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THE MESON MASS RATIO AND ENERG Y BALANCE
"IN PI-MU DECAY

Wallace Birnbaum

Radiation I.abo#a?c%%%rl,sbepartment of Physics
) University of California, Berkeley, California

ABSTRACT

The mass-normalization method of measuring meson masses is
extended to a determination of the positive pion-muon mass ratio. Ranges
and momenta of the comparison particles produced in the 184-inch cyclotron
are measured, employing the nuclear emulsion technique.

The different energy-loss processes in nuclear emulsion are con-
sidered, and various range-straggling effects are evaluated and studied
experimentally. |

The energetics of the = -y v decay scheme are also studied in
detail. From precise determinations of the absolute decay momentum P,
of the_mluon and the. ﬂ/p. mass ratio, various meson mass and related
experimental\values are obtained: m"+/m + =1.321%0,002;

= 29, 80x0. 07 Mev/c ; a new probable W upper limit to the mass, m

v v
of the neutral decay particle of = 6 to 7T m o’ and a muon center -of -mass

kinetic energy of 4. lZ:l:O 02 Mev. With the p051t1ve Pmn mass value
found by Smith, the m_ / + ratio yields m'l = 206, 920. 4mo. The

following values in parentheuéw are insensitive to m,, and have been

determined assuming m_ = o: mﬂ+ - mu+ = (66.41x0.07 mo);
m, = (206,9%0,2 m ) from the Smith pion value and the mass difference
r'eported here; m*T = (273.5%1,2 m o) and mu*' (207.1%1.1m )derlved

solely from the p1on-muon mass ratio and mass difference.
A summary of many of the important pion and muon mass determina-

tions by other researchers is compiled and presented for comparison,
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THE MESON MASS RATIO AND ENERGY BALANCE
' IN PI-MU DECAY ‘

Wallace Birnbaum

.Ra.d'ia._tio'n Labo(rTa}%%glys,) Department of Physics
University of California, Berkeley, California

March, 1954

.I. INTRODUCTION

A. History and Background

1. Cosmic} ‘-Rays

The scalar meson field theory was introduced by Yuka,waL1 in 1935
in an attempt to explain the. nature of nuclear forces. The usual inverse-
squaré Couloumb forces are r'epulsive,and could not account for nuclear
stabilit'iés». Furthermore, it was known from accurate mass determinations
that the binding energy per nucleon within nuclei did not vary greatly as a
function of mass number. .'I!his-s'atu-ration property indicated the short-

. range character of the nuclear force field. Developing his theory in a
procedure analogous to that of the quantization of the electromagnetic
field, Yukawa predicted that a ‘quantum of finite rest mass might exist.
This pérticle, later to be termed a "'meson; "' then woﬁld play a role in the
theory of nuclear forces similar to that of the zero-rest-mass photon in the
electromagnetic theory. The range of nuclear forces, \, could then be
identified with the Compton wave length,of.thié meson of mass m:

y =B | -
M L o (1)

This gave a value for the rest mass of this new ‘quahtum of approximately
200 electron masses, depending upon the value chosen for_-th'e"ran.ge of
ﬁuclear forces. | _

: Eariy‘ absorption experiments with cosmic rays vi'ndibca’ced the
possibility that they might cohtaih particles of mass intermediate between
those of the electron and the proton. In 1937, d‘.irect-experimehtéi.proof :
of the existence of the meson was .obtained" by Neddermeyer and Andersonz,
and _indepenaently by’Strev‘et and .Stevenson,3: from cl.oud chamber measure -
ments of momentum, momentum loss, and specific ionization. Soon

H4

thereafter, other experimenter'sl*" were reporting mass values of this
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penetrating component of cosmic rays. The values obtained appeared to
be centered about ZO_O m {electron ma.sses),‘ with fairly wide fluctuations
due to the preliminary nature of the experiments.

Shortlf after the war F’retterz utilizing a cloud chamber technique
and employing momentum-range relations, obtained the first of the more
accurate mass determinations. Brode and co—w;:n‘*ker*.s's.11 further déveloped
and refined_this metyhod_, producing a series of mass measurements. Their
values, and those obtained from the subsequént cosmic-ray experiments to
be surveyed briefly in ,thisb introduction, are listed in rfable I.

Although Yukawa's prediction of the existence of a particle of
i_ntermediafe mass seemedto have been substantiated, a serious difficulty
arose as to itS'efxacf relation to nuclear forces. Indeed, if one,éxpected
these mesons to be the quanta of the nuclear field, strong meson inter-
actions with nuclei should have be.en observed. However, the experiment
of Converéi et al. 12 gave strong indication that the cross sections for these
mesons were of the order of 10'2 times too small to account for nuclear
forces, S -

, In an attempt to resolve this paradox, it was suggested that there
might be two typés of mesons,; one of which would be strongly interacting

13, 14,15 'Shortly thereafter, Lattes et al. 16 provided experi-

with nuclei.
mental evidence for the existence of two species. It was found that approxi-
mately 10% of the mesons that came to rest within nuclear emulsions
exposed at high altitudes decayed into another kind of meson of lighter mass,
The mesons were identified by the grain densities and deviations in the
tracks caused by multiple Couloumb scattering. The ranges of these
secondary particles appeared to be constant except for the usual range
straggling, indicating a two-body decay process, the other secondary being
of neutral charge. Furthefmore, it was observed that some of the heavier
mesons, upon reaching the ends of their ranges, produced nuclear dis- |
integr;tioné with the emission of heavy particles such as protons. and alphas.
Lattes et al. 16 suggested that the heavier mesons (now called
w-mesons or pions) were to be associated with nuclear forces. - Within the
emulsion, positive pions -- unable to'interact with nuclei at low velocities
- because of repulsion of like cha.r‘ges -- decay into secondary lighter mesms
(4 -mesons or muons). On the other hand, there is high probability that the

negative pions will be captured before decay, giving rise to the observed
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nuclear disintegrations, The pions were presumed to have been created
in the uppef atmosphere. Because of their short mean lifetime (~2. 5x10'85ec),
most of thése pions decay in flight before reaching sea level, thus the mesons
that had for some time been known to be associated with the penetrating |
component of cosmic rays can be accounted for. '
Lattes et al. 17. made the first measurements of the mass of the

T-meson bhy the correlation of grain density with residual range, obtaining
a value for the ratio m'n'/m““,

| Subsequent mass determinations with cosmic rays,18 using relations.
of scattering angle vs. range, grain-density vs. range, momentum vs. range,

and grain density vs. scattering angle, are tabulated in Table I,

2. The Artificial Production of Mesons

With the availability of high-energy accelerators as a means for

19

producing mesons, controlled experiments with higher meson intensities
have yielded bettef values for the meson masses.

| ' The Film Program group at University of California Radiation

Labbratory have been the pioneers in the ”dire.ct‘v” measurement of the

masses of the artificially produced pions and muons. The early experiments

of Gardner, Lattes, and Barkas and collaboratorslg-zz

applied a method
similar in principle to the cosmic-ray experiments of Brode and his group.
The mass of the meson was evaluated by the simultaneous measurement of
the momentum of the particle, as determined by its magnetic rigidity Hp
in the magnetic field of the 184-inch cyclotron, and its range in the nuclear-
emulsion detector. The detailed discussion of the range -momentum relation
employed in their work is discussed inoré ful'ly in a later section. The
results of these experiments, as well as of other mass determinations
.using artificial sources, are listed in Table II. This emulsion technique
is limited to poéitive and negative pions and to positive muons, owing to
the high probability of capture of negative pions before decay.

Lederman et al. 23 obtained the negative pion-muon mass
difference by studying the decay in flight of the 7 in a cloud chamber with
an associated magnetic field. _Detefmina.tion of the momenta of the two
‘particles.and the angle between the trajectories gives the desired mass
difference upon application of the relativisitic ‘energy and momentum

equations.
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Parallel to the development of the so-called direct measurements
of meson masses, ‘certain indi'reCt:methbds ‘have also yielded accurate '
values. Th.eSe- méthods for the nibs}ét' part employ the conservation laws in
reactions _involvirig',e*ither the c,reation of the decay of the several types of
mesons, | _
Pa'n‘ofjsky et al,24 and lateerrowe,Zslhaire analyzed the gamma-ray
spectra associate’d with the gapture in hydrogen. This work has yielded
a very.-accurate determination of the inass. ﬁse has been made of the
following reactions: = | '
#4p =n ~n+y, .
’ 'jn"". +p _—?'ﬁ'o+ n—ib 2y + n, ‘ ‘ (1. 2)
The mass difference between the ih(‘agat;’h/e and neutral pions has been cal-

culated from the Doppler -shift spectrum -originating from the decay of the

.n‘,_o into two .gammas of * 70 Mev-each. Carlson et al, ,2'6 using cosmic rays,

have perfor_.med a similar analysis in deriving a value for the neutral pion.

The mass of the positive muon has been calculated from the value

"of the end point of the positron énérgy spectrum arising from its natural

d-ecay,27"32 , . | o

'p+'-'> e+ + 2y . ‘
However, the breadth .of thé-various expef,imeht_al resolution curves
ihtrodu,ced a fair amount of unéertainty in the determinations of the maximum
‘_pOSi‘trOn energy. ' - v |
. daf,ﬁwtight‘gg, and Peterson et al.34 iﬁdependently have investigated
the proton-proton ..p_r.oduction of ﬁz"+—meso'ns wif_h the nuclear-emulsion

technique. Here one applies the conservation laws to the reaction,

ptpmd+m+Q, {1.3)
and having _measured.Q fr;om a determination of the kinetic energies of the
pion and that of the incident proton, one then obtains a value for the mass of
the ﬁn‘t+.‘ - . | .

An experiment has recently been reported by Rainwater35 which may

yield still another independent estimate of the mass of the negative muon.

' This is accomplished by the determination with crystal detectors of the

_energies of mesonic atom x-ray transitions.
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The very fact that these indirect methods have yielded masses
consistent with the more direct measurements confirms the validity of the
postulated processes.

"At this point it may be well to summarize the basic pion-muon

decay schemes as they are presumed at preéent. to exist.

In vacuo:
AL O _ (1. 4a)
pE et 2y (1. 4b)
7o - 2y _ o (1. 4c)

'L>'y+ef-i-e-

In an absorbing medium:

wt -ut oy, | ' (1.5a)
A A"
7 + 8 = (% -1 (excited), ' (1.5b)
(or) m+p —-n+T, ' (1.5¢c)
+ + .
B —=>e + 2v, {1.5d)
(or) p +p —=>nty, (1.5¢e)

where v represents the neutrino, and n is.the neutron.

B. The Mass-Ratio Method

The early experirhents of the University of California Radiation

Laboratory Film Group, briefly discussed above, contained several systematic
uncertainties that limited the accuracy of the final results. The chief sources
of possible error were the following: uncertainty in the range -enérgy
relation for protons in emulsions; variation of the stopping power of the
emulsion from plate to plate; and uncertainties in the absolute value of the
cyclotron magnetic field. o
Fortunately, it can be shown that certain experimentally measurable
quantities can be normalized by the mass of a particle. 36 This in effect
eliminates the need for absolute measurements; relative measurements are
all that are required. For particles of the same charge the momentum, the
energy, the range, the range variance, the reciprocal of the mean scattering
angle, and the total ionization when divided by the mass become functions
only of velocity. The nuclear-emulsion technique offers two more such
quantities: the total number of developed grains and their "integrated

emptiness, n37, 38
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In the Lattes et al. 17 experiment mentioned previously, this
normalizable property was employed in the comparison of the number of
developed grains as a function of residual range for both the w- and p-mesons.
A mass ratio for the two particles was thereby derived. However, large
systi_evma.t:ic- errors were involved. Later experiments indicate that this
value was too high. _

In 1949, Ba rkas39 suggested the use of the proton as a comparison
particle with which to determine the meson mass, . The ratio of the momenta

: of the proton and of the mesdn was chosen to be equal to the ratio of the.: |
‘respective nﬁe'an ranges of the two particles, thus requiring their velocities
to be equ,al° . Consequently, the meson-to-proton mass ratio could be cal-
culated directly frém the first twvo’ ratios. Preliminary results of the pion-
,protvon.‘ma_'ssr matio have been published b‘y_ Bérkas, Smith and .Gardner. 40

| At this writing the final analysis of this experiment has just been com-

pleted. 41, 42. The latest mass values are quoted in Table II.

B *

- The experiment discussed in this paper is a logical extension of the
""proton comparison' method. The theoretical bakis of the experiment has
been discussed by Barkas, 43 and we shall follow his anal}\rsis closely in
subsequent sections.. ‘The positive pion and the positive muon have been
chosen as comparison particles and the fl"!/t&. meson mass ratio is _d.e.termin;,,ed,
At the same time, a critical quantitative analysis has been made of the
energetics of the decay scheme. All the mass and kinetic-energy relations
connected with the dynamics of the decay involve functions of the mass ratio
and the c_enter,-aof'-mass momentum acquired by the muon at the time of its
creation,. This phase of the work has yielded a new value for the mass
difference between positive pion-and-muon, ad a new estimate of the upper
limit of the mass of the neutral particle (presumably a,neﬁtrino)_ that is

involved in the two'-‘body.decay° 44
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II. THEORY OF MASS NORMALIZATION

As a particle at low energy passes through matter, it loses energy
principally by the excitation and ionization of the absorber atoms. Losses
due to other interactions such as bremsstrahlung and nuclear collisions
may be neglecfed, as is shown later. The theory of energy loss by a particle
of mass much greater than that of the electron, aside from very small

corrections, leads to the expressibn45

» .

4 2 .. 2m v 2. 2 ' .
_4T dre 2" N 5 1n——-?—-’-1n(1 -B%) -B° ) -Cp (2.1)
dx m_v 1 o

where %} is the kinetic energy loss per unit distance traversed, ze is the
electric charge of the incident particlé, mo is the electron mass, v 1is the
velocity of the particle, N is the number of atoms of stopping material per
.unit volume, I is the effective ionization potential of the stopping material,
Z is the atomic number of the absorber, B = v/c where c is the velocity of
light, andek_is a correction term for low velocities depending only upon v
and the particular‘ absorbing medium. '

Equation (2.1) can then be written in the functional manner

4T

_ 2
S =z L (p), | (2. 2)

where f(B) is a function only of velocity.. ' .

Since the kinetic energf T is equal to the mass m of the incident
particle times a funétior_l of velocity, the above expression may be
integrated,

R ‘
s el | (2.3)

Z

where R is the residual range of the particle in the absorber, and g(B) is
another function dependent on the velocity. |

One may now introduce the momentum p which, when divided by
the mass, also becomes a function only of velocity. Therefore, we can

express the relation:

R - 1 p’ ‘ |
- > F(—r;]—) . | (2. 4)
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-In this s‘tudy, the ranges and momenta of the positive pion and

muon are compared. Since, to the best-of-our knowledge, the charges of
' 22, 46, 47

both mesons are edqual to unity, we may d'roﬁ the_1 _ factor

‘and write : z
‘R R ‘ .
I = F(BJL) M = f<Pu ) : ) (2.5)
m_ m m m :

-Bradner et al, 48 have measured the ranges of protons of energies
up to 40 Mev in Ilford C-2 nuclear emulsions, and have obtained a range -
energy relation which can be expressed ;_s a simple power law

n

T =KR_, (2.6)
p P

where K = 0,251, n = 0.581, are empirically determined numbers remaining
vr‘emark'ably constant in the 2540-40-Mev region@_, Rp is the residual range of
the proton expressed in microns, and 'I‘_p is the kinetic energy expressed
-in Mev, ,

. Equation (2.6) may easily be transformed to the range-momentum

relation
P P s (2.7)
2 P .
where q ® “/,, and C is a constant.

Employing the mass-normalization properties of Eq. (2.5), one

can write, in the case of equal velocities,

- R m. R m . .
e AR T S (2.8)
. . m P R o .--:p ) \ .
P P “p P P P

Hence, one obtains

G -\
T\ P ‘
‘R_ = Cf mome | 4 R =cl— q
™ m_ | p LR m P . (2.9) .
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- Dividing,
R /m \37 /p q
—_— B (—"L . (2.10)
R R m . P .
B ™ 08

Or, solving for the mass ratio,

m R \_ g v : .
L r [T { BT - '

— :(R ) - (,.ﬁn‘..)l-q - ‘ (2.11)
M o n ; |

Two important features are to'be noted. Firstly, when the ratio
of the momenta is equal to the ratio of the ranges, the true m'nr/mp mass
ratio can be ‘found fegardless of the value chosen for q, since the sum of
the exponents on the right-hand side of the equation is exactly equal to unity.
This.ideal situation is attained when the velocities of the twoparticles being
comi)ared are exactly equal. Because the value of the mass ratio, as a
function of q, is relatively insensitive to small changes in q we can apply
the method of "successive approximations.”* The momenta of the two particles
selected for study were chosen to giQe approximately equal velocities based
upon the best previous experimental estimate of the value of the mass ratio.
Theoretically, oﬁe could repeat this procedure several times, each successive
analysis converging closer to the condition of equal velocities. In this
experiment, the initial momentum intervals chosen were such that the un-
certainty in the value of q had an essentially negligible effect in the final
determination of the mass ratio. Hence, further narrowing of the momentum
intervals was unnecessary. This is shown in a later section, The mass-ratio
method is then limited principally by the inherent range straggling of the
- particles in the absorbing medium.

Secondly, in Eq. (2.11) one hais an expression in which only ratios
of ranges and momenta appear. The ranges of the two types of mesons were
measured in the same body of nuclear emulsion and theit momenta were
‘measured in the same magnetic field. Neither the absolute intensity of the
magnetic field nor the absolute stopping power of the emulsion then entered

into the calculation of the mass ratio.

* The application of the concept of '"successive approximations' to this
study was first suggested by E. Gardner. 49
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Equation (2. 11) may be rewritten in the following manner: ,
| <
mﬁ 14 R _p. . : »
. A 2 S ' (2.12)
u Py

For the statistical treatment of the data, we chose to study the diﬁtributio,ns |
_of the.quantity -Rph_q.: Experimental conditions attained were such that this
quantity had an essentially normal distribution with calculable moments about'

the mean value.
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III. THE PARTICLE MOMENTUM

A. Orbit Calculations

The dynamical problem of the motion of a charged particle moving
through an axially symmetrié nonuniform magnetic field has been treated

+50,43 We shall follow his general solution for the equations of

by Barkas.
motion and apply it to our more specific case.

' In this situation we used nuclear emulsions to detect the particles
emitted from a thin target bombarded by the intergal proton beam of the
cyclotron. The position with respect to the target of the entrance point of the
meson at the surface of the nuclear plate and the projected angle of entrance
of the meson could then be determined easily at a later time. This entrance
angle will later be referred to as 8.. Accordingly, if the shape of the relative
magnetic field intensity as a function of cyclotron radius is known, one can
‘ calculate the relative. momenta of the two c;omparison particles,

The motion of the meson is best described by use of the cylindrical
coordinates r, f, & coaxial with the field of the cyclotron. The problem of
median-plane orbit will Be treated first. In this case, H is a function only
of the radius r, the radial distance from the center of the cyclotron.
Empirical measurements have shown that an assumption of axial symmetry
is valid over the small region of the magnetic field used to define our meson
trajectories. In the median plane of this slowly varying nonuniform field,
the mesons with smavll momentum described trochoidal paths’51;as shown in
Fig., 1, reaching minimum and maximum radii of R1 and ,RZ, respectively
{the libration limits). We define (‘rl, ¢1) to be at the target, and (rz, ﬁz) to

be at the point of detection. The Lagrangian of the particle motion is

| L2 . 2,2\l/2 :
L=-mc7‘(1 LL.E_PL_) ‘+—‘§—fzsforrH(r) dr (3.1)

[od

where £+ 1-%2]32_: ﬁzcz is a constant of the motion.

