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Abstract

Two perspectives on the Local Symplectic Homology of Closed Reeb Orbits

by

Elijah Fender

In this thesis I prove two isomorphisms in the local symplectic homology of a non iter-
ated, isolated Reeb orbit. The isomorphisms are in S'-equivariant and nonequivariant
symplectic homology relating the local Floer homology group of the orbit to that of
the return map. The S'-equivariant symplectic homology isomorphism can be stated
succinctly as the local S'-equivariant symplectic homology of an uniterated isolated
Reeb orbit is isomorphic to the local Hamiltonian Floer homology of the return map.
An application of this result gives the equivalence of two different definitions of a Reeb

orbit being a symplectically degenerate maximum.



Acknowledgments

I would like to thank my advisor Viktor Ginzburg for his guidance throughout
my Ph.D. studies at UCSC. Viktor is an excellent advisor. He has pushed me to grow
and learn and has consistently provided advice and direction, helping me to overcome
even the toughest challenges.

I would also like to thank Richard Montgomery and Bagak Giirel for serving in
my committee. It was a pleasure talking to Richard Montgomery about geometry during
my years at UCSC. His passion has been a source of inspiration. In addition, I want
to acknowledge Basak Giirel for the many ways in which she has supported my work
and career. From attending my oral exam and providing perspective on mathematics,
to generously offering fiscal support to attend conferences, I count myself lucky to have
had her assistance throughout my degree.

In addition, I am grateful to Professor Dan Cristofaro-Gardiner for his support
and mentorship throughout the years, including partial funding support from his NSF
grant during the research period of this thesis.

With regards to the mathematical content of this thesis, I am grateful to
Alberto Abbondandolo, Erman Cineli, Cheyenne Dowd, Umberto Hryniewicz, Leonardo
Macarini, Marco Mazzucchelli, Mark McLean, and Otto van Koert for useful discussions
and remarks. I am particularly grateful to Viktor Ginzburg for his invaluable input
and guidance throughout the project. This thesis was partially supported through a

fellowship awarded by the math department at UC Santa Cruz.

vi



Thanks to my geometry peers Jeongmin Shon, Matthew Grace, Mita Banik,
John Pelias, Gabriel Martins, Andres Perico, Victor Bermudez and Alejandro Bravo
Doddoli for studying all manner of geometry with me as well as being great friends.

I want to especially thank my mathematical brother Erman Cineli for not only
learning symplectic geometry with me through countless conversations, but also for
being a dear friend and rival who pushed me to learn and grow constantly.

I would also like to thank my friends Deniz Yilmaz, Giilgin Yilmaz, Cisil
Karagiizel, Patrick Allmann, Jody Ryker, Megan Bell, and Chloe Smith for the joy
and fun they have brought to my life these past years.

Thanks to everyone in my family for their persistent care and love. You have
believed in me since the beginning and are the reason I have come this far.

And finally, I want to express my profound gratitude to my wife Nicole. She
has been a pillar of support since the inception of my dream to attend graduate school.
She has seen things in me before I have seen them in myself and has always afforded

me love, understanding, and perspective.

vil



Chapter 1

Introduction and main results

1.1 Introduction

In this thesis based on [Fen|, we establish the equivalence of two perspectives
on local symplectic homology, as elaborated upon in the abstract. Beyond that, we give
a brief survey of results about the existence of periodic orbits for flows and dynamical
systems as well as fixed points for maps. This is relevant because the ultimate trajec-
tory of the work done in [Fen] is to provide a proof of a case of the contact Conley
conjecture. In this section, we first talk about how the results from that paper fit into
the conversation of using local homology to count periodic orbits. We then talk about
periodic orbits on Fuclidean space and geodesics on Riemannian manifolds. We finally
elaborate upon periodic orbits in symplectic and contact geometry, and contextualize
where the local homology results from [Fen| fit into the conversation about periodic

orbits within the field.



One of the key ways that results of the type proved in this thesis are use-
ful is their role in showing the boundedness of homology groups generated by a finite
collection of closed orbits or fixed points. In their paper [GM69], Gromoll and Meyer
show such a result for a broad class of compact Riemannian manifolds satisfying certain
topological conditions. In particular, they construct a uniform bound for the homology
arising from the tower of iterates generated by every closed geodesic if there are only
finitely many closed prime geodesics. The eventual goal of the work contained within
this thesis is to prove a similar result in the setting of a certain class of contact mani-

folds, namely symplectically aspherical prequantization bundles.

In order to understand the significance of Gromoll and Meyer’s result, we look
even further back to questions of multiplicity of periodic orbits. Periodic orbits are
features of a dynamical system. If we have a potentially time-dependent vector field
V; on a manifold M then «(t) is a solution to this system if 7/(tg) = Vi, (v(t0)). A
solution v(t) is called a T-periodic orbit if (¢t + T') = ~(t). Any such vector field has
an associated time-dependent flow ®,;. If the flow exists at time 7', which is always the
case when M is compact for instance, then (t) can also be thought of as a fixed point
of the time-7" map of the flow in the following sense: ®7(v(0)) = v(0). As such, finding
periodic orbits is inextricably linked to finding fixed points of maps, and we may use

the words interchangeably in this discussion.



Multiplicity questions for periodic orbits or fixed points have been among the
fundamental questions in mathematics. One of the earliest places where such a question
emerges is in the study of the n-body problem. Finding periodic orbits in the n-body
problem has a key difference from most of the other multiplicity questions we discuss
below. That is, when one models the n-body problem with a Riemannian or symplectic
manifold, the manifold or the fixed energy level produced will often not be compact.
When one looks at non-compact manifolds it becomes much more difficult, as many tools
used in the compact case are not available. In fact, it becomes challenging to specify
reasonable conditions that guarantee the existence of at least one closed geodesic in the

Riemannian case.

Some of the earliest progress in finding periodic orbits was made for differen-
tiable dynamical systems on open subsets of the plane. One of the key results on the
subject is the Poincaré—Bendixson theorem with Poincaré’s contribution to the theorem
being completed in 1892, although it does not literally apply to Hamiltonian dynamical
systems. The theorem states that if we are given any differentiable real flow on an
open subset of the plane then every non-empty compact w-limit set of an orbit, which

contains only finitely many fixed points, is either

e a fixed point

e a periodic orbit

e a connected set composed of a finite number of fixed points together with homo-



clinic and heteroclinic orbits connecting these fixed points.

This theorem can be applied to dynamical systems on the plane, the cylinder,
and the two-sphere. It can be applied to rule out the existence of a strange attractor,
the concept of which was discovered after this theorem was proved, and can sometimes

be used to establish the existence of a stable periodic orbit for a planar vector field.

We now look at a result due to Lyapunov from the 19th century. Consider a
non-degenerate minimum of an autonomous Hamiltonian on R?” such that all eigenval-
ues of the Hessian are distinct. Then every energy level near the minimum carries at

least n distinct periodic orbits.

Moving on from dynamics on R?", we next turn our attention to geodesics
on Riemannian manifolds. Finding closed geodesics is akin to finding periodic orbits
when we think of the dynamical system arising from a geodesic flow. The techniques
developed with the goal of finding and counting closed geodesics has served as a source
of inspiration for much of what followed in symplectic geometry. It is important at this
point to talk about the difference between two different settings in which we want to
count periodic orbits. These are the degenerate and nondegenerate cases. We say that
a periodic orbit is degenerate if its associated return map has one as an eigenvalue,
and we say it is nondegenerate otherwise. Typically multiplicity results have additional

difficulties in the degenerate case.



The main results we will focus on are those related to proving the well-known
conjecture that every closed Riemannian manifold admits infinitely many simple closed
non-trivial geodesics. There are many partial results to this end, some only showing
the existence of finitely many periodic orbits. Morse theory was originally invented to
address this problem by applying the techniques to the free loop space of whichever
manifold one wanted to study. There are many difficulties in adapting this theory
which works so neatly in finite dimensions. For starters, when we look at the energy
functional, whose critical points are geodesics for a given metric, none of the critical
points are nondegenerate in the traditional Morse sense. This is because every simple
closed geodesic has a natural O(2) action on it. As such, critical points always occur in
families. Furthermore, the fact that one closed geodesic always implies the existence of
infinitely many via iteration means that even taking into account this O(2) action often
isn’t enough to count more than one geodesic. All of that combined with the issues of
defining the index means that Morse theory alone is not up to the task of solving this

problem completely.

Nevertheless, some progress can be made by using Morse theory. Let M be
a multiply connected manifold; then, conjugacy classes of m1(M) are in one to one
correspondence with free homotopy classes of loops in M. Closed geodesics can be ob-
tained by undergoing an energy minimizing procedure, and therefore we obtain a closed
geodesic for every conjugacy class. This doesn’t work for simply connected manifolds as

the minimizing procedure would then produce a constant geodesic. However, a result



due to Lyusternik and Fet [LF51] says that every simply connected compact Riemannian
manifold carries at least one non-trivial closed geodesic. Furthermore, Lyusternik and
Schnirelmann’s famous theorem of three geodesics shows that a sphere always carries

at least three geometrically distinct closed geodesics.

Looking to the question of whether or not every closed Riemannian manifold
carries infinitely many geodesics, the problem remains open. For multiply connected
manifolds, we said above that for manifolds with infinitely many conjugacy classes in
m1(M) that this fact is true. Looking to the simply connected case, this was shown
first for S? by Hingston in [Hin93]. Hingston’s work does not generalize to S® where
the question remains open. The simply connected case is addressed, to some degree, by
Gromoll and Meyer in [GM69]. As stated above, they show that finitely many simple
geometrically distinct geodesics will generate a homology complex with bounded rank.
Thus, if we have the homology complex for the free loop space with coefficients in F,,
such that the Betti numbers grow without bound for some prime p > 2, then every Rie-
mannian metric on M admits infinitely many geometrically distinct non-trivial closed
geodesics. Something unique about Gromoll and Meyer’s approach is that it handles
the contribution of degenerate orbits to local homology, showing that degenerate orbits

also give a bounded contribution.

The question of when the above circumstances arise was addressed in [VPS76]

where Vigué-Poirrier and Sullivan show that for a simply connected closed manifold



M, the sequence of rational Betti numbers grows with the index if and only if the
rational cohomology ring of M has at least two generators. There are a handful of
compact simply connected globally symmetric spaces of rank greater than one whose
rational cohomology ring has only one generator. These spaces were studied by Ziller
in [Zil77] where he showed that their free loop spaces have unbounded Betti numbers
when the coefficient ring is taken to be Fy, thus showing that they posses infinitely
many geodesics. Finally, simply connected globally symmetric spaces of rank one have

cohomology groups generated by a single element.

As a brief aside, we have not talked about Finsler metrics in the above dis-
cussion. Although many of the above results are also true or believed to be true for
Finsler manifolds, there is a point at which this breaks down. In particular, Katok gave
an example of a Finsler metric on S?, in [Kat73], which has exactly two closed prime
geodesics. Then in [Zil83] Ziller built upon the wok of Katok providing examples of
Finsler metrics on simply connected manifolds, including S™, which only carry finitely
many closed geodesics. This is in contrast to Riemannian geometry where this remains

an open question for S™.

Now we turn our attention to symplectic and contact geometry specifically.
There are two fundamental questions one might ask. First we could ask how many one-
periodic orbits there are for time dependent Hamiltonian systems, and in these systems

we may also want to look at what happens when we iterate the time-one map, as is the



case when we consider the Conley conjecture. Secondly, for autonomous Hamiltonians
we can look for all periodic orbits on a fixed energy level (which is more akin to the
geodesic problem). The problem of counting Reeb orbits on contact manifolds falls
under the perspective of looking at a fixed energy level for a Hamiltonian system when

that energy level is of contact type.

Here we are primarily interested in a few important conjectures. First is the
nondegenerate Arnold conjecture which states that the number of fixed points of a
Hamiltonian diffeomorphism is bounded below by the sum of the Betti numbers of a
closed symplectic manifold. The monotone case was proved by Floer with the introduc-
tion of the Floer homology complex whose generators are fixed points of a Hamiltonian
diffeomorphism. On the contact side of things, we have the Weinstein conjecture which
states that every Reeb vector field on a closed contact manifold carries at least one

closed Reeb orbit.

The next conjecture we would like to look at is the Conley conjecture, which
states that for a fairly broad class of closed symplectic manifolds any Hamiltonian
system has infinitely many simple (i.e., uniterated) periodic orbits. On its face this
looks reminiscent of the problem of finding geodesics on closed Riemannian manifolds,
however there are some key differences. For one, the Conley conjecture does not dis-
tinguish between trivial and non-trivial fixed points, as the distinction disappears for

Hamiltonian diffeomorphisms. For two, the existence of infinitely many periodic orbits



is not forced by homological growth as it is in [GM69]. The Conley conjecture, like
the geodesic problem, becomes more difficult in the degenerate case. It was shown
on the torus by Nancy Hingston in [Hin09]. The symplectically aspherical case was
shown by Viktor Ginzburg in [Ginl0]. These two papers helped to identify the notion
of a symplectically degenerate maximum which we henceforth abbreviate as an SDM.
This is a degenerate periodic orbit whose contribution to homology is not sufficient to
guarantee the existence of infinitely many periodic orbits, but it carries local dynam-

ics information that can be used to show the existence of infinitely many periodic orbits.

The contact Conley conjecture asks what conditions can be placed on a con-
tact manifold such that we can guarantee the existence of infinitely many Reeb orbits.
As has been mentioned above, the key result of this thesis is an equivalence of two
definitions of the local symplectic homology of an uniterated closed Reeb orbit. The
utility of this result is that it gets us a step closer to proving the results in [GHHM13]
using symplectic homology rather than contact homology. This paper by Ginzburg,
Hein, Hryniewicz, and Macarini proves the contact Conley conjecture for prequantiza-
tion bundles whose base is symplectically aspherical. Local contact homology has yet
to be rigorously defined for iterated orbits, so the use of local symplectic homology here
is poignant. In addition, further results in local symplectic homology have the potential
to reconcile different definitions of a Reeb orbit being an SDM. This would guarantee
the existence of infinitely many Reeb orbits via local dynamics information exactly in

the cases where the global homology complex would remain bounded in rank. This is an



important step in proving this case of the contact Conley conjecture. A more in-depth
discussion of how the results contained in this thesis relate specifically to the literature

of local contact homology and contact Conley conjecture is given in Section 1.2.

1.2 A conjecture in local homology

The goal of this work is to prove two isomorphisms in the local symplectic ho-
mology of a simple, which is to say non iterated, isolated Reeb orbit. The isomorphisms
are in S'-equivariant and nonequivariant symplectic homology relating the local Floer
homology group of the orbit to that of the return map. The isomorphism we prove in
Sl-equivariant symplectic homology can be stated succinctly as the local S'-equivariant
symplectic homology of a simple isolated Reeb orbit is isomorphic to the local Hamilto-
nian Floer homology of the return map. An immediate application of this result is the
equivalence of two different definitions of a Reeb orbit being a symplectically degenerate

maximum which we expand upon in Section 1.4.

