparametric setting. Third, our
paper also contributes to the literature on economic growth by building a new data set and
disclosing some important new results which have been largely ignored in prior studies.
The literature that is most relevant to our paper includes Wei et al. (2006), Wang et al.

(2009) and |Zhang et al.| (2019) on quantile panel regression, Bonhomme and Manresa

'In this paper, we call the estimates in the literature "the pooling estimates."
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(2015), Su et al.| (2016), Su et al.| (2019) and Zhang et al.| (2019) on panel models with
grouped heterogeneity, and Kottaridi and Stengos (2010), Durlauf et al. (2001) and |Cai
et al.| (2018) on economic growth.

The rest of the paper is organized as follows. In Section {.2] we introduce the model and
compare it with related models in the literature. In Section [4.3] we describe the estimation
method in detail. Section [4.4] studies the asymptotic properties of the proposed estimators.
Section 4.5 reports the Monte Carlo simulation results. An empirical application is presented
in Section [4.6| Finally, Section concludes. Proofs are included in the Appendix.
Notation: For any matrix A, we denote A~! as its Moore-Penrose generalized inverse and
||A|| as its Frobenius norm. If A is also a squared matrix, we denote Apax(A) and Apin(A) as

its largest and smallest eigenvalues. The L,-norm of a p—dimensional vector v is denoted by

[v]l,» where [[v]], = (37 [v;]9)1/% when 1 < ¢ < oo and [v]l, = maxi_1,.p[vi| when g = oco.
For a vector-valued function h(-), we let |||, be its Lo-norm. For a set G, its cardinality
is denoted by |G|. We let (N,T) — oo denote N and T diverging to infinity jointly, 2

convergence in probability, 4, convergence in probability. As a general rule for this paper,

we write ¢ as positive generic constants.

3.2 Model

Suppose we observe panel data of N individuals. For any individual i, we observe their data
for T periods, i.e., {Yi, Tit, 2it, Uit }y. At a given quantile level 7 € (0,1), we assume the

response variable y;; is generated according to the following model:
Vit = Ty + 2085 (W) + €, i=1,..,Nandt=1,..,T, (3.1)

where y;; denotes the outcome of individual ¢ in period ¢, z;; = (@i, ..., Titp) € RP and

/

zit = (Zitgs ., zitg) € R are two vectors of observable explanatory variables, u; € R
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is an observable smoothing variableﬂ and we further assume u; € [0,1] without loss of
generality, e;;, is the error term whose 7-th quantile conditional on (2, 2, u;) equals zero,
Qe = (Qir,y -y Qirp) 18 @ p x 1 vector of individual-specific coefficients which does not vary
with time and 3; ,(u) = (Bir1(w), ..., Birq(w)" is a vector of functional coefficients of u. To
ensure identifiability, we assume that only z;; contains the constant term. For each individual
1 <i < N, the parameters to be estimated are 0; , = (a; ., B;+(u)') € RP™, and we let «927,
oy, and 37 denote their true values, respectively.

We assume that the model is associated with a latent group structure with K°
groups, which means that there exists a disjoint partition of {1,2,..., N}, denoted as
G = {G4,...,Ggo}, that uniquely classifies N individuals into K° groups. Throughout the
paper, we regard the true number of groups K° as an unknown parameter to be estimated.
By assumption, we have G; N G; = ) for any i # j and UK’ G = {1,..., N}. Following the
literature, we assume each individual’s group membership is time-invariant and
independent of the explanatory variables. However, we allow both the number of groups
K and the group structure G to depend on the given quantile level 7, i.e., K°(7) and G(7),
but we suppress such dependence in notation on purpose for simplicity. We let N denote
the number of individuals in group k, i.e., Ny = |Gy|, for k = 1,..., KY. We also assume
that for any individual 1 < ¢ < N, the parameter (927 is determined by the individual ’s

group membership:

KO
00, => 64 .- 1{i € Gy}, (3.2)
k=1

where eon,T is the parameter shared by all individuals in the group Gy, for all 1 < k < K°.
At the same time, we assume 6¢, _ # 6¢, , for any k # [, which means that individuals
belonging to different groups have heterogeneous parameters.

Here we briefly discuss the relationship between our model and some related models that

have been studied in the literature.

2Here u;; could also be a random vector and the estimation method is similar to that used in the scalar
case. However, this may come at the cost of the curse of dimensionality, which requires more observations
to ensure estimation accuracy.
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(1) If B;+(u) = 0, the model (3.1)) becomes the linear quantile panel regression model with
group heterogeneity without individual fixed effects, which is a simplified version of the

models studied in Zhang et al.| (2019)):
Yit = TiyQir + it 7

where o; ; = Zfzol ag,.r - 1{i € G}
(2) If the grouped heterogeneity is only associated with the intercept term, the model ({3.1)

becomes the one studied in |Gu and Volgushev| (2019):
Yit = TyQr + Nir + Citr,

where )\; - is the individual fixed effect and A, ; = kK:Ol A, - 1{i € Gi}.
(3) If there does not exist any grouped heterogeneity and z; = 1, the model (3.1)) becomes

the partially linear quantile panel regression model studied in [He et al.| (2002):

Yit = x;ta’r + /87' (uzt) + €it,r-

(4) If there does not exist any grouped heterogeneity, the model (3.1) becomes the

semiparametric quantile panel regression model studied in [Wang et al.| (2009)):

Yit = ‘/L‘;taT + Zz{tﬁﬂ'(uit) + €t r-

3.2.1 Motivating Applications

In this subsection, we present two potential empirical applications for the model (3.1]).
Application 1 (the Effect of FDI on Economic Growth)
Evaluating the effect of FDI on economic growth is an important research topic in the

macroeconomics literature; see Kottaridi and Stengos| (2010) for a comprehensive review.
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However, all previous literature has ignored the potential unobserved heterogeneity which
can cause countries to have different economic growth patterns (Durlauf et al.| (2001)). Such
heterogeneity can be attributed to culture, institution and other unobserved or immeasurable
factors. Following the literature, we propose to study the quantile effect of FDI on economic
growth using the following model:

I 17 17

Yit = Qr1 T Qr 2 108 T )it Q7 3Nt T iy 4l T Ol 51t = \ 77 )it i,r\Wit) - \ 57 )it T Cit,rs
+ i 10g((37)ie) + Qingmis + Qirahi + Qirshi - (3t + B () - (37 )ie +

where y;; is the growth rate of GDP per capita of country 7 in period t, (%)zt is the ratio of
the domestic investment to the GDP of country ¢ in period ¢, (%)n is the ratio of foreign
direct investment to the GDP of country ¢ in period ¢, n; is the population growth rate,
h; is the human capital measured by the mean years of schooling, and u; is the GDP per
capita of country 7 in period (¢t — 1).

In this model, the main purpose of introducing the functional coefficient f; ,(u;) is to address
the potentially nonlinear and time-varying effect of FDI on economic growth. This is because
the effect is likely to depend on the absolute level of economic development, which is measured
by GDP per capita in the last period. We introduce the grouped heterogeneity because prior
studies have shown its existence (Durlauf et al.| (2001)) and Kottaridi and Stengos| (2010)))
and ignoring such heterogeneity may result in inconsistent estimates (Su et al.| (2016)). A
detailed analysis of this empirical application is conducted in Section |4.6|

Application 2 (the Effect of Investor Sentiment on Stock Returns)

Behavioral finance has attracted considerable attention in the last few decades. One
important finding in this field is that investor sentiment can significantly affect stock
returns; see |[Baker and Wurgler| (2006 and Schmeling| (2009), among many others. Based
on this observation, various econometric models have been adopted in prior studies to

quantify such effect. Ni et al.| (2015) considered an interesting linear quantile panel
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regression model as follows:

Fitr1 = B-SENTy + zj,0 + €it,r

where r;;11 denotes the stock return of firm ¢ in period ¢t + 1, SENT;; measures investor
sentiment, and z;; is a vector of firm-specific explanatory variables. Even though [Ni et al.
(2015)) did not address the grouped heterogeneity in their econometric model, they found
strong evidence indicating that the effect of investor sentiment on stock returns is
heterogeneous across different pre-specific subgroups. For example, they found that
investor sentiment has a larger impact on firms with small market values. However,
regression analysis based on a pre-specified group structure is somewhat arbitrary since the
true group structure can be caused by unobserved factors, such as the public’s preference of
CEOs and the quality of corporate governance. Therefore, we can instead use the following
model:

!
Tir1 = Bir (i) - SENTy + 2,00+ + €it.r,

where u;; is some variable which affects the effect of investor sentiment on stock returns,
e.g., trading volume, and the stocks are classified by a data-driven estimation method rather

than arbitrary designation.

3.3 Estimation

3.3.1 Series Approximation

We propose estimating the model using a series-based clustering method. Let
P(u) = (P (u),..., Py(u))" denote the vector of basis functions on [0,1]. Some basis
functions that have been widely used in the literature include B-splines, Legendre
polynomials and power series. We choose B-spline polynomials for simulation and empirical

studies because they have stable numerical performance and are computationally easy; see
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Chen| (2007) and Schumaker| (2007) for more details on the series estimation method.

Given the vector of basis functions P(u), we approximate (9 _(u) for all i = 1,..., N and

il,T
I =1,...,q by 85.(u) = =L Pi(u)ry,, = P(u)+),, where 8 _(u) is the I-th element of
the ¢ x 1 vector B (u), v, = (V1> 10.) is @ J x 1 vector such that P(u)j , can
approximate Jj) .(u) sufficiently well (which will be defined formally in Section [4.4) for all

i=1,..,N and [ =1, ...,q. Therefore, the model (3.1)) can be written as:

p q J
yit = Z $it,8a?577— + Z Z Zit,lPS(uit),y'?l’s7T + eitﬂ' - thOf + wzt,}/z T + Elt sTH (33)
l=1s

s=1 =1

where wi = (2ig 1 P(Uit), ..., zitqP(ug)') € R A0 = (7?1/77, ...,%Qq/’T)’ € R and ¢, =

Cit,r + Zztﬁz T wzt’)/z T

3.3.2 Implementation

Since we assume that the parameters of interest exhibit grouped heterogeneity, we need to
estimate the group-specific parameters 6g . = (aGw, ng -) as well as the group
memberships g2 = {g{,,....9% .} € T'Xo, where I'}, denotes the set of all partitions of N
individuals into K° groups {Gi,...,Ggo}.  Without loss of generality, we denote
gi = Gy, = k if individual 4 is in the group Gi. We then have 67 = 6¢, _ if g; = k for all
1 = 1,..,N. Given the approximated linear model , we propose estimating the
individual-specific parameter 927 and gﬁT for i =1, ..., N using the following steps.

Step 1: Estimate the group-specific parameters ¢, and the group memberships ¢, by
minimizing the following objective function:

A . 1 X
(0, QT) = argmin NT Z Z ,07 Yit — to‘gz ;ﬁgm)a (3~4)

5reR@+a) KO QTGFZO i=1t=1

where p,(u) = (7 — 1(u < 0))u is the check function, g, = {¢1.+, ..., gn -} is a partition of N

individuals into K° groups, d, = (067> 06, ») consists of the group-specific parameters
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of K groups, where d¢, » = (g, 1.7, .) forall k=1,... K°.
Step 2: Recover 4g, , and g, , forall k = 1, ..., K from 5., directly. The individual-specific
parameters are determined by:
@i,r = @Gkﬂ')
ifgg=kforandl=1,...,q (3.5)

Bir(u) = P(w)4yr-

The vector of the functional coefficients is then given by 5, (u) = (Bir (1), ..., Biq.r(w)) for
alli=1,...,N.

The main intuition behind the optimization problem (J3.4)) is to find K° vectors of the group-
specific parameters and classify /V individual-specific parameters by minimizing the quantile
loss function. However, solving the optimization problem directly is infeasible when
N is large since the number of partitions in the set ', is too large to search exhaustively.
To ease the computational burden, we adopt a two-step iterative algorithm which shares a
similar spirit with the k-means clustering method and has been previously used in Bonhomme
and Manresa| (2015)) and |Zhang et al.| (2019). The details of the algorithm are provided in

the Appendix.

3.4 Asymptotic Properties

In this section, we discuss the asymptotic properties of the proposed estimators. We first
introduce some notations. Foralli =1,..., Nandt = 1,...,T, let f(e;r|Ti, zit) be the density
function of e;, conditional on (xy,zi) and F(e; r|Ti, z;) be the cumulative distribution
function of e;, conditional on (x;,z2;). Recall that wy = (zi1P(uir)', ..., 2iegP(ui)’) €
R4/*1 for J > 1. We next introduce some assumptions that are sufficient to show the

consistency of the estimators.

Assumption 1. ( Data Generating Process )
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(1) (Yit, Tir, Zig, i) @s independent across different individuals i and time periods t, and

tdentically distributed for all i € Gy.

(ii) For all1 <i< N and1 <t <T, we have: (1) x4 and zy are bounded almost surely;

(2) ui has a bounded support on [0, 1].

(iii) The eigenvalues of the matriz E|zyz,|uy = u] are bounded and bounded away from

zero and infinity uniformly for all u € [0, 1].

(iv) The conditional density of uy given x; is uniformly bounded and bounded away from

zero on the support of .

(v) The conditional density function f(e|x,z) is bounded and bounded away from zero and

have a bounded first derivative in the neighborhood of zero.

Assumption (1| specifies the restrictions on the data generating process. Assumptions
specify the dependence structure of the data. In this paper, we consider the i.i.d. case for
the sake of technical simplicity. It is noteworthy that the estimation method and the
corresponding asymptotic results developed in this paper can be generalized to time series
data, say, the S-mixing processes, with the cost of notational heaviness. Some Monte Carlo
simulation results for time series are available upon request. The first part of Assumption
1}(ii)| imposes uniform moment restrictions on the explanatory variables x; and z;, which is
standard in the literature on quantile regression models; seeKoenker et al.| (2017). The
second part of Assumption is a standard assumption and a common practice for
varying coefficient models and series estimation. This assumption can be easily satisfied by
transforming u; to some bounded random variables using a one-to-one mapping.

Assumption [1)(iii)} and are standard technical assumptions for quantile regression

models and series estimation, which ensure the estimators are fully identified and thus

well-defined.

Assumption 2. ( Series Approzimation )
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(i) The eigenvalues of E[P(uy)P(uy)] and [} P(u)P(u)'du are bounded and bounded away
from below and above by some generic constants. In addition, there exists a sequence
of positive constants (o(J) such that sup,co || P(u)|| < Co(J) and the Ly norm of P(u)

s bounded and bounded away from below and above.

(it) For 1 < i < N and 1 < 1 < q, there erists some 75 € R’ and k > 0 such that

SuPyeqo, |85, (w) — P(u) 7| = Op(J 7).
(iii) (N, T) — 0o, J — 0o, J3¢2(.J)(log(T))2/T — 0.

Assumption [2| relates to the series approximation theory. Assumption is standard in
the literature on series approximation method; see (Chen| (2007). The first part of this
assumption ensures that the population design matrix of basis functions is well-defined,
while the second part specifies the upper bound of the Euclidean norm of the vector of
basis functions. Assumption assumes that ) _(u) can be approximated sufficiently well
by basis functions, which further implies that the group-specific parameters ﬁgk,lﬁ(u) can
also be well-approximated. This assumption is standard in the series-based semiparametric
estimation literature, for example, Newey| (1997). Furthermore, it is worth noting that this
assumption holds if the function being approximated belongs to the so-called Holder ball,
which is a subspace of smooth functions; see |(Chenl (2007) for more details. Assumption

2|(ii1)| imposes restrictions on the growth rate of N and T', which are useful for showing the

consistency of the estimators.
Assumption 3. ( Grouped Heterogeneity )

(i) For any group Gy € G = {G4, ..., Gko}, there exists a generic constant ¢ > 0 such that

lim 3 1{g0, = G} = M =
A > Hgir =Gi} = § =m > c.

(i) There exists a generic constant ¢ > 0 such that either

: 0 0
min HO{ —
Gr,GLEG G, G,

>c
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or

: 0 0
111111 H/BszT - /BleT

>c
Gr,G1€G 2

or both hold, for any Gy, Gy € G ={G1,...,Ggo} and k # 1.

Assumption [3]is about the unobserved grouped heterogeneity in the data. Both Assumption
and Assumption are standard in the literature of panel regression models with
grouped heterogeneity (Su et al| (2016)), [Su et al| (2019), etc). Assumption (i) requires that
each latent group consists of a substantive amount of individuals, which guarantees that the
grouped heterogeneity in the data does not vanish asymptotically. Assumption assumes
that the group-specific parameters are well-separated across different groups. It is worth
mentioning that Assumption only requires that either parametric or nonparametric
coefficients are separated across different groups.

A direct outcome of Assumption and is that the oracle group-specific parameters,

5%1677, are well-separated for any Gy, G; € G, which is formally stated in the following lemma.

Lemma 1. Suppose Assumptions [1, [] and (3 hold, for any Gy, G, € G = {G1,...,Ggo} and
k # 1, we have

0 0
H(SG]C,T - 5Gl,T

>c> 0,

/ / !
for some constant ¢, where 0g . = (0, 781 €  REra)x1 gpg

0 _ 0’ (4 ! qJx1
rka,T - (’)/le,ﬂﬂ Tty rYqu,T) S R .

The above lemma implies that different groups have different values of 50GW. Intuitively,

0

1,T?

when (N, T) is large, the estimates Si,f will converge to ¢;._, so the consistency follows under
some regularity conditions. We are now ready to present the asymptotic properties of the
proposed estimators. The following theorem formally establishes the consistency of the

estimators of coefficients.

Theorem 1. Suppose Assumptions @ and @ hold and the correct number of groups K° is

known, let G = {Gl, o GKo} be the estimated group memberships, then for allk =1, ..., K°,
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we have

A 0
aéo(k>77' o aGk,T = OP<1)7
and
A 0
5Gg<k)l,’r - Ble,T 9 = Op(1>7

for alll =1,...,q, where (o(1),0(2), ...,0(K)) is a suitable permutation of (1, ..., K°).

Theorem [2| gives the preliminary convergence rate of the estimators of both parametric
and functional coefficients. The estimators of the parametric coefficients &Cg<k),f and the
estimators of the functional coefficients Béa(k),lﬂ— are consistent when T" — oo and J — oo.
The estimation error is determined by both 7" and J, while J — oo alone ensures that the
approximation error is asymptotically negligible. It is noteworthy that we also find that
the rates are only determined by 7' rather than N, which is consistent with the findings
in [Su et al. (2019). The reason we need to introduce the permutation ¢ here is that the
estimation procedure only generates a partition G = {él, e G o} of N individuals
into K° groups. The induced subgroups {G’l, G Ko} are not labeled or ordered, so the
permutation ¢ here can be understood as a one-to-one mapping from the estimated groups
G to the latent group G. The second part of Theorem [2|implies that the estimated individual
group memberships {gi, ..., v } are consistent. Finally, it is worth pointing out that we need
to know the correct number of groups ex ante in order to achieve the consistency of the
estimators of both coefficients and group memberships. Otherwise the estimates will be
inconsistent and misleading. The estimation of K° will be discussed in Section [3.5.2 The

next corollary establish the consistency of the estimators of group memberships.

Corollary 1. Suppose Assumptions @ and@ hold and the correct number of groups K° is
known, let §; = {G1.+,...,nr} be the estimated group memberships, for alli =1,...,N, we
have

lim P(g;r = 9?,7) =1

T—o00
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We next study the asymptotic distribution of the estimators of the parametric coefficients
and the refined convergence rate of the functional coefficients. We first introduce some
other notations. For each group Gy € G, we let fg, r(€e|zi, zit, uir) be the probability
density function of e;, conditional on (zy,zy,ui) and Fg, (€|, zit, uie) be the
cumulative probability function of e;, conditional on (x;, 2y, u;). For the sake of
notational simplicity, we let fg, . and Fg,, denote fg, -(e|lwi, 2, wi) and
Fg, -(e|xi, zit,u;r) throughout the rest of this paper, respectively. We define
b, (z,u) = Elxy|zi = 2z, uy = u] to be a function from R? @ R to R? for all ¢ € Gj. Next,

we let He, be the subspace of varying-coefficient-form functions on R? x [0, 1] to R, i.e.,
He, = {h:h(z,u) = z1h1(u)+- - -+zqhq(u),E[zfmhj(u,-t)Q] < 00, fori € Gy and j =1,...,q}.

We let mg, ;(z,u) be the projection of the I-th element of ¢¢, (z,u) = Elzy|zi = 2, uy = u

onto the space Hg, for all i € Gy, and [ =1, ..., p, which is defined by

mGk,l(Z, U) = argmin ka,T(O>(¢Gk,l<Zita uit) - h(Zit; uz’t))2
hEHGk

In addition, we let Mg, (z,u) = (ma, 1(2,u), ..., mg, p(2,u))". It is worth noting that for
any mg, (z,u), there exist corresponding {hg, 1s(u),s = 1,...,q} such that mg, ;(z,u) =

>4y zsha, 1s(u), which is ensured by definition. Finally, for all i € G, we let
Lo = B|fo,r (0) (@i — M (s wa)) (@i = Mz ua)) |, (3.6)

and

Qs = E{T(l Y (i — M (2, i) (s — M (2, uit))’} (3.7)

We next introduce assumptions that are sufficient to establish the asymptotic distribution

of 4, , and the refined convergence rate of the functional coefficients fg, .
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Assumption 4. ( Asymptotic Normality )

(i) Forallk =1,..,K° s=1,..,q and | = 1, ...p, there exists some 1) € R’ and x > 0

such that sup,co 1 [hay 1s(w) = P(u)'ng| = Op(J 7).

(ii) Let Si be the estimator to the optimization problem such that ¢° is known. The

following condition holds ST = S;f + o,(enT), where eyt is a sequence of real numbers.
(iii) J3C3(J)(log(NT))?/(NT) — 0, J — o0 and vV NT - J % — 0.
(iv) Both T'g, , and Qg, . are positive definite for all k =1, ..., K°.