Since ff is a .cyclic or ignorable coordinate, _d ( 311)= 0,

and

R '
S12t o ferr L (3.2) .

is also a .constant of the motion. If we further define tan)\ 5—117- Eg%-‘ and let
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. the momentum, mpc (1 -_Bz_)‘—l/z (s—'%e)’ be expressed as eK/c, we obtain

for the median plane T,
: f  rHdr

L]
et

C (3. 3)

K“': - = s —
r, cos )\1 -r, cos )‘2.

where the point of ‘detection lies on the orbit. v

In the above equation, the angle )‘1., represents the angle of emission
of the particle from the target, and thus it is not d,ireci‘:ly measurable. All
other pafameter.é are observable, thereby reducing the problem to an analytic
det‘err'nination_of A

The equation of the orbit is

g = J‘ et Xogr L (3. 4)
The integration is carried out by the introduction of the parameter 7, given by
g Yy v ; g Y
R, 2+ R, 2 - 252
cos T sm—bmgmd o : S (3.5)
R, -Ry . ,

' The integrated form of the orbit becomes

o sin¥ (o0}
g = arc sin T -+ a T+ El a, sin n. T, (3.6)
n.= B ‘

where the. a_ and P, are defined below.
The cyclotron magnetic field may be expanded in powers of r.
From the integrated form of Maxwell's equations, it is easily shown ,that

such an expansion is represented by an even polynomial:

o _ ) 2., 4 2 _
H(r)—Ho(1+h_°+ hy r® + hyr?+ -hx ¥ S (3.7)
- Therefore
H(r) - H |
’ I i 2 4 : . : :Zn - K
H, = h,O + ~~.h_2r + h4r + - h,an = h(vr) 2 (3.8)
0 | |
!
" When H 2’ fR
: 2 rH (r) dr, we have R h (r) dr = 0.

2
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Now, let us define p_ =z 2 -®1. o =K, anarR=z1+%2
2 ' oo T2

The various a may now be evaluated in terms of the quantities P R and

the h For example:

2n,

4

o) (3.9)

- 2 20 b b, g2 2
ag = P, [h2+.2h4(R +p,°) + 30 (R + 3R p. ot

. 39,02 hz‘2 “h,h, (TR%p0? + 6904) + ---:‘

Equation (3. 6) déscribes the trochoidal path of the particle as the
sum of three terms. -The first simply represents a circle; the second super-
imposes a preceésion around the axis of symmetry; and the third is a Fourier
sum which adds an harmonic perturbation to the precessing orbit, As shown
in Fig. (1), the orbit is periodically tangent to the libration circles of radii
R, and RZ' . _

In our experiment, the mesons accepted by the momentum-defining
channel underwent approximately 180° bending. As illustrated in Fig. (1),
this represents the situation where ¢1 = ¢2 =0 . Inthis case, a simple

geometrical analysis shows that

'hlz-_l%l_, LIEIN sz (3.10)

2 T,

where 'T-l is the value of 7 at the target position, and 'TZ is at the detection
point, If the magnetic field were uniform, Xl would be equal to w - )»2 when

¢1 = ¢2. Because of the nonuniformity, we define the small correction angle

v o, . . R
)‘o’ such that )\1 = - )\2 +»)\0. For the 180 trajectory, _)\1": )\o za_rTl
From the integrated orbit F..‘q,,(3\,,,6))\0 ¥ R_po v h2 '
Finally, therefore, |
~ ™ H (rz) -H(rl) ’ . v V (3.11)

©"Z 'H(r,) + H (r))

- Substituting, we obtain

) |
f "rH dr
K= Ty

: K (3.12)
cos (m —XZ- ¥ )\o) +r

cos {m - X27

rl 2
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In Eq. (3.12) all quantitiés necessary for the determination of the
momentum are measurable. Bending of 180° enables one to measure
momenta with the minimum error, for if )\2 = ¢ and )\1“ = 0, the calculated
value of K becomes quite insensitive to the observed angle )\2"

To further simplify the momentum calculation, rectangular

coordinates are introduced with the x-axis along a radial line of the cyclotron,
and the z-axis parallel to the direction of the magnetic field. In the experi-
mental setup, the center of the target and the center of the detector plate
were made to lie in the x-z plahe. ' One measures the angle 0, which -i>s the
a_nglé to the y-axis in the xy plane at which the orbit enters the emulsion.
The x and y coordinates (x', y') at this point are also recorded. The trajec-
tory is now exfended rhathematically so that it crosses the x-axis at the |
];)oint.x:..x‘0 at an angle @ with respect to the y-axis. Sinée-thé magnetic
field is nearly uniform in this region, the extrapolation of the orbit is.
accomplished by assuming that this very small increment of the tofa.l
trajectory is circular. The error introduced by this mathematical as- -
sumptibn is Acbmpletely negligibvl_e,y since the calculation of the momentum up
tothe point x = x', y = y' takes into account the slow variation of the mag-
netic field, Figure 3 shows the simple geometrical relation between 8 and 9,
and x as.a funétion of ', y', 9). Furthermore, ¢ is defined so that it is -
positive when the orbit has n.ot yvet reached the outer libration limit, RZ’ and
-negative beyond that point.” The entire apparatus was placed in the slowly
'varying region of the field. . Consequently )\0 is quite small (Xo = 10') and
may be neglected.in the calculation. ,

For a particle starting at the center of the target with its orbit -

confined to the median plane, we finally arrive at the expression:

r +x
sech - err

K = : '
- (3.13)
Zr xo :

In Eq. (3.13), ¥ is the rad1a1 distance from the center of the cyclotron to
the center. of the target. If the actual orbit for a particle leaving the center
of the target . is inclined at the nominal angle Of_'y with the median or xy-plane;

the total momentum becomes

fr ~T—x

K ' R -

P = gc—- sec YO,_ -C—seC.Y sec @ (3. 14)
' 2r

=g
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For convenience, the quantity

sec y frl * %o _ |
| o x rH dr (= A sec YO)
was numerically integrated (Tables III and IV) and plotted graphically {Fig. 4)

as a function of X To a high degree of appxjoximatnion a straight line could

be fitted to represent this function, somewhat simplifying the lengthy momentum
calculations. _

It is important to examine the validity of the use of the factor sec Yg
in Eq. (3.14). We have assumedthat the z—component of the velocity is small,
and the composition of it with the median-plane velocity can be accomplished
by multiplying by a constant sec Yo ‘However, it must be shown that the
z-component remains essentially constant over the entire orbit,

. In Appendix A, the following relation is derived:

Az AN .
l",r;l"e'""* ("/z ‘1) Po D/R, | (3. 15)

where A;;: is the maximum change in the velocity in the vertical direction, -&—1

is the initial- velocity at the target point, and n = - -;—I' _g_I_-I.& . .In this
e
experiment, Po/R ~ 1 and n'=0.07. The maximum relative change in

20 :
the component of the velocity parallel to the z-axis is = 2.0 x ,10-3° :
Consequently, -the two velocity components may be treated as independent. of

each other, and therefore the use of the sec Yo fa.ctor,in-Eq. (3.14) seems

justified.

B. Effects of Finite Size of Target and of Detector

Employing ’Eq_,(3., 14) we calculate the apparent momentum of a
particlé,. assuming that it came from the center of the target and>‘that its
orbit crossed the x& plane at a definite value & = so.with Y T Yqe -In
actuality, however, the target used in this particular study was in the shape
of a rectangular parallelopiped of dimensions Zaf, 2b, and 2c in the %, y, and
& directions, respectively. - Furthermore, the area of the nuclear emulsion
scanned under the microscope was obviously finite,. being distributed

symmetrically about the x-axis. Mesons were accepted for measurement if
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@' lay withir a certain.angular interval centered about ¢ = 0. 'Consequently,
particles with a distribution of true momenta Py contribute to the group -

with apparent momentum p.  We must study the distribution function U (pl, P),
which gives the probability U(pl, .P) dpl, that the true momentum lies between

P and Py + dp1 when the apparent momentum is p. It is important in the

general analysis of these '"finite effects" to calculate

<P1n>: fvpln U (p;» P) dp, = p" (1 +-wn) . (3.16)

1t is desirable to keép g“ as small as possible, and yet maintain adequate
statistics, ‘

The evaluation of w,_ is -éarried out in detail in Appendix B. The
~origin of our rectangular .cobfdi-nate system is :plbaced‘at the target center,
The detector plate, which in the experiment was inclined at a slight angle
with respect to the xy plane, i[s as sumed to lie in the plane &= - z - ey,

with x e and €<< 1,

. The orbit is ass_ﬁmed to begin at some point (x, y, z) and to cross-
the x-axis at X .= X s ma.ki‘.ngman angle @ with the y-axis. The particle is
observed to enter the emulsion at the point (x", y') in the xy-plane. - We also
define x>0 in the direction of increasin_g-cycblotro_n radius. '

- Expanding to the third order of small quantities, we obtain:

w = e E . : . .
o 2% % "
N [e] o o

| 2
+ 4"\* <__2 _nﬁ__z 8.11<-('§o + =) (’9'+Y§/xo+y'/xo)>
T2 —
.»‘0 w 0 18 xo

1’!‘

4 411 " (x) n (ﬁ_—‘l) Gcirﬁ'> L 4ne .§<Y'>
2. 3 ) 2 T
T ox : X T X
o . ° °
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+ 4n Sy’ m(n —2)'6“’9 ) ‘Z'n(n-Z) xz—2>
2 2 3 2
T X % 2 x
0 0 » ) o]
4n (n "-2)-566‘~5>i .M -1) (n-2) (s > ] (3.17)
% x 3 ‘ 6 x 3

o . o

The distributions of @ and y' are observed directly, whereas the
distributions of x, y, and z .must be inferred from the geometry of the target.
The momentum interval chosen for the p-mesons coming from the target lay
close to the full center -of -mass momentum for w —|.L .decay. All these selected
muons are therefore assumed to have come from the decay of the pions that
stopped in a very thin layer on the surface of the fargét, .Consequently no
positive values of @ can be associated with the target surface x .= -a, and no
- negative values with the surface ~x = + a.  One'actually observes a nurﬁber N+
- with @ positive and a number N  with @ negative. '

' For the case of the pions it is assumed that the orbits started with
equal probability from anywhere in the target.- The low-energy w-meson
spectrum is fairly well described by stating that the number of mesons per
‘unit range interval is approximately constant. Hence, energy losses within
the target have little effect upon the apparent distribution of the starting
points of the orbits., The uniform irradiation of the target is discussed in
Sec. VIIA, Table V lists the various mean values required for the evaluation
of wn . In general these finite target corrections proved to be comparatively

small,
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IV. THE PARTICLE RANGE

A. Energy Loss Processes

We‘wish,to examine more closely the various processes by which
charged particles lose energy during passage through matter. As mentioned
previously [Eq_ (21)] , the predominant cause of energy loss is collisions
with electrohs (ionization). We shall discuss this effect as well as those
energy losses associated with radiation and nuclear collisions.

1. . Energy Loss by Radiation

As is\well known, this is a most important effect at high energies,
- However, at the lower energies, radiation losses become quite negligible.

The rate at which energy is radiated by a nonrelativistic pa‘.rtiéle of charge. e,

traveling through the emulsion, is:52'
dT 2 2 ¥V m 2 2
(== = 6 e | == -2 2 N1 “ (in m ¢“/cm)
dx 3 #Fc m ¢ m L - o
R (4.1)

where m is the mass of the particle, m the electroq mass, N, is the
number of nuclei of atomic number -Zri per c.c. in the emulsion,

2 :
e/moc'2 is the classical electron radius. Table VI lists the composition
of the Ilford.C -2 nuclear-track emulsion employed in the experiment.

Placing the proper numerical values in the equation, one obtains

dT\ ~ 6,05 x 1072 Mev/cm 4.2)
\ax )y _ . . )

m

|

-For a grmeson of T = 5,2 Mev with a range of ~ 780 microns, or
for a p-meson of the same velocity, the energy lost by radiation in~
coming to rest is only =~ 1.5 x 10-'5 Mev. At the lowest velocities, the Born
approximation employed in the derivation of Eq,(4. l)no longer applies. |
The order of magnitude of the energy loss is not affected by the more

-

exact calculations, however,
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2. Energy Loss to Nuclei

In a manner similar to that employed in the development of the familiar
ionization-loss formula Eq. (2.1) one may,by a classical description, obtain
a relation estimating the energy loss due to transfer of momentum to nuclei.
For a nonrelativistic particlé of charge e' traversing a distance AR through

the emulsion, one has

' am * N, z.2 b,
() S e e
n ‘3 c . vMi . ai

where Ni is the number of atoms per cc having atomic number %, and mass
Mi in the emulsion, and bi and a., are the maximum and minimum impact
parameters, respectively, of the ith» type of nucleus in the stopping
material, |

The mean-square angle of sc:attering53 due to the interaction of
charged particles with the Couloumb fields of nuclei is given by (neglecting

single large-angle scatters):

b,
2. 1

1

with <¢2> in the units of (ra.-clia.ns").,2 This scattering angle is observable,
whereas the actual energyloss to nuclei is difficult to measure directly.

| The energy loss to nuclei may be related to the multiple Couloumb scattering

by combining the last two equations. For convenience, ‘one can define an

effective mass M, as follows:

= Ni"z’iz o N; ‘Ziz
S B ' 8 iy B »
M = L ~d i (4.5)
| s Nz2in = ZN&°
i i~1 'y 1
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"Referring to Teble VI one obtain‘sv—l\—d = 75 Mp where Mpis the profon mass.

The.r'efore,. from Eqs. (4. 3)é,nd(4. 4)

.Tn 25 75M<@ , ("4,6')

In order to evaluate th1s effect, one canemploy the empirical quantity, ( >
which is the mean projected angle between successive chords. From

scattering experiments in emulsions, >4 then:

‘ 1/2 -
o )

with .a in degrees, AR in microns, and ppc in Mev In the Gaussian

approximation, it is easily shown that

@2 & s

Combining Eqs. (4.6) and (4. 8), assuming the nonrelativistic

apprbximation, we finally obtain

: ~8 . '
(@), = &2 — AR Mev . (4.9)
B

We now have an expression for the energy loss to nuclei that is
dependent only on velocity, preserving the form of Eq. (2.1). The very few
tracks that appeared to suffer large-angle scattering were excluded from the
final measurements. '

' Examination of Eq. (4.9) indicates that the actual energy loss in

this type of process is certainly negligible. Assuming

: 2
~469mpB- » and employing the range-energy relation for protons in
M :
P
emulsion, T =¢,25 R" 58, we obtain

-.58
~ 4 R__. '
(A'I‘)n =1.2x lq (m/Mp) . AR Mev . (4.10)
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Integrating the above equation,

Mev . (4.11)

In this experiment p was chosen to be = 0.26. Therefore for a w meson, Tn

amounts only to = 1,5 x 10—3 Mev.

3. Energy Loss to Electrons

Since the emulsion is a comp031te med1um, we write our expression

for the mean rate of energy loss due to 1onlz,a.t10n45 as follows:

i
N
58]

2.2 P
_<dT _ 4w ez ' Zmoc B e

—) b N; Z - .
B" m c” —9 1 - . (4.12)

We define I by the equation

% N Z In I o
n T 4 (4.13)
T N, &
-1 1

where I is the effective ionization potential of the ith atom.  If the data
i
of Bakker and Segre, 55 and the assumed composition of the emulsion are

used,T= 270 ev .

B. The Range-Energy Relation and the Value of g.

As shown in Fig.. 5, a logarithrhic plot of range vs. momentum for
protons gives a straight line over a fairly wide momentum interval. The
- slope of this line is simply the value of the parameter q, ( p/R gg

in the relation R = CpTl. Barkas,43 by integrating Eq. :(4. 12), analyzed the
variation of qin the proton energy interval 23 to 42 Mev, and has verified
that q remains -quite constant pass;ing through a very broad maximum neér
33,6 Mev. In this experiment, the velocity chosen':for the mesons cor-

responded to a proton energy of about 33 to 34 Mev.
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In the actual calculations, the value chosen for q was equal to
3.44x0. 03, * As is shown in the final analysis; the uncertainty introduced
by the small error in q has a negligible effect in the evaluation of the
mass ratio.

C. Range Straggling

1. Bohr Straggling and the Lewis Effect

The energy loss of a charged particle in matter is a statistical phenom-
enon, because the successive collisions giving rise to discrete transfers of
energy are independent events. Thus the expected range in matter for a
group of monoenergetic particles exhibits a dispersion about 2 mean. The
magnitude of this range straggling was first calculated by Bohr. 37 For a

composite medium such as the nuclear emulsion, one may express his result:

| T
—\2 4
- _,R> =47 [ S N. Z. |e j 3
b, =R (1 i 1) 5 (T/arY . (4. 14)

In this case; in which very many individual events are combined, one can

show from the central-limit theorem of statistic358 that the distribution of

59

the stochastic variable will tend toward a Gaussian. Recently, Lewis™ * has

reanalyzed the range straggling of a nonrelativistic charged particle. He
has evaluated the first five moments (ﬁl, BZ’ B3s By (35) of the range
distribution, obtaining the familiar Bohr formula for the second moment or

o kk
range variance, ﬂz .

* Since the above stopping effects were calculated, Vignero,n56 concluded
from a more claborate study of the empirical information at lower velocities
that the Bakker and Segré potentials .are too low. A better fit to the semi-
empirical proton range data is obtained for q = 3.46. This small change in
'q, however, does not affect any of the final calculated results.

ok Lindhard and Scha:rf’ff60 in a very recent article show that for a relativistic

particle of velocityf a more exact expression for the second moment is given-
by the relation

R _1_-1342_ ar

(dT/dR)

In this study the maximum value of § is = 0.26. This correction to the
theoretical Eq. (4.14) is less than the uncertainty in the known value of
the effective p> N Z

i
turns out to be less than one-half of the experimental probable error in BZ

for 4-Mev p-mesons.

in the fundamental stopping-power formula. It also
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If one employs the empirical range-energy relation

T = 0,251 M0 419 <R-1) 0.581 (2. 6)

~with T in Mev, M the mass of the particle in units of the proton mass, and

R1 the measured mean range in microns, one may integrate Eq. (4. 14),

Differentiating Eq. (2.6),

dT 0.419 , -\-0.419 -
= 0,146 M , 4.15
dZR15 | <R1> ~ (4.19)

Substituting in Eq. (4. 14) and integrating,

/

| ( )\ 1-838 | .
B2 . 7.1x 107 (—é—z : ) ; | (4.16)

M M

whe‘,rep2 is expressed in units of (microns})z.,'
Two corrections to Eq. 5('2. 1) must be considered now. The more exact
Eq. (4.12) for the rate of energy loss to electrons contains the particle mass
in an explicit manner‘. .For most application in physics, one usually neglects
this mass dependence for the so-called heavy particles. However, in this
particular study the effect must bei‘e:valuated, as we are dealing with the
intermediate-mass particles. The second correction is necessitated by the
. fact that, >in the integration jof. Eq. {2.1) to obtain the range, one incorrectly
assumes that the mean ,lengt};'_tra_verscd per unit energy loss is equal to the
.inverse of the mean energy los'vs per unit length. . This inequality exists
‘because the energy loss occurs in d,iscre't‘e -steps during electron collisions
of small impact parameters. Taking these two effects into account, Lewi559

obtained

=[R 1+
Ry=(R1+ 3
2A ‘ : (4.17)

where
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4R1 is the measured mean range; R is the range appearing in Eq. (Z. 3);

4m

T . o 4m
€ * — ¥ _9; andA~2fn 1T s
g I : m — 1
mfl+ _o)\-4m I 2

Evaluating this for the application herein,

<R1>z R 14— 2) . (4.18)
~ \612 M 4n 3780 p

2. Straggling Due to the Heterogeneous Composition of Emulsion

The emulsion is composed of silver halide bodies embedded in gelatin,
Additional fange straggling occurs ‘because the stopping powers of the two
materials are not the same. v.Barkas43 has estimated this effect, assuming
that the silver halide is present in the form of small spheres of d1ameter d,
distributed un1£orm1y throughout the gelatin. The detailed calculation g1ves

for the range variance arising from the héterogenelty effect:

h~(r-1) (S -1) (S+8)d<{> 4.19)
= 2
2ivr s-1)

where S is the ratio of emulsion volume to gelatin volume (approximately

the shrinkage factor), r is the ratio of the ranges that would be found in
gelatin and silver bromide separately, and d is the mean grain diameter.
.Electron microscope measurements give d = 0.2 microns. = Assuming

= 4 a.nd S = 2, then |

2 20.06 é1> (microns)? | (4. 20)
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3. . Effect of Finite Grain Spacing and Grain Size

_ If the particle, upon entering the emulsion detector, is of such energy
that it is not strongly ionizing, the grains.rendered developable may be
separated by distances that are not negligible. In the usual manner, if the
mean grain spacing is \, the probability of not producing a grain in the

- distance x is e-x )\,. This introduces a dystematic shortening of the

' range by an amount \, and an additional range variance of 0‘&2 = )\2

By the time the end of the track is redched where'the grain density is hlgh
this correction is not necessary. The value of A was determined experimentally,
and for this study was found to be ®0.9 microns for pions and muons coming
directly from the target. This correction is not applied for p-mesons
originating from the decay at rest of w-mesons within the emulsion itself,
since the track term.inus of the par‘ent meson clearly defines the beginning
of the muon track,

The finite size of the grain (= 0.2 microns) causes an additional
uncertainty inthe true range of the particle. However, this effect is not
systematic, and its order of magnitude is much too sm‘alll to warrant further
consideration. o ' '

Optical tests have been made to check the flatness of the emulsion
surface, since any roughness would.cause errors in the determination of
the points of entry of the incoming particles. An optically flat piece of
glass laid upon the surface gave ‘widely spaced ihtex;_'fere‘nc-e fringes indicating

that no corrections were necessary.