Results of this type are of interest for their role in proving the existence and
multiplicity of Reeb orbits. The S'-equivariant side of this thesis can be viewed as a step
in proving the following statement. Let 2 = y* be the k-th iteration of a simple Reeb

orbit y and let ¢ be the return map associated to the simple orbit y; then conjecturally

10



1R

SHS' (z) HF(¢)%*

»
N\

HC(z)
where every arrow in this diagram is an isomorphism. Here SH?® ' (x) denotes the S-
equivariant local symplectic homology of x, HC(z) denotes the local contact homology
of , and HF(¢)%* is the Zj-invariant part of the local Floer homology of ¢ with respect
to the natural Z; action. Note that there are serious conceptual issues with defining

HC(x) when k > 1.

In this thesis Theorem 1.3.2 proves the simple case, that is when k = 1, of the
isomorphism SH?® 1(ar;) >~ HF(¢) without passing through contact homology. The cor-
responding simple case for contact homology, that is HC'(x) = HF(¢), was first proved
by Hryniewicz and Macarini in [HM15]. Local contact homology was, in fact, defined in
[HM15]. In their paper, Hryniewicz and Macarini lay some of the ground work we build
upon here as they explicitly give a local model for a neighborhood of a simple Reeb
orbit which we use as the starting point of our computations. They also show that the
dimension of Hamiltonian Floer homology of the return map gives an upper bound for
the rank of the local contact homology of an iterated Reeb orbit, when it is defined.
This work is continued in [GHHM13], where Ginzburg, Hein, Hryniewicz, and Macarini
conjectured that in fact for an iterated orbit we have HC(z) = HF(¢)%*. They apply
this to show that the existence of a Reeb orbit whose return map is a symplectically de-

generate maximum guarantees the existence of infinitely many Reeb orbits. The results

11



proved in [GHHM13] are further expanded upon in [GGM15], where Ginzburg, Giirel
and Macarini prove a Conley conjecture result for certain classes of contact manifolds

using the conjectured isomorphism.

Several similar results in local homology have been proven to date. Local
symplectic homology was defined in [GG20], where Ginzburg and Giirel develop a Lus-
ternik—Schnirelmann theory for equivariant symplectic homology. Finally in [HHM19],
Hein, Hryniewicz, and Macarini show the transversality results which are necessary to
define a local Morse complex with finite cyclic group symmetries. They apply this to
the case of contact geometry in order to define a local contact homology with discrete

action functionals.

On the nonequivariant side Theorem 1.3.1 can be seen as refining the simple
case of a result proved by McLean in Lemma 3.4 from his paper [McL12]. Here McLean
proved an inequality involving rank of the symplectic homology of a Reeb orbit and the
local Hamiltonian Floer homology of the return map direct summed with itself with a
shift in degree. We show that the homology groups in question are in fact isomorphic

when the orbit is simple.

12



1.3 Results

In this section we introduce the setting of the problem and then present the
main results proved in this thesis. Let (Y, «) be a contact manifold. This is a manifold
of dimension 2n + 1 with a one-form « such that a A (da)™ # 0. The Reeb vector field
of a is a vector field R such that tra = 1 and tgrda = 0. We say that 1 is the Reeb

flow of o on Y if %wt(p) = Ryi(p) forpeY.

A Reeb trajectory v : R — Y v(t) = ¢!(p) for p € Y is a T-periodic closed
Reeb orbit if y(t + T') = v(t). We may refer to a closed Reeb orbit as simply a Reeb
orbit. We say + is a simple T-periodic closed Reeb orbit if 7y is injective on the interval
[0,7). In particular, when we say a simple Reeb orbit, we mean an uniterated Reeb
orbit. We say a T-periodic closed Reeb orbit is isolated if v is a period-T closed Reeb
orbit and there is some open neighborhood ¥ = S x B?" of v in Y, where v = S x 0,
and X contains no closed Reeb orbits of period-t where t € (T'—n, T+n), for some n > 0.
Note that we cannot exclude all possible periods here because traversing v twice, that
is the orbit +2, is another closed Reeb orbit of period 27 that lies in ¥. Furthermore,
an arbitrary Reeb orbit or its iterates might not be isolated from other closed orbits
broadly speaking. From this point forward we will consider v to be an isolated simple

closed Reeb orbit unless otherwise specified.

The simple Reeb orbit v has several homology groups which one can associate

13



with it. In this thesis we explore the relationship between two specific types of associ-
ated homology groups, and what implication this relationship has for the dynamics of
. The two types of homology groups associated to « in which we are interested are the
symplectic homology of « and the local Hamiltonian Floer homology of the return map

of the Reeb flow restricted to a slice in the trivialization ¥ = S1 x B2,

Included in the choice for ¥ we also fixed a trivialization S! x B?". On this
trivialization, the two-form da restricts to a symplectic form on any slice § x B?™. Let
¢ be the return map obtained by following the Reeb flow from a small ball in the slice
0 x B?" to a slightly larger ball in that same slice. Then ¢ is necessarily the germ of a
symplectomorphism of (B?", da/yy gen) fixing the origin, which is discussed in [HM15]

as well as [GG10] in Remark 4.1.

The fact that « is an isolated Reeb orbit is equivalent to ¢ having an isolated
fixed point at the origin, this fact will be elaborated upon in Remark 3.1.3. As a result,
we know that ¢ has a local Hamiltonian Floer homology defined in a neighborhood
of the origin. Furthermore, if we were to look at the return map for any other slice
0y x B?", it would be a Hamiltonian diffeomorphism which would be conjugate to ¢,
and therefore it would compute the same local Hamiltonian Floer homology on B?".
So we can unambiguously (up to a choice of isotopy) associate the Hamiltonian Floer

homology of ¢ with the orbit ~.

14



On the other hand, we may use a different Hamiltonian Floer Homology to
study the dynamics near v. We can produce a symplectization W = (1 —§,1 + ) x 2
of ¥ with coordinates (r,0,z) and the symplectic form w = d(ra). Next, take a
Hamiltonian f(r) on W which only depends on r and has the following properties:
f(1) = f(1) =1, f” > 0. With these conditions assumed for f one can show, as we do
in Lemma 3.1.2, that the fixed points of the time-one flow of f with respect to w are
exactly those in the set 1 x S' x 0 which corresponds to . Thus one can also compute
the local Hamiltonian Floer homology of this flow, which we call ¢, r, and produce a

homology group associated with ~.

We say that the symplectic homology of v is the local Hamiltonian Floer ho-
mology of ¢, r and the S 1 _equivariant symplectic homology is the S'—equivariant local
Hamiltonian Floer homology of ¢, r. The advantage of the latter is that it produces
a homology which has exactly one generator per simple orbit, which is discussed in
[GG10]. This is helpful when one’s goal is counting Reeb orbits via these homology
groups, as is the case when proving results about the multiplicity of Reeb orbits, as is

the case in [AGKM, GM, GS18, GG20].

In this thesis we prove two isomorphisms which show that the symplectic ho-
mology of v is entirely determined by the local Hamiltonian Floer homology of the
return map of ¢. The first of the two isomorphisms is on the local symplectic homology

of our isolated simple Reeb orbit, and the second is an isomorphism in S'-equivariant

15



symplectic homology of ~.

Theorem 1.3.1. Let v be a simple isolated closed Reeb orbit. Let ¢ be its return map.

Then we have the following isomorphism in local homology for any coefficient ring R
SH.(y) = HF"(¢) ® HF,%(9).

The left hand side of this expression is the local symplectic homology of v, and
the right hand side is the local Hamiltonian Floer homology of the return map ¢. Recall
that, as stated in the introduction, this is related to the a result by McLean where he

proved an upper bound in rank for these homology groups in [McL12].

The second isomorphism that we prove is

Theorem 1.3.2. Let v be a simple isolated closed Reeb orbit. Let ¢ be its return map.

Then we have the following isomorphism in local homology for any coefficient ring R
SH (v) = HF"(9).

The left hand side of this expression is the S'-equivariant symplectic homology

of v, and the right hand side is the local Hamiltonian Floer homology of ¢.

It is worth noting that this isomorphism is independent of the choice of the
product structure on ¥ = S* x B?". For any bundle you take over S to represent ¥ one
can look at the return map of the fiber over some fixed y in S*; the local Hamiltonian
Floer homology of this map will be isomorphic to that of ¢ up to a shift in degree.

16



In addition one can define the symplectic homology of v independent of this choice
of trivialization and still obtain something isomorphic, up to a shift in degree, to the

symplectic homology we specify.

The role that the product plays here is that it allows us fix a frame for B?" along
51, and thus allows us to determine an isotopy for the return map. This choice of frame
will canonically extend to a frame in the setting of the symplectic homology of ~y, which
will determine the Conley Zehnder index and grading in this setting. Thus, when we
state this isomorphism whatever comparison we make in degree is relative to the choice

¥ = S x B?" and how it subsequently determines the grading for our homology groups.

Finally, it is important to mention that Theorem 1.3.2 is in some sense known,
albeit not through a direct proof. Namely, in the case where the coefficient ring con-
tains @, Theorem 1.3.2 can be deduced by applying two results regarding homology
of contact manifolds. First, we know that the positive part of equivariant symplectic
homology is isomorphic to the linearized or cylindrical contact homology, when it is
defined. This is due to [BO17], a paper by Bourgeois and Oancea where they prove
this result in a global setting, when the coefficient ring contains Q. This argument
translates word for word to the local setting and when the orbit v is simple the con-
tact homology is defined, see [HM15]. As stated in the introduction, in [HM15] they
proved that the local contact homology of an isolated Reeb orbit v is isomorphic to the

local Floer homology of the return map in Proposition 5.1. This together with [BO17]

17



proves the claim. Alternatively, one may use Lemma 5.2 of [EKP06] from Eliashberg,
Kim, and Polterovich’s paper which shows that contact homology is isomorphic to the
Hamiltonian Floer homology of a certain Hamiltonian. When we look at these results
in our local setting the Hamiltonian Floer homology we get from the [EKPO06] result

corresponds to a Hamiltonian which generates the germ of the return map ¢.

The advantage of the proof presented here is two-fold. First, it is a direct proof
not involving contact homology whatsoever. As a result, it does not involve many of the
additional complex tools which are employed in the above results. Secondly, our result
remains true regardless of which coeflicient ring one chooses to compute ones homology

with.

1.4 What this result tells us about symplectically degen-

erate maxima

In this section we give two different definitions of a Reeb orbit being a symplec-
tically degenerate maximum (SDM), and explain how our result shows their equivalence
for simple Reeb orbits. This can be seen as an immediate corollary to Theorem 1.3.2.
The two definitions we give here are slightly different from the statements which in-
volve iterations of an orbit having homology supported in certain degrees. That is,

the definitions one usually sees in Conley conjecture type arguments. Nevertheless, the

18



definitions we give here are equivalent to those involving the homology of iterates.

First, let’s look at the symplectic homology definition of an SDM in which
we are interested. Let x be an isolated Reeb orbit in a contact manifold (Y, «). Fol-
lowing [GHHM13] we say that z is a contact symplectically degenerate mazximum if
SHg(len(x) # 0 where /i is the mean index as defined in [Lon02,SZ792, GG20] taken
with respect to a trivialization of (1—4,1+§) x S! x B?", and where n here comes from

the dimension of the contact manifold Y which is 2n + 1. This definition, as well as its

iterated analogue, are discussed at some length in [GS18].

On the other hand, we are also interested in the Hamiltonian diffeomorphism
which is determined by the germ of the return map ¢. If ¢ has an isolated fixed point
Z, we say that  is an SDM if HFZAO(CQEHH(QS) # 0. This is the definition given in [Ginl10].
Here A(Z) is the mean index of Z using the same definition as above, except in this case
it is taken with respect to a trivialization on B?". This notion is discussed at greater
length in [GG15]. Now we may give the second definition for a Reeb orbit to be an SDM.
An isolated Reeb orbit x is a symplectically degenerate mazimum if its associated return

map has an isolated fixed point  and this fixed point is an SDM in the Hamiltonian

Floer homology sense which we just described.

Notice that ji and A have the same definition from the perspective of linear

algebra except that fi is defined on an enlarged vector space. More specifically, if we
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take a trivialization of B2" it canonically extends to a trivialization of (1 — 6,1+ 4) x
St x B?". If we take ®* € Sp(2n) to be the path corresponding to the return map
¢ which determines A(#). Then the mean index fi(x) on (1 — 6,1+ 68) x St x B?" is

determined by the path

1 a(t)
® O € Sp(2n + 2).

0 1

From this we can see that in fact in the case of our Reeb orbit we have i(x) = A(Z).

Corollary 1.4.1. Let x be an isolated simple Reeb orbit. Then the two different defi-

nitions given above for x to be a symplectically degenerate mazimum are equivalent.

Proof. This follows immediately from Theorem 1.3.2 together with the above stated

fact that fi(z) = A(). O

1.5 Organization of the thesis and outline of the proof

Here we lay out the organization of the thesis and some guiding principles. We

also give a sketch of the result.
In Chapter 2 we give more complete definitions and pertinent results for the
different homology groups involved. We also spell out the relevant formal properties of

said homology groups.
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After this we begin the proof of the main theorems. The proof of Theorems
1.3.1 and 1.3.2 share much of the same set up and only diverge in approach at the very
end of the argument, which we handle specifically in Sections 5.1 and 5.2 respectively.
The majority of the work which applies to both approaches can be explained in rough

terms as follows.

In broad strokes, the strategy is to apply the Kiinneth formula for Hamiltonian
Floer homology to the symplectic homology of . Much of the work done throughout
the thesis is done in order to put our local model in a form where we are able to apply
the Kiinneth formula. We may apply the Kiinneth formula for Hamiltonian Floer ho-
mology if we have two Hamiltonians defined on a product of symplectic manifolds. The
homology is computed by looking at the time-one flow of the associated Hamiltonian
vector fields. So it is a valid perspective to have two Hamiltonian vector fields defined

on the product of symplectic manifolds.

In Section 3.1 we give a detailed description of a local model for the symplecti-
zation of a contact manifold in the neighborhood of an isolated Reeb orbit. In the local
model we have a Hamiltonian f, a symplectic form w and the space we are interested in
is W = (1-6,1+09) xS x B> with coordinates (7,6, z). Here the Hamiltonian f only
depends on the r coordinate. The symplectic form w is defined by taking w = d(ra). By
a result from [HM15] we know that there is some neighborhood ¥ of v on which we have

a = Hdf + Ay where the one form )\g is a primitive of o, o is the standard symplectic
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structure on B?", and H is a periodic Hamiltonian on B?". In this symplectization the

Reeb orbit v corresponds to the set 1 x S* x 0. The Hamiltonian vector field of f with

_f'r) (o
K= 10 (2 ).

The Hamiltonian vector field Xy is defined by the equation —dH = tx,0, and F =

respect to w is

H — Xo(Xn).

Our goal is to replace the Hamiltonian vector field for f with respect to w with
one which decomposes as two Hamiltonian vector fields, one that only depends on the r
and 6 coordinates, and one that depends only on the z coordinates. We want to make
this replacement in such a way that it does not affect the relevant homology groups up
to isomorphism. Once this is done we will make sure that these Hamiltonian vector
fields come from genuine Hamiltonians with respect to some symplectic structure on
the model space W, and that the homology this computes is isomorphic to the original

symplectic homology.

