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BEAT HAMILTONIANS AND GENERALIZED PONDEROMOTIVE

FORCES IN HOT MAGNETIZED PLASMA™

Shayne Johnéton", Allan N. Kaufman,
¥
and George L. Johnston

Lawrence Berkeley Laboratory
University of California, Berkeley, California 94720

January 23, 1978

" ABSTRACT

A novel appréach to the theory of nonlinear mode coupling
in hot magnetized plasma 1is presentéd. The formulation retains the
conceptial simplicity of the familiar ponderomotive-scalar-potential
method, bpt removes the approximations. The essence of the approach
is a canonical transformation of the’sihgle-particle Hamiltonian,
designed to eliminate those interaction terﬁs which are linear in
the fields. The new entity (the "oscillation centre”) then has no
first-order jittering motion, and generalized ponderomotive forces
appear as nonlinear terms in the transformed Hamiltonian. This view-
point is applied to derive a compact symmetric formulﬁ for the general
three-wave coupling coefficient in hot uniform magnetized plasma,
‘and to extend the conventional ponderomotive-scalar-potential method

to the domain of strongly magnetized plasma.
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I. Introduction

The subject of this éaper is a generalized concept of
"ponderomotive force", the nonlinear force‘on particles arising from
the ﬁeating of two high-frequency waves. Thg generalization leads to a
novel and powerful approach to the theory of nonlinear interactions

among waves and particles, such as those which occur in problems of

- parametric instability (Advances in Plasma Physics 1976) and weak

plasma turbulence (Davidson 1972; Tsytoviéh 1977).

The term "ponderomotive", as used in plasma physics, refers
to nonlinear low-frequency phenomena induced by high-frequency fields.
The notion of a time-averaged ponderomotive force dates back to the
radio-frequency confinement schemes of the late 1950's (Motz and
Watson 1967). The essential idea was that-parjicles are expelled
from regions of higher time-averaged field intenéity (Kibble 1966).
More recentl&, ponderomotive~force effects have been studied in.

éonnection with profile modification in laser-plasma interaction

‘(Lee et al. 1977). The nonlinear force arising from a single

monochromatic field's beating with itself bears a simple and general
relation to the linear susceptibility of the plasma medium (Cary 7
and Kaufman 1977).

In the presence of several‘interacting fields, an extended
notion applies. The usual version of the concept is the following:
two high-frequendy modes beat together to produce a low-frequency

scalar potential; this "ponderomotive potential" then drives a
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nonlinear current which acts as a source for the self-consistent

beat disturbance. This point of view (when applicable) has led to

an appealing intuitive understanding of certain ﬁarametric-insta-
bility processes. Drake and co-suthors (1974) used the approach to
unify in a simple way the various parametric instabilities associated
with laser fusion schemes. Manheimer and Ott (1974) extended the
method to the case of weakly magnetized plasmas, assuming the electron
gyrofrequency to be much less than the high freéuencies of the inter-
acting modes. . Other authors have also applied the method to maénetized
plasmas in various limits (Litvak and Trakhtengerts 1972; Bujarbarﬁa
et al. 19743/Berger and Chen 1976; Sanuki and Schmidt 1977). However,
a formulation which is valid fof arbitrary magnetic-field strength has
not yet been derived and Justified. .

The assumption of only ﬁeakly magnetized plasma, if necessary}
repregents a serious deficiency of the method; in particular, it
excludes from considerétion all radio-frequency heating schemesﬂ» We
Awere therefore led to explore'the limits of valildity of thé pondero-
motive-sealar-potential approximation. Our motivation hés been the
notion that, in considering nonlinear processes in plasma, it should
be helpful to think in terms of entities which experlence purely
nonlinear forces. We wished to extend the usual point of view in
several directions: arbitrary ordering of frequencies, kinetic effects
for all modes, strongly magnetizéd plaéma. Such a generalized
formulation is presented in this paper. It implies velocity dependent
ponderomotive forces and, in particulaf, the notion of a ponderomotive

vector potential.
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The technique that we employ is based on a canonical trans-
formation of the single-particle Hamiltonian. The transformation is

designed to eliminate the first-order interaction of nonresonant

particles with the perturbing fields. The new entity (the "oscil-

lation centre") then has no first-order Jjittering motion, and the
"ponderomotive forces" appear as nonlinear terms in the transformed
Hamiltonian. Note that no frequency ordering or time averaging is
required here; only a transfofmation to new variables is involved.
The Hamiltonian formalism leads to.explicit expréssions for the
required nonlinear currents, which can be decomposed into the current
of oscillation centres and the "polarization” corrections. The
procedure is quite general in principle.

The oscillation-centre representation is appealing con-
ceptually, and is ideally suited for understanding'hbw the familiar
ponderomotive scélar-potehtial approximation relates to more
general ‘theories. The canonical formalism was first developed
by'Dewar (1973) to establish a rigorous theory of quasilinear
diffusion for unmégnetized plasma. It was then used by Johnston
(1976) to study induced scattering of waves in magnetized plasma,
greatly simplifying the standard Vliasov derivation (Porkoiab and
Chang 1972). The useful extension of the point of view to other
nonlinear processes will be demonstrated here.

The paper is organized as follows. In Section II, the
apparatus of the oscillaﬁion—centre transformation is developed.

We derive there a compact formula for the Hamiltonian of an oscil-

lation-centre in hot magnetized plasma. In Section III, we calculate
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the nonlinear perturbation in current density from the oscillation-
centre point of view. Then in Section IV, we apply these results
to the problem of resonant three-wave interaction, and so obtain a
general symmetric formula for the coupling coefficient. Although this
compact formula has been derived previously (Larsson 1975; Larsson
and Stenflo 1976), our novel formulation gives new insight into
the origin of the various terms.

In the remainder of the paper, we then turn our attention
to the four-wave problem and to certain limiting cases of our
general formulas. In Section V, we investigate beat forces and
currents in the cold-plasma approximation. We recover the usual
formulas for ponderomotive scalar potential, and introducerthe
notion of a ponderomotive vector potential. In Section VI, the pon-
deromotive-scalar-potential method is developed as a consistent
limiting case of our more general theory and without restriction on
magnetic-field strength. The formulation is then used to tie
together several scattered results in the literature. In Section VII,
we show "that the usual ponderomotive-scalar-potential approximatién
is generally inadequate in strongly magnetized plasma. We then
present the necessary generalization of the method. Our appfbach and

philosophy are discussed further in Section VIII.
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ITI. Oscillation-Centre Transformation

Consider a physical system described by a Hamiltcnian

Ho(g,g,t) and subjected to a small perturbation 8H(g;p,t)

of order €. The application we have in mind is to a single particle

of a plasma, where HO corresponds to the equilibrium fields and

8H to perturbing wave fields. Let us perform any near-identity

canonical transformation
(g;&H) > (Q_;}_)_,K) 3 K = H

characterized by the perturbative generating function $(q,P,t) of

order €. _The corresponding transformation equations are then

(Goldstein 1950)

Q = a+3/P S(g,p,t),
B = B- 3/33 S(g:ﬁ,t) ’
- K(Q,P,t) = H(g,p,t) + /3t S(q,P,t). (1)

If we choose to eliminate variables (Q,p) 1in favour of variables

(g,g), then (1) becomes the Hamilton-Jacobi equation

/3t 8(g,P,t) + H(q,P + 35/3q,t)

= K(g + 35/3P,F,t). (2)



Since P isvjust a dummy variable, we can now replace it by p
in order to avoid hybrid notation in (2).