Assumption is similar to Assumption , which ensures that hg, ;s(u) can also be
approximated sufficiently well by basis functions.  Assumption is a high-level
assumption which ensures the asymptotic equivalence between the general estimator to the
optimization problem and the oracle estimator. This assumption can be implied by
other low-level assumptions with more technical complexity. Assumption imposes
restrictions on the joint convergence rates of both N and T'. There are two implications of
this assumption. First, it implies the asymptotic equivalence between the proposed
estimators and the oracle estimators. Second, it ensures the approximation error is
asymptotic negligible. Assumption ensures the covariance matrix is well-defined. The
next theorem establishes the asymptotic distribution of the parametric coefficients and the

refined convergence rate of the functional coefficients.

Theorem 2. Suppose Assumptions @ @ and hold, let G = {Gl,...,éKo} be the
estimated group structure, for all k = 1,...,K°, there exists a suitable permutation of
(1,..., KY), denoted by o = ((1),0(2),...,a(K")), such that

(1)

A d — _
No—(k)T(Oééo.(k),T - a%k,T> — N(()? FGi,TQGkﬂ—FGi,T>7

(i)
= O, ((N,T)~V2JY2 4 =),

A 0
6@’0<k)l,f - /Ble,T )
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foralll =1,...,q, where T, ; and Qg, . are defined in equations and[3.7

Theorem [2] establishes the asymptotic distribution of the parametric coefficients & oy
well as the refined convergence rate of the nonparametric coefficients BG‘ o It is worth
noting  that when J has the order of (N,T)V0+2%)  we  have
= O,((N,T)~*/**2%) which achieves the optimal convergence rate for

2
nonparametric estimators in Stone| (1982)). For the inference of G o there are two main

3 0
/Bég(k)l,”l' - /Ble,T

approaches in the literature. The first approach is to estimate the asymptotic covariance
matrix directly, which requires one to construct the empirical counterparts of I'g, . and
Qg,.-. However, it is well known that estimating the conditional density function fg, -(0)
is a non-trivial task and the existing estimation methods can have poor finite sample
performance because the estimates can be sensitive to the value of the bandwidth (Koenker
and Machado| (1999)). A more popular approach is to use the bootstrap method to

construct the confidence interval based on resampled data, and we follow this approach.
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3.5 Monte Carlo Simulations

3.5.1 Data Generating Processes

We consider four data generating processes (DGPs). For each DGP, we consider six settings
of (N,T), including (1) (N, T) = (50,40); (2) (N,T) = (50,80); (3) (N,T) = (50,120); (4)
(N,T) = (100,40); (5) (V,T) = (100,80) and (6) (N,T) = (100,120). We utilize these six
settings to study the influence of sample size and length of panels on estimation accuracy.
When estimating these models, we follow the estimation procedure proposed in subsection
3.3.2 which is based on a single quantile for estimation, and we consider 7 = 0.25,0.5 and
0.75, separately.

DGP 1: In this benchmark data generating process, we assume y;; is generated according

to the following specification:

Yir = Tt + 2iBi(wir) + €t (3.8)

for all ¢ = 1,..., N and t = 1,...,T, where z; id Unif(—1,1), zy b Unif(—1,1), uy id

Unif(0,1) and € YN (0,1). Therefore, the conditional quantile function of y;; is given by

Qr Vit it 2it, wir) = Ty + zuBi(uy) + @7 (7),

where ®1(7) is the inverse cumulative density function of the standard normal distribution.
Notice that when 7 = 0.5, we have ®7!(7) = 0. When we estimate the model, we always
include the constant term along with z to accommodate the potentially nonzero intercept
term. We next introduce the grouped heterogeneity on the model. In this benchmark DGP,
we assume there exist two groups, i.e., G = {G1, G2} and each group contains exactly half

of the individuals, i.e., Ny = Ny = % Furthermore, we make the following assumptions on
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the group-specific parameters:

1 ifiEGl,

o; =
2 if1 € Go,
and

—2u? +5u ifi € Gy,
Bi(u) =
u? + 2u if i € G,.

DGP 2: We let the second DGP share the same specification as DGP 1, i.e.,

Yie = Ty + ZiBi(win) + € (3.9)

for all i+ = 1,....,N and t = 1,...,T, where x ud Unif(—1,1), zy w Unif(—1,1), uy ud

Unif(0,1) and € “ N (0,1). However, in this DGP, we increase the number of groups to
three, i.e., G = {G1, G2, G3} and the ratio of individuals within these three groups is fixed

to N1 : Ny : N3 =3 :3:4. In addition, we assume the group-specific parameters are given

by
1 ifie Gy,
;=12 ific Gy,
3 ifie Ga,

and

—2u? +5u ifi € Gy,

Bi(u) = < u? + 2u if 1 € Gy,

du? —u if i € Gs.

Notice that we keep DGP 2 similar to DGP 1 except for the number of groups. Therefore,
these two DGPs together can allow us to investigate the influence of the number of groups

K° on the finite sample performance of the estimation method as well as the information
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criterion.
DGP 3: In this data generating process, we consider the following specification with
heteroscedastic error

Yir = Ty + 2 Bi(Ui) + Tir€ir, (3.10)
foralli=1,..., N andt=1,...,T, where x; b Unif(0, 1), zy “ Unif(—1,1), uy S Unif(0, 1)
and € N (0,1). Since the model contains a heteroscedastic error term, the parametric

coefficient «y; is quantile-dependent. To be more clear, the conditional quantile function of

Yir given (xy, 2y, ui) is given by
Qr (Yit| Tits zit, wir) = (o + (D_I(T)) + 2 Bi(wit).

The group-specific parameters and the ratio of individuals in each group are the same as
in DGP 2. By comparing the simulation results of DGP 2 and DGP 3, we can see how
heteroscedastic errors influence the finite sample performance.

DGP 4: In this data generating process, we consider the following specification:

Yit = T + Zig1 i1 (Uir) + 2Zie 2B 2(wie) + €3, (3.11)

forall i = 1,...,N and t = 1,...,T, where z; Y Unif(—1,1), 21 “ Unif(—1,1), 22 i

Unif(—1,1), uy < Unif(0,1) and €5 5 N(0,1). The conditional quantile function of y; given

(ifit, Zit,Uit) is
Qr (Yit|ie, zits wir) = Ty + 2ip1 Bin (Wir) + 2zir2Bi2(wir) + @_1(7)-

We still assume there exist three groups of individuals, i.e., G = {G;, G2, G5} and the ratio of

individuals within these three groups is fixed to Ny : Ny : N3 = 3 : 3 : 4. The group-specific
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parameters are given by

1 ifieGy,

o =32 ifi e Gy,

3 ifie Ga,
and
—uw?+4u ifi e Gy,
Birlu) =qu®+2u  ifie Go,
3u? if 1 € G3,
and

sin(mu) if i € Gy,

Bin(u) = — sin(ru) if i € Gy,

cos(mu)  ifi € Gs.

The plots of the nonparametric coefficients in these four DGPs are shown in Figure 1.

3.5.2 The Determination of the Number of Groups

There are two main methods of determining the number of groups K in the literature. The
first method is to use a BIC-type information criterion (Bonhomme and Manresa (2015)
Su et al| (2016)), Su et al,| (2019), |Wang et al.| (2019) and |Gu and Volgushev (2019), etc.).
The main idea of this method is that the information criterion, which trades off between
the model fitness and the model complexity, is able to select the correct number of groups
consistently under some regularity conditions. The second one is the cross validation with
averaging method, which has been used in |Zhang et al. (2019). We follow the literature of
the first method by proposing a BIC-type information criterion to select K°.

Let Kin and K. be the possible minimum and maximum number of groups, respectively.

In most cases, the minimum number of groups is set to be one, meaning there exists no

43



grouped heterogeneity. However, currently there is no consensus on how to choose the
maximum number of groups K., besides that it must be larger than the correct number of
groups K 0E| We let K = {Kuin, Kmin + 1, ..., Kinax } denote the set of possible values for the
number of groups.

Step 1: For a given quantile 7 and any K € K, estimate the group structure
G = {Gl,...,éK} and the group-specific parameters S&K) using the two-step estimation

method in Section 4.3} Then calculate the following information criterion

1

N T
T 2 2 Py = ) = wi ) + ewr - (p+ g)K, (3.12)

IC(K,T) = N
i=1 t=1
where ¢yr is a tuning parameter which depends on (N, 7).

Step 2: Choose K, such that

A

K, =argmin IC(K, ).
KeK

We use this information criterion to determine the number of groups both in the Monte

Carlo simulations and in the empirical application.

3.5.3 Implementation Details

In this subsection, we describe the details of the implementation and evaluation procedures
used in the Monte Carlo simulations. For each data generating process, we conduct 1000
repetitions of the simulation. In each repetition, we pretend the true number of groups
is unknown and use the information criterion to determine the number of groups K.
When estimating the model, we assume K° is known and follow the procedure in Section

for estimation. It is worth mentioning that such arrangement is standard in the literature;

3This is because if K.y is strictly smaller than K°, the coefficient estimators and the estimated group
memberships will be inconsistent. On the other hand, if the number of groups used for estimation is larger
than the correct number of groups, the coefficient estimators will still be consistent but individuals of a
common group might be classified into two or more groups (Liu et al, (2019)).
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see Su et al.| (2016), [Zhang et al. (2019)) and [Su et al. (2019), etc. When computing the
information criterion, we let the tuning parameter cyr = c¢-log (NT')/(NT), where ¢ is some
positive constants. Although there are no established results for determining ¢, we find that
the information criterion with ¢ = 0.80 performs satisfactorily among multiple alternativesﬂ
In the estimation part, we use cubic B-splines to form basis functions and let .J = [(NT)'/?],
where |c| denotes the largest integer that is smaller than the constant c.

To evaluate the finite sample performance of the information criterion, we report the
empirical probability of selecting different numbers of groups: p(f( = K) = Ng/Ngim,
where Ny is the number of repetitions in which K is selected by the information criterion
and Ny, is the total number of repetitions which equals 1000 in our case. To evaluate the
finite sample performance of the estimation method, we report the average rate of correct
classification (CC Rate) and the average root mean square error (RMSE) for all
individuals. As pointed out in Section [4.3] we use three strategies to generate thirteen
initial values and pick the one that gives the lowest loss in order to ease the problem of

local optimum. The average rate of correct classification (CC Rate) is given by

CC rate = L st? {1 %I(g@ — gQ:(j))}
N. . N “ 1,7 1,7 )

where j denotes the j-th repetition. It is worth noting that we need to find the proper
permutation o of (1,..., K°) which is defined in Section when calculating the CC rate.
This is because the group indexes given by the estimation procedure may not coincide with
the true group indexes in the data-generating process, making it necessary to define a suitable
mapping from the estimated group indexes to the true group indexes. When the number of
true groups is K°, there will be a total number of K°! possible permutations and we pick

the one which gives the highest rate of correct classification. The RMSE for all individuals

4This value of ¢ is chosen from the grid [0.1,0.2, ...,2.0] based on multiple Monte Carlo simulations.
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is given by

. A 12
69 — 29

1 Nsim\l 1 N
RMSE(@, ) — -
N =

Nsim = : 7T )
and
R 1 Nsim 1 N 1 R i . 9
RMSE(3,) = : { G Ty g0 T }
(/B ) Nsim j:1 J N ’L:z:l R TZ::l /BZ,T(R) /B’L,T (R)

where R is the number of evaluation points and we let R = 10000 in the simulation.

3.5.4 Simulation Results

Table 1, Table 2 and Table 3 report the simulation results for four DGPs based on 1000
repetitions. Table 1 reports the empirical probability that a specific number of groups is
selected at 7 = 0.50. The results show that the information criterion can effectively select
the true number of groups with high probability when (N,T') is large. More specifically,
we can see that T has a large impact on the performance of the information criterion while
the impact of N is relatively moderate. The simulation results also show that the model
complexity affects the performance of the information criterion as the empirical probability
of selecting the true number of groups in DGP 4 is on average lower than that in DGP 1,
2 and 3. When we calculate the information criterion, we let ¢ = 0.80 and 7 = 0.50. It
is worth noting that we can also use other quantiles to determine the number of groups as
long as the group heterogeneity exists at this quantile. Furthermore, we also find that the
value of the tuning parameter ¢ plays an important role in determining the finite sample
performance of the information criterion, especially when the length of panels T is relatively
small. If ¢ is too small, the number of groups K selected by the information criterion will
be larger than the true K°, and the reverse conclusion holds if ¢ is too large. We have also
evaluated the finite sample performance of the information criterion using different values of
¢, and these results are available upon request. In practice, we recommend researchers try
different values of ¢ when determining the number of groups. As mentioned above, using K

that is larger than K° usually does not harm consistency, so it can be a good idea to choose
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the number of groups such that the values of the estimated group parameters are no longer
sensitive to a larger K.

Table 2 reports the bias and the RMSEs for the estimates of the coefficients at 7 = 0.25,0.50
and 0.75. The simulation results show that the estimators perform well in finite samples as
both the bias and root mean square errors are small when (N, T) is sufficiently large in all
four DGPs. In addition, it also shows that the RMSEs are on average smaller at 7 = 0.50
than those at 7 = 0.25 and 0.75. Table 3 shows the empirical rate of correct classification
which is defined in equation [3.5.3] It can be learned from the results that the empirical
rate of correct classification increases when either N or T increases. In DGP 1, which is the
simplest setting, the CC rate is above 99% when T' equals 120 for both N = 50 and N = 100,
which means that on average less than one individual will be mis-classified. Similar patterns
can also be found in other data generating processes.

In conclusion, these simulation results together have demonstrated that the information
criterion and the proposed estimation method perform well in finite samples, so we follow

the same procedures to determine K° and estimate the model in our empirical application.
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3.6 Empirical Application

3.6.1 Background

The evaluation of FDI flows on economic growth is an important research topic in
macroeconomic literature. There are two main approaches studying such effect, using
either country-level data or firm-level data. However, studies using firm-level data often
suffer the sample selection problem, resulting in their failing to capture the positive
spillover effects of FDI on the host country (Kottaridi and Stengos| (2010)). In the seminal
paper De Gregoriol (1992), the authors first utilized country-level data to study the effect of
FDI on economic growth. For the next two decades, this approach was adopted by multiple
studies which used various data sources and econometric models, including
Balasubramanyam et al.| (1996]), Zhang| (2001), [Durham, (2004), and |Carkovic and Levine
(2005), among many others. We refer readers to Kottaridi and Stengos (2010)) for a
comprehensive review of the literature.

The econometric setting in our empirical application builds on the ones in |Kottaridi and
Stengos (2010)) and |Cai et al.| (2018). |Kottaridi and Stengos| (2010) adopted the following
specification as their benchmark model:

14 I’

Yie = ap + a1 Dj + ap 10g((?)it> + agng + aglog(zi) + 045(?)# + aghis + €5, (3.13)

where y;; is the growth rate of GDP per capita of country 7 in period ¢, D; is a dummy
variable for different regions, which include Africa, America, Asia, EU, etc, ( g)zt is the ratio
of domestic investment to GDP, n;; is the population growth rate, x;; is GDP per capita at
the beginning of each period t, (%)Zt is the ratio of domestic investment to GDP and h;; is
the country-specific human capital.

Even though model[3.13]and its variants have been frequently used in the literature, there still

exist two big problems. First, this specification fails to capture the grouped heterogeneity,
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which is well-known to be important in the literature of economic growth. Ignoring the
grouped heterogeneity in the data will result in inconsistent estimates and thus misleading
policy implications. Second, this model assumes that the marginal effect of FDI is the same
for countries of different levels of development and across different time periods, which can
be restrictive in reality. It is likely that the effect of FDI on economic growth is more critical
for developing countries than developed countries. Motivated by the second point, |Cai et al.

(2018)) considered the following quantile panel regression model:

VK f f

I I
Qr (Yit|wiy Xit) = a; + o log((?)it) + aonyy + gy + 044(?)2‘75 hi + Blw;) - (?)m (3.14)

where u; is the logarithm of GDP per capita of country ¢ in the initial period. Compared
with model model allows the marginal effect of FDI to depend on the initial value
of GDP per capita. However, such setting can still be restrictive since the marginal effect
of FDI should vary with the absolute value of GDP per capita (u;) at the current period.
Furthermore, the problem of potential grouped heterogeneity is still left unsolved in model

[3.14] which may harm the plausibility of the policy implications generated by the model.

The drawbacks in model [3.13] and [3.14] have motivated us to use the following model to

evaluate the effect of FDI on economic growth:

I I’ el

Yit = Qir 1+ Qo 10g((?)it)+ai7,3nit+ai7,4hit+ai7,5hit'(?)it“‘ﬁi,r(uit) : (?)it+€it,r- (3.15)

where u;; is GDP per capita of country ¢ in period (t—1), hit-(%)it is the joint effect of human
capital and FDI, and e; , is an error term whose 7-th quantile conditional on (z;, 2, u;t) is
zero. It is easy to see that our model includes [Kottaridi and Stengos| (2010) and |Cai
et al.| (2018) as special cases. The major difference is that we allow the marginal quantile
effect of FDI on economic growth to depend on the level of economic development, measured
by GDP per capita in the last period, while in Kottaridi and Stengos| (2010) and |Cai et al.

(2018)), they either ignored such dependence or restrict it only to the initial period; see |Cai
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et al.| (2018) for more details.

3.6.2 Data and Estimation

In this subsection, we describe the data sources and the estimation procedure. Our data
set includes balanced panel data of 90 countries from 1970 - 2010. The variables contained
in this data set include GDP per capita growth rate (y;), the ratio of domestic gross fixed
capital formation to GDP ((g)n), human capital measured as mean years of schooling for
total population (h;), population growth rate (n;), GDP per capita measured by US dollars
in 2010 constant values (u;;) and the ratio of FDI flow to GDP ((%)Zt) The data of GDP per
capita growth rate, GDP per capita, population growth rate and domestic investment are
downloaded from the World Development Indicators’] the data of mean years of schooling
is collected from the Barro-Lee Dataseiﬂ and the World Development Indicators, and the
data of FDI flow is taken from the United Nations Conference on Trade and Development
(UNCTAD) Websitem, which is measured in 2010 constant dollars. Since time series data
is vulnerable to macroeconomic shocks such as wars, financial crisis and so on, we follow
the convention in the literature to take five-year moving averageﬂ In the end, we build a
balanced panel data set with N = 90 and 7" = 41. Some summary statistics are presented
in Table 4.

It is worthwhile to mention that we scale the variable of GDP per capita to have values
between zero and one since it is required by our estimation method in Section [£.3] We use
the following transformation:

Ty = (I)(Uit —u

), (3.16)

Ou
where ®(-) is the c.d.f. of the standard normal distribution, « is the sample mean and &,

and the sample standard error of the variable wu;.

°See: http://datatopics.worldbank.org/world-development-indicators/

6See: http://www.barrolee.com/

"See: https://unctad.org/en/Pages/DIAE/FDI1%20Statistics/FDI-Statistics.aspx

8This is a common practice in the literature of economic growth; see [Durham| (2004)), Kottaridi and
Stengos| (2010)) and |Cai et al.| (2018]), etc.

50



Table 4: Some Summary Statistics of the Data Set

Mean S.D. Min Median  Max q0.25 q0.75

GDP per Capita Growth Rate (%) 1.68 294 -15.28 1.79 22.73 020  3.17

GDP per Capita (in 2010 Value) 11129 14203 224 3810 89772 1248 18415

FDI Flows (% of GDP) 1.88 2.75  -15.04 1.07 2743 037 2.38

Domestic Investment (% of GDP)  22.84 7.71 3.03 22.32 7479 1830 26.35

Mean Years of Schooling 6.00 2.93 0.35 5.92 13.05  3.56 8.22

Population Growth Rate (%) 1.84 1.07 444 1.92 6.27 1.01 265

We first apply the information criterion to determine the number of groups in the data.
We take ¢ = 0.80 in the calculation since it performs satisfactorily in the Monte Carlo
simulations. However, since the length of panels in our data set is relatively short, which
may lead to considerable estimation errors in finite samples, we also calculate the information
criterion using ¢ = 1.2 and ¢ = 1.6 and compare the results with the case of ¢ = 0.80. The

values of the information criterion based on the 0.50 quantile are reported in Table 5.

Table 5: Values of the Information Criterion for Different K

Number of Groups

T c K=1 K=2 K=3 K=4 K=5

0.25 0.8 0.8102 0.7408 0.7148 0.7247 0.7273
1.2 0.8182 0.7454 0.7391 0.7438 0.7569
1.6 0.8262 0.7729 0.7690 0.7900 0.7989

0.50 0.8 0.9681 0.9011 0.8781 0.8807 0.8873
1.2 0.9761 0.9171 0.9076 0.9125 0.9276
1.6 0.9841 0.9376 0.9326 0.9404 0.9604

0.75 0.8 0.7830 0.7399 0.7147 0.7202 0.7273
1.2 0.7910 0.7561 0.7487 0.7611 0.7705
1.6 0.7990 0.7715 0.7686 0.7879 0.8001

Based on the results in Table 5, it is clear that the information criterion achieves the smallest
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value when K = 3, so we set the number of groups to be three in the estimation step. We
next implement the estimation method in Section to estimate model 3.15] To ease the
issue of potential local optimum, we also generate thirteen initial valued’| and estimate the
model one by one. The final coefficient estimates are set to be the ones generated by the
initial value which gives the smallest quantile loss. The corresponding covariance matrix and
the point-wise 95% confidence band are estimated using the bootstrap method. Besides the

0.50 quantile, we also estimate the model at the 0.25 and 0.75 quantiles.

3.6.3 Empirical Results

In this subsection, we report the estimation results of model using panel data of 90
countries from 1970 — 2010. The estimates of the parametric coefficients in model are
reported in Table 6. The third column in Table 6 corresponds to the pooling estimates, i.e.,
the case in which the grouped heterogeneity is ignored. The value and scale of the pooling
estimates are comparable to their counterparts in Kottaridi and Stengos| (2010). Here we
find that the coefficient for domestic investment is significant at the 1% significance level
and its value increases with 7. The sign of the coefficient for population growth is correct.
However, it is only significant at the 10% significance level when 7 = 0.25 and 7 = 0.50.
The estimate of the coefficient for human capital is positive but insignificant for the whole
sample. Similar to Kottaridi and Stengos| (2010), we also find that the joint effect of human
capital and FDI is small and negative, but is insignificant at all three quantiles.