More specifically, we show the Hamiltonian vector field X, ; computes the
same local Floer homology as that computed by a Hamiltonian vector field which roughly
resembles f’ (r)% — Xpg. The first vector field in this summand depends only on r and
f and the second vector field depends only on the z coordinates. There are a number
of modifications that must be made in order to produce a Hamiltonian vector field of
the desired form, and they must be done in such a way that homology is preserved.
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The first issue addressed is the factor I’ from X, y; we handle the removal
of this term by introducing a new local model in Section 3.2.1. Secondly a priori the
Hamiltonian H is not autonomous as it lives in the phase space ¥ = S x B?" and is po-
tentially # dependent. Therefore, we need to replace H by an autonomous counterpart
H. This is the content of Proposition 4.0.1, the proof of which is the most technically
involved step we take in proving our main results. As for the side of the isomorphism
involving the Hamiltonian Floer homology of the return map ¢, we will leverage the for-
mal properties detailed in Sections 2.1.2 and 2.2.1 together with well known techniques
for modifying Hamiltonians on Euclidean space. Additionally, we need this replacement
to be done in such a way that we are not affecting the symplectic homology groups up
to isomorphism. The primary tools for doing this are developed in Lemma 3.3.1 and
Lemma 3.3.3, which give sufficient conditions for the types of modifications we may do
to the Hamiltonian H while still producing an isomorphism in symplectic homology.
We find the desired autonomous H, that is we give the proof of Proposition 4.0.1, in
Chapter 6 as well as verifying that the any replacements made in the process satisfy all

the technical conditions required to produce isomorphisms in the relevant local homol-

ogy groups.

After these modifications we are left with a Hamiltonian vector field of the
form f'(r) (% - X H) . At this point there are two remaining issues preventing us from

applying the Kiinneth formula. The first problem is that f/(r) is being multiplied with
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the X term, and the second is that the contribution that H is making to the Hamil-
tonian vector field is contained inside of a symplectic form. We handle both of these
issues at once by making a change of variable. The statement of Proposition 4.0.1 and

the change variable both occur in Chapter 4.

Finally, we are able to apply the Kiinneth formula in the separate cases of
symplectic homology and S'—equivalent symplectic homology to finish the proof of the

main Theorems in Sections 5.1 and 5.2.

As a final note, some of the notation in the proofs which follow will take a
slightly different form from that which appears in this sketch. As we lay out conven-
tions and give specific notation for functions mentioned above, the final notation will
be different. At each step, however, the expressions will have roughly the same form as

those described above up to a sign or a change in labeling.
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Chapter 2

Background

In this chapter the aim is to give the relevant homology definitions and results
as well as to set notation and conventions used throughout the work. Specifically we
give a very brief review of local Hamiltonian Floer homology, local symplectic homology,
and their equivariant counterparts. In addition, we lay out relevant formal properties
of these homology groups that will be used throughout the thesis. The reader may

consider consulting this chapter only as needed.

2.1 Local Floer homology

In this section we give a short recollection of the notion of local Floer homol-
ogy. All of the definitions and results in this section are standard and well known. This
homology was considered in a more general setting by Floer in [Flo89a, Flo89b]; for a

more specific account of local Floer homology the reader is referred to [GG10,McL12].
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2.1.1 Definition of local Floer homology:

Let (M,w) be a symplectic manifold. Let = be an isolated one-periodic orbit
of a periodic Hamiltonian H : S' x M — R. Select a sufficiently small tubular neigh-
borhood of U of z and then take a C2-small perturbation H of H supported in U. More
precisely, let U be a neighborhood of z in the extended phase space M x S! and let H
be C?-close to H, equal to H outside of U, and such that all the one-periodic orbits of
H that enter U are nondegenerate. With some abuse of notation we consider U as both

a neighborhood in M and in S x M.

Consider the one-periodic orbits of H contained in U. Then every Floer trajec-
tory u connecting two orbits is also contained in U if both ||H — H||2 and sup(H — H)
are small enough. Indeed the energy of u is equal to the difference of the action values
of the orbits and is thus bounded above by O(||H — H||¢2); from this it follows that w
takes values in U, see [Sal90,Sal99]. Furthermore, all the transversality conditions are
satisfied for moduli spaces of Floer anti-gradient trajectories of one-periodic orbits of H

contained in U.

In this setting the compactness theorem applies and we can construct a Floer
complex for the one-periodic orbits of H which are contained in U in the standard way.

This complex is independent of the choice of perturbation H and of the almost complex
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structure used. The resulting homology group is denoted by HF"¢(p,w, H), where p
is the fixed point associated with x and w is the symplectic form on U. If the fixed
point p and the symplectic form w is understood, we may opt to use the more compact
notation of simply H Fjoc(@q). Note that the isotopy ¢, is essential to have the grading
of H Fi"c(@lq) fixed and that isotopy is suppressed in the more compact notation. The
grading of this complex is determined by Conley Zehnder index, this is described at

length in [Sal99].

In general, x in this construction can be replaced by an isolated connected

compact set I’ of one-periodic orbits of H.

2.1.2 Properties of local Floer homology

In this section we lay out the well known properties of local Floer homology
which we will use throughout the work. We provide references for each property which

the reader may consult for a more detailed account.

(LFH1) Take a family of Hamiltonians H* and a family of symplectic forms wg, s € [0, 1],
such that the set of fixed points F' of the time-one Hamiltonian flow of H*® with
respect to ws, which we call gi)}{s, is a uniformly isolated fixed point set, that
is for s € [0.1], the set F' is independent of s and is the set of fixed points of

QS}{S for all s in some neighborhood U which contains F' and is independent of

1

5. Then HF!¢(F,w,, H®) remains constant, and as a result HF°¢(F,wq, H°)
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HF!¢(F,w, H'). For a more detailed description see [Gin10, Vit99].

It is worth noting that in (LFH1) we may consider either ws or H® to be con-
stant and the result remains true; that is to say we may vary just the Hamiltonian,
just the symplectic form, or vary both simultaneously. In our setting, we will typically
be considering a situation in which we are only varying the symplectic form or one in

which we are only varying the Hamiltonian.

(LFH2) Let ¢}, be an isotopy for a time dependent Hamiltonian H; and let ¢' = ¢}, be a
loop of Hamiltonian diffeomorphisms defined on neighborhood of p and fixing p,
that is 1?(p) = p for every t € S. Finally, let J; be a rime dependent family of

almost complex structures. Then

HFL(p, o, G#H, YL Jy) 2 HF{%, (p,w, H, J;)

Where f is the Maslov index of the loop ¢t +— dy' € SP(T,M), and H is any
Hamiltonian with p as a fixed point of its time-one map. Note that this is in
contrast to the case where the Hamiltonian G is globally defined and there is no
shift in the degree of homology. This property shows us that local Floer homology
is determined up to isomorphism, and possibly a shift on degree, by the time-one

map of a Hamiltonian diffeomorphism.

(LFH3) Kinneth formula for Floer homology. Let (Mp,w1) and (M, ws) be symplectic
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manifolds with Hamiltonians H; and Hs respectively. Then

HFE(¢m,0m,) = P HFj(¢h,) ® HFi(¢p,).
Jtk=x

Where Hy & Hs is the natural Hamiltonian defined on the product M7 x M.

There is also a Kunneth formula for local Floer homology. Let 1 and ~2 be one-
periodic of Hamiltonians H; and Hs, with fixed points pjand ps, defined on local neigh-
borhoods (U1,w1) and (Us,ws) respectively . Then HF,((p1,p2),w1 ® we, H1 & Ha) =
@j+k:* HF;(p1,wi, Hi1) ® HFy(p2, w2, Hy). We will have occasion to apply both ver-

sions in the argument which follows and will simply refer to this as the Kiinneth formula.

Additionally, this formula becomes a spectral sequence when the coefficient
ring, denoted as R, which the homology is computed over is not a field. The pages of this
exact sequence are comprised of the higher Tor® groups of H F(py1, w1, H1), H F.(p2, w2, Hy).
However, if either of these Floer homology groups are finitely generated free R-modules
in every degree, as will be the case in this thesis, all of the higher Tor groups will all
vanish and the spectral sequence will collapse to the isomorphism written above. In our
setting, we are using specifically the Kiinneth formula for compact symplectic manifolds
with contact type boundaries; one can consult [Oan06] for a more in depth description

of this result.
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2.2 Local S'-equivariant Floer homology

In this section we examine the a local version of S'-equivariant Floer homology.
In particular, we are interested in the equivariant local Floer homology of an isolated
orbit, which will be the basis for the definition of the local S'-equivariant symplectic

homology of an isolated Reeb orbit.

Let = be an isolated one-periodic orbit of an autonomous Hamiltonian H de-
fined on a neighborhood U of z. Now take a natural extension of H to the space
St x U x S%+1 with coordinates (8, z,&) where H(B,2,£) = H(z). Then take a C2-
small perturbation of H, call it H, which is invariant under the following S'-action
HB+a,za-€) = H(B,z¢€), where a € S and the dot denote the Hopf action of a
on &. Under this perturbation of H to H the orbit z breaks down into a collection of

S2k+1 where

transversely nondegenerate critical S'-orbits y; lying close to C' = Cx X g1
Cz is the orbit of z in the space of loops on the ambient manifold. Let CFS' (z) be the
relatively graded vector space or free module generated by the y;. Just as in the case of
local Floer homology as above and the Floer trajectories % connecting some y; to some
y; stay close to C'. A proof of this can be seen in [GG20]. As a result a differential can
be defined on CF? ' (z) in the standard way for S'-equivariant Floer homology groups,
that is counting certain special Floer trajectories connecting y; to other y; modulo both

the S action and the natural R action on the Floer trajectories. We can take the

Sl-equivariant homology of this complex for any sphere of dimension 2k + 1. Finally,
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we take a directed limit on the dimension of the sphere (that is 2k 4 1 as k tends to in-
finity). We call the resulting homology groups the local S* equivariant Floer homology
of z and denote it by HFf1 (z). We may also denote this as HF*Sl(x,w, H) when we
want to keep track of both the symplectic form w and the Hamiltonian H; the resulting
homology is independent of perturbation H taken for H. As in the case with the local
Floer homology above, this construction can be extended from a single isolated orbit
to a compact, connected, isolated set of one periodic orbits which we will also call F' in

this case.

2.2.1 Properties of local S'-equivariant Floer homology

The local S'-equivariant Floer homology enjoys several formal properties sim-
ilar to those of local Floer homology. The one which is most relevant to the proof of our
results is laid out here. The construction of continuation maps for the local equivariant
Floer homology extends basically word for word to the equivalent version of statement
(LFH1) for local Floer homology. It is only restated in its entirety here so the statement

is appropriately adapted to the equivariant setting and for ease of reference.

e (LEFH1) Consider a family of autonomous Hamiltonians H* and a family of sym-
plectic forms wg, s € [0, 1], such that the set of fixed points F' of gb}is is a uniformly
isolated fixed point set for all s € [0, 1], that is the set F' consists only of the fixed
points of <Z>}{s in some neighborhood U independent of s. Then HE;91 (F,ws, H®)
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remains constant, and as a result HFfl(F, wo, HY) = HFE!(F, wi, HY).

Again, similar to the non equivariant setting, we may consider either wg or
H? to be constant and the result remains true. That is to say we may vary just the

Hamiltonian, just the symplectic form, or vary both simultaneously.

With the relevant types of local Floer homology laid out we go on to define

local symplectic homology.

2.3 Local symplectic homology

This section gives a brief overview of the definitions of two types of symplectic
homology of an isolated one-periodic simple Reeb orbit . These definitions originally
appear in [GG20]. The first, which we will call the symplectic homology of ~, is built
using local Floer homology. The second is the S'-equivariant symplectic homology of
the orbit 7, and is defined in terms of S'-equivalent local Floer homology. We will often

refer to the latter as the equivariant symplectic homology of 7.

2.3.1 Definitions of symplectic homology groups of a Reeb orbit

Let v be an isolated simple period-one Reeb orbit, let ¥ = S' x B?" be a
neighborhood of 7 in which there are no other Reeb orbits of period ¢ for t € (1—n, 1+n),

and the return map ¢ from 0 x B?" to itself is Hamiltonian. Let o be the contact form
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restricted to 3. Then we may take the symplectization W = (1 — 4,1 + §) x ¥ with
coordinates (7,0, z) and the symplectic form w = d(ra). Next we take a Hamiltonian
f(r) with f(1) = f/(1) = 1 and f” > 0, then the Hamiltonian flow gb}u’f has 1 x S x 0 as
an isolated fixed point set. This set corresponds to = in the symplectization. We then

define the local symplectic homology of v to be
SH.(v) = HF(y=1x S" x 0,w, f).

As an aside, this definition comes as a slight adaptation of the one presented in [GG20].
In that paper, they are considering local symplectic homology in a context where there
is a global symplectic homology which is defined and important to their proof. The
conditions which define local symplectic homology in that paper are defined relative to
a global context and are determined by taking an admissible Hamiltonian from a cofinal
sequence of admissible Hamiltonians which are convex and linear outside a compact set
with slopes trending to infinity. There is also a condition that the Hamiltonians in this
context are nonpositive on a certain compact set. This is done in order to separate the
fixed points that lie the symplectic filling of the contact manifold which are guaranteed
by Arnold conjecture. In that setting, they compute local symplectic homology by tak-
ing a Hamiltonian whose linear slope outside of a compact set is larger than the period
of the Reeb orbit whose symplectic homology they would like to compute. Then they
restrict the Hamiltonian to an appropriate neighborhood of the Reeb orbit within the

symplectization of a symplectic manifold with boundary of contact type.
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It is due to these facts that the statements here appear different than in [GG20],
as we have no global context in which we are interested. Thus we may assume our
simple Reeb orbit has period-one and ignore the conditions that are required of the
Hamiltonian outside the small neighborhood of the Reeb orbit. If one translates their
conditions to a purely local setting, it is fairly straightforward to see the conditions
outlined here are equivalent to those in [GG20]. The symplectic homology of v is inde-
pendent of any choice of f provided it satisfies the conditions we lay out above, namely

that f(1) = f/(1) =1 and f” > 0.

From this definition it is clear what the generators of our complex are and the
differential. However, missing from our discussion up to this point is how the grading
is defined. The grading for our local symplectic homology is determined by the trivial-
ization taken for our tubular neighborhood ¥ = S! x B?" of v. When we pick a cross
product structure ¥ we determine a frame for ¥ which naturally extends to W. This
allows us to compute the Conley Zehnder index of any fixed point and thus determine

the grading for our complex.

When we define the S'-equivariant symplectic homology of ~y, we use a sym-
plectization (W,w) and a Hamiltonian f(r) of the same type as above. We define the

S!—equivariant symplectic homology of ¥ to be

SHY () = HFY (y =1 x §' x 0,w, f).
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The grading here is also determined by the trivialization ¥ = S' x B?" in a manner

analogous to that described above.

To see why we may assume  has period-one, as well as a specific form that

« may take in order to make computations in local symplectic homology, see Section 3.1.