4, Effect of Shrinkage Factor

When a nuclear emulsion undergoes processing, its thickness is

sign_iﬁcantly reduced owing to the removal of the silver halide that was
not rendered developable. The ratio between the thickness at the time of
exposure.and the thickness after processing is commonly termed the
M"shrinkage factor, ' So' Clearly the shrinkage factor will vary with the
relative humidity of the atmosphere and with the moisture content of the
emulsmn e |

S has been determined : experimentally in several ways. " Plates
were expos_ed at an angle 45° to the external alpha-particle beam of the
184-inch cyclotron. The ratio of the length of the'particle 4rack segment

{as measured in the plane parallel to the emulsion surface} to that of the
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‘vertical change in depth from the beginning to the end of the track segment
gives all measure of the shrinkage factor. In another fneasurement, X-rays
were allowed to impinge on the emulsion at a 45° angle and similar measure-
ments were carried out. Oliver62 has made lengthy humidity-controlled
measurements, determining emulsion thicknesses directly with a specially
designed gauge. All three of these measvu_rements' indicate that So =2,320.1
for the humidity conditions present in this study.

An incorrect choice of So will obviously introduce an error in the
measurement of an element of range. Thus, if So is the true shrink;ge
factor and S is the incorrectly assumed value, then

R' = sR[1 r’SZ‘-S‘2 2 12 _,
§R' = SR(R +1. —-—S—ozﬂ— sin Yl) 4.21)

where &R is the true length of an element of path, 6R' is the calculated -
length, and Yy is the angle between the element of path and the plane of
the unprocessed emulsion surface (the so-called dip angle).

Consequghtly one obtains for the error in an average range <R1> ;

arising from an.error in the shrinkage factor,
LR . S-S, éin’z y1> y | (4. 22)
_<R1> S, ’ '

where <sin'2 y1> is the mean value of sin2 Y, along the path, and is 'easily
determined experimentally, o :

An incorrect choice of the shrinkage also introduces an additonal
range variance. However, in this expériment, owing to the small value of vy
this variance o's2 is quite negligible when compared to the other sources of
range straggling.
2
4 (4.23)

OSZ =(S—-—égs—-°> <R1>’2 vs,in4.\:/'1> -<sin'2 y1>]
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D. The Range Distribution Function

, The topics discussed above allow one to estimate the mean range and
range variance to.be expected in the experiment for the different particles
-under study. One may summarize as follows:
(a) Let Rl be a typical measured track after adding the small
correction N\ necessitated by the f1n1te gram spacing. The actual mean value
<R1> differs from the quantity R, “which satisfies Eq. 2.3. The relation

between the two is expressed as

‘R, E;"R(l- * "1'*»72) = R(1+7) | (4. 24)
o 1 : = -5
where Ty E ' 5 and Tz:———ﬂs 5 sin y1>
' 612 M 4n 3780 B "o

{b), The variance of R, for a particle of momentum Py will be, in

good approximation,

2. 2 2 2 2 (4.25)
<><> pz+ah+o')\ .+oe +_as +0'd

where o, Trepresents the variance introduced by the personal human

1

factor. This effect was measured for the different observers engaged in
scanning the plates and found not to exceed 1072 ,'Rl . As stated above,
of the several known causes of variance ‘32 is the d‘ominant term, the
other effects remaining small.

In addition, there remains a further source of variance which is
difficult to estimate a priori. This has been included in Eq. _(4‘ ZS)by the
additive term adz.- It represents the straggling arising from emulsion
distortions introduced during development procedures. The total dis-
tortion may be considered as being comprised of these two effects:

‘a) Large-scale distortions from strains occurring during the
drying of the emulsion. These may be directional,

‘b) Random, small-scale distortions arising from the dissolving
out of the silver halide crystals during the fixing process, causing the

gelatin to collapse into the empty volume left behind.
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The large-scale distortions naturally do not lend themselves to any
- theoretical analysis. They are best treated by careful development of the
emulsion.. The small-scale distortions are an inherent result of photographic
processing, and cannot be:avoided. If one assumes that these individual
regions of distortion are small compared to the total track length, one can
deduce an expression for estimating,(rd2 . One can apply a statistical
analysis analogous to that used in the derivation of the hetérogeneity
straggling effect Eq. (4.20), to obtain adz = Kl R71 i where Kl is a co_nsfant.‘
Since a‘,hz a,nd“o-d2 are both proportional to <{I>, they are not experimentally
distinguishable.

The range straggling of the presumably monoenergetic p-mesons
originating and ending within the emulsion provided the empirical means
for the study of Eq. (4.25).
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- V. STATISTICAL CALCULATION OF MASS RATIOS

| 1-q <
In Eq. 2.12, »_n/m = i Py
we have the basic relation for the determination of the pion-muon mass
.ratio. As has also been discussed previously, the quantity R 4 is the
one used for stat1st1cal analysm. The range straggling, the f1n1te target
S1ze, and the finite area of the detector are to be included in_this normalized
ra.nge -distribution functlon '

If one employs the observed emp1r1ca1 quantity R, P-q in Eq (Z 12)one

obtains an apparent mass ratio a' defined by

: o )

‘where P, and p are the respectivé apparent momenta of the mesons,
assuming the ta.rget to be a point source. The relation betweeh the true
mass ratio a and the apparent ratio a' can be derived by employing the
1nformat10n one has. regarding the various distribution functions.,

‘ . Asin Sectmn IIIB, let U(pl, P) dp1 be the probability that the true
momentum is equal to p. Now, let V (Rl, Pl) de be the probability that

the observed track length lies between R1 and R1 + dR,, when the momentum

1)
is p;;and let W(p) dp be the fraction of the measured values of the apparent

momentum that lie between p and p + dp. Then the mean values of the

various powers § of the quantity Rlp"q may be calculated in the usual manner.

R “q)g : q)g Wio)
<( it >= J e (Rlp W(p)U(p;, P)V(R}: P;) dp dp; dR,
! 1 : ‘



-35 - UCRL-2522

Thé integrations for £ = 1 and: § = 2 'are car‘ried outin detail in Appendix:C. .
We assume that the exact expression for the ideal quantity R of Eq. (2. 3)
is given by the relation R '—'.'CO‘ Ml_ 9o P % , where Co is a constant;
M is the mass of the particle in units of the proton mass. Because of the

Lewis Effect, 9, differs in prinéiple from the q obtained from the proton

range -energy relation by 4T
N pled_i_ . In this study, this difference is

much smaller than the uncertainty (* 1%) in g caused by the uncertainty

in the experimental range-energy relation., The following relations .
_ \

are derived:

4,

a) The mean value of Rlp

/e o\ lq d, -4 : q-q, O
wQ\ o o ! - ' -2 | 5.3)
Co M <p> b+ qt Tt —T—Q <$ | .3)
P

where wy and T have previously been evaluated _ET‘_‘)cr;ua.tions(3° 1 7and (4. 24ﬂ
and are both ‘<< 1. We have defined apz =f (p -<p>)2.W (p) dp and

<p> =fp W(p) dp. In this experiment 0P<<p . As the sign in the difference
(qo - q) is unknown, we let "qc; - q>= 0 with an uncertainty gi,v.en_byaoq
Similarly we take ’<S.o - S> = 0 with a standard deviation oo le:'ierefore
Eq.(5.3)reduces to":; R '

- lq_ d4,-q
Y A\ . ~ ; o/ o]
<.R1p >,‘ CoM <P> ¢ H RS - (5. 3a)
b) The variance of Rlp'q;"

,02 =<R12 p-2q>_<R1p_q>Zz <p2q-[qR2 +<R;Xm2q - ;wq)] (5. 4)

The experiment is designed so that the range straggling QRZ is by far the

largest contributor to the total variance of ng-q.
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If we define the quantity r by the equation

,.%f:—“}x;iu(al,-i'-r)v,‘.v o | .‘ (5.5)
ey

we obtain the following relati‘bn:_

a=a |14 (5.6)

‘Hence, if there are n_ observations of Rln‘ p;l- »ani.np_ observations of

Rlp. pp-q, then the variance aaz of the calculated mass ratio is

: 2 - 2 '
Z e
- 2 _ '+ od
e ‘R n (R -4 2
(q- 1) 1n P w e P
| 2
- 2 o 2 2
. . , - -
| an}z N
) , . | 5 f
. s .2 .2 1
f .SZ {<s1n y1"> - <sm Ylp>] ' (5.7)

Equations (5.6) and (5. 7) allow one to calculate the value of the mass
rétio and its statistical uncertainty. There exists a possibility of the con-
tamination by stray mesons (i.e., those not entering the detector directly
from the target, but arising from scattering off the channel walls, decay in
flight, etc.); Eqs. (5.3) and (5.4) provide measures of the distributions of
: Rlp-q

we can distinguish the small percentage of contamination from the direct

‘which can be compared to those actually observed. In this manner,

target mesons. This is described in a subsequent section and distributiom

functions are shown (Figs. 14, 15, and 17).
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In the entire discussion above, one assumes that the stopping of
charged particles in an absorber is purely an electromagnetic effect, and
that the absolute value of the charge of the proton, and of either kind of
positive meson, is unity. Obviously, if these assumptions are not strictly

valid, an error will have been made.
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VI.. THE DYNAMICS OF PION-MUON DECAY

A. ‘Absolute Meson Masses and Related Quantities

A careful study of the energy and momentum balarce of the assumed
mode of pion decay, 44 7' 1 +v, not only tests the validity of this assumption,
but also yields accurate meson mass relations, in terms. of cer.tain,vobserv- )
able's.oHowevér,thev‘process of decay involving the sudden acceleration of the
newly cfeated muon is necessarilﬁr accompanied by a continuous soft photon
spectrum. This process is the analogue of the inner bremsstrahlung accom-
panying nuclear beta decay. 3 Therefore, kinetic energies of the muon from
zero to the full energy T0 are possible. Severa_.l a_u_th_ors64-66 have obtained
expressions for the probability distribution function P(T,e) dT de, where ¢
refers to the energy of the photon. Thus, if ohe integrates with respect to ¢,
one obtains the probability, P(T) dT, of the muon's: possessing a kinetic
energy lying between T and T + dT. The ratio of the probability of soft-
photon decay to rvaﬂdiartionless decay for T< 3.5 Mev is calculated to be
= 1.3 -2, 0 x 10_4., Fry, 67 éxaminiﬁg anomalously short muon tracks that
cannot be explained by a decay-in-flight analysis, has obtained an experimental
‘value for this p»rob‘ability of (3.3 £1.6)x 10"4, which is in agreement as to ‘
order of magnitude. In any event, the probability of obtaining a "low-energy"
L -meson is very small. If one calculates the mean enérgy of the muon
arising from the presence of the complete bremsstrahlung spectrum, it is
found to be but a few hundred electron volts less than the radiationless
value of = 4 Mev. Further,more, as no anomalously short‘-r‘ahge tracks are
included in the present analysis, the effect of the inner bremsstrahlung
process will be felt even less. The difference of a few hundred electron
volts is too small to be detected in this study. Theref:bre, for the purposes
of this disgtussion, the decay of the pion resolves itself into a simple two-
body problem. Thus we may write the relativistic equations for the con-
servation of energy and momentum for a pion decaying while at rest as

follows:

m CZ+T +mycz.+T;
K M v v

=
0
™
1
=
BN
(¢]
)
+
=
™
o
W
_+
<
™
e}
[\
o+
<
1\
S
H

(6.1)
P, =P (6.2)
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The algebraic derivations of the following relations are presented
in Appendix D. For future clarity of notation, we distinguish between the
momentum Pp, of a p-meson coming from the target and entering the
emulsipn, and the momentum P, that the |L-meson.acquires at the instant
of decay. We shall also define

m_ ' m

Q@ =:—3 and f =i
m T m

i i

a) Mass of Neutral Particle

(6.3)

One cannot hope by this experimeﬁn}: to obtain a value of the mass of
the presumed neutrino with an accuracy comparable to that obtained in the
beta-decay st_udiés. 6869 As shown in Eq. (6 .:'5), the mass of the neutrino
is. a function of a large mass value multiplied by the difference between two
comparatively large numbers. ‘Figure 6 shows the sensitivity of the derived
,heutr.in_‘o mass to small cha‘hges in a, P, and the fmu"on\ma.ss, One can
merely arrive at a new upper limit to the mass of the neutral particle and
note if any inconsistencies exist in the presumed mode of decay.

On the other hand; certain quantities can be derived that are very
insensitive to the mass of the;neutrino, if it is indeeduquite small.

. > . R | . . X o
Assuming m = 0, we have several important relations.

b) The Pioni—Muon Mass Difference

(mﬁ _'mp‘) c? =’:2-$—1 Pc : (6.4)
As is éh_own later, in Section VIIIC and in Appendix F, very high
accuracy can be obtained in the estimate of the mass difference. This :
difference, coupled with the value of the mass ratio a, enables one to
‘derive absolute value s of the positive pion and muon masses, independent

of any other comparison particle such as the proton.
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c) Mass of the Pion and Muon

2. 2d L '
mc” == p. _ (6.5)
o a -1
2 2a. ) | | I
mp_'c - 2 R Poc -. ) (6" 6)

~ d) Kinetic Energy of the Muon

T _a-1 . pc ' L (6. 7a)
‘"o et o _

2 ) T . ‘
T o= dlacllm c? (6. 7b)
o 2 T
' 2a
From the usual relati.vistic relations, one can also obtain a value of
the kinetic energy where Ep, is the total energy of the muon, with no assump-

tions being made regarding the mass of the neutrino.

T-=E -m cz'-ﬁ}: 2 c‘?'+rn'2‘c;4‘-m,c2 (6. 8)
o T W o " T |

B. The Absoiute Muon-Decay Momentum

All the mass and kinetic -exiergy relations connected with the dynamics.
of the decay scheme involve functions of the mass ratio a and the full decay |
momentum P, We have already discussed in Section .V the specific details
of determining a, and now concern ourselves with the evaluation of the other
important parameter, P, ) |

Those w-mesons entering the detector from the target no longer have
their full decay energy, owing to small losses within the target. The p-mesons
created .wigh‘in the emulsion, however, and expending their entire energy
therein, lend themselves to this phase of the study. These mesons are
referred to as p,.'-completes, with momentum P, while those muons com"in\g

© from the target are termed p-mesons with momentum pp‘.
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Once again, we utilize the range-momentum relation and the mass-
normalization property. As outlined in Section II, we can write for two

particles

mil_q R, Py T »

Two methods, involving this fundamental equation, can be employed to
determine P, )

In the f1rst method, the p.-completes are to be compared with the target
1- ™2
associated ranges R and R , respectively. Solvmg for the absolute decay

p-mesons. Therefore, m ='mp. Let P; 7 Py and p, = p with

momentum, we get
Ro . 1/q :
pf—2 | , (6.9)

Now, however, the determination of an absolute value for p requires
an absolute ‘measurement of the magnetic field of the cyclotron. As before,
the velocities of the two sets of mesons.are to be chosen as nearly equal as
possible and still have adequate statistics for the analysis. This is desifable
in order that the uncertainty in q, once again, is not a significant source of
error. Thus, by determining the mean range of the p-completes; and the
absolute mean value of the normalized range < T P -q>, and ihtroducing
the effects of the finite sizes of the target and detector (as shown in Append1x C),
one obtains
l/q

w
lp 1o . _gu (6. 10)

1 : ' : .
. where the various parameters have been defined previously in Sections IIIB

and IVC,
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If we define ¢ by the relation e = (Pu) ~P , where ¢b \is the mean
Py o
momentum of the p-mesons that are selected from thé detector f‘or range

measurements, the uncertainvty"in P, may be expressed by

O (IR R N o

where o 2 is the variance or range straggling of the pcompletes, and

R
. 0 .
o_ = is the spread in the value of the momentum of the p-mesons. The
T8 2
. o
additional terms, _H__., represents the uncertainty in the absolute

H
magnitude of the magnetic field.

"I the -second method the mean range and momentum do the g completes
are compared with the ranges and absolute momenta .of m-mesons originating
at the target and .entering the emulsion detector. Once again the velocities -
of the two particles are to be chosen approximately equal. - Employing the

fundamental Eq. (2.12), we solve for P, obtaining

[
| eonTo . Sqn| (6.12)

O-a-ql q a " q |-
' l'n'n' :

T
t

Thus, knowing the value of mass ratio a from an independent study, we

have another method of evaluating the absolute decay momentum of the

‘muon. If we 1et<p_2. Z afl -8), we now express the uncertainty in P,

as follows,
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o 2 o 2 2 2 2 2 :
R ' 1 - P
—'Qz-?f‘"—lz o + Iz 2+( q)l Ga?J, % | »7'2+_26
V -
(o] q n0<RO> <R]_-n- P'lT ) a 4 <p11-)
: S 2 ;
ta, .2 2 ¢ '
| Gin v (sin® v )|+ i (6.13)
s2 Hz‘ '

where O'vaz is the uncertainty in the value of the 'nr/p‘ mass ratio.
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VII. EXPERIMENTAL TECHNIQUES

A. Geometrical Arrangemént

1. . Exposures within the Cyclotron

The mesons under study are produced by the internal circulating
proton beam of..thé 184-inch cyclotron. The geometrical arrangement is
shvown schematically in Fig. 7. iThe‘ protons (= 290 Mev) strike a thin
copper target, producing w-mesons.  Those positive pions leaving the
target with energies acceptable. to the defining channel spiral down under
the influence of the cyclotron magnetic field and enter a 200-micron thick
Iliford C-2 ‘nuélear‘-emulsion detector. . Th'erp'oints of entry of the pions are
distributed more or less uniformly over the entire platé.

