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Abstract
Some quantitative results in symplectic geometry
by
Oliver Edtmair
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Michael Hutchings, Chair

This thesis explores quantitative invariants in symplectic geometry. The first chapter is based
on joint work with Julian Chaidez [11], where we construct the first examples of dynamically
convex domains that are not symplectomorphic to any convex domain. A key component of
this work is a quantitative convexity criterion involving the Ruelle invariant.

In the second chapter, based on the paper [30], we establish a sharp dynamical character-
ization of convex domains in R* that admit a symplectic embedding into a given cylinder.
More specifically, we demonstrate that the cylindrical capacity of a convex domain matches
the minimum symplectic area of a disk-like global surface of section for the natural Reeb
flow on the boundary of the domain. This contributes to progress toward the strong Viterbo
conjecture regarding the equivalence of symplectic capacities on convex domains.

The third chapter comprises a joint paper with Michael Hutchings [31]. We show a quan-
titative C'*° closing lemma for area preserving surface diffeomorphisms. Our proof relies on
spectral invariants arising from periodic Floer homology. We also establish a new Weyl law
for these spectral invariants.
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Introduction

This thesis contains three papers written during my time as a graduate student at UC
Berkeley. A unifying theme throughout these works is the prominent role played by quanti-
tative invariants of symplectic and dynamical origin, such as the Ruelle invariant, symplectic
capacities, and spectral invariants.

The first chapter consists of a joint paper with Julian Chaidez [11], focusing on the
role of convexity in symplectic geometry. Understanding domains in Euclidean space up to
symplectomorphism is a fundamental question in symplectic geometry. The class of convex
domains is known to have numerous special symplectic and dynamical properties, and there
are fascinating open conjectures regarding the symplectic geometry of convex domains, such
as the Viterbo conjecture. However, from the perspective of symplectic geometry, convexity is
a mysterious assumption because it is not preserved by symplectomorphisms. In their seminal
paper [55], Hofer-Wysocki-Zehnder introduced the influential notion of dynamical convexity,
which is an intrinsic symplectic property. Although it is known that every convex domain is
dynamically convex, the question of whether dynamical convexity characterizes convexity up
to symplectomorphism has been a longstanding open problem. In our paper [11], we resolve
this question in the negative. We construct the first examples of dynamically convex domains
which are not symplectomorphic to any convex domain. Our proof relies on a quantitative
convexity criterion involving the Ruelle invariant, a classic invariant in dynamics.

The second chapter consists of the paper [30]. Ever since Gromov proved his celebrated
non-squeezing theorem, the symplectic embedding problem—i.e. the question of whether a
given symplectic manifold symplectically embeds into another—has attracted a significant
amount of attention. To systematically approach such questions, Ekeland and Hofer intro-
duced the notion of a symplectic capacity, which can be thought of as a measurement of
symplectic size. Two basic examples of symplectic capacities are the ball capacity, which
measures the largest size of a ball that can symplectically embed into a given symplectic
manifold, and the cylindrical capacity, which measures the smallest size of a cylinder into
which the symplectic manifold can embed. To this day, many more symplectic capacities
have been constructed using a wide range of different techniques, such as the calculus of
variations, Floer theory, pseudo-holomorphic curves, and microlocal sheaf theory. An im-
portant open conjecture about symplectic capacities, often referred to as the strong Viterbo
conjecture, states that all symplectic capacities agree on convex domains in Euclidean space.
The construction of many symplectic capacities is based on Hamiltonian dynamics. While
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there are many results asserting the equality of various dynamical capacities, very little is
known about the relationship between dynamical capacities and the ball and cylindrical ca-
pacities, whose definition is based on symplectic embeddings. In |30], we bridge the gap
between dynamics and the cylindrical capacity in dimension four. We provide a sharp dy-
namical characterization of convex domains that admit a symplectic embedding into a given
cylinder. This characterization involves global surfaces of section, an important notion in
dynamics, originating from the work of Poincaré, which plays a prominent role in modern
symplectic dynamics.

The third chapter consists of the joint paper with Michael Hutchings [31]. Pugh’s famous
C! closing lemma states that a recurrent point of a differentiable dynamical system can be
turned into a periodic point by an arbitrarily small perturbation of the system. As the
name suggests, “small” refers to the C! topology on the space of dynamical systems. It is
an important question whether analogous results hold in higher regularity—i.e. if the C*
topology is replaced by the C” topology for » > 1. Breakthroughs on this question were
made by Irie [77] and Asaoka-Irie |7], who proved C'* closing lemmas for three-dimensional
Reeb flows and Hamiltonian surface diffeomorphisms, respectively. In [31], we establish a C*>°
closing lemma for arbitrary area preserving surface diffeomorphisms. A key novelty of our
work is that our closing lemma is quantitative. We provide an upper bound on the periods of
newly generated periodic orbits in terms of the size of the perturbation. Our mechanism for
detecting periodic orbits is based on spectral invariants arising from periodic Floer homology
(PFH), a version of Floer theory for area preserving surface maps, originally developed by
Hutchings and based on pseudoholomorphic curves and Seiberg-Witten gauge theory. As a
byproduct of our work, we prove a new Weyl law for PFH spectral invariants, which, roughly
speaking, states that PFH spectral invariants asymptotically recover symplectic volume.



Chapter 1

3D convex contact forms and the
Ruelle invariant

1.1 Introduction

A contact manifold (Y, ¢) is an odd dimensional manifold equipped with a hyperplane field
& C TY, called the contact structure, that is the kernel of a 1-form « such that

ker(da) C TY is rank 1 and ker(da) > 0

A 1-form satisfying this condition is called a contact form on (V). Every contact form
comes equipped with a natural Reeb vector field R, defined by

a(R) =1 tpdoc =0

Note that the Reeb vector-field preserves the 1-form « and the natural volume form aAda™ !,
where dim(Y’) = 2n—1. The dynamical properties of Reeb vector fields (e.g. the existence of
closed orbits and their properties) are the subject of immense interest in symplectic geometry
and dynamical systems.

Contact manifolds arise naturally as hypersurfaces in symplectic manifolds satisfying a
certain stability condition. In fact, Weinstein introduced contact manifolds in [103] inspired
by the following prototypical example of this phenomenon, due to Rabinowitz [89).

Example 1.1.1. We say that a domain X C R*" with smooth boundary Y is star-shaped if
0 € int(X) and 0, is transverse to Y
Let w and Z denote the standard symplectic form and Liouville vector field on R?". That is
W= id%’ A dy; 7 = EZJ}Z@% + 40, = lr&a (1.1.1)
i=1 245 2

Then the restriction A|y of the Liouville 1-form A = tzw is a contact form.
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Example 1.1.2. The standard contact structure £ on S?"~! C R?" is given by £ = ker(\|g2n-1).

Every contact form on the standard contact sphere arises as the pullback of A via a map to
a star-shaped boundary Y. Indeed, if & = f - A|g2n—1 for f > 0 is a contact form for £, then

a=¢*A  where o(0) = (f(6)"%,0) in radial coordinates (0, 00), x S3"~!

Moreover, every star-shaped boundary Y admits such a map from the sphere. Thus, from
the perspective of contact geometry, the study of star-shaped boundaries is equivalent to the
study of contact forms on the standard contact sphere.

1.1.1 Convexity

In this paper, we are primarily interested in studying contact forms arising as boundaries of
convex domains.

Definition 1.1.3. A contact form o on S?*~! is convex if there is a convex star-shaped
domain X C R?" with boundary Y and a strict contactomorphism (S*, o) ~ (Y, A|y).

In contrast to the star-shaped case, not every contact form on S?"~! is convex, and the Reeb
flows of convex contact forms possess many special dynamical properties, both proven and
conjectural.

In [102], Viterbo proposed a particularly remarkable systolic inequality for Reeb flows on

convex boundaries. To state it, let (Y, a) be a closed contact manifold with contact form of
dimension 2n — 1, and recall that the volume vol(Y, o) and systolic ratio sys(Y, o) are given

by

min{period T of an orbit}"
vol(Y, )
Note that if Y is the boundary of a star-shaped domain X C R?", then the contact volume

of (Y, A|y) is related to the volume of X via vol(Y,A|y) = n!vol(X). The weak Viterbo
conjecture that originally appeared in [102] can be stated as follows.

vol(Y, ) = / aAda"? and sys(Y,a) = (1.1.2)
Y

Conjecture 1.1.4. [109] Let a be a convex contact form on S*~1. Then the systolic ratio
15 bounded by 1.
sys(S? 1 a) <1

There is also a strong Viterbo conjecture (c.f. [48]), stating that all normalized symplectic
capacities are equal on convex domains. For other special properties of convex domains,
see [554/102].

Despite the plethora of distinctive properties that convex contact forms possess, a char-
acterization of convexity entirely in terms of contact geometry has remained elusive.

Problem 1.1.5. Give an intrinsic characterization of convexity that does not reference a
map to R?".
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1.1.2 Dynamical Convexity

In the seminal paper [55], Hofer-Wysocki-Zehnder provided a candidate answer to Problem

Definition 1.1.6 (Def. 3.6, [55]). A contact form « on S? is dynamically convez if the
Conley-Zehnder index CZ(7) of any closed Reeb orbit « is greater than or equal to 3.

The Conley-Zehnder index of a Reeb orbit plays the role of the Morse index in symplectic
field theory and other types of Floer homology (see for a review). Thus, on a naive
level, dynamical convexity may be viewed as a type of “Floer-theoretic” convexity. If X is a
convex domain whose boundary Y has positive definite second fundamental form, then Y is
dynamically convex [55, Thm 3.7]. Note that this condition is open and dense among convex
boundaries.

In [55], Hofer-Wysocki-Zehnder proved that the Reeb flow of a dynamically convex con-
tact form admits a surface of section. In the decades since, dynamical convexity has been
used as a key hypothesis in many significant works on Reeb dynamics and other topics in
contact and symplectic geometry. See the papers of Hryniewicz [57], Zhou [104,105], Abreu-
Macarini [4,)5], Ginzburg-Giirel [44], Fraunfelder-Van Koert [38] and Hutchings-Nelson [70]
for just a few examples. However, the following question has remained stubbornly open
(c.f. [38, p. 5]).

Question 1.1.7. Is every dynamically convex contact form on S? also convex?

The recent paper [2] of Abbondandolo-Bramham-Hryniewicz-Salomao (ABHS) has sug-
gested that the answer to Question should be no. They construct dynamically convex
contact forms on S? with systolic ratio close to 2. There is substantial evidence for the weak
Viterbo conjecture (cf. [12]), and so these contact forms are likely not convex. However, this
was not proven in [2].

Even more recently, Ginzburg-Macarini [43] addressed a version of Question in
higher dimensions that incorporates the assumption of symmetry under the antipod map
§2n=1 — §2n=1 Their work did not address the general case of Question [1.1.7]

1.1.3 Main Result
The main purpose of this paper is to resolve Question [1.1.

Theorem 1.1.8. There exist dynamically convex contact forms o on S that are not convez.

Theorem [1.1.8] is an immediate application of Proposition [1.1.9] and [1.1.12] which we will
now describe.
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1.1.4 Ruelle Bound

For our first result, recall that any closed contact 3-manifold (Y, ) with contact form « that
satisfies ¢ (£) = 0 and H(Y;Z) = 0 has an associated Ruelle invariant [92]

Ru(Y,a) e R

Roughly speaking, the Ruelle invariant is the integral over Y of a time-averaged rotation
number that measures the degree to which different Reeb trajectories twist counter-clockwise
around each other (see for a detailed review). Our result is stated most elegantly using
the quantity

Ru(Y, «)
vol(Y, a)'/?

This Ruelle ratio is invariant under scaling of the contact form, unlike the Ruelle invariant
itself.

In recent work [69] motivated by embedded contact homology, Hutchings investigated the
Ruelle invariant of toric domains in C2. In that paper, the Ruelle invariant of the standard
ellipsoid £ = E(a,b) C C? with symplectic radii 0 < a < b (see §1.3.1)) was computed as

ru(Y; a) =

Ru(E) =a+b (1.1.3)

The systolic ratio sys(F) and contact volume vol(OF, A|sg) are well-known to be a/b and ab
respectively. Thus we have the following relation between the systolic and Ruelle ratios.

ru(E) = sys(E)Y? 4 sys(E)~Y? and thus 1 < ru(E) -sys(E)Y? =sys(E) +1 <2

Our first result may be viewed as a generalization of the estimate on the right to arbitrary
convex contact forms on S3.