2.3.2 Properties of symplectic homology

The formal properties of symplectic homology we use are all inherited from
the respective formal properties of the associated Floer homology. We will need a few

additional tools for the purpose of our proof and we build those in Chapter 3.
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Chapter 3

Preliminary results

In this chapter the aim is to introduce a local model for a neighborhood of
a Reeb orbit which will makes local homology computations easier as well as well as
putting us one step closer to applying the Kiinneth formula. After this, we introduce
two tools which enable computations on this local model. In order to produce the new
local model we start with a local model of a simple Reeb orbit introduced by Hryniewicz
and Macarini in [HM15]. We do this in Section 3.1. In this section we also prove some
needed facts about the associated flows and Hamiltonians functions involved. We will
then apply these facts in Section 3.2.1 as they will allow us to show that the new local
model computes the same homology as the original local model from [HM15]. We fol-
low with the proof of Lemma 3.3.1 and Lemma 3.3.3, which will tell us what kind of
replacements we can make in terms of the return map ¢ in our new local model without

affecting the symplectic homology of v up to isomorphism.
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3.1 The setting and the local model

Before we give a thorough description of a model neighborhood of a Reeb orbit
~ where all our homology computations will take place, let us first recall some relevant
information. We have a contact manifold (Y, «) of dimension 2n + 1. We have a Reeb
vector field R with associated Reeb flow 1!. We have a period-T closed simple Reeb
orbit . The orbit 7 has a neighborhood ¥ C Y with trivialization S* x B?" where the re-

turn map ¢ defined by following Reeb flow from the slice 0 x B?" to itself is Hamiltonian.

Having recalled the above facts, we would like to make local homology com-
putation along . In order to do this we will need a local model for what a contact
manifold looks like along a Reeb orbit. For this we look to the following result from

[HM15].

Lemma 3.1.1. From Lemma 5.2 in [HM15]. Let v be a simple closed period—T Reeb
orbit of a contact manifold (Y, ) of dimension 2n+1.Then there ezists a tubular neigh-
borhood ¥ = S* x B?" of v(R), where B> C R®" is a small ball centered at the origin,
with coordinates (0,q1, ..., qn, D1, - Pn), such that y(R) = S1 x 0, « = Hdf + \g where

H : ¥ — R satisfies Hg(0) =T, dHp(0) = 0, and \g = %E?qidpi — pidg;.

Now that we have a specific local model we can begin doing computations on
the symplectic homology of ~, as well obtaining an explicit form for the return map ¢ in
terms of the Hamiltonian H. In order to do this we first look at the Reeb vector field. We

then give an explicit description of the return map, and we finally go on to give the sym-
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plectization of this model. We prove that for an appropriate choice of symplectization
and Hamiltonian we can satisfy the required conditions in the definition of symplectic
homology. Namely, that the set corresponding to  is an isolated fixed point set for
the time-one Hamiltonian flow on the symplectization. This will show that the local
model is a suitable place to begin the proof of our isomorphisms. Finally we will show

some technical conditions which we will need in the next step of our proof, Section 3.2.1.

The first thing we do in our local model is make a time change. If we consider
%a rather than «, we have that the Reeb vector field of %a is TR where R is the Reeb
vector field of a. The time-one flow of this new vector field is equal to the time-T" flow
of the original vector field. This permits us to study the time-T flow of the Reeb vector
field of a by looking at the time-one flow of the Reeb vector field of %a. Doing this
allows us to avoid carrying along the constant 7" in the many computations that follow
as well as letting us adhere to the convention of studying time-one flow when we look
at Hamiltonian Floer homology. Thus from this point forward we will assume without
loss of generality that v has period-one with respect to o and due to Lemma 3.1.1 we

have that Hy(0) = 1.

Now we look at the Reeb vector field of our local model. Recall that @ =

Hdf + Ao and that da = dH A df + o0 where ¢ = d)g is the standard symplectic
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structure on B?". As one may easily verify, the Reeb vector field of « is

1 /0
R=— (ae - XH) : (3.1.1)

where 1x,0 = —dH and F' = H — \o(Xp), noting that F' is nonzero at least on a small
neighborhood of . In particular, we may consider this neighborhood to be ¥ if the

radius of our B?" is taken to be small enough.

Now we look at the return map ¢. The periodic function H defined as a part of
the contact form « is the Hamiltonian which determines the return map in the following
way. Note that H is a one-periodic Hamiltonian on B?". The Hamiltonian flow of —H
in the extended phase space S! x B?" is given by computing the flow of % — Xpg. Then
it is readily seen that this vector field and R have the same integral curves, as we can
obtain one from the other by multiplying by a nonzero function on Y. Thus the time-
one flow of —Xp, denoted ¢1 g7+ 1s the return map of following the Reeb flow from the

slice 0 x B?™ back to itself. Thus in this local model we have by definition that ¢ = ¢ -

Now we take a symplectization of our model neighborhood which has the form
W=(1-61+0)x%=(1-6,1+0)xS!x B2 with coordinates (r,, z). With some
abuse of notation we will refer to both the sets S' x 0 € Y and 1 x S' x 0 C W as v
depending on the context. We take our symplectic form to be w = d(r«). Then for any
Hamiltonian f(r) that depends only on the r coordinate the Hamiltonian vector field

of f with respect to w is
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Xop=f(r)R= L <a - XH> : (3.1.2)

Note that if f/(1) = 1, then this Hamiltonian vector field X, s agrees with
the Reeb vector field on the level » = 1, which corresponds to the contact manifold.
Furthermore, if f’(1) = 1, the time-one fixed points of this vector field agree on that

slice with the time-one fixed points of R.

It is at this point we recall that  is isolated in our setting, so we may choose X
such that it contains no closed Reeb orbits of period t,¢ € (1—n, 1+n) for some n > 0. In
addition, from this point forward we note that one can ensure that f’(¢) € (1—n,1+n)
for ¢ € (1 —§,1+4 9) which can be achieved for any appropriate choice of f by simply
shrinking §. We will need this condition as well as the convexity in order to ensure that
passing to the symplectic setting doesn’t introduce any time-one fixed points other than

~ as we will elaborate on in Lemma 3.1.2 below.

Drawing our attention to the time-one fixed points of X, r, it is the case that
the time-one flow of X, y has every point in 1 x S 1'% 0 as a fixed point since it agrees
with the Reeb vector field on the level r = 1 and the time-one flow of R has the points
on 7 as fixed points. However, in order to satisfy the definition of symplectic homology
we require that those are the only time-one fixed points of X, y. From the definition

of an isolated orbit we can prove the following Lemma connecting the dynamics of the
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model neighborhood ¥ to the dynamics of its symplectization.

Lemma 3.1.2. Let W, f, and w be as described above. A point p € W is a fixed point
of the time-one flow of X, r, which we denote ¢, ¢, if and only if it lies on the Reeb

orbit v =1 x S' x 0. That is v is an isolated fized point set of qb}u £

Proof. As we stated above, the points in v can be seen to be fixed points of ¢, r. So we
need only show that if p is a fixed point of ¢,, s then p € . Let ¢’ be the time-t flow
of R. First we prove that ~ is an isolated Reeb orbit, that is there are no other Reeb
orbits of period 7 € (1 — 7,1+ n) in the neighborhood ¥, if and only if 1! has no fixed

points other than v for ¢t € (1 —n,1+ 7).

We prove this by showing that ¢ has a fixed point of time-7 if and only if it
has a Reeb orbit of period 7. First, if ¢ had a Reeb orbit [(t) of period 7, then for any
point pg on that Reeb orbit, pg is a period-7 fixed point of the Reeb flow. This follows
from the definition of being a period-7 closed Reeb orbit. Let I(t9) = p; then if [ is a
closed period T Reeb orbit it follows that 7 (p) = I(tg + 7) = I(ty) = ¥ (p), where
p is an initial condition for our Reeb orbit. From this we see that 7 (% (p)) = ' (p)
showing us that 1% (p) = po, is a time-7 fixed point. On the other hand, if there is some
p such that ¥ (p) = p, then for some py = 1 (p), we have that ¥ (pg) = ¥ (¢ (p)) =
PO (p) = P47 (p)) = ' (p) = po, showing that ¢'(p) = I(t) is a closed period-T

Reeb orbit.
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Thus, we now know that the points on ~ are the only fixed points for the Reeb
flow of time ¢t € (1 — 7,1+ n). From this, we can see that ¢, ; only has time-one fixed
points on 7, due to the fact that on the level » = ¢, we have that X, s = f'(¢)R and
thus ¢, ¢(c,0,2) = (c, wf/(c)(ﬁ, z)). By our convexity assumptions for f together with
/(1) = 1 we know that f’ is only equal to 1 on the level » = 1. In addition, we have
f'(¢) € (1—n,14n) as stated above, and as such 7" (©)(6, z) = (0, 2) if and only if ¢ = 1
and z = 0; that is if and only if (¢,0, z) € 7. Thus, the fixed points of ¢, s are exactly

those on 7. O

Remark 3.1.3. As a consequence of the proof of the above Lemma, we can see that
the time-t Hamiltonian flow of —H on B?" has the origin as an isolated fixed point for
te(1—mn,14mn), n>0, and has the origin as a fized point for all time. Additionally,

this is also true for the return map on any slice § x B>* C %.

The reason we are interested in —H is because ¢! gis the return map of the
Reeb flow. Recall, the Hamiltonian vector field of —H in the extended phase space is
% — Xp; as such both the Reeb vector field as well as the Hamiltonian vector field
of f with respect to w on the level r = ¢ are both smooth functions times the vector
field % — Xpg. Thus, these three flows have the same integral curves. When we say
the Hamiltonian flow f has the same integral curves we are referring to restricting the

Hamiltonian flow of f to the level ¢ x S* x B?".

In particular, there is some time Tj such that for any time t € (Tp—n, To+n) we
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have that the time-t flow of — X, which we write ¢* ;, has the origin as an isolated fixed
point. We have more information here, though, which is that the % term which scales
the Reeb vector field is equal to 1 along v C ¥. From this it follows that along ~ the
time-one flow of —H in the extend phase space is equal to the Reeb flow along . Thus
we know that ¢’ ;; has the origin as an isolated fixed point for ¢ € (1—n,1+n). Further-
more, we know that the integral curves of R agreeing with those of the Hamiltonian flow
of —H gives us that the origin in B?" is a fixed point of ¢ g for all & though it may not
be isolated. As a final comment, we can look at the return map for any slice §y x B?".
Here, the return map is gbljfo o (QSB_OH)_l(z) and through the same logic we can deduce

that qbtfgo o (gzbe_OH)_l(z) has the origin as an isolated fixed point for ¢t € (1—n,1+n).We

will use these properties when we introduce the new local model in the following section.

3.2 New local model

Here we introduce a new local model for the symplectization of our neighbor-

hood of a Reeb orbit.

Proposition 3.2.1. Let W, w, f be as they are defined in the assumptions of Lemma
3.1.2. Let H be the Hamiltonian discussed in Section 3.1. We introduce wg = d(r +
H) ANdf+ o as a new symplectic form for the model space W. Then the Hamiltonian
Floer homology of f with respect to w is isomorphic to the Hamiltonian Floer homology

of f with respect to wg. From the definition of symplectic homology this implies the
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following two isomorphisms:
SH,(y) = HF'°(1 x S' x 0,wy, f)  and  SHS (v) 2 HEFS (1 x S* x 0,wy, f).

Proof. First we show that the fixed point set of the time-one map of the Hamiltonian
flow of f with respect to wg is ¥ = 1 x S' x 0. We denote this Hamiltonian flow as
qbule,f. In this model the Hamiltonian vector field of f is X, r = f’(r)(% — Xp). This
is an advantage of the new model as we can compute the Hamiltonian flow of f in terms

of the Hamiltonian flow of —H on B?". The time-t flow of X, s is

(r,0,2) — (r,0+ f/(")t, 6] 0 (67 )71 (2)).

So, if we are looking for time-one fixed points, first we need to see when 6 + f'(r) = 0.
This only happens when f’(r) € Z. By definition, f’(1) =1, and f” > 0. As such this
only happens when » = 1. Thus any fixed point must be in 1 x S' x B?". Now, drawing
our attention to the last coordinate, we are looking for fixed points of ¢£J}? o (¢? )L
By the discussion in Remark 3.1.3 we know that 0 € B?" is the only fixed point of this

map. Thus the fixed point set of qzﬁiH’f isy=1xS8"x0.

Next let us recall our original symplectic form w = d(ra) where o = Hdf + \g
and d\g = o is the standard symplectic form on B?". Then observe the following,
wly = wply and 1wy, = wyls,, where ¥ is the level 7 = 1 and ¢ is the level r = c.

Furthermore, note that in both models the return map for every level is ¢ -
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Now we produce an isotopy between the symplectic forms which leave v uni-
formly isolated. Let wy = wy and let w; = w, then we take ws = (1—s)wp+swi, s € [0, 1].
We claim that ws is symplectic near v = 1 x S! x 0. First, as wo|y = wi|x, we
have ws|y, = dH A df + o which is a maximally nondegenerate on ¥. Thus in order
to show wy is symplectic near v we need only show that ¢ b Ws # 0. Here we have
Lo ws = (1 —5)df + sHdO + sho = (1 4+ s(H — 1))df + sAo as H does not depend on r.

Now at 0 € B?" we have H = 1 for all § and \g = 0, which means that along v we have

Lows = df # 0. Thus ws is symplectic near v for all s € [0, 1].

Next we show that v is a uniformly isolated fixed point set for qbim 2 With
Y. as above, we recall that cwgly, = w1y, and thus ws|y, = ((1 — s)c + s)wi|x,. This
implies that the Hamiltonian flow of f with respect to ws has the same unparameterized
characteristics on each X. for every s € [0,1]. Thus the flow of gzbcl% f for any initial
condition is just a time change of qﬁih 2 The only thing we need to verify is that whatever
time change we make is small enough that our fixed point set remains uniformly isolated.
In particular we know that from the discussion in Remark 3.1.3 that for each 6y € S* we
have that the origin in B?" is a fixed point of qﬁjgo (¢§H)*1 for all time t € (1—n,1+4n).
Now the 7 here may depend on #y but since S' is compact there is some 7 such that
this is true for all §y € S'. Now lets look at the Hamiltonian vector field for f with

respect to wyg,

Xy p=(1—8)f(r)+ sfll(f) (880 _ XH) .
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If we are able to show that we can make ’1 - ((1 —s)f'(r) + s%)) < n then we will
be able to use the fact that <Z>t_+g o (¢? ;)71 has an isolated fixed point at the origin for
t € (1—-n,1+mn) in order to show that ¢, s has v as an isolated fixed point set. To
see this, first note f’(r) is equal to 1 when 7 = 1. Secondly F is a smooth function of

0 and z. We know that when z = 0 that F = 1. Now looking at (1 — s)f'(r) + sf,}(,r),

we can see that it is a smooth function of s,r,6 and z and that along -y it is equal to 1
for all s € [0,1]. Then using the fact that [0, 1] is compact, together with the fact this

function is smooth, one can find a neighborhood of v which is independent of s such

that for all s € [0, 1] we have (1 — s)f'(r) + sf,g) € (1—-mn,1+n). We will continue to
call this new neighborhood W, although it may require us to shrink § or the radius of

B,

Now we finish the proof. For some fixed r = ¢, we know that each return map
has 0 € B?" as an isolated fixed point for time ¢ € (1 —7,1+n). We know that the time
change for any unparameterized curve lies in (1 —n,1 + n) for all s € [0,1]. As such,
for the z coordinate the only possible fixed point is the origin. Thus on the level r = ¢
our fixed point set must lie in ¢ x S* x 0. On this set F' = 1 so the time change for our
vector field along the 6 coordinate becomes f’(¢). But by the convexity of f this is only
equal to one when r = 1. So the only possible fixed points of d)ia f liein vy =1x 8! x0.
Finally, since ws|y, = wi|y, we know that 7 is a fixed point set for all s. This shows that

~ is a uniformly isolated fixed point set for qﬁis s and hence by applying (LFH1), as well
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as (LEFH1) we know that
HF"(y,w,f) 2 HF(y,wp, f)  and  HFY (y,w, f) = HFY (y,wp, f)

completing the proof.