The columns 4-6 in Table 6 correspond to the three sets of group-specific coefficient
estimates. Compared with the pooling estimates, there are several interesting findings.
First, we find that the coefficient estimate of domestic investment differs significantly
across three groups. Under the current labeling, the effect of domestic investment is
strongest for countries in Group 3 and weakest for countries in Group 1, and such effect is

significant at the 1% significance level for all groups and quantiles except for Group 1 at

9These eleven initial values are generated following the same rule in the Monte Carlo simulations in
Section five from Strategy 1, three from Strategy 2 and five from Strategy 3.
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the 0.25 quantile. Second, we find that the coefficient estimate of population growth of
Group 2 is positive and significant at the 10% significance level when 7 = 0.25 and
7 = 0.50. Third, though the effect of human capital on economic growth is insignificant in
the pooling case, we find it is significant for some groups and quantile levels. For example,
the coefficient estimate of human capital is significant at the 5% level for countries in
Group 2 at the 0.50 quantile. Similarly, it shows that the joint effect of human capital and
FDI is weakly significant for some groups and quantile levels, such as Group 1 and Group 3
at the 0.25 quantile.

The functional coefficient estimates are shown in Figure 2, 3, 4 with the plots of confidence
band shown in the subsequent figures. The group labeling here is the same as that for
parametric coefficients in Table 6. For the pooling estimate @(u), its value is relatively
small (less than 0.50 at the 0.25 and 0.50 quantile) and positive for most values in support
of [0, 1], meaning that the FDI only has a small positive effect on economic growth for all
countries. The scale of such effect is comparable to the estimate in Kottaridi and Stengos
(2010) using only initial values of GDP per capita. However, it is insignificant at the 95%
level as the point-wise 95% confidence band of the pool estimates includes the zero function
for a large proportion of [0, 1].

The pooling estimates @(u) may not provide a concrete picture of the fact, as there are many
unobserved factors that can affect the effect of FDI on economic growth, such as culture and
level of corruption. Such hypothesis is supported by the group-specific estimates Sg, ()
for kK = 1,2,3. There are two interesting findings. First, we find that the effect of FDI on
economic growth can be classified into three groups. For Group 1 and Group 3, such effect
is large and positive when GDP per capita is low and the effect for Group 1 is larger than
that for Group 3. For Group 2, the effect of FDI on economic growth is negative when GDP
per capita is low. To have a better sense of how the effect of FDI varies with the value of
GDP per capita, we can conduct some simple calculations based on the summary statistics in

Table 4 and the transformation m From these plots of B¢, +(u), we can see that the effect
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is relatively large when u; < 0.3, which maps to GDP per capita of $3680. Notice that the
median value of GDP per capita is $3810, meaning that the effect of FDI is in fact quite large
for nearly half of the countries in our data set. From the point-wise 95% confidence band,
we can see that the effect is significant when GDP per capita is small. This finding further
substantiates our hypothesis in the beginning: FDI plays a more important role in low-
income countries in terms of economic growth than in high-income countries. In addition,
these plots also show that the effect of FDI is heterogeneous for low-income countries. It
is worth mentioning that the pooling estimates (3, (u) cannot reveal this important pattern
because the grouped heterogeneity is fully ignored and the underlying group-specific effects
average each other out. Second, we can see that the scale of the effect of FDI on economic
growth decreases with GDP per capita for all three groups, which can be easily learned from
the trends of the plots in the second panel.

Finally, we report the group classification and the group-specific summary statistics for these
90 countries based on the 0.50 quantile in Table 7 and Table 8. Turning to the group-specific
summary statistics in Table 8, we can see that the average GDP per capita is higher in
Group 1 than in Group 2 and 3. On the other hand, Group 3 has the highest GDP per
capita growth rate and Group 1 has the lowest GDP per capita growth rate. However,
identifying the latent factors that determine the grouped heterogeneity is beyond the scope

of this paper and we leave it as a subject for future research.

3.7 Conclusion

In this paper, we have studied a new semiparametric quantile panel regression model with
grouped heterogeneity. This model can simultaneously handle both the time-variant and
nonlinear effects of explanatory variables and the unobserved grouped heterogeneity in
coefficients. To estimate the model, we develop a series-based estimation method and a

two-step iterative algorithm for computation and establish the asymptotic properties of the
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proposed estimators. An information criterion is developed to determine the number of
groups. The finite sample performance of the estimation method and the information
criterion are investigated through Monte Carlo simulations, which show both perform very
well. The model has been applied to study the effect of FDI on economic growth. Some
new results have emerged. First, we find that there exist three patterns in the effect of FDI
on economic growth. Second, the effect of FDI is in fact large and significant for

low-income countries. Third, the scale of the effect diminishes as GDP per capita increases.
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Figure 1: The Plots of Nonparametric Coefficients in Different DGPs (top panel: solid line
for B, +(+) and dashed line for fg,(-) in DGP 1. Middle panel: solid line for SBg, (),
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Ba,y2.+(+) and dash-dotted line for B0 -(+) in DGP 4.
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Table 1: Finite Sample Performance of the Information Criterion

N T K=1 K=2 K=3 K=4 K=5

DGP1 50 40 0.120 0.880  0.000  0.000  0.000
50 80 0.001  0.996 0.003  0.000  0.000
50 120 0.000 0.996  0.004  0.000  0.000
100 40 0.002 0.977 0.021  0.000  0.000
100 8 0.000 0.989 0.011  0.000  0.000
100 120 0.000 0.990 0.010  0.000  0.000

DGP2 50 40 0.000 0.178 0.822 0.000 0.000
50 80 0.000 0.067 0.933  0.000  0.000

50 120 0.000 0.025 0.974 0.001  0.000

100 40 0.000 0.160 0.836  0.004  0.000

100 8 0.000 0.019 0.971 0.010 0.000

100 120 0.000  0.000 0.989 0.011  0.000

DGP3 50 40 0.000 0.099 0.892 0.009 0.000
50 8 0.000 0.002 0.961 0.037  0.000
50 120 0.000 0.001  0.984 0.015  0.000
100 40 0.000 0.002 0.966  0.032  0.000
100 8 0.000 0.000 0.977 0.023  0.000
100 120 0.000 0.000 0.989 0.010 0.001

DGP4 50 40 0.000 0.069 0.875 0.054 0.002
50 8 0.000 0.000 0.960 0.040  0.000
50 120 0.000 0.000 0.982  0.028  0.000
100 40 0.000 0.000 0.871 0.123  0.006
100 80 0.000 0.000 0.964 0.035 0.001
100 120 0.000 0.000 0.988 0.012  0.000

1 We set 7 = 0.5 when calculating the information criterion.
2 The empirical probability in this table is calculated based on
1000 repetitions.
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Table 3: Empirical Rate of Correct Classification

CC Rate

N T 7=025 7=050 7=0.75

DGP1 50 40 0.9342 0.9592 0.9295
(0.0378) (0.0302) (0.0368)

50 80 0.9847 0.9934 0.9853
(0.0171) (0.0114) (0.0168)

50 120 0.9960 0.9987 0.9953
(0.0086) (0.0050) (0.0094)

100 40 0.9365 0.9615 0.9358
(0.0251) (0.0191) (0.0252)

100 80 0.9851 0.9939 0.9861
(0.0124) (0.0077) (0.0121)

100 120 0.9962 0.9990 0.9963
(0.0063) (0.0030) (0.0060)

DGP 2 50 40 0.8957 0.9373 0.8919
(0.0553) (0.0403) (0.0574)

50 80 0.9784 0.9914 0.9782
(0.0214) (0.0137) (0.0213)

50 120 0.9941 0.9985 0.9941
(0.0110) (0.0054) (0.0108)

100 40 0.9078 0.9447 0.9094
(0.0333) (0.0249) (0.0334)

100 80 0.9805 0.9919 0.9801
(0.0151) (0.0091) (0.0144)

100 120 0.9947 0.9985 0.9949
(0.0075) (0.0037) (0.0071)

! The values in the parentheses are the corresponding
standard errors.
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Continued Table 3: Empirical Rate of Correct Classification

CC Rate

N T 7=025 7=050 7=0.75

DGP3 50 40 0.9950 0.9985 0.9946
(0.0097) (0.0052) (0.0104)

50 80 0.9998 0.9999 0.9999
(0.0016) (0.0006) (0.0012)

50 120 1.0000 1.0000 1.0000
(0.0000) (0.0000) (0.0000)

100 40 0.9952 0.9988 0.9955
(0.0067) (0.0034) (0.0067)

100 80 0.9999 1.0000 0.9999
(0.0008) (0.0000) (0.0008)

100 120 1.0000 1.0000 0.9999
(0.0000) (0.0000) (0.0003)

DGP4 50 40 0.9979 0.9997 0.9982
(0.0062) (0.0021) (0.0059)

50 80 1.0000 1.0000 0.9999
(0.0000) (0.0000) (0.0011)

50 120 1.0000 1.0000 1.0000
(0.0000) (0.0000) (0.0000)

100 40 0.9986 0.9998 0.9985
(0.0036) (0.0015) (0.0039)

100 80 0.9999 1.0000 0.9999
(0.0003) (0.0000) (0.0003)

100 120 1.0000 1.0000 1.0000
(0.0000) (0.0000) (0.0000)

! The values in the parentheses are the corresponding
standard errors.
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Table 6: Estimates of Parametric Coeflicients in Model

K=3

T Coefficient K=1 Groupl Group2 Group 3

d

0.25 log((L)i) 1.869°*  0.749**  2.952***  3.946***
(0.651)  (0.346)  (0.935)  (0.828)

Nt —0.453*  —0.545*  0.622**  —0.673"
(0.270)  (0.315)  (0.298)  (0.369)

hit 0106 0299  0.315*  —0.137
(0.079)  (0.194)  (0.183)  (0.104)

hat - (55)u —0.044 —0.138*  0.043  0.189"

(0.050)  (0.081)  (0.053)  (0.098)

050 log((£)i) 2,281 (0.802°**  3.024***  4.196***
(0.626)  (0.331)  (0.861)  (0.898)

nit ~0.304* —0.359"  0.583*  —0.265
(0.181)  (0.194)  (0.315)  (0.178)

ht 0.027  0.303* 0265  —0.139
(0.042)  (0.176)  (0.127)  (0.142)

hat - (50)i —0.028  —0.089  0.124  0.138*

(0.039)  (0.124)  (0.082)  (0.079)

0.75 log((L)i) 2443  1.466™* 3.0097**  4.987
(0.869)  (0.519)  (0.896)  (0.971)

nit —0.058 —0.161*  0.090  —0.189*
(0.037)  (0.096)  (0.158)  (0.101)
hit —0.043 —0.170  0.064  —0.171*
(0.036)  (0.106)  (0.124)  (0.098)

hat - (20) —0.006 —0.248*  0.056 0.011

(0.022)  (0.134)  (0.048)  (0.037)

1 % *xx

, ¥ denote the estimated coefficient is significant at the
10%, 5% and 1% level, respectively. The standard errors are
calculated via bootstrapping.
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Figure 2: Estimated Functional Coefficients (7 = 0.25)
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Figure 2.1: Bootstrap 95% Confidence Band of the Functional Coefficient (Pooling Case,
7 =10.25)
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Figure 2.2: Bootstrap 95% Confidence Band of the Functional Coefficient (Group 1, 7 = 0.25)
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Figure 2.3: Bootstrap 95% Confidence Band of the Functional Coefficient (Group 2, 7 = 0.25)
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Figure 2.4: Bootstrap 95% Confidence Band of the Functional Coefficient (Group 3, 7 = 0.25)
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Figure 3: Estimated Functional Coefficients (7 = 0.50)
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Figure 3.2: Bootstrap 95% Confidence Band for the Functional Coefficient (Group 1, 7 =
0.50)
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Figure 3.3: Bootstrap 95% Confidence Band of the Functional Coefficient (Group 2, 7 = 0.50)
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Figure 3.4: Bootstrap 95% Confidence Band of the Functional Coefficient (Group 3, 7 = 0.50)
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Figure 4.1: Bootstrap 95% Confidence Band of the Functional Coefficient (Pooling Case,
T =10.75)
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Figure 4.2: Bootstrap 95% Confidence Band of the Functional Coefficient (Group 1, 7 = 0.75)
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Figure 4.4: Bootstrap 95% Confidence Band of the Functional Coefficient (Group 3, 7 = 0.75)
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Table 7: Group Classification of 90 Countries in the Data Set

Group Membership

Country

Group 1
(N =27)

Argentina, Australia, Belgium, Bolivia, Canada, Guyana,
Central African Republic, Chad, Dem. Rep. of the Congo,
Haiti, Israel, Jamaica, Madagascar, Mauritania, Netherlands,
New Zealand, Nicaragua, Niger, Nigeria, Papua New Guinea,
Spain, Suriname, Sweden, Trinidad and Tobago, Uruguay,

United States of America, United Kingdom

Group 2
(N =33)

Algeria, Austria, Bahamas, Burundi, Cameroon, Congo,
Denmark, Ecuador, Costa Rica, France, Gabon, Gambia,
Germany, Greece, Guatemala, Honduras, Iran, [taly, Japan,
Kenya, Malawi, Mali, Mexico, Morocco, Peru, Philippines,
Portugal, Saudi Arabia, Senegal, Eswatini, Togo, Tunisia,

Venezuela (Bolivarian Rep. of)

Group 3
(N =30)

Brazil, Sri Lanka, Chile, Colombia, Benin, Ghana, India,
Dominican Republic, El Salvador, Fiji, Finland, Iceland,
Iraq, Ireland, Republic of Korea, Malaysia, Oman, Norway,
Pakistan, Paraguay, Rwanda, Seychelles, Sierra Leone,
Singapore, Zimbabwe, Sudan, Thailand, Turkey, Egypt,

Burkina Faso

7



Table 8: Group-Specific Summary Statistics

Group 1 Mean S.D. Min  Median Max  qg.25 qo.75
GDP Per Capita Growth Rate (%) 094 278 -11.88 1.38 12.81 -0.52  2.56
GDP Per Capita (in 2010 Value) 13358 14735 283 6131 52235 1195 26496
FDI Flows (% of DGP) 2.11 3.31  -15.04 1.29 2743 049 2.75
Domestic Investment (% of GDP)  23.34  9.23 3.98 22.40  74.79 1856 26.36
Mean Years of Schooling 6.78 3.41 0.47 7.05 13.05  3.52 9.84
Population Growth Rate (%) 1.57 1.01  -0.78 1.48 3.79 070 249
Group 2

GDP Per Capita Growth Rate (%)  1.45 291 -15.28 1.51 22.73  0.07 2.87
GDP Per Capita (in 2010 Value) 11135 13315 224 3783 59794 1484 18904
FDI Flows (% of DGP) 1.49 1.91 -4.59 0.97 12.78  0.32 1.96
Domestic Investment (% of GDP)  23.06  6.93 4.77 22.58  56.71 19.16 26.53
Mean Years of Schooling 5.52 2.53 0.35 5.50 12.08  3.53 7.43
Population Growth Rate (%) 1.98 1.12  -0.21 2.25 6.13 112 2.76
Group 3

GDP Per Capita Growth Rate (%)  2.61 2.87  -8.53 2.57 16.75 115  4.13
GDP Per Capita (in 2010 Value) 9118 14374 275 3403 89772 1046 9116
FDI Flows (% of DGP) 2.08 294  -3.93 1.05 19.87 0.38  2.60
Domestic Investment (% of GDP)  22.14  6.94 3.02 2171 4589 17.57 25.96
Mean Years of Schooling 5.83 2.71 0.82 5.83 11.83  3.62 7.72
Population Growth Rate (%) 1.92 1.02 -4.44 1.94 6.28 1.25 2.54
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Chapter 4

Nonparametric Additive Panel
Regression Models with Grouped

Heterogeneity
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4.1 Introduction

Panel regression models have attracted considerable attention in both theoretical and
applied econometrics. They provide researchers a convenient way to tackle unobserved
heterogeneity that plays an important role in panel data analysis. Over the past few
decades, substantial progress has been made in terms of the identification and estimation
of various panel regression models; see |Arellano and Honoré| (2001), [Matyas and Sevestre
(2013) and Baltagi (2015)) for a comprehensive review. However, most of the literature uses
fixed effects to control for individual-specific heterogeneity. Even though such a modeling
scheme facilitates technical analysis, it ignores the potential nonlinear effects of
explanatory variables and non-additive heterogeneity, both of which have been emphasized
by multiple empirical studies. For example, using panel data of listed firms in the Chinese
stock market, Ni et al.| (2015]) found that investor sentiment has nonlinear effects on stock
returns, and such effects are heterogeneous across different subgroups of stocks.

To address the problem of non-additive heterogeneity in the data, recent econometrics
literature has studied panel regression models with grouped heterogeneity; see [Su et al.
(2016)), Vogt and Linton| (2017), Miao et al.| (2020), among many others. There are two
main features in the models: first, every individual is assumed to have a unique unobserved
group membership; second, the functional relationship between the dependent and
independent variables is homogeneous within the same group but heterogeneous across
different groups. By introducing the grouped heterogeneity, such models can reach a good
balance between flexibility and parsimony compared with panel regression models with
fixed effects and classical random coefficients panel models. To our best knowledge, the
current literature in this area mainly focuses on linear panel regression models, which has
motivated us to fill such a gap by considering a nonparametric counterpart.

In this chapter, we propose a nonparametric additive panel regression model with grouped
heterogeneity, which can simultaneously consider both nonlinear effects of explanatory

variables and non-additive heterogeneity. Additive regression models have a wide variety of
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applications in economics, statistics and many other disciplines; see Sperlich et al. (2002]),
Profit and Sperlich| (2004)), Mammen et al.| (2009) and [Huang et al.|(2010), etc. Therefore,
this chapter naturally contributes to the literature of additive regression models by
incorporating grouped heterogeneity into consideration. It is worth noting that Vogt and
Linton| (2017) and Vogt and Linton| (2020)) also considered nonparametric panel regression
models with grouped heterogeneity. The clustering methods developed in these two
chapters suffer from the curse of dimensionality. Also, their approach can not be easily
generalized to additive regression models.

To estimate the proposed model, we adopt a sieve-approximation-based penalized estimation
method, which can identify the latent group structure and estimate parameters of interest in
a single step. Our estimation method evolves from the so-called Classifier-Lasso estimation
method for panel regression models that was first proposed in [Su et al.| (2016). Su et al.
(2019) applied a similar sieve-approximation-based estimation method to estimate time-
varying coefficients panel models. However, the time-varying coefficients considered in [Su
et al| (2019) are nonrandom; thus, the asymptotic properties derived in their chapter do
not directly apply to the nonparametric additive regression models considered here. More
importantly, unlike previous literature on the Classifier-Lasso estimation method, which
defines the group structure based on all the coefficients, we take a different approach by
considering the subgroup structure of each additive component. This refinement allows us
to handle models with a relatively large number of groups since it is the product of group
numbers of each nonparametric component. In practice, these group numbers are usually
unknown ex ante and have to be estimated from the observed data, so we further develop
a BIC-type information criterion that can consistently determine group numbers for the
model. We establish the convergence rate of the nonparametric components’ estimators
and their linear functionals’ asymptotic normality under some regularity conditions. We
also demonstrate the finite sample performance of the estimation method and the BIC-type

information criterion through Monte Carlo simulations. The results show that both perform
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well in general.

We illustrate the usefulness of the proposed model and estimation method by applying them
to study the consumer demand for cigarettes in the United States using panel data of 46
states from 1963 to 1992. We find that group heterogeneity exists in the effect of the retail
price of a pack of cigarettes on cigarette sales. More specifically, all 46 states can be classified
into two groups according to their price elasticity of demand for cigarettes. There are 28
states in the first group and 18 states in the second group, and those in the first group are,
on average, more sensitive to price. However, we do not find evidence indicating that there
is grouped heterogeneity in the effect of real per capita disposable income on cigarette sales.
The rest of the chapter is organized as follows. We introduce the nonparametric additive
panel regression model with grouped heterogeneity in Section [£.2] In Section 1.3, we describe
the proposed sieve-approximation-based Classifier-Lasso estimation method. Section [£.4]
establishes the asymptotic properties of the proposed estimator. Section [4.5| reports the
Monte Carlo simulation results. An empirical application is presented in Section[£.6] Finally,
Section [4.7] concludes.

Notation: For any matrix A, we denote || A||, = (tr(AA’))Y/? as its Frobenius norm, A’ as its
transpose and A~! as its Moore-Penrose generalized inverse. If A is also a squared matrix, we
denote Apax(A) and Amin(A) as its largest and smallest eigenvalues, [|Al|g = (Amax(AA")) as
its spectral norm. The L;-norm of a p-dimensional vector v is denoted by [|v| , where [[v[|, =
(3P u;|9)Y9 when 1 < ¢ < 0o and [v]l, = maxi—y,__p |vi| when g = oco. For a vector-valued
function f(-) defined on [0, 1], we let || f||, to be its Ly—norm, i.e., || f|l, = (Jy || f(z)| dz)'/.
For a set G, its cardinality is denoted by |G|. For a set [N], we define [N] = {1,2,..., N}.
For functions f(n) and g(n), we let f(n) 2 g(n) and g(n) < f(n) mean f(n) > cg(n) for a
2> g(n) and f(n) 2 g(n) hold. We let

~

generic constant ¢ > 0, f(n) < g(n) denote both f(n)
(N,T) — oo denote N and T diverging to infinity joint, Ly convergence in probability, =
convergence in probability. As a general rule for this chapter, we write ¢ as positive generic

constants that are independent of n in different places.
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4.2 Model

In this section, we introduce the nonparametric additive panel regression model with
grouped heterogeneity. Suppose researchers observe panel data of N individuals for T
periods, i.e., {{yi, 2}, }Y,}L,. The primary interest here is to study the effect of the
explanatory variables z on the explained variable y. We assume y;; is generated according

to the following econometric model:

P
Yit = i + Z hi (@i ) + wir, Wiy = 0;(Ti )€, (4.1)
j=1

fori=1,.,Nandt=1,..,T, where x;; = (Ti1, ..., Titp) 1S a p X 1 vector of explanatory
variables, u; denotes the unobserved individual fixed effect which can be correlated with x;,
€;; 1s an error term which has mean zero and variance one and is uncorrelated with x; and
u; 1S an error term with mean zero and variance af(:cit) conditional on z;;. In addition,
h; j(x) is a smooth function defined on a compact support &; for j =1, ..., p, and we assume
&; = [0, 1] without loss of generality. Throughout this chapter, we let h{ (x) denote the true
parameter of interest to be estimated.