The Hamilton—Jacobi equation (2) determines the generating
function S whén the nature of the new Hamiltonian K 1s specified.
To solve it, we expand all quantitles in powers of the perturbation
parameter €, and then arrange that the equation be satisfied orde;

by order. Thus, we substitute into (2) the series expansions

(-4

H = Hy+ Z ()
n=1
s = }: hs(n) K = Hy+ 2 fxn)
n=1 . n=1

In this paper, our calculations are correct to-second order.
in €. We impose the requirement that K(l) = 0, and name the
resultant transformation the "oscillatlion-centre transformation."”
The new entity (the "oscillation-centre") sees only a second-order

(1)

perturbation; the first-ordgr "jitter” in response to H has
been transformed away. Although the condition K(l) = 0 does not
sotermine S2) uniquely, we find the chotce S(2) =0 to be
useful in this work. There remains from the expanded Hamilton- .

Jacobi equation a formula for the new Hamiltonian,

(1) (1) K, (1) (1)
2) , M/, 38 1 0 . 23S 3
K9 - P =t B %
! z’2“0 gt as(1) (3)
2 %% g g ’

and an equation for the generating function S(l),

, s < ) | (4)

where Dt denotes the convective time derivative following the un-

perturbed orbit,
D, = 3, + { ,H} . (5)

The braces in (5) denote the Poisson-bracket operation.

In the case of a "resonant" perturbation, the operatof Dt
cannot be inverted in (4), the perturbation procedure breaks down,
and a two-time-scale refinement of the transformation becomes necessary
(Dewar 19732). In the context of this paper, however, no such re-’
finement will be necessary since resonant-particle effects are ignored.

let us apply these general relations to the Hamiltonian‘
of a single particle In collisionless Vlasov plasma. We permit the
plasma to be magnetized and hot, but assume it to be nonrelativistic
and uniform in space. The unperturbed vector potential corresponding
to a uniform magnetic field Boﬁ can be written

A () = 2B (R ¢ ). | (6)

The perturbation will consist of a finite set of coherent linear

waves whose amplitudes can vary slowly (compared with their periods)
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due to resonant mode coupling (see Appendix A). Thus, the perturbed

scalar and vector potentials are of the form

s¢(x,t) = ¢, exp(ik +x - iwt),

a:_

a#0 (7)
2(5&) = Aa exp(iga'lc_-iwat)

a:-

a#0

where the reality conditions
g

are implicit. We refrain from specifying a gauge condition here
in orde: that we may test later for gauge invariance.

The Hamiltonian of a nonrelativistic charged particle
viewing the fields (6) and (7) is

H(r,p,t) = ebg(r,t) + (2m)™ [2 - et a(r) - ecloA (l;,t)]z
where r denotes the Cartesian position vector in physical space
and p the canonically conjugate momentum. The coefficlents in

the series expansion in powers of € are thus

-10-
) -1 -1 12 : g
Hy(r,p) = (2m) {p - ec éo(g)J ) (8)
K (e,p,) - ea¢(;,t>-e<mc)'1[g-ec'1 a0 - &(xt)
- 2
H(Z)(z;,g,t) = ef(amd l[é_A(z,t)] ,
H(n)(z,g,t) = 0 for n > 3.
It is helpful to work with the velocity variable
' . -1 -1
g ¢ o[- e ago)]
instead of the unphysical momentum variable p. Since the.
independent variables in our Hamiltonian formalism are r and
p, we must therefore take due account of the chain-rule re-
"lations
8 1 )
I ’
B/ @m W
(9)

) _ 2 Q . 3
5)'5)*‘2‘“3—wr

where 2 denotes the signed gyrofreQuency e Bo/mc.
According to prescription (4), the generating function
for the oscillation~center transformation is to be determined from

the equation
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'DtS(l) =-H(1) = ec-lg (vl’éa— ‘c¢a) exp “Ea. l‘i“’at)'

(10)

The solution to (10) has the form

(1) . Z (1) _ Z 3 .
s = Sa = Sa(!l) exp (ika r- iwat).
a a ,

Let us introduce cylindrical coordinates in velocity space,
(wl,wz,w), and expand the functlons Sa(‘L) in terms of Fourier-

Bessel transforms (Johnston 1976) by writing

Sy(m) = exp [k, m /2) sin (v - v,)]
. Z 5,59 (wym ) 3 (kw00 expl-te(v - v} (11)

=

where wa denotes the cylindrical angle for vector ]—‘a , and Jp

the p-th order Bessel function. We can then solve (10) to obtain

-~ : R A
Sa(p)('J."'z) = iec l(wa - kazwz - pR)
k +A
x S(wA_ -co )+ w (B2 Pl S
z ax 1 <kme_ kaj,
. (12)
[ (lm), ; (kam | (e
P Q p Q ka;. 2

<12~

Since our concern in this work is with nonresonant mode coupling,
we simply exclude the ';resonant" particles for which ((ua - kazwz -~ pQ)
< E.
The oscillatlon-centre Hamiltonian K(z) consists of
bilinear combinations of the fundamental frequencies W - From

(3), the component at frequency (mb + wc) is given by the formula

D) as(l) a(D) ag{l)

(2) - y2) . .
K “(b,e) = H “/(b,ec) + ) 3 + ) 5
(1) 4g(1) (1) 44(1) )
2 1 1 2 1 1
O°Hy : as,"" 38, . 3°H, : sy, 38,
ar ar ap ap 9p Jp or ar,

2
9 m(1,-82) =3 1
ar or 4 ap o9p

Let us define the operators

D2

-

-iw -kt w)Q - 9 99/

"

A pQ + Q2xQ,

and introduce the notation 3 = 3/3w. There follows the commutation

identity
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3D, -D3 = ik +QZx3, - (4

and, from (10), the relation

p o). 1)
a a a

Combining these results, we obtain from (13) the compact formula

( 4"

K2 (0) = (2 (n35,) - (Bas)+(vec). (15)

In summary, we have now calculated explicitly the Hamiltonian

of an oscillation-centre in terms of the known generating function
(11). The forces derivable from K(z) may be viewed as generalized
(1. e., velocity-dependent) ponderomotive forces. - Note, however;
that we have not ordered frequencies and averaged over>time; we
have simbly performed a canopical transformation. The "corrections"
to the representation are stored in the generating functioﬁ and can

be recovered systematically.
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III. Nonlinear Currents

To demonstrate the usefulness of the oscillation-centre
viewpoint, let us consider the coupling of three coherent linear

waves a, b, ¢, which satisfy the resonant matching conditions -

a b e . K TRtk (16)