At the same time, positive pions coming to rest within the target
decay into. muons. Those muons created near the surface of the target
leave with only small energy losses and can be accepted by the channel
if their angles of emission are "proper", entering the emulsion in a more
defined region of the plate. The pions reaching vthe detector lose energy
and stop within the emulsion, giving rise to muons, approxi}nately 17
percent of which come to the ends of their ranges before leaving the plate.
These are the p-mesons previously referred to as ''w-completes.'" The
target muons or»"'ip‘-mesons "' coming to rest decay into an electron plus two
neutrinos. Since the C-2 emulsion is insensitive to electrons, one can
quickly distinguish bétween a pion and a muon by simply obsefving whether
or not another track appears at the end of the range of the particle.

The experimental apparatus is mounted on a cart and run into the
main vacuum tank of the cyclotron by means of the so-called ''proton probe."
The cart is stopped along its track _é.t a point that places the meson target at
a cyclotron radius of 73 inches. This is the maximum allowable radius
at which the trajectories of the particles under study remain within the
fa.irl'y uniform region of the magnetic field. The diameters of the pion
orbits are approximately 7 inches. Figure 12 gives the magnetic field
- intensity as a function of cyclotron radius, showing the change in slope at

the 80-inch point.
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2. Target and Detector Assembly

A perspective sketch showing the arrangement of the target, channel,
and detector plate is given in Fig. 8. The entire .épparatus is mounted and
fixed upon a dural base and later :plqced on the proton probe cart., Consider-
able care is given to the establishment of a median reference line (Central
Radial-Line) passing through the centers of the target and plate holder.

In the first set of expo‘s'ures, Run I, the meson target of copper had
the dimensions 0. 0#1 x 1/4 x 1/2 inch, and was attached to a narrow copper
stem. To increase the solid angle, the target center was located at a
height of 0.44 + 0. 06 inches above the surface of the emulsiovn.. A wedge-
shaped carbon absorber was placed in the channel, effectively casting a
geome;crical shadow and preventing mesons that originated in the stem from
feach_ing the detector. ‘ _

In a subsequent experiméhtal run, Run II (see Fig. 9), the mounting
of the 40-mil target was improved. It was supported from a brass C-shaped
holder by one-mil tungsten wires looped through small holes in the target.
These wires fit into accurately milled grooves, facilitating the centering
of the target. The upper set of wires was wrapped around a pin at the top
of the target holder, while the bottom pair had a small lead wéight attached.
. This arrangement proved quite satisfactory in preveﬁting perturbation . of
the target position. The need for a shadow ih the channel was eliminated,
as the confributions from the 1-mil wires were negligible,

It was desirable to have uniform irradiation of the target to facilitate
the identification of the effective geometric center of meson production.
Preliminary tests were made to locate the median plané of the circulating
proton beam as well as its intensity half~width in the vertical direction.
Bowker, 70 employing thin po'lyethyler;e .monitor‘s, has measured the vertical
profile of the beam. Readings with the aid of a Lauritsen electroscope of
the B activity from the -,CIZ (p, pn) C'" reaction indicated that the beam
intensity dropped to half -maximum in a vertical distance of 0.25 inch. ..

The median plane ofith_e beam was also checked by irradia_i;i’hg a 3-inch-long )
graphite cylinder of 36 -mil diameter, and locating the point of maximum
activity, At the 73-i. ch radius, it was found to be = 0. 25 inch below the
median plane of the gap between the pole faces of the cyclotron magnet. A
mock target, consistiing of four l'O-zlmil slices pressed together, was bombarded
to check the ;j,,élative'! irradiation across the target by the beam. . All four

sections, when separated, showed essentially the same activity,
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The original philosophy regarding the chanhel_ was.to have the
minimum amount of shielding that appeared feasible. Background problems
inside the vacuum tank of the cyc}otron’.are .rather severe and ordinarily
call for considerable shielding. On the other hand, using a great deal of
shielding can increase the possibility of contamination from mesons
scattering off the channel walls. Pr.eli_minai'y runs were made with wide-
open,ichannefls and comparatively little shielding, Exposures had to be
limited to ten seconds to prevén_t the heavy neutron-proton background from
completely obscuring Ithe' ‘desvired'rr.lésons; consequently, statistics were
poor. Moreover, as the plates were pla.ced in the apparatus without any
outer paper wrapping, any source of light within the tank could blacken
the film surfaces. Arcing from the dee and light emanating from the
tungsten filament in the cyclotron ion source clearly called for some
light shielding.

The final channel, therefore, _repreéents the inevitable compromise.
More shielding is employed to permit longer exposure times (30 to 45
seconds) and to decrease the ever-far_ese,nt light hazards. The channel is
designed,_to a‘c’cebt mesons leaving the target within specified angular
intervals (w-mesons with angles 1n the backward direction wit.h respect to
the inéident proton beam of +10° and p-mesons with angles of 15% to + 100_).
Mesons produced in the shielding by prot_onsv, and target mesons scattered in
the channel are effectively minimized. The shape for the channel was
developed empirically, meson trajectories being drawn from all points of
the channel. Any unwanted meson that does manage to get through will
either enter thé detector with the wrong angle, or will have a considerably
lower or higher energy and consequently can easily.be distinguished
from the main ,di’s,‘tribution)iby its'fange measurement, The "+
copper walls are lined with 1/8-inch polyethylene to lower the atomic
number of the surface material and thereby poss’ib’vly reduce the scattering.
- A certain amount ofl«de,céy in flight takes place, the products of which
cannot be prevented from reaching the detector. This effect, however, is

small, as is seen in the p-meson distributions obtained.
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The detector is mounted on a .l x 34nch plate holder having an
inclination angle of 5° to the horizontal x-y plane. The plate holder is
shown in Fig. 10, A glass backed photographic film negative of a
dra;Wing of two fiducial marks is cemented on the surface of the holder.
The Central Radial Line joining the centers of the fiducial marks, when

extended, passes thro_ugh the center of the target. By means of a small

.battery-operated lamp, a latent image of these fiducial lines is produced

in_'thé nuclear emulsion detector after it has been fixed in place on top

of the negative by phosphor bronze clamps. These lines not only give a
permanent record of the exact position of the detector at the time of
exposure, but also enable the investigator to quickly locate the proper
regions of the plate to be scanned under the microscope {i.e. momentum
intervals wh‘ichbgive .approximately équa]l velocities for the pion and muon, -
resp'ectively‘)o At the time of exposure, a brass measuring bar is laid
parallel to the Central Radial Line, and the distances between the“fa.rget
and the fiducial marks are readily determined with the aid of a low-power
microscope attached to a micr-om;et’er. The brass bar contains two
fiducial marks whose known distance apart is approximately equal to the
ta\r_get-de,tector distance. Oﬁe m.e,asur_e‘s srhall differences between the
target and the first bar mark, and between the fiducial lines on the plate.
holder and the second bar mark. Figure 11 shows schematically the
actual physical measurements made for Run I. The differences can be
read to.0. 1 mii, and the over-all distance betweén the center of the
target and fhe plate fiducial mark is pr‘oba.bly known to = one mil. This
represents a negligible contribution to the total uncertainty in the final
momentum determination. ,

In the calculation of the momentum, it should be emphasized that
the locations of the target and detector are considered with reference to
two coordinate systems. The first reference frame had its origin at the
center of the target. In this frame, the distance between the target and
detector is known to high accuracy (= 1 part in 104), and the entire target—-

detector assembly remaine fixed on its dural base -for a particular run.
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The percertage error in the target-to-detector distance reflects itself
directly as an equal uncertainty in the momentum. The second frame of
reference has its origin at the center d the cyclotron, for the absolute
value of the magnetic field is known as a function of the cyclotron radius.
The proton probe cart carrying the target-detector assembly can be set
at a particular radius with an accuracy of + 1/8 inch. Since the gradient
of the field in this region is = 10 gauss .. per inch, the error in the
location of the cart gives a.n error in the momentum of less than 1 part
in ,104. This error is an order of magnitude smaller than the over-all

uncertainty in the actual measurement of the field itself (See Sec. VII D).

B. Photograph1c Development Procedures

Development of the 200p Ilford C-2 emulsmns consisted of these steps:

Immerse in distilled water - one hour

2. .,Imn%erse in cold developer .
at. 5 .C - one hour

3. Immerse in hot developer-(z(, C)-
(6 parts ‘HO to one part Kodak D-19)- twenty minutes

4, _Immerse in cold stopbath - one hour
{1% acetic acid at 5 C.) ,
5. Fixer Kodak F-5 _ -5 or 6 hours urder agitation

6. . Wash and dry

Coat surface with lacquer - household cement mixture

., C. Microscope Scanning Tech_niciues
Employed in the study are standard Bausch and Lomb and Leitz

binocular microscopes equipped with special research stages designed by
- Mr. Brower of the University of California Physics Department. Angle
and range measurements are taken with magnification of * 1000X. The

x and y movements' of the stages were checked for perpendicularity and
showed no measurable deviations from 90°, A reticle placed inside one
of the eyepieces in conjunction with a goniometer (protractor) mounted
around the outside of the collimating tube enables one to measure track
angles to an absolute accuracy of % 1°, The 1 x 3-inch developed plate

is lined up with the x and y movements of the scope by means of the
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fiducial marks exposed on the emulsion just prior to its exposure within the
cyclotron. The 6° angle is then defined by having the central line of the
‘éyepiece reticle set parallel to the direction of the y-axis. The angular
requirements for mesons accepted for range measurements are ¢ =41 1° to + 11°
for pioﬁs, and @ = -15°-to +11° for muons. As already defined, ¢ is the angle
a track makes with the y-axis if its orbit is extended until it crosses the

x-axis (Central Radial Line).

Another criterion for acceptance by the microscope observer involves
the dip angle of the track at the surface of the emulsion, The expected dip
angle for a particle leaving the target is easily calculated from the geometry
of the target-detector assembly. Both the dip angle and range measurements
require a calibration of the fine focus adjustment 6f the scope (vertical _
#-motion), and a knowledge of the shrinkage factor62 S of the emulsion. The
calibratioh is accomplished by measuring the known thickness of a thin
cover glass. Because of the shrinkage factor and the rather small angles
involved, accurate measurements of the dip are not possible. Since the
amount of scattering of these low-energy mesons within the emulsion is
large, only short track lengths in the x-y plane can be considered. The tangent
of the dip angle is then determined by measuring the change in depth of the
track over this short segment of length., Mesons are accepted for analysis
with observed dip angles lying within a 5° to 9° interval,

Particle ranges are measured by two slightly different methods. In
one case the reticle, which is divided into 100 divisions, is calibr/ated
against a stage micrometer. Thus, the projected range in the x-y plane is
measured by lining up the reticle with the track and counting the number of
divisions per track length. In the other method the projected range is
measured with the aid of the Brower stage, with which changes in the x and y
directions can be read directly on- a dial to with 0.1 of a micrdn. Since the
mesons scatter quite freely, the total range is determined by measuring the

lengths of short straight-line segments of thetrack:

) — B ’
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The accuracy of the stages was tested against a stage micrometer, and
small differences were observed between true disténces‘ and the actual
readings of the stages. The stages of the three microscopes used in the
experiment showed a sinusoidal variation in the difference of approximately
2 to 3 microns per 100 microns. However, as this is a sinusoidal effect,
not only is the percentage error over a range of 600 to 800 microns quite
small, but it is effectively random in nature. This effect, then, merely
represents an additional range straggling, which can be neglected when
compared to some of the other sources of straggling mentioned previously.
Furthermore, since the mass -normalization'method involves only ratios,
relative values of the ranges are all that are required. It is best to have a
particular plate scanned under one microscope; and preferably by the same
observer.‘ In this manner any systematic fac_tofs affecting the absolute
measurements, due either to the microscope itself or to the subjectivity of

the observer, tend to cancel out.

D. Magnetic Measurements

‘Absolute measurements of the magnetic field are carried out with the
aid of the nuclear induction technique, 7 employing the Varian Ass'dci'ates
Nuclear Induction Meter. In the preliminary runs the proton moment head,
containing the water sample and coils, was mounted directly on top of the
channel, and the Larmor frequency was measured at the same time as the
plate exposure. Because of certain engineering difficulties, this arrangement
proved to be too cumbersome for efficient operation. The absolute values of
the preliminary terminations of the magnetic field intensity (for the same
excitation current) were found, on differenf days, to be equal to each other
- within a .few gauss.... This is not particularly surprising, as the magnet is
operating near saturation; hence hysteresis effects are expected to be small,
Consequently, a more efficient procedure was adopted. In Run I, exposures
were made on one day, and the cyclotron field was measured the following
day, the field current being carefully monitored by means of a Leeds-Northrup
potentiometer. In Run II, both the éxposures and the field measurements were
completed in the sé.,me day, but not simultaneously. The proton moment
head was inserted into the cyclotron by means of a special probe at the con-

clusion of the plate exposures.
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Figure 12 shows a plot of several determinations of the absolute field as
a function of cyclotron radius. In all cases, the magnetic field currents had
been set for 5 to 6 hours. The individual values obtained all fall within
+ 0.1 percent of the mean value despite the widely different dates of the measure-
ments, The Larmor frequency, and hence the value of the field, can be located
on an oscilloscope and read on a General Radio Signal Generator to = 0,03% |
accuracy for any one determination.

Un_'for'tunately,v it was noticed during the magnetic measurements of Run II
that the resonance frequency appeared to shift slightly as the proton moment
probe head was rotated about its own axis inside the cyclotron. The angle of
rotation vs, the frequency was recorded during the measurement. It was later
discovered that a small magnetic set screw had been inadvertently placed near
the borrowed probe head by unknown persons, and had acted as a mé.gnef:ic
dipole perturbing the main cyclotron field. Assuming the screw to be in the

form of a sphere, one can derive the analytic expression

| I I |

H. ~H [1+ (2 cos® 0 - sin® J , (7. 2)

T 0. -3
Hor .

where HT‘ is the perturbed magn{etic field as determined by the Larmor
frequency reading, H0 is the true unperturbed magnetic field of/the cyclotron,
~Iis the total magnetic moment of the set screw, r is the distance from the
center of the set screw to the center of the water sample, and B is the angle
of rotation betWeen the vector .r; aﬁd the direction of-I?Io . After the run, the
probe head with the set screw was inserted in a pair spectrometer magnet -
whose .rnagnetic field intensity was approximately equal to that of the cyclotron.
' The probe was then rotated in both directions; varying 0 from 40° to + 60°,
The set screw was then removed and the probe head reinserted into the magnet,
thereby determining its Ho° This time, rotation of the probe head gave no
frequency shift. Table VII gives the results of this test. As expected from
the analytic expression, a null effect appeared for 0= 55°, Since the Larmor
frequency as a function of the angle of rotation within the cyclotron was known,
cbrrections as determined from the pair spectrom_eter' could then be applied

directly to obtain the true Ho of the cyclotron without having to determine I/r".
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In the worst case, 0= 00, the correét_icn-ia‘rnounted to 0.25%. As a further
check, the mean value of the qua;ntity, I/r3, was determined from the
individual pair spectrometer readings, was inserted into Eq. (7. 2 in conjunction
wi_th the HT. and_Oi of t\he cy-clétr'on measurements, allowing one to solve for
the H_ of ! the cyclotron ffi_eld.» The agreement between the two methods of
determining Ho was excellent, the results being equal- to within 0.03%.  Com-
pounding the various sources of possible error in the field measurements,
one can conservatively estimate the uncertainty in the absolute value of the
field as * 0, 1 % (standard error) for Run II, and +0.2% (standard error) for
Run I. The quoted uncertainty is larger in the first run because the magnetic

measurements and plate exposures were not compléted in the same day.
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< 'VIOI - ANALYSIS OF EXPERIMENTAL DATA

A. The Range Straggling of the Mu-Completes

Since the main source of variance in the R 4 distribution function
" or1g1nates from the Bohr range stragghng, this effect has been studied
experlmentally in some detail. Data are taken from twelve plates, adding
dp to a total of 558 p-complete events. o '

| Because the stopping power varies from one emulsion to another,
different mean values of the range <R > are obtamed _ Table VII gives a
‘summary of these results. It can easily be shewn that for Rp' >t_(whereva‘
'is the range of the g —<omplete and t~is the thickness of the emulsion) the
probability of the particle’s -exp'ending its entire energy within the emulsion
is approximately equal t’ozti— . Therefore, the observed <R ) will tend

1)
to have a value that is smaller than the true mean range. <R°> as the

shorter tracks have a greater probability of remaining within 'the emulsion.

. The veq‘ua.tlon correction for this effect is derived in Appendix E,
2

R - (’RM> + ——,-**—- , (8.1)
\ -y <Rp> |
where TR 2 is the observed variance of the fa,ng’e,s of the p~completes.

In o};der to combine the data from the different plates, the various values
for é{ > are normalized to a range of 600 microns, and the entire dis-
tribution is plotted in Fig. 13. The percentage standard deviation of this
distribution is found to be 4.5"# 0.1,

If one now calculates the range straggling for p-mesons from the Bohr
formula, Eq. {4.14) the straggling is eipected to be 4.0%. Furthermore,
when the other known sources of straggling as summarized in Eq. (4. 25)are

introduced, the total straggling 0-Ro V(G,.Ro is the true straggling) adds up
z 1
. 0:
only to 4.1%. A statistical analysis of the method of range normalization
-
'R

~ 0.01%. "2 For these energies, the r-meson comes to rest in the emulsion

employed in combining the data indicates that
; is actually less by
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within "‘10-12 seconds, and the possibility that additional range straggling
is due to decay-in£light events is certainly ruled out. The straggling due
to the inner bremsstrahlung effect discussed in Sec. VIA is found to be
= 0, 01% Hence one must conclude that distortion effects, (sz, are probably
-the sources of the additional straggling. . Such effects have also been reported
by Seifert. 73 White and Fry74._ha.v’e,also examined the range straggling of
the completes and find it to be = 4,86 + 0.12%. The difference between the
two results may be due to different distortion effects, or perhaps to an
incorrect choice of the shrinkage factor. o

A chi;square test75 for a normal-curve. fit to the data gives a
s1gn1f1cance level of = 0. 4, 1nd1cat1ng that the Gaussian assumption is indeed
a good one. Table IX compares the actual distribution obtained with the
frequency distribution to be expected for a normal curve w1th parameters
n_ = 588, <R ) 600k, and "R

—Z§“> = 4,5%,
o

The skewness of the distribution is measured by the ratio 3 3/2 s

where p-z and B, are the second and thirdﬁ mioments of the distribution.
From the Lewis calculatmn, one expects a slight skewness equal to = -O 03.
The contribution to. the skewness from the inner bremsstrahlung process is
< 0,001 if one includes only events that lie in the interval :t30'R about the
mean, <Ro . The skewness of the observed distributim is ©  0.03%0.12.
Obviously, because of the very slight skewness involved, the percentage error
in the estimate of the skewness becomes unduly large, approaching infinity for
a true Gaussian distribution. This study cannot test quahtitatively the validity
-of the Lewis theory nor that dthe theory of the inner bremsstrahlung process.

It is of interest to note that one track was found to have a range of only
268 microns. This event was excluded from the above analysis. The energy
and momentum analysis of the event sh__ows_that it could as .well have arisen
from decay inflight of a pion of 58 Kev energy as from the inner bremsstrah-
lung effect. . »
B. The Normalized Range Distributian Funct1ons, Rp"q

The range variance obtamed ‘for the p-completes serves as a calibration
function for the various Rp'q distributions being studied. For two particles
having equal velocities, - |

®5) m mz <R)m ™
2

(B) mz | <R>m

°
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Therefore, upon application of Equations (4. 25)and(5.4), one should expect

for the target w-mesons, ~ 4.0 %, and for the p-rriesons,

o

R
I Py |
the presence of contamination..

~ 4.5%. . Any significant increases over these values would indicate

‘Run I

In this run, the normahzed ranges of the target pions and muons

(p—mesons) are compared in order to determine the w/i mass ratio. In
addition, a value for the absolute decay momentum is obtained by comparing
the normalized ranges of the jp-mesons with the ranges of the pcompletes.’
The latter distributions are shown in Fig. 16.