To capture the non-additive unobserved heterogeneity that can affect the functional
relationship directly, we impose the following group structure on the nonparametric

components {h, ..., h } Y

KO
hgj(x) = Z f,S’j(x)l{i e Gg’j} for any x € [0,1] and j =1,...,p, (4.2)
k=1

where fp;(z) is some smooth function defined on [0,1], G} ; denote the k-th group of the

nonparametric function of the j-th explanatory variable x; ;, K]Q is the total number of groups
K9 K9

of h;(z). We assume {G} ;},7, are mutually exclusive, i.e., U2, G} ; = {1,2,..., N} for all

1 <j <p,and Ggw. N G?LJ = () if m # n. Furthermore, we let Ny ; denote the cardinality

K9
of the set G} ;, i.e., Np; = |G|, and we have 3,7, Nj; = N by definition. Finally, we

83



let f; = (fl,j, ey fK%j)/ for 7 = 1, ..., p, which is the vector of the j-th infinite-dimensional
parameters to be estimated. Following the convention in the literature, we assume that the
group memberships do not vary across different time periods.

Based on the above setup, our goals include (1) estimating {h;1(z),...,h;y(x)} for
i =1,...,N; (2) estimating the group-level parameters {f1;(z), ..., fx, j(®)} for j =1,....p;

0
1,j7 ceey

(3) identifying the group memberships {G G‘}(N} for j = 1,...,p. It is worth noting
that the nonparametric additive panel regression model given by equations and is
fairly general since it takes account of both the additive heterogeneity represented by the
individual fixed effect as well as the non-additive heterogeneity that directly affect the
functional relationships. Such a model can be regarded as a natural extension of the linear
panel regression models with grouped heterogeneity. =~ We can avoid the curse of
dimensionality and capture the nonlinearity in the marginal effects of explanatory variables

because of the additive structure. Therefore, our model can become an appealing choice for

empirical studies in economics, sociology, and many other fields.

4.3 Estimation

In this section, we propose the sieve-approximation-based Classifier-Lasso estimation
method. This section includes two subsections. In Subsection we discuss the sieve
approximation for nonparametric functions h;;(z) and fi;(x) for all ¢ = 1,...,N,
j=1,..,pand k =1,..., K;. In Subsection , we introduce the optimization problem

and the related estimators.

4.3.1 Sieve Approximation

Since the infinite-dimensional parameters are unknown functions, we first approximate them
using the sieve approximation method; see |Ai and Chen| (2003) and (Chen| (2007) for more

details on sieve estimation. In this chapter, we use the B-spline polynomials of order  (or
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degree k — 1) to form basis functions on [0, 1] because it is well-known that the B-splines
have good properties and are computationally easy.

We first use the B-spline basis functions to approximate h;; and f ;, for k = 1, ...,K]Q,
7=1,...,pand ¢ = 1,...,N. We assume that these functions are contained in the Holder
space, which is defined as follows. We consider the Hélder space A"([0,1]) of order r > 0.
Let r denote the largest integer satisfying r < r. The Holder space is a space of functions
f :]0,1] — R such that the first r derivatives are bounded, and the r-th derivatives are
Holder continuous with the exponent r — r € (0,1]. The Holder space becomes a Banach
space when endowed with the Holder norm:

1l = supl )]+ sup T = VIO o

(o= a'llp)

where for any nonnegative scalar a,

— az‘
- Oxr

Vi f(z) ().

A Holder ball with radius c¢ is defined as AZ([0,1]) = {f e A([0,1]) ([ fll\r S < oo} It
is known that functions in A%(]0, 1]) could be approximated sufficiently well by the B-spline
polynomials of order x > r + 1. Let B’ (wit,;) denote J x 1 basis functions, then we could
approximate h; ;(zi;) and fi ;j(zi ) by B’ (24 ;) vi; and B (i ;) 7 ;, respectively, where

7i,; and my ; are J X 1 vectors:

hi,j(xit,j) :BJ(CCit,j)I%,j + 5h¢,j<1’it,j), i=1,..,N, 7=1,...p,

fei(@ing) =B (i) mnj + 65, (zieg),  k=1,..,K], j=1,..p,

where 0, ; (74,;) and &y, ;(zi,;) are corresponding approximation errors.

Define 2y, ; = VJB () and 6; ; = %%j» t=1,...,N, then equationcould be expressed
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as

p
Yit = i+ ) 2ip 0ij + e (4.3)

Jj=1
where % is the normalization term and e;; = u; + Z?:l Ony; (Tirj).

At the same time, we let 1, ; = %m@j, then equation implies

0
K]'

623’ = kZ: nlg,jl{i € G%j}‘ (4.4)
—1

Thus we have constructed the sieve approximations for h; ;(x) and fy j(x), respectively.

4.3.2 Penalized Estimation of h(z) and f(x)

Since our main interest is to quantify the effect of different explanatory variables on the
explained variable, we use standard transformation to eliminate the individual fixed effect u;
and thus get rid of the potential incidental parameter problem caused by the individual fixed
effects. We take the deviation from the mean across individuals, which gives the following
equation
P
Yie — Ui = Y (zing — Zij)'bij + e — &, (4.5)
j=1
where 1; = %Zle Y, with similar definitions for z; ; and e;.

For the sake of notational simplicity, we further define ¢;; = y; — ¥; and similarly for Z; ;,

€it, then equation [£.5) could be written as

p
git = Z thg'gi,j + éit- (46)

Jj=1

At this moment, we assume that Kf is known in the estimation procedure. Later we will
discuss how to use a BIC-type criterion to consistently estimate KJQ, for j =1,...,p. Recall

our goals are to estimate both h; ;(z), fi;(z) and identify the latent group structure. To
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achieve these goals, we propose to minimize the following criterion function:

0
KJ’

Qnra(0,m) = Qnr(0) + ]/\\,ZZ

i=1 j=1k=1

Qi,j - Uk,jHF ) (4-7)

where

i=1t=1

QNT ]\}ljﬂZZ(gzt Zzltj ,]) . (48)

In equations and , we let 0 = (01,...,0n), in which 6; = (¢;,,...,0; ), and n =
(11, -»m,)', in which n; = (1 5, ..., n}(jJ)’. A is some positive tuning parameter which depends
on N and T. The additional penalty is used to shrink the individual parameters 6, ;, ¢ =

1,..., N to a particular unknown group-specific parameters n, ; for some k € {1, ..., KJQ} while

at the same time to classify individuals into a priori unknown groups.

A~

{hiq(z), ..

Let 6 and 7) be the solution to the minimization problem given by equation Then
by

px)fori=1.., N, and {fu(aﬁ), ---,ij,j(SC)} for j = 1,...,p are given by

ili,j(a;) = \/t_]BJ(x)/ém for j=1..p,

fk](a:) = ﬁB‘](x)’ﬁk,j for k =1, ...,KJQ, j=1,..,p.

The latent group structure is identified using the following rule: i € Gk’j if flw = fk]
As pointed out in Su et al.| (2016)), all individuals will be classified into certain groups
asymptotically. However, in finite samples, it may be the case that some individuals are left as
unclassified if the tuning parameter is relatively small. When such situation appears, we can

use another decision rule to determine the latent group structure: i € Gy if ’ hi; — fk’jHF <

’hzvj - flvj‘ F7

foralll =1,..., Kj.
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4.4 Asymptotic Properties

In this section, we establish the asymptotic properties for the estimators proposed in Section
4.3l This section include five subsections. They are organized as follows: in Subsection
, we characterize the preliminary convergence rates for individual coefficients ém, for
t =1,..,N and j = 1,...,p and the group-specific parameters 7 ;, for 7 = 1,...,p and
kE=1,.., K]Q. Subsection m presents the results of classification consistency. After that,
Subsection reports the asymptotic distribution of group-specific parameters fj ;, for
j=1,..,pand k =1,..., KJQ. Subsection discusses how to determine the number of

groups.

4.4.1 Preliminary Rates of Convergence

We first give the necessary assumptions for establishing the convergence rate of 6 and 7.

J— ! J— !/ / /
Define g = (i1, -, Tirp) and zig = (21, -, 241 )"

Assumption 1. (i) For each i = 1,...,N, {xy, ey : t > 1} is stationary strong mizing
with mizing coefficient o; (7). a(j) = maxiccny a;(f) satisfies a(j) < cqexp(—pj) for
some 0 < ¢, < 00, 0 < p <00, {Ty,en} are independent across i.

(ii) There exists positive ¢ such that max;||u;||% < ¢ < oo for some q > 6.

(iii) For the nonparametric functions {f7}, ..., fro ;}i—1, we have
. 5o

(i) E[fg ()] =0, forj=1,...pand k=1,..., K.
(it) fr; € F=AL([0,1]) withr >0, forj=1,..,pand k=1,..., K.

(111) Vi € {1,..., N}, let fir ;(x) denote the marginal density function of {x; ;}, we have
firj(@) = fij(x) for all1 <t < T and x € |0, 1]. Furthermore, there exist positive

constants ¢ and ¢ such that

i i i y < y c .
O<e< min i B, U} < may o sup {i()) <@ < o0
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(iv) There exist ¢ > 0 such that for any j =1,...,p,

min || fY -—fO»H2>c
1<m¢n<K? m,j n,J 2 -

(v) There exist positive constants ¢ and ¢ such that

0<c< 1I£1<I]lv tomin (Var(z;)) < AX fimaz (Var(z;;)) < ¢ < oc.

(vi) N]’\“,‘j — 1, forj=1,.,pandk=1,., KJQ as N — oco. There exists positive constants

¢ and ¢ such that

O0<c< min min {7} < max max {7} <c<1
Ty lgkgK]Q{ ’J} 0<j<p 1<k<K]0{ ’j}

Assumption implies that the strong mixing coefficients a(l) decay exponentially fast to
0 as [ — oo uniformly. Similar conditions are made in|Su et al. (2016), Su et al.| (2019), |Vogt
and Linton (2017)), etc. For more discussions on this, we refer readers to [Su et al.| (2019).
Assumption imposes moment restrictions for w;.

Assumption imposes restrictions on the nonparametric functions. The first part is
a harmless normalization. The second one is the smooth condition which ensures we can
approximate any function f € JF sufficiently well using the tensor-product of univariate

B-splines. By results from the approximation theory, there exists 7, ; € R” such that

sup kaj(x) - BJ/Wk,jH =0(J™")

z€[0,1] o0

Similarly, for each individual, there exists 7; ; such that
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Then, after controlling for the approximation error, the difference between f j(x) and h; ;(z)
is reflected by the difference between m;, ; and «; ;. The third part is also assumed in [Vogt
and Linton (2017). First, this condition makes the functions h; ;(z;) comparable across
individuals. Second, it guarantees that h; ;(z;) could be estimated uniformly well.

Assumption specifies that the group-specific parameters are well separated from each
other. At the same time, it also implies that the group-specific vectors = and n are well

separated. For 1 < m # n < Kj, let’s consider vagz,j — f&H2 first. Notice that

0 0
|70 = 1241,

0 J! 0 J!
<A = B s, 12 = B s, +

VB (\/17(7%4 - Mj))

2

=

- LT{"—T{"/ Tz Jxlxiw-—ﬁ- 2
~o(J >+{( s = m) [ IB @B e (g >)}

1
= ﬁ(ﬂm,j — Tn.j)

Y

F

where the last equation holds because the eigenvalues of [« J B/ (x) B’ (z)'dz are bounded
above and away from zero.

Similarly, we have

¢
5
vy
K\
—
\ -
5
3
|
)
3
~

N

0 0 0 J! 0 J!
Jmg = Fn 2 +Hfmvj - B Wm’jHQ +Hf”vj - B W”JH
0 0
=|fmi = I

= fTOrL,j - fr?,j

(T — Tnj) * —|ne . — 50 |°. In a similar fashion
m,j n,J o — nm,] 77”7.7 F. !

2
1%

Therefore, we have Hf%j — fngQ =
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we can get
2

2
hij = fril, =

if i ¢ G} ;. This result guarantees that the penalty item in the criterion function |4.7| could

0i; — Uk,jHF :

shrink the individual coefficients to some group-specific parameters.

Assumption is a standard identification condition for sieve estimation. As demonstrated
in Section [4.3.2] we take the demean approach to get rid of the individual fixed effects, which
consequently requires that E[Z;;2],] is positive definite to identify the coefficients. Then notice
that the corresponding population value is Var(z;;). Assumption is commonly assumed
in the classification literature, which implies that each group would include an asymptotically

non-negligible number of individuals.

Assumption 2. As (N,T) — oo, we have A — 0, J — oo, J2(InT)3T~' — 0 and
N?T'"3 — 0.

Assumption [2] specifies several restrictions on J, N and T'. Let’s first focus on the first part
of the condition, i.e., J %(ln T)3T~!' — 0. This condition is comparable to the Assumption
2 in Newey (1997)) for independent observations. The last condition requires that 7' cannot
increase too slow compared with N. The intuition is clear: as T grows, more information of
each individual is revealed, making it easier to identify the latent group structures. The ¢
is the moment restriction we make in Assumption which is set to be larger than 6 to
allow that N and T increase at the same rate.

We are now ready to establish the preliminary convergence rates for 6 and 7, which are given

in Theorem [
Theorem 1. Suppose Assumption[1], [ hold, then
(i) 6; — 0r = Op(J " + J3T~% + ) and |0, — 02,|r = Op(J ™" + J2T~3 + X) for
i=1,2,.. Nj=1,..p.
(i) % Ll = 0013 = Op(J > + JTY) and 3 SN0 5 — 0,11% = Op(J 2+ JT ) for
7=1...p.
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(ii) wy; — Ml = Op(J™" + J2T~2), for k = L,.,K?, j = 1,.,p, where

(M) ...,ﬁ(K?)’j) is a suitable permutation of (i ;, --~777Kjo,j) forj=1,..,p.

Theorem and give the pointwise and mean square convergence rates of éw for j =
1,...,p. In Theorem , the first term, J~", comes from the approximation error. The
second term, .J %T_%, demonstrates the contribution of the interaction between B-splines
and the error term. Similar as other Lasso-like estimators, the penalty item is reflected by
A. However, in Theorem , the penalty term disappears. We direct interested readers to
the details in the proof. The convergence rate of 7 ;, similarly, does not depend on A.

By Assumption [2l and Theorem |1} it is clear that é” and 7)) ; converges in probability to

92 ; and 77213», respectively. For notational simplicity, we denote 7)) ; as 7 ; and further define
N A, B .
Gry={i€ {1, N} b5 =y} fork=1,..,K?,

which denotes the set of individuals whose functions of the j-th explanatory variable are

classified into the k-th group, for 1 < k < KJQ.

4.4.2 Classification Consistency

To ensure the group classification’s consistency, we need to impose more assumptions, which

are given in Assumption

Assumption 3. As (N,T) — oo, A\T2J72(InT)3" — oo , AJ'(InT)™" — oo ,

T2 2(InT) 3" — 0o and AInT)* — 0 for some v > 0.

Assumption [3| imposes restrictions on A and some further ones on J. Intuitively, we require
that A dominates all other errors of approximation or u;; to make sure the penalty term can

effectively shrink the individual coefficients to corresponding group-specific parameters.
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Following Su et al.| (2016)) and [Su et al.| (2019), we define

By, = {z ¢ Grjli € G%j}
Fik,j = {Z ¢ G27j|i € ij}
where ¢ = 1,...,.N, j = 1,...,p and k = 1, ...,KJQ. We let Elw’ = UZ-GG%J‘EAMJ, Fk’,j =
Uica, Fikﬁj. Here Ek,j denotes the event of classifying individuals that belong to G%j into
groups other than ém; and F) r; denotes the event of classifying individuals who don’t belong
to G%j into Gka These two events mimic the Type I and Type II errors in hypothesis testing

literature, respectively.

The following theorem establishes the consistency of the group membership estimator.
Theorem 2. Suppose Assumption[1], [4 and[3] hold, then
: 14 Kj Y Kj )
.. K% ~ KO N
(1)) P(Uj—y Uply Fry) < 51 02y P(Fry) = 0 as (N, T) — oo.

Theorem [2] guarantees that with probability approaching 1, we can correctly classify
individuals in the same group, say G%j, into one group C?k,j, and those classified into the

same group, CAJ;W-, belong to one correct group G%j forj=1,...,pand k=1,..., KJQ.

4.4.3 The Oracle Property and Asymptotic Distributions

As mentioned previously, the Classifier-lasso estimation method can simultaneously
accomplish two tasks: to classify individuals into different groups and to estimate 0; ;, for
i=1,..,Nandj=1,..p and n, for k=1,.., K] and j = 1,...,p. Given the estimated
coefficients, we might want to conduct statistical inference on the functionals of the

nonparametric components. For example, fk’j(:c), which is constructed by

frj(x) = VIB (x) ;.

93



An alternative strategy would be to implement the post-Lasso approach. Given the estimated
groups ém, forj=1,..,pand k=1, ..., KJQ, we could conduct a constrained optimization
to estimate group-specific parameters. We denote the post-Lasso estimators as kaJ (x).
Our goal in this subsection is to show that both the C-lasso estimator and the post-Lasso
estimator enjoy the oracle property, i.e., they are asymptotically equivalent to the infeasible
estimators as if the group memberships are known ex ante. Before we move to the results,
more definitions and assumptions are required.

11
Let w; = (win, Win, .oy wir), €; = (€41, €2, ..., €7) and Var(u;|z;) = X2 V;32, where

% =diag(o7 (zi1), ..., 0 (xir))

V; =El[e;€]]

We then formally demonstrate how to construct the oracle estimators. Given the correct
group membership ng for1 < k< K}J and 1 < j < p, define Z;; g0 = (2, 0, 2}, o s Zig.c0)'s
, ) ] 1T P

where
GY th
2J
’ / ’ /
Zit,Gg.) = ( Ix1o o0 Bt oo Jxl)

KJQ vectors

for 1 <7 <p. Eithg is composed of K j[-) column vectors of length J. All the vector are 041
except for the GY ;th, which equals to Z ;. Then Z; qo is a (J POy KJQ) x 1 vector.
The regression equation is

~ ~/ ~
Yit = Ziy o + €it

where 7 is a (J Sy K?) x 1 vector. Let n = (11,1, .-,7,)", and n; = (0}, 5, ...,an_),j)’
for 1 < j <p.

Denote the estimated 7 as fgo with all the components ﬁgg’j. Then construct the
corresponding fG%j = zét’jﬁggd for 1 <k < KJQ and 1 < 7 < p, which is the oracle estimator.
Define

-1

—1
Vgo = (E[Zit,Gogz{t,GOD E {%.7(;023/2‘/;27;1/22;@;0} (E[gitGO%{LGO])
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where Z;. g0 = (%100, Zi2.60, -, Zir0). We could divide Vo into different cells Vao for
37

1<k < KJQ and 1 < j < p according to the true group structure.

Assumption 4. (i) For j=1,...,p and k = 1, ...,K;-), there exists two positive constants

¢, and ¢, such that

0< Gy < lim  min Mmin(%) < lim  max Nmax(%) < EvéNT
N,T—00ieG) | N,T—00ieG) |

for some nondecreasing sequence 61 which satisfies Syr N~ — 0 as N,T — co.

(ii) Let Bit, = ﬁBZ{(:{;it)Ji(xit). There exist positive constants ¢ and ¢ such that

0<c< m1<1}v Lomin (Var(Bit,U)) < mMax fhnax (Var(Bit,U)) << o0

1<iKN

1<i<

Assumptions [4] is analogous to Assumption A.3 in|Su et al. (2019). Assumption [4f(i)|imposes
restrictions on the covariance matrix of ¢;. Assumption [4{(ii)| assures that the eigenvalues
of the interactive items of z; and the error term are bounded above and away from zero

uniformly.
Assumption 5. As (N,T) — oo, NTJ™* — (.

Assumption [5| is used to establish the pointwise convergence rate of the group-specific
infinite-dimensional estimators f ;(z) and kaJ(x) The following Theorem |3| establishes

the asymptotic distribution of the estimated functional of fy ;.

Theorem 3. Suppose Assumption @ @ and @ hold. Then for any j € {1,...,p},
ked{l,.. Kj},

(i)
VNGT IV s (Fosle) — £25(0)) B N(0,1)
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(i)

NGT IV s (f (@) = £25(2)) B N(0,1)

where

and VGg 15 the corresponding cell in Vio.

Theorems 3| indicates that the Classifier-lasso and post-Lasso estimators of fj ;(x) are
asymptotically equivalent to the infeasible estimators, which are denoted as ng . Thus
»J

both C-Lasso and post-Lasso estimators exhibit oracle properties.

4.4.4 Determination of Number of Groups

In this section, we discuss how to use a BIC-type information criterion to determine the
number of groups K, j = 1,...,p. Define K = (K7, ..., K}). Following the literature, we
assume that K JQ is bounded above from a finite integer K., for all j =1, ..., p. We make the
dependence of f; ; and 7 ; on K and A explicit by denoting them as 8; ; (K, ) and 7 ; (K, A).

Using the post-Lasso estimator 7 (K, A), we could calculate

. 1 £l
Ué‘(K,/\) = NT ZZ (ylt Zune (K, )\)) :

i=1t=1

Then we choose K = (K, ..., K,) to minimize the following information criterion

IC(K,/\)zln( o ))—i-pNT pIS K,

j=1

where py7 is the tuning parameter. Let f(()\) = argmini<k, <Kpax,j=1,...p IC(K, ). We
next show that the above information criterion can consistently select the number of groups
for each nonparametric component. Let G§K) = {G K1j, - Gk, va} be any K-partition of

{1, ..., N} for variable j, and G a collection of all such partitions for all 1 < j < p. Further
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define

1 N T R o 9
o = NT Z Z (yz‘t - ZitnéK,k) :

i=1t=1

We first introduce some assumptions.

. : : . P
Assumption 6. As (N,T) — oo, mlnngj<K§_)71<j<plnfG(K)egK 6L — a° > og, where

of = plim(N,T)—moﬁ PIARD IR
Assumption 7. As (N,T) — oo, pnrJ — 0 and pyrNT — oc.

