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Dynamics of Electricity Markets with Unknown Utility Functions: An
Extremum Seeking Control Approach*

Kai Ma!, Guogiang Hu! and Costas J. Spanos?

Abstract—This paper studies the dynamics of electricity
markets with unknown utility functions (i.e., the profit func-
tions of consumers and the cost functions of suppliers). The
market clearing procedure is formulated as a social welfare
optimization problem, and the dynamics of electricity markets
is modeled as primal-dual dynamics based on gradient esti-
mation. The gradients of the unknown utility functions are
estimated by adding and multiplying periodic signals at the
measurable input and output, respectively. We prove the semi-
globally practically asymptotically (SPA) stability of the market
dynamics. Numerical results demonstrate the SPA stability and
the balance between supply and demand.

I. INTRODUCTION

Matching supply with demand has been an active topic
in operating electricity markets. Traditionally, we need to
achieve the balance between supply and demand, which
requires substantial infrastructure to be idle for all but a
few hours a year. Recently, demand response is proposed
to control the load of consumers and provide more flexible
balance strategies. In that case, the market operator can
schedule the supply and the demand simultaneously. With
the development of smart grid, which enables reliable and
real-time communications between the suppliers and the
consumers, the supply and the demand can be scheduled
within much shorter intervals. The communications between
the market operator and the consumers are dependent on an
advanced metering infrastructure (AMI) [1], which supports
to collect the electricity consumption and publish the elec-
tricity price, such as time of use (TOU), critical peak pricing
(CPP), and real time pricing (RTP) [2].

Convex optimization was utilized to model the market
clearing procedure in smart grid. The objective of the market
operator is to maximize the social welfare, which is defined
by subtracting the total cost to the suppliers from the total
profits of the consumers. These works dealt with different
constraints in the optimization model. Specifically, ideal
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power balance constraints with and without statistical de-
mand elasticity were considered in [3] and [4], respectively,
and the market dynamics was modeled as a distributed
iterative algorithm. The constraints on the operations of
appliances were considered in the optimization model [5],
[6], which can be solved by the primal-dual dynamics. Fur-
thermore, the volatility of electricity markets under RTP was
studied based on the primal-dual dynamics [7]. The above
works assumed that the profit functions and the cost functions
were known to the consumers and the suppliers. Some
quadratic functions were used for approximating the profits
of the consumers and the cost to the suppliers [8]-[10].
However, the accurate model of the profits and cost are hard
to obtain because of many uncertainties, such as the changing
environment factors and operating conditions. In fact, the
market dynamics are dependent on the gradients of the utility
functions, which are unknown to the market participants.
On the other hand, extremum seeking control (ESC) is an
adaptive learning method to search for the optimal solution
of an unknown function [11]. Some reference have dealt
with the extremum seeking for the non-cooperative game
[12], [13] and constrained convex optimization problems
[14], [15]. However, the optimization problems and the
seeking algorithms can not used for modeling the dynamics
of electricity markets.

In this study, we use ESC to study the dynamics of
electricity markets, which does not require the market partic-
ipants to know the utility functions. The market participants
only need to measure the input and output values of the utility
functions and search for the optimal strategies with estimated
gradients. The novelty of this work is two-fold. First, we use
ESC to develop a type of primal-dual dynamics based on
gradient estimation. Second, we apply the ESC-based primal-
dual dynamics to model the behaviors of the participants in
electricity markets. To the best of our knowledge, this is the
first work to apply ESC to model the dynamics of electricity
markets.

The rest of the paper is organized as follows. Preliminaries
are given in Section II. The dynamics of electricity markets
are formulated in Section III. Section IV proves the stability
of the dynamics based on gradient estimation. Numerical
results are shown in Section V. Finally, we draw conclusions
in Section VI.