The data for this run have been collected from five dlfferent plates.

- (Sample calculations of Rlp“q

are presented in Table X). .For simplicity,
the constant multiplicative factor e/c has been omitted in the calculation of
-q (See 3.12 and 3,14). The n-—meson and p-meson normalized range dis--

tributions are plotted in Figs. 14 and 15, with p actually representing the
magnetic rigidity of the particles. In general, two distinct peaks are '
observed, corresponding to the two types of mesons coming from the target.
A small amount of ba._‘c-kgrouhd,contamination also appears to be present.
Since a few of the background events run into the tails of the main distributions,
the following prdcedure is employed:

{a,_) The median of the distribution is determined including all
- '"questionable'' events. The median is first chosen as a statistical measure,
since it is less sensitive to spurious events than the mean, especialiy for
small sample statistics. '

(b) When thé median .hasv been determined, the theoretically expected

standard deviations of

o"
=4,0%. and —
_<R1 b a
pP

are "folded" into the distributions, and any events lying outside an interval

= 4,59%

of #3¢ from the median are considered as background.
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(c) The mean, <Rip-q>, and its standard deviation are then calculated
for the adjusted distribution as outlined in Sec. V. .

Table XI includes the final él‘ p-q> results with the associated <R°> .
i i

Actually, a total of only 8 (5 m-meson and 3 p-meson) "q_uestionable_" events
‘are excluded from the final calculations. The averages of percentage
straggling of the normalized range distributions containing no '"'questionable™.

events are:

o T A
I =3,820.2% andy——— =4.9%0.2%
-q q
R, p R. p
v w o T

The deviations from the predicted values are not considered statistically
significant, although there is always the possibility that a small amount of
indistinguishable contaminaton may lie within the %3¢ interval. In the few
cases where some events are eliminated, the computed sfa-ndard deviations
of the adjusted distributions also agree with the expected values, whereas
the unadjwsted distributions have standard deviations that are = 50 to 60%
larger owing to the presence of the few spurious events.

The existence of the background is probably due to the presence of the
carbon shadow absorber that was placed in the chaﬁnel, as described in
Sec. VIIA. Also, with the present geometry, 'the p-meson distributions

always have ~ 5% contamination originating from pions decaying in flight,

Run II
To test the possibility of unknown experimental systematic errors,
especially in the measurement of the absolute value of the magnetic field,
another set of exposures within the cyclotron was made. In this run, the
normalized ranges of target pions were compared with the g complete

ranges to obtain a value for the absolute decay momentum.
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As described in Sec.. VIIA, the target assembly was improved for

this run, and the shadow; absorber was also removed from the channel,

The R . A distributions obtained are plotted in Fig. 17. One
1mmed1ately observes the absence of any apparent background in the
distributions. It is also of interest to note the comparative values of
<R1“ p“_"'q> for the three plates. - Whereas two {No. 28848 and No. 28853)
are essentially equal, the third (No. 28849) is considerably higher. A
comparison of the <R > associated with the p completes of the three plates
shows the same trend. (Fig. 18). These results, which are also
summarized in Table XI, emphasize the effectiveness of the mass normaliza-
tion method, illustrvating the uncertainties that are present when one employs
an absolute range-energy relation. The observed standard deviations are in
excellent agreement with the predicted values, further indicating the 1ack

of contamination.

C. Derived Experimental Values

All errors to be quoted below in this section are statistical probable
errors.
1. The Pi-Mu Mass Ratio.

As set forth in Sec. VI, the 7/p mass ratio a and absolute decay

momentum P, are the fundamental experimental qﬁan_tities, Table XII
summarizes the calculation of the mass ratio from Eqs. (5.6) and (5. 7),
showing the magnitudes of the target-detector and Lewis corrections and the
magnitudes of the various uncertainties contributing to the total probable

error in a. The weightedi‘average over the five plates of Run I yields

a=1.321 £0.002

The stat1st1ca1 probable error calculated from external consistency is
.0, 0020 and from internal consistency is + 0.0017. 76 These values give a
ratio of 1.18 + 0. 22, indicating that there are no large systematic errors.

The Lewis. Effect correction systematically lowered the apparent
mass ratio a' by = 0.0003. The target-detector corrections vary over the
individual plates from -0.0025 to + 0.0015. It is also clearly seen in
Table XII that the predominant contribitions to the total probable error
come from the variances of the observed normalized range distributions of

qd 54 <
Rl-n- P and RlpL pp.
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2. The Absolute Decay Momentum of the Muon

Tables XIII and XIV summarize the calculations of ((p ) and (p Y
employing Equations(6. 10)and(6. 11) for Run I, and Equatlons (6 12) Rt and
(6. 13)for Run II, respectively.

The Lewis Effect correction is zero for Run I, as we are comparing
equal-mass particles (p-mesbné and p-completes). The target-detector
corrections vary from -0.02 to + 0.08 Mev/c over the five plates. In
Run II,where one compares the p-completes with target pions, the Lewis
correction systematically lowers the apparent momentum P, by 0.006 Mev/c,
whereas the target-detector corrections vary from - 0,006 to + 0.002 Mev/c.
The ratioc of external to internal consistency in Run I'is 1.18 £ 0. 22; in Run II
the ratio is 0.70 = 0.28. In Run I, the uncertainty in the absolute value of
the magnetic field (See Sec. VI D) is the daminant term in the probable error,
with a smaller contribution from range straggling. In Run II, the error in the
momentum calculation is determined by the uncertainty in a and the inherent
range straggling, and to a' lesser degree by the uncertainty in the magmetic

field. The following values are obtained:

Run I : p 29. 85 Mev/c;

H

Run II : p 29,77 Mev/c .
‘The values chosen for the physical constants needed to convert from units

of gauss-mm to Mev/c are taken from the latest table of Du Mond and Cohen77
= 2.99792.9 £ 0.8 km sec™; m_c? = 0.510984 £ 0.000016 Mev .

As noted in Eq. 6.12, (po) is a function of a, which is determined
I
from Run I. Therefore, since the determination of a mean value for P,

from both runs involves dependent quantities, a simple averaging of the two
values is no longer valid. In general, the computations of final mean values
for all the other perf:inent quantities given below depend upon interrelated
parameters. It is necessary in the averaging procedure and in the propagation
of errors to express all the equations-of Sec VIA only in terms of directly
obsarvable and independent quantities. The lengthy details of these calculations

are outlined in Appendix F. One thus obtains the weighted mean,

{p)=29.80 £ 0,04 Mev/e
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3. The Pi-Mu Mass Differénce; Eq. (6.4)"

N Runv I: m -m 66.53 % 0 1_0 m o

A . - S ‘o -
RunIl: m_-m
w 1

‘Mean: <m ;fn>= 66.4_1:&-_0.,07'm
: ™ m A o

66.32 £0.10 m_

4. (a) The Mass.of the Positive Muon. Eq. (6.6)
‘Run I: mp' =207.2 £1.2m

i

Run II: - m
Mean: <m >
M

4. (b) The Mass of the Positive Pion. Eq. (6.5)
Mean: <m > =273.5 £1.2m
: o™ - (o]

206,6. d:l.4mo

1}

207.1 1.1 m
, o

5. The Absolute Kinetic Energy of the Muon

Assuming m = 0,

we have from Eq. (6. 7a)

4.126 £ 0.017 Mev
4,117 £0.023 Mev
4.123 £ 0.016 Mev

Run I: To
‘Run II: T
o

. Mean: <T >
o

The mass of the positive pion has been determined accurately and
4142 2nd found to be 273.3 £ 0.2 m_,
Substituting this value into Eq. (6. 7b) along with the value for the w/p mass

independently from Run I by Smith et al.

ratio, one obtains another estimate for the kinetic energy,

T, = 4,123 £0.038 Mev
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One can also determine T, from the usual relativistic energy-momentum
mass relation, Eq".(é. 8) with no assumptions being made about the mass of
the neutrino. For the best estim_ate of the mass of the muon, we use the
Smith pion mass value and divide by the mass ratio a. I one then employs
the methods of Appendix F to calculate the weighted value for T with its
associated probable error, we are led to an extremely cumbersome algebraic
expression. The exact solution of this equation involves some rather lengthy
calculations, which appear to be unwarranted in view of the magnitude of the
statistical probable errors. Therefofe;, for simplicity, a graphical method
is used to eliminate the tedious algebra. In Fig. 19, a family of curves
for different values of ‘I' is plot'ted as a function of the muon mass and the
absolute decay momentum . The hatched region represents.the area subtended
by the probable errors in Py and a . Although this is not a rigorous mathe-
matical treatment of the problem, one certainly obtains a good estimate of To'
The following value is found: o _
| T, =4.1240.02 Mev . |

6. The Mass of the Neutrino (Eq. 6.3)

Here, as in the case for T immed1ately above, the methods of

Appendix F lead to algebraic_comphcatmns. As is readily seen 1n‘F1g;' 6,
the derived mass of the neutrino is ext{x{e‘;fbgefly:}ge'ﬁis»it~i¥¢.. to slight variations
in d, P, and mp. . Therefore, becbavubse bf fhe statistical uncertain,ties‘ in the
‘values of these parameters, the exact analytical solution is not attempted
and a graphical method is once again applied. Higher accuracy is also
achieved if one again.replac_es mp;’ in:E.q. (6. 3) by the quantity mﬁ/ a,

where m“‘is ‘the Smith value for the pion mass. The graphical solution .

is p,re‘,:sﬁehfled in Fig. 20. A fa.mily of curves for different values of

is plotted as a function of a. and the quantity p

: o/m/ c. If one
substitGtes the final weigh_ted means given above for these parame‘ters into
Eq. (6. 3)one finds B = 0. 0001, but with an error of = 400 to 500 %.
Exammatlon of Fig. 20 indicates .a probable upper limit to the mass of the

neutrino of 6-7 m_.
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- IX., CONCLUSIONS

The chief 1imi§:ati,on to the experiment and the largest contributor to
the various probable’ error'vs’ has been the inherent range straggling of the
particles traversing the nucle,ar'v_emulsion medium. \

- The absolute positive—pioh value of 273.5 1,2 m derived here by
~assuming mv. 0 is- 1‘11'11e>2§ellent agreement with the value of 273.3 £ 0.2 m
found by" Smith et al. Employing the Smith pion value in conjunction
with this study, one obtains mp‘+ = 206, 9 +£0.4 m from the -nr/p mass ratio
with no assumptwns regardmg the mass of the neutra.l decay particle; on

“the other hand, if one assumes m = 0, then one gets m ~ =206,9x0,2 m

from the calculated mass differ.rence‘. Finally, from the mass ratio and
the mass d_iffe‘rénce alone, we obtain mu+ =207.1 1,1 m , further
indicating quantitatively that the assumed decay scheme probably involves a
neutrino. |

Several theories of meson masses have been advanced in the past few
years by different a.uth_ors-‘,',25 Because present-day theoreticians have not
coine ‘to any definite conclusions inttheir efforts to explain the mass spéctrum
and its role in the 't.heory, of nuc;l.ea.r férces, no attempt has been made to

relate the results of this study to nuclear theory.
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APPENDIX

"A. Correction for the Motion of a Particle Oit of the Median Plane
of the Magnetic Field.

The motion in the z-direction may be described by the differential
equation

[ ]
mz - -e
= "= r H
c ¢ r '’

which represents the vertical component of the Lorentz force, assuming
no azimiithal variation in the magnetic field-intensity function.

Integrating with respect to time, we obtain:

¢ _ v _ e p | - . € ' ‘ )
e B S AB T - e r¢Hr.d_t-- — J:?Hr.rdﬁ (A. 2)

where %1 is the z-component of the velocity at r = Ry

= 9H , ]
Now Hr ® XL & and from Maxwell's equations —I = 2 H-z..
Therefore, we can write [See_,=,Eq. 3. 8]
) Hr A
Hr =g &S ZH_o h2 ra . (A. 3)

From Fig. 2, one obtains the approximate geometrical relation
(for an assumed circular orbit}), -

rdf z%o_ (R cosT - ‘po_) s (A.4)

: We neglect the initial value of z which at most amounts to 1/4 inch.

Since =z . f.7 P T e | ) . )
‘ = 5 .F‘D_., we let & ~~2> 81 in order to simplify the integration.
pc Bc ' : :
The "a posteriori" justification of the assumpton, % %y
follows below. | | N |

Substituting the"various expressions in the integral, we get

= c - mf@

» ! _H ' :
Lz~ —v._-:e__ th. 0 io l(R cos.T - po) Td4.T7T, - (A.5)
1
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Integrating,

v ' : ,rZ .
—AT-&-th p RcosT+RTsinT-R-Lo . : - (A.6)
& 2 Yo 2
since %_ H p, = mpc (nonrelativistically). Therefore, the maximum change

in the z—compoaent of the velocity becomes

L2l =2n,p R(v/2-1). | ‘ (A.7)

= rnax.if

We now introduce the familiar parameter n, defined as '

~- Lo .oy 2 bt ing n 1 y i
H —57_ ~ .thr . Substituting, assuming n to be constant over this

small region, and letting r = R, we finally obtain the equation

-f"— : (w/2 -1) PPy ., (3.15)

max,

Since Po/R z-l— for the w-mesons and n = 0. 07, then

20
N o,
=5 ~2.4x 107
| *1

‘max

indicating the previous assumption to be quite justified.
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B. Effects of the Finite Size of the Targetxapd of the Detector

Once again, we make use of the slow variation of the magnetic field-
intensity function to derive certain geometrical relations necessary for
the determination of the magnitudes of the finite target and detector effects.
Hence, we assume circular orbits for the particles under study. The |
magnitudes of these effects as calculated under this circular approximation
are quite small. 'Thus.-, further calculations involving the true orbits --
besides being difficult -- would be mere perturbations on an already small
effect. . | '

We define a rectangular coordinate system such that the origin (0, 0, 0) ‘
is located at the target center. The unprimed.coordinates (%, v, 2z) refer to
the target and the primed coordinates (x', y', z'} to the detector plate. The
orbit of t’he particle crosses the x-axis at the point x' = X making an angle ‘
0' with the y-axis. In this experiment, the pldate was inclined at an angle ¢
with respect to the xy-plane. Therefore, we assume the emulsion surface
to lie in the plane z' = -z - ¢y’ with X > -é;o and e << 1‘° The positive
x~-direction is established in the direction of increasing cyclotron radius.
The pertinent geometrical relations of the orbit are illustrated in Fig, 3.

- From Eq. (3.14) we have Py =P, Secy where P is the ‘''total'' radius

or the orbit, Py is the radius in the median plane,and y is the angle the

.orbit makes with the median plane. Now,

: tey' +
& tey' +2

tany = (B. 1)

Py (v -2a -2a' -20)

-1 -1 H

where a = tan y Pop— and a' = tan y
X =X X =X ’ X

(o] le) [0} o

1
X

Therefore we have .

2
L]
sec2y= 1+(§-0+ey' +G§ - .
Zr . ] 2
P, (r -2a - 2a' -26)" : (B. 2)
Substituting, ’ |
- Substituting 6’9*’ ey“+%2 | :
. 2_ 2 \9 R B o '
pl -pr T ® (B°3)
(;—2a=2a"-2§
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L X -X
, where L =

As is readily seen in Fig. 3, P =

2 cos (@ + a) cos a

Therefore we obtain the relation

‘(xo~_}5) sec (@ + a) sec a'

, B.4
P - — (B. 4)

The entire expression for the true radius of the trajectory becomes

1/2
-x)" sec” (@ t+ a) sec” a _+(*o + ey f-g.) ., (B.5)
)2

{(x
pl = O

4 (v -2a - 2a' - 20

The apparent radius p is calculated assuming all mesons originated

from the center of the target (i.e. x =y =% = 0). One employs the relatimn

_ *o t ~ -1 2=z ] ,
p = sec ¢ sec Yo where Yo = tan ——Q. ., One then obtains the following
X
equations: S o)
o s p si s @ = —0- B.6
pcosyoz—z—-secg;pmnyocosgzTr . (B.6)

IRewriting Eq. (B. 5,

1/2

2 2
2 : J
X5 ( -‘z*"’,’) sec2 (¢ + a) sec2 a = 2 1 +%\ + :’_ s
p -1 = [o] + __% R o) . 0O
1 4 ™ 1 -2p¢
T -
B.7)

where ¢ sata +0,
-AWe wish t6 expand Eq. {B. 7)through small quantities of the third order.

Now sec (¢ + a} = 1 - 1,

L
cos (@ + a) cos @ cos a -sin @ sin a

sec @

(1 '_‘LZ. -0 a+"—¥—} )
2
2

Therefore, s,ecZ (¢ + a} sec2 a = se'c:2 0' {1+ 2a +20 a) . (B.8)
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Substituting in Eq.(B. 7)

Caly _2x X sec Q' {(l + 2a” + 20 a B.9

, [ . : 1/2
(1~+ 4 . 12%2'-+. 320> )] /
w T w3

Employing the relations of Eq.(B. 6). one obtains

[, ' 2 \[. - | 2 L2 .2
Py z[ va cosz Y, (1 _‘_}Z{L‘_ + §_2>(1 + 2a + 20"q> + ¢ s8in Yo
' ) . 0 o / ) _ ’

= p .[1 + cos” y ( | 2x + 2oy 2d% 420 ix a 4x 0 a)
o x, 2 x
b o o
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‘We are interested in the quantity, <pln\ . Therefore we raise the above

expressmn to the 1] th power, and expand still further. Since

_ 2 L 2 :
sin” Y, & _2_0—_44; " and cos® =1 --7‘—0—244"'!r we have
(o] : 2 YO . - ]
™ox S T X
[o) o
MmN LM 2x .3 2y 4x i 2 @ vx 2
1 [ Xo X X X X X
(o o o o (o] Xo
4x @'y 8}2{-5-n + 8% ¢y + 8 2. 2 + Be v 2
X 7 x 2 < 2 2, ¢
2 n/2
pd= 16 (z-n ol =)’ 4 ] (B.11)
WX B n- pid ) '
Therefore, from the binomial theorem;
2 2
~ 2x 1
F>1n"’P1rl 1+%"[';+2}:‘T+----+%§:——+ 6(fi'o+;-)¢]
C o ' w xo'

(B.12)




-68 - UCRL-2522

.Collecting terms of different orders, and averaging, we finally get

'Pn ® P11 1 -nq €, 4= (n - ll@m.ﬁL. n <v2> & n(y Q*)
. ' ' S (o] : xo o

2 Z
Z
LI T x

+i 4n = <-z->+ 2'2.5‘2% £ 8n<(z’o+’z')2 @ +y/xo+y'/xo)>
: o ‘ X : 2

e (O ey @, dne (YY)
' 2

2 3 x 2 2
T X ) (o] T X
o) . ; . o .
+ 42 e<v' @) _ nin —2)<3xv2> -.2n{(n —2)(%2_
% X ndx,
o “o . . o o o
' 3
_ 4n (1’1 - 2‘) 'Z'O <XE-> . n (T] ',1) (T] - 2)<X ) (39 17)
'rrzx 3 6 x 3

o o)
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+C. Statistical Calculation of the Mass Ratio
1. The Mean Value of R1 p“q

Let U (p;s p:)) dp, be the probability that the true momentum lies
between P, and P, * dp1 when the apparent momentum is p. Let
v (Rl, pi) dR; be the probability that the observed track length lies between
R1 and Rl + de when the momentum is Py- Finally, let W{p) dp be the
fraction of the measured values of the apparent momentum that lie between

pand p +dp . Therefore we may write in the usual manner

<R1pq>= fjf Rp? W(p) Ulp,p) V(R;,p) dR dp;dp . (5.2}
P P} R o

Integrating first with reépect to Rl’ we have
Ll R,V (Rl, P) de =R (1 +7), _ : - (4. 24)

where T is insensitive to the velocity of the meson. [See Eq. (4.18) for the:

def1n1t10n of ‘T] We have the ideal range emomentum relation,

R=C_ M "% Py 9
where M is the mass of the particle expressed in units of the proton mass
and q, is the true value of the exponent of the range -momentum equation,
Because of the Lewis Effect q, differs in prmmple from the q obtained by
the proton range energy data by = Py d7"1
H__ (= 0.01% 1n this experiment).