Proposition 1.1.9 (Prop [1.3.1)). There are constants C > ¢ > 0 such that, for any convex
contact form o on S3, the following inequality holds.

c <ru(S%a)-sys(S% )2 < C (1.1.4)

Note that a result of Viterbo [102, Thm 5.1] states that there exists a constant 2 such that
sys(S?, ) < 79 for any convex contact form. Thus, Proposition also implies that

Corollary 1.1.10. There is a constant ¢ > 0 such that, for any convex contact form o on
S3 . we have
c<r1u(S? a) (1.1.5)

It is notable that, even for ellipsoids, the systolic ratio can be arbitrarily close to 0 and
the Ruelle ratio can be arbitrarily close to co. We have included a helpful visualization of
Proposition [I.1.9) in the sys — ru plane in Figure [I.1]
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Figure 1.1: A plot of the region of the sys—ru plane containing convex contact forms,
depicted in light red. The blue arc is the region occupied by ellipsoids, and the green lines
represent the sys = 1 bound and the sys = 75 bound. The Viterbo conjecture states that
the region of convex domains with systolic ratio larger than 1 is empty, and so it is partially
shaded in this figure.

sys:: 1 Sys = :72
ru(Y) : :

E]]jpsoids -

Convex Domains :

sys(Y)

Let us explain the idea of the proof of Proposition [1.1.9] First, as explained above, the
result holds for ellipsoids. By applying John’s ellipsoid theorem [78|, we can sandwich a
given convex domain X between an ellipsoid E and its scaling 4- E/. After applying an affine
symplectomorphism to X and E, we may assume that F is standard. That is

E(a,b) C X C4-E(a,b)

Note that this symplectomorphism does not change the Ruelle invariant (see §1.3.1)). Now
note that the minimum length of a closed orbit is monotonic under inclusion of convex
domains, since it coincides the the Ekeland-Hofer-Zehnder capacity in the convex setting
(cf. [15]). Applying this and the monotonicity of volume, we find that
b b

D ovolx) <2t L and 28 L <sys(Y) <28 (1.1.6)
2 2 b b

If the Ruelle invariant were also monotonic, then one could immediately acquire Proposition
from ((1.1.6)) and (1.1.3). Unfortunately, this is not evidently the case.

The resolution of this issue comes from a beautiful formula (Proposition relating
the second fundmantal form and local rotation of the Reeb flow on a contact hypersurface
Y in R* This is due originally to Ragazzo-Salomao [90], albeit in different language from
this paper. Using this relation (§1.3.2)), we derive estimates for the Ruelle invariant in terms
of diameter, area and total mean curvature. By standard convexity theory (i.e. the theory
of mixed volumes), these quantities are monotonic under inclusion of convex domains. This
allows us to compare the Ruelle invariant of X to that of its sandwiching ellipsoids, and thus
prove the result.
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Remark 1.1.11 (Enhancing Prop [1.1.9). In future work, we plan to investigate optimal
constants ¢ and C for Proposition and to generalize the result to higher dimensions.

1.1.5 A Counterexample

In order to prove Theorem [1.1.8| using Proposition [1.1.9] we construct dynamically convex
contact forms that violate both sides of the estimate ([1.1.4]). This is the subject of our second
new result.

Proposition 1.1.12 (Prop|l1.4.1)). For everye > 0, there exists a dynamically convex contact
form a on S? satisfying

vol(S?,a) =1 sys(S%,a) >1—¢ Ru(S? a) <e

and there exists a dynamically convex contact form B on S* satisfying
vol(S?,8) =1 sys(S%,8) >1—¢ Ru(S?,3) > et

The construction of these examples follows the open book methods of Abbondandolo-
Bramham-Hryniewicz-Salomao in [2}3]. Namely, we develop a detailed correspondence be-
tween the properties of a Hamiltonian disk map ¢ : D — D and the properties of a contact
form o on S? constructed using ¢ via the open book construction (see Proposition .
This includes a new formula relating the Ruelle invariant of ¢ in the sense of [92] and the
Ruelle invariant of (S3 ). We then construct Hamiltonian disk maps ¢ with all of the
appropriate properties to produce dynamically convex contact forms on S? satisfying the
conditions in Proposition [1.1.12]

Let us briefly outline the construction in the small Ruelle case, as the large Ruelle case
is similar. The special Hamiltonian map ¢ is acquired by composing two maps ¢ and ¢“.
The map ¢ is a counter-clockwise rotation by angle 27 (1 4+ 1/n) for large n. The map ¢%
is compactly supported on a disjoint union U of disks D, and rotates (most of) each disk D
clockwise about its center by angle slightly less than 47. See Figure for an illustration
of this map.

Applying Proposition , we can show that the volume and Ruelle invariant of (S, «)
are (up to negligible error) proportional to the following quantities.

vol(S?, o) ~ m* — 2 Z area(D)? Ru(S?, a) ~ 2m — 2 Z area(D)
D D

By choosing U to fill most of D and choosing all of the disks in U to be very small, we
can make the Ruelle invariant very small relative to the volume. This process preserves the
minimal action of a closed orbit (up to a small error) and dynamical convexity, producing
the desired small Ruelle invariant example.
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Figure 1.2: The map ¢ = ¢% o ¢ for n = 4. Here ¢! rotates D counter-clockwise by 90
degrees and ¢© twists each disk D by roughly 720 degrees clockwise.

Remark 1.1.13. Our examples do not coincide with the ABHS examples in [2]. However,
we believe that improvements of Proposition [1.1.12] may make our analysis applicable to
those examples.

Remark 1.1.14. In general, it is possible for the Ruelle invariant of a Reeb flow on S® to be
negative. However, Proposition implies (via the lower bound) that the Ruelle invariant
of a convex contact form is always positive. In fact, this is a much simpler property to prove
than Proposition itself, using similar methods. However, we were not able to push the
construction in to yield a dynamically convex contact form with non-positive Ruelle
invariant.

Outline
This concludes the introduction §I1.1] The rest of the paper is organized as follows.

In we cover basic preliminaries needed in later sections: the rotation number

(§1.2.1)), the Conley-Zehnder index (§1.2.2)), invariants of Reeb orbits (§1.2.3]) and the Ruelle
invariant (§1.2.4)).

In §1.3] we prove Proposition We start by discussing the curvature-rotation for-
mula and some consequences (§1.3.2]). We then derive a lower bound for a relevant curvature

integral (§1.3.3). We conclude by proving the main bound (§1.3.4)).
In §1.4] we prove Proposition [[.1.12] We first discuss general preliminaries on Hamil-

tonian disk maps (§1.4.1)), open books (§1.4.2) and radial Hamiltonians (§1.4.3). We then
construct a Hamiltonian flow on the disk (§1.4.4)) before concluding with the main proof

(§T.45).
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1.2 Rotation Numbers And Ruelle Invariant

In this section, we review some preliminaries on rotation numbers, Conley-Zehnder indices
and the Ruelle invariant, which we will need in later parts of the paper.

Remark 1.2.1. The rotation number, also known as the homogeneous Maslov quasimor-
phism, and the Conley-Zehnder index were originally introduced by Gelfand-Lidskii [41]
albeit using different terminology. For a more contemporary perspective, see Salamon-
Zehnder [94].

1.2.1 Rotation Number

Consider the universal cover %(2) of the symplectic group Sp(2). We will view a group
element ® as a homotopy class of paths with fixed endpoints

®:[0,1] — Sp(2) with &(0) =1d

Recall that a quasimorphism q : G — R from a group G to the real line is a map such that
there exists a C' > 0 such that

lq(gh) —q(g) — q(h)| < C for all g,h € G (1.2.1)

A quasimorphism is homogeneous if q(g¥) = k - q(g) for any g € G. Finally, two quasimor-
phisms ¢ and ¢’ are called equivalent if the function |¢ — ¢’| on G is bounded. Note that any
quasimorphism is equivalent to a unique homogeneous one.

The universal cover of the symplectic group possesses a canonical homogeneous quasi-
morphism, due to the following result of Salamon-Ben Simon [93].

Theorem 1.2.2 ( [93], Thm 1). There exists a unique homogeneous quasimorphism
p:Sp(2) = R
that restricts to the following homomorphism p : ﬁ(l) — R on the universal cover of U(1).
p(y) =L on the path ~y : [0,1] — U(1) with v(t) = exp(2miLt) (1.2.2)

Definition 1.2.3. The rotation number p : §f)(2) — R is the quasimorphism in Theorem
.22
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The rotation number is often characterized more explicitly in the literature as a lift of a
map to the circle. More precisely, it is characterized as the unique lift

—~

7:5p(2) =R of o:Sp(2)— St such that  o(Id) =0 (1.2.3)

via the covering map R — S' C C given by 6 +— €2 Here o is defined as follows. Let

® € Sp(2) have real eigenvalues A\, \~! and let ¥ € Sp(2) have complex (unit) eigenvalues
¢,¢ with Im¢ > 0. Also fix an arbitrary v € R?\ 0, identified with an element of C in the
usual way. Then

0(@)_{ 0 ifA>0 . {g if (iv, dv) > 0

1/2 ifA<0 0<\Ij) - Z if (iv, @v} <0 (1'24)

Here iv denotes multiplication of v by ¢ € C, i.e. the rotation of v by 90 degrees counter-
clockwise. All of the elements of Sp(2) fall into one of the two categories above, and so ¢ is

determined everywhere by ((1.2.4]).

Lemma 1.2.4. The rotation number p : gvp(Q) — R s the lift of o : Sp(2) — R/Z with
p(Id) = 0.

Proof. We verify the properties in Theorem [1.2.2] The lift 7 is a quasimorphism by Lemmas
[1.2.6{and [1.2.7| below. Also note that since eigenvalues and the sign of (iv, Pv) are invariant
under conjugation, o is as well.

To check that o is homogeneous, note that if ® has real eigenvalues of sign s = +1, then
o(®*) = (1 — s*) = ks mod 1. On the otherhand, if ® has complex unit eigenvalues ¢, ¢
for Re(¢) > 0, then it is conjugate to a rotation exp(27if) € U(1) C Sp(2) on C ~ R? and
thus

o(®*) = o(exp(2mikd)) = k mod 1
Thus o(®*) = k- o(®) mod 1 and the lift satisifes 7(®*) = ka(®). Finally, if v : [0,1] —
Sp(2) is given by ~(t) = exp(2miLt) then
cov:[0,1] - R/Z isgivenby oco~xy(t)=Lt modleR/Z
This implies that the lift is ¢t — Lt, so that () = L. This proves the needed criteria. [

We will also need to utilize several inhomogeneous versions of the rotation number de-
pending on a choice of unit vector. These are defined a follows.

Definition 1.2.5. The rotation number ps : %(2) — R relative to s € St is the unique lift

of the map
os:Sp(2) — S* s |Ps| ! Ps € ST CR?

via the covering map R — S' C C given by 6 ~ €™ . s such that p,(Id) = 0. Here ®s
denotes the application of the matrix ® € Sp(2) to the unit vector s € S?.
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The rotation numbers relative to s € S and the lift of o all have bounded difference
from one another. Precisely, we have the following lemma.

Lemma 1.2.6. The maps ps : évp(Q) — R and the lift 7 : §1§(2) — R of o have bounded
difference. More precisely, we have the following bounds.

lps — 0| <1 and lps — ] <1 for any pair s, t € S* (1.2.5)

Proof. First, assume that ® : [0,1] — Sp(2) is a path such that ®(¢) has no negative real
eigenvalues for any ¢ € [0, 1]. Then

cgo®(t) #£1/2 and o0 ®(t) # —s€ St for any s € S* and t € [0, 1]

It follows that the relevant lifts of o 0 ® and 0,0 ® to maps [0, 1] — R remain in the interval
(—1/2,1/2) for all t. Thus

5(®) e (—1/2,1/2)  and  py(®) € (—1/2,1/2)

This clearly implies (|1.2.5)) since ®(¢) does not have any negative eigenvalues. Since o induces
an isomorphism 7 (Sp(2)) — m;(S!), we know that for any pair ®, ® € Sp(2) with the same
projection to Sp(2)

o(®)=0(®') implies =9
In particular, the above analysis extends to any ® with o(®) € (—1/2,1/2). In the general

case, note that the path ~ : [0,1] — S* given by ~(t) = exp(wi - kt) for an integer k € Z
satisfies

a(y)=ps(v) =k/2  o(®y)=0(®)+a(y)  ps(PY) = ps(P) + ps(7)

Any path ¥ can be decomposed (up to homotopy) as &y where + is as above and ® : [0, 1] —
Sp(2) is a path with o(®) € (—1/2,1/2). This reduces to the special case. O

This can be used to demonstrate that p, is a quasimorphism. As noted in the proof of
Lemma [[.2.4] this implies that ¢ is a quasimorphism as well.

Lemma 1.2.7. The map ps : §f)(2) — R is a quasimorphism for any s € St. In fact, we
have
|ps(UP) — ps (V) — ps(P)] < 1 for any se st (1.2.6)

Proof. Let ® : [0,1] — Sp(2) and ¥ : [0,1] — Sp(2) be two elements of Sp(2) viewed as
paths in Sp(2). Consider the product W® in the universal cover of Sp(2), represented by the
path

O (2t) for t € 0,1/2] and  U(2t —1)®(1) for t € [1/2,1]
By examining the path o, 0 ¥® : [0,1] — S! and the lift to R, we deduce the following

property.
ps(q[@) = p@(s)(qj) + ps(CI)) (127)
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Here ®(s) is shorthand for the unit vector ®(1)s/|®(1)s|. Applying Lemma we have

|p5(\IJ(I)) - ps(\Il) - ps((I))| < |p¢’(8)(\11) - ps(\P” <1

This proves the quasimorphism property. O

1.2.2 Conley-Zehnder Index
Let Sp,(2) C Sp(2) denote the subset of elements ® € Sp(2) such that ® — Id is invertible,

and let Sp, (2) be the inverse image of Sp,(2) under 7 : Sp(2) — Sp(2).

The Conley-Zehnder index is a natural integer invariant of paths in Sp,(2), denoted as

follows. N
CZ:Sp,(2) = Z

This invariant was introduce in [41] (also see [94]). We will use the following formula as our
definition throughout this paper.