O

We have shown that our new local model computes the same symplectic ho-
mology as the original. Next we fix notation which we will use for the remainder of the

work and go on to discuss the advantages of this new local model.

We first make the change of notation. The expression ¢! g is somewhat cum-
bersome. As such, from this point forward we will define H as —H instead. The effects
of this change of notation are as follows. First « = —Hdf0+ )\ and wy = d(r—H)Adf+o0,
the return map of the flow is ¢k, and finally the Hamiltonian vector field of f with re-

spect to wyr is now f/(r) (& + Xp).

Introducing this local model was the first step in the proof of our theorems.
The model not only makes computation simpler, but it is also removed the requirements
imposed on the Hamiltonian H in Lemma 3.1.1. In the original model, it is required
that H is a nonzero constant along ~ in order for the differential form d(ra) to be a
symplectic form in a neighborhood of . In our new local model, wg is always symplec-
tic, independent of H, which will allow us to make more types of modification to the

Hamiltonian H.
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Our next goal is to replace the given Hamiltonian H by something autonomous.
Recall this is required in order to ultimately apply the Kiinneth formula. Before we do
this we develop two tools which enable us to replace the Hamiltonian H with a new
Hamiltonian, while preserving all relevant homology up to isomorphism. The rest of

the chapter is devoted to the construction of these tools.

3.3 DModifications which give isomorphisms in local homol-

ogy

In this section we prove two lemmas showing that we are allowed to apply
certain modifications to a Hamiltonian H on B?" while still preserving the symplectic
homology groups up to isomorphism. More specifically, both of our local symplec-
tic homology groups are isomorphic to some Floer homology of a Hamiltonian f on
(1—6,140) x S' x B?" with the symplectic form wy = d(r — H) Adf+o. What we will
show is that under suitable replacements of H by a Hamiltonian K which have isomor-
phic Hamiltonian Floer homology on B?", that there is a corresponding isomorphism
for the relevant symplectic homology groups as calculated on the local model with the
Hamiltonian f and symplectic form wg to the associated Floer homology calculated on

the local model with the Hamiltonian f and the symplectic form wx = d(r—K)Adf+o.
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The first of the two lemmas states that picking a suitable family H® which
leaves 0 € B?" uniformly isolated gives us a family of symplectic forms w; = d(r —
H?®) AN df + o,s € [0,1] where the fixed point set v of f with respect to ws remains
uniformly isolated as we let s vary from 0 to 1. This induces an isomorphism of the
associated Floer homology groups to the original local symplectic homology groups even
if the time-one map of f with respect to ws changes throughout this path. The second
Lemma shows that if we replace H by some Hamiltonian K such that qﬁ}q = qﬁ}{, then
there is a symplectomorphism of the local model ¥ fixing r such that ¢¥*wy = wg. This
also induces an isomorphism of the associated Floer homology groups to the original
symplectic homology groups. This second lemma can be thought of as showing that the
symplectic homology of v is determined by the return map of the Reeb flow on a slice

90 X B2n.

Lemma 3.3.1. Let H{ be a family of one-periodic Hamiltonians where s, € [0,1],6 € S?
with the associated symplectic forms ws = d(r — H*) Nd0 + o defined on W = (1 —06,1+
§) x St x B® with coordinates (r,0,z). Let f(r) be Hamiltonian of the type used in
Lemma 3.1.2. If0 € B® remains a uniformly isolated fized point of d’zl*{s forall s € 0,1]
and ¢%;.(0) = 0 for all 5,0 € [0,1] then the set v = 1 x S' x 0 is the fized point set of

the time-one flow of f with respect to wsand remains uniformly isolated for all s.

Proof. The time-t flow of f(r) with respect to ws is

0Y o (1,0,2) = (r, 't + 0,855 0 (65)71(2)).
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In particular, we want to look at the time-one flow which is

oL (1, 0,2) = (r, f + 0,057 o (¢5:) 71 (2)).

Here, we want to identify the fixed point set of the time-one map in order to show it
remains uniformly isolated for all s € [0, 1]. First we look at the 6 coordinate. In order
to have a fixed point, we would have to have f'+6 = 6, which is true when f’ € Z. Now
f'(r) =1 only when r = 1 by assumption. It is close to 1 otherwise. So in order to be a
fixed point we must be in the set 1 x S' x B?" and on this set f’ = 1. So looking at the

z coordinate we find a fixed point if and only if gb}j; o qﬁj_ﬁ(z) = z. An important fact

here is that because each H? is one-periodic we have that qﬁ}?‘s@ = ¢§{s o qﬁ}qs. So we can
say on each 6 slice that the time-one maps are conjugate to the time one map at 6 = 0.
That is qﬁ}qt@ o gb;{f (2) = @Y. 0 Prrs © (¢%.)"(2). Now by assumption ¢}y has 0 € B ig
a uniformly isolated fixed point for all s € [0,1]. At each § we are conjugating this map
by a diffeomorphism so we have exactly one fixed point which is ¢%.(0). This is taken
to be 0 by assumption. Thus ¢%., o ¢k, o (¢%.)71(2) = z if and only if z = 0. This

shows that the fixed point set of the time-one flow of f with respect to ws is in fact v

for each s, so the fixed point set is uniformly isolated for all s € [0, 1] as claimed.

Corollary 3.3.2. Under the conditions described in Lemma 3.3.1 we have
HF($p0) = HF(¢pn)  and  HF(y,wyo, f) = HFE (v, w, f),

as well as the corresponding statements for S* equivariant Floer Homology.

50



Proof. Both isomorphisms are a consequence of (LFH1), or in the equivariant setting

(LEFHI). 0

As a short remark, this means that if we wish to modify our Hamiltonian H
on B?"] via a path of Hamiltonians H*® that leave the origin uniformly isolated, then
we are automatically leaving ~ uniformly isolated with respect to ws;. We next prove
Lemma 3.3.3 which shows that the return map determines symplectic homology up to

a shift in degree.

Lemma 3.3.3. Let H and K be one-periodic Hamiltonians on B*" such that gi)}{ = (;5}(,
and let wg = d(r—H)ANdO+o0 and wx = d(r — K) ANdf+ o be the associated symplectic
forms defined on the model space W = (1—6,1408) x St x B?" with coordinates (r,0,z).
Then there exists a symplectomorphism ¢ : W — W which fizes the r coordinate such

that (v~1)*wk = wy and as such (Y1) f(r) = f(r).

Proof. First, a word on the strategy of this proof. We use the fact that ¢}I and d)}(
differ by a loop. We will take ¢ = gb% where F' is the time dependent Hamiltonian
H#(K~1);. That is to say ¥! = ¢} o (¢})~. As we are interested in the time-one
map we will call ¢! simply 1 to clean up our notation. Now we would like to say that
(v H)*(wk) = wy where =1 is the inverse of 9, but 1 is a symplectomorphism of

(B?",0), so we need to extend it to the local model, which we do in the following way:

(r,0,2) — (1,0, wa(z)).
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With only minor abuse of notation we will refer to both ¢ : (1 —4§,1+46) x S* x B?" —
(1 —6,14+0) x S' x B? and ¢? : B — B?" as ¢ interchangeably. Which map we
are referring to should be clear from context. The symplectomorphism here preserves r
and 6 coordinates and so it is clear that (»=1)*(f(r)) = f(r). It only remains to show

that (¢ 1)*(wk) = wp.

Since (1 ~1)* is linear on differential forms we compute (¢~1)* (o) and (¢¥~1)*(d(r—
K) Adf) separately. We will first look at () ~1)*(0). We know that this is entirely deter-
mined by restricting ) ~! to the S x B?" coordinates as v and 1) ~! only depend on # and
z (they leave r fixed and none of the component functions depend on r). In this sense,
we may look at ¢ : St x B2 — S x B?" in order to show that (1v~!)*(0) = 0 —dF A df
(this reduces to an exercise in linear algebra). After which, we look at the expanded
form of dF by using the composition formula for F = H#(K~!);. From this we show
(Y~ Y)*(=dK Ndf) = (dF —dH) Adf. Finally, putting these two things together we can

show (v~ *wi = wy.

Now we show (¢ 1)*c = o — dF A df. If we know a differential form along
a submanifold as well as its behavior on the normal direction to that submanifold, the
differential form is determined in a neighborhood of that submanifold. If we do this along
a family of submanifolds that foliate S' x B?" we will determine the differential form
on the whole space. The foliating family of submanifolds we looks at are the {#} x B?"

slices. We observe that if we take v,w € T(Q,Z)BQ”, where T(H’Z)BQ" is the tangent
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space to the submanifold {#} x B?" at the point (6, z), then it is elementary to verify
that (Y1) o9, (v, w) = (W)Yo, (v,w) = o.(v,w) = 0(9,2)(v,w). This is because
o doesn’t depend on the 6 coordinate and for each # we know that ¢? and its inverse
are symplectomorphisms of B?" with the symplectic form o. Next we describe what
happens in the normal direction. Since ¢ is a maximally nondegenerate two-form on an
odd dimensional space we know it has a kernel. The kernel of ¢ at any point is %; we use
this to find the kernel of (¢"1)*o. We can compute that w*(d%) = d% + %we = d% +Xp,
from which it follows that (1) ~1).(% 4+ Xr) = -%. This is because the push forward of a
diffeomorphism is the inverse of the push forward of the inverse of the diffeomorphism.
Now from this we know that the span of % + X is the kernel of (¢»~!)*o. So with this

we can deduce

¥ (o) =0 —dF Ndf (3.3.1)

and one can easily check that % + X is the kernel of this two form and that it has the
same value on v, w € T(Q,Z)BQ” as o does on those vectors. This is because v € T(@}Z)BQTZ

is in the kernel of df. This proves the first half of our claim.
Next we look at the formula for H# (K ~!). Here we have that (H#(K 1)), =

Hi+ (K Y)o ()™ = Hi— Kiogh-o(¢h) ™! Soat t =1 we have F = H— Ko (¢ 1).

Thus dF = dH — (¢"1)*(dK), and from this we can see (¢ "1)*(—dK) = dF — dH.

53



Hence it follows that
(™ (—=dK N df) = (dF — dH) A df (3.3.2)

which shows the second half of our claim.

Finally we can compute (¢~ !)*wg. Here we have
(W) wi = (@) (dr Add — dK Adf + o) = dr AdO + (V) (—dK Adf) + (1) o

Now applying equation (3.3.1) to (1»~!)*o, and equation (3.3.2) to (v ~1)*(—dK A df)

we get
(Y Y'wx =dr Adf+ (dF —dH)Ndf + 0 —dF ANdf = d(r — H) Adf + 0 = wy.

This completes the proof.

Corollary 3.3.4. Under the conditions described in Lemma 3.3.3 we have
HF(oy) 2 HEE(6k)  and  HE(y,wn, [) = HES (v, 0k, f),

where s is two times the Maslov index of the loop ¢% from Lemma 3.3.3, as well as the

corresponding statements for S equivariant Floer Homology.

Proof. For the first isomorphism we can apply (LFH2) directly because ¢}, = ¢} im-

plies that the Hamiltonian isotopies differ by a loop. The second isomorphism follow
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from the fact we have shown W, wy, f is symplectomorphic to W, wg, f and both Floer
homology groups are obviously symplectomorphism invariants. Of course this is only

up to a canonical isomorphism which may involve a shit in degree.

Now a few words about why the shift of degree is the same in both isomor-
phisms. For the first isomorphism we know that ¢%;, = ¢% o @', and from (LFH2)
we have that HF/*(¢l o ¢f) = HF*G (¢) where  is the Maslov index of the loop
¢%. Now on the symplectic homology side we need to focus on the trivialization, which
we will call &, We have shown that (¢ ~')*wx = wy and (~1)*f = f but it is not

necessarily the case that (¢ ~1)*¢ = ¢. Thus what immediately follows from the above

Lemma is that

HF"(v,wk, f,€) = HF*(v,wp, f, @~ 1)*¢)

where the grading on the left is computed using ¢ and on the right using (¢ ~1)*¢.
So what remains is to compare HF!(v,wg, f, (¥ ~1)*€¢) and HF!*(y,wy, f,€). This
change in trivialization will produce a shift in degree equal to twice the Maslov index of
the frame (¢p~1)*¢ relative to the frame £&. We can pick the basis {%, %, 8%17 s % .
In this basis we may express (1 ~!)*¢ as the matrix with columns {%, % + Xr, dqﬁ%}.
From this together with homotopy invariance of the Maslov index we can see that the

Maslov index here corresponds to that of the matrix dgb%, that is the Maslov index of

¢%. Thus we have that
HF" (y,wn, f,(7")*€) = HF%, (v, w, f,€).
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From this it follows that HF!°°(~, wy, f, &) = HFi‘iCQM(V,wK, f,&) which shows that we

have the same shift in degree for both the local Hamiltonian Floer homology side of the

isomorphism as well as the symplectic homology side.

With these two tools in hand we now begin the proof in earnest.

56



Chapter 4

A setting where the Kuiinneth formula

may be applied

In this chapter we go through the remaining steps required in order to arrive at
a model that has homology isomorphic to the original while also satisfying the hypoth-
esis needed to apply the Kiinneth formula.The steps outlined here are necessary for the
proof of both theorems and the steps apply to both the equivariant and non-equivariant
settings. The first proposition in the chapter will allow us to replace our original H by
one which autonomous. The second proposition will then use a change of variable, as
well as a final change to our Hamiltonian, finally putting us in the a situation where we

will be able to apply the Kiinneth formula for Hamiltonian Floer Homology.

Proposition 4.0.1. Consider the local model W with the symplectic for wg and the

Hamiltonian f as described in Section 3.2.1. Through a series of replacements of the
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types described in Lemma 3.3.1 and Lemma 3.3.3 we may replace our original Hamil-

tonian H with a new Hamiltonian H such that
HF/(¢y) = HFY(¢)  and  HF(v,wn, f) = HFS (v,wy, f)

where wy = d(r — I{I) AdO+o. Additionally the corresponding statement for equivariant
Floer homology is true.

Finally the new Hamiltonian H enjoys the following properties:

. (I:IJ) H does not depend on 0 it is an autonomous Hamiltonian.
o (H2) <Z>§q has 0 as an isolated fized point of B®* for t € (0,2)
e (H3) H(0) =0

Proof. The proof of this proposition is somewhat long and technical. So as not to

distract from the flow of the argument the proof is left for Chapter 6. O

Now we make the final adjustments to our model.

As it currently stands the contribution of H to the flow comes from inside
of the symplectic form wy. Our current Hamiltonian vector field at this point of the
argument is that of f(r) with respect to wy which is X, r = F/(r) (L + Xz). Since
our aim is to apply the Kiinneth formula, we want to modify our system in such a way
that the X term isn’t being scaled by f’(r). Additionally, we want to ensure we are

not changing the relevant Floer homology groups up to isomorphism. In order to do
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this we will extract the Hamiltonian H from our symplectic form by using a change of

coordinates. This is the content of our next proposition.