Therefore, continuing with the integratmn,

1 -q q
<R1pq>= c,u+mm ° f[ p 3 Wip)p, ° Ulpy p) dpys dp .
P B

{(C.1)
But

9% 4 .
J »p Utlpppldp, = p " {lFa) . (3. 16)
p]. . ' i
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Hence for the integration over the third variable, p, we have:

<R1 p-q>= Co (L +7) 1 +wq M ° fp o W ({p)dp . {C.2)
P | |

" Let:.p ='. <p> + 6p -‘.Then
p o q Gyle et Tyt E +L<'?>(Bi]q° "% (e.3)

Sub‘sfituting’ ana expanding,

(e o Mg

But (q(;x-q) <qo -q - 1) xq -q, since |q - q| << 1. Therefore

' . 2
R R +’r+@°eq)(q°-qul) 7p toees
9 : (p%)

— qo) Up.2

<R1p'.q>=§oMlmq°<P> 2 (¥

where GPZ = j;p -p)2 ‘W {p) dp; and T and wq are both << 1,

G 74 {(5.3)

h+w +7 +.(q
g :

Since the sign in 610 - q) is unknown, we choose éo - >= 0

2. The variance of Rlp-q

The variance 1s defined as .

2 2 2 2 .
) =<R1 P C>- R1 p“c1 . {(C.5)
- From Eq. (5.3) we obtain . R v

Z24q,-2q 5
1+2wq+2'r +(q_qo) G

2 - 2 : ‘.2 - 2q
() -t oy
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A

As before, one has

R J' f f p4 W(p) U (p),P) V (R;, py) AR dp, dp

Let Ry =R )+ 6R <R1>( > <R1>G+ __>

l-q, q .
<R1> = R(1L+T)=CM P, (1 +7)

But
Therefore, we'havel
( .
' ' o 2 -2q -2q
2 -2q . o (o}
2 29\ _ 2 o 2 R
GPpH)- ot Raen o ffp P

W ip) U (P P) dp dpl

From previous discussions, (see Appendix B), one can write

29, 2 |
[ o™ e

Substititing within the integral, one obtains

{C.7) -

{C.8)

2 -2q 2 2q_ - 2q
2 _-2q 2 ... o "/ (o] : o
=Cc*M 1+7)% [1+ °R . W
<{1 P > ° , ( ) : R, 2 é* wZQ) p (p) dp

1
{q - 95) o'

it

2 -2q
c M- °<
(o]

2 - 2q
2 o

It

)(I-sz)l{-. <> <p>
CO,M 1+z'r+—§z+m *q - q) <p>

{C. 10)
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Substituting in the definition of the variance,

| | 2 2-2 q -2qf
2 _ /2 29 -<> 2 T4 o “4

c” = ) - = ! -

<R1 P > <R1P = CT M <k - [®2q ~ %% +-<R—

2 Y.
S (C. 11)
From Egs. (2.9 (3. 16),and (4. 24} we have:
2 2 -2

% 2q, 2 , | -
Co' M <p> =G{]> [1 -Zimq\-_zr . - (C.12)

Substituting in our expi-ession for the variance (Eq C.11) and neglecting

second-order terms in ©g and T, we get ‘
2 _.~N2q[ 2 2
...('p) E.R + Ry (wzq - qu;] . | (5. 4)

3. The Mass Ratio

If we use the 'a,v_erage value of the observed quantity R1 p'q instead

of R pl'q_, it leads to an apparent mass ratio d, defined by

;<R1ﬂ Py -q> .

= : -' (5.1):
R
< TR -
~ The true mass ratio is expressed by

<R pl‘n’
(R plp"‘-l>

. Employing Eq. (5. 3),

g -q. _
i 1. o ». .
el-a. 1% l:gp 2] [1 + T+ m%_] | (C. 14)
. < " ..1 +'Tlp + a, =

a ' | - (C.13)
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We assume é - so> = 0 since we do not know the sign of the

uncertainty in the shrinkage factor. Therefore TZ‘IT = TZ|.L =0.
Similarly @ fqo> is set =0 .

Thereforne,

l-q 1 -q o\ : _ q. -9
] ~ o) [ (.o _ g) o
a: . = a E +.(’1n_ - Tlp.) + ( qﬂ_ qp) . _(C.‘15)
. | ! N Py .

Let us define r so that

(R1]

a(l+r) , r<<l . | (5.5)

)
<)
- Sub s‘tituting,

1 -qg l -q

. T, - T
a a o[l 4.'(1“ lp.)
' . T

1

1 - q - T q. - @
X o 1+ 1w n) + ™ (C.16)
Therefore, we obtain
» . ' !
) w T
. T - -
a = d [l + 1z "1y + 3y q&.] . : - (5.6)
‘ q-1 q-1
4. The Statistical Uncertdinty in the Mass Ratio,
From Eqs.(C. 4 (C. 13) and(5.5)we have |
-. q'o“'q . w w g 2 (02 Z
— T -7 (qn"q q-q p P
a=d (1 +r) l-q [1+-[_Ir__.d+e._)+ e o) (—“—- - 2)]
: C a-1; a-1  20-9\{ ¥ (r
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Recalling that 7 = ‘Tl + ‘Tz, where . Tl = ! - 2> and
612 M In 3780 B
s-5. ,. o o
’TZ = . 0 <sm y1> > and defining the uncertainties in q and s, as
= S‘O » , : : . _
O'q and 0, » respectively, one obtains
2
2
2 2 2 {‘T o ¢
o . o P :
a_ = oz (C.18)

§ g P
(L_+ q _ -2r

2 , . 2
bl 2 (<Sin2 Yln’) =<Sinzvy-lu>\) 9
{q -1) ' '

where Gaz and 'Ga,“ 2 are the statistical uncertainties in the true and

apparent mass ratios, respectively.

If there are n_ observations of R, _p 1 and n observations of
™ ‘ 1o 5w (T
RlpL pp. -q_, the statistical uncertainty in the mass ratio can be expressed as
' ‘ 2 | 2
2 : .
- 2 . a o B ap.
{q - 1? | 2 ' -q 2
o B <Rl1r Py > np. <Rlp, pp, >
2 2
. 2 [ & - 2 .
+ q pTh“' . pu_ . =27
4
A
2

l.+ G;z <<s‘in2 y1“>- <Sin2 Ylp))z 3 . _?)
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'D. Dynamics’ of ‘m - Decay

\

. One assumes the decay scheme w > +v, where v represents a
neutral particle, presumably a neutrino. For a pion decaymg while at

rest, one can write the relativistic conservation-of-energy and momentum

equations as follows:

2 [ z 4 2 2 2 4
m,c —\Ipf" '+ml~‘- R +\/I; ¢ +m, - c ’ (6.1)

P, = P,. | | (6.2)

1, Mass of Neutfino'

| For S1mp11c1ty let m /m = a and /m =
Also let p = Py the full decay momentum.

Subst1tut1ng the momentum equatlon in the energy express1on, and

"pe'rformmg the algebra, we have

| _ |
m_ P : ‘ P 2 ‘
s J(r—n——) . *j(?n';— e -

®

Transposing and squaring both sides of Eq. (D. 1), we have

2 o Iy 2 P, : :
a“ - 2a ffPo Y pll (=2 2
T B M '

Therefore,

' . 2
P :
2 2 _ o
Qa + 1 -ﬁ - 20- 1 {mp‘c> . : (De3)
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Solving for B~ , we get
. b 2 ' ‘
2 . 2, . o
B = a"+1-2q1 +(m - ) . (D. 4)
' K
‘ 1/2 ‘
‘ | P .2 /
or m_ = m |a®+1-2d1 +(—9—) . (6.3)
? v 1) N muc

2. Pion-Muon Mass Difference

If one now assumes m_ =0, we have from Eq. (6. 3)

. » 2 e |
S Za\Yl +(po/m“c) . | (D.5)

Squaring once again,

2 2
+ 1 = 4 + 4
(o, ) a a p (D.6) -
m ¢
M)
or
)2
‘2 2 12
(o, -1 = 4a p
o _ (D.7)
2 2 -
m “c® .
" .
Therefore,

(o,+1\(u.~l\ = Zap

S (D. 8)
m C
3
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Since we have a = m'n/m , We can write
m/m, _

= 28 (6.4)

. ! 2 )
- = (o}
(mﬁ mp) c 2 f1 Py ,

3. Mass of Muon ..,

.Under the: aésum'ption.that m = 0, we_can also solve Eq. (6 3)for the

i

mass of the p-meson. Consequently,

.20 e e . (6.6)

'

4. Kinetic Energy of Muon from ‘Pi'on’DeCaying'at Rest
The quantity" .'.'-I‘.o, will refer to the kinetic energy of the p-meson at

the time of creation, 'Rewriting'the conservation equations in terms of the

kinetic energy To" we’ha._,ve

_ 2 2 2 4
= mwc + To +\‘ P, © + m c . (D.9)
since py = P, - Continuing,
m;cz: m C'Z:* T +\Jm,2‘c4+2m vcz T ~I-T2+m;2c4
™ [ : o N ' u 1 o o v
' : (D. 10)
Or, transposing and sq_uaring,
2
2 4 2t vom 2T 4 Toz (D. 11)

[(m -m)c'2 -T] =m “c* + m“c
\'n m o M v
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Expanding, and substitut;ingf a= "‘m’n’/mp‘ 9. one obtains

, 2T, TOZ 2T, > T,
fa-1)7 - 2»-(0.-1))+<=——=-—£—2=-1+» 2+B +-===-='==;='==§='—
' ' m, ¢ m c ) m c (m c )
K W m n
(D.12)
. Solving for To’
| 2 2 : .
T =m 2| te-1) -8B ] (D.13)
© K 2a .

- Substituting the expression for mM c2 as given in Eq.(6. 6)and letting B = O,

2
T :[La__ P c] [J_I.L;L)__] o (D. 14)
) 2 o ,
a -1 2a
or,
T -.2:l < " (6. 7a)
o Po . :

a+1

If one now solves for p, ¢ in Egq. (6. 6)and replaces m, with mﬁ/a

" one obtains the alternate expression

(a 1)2 é
T St " »
o = m_-¢ . (6. 7b)

2a
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E. Correction to Mean Range of Mu-Completes

It can easily be shown geometrically that the probability of a particle's
remaining within the emulsion is .appfoximately equal to t/2R if R >t, where
t is the thickness of the emulsion gnd R is the residual range of the particle
§vit_hin the emulsion. If one assum‘é's that the tracks of the monoenergetic
particles are straight,' all tracks ofiginating from a point will lie on a sphere
of surface area equal to 4w RZ,_ If the tr‘:acks are then presumed to originate
at lany deRth within the emuléion, the.area of the surface subtended by the
emulsion is equal to 2w Rt. Therefore the probabilifqy of remaining wi_th{n

the emulsion becomes

2w Rt ¢
wr? R

Let Rp.' be the calculated mean range of the w.completes. Analytically

one has

_ J;l N (R) dR :
<RH>— f TR | | ;(E.l‘)
-Assuming a Gaussian range-distribution function, and introducing the

pro‘bab.,irlity_ﬂfactor, one can write

R -(R) )2
S 20 2

| e ‘ | Ry R dR
, | L |
<R“>= : y; 2 = ’ (€. 2)
(R -§R(>) Iz '
- ) drR
e 20 R ,
O

R

where 'GR 2 is the true variance of the range distribution, and<Ro> is
o ‘ .

the true mean.

Integrating the numerator, one obtains

I = ’Zw TR . | {E. 3)
. o .
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‘To evaluate I, let R-=(R_)+ ¢. Therefore dR = de.

29

Substitﬁt'ing,

-2 '
- _e__._t..- ; . e
1 je 20p
[o) d& . (E. 4)

1, "'<R_o) Tt e /<Ro> |

: Expanding Eq. (E. 4),

2 v
i - e "
- 23 20, 2 »
[ %t N ot e Ry ae . (E. 5)
2 R R R - R
&y g @S -
- Integrating, | ' :
\r— o 2 4 :
12 =~ Z“R R 1+ 2o 4 _°T3G + — 1. (E.6)
‘ ° ®f (Ro) -
Therefore,
2 4

. 1. o 20
_ I e ‘ - RO R, 4 —em
R = -~ ~<R 1 " =
< n) L . o, % 5.t © <R )2 <R )4
1+ QRO ‘ L UR (o] . O,
<R;f (Ro) - | (E.7)

As o'Ro is unknown, we wish to replace it by the experimental

estimate of the straggling, OFR}L . Let

- 2
Rp. 2
e 20 Ro ar
R =1 | (E. 8)
I2 12
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. - | - ; ) : _ - _ .
Now let<RH> = <R_o> + &6 = <Ro> (1 + ZTO;) . Therefore R <Rp.> .e. 6 .

Subs'tituting, - E,Z |
(5-6) e.Z'O.R2 - de
13 i <R> + ¢ | -9
: Expanding, |
' _ 1 - Fam -26e + 6 )
m/ @3@?(‘?)( AV

All odd powers in the integrénd may be dropped, since they integrate out to

zero. Therefore, collecting the remaining terms and integrating,

({7 “(i} (R)Z) R

(E. 11)

N
2,

2 6 :
I, = 5T +(1 + o
3 ZRO ; | ( ZRO ;) RO

Substituting and performing the algebra', one obtains

| | | 4
20 :
2 - - R. 26
W 1 o ER ? R Ro .
2 . (o} 0,

From Eq.(E. 7)we have, to the second order of small quantities,
2
g

<R*‘) z<R°> he Eoz ’ i | (E.13)

= 'R =~ 7 R 52 - :
o <R°> <R"‘> ' w <R,“> ' <R0)H+ 25 <R()7 ‘ =19
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But by definition, <Ro>.= <RH> - & ; therefore
2
: R 8 ‘ :
<-Ro>' ”-<Ru> F =R (1 '5)' R : (& 15)
| e (%) . o

2 .
As 62 << GRM and § << 1, we finally obtain
2
(R) (R ¢ Ry (8.1)

(R

F. The Propagation of Errors

The w/p mass ratio a is :d’.etermined solely from Run I with an
uncertainty expréssed by Eq. (5.7). The relative magnitudes of the terms
contributing to the total error in:a are such that uncertainties introduced
by the o‘sz and O'q2 terms are essentially negligible. Theérefore, inzthe
following discussion, those terms which are functions of O's and o
will be omitted for the purpose of simplicity.

Unlike the case of a, all other eﬁcperimental values are averaged over
both Runs I and II. Since the individual means obtainéd from each of the runs |
.are not completely independent of one another, the usual simple averaging
procedure is no longer valid. It is therefore necessary to express all the
pertinent equations of Sec. VIA in terms of directly observable and independent
parameters,

. The following detailed analysis gives a sample of the procedure employed
in obtaining final mean values for the meson masses and their related
quantities, To and Py

In Run I, the absolute momentum P, is determined from the relation

R .
( )1 \E<1“>p“ 5 [HTF‘ (; i + w—zﬁ-] . 6. 10)
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In Run II,

<R_|> : ) ] [ w '’
(PO)— 2 — 1+ v " o 4

= . us u 6.12)
q-1/5 " gy . — + - {
11 a <R1W p‘w 7 q q .

As the terms in 7 and wq are quite small, they can be neglected in the
. 4 . .
present discussion. The primed measurable quantities refer to Run II;

the unprimed to Run I. It is to be noted in Eq. (6¢ 12)that (po> is a

; : 11
function of @ which has been determined from Run I, Since -

S
1 -
QZM : _ | (5.1)
) <R']+1, pp,-q> =

We may rewrite Eq.(6.12)as follows:

- \ TV W |
b) e [
I <R1'w e >J <Rm pp_iq> |

We shall choose the calculation of the pion-meson mass difference to serve

as a typical _eiarnple of the general averaging procedure followed.

, 2 _ 2a _ l
(mw~mp>c = P,c (6. 4)

For simplicity of notation; let A = (mﬁ -mp.) CZs <KW> :<R1r Pﬂ,—q> -

and<Kp>= <R1p pp'q}o For Runs I and I, we may write Eq. (6.4) in terms

of observable quantities as follows:
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Differentiating, one obtains the following partial derivatives:

Run I

ERY | 3\
. I =" » I

7\1‘

ey Ty

<7

a(l -q)(t + a)(K)

Run II

_ Myllta-qa)

0y all -allat 1k

N (1 +a-qa)

ok,)  all -a)a + k)

(F.2a)

(F. 2b)
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Run I (Cont, ) _ Run II (Cont.)
9 )"I . ),‘1 B
B<R0>' q<{0> 11"
™ N ' dN1

v % ) N
oH  H | o Ry (R,

o H' H* - (F.3)

here 9\, g . .
where ﬁl— and .8_):LL reflect the errors in _(po) and (po) , res-

9 H' | II
pectively, introduced by uncertainties in the absolute values of the magnetic
fields, H and H' ,
} Let

| (x) = Ax1l+ (1 -A) g (F. 4)

where ‘A and (1-A) represent the averaging weights of the two measurements

)‘I and )\II’ ?e.spectively.
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Differentiating Eq (F 4) -

A@ @7 AQ‘%—@A@}.) ' A<R %AH>

+(1-A) (?—y A<K>* 32 u) Aé('b @) a<R ) A@o?

# 2N Am . (F.5)
3 H" |

[ZEKQ 322;7] e [(xg » <K ] (F.6)
,LA%%}‘.03 AQ‘Q«tA_I_Ag\& — Q‘% ) A@)

i A»[;g,- 6 7@ + .3_}5. AH]

Substituting the der1vat1ves of Eq, (F 3) in Eq. (F ), we have

A(x): Al_ N _ _XH\;(.I_+ o,_-vqa‘) ] A(xui_

L0+all-a)  ~ Tq( -ga+1) X )

{F.7)

q {1#a) {1 - q) g {1+ a)(l -q) K )
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A"I AR Y . anAH L, o (1+a-qa) Ak | (F.7
R . , q (1 - '5(1 +u,) ’ <K"> cont.)
g .('I:-EF-o. - qa) AQ{Q (1-A) N
q (1 -q)(1 _{a) <Kp‘ q
+ (1-a) A@) b1 o) A AH

q ®e) H .