CZ(®) = [p(®)] + [p(®)] (1.2.8)

There are several inequivalent ways to extend the Conley-Zehnder index to the entire sym-
plectic group. We will follow [55, §3] and [2, §2.2], and use the following extension.

Convention 1.2.8. In this paper, the Conley-Zehnder index CZ : %(2) — 7 will be the
maximal lower semi-continuous extension of the ordinary Conley-Zehnder index.

The extension in Convention [[.2.8 can be bounded from below in terms of the rotation
number.

Lemma 1.2.9. Let € §f)(2) Then

CZ(®) > 2- [p(®)] — 1 (1.2.9)

Proof. For & € gf)*(Z), 1) is an immediate consequence of 1' In the other case,

note that the maximal lower semi-continuous extension is defined by the property that

CZ(®) = liminf CZ(¥) for any @ ¢ §1;*(2)

U—d

Any ¢ ¢ §f>*(2) has eigenvalue 1, and so Lemma implies that p(®) € Z. Since p is
continuous, we find that

CZ(®) = liminf|p(0)| + [p(0)] > [p(®) — 1/2] + [p(®) — 1/2] = 2- [p(®)] — 1

U—o

This proves the lower bound in every case. O]
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1.2.3 Invariants Of Reeb Orbits

Let (Y, &) be a closed contact 3-manifold with ¢;(£) = 0 and let « be a contact 1-form on Y.

Under this hypothesis on the Chern class, £ is isomorphic as a symplectic vector-bundle
to the trivial bundle R2. A trivialization 7 of £ is a bundle isomorphism

7 &~ R? denoted by 7(y) : & ~ R? satisfying T(y) 'w = doe

Two trivializations are homotopic if they are connected by a 1-parameter family of bundle
isomorphisms. Given a trivialization 7, we may associate a linearized Reeb flow

O, :RxY —=Sp(2) givenby  O.(T,y) =7(pr(y)) odér(y)om ' (y)  (1.2.10)

Here ¢ : R x Y — Y is the Reeb flow, i.e. the flow generated by the Reeb vector field R,
and we use the notation ¢r(y) = ¢(T,y). The linearized flow lifts uniquely to a map

®, :RxY —>Sp(2)  with @ foxy =Id € Sp(2)

We will refer to @, as the lifted linearized Reeb flow. Explicitly, it maps (7,y) to the
homotopy class of the path ®.(-,y)|j0,r). Note that this lift satisfies the cocyle property

O(S+T,y) = 0(T, 65(y) - 2-(S,v) (1.2.11)

Definition 1.2.10. Let v : R/LZ — Y be a closed Reeb orbit of Y. The action of v is
given by

Ay) = /7*& =L (1.2.12)
Likewise, the rotation number and Conley-Zehnder index of ~ with respect to T are given by

p(7,7) = po ®.(L,y) CZ(v,7) := CZ(®,(L,y)) where y = v(0) (1.2.13)

These invariants depend only on the homotopy class of 7, and if H(Y;Z) = 0 (e.g. if Y is
the 3-sphere) there is a unique trivialization up to homotopy. In this case, we let

p(y) == p(v,7) and CZ(y) := CZ(y, 1) for any 7 (1.2.14)

In §1.4] we will need the following easy observation, which follows immediately from
Lemma and our way of defining CZ (see Convention [1.2.8)).

Lemma 1.2.11. Let « be a contact form on S with p(y) > 1 for every closed Reeb orbit.
Then « is dynamically convez.
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1.2.4 Ruelle Invariant

Let (Y, &) be a closed contact 3-manifold with ¢;(£) = 0 equipped with a contact form « and
a homotopy class of trivialization [7] of . Here we discuss the Ruelle invariant

Ru(Y,a,[7]) € R
associated to the data of Y, and [7].

Remark 1.2.12. This invariant was originally introduced by Ruelle in [92] for area pre-
serving diffeomorphisms of surfaces and volume preserving flows on 3-manifolds. Variants
of this construction have also appeared under different names in other settings, e.g. as the
asymptotic Maslov index |17, p. 1423].

It will be helpful to describe a more general construction that subsumes that of the Ruelle
invariant. For this purpose, we also fix a continuous quasimorphism

q:gf)(Q)—HR

Pick a representative trivialization 7 of [r] and let ®, : RxY — Sp(2) be the lifted lincarized
Reeb flow. We can associate a time-averaged version of g over the space Y, as follows.

Proposition 1.2.13. The 1-parameter family of functions fr : Y — R given by the formula

qo®.(T,y)

fr(y) = (1.2.15)

converges in L'(Y;R) and almost everywhere to a function f(a,q,7) : Y — R with the
following properties.

(a) (Quasimorphism) If q¢ and r are equivalent quasimorphisms, i.e. |q — r| is bounded,
then

fla,q,7) = fla,r,7)

(b) (Trivialization) If o and T are homotopic trivializations of &, then
fle.q,0) = fla,q. 7)

(c) (Contact Form) The integral F(a) of f(a, q,T) overY is continuous in the C*-topology
on QYY).

In order to prove the existence part of this result, we will need to use a verison of
Kingman’s subadditivity theorem appearing in |79).
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Theorem 1.2.14. LetY be a measure space and let ¢ : RxY — 'Y be a flow with invariant
measure . Let gr: Y — R for T € R be a family of L (Y, p) functions such that, for some
constants C, D > 0, we have

gs+r < gs + dggr + C /g:r-,uZ—D~T /(SUP lgsl) -1 < o0
Y y 0<s<1

Then the maps % converge in LYY, 1) and pointwise almost everywhere as T — oo.

Remark 1.2.15. There is also a version of Theorem in [79] for a discrete dynamical
system, i.e a map ¢ : Y — Y preserving . The statement is directly analogous to Theorem
, but the last condition on the integrability of supy<g<; |gs| is unnecessary. We will
use this version in §1.4.1]

Remark 1.2.16. This statement is a slight variation of Theorem 4 in [79], which states
the result for general sub-additive processes. Our version follows from the discussion in §1.3
of [79] for the continuous parameter space R. Note that we also weaken sub-additivity by
allowing gr to be sub-additive with respect to 7" up to an overall constant factor.

Proof. (Proposition |1.2.13) We prove the existence of the limit and the properties (a)-(c)
separately.

Convergence. We apply Kingman’s ergodic theorem, Theorem [1.2.14] Fix a constant
C' > 0 for the quasimorphism ¢ satisfying (|1.2.1). Let g7 denote the function on Y given by

gr =T fr =qo (T, ~)
Now we verify the properties in Theorem |1.2.14] First, due to the cocycle property (1.2.11))

we have
gsir = qo B (S+T, =) < qod.(S, )+ qo® (T, ds5(—)) +C = gs + ¢sgr + C (1.2.16)

We can analogously show that gsi7 > g5+ ¢5gr — C. In particular, if 7' > 0 is a sufficiently
large time with 7'=n+ S and S € [0, 1], then

n—1
/gT-oz/\dQZZ/¢Zgl~oz/\doz+/¢:Lgs-oz/\doz—CT2—AT (1.2.17)
Y =0 /Y %

Here A is any number larger than C' and larger than the quantity

—min{/gg-aAda : 56[0,1]}
Y

Finally, since g o &, is continuous on R x Y, it is clear that SUPre(o,1 | fr| is continuous and
bounded. In particular, it is integrable. Thus gr satisfies the criteria in Theorem [1.2.14], and
we may conclude that & converges in L' and almost everywhere to a map

fla,q,7) € L'(Y;R)
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Quasimorphisms. Let ¢ and r be equivalent quasimorphisms, and pick C' > 0 such
that |¢ — r| < C everywhere. Then

C -vol(Y, a)
T

go®, rod,

<
1455 = o i <

Taking the limit as 7" — oo shows that the limiting functions f(«,q,7) and f(«,r,7) are
equal.

Trivializations. Let o and 7 be two trivializations of £ in the homotopy class [7]. Then
there is a transition map ¥ : Y — Sp(2) given by

U(y):R* = R*  with  ¥(y) =7(y) o(y)™
The linearized flows of o and 7 are related via this transition map, by the following formula.
(I)T(Ta y) = \D<¢(T7 y)) ' (DU(Ta y) ’ \D_l(y)

Since o and 7 are homotopic, ¥ is homotopic to a constant map. In particular, ¥ lifts to
the universal cover of Sp(2). Thus we may write

(T, y) = W(P(T,y)) - ©o(T,y) - ¥ (y)

Here ¥ : Y — Svp(2) is any lift of ¥. The quasimorphism property of p now implies that

qo%g(T,y) _qo(TDT(T,y) < 20+sup|qo@|+sup|qo\f/*1|

1 -vol(Y,
1= el : vol(Y’ a)

Taking the limit as 7' — oo shows that f(«,q,0) = f(a,q, 7).

Contact Form. Fix a contact form a and an € > 0. Since ¢ is a quasimorphism, there
exists a C' > 0 depending only on ¢ such that

n—1

po® (nT,y) =Y po® (T, ¢h(y)| <Cn  foranyn, T >0
k=0

We can divide by nT" and rewrite this estimate in terms of f to see that

1 n—1 C
k
|fnT_EZfTO¢T|§T for any n, T > 0
k=0
We can then integrate over Y and take the limit as n — oo to acquire

|F<a)—/YfT.aAda|:nanolo\/Y<fnT—fT>.aAda| (1.2.18)
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n—1
. 1 C -vol(Y, «
= lim \/(fnT—ﬁZfTogbg)nz/\dodg%
v k=0

n—oo

We use the fact that ¢ preserves a A da in moving from the first to the second line above.
Next, fix a different contact form 5. Let W, be the lifted linearized flow for [, and let

o qo (IVIT(Ta _)

gr: Y — R where g¢gr(y) T

Due to (1.2.18)), we can fix a T' > 0 such that, for all 3 sufficiently C°-close to o, we have

|F(Oé)—/yfT.oa/\doz\<§ and |F(ﬂ)—/ygT.ﬁ/\dm<m<

€
- (1219

Furthermore, we may bound the integrals of f; and g as follows.

|/YfT'Oé/\dOé—/YgT‘B/\dﬁ|§/Y|fT—gT|-oz/\da+|/YfT~(a/\da—5/\d6)] (1.2.20)

< |lfr = grllcoy - vol(Y, @) + llgrllooryy - [ vol(Y, @) — vol(Y; 5))|

We can choose f sufficiently close to a in C?(Y') so that U, is arbitrarily C%-close to o,

on [0,7] x Y. Since Y is compact, the image of ®(T, —) is compact in %(2) for fixed time

T. Thus, since ¢ is continuous, gr = q o \T/T(T, —) can also be made arbitrarily C%-close to
T=4qo0 CT)T(T7 —). In particular, for 8 sufficiently C?-close to a we have

£
I fr — grllcoy - vol(Y, a) + ||lgr]lcoqr) - | vol(Y, a) — vol(Y, B)] < 5 (1.2.21)

Together, (1.2.19)), (1.2.20) and (1.2.21)) imply that, for 3 sufficiently C?-close to «, we have
|F'(a) — F(8)| < e. This proves continuity.

This concludes the proof of the existence and properties of f(a,q,7), and of Proposition

L2151 [

Proposition [1.2.13| allows us to introduce the Ruelle invariant as an integral quantity, as
follows.

Definition 1.2.17 (Ruelle Invariant). The local rotation number rot, of a closed contact

manifold (Y, ) equipped with a (homotopy class of) trivialization 7 is the following limit in
L.

(T, —
rot, 1Y - R given by rot, := lim po—(,)

lim = (1.2.22)

Similarly, the Ruelle invariant Ru(Y, «, 1) is the integral of the local rotation number over
Y, ie.

1 ~
Ru(Y,a,7) = / rot; -a A da = lim T/ po®,. aAdu (1.2.23)
Y

Y T—o0
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We will require an alternative expression for the Ruelle invariant in order to derive esti-
mates later in the paper.

The Reeb flow ¢ on Y preserves the contact structure, and so lifts to a flow on the
total space of the contact structure £. Since this flow is fiberwise linear, it descends to the
(oriented) projectivization P{. A trivialization 7 determines an identification P§ ~ Y xR/Z,
and so a flow

P:RxY xR/Z =Y xR/Z generated by a vector field R on Y x R/Z  (1.2.24)
Let 0 :Y x R/Z — R/Z denote the tautological projection.
Definition 1.2.18. The rotation density o, : Y x R/Z — R is the Lie derivative
0, = Lg(0) (1.2.25)

Lemma 1.2.19. The Ruelle invariant Ru(Y, a, 7) is written using the rotation density o,
as

1 [T _
Ru(Y,a,7) = lim T/ (/ Or o (—,8) - da)dt for any fized s € R/Z
0 Y
Proof. By comparing Definition with the formula (1.2.24)), one may verify that

o0s0®,.(T,y) and Oo®(T,y,s)—s areequalin R/Z

Therefore, these formulas define a single map R x Y x R/Z — R/Z, admitting a unique lift
toamap F: R xY x R/Z — R that vanishes on 0 x Y x R/Z. The first formula implies
that

F(T,y,s) = ps o ®.(T,y) (1.2.26)
On the other hand, let ¢ be the R-variable of F and 6 o ®. Then the t-derivative of F is
dF d = = % T *
ol = (00 B)lr = B1(La(9)) = B,

Integrating this identity and combining it with ((1.2.26)), we acquire the formula

T
pso @ (T,y) = F(T,y,s) = / Dro,(y, s) - dt (1.2.27)
0

Now, since ps; and p are equivalent by Lemma [1.2.6) we can apply Proposition [1.2.13(a) to
see that

O,(T, -
Ru(Y,a,7) = lim A ;( 2
—00 Y

We then apply ([1.2.27)) and Fubini’s theorem to see that the righthand side is given by

1 r_ I _
lim —/ (/ ®;0-(—, s)dt)a Ada = lim —/ (/ ®o,(—,s)-aAda)dt (1.2.29)
Y 0 0 Y

T—00 T—o00

ca A do (1.2.28)

This concludes the proof. O
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1.3 Bounding The Ruelle Invariant

Let X C R* be a convex, star-shaped domain with smooth contact boundary (Y, A). In this
section, we derive the following estimate for the Ruelle ratio.