II. PRELIMINARIES

In this section, we first introduce the notations and defi-
nitions used in the paper. Given a vector x, we define ||x||



denotes the Euclidean norm and x € L., denotes ||x||.. =
ess sup,o|lx(r)]| < <

Definition 1: [16] A continuous function 8 : R>9 X R>0 —
R>¢ is of class #.% if it is nondecreasing in its first
argument and converging to zero in its second argument.

Definition 2: [17] A vector function f(x,€) € R" is said
to be O(¢) if for any compact set & if there exist positive
constants k and € such that || f(x,€)| < ke, for € € (0,€*],
xX€E9.

Definition 3: [17] Given a parameterized family of sys-
tems:

X:f(t,x,g), (1
where x € R", t € Ry and € € RZJr are the state vector, time
variable and parameter vector, respectively. The system (1)
is said to be semi-globally practically asymptotically (SPA)
stable, uniformly in (g1,...,€&;),j € {1,...,1}, if there exists
B € # £ and constructed parameters € = (€1,...,&) such
that

Il < B(llx(0)I[,(1-&2----- &)t =t0)) +v,  (2)

for all ¢t > 9, where the constructed parameters € and the
initial state vector xo = x(fy) satisfy: For each pair of strictly
positive real numbers (A,v), the initial state |[x(0)] < A
and there exist real numbers g = & (A,v) >0,k=1,...,j
and for each fixed & € (0,&),k =1,..., there exist &
g(er,...,&_1,Av), withi=j+1,... L

Lemma 1: [16] Suppose that W : [0,00) — R satisfies

D'W(t) < —aW(t) +y(t), 3)

where D' denotes the upper Dini derivative, « is a positive
constant, and ¥() € L. Then,

W (@)l < e W)+ o || 7(1) ..
III. PROBLEM FORMULATION

We consider an electricity market consisting of suppli-
ers, consumers and a market operator, which is usually
named as independent system operator (ISO). Both the
suppliers and the consumers can communicate with the
ISO in real time and schedule the electricity consumption
and production according to the market clearing price. The
electricity consumption of the consumers are denoted as x =
(x1,...,%;,...,xy)T, where x; is the electricity consumption
of consumer i € N={1,...,N}. Each consumer is associated
with a profit function u;(x;) : R™ — R, where u;(x;) denotes
the individual profit obtained from consuming x; units of
electricity. Similarly, the electricity production of the suppli-
ers are denoted as ¢ = (q1,.-.,4j,---,qm) ", Where g; is the
electricity production of supplier j € M = {1,...,M}. Each
supplier is associated with a cost function ¢;(g;) : R™ — R,
where cj(g;) denotes the cost of producing g; units of
electricity. In general, the market clearing procedure can be
formulated as
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Before solving (5), we assume that the profit function u;(x;)
is concave in x; and the cost function c;(g;) is convex in
qj, which are common assumptions in the market dynamics
based on convex optimization [3]-[7]. Then, (5) has a unique
optimal solution and can be solved by its lagrangian dual
with no dual gap [18]. The Lagrangian function of (5) is
defined as

N

(Y

N
i i=1

L(x,A) = Z‘i u; (x;

i=

M M
)= Y cilg) — xi—Y q;), (6
j=1 j=1

where A is the lagrangian multiplier. Since the Lagrangian
function is concave in x and ¢ and convex in A, the saddle
point of the Lagrangian function is the optimal solution of
(5). Then, we can transform (5) into the following individual
optimization problems:

x; = argmaxu;(x;) — Ax;,

)

and
q; = argmaxAq; —c;(q;)- 8)
The corresponding dual optimization problem is defined as

A" = argmaxD(p),
gmax (p)

©))

where D(p) = L(x*,A) is the dual function. Then, the primal-
dual gradient dynamics to obtain the optimal solution are
given as

T
dec:(g;:

9 = h- C(’if]q_’)x (1)
J
) N M

b= g} xi-Yal (12)