Now assume )\ II <)\> . Therefd;‘e, collecting terms, we have

_<(7l L_(g-lL(a+1)+(l-g_)_+a A&y
N

q.(l -q)(1 + a) <Kw>

1+(l-gla | 'A(kv) i} 11 _A) sk
q(l-q)(l+a) <Kp> q <K"> ;

ru-a) RO ¢ U -A) AH"v-{._.A ‘A(ﬁ‘;‘}'
e TR

+ A AH

"

H - | | (F. 8)

If one now squares.Eq. (F 8)and takes mean values, the various cross-

product terms average out to zero and we get
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.&Ql_ :_[AJH-l)(g'Fl)#'(l-g)(L{.lL AK |
) <)\‘> T q(l -gq)(1+a) “)

¢ ,:' ) 2 ‘T ! 12-
l1+(l -qg)a AN 3 X ].

i q (1 -q)latl) <_Kn> q°

d

‘H' T (F.9,)

by the experimental vatiance

variances, and let

: o 2 : p ‘ 2
"R R

1 : 1 B

2 =\ 5 | b s [T ’
q -no<R‘Q> y q ng' <Ro-"‘>
L1
i 2 4! ' ]
1 a‘n" » d _( AH
C = > — :_2 s = H ’
v/ ) d
q nﬂ(Km \ |
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AT\ S | o
e =" ' AE— RV 2
1 ! - . .
, H o q {1 -q) (a+1) n Kn
and g= 1+ (1 -g)gd R L SERE] I
2 2, 2 \N2 [
a“ (1 -9 @@+ 1) n (X ) /
: _ I
i'w'e can write,
A 2
. 2 \2 .
= A"(atd)+(l -A)"(b+cte)
»
-+ [A (@ -1)(at+1)+{l -q) .a-_+,1] f+g . / (F.10)
o 2 o o A'Z \
Now [ " |— ,“ -] ; etc. represent the mean-square percentage
n /K >'2 ’n -'<K ‘n> Z/ errors or variances in the quantities
TN\ T ™ ™ '

) é{ >, <K '>, etc., for Runs I and II.
w) |

Since both the runs are comprised of several plates each, these mean-;square
percentage errors are evaluated from a we ighted average of the variances of
the individual plates. | |
‘ Applying the Principle of Least Squares, one differentiates Eq. (F. 10)
with respect to A and sets the derivative eqdal to zero to find the minimum

errorin \/ .
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5 (.A(Aé - A{a+d) -(1-A)(b+c+e)
8 A ) tla-De+DffA@-D@+)+(l-ga+] = o.
Therefore

Afa+td+btcte)-(b+c+e)+ Af(qg-1)° (a+ 1)

+ f(q-1)(a+1) [(1 -q) at 1]? 0o . | (F.11)

Solving for A, one has

A = btcte -(g,-l)(i‘+ 1)[1 =g )_g“+1] f
atd+btcte _+_(q-1)2 (_.aA+1)_2,f . , (F.12)

Having obtained this value for A, one then inserts it in Eq.(F. 4)to give {\)
and in»Eq_‘.(F. 9)to obtain an estimate of the error, A()\) .
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necessary magnetic measuring equipment was provided by Mr. Duane Sewell.
Mr. Albert Oliver helped process the nuclear emulsions.

The memory of the late Dr. Eugene Gardner was with us at all times.
The earlier work and ideas of Dr. Gardner and Dr. . C. M. G. Lattes laid

the foundation of the present study.



- TABLE 1.

- SUMMARY OF MESON MASS MEASUREMENTS WITH COSMIC RAYS

L Refer-| Particle ‘Mass : Method and Comments

- Author (Year |ence Type alues ,[CC .= Cloud Chamber, NE - Nuclear Emulsion
‘Corson and

Brode o + _ : _

(and others) |1938 4 K, @ 200 = 50 "CC; Hp vs. specific ionization (i)
- Wheeler

and _ . L _
' Ladenburg [1941 6 r, g J|7igo -Summary of all meson mass measurements
up to 1941; range-momentum relations

Nielsen. and + . T

‘W.M. Powell |1943 78 o, M ~200 CC; Hp vs. i

Hughes 1946 79 -p.+, o | ~200 CC; Hp vs. R, i; réported spect'rum of

* mass values 30-340 m
Fretter 1946 7 p.j:, T p | 202 % 5 CC; Hp vs. R; first of more accurate
determinations, showed unique mass value.
~ for penetrating component of cosmic rays

‘Lattes,

Occhialini,

and P S :

C.F.Powell |1948 17 [ 1.65% 0.11 NE; grain count vs. R; mass normalization
 Goldschmidt -

Clermont, + _ . »

et al 1948 80 T, W 272 212 NE; scattering vs. R

wf, o w | 2022 8

226Z-Td0N
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TABLE I
SUMMARY OF MESON MASS MEASUREMENTS. WITH COSMIC RAYS (CONT. )

: JRefer4 Particle ‘Mass . Method and Comments
:,.Apthor Year Jence Type Values FC - ‘CloudACh_a‘.mber, :.NEr-—--Nuclea-r‘Emu»l»si.cm]
Lattimore | 1948 |81 | = 290 £ 80 NE; scattering vs. R
'Bx.'own et al, | 1949 | 82 1w/ 1.33 £ 0.05 | NE; grain count vs. R
1950 {18 | w5, | 290 =z 20 o -
B.rode 1949 9. u+; p._r. 212 £ 5 ‘ New statistical analysis of data 6f Ref.” 7 =
Leighton, ;
: Anderson, , 1 o ' . ' + .+ ,
and Serif 1949 |27 | u 217 x4 CC; end poirit of i’ =B+ 2v decay
‘Retallack + ) : S
and Brode 1949 | 10 B, B 215 = 4 CC; Hp vs' R
Brode 1949 8 p+, wo 215 = 2 Weighted mean "ihclud‘ing data of Refs. 7, 10
Barbour 1950 |83 |«, = | 270 = 20 NE; Hp vs R
W | 226 % 15 :
 Franzinetti | 1950 | 84 | &' 281 % 7 NE; Hp vs.R
' Y 288 = 13 R
p,+ 217 % 4
Camerini , ' + : .
et.al, 1950 | 85 ™, mw 283 x . 7 NE; grain count vs. scattering angle

-26_
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TABLE 1

SUMMARY OF MESON MASS MEASUREMENTS WITH COSMIC RAYS (CONT. )

. Refer-|Particle ‘Mass Method and Comments
:Author "[Year |ence Type Values FC - Cloud Chamber, NE - N—uclear'Emulsion]
.Merkle,
. G oldwasser, o £ - )
and Brode |1950 11 o, H 196 = 3 CC; Hp vs R
Carlson,
"~ Hooper ‘ v . , .
. . Ks) ; ; NE; Doppler shift spectrum of -y-rays in
and King 1950 26 |« 295 == 20 cosmic ray stars -
Nonnemaker| |- + _ v
. and Street |[1951 | 86 R, W 220 = 12 'CC; Hp vs R
Ascoli 1953 | 87 |ut, w”| 207.4x 2.4] cC;HpvsR

..:v6_
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TABLE II

' SfJMMARY OF MASSLMEASUREMEN‘TS“-WITH ARTIFICIALLY FPRODUCED MESONS

o ; Refer<| Particle| Mass ; Method and Comments
Author {Year | ence Type Values E:C - Cloud Chamber, NE- Nuclear.Emulsion]
"E. Gardner | .

and Lattes |1948 | 19 ™ 313 %16 NE; Hp vs. R

‘Barkas, 7

-E.Gardner, - - o _ .

-and Lattes |1948 | 88 ~305 'NE; Hp vs. grain count

‘ T |~2020 - |
‘Van Rossum 1949 |89 T 280 %15 NE; Hp vs. grain count
Bishop 1949 |20 .‘rr+ ~286 "NE; Hp vs R
' ~ |~285
p+ ~216
7/u 1.32 .+ 0,01
Smith et al. [1950 | 21. at,a | 276+ 6 NE; Hp vs.R
w¥ 210 + 4
Bowker 1950 | 90 L 264 426 NE; Hp vs grain count
- 22

lL.ederman,

Tinlot,and S ‘ ‘

Booth 1951 |23 AT 66 = 3 .CC; Decay in flight, " »>p~ + v

_g6_
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| TABLEII (CONT. )
' SUMMARY OF MASS MEASUREMENTS WITH ARTIFICIALLY PRODUCED MESONS

Refer-| Particle Mass ‘ Method and Comments
Author Year jence Type Values [CC - Cloud Chamber, NE - Nuclear,Emulsioh]
Panofsky, 1951 24 £ 275.2 +2.5 Gamma Ray Spectrometer; T +p - n + vy
Aamodt, - o - B - o
and Hadley T - 10.6 x2.0 |Doppler Shift Spectrum, ™ +p >n4w
Barkas, 1951 40 1_1'+ 277. 4 £1.1 NE, Hp vs R; Mass Normalization-
Smith,and ’ ' Proton-Pion Comparison. Background
E.Gardner 276.1 #1.3 | Contamination.
Cartwright |1951 | 33 w211 2.5 |NE;p+p-on +d
Sagane, 1951 | 31 wt  |212.0 x5.0 |spiral Orbit Spectrometer;
| W. L. Gardner, ' ' i +

and Hubbard p —~ B + 2v end point
Birnbaum, |1951 | 91 | « /¥ 1.318 + .004|NE;
gr:ﬂ:(}::nd 11+ =p.+ 66.46 £ 0,16 |Dynamics of wt -é'p'+ +v;

| ' 1r+ 276.1 %£2.3 |Preliminary Results of Present Experiment

et l209.6 22,4

[ T 7+
W.M. Powell |1951 92 T -l 63.0 2.0 JCC;m —-pu + v Decay
Peterson,
Iloff, and o . + . +
Sherman 1951 34 ™ 279.0 =x1.5 [NE;jp+p—-m +d

=96 -
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'TABLE II (CONT.) |
 SUMMARY OF MASS MEASUREMENTS WITH ARTIFICIALLY PRODUCED MESONS

_ ‘Refer- | Particle Mass Method and Comments
Author Year |ence Type .Values [CC Cloud Cha.mben, NE - Nuclear Emulsmn]
Crowe and N , - .

Panofsky 952 93 w 278.0 2.5 | Corrections to data of Ref. 24 due to
‘ T - | ionization losses in converter.
Crowe 95'2 .25 T 273.5 4+0,5 | Gamma ray spectrometer; w +p - n + y
_-Ch;ihowsky, [1,953 94 T - L 8.8 0.6 Angular c%r'relatiOn of y-ray pairs from
Sachs,and ' ‘ decay of ¥ produced by
Steinberger m +p »>7T +n
.Smith, 11953 41 1r+ 273.4 %0, 2 NE; Hp vs R; Mass Normalization;
Birnbaum, N : proton-pion comparison: S
and Barkas ™ 272.5 0.3 : ' ‘
Smith hoss - | 42 a - |273.3 0.2 | Same data as Ref. 41 statistical
+ corrections; correction9> to- stopping
v-_/‘ir power formula due to sign of charge
{ Present Study
Final Results P A .
' (Values in 1953 - - w /p 1.321 %0.002| NE; Hp vs R; Mass Normahzatmn
’ parenthesi‘s : : pion-meson comparlson
-asgume my:d)’ 1r+ - p.+ ( 66.41 10..07') Dynamics of 1r+ - +-v+; decay momentum
and mass ratio
jlr+ (273.5 %1.2) | Mass ratio and mass difference
wt (207.1  %1.1)
pf 206.9 0.4 |Mass ratio and wt mass from Ref42
" pi+ '(206..'9 +0.2) ' Mass difference and 7' mass from Ref.42

...L6_

2292-" 190N
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TABLE III

plane of cyclotron

=See Fig. 3 for definition. -

UCRL-2522
MAGNETIC RIGIDITY CALCULATION -0 = 0 AT DETECTOR
' RUNI :
- (Explanation of symbols at end of table) o
r_l + xo
r. +x
1" "ol Hrar
T , |
r H Hrdr § - . (E.A) - sec y A sec Y,| A sec Y, r1+>§
) 2r1+>§0
inches] gauss| gauss -in2 gauss -in |gauss -in} gausssnm| mm
73.0 [14250 2 _ ‘ ‘ OZ
10402 x10 7125 |1l.0412 7419 1884 x10” | 1866.
74,0 14241 R '
20941 14245 11,0098 14385 3654 1892.
175.0 14230 ‘ '
131613 21360 11.0043 21452 | 5449 1917.
76.0 14223 , ) :
42423 28472 |1.0024 28540 7249 1943,
77.0 |14214 | _ .
I 153368 35578 |}1.0016 35635 9051 1968.
78.0 |14206 | , , '
64448 42681 ]1.0011 42728 10853 1993,
79.0 [14198 _ . , N
75665 49779 ]1.0008 49819 |12654 2019,
80.0 (14179 S ‘
87008 56868 |1.0006 56902 14453 2044.
r =Cyclotron radius
ry =Radial distance from the center of the cyclotron to the center
of the target = 72.5 inches
X -=Distance between center of target and point at which trajectory
: crosses x-axis at detector. The x-axis is coincident with the
median line of the target-detector assembly.
Y, “Nominal inclination angle between actual orbit and median
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TAB LE v

‘U’CRL-zszz

MAGNETIC RIGIDITY CALCULAT][ON G 0 AT DETECTOR

|inches

73

74.
75.
76.
77.
78.

79.

.5

80.5

l14205 -
11419

f14182

gauss
14238
14229
14220 |

14211

14163

(Explanatmn of s mbols aR]L I& Hf

r4 4-."5:
| 0
rl +_xo ‘
.l Hr dr
Hr dr N LS| sec
— = e Y
2r. +x (”A) o
| B
{\
) .2 .
gauss-in | gauss-in
10465x 102 7119 l1.1081
21066 14233 {1.0281.
| 31802 21343 |i.0126
42673 28449 [1.0071
53682 35551 |1.0045
| 64826 42649 |1.0032
76100 49739 |1.0023
87502 56819 |1.0018 |

ble 4)

1A :s§c'yo A sec Yo [F1t%,

gauss-in gaussmm | mm

7889 | 2003 x104 1879.
14633 | 3717 1905.
21612 | 5489 1930.
28651 7277 1955,
35711 9071 1981.2
42785 10867 2006.
49853 | 12663 2032,
56922 14458 2057,
s

r

= 73,0 inches




..-l;o 0-
TABLE V

UCRL-2522

MEAN VALUES OF VARIABLE QUANTITIES IN FINITE
TARGET - DETECTOR CORRECTION TERM IN MOMENTUM

CALCULATION
Quantity Pions Muons
. + -
<x> 0 N - N- ab
N +N a+ b
2, o CZ ]
<z> ¢ 32 (z_ >c) /32 (& >c)
2 2 (a4
<x 2 A %{i—?%‘%’
<y?> bz3 b (1:} 3a)
T —3
<g-'_2> CJ3 ¢ /3
20> obs’ obs
Ly D> obs obs
< O_:-'- 25 obs obs
<y'?> obs - obs
- 3 U
<v0"> 0 athb <0>
: 2, ol T 27 ]
<e6'> c/3550 <02 c./’:z <@ >
<ary> 0 356(3. +b)
z, . 2, i
<zy' > C'Amo <y'> C/3-z—o vz
, ‘ Lt - 2.2 .
<XYOL> 0 N+ - N- a b : <01A>
: N +N (a +b)" .
+ - 2
<xg> 0 N -N abc .
NI + N*  (a +b) 3z
E - Z
<xe-2> 0 N+ - N_ abc
N +N 3 (a +Db)
N 3
<xy2> 0 i{_———.—i_- L ab (b + 33‘/)
N +N 3 (a +b)
+ - .3
<x3> 0 N+ - N a'b
N+ N a+b
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TABLE VI

UCRL-2522

COMPOSITION OF ILFORD C-2' EMULSION

- N.

" Element |gm/c.c] Vi i 3 N. &2
g No.atoms/cc | N. 2. N. Z.,Z Il\/lil
171 i 1,
Ag 1.85 [107.9[ 47 1 113x10%2}4. 85x1023] 2. 46x102° |2. 28x123
Br 1.34 | 79.9 35 1.»010.“_. [3.54 1.24 1.57
1 0.052 |126.9| 53| 0.025  |o.13 0.07 0. 06
c 0.27 | 12.0| 6| 1.352  |o.81 0.05 0.42
H 0.056 | 1.0| 1}3.350  o.3a  |o.005 0.3
o 0.27 | 16.0| 8| 1,018  |o.s1 0. 06 0. 41
S 0.010 | 32.1} 16| 0.019 1o.03 0.005 0.02
"N 0.067 | 14.0| 7| 0.288 lo. 20 0.014  |o.10
Totals 1.07x10%4| 3. 90x10%° 5. 20x16°
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TABLE VII,

PERTURBATION OF MAGNETIC FIELD BY
SET SCREW ACTING AS MAGNETIC DIPOLE

[I_-Iv 14216 gaus]

3

. | -
| Hq 'HT -H I/r
0 | gauss gauss 2 cos®0-sine| gauss
0% 14252 | 36x4 . 2,00 18.0+ 2.0
+ 10° 14250 34 % 4 1.91 17.82 2.1
+ 20° 14244 28 + 4 1,65 17.02 2.4
+ 30° 14238 22 + 4 1.25 17.6+ 3.2
+ 40° 14227 11 % 4 0.76 16.3% 5.3
+ 50° 14221 5+ 4 0.24 120, 8 16,7
'+ 55° 14216 04 +0.01 - -
+ 60° 14211 5% 4 -0, 25 20.0x 16.0

.Unperturbed magnetic field

Distance from center of set screw to center of water sample
in nuclear fluxmeter

. = . el
Angle of rotation between the vector r and the direction of Hy

Total magnetic moment of set screw

<I/r> 17.6 gauss




,SUMMAR-Y OF MU-COMPLETE RANGE DISTRIBUTIONS
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" TABLE VIIL

UCRL-2522

] 2 ’
Plate éNo..'o‘f <RH> GRF o2 <R0> U.RH~ ?;(ergnal-
No. {Events [Microns| (Microns)|Microns zﬁj Factor—
600 Microns
22297 76 590. 1 841.33 | 591.5 | 4.9% 1.015
23313 62 |599.0 | 604.92 | 600.0 [4.1 1.000
23315 25 608.8 | 650.00 | 609.9 | 4.2 0.982
25957 39 595, 0 691.47 | 596.2 | 4.4 1.006
25958 77 |593.9 | 860.09 | 595.3 | 4.9 1.009
25959s 31 597. 6 703.33 | 598.8 | 4.4 1.002
25959 56 |592.3 | 685.53 | 593.5 | 4.4 1,011
25961 50 596.5 664.98 | 597.6 | 4.3 1.004
25967 53 |59.8 | 1135.96 | 598.7 | 5.6 i.004
28848 26 598.2 | 454.04 | 599.0 | 3.6 1.002
28849 31 604.3 782.53 | 605.6 | 4.6 0.991
128853 32 592, 2 713.35 | 593.4 | 4.5 1.011

Observed mean range of pcompletes

Variance of observed distribution of ranges

Mean range of p-completes corrected for probability,

t/2 Rp,- of particle expending its entire energy within

the emulsion of thickness t.
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TABLE IX.

UCRL-2522

: COMBINED RANGE DISTRIBUTION OF MU-COMPLETES
AND CHI-SQUARE TEST FOR NORMALITY.