Proposition 1.3.1. There exist positive constants ¢ and C' independent of Y such that
c<ru(Y,\) -sys(Y, )2 < C

The proof follows the outline discussed in the introduction.

We begin (§1.3.1)) with a review of the geometry of standard ellipsoids F(a,b) in C*,
including a variant of John’s theorem (Corollary [1.3.6). We then present the key curvature-
rotation formula (§1.3.2) and use it to bound the Ruelle invariant between two curvature
integrals (Lemma [1.3.11). We then prove several bounds for one of these curvature integrals
in terms of diameter, area and total mean curvature ( We collect this analysis together
in the final proof (§1.3.4).

Notation 1.3.2. We will require the following notation throughout this section.

(a) g is the standard metric on R* with connection V, and dvol, = %wz is the corresponding
volume form. We also use (u,v) to denote the inner product of two vectors u,v € R*.

(b) v is the outward normal vector field to Y and v* is the dual 1-form with respect to g.

(c) o is the restriction of g to Y and dvol, is the corresponding metric volume form.
Furthermore, area(Y’) denotes the surface area of X, i.e. the volume vol,(Y') of Y with
respect to 0. Note that A A d\ and dvol, are related (via the Liouville vector field Z
of R*) by

2
AAdN = LZ(‘%M = 1z(dvoly |y) = iz(v* A dvol,) = (Z,v) dvol, (1.3.1)

(d) S is the second fundamental form of Y, i.e. the bilinear form given on any u,w € TY
by
S(u, w) = (Vyv,w)

(e) H is the mean curvature of Y. It is given by

1
H = 3 trace S

Note that, in this section, we will slightly abuse notation and use A to denote both the
Liouville form ¢zw and the contact form on Y induced by restriction.
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1.3.1 Standard Ellipsoids

Recall that a standard ellipsoid E(ay,...,a,) C C" with parameters a; > 0 for i =1,...,n
is defined as follows.

7T|Zz‘|2

< 1} (1.3.2)

E(ay,...,a,) = {z: z;) e C" .
) i= {2 = )€€t s 3R
For example, E(a) C C is the disk of area a, and F(a,...,a) C C" is the ball of radius
(a/m)'2.
We beginn this section with a discussion of the Riemannian and symplectic geometry of
standard ellipsoids in C2. All of the relevant geometric quantities for this section can be
computed explicitly in this setting. Let us record the outcome of these calculations.

Lemma 1.3.3 (Ellipsoid Quantities). Let E' = E(a,b) be a standard ellipsoid with 0 < a < b.
Then

(a) The diameter, surface area and volume of E are given by

2
diam(F) = b/? area(0F) =

47T1/2 b2a1/2 _ b1/2a2 ab

3 b—a VOl(E) = E

(b) The total mean curvature of OF (i.e. the integral of the mean curvature over OF) is
gien by

2 b
H-dvol, = . (b+a+ L log(b/a))
OFE 3 b—ua

(¢) The minimum action of a closed orbit on OE and the systolic ratio of OF are given by

c(OF) =a sys(OF) = %

(d) The Ruelle invariant of OF is given by

Ru(0F)=a+b

Proof. The Ruelle invariant is computed in [69, Lem 2.1 and 2.2}, while the minimum period
of a closed orbit is computed in [47, §2.1]. The diameter is immediate from ((1.3.2)). Thus,
we will calculate the volume, surface area and total mean curvature.

First assume that E(a,b) = E(1,b) with b > 1. Let z; = x; + iy; be the standard
coordinates on C? ~ R*. We will do all of our calculations in the following radial or toric
coordinates.

ri = |z 0; = arg(z;) [ = 7}
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The differential dy; and vector-field 0, are given by
1

271"/’,'

dp; = 2mrydr; and Oy, = -

In the (1,01, pia, 02)-coordinates, the standard metric g on C? is given by

ZZ: dr? 4 r2df; = Z 471”

)

dpi2 + Elap?
T

The ellipsoid E(1,b) can be described as the sub-level set F~!(—o0, 1] of the map
2
F:C* =R F(z, %)= W|z1|2+% :M1+%
The gradient vector-field VF' of F' with respect to g is given by

21 9
b

Note that the normal vector-field v = VF/|VF| to 0E(1,b) can be calculated via this
formula. Finally, the complement U of (C x 0) U (0 x C) in E(1,b) admits the following
parametrization.

VEF = 210y, + —20,, = An (10, + %am,)

¢ : (0,00) X Sl X Sl — (C4 ¢(M1,61,92) = (ul,Ql,b(l — ul),92)

Now we calculate the desired quantities for E(1,b). The metric volume form dvol, is
given by

dVOl = d( M1> A dlgl A d( ,u2) VAN deg

Therefore, the volume may be calculated as the mtegral

1 tom
VOI(E(L b)) = / 4— dﬂl A d91 N dlLLQ A dez / / d,u1 N dﬂg = =
E(1p) 2T o Jo

The area form dvol, on 0E(1,b) is given by ¢, dvoly, which is simply

1
dvol, = ¢, dvol, ]VF| -ty dvoly
1 47 11y
. - df A df
TnGn ) A i 2
The pullback of dvol, via the map ¢ is given by

1 b(1 —
577 (a+ ( b2M1))1/2'(M1‘delAd(b(l—Ml))/\d92+

b
= o —(1—u1)d,u1/\d91 /\d@g)

*dvol,
¢* dvo 2
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b1/2
~ 2m3
Computing the surface area as the integral of ¢* dvol,, we have

(14 (b= D)2 - dpy A dby A dbs

~ on32

bl/2
area(aE(l b / / / 1 + b -1 ,ul)l/2 d@l A d‘gg N dﬂl

pL/2 1
= 532 An? - /0 (1+ (b= 1)) Pdpy = (4b)'/? - 30-1) (1+ (b= 1)u)*5
47T1/2 b2 — b1/2
T3 b1
Finally, the mean curvature H is given by
1
= AVEE (|[VF|? - tr(Hessp) — Hessp(VF, VF)) =
Am(pa+52) - Ar(l4 ) —8m(m + ) vr (L+3) m+ (5 + gk
3 TP (T ) 3 (T B
The pullback of H by ¢ is given by
¢*H:ﬁ_ (14+3) -+ (& +5) - b(1 — )
3 (11 + b(1— u1)>3/2

3 (1 + (1 — D)3z 3p1/2 (14 (b= D) )32

Computing the mean curvature as the integral of ¢*(H - dvol,), we have

2m 2 2b+ b2—1>/,61
H dvol, = -dfy A dfy N d
/6E(1b o // / 1+ 5—1) ' 2
2 [ (20 + 1) + (b — 1)y 2 b
= dpy = —(b+ 1+ —— -log(b
3 )y 11— Dm = 5 (bt 14— - log(b))

To deduce the general case of the computation from this special case note that, if U is
any smooth domain, then

vol(A - U) = Mvol(U) area(\-U) = A\-area(U) H-dvol, = A\*- [ H-dvol, (1.3.3)
A-0U ou

Any ellipsoid E(a,b) can be scale so to an ellipsoid with a = 1, since
A E(a,b) = E(\Na,A\?b) and thus F(a,b) = a*/?- E(1,b/a)

The general case now follows from the special case and the scaling properties ((1.3.3)). H
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Any convex boundary in R?" can be sandwiched between a standard ellipsoid and a scaling
of that ellipsoid by a factor of 2n, after the application of an affine symplectomorphism. To
see this, first recall the following well-known result of John.

Theorem 1.3.4 (John Ellipsoid). (78] Let K C R" be a convex domain. Then there exists
a unique ellipsoid E of maximal volume in K. Furthermore, if c € X 1is the center of E then

ECKCc+n(E—c)

Any ellipsoid F is carried to a standard ellipsoid F(a,b) by some affine symplectomorphism
T. Furthermore, note that we have the following elementary result, which can be demon-
strated using a Moser argument.

Lemma 1.3.5. Let ¢ : (Y, \) — (Y, X) be a diffeomorphism such that ¢*N = XA+ df. Then
¢ 1s isotopic to a strict contactomorphism.

Since R?" is contractible, T*\ = X + df automatically on R*". Thus, T carries any star-
shaped hypersurface Y = 0X to a strictly contactomorphic 7'(Y") by Lemma and we
conclude the following result.

Corollary 1.3.6. Let X C R*" be a convex star-shaped domain with boundary Y. Then'Y

is strictly contactomorphic to the boundary OK of a convex domain K with E(ay,...,a,) C
K Cc4-E(ay,...,an).

When a convex domain in R* is squeezed between an ellipsoid and its scaling, we can
estimate many important geometric quantities of X in terms of the ellipsoid itself.

Lemma 1.3.7. Let X C R* be a convex domain with smooth boundary Y such that
E(a,b) C X Cc- E(a,b) for someb>a>0 andc>0 (1.3.4)

Then there is a constant C' > 0 dependent only on ¢ such that

b'/? < diam(X) < C - b'/? ba'/? < area(Y) < C - ba'/? (1.3.5)
b
bg/H-dvolggc.b %gvol(X)gaab (1.3.6)
Y
a<c(X)<C-a C_l-%gsys(Y) §C’-% (1.3.7)

Remark 1.3.8. The optimal constants in the estimates (1.3.5))-(1.3.7)) are not important to
the arguments below. They could be explicitly computed in the following proof.
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Proof. First, note that ¢- E(a,b) is also a standard ellipsoid. More precisely, we know that
c-E(a,b) = E(c*-a,c*-b)

We now derive the desired estimates from Lemma|l.3.3 and the monotonicity of the relevant
quantities under inclusion of convex domains.

The diameter diam(X) and volume vol(X) are monotonic with respect to inclusion of
arbitrary open subsets, and so from Lemma m(a) we acquire

2c ab ct
12 & g; 1/2
b/ §d1am(X)§m.b/ and ESVOI(X)SE'GI)

The surface area and total mean curvature are monotonic with respect to inclusion of convex
domains, since

/ H dvol, =4 - V3(X) and area(Y) =4 - V3(X)
Y

Here V;(X) is the ith cross-sectional measure |9, §19.3], which is monotonic with respect to
inclusions of convex domains by |9, p.138, Equation 13]. Furthermore, when 0 < a < b (and
in the limit as b — a), one may verify that

b2a1/2 — pl/242
b—a
Thus, by applying the monotonicity property, (1.3.8) and Lemma m(a)-(b), we have

4rl/2 3 2 2
T s (Zbal’?) and T < / H - dvol, < Te2sh
3 2 3 . 3

b
< g a2 and b<biadt bi—a log(b/a) <3b  (1.3.8)

4 1/2
o ba'/? < area(Y) <

Finally, the minimum orbit length ¢(X) coincides with the 1st Hofer-Zehnder capacity
cZ(X) on convex domains, and is thus monotonic with respect to symplectic embeddings.

Thus by Lemma [1.3.3|a) and (c), we have
a<cX)<c*a and .
This concludes the proof, after choosing C' larger than the constants appearing above. [

1.3.2 Curvature-Rotation Formula

Identify R* with the quaternions H' via

R4 > (.Il,yl,l‘g,yg) = X1 +y1[+x2J+y2K & Hl
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This equips R* with a triple of complex structures.

I:TR* - TR* J:TR*—TR* K:TR'— TR*
The Reeb vector-field R of the contact form on a star-shaped hypersurface Y is parallel to
I applied to the normal vector-field v to Y. Precisely, we have

Iv

=1z

(1.3.9)

We can utilize these structures to formulate an explicit representative of the standard ho-
motopy class of trivialization 7 : £ ~ R? on the contact structure £ on the boundary Y of
the convex star-shaped domain X (or more generally, on any star-shaped boundary).

Definition 1.3.9. The quaternion trivialization 7 : £ ~'Y x C is the symplectic trivialization
given by
T:65Q L,y xC
Here @) C TY is the symplectic sub-bundle span(Jv, Kv), m : £ — @ is the projection map
from ¢ to ) along the Reeb direction, and ¢ : ¥ x C — @ is the bundle map given on
z=a-+1b by
q(2) =2 Jy, = (a+ 1)) - Jv, = aJv, + DKy, (1.3.10)

The key property of the quaternion trivialization is the following relation of the rotation
density (see Definition [1.2.18)) to extrinsic curvature, originally due to Ragazzo-Salomao
(c.f. [90]).