For simplicity, we specify the rgdiation gauge condition ¢ = 0 for
this investigation; the arbitrary gauge will be restored in Sec. V.
According to. (A 10), the evolution of the action density
in each wave 1s determined by the nonlinear current densify pro&ﬁéed
by tﬁe béating of the other two waves. To evaluate thése'nonlineaf
currents, it will be necessary to sum our single-particle formulas
of Sec. II over a distribution of particle velqéities. The distri-
bution function for particles, f(zjgjt), and for oscillation

centres, F(E,E,t), each satisfies its respective Vlasov equation

9, f(r,p,t) + £, =" 0,

"
o

3, F(R,P,t) + {F,K} (17)

Accordingly, the unperturbed

N

steady-state distribution satisfies

Dy f‘o(g,_p) = 0
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with D, ziven by (5), and so must have the form fo(wL’Wz)

i. e.; w.if-rm in space and independent of cylindrical angle ¥ .
Our %pproach will be to decompose the truerphysigal current

into two pzr%s, namely, the current of oscillation centres and the

"polarizatizn" corrections. It is therefore convenient to iﬁtroduce

the "polarizstion density" A(E’B!t) defined by
A(_’_’:E;t) = f‘(z,g,t) -F(E,_P;t) . (18)

A series expension for A in powers of € is easily obtained
(Johnston 1976) by substituting the transformation equations (1)

into the relation

f(z;_gvt) = F(R,P,t).

 The first-order zoefficient is

(1) . . 1)
A = (;O,S }

which ylelds

(1) . -1 . . '
A, (w) = -m (ik,S, a2 x 3s,) * 3f, (19)

~16-

with. Sa(z) given by (11). In second order, we find the more

complicated bilinear expression

(1) 2.(1) (1) 2,(1)
3 3°S af . - 35 3°S of
A(z)(b,c) A sb . C . _C_) + b e — c__ . __O
. : or op ap x ar 3p dr P
. S SUE S R - SO = O
+ .
2 3p op St or | 2 ar or ° 3p d9p

-asgl) as(cl) 2%, _
T T o e

Use of the chain-rule relations (9) and the special form of

fo(wl'"z) ‘then leads to the formula

A0+ (i, + o nsg)
fras,x, +22(2 s, ]+ o, (20)
+ om2 + x + 271
(1S + 202 x35) (ik S, + 2708 x35 ) : 3 3f,

- ﬁ(4m2)-1

S (2 x2S ) 33ty * (bee).

In the unmagnetized limit, this formula simplifies considerabdly,

yielding

1lim 2) A : -
R0 ATD = TS, (¢ 25,) (k 3y)

-2 :
- 88, Ikt 227 * (bee)
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The leading perturbation in the oscillation-centre distri-
bution F 1is of second order in €, since we have arranged that

K(l) = 0. From (17), this perturbation F(2) must satisfy
pK? = ), 1,
and hence

F(Z) (W) m‘l (156 Kg?g ; 3 ng)) . af

a b,c (21)

O

where the béat Hamiltonian Ké?g is given by formula (15). The
matching conditiéns (16) are implicit in (21).

Armed with these formulas for the perturbed distribution
functions, we turn next to the perturbation in current density. The

total current density Jf!!t)‘ in the plasma can be written in the

form . ’ -~ .

Ix,t) = Z_e derj'dgp 8(x - r) f(r,p,t) H(r,p,t)/3p ,
5 v : o

where the indicated summation is over-all species s. Since
= (F+4A) and F(l) = 0, the second~order pertﬂ?bation in J

is therefore

-18-

P
1(2)(§,t) =Ze/d3rjd3p 6(x - r)
: .

(22)

(1) (2)
(2), f2), Mo | M7 M ]

The final term is actually zero by (8) since the plasma is nonrela-

tivistic.

Now according to (A10), the desired coupling coefficient is

: -1 ¥ .(2) R s
i - . .
the interaction energy c A 9y o Notlpg the relation

& gy Mo M
¢ — 9p 3€ ’

we obtain from (22) the result

RS [Mm* 42
(2)
) [«ﬂw o2 ot ooty )
8 .

The first term on the right-hand side of (23) may be viewed as

(23)

the coupling by oscillation centres, and the remaining terms the
coupling due to "polarization" corrections. Note the pleasing

structural symmetry of the various terms.
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Iv. Kinetic Three-Mode Coupling Coefficient

~In this section, we complete the explicit evaluation of
the coupling coefficient (23) by inserting our formulas (19),
(20), ‘and (21) for the perturbed distribution functions. The
re'sult will be compact and manifestly symmetric in the three gener- .
ating f‘_unctions . ) ‘
From (21), the oscillation-centre . (F(Z)) contribution to

(23) is
0.Cc. term = Zm_l dew w1 Dgl[(i}salﬂffz CEPETSIRTLT
=

= -Z m‘ldeW [D;l H(al)*] (ik, Kg?g + Q2 XAKS)?Q) -3,
5

(1) .

where Ki?g is given by formula (15). Since DaHa = -8,

we get
~1 3 x, . (2),. '
0. C. term = Zm [dwsa(ll_cexb,c+ Neg Xgl(b‘,c) a_ro .
) .
Partial integration then yields the result

0. C. term = Zm- j‘d'BW fO
4

2
oot as RS sl e a8 2]

~20-

Notice that if modes b and ¢ are cold plasma waves, then only

the first term survives since ng) will be independent of velocity.+

2)
,C

3

Finally, upon insertion of (15) for Kg , the oscillation-centre

contribution to the coupling coefficient becomes

0. C. term = Z (2m2)'1fa3w £o (1K, - gsa*)(%g%) . (Bcgsc)
.S . o

+ (-1, Sa* raz *é_sa*). ’a‘[(Db A 5) (Bc -a-'sc)] +-(.b‘_>-°).’ '

| (24)

Turning next to the A(l) terms in (23), we note from (8)
that

SR R SRR LR

a,-b

and from .(19) and (14) that

(1) | 1 ‘
4, = -m (DS, - D, 38, ) oy

Thus, integrating by parts to extract 1‘0, we find

A(l) terms =2 m_2fd3w £y
s

) [“Eb'asb) (20,8,) *(20,8,) + (bH°>J~

+ .
This statement is actually incorrect as we shall see in Section V..

(25)'
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There remains the a(?) term in (23). To evaluate {it,

we insert formula (20) for Agzg and again integrate by parts to
)

eliminate all derivatives of f After some straight forward

o
(though admittedly lengthy)algebra, we cbtain

A(z) ferm = Z (2m2)_1[d3w £y
’ s

“qessh[on ases 28) - g 25k 25,

+2 (1 + 35) (3D,"8) + (D35, - 2D S.)

+ n[(na*sa* X2 5,)(1k,) - @ (375" )(2 x gsb)] P2 (2x 3,

-R (1 + 3D s X38)  (Ex35) + (bedo)l.

Again, this formula simpiifies considerably in the unmagnetized
limit.