Equations (10), (11), and (12) model the dynamics of the
market participants, including the consumption dynamics of
the consumers, the production dynamics of the suppliers,
and the price dynamics of the ISO. The above primal-dual
dynamics need the gradient information of the profit func-
tions and the cost functions, which are easy to obtain when
the profit functions and the cost functions are accurately
known to the consumers and the suppliers, respectively. In
electricity markets, these two functions are difficult to obtain.
However, we can establish a profit/cost calculation model
as a reference system for the consumers and the suppliers
and measure the profits and the cost in real time. Next, we
use ESC to model the dynamics of the electricity markets
with unknown profit functions and cost functions. The core
idea is to estimate the gradient by adding and multiplying
periodic signals to the input and output of the unknown
utility functions, respectively. We give the ESC-based market
dynamics in Fig. 1 and the implementations in Fig. 2. The



ESC-based market dynamics can be modeled as

Xi = ki(g‘—i), (13)

G = hi(A-§), (14)

. N M

A= dya- Y 15
i=1 j=1

Kj,- = —0f (- %ui()?i—l—asin(a)t))sin(a)t))7 (16)

. 2

i = f(bj(‘g'jf acj(qj+asin(wt))sin(wt)), (17)

where k;, h;, and g are the adaptive gains of the market
dynamics, and @ and @;j are the frequencies of the low-
pass filters. To separate (16) and (17) from (13)—(15), we
choose @&f and @} such that k; = & and h; = @] with
small scalar 6. In the ESC-based market dynamics (13)-
(17), we only need to measure the input and output values
of the utility functions.

IV. MAIN RESULTS

In this section, we will prove the SPA stability
of the ESC-based market dynamics. We first define
0f = oL0f, c?)js = a)La)j.,g = S w”, where @ is a positive,
real number, and f, a)j. and @?” are positive, rational

numbers. We define oS, =min{of,...,®f,..., 0y}, &, =
min{®yj,...,0,..., 0y}, Of, = max{of,...,0f,..., 05},
Oy = max{a)f,...,(ujf, ...,05} and assume that
wrilin/wp > 67 wxsnin/wp > 67 wxilin/w;mx > 6’ wrsnin/a)ttl‘qax >

0, which ensure that (16) and (17) can be separated from
(13)—(15). Next, we prove the SPA stability in the following
theorem:

Theorem 1: The ESC-based market dynamics (13)—(17)
are SPA stable with respect to 8, a, and @y, if the following
conditions are satisfied:

o The profit function u;(x;) is concave and Lipschitz
continuous in x;, for i =1,...,N, and the cost function
cj(gj) is convex and Lipschitz continuous in ¢;, for
j=1,...,M.

. dzu,-(x,-)/dxiz < —m and dZCj(q,')/dqﬁ > 2, where m
and 7, are positive real numbers.

Proof: Let T = wrt, we obtain the market dynamics in
the new time scale 7,

dx;

o = Sef(G-A), (18)
% = dai(d-§)), (19)
% = oo’ [ﬁi xi— Ji q;17, (20)
%ii = *wic(gi*%Mi()?iJrasin(a)t))sin(a)[)), 1)
%% - 4ﬁ@F%QWmeMwm$Mm»_Qm

According to the averaging theory [16], the dynamic
system with periodic disturbance can be approximated by
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»| u, (X, +asin(wt))

15)

asin(o?) 2/a sin(wt)

(a) Dynamics of electricity consumption.

»| c,(q,+asin(or))

g, n g,

asin(wz) 2/a sin(wt)

(c) Market clear pricing.

Fig. 1. ESC-Based Market Dynamics.