Proposition 1.3.10 (Curvature-Rotation). (12, Prop 4.7] Let T be the quaternion trivial-
ization on the contact structure & of Y C R*. Then

1

g 17y SUr 1) + S Ty 275 ) (1.3.11)

o-(y,8) =

Note that this result holds for any star-shaped boundary, not only convex ones.

As an easy consequence of (|1.3.11]), we have the following bound on the Ruelle invariant
of Y.

Lemma 1.3.11. The Ruelle invariant Ru(Y') is bounded by the following curvature integrals.
! /5(1 Iv) dvol, < Ru(Y) < = /Hdol (1.3.12)
o ). v, Iv)dvol, < Ru o), vol, 3.

Proof. By Lemma [1.2.19] we have the following integral formula for the Ruelle invariant.

T—o0

Ru(Y) = lim l/OT (/Y[CT):QT](—,S)-)\/\CZ)\> dt (1.3.13)
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By the curvature-rotation formula in Proposition [1.3.10, we can write the integrand as
1
21 - (Z,v)

To bound the righthand side of ((1.3.14)), note that Iv,e?™ - Jv and €?™ - Kv form an
orthonormal basis of TY with respect to the restricted metric g|y, so that

[70,](—,5) = cﬁ;( (S(Iv, Iv) + S(e¥™* - Ju, emis . Ju))) (1.3.14)

S(Iv, Iv) + S(e*™* - Jv,e*™ . Ju) + S(e*™* - Kv,e*™ . Kv) = trace(S) = 3H

Furthermore, since Y is convex, the second fundamental form S is positive semi-definite.

Therefore by ([1.3.14)), we have the following lower and upper bound.

6 (M) < @ied-0) <3871 (1.3.15)

It is key here that the lower and upper bounds in ([1.3.15)) are independent of s. To simplify
the two sides of (1.3.15), let F': Y x S! — R be any map pulled back from a map F : Y — R.
Since the flow ®, on Y x S! lifts the Reeb flow ¢, on Y, and ¢, preserves \, we have

@I(%) -A/\dAzgzﬁj(%)./\/\d)\:(b:(F'%

Since the integral of ¢ (F - dvol,) over Y is independent of ¢, we have

%/j(/y@j(%)-A/\dA)dt:%/:(/YF-dvolU)dt:/YF-dvola (1.3.16)

By plugging in the estimate ([1.3.15]) to the integral formula ([1.3.13]) and applying (|1.3.16))
to the functions S(Iv, Iv) and H on Y, we acquire the desired bound (|1.3.12)). ]

) = ¢ (F : dvolg>

1.3.3 Bounding Curvature Integrals

We now further simplify the lower bound of the Ruelle invariant in Lemma [1.3.11] by esti-
mating (from below) the integral

/ S(Iv,Iv) - dvol,
Y

using the geometric quantities (e.g. area and diameter) appearing in §1.3.1, This will help
us to leverage the sandwich estimates in Lemma in the proof of the Ruelle invariant

bound in §1.3.4}

Recall that X C R?* denotes a convex domain with smooth boundary Y. Let ¢ : RxY —
Y be the flow by Iv. Let Sy and Hp denote the time-averaged versions of S({v, [v) and H,
respectively.

T T
Sr = l/ S(Iv,Iv) o yydt Hp := l/ H oyt (1.3.17)
T Jo T Jo
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We will also need to consider a time-averaged acceleration function Ar on Y. Namely, let
v :R =Y be a trajectory of v with v(0) = x. Then we define

1

T 1 /7T
Ap = T/ Vi, Iv| oydt or equivalently Ar(x) = T/ || dt (1.3.18)
0 0

The first ingredient to the bounds in this section is the following estimate relating these
three time-averaged functions.

Lemma 1.3.12. For any T > 0, the functions Ar, Hr and St satisfy A% < 3 - Hp - Sy
pointwise.

Proof. In fact, the non-time-averaged version of this estimate holds. We will now show that

Vi Iv|> <3H - S(Iv, Iv) (1.3.19)

To start, we need a formula for Vi, Iv in terms of the second fundamental form, as follows.
Vilv={v,Vlviv+ (Iv,VIv)Iv+ (Jv,VIv)Jv + (Kv,V,Iv)Kv

= —(Iv, Vv —{IPv, V) v — (IJv,V,v)Jv — (IKv,V,v)Kv
Applying the quaternionic relations 12 = —1, I.J = K and /K = —.J, we can rewrite this as

—(Iv,Vpvyv+ (v, Vv)lv — (Kv,Vv)Jv+ (Ju,V,v)Kv
Finally, applying the definition of the second fundamental form we find that
Vilv=—-SIv,Iv)yv — S(Iv,Kv)Jv+ S(Iv, Jv)Kv

To estimate the righthand side, we note that S(u,v)? < S(u,u)S(v,v) for any vectorfields u
and v by Cauchy-Schwarz, since S is positive semi-definite. Thus we have

Vi Iv|* < S(Iv, Iv)* + S(Iv, [v)S(Jv, Jv) + S(Iv, Iv)S(Kv, Kv) = 3H - S(Iv, Iv)

This proves (1.3.19) and the desired estimate follows immediately by Cauchy-Schwarz.

I 1 1
Az = (—/ V1, IV otydt)’ §3-—/ Hod;tdt-—/ S(Iv,Iv)otydt = 3Hr- Sy (1.3.20)
T Jo T )y Ty
This concludes the proof of the lemma. n

As a consequence, we get the following estimate for the curvature integral of interest in
terms of area, total mean curvature and the time-averaged acceleration Ar.

Lemma 1.3.13. Let X C Y be an open subset of Y and let T > 0. Then

area(X)?

S(Iv, Iv) - dvol, > — =)
/y v dv) - dvels = g v,

-minyg (Ar)? (1.3.21)
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Proof. We first note that Iv preserves the volume form dvol,, since
L1,(dvol,) = dip, dvol, = dig(A A dX) = d*A =0
Here R is the Reeb vector-field on Y, and the above equalities follow from ([1.3.9)) and (|1.3.1).

Thus, time-averaging leaves the integral over Y unchanged.

/ Hydvol, = / H dvol, and / St dvol, = / S(Iv,1v)dvol,
Y Y Y Y

We can thus integrate the estimate A% < 3Hyp - St to see that

2 2
min(Ar)? - area(%)? < </ Ap - dVOlg) < (\/§ - / H%/Q : S%m : dvola>
s s

<3- / Hr- dvola-/ St - dvol, <3 / H- dvol(,-/ S(Iv, Iv) - dvol,
b b Y Y
After some rearrangement, this is the desired estimate. O]

Every quantity on the righthand side of can be controlled using the estimates in
Lemma [1.3.7, with the exception of the term involving the time-averaged acceleration Ap.
However, we can bound Ar in terms of diam(X)™!, using the following general fact about
curves of unit speed.

Lemma 1.3.14. Let v : [0,00) — Y be a curve with |§| = 1 and let C satisfy 0 < C' < 1.
Then

l/T|"|dt>L forallT >0
T ), "= Gam(x)

Proof. Let T satisfy T > CT + 2 - diam(Y"). Then by Cauchy-Schwarz, we have

T T T T
diam(X) / ldt > / 7] - ldt > / Gl > | / (5. (1.3.22)
0 0 0 0

On the other hand, by integration by parts we acquire

T T
[ a2 | [ 1 — 4] = 7 - 2diamn() > o7 (1.3.23)
0 0
Combining the estimates (|1.3.22) and (|1.3.23)) yields the claimed bound. n

In particular, Lemmal(l.3.14/implies that Ay > C-diam(X )™ for all C' < 1 and sufficiently
large T. Combining this with Lemma [[.3.13] and taking C' — 1, we acquire the following
corollary.
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Corollary 1.3.15. Let X C R* be a conver star-shaped domain with boundary Y. Then

2
&/TSKIV,IV)dvob.>> area(¥) (1.3.24)
Y

~ 3-diam(X)?- [, H dvol,

At this point, we can already apply Lemma to derive a uniform lower bound for
ru(Y) - sys(Y)~'/2. However, this inequality does not have the desired exponent for sys. In
order to fix this, we must derive a different estimate similar to Corollary when sys(Y)
is near 0. This is the objective of the rest of this part.

We will also need a less crude estimate on the time-averaged acceleration that uses the
geometry of vector-field /v, but requires the hypothesis that X has small systolic ratio.

Lemma 1.3.16. Suppose that X satisfies E(a,b) C X C 4- E(a,b) and let ¥ C'Y be the
open subset

S =Y NC x int(E(b/2))

Then there is an ¢ > 0 and a C' > 0 independent of a,b and X such that, if a/b < ¢ and
T = b2, then

Ar>C-a'? on X and area(X) > C - area(Y)

Proof. To bound A7, the strategy is to show that the projection of Iv to the 2nd C-factor
is bounded along ¥ by (a/b)'/2. Thus, a length T' = b'/2 trajectory v of Iv stays within a
ball of diameter roughly a'/2, and a variation of Lemma [1.3.14] implies the desired bound.

To bound area(X), the strategy is (essentially) to use the monotonicity of area under the
inclusion F(a,b) C X to reduce to the case of an ellipsoid. We can then use the estimates
in Lemmas [[.3.3] and [L3.7 to deduce the result.

Projection Bound. Let 7; : R* ~ C? — C denote the projections to each C-factor for
j =1,2. We begin by noting that there is an A > 0 independent of X, a and b such that

Ty 0 Iv(x)| = |my o v(x)| < A- (a/b)"? if xe€eY and my(zr) € E(3b/4) (1.3.25)

To deduce (1.3.25)), assume that z € Y satisfies m(z) € E(3b/4) and that m o v(z) # 0.
Let z € 0 x OE(b) be the unique vector such that me(z — x) is a positive scaling of mo(v(x)).
Note that z € X since

0x E(b) C E(a,b) C X

Furthermore, since X is convex, we know that (v(x),w — ) <0 for any w € X. Therefore
0> (v(z),z—x) =|mov(x))| |m(z — )|+ (m ov(z), m(z — x)) (1.3.26)
Now note that since my(z) € E(3b/4) and m(2) € OE(b), we know that

1—(3/4)'2

1/2
71/2 b

|ma(z = @) =
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Likewise, m,(X) C 4- E(a) so that |m (2 — x)| < 4a'/?/7'/2. Finally, |m ov(z)| < |v(z)| = 1.
Thus, we can conclude that

[m o v(x)] - m(z — 2)| 4
[ma(z — )| T 1= (3/4)2

|m2 0 v(z)] < (a/b)"?

Acceleration Bound. Now let 7' = b2 and let v : [0,7] — Y be a trajectory of Iv
with (0) € . Since m(v(0)) € E(b/2), we know that there is an interval [0,S] C [0, 7]
where w5 0 ([0, S]) C E(3b/4). Thus, by (1.3.25), we know that for ¢ € [0, S] we have

t
[T (y(t) — v(0))] < / Ty o Ivoryldt < A-(a/b)V/? -t < A-a'/? (1.3.27)
0

By picking € > 0 small enough so that a/b is small, we can ensure the following inequality.

3_5)1/2 _ (i)lﬂ (1.3.28)

Aa'l? <
AR o

With this choice of ¢, (1.3.27)) and (1.3.28]) imply that mo(y(¢) —~(0)) € E(3b/4)if0 <t <T.
In fact, (|1.3.27)) implies that « is inside of a ball, i.e.

v(t) € E(16a) x E(tA%*-a)+p C B-E(a,a) +p where p:=0x m(y(0))

Here B := (16 4+ 7 A2)'/2. The diameter of the ball B - E(a, a) is 2B - (a/7)'/%. Therefore, by
applying ([1.3.22)) and (|1.3.23]) we see that

2Ba/? diam(B - E(a,a)) (7. 2diam(B - E(a, a)) B oy
—zArle) = T /0 =1 T = 1= (aft)

We now choose C' > 0 and € > 0 independent of a,b and X, such that

1/2
Arp(z) > (7;_3 — 2 (a/b)V?) a2 > CaV? it afb<e

This proves the desired bound on time-averaged acceleration.

Area Bound. Let U denote the convex domain given by the intersection X N (C x
E(b/2)). Note that we have the following inclusion.

E(a/2,b/2) C E(a,b)N(C x E(b/2)) CU
Furthermore, the boundary of U decomposes as follows.
oU =2XUY  where Y :=XnN(CxadE(D/2))
Since X C 4 - E(a,b), we have >’ C R where R is the hypersurface

R:=4-E(a,b)N(C x 9E(b/2)) = E(31a/2) x OE(b/2)
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Combining the above facts and applying the monotonicity of surface area under inclusion of
convex domains, we find that

area(X) = area(0U) — area(X') > area(OF(a/2,b/2)) — area(R)
By Lemma and direct calculation, we compute the areas of 0E(a/2,b/2) and R to be

. 1
area(0E(a/2,b/2)) > 273/% . ba'/? area(R) = 32a (27b) /% = 31 - (7/2)% - (a/b)"/? - ba'/?

Now let B < 272 and choose ¢ > 0 small enough to that if a/b < ¢ then
2732 _ 31 (n/2)"% . (a/b)"* > B

By applying this inequality and the upper bound for area in Lemma [1.3.7] we find that for
some C' > 0 independent of X, a and b and an € > 0 as above, we have

area(X) > (2732 = 31 - (7/2)Y2 - (a/b)V?) - ba'/? > C - ba'/? > area(Y)
This yields the desired area bound and concludes the proof of the lemma. m

By plugging the bounds for A7 and area(X) from Lemma |1.3.16|into Lemma |1.3.13] we
acquire the following variation of Corollary [1.3.15]

Corollary 1.3.17. Let X be a convex domain with smooth boundary Y, such that E(a,b) C
X C4-E(a,b). Then there exists a C' > 0 and € > 0 independent of X,a and b such that

area(Y)?