When to decide the correct number of groups, there are three different situations to consider:
K; < K}, K; = K}, and K; > K} for each 1 < j < p, corresponding to under-fitted, correct,
and over-fitted models, respectively. Assumption [6] is used to guarantee that in the under-
fitted models, the first term in the IC criterion is always larger than in the correct model.
It implies that we will not choose under-fitted models with probability approaching one as
long as the second term in the IC criterion is dominated, which is ensured by Assumption
[7l Similarly, Assumption [7]is a condition to ensure that the over-fitted models will not be
picked out with probability approaching one. The following theorem formally summarizes

such intuition.

Theorem 4. Suppose Assumptions @ @ @ @ and@ hold. Then P(K()\) = K°) — 1
s (N, T) =

Theorem [ shows that the IC criterion can consistently determine the correct number of
groups for each nonparametric component. However, in finite samples, we suggest that
readers use it with caution. There is always some probability, even though quite small, that
a misspecified model is selected. Thus we recommend that readers try different numbers of

groups, compare the results, and discuss possible implications in empirical studies.
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4.5 Simulation

In this section, we investigate the finite sample performance of the sieve-approximation-based

Classifier-Lasso estimation method for nonparametric additive panel regression models.

4.5.1 Data Generating Process

We consider three different data generating processes (DGPs). In all three DGPs, we let x;;
follow a standard normal distribution across both ¢ and ¢ for s = 1, ..., p, u; follows a standard
normal distribution for all individuals ¢, and w;; ~;;4. N(0,1) across both ¢ and ¢. For each
DGP, we consider four different combinations of (N, T") to investigate their influence on the
estimates. These four combinations are: (1) (N,7T) = (100,40); (2) (N,T) = (100, 80); (3)
(N,T) = (200,80); (4) (N,T) = (200,160), which analogize various data structures in the
real-world data sets. The three DGPs are detailed as follows.

DGP 1 In this data generating process, we assume y;; is given by the following specification

Yir = i + hi1(Tien) + hia(i2) + wir,

where
x—1 ifi e GV
2 1,1y
hi71($) =
322 —1 ifieGyy,
and
sin(2mz) if i € GY ,,
hiyz(LU) =

sin(dmz) if i € GY 5.

Here GY ; denotes the set of individuals such that the individual-specific function h;; is in
the k—th group of the function of z; ;. Furthermore, we assume G‘i1 ={1,2,.., %N} and

GYy={1,2,....,5N}.
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DGP 2 In this data generating process, we assume y;; is given by the following specification

Yir = i + hi1(zien) + hio(Tin2) + his(@is) + wi,

where
sin(2rx) if i € GY
hi71(l‘) =
sin(4mz) ifi e Gy,
and
cos(2mz) ifi e GY,,
hi’g(m) =
cos(4mz) ifi e GY,,
and
x— 31 ifie@
2 1,3
hiﬂg(l‘) =

Here we let G9, = {1,2,.., ¥}, G%, = {1,2,... ¥} and G945 = {1,2,... 3N}.

DGP 3 In this data generating process, we assume y;; is given by the following specification

Yir = i + hi1(zie1) + hio(Tie2) + his(Tis) + wi,

where
sin(2rz) ifi e GY 4,
hi71<l') =
sin(4mz) ifi € G,
and
cos(2mz) if i€ GY,,
h@g(&?) =
cos(4mz) ifi e GY,,
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and

1 L 0
117—5 le€G1,37

hig(x) = {322 — 1 if i € G35,

ad =322+ 3 ifie Gy,

Here we let G9, = {1,2,..., 5}, GY, ={1,2,... 5}, GY5 ={1,2,..., AN} and GJ5 = {IN +

As the number of nonparametric functions and the number of groups for each nonparametric
component increases from DGP 1 to DGP 3, grouped heterogeneity in each nonparametric
component becomes stronger and stronger,

For a fixed DGP and a given combination of (IV, T'), we estimate the model using the iterative
procedure introduced in |Su et al.| (2019) and simulate with 100 repetitions. We let the tuning
parameter A = (NT)~/®, which satisfies all the related assumptions on \ given in Section
to ensure the consistency of the estimators. We use the cubic B-splines (B-splines of order 4)
for sieve approximation, and we let the number of interior points Jy to be the integer closest
to (NT)5.

To measure the accuracy of the estimation approach developed in this chapter, we report
the root mean sqaure errors (RMSE) of both individual-specific and group-specific unknown
functions as well as the rate of correct classification for each unknown function. More
specifically, for the j-th nonparametric function, the RMSE of the group-specific estimates

are given by

KO

1 & A 2

RMSE = = S iy — h%j o
r=1 k=1

respectively, where R is the number of repetitions which equals 100 in our setting. The

correct classification rate for the j-th nonparametric component is given by

0
NK]'

1 E (1 oA
G == {5 ST Hi€Cuyic G},

r=1 i=1 k=1
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We report the RMSE for both C-Lasso and Post-Lasso estimates as well as the oracle
estimates. Here the oracle estimates is estimated assuming the group memberships are

known.

4.5.2 Simulation Results

Table 4.1, Table 4.2, and Table 4.3 report the simulation results for the group-specific
parameters in DGP 1, DGP 2, and DGP 3, respectively. There are several interesting
findings. First, we can see that the rate of correct classification (CC Rate) increases when
both N and T increase. When (N, T") = (100, 80), the rate of correct classification is larger
than 98% in DGP 1 and DGP 2, and when (N, T") = (200, 160), the misclassification error
is almost zero in all DGPs, showing that the estimation method has a satisfying
performance. Second, the correct classification rate is higher in DGP 1 than in DGP 2 and
DGP 3 when (N,T) is fixed. This shows that the complexity of the group structure will
also affect the finite sample performance of the estimation method. Third, the RMSEs of
the C-Lasso estimators are usually larger than the RMSEs of the post-Lasso estimators. In
addition, the finite sample performance of the post-Lasso estimators is very close to that of
oracle estimators when (N, T") is large, which is consistent with the theoretical justification
in Section {.4] and the simulation findings in [Su et al. (2016)) and [Su et al.| (2019). Based on

these findings, we recommend using the post-Lasso estimators in empirical studies.
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Table 4.1: Simulation Results of the Group-specific Parameters in DGP 1

Function =~ N T CC Rate RMSE (C-Lasso) RMSE (Post-Lasso) RMSE (Oracle)

RS 100 40 84.49% 0.1577 0.1557 0.0893
100 80 98.71% 0.0708 0.0693 0.0674
200 80 98.38% 0.0568 0.0530 0.0501
200 160 99.96% 0.0372 0.0364 0.0364
hY 100 40 94.65% 0.1356 0.1364 0.0965
100 80 99.81% 0.0724 0.0718 0.0708
200 80 99.72% 0.0535 0.0520 0.0512
200 160 100.00% 0.0374 0.0372 0.0372

Table 4.2: Simulation Results of the Group-specific Parameters in DGP 2

Function N T CC Rate RMSE (C-Lasso) RMSE (Post-Lasso) RMSE (Oracle)

hY 100 40 96.11% 0.1356 0.1305 0.1088
100 80 99.87% 0.0809 0.0764 0.0761
200 80 99.81% 0.0632 0.0588 0.0580
200 160  100.00% 0.0439 0.0425 0.0425
hY 100 40 90.92% 0.1776 0.1753 0.0948
100 80 99.76% 0.0750 0.0717 0.0707
200 80 99.64% 0.0548 0.0514 0.0500
200 160  100.00% 0.0383 0.0366 0.0366
h$ 100 40 74.17% 0.3233 0.2926 0.1023
100 80 98.64% 0.0948 0.0801 0.0760
200 80 97.98% 0.0808 0.0629 0.0568
200 160 99.95% 0.0530 0.0415 0.0414

102



Table 4.3: Simulation Results of the Group-specific Parameters in DGP 3

Function N T CC Rate RMSE (C-Lasso) RMSE (Post-Lasso) RMSE (Oracle)

Y 100 40  96.87% 0.1409 0.1367 0.1108
100 80  99.90% 0.0814 0.0800 0.0787
200 80  99.87% 0.0608 0.0591 0.0578
200 160  100.00% 0.0440 0.0434 0.0434
h3 100 40  92.29% 0.1645 0.1603 0.0951
100 80  99.83% 0.0733 0.0701 0.0687
200 80  99.67% 0.0546 0.0511 0.0496
200 160  99.99% 0.0374 0.0366 0.0366
h$ 100 40  63.73% 1.8325 1.4873 0.1441
100 80  92.74% 0.1586 0.1479 0.1063
200 80  90.48% 0.1526 0.1372 0.0783
200 160  99.90% 0.0599 0.0589 0.0588

4.6 Empirical Illustration

In this section, we apply the model and the estimation method developed in this chapter
to analyze a textbook example: exploring the effects of different explanatory variables on
cigarettes sales in the United States. The data set is from Baltagi et al.| (2000)), which covers
46 American states over the period 1963 - 1992. The explanatory variables included in this
data set are the yearly per capita sales of cigarettes, the yearly average retail price of a pack
of cigarettes measured at the price level in 1992, the yearly real per capita disposable income
and the minimum real price of cigarettes in neighboring states. In Baltagi et al.| (2000), they
modeled the cigarettes sales using a dynamic linear panel regression model which is specified
as

Inyy =a+Bilny1+ Polnwy s + Polnwy o+ PsInwy s + wi, (4.9)
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where ¢ represents the i-th state (i = 1,...,46), t represents the ¢t-th year (¢t = 1,...29), y;
denotes the yearly per capita sales of cigarettes, x;1 is the yearly average retail price of
a pack of cigarettes measured at the price level in 1983, z; o is the yearly real per capita
disposable income, x;; 3 is the minimum real price of cigarettes in neighboring states and u;,
denotes the unobserved demand shock.

Baltagi et al. (2000) estimated the model using various estimation techniques such as
OLS, 2SLS, and Shrinkage OLS. However, the estimation results in [1.9) can give very
different policy implications since the signs of [’s are opposite when using different
estimation techniques. It might be caused by the parametric restriction of the linear panel
regression model because the marginal effects of explanatory variables are restricted to be
constant. It is well known that the consumer demand for many goods often exhibits
diminishing returns to scale, i.e., consumer demand may depend on the absolute scale of
certain explanatory variables. There fore, using linear panel regression models to estimate
the demand can also be problematic from consumer theory. To address this problem, we
propose to estimate the consumer demand for cigarettes using the nonparametric additive
panel regression model with grouped hetero geneity developed in this chapter. The
grouped heterogeneity of consumer demand may be induced by culture, customs, social
norms, and many other latent factors shared by different states. It is worth noting that
Mammen et al. (2009)) used a similar additive panel regression model to analyze this data
set. Compared with their work, our analysis takes account of the state-level unobserved
heterogeneity in the consumer demand for cigarettes, which provides a more accurate

picture of the consumer demand on cigarettes. We consider the following model:

Iy =BiInyi1 + hia(Ti1) + hio(Tie) + a; + g, (4.10)

where x4 is the yearly average retail price of a pack of cigarettes measured at the price

level in 1983, w3, is the yearly real per capita disposable income. We don’t include the
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minimum real price of cigarettes in neighboring states in model because the effect of
this variable on the cigarette sales is negligible compared with other explanatory variables.
Since our model is nonparametric, it requires a larger amount of observations to ensure the
accuracy of estimation, and thus we omit less relevant variables.

We impose latent group structures on both h;1(x;1) and h;o(z42) for all i = 1,..., N. The
values of explanatory variables are normalized to [0, 1] . Using the information criterion and
the estimation method proposed above, we find that there exist two groups of h;1 (1)
However, we do not find evidence indicating there is grouped heterogeneity in h; 2(x;2). We
use post-Lasso estimator to recover the estimated functions of hy(z) and hy(x), respectively.

The estimated functions of hy(x) are shown in Figure 4.1.

0.8 T T T T T T T T T

Group 1
Group 2

0.4 \ .

Figure 4.1: Plot of hy ()

For hi(x), there are 28 states in Group 1 and 18 states in Group 2. Group 1 includes
Arizona, Arkansas, California, Connecticut, Florida, Georgia, Indiana, lowa, Kansas,

Kentucky, Maine, Michigan, Mississippi, Missouri, Nebraska, Nevada, New Hampshire,

105



New Jersey, Ohio, Oklahoma, Pennsylvania, South Carolina, South Dakota, Texas, Utah,
Vermont, Virginia, and Washington. On the other hand, Group 2 includes Alabama,
Delaware, DC, Idaho, Illinois, Louisiana, Maryland, Massachusetts, Minnesota, Montana,
New Mexico, New York, North Dakota, Rhode Island, Tennessee, West Virginia,
Wisconsin, and Wyoming. From Figure 4.1, we can see that consumers living in the states
of Group 1 are, on average, more sensitive to the price of cigarettes, meaning that their
price elasticity of demand is more considerable.

For hy(x), the estimation method indicates that only one group exists, and the estimated

function is shown in Figure 4.2.

0.4 T T T T T T T T T

0.2 7

Figure 4.2: Plot of hy(z)

Figure 4.2 implies that states with a higher real per capita disposable income have larger
amounts of cigarette sales. This is consistent with the findings in |Baltagi and Levin (1992)
and Mammen et al.| (2009)). It is worth noting that the estimated function of hy(x) indicates

that the real per capita disposable income will have a negative impact on cigarette sales if
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it exceeds some threshold. We conjecture that such reduction of cigarette sales is because

people with higher income are usually more aware of the harms of smoking on health.

4.7 Conclusion

In this chapter, we study a nonparametric additive panel regression model with grouped
heterogeneity. This model contributes to the literature on both nonparametric panel
regression models and panel models with grouped heterogeneity. The proposed model can
handle both the nonlinear effects of explanatory variables and the non-additive
heterogeneity at the same time, making it an appealing choice for empirical studies.

To estimate the model, we develop a sieve-approximation-based Classifier-Lasso estimation
method, which can simultaneously estimate the parameters of interest and identify the
latent group structure. We successfully establish the asymptotic properties of the proposed
estimator and the consistency of the group classification. Besides, we show that the
proposed estimation method enjoys the so-call oracle property, which means that
parameters are estimated as if the latent group structure is known in advance. Such finding
is consistent with [Su et al.| (2016)) and [Su et al.| (2019).

Since group numbers are usually unknown in general and have to be estimated from the
observed data, we further develop a BIC-type information criterion to determine them. We
show that this criterion can consistently estimate the number of groups for each
nonparametric component under some regularity conditions. We investigate the finite
sample performance of the proposed estimators and the information criterion through
Monte Carlo simulations. Both work well. Finally, we apply the model and estimation
method developed in this chapter to estimate the demand for cigarettes in the United

States using panel data of 46 American states from 1963 to 1992.
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Chapter 5

Appendix

Proofs of the Main Results in Chapter 1

Proof of Proposition 1: We prove the proposition following a similar identification
strategy in De Paula et al| (2018). We first show the parameters of interest
0 = (N B,0,co,...,cx)" are locally identified by checking conditions of the Theorem 6 in
Rothenberg (1971). Without loss of generality, we assume ¢; is normalized to be 1. So,
0 € RE+2, Let

H(0) = (I — \G(0))(BI +6G(0)). (5.1)

Notice that H(6) is continuously differential in 6. Following the definition of identification
in Hurwicz (1950) and Bramoullé et al. (2009), the reduced form parameter H = (I —
AG)~YHBI + 6G) is globally identified by Assumption 1. Also notice that the parameters
space © is open by assumption. So, to show the local identification of #, we just need to
prove the derivative matrix of H(6) has full rank. We next calculate the derivative matrix

of H(f), denoted as V. First, notice
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M (1= 2G) G = AG) (BT +6G),

N
OH
T (- 2G)™!
OH
— =T -)G)!
55 =126
aH -1 -1 -1
S = ML= AG) T A (I = AG) T (B +0G) + 51 = AG) A,
k
where A, is a N x N matrix in which the (4, j)th element equals %g}fe). We then can write

out the derivative matrix Vg by vectorizing those derivatives and combining them into a

N? x (K + 2) matrix.

OH OH OH OH OH
Vu= [vec(a),vec(%),vec(—
By the Theorem 6 in Rothenberg (1971), 6 is locally identified if rank(Vy) = (K + 2).

Suppose not, then there exist some (K + 2)-dimensional vector a = (ay, as, ag, as, ..., ax)

such that a # 0 and

(aj) + (87[‘[) + (aj) + (aj) + + (ai) =0
a) - vec a)\ Qg - vec a(s (15 vec 85 Q9 - vVec aa2 Qi - vec aCK = U,

which is equivalent to

o + 87H_|_ a£+ aiH_F + ai =0 (5 2)
as ag 85 Qo 802 [(057¢ = U. .

RPN 96 dex
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Plugging in the expressions of derivatives, we have

{ f a; [)\(I—)\G)1Aci(l—)\G)1(BI+5G)+5(I—)\G)1Aci]}+aA(I—)\G)1G(I—>\G)1(ﬁl+5G)

1=2

+as(I — AG)™'G +ag(I — \G) ™t =0. (5.3)

Multiplying both sides of equation (5.3)) by (I — AG) on the left, we get

{ iai[AAci(I —AG) (BT +6G) + Mci]} +axG(I = A\G) N (BI + 6G) + asG + agl = 0.

=2

K
Let C = ¥ a;A.,. Because |A\| < 1 by Assumption 2 and G is row-normalized, we can
i=2

commute (58I + 6G) and (I — AG)~!. Thus we have
AC(BI +0G)(I — AG) ™' +0C + axG(BI + 6G)(I — AG) ™ + asG + agl = 0. (5.4)
Multiplying both sides of equation by (I — AG) on the right, we get
AC(BI 4 0G) + 6C (I — AG) + a\G(BI + 0G) + asG(I — AG) + ag(I — \G) = 0.
After some algebra, we have
(6 + AB)C + agl + (Bay — Aag + a;)G + (axd — Xas)G* = 0. (5.5)

Since the model assumes W;; = 0, we have G; = 0 and thus C;; = 0 for i = 1,..., N. So,

equation ([5.5)) implies
as + (a)ﬁ — )\CL(;)(GZ) = O,

for all i = 1,..., N. By Assumption 5, there exist 4,j € V such that G}, # G7; and notice

G?% > 0 since there is no isolated agents, we have ag = 0 and a)d — Aas = 0. So, we can
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further simplify equation ([5.5) and get

K

(64 AB)C + (Bax + a5)G = (Z as(6 + )\B)Acl) + (Bax + a5)G = 0. (5.6)

1=2

We only need to show the matrices {A,,,...,A.., G} are linear independent. We abuse

R
notations a little bit here by using ¢ to represent both the group identity & and the strength
of links in group k. We call a link group k is directly comparable to the normalized group
¢ if there exists some row ¢ in G such that the denominator of G;; # 0 (j € V) takes the
form (b-c; + %:' ejc;) and k € P(i), where P(i) is set of identities of all links connect to
1 except for tlief n(:J)rmalized group, b equals the number of links connect to ¢ that are in the
normalized group c; and e; equals the number of links connect to i that are in the group

J except for the normalized group. Suppose {A.,, ..., A..,G} are linearly dependent, then
there exist d = (da, ..., dk, dg) # 0 such that

doAc, + ... +dg A, +deG = 0. (5.7)

By the definition of the strength-adjusted adjacency matrix G, there must exist some agent
i such that i’s links can be classified into the normalized group and other groups (otherwise
G will be a matrix which only contains constants). Without loss of generality, we assume

that i’s links can be classified into the first p groups, where p < K. Then there exists a finite
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sequence {j1,...,7}, 71 € {1,..., N}, I =1, ..., p such that

1

Gijy = ——5
b+ Z ngj
7j=1

)

Ca

Gijy = ——5
b+ Z ngj
7j=1

Y

Cp

G p
b + Z ngj
7=1

ijp — 9

where b is the number of ¢’s links that are classified into the normalized group, g; is the

number of ¢’s links that are classified into the group 7. Notice that

0Gj, _ —9j

dc; (b+ f: ngj>2’
J:pl

Gy, b+]=1u7ﬁl 996

X bt S
=

0G;, _ — ke

8ck

Then equation (5.7)) implies the following system of linear equations:

p
di(=g1) + dao(—g2) + ... + dp(—gp) + dc(b+ ) gje;) = 0, (5.8)
j=1
p p
di(b+ D gicj) +da(—g2c1) + o + dy(—gper) +da(b+ ) gjcj)er =0, (5.9)
J=1,j#1 j=1
p p
dl(—glcQ) + dg(b + Z ngj) + ...+ dp(—ngQ) + d(;(b + Z ngj)CQ = O, (510)
=1#2 j=1
p p
di(=g16p) + da(=g26p) + o+ dp(0+ D gje) +da(b+ 3 gjc;)e, = 0. (5.11)
=L i=1
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Calculate (5.14)) — (5.8)) x ¢, we get

p
di(b+)_gjc;) =0.

i=1

We have g; > 0 and b > 0 by construction and ¢; > 0 by Assumption 4, so d; = 0. Similarly,
we have dy = d3 = ... = d, = 0 and dg = 0. Therefore, we have shown that if group c;
is directly comparable to the normalized group c;, then d; = 0. Let D; denote the set of
link groups that are directly comparable to the normalized group ¢;. The next step is to
consider the link groups that are directly comparable to the link groups in the set D; but
not directly comparable to the normalized link. Let Dy denote the set of such link groups.
By definition, there exists an agent ¢’ and his links can be classified into the link groups in
D; and link groups in Dy. Without loss generality, we assume all links of the agents i’ can
be classified into p; 4+ py groups, ie., P(i') = {1,....,p;,p+ 1,p+2,....,p + po}, where p is
defined above and p; # p. So, link groups p+ 1, ..., p+ py are not directly comparable to the
normalized group c;, while link groups 1,...,p; are directly comparable to the normalized
group c;. Using similar idea, there exist elements in GG such that

Ck

p1 p+p2
2 gicit 2 gi¢
Jj=1 J=p+1

Gi’mk =

where my € V, k=1,..,p1,p+1,p+2,...,p+ pa. Then equation (5.7)) implies the following

system of linear equations:
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p+p2 p+p2
ZQJCJ + Z 9i¢j) + dao(—g2c1) + ... + dp,(—gp,c1) + dg ZQJCJ + Z gjcj)er =0
Jj=2 Jj=p+1 j=1 j=p+1
P+p2 p+p2
d1(_g102) + d2 Z g;Cj + Z g]cj + ...+ d ( gpzcl + dG Zgjcj + Z g]cj Co = 0
J=1,j7#2 Jj=p+1 j=1 j=p+1
P1 ptp2—1 p+p2
di(—g1cp,) + da(—gacp,) + ... +dp, Zg]C] + Z g;cj) + da( Zg]C] + Z 9iCj)Cp, =0
Jj=1 Jj=p+1 Jj=1 j=p+1
Notice that we have already shown d; = dy = ... = d,, = d¢ = 0. Using a similar strategy
as above, it can be shown that d,41 = dpy2 = ... = dpyp, = 0. Therefore, we have shown

that if any link group k is directly comparable to some link group which is either directly
or indirectly comparable to the normalized group c;, then d; = 0. Under Assumption 6, if
there is only one component in the network and there is no isolated agent (the network is
connected), then every link group is either directly comparable or indirectly comparable to
¢, s0 dy = ... = dg = dg = 0, which implies {A,, ..., A.., G} is linearly independent. If
there are multiple components, by Assumption 6, all links are also either directly or indirectly
comparable to the normalized group. If this is not true, we can always find a non-empty
proper subset P of {1, ..., L} such that ¢(G,) Ne(Gpe) = 0, which contradicts the Assumption

6. In summary, under Assumptions 1-6, {A,,, ... G} are linearly independent.

cKa

Therefore, combining the above results with equation (5.6)), we have

a;(0 +A3) =0, fori=2,..K,

and

/BCL)\ + a5 = 0 (512)
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By Assumption 3, A\ + 6 # 0, so ay = ... = ax = 0. Also notice that we have shown
a,\5 - /\a(; =0 (513)

Combining equation (5.12)) and equation (5.13) together, we have (A3 + d)ay = 0. By
Assumption 3, which states A\ + § # 0, we have a, = 0, which implies as = 0. Finally, we
have shown

ay=as=ag=ay=..=ag =0,

which implies the derivative matrix Vg has full rank. By the Theorem 6 in Rothenberg
(1971)), € is locally identified. The global identification result then follows from the Corollary
2 and Corollary 3 in De Paula et al.| (2018). Therefore, under Assumptions 1-6, # is identified
if (1) the sign of (A + §) is known, or (2) A > 0.