To complete the derivation of the coupling coefficient, we
mst add the three contributions (24), (25) and (26). With
Jjudicious ménipulation, the resultant sum can be cast in a form
which is manifestly symmetric in the three generating functions. An
outline of the algebra 1s given in Appendix B. We present here just

the final result

~22-

et ogl - Z m—2’// sl m)

x §(-1k,"385) (D, 38) (D, 28)

+ (1, 38) (D, 3s) *(p* 3s)) (27)

a
* (igc '_350) (Da* _35:) ) (Db _3$b)

-0 (38)) - [ikbz (38,) % (D, 385)+ (bHc)]

" The generating functions Sa("i) appearing in (27) were calculated

explicitly in Sec. II and are given by (11) and (12). Our formula
*
is compact and symmetric under interchange of the labels (a ,b,c).
This symmetry, together with (A10), implies the lianley-
Rowe action-transfer relations
-1 -1 2 -1

w W= -u% Wb = —wc Wc

The symmetric expression (27) has previously been derived
[Larsson 1975, Larsson and Stenflo 1976] using different notation
and a different method. The present formulation illustrates the
oscillation-centre veiwpoint and gives new insight into the origin of
the various terms‘in (27). The fifst term arises from the cscillation-
centre contribution (24). The second and third terms can be traced

to the polarization contributions (25) and (26). The finel term
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apoears only in magnetized plasma and has hybrid origins; its
symmetry is u consequence of the matching conditions (16) and ihe
triple-product vector idenfity.

An appealing feature of formula (27) is that the coupling co-
efficient is expressed in terms of just three scalar functions of
velocity, namely, the generating'functions for each wave, In par-
ticular applications, it may be possible to approximate these
functions. Stenflo and Larsson (1977) have illustrated the use of
the'geneéal expression (27) in several particular situations. In
the reméinder of this paper, we shall also turn our attention to cer-

tain limiting cases.

~24-

V. Beat Forces and Currents in the Cold-Plasma Approximation

Consider again the interaction of a resonant triplet of
waves a, b, and ¢, .which satisfy the ﬁatching conditions (16).
We have treated the general case in Sections III and IV. In order
to simplify our general formulsas, let_ué suppose in this gection that
two of the three waves (say modes a and c¢) are adequately described
by a cold-fluid modél for the magnetized plasma (Stix 1962). No

assumption will be made about the "beat mode" b, however, We shall

also restore here the arbitrary gauge of Section II in order to display

manifest gauge invarlance of certain quantities to be derived. The
invariant electric-field vectors Ea are related to the scalar and
vector potentials %y and A, according to

E = -ik ¢ + 1w oL A . (28)
=" ~-a 'a a —-a .

Since modes a and c¢ are to be treated as cold plasma waves,

it is appropriate to expand the associated generating functions Sa(!)

and Sc(!) in powers of the velocity Ww. Accordingly, we write

. N .
s = ) sy e o™y, (29)
n=0

where S:n] (w) is of order w'. From (11) and (12), we find for

the leading terms in such an expansion

g
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S[‘ﬂ = -fe w1 ¢,

a & 8

sgn = —EQ);Z [Z : »%O(m&) ) Eal ,,

ngj e ‘*’;l“’;z (wE,.) {,_, * Xologd - l—‘a} (30)

-1 -1 -2
-2 + T
Coew wp ZE: (wx iwy)(Eax F1iE )
+,-

x [E-“&(watﬂ)°§e] ,

where mp denotes the plasma frequency. We have employed here the
notation v&)(w) to denote the familiar cold-plasma linear suscep-

tibility tensor evaluated at frequency w, 1. e., (Stix 1962)

[ 1 1071 0 1
(w) = - —1w™t
X 7“-?1—2-(“ oy~ 1 0
| o 0 (1 - %™

The oscillation-centre Hamiltonian ngg éorresponding to
, i

the expanded generating functions (29) can be similarly represented

in the form

Kg?izc (w) = eel2) ec-lz- A(Zi) + O(wz).

Our notation for the leading coefficients in this velocity series

(2) (2)

expansion is deliberately suggestive, since ¢ and

play .
the role of scalar and vector potentials experienced by an oscillation
centre. Insertion of the expénded génera'ting functions (29) into

expression (15) leads to the following gauge‘-ir‘l\'ra_riant formulas for

these potentials:

o2) = e(em?) Tt E, '[wcw;l Aug) + (a«-n)]- £, O
o2 - e(am? )t E, - [wcm;l () + (aé—-)c)]' E,

A2 o leew eme ) (w) Bl (e - el E
a,-c a "p Xot¥ =cf{ | = 'Y’ T “pYa =
—ieR(2mw )t a[ga S(3 %) sc[ZJ*)] s (aemc), (32)

Afjg = ecwa(an;'))-l [—)SO(_wc) . gc] {& '{Zéo(wa) - “’1“’;2.1.]' E,

_icd(Zmua)'l .3-[§a .o (2 x QSC[Z])] f(a(—-}c),

where S(EZJ is given by (30). The associated "péeudo—electric"

and - "pseudo-magnetic" fields acting on an oscillation c¢entre zre
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then, in analogy with (28),

(2)y _ (2) -1 (2)
ge,tc B 'i(ka * 1—(c)cba,tc v e (wa * wc)éa,tc '
(2) | (2)
I—3¢a,:~c - i(]—(e * l(c) X ée,ic

Our result (31) for the oscillation-centre scalar potential
is consistent with the known formula.for "ponderomotive potential"
in the presence of a magnetic field (Motz and Watson 1967), Note,
however, that we have not assumed Iwa - wc|‘<< w,,w,, and averaged
over a fast time scale; we have simply transformed to new variables.
Formulas (31) and (32) simplify greatly in the unmagnetized limit.

One obtains, for example,

(33)

In the ordered-frequency case Iwa - wcl << wé, W,y the last two
terms in (33) can be neglected, and one obtains the usual ‘ponderomo-
tive force, derivable from a scalar potential., However, in the general
unordered case, the contribution from the oscillation-centre !ESEQE

potential must be retained, even in this cold-plasma 1limit.

The contribution to the nonlinear current density due to the
response of oscillation centres to the beat pseudo-electric field can

be written

£ - }_ o) - B2, (34)

S

where gﬂuﬁ) denotes the linear conductivity tensor for the plasma -

at frequency W) (not necessarily cold). The linear conductivity
tensor g is, of course, related to the susceptibility tensor

X by
W
s -1
gw) = 14m)T Hw)
Now, the self-consistent electric field Eb at frequency 'S is

dfiven by the true nonlinear current igZ)c according to
. p-ic ,-

(see Appendix A)

I N P R I G (35)

where JXb) denotes the linear dispersion tensor. Defining the

"polarization current" éigzzc as the difference between the true

’

nonlinear current and the oscillation-centre current (34),

=ta,-c

) [2)

(2
ie,-c —-a,-c ’

a
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we find from (22) that

(2)
A N NN e e
8

S

-Z e? (mc)-ldeW (éa A(cl)* + A;*c Agl)) .

s

(36)
Let us introduce the perturbed fluid-velocity vectors v and v P
_ _ -a -

defined by

Yo 5 (me)lguy - . (37)

Then, inserting the expanded generating functions (29) 1into our

formulas (19) and (20) for the polarization density 4, we obtain

from (36) the gauge-invariant result

(2) _ o )L '
Mate = 7)) re(mu) Ty (ak, - vk ) -V

[
s

. -1, -
- ZE: iQne(;wawc) (Z x !6) . (!Z + k v?)

k
& - -

- Z 1s’me(4nma)‘1 [9(2 xv +3)1 +em} 3 }
- 8 =~ - —-a

(2 x4 aer o),

(2]

where Sc is given by (30). The nonlinear current density to be
inserted in (35) 1is the sum of the two contributions (34) and (38).