_aear)y b
a- [, Hdvol, f afb<e

/ S(Iv,1v) - dvol, > C -
Y

1.3.4 Proof Of Main Bound
We now combine the results of §1.3.1] to prove Proposition [1.3.1]

Proof. (Proposition |1.3.1) By Lemma [1.3.6] we may assume that X is sandwiched between
standard ellipsoid E(a,b) with 0 < a < b and a scaling.

E(a,b) C X C4-E(a,b)

We begin by proving the lower bound, under this assumption. By Lemma [1.3.11], we have

QL / S(Iv, Iv) dvol, (1.3.29)
v
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By applying the lower bound in Corollary [1.3.15| and using the estimates for diameter, area,
total curvature, volume and systolic ratio in Lemmal(l.3.7] we see that for constants B, C' > 0,
we have

> B-a>C-vol(X)"? sys(Y)? (1.3.30)

area(Y)?
S(Iv,Iv) - dvol, >
/ (Tv, Iv) - dvol, 2 3-diam(Y)? - [, H dvol,
Y
On the other hand, suppose that # < 1. Due to Lemmal[1.3.7] this is equivalent to sys(Y) <
1. By Corollary and the estimates in Lemma [1.3.7 there are constants A, B,C' > 0
with

area(Y')?

e ) S Bb>C-vol(X)Y? . sys(Y) V2 1.3.31
a- [, Havol, = > C - vol(X)7" - sys(Y) ( )

/S(IU,[V)dVOL, >A-

Y

By assembling the estimate (|1.3.29)) with the two estimates ((1.3.30)) and (1.3.31)), we deduce
the following lower bound for some C' > 0.

Ru(Y) > C - vol(X)"? - sys(Y) "1/ (1.3.32)

After some rearrangement, this is the desired lower bound.

The second inequality is easier to show. By using the upper bound in Lemma[1.3.11 and
the estimate for the mean curvature in Lemma [1.3.7, we see that for some A, C' > 0 we have

Ru(Y) < / Hdvol, < A-b<C-vol(X)? . sys(Y) /2 (1.3.33)
Y
This implies the desired upper bound, and concludes the proof. O

1.4 Non-Convex, Dynamically Convex Contact Forms

In this section, we use the methods of [2] to construct dynamically convex contact forms
with systolic ratio and volume close to 1, and arbitrarily small and arbitrarily large Ruelle
invariant.

Proposition 1.4.1. For every € > 0, there exists a dynamically convex contact form o on
S3 satisfying
vol(S?,a) =1 sys(S%a) >1—¢ Ru(S?%,a) <e¢ (1.4.1)

and there exists a dynamically convex contact form B on S® satisfying

VOI(S3,6) =1 sys(S%,8) >1—¢ Ru(S?,3) > et (1.4.2)
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1.4.1 Hamiltonian Disk Maps

We begin with some notation and preliminaries on Hamiltonian maps of the disk that we
will need for the rest of the section.

Let D C R? denote the unit disk in the plane with ordinary coordinates (x,y) and polar
coordinates (r,6). We use A and w to denote the standard Liouville form and symplectic
form.

1 1
A= §r2d9 = §(xdy — ydx) and w:=rdr Ndf =dx Ndy

Let ¢ : [0,1] XD — D be a the Hamiltonian flow (for ¢ € [0, 1]) generated by a time-dependent
Hamiltonian on D vanishing on the boundary, i.e.

HR/ZXD%R with H’R/ZX@D:O

We let Xy denote the Hamiltonian vector field and adopt the convention that tx,w = dH.
Since H is constant on the boundary 0D, the Hamiltonian vector field Xy is tangent to 9D.
Thus ¢ is a well-defined flow on . The differential of ¢ defines a map ® : R x D — Sp(2)

with ®|gxp = Id, which lifts uniquely to a map
®:RxD—Sp(2) satisfying (S +T,2) = (T, pg(2))D(S, 2) (1.4.3)

There are two key functions on ID associated to the family of Hamiltonian diffeomorphisms
¢. First, there is the action and the associated Calabi invariant.

Definition 1.4.2. The action o, : D — R and Calabi invariant Cal(D,¢) € R of ¢ are
defined by

1
o4 = / Of(ex A+ H) - dt and Cal(D, ¢) = / 0w (1.4.4)
0 D
The action measures the failure of ¢ to preserve A, as captured by the following formula.
DA — A =doy (1.4.5)

Next, there is the rotation map and the associated Ruelle invariant. To discuss these
quantities, we use the following lemma.

Lemma 1.4.3. Let ¢ : [0,1] x D — D be the flow of a Hamiltonian H : R/Z x D — D with
oy > 0. Then the sequences r, : D — R and s,, : D — R given by

n—1
rn(2) == %p o ®(n, 2) and Sn(z) 1= % Z 040 ¢"(2)
k=0

converge in LY(D) to r4 and sy, respectively. The map s;,' also converges to sgl in LY(D).
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Proof. We apply Kingman’s sub-additive ergodic theorem (see [79] and Remark [1.2.15]) to
the map g, = r, + C for sufficiently large C' > 0. Applying and the quasimorphism
property of p, we find that

Im+n < 9Im + Gn © ¢m

By Kingman’s ergodic theorem, this implies that 2 has a limit 7o in L' (D). Since ||gn,—7][ 11
is bounded, we acquire the same result for r,,.
By Birkhoff’s ergodic theorem, s, converges to a limit s, € L'(D). Note that for some
¢ > 0, we have
< 04 < c and therefore cl<s, <c

Thus s, > 0 pointwise almost everywhere and s_! is well-defined almost everywhere. Since
|s,|™! < ¢, we can apply the dominated convergence theorem to conclude that s! is in-
tegrable and s;' — s! in L'. A similar argument applies to 7,/s,, which converges to
Too/Soo- O

Definition 1.4.4. The rotation 74 : D — R and Ruelle invariant Ru(D, ¢) € R of ¢ are
defined by
re = lim 7, and Ru(D, ¢) = /T¢ ‘W (1.4.6)

n—oo D

Remark 1.4.5. Our Ruelle invariant Ru(DD, ¢) of a symplectomorphism of the disk agrees
with the two-dimensional version of the invariant introduced by Ruelle in [92].

The action, rotation, Calabi invariant and Ruelle invariant depend only on the homotopy
class of ¢ relative to the endpoints, or equivalently the element in the universal cover of

Ham(D, w).

We conclude this review with a discussion of periodic points and their invariants.

Definition 1.4.6. A periodic point p of ¢ : D — D is a point such that ¢*(p) = p for some
k > 1. The period £(p), action A(p) and rotation number p(p) of p are given, respectively,
by

L(p)-1
L(p) :=min{j > 0|¢'(p) =p}  A(p) = > 0406'(p)  p(p) := po®(L(p),p) (1.4.7)
=0
Note that the rotation number can also be written as p(p) = L(p) - r4(p).

1.4.2 Open Books Of Disk Maps

We next review the construction of contact forms on S® from symplectomorphisms of the
disk, using open books.

Construction 1.4.7. Let H : R/Z x D — R be a Hamiltonian with flow ¢ : [0,1] x D — R
such that
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(i) Near dD, H is of the form H(t,r,60) = B - w(1 — r?) for some B > 0.
(ii) The action function o, of the Hamiltonian is positive everywhere.

We now construct the open book contact form a on S? associated to (D, ¢). We proceed by
producing two contact manifolds (U, «) and (V, 3), then gluing them by a strict contacto-
morphism.

To construct U, we consider the contact form dt + A on R x D. Due to the identity
dog = $ ;A — Xin (1.4.5)), the map f defined by

f RxD—-RxD f(t,2) =(t —os(2), $1(2))
is a strict contactomorphism. We form the following quotient space.
U=RxD/~ defined by (t,2) ~ f(t, 2)

Since o is strictly positive by assumption (ii) in Construction|1.4.7] this quotient is a smooth
manifold. The contact form dt + A descends to a contact form « on U because f is a strict
contactomorphism. Note that a fundamental domain of this quotient is given by

Q= {(£.2)0 <t < 0,(2)}

We observe that the Reeb vector field is simply given by R = 0;. Thus the disk 0 x D C U
is a surface of section for the Reeb flow on U with first return map ¢;.

To construct V', we choose a small € > 0 and let
2 B,
V :=R/7Z x D(e) g=1-r )dt—I—ET do

Here D(e) C C is the disk of radius ¢, ¢ is the R/7Z coordinate and (r, §) are radial coordi-
nates on D(g). There is a strict contactomorphism ¥ identifying subsets of U and V', given
by

B
ViVAR/TLX0) = U with  W(tr,0) = (50, V1=12,2t — Bf)
We now define Y = int(U) Uy V' as the gluing of the interior of U and V' via ®, and « as the

inherited contact form. Since ¢ is Hamiltonian isotopic to the identity, the resulting contact
manifold (Y, ker ) is contactomorphic to standard contact S°.

Proposition 1.4.8 (Open Book). Let H and ¢ be as in Construction[1.4.7. Then there
exists a contact form o on S* with the following properties.

(a) (Surface Of Section) There is an embedding ¢ : D — S such that (D) is a surface of

section with return map ¢1 and first return time o, and such that w = (*da.
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(b) (Volume) The volume of (S®, a) is given by the Calabi invariant of (D, ¢), i.e.

vol(S?, a) = Cal(D, ¢)

(¢) (Ruelle) The Ruelle invariant of (S, a) is given by a shift of the Ruelle invariant of

(D, ¢).
Ru(S®, a) = Ru(D, ¢) + 7

(d) (Binding) The binding b = 1(0D) is a Reeb orbit of action m and rotation number
1+1/B.

(e) (Orbits) Every simple orbit v C S\ b corresponds to a periodic point p of ¢ that
satisfies

k(v,b) =L(p)  A(y)=A(p)  p(y) =pp) +L(p)

In order to relate various invariants associated to (S®,«) and its Reeb orbits to corre-
sponding structures for (D, ¢), we need to introduce a certain trivialization of & over U.

Construction 1.4.9. Let (U, {|y) be as in Construction |1.4.7. We let 7 denote the contin-
uous trivialization of &|; defined as follows. On the fundamental domain 2, we let

7: Q — Hom(¢|y, R?) given by  7(t,2) == exp(2mit/o4(2)) 0 D(t/04(2), 2) o Ilp
(1.4.8)
Here @ : [0,1] x D — D is the differential d¢ of the flow ¢ : [0,1] x D — D and I : £ — TD
denotes projection to the (canonically trivial) tangent bundle TID of . Note also that o
denotes composition of bundle maps.

To check that 7 descends to a well-defined trivialization on U, we must check that it is
compatible with the quotient map f : R x D — R x . Indeed, we have

7(04(2),2) = ®(1, 2) o llp = 7(0, $1(2)) © df(64(2).2)

This precisely states that projection commutes with the isomorphism identifying tangent
spaces in the quotient, so 7 descends from €2 to U.

Lemma 1.4.10. Let 7 : &|y — R? be the trivialization in Construction . Then

(a) The restriction 7|k of T to any compact subset K C int(U) of the interior of U is the
restriction of a global trivialization of & on S3.

(b) The local rotation number rot, : U — R of (U, a|y) with respect to T agrees with the
restriction of the local rotation number rot : S* — R of (S3, ) with respect to the global
trivialization.
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Proof. Let V = R/7Z x D(¢) and ¥ be as in Construction [L.4.7 For any § < e, we let
V(9) c V and U(§) C U denote

V(§):=R/7Z xD(6) CV and U(6) :==1int(U) \ int(¥(V(9)))

The sets U(0) are an exhaustion of int(U) by compact, Reeb-invariant contact submanifolds.

To show (a), we assume that K = U(d). The homotopy classes of trivializations T of £
over U(§) are in bijection with H'(U(§);Z) ~ Z. A map to Z classifying elements of T is
given by

T —7Z given by o sl(y,0) (1.4.9)
Here sl(7, o) is the self-linking number (in the trivialization o) of the following transverse
knot. B
v:R/27Z — U(9) 7(0) = V¥(0,¢,6) = (7, V1—¢e2 —B0)

The knot v bounds a Seifert disk ¥ = 0 x D(g) in V' C S3. The line field £ N Y has a single
positive elliptic singularity, so the self-linking number of the boundary v with respect to the
global trivialization is sl(y) = —1.

To compute sl(v, 7), we push ~ into 3 along a collar neighborhood to acquire a nowhere
zero section 1 : R/27Z — £ and then compose with 7 to acquire a map 7on : R/27Z — R?\0.
Up to isotopy through nowhere zero sections, we can compute that

Ton(f) =e? € C=R?

On the other hand, the self-linking number can be computed as the negative of the winding
number of this map.

sl(y,7) = —wind(7on) = —1
Since the map ([1.4.9) classifies elements of T, this proves that on U(¢§) the trivialization 7
agrees with the restriction of a global trivialization.