Proposition 4.0.2. Consider the local model W with the symplectic form wg from
Proposition 4.0.1 and the Hamiltonian f(r) = ¢ + (1 — 2¢)r + er?. After applying the

change of variable p = r—H we have the following isomorphism in local Floer homology:
HF"(v,wy, f) = HE(y,dp A dO + 0, f (p) + H(2)),

where f only depends on p and H only depends on z. Additionally, the corresponding

statement for equivariant Floer Homology is true.

Before we begin the proof we discuss our choice to take f(r) = e+ (1—2¢)r+er?.
Up until now we had not made a specific choice for f, but as the symplectic homology
is independent of f, providing that f(1) = f/(1) = 1 and that f” > 0, and as such we
may choose whatever f is most useful for our purposes. In the proof that follows we
will want to expand f in our change of coordinates and this quadratic f will allow us
to do this explicitly. Our choice for f here satisfies all the necessary conditions for the
definition of symplectic homology. If we additionally require that 2e6 < 1 we can ensure
the condition that f'(¢) € (1 —1n,1+mn) for ¢ € (1 — 4,1+ §), which was required for

Lemma 3.1.2, remains true.

Proof. We begin with the change of variable. First recall that W = (1—6, 14+8) x S* x B?"

with coordinates (r, 0, z). As stated above we will take p = r — H, giving us the change
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of variable ® : W — ®(W) where
(r,0,2) — (r — H(2),0, 2).

Under this change of coordinates, d(r — H )is dp, and r = p+ H, from which it follows
f(r) = f(p+ H) and our symplectic form becomes dp A df + 0. We see ® is invertible

and it clearly has full rank so it is a diffeomorphism onto its image.

Next we discuss what the image of the local model ®(W) is under this trans-
formation. First the fixed point set v = 1 x S' x 0 maps to itself under ® because as
mentioned in Proposition 4.0.1 we have H(0) = 0, and thus on v we have p = 1. As
such, ®(v) = ~, which we will need in later in the proof. Furthermore, by potentially
shrinking 6 and the radius of B> we can think of the original local model as well as the
space after the change of coordinates both containing a shrunken W although the map
® may not be bijective on this set. In particular if we let a = sup,cpg2n ﬁ(z) then if
r=1—-0 wehavep € ((1-d—a,1—d+a) and if r = 146 we have p € ((1+d—a,14+d+a).
This means if a is small enough, which can be achieved by shrinking the radius of B?",
we can say for instance (1 — /2,1 + §/2) x St x B® C ®(W). Which is to say ®
surjects onto this set. Although this isn’t terribly important to the proof that follows,
the above set is an open neighborhood of our fixed point set. This open neighborhood
lives in both W and ®(W), and as such we will choose to call this new set W. This
allows us to unambiguously refer to W independent of the chosen coordinates as it lies

in both spaces. Additionally we will still say W = (1 —6,1+4) x S! x B?" even though
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we may have had to shrink this set.

Now we can rewrite f(r) in our new coordinates

flo+H)=e+(1—=2)(p+H)+elp+ H)?

= f(p) + (1 — 2€)H + 2epH + eH?

by substitution. Since we are pulling back our symplectic form and our function by ®

we of course have
HF (v, d(r— H)Ad+0, f(r) = HF(v,dpAdO+0, f(p)+ (1 —2€) H +2epH + ¢ )

as well as the corresponding statement for equivariant homology. We are now set up to

perform the final modification to our Hamiltonian.

To do this we look at the family of Hamiltonians
H® = f(p)+ H +es((2p— 2)H + H?).

Here H® = f + H and H! = flp+ ﬁ) Our goal is to show our fixed point set
v =1 x 8! x 0 remains uniformly isolated as we vary s € [0, 1] in order to show our

homology remains constant.

We actually have the ability to integrate our flow for each s € [0, 1] which we

may use to show that v remain the only fixed points of our Hamiltonian diffeomorphism
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for all s € [0,1]. So we look at

= f'dp + dH + 2es(Hdp + (p — 1)dH + HdH)

A~

= (' +2esH)dp + (1 + 2es((p — 1) + H))dH.

Thus we see that the Hamiltonian vector field for H® with the symplectic form dpAdf+o
is given by

XHS = (f +2€$H) a

a5 t(1+2es((p—1) + )X .

So the corresponding time-one flow of ¢gs is the following map
(p,0,2) = (p, 0+ (f' + 2esH), U 2D () (4.0.1)

One might think that the last coordinate should be ¢, (1+2es((p=1)+H)+6) (qb%)_l(z) as it
has appeared since the introduction of the new model. However, as stated in Proposition

4.0.1, H is autonomous we have that

¢2+253((p—1)+ﬂ)+0 (¢9) ¢S+2ﬁs((p 1)+H)) ¢9 (¢ ) _¢1+263 p— 1)+H))

We need more than just this fact, however, before we show what the fixed points are.

As such we return our attention to a few properties of H and its associated
Hamiltonian flow which were proven in Proposition 4.0.1. Namely H (0) = 0, and that
qb’jq has 0 as an isolated fixed point of B?" for t € (0,2). Now looking back at the
equation in line (4.0.1) with the above facts in hand we can find our fixed point set for
any given s € [0,1]. Since H is zero at the origin and p is in (1 — 4,14 8) we can ensure
that |2¢((p — 1) + H))| < 1 simply by shrinking & and the radius of the B*" we are
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looking at. This has no effect whatsoever on our local homology. Doing so ensures that
(1+42es((p—1)+ H)) € (0,2) for all s € [0,1]. Which means that z € B*" is only fixed

14+2es((p—1)+H)
by QbH

if z is the origin. So if we want to look at the fixed points of ¢ps it

suffices to look at the set (1 — 8,1+ §) x St x 0.

At this point we turn our attention to the other term of our flow 6+ (f'+2esH)
this is only a fixed point if (f’ + 2€sﬁ) is an integer. However on the set (1 —9,1+9) x
S1 % 0 we are looking only at f’ because H(0) = 0. But f/(1) = 1 and f”(1) > 0, by
definition, and thus f’(p) = 1 only at p = 1 and is close to but not equal to 1 otherwise.
Thus the only possible fixed points are those in the set 1 x S! x 0. It is easy to verify
that in fact every point in 7y is a fixed point by the logic laid out above. This is true for

all s € [0, 1] showing our fixed point set remains uniformly isolated and as such
HEY (y,dp NdO + o, f(p+ H)) = HF"(y,dp A d + o, f + H)

as follows from (LFHI1). The corresponding equivariant statement is also true and

follows from the above argument together with (LEFH1).
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Chapter 5

Proof of the main theorems

Before we move on to finally proving the our theorems we recall what has been

shown up to this point. We have proven that
SH.(y) = HFY,(y,dp A df + o, f + H). (5.0.1)
We have also proved the corresponding statement for equivariant symplectic homology
SHS' (v) = HFS (v, dp Adf + o, f + H). (5.0.2)
The Hamiltonian H is an autonomous Hamiltonian such that
HF/"(¢}) = HF%(¢},) (5.0.3)

where H is minus the original H given from the model in [HM15]. These facts together

are everything we need to proceed.
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5.1 Proof of Theorem 1.3.1

Proof. With our Hamiltonian finally in a suitable form we may at last apply the Kiinneth
formula for Hamiltonian Floer homology. After all the modifications, f depends only
on p and H depends only on z, which enables us to apply Kiinneth formula to obtain
HF"(y,dpndf+o0,H+ f) = €D HF/*(0,0,H) ® HF\**(S",dp A db, f).
itj=x
We don’t have any extra terms coming from the Kiinneth spectral sequence which in-
volve the higher Tor groups over the ring R in which we compute the homology. This is
because, as will become clear below, the local Floer homology groups of HF¢(S, dp A
df, ) are free R-modules supported in exactly two degrees and thus all the higher Tor

groups will vanish, making the spectral sequence collapse into the isomorphism above.

Looking at the left hand side of this tensor we note that H Fi‘jfs((),a, H ) =
H Fi?fs(qb}{) =~ HF9(¢},) where H here is the negative of our original Hamiltonian.
This was shown through several steps in the proof of Proposition 4.0.1, and it was done
in such a way that we preserved the symplectic homology of v up to isomorphism, as

stated above in equation (5.0.3). On the right hand side of the tensor we know that
HFP(S" dp A db, ) = HM, 1 (S", f).

This follows from the fact that if « is a symplectic form, F' is a Morse-Bott nondegener-
ate fixed point set of ¢y a Hamiltonian diffeomorphism for an autonomous Hamiltonian

f with respect to a, then HF!“¢(F,«, f) = HM,,,(F, f) where the right hand side is
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the Morse homology of F', and n is half the dimension of the symplectic space in which
homology is being computed. Additionally the grading on the right comes from the
morse index of the isolated critical points one obtains when taking a subtable Morse
perturbation of f. This is a fact that goes back to [Poz99] and is well known in the

literature.

Combining the above statements with equation (5.0.1) we get the following

string of isomorphisms:

SH.(y) = HFS(v,dp ANdf + 0, H+ f) = @ HF*(¢},) ® HM;1(S', f)
i+j=x%+s

= @ HF"(6}) ® HMj(S", ).
i+j=x*

Finally we note that HM,(S!, f) is only supported in degrees 0 and 1 as these

are the Morse index of the critical points of a perturbation of f. So we can conclude
SH.(y) = HF"(¢y) ® HE (d),

which proves the claimed statement if we recall that ¢g is the return map ¢.

5.2 Proof of Theorem 1.3.2

Proof. Recall as stated in equation (5.0.2) we have shown that SHS' (y) 2
H F*Sis(fy, dpNdO+o, f+ H ). Now when we compute the equivariant symplectic homol-
ogy we need to take the Hamiltonian f(p) + H defined on (1 — 48,1+ 6) x S* x B®" and
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extend naturally to the space S! x (1 — 4,1+ d) x S' x B?® x S%*! with coordinates
(B,p,0,2,€). Thatis f+H(B,p, 0,2, €) = f(p)+H(z). Then we need to make a suitable
regular perturbation of this sum. In particular, we want to make a regular perturbation
of our function of the form f(8, p,0,€) + G(z), where G(z) is a small nondegenerate
perturbation of H. Since H here may be degenerate when we take this perturbation our
single fixed point may split into several. This is the definition of local Floer homology
of H and we have HFﬁOC(qu) = HF*(qﬁlG) On the other hand f depends on 8, p, 6,
and ¢ we know that HF,(f) = HFS 1( f) by the definition of S!-equivariant homology
providing providing 2k + 1, the dimension of the sphere, is taken to be large enough

that the S'-equivariant Floer homology stabilizes in the specified degree.

The point of making a perturbation of this type is that we can use the Kiinneth
formula once again. This is because G only depends on the z coordinates and f depends

on f,p,0, and &, but not on z. Applying Kiinneth here we can see that

SHE' (v) = HFS (v,dp Adf + o, f(r) + H(2))
= HF*+S(fN(67T7 076) + é(z))

= @ HF@(JE)®HF](¢1@)

1+j=x+s
Again as is the case in the previous theorem the higher Tor groups which are used in
computing the Kiinneth spectral sequence will all vanish due to the fact that the ho-

mology groups of HF,(f) are free R—modules of finite rank concentrated in only one

degree and the spectral sequence will collapse to the isomorphism above.
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Now from equation (5.0.3) we know that H F'°¢ (¢},) = HFiOC(¢}q) = HF*(Q%),
and furthermore as stated above HF,(f) = HF5'(f). We can compute HFS' (f) by ap-
plying Proposition 2.22 in [GG20]. This proposition lays out conditions under which we
may say that the equivariant Floer homology is isomorphic to the equivariant singular
homology. We may apply this proposition because 1 x S! is a Morse-Bott nondegenerate
fixed point set in the p, 0 coordinates. From applying the proposition, we know that
HFS ' (f)=H? ' (S1), and we know the S'-equivariant homology of S is supported only
in degree zero as it can be computed using the Gysin sequence for singular homology.
Thus we have HFy ' (f) = R where R is the coefficient ring we are computing homology
over and it is supported only in degree zero. From these two facts it follows that

SHY ()= @ HF(f)® HE;(5) = HF(9)).
i+j=x+s
Which, recalling that ¢ is the return map ¢, we see we have proved the desired iso-

morphism.

We have one more thing to resolve here, which is that we did not take a direct
limit. However, since this is local homology, we know that in any given degree the
homology will become stable for some large 2k + 1, the dimension of our sphere. This
fact is discussed at various points throughout [GG20] and follows from a related property
for S'-equivariant Hamiltonian Floer homology. So, we can prove this isomorphism in

any degree via the above method and it is therefore true in all degrees. O
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Remark 5.2.1. Much of this argument should go through for admissible iterated orbits

as well.
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Chapter 6

Proof of Proposition 4.0.1

In this chapter we prove that we can replace our original Hamiltonian H with

a new Hamiltonian H which has the properties
. (IEI 1) H does not depend on 6; it is an autonomous Hamiltonian.
e (H2) (;Siq has 0 as an isolated fixed point of B?" for t € (0,2)
e (H3) H(0)=0

In order to achieve this goal we need to go through several steps. The first
thing we must do is show that we can handle the degenerate and nondegenerate part
of our Hamiltonian diffeomorphism d)}{ separately, by splitting it into a totally degen-
erate Hamiltonian diffeomorphism generated by a Hamiltonian H and a nondegenerate
Hamiltonian diffeomorphism generated by a Hamiltonian (). Recall that a Hamiltonian
diffeomorphism is nondegenerate if its linearized return map does’t have 1 as an eigen-

value, and that it is totally degenerate if all of its eigenvalues are 1. As it turns out it is
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fairly easy to show condition (fI 1) can be attained in the nondegenerate case, and we
can do this at the same time that we prove we can split our Hamiltonian diffeomorphism

in Section 6.1.

It will take a fair bit of work to show we have an autonomous replacement in
the totally degenerate case. We will first show that we can replace H by a Hamiltonian
K, which is autonomous for short time and has the origin as an isolated fixed point
for t € (0.1], as well as enjoying other useful technical properties. We then leverage
this K to get a new Hamiltonian K which is actually autonomous. We will repeatedly
encounter the issue that the known replacement techniques will give us a Hamiltonian
which is not periodic. This is an issue as the Hamiltonian needs to be periodic for
its corresponding symplectic form to be defined on W, so after the initial replacements

we make necessary tweaks to get a periodic Hamiltonian. This is all done in Section 6.2.

In replacing our Hamiltonian H we will need to make sure that we are not
changing the local Hamiltonian Floer homology of H up to isomorphism as well as not
affecting the symplectic homology as derived from wp. For the former we will use formal
properties of Hamiltonian Floer homology. For the latter we will make repeated use of
Lemma 3.3.1 and Lemma 3.3.3 in order to show that the symplectic form associated
with the new Hamiltonian and the symplectic form associated with the old Hamiltonian
compute the same homology with respect to f on W. As such, we will additionally

have to show our Hamiltonians satisfy the hypothesis of one of these lemmas, which
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may involve proving additional technical conditions at any given step.

As for the condition (ﬁ 2), this will be proved naturally on the totally degen-
erate side as a consequence of how we go about making the totally degenerate part
autonomous. However, we will still need to prove this on the nondegenerate side and we
do so in Section 6.3 after we have finished replacing the totally degenerate part. Finally

(I:I 3)we essentially get for free and we resolve it at the very end.