The expressions derived in this section have been obtained
from our general formulés in Sections II to IV on the basis of a
single assumption, namely, that modes a and c¢ can be adequately
described by the cold-plasma model (Stix 1962). No assumption was
made concerning the beat mode b for wﬁich a full kinetic treatment
has been implicit. The familiar "ponderomotive-scalar-potential
method" (Drake et al 1974; Manheimer and Ott 1974) can be derived
from the results of this section by making certain further approx-
imations; we study this 1limit in the next section. Note, however,
that outside its domain of validity, we already have the needed

correction terms here at our disposal.



-31-

VI. The Ponderomotive-Scalar-Potential Method

Theterm "ponderomotive-scalar-potential method" is used
in *his paper to apply to the resonant Iinteraction between cold-plasma
modes ("high frequency") and modes for which kinetic effects are
retained ("low frequency"). The method consists of the following
prescription for describing such interactions. The high-frequency
nonlinear currents are approximated by the product_of the low-frequency
density perturbation and the high-frequency velocity perturbation.
The low-frequency nonlinear current is approximated by the linear
response to a scalar ("ponderomotive") potential produced by the
beating of the high-frequency modes. Note that in the language of
Section V, both the ponderomotive'!ggﬁgz potential (32) and the
polarization current (38) are omitted. These approximations can be
inferred to be consistent, even in stfongly mégnetized plasma, since
they imply the Manley-Rowe relations; we verify this stétement in
Appendix C. The approach has intuitive appeal and has been found
useful by many authors. It has been applied to unmagnetized (£ = Q)
plasma (Litvak and Trakhtehgerts 1971; Drake et al 1974; Hasegawa
et al. 1976), to weakly magnetized (2 << wb) plasma (Mannheimer and
Ott 1974; Bujarbarua et al. 1974), and (uncritically) to strongly
magnetized (Q wo) plasma (Litvak and Trakhtengerts 1972; Sanuki
and Schmidt 1977). In this section, we develop the method without
restriotion on magnetic-field strength and use the formulation to -
tie together several scattered results in the literature. General
criteria for the validity of the method in strongly magnetized plasma

will be given in Section VII.

Let us consider, then, a representative four~-mode inter-

action in magnetized plasma involving a "pump" mode (QE’EQ)’

d’—d

The associated matching conditions are shown in Figure 1; for

" n ) 1 "
pwo sideband" modes (wc’Ec)’ (w,,k,), and a "beat" mode (u%,gb).

example, w, = (uh - “B) and w; = (wa + mb). We aSSume.that
the frequency of the beat mode b 1is much less than the high

frequencies ma,'wc, Kinetic effects are retained for mode b,

Wy
but the other modes are described by cold-plasma equations. We there-
fore need not distinguish among the susceptibility

tensors zb(“%)’” zb(“b) and }b(uh)’ s#nce they are independent -

of k and the frequencies are approximately equal; we write

()

Note that %o is an Hermitian matrix.

Now, the effective electric field seen by an oscillation
centre of species s at the beat frequency W, can be written

9 -5+ &, - ()

where gb denotes the self-consistent electric field in the plasma,
(s)

and the field derived from the scalar ponderomotive

‘potentials,
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(s)
E’-bs

(2) , &2)
hy, (570 + %k )

d,~a

Inserting formula (31) for ¢gzzc , we get

ét(JS) = “-‘a:,(/’"“ses)—1 [(E*c '-Xg)S) * B (fa. -5((33) ) Ed)]

(40)
According to the prescription given above, the low-frequency
equation (35) 1is to be approximated as
v) - E = 4n(ia) Z (o), (41)

where _gés) denotes the kinetic conductivity tensor. Using

(39), we can recast (41) 1in the form

PORE QIR OIS

s'#s

QI ICRNon

Turning to the corresponding high-frequency equations,
we note that the high-frequency velocity perturbation v(s)
is defined by (37), and the low-frequency density perturbation

Gnﬁs) is, from the continulty equation,

_34_

(S)

éngs) = -i(4me )’ (gb © ) (43)

with g{)s )

method, the high-frequency versions of (35) are then

given by {(39). According to the stated rules of the

By () - £ - 4n(iwa)_l j{: és(!is) 6n£5) . !gS) 5n£8)*)

s

(1) Z e o) snle),

S

Df@) + By = 4m (i)t Z e, &) onl®)

s

1l

) " E,

Upon insertion of (37) and (43), we get the coupled equations

Doa) - Eg = iz “’"‘ses)_l [( (s) . g )ik, + (s) 5(,5))
- '%és_) . E )(‘Kb'ﬁ(S)*° 5()3)*)] ) (4)

Dole) < B, = -1 j{: (Inmses)—1 (z£8)' E Nk - le)* §£S)*)’
s (45)
Do) - =1 Z(anses) 1 "3,(,88)' E )k, és) gf)s)) (46)
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« .
If (45) and (46) are solved for Ec and Ed’ and

the solutions inserted into (40), then (42) leads to the equations

vB(b) ..g{_s) = —(4m)” Z (n ney ,,) (s s' (]—‘b . ng ). 5) s") ,
(47)

where we have defined

o)+ dynge, ™ [yt -6 B 067 )
+ (cea)
c 0 o e 2]

s'#s
-[(nses)'lvgggs) - (ns.es.)'lv;;gs')] "E ¢ (C<—>d)*}

Suppose there are N species of charge, s = 1,2,...,N. Then

(47) represents 3N linear algebraic equations for the components

of vectors ggl); ggz),...,ggN) .

is the condition which allows a nontrivial solution of these

The nonlinear'dispérsion relation

equations. In general, it is obtained by setting the determinant of

the 3N-dimensional matrix of coefficlents équal to zero.

236

Suppose, however, that the beat mode b 1is longitudinal,
with Egs) = Egs)ﬁb .. The 3N equations (47) can then be
reduced to N eduations for Egs) by. projecting vectors onto the «
direction Eb' If the sideﬁand modes ¢ and 4 are also treated

as electrostatic, then these N equations'reduce further to the form

CbEE)S) - v k2 xgsn)Ef)sn)

Y b
'S"
e T e )]
a L (48)
+ (kd d)'l ugs") [ugs)* + Z xl(,s')(ufis)* - ugs')*-]} ,
. S'#S . -

where we have defined the parameters

c -

W) 2 (amge ) (k- O B

If, in addition, one treats the pump mode a. in the "dipole

' " = o =

approximation (]k?] + 0), one has that k, k =k and
(s) . s) =

hence ud = M, = us, where

|®

Rofas . st Eay) | (“aw Ky Fax )%

s Ji Ejg:j_ggz) w (w all s)

=]
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Suppose there exists a species 5 such that

In the limit wy >> Qa’ QB’ this result agrees with Eq. (10) of

Ott et al. (1973), derived for a plasma containing two ion species

|u§| >> Iusl ¥ s 7 5

with different charge-to-mass ratios.