Asymptotic Analysis of the NLS estimator: Here we provide a brief asymptotic analysis
of the NLS estimator following a similar strategy in Wang and Lee (2013)). To simplify
the analysis, in this part, we also assume that @ is non-stochastic and elements of ¢ are
i.i.d. with zero mean and variance oy following Wang and Lee (2013). Let h(x,,0) =
(I = AGL(0)) 7 (BT + 0G(0))®n, Qu(0) = I — AG(0), Gno = Gul(bh), Qno = Qn(0o) and
L,(0) =y — h(x,,0)]' [y — h(x,, )], where 0 is the true value of 6.

Notice that

1 1 / / _
CE[La(0)] = (B0 = B)] + (Guodo — G)a + (AoGno — AG)Q' (Bol + Godo)]' Qu(0) ~
- Qu(0) (B — B + (Groo — GO + (AGino — AG) Qg (Bol + Grodo)]
1 /
+ 00— 1r(Quy' Qo).
n
Since the model is uniquely identified at 6y, 2E[L,(6)] is uniquely minimized at 6, (Instead

of assuming E[2’x| is non-singular, we need to assume lim @; 2 has full rank. ). To show
n—oo

the consistency of Onrs, we need to check %Ln(G) converges in probability to %E[Ln(e)]
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uniformly in 8 € ©, where © is a compact convex set which contains 6, in its interior and
LE[L,(0)] is uniformly equicontinuous on ©. Under a set of similar conditions in Wang and
Lee| (2013), these two conditions are satisfied, which implies that Onrs is consistent. The

proof is similar in spirit to the proof of Proposition 2.1 in Wang and Lee| (2013), which is

omitted here. Since éNLS minimizes L, (6), we have % = 0 and by Taylor expansion
at 0y, we have \/n(Oyps — 00) = - 8;;59(?)] 1\/15%% o) Notice that

1 OL,(60) 2 Ohy,(xn,00)
Vi vaop Tl
- nO n

%ae

Bl

Denote
Apyo = W = (I, — MGno)~ 1Gn0([ MGro)™~ (ﬁof + 0G o) T,
An,ﬁo = W = (]n - )\GnO)_lmna
Anﬁo = %71(;:(;‘&7‘9[]) = (In - )\GnO)ilGnOwnn
Ohy, (2, 0 _ -
Ape, = E;;kw = [Ao(Ln, — MoGno) 1Ack(I — MGhro)” (50[ + 00Gro) + 00 (L, — MoGno)

for k =2,.., K. Let A, = [Anxgs Ansor Ansos Ancas s Ancr ], we then have

Jn 06

4 ,
% N(0, lim ~ 05 AnQng Qo' A4). (5.14)

On the other hand, since Oy ;g converges in probability to 6y, we have § = . By a similar

uniform law of large numbers in [Wang and Lee, (2013)), we have }Laagigég) & %%. Notice
that
1 (9 L (80) 2 (9h' (Q’Jn, 90) 3hn(wn, 90) 2 ’
— 2% 1) =244 1), 5.15
n 0000 n 00 o D)= At o) (5.15)
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Combining the above results, we finally have
VitlBss — ) 5 N(0, lim n(A,A,) " A, Qi Qi AL (A, A,) )

The asymptotic properties of the case in which the dimension of § is large than 1 can be

derived in a similar fashion, so we omit the derivation here.

Descriptive Statistics of the Weibo Data Set:
Here we provide the descriptive statistics for the Sina Weibo data set which is used in

empirical application of the paper.

Table 5.1: Descriptive Statistics of the Weibo Data Set

Mean S.D. Min. Max.

Average number of daily posts 1.258  0.405 0.022 2.419
Age 35.815 9.043 18 64
Male 0.561 0.497 0 1
Number of followers (millions) 8.342  12.196 0.863 123.722
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Proofs of the Main Results in Chapter 2

Notations. For any real vector or matrix A, we use A" to denote the transpose of A, Apax(A)
to denote its largest eigenvalue and ||A||; to denote its maximum absolute column sum norm.
We use A;; to denote the ¢jth element of a matrix A. For two positive integers a and b,
we let 0,y denote the a x b matrix consists of zeros and 1, denote the a-dimensional unit

vector. For a sequence of random variables X,,, we let plim X, denote its probability

n—oo
limit, % and 4y denote convergence in probability and in distribution, respectively.

Proof of Proposition 1

We first show that the matrix (I — Ay W; — A\sWo) is invertible. Define W = A\; W + Ay W,
which is a n x n matrix. By definition, we just need to show (I — W) is invertible. Notice

that a sufficient condition to ensure the invertibility of (I — W) is [Apax(W)| < 1; see, for

example, Seber| (2008). Let’s first consider the structure of W, which is shown as follows:

A2 T A2 T
DV CE T S T
A2 T A2 T
D2 q, 17 R L= b
W = e R"*",
A2 T A2 T
n—ng - K 1711 n—ng - K 1“2 AlWK

By Assumption 1, it is easy to see that the row sums of W all equal (A + A2), which implies

the matrix ﬁw is row-normalized. Next, notice that for any row-normalized matrix A,
we have [Apax(A)| = 1 (Banerjee et al. (2014)), which implies |Apax(W)| = |A1 + A2|. Then
by Assumption 2, we have [Aax(W)| = | A1 + Ao < |A1] + |A2] < 1. So, we have (I — W) is
invertible.

We next show there exists a unique interior Nash equilibrium in the network game defined
1,...,n, the first order condition of his utility

in the main text. For individual i, i =
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maximization problem implies:
yi=m+M Y, Wawiyi + Ab-ca)-
Jea(i)

By the definition of Nash equilibrium in pure strategies, we have the following system of
equations:

Y = )\1W1Y + )\QWQY + H

Since (I — AyW; — A\yW,) is invertible under Assumptions 1 and 2, we have

Y = (I - )\1W1 - )\2W2)71H.

Proof of Proposition 2
We show the identification of the parameters of interest following the method in Bramoullé
et al| (2009). We first illustrate the idea by considering a special case p = 1, i.e., x; is a

scalar. By the reduced form of the model and Assumption 4, we have:

E{Y‘X] - (I - )\1W1 - )\2W2)71BX.

By the definition of identification in |[Bramoullé et al.| (2009), we need to show the
structural parameters (\j, \g, 8)7 is unique. Suppose there exists a set of different

parameters (A, Ag, 3)" such that

I— MW, — LWo) 13 =1 - MW, — \,W,y) 143 (5.16)

By the above equation, we have (5 — B)I + (/\IB - 5\15)W1 + ()\23 — :\QB)WQ = 0,,xn. Then
notice that I, W; and Wy, are linearly independent because of Assumption 1 and the model
setup, so we have 8 = 3, M = M8 and Mol = Xof8. Then by Assumption 3, 8 # 0, we have

B =05, A\ =)\ and Ay = X, which implies all the parameters are identified.
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We next consider the general case p > 1. The reduced form of the model is given by:
E[Y|X] = (I- MW, — L, W,) X5,

If the parameters are not identified, then there must exist another set of parameters

(A1, X, 67) 7T such that
(I— MW — AMW,)IXE = (I - MW, — L,W,)1X5, (5.17)

for any value of X. By Assumption 3 and linear algebra, the equation (2) implies 8 = /3 and
I—=MW; =X\ W,) ! = (I—X\W; — A\ W,) L. Then we have (A — A\ )W + Ay — X)W, =
0,,xn. Then by the structure of W; and W, we have \; = 5\1 and Ay = :\2. So, all the
parameters are identified.

Proof of Proposition 3

Recall Z = (W, Y, W,Y,X), Py = HH H) 'H" and define Z = PyZ. Then we have

Orsis = (Z"PHZ) ' Z PrY
—(2'2)7'2'Y
= (Z72)7'27 (20 + ¢

=0+ [Z'THH H)'H'Z'Z'HHH) 'H ¢,

where the last equality holds because H contains X. The above equation directly implies

Vilhsis = 0) = [(Z7H) (CHTH)™ (2] (2T H) (R

By Assumption 9, we have lim,,_,, %HTZ = Quz and lim,,_, %HTH = Quu. We next show
that the elements of H are bounded in absolute value. By Assumption 7 and Assumption

8, the elements of H will be bounded in absolute value if W; and W5 have uniformly

120



bounded row and columns sums. We consider W first. The row sums of W is uniformly
bounded by Assumption 1. The column sums of W is uniformly bounded by Assumption
6 and the structure of W;. We next consider Wy. The row sums of Wy are uniformly
bounded because of the structure of W5. The column sums of Wy is uniformly bounded

because of Assumption 5 and its structure. To see this, simply notice that lim,,_, |[|Wal||1 <

n 1 1
n—(maxg sg)n — l—maxgsy — (K—1)¢’

where c¢ is the positive constant defined in Assumption
5. So, we have shown the row and column sums of W; and W, are uniformly bounded.
Combining this with Assumption 7 and Assumption 8, the elements of H is bounded in
absolute values. By Assumption 9, lim,,_,.o n'H'H exists and is finite and nonsingular. We

then apply the Theorem A.1 in Kelejian and Pruchal (1998) and the Slutsky’s Theorem to

conclude /n(fasLs — 6) 4 N(0, [QfzQuuQuz] ™).
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An Iterative Algorithm for the Optimization Problem (3.4 in Chapter 3:
(i) Choose some initial value of 4, which is denoted by 6 and set s = 0.

(ii) Given the group-specific parameters S , estimate the group memberships §&**V) by

gl(s: ) = arg min ZPT Yit — u:a - wzﬂéf) ),
ginG{l,...,Ko}

foralli=1,...,N.

(iii) Given the group memberships §**!) estimate the group-specific parameters 5(5“ by

solving the following optimization problem

A(erl) o . /
OGer = argmin - > E Ipf Yit = Tigpeen) | — Wiy ),
€ G+ ‘

forall k =1,..., K°

(iv) Repeat Step 3 and Step 4 until the group memberships §, or the group-specific

parameters ¢, converge.

The iterative algorithm here consists of two main parts: (1) estimating group memberships
g- according to given values of group-specific parameters (Step 2); (2) updating the group-
specific parameters d, based on group memberships g, (Step 3). As pointed out in|Bonhomme
and Manresa (2015) and |Liu et al.| (2019)), the solution produced by the iterative algorithm
can be sensitive to the choice of initial values of 6”) because it is not guaranteed to be
a global optimum. To address this issue, Bonhomme and Manresa| (2015) recommended
trying different initial values and picking the one with the minimum loss, and we follow their
practice in our paper. Here, we propose three strategies for generating initial values.

Strategy 1 Randomly assign N individuals into K° groups (each group consists of N/K°
individuals). Then estimate d¢, , using individuals assigned to the group Gy, for all k =

1,.., KO
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Strategy 2 First, estimate 0,, using {yi, i, 2u}i, for all i = 1,..,N. Second,
implement the standard multivariate k-means algorithm with K° groups using the
estimates {d01,,...,0n,} as input. We consider three different cases (1) only use the
parametric coefficients «;; (2) only use the functional coefficients v;; (3) both «; and ~; are
used. This practice gives us three sets of initial values.

Strategy 3 First, treat all individuals as a single group and estimate 0 using all the
data. Second, generate 58& = 0+ a- Ug|'| where Uy is a (p + gJ)—dimensional normal
random vector with mean zero and the diagonal variance matrix whose elements are
{107 ,1% 105, gy [?} for all & = 1,...,K° Here 6} denotes the s-th element of the
(p + qJ)—dimensional ¢7.

Remark 1 In Monte Carlo simulations, we estimate the model using thirteen initial values:
five from Strategy 1, five from Strategy 3, and three generated using Strategy 2. For each
initial value, we estimate the parameters of interest using the proposed iterative algorithm
and record the corresponding loss in then we pick the one that gives the minimum
loss. We find that the iterative algorithm with this procedure performs very well in terms of
estimation bias and standard deviation and runs quite fastﬂ So we keep the same procedure

in the empirical application section.

'In Monte Carlo simulations, we find that the Strategy 3 with a = 1.0 performs satisfactorily, so we also
let a = 1.0 in the empirical application.

20ur estimation method can be carried out easily with popular statistical software, including R, matlab
or State with minor modification on the built-in function, such as the ‘quanreg’ command in R or the ‘qreg’
command in Stata. It takes a computer equipped with Intel i7-7700K CPU and 16G 2400MHZ RAM about
20 minutes to run 1000 repetitions of each DGP in Section @
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Proofs of the Main Results in Chapter 3
Proof of Lemma 1:
By definition we have dg, . = (aOG'k7T,7gk7T)’ € R+ and 63, , = (agw’ 5&77)/ e RPH for

all k =1,..., K° For two different groups G, G; € G = {Gy, ..., Ggo}, since

2

)

2
.o 0
- HaGk,T aGl sT

R

0 0
H(;Gkﬂ' - 6Gl,T

2
To show H(S?;M — 0¢, - >0, it is sufficient to consider two different cases:

(1)

”aon,T - aOGl,T > ¢,
(2)

HOéOGk,T - aoGl,T =0,
but

8607 = B, >

In the first case, notice that by Assumption [(ii), there exists a positive constant ¢ such that

0 0
¢ <HaGk7T o aGl7T

<[00, |- (5.18)

In the second case, by Assumption [(ii), there exists a positive constant ¢ and some 1 <
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m < ¢ such that

0 0
c <H/6ka,7' - /Bka,T 9

<88 mr = P Vs

P Vs = P@) Y|, |8 = P@) 3

2
1

(1) + { e = o) ([ PP )08y = 1)}

<001) 4 Amar (| PP Y00 |8y =8| (5.19)

where the second inequality is by triangular inequality, the third inequality is by Assumption
2(ii)| and J — oo and the definition of Ly norm, the fourth inequality is by Assumption (1)

and the inequality ¢ Ac < )\maX(A)HcHQ, where A is some p X p matrix and ¢ is a p x 1

constant vector. Then equation [5.19 implies that H7g*kmﬁ — V&m.|| > ¢ for some constant

¢ > 0 when J — oco. Finally, we have H(S%M — 0¢, > ¢ > 0 when

0 0
> H’}/ka,T - PYGlm,T

J — 00. Combining the results of the above two cases together, Lemma 1 is proved.

Proof of Theorem 1: For all 1 < i < N, we let W; = (w;y,...,w;r) € RT* Y, =
(yn,---,le)/ € RTXI, X; = ($117---7$1T)' € RTXP, R; = (Rn,---,RlT)/ e R™! and €, =
(e11, ..., e17) € RT* where Ry = wlyY — 2/,8(u;y) denotes the approximation error, where

v = (s - 7Y,), which is defined in Assumption [3(ii)] Furthermore, we let

fa0) 0 .0
0 fia0) 0
f; = e R™T,
0 0 .. fir(0)

where f;:(0) is the conditional density function of e;; evaluated at zero, and we let ¥ (u) =
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7 — 1{u < 0}. For simplicity, we suppress the subscript 7. For individual i, we have
Y, =Wl +X;a! —R; +e;. (5.20)
Define W, = W, (Wi, W,;)"'W!f;. Then equation can be rewritten as

Y, =W, (WEW,) V2{(WIEW,)20 1 (WiEW,) " 2WE X, al)

+ TV (X0 = WiX)(T' %)) = Ri + ey, (5.21)

Furthermore, for individual i, we let vy be the t-th row of W;(W/f;W;)~/2 and vy be
the t-th row of Tﬁl/z(Xi — VNVzXZ), and vy = (Ul,it7 UQ,it)- And we let

05 =(WifiW, )1/2 ; (W;fiWi)_l/ngfiXia? € R,

0% =T"2a? € RP.
Let 69 = (09,0%)', we have
Yit = vzﬁ? — Ry + ey = ?Jl,z‘tgzol + U2,it9?2 — Ry + e

Let A denote a set which contains K° different elements in RP*%/. Consider the following

objective function:

1 N
Lyr(A Nz

=1

min
;€A

1 T
Z pr(Yit — T — wiyyi) | (5.22)
t=1

where 6; = (af,7!) € RP™% and w; is defined in the main text. Comparing the above
objective function with the one in the optimization problem [3.4] the only difference is that
the group memberships are concentrated out here. It is straightforward to see that the

solution minimizes the objective function [5.22] also solves the optimization problem in the
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main text (3.4), i.e.,

A= inf

1 iv: . {1 ET: ( i i) (5.23)
N 11 = A Yit — L0005 — WLY;) |- )
Aerwran K0 N S 5en | T & Pr\Yit it i)

In fact, since the optimization problem [5.23]is equivalent to [3.4 with concentrated g, we have
5 = A, where 4 is defined the the main text, which implies that we only need to focus on
the solution that solves [5.23

Notice that we have yi; = v140;, + v2.46;s — Rit + ;¢ by definition, which further gives us
Yit — QJ;tOéi - w;t% = €it — vl,it(ﬁﬂl - 91’,1) - U2,it(622 - 9z‘,2) — Ry = ey — vyl; — Ry, where
0, = (92/1 — 9;71, 92’2 — 9;72)' and v, = (v14, v2,1). By Lemma 7, we have the following results.

(1) For any individual 1 < i < N, for any constant € > 0, there exists a constant ¢ such that

T T
lim Pr( inf ZpT(eit —vub; — Ry) > ZpT(eit — Rit)) >1—c.
T=oo \ygi|>ed? i=1 P

(2) Let © = {6 : ||6;]] < c-Jz} for some finite constant c. For 67 and 6; such that 6;,6; € O,

we have

T

T
lim PI'(Z pT(eit — Uz’tez( — th) = Z p7(67;t — Uitéi — th)> >1—c.
t=1

T—o0 —1

for any constant € > 0.

We next show that claims (1) and (2) imply the consistency of the estimators. First, by
Lemma 1, we haveH@%k —G%jH >c¢ >0, forsomec>0asJ —+ooforalll <k+#j < KO,
which implies that different groups will have different "true" parameters, i.e., the elements
contained in A are different from each other. This further implies the corresponding 69 are
different for individuals in different groups.

Second, we show that HA - AOH = 0,(1) by showingH(&;,%)/ - (a?,%o/)/H = 0,(1). We claim
that for any group 1 < k < K°, there exists 5a(k) € A such that the corresponding ég(k) €0

with probability approaching 1. Suppose not, then there are a non-negligible proportion of
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individuals such that their 6; > ¢JY2. Without loss of generality, we assume there exists a

such group indexed by k. Then we have

Z Z pr(€ir — vil; — Ri) > Z ZpT(eit — Ryt) (5.24)

1€Gy t=1 1€G t=1

with probability approaching 1 by (1). Combining and (2), we then have

qu—(eit — Uitéz' — th> > ZpT(eit — th) -+ Op<1) (525)

i=1t=1 i=1t=1

Since A solves the optimization problem m, we then have ég(k) € Oforall 1 <k < K°with

) 0
92',1 - 01,1

| = 0,(J%) and

N 0
92'72 - 01,2

probability approaching 1, which gives us ‘ = O,(J é)

for all 1 <7 < N. By the definition of éi’z, we have
‘ A 0

— O<T71/2J1/2).

For GAM, notice that

A

b1 — 0,

(2

| = (WIEW,)2(5; — ) + (WEW,) 2 WX (4 — af),
which implies that

H(ngiwi)é(% — )| <||fi1 - 07,

| +H(ngiwi)—%wgfixi(@i —a9)|.

By Lemma 3, the eigenvalues of W/f;W,; and W;(W/f;W,)"*W/ are bounded and bounded

A

A — 2N = O,(T~2J/2). So for all 1 < i <

away from zero and above, which implies that
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N and 1 <[ < ¢, we have

| B — P(u)'yl) + P(u)'7§ — 85
B — P(u)y)

:Op(T_1/2J1/2+J_H).

o) 0
B — B

-

2

2

, TP - 55

2

Finally, notice that i, i = 1, .., N, takes K° different values because of the setup of the

optimization  problem, we  have H&éa(m —al, = O(T-12J1/2).  and
Bé, i — B = O (T~YV2JY2 4 J=%) forall k = 1,..., K°.