Profit/Cost
Calculation Model

asin(ot) Sn©Y Gradient

Estimation

—)' Dual Dynamics |7

Fig. 2. Implementations in Electricity Markets.

its average system,

B~ sergr-a),
Cff = Soj(A" - &),
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where O and F}' are defined as
ot - %./O.Mu,-(f,-—l—asin(a)t))sin(a)t)dt,
FA = ;—n/omcj(c}j+asin(a)t))sin(a)t)dt.
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Approximating u;(£; +asin(@t)) and ¢j(§; +asin(wt)) with
the Taylor series, we have

%Q? - % Ozn(“i()@‘)+asin(wt)du(;)(§i)
—&—ni; (asinr(l!a)t)) dd?;ef;l) Jsin(or)dr
- duc;(?fi)’LOf(“z)' (30)
gFfA - é OM(C/(q,) +asin(or) dcé((jj)
+ 22 (aSm’E!wt))" dZIZ}S’Jl) sin(ar)ds
) dcé;?,)wq( ) (1)

Let @ = 76 and substitute (30) and (31) into the average
system (23)—(27), we have the dynamic system in time scale
a,

a R

T epg ), (2
dg’ "

9 e, (3)
das Al &

bk qA (34)
dot ; J; !

dClA _ du,(x,) 2
2 = o - o), 69)
délA . soea dei(@)) a2
Sy = —oilE; *W*OJ(“ ). (6

The system (32)—(36) is a standard singular perturbation
form with fast dynamics, ¢4 and é;‘ when O is small.
“Freezing” the dynamics (35) and (36) at the equilibrium
g = dul X‘ +05(a®) and & = dc’(q’) +0%(a*), we obtain
the reduced system.

df; c dul(x,\zr) 2 ar
et A ¢ — 7
o = OCET @), e
dq’ o, de(d)
o= (= L 092 38
do ./( d@; ](a ))7 ( )
dir p y r w r1+
o — LA fj;q.,»]i,. (39)
Let ¥ =% — 2™, §"=§¢"— §"™, and l’—i’fi’*, we
select the followmg Lyapunov function:
1 1 =
V — V V V — 7~VT¢7] =r _ ~rT\Pfl o~ z’r 2
1+VatVs= X ¥+54 —&-Twp( (ZK;)

where @ = diag{of’} and ¥ = diag{w;} are diago-
nal matrices. Defining O° = (0%,...,0%,...,0%)T, 07 =
(0‘{,...,03,...,0,‘{4)T, Ry=(1,...,1)T with |Ry| =N and
Ry = (1,...,1)T with |Ry| = M. Then, the derivative of the
Lyapunov function along the reduced system (37)-(39) is

denoted as
% = P ) + 0% — ARy)
+3 (A Ry —¢(§") — 0%(a?))

+A"E Ry — G Rul} | 41
whereu' (£)=(du; (£]) /dR],. . .,du;(£}) /d],.. duN( )/d)?’)
andc’(§")=(de1(47)/4 . . .dc;(q7) /4G, ... dem(35) /ddy) T
We note that A’[¥TRy — N’TRM]; < A'(#TRy — G "Ry),
and then

dav n
da < X’T(u'(ﬁr)+0x(a2)—erN)
+qT (A Ry —c'(§") — 0%(a?))
+)L ( rTRN quRM)
_ ~rT /( )71;'* rTRN—%-)ZrTOx(aZ)
_quC/(Ar)+Zr*quRM_qu0q(a2)
_ ~rT( (x )7M’(xAr*))+irT0x(a2)
-G ((@) - @) -q"0%a). (42
Using the Mean Value Theorem [19] and conditions

d?u;(x;)/dx; < —my and d*cj(g;)/dg3 > M2, we obtain
dav

g = ¥ = m2|g" >+ | F[[[|0¥(a®) |
< —27?10)1%111‘/1 2m m1nV2+ \Y 2ernaxHOx ”\/‘71
(43)
There exists a positive saclar n* such that
n Vo= 2m mmVl +2n2 imin V- (44)
When 1 € [0,1%], we have
dv
@ < —TIV+ V 2w§14x||0x ||f
— V20V, (45)
where 0 is defined by
a)C
6 =/ 5= l0* (@)l (46)
Setting W = \/V, we obtain
p'w < -Tw e, (47)
which, from Lemma 1, implies that
_Ng 2
Wl <e> IIW(0)||+59~ (48)
Let 7 = (&,..., %}, d},A")T, we obtain
1] < V20mW]
_n 2
< V20u(e WO+ 0). (49)