6.1 Splitting a Hamiltonian diffeomorphism

The goal of this section is to show a Hamiltonian diffeomorphism that fixes
the origin can always be deformed into a split Hamiltonian diffeomorphism, one part of
which is totally degenerate and one Hamiltonian diffeomorphism that is nondegenerate
and, more importantly, it can be done in such a way that we get isomorphisms for all the
relevant homology groups. We also show that the nondegenerate part can be generated

by an autonomous quadratic Hamiltonian in the process.

Claim 6.1.1. We may replace our original Hamiltonian H defined on B®" by a Hamil-
tonian Q + H where (Z%Hfl = (cbb, qﬁ%), with qSlQ nondegenerate, qﬁ}q totally degenerate

and the following facts hold true:

o (Split 1) HFI*(¢}) = HFI%,(d}, ;)

o (Split 2) HF\**(y,wp, f) = HFS,(v,d(r — (Q + H)) Adf + o, f)
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e (Q1) The Hamiltonian @Q is quadratic and thus autonomous.

We start by saying a few words about when we have a Hamiltonian diffeo-
morphism which splits as a totally degenerate part and a non-degenerate part and how
this will allow us to make modifications to those respective parts individually without

affecting the local Floer homology groups involved.

Split Diffeomorphism. Assume that B?" splits as the product of two sym-
plectic vector spaces V and W where our Hamiltonian also splits as H = Hy + Hyy.
Here Hy and Hyy are functions only depending on the coordinates of V' and W respec-
tively and whose respective Hamiltonian flows fix the origin. Furthermore, assume that
the time-one flow ¢, of Hy is nondegenerate and that the time-one flow ¢p,, of Hy,
is totally degenerate. Then by applying the Kinneth formula for Hamiltonian Floer

homology we get

HF (@, o) = @ HE(05r,) © HF™(@l,,)
ntk=x

Now, if we find a way to replace Hy with some new Hamiltonian () and Hy with
some K. We do this in such a way that HFiOC(qZ)}qV) = HFioc(tbb) and HFiOC(gblqu) =

HF!¢(¢L.). This would allow us to say

HFioc(¢}Iv+Hw) = HF}FC(éb#»K)

by applying Kiinneth again. Thus if we can show our Hamiltonian diffeomorphism is a

split diffeomorphism we are able to replace a given Hamiltonian in one set of coordinates
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with a suitable new one without affecting our Hamiltonian Floer homology.

Now more generally if H is not necessarily split, but the diffeomorphism ¢z
splits as (¢v, ¢ ) where ¢y is non-degenerate and ¢y is totally degenerate. Then ¢y
and ¢y are germs of symplectomorphisms fixing the origin in Euclidean space. Because
of this both ¢y and ¢y are Hamiltonian diffeomorphisms. Then as above denote by
Hy the Hamiltonian for ¢y and Hyy the Hamiltonian for ¢yy. Now it is not necessarily
the case that H = Hy + Hy. However, the local Floer homology is defined by ¢g up

to a shift in degree as described in (LFH2) and we have that

HF(¢n) = HFSY(bmy+Hy )-

As such we can now treat H as if it were split.

The General Case. Let ¢ be the germ of a Hamiltonian diffeomorphism
fixing 0 € B?" and generated by H. For some decomposition B?" = V x W the lin-
earization d¢g splits as the direct sum of a symplectic linear map on V' whose eigenvalues
are all different from one and a symplectic linear map on W with all eigenvalues equal to
one. We will show that ¢ is homotopic to a split map via Hamiltonian diffeomorphisms
with uniformly isolated fixed point at 0 € B?" and linearization d¢g. We will denote

said homotopy by ¢s where s € [0, 1].

More specifically let G5 be the Hamiltonian generating ¢, as its time-one map
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which is obtained, up to a reparameterization, by concatenating the flow ¢4, ¢ € [0,1],
with the homotopy ¢¢,& € [0,s]. Then 0 € B?*" would be a uniformly isolated fixed

point of ¢¢, for all s € [0.1]. Thus by (LFH1) we would have
HF(¢n) = HF(dc,).

Now here ¢¢, is split so we may perturb the time-1 map of H and arrive at something

which splits as desired.

Now let us construct the symplectic homotopy ¢s. Let Ny and Ny be La-
grangian compliments to the diagonals Ay C V xV and Ay C W x W respectively. We
ask that Ny is transverse to the graph of d¢g|y and Ny is transverse to déo|w. Then
N = Ny x Ny is a Lagrangian compliment to the diagonal A C B?" x B?" transverse
to dgg and hence to ¢ on a small neighborhood of 0 € B?". Denote by F the generating
function of ¢ with respect to N on this neighborhood. Note that 0 € B?" is an isolated

critical point of F' and that d?Fy is split.

Now we will construct a family of functions Fs, s € [0,1], on a neighborhood

of 0 € B?>" with Fy = F and such that:
e 0 € B?" is a uniformly isolated critical point of Fy,Vs € [0, 1]
d dz(Fs)O = d2F0

e [ is split, That is to say that F is the sum of some function ¢ on V' and another
function h on W on a neighborhood of 0 € B?".
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Once the family Fy is constructed we define ¢ in the obvious way by identi-
fying the graphs of ¢, and dFy in B®"* x B?» = N x A = T*A. Note that the graph
of dF, is transverse to the fibers of the projection 7 : B®® x B?" — B?" near 0 € B*"
since d?(Fy)o = d*Fy. Additionally the graph of dF, which is identified with the graph
of ¢, is transverse to the fibers. Now note that in the decomposition we find below we
will have Fy = g+ h, where the function ¢ is a non-degenerate quadratic form on V' (in

fact d?q = d>Fy|y) and h is a function on W with an isolated critical point at the origin.

So we need only to find F§, and we argue as follows. First observe that, by the
implicit function theorem, there exists near 0 € B?" a unique smooth map ® : W — V
such that ®(0) = 0 and F'|y«, has a critical point at ®(w). Let ¥ be the graph of
®. Again by the implicit function theorem we can see that d® vanishes at the origin
because d?Fy is split. As such ¥ is tangent to W at 0 € B?". Now F, is constructed in
two steps. First, we take an isotopy on a neighborhood of 0 € B?", fixing 0 and having
the identity linearization at 0, to move X to W. This isotopy turns F' into a function,
say Fos, such that Fy 5|y has a non-degenerate critical point at (0,w) for all w near
the origin. As the second step, we apply the parametric Morse lemma to Fy 5|y xw t0

obtain a homotopy from Fj5 to a function Fj of the desired form ¢ + h.

Adapting to the Context of Symplectic Homology. Now we explain how
we apply this result in our specific case. First let’s take ) to be the Hamiltonian that

corresponds to the generating function ¢ on the coordinates where our symplectomor-
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phism are non-degenerate. Because the identification made between the neighborhood
of the diagonal in B?" x B?" and the cotangent bundle of the diagonal is a linear map, we
can easily see a quadratic generating function corresponds to a quadratic Hamiltonian.
Thus @ is quadratic and, in particular, autonomous. This is the function mentioned in
(Q1). Next let’s take h to be the Hamiltonian corresponding to the totally degenerate

coordinates where our generating function is h. Then we have just shown that
HEW(6h) 2 HE (0},

This is because as described above the family of generating function s all have the origin
as an isolated fixed point and thus the associated Hamiltonian diffeomorphisms all have
the origin as a uniformly isolated fixed point for all s € [0,1]. Hence, we may apply

(LFH1).

Next on the symplectic homology side we would like to apply Lemma 3.3.1 to
the family of Hamiltonian diffeomorphisms described above as ¢s. Checking that we
satisfy the hypothesis of Lemma 3.3.1 we easily see that ¢s has the origin as a uniformly
isolated fixed point by construction. Secondly for a fixed sg € [0,1] the Hamiltonian
isotopy corresponding to ¢s, is defined by concatenating the flow of ¢!, for ¢ € [01] with
¢s where s € [0, so]. Now ¢!, (0) = 0 by definition and every ¢, has zero as an isolated
fixed point for s € [0, 1] thus clearly ¢4(0) = 0. So we have that the isotopy for any ¢s,
fixes the origin for all time. The only remaining hypothesis is that the Hamiltonians G

corresponding to ¢s are 1-periodic for every s. This is not the case a priori so we have
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some work to do here.

Here we will introduce a trick that we will use several times thought out this
final section to get a family G of one-periodic Hamiltonians such that q%s = ¢és (in
particular, for this case (bg splits) and G, satisfies all the assumptions of Lemma 3.3.1.

1
Then we have <Z>és = qbés, and we can apply Lemma 3.3.3 at s = 0 to get the following

string of isomorphisms:

HFE" (v, wy, ~  HF% (v, wa , ~  HFY(v,wa ),
* (’Y a f) Lemma3.3.3 *—H(’Y Go f) Lemma3.3.1 *_H(’Y G1 f)

where wg = d(r — Gs) Ndf + 0,5 € [0,1].

We first note that this shift in degree in homology comes from Lemma 3.3.3.
Secondly, we have that gb};l splits and we will say that it splits with Hamiltonians Q+ H,
where Q and H may differ from @ and h above because the Hamiltonian corresponding
to G will be one-periodic whereas the originals from the (G; may not be. The Hamil-
tonian Q is important. It is quadratic and autonomous, both properties which @ may
not enjoy, and hence we will want to remember () as we want to bring it back into
the picture soon. As for h and H at this stage we care much more that the totally

degenerate part splits off as opposed to what it actually is.

Looking at the Hamiltonian Floer homology on B?" side of things we have the
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following corresponding isomorphisms

HF"(gy) = HEF%(dg) = HE%(g ),

(Lra2) UG (ppmpy Tt

as long as we can find a suitable G,.

Now we find the desired Gy. We let G4(6,2) = N(0)Gs(A(6), z), where X is
a smooth real valued function of one variable with the following properties: \'(0) =
N(1) = 0 with X > 0 otherwise, and [ X'(§)dd = 1 namely A(1) = 1. This first
condition on N guarantees G is one-periodic as defined. The integration condition
together with the definition for G, give us that qﬁgs = q%s, which we can see by looking
at

%%ff) = XN(0)Xc,00) = Xg, = %Qﬂs-

So this is some map that follows the flow ¢g, but reparameterizing time, the condition
that A > 0 except at two points ensures we are never standing still in time, yeilding

the property that 0 € B?" is a uniformly isolated fixed point set of (;%, for all s € [0, 1].

These conditions also imply d)% (0) =0.

As a result, we know that G satisfies all the required assumptions of Lemma
3.3.1 and we may apply it now. Next, a word on applying Lemma 3.3.3; we may apply

this at s = 0 since both Gy and H are one-periodic and ¢}I = (bg .
0

Let us finally return our attention to G = Q + H. Since Q% = <Z>%;1 and
1
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: : : 1 _ 41 1 _
they are both split, we know that in particular qﬁQ = ¢ & and as such ¢ & = 10} O+

Additionally, we know that Q + H and G are both one-periodic so may apply Lemma

3.3.3 one last time to see that
HF(y,wa,, f) = HFY(v,d(r — (Q+ H)) Adf + o, f)

which proves (Split 2).We can then apply (LFH2) to get the corresponding isomorphism
HF(¢g,) = HES (0g., )

which proves (Splitl).The final item in Claim 6.1.1 follows.

6.2 The degenerate Hamiltonian

Now that we have shown we can split our Hamiltonian diffeomorphism in such
a way that allows us to work with the degenerate part and the nondegenerate part in-
dependently, we are ready to tackle the degenerate part. Our end goal here is to replace
the Hamiltonian H by something autonomous without changing any relevant homology
up to isomorphism. Our first step is to once again look at generating functions in Sec-
tion 6.2.1 and this time we will find one for . We use this generating function to find
a Hamiltonian F' that has the same time-one map as H but also has the origin as an
isolated fixed point for its time-t flow when ¢ € (0,1]. In the next step F satisfies the
conditions required to apply a theorem from [GCC| which produces a periodic Hamil-

tonian K which is autonomous for short time. We will show that we can replace H by
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K and not affect any relevant homology. This is done in Section 6.2.2.

Finally in Section 6.2.3 we use the Hamiltonian K which posses certain prop-
erties allowing us to deform the Hamiltonian ) + K into a new Hamiltonian which is
autonomous proving (I:[ 1). The new autonomous Hamiltonian also lets us show that

(H2) can be made true on the totally degenerate side.

Claim 6.2.1. We may replace ﬁ(ﬁ, z) by some Hamiltonian K that has a number of
technical properties which we will apply to obtain isomorphisms on homology. These

properties are:

(K1) ¢} = ¢k

(K2) K is one-periodic.

(K3) ¢t is autonomous for smallt, say t € [0,€).

(K4) For ¢% we have 0 € .B*" is an isolated fized point for all t € (0,1]

In order to do this is we first find the Hamiltonian F' mentioned above. The
proof that F exists uses the technique of generating functions. After producing F'
we will end up with something that is not periodic, and therefore is not a candidate
to replace H. We will therefore need to make another replacement which is where we

introduce the aforementioned Hamiltonian K satisfying the desired technical conditions.
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6.2.1 The Generating Function

In order to find F in a way that ensures that 0 € B?" is the only fixed point of
gb'%, for all t € (0,1] and gbllq = qb%, we use generating functions completely analogous to
the approach taken in section 6 of [Gin10]. Since 0 € B?" is an isolated fixed point of qSllq,
and we are interested in the local Floer homology, we only need a generating function
which is defined in a small neighborhood of the origin. This is a standard technique for
producing a generating function which we have used once already in this thesis. First,
let us look at the twisted product B>™ x B?™ with the symplectic form o @ —o. Here
the diagonal A is identified with B?™ and we call I = (z,(b}q(z)) C B*™ x B?™ the
graph of ¢}~{. In this symplectic space both I' and A are Lagrangian submanifolds. We
want to pick some Lagrangian complement N such that N is a subspace transverse to
both dd)llfl at the origin and A which is simply an exercise in symplectic linear algebra.
With N being transverse to d(Q%,)o we ensure that IV is transverse to I' in some neigh-
borhood of the origin and we have satisfied the needed conditions to have a generating
function defined. With this normal Lagrangian fixed, we may now identify N x A with
T*B?m. Under this identification, we have a generating function F corresponding to
our Hamiltonian in the following sense: dF = I'. Then we take our replacement for
F to be the Hamiltonian whose time-t flows have graphs corresponding to tdF. The

resulting generating function has the following properties:
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e (GF1) A point p is an isolated critical point of F' if and only if it’s an isolated

fixed point of d)}{

o (GF2) [|d*Fo|| = [|d(¢y;)o — id]]

6.2.2 Finding the Hamiltonian K

Now we wish to replace H with some Hamiltonian K (6,z), which is au-
tonomous for small @, has 0 € B*" as an isolated fixed point for ¢ € (0, 1], and where
K is periodic ensuring that K lives on our local model . In a setting where we have
a generating function F' which satisfies the conditions (GF1) and (GF2) we may apply

lemma 6.1 in [Gin10]. This gives us a Hamiltonian K that has the following properties:
o (K1) ¢} = qﬁ% (which is in turn equal to gi)llq)
e (K.2) K is one-periodic in time

e (K.3) K is autonomous for short time

(K.4) 0 € B?" is an isolated critical point of K and K (0) =0 for all § € S!