No. of degrees of freedom = 15-3 = 12 Significance Level= 0. 4

AR

600- (R, + 5)
AR
RO

t

t :
j g (t)dt = Area of normal curve
o from o -t

A t
Left = ,5000 +fo g (t)dt

AA = »(A

f .

n

[Ro = 600 microns, ng = 558 gvenfs-, qu’,RO/RO = 4,5 0, 1%_

Lt .
| - ' f-f ¥

Rt5 | AR | ¢ fﬁ(t)dt Alege | 0 S (fo-,frf_t;

| o 3

525  |-75 |-2.76]-0.4971 [0.0029 |0.0020 1]

535 |-65 |-2.39|-0.4916 0.0084 [0.0055 3} 0 10
545 |-55 |-2.02|-0.4783 [(0.0217 [0.0133 . 71 8 | 1 |o.143]
555 |-45 [-1.65)-0.4505 0.0495 |o0.0278 16 | 17 r |0.062]
565 |-35 |-1.29]|-0.4015 |0.0985 o0.0490 27 | 26 1 {0.037
575 |-25 [-0.92]-0.3212 |0.1788 [0.0803 45 | 56 [121 |2.689
585 |-15 |-0.55]-0.2088 [0.2912 [o.1124 63 | 45 |324 [5.143
595 |- 5 |-0.18]-0.0714 [0.4286 [0.1374 77| 72 | 25 lo.325
605 [+ 5 [+0.18|+0.0714 [0.5714 |o.1428 8o | 88 [ 64 [0.800
615  |+15 |+0.55|+0.2088 |o0.7088 [0.1374 77 | 81 | 16 |o.208
625  |+25 [+0.92]|+0.3212 [0.8212 [0.1124 63 | 61 | 4 lo.063
635 [+35 [+1.29|+0.4015 [0.9015 o.0803 45 | 44 0.022
645 [+45 |+1.65|+0.4505 [0.9505 [0.0490 27 ] 30 | 9 lo.333
655 |+55 |+2.02[+0.4783 |0.9783 |0.0278 16 | 19 9 0.562 ]
665 |+65 |+2.39|+0.4916 [0.9916 [0.0133 7 3 | 16 f2. 286

675 |+75 [2.76|+0.4971 |0.9971 lo.0055 3 2
685 |+85 |+3.12|+0.4991 0.9991 lo.0020 |.| 1| 1 o] o
695 1#95  (+3.49]+0.4998 [0.9998 [0.0007 0 1
2 ' o, '
x“=Z °fn =.12.673

.Ri = Range value at center of interval Left)Ri+1 - (‘ALef:EI

= Expected no. of events for
normal distribution

Observed number of events



o TABLE X.
SAMPLE CALCULATIONS -OF NORMALIZED RANGES, Ry P.,;q AND R_:mp# 4

(Definition of symbols at end of table) - Plate No.25959

{Event - Ay

No.& | _ ‘ . o o .  tan
Type| x! Ax" y' Ay" d + Ax" | tan a' a' .0 0 -a' ftan(0-a') (0-a') R'
541w [17.043 | 5.816 [15.275 | 1.514 |178.749 |+0.0085 | +0.5°|+4.5% 4.0°+0.0699 +0.106 [2020.355|

15457 |18.523 | 4.336 |10.986 |-2.775 |177.269 |-0.0156 {-0.9 |-10.4[-9.5°%-0.1673] +0. 464 [2019. 233|

1546w [18.420 | 4.439 {15,310 }+1.549 |177.372 [+0.0087 | +0.5 |+ 2.5 2.0 |+0.0349+0.054 |2018.926

i

550w |18.627 | 4.232 8.424 |-5.337 | 177.165 -0.0301 | -1.7 |-5.2-3.5|-0.0612+0.327 {2018.992

|551m |18.754 | 4.105 | 9.943 [-3.818 | 177.038 |-0.0216 | -1.2 |+1.9 [¢3.1 [+0.0542 -0.207 2018. 331

l601u J62.892 |-2.174 - | 8.549 |-5.161 | 133,561 |-0.0386 | -2.2 +1.5 [#3,7 | 40,0647 -0. 334 [1974. 727

603u |63.153 |-2.435 [13.470 |-0.240 | 133.300 |-0.0018 | -0.1 [+4.5 }+4.6 |+0.0805{-0.019 |1974. 781

16044 163.053 | 2.335 1i2.349 |-1.361 | 133.400 |-0.0102} -0.6 {-1.1}-0.5|-0.0087 -0.012 |1974.912

606w |63.309 |-2.591 [19.326 |+5.616 | 133.144 |+0.0422 | +2.4 |+13.2}¢10.8 +0.1908|+1.071 [1975. 7151

611y |63.289 |-2.571 10,727 |-2.983 | 133.164 |-0.0224]-1.3 |- 2.5} 1.2 -0.0210]+0.062(1974. 72ﬂ\

-G0T1-
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TABLE X (CONT'D)

SAMPLE CALCULATIONS OF NORMALIZED RANGES,

(Definition of symbols at end of table) - Plate No. 2595

5 4 » 4
%ﬂp“_ AND Rl"ppp. _

t

T‘;‘g’e A sec'y_ '00:2—0" sec (0-2a') P . log p 7 3i44‘logp 713‘7"4‘-1 R1 R If 2.4
5417 12; 758x10° | + 3.5 1.0019 12.78;::—}'9”5. 6,.7_7;_"0661 121. 00672 1,016x1021”'_7§§.9 4. 72x~10?°_
1545w |12. 677 - 8,§ 1.0114 12,821 6. 1.0794 21..011'31 1.026 729.3 | 71.05
546w |12.657 +1.5 | 1.0003 [12.661 -6,»:'10246,, 20.99247. |} 0.9828 702.0 71. 43
5507 |12.662 - 1.8 | 1.0005 [12.668 '6'.‘10'272 120. 99335 | 0.9848 »»665& 8 67.61
551 12.615 +4.3 | 1,0028 |12.650 6. }oz,lo 20.99123 0. 9800 678.6 69. 24
601p | 9.517 +5.9 1.V005‘3 "9.567 5.98078‘ 20.57388 3.749’:;1020 523.2 |139.6
6031 { 9.520 +4.7 | 1.0034 9.552 5.98009 |20.57151 3.729 534.2 |143.3
604p. | 9.531 +0.1 1.0000 9.531 5.97914 20.56824 3.700 -. 510.8 1138.0
606y | 9.588 +8.4 {.1.0108 77 9.692 5.98641 |20.59325 | 3.920 551.7 |140.8
611y | 9.517 | +0.1 | 1.0000 9.517 5.97850 |20.56604 | 3.682 510.7 |138.7

-901-
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TABLE X. (CONT'D)

- Definition of Symbols

x',y =Coordinates of meson track at point of entry on emulsionsurface:
{in mllhmeter units)
AxM =xf -x' 5 Ay" = yf' -y' where x_f' . 'yf' are the coordinates of the mwor u
fidacial marks in the emulsion E)ion's: _(xf-', y_f’) = (22.859, 13.761);
o [ b 1y - ' ’ . -
muons: (x;' , y;') = (60.718, 13.710_7,
d = distance along x-axis between center of target and fiducial mark
(d = 2014, 433 mm; d =-1977. 235 mm)
K11 o 4
. 5
6, a, & = Defined in Fig. 3 -
R' = Cyclotron radius in mm. where orbit would cross x-axis in detef'ctor
A secy = Magnetic rigidity for @ = 0 -2a' = 0 as calculated in Tables IV and .V, and
"®  read from Fig. 4. (in units of gauss - mm.)
P = Magnetic rigidity for @ 9( o.p = A secygsec (0- Z a') gauss - mm.
R = ‘Measured range of meson track in microns.

226-TdDN



TABLE XI.
SUMMARY OF MEAN VALUES OF NORMALIZED RANGES AND MU-COMPLETE RANGES- RUNS I ANDII.

P '> | c_ é{ p;~> , o , R -
{h ™ n_ w - Ip S np ‘ L | <R> n, B
Plate No. | x 1020 1n Py P - x 1020 Ry, », > | ‘<Ro>
25959  169.82£0.34 | 31 [3.9%0.3% | | 139.1121.06] 27 |5.920.6 %| |596.222.8 |39 [4.420.3 %
25958 69.37+0.24 | 49 |3.50.2 137. 9240, 79| 46 | 5. 70. 4 595.3£2.3 |77 [4.9%0.3
Run| | i . : |
1| 25959 70.85+0.25 | 50 |3.6+0.2 | | 140.19+0.62)38 |4.1x0.3 | |593.522.4 [56 |4.420.3
25961  [70.68+0.31 | 51 4. 410.3 139. 4920. 69| 30 | 4.020. 3 597.6+2.5 |50 {4.30.3
25967 70.37%0.22 | 52 [3.5%0.2 136. 240. 98] 20 | 4.8+0.5 598.7+3.1 |53 |5.6+0.4
28848 70.84£0.22 ] 69 [3.8+0.2 | 599.0+2.8 {26 (3.6%0.3
Run ’ 1 ‘
II | 28849 72.48%0.22 | 71 [3.720.2 605. 6£3.3 |31 |4.620. 4
28853 70. 74%0.24 | 78 [4.520.2 : 593.443.1 |32 [4.5%0.4

Rl-rr’ Rip.’ .and _Ro .in units of microns.

P, and P‘p in.units of gauss-mm.

-801-
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TABLE XII.
CALCULATION OF PI - MU MASS RATIO - (Eq. 5.6)

] = ! - T, - T ,
,th Py -R]p Py ’ wqfn mqp. “qn “qp. Im W jAa o 0=
. PlateNo| x.,lOZ'o x»_lO20 a' 'S 103 x "‘103 q-1 q-1 | e ’ m,
E25957 69.82 139.11 1.3264 +1.37 |+1.78 |- 0.17x1(5'3 -.?..581';10"64 -4.26 |1.3258
25958 169.37 137.92 1.3253 +1.45 |-1.38 |+ 1.16 -2.58 +9.01 |1,3265
: 25959 70. 85 140. 19 1.3227 +1.39 |+4.77 |-1.39 . {-2.58 -16.48 |1.3205
25961 70.68 139, 49 1.3213 +1.36 |-0.53 [+0.77 -2.58 +5.16 |1.3220
25967 70. 37 136. 24 1.3110 +1.53 1+6.60 |-2.08 -2.58 1-23.38 {1.3079
a' = apparent mass ratio; a = mass ratio corrected for finite target-detector and Lewis effects (Eq. 5.7)
p A . Z 2 T . [probable
o - c. : . o o g_ .2 2 C 2 ;
_ R ) gpﬂz 2 x Py =Py AT B | C Error
. - 2y % 102 N < L 10° |x10%|x 108 P
PlateNo f‘irélv pwq> p@lp. p. >Z ’ <’ppl> o <p-P~ i ’ S o
| 1 R | 1 —4.
25957 |5.175 x 10°]13.005 x 107} 1.307 |-1.96 | 3. 49x10‘4 0.92x10 4[18.180| 8.9 | 4.7 {£0.0049
25958 2.452 7.312 I.3IT |-0.61|0.90- I.41 9. '(64 0.8 4.7 |+0.0036
25959 2.610 4. 365 1.331 |+1.66}2.31 - |0.88 6.975] 6.1 4.7 +0.0030
25961 4,162 5..400 1.300 |-3.03 |10.80 1.09 9.5621 22.0| 4.7 40,0031
25967 2.295 2.295 1.323 |+0.45}10.71 3.01 13.950| 0.5} 4.7 [+0.0043
- Wei . ©a = 1.32120. 002 | P.E. Internal Consistency = £0.0017
- Weighted Mean a P.E. External Consistencyf = 20, 0020‘2
2 2 2 2
S, [ 2 ) o
o_ : '- sin
S Al o @ et Yig

Z:Z‘

&

-601-

226Z- 190N



4 TABLE XIII
- CALCULATION OF ABSOLUTE DECAY MOMENTUM - RUNI -

(Equation 6. 10)

—a - _ ‘
kﬁln P > Po “a, i T |4 P
| ‘ | i} : a4 _ : o 4 o
PlateNo. <Ro> X 1029 _ x 10 5 q x 10 s q Po 10 < 10‘5
25957 596.2 139.11 .9.9464 | + 7.30 0 + 7.30 9.9537
25958 | 595.3 137.92 9.9670 - 5.66 0 - 5.66 9.9613
25959 593‘. 5 140.19 9.9110 +19.5 0 +19.5 9.9303
25961 597, 6 139. 49 9.9452. - 2.17 0 . - 2.17 9.9430
25967 .598..7 136,24 10. 0189 + 27.0 - 0 + 27.0 10.0458
pd’ = apparent value of absolute decay momentum in gauss-mm. : | :
P, = value of absolute decay momentum corrected for finite target-and-detector and Lewis effects {Eq.
2 2
e 2 .
| — 010 2x10] T foe10d 26 x10%| EZx10® | F210%]  statistical
PlateNo.,. n.o<Rc?f ‘ n Rlp,P ) , x 10 < p)z P. E._ inp,
125957 4.988. 13.005 9.669 0.92 -5.64 71.32 4,73 £ 0.026 x 105
25958 3.152 7.152 9. 689 ' 1.41 -5.25 | 61.78 4,73 |+ 0.020 -
25959 3.475 4,365 D.576 0.88 -7.52 | 126.90 4.73 1+£0.017
25961 3.724 ~5.400 9. 688 1.09 -5.27 62.26 4.73 ]|£0.019
25967 5.980 11.655 .622 3.01 -6.59 96.82 4.73 |20.026

"Run 1 - We:ighted Mean = 9. 958 x_lO5 gauss-mm.

P.E. Internal Consistency = £0.0093 x 10°
P.E.. External Consistency = £0.0011 x 105

or< > = 29. 85%0. 05 Mev/c (addlng error due to uncertamty in absolute value of magnetlc field)

__s__ ém Y1> <51n y1>

6.11)
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TABLE XIV.

GALCULATION OF ABSOLUTE DECAY MOMENTUM - RUN II - (Equation 6. }2)

lﬁ | P 'q) ! Y@ . al| T -7 ‘Aé' 4
' \ 1= S . - Po L mx 10" | = oy 163 —'Q-‘"gp x 10 Po
PlateNo <Ro) 2 a X 10=7'5 q - q -0 x 105
28848 599.0 70. 84 1.321 9.9473 | +2.21 -1.88 +0.33 9.9476
28849 605.6 72. 48 1.321 9.9128 +0.81 -1.88 -1.07 9.9118
28853 593.4 | 70.74 1.321 '9.9243 +1.71 -1.88 -0.17 9.9242
po" = apparent value of absolute decay momentum in gauss-mm.
“‘p_o = value of absolute decay momentum corrected for finite target detector effects. (Equatlon 6.13)
| " 2 ' ’ 5 | o . 2 :
R 6 o ° B 26 P 5 ,
e X0 T2 Pr 1 x 10062 x 10® | B2 x 107 7%x107 |statistical
| PlateNo rr0< > n‘“élw Py > x 102 | x10% P ln'_po
28848 .48.67 21.42 12.693 6.34 3.14 70.09§ 9.04 1.89 (=0. 0164x,105
128849 68.63 19.45 12. 758 5.34 4.90 88.28 | 6.41 1.89 §+0.0183
28853 63.31 26.64 12.837 4.14 8.84 89.95 3.87 1.89 -|+0.0185

. . ‘. o
"Run II - Weighted. Mean = 9. 929 x;lO") gauss-mm.
P.E. Internal Consistency = £0.010 x. 105 gauss-mm.

or < )ﬁ

and in value-of mass ratio, ‘a).

2

~o<R >

2’
L <11r 11'%9

2
(02

2

(p

kid
6
Z+2
e

2

P.E. External Consistency=#0. 007 x 10

= 29.7740.05 Mev/c {adding errors due to uncertainties in absolute value of magnetic field

[0
5 . 2. A
= G—T Glln Yl‘f> - <s1n Yl;

5
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Fig. 1. Diagram illustrating the trochoidal type of orbit in the median plane
followed by a charged particle in the radially deci‘easing magnetic

field of the cyclotron.
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PO= RZ—RI R=RI+R2
2 5
rd¢ & podt cosh

cosh=Rcost—p,

r
td$ % py (cosT-po)dT
r

MU-7208

Fig. 2. Circular approximation to orbit in median plane followed by a charged
particle. This figure gives an approximate geometrical relation

necessary in the calculation of the momentum of the particle.
(See Appendix A)
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MU-7204

Fig. 3. Circular approximation to trajectory of meson leaving target at point

(x, y) and entering detector at point (x', y'). This diagram shows all

the pertinent geometrical parameters and relations required for the
corrections to the momentum calculation owing to the finite size of
the target and the finite area of the detector.
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14000~
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11000+
10000-
] x RUN #1 (TARGET AT 72.5" RADIUS) I
9000 Asec J=[10853 +70.93 (R' -1993.9)] X107 gouss-mm -+
1 (R'=1841.5 +X ;mm) i
. . I
4 ’ s
8000 o RUN#2 (TARGET AT 73“ RADIUS) |
1 Asec %=[12663 +70.71(R' -2032.0)] X10° gauss-mm
(R' =1854.2+ X, mm)
P ‘ \
7000 S RS :
1950 1960 1970 1980 1990 2000 2010 2020 2030 2040 2050
R' DISTANCE OF DETECTION POINT FROM. CENTER- OF CYCLOTRON (millimeters)
/ .
MU-720n9
i ‘ ' s secy. [1t% rHar
Fig. 4 Plot of the quantity o

vSs.

dectector distance from center of cyclotron. (See Eq. 3.14.) Straight
lines are fitted through the experiméntgl points, simplifying the

momentum calculations. (R' =r, + xo.)
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Fig. 6

The relation between the w-and p-masses for various values of the
neutral-particle mass v as a function of the absolute decay momentum
of the p-meson. This family of curves shows the extreme sensitivity
of the derived neutrino mass to slight variations of the w/p mass ratio

and the quantity Po/m c
' M
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- _ WEDGE BEAM
. CLIPPER
CIRCULATING PROTON BEAM -
st MESON TRAJECTORY
1T+ MESON TRAJECTU?Y . MU 2043

Fig. 7 Plan view of the experimental arrangement (Run I) inside the vacuum
tank of the cyclotron. Typical pion and muon orbits are shown leaving |

the target and entering the emulsion detector,
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PLATE HOLDER /4 MASS RATIO EXPT.

POSITIVE MESON

ALL CHANNEL SURFACES TRAJECTORY _
LINED WITH POLYETHYLENE COPPER PLATE

PHOTOGRAPHIC PLATE
WITH 5° TILT

MU 2044

Fig. 8 Perspective view of the experimental apparatus of Run I; the target
and detector assembly are rigidly mounted on a dural plate which is

fixed in position on the proton probe cart.
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ONE MIL TUNGSTEN WIRES

COPPER TARGET

C

‘MU-7205

Fig. 9 Fullscale drawing of improved target holder of Run II,

Back‘groﬁnd contamination at detector is reduced to zero.
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PHOSPHOR BRONZE

FIDUCIAL SLIT

PHOTOGRAPHIC FILM
NEGATIVE

BOX CONTAINING BUTTON
SWITCH, BATTERY, TWO LAMPS,
AND TWO LIGHT COLLIMATING
TUBES.

MU-7206

Fig. 10. Isometric full-scale sketch of plate holder. Fiducial slits were
obtained by photographing a drawing of two sets of mutually
perpendicular lines. The negative of this photograph is glass-
backed and is cemented to the inclined brass surface. The nuclear
emulsion detector is fixed in place on top of the film negative with
the aid of the phosphor bronze leaf springs. A latent imagé of the
fiducial lines is formed in the emulsion jﬁst prior to exposure

within the cyclotron.
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Fig. 11 Linear measurements of target-detector assembly taken during
Run I. The measurements were obtained with the aid of a
low-power microscope attached to a micrometer traveling in a

direction parallel to that of the median line.
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?Fig. 12 Absolute measurements of the cyclotron magnetic field taken with

the nuclear fluxmeter. Note the change in slope in the neighborhood

of 80 inches.

-



90

80

70

60

50

40

30

NUMBER OF EVENTS

20

1
24 UCRL-2522

i 1 1 1 | L L I} 1 1
L (Ro)= 600 MICRONS B
G A '
—Ro _(45.%0.1,)% \
74Ol
SKEW _P3 - _ i
323/2 \
003£0.12 / i
‘ ——— OBSERVED
— — NORMAL
CURVE FIT -

1 1 1 1

1 |
500 540 580 Géo Géo 7(1)0
RANGE IN MICRONS
MU-6968

Fig. 13 Distribution of ranges of mu-completes: 558 events are taken from

12 plates and normalized to a mean range of 600 microns. A

normal curve fit to the experimental data gives a xz-test significance

level of = 0. 4.
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Fig. 19 Graphical solution to value of the absolute decay kinetic energy of

the muon from the relativistic relation,

T =\Sp2cz+mzc4 -mcz .
o o _ B e

The hatched region represents the area subtended by the statistical
probable errors in mu and - P, - The family of curves indicates a
value of T _ = 4.12 % 0.02 Mev. ' '
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Fig. 20 Graphical solution to estimate of neutrino mass from Eq. 6. 3.

This essentially is an enlarged plot of Fig. 6. The hatched

region represents the area subtended by the probable errors.
in the n/p mass ratio and the quantity po/m c
: ™

A probable upper limit of 6 to 7 m

¢ ="y/m)

o is indicated.
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