Let us now withdraw these various approximations and restore

Then choosing s = s in (48), and retaining only the term

our 3N electromagnetic equations (47). That complicated analysis

s" = 8 on the right-hand side, we obtain the nonlinear dispersion

simplifies considerably if we do not insist upon treating all

(49)

(50)

(51)

relation species symmetrically. Suppose the plasma consists of electrons
e and several species of ions i. Based on the fact that
' 2 s) (s) e -1 ;
g, = ~lugl (1+ Z ) (E eq )- m >>m, we shall neglect & (1) ang 55)1).
. s7s ) e —b N
therefore reduce to
When S corresponds to electrons, and when nge)l > 1,
(1) ' i ith that derived b b) (e) _ (1 + (i)) @(e)
'Xb | > 1, this dispersion relation agrees w at derived by X E 1 s
Porkolab (1974) for lower-hybrid heating’ [his Eq. (15)].-
A different special case obtains when N = 2 with - D(b) - '5()1) - "..)‘(t(ge)v' éb(e) ,
My v Mg and nga)l >>1, lxgs)l >> 1. Equation (42) then implies
that where, from (40), (45) and (46),
(a)(a) & _ (B)(B) ’ .
X ¥ oy : s ) (e) _ _ -2 . JSfe), (e)
b Tb b ’ & (4me)™ k(K -« 3 E")
and one therefore obtains from (48) the dispersion relation o (e)* (e)
: x “,0(0) (X ();0 *E)

uslz £a) (B)(e +€;1). . . w«o(d)—l . e .k )] '(e)*

% ° - 'ua
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We introduce @ , cofactor tensor of the transpose of Ib),

defined by
-1
XO)T = G/ det Nb).
Then substitution of (51) into (49) and the inner product of

the resultant equation with (EB'. xge)) lead to the dispersion.
- L .

relation

[go(c) e g’;)] of) 5 (52)

. {\Pg(d)-l (e) . E )] (e) )} .

This relation generalizes the results of Drake et al. (1974) and

of Manheimer and Ott (1974) to the case of strongly magnetized plasma.

Indeed, consider the 1limit of a weak magnetic field. When

Qi << @, , the ion susceptibilities can be taken to be scalars.

Furthermore, when { <<.w. , the high-frequency modes can be

treated as unaffected by the magnetic field, and so we have in

particular

\ =40~
(e) 2 -2
X % -mpe wa_ rul,
p(c) N D*R &+ (1-% k).
(¢] c e ¢ c A c ¢

The dispersion relation (52) thus reduces to

det‘vl‘)‘(l.')) = _(4-"ne) w2pe w;2 (1+ Zixt()i))(gb. ,_Y)S,e))°v9b'l—‘b
&, - EI1° Ik xE? !
x T ¢ e 3 + (c.—34d)
DC Dc-

in agreement with Eq. (13) of Manheimer and Ott (1974).
In summary, we ha#e developed the ponderomotive-scalar-
poténtial method as a limiting case of our more general theory.

The oscillation-centre viewpoint 1s especially well-suited for

understanding how this familiar limiting theory relates to the

general case. The approximatioﬁs in this section are shown to be
internally consistent in Appendix C. The domain of validity of
the method and generalizations beyond that domain are.the subject

of the next section.
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VII. Validity of the Ponderomotive-Scalar-Potential Approximation

in Magnetized Plasma

In this section, we examine the validity of the approximations
in Section VI, and then develop a more general theory by feinstating
certain neglected terms. This génerélized theory is a continuation

of our work in Section V and assumes only that (in three-wave

interaction) two of the three waves are cold-plasma modes.

The ponderomotive-scalar-potential method approximates the
true low-frequency nonlinear current

{2 L 2, A2
La,-c Za,-c —Ya,-c

2)

by (41), 1. e., by just the scalar-potential portion of gg R
. . ? -

2 . 2
RIS RERYC

Contributions from the pondercmotive vector potential éiz)c
,-
and the polarization current - élg2)c are omitted. Collecting our
. . ’ -
results in Section V, -we find that the retained and omitted contri-

butions to ggzzc are, in terms of the perturbed fluid-velocity
>

" vectors (37),

Retained = -

o[

-2 . (s),
Psfs % u%s (lbs gb)

x [(v . _!*c) + 10 (w, + mc)(Zwawc)'l(ﬁ xvg) v, ] )

Ya e
. _ -1 2 2 -2 (s)y , A(2)
Omtte§ = }; (4me) g (,}, twgw s Yo ) _“}a,-c
v ne () [ (e, - )+ 0 (g + )

: nses u)a“uc [wa-‘-,ﬁ - !c) mczc -4 !6.

(2]

L ] S ,
+ anses(2mswawc) 1 [ima(ﬁ x zc) . 38 x E)Sa + (a&—pc) ]

where, from {32) and (30), égzzc and 552] are given by
. . 2 .

*

A2) mc (eswc)-l vk '[Xé + igs_(zwa)_l(z x !a)]

 —a,-C
-1 - ' 57 %
- a2 2y, + dailts <xl xasfh

~

+ (ae= c),

Sfj(ﬂ) = im'sm;1 W T(s)

(53)
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Thus, the géneral criteria for the validity of the ponderomotive-
3ca1ar~p9tentialrmethod in magnetized plasma are, first, that the
plasma be cold with respect to the high-frequency modes, and, second,
that the projection of the omitted current (54) on gfb. be
negligible compared with the projection of the retained current (53).
This last criterion is clearly very.complicated in the most general -
case. It has been shoﬁnvby Manheimer and Ott (1974) that a suf-
ficient condition is Qs << Wy, i. e., a "weakly magnetized"
plasma. For stronger magnetic fields, we see from the above
formulas that-contributions from the'omitted polarization current
and ponderomotive vector potential tend to become important.

Let us, then, reinstate the omitted current (54) 1in order

to develop a generalized theory which can be safely applied in
strongly magnetized plasmg. We consider again the resonant triplet
of waves of Section V; kinetic effects are retained for mode b,
but modes a and ¢ are described by cold-plasma équations.
Our only other assumption will be that there are no particles
resonant with mode b, and hence that the susceptibility tensor
3@5) is Hermitian. |

It is helpful to define the résistivity tensor ngs)

o e (s) = (s
-n!(aS) = was 30: h Das cold ’

Y

and to introduce the notation

v ~de(muw )_lE s
-a s 'sa -a

)<

oo -l (4w )T ((S) “r,]gi)) * Ve
D e vy k) v 2257 (56)

v10 3 (5 x2) st 410 (2x 3) 5 s%T,
Mg 2 2/ Pg s =/ Z"a

Now, by (A 10), the desired low-frequency coupling coefficient

is the interaction energy (¢bp£2)c - c'1 A’; . L(aZ)c ). Adding
,- :

(53) and (54), we find after some straightforward algebra

| (&;J pi(i?-)c - c-l A*b : igfzc ) = Znsms w;;l(ke.. !a)( gb ’ !*c )
S .
sl c Y NP v Wik Y Ny x) o (57)
-1, -1 *
- o (o k- ma kaz) !1) sy, xv ) +Q,

where Q represents~thé additional terms
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It can be shown, by substitution of formula (55) into definition
s
(56), thgt &i )and ﬁis)are each identically zero. Thus, the

low-frequency coupling coefficient (57) can be rewritten in the

form

oF (2) -1,* -
”’bp-a,-c - ¢ éb ) igf-)c) = Z NgMg [wal( ' )(x*b. V* )