(K.5) [|d?Kol| = O(||d*Fol)

(K6)[|Xp — Xkl < (O(||d*Fol[) + Op(r)) - || XF|

(K.7) 155X x|l < (O(|d* Foll) + Op(r)) - || Xl

Here by || Xr — Xk|| < (O(||d®Fo||) + Oy(r)) - || XF||, we mean there exists
some C; independent of gb}q and some C’g(gb}q) depending on qbllq such that
1XF — Xkl < (C1l|d* Fol| + Ca(o)r) - [| XFl.

83



The conditions (K.1), (K.2),(K.3) correspond exactly to (K1), (K2), and (K3).
The condition (K.4) implies the Hamiltonian vector field X has an isolated critical
point at the origin for all time. The task is then to leverage this and the remaining
conditions to prove (K4)

The technical conditions (K.4), (K.6) and (K.7) will allow us to adapt a proof
by Hofer and Zehnder to show that the only fixed points of ¢§< for short time are zeroes
of the Hamiltonian vector field Xx. We then show we can make this change from F to

K in such a way that 0 € B?" remains an isolated fixed point for all time in (0, 1].

This is a lemma about time dependent flows that gives a condition that ensures
we have no fixed points other than the origin for short time. This proof is adapted from

one presented in [HZ94].

Lemma 6.2.2. Let Y; be a time dependent vector field on B> with:
e (i) Y;(0) is an isolated 0 of Y;Vt
o (i)l GYill < el Yol

Then the flow of Y; has no fized points other than the origin for short time. The specific

bound on time is given in the proof.

Condition (ii) here is analogous to conditions (K.5) above and has been called
being nearly-autonomous by some authors including N. Hingston when she introduced

this idea in [Hin09].

84



Proof. Our aim now is to show there is some t3 > 0 such that for T' < ¢, we have that
the time T flow of Y; has no nontrivial fixed points, and hence the only fixed point is
the origin by (i). Assume that y(¢) is a closed characteristic of Y; of period T'. We may

normalize to having period-one by taking x(t) = y(T't). Then we have

x(0) = z(1) T =TY(x).

Next we note that by applying the vector valued mean value theorem we have
that ||Y; — Yo|| < €]|Yo|||t — 0|. And thus when time is bounded, as it is in our setting,

we have
1Y; = Yol| < el ¥oll. (6.2.1)

This condition corresponds to (K.6) above and we will use it shortly.

Recall for any time-one curve ¢(t) with zero mean that by examining the Fourier
expansion of ¢(t) we have the L? estimate ||c|| < 5-|¢||. Now as defined @ has zero mean

so we may look at

. 1. T, 0 . T 0 .
Hx!S%HmH:%Hmn+Dn-mH§%(HathHDnH-HwH). (6.2.2)

Now by (ii) we have H%Y}H < €||Yp||- Then by equation (6.2.1) we have
Y2l = [[Yolll < [[Yo — Y2l < €l[Yol|

and hence
—¢||[Yol| < [[¥2]] — [[Yol| < €l[Yoll-
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From this it follows that
1
Y]l — ellYoll < [I¥l]  thus 1¥oll < =¥l

Now putting this all together we have

€ €
Vil =
1—e|| l 1—c¢

0 .
15, Yell < el[Yol| < [|]. (6.2.3)

Now, substituting line (6.2.3) into the equation in line (6.2.2) we can see that

T €
< . s ‘
w_%(lym+wmuw>

So if we have some a as some upper bound for || DY;|| then it follows that

2T

[|2]] < T

_€
1—e¢

From this we may conclude that if 7 < —2&

T, that & = 0 implying that x is a constant
1—e

characteristic of Y;. O

Now there is one additional thing that we have to look at here, which is that
in our case we want at the flow of Xk to have only trivial fixed points for ¢ € (0, 1].

21
g But we want

—€

We can see that flow of X has no nontrivial orbits of period T <

a Hamiltonian whose associated flow has the origin as an isolated fixed point for all

time ¢t € (0,1]. So we need to show that < + a can be made less than 27 for our new

Hamiltonian and then the claim (K4) will be proved.
Here we will show that we can make = arbitrarily small if we can make we
can make ||d(¢)11q)0 — 4d|| small. To this end it is sufficient if we show € can be made
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small if Hd(Cf)}q)O — id|| is small. The statements in (K.6) and (K.7) together deter-
mine € in terms of (O(||d?Fy||) + Oy(r)). That is € can be made small if the quantity
(O(J|d?Fp||) + Op(r)) can be made small. By looking at this in terms of (GF2) we see
this quantity can be written as (O(] ]d(¢11q)0 —id||) 4+ Og(r)). We can make this small by
shrinking the size of our ball, and are able to ensure that Hd(¢1151)0 —id|| can be made
as small as we like. We will address this shortly, but first we look at what is required

in order for a in the upper bound mentioned above to be made small.

In the Hamiltonian setting the object corresponding to ||DY;(z)|| is the quan-
tity ||V2K (z)|| which itself is bounded above by max ||d?Ky|| + O(r). Then (K.5) and
(GF2) together give us that ||V2K (z)|| = O(] |d(¢]1q)g—id| |)+O(r). This is all to say that
our upper bound a can be made small if we shrink r and can show that Hd(qﬁ}q)o — ad]|

can be made small.

So for our final step we give some justification as to why Hd(qﬁ}{)o —id|| can be
taken to be small. This uses ideas presented in [Gin10] Lemma 5.1, which states that by
taking a change of coordinates we can assure that a totally degenerate symplectomor-
phism (or more specifically a conjugation of said symplectomorphism) can be produced
so that its linearization at 0 is arbitrarily close to the identity. This is the condition we
need to satisfy. This completes the proof of (K4), and thus we have our candidate K

which will replace our original Hamiltonian H.
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Finally, we say a few words on replacing H with K. We know H Fi"c(qﬁ};) =

HF!"¢ (¢}) because they have the same time one map as stated in (K1) and we may
. . 1 1 l 1

apply (LFH2). Now what we are interested in H F°¢( ot ) and HEF (¢, ). Both

. . . . . 1 _ 1 1 _
of these maps are split diffeomorphisms and in particular we have ¢ O+H = (¢Q, 10) H) =
((le,qb}() = qbb 4k 50 they have the same time one map additionally @ + K is one-
periodic because K is as stated in (K2). Thus we may apply Lemma 3.3.3 to obtain
HFEMe (¢l Y= H Fiﬂfs(gzﬁb +x), as well as the corresponding statement for equivariant

Q+H

homology. Thus all desired isomorphisms have been proven.

6.2.3 Producing an autonomous Hamiltonian

Now that we have replaced our degenerate Hamiltonian H by some K that has
the properties outlined in Claim 6.2.1, namely that it is autonomous for short time, it
is periodic, and has 0 € B?" is an isolated fixed point for all ¢ € (0.1], we are interested
in woykx =d(r — (Q + K)) A df + o which is the new symplectic form on W. Now the

Hamiltonian flow of f(r) with respect to wgx is

$(r,0,2) = (r, ft+ 0,652 (00 )71 (2)

= (r, 't 40,00 0 (68) 7 (v), ¢k (0%) H(w),

where v are the coordinates on which we are nondegenerate and w are the coordinates

in which we are totally degenerate as described in Claim 6.1.1.
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We want to replace the time dependent flow ¢! used here with something
that is autonomous in such a way that our homology groups are all preserved up to
isomorphism. The tools we will use are (LFH1) and Lemma 3.3.1. In order to do this
we will give an s dependent family K* where s € [tg, 1] where ty will be explained below,

such that the hypothesis to apply the above facts are satisfied.

Claim 6.2.3. Let [0,2tg] be a time interval on which K is autonomous; this is guar-
anteed by (K3). There exists a family K*® of Hamiltonians, with s € [to, 1],that has the

following properties:

(KS1) K* is periodic for all s € [to, 1]

(KS2) ¢k« has the fized point set 0 € B?" remaining uniformly isolated for all

S € [to, 1}

(KS3) ¢%-.(0) = 0 for all s € [tg,1],0 € [0,1]

(KS4) K' is an autonomous Hamiltonian.

First let K¢ = sK(s, z). Then one can easily check that ¢35, = ¢}—(s because

0
5 0 = Xk, = Xps.

This allows us to replaces the time-one Hamiltonian flow of K by the time-s Hamiltonian
flow of K. Since K is autonomous for small time we can use this trick to replace our
dependent Hamiltonian by one which is autonomous. Again, the interval on which K is

autonomous is [0, 2¢g]. So we take s € [to, 1] to get our path of Hamiltonians K®. This
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satisfies some of the desired conditions, but our new Hamiltonians are not one-periodic
when s # 1. This is a problem as it will not live on our local model and we can’t apply
Lemma 3.3.1. So we address this next. We let K*(6,2) = \,(0)K*()\s(0), 2). Here we
have a potentially different function As : [0,1] — [0,1] for each s. We ask that the

collection has the following properties

e For all s € [t, 1], we have \; is smooth in s and 6.

e For all s € [tg, 1] we ask A,(0) = N,(1) with A, > 0 otherwise, and fol N(0)do =1

implying As(1) = 1.

e Then we add conditions which depend on s. For s € [2¢g, 1] we ask that A,(0) =
A,(1) = 0 and for s € (tg, 2tg) we relax this to earlier condition A,(0) = X,(1) and

we ask that \; = 1 the constant function.

For any s € [tg,1] it is easy to see that have not only that ¢l = qﬁ}—(s = ¢%,

but we also have that

W) 0
3% = N0 X g (o)) = Xics = 26 Pk

Now we say a few words about proving the statements in Claim 6.2.3. Let’s
first take a look at (KS1); this condition is handled by the fact that A,(0) = A,(1).
First that K* is periodic from [2¢g, 1] and that is periodic from [tg, 2¢y). This condition
is handled in both cases in some sense by the condition that A,(0) = A,(1). On [2¢to, 1]

we require that \,(0) = N,(1) = 0 which makes our Hamiltonian periodic by making
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the Hamiltonian zero at time zero and at time one. On the interval [to, 2¢¢] the Hamil-
tonian K is autonomous so the only change that can occur to K*® is the multiplication
by the factor A, which we get from rescalling time. By requiring that \.(0) = \.(1),
however, we get that it has the same scaling factor at time zero and time one and K is

autonomous so we have achieved something periodic.

Next we address (KS2) and (KS3). For K* we know the fixed point set re-
mains uniformly isolated because we are only flowing with K up to time some time s
and by construction 0 € B?" is an isolated fixed point of ¢4 for t € (0,1]. The flow
of K* is following the flow of K* except with a rescalling of time. The condition that
AL > 0 except possibly when t = 0 or ¢ = 1 ensures that this rescalling never has us
standing still and a such we introduce no new fixed points which means that 0 € B*"
remains a uniformly isolated fixed point of d)}(s. Further more by the essentially the
same reasoning we can see that ¢%,(0) = 0 as we are following the flow of K which

maps 0 € B?" to itself for all time.

Finally we address (KS4), which is a little more obvious than the proceeding
points. Recalling that K is autonomous from t € [0, 2¢g] and that K* follows the flow
of K up to time s, it is simply K multiplied by the scaling factor \,. But we require
that A}, = 1. From this it follows that we are just flowing with K from time zero to
time tg, and as a result we have an autonomous Hamiltonian. Lets call this autonomous

replacement Hamiltonian K as we continue. This completes the proof of Claim 6.2.3.

91



Now drawing our attention to @ + K*, condition (KS1) shows that @ + K3
is periodic, (KS2) gives us that ¢1Q 4is has 0 € B?" as a uniformly isolated fixed point
for all s € [tg, 1], and (KS3) give us that ¢0Q+Ks (0) =0 for all 5,0 € [to,1]. As such we
may now apply (LFH1) and Lemma 3.3.1 to the family @ + K* and we have the two

following isomorphisms:

HF"(y,d(r — (Q + K)) Adf + 0, f) = HF*(y,d(r — (Q + K)) Ad6 + 0, f)

HE™ (0l 1) = HF(8}, ).

At this point we have finally shown (IEI 1) to be true, but we still need to prove
condition (H2). By construction, the time-one flow of X % is the time to flow of Xy
and the time-two flow of X is the time 2ty flow of Xy, which shows (H2) for the
totally degenerate part. We next show that we can make a suitable replacement on the

nondegenerate side.

6.3 The nondegenerate Hamiltonian

Here we modify the nondegenerate Hamiltonian () in order to finally prove
condition (ﬁ 2). Since @ is quadratic the time-one flow is just a symplectic linear trans-
formation of B?™ that has the origin as its only fixed point. We want to replace @ by
some autonomous @ such that qﬁb = é, where gﬁ% has 0 € B?™ as an isolated fixed
point for all ¢ € (0, 2).
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Finding Q requires that we decompose the map qﬁb in terms of the eigenvalues
of its linearized return map. It is helpful here to look at what qStQ actually is. Our
function @ is a quadratic autonomous Hamiltonian which means we are solving a fairly
simple first order ordinary differential equation when we compute the flow. The flow
gbe(z) is equal to exp(Jd?Qt)z, where d?Q is the Hessian of ) with respect to the v
coordinates, J is the matrix representing multiplication by i on B*™, and the map
exp : sp(2m) — SP(2m) is the exponential map into the group of symplectic matrices.
The matrix Jd?>Q can be put in a normal form from a symplectic linear change of
coordinates. This is a totally standard normal form, the details of which can be seen
in [AKNS8S]. After this change of coordinates the matrix Jd?Q can be written in a
block form. As such, the exponential of Jd?Q also has a block form and we can write
qﬁb as the product of a Hamiltonian loop ¢ and the direct sum &, & P, where 5, is
a Hamiltonian diffeomorphism for a Hamiltonian Qjwhich is hyperbolic with real or
complex eigenvalues. Here, ®. is a Hamiltonian diffeomorphism for some Hamiltonian
Q. which is elliptic and up to conjugation it decomposes as a direct sum of short
rotations Ry where 6 € (—m, 7). In particular, we can see that ®, @ ¥}, is the time-one
flow of (exp(Jd?Q.t),exp(Jd?Qput)) for which 0 € B?™ remains uniformly isolated for
all t € (0,1]. We take Q to be the Hamiltonian Q. & Qp,. Furthermore by virtue of how
Q is constructed, the elliptic part is less than a half rotation, and so we actually have
that the origin is an isolated fixed point for all ¢ € (0,2). Now finally we have gbb = q%

where both Q and @ are autonomous , and thus one -periodic so we may apply (LFH2)
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and Lemma 3.3.3 to see that

HEF(y,d(r = (Q+ K)) Ad + 0, f) 2 HEZ(v,d(r — (Q + K)) Adf + 0, f)

HFI (6}, ) = HFI%,(

1
¢Q+f<)‘
Now the Hamiltonian Q + K is autonomous so (IEI 1) is still preserved, and we

now have that 0 € B?" is an isolated fixed point for its time—t flow for ¢ € (0,2) for the

map ¢Z§+ - which finally proves (H2).

We no longer need to focus on the degenerate parts and non-degenerate parts
separately. As such we will refer to Q + K simply as H from this point forward. The
only thing we still need to do in order to prove Proposition 4.0.1 is to note we can take
H(0) = 0. Our Hamiltonian is autonomous so H(0) = ¢ and if we replace H by H — ¢

we have achieved this without altering our Hamiltonian vector field or its associated

symplectic form wy = d(r — H)Adb + 0.
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