Then when T — oo and J — oo, which is ensured by Assumption 2 (iii), we have
@@U(k) — O‘?}k = 0,(1), and ‘Bég(k)l — ngl = op(1), forall k=1,..,K°and 1 <1 <gq.

Proof for Corollary 1: By Lemma 1, we have

0 0
HéGW —0¢, .|| >¢>0,

for some constant ¢ > 0, and any Gy, G, € G = {G1, ..., Ggo} and k # [. This implies

0 0
0@'1 - 071'1

= [(Wit W) (30 = 724) + (WIEW,)PWiE X (af — o, )|

> -T2, (5.26)

for some constant ¢ > 0, where 7%, and o, is the pseudo true group-specific parameters

of the group other than ¢’s. The above result further implies that

6) — GO_iH > ¢ T2, for

some constant ¢ > 0 and ¢ = 1,..., N. By Theorem 1, we have

0; — 0°

= 0,(1). (5.27)

Then, by |5.26{and 5.2 0; — 0_;| > ¢-T%? for some constant ¢ > 0 under

~J

together, we have
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Assumptions 1, 2 and 3. By the Claim (1) and Claim (2) in the proof of Theorem 1, we then

have

T T
im Pr(ZpT(eit — Uite—i — th) > ZpT(Qit — ’Uitei — th)) >1—c.
t=1

1
T—oo —1

Since ; minimizes the loss for individual ¢ and by the nature of the optimization problem,

the above result then gives us lim PG =g?) = 1.
— 00

Proof for Theorem 2:

To prove Theorem 2, we introduce more notations for the sake of simplicity. Recall that
wir = (ziea P(wir), ..., ZitgP(uir)' )" € R%’. Suppose all individuals are perfectly classified into
K° groups. Without loss of generality, we can only consider the asymptotic distribution of

the k-th group G which consists of N, individuals. For all i € Gy, we let

_ 1 NiTxqJ
WGk —(wﬂ,...,wiT,...,kal,...,kaT) eR ,

NTx1
YGk :(yn,...,le,...,yNkl,...,yNkT)' c RVkX ,

! NpTx
XGk :(ﬁll,...,:L'lT,...,ZL’Nkl,...,iL‘NkT) e Rk p,

R¢ :(R117 "'7R1T7""RNk17“'7RNkT)/ c RNkTXl,

k

/ NpTx1
eq, :(611,...,€1T,...,6Nk1,...,€NkT) c R%* ,

where Ry = wj,vg, — 21,3 (ui) denotes the approximation error, v&, = (78,1, - V&,.q)> Which

130



is defined in Assumption 2(ii). Furthermore, we let

fa0) 0 .. .. o0
0 fi2(0) e . 0
ka — E RNkTXNkT’
0 0 o o frr(0)

where f;;(0) is the conditional density function of e; evaluated at zero for all i € Gy, and
we let ¥(u) = 7 — 1{u < 0}. For simplicity, we suppress the subscripts Gy and 7. At this

moment, the semiparametric quantile panel regression model can be rewritten as
Y =W+y'+Xa'-R +e. (5.28)
We further define W = W(W/fW)~'W'f. Then equation can be rewritten as

Y =W(W'fW) V2[(W'fW) 2 + (WEW)/2W'fXa°}

+ (N,T)Y2(X = WX)((N,T)V?a°) — R + e. (5.29)

Furthermore, we let vy ;; be the ((i — 1) x T + t)-th row of W(W'fW)~Y2 and vy, be the
((i — 1) x T + t)-th row of (N,T)"/3(X — WX), and vy = (vy4,va4), for i =1, NT.

And we let

00 =(W'fW)Y/ 2y + (WEW) "V 2W'fXa? € R?.

09 =(N,T)"2a’ € RP.
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Let 6° = (6Y,09), we then have
Yir = vit0° — Rip + ey = Ul,ite? + UQ,z‘teg — Ry + e

Define the so-called oracle estimator and establish its asymptotic properties. The oracle

estimator is given by

T /
0G, » = argmin —— Z Z pr(Yit — — wyY),
ScRp+aJ NT i€y, t=1

where 0 = (/,7')".The oracle estimator assumes that the correct group memberships are
known ex ante, so there is no estimation error from the estimation of group memberships.
We first establish the asymptotic properties of the oracle estimators following the similar idea
in |Wei et al.| (2006). The main difference is that Wei et al.| (2006) uses spline polynomials as
basis functions while we do not assign specific basis. First recall the model can be rewritten
as Yir = vl + v2iby — Ry + e, where vy 4,094, 07,09, Ry are defined in the discussion
before Theorem 2. We can rewrite the optimization problem as an optimization problem

on ¢; and 6,, i.e.,

(91, 92) = arg min Z ZpT eir — v1,it(61 — 0°) — Vg it (02 — 09) — Rir). (5.30)

01,02 jeGy t=1
We can further transform the optimization problem as follows. let § = (6,6,) = (6, —

090, — 09, which solves

T
0 = arg min Z ZpT(eit — vl,iﬁl — U2,it92 — th) (531)

01,02 Gy t=1

Then by Lemma and , for any constant € > 0, there exists a constant ¢ such that

PI‘( Z ZPT ezt Uzte th Z ZPT Cit — ) >1—e
|

|6H>C J2 i€EGy t=1 i€G t=1
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Then by the fact that § = (6, 6,) minimizes the optimization problem m the above result

1

implies that HéH = Hé — 90H — 0,(J2), which further implies HélH = Hél — H?H = 0,(J2) and
HéQH = Hég - 98” — 0,(J2). By the definition of 6, we have

0, — 00 = (W'EW)z(§ —1°) + (W'EW) T W'FX (a4 — o),
which implies that

[(WEW)H (3 - 10)

<[, — 8] + | W) Ewrex a - o).

Notice that by Assumption 1(v) and Lemma 1, the eigenvalues of W'fW and
W (W'fW)~'W’ are also bounded and bounded away from zero and above, which implies
that

H\/ﬁ(ﬁ -

:OP<‘]%>7

so we have H% — 70H = O,((NT)~Y2JY2). We next consider the asymptotic distribution of

VN T (& — a). Let 05 = (ﬁFNkT)_I Yica, Sot—1 V2,4¢(ex). By Lemma 4 and Lemma 5,
we have

6; i> N(07 Fai,TQGk,TFEJi,T>'

To derive the asymptotic distribution of &, notice that by definition, we have Oy = Oy —
05 = /N, T(& — a®). So we only need to show Hég - 95” = 0,(1). By definition, we have
Pr(|05|| < M) — 1 for any M > 0 as (N,T) — oo. In addition, by the previous results, we
have Hélu = 0,(JY?). Then we define

ﬁit(e% 9;) = pT(eit - Ul,itél - U2,z‘t92 - Rit) - PT(% - Ul,z‘tél - U2,z’t‘9§ - Rit)-
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Then by Lemma , for any € > 0, we have

> Z{ it(02,05) — E[Diy(62,05)] — va0(62 — 03)1(ear) }| = 0p(1).

1€Gy t=1

sup
Jo:-0;

<e

On the other hand, we have

sup_ | > ZDn 02,03) + (> Zw €i)v2,i) (03 — 03)
02—03<¢ | ey, t=1 i€Gy t=1
! —— 0,0 N, 705 + L ——0; T 05
TN, T TR o N, 2 T
1
= su Dit(62,0; Oy — 03)'T N, 705
by ZGZ 0o 00) + g 02 = O Do
—— O T N0y + ———05 T, 103
QNkT N T 2+ 2NkT N T
T
1
= (0 0y — 6T 0, — 0
928_1;2“1‘:;5 ZG ; 2’ 2NkT( 2 2) NkT( 2 2)
:Op(l)v

where the first equality is by the definition of 63, the second equality is by simple algebra and
the last equality is by Lemma and the triangular inequality. Notice that as (N,T") — oo,
ﬁ(@g — 03)Tn,r(02 — 03) > 0 when |6, — 65]| > €, by Lemma 4 and Assumption 4, we

have

Pr(  inf Z ZPT €t — U1 zt91 — Vbl — R; t)

|62~ 9z||>€zeth 1

> Z ZpT(eit — Ul,itél — vgily — Ri)) — 1,

1€G t=1

when (N, T) — oo. Then by the fact that § = (;,6,) solves the optimization problem m,

the above result implies 6, = 65 + 0,(1), and we have
Oy =0y — 09 = /N, T(a —a®) % N(0,0g! Q. TG )
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By Assumption 4, we have 3a(k)7T = Sng +op(cnr), for all k = 1,..., K°. This further implies

= op(cyr). Then for all I =1,...,q and

that [Jow.r — .|| = oplenr) and o - — .

k=1,.., K° we have

2

56{,(@1,7’ - P(u)/’?ékl,’r + P(U)I’A}/Eklﬁ - 6gkl,’r

A 0
5éa(k>l,r - 5sz,7 )

<

Bytr = P i | +[ PO Ao01r = B

SOP<CNT) +H‘P<u)/ﬁ/gkl,‘r - P(u)/’)/gklﬂ' 2 +H/ngl,’r - P(u)/vgkl,T

2

=0, (NYT) 212 4 %),

where the second and third inequalities are by triangular inequality, the last equality is by

Assumptions 2(ii) and 4. On the other hand, for k =1, ..., K°,

NO’(k)T(déa(k)J' - azk,T) = OP( V Na(k)TCNT)
= 0,(VNTenr)

= o0p(1),

where the first equality is by the previous result, the second equality is by Assumption 3(i)

and the last equality is by Assumption 4. Therefore, we have

NU(k)T(OAéGGUC),T — aon,T) = Nd(k)T<&Go<k),T — Oégkﬂ.) + \/No(k)T(OAéG* — OéOkaT)

o(k)’
=0p(1) + /Nowy TG |+ = 0.7)
i>N(07 Fai,TQGk,Tréi,T)'

The proof of Theorem 2 is thus finished.
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Some Useful Lemmas:

Lemma 2. Under Assumptions 1, 2, 3 and 4, the eigenvalues of

1
Z Z ltwlt NkT /GkWGk

1€GE t=1

NkT

and
T

Z Wiwh, = W’ W,

t=1
are bounded and bounded away from zero by some generic constants in probability.
Proof of Lemma 2: We first show that the eigenvalues of E[1{i € Gj}w;w}], i.e., the
expectation of wyw!, for individuals in the group k, are bounded and bounded away from

zero by some generic constants. Let b = (b], ..., b;)’ € R?% be an arbitrary vector of nonzero

constants, where b; = (b, ..., b;;)’ € R7. Notice that for all i € Gy,

b Efwiwl )b =B, P(us), ... b, P (1)) (20 (VP (i), ..V, Plui))]
= B0, P (i), . W, P i)Y Elzigl i) (0Pt oy, Plati))]
< B (Elzan i) | (0 Plaie) oo Wy P(wie))|| ]
ZbE (1130) P (1) Jb;

<cy - )\max(E[P(uzt) (ult) ])HbH

<cs|[b|l*,

where the first equality is by definition, the second equality is by law of iterative expectation,
the third inequality is by the basic inequality ¢ Ac < )\maX(A)HcH2, where A is some K x K
matrix and ¢ is a K X 1 constant vector and K > 1, the fourth inequality is by Assumption
1(iii) and the sixth inequality is by Assumption 2(i). The above calculation implies that
the eigenvalues of E[w;w},] are bounded from above by some generic constant and we can

similarly show that its eigenvalues are also bounded away from zero.
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Next, we show for i € G, we have

1

T
N.T > Y wiwy = E[1{i € Gilwgwj]. (5.32)
k

i€G t=1

Define S/ = Pj (uy) P, (i) zies, Zitgy, for 1 < Jy,Jy < J and 1 < 11,1, < ¢. Notice

that S{?’JQ’ll’lQ are just entries of the ¢J x ¢J matrix w;w},. Therefore, to show equation

T
5.32, we only need to show ﬁ >y Sk By prgduJaink] Cpor the sake of notational
i€Gy t=1

simplicity, we now suppress the subscripts Ji, Jo, l1, ls when writing S;;. First notice that

Var(Si) =E[S5] — (E[S4])?
<E[S}]
=E[P] (ui) P, (uir) 25, 1, 251,
<c- (sup|[ P () [)* B[Py, (i) Py (i)

<c-¢(J).

The fourth inequality is by Assumption 2(i) and the last inequality is by the fact that
E[Pj, (wit) Py, (uir)) = €/ E[P(uit) P(ui)'les, < Amax(E[P(ui)P(ui)']), where ey, is a J x 1

vector in which the J;-th entry is 1 and the rest entries are zero. Then by Chebyshev’s

inequality, for any € > 0, we have

P( NflﬂTzzk;tz:;Sit — E[Sy]| > ¢€) < O(]%)k;];) = o(1),

by Assumption 4. Combining the above results together, we thus have proved the first part

T
of Lemma 2. For % % tzl wiwy,, the proof is exactly the same as before, so we omit the
1€Gy t=

details to save space.
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Lemma 3. Let
M = (M(Zn; U11)7 e M(ZlTa UlT)a X M(ZNkla UNk1)> e M(ZNkTyuNkT))/ S RNkTXpa

where M (2, uy) is defined in the main text, and recall W = W(W'fW)~"W'f. Under

Assumptions 1, 2, 3 and 4, we have

(i) W = Op(VNiTJ)
(i) [WX = WM| = 0,(J)

Proof of Lemma 3. We first show |[W|| = O,(v/N;TJ). Let’s consider the norm of each

row in W. Notice that

Var(Jwit|) =Ellwall"] = (E|wall])*
<Efjw|’]
=Ewjwq]
=E[tr(wiw;,)]
=tr(Elwiw])

:OP(J)a

where the first to the fifth inequalities are by definition and simple algebra, and the last
equality is by Lemma 2. Therefore, there exists a constant ¢ such that Ef|wy||] < ¢-J. Then

by Markov’s inequality, for any € > 0, there exists ¢g = |/¢J such that

E W;
P(lu] > o) < W —
€0
which implies that [wy] = O,(VJ). Finally, by Assumption 1(i), we have

W[ = Op(VN,TJ).
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Next, we show HWX — WMH = O,(J). First, notice that
[WX - WM| = W(WW) "WE(X - M)

We thus consider the convergence rates of ||W]|, ’

(W'EW)~!

, and [[W'f(X — M)||. The
convergence rate of ||[W|| has been derived above, which is O,(J). In addition, by Lemma
1, we have H(W’fW)_lH = Op(ﬁ). Then for |[W'f(X — M)||, consider one arbitrary row in
W'f(X — M), which is fi;(0)wy(z; — m(ziy, uy)'. Notice that

Var (

) SEH fit(o)wz‘t(ffit - m(zm Uit),HQ]

<c- Effwi’]

fit(o)wit (xit — Mz uiy )/

:OP(‘])a

where the second inequality is by Assumption 1(ii) and Assumption 1(iv), and the last
inequality is by the rate of convergence of E[|w;|’] which is derived above. Similarly as
before, by Markov inequality and Assumption 1(i), we have ||[W'f(X — M)|| = O,(v/ N T J).

Finally, we have

[ W] < W) [wx |

:Op(NltT\/NkTJ\/NkTJ)

:Op(J)-
Lemma 4. Define
Ty = (X = WX)f(X - WX),
and assume Assumptions 1,2, 3 and 4 hold, we have

1
— T 2T
Nk,T NkT Y
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where I' = E| fi(0) (@i — M (23, uit) ) (i — M (2, uit))/} for all i € G.
Proof of Lemma 4: Define I' = (X — M) f(X — M). To show ﬁI’NkT converges in
probability to I', we first show that HﬁFNkT — ﬁf‘“ = 0,(1) and later show ﬁf 5T

By some simple algebra, we have

Ty — D =(X - WX)f(X - WX) — (X - M)f(X — M)
=X-M+M-WX)fX-M+M - WX) - (X - M)f(X - M)
=(X —M)f(M - WX) + (M - WX)f(X - M) + (M - WX)f(M — WX)
=(X = M)f(M - WM) + (X - M)'f(WM — WX) + (M - WM)'f(X — M)
+ (WM - WX)f(X — M) + (M — WM)'f(M — WM)
+ (M -~ WM)f(WM — WX) + (WM — WX)'f(M — WM)

+ (WM — WX)'f(WM — WX).

First, [|[X-M]| = Op((NkT)%) by Assumption 1. Second, we have
HM - WMH — O,((N4T)2J7*) because of Assumption 4. Third, by Lemma 3, we have
HWM - WXH = O,(J). Then, by Assumption 4(iii), we have

1 1

r -
N TN T

D =0,(J7%) + Op(NeT)"2J) + Op(J ™)
+ Op(J75) + Op(J72) + O, (N T) 2 1)
+ Op((NkT) "2 J17%) + 0, (J?)

=0p(1)

So, this implies that ﬁf‘NkT = ﬁf‘ + 0,(1). Furthermore, notice that ﬁf 2 T by the

p
common law of large numbers. So, we have ﬁl“ N — L.

Lemma 5. Recall that ¢¥)(u) = 7 — 1{u < 0}. Under Assumptions 1, 2, 3 and 4, let
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T
= Y X veuth(er), we have

i€Gy t=1
0y % N(0,Qq,.,).
Proof of Lemma 5: Define ¢(e) = (¢(en),...,¥(e1r),....;¢¥(en,1), -, ¥(en,r)). By

definition, we have

= Z ZUMW(%)

1€G t=1

(X — WX)'%(e)

Ny

I
1

(X —M+M - WM + WM — WX)'¢)(e)

Ny

= (X - MYve) +

3

(M — WM)'y(e) +

1
VN, T

~

d

First, notice that the first term \/ﬁ(X — M)'y(e) = N(0,Q¢, ) by the usual central

limit theorem under Assumptions 1, 2, 3 and 4. The second term is o,(1) because

L((N,T)z.J~) and Assumption 4. Third, the third term is also o0,(1)

because HWM — WXH = O,(J) by Lemma 3. Therefore,

~ 1

S (X - MYv(e) +0y(1),

which implies 6, 4, N(0,Qg, r) by the Slutsky’s theorem.

Lemma 6. Let Oit = p7—<€it - Uitg - th) - pT(eit - Rn) + Uitel/)(eit) and Dz‘t<917‘92> =
pr(€ir — v1itb — Voo — Rit) — pr(ew — viibh — Rit) + v240210(eir). Under Assumptions 1,

2, 3,4 and (N,T) — oo, we have

(i)
sup JH > Z{Cn — E[Cul} = 0,(1).

lol<e-gs ' i€Gk t=1

141



swp | X SADu(01,62) — EIDul01,6:)]}] = 0,(1),

6, <c1-J2)|6]|4<co  1€GK t=1

(iii)

T
Pr(int 7750 ST {BICKO)] - vatiea) | > 1) = 1,
||9|| eJ3 ieGy, t=1
(iv)
Sup ‘ Z ZE it 91702 2N TGIFNkT92 = Op(l).

1
1611, <c1-J2)|0]|y<co  IE€GK t=1

where ¢, ¢y, co are any positive constants.
Lemma 7. Let Oz't = pT<€it - Uitg - th) - p’r(eit - th) + vi,ﬁ@b(eit) and Dit(01,02) =
pr(€i — U1t — v by — Rit) — pr (e — V1t — Ri) + U2,it62w<€it)- Under Assumptions 1, 2

and 3 and T"— oo, forall 1 <i < N,

sup 7! o E[Cit]}‘ — o,(1).
10 <c-%
(ii) .
sup S (D61, 6) — E[Du(61, 92)]}‘ — 0,(1),

1 —
161, <e1-J2 )|l y<ea  T=T

(iii) :

JY {E[Cit(e)] - vitew(eit)}‘ S 1) =1,

t=1

Pr( inf
6]1=c-7%

where ¢, ¢y, co are any positive constants.
Proof of Lemma 6 and 7: Lemma 6 and 7 can be proved following the same argument in

Wei et al| (2006), so we omit the details here.

142



Proofs of the Main Results in Chapter 4

We use ||| to denote Frobenius norm in the Appendix for simplicity.

Theorem 1. Suppose Assumption (1], [3 hold, then
(i) 10; = 0l = O,(J™" + J3T72 + ) and ||0;; — 02,|lr = Op(J™" + J2T2 + A) for
i=1,2,. N, j=1,..p.
(i) % Ll = 0013 = Op(J > + JTY) and 3 SN0 5 — 02,11% = Op(J 2+ JT ) for
7=1,...p.
(Z”) Hﬁ(k):j - nlg,jHF = Op(J—?" + JéT?%); fOT’ k= 17"'7K]Q; J = Ll.,p where

(N(1),5+ ...,f)(K?),j) is a suitable permutation of (7 ;, ...,ﬁK;),j) forj=1,..,p.

Proof. (i) For each individual, I define

O
—
Sb
S~—
Il
N[~
(]~
RS
<
o~
|
.
NNgE
—_
Kt
o~
[
S
[
N~ —
)
N
—
<
o~
|
2
o~
&
~
no

and .
p K

Qi(0:,m) = Qi(0:) + A T 10i — s

j=1k=1

Since f; minimizes Q:(0;,7), I have Q,(@AZ, N) < Q:(69, 1), which is equivalent to

02]’ - ﬁk,jH < 0

0 0
K; K’
=1

(@00 =) + 33 | TT 1Ay~ ] - 1
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Consider the first part:

N

Qi(0;) — Qi (67)
1

1 E -
= Z(git - 51/ ‘91')2 T (git - 51, 9?)2
T t=1 ! T t !

) =

—(0; — 09 Qi z:(0; — 0°) — 2(0; — 6°)Q; 2=

A LT 5 5 A 1T = 5 = z ~
where Qi zz = 72—y ZitZyy, Qize = 7 21— ZitCits Cit = 211 On, ; (Tir ) + Uit

Consider the second part, I have

0 0
K K5 .
T1(6:5 — s — TT||6%; — s
k=1 k=1

0ij — Mo 4| —

K9-1
< IT ||fss — e (
k=1

K)—2
A ~ 0 ~ A ~ 0 ~
+ T1 ‘Hm‘ - 771w‘H 0i — Ko ( 0ig — Nico—1,5|| —||0i; — Ko-1, )
k=1

+ g\\eﬁj — ik (Hém- — g =62, - ﬁuu)

KO

A 0 ~ A 0
<cijint (0,0 a77)H9i,j - ei,jH

~ Ko—1 A K9—2/
0 Ay — J A J A 0 A
where eyjinr(8,60°,7) = T2y |0y — ||+ T2y || Gig = |62 — oy
KO
J 0 A
2o Qi,j - nk,jH-
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Thus

S (M -l - -
<

erjive (@0 9) s — 00

épCu,NT(ea 0 777>HéZ - H?H

5o S
where cy; yr(6,60°, 1) = maxi <<, c1jin7(0,0°,1).