To show (b), note that since U(J) is compact, we can choose a global trivialization of £
on S?

o:&~R? such that aluey = Tlue)

By Proposition [1.2.13(¢c), rot, = rot on S? and so the local rotation numbers satisfy
rot |v(s) = rote [u(s) = 10t7 |U(5)
Since this holds for any ¢, this shows (b) on all of int(U). O

Remark 1.4.11. It is possible to define the trivialization 7 of {|y in such a way that it
is not only homotopic but actually equal to the restriction of a global trivialization of the
contact structure on S®. We did not do this in order to avoid complicated formulas in the
definition of 7.
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The following lemma relates the rotation number of the lifted linearized Reeb flow 4 (ID
RxU — Sp(2) on (U, ) to the rotation number of the lifted linearized flow P :RxD — Sp( )
of the Hamiltonian flow ¢ on D.

Lemma 1.4.12. Let ¢ : D — U denote the inclusion of the disk 0 x D C U. Let p € D and
consider the Reeb trajectory v : R — U satisfying v(0) = v(p). Let 0 =Ty < Ty < Ty <
denote the non-negative times at which the trajectory « intersects the disk (D). Then

po®-(Tk, u(p)) = po B(k,p) + k
for all non-negative integers k.

Proof. We abbreviate
=¢'(p)  yi=1tp) =v(T)  Li=T —T; = 0g(p:)
Note that the lifted linearized Reeb flow with respect to 7 at time T} can be written as
O (Th, y0) = Pr(Li—1, Y1) Pr (Lio—oy yi—2) - - - D1(Lo, o) (1.4.10)

The linearized Reeb flow <AIST(LZ-,yi) takes place along a trajectory connecting (0,p;) to
(04(pi), pi) in the fundamental domain 2. We may be directly compute from (1.4.8) that

®.(t, ;) = exp(2mit/oy(pi)) o B(t/os(2), pi) and so @, (Ls,y:) =2 D(1,p;)  (1.4.11)

Here = is the unique lift of Id € Sp(2) with p(Z) = 1. This is a central element of %(2), SO

combining and we have
(T, o) = E* - (1,6" ' (p)) - D(1, 6" *(p)) -+~ B(1,p) = E* - B(k, p)
Since p(Z - U) = 1 + p(W) for any ¥ € §f)(2), we can conclude that
po®.(Tk, u(p)) = po B(k,p) + k O

Proof of Proposition[1.4.8 We prove each of the properties (a)-(e) separately.

Surface Of Section. Define the inclusion ¢ : D — S? as the following composition.
1:D=0xD—-RxD5HY ~53

The surface 0 x D is transverse to the Reeb vector field 9, of R x D and intersects every
flowline R x z. Also, (R x z) N2 has action 0,(2) and ends on (04(2), z) ~ (0, ¢1(2)). Thus
t(D) = 7(0 x D) is a surface of section with return time o, and monodromy ¢;. Finally, note
that

(da) = d(dt + N)|oxp = w

This verifies all of the properties of ¢ : D — Y ~ S3 listed in (a).
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Calabi Invariant. This property follows from a simple calculation of the volume using
the fundamental domain 2.

Vol(Y,a):/a/\da:/thdA:/a¢-w:Cal(D,gb)
Y Q D

Ruelle Invariant. Let rot : S — R be the local rotation number of (53, «). By Lemma
1.4.10, the restriction of rot to the (open) fundamental domain 2 C S® coincides with rot,,.
Since S3 \ Q is measure 0 in S3, we thus have

Ru(S®, a) = /

rot -a A da = / rot, -dt Nw = / " rot; -ogw (1.4.12)
53 Q D

Here ¢* rot, denotes the pullback of rot, via the map ¢ : D — S3 from (a). We have used the
fact that rot, is constant along Reeb trajectories. This follows directly from the definition
of rot, as a time average.

To apply this alternative formula for Ru(S?, «), let Ty, denote the kth positive time that
the Reeb trajectory v : [0,00) — S intersects the surface of section +(ID). Then

O, (T, — Ok, —) +k 1
vk rot, = lim M — po k7(1’ ) + — Ty +
k—o0 T k—o0 Z 0 06O ¢z Se

1=

Here the second equality is a consequence of Lemma [1.4.12l The maps r, and s4 are the
averaged rotation and action maps constructed in Lemma(l.4.3, By construction, these maps
are invariant under pullback by ¢. Thus

n—1 n—1
’/’¢+1 1 / k*T¢+1 7’¢+1 1 k
COpW = — ("] (—— - opw) = - Spw  where s, =— ) 0,00
/]D) S¢ i nkZ:O D 5¢ ¢ D 5S¢ nkZ:O ’

By Lemma [1.4.3] we know that s, — s; in L'(D). Thus, by combining the above formula
in the n — oo limit with (|1.4.12)), we acquire the desired property.

1 1
Ru(S3,a):/T¢+ -a¢-w:/r¢+ -s¢-w:/(r¢+1)-w:Ru(D,¢)+7r
D 5 D 5S¢ D

Binding. Let b = +(0D) be the binding which coincides with R/7Z x 0 in V. First note
that the Reeb vector field is given on (V, 3) by the following formula.

2

Thus b is a Reeb orbit. Since b bounds a symplectic disk +(D) C S? of area 7, the action is
7. To compute p(b), note that there is a natural trivialization of £|y = ker(3) given by

v:&ly TV 5 TD(e) = R?
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The Reeb flow ¢ : R x V' — V and the linearized Reeb flow @, : R x V' — Sp(2) with respect
to v can be calculated from (|1.4.13), as follows.

du(s,2) = (s +t,e¥P . 2) (1,5, 2) = 2P

Thus the rotation number p(b, ) of b in the trivialization v is 1/B. Finally, to compute the
rotation number p(b) = p(b, 7) with respect to the global trivialization 7 on £, we note that

p(ba 7—) - p<b7 y) = ILL(T © y_l|b) = Cl(£|L(D)7T) - Cl(f’L(D)j V) == —cl(ﬁ\L(D), l/)
Here p : m(Sp(2)) — Z is the Maslov index and ¢;(&|,m), —) is the relative Chern class of
€|,y with respect to a given trivialization over +(0D), which vanishes for 7.

On the other hand, the trivialization v is specified by the section of {|,(p) given by pushing
t(0D) into ¢(D) along a collar neighborhood. Thus, —c;(§],my, ) is precisely the self-linking
number sl(b) of b. This number can be calculated as a signed count of singularities of the
line field € N (D), which has 1 elliptic singularity. Thus sl(b) = —1 and p(b) =1+ 1/B.

Orbits. An embedded closed orbit v : R/LZ — Y of a that is disjoint from the binding
b is equivalent to a closed orbit of (U, a|y). The orbit « intersects the surface of section ¢(ID)
transversely at n > 1 times Ty = 0,7, ...,T, = L. Let

pr € D be such that t(pr) = v(Tk) N (D)

Since «(D) is a surface of section, we have p;11 = ¢(p;) and since 7 is closed, p, = pg. Thus
p = po is a periodic point of period

L(p) =n = w[D] - [y] =1k(v,b)

Next, note that on the interval [T}, T;. 1], v restricts to a map [T, T;r1] — € given by
v(t) = (t,¢(pi)), from which it follows that

a =5 [ e =5 [ a=5 rost )= aw
v) = Y(dt + o) = =) oco¢'(p)=Alp
k=0 Tk k=00 k=0

Finally, due to Lemma/|l.4.10{we may use the trivialization 7 to compute the rotation number.
We have

p(7) = po @(L,~(0)) = po ®(n,p) +n = p(p) + L(p)
Here the second equality uses Lemma |1.4.12| This completes the proof of (e), and the entire
proposition. ]

1.4.3 Radial Hamiltonians

A Hamiltonian H : R/Z x D — R that is rotationally invariant will be called radial. In other
words, H is radial if it can be written as

H(t,r,0) = h(t,r) for a map h:R/Z x[0,1] = R

We will require a few lemmas regarding radial Hamiltonians.
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Lemma 1.4.13. Let H : D — R be an autonomous, radial Hamiltonian with H = h o r.

Then
R (r)

2

os(r,0) = h(r) — %rh’(r) and  1y(r,0) = (1.4.14)

Proof. We calculate the Hamiltonian vector field Xy and the action function o4 as follows.

rh'(r) B 1,
5 + h(r))-dt = h(r) — §rh (r)

1
XH = —? . (99 and and O—d)(ra 0) = / qb;tk(_
0

Here we use the fact that the Hamiltonian flow ¢ preserves any function of r. Next, we note
that the differential ® : R x D — I of the flow ¢ is given by
—n it(rh” — h') —n

O(t, 2)v = exp( pa it)v + 5 - exp( pa it)z - dr(v)

r

Note that if we use s = iz/|z|, then dr(v) = 0. Thus, if ® : R x D — Sp(2) denotes the lift
of ®, and p, denotes the rotation number relative to s (see Definition [1.2.5)) then
—h(r)

=) Ly d th (T,2) =T (1.4.15)
l)S an us s O , ) = e 4.
r p 2nr

d(t,2)s = exp(

Since p, : §f)(2) — R and p: §1§(2) — R are equivalent quasimorphisms (Lemma [1.2.6]), we
have

po®(T, ) pooB(T,~) _ —Hor

= lim ——~ = 1i = in L'(D
ro= fim T = fm T o LD
This concludes the proof of the lemma. O

More generally, a Hamiltonian H : R/Z x D — R is called radial around p € D if H is
invariant under rotation around p, i.e. if H can be written as

H(t,z,y) = h(t, ) for a map h:R/Z x[0,1] - R
Here r, : D — R be the distance from p, i.e. 7,(z) = |z — p|.

Lemma 1.4.14. Let H : D — R be an autonomous Hamiltonian that is radial around
p=(a,b) €D, with H= hor,, in a neighborhood U of p. Then on U, we have

_ W (rp)

27Ty,

1
oy = h(ry) — =r,h/(rp) + up, — Plu, and Ty = (1.4.16)

2

Here the map u, : D — R is given by uy(z,y) = (bx — ay)/2.
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Proof. Let A\, be the radial Liouville form on (D,w) centered at p. That is, A, is given by
1
Ap = 5((x —a)dy — (y — b)dz) = A + du,

Let 7 : D — R be the function decribed in ((1.4.16|). Then by Lemma [1.4.13] we know that
on U we have
dr = (1A, — Np) + (P1du, — up) = G1A — X = doy

Thus it suffices to check that o4(p) = 7(p). Since rh/(p) = 0 and u,(p) = uy(P1(p)) = 0, we
see that 7(p) = h(0) = H(p). On the other hand, Xg(p) = 0, we see that

oo(p) = / Gr(N(X) + H)dt = / h(0)dt = (p)

Thus o4(p) = 7(p). The formula for r, follows from identical arguments to Lemma/|l.4.13] [

1.4.4 Special Hamiltonian Maps

We next construct a special Hamiltonian flow ¢ on the disk, depending on a set of parameters,
and establish its basic properties with respect to action, rotation and periodic orbits. The
desired contact forms in Proposition with small and large Ruelle invariant correspond
(via Proposition [L.4.8) to ¢ for suitable choices of parameters (see §1.4.5)).

The special Hamiltonian flow ¢ is constructed as the product of a pair of simpler flows.
¢ =o' 8¢

Here ¢¢ : [0,1] x D — D and ¢ : [0,1] x D — D are autonomous flows generated by G' and
H, and the product e occurs in the universal cover of the group Ham(ID,w) of Hamiltonian
diffeomorphisms of (D, w). We denote the Hamiltonian generating ¢ by

H#G :R/ZxD — R

Setup 1.4.15. We will require the following setup in the construction of ¢. The setup and
notation established here will be used for the remainder of of §I.4.4]

(a) Fix an integer n > 10 and let S(n, k) C D for 0 < k < mn — 1 be the sector of points

S(n, k) :={re? €D : 2nk/n <0 < 2w(k+1)/n}

(b) Fix a finite union U C D of disjoint disks in D such that each of the component disks
D C U is contained in one of the sectors S(n, k) and such that for every D C U the
disk €>™/™ . D is a component disk of U as well. We let

d(U) := max{diam(D) : D C U is a component disk}

That is, d(U) is the maximal diameter of a disk in U.



CHAPTER 1. 3D CONVEX CONTACT FORMS AND THE RUELLE INVARIANT 44

(c) Fix a constant 0 > 0 that is much smaller than the radius of each disk D, than the
distance between any two of the disks D and D', and than the distance between D and
the boundary of any of the sectors S(n, k). For any subset S C D, we use the notation

N(S) :={z e D||z —p| <6 for some p € S}
The neighborhoods N(0D), N(D), N(U) and N(0U) will be of particular importance.

(d) Fix a real number R € R. For every s > 4 sufficiently large compared to ¢, there exists
a smooth, monotonic function g : [0, s + §] — R with support contained in [0, s + 0)
satisfying the following conditions.

gi(r)=m-R-(s*—=r?) ifr<s—¢ (1.4.17)

lgb(r)] <27 - |R|- (s — ) if s—0<r<s+9 (1.4.18)

Choose such a function gs for every s that arises as the radius of a component disk
DcU.

We now introduce the two Hamiltonians H and G in some detail. The construction of
H only depends on the integer n. The construction of G depends on U, §, R and the choice
of gs.