where @max = max{of,..., 05, 07,...,0;,0"}. Thus, the
reduced system (37)—(39) is SPA stable with respect to a in
the a-time scale.
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Defining the boundary system as ef = {A — 207 for all
i=1,...,N and e? :5;‘—%FJA for all j=1,...,M. From
(35) and (36), we see that the boundary system is globally
asymptotically stable. Combining with the SPA stability of
the reduced system and Lemma 2 in [20], the average system
(23)—(27) is SPA stable with respect to a and  in the T-time
scale. Finally, using the Lemma 1 in [20], the original system
(13)-(17) is SPA stable with respect to a, 8, and @, in the
t-time scale. [ ]

V. NUMERICAL RESULTS

In this section, we consider an electricity market consisting
of 10 consumers and 5 suppliers. The profit functions and the
cost functions are assumed to be some quadratic functions
with coefficients randomly selected.

ui(x)) = —2x%—|—9x1
up(xp) = 1.5x% +6x>
u3()€3) = 70.5)6% + Tx3
us(xg) = —0.6)6% + 6x4
us(xs) = —x5 + x5 (50)
ug(xg) = —ZX% + 10x4
uz(x7) = 70.5x% ~+ 5x7
ug(xg) = —0.9)6% + 8xg
ug(xg) = —O.6x§ + 10x9
uyo(x10) = —I.SX%O + 8x19
and
ci(q1) =0.2¢7 —2¢1 +5
c2(q2) = 0.18¢3 — 1.8¢2 +3
c3(q3) =0.15¢3 — 1.7g3 + 1 (51)
ca(qa) = 0.13q£ —1.5g4+3
cs(gs) =0.1¢2 — 1.2g5+5
The optimal solutions of (5) are obtained as

x* = {2.1,1.8,6.4,4.5,3.2,2.4/442.1,7.9,2.5} and
q" = {6.4,6.6,7.6,7.9,8.8}. The adaptive gains of the
market dynamics are defined as k; = 0.2, h; = 0.2 and
g = 0.1. We set the parameters of the ESC dynamics as
a=0.1,8=0.1, © =20, &f =2, (2)}‘-':2 and ®” = 1. Fig.
3-Fig. 5 show the ESC-based market dynamics converge
to a neighborhood around the optimal solutions of (5) (i.e.,
SPA stability). To evaluate the balance between supply and
demand, we define the absolute matching errors (AME) as

N M
AME=Y %-Y 4;, (52)
i=1 j=1
and the relative matching errors (RME) as
N o M A
RME = 22 Lm1 9 g, (53)
i=1%Xi

The AME and the RME versus the iterations of the ESC-
based market dynamics are shown in Fig. 6 and Fig. 7,
respectively. Both the AME and the RME converge to a
neighborhood around 0 with rapid speed. The amplitude of
the fluctuations is within [-0.2, 0.2] for the AME and within
[-1%, 1%] for the RME at the equilibrium.
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Fig. 3. Convergence of electricity consumption.
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Fig. 4. Convergence of electricity production.
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Fig. 5. Convergence of market clearing price.
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Fig. 6. Absolute matching errors.
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Fig. 7. Relative matching errors.

VI. CONCLUSIONS

In this study, we use ESC to model the dynamics of
electricity markets with unknown utility functions. It is
shown that the ESC-based market dynamics can converge to
the equilibrium within a small neighborhood of the optimal
solutions of the social-welfare optimization problem and
achieves the balance between supply and demand. In the
future, we will study the influence of the ESC dynamics on
the price volatility in the electricity markets and consider
more complicated market models with physical constraints
and renewable power.
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