4 A Lo
SRR R R Pt (S R (58)
- 19;uglkm;1kcz - w;lkaz)ffo (v, x f,'c) * A;(:-)c ) 2*1,] ’
where

g, () [ 2 050 vy 3300
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Formula (58) exhibits a pleasing structﬁral symmetry,
similar to that of our general result (27). Since u, and Efc
are zero (a and ¢ are cold-plasme modes), it is simple to
cast (58) into a manifestly symmetric form by adding the appro-
priate vanishing quantities. We can immediately deduce the corres-
ponding high-frequency coupling coefficients since we have verified
the Manley-Rowe relations for the general case (27); the low-
frequency coupling coefficient was just simpler to evéluate in the
présent'limiting case, If wave b 1is also treated in the cold-
plasma approximation, then 5:) + 0 - and our coupling coefficient
(58) reduces to that derived by Stenflo (1973) using a cold-
fluid model for the plasma. ' '

. In summary; we have shown the usual ponderomotive-scalar-
potential approximation to be éenerally;inadequate in strongly
magnetized plasma, and have developed thé necessary generaiization

of the method for the case of resonant three-wave interaction.
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VIII. iscussion

In this paper, we have shown that the oscillation-centre
representation providesva systematic and intuitive framework in
which to study problems of nonlinear mode coupling. The approach'
represents a natural extension of the.familiar ponderomotive-
scalar—potential approximation, and has allowed us to generalize

that method to the domain of strongly magnetized plasma. Since cur

formulation is Hamiltonian, it 1s therefore quite general in principle}

lIndeed, we have used the approach to derive a Poiséon;bracket formula
for the general three-mode coupling'cqefficieht in nonuniform
relativistic magnetized plasma_(Johnstbn and Kaufman 1977, 1978).

Our work in this paper. has been restricted to the nonlinear
éoupling of discrete coherent waves. It is appropriate to mention
here some recent complementary work. of Dewar (1976, 1977a, 1977b)
concerning the use of the oscillation-centre picture for statistical
speétra. Dewar (1976) has constructed a "renormalized osecillation-
centre transformation" which removes the coherent oscillatory‘motion
of a particle 1n a stochastic potential and thereby isolates the
"purely stochastic" part of the motion. Dewar (1977a) obtains.an
exact nonperturbative solution of the Hamilton-Jacobl equation for
the genefating function, applicable to resonant trépped particles in
a stationary one~dimensionai potential. He suggests that if such

sblutions also exist for a random, time-dependent potential, then

-48-

thé oscillation-centre approach might lead to Markovian kinetic
equations. Finally, Dewar (1977b) .has studied the motion of a
particle in an ensemble of monochromatic waves of random phase, such
as arises in narrow-bandwidth plasma turbulencé. By evaluating the
averaged propagator in oscillation-centre variables, he finds that

the momentum-space operators in the problem simplify greatly, leading

to a remarkable factorization of the wave-particle collision operator.

Reflecting on Dewar's work cited here together with our own work,
we conclude that the oscillation-centre viewpoint is one of very

wide applicability and usefulness.
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Appendix A: Multiple-time-scale derivation of the action-transfer

equations for resonant three-wave interaction

In this appendix, we derive the action-transfer equations

governing the resonant interaction among three coherent waves in

.a uniform plasma. We begin by combining the two Maxwell curl equations

to obtain

£E+ FUX(TxE) = ~4m3 § (B . (m)
The current density J in the plasma is a functional of the electric

field E and can be written formally as

J{E} = cE+BEE +

- - W

where [ E and 3; denote linear, billinear and trilinear differential

operators, respectively. Relavion (Al) can thus be rewritten in

the form
((BEE +LEEE +..), (A2)
where we have defined the linear operator

E

L]
e M)
1]

+
o
<]
»
—
<
»®
=t
~

+
~
=3
Lo
Q
]

L
w

Following Verheest (1976), we seek a nonsecular series solution
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of (A2) by developing both the operators and the electric field in

powers of a small ordering parameter g:

Equating equal powers

order,

E - e_(1)+€2§(2),k€3 _(3)+ o,
Lo g0 e L Ad .
- (0) 1) - 0
PR CUPUIS S R L

(0) (1) _
w ETT o=

0,
‘}N(o) E(z)~ = o, (3(0) E(l) E(l)) _&(1) E(l)
éo) 1‘3.(3) - at(QSO) E(1) g(z) +v13,(°)5(2)§(1) +

31 ED 1), 40) 1) (1) ),

_ (1) 2) (2) 1)
wo = w =

of € in (A2), we obtain, correct to third

(A3)
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‘ We no® introduce a multiplé—time-scale formalism (Frieman
1963; Sandri 1963, 1965) by writing Ty = t to denote the fast
oscillation time scale for the waves in _(1), and T = €t,
T, = ezt, etc., to denote successively slower interaction time
scales. The freedom represented by the additional time variables
is used to remove secularities order by order in the perturbation

solution. We proceed by making the replacements (Verheest 1976)

f(t) = A(t) exp(-lwt) - f(TO,Tl,TZ,...) =A(Tl;12,...)exp(-iw10)

9 3 2 9 '
] > o t = +tE == + ...,
t 310 arl 812
L0y - O ey -
(0) L, g(0) .9 3
B (3t13t) E‘ ('ﬁg, ’5?0')-

_ For a set of N coherent waves in a uniform plasma the

-

field g(l) takes the form

g(1) -

[\\/’] =

ga(rl,'rz,...) exp(:ll_cﬂ L iwaro). (A5)

m
oy
Sk
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The reality condition

g a —a -8 -a

are implicit in (A5). Collecting our results (A3) to (A5) we

obtain a chain of equations, the first two of which are

Z L (a) E  exp (qs_a ©x - 1waro) = 0, (46)
a
NI;I(O)E(z) =4 52—0 }; Zﬁ(b,c) EE, exp[i(lcb + k) x
] R
_ 3E |
- i(mb + wc)ro] - Z Ma) W—:em[i(l-‘a * X - waro)]
a

(A7)
The operator I{a) is defined by the relation

(0) | 9 .
L v ’Fo exp (ige X - iwaro)

(05 - .
L (iga, iwa) exl_’(ika X - imaTo)

'B(a) exp (11‘.3 ©x- iwa'ro),

and the operators ‘E(b,c) and B’Ka) are similarly related to

: B(D) and 'lél), respectively. Note that, from (A4),
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» Ma) 8E /3T, = Z 4mi(u + w ) B(b,e)EE, (48)
Vl\‘l{(a) = i B/Bwa &(a) . _ b+c=a -

: . Introducing the beat current density g.éZ) and the usual linear
From (A6) and the linear independence of the exponential ' ' »C

dispersion tensor D(a) through the relations
functions, it follows that e

{2)
= B(b,c)E E
L(a)E = O, a =1, *2, ..., *N, e AP Bl
’ ' Xa) = (-iw )7°L(a)
Thus, the waves in (1) _ a’l wuy

must separately satisfy the linear w

dispersion relation
we can rewrite (A8) in the form

det[g.(a)] = 0.