Together 1 have

(6; — 0°Y O ~~(9~ -6)
g‘ (9 09)Q ‘+>\p61 NT(9 60°,1 H9 Q?H

S T
By Lemma 4] ftin(Qi2:) > ¢ > 0 w.p.a. 1, then I have w.p.a. 1,
6= 09] < e (2 use]| + Apersur @67,
By Lemma [1 [ Q. x| = 0,(J 7+ JET%), thus
10: = 00| = Op(J "+ J2T 2 + )

Consequently we could get
10,5 — 62 = Op(J ™"+ J2T7% + ))

fore=1,2,..., Nand 5 =1,....p.
Remark. The argument depends on the condition that ci; x7(0,6°,7) = Op(1).
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We show this by considering a constrained optimization problem.

Define

Ry

Yigm| Se<ooi=1,.,Nj=1,.pm=1., J}

b

{7r :]wk,jm] <c<ook=1,..,Kj=1..pm=1,.., J}

1T,

where ¢ is a generic constant, v = (Y1,.-,IN), Vi = (Vigs - Vip) fori =1, N,
= (7, m,), o= (T, ...,7T/Kj7j)/ forj=1,..,p.

Further define ©y, = {0 : v € Ry}, Hy = {n: m € II,}. Remember that 0 = (01, ...,0x),
where 0; = %%, i=1,...,N, andn = (ni, ...,7];,>/, where 1; = %Wj, j=1,...,p.

If ¢ is large enough,by Assumption we could get that v° and 7° lie in the interior

of Ry and 11, respectively, thus 0° € O and n° € H,,.

Then we search over ©y and Hy, to minimize the objective function[{.7, namely

A | ) T e » KO
(0’ ﬁ> ~ Y8 edomen, NT i=1 ; @it - Zit6i> N i=1j=1 1};[1 i %jHF

The restrictions gquarantee that ci; 7 (0,0°,9) = O(1).

Practically, we set ¢ large enough and conduct the constrained optimization, which

works well in my simulations.

Let myp = J " + J2T2 and v denotes a (pJ) x N matrix. In order to show that

LN 10— 69| = O,(J =2 + JT'), 1 just need to prove that for any &, there exists

a constant M = M (e) such that, for sufficiently large N and T,

P{ inf QNT(90 +mJTU,77) > QNT(QO,HO)} >1-—c¢

N 2
~ 2isdlvill*=M

This implies that w.p.a.1 there exists a local minimum {,4} such that % SN 116; -
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0|1 = O,(J 2" + JT~1) holds.

miz (Qur(6° +myrv, i) — Qur(6°, "))

LA 0 X oaxes
N "0 2210 — “m '0): s - - R N
_N ;UzQZ,ZzUz NmJT ] UzQz,ze+ N Zz:ljz:lkl;[l ‘91’] +mJTUz,] nkv]H
1 1
Lnnz o) Lmpe . b mat a2l
sey ol —2{N;Hwn b o

where the last inequality holds w.p.a 1 by Lemma

* =~ 0,(1), thus

Lo Op(J 72"+ JT71), then m]‘\’;% Z?LH@@%

By Lemma % Z@']L HQZze

for sufficiently large M, I have m 7 (QNT(90 + myrv,n) — Qnr (6o, 770)) >0 w.p.a.l.

Since & SN [16,; — 09112 < LN 116; — 69)1%, we also have L >N (16 — 091> =

O,(J~2 + JTY).

(iii) Further consider clji,NT(é, 0°,7), where @ and 7 lie in the interior of ©, and #,
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respectively.

C1ji NT(é 00,77)

] K';)
H "'+HH9°-—%H
13

K?—Q
‘ 77ij+ H HQ 77kJH

77K0

KO_
(!!9 =] ot ) + U(H‘) =] s = ] |

o
— K,

0
-
k=2
K9_1 K9-2

< i C1jsi, ~nr(60°,7) éij — 6’%“8 + i Cstz',NT(QO,n)Héz‘,j - Q?JHS

+ZcKop (0%, H9 — 03 H
KO-
< Z sti,NT(eoan)HéiJ -6
s=0 K04

J N s
<02jz‘,NT(80777) Z Hem - Q?JH
s=0

<eoint(0°,1) (1 T QHéi’j B 9?]H>

K9
where coj; N7 (6%,7) = MAX | << O cisinr(0%,m) and ¢ nr(0°,0) = 202y crjeint(0°,1).

The last inequality holds w.p.a 1.
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KO
Define pyr(0,n) = % XLy S5 Ty ||0ig — neg )
‘pNT ) ) PNT(QOW)‘
N »p
gizzclijT 9 60777) ‘9 90
N =1 j=1
1 N2 A 2
gNZZCZﬂNT 777 ( ) ) )
i=1j5=1
2 N
1 ~ 2 1 A 2
< 7 90 AT i 90 i ‘90 AT T 00
peai Nt (607, 7) (N 2 i ) + peai N ( 77])N 2 i

=0,(J 7"+ J2T7%)

where ¢y y7(0°, 1) = maxi<ic, coji y7(0%, 1) and we use coj; y7(0°, 1) = O(1), which is
» ISP ~4)1, Jt,

implied by a similar argument as that in the proof of Theorem [If(i)|

Since pNT(é, ) < pNT(é, n%), note that pn7(6°,7°) = 0,

Then there exists a permutation of {1, ..., KJQ} for j = 1,...,p such that Hﬁ’” — 7727]-” =
Op(J " + J2T7 7).

Theorem 2. Suppose Assumption[1], [3 and [3 hold, then
. K9 ~ K?© A
(i) P<U§=1 Upy Brj) < Z?:l >kl P(Byj) — 0 as (N,T) — o0

.. K9 ~ K9 A
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Proof. (i) For any i € G%j and [ # k, by Theorem ,

| [k =t # 0.

éi,j - ﬁkJH # 0 for some i € G} ;, which means that i ¢ G, then the

O — Mg

Suppose that

first order condition with respect to 0, ; is

0
Kj

I

ij ﬁk,jH I1=1,l#k

0y =—2Qsza; + (QQi,zz,j + i

‘ 0;5 — ﬁl,j) (ém‘ - ﬁkﬂ')

K? K9
J J
—2Quz5; +2Qiz2; (g — 00,) + X X @y TT |0 — ﬁz,jH
m=1m#k I=1,l#m
p A A
+2 Z Qi zz,jm (Gi,m — HSm)
m=1,m##j
=Aiy + Ay + Ay + Ay + Aisj + A
where &, ; = HZ”_Z’“JH if éw — ﬁm]H # 0 and é;,,, ; < 1 otherwise.
i = Tm,
From the proof of Theorem [I], I have that
0; — 0 <c! (2‘ Qi,zé + )\pCu,NT@, 6°, 77))
_ 11 3
Let {17 = (J7r+J2772 (InT)° 4+ A) (In T)° and

o, = (J‘T + J3T3 (lnT)g) (InT)? for some v > 0. By Lemma , I could show

that
. _ oo _ -1
P (121%)](\[ 0; —0;|| > C,LLLJT) =o(N77)
P <H77k - 772“ > Cﬂz,JT) =o(N™1)
for any ¢ > 0.
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K? N
. K .
Let Gy =TIt 1w || — s>

0
Kj

éik,j = H

I=1,l#£k

= 11 (ézg - 772,3') - (ﬁl,j - 7710,3') + (772,3' - 771(),3')

>

ij — T H

|

= H 771?;,]‘ - mo,j + Op(l)H

— 0 _ 0
Similarly let clkj = Hl Lk ij Define ¢ ; = MaXieq | Cig,j and

0 — i 0
Ck,j = MM . Cik 5+

Thus P (maxieGg y

‘Am]H P C)\[I/LJT) = o(N~1) for large enough C' > 0.

Define

ERNT,j = {022’] 2Ck1} i {Hﬁ’“’j B ﬁ%jH S Cuz’JT}

0 <c¢< min umm(Q zz) < max ,umm(Q, 5) <c< oo}

0<i<N 0<i<N
< C,ULJT}

N Qi,zS,jH < CQNT} N {1<z‘<N ;
for some €' > 0 and ¢ > 0. Oyr = maxoc;<p MAX| e g0 SUD,e[ 1]Hf,8j(x) — BJ/ﬂ'ng =
J ) I 2

1<i<N

/—’H/—’H

o(J").
Then P (Sxwr;) =1 — o(N71),

O —py . — . . .
Let ¢y ; = (9]77””” Conditional on Zgy7,;, we have that uniformly in i € G} ;, with
0,5 —Tk,j ’
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probability 1 — o(N™1),

0
~ ~ R R Ch.j
qb;k,jAzQ,j = 2c ei,j - T]kJ‘H + /\ci;w > /\—QJ

Bl Aiz 5] < 2"@@‘725,]‘” < 200Nt
Gy Ain | < 26|y — i || < 2ec (Jr + 72772 (In T)3> (InT)"

d);k;,inS,j < maXHAw]H < CA\pgr

i€G

L
Pir. ;Aiej| < Cpar

Then

Dl (Az'z,j + 1211'3,;‘ + Ai4,j + Ai5,j + 1211‘6,]’)

>dy, inQ,j - ¢;k] (1212'3,]' + 141'4,3‘ + Aif},j + Aiﬁ,j)
o
>>\% lzoeNT + 2 (J‘T + AT (In T)3) (InT)° + CA\pir sz + Cpinyr
0
Cr i
>\
4

where we use Assumption [2] and [3]

Thus

-~
:L R
)
=
<.
=.
m
Q
>0
<
N——

zlj_A'LZ] +AZ3J+AZ4]+A’L5]+A7,6]>

(bzk,inLj‘ >

D (12122,]' + 1212'3,]' + 1211'4,3‘ + 121154 + Az’G,j)

)

=
WV

Gy =
)‘TJ>: NTJ) +P('_'k‘NT])
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Thus, with probability 1—o(/N ') such that

0ii — Mij H is not differentiable with respect

to 6;; for some i € GY ;, which means that P(|;; — ”kij =0l €GY;)=1—0o(N7).

Then

KO A
P(U_, U2, Egy)

1<g<p I<isN

<Np max max P (HQAMM

1<iKN

<NpP (max Hszu

=o(1)

where T use N2~ 2(InT) ™ — oo.

(ii) The proof is similar to |Su et al.| (2016) Theorem 2.2 (ii) and thus omitted.

O

Theorem 3. Suppose Assumption @ @ and @ hold. Then for any j € {1,...,p},
ked{l,.. K},

(i)
NGT IV, (Fus) = 125(@)) B N(0,1)

(ii)
NGT IV, 2 (o (@) = £25(2)) B N (0, 1)
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where

3 TW’Z VSEW, (@G%j)_IBJ(x)

EGO

-1
—_nliN (A

Viss = B'(x) (QG%J') Nk i

Proof. The proof of Theoremis similar to the one in|Su et al.|(2019)) and thus is omitted. [

We use ||-|| to denote Frobenius norm in the Appendix for simplicity and use C' to indicate

some generic constant, which varies.

Lemma 2. Let &; be a R% random variable and E[¢;] = 0 for all i,t. For eachi=1,...,N,
& is stationary strong mizing with mixzing coefficient a;(7). a(j) = maxi<<ny «;(J) satisfies
a(g) < cqexp(—pj) for some 0 < ¢, < 00, 0 < p < 00. & are independent across i. Assume

that E[|&i||Y] < oo for some q > 3, Then

max
1<i<N

>CT 2 (InT)?| =o(N7Y)

T
Z gzt

for large enough C > 0 if N>°T'% = O(1).

Proof. This lemma is adapted from [Su et al.| (2016) Lemma S1.2 and could be derived using

Theorem 2 of Merlevede et al.| (2009)). A slightly weaker version is

= o(N)

max
1<i<N

Z fzt

for any ¢ > 0 and X satisfies that 72 (In T)3 = o(A). For convenience, we could choose

A=T"2(nT)*™ for some v > 0. O

Lemma 3. Let & be a R% random variable and E[&;] = 0 for alli,t. For eachi=1,...,N,
& is stationary strong mizing with mixing coefficient a;(7). a(j) = maxi<<ny «;(J) satisfies
a(g) < cqexp(—pj) for some 0 < ¢, < 00, 0 < p < 00. & are independent across i. Assume

3
that max<;<n Max;<i<r E|]|§Zt||%} < oo for some q > 6 such that N*T"~% (lnT)Tq — 0 as
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N, T — oco. Then

for any ¢ > 0.

q 2
Proof. Let Ay = N?T'"% (In T)% and nyp = T (InT) "> Ajp. Let 7¢ be an arbitrary dg x 1

nonrandom vector with HTgH =1. Let 1; = 1{||&4|| < nyr} and 1;; = 1 — 1. Define

Erit = Te L&l — B[S la}
52,# = Tégitiit

§3,it = TéE[git]_-it]

Then & it + &o.i — §3,0 = i€ since B[] = 0. we prove the lemma by showing that for any

c>0

(i) NP <maX1<z‘<NH% Zthl §1,it

> c) =o(1)

(i) NP (maxlgigNH; ST Gl > c) = o(1)

=o(1)

(iii) maxlgigNH% Yot Est
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To prove ,

1 T
NP lfggffv T;gl,it ZcC
N 1 T
SNY Pz &l >c
i=1 et

N 2.2
CoT
<N§ exp{ 02 ¢ }

i=1 N TU% + 7712\/T + Tennr (In T)2

C()T2C2
Tvg,max + 77]2VT + TC??NT (ln T)2

<Nzexp{—

CoT?c?
<expy — 02 ¢ +2In N

T3 max + T2 (I T) Ny + TeT (InT) > Ay (In 7))

—0

To prove (i)},

NP | max

>c
1<i<N =

1 T
T ; §2,it

NP (ggg;v max [|l| > 77NT>

SNT max max P([&]| > nxr)

1
<N?T max max E

3 .
T%(ln T)‘?q)\NT 1<KN 1<t<T

leallf 1 {H&-t\l > T(lnT)BAfVT}]
—o (N2T1—§ (InT)? A]‘V1T>

=o(1)
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To prove ,

1<i<N|| T

1 T
max *Zfs,it
t=1

N

max max
1<i<N 1<t<T

q
25 g&%{(E“@t'“)

< max max {(EH&tHg)q} X max max {(P (&l > TINT))T}

E (6014

QN

N\

(f>msﬁn>>ano)“f}

1<KV 1<t<T 1<KV 1<t<T

q—2

)

1<iKN 1<t<T

—a=2 q
<cc g oy { (7" B [l 1 06l > )

=o(1)

This completes the proof.

Lemma 4. Suppose that Assumption[]] and[9 hold, then

(i)

- N e
PO << min fimin(Qizz) < WA fimea(Qizz) < €< 00) =1 —0(N7)

(i)

HQz‘,zé =0,(J "+ J%T_%)

(iii)

Qzé =0,(J 7 +JT)

1N
N

(iv)

(max |Qize]| > (J‘T +J2T7 % (In T)3) (In T)“) = o(N71)

0<i<N

for any ¢ > 0 and some v > 0.

Proof. (i) Consider the difference between Var(z;) and Qi,gg
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Let pi(A) be the kth largest eigenvalue of matrix A. Denote S,; as the permutation

group of {1,....,pJ}. By Hoffman-Wielandt inequality,

‘ 2

min > | Quz2) — progey (Var(za)|” <[ @iz — Var(za)

Because

‘ 2

<2HQi,zz — Elz2;,]

— Var(z;)

2
1 T T

1
- 3 Ziv >z, — Elzy]E[2]

t=1 t=1

2
42

(i) Consider the first item, for any ¢ > 0, v > 0,

Similar as the proof in Lemma |3 we could get

_1
P | max max max max max >cJ 2

1<r<p 1<s<p 1<i<N 1<5<T 1<k<J | T

Z‘]Bmt] sit,k —E [JB;“]zthszt k]

=o(N71)

Note that there are only O(.J) nonzero elements in By B; — E {BZ{BZ{/]

Thus for any ¢ > 0,

( max HQz zz Zztzll't]

1<i<N

2
) > c) =o(N71)
(ii) Consider the second item, for any ¢ > 0, similar as the proof in Lemma

\/_ JBly; — E[VIB],]

P | max max max
1<r<p 1<i<N 1<5<T| T

> cJ_1> =o(N1)
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Thus we could get

P | max

1<i<N

1

T

T 1 T

Z Zitf Z 2y — Blza] Elz]

t=1 t=1

Combining part |(i)| and together, we have

. A 1T = & A 1T 2 =~ N
(ii) Let Q;:5 = 7 >i=1 ZitOn,at, and Qi za = 7 21—y Zitllis, Where O, it
< HQi,Zg +

we have HQi’gé

For the first part, since

For the first item,

N

A

Qi,gS
Qi,zcs Z Zit Z 5h Jit
Qi,z& Z Zzt Z 5h Jit

Q]Zé
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Z \/_Bmt 5hi1it

2

_ P 35
- Zj:l 5hi’j,’it7 then



For any 1 < r < p,

Z ﬁBmt 5’11171'75

T

2]
| T.T )
== Y S E|J [ B, Biséh-,itéhi,is]

t=1 s=1

<O%,J ;2 Z E B}, B]

rit T8
=1s=1

H—

1
ZB;‘]zt/T ZBmt

'ﬂ \

J
—0%,J Y E

=1

0(s%)
2} —o(s).

For the second item,

TZBMthZBmt]

Thus E ﬂ Oias

1L 1 E ’
E T;Zitf;(sh“it
1 1 & ’
:ZE 72\/731"11& Z(shl,it
r=1 Tt:l Tt:l
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For the second part, similarly

Qi,éﬂ
= Qi,zu - Z Zit Z Uit

< Qi,zu Z Zit Z Uit
Consider the first item,
» 2
N 2
E [ Qi,zu :| = Z E Z \/_Bmt Uyt ]
r=1
For any 1 < r < p,
1 & i
T Z \/ijt Uit
1 T T
== 2.2 E [T B} Bl uiruis]
t=1s=1
CJ T T
< T2 D> E [
t=1s=1
=0(T'J)
Thus E ﬂ i o 2] — O(T)).
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Consider the second item,

1L 1 ’
Ell=) zui=) u
T; tT; t
p 1 T 1 T 2
=Y E||= Y VIBL =Y u
r=1 T T
=0(T™ ")

Thus | Q; 0| = O, (J3T~3),

In sum, we have proved that
|Qie]| = 0,07+ 3773

(iii) Consider

Note that from the proof of , we could strengthen the results to

max E H‘Qi,zéHz] =0 (J*QT)

1<iKN

A

max E ﬂ’Qi’éa

1<i<N

2] — o)

Consequently,
2

E =0 +T71)

1 YA
N;HQi,ze
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This completes the proof.

(iv) Note that HQi,gé = HQL%S +HQM;L . To prove |(iv)|, we can show that for large enough
C >0, any ¢ > 0 and any v > 0,
A -\ _ —1
P(lrgzg% Qi) =CJ ) =o(N7)
11 v _
P (@] > e ) <ol

separately. First,

(i) For the first part, consider HQZ»,Z(; and H% > zit% ST Ot

A 2
Qi,Z(S

Pl
:;f

2

T
S VIBZ6h,
t=1

2
1 T
TZBmtj)
t=1

P J
RIS (
7=1

r=1

Consider = Et , B, j» forany ¢ >0 and 1 < j < J, we want to show

>cJ | =o(N T

P | max max max
1<r<p 1<5<J 1<i<N| T

ZBT’Ltj { mt]:|

Since
-1
o (m oo a7 Z By =B [Bl)| > el
N p T
gpNZZZP Z rit,j |:B’I"£,t]:| = CJil
i=1r=1j=1 t=1
C 2T2J—2
<pN2J exp | — 0¢ 5
TVomax +2+2cTJ-1 (InT)

As long as (InT)* JT~" = o(1), we could get the result. Then for large enough
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C >0 and for any 1 < j < J,

P | max max max —ZB
1<r<p 1<) 16N T 4 it 2

N
v,

max max max —ZE [ }
1<r<p 1<5< 1N T £ rit,]

1<r<p 1<j<J 1<i<N

1
+ max max max T g B‘T]im -E {B;fit’j} >CJ !
t=1

=o(N 1)

Thus for large enough C' > 0,

2

y4 J 1 T ; )
Pl T L 2\ 72 By ) 2C

j=1 t=1

<P J max max max | —
1<r<p1<]<J1<z<N th

2

1 T
<P | max max max | — B | >C?J 2!
T i<r<p 1G<T 1<KV T; S b
1 & ’
J 2 7-2 1
<P [ | max max max —ZBMW > C*J p

1<r<p 1<G<T 1<i<N T’

=o(N 1)
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Combining the previous results, we have for large enough C' > 0

max H
<1<1<N Qiz

A 2
<p (maxu@i,za >

1IN

2
P J 1 T
<P | 0%, 1%%}}\71]22 (TZB;]“J) > (% )2

2
p J T
<P @%JZZ(TZ%) >C

=o(N71)
Similarly, we could prove that for large enough C' > 0

2 = O(N_l)

max
1<i<N

Z Zit Z 5h St

A

Qi,zé

Thus P <max1<,<N > CJ”) =o(N71).

(ii) For the second part, since

Qi,éﬂ

1 L2 ;1
Z TZZ\/_Bmtult Z\/_Bm‘tT Zuzt
r=1 t=1r=1 tfl t=1

: 1 T J
Consider H? ST NVIBu,

By Lemma , for any ¢ > 0 and v > 0,

1 T
P | max —Z\/jB;]ituit > 2Tz (InT)* | = o(N )
t=1

1IN || T =
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Similarly,

1 T \/_ ; 1 T
T; JBm'thuit

t=1

P | max
1<i<N

> 2T (InT)* | = o(N 7Y

This completes the proof.
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