JE
2 (8 p] R 2 )
a 3

Proceeding to (A7), we note that if secularities are to be avoided

in E(Z), then either aga/arl must vanish or else a balancing Now, the energy density in mode a is

must occur between the two sums on the right-hand-side of (A7).

The second possibility requires matching conditions of the form W= (47 )'1 £ - {w’l 3/3w [wz D(a)] « E .
‘ a ~a a al aw e
wy, T @ tuw, ko= k+k ., ' - Thus (A9) implies that
and leadé to the relation ' : . W /3T, = -2 Re(j(z) ‘B
a’" "1 “,c -a
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Let us express Ee in terms of scalar and vector potentials ¢a

and A,
-8

_ -1
E - ige¢a * iwac Ay

and invoke the charge-continuity relation

.i(2) (2)
ik, Jb,c - iwapb,c

where p£23 denotes the beat charge density. We thereby obtain
,e

the promised action-evolution equation

2) d’* - c_lj(é) 'A* )

sC 'a *h,e —-a’"’ (410)

= o (
we W /AT = 2‘Im(0b
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Appendix B: Outline of some algebra for Section IV

In Section III, the kinetic three-wave coupling coefficient
was decomposed into an oscillation-centre contribution and polariza-
tion contributions {see Eﬁ. (23)]. In Section IV, these contri-
butibns were each evaluated; the results are given in (24), (25),
and (26). The purpose of this appendix is t§ indicate how the sum
of these contributions can be manipulated to yield the compact
symmetric formula (27).

The first step after adding the quantities (24), (25)
and (26) 1s to separate out the desired result (27). The final

triple-product terms in (27) occur in consequence of the identity -
(k«ANB+2xC)+(k-BNC-2xA)+(keC)Av2xB)
=k, C - (BxA),
which holds fqr grbitrary vectors k, A, B, and C. It remains,
then, to show that the.excess terms in the sum vanish identically.

We can distinguish two categories of excess terms. The terms in the

first group are those not explicitly proportional to the gyro-

'grequency 2 and which persist in an unmagnetized plasma. Col-

' lecting these terms, we find

2
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Excess terms I = Z m'Z[dBW fo(wl,wz)

{0 g 2, 25 - (g 23 29)

+ (1K - chsc)(s*aige £35) - (m1)
- (1 35 X s, ik, +D 38+ (N——?c)}

It is straightforward to show that the terms in (Bl) add to zero;

b

use the definition of the operators Da’ D , Dc’ invoke the matching
conditions (16), and integrate by parts on ¢ (usihg the fact that

£y is independent of ¥ ).
The.remaining excess terms are those explicitly proportional

to . They can be combined and written compactly in the form

Excess terms II = ji: 2 (2n°)1 | &% folwy,¥,)
. 5

X[(i_lsaS: - QEx 38 ) Y (Ex3S) + (bede)|, (B2)

where - we have defined the tensor

By T (28) ¢ (38) 1k a2 (2 x5,

©R(x228 0,225
It is then simple to use the commutation identity (14) to prove that

&%‘ and a& are each identically zero, and hence that the remaining

excess terms (B2) all vanish.

-58-

Appendix C: Internal consistency of the ponderomotive-scalar-

potential method

In this appendix, we show that the ponderomotive-scalar-
potential approximation in magnetized plasma (Sectiog}VI) preserves
the Manley-Rowe action-transfer relations (Sturrock 1960). We verify
this claim for the particular cases of three-wave interaction and

induced scattering of . two waves by resonant particles.

1. Three-wave interaction

Consider three waves a, b, and ¢, which s2tisfy the
resonant matching conditions (16). We proceed from the coupled-
mode equations (41), (44) and (45), which were derived in the
ponderomotive-scalar-potential approximatidn (here, we let gd*-o).

These equations can be represented schemétically as
o) - g = antiw) T ), ke
]
Let us introduce the symbols ék’ k), D (k), defined by

*

e © B/E D) = &) Q) -8,

(124
()

D(K) T &) -[agk)/amk]- 6 -
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. K]
The inner product of the low-frequency equation (41) with ey
then leads at once to
' . . * ’
iD(b)Eb = —1I"bEcEa y (c1)

where we have defined the coefficient

By = kb(‘w)-l}; (nses)-l(a*bi .ﬁgs), I?'b)(@*c ) \.),(l()S) .vé\a) :
| (c2)

Since we are considering the case D(b) * 0, we note from
(41) that the self-consistent fleld Eb dominates the poﬁderomotive
fieldsvfggs) . We are therefore justified in approximating Eés)‘
[defined in (39)] by Eb where it appears in the high-frequency
currents. Thus, the inner products of (44) and (45) with ;a*

'é*c , respectively, lead to the relations
(a) B = AT (), = -l EF
iD (a) Ea = - aEbch iD (c)Ec = - cEa b’ (c3)
where the complex c¢oupling coefficients are

Ty Tk <4">'IZ<nses>‘1<Rb SRR G R

- (c4)
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1Y -1 (s)% , (s)
r = - R YA s . A 8) , a
e kb(l‘n) 4_(nses) (kb Xo eb)(ec o ea)' ’
(c5)
.',i
We now introduce the action density Jk of each wave, defined .

by

I = Df(k) lEklz.

The equations of aétion transfer to be tested are

It follows from the structure of (Cl) and (63) that these

relations are satisfied provided that

Inspection of our results (C2), (C4) and (C5) verifies

these conditions since, in the absence of resonant particles, the

susceptibility tensor ng) is Hermitian.
s :

<€ 4
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2. Induced scattering

This case differs from case 1 in that the low-frequency
beat mode 5 is no longer a normal mode of the plasma. We follow
Litvak and Trakhteﬁgerts (19725 (who assume the Manley-Rowe
relations) . by treating ﬁode b as longitudinal and by neglecting
the high-frequency ion suscéptibility. We thereforé invoke the »

low-frequency equations (49) and (50), writing

e)

) Eg . 6;1 (1 + xgi))ege),

1)

. OPL‘

e X{)e)&,}(}e)
where
R SR

¢£e) . '(umelel)-'.l @ - zge) - &) E:Ea .

These relations are to be substituted into the high-frequency
equations (44) and (45). We again neglect the ion susceptibility
(1)

%o

to obtain

and take inner products with é*a and é?c respectively,

b

-62~-

1 D'(a)éa - —k2b (4nnee)~2 I.é\*c'hge). é‘alz
bl oot JE ey,
10'(e), = & (4me)? |2, -‘53‘3) AL

R S CI St LN A

The corresponding action-transfer relations are therefore

5= -0 = 28 (4mge)? |é"c-5§)e’ v P
(c6)

x Im[a;l )(ge) (1+ xgi)v)] lEa‘Iz |Ec'|?,

and so the total action in waves a and c remains conserved by

the induced-scattering process. Both resonant electrons and resonant

ions contribute to (C6).
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FIGURE CAPTIONS

Fig. 1: Matching-condition diagram for four-mode interaction.
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