Construction 1.4.16. We let H : D — R denote the radial Hamiltonian given by the

formula
m(n+1)

n

H(r,0) := (1 =77 (1.4.19)

2w (n+1
n

The Hamiltonian vector field is Xy = ). 95 and so the Hamiltonian flow is given by

2n(n+1)

7T RxD—D with o™ (t, 2) = exp( it) -z (1.4.20)

In particular, the time 1 flow is rotation by 27“ and preserves the collection U.

Construction 1.4.17. We let G : D — R denote a Hamiltonian that is invariant under
rotation by angle 27w /n and that vanishes away from N(U). That is

G(z) = G(e*™/m . 2) and Glowwwy =0 (1.4.21)

Furthermore, let D be a component disk of U that is centered at p € D and with radius s.
Then we assume that G is given by

G|N(D) =gsOTp (1422)

in the neighbourhood N (D) of the disk D. This fully specifies G on all of D.
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A crucial fact that we will use later without comment is that ¢¢ and ¢ commute as
elements of the universal cover of Ham (D, w), i.e. ¢© @ ¢! = ¢ @ »“. The remainder of this
section is devoted to calculating properties of the action, rotation and periodic points of the

map o.
Lemma 1.4.18 (Action of ¢). The action map o4 : D — R and Calabi invariant Cal(D, ¢)

satisfy
op =m(l+ l) +R Z area(D) - xp + O(d(U)) on D\ N(9U) (1.4.23)
n DcU
/2 +min{0, R} - 27/n < 0, < 27 + max{0, R} - 27/n on D (1.4.24)

Cal(D, ¢) = (1 + %) +R Z area(D)*> + O(d(U)) + O(|R| - area(N(9U)))  (1.4.25)
DcU

Proof. Since ¢¢ and ¢ commute, we have og o ¢ = o and therefore
U¢:UGO¢{{+O'H:O'G+O'H

Thus we must compute the action map of G and H. First, we note that H is radial by
(1.4.19). Thus we apply Lemma [1.4.13| to see

1
og=7(l+—) onallofD (1.4.26)
n

Next we compute the action map of GG. Let D be a component disk of U centered at p and
of radius s. We can apply Lemma [1.4.14] to see that

o = gs(rp) — %Tpgé(rp) + (up — (¢7)"uy) = Rarea(D) + O(d(U)) on D\ N(9D)

Here we used expression (1.4.17)) for gs. It follows from the definition of u, in Lemma [1.4.14
and the fact that d(U) is an upper bound on the diameter of D that |u, — (¢¢)*u,| is bounded
above by d(U). Since o = 0 outside of N (D), we thus acquire the formula

oc=R Z area(D) - xp + O(d(U)) on D\ N(0U) (1.4.27)

Adding ((1.4.26)) and ((1.4.27) yields the desired formula (1.4.23)) and implies (|1.4.24]) away
from N(OU). We can estimate on the neighbourhood N(9D)

1 * *
loa] < |98(rp) D) pg;(rp” + |up - (¢?) up' < 2|R|7T52 + |up - (Qb?) up|

We observe that ms? < 7/n and |u, — (¢%)*u,| < 1. Moreover, o > 0 if R > 0 and o5 <0

if R <0. Adding o¢ to the formula (1.4.26) for oy thus yields (1.4.24) on N(0D). Finally,
since |og| = O(|R|), the integral of o over D agrees with the integral over D\ N(9U) up to

an O(|R| - area(N(0U))) term. This proves (|1.4.25). O
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Lemma 1.4.19 (Rotation of ¢). The rotation map r4 : D — R and the Ruelle invariant
Ru(D, ¢) satisfy

Ty = (1+l)+RZXD on D\ N(U) (1.4.28)
" DcU
1+ ! + min{0, R} <rg <1+ l + max{0, R} on D (1.4.29)
n
Ru(D, ¢) = m(1 + )+ R Z area(D) + O(R - area(N(0U))) (1.4.30)
DcU

Proof. In the universal cover of Ham(ID, ¢), the time k flow ¢* of G#H can be factored in
terms of the time 1 flow ¢ : [0,1] x D — D of G and the time 1 flow ¢ : [0,1] x D — D of
H, as follows.

0 = (0" 0 0% = 0" 0 ¥ e 00 gt 0 g0
This factorization is inherited by the lifted differential d:RxD—Sp2)of¢p:RxD—D
due to the cocycle property of ®.

D(k,z) = (1,¢% 0" 1(2)) e DF (1, 0" (2)) @ DT (1,% 0 ¢ %(2)) - -- 0 DF(1, 2) (1.4.31)
To apply this, we note that the differential ® : [0,1] x D — Sp(2) of the flow of H is
given by
O (t,2) = exp(2n(1 + 1/n) -it) for any z € D (1.4.32)
Likewise, the differential ®¢ : [0,1] x D — Sp(2) of the flow of G is given by the formula
OO(t,2) =exp(2m - R-it)if zc U\ N(OU) and  ®%(t,2z) =1d if z € D\ N(D)
(1.4.33)

By combining ([1.4.32)) and ([1.4.33)) with the decomposition ((1.4.31]), we acquire the following
formula.

po®(k,2)=k-(1+ % + R Z xp(z)) if zeD\N(U) (1.4.34)
DcU

By dividing (|1.4.34]) by k£ and taking the limit as & — oo, we acquire the first formula
(1.4.29).

Next, we examine the rotation number in the region N(9D). Fix a component disk
D C U centered at p and a point z € N(9D). Let S C N(9D) be a circle centered at p with
z € S, and let u € T,S be a unit tangent vector to S at z. Finally, let

Si=¢'(S)  z=¢'(2) wi=9¢%0¢'(z) wi=00,2)u v =YL, ¢ (2)P(i, 2)u
Note that these points and vectors satisty z; € S;, w; € S;, w; € 13,5; and v; € T,,.5; for each

i. By applying the decomposition ((1.4.31)) and the additivity property (1.2.7]) of ps, we see

that
k—1

=3 (@61 20) + 3 o (B (1) (1.4.35)

1=0
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Since ¢ is just an orthogonal rotation, we can use (1.4.32)) to immediately conclude that
~ 1
P (P (1, 2)) =14 — (1.4.36)
n
On the other hand, since u; is tangent to the circle S;, we may use the formula (1.4.15)) to
see that

P (B9(1, 2))) = —9275—(())) (1.4.37)

Here g, is the function such that G|ypy = gs o rp. By our hypotheses, we know that

195 (rp(2))] _ 95(rp(2))

< d
211, (2) < |R] an sen 277, (2)

) = sgn(R)
By plugging in the formulas (({1.4.35) and (1.4.36)), we can estimate p,, o &D(k, z) as follows.
1 ~ 1
k-(1+ -t min{0, R}) < p, o ®(k,2) < k- (1+ Tt max{0, R})

We can therefore estimate r,. Since p, and p are equivalent (Lemma [1.2.6) we find that

.o Dk, 1. 1

re(z) = lim puo bk, 2) and thus 14+ — +min{0, R} <7y(2) <14 — + max{0, R}
k—00 k n n

Finally, the Ruelle invariant agrees with the integral of (1.4.28)) over D\ N(9U) up to an

O(|R| - area(N(0U))) term. This proves (|1.4.30). O

Lemma 1.4.20 (Periodic Points of ¢). Suppose that R > —2. Then the periodic points of
¢ : D — D satisfy
A(p)>7n  and  p(p)+L(p) > 1 (1.4.38)

Proof. First, consider the center ¢ = 0 € D, where ¢ = ¢. This periodic point has period
L(c) = 1. Thus, due to Lemmas |1.4.18[and [1.4.19] the action and rotation number are given
by

Ale) = ufe) =7(1+ 1) ple) = role) =1+

Any other periodic point p of H has period £(p) > n, since ¢ rotates the sector S(n, k) to
the section S(n,k + 1). Since n > 10 and R > —2, we have o4 > 7/10 (by Lemma |1.4.18]).
The action of p is bounded below as follows.

L(p)-1

Ap) = 3 00(d'(p) > 35 Llp) 2w

i=0
Likewise, we apply Lemma |1.4.19| to see that the rotation number of p is bounded as follows.

p(p) =L(p)-re(p) > L(p) - (1 + % +min{0, R}) > L(p) - (-1 + %) >—L(p)+1

In particular, the rotation number satisfies p(p) + £(p) > 1. O
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1.4.5 Main Construction
We conclude this section by proving Proposition [1.4.1

Proof. (Proposition We construct the small Ruelle invariant and large Ruelle invariant
contact forms separately. The basic strategy in both cases is to construct the special Hamil-
tonian flow of with a specific choice of parameters, apply the open book construction
of Proposition [I.4.§ to acquire a contact form and verify the desired properties by computing
the relevant invariants (e.g. period, index, Calabi invariant) of ¢.

Small Ruelle Case. We begin by choosing the parameters n, U, § and R from Setup
1.4.15] Fix a large positive real number x. Choose an integer n > x and a union U of disks
D that each satisfy

1 1 ) 1
T < Z area(D) <7 area(D) < p diam(D) < p
DcU
Choose 6 > 0 so that area(N(0U)) < + and choose R := —2+ L. These paramecters define

a special Hamiltonian flow ¢ = ¢© o ¢!, By direct calculation and Lemma [1.4.18, we know
that

1
G#H =7(1+ 5) (1 —7?) near OD and oy >0

Therefore, we can apply Construction to ¢ to acquire a contact form o on S®.

We now show that (a scaling of) a has the desired properties. First, by Proposition
1.4.8(b) and Lemma [1.4.18] the volume of (S%, a) is given by the formula

Cal(D, ¢) = 7(1 + )+ R Z area(D O(d(U)) + O(R - area(N(0U))) = 7> + O(k™)

Next, by Proposition [1.4.8(c) and Lemma [1.4.19] the Ruelle invariant of (S3, «) is given by
the formula

Ru(D, ¢) + 7 =7(2 + %) +R Z area(D) + O(R - area(N(0U)) = O(x™1)

Last, by Proposition [1.4.§]d) the binding b = ¢(dD) in S® has action and rotation number
given by
>1

A) =7 p(b):1+1+1/n

Due to Proposition M(e) and Lemma [1.4.20, every periodic orbit of (53, ) other than b
satisfies
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In particular, a is a dynamically convex contact form. Finally, rescale a by vol(S?, a)~%/2.
Then for any € > 0, we may choose a x sufficiently large so that

71.2

vol(S? a) =1 Ru(S? a)=0(k™") <e sys(S% a) > 2100 >1—¢
This is precisely the list of properties ([1.4.1]), and so we have constructed the desired small
Ruelle invariant contact form.

Large Ruelle Case. Again, we choose parameters n, U, § and R from Setup [1.4.15]
Fix a large positive real number k. Choose an integer n > k and a union U of disks D that
each satisfy

1 1 1
-=-< D) < D) < — diam(D) < —
T Z area(D) < area(D) e iam(D) p
Choose 6 > 0 such that area(N(0U)) < = and set R = x. These parameters define a special
Hamiltonian flow ¢ = ¢ o ¢)#. By direct calculation and Lemma [1.4.18 we know that
1
G#H = 7(1+ =) - (1 — r?) near oD and s >0
n

Therefore, we can apply Construction to 1) to acquire a contact form 3 on S3.

Now we show that (a scaling of) 3 has all of the desired properties. First, by Proposition
1.4.8(b) and Lemma [1.4.18] the volume of (S?, 3) is given by the formula

Cal(D, ) = (1 + =) + R Y area( D)’ + O(d(U)) + O(R - area(N(2D))) = 7* + O(x~")

Next, by Proposition [I.4.§|c) and Lemma [[.4.19] the Ruelle invariant of (53, 8) is given by
the formula

1
Ru(D, ¢) + 7 =m(2+ —) + R Y _ arca(D) + O(R - area(N(9U)) = 7 - k + O(1)
" DcU
Last, by Proposition [1.4.§]d) the binding b = ¢(dD) in S® has action and rotation number
given by

Ab)=n  plb) =1+ > 1

1+1/n
Due to Proposition M(e) and Lemma [1.4.20] every periodic orbit of (53, 3) other than b
satisfies

A =m ply) > 1

In particular, 3 is a dynamically convex contact form. Finally, rescale 8 by vol(S?, 3)~%/2.
Then for any € > 0, we may choose a k sufficiently large so that

’/T2

VOl(Sg,O./) =1 RU(S3,05) = O(I{) > et SYS(S3,OZ) > m >1—¢
™
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This is precisely the list of properties ([1.4.2)), and so we have constructed the desired large
Ruelle invariant contact form. O
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Chapter 2

Disk-like surfaces of section and
symplectic capacities

2.1 Introduction

2.1.1 Symplectic capacities

A symplectic capacity is a function ¢ that assigns numbers ¢(X,w) € [0,00] to symplec-
tic manifolds (X,w) of a certain dimension 2n. Symplectic capacities are required to be
monotonic under symplectic embeddings and behave linearly with respect to scalings of the
symplectic form. More precisely, one requires:

e (Monotonicity) If (X,w) symplectically embeds into (X', w’), then ¢(X,w) < ¢(X', ).
e (Conformality) For every r > 0, we have ¢(X,rw) = re(X, w).

We will be mainly concerned with symplectic capacities of domains in Euclidean space R?" =
C" equipped with the standard symplectic form

Wwo = idxj A dy;.
j=1
We define the ball B(a) and cylinder Z(a) of symplectic width a > 0 to be the sets
B(a) = {z€C" ||z’ <a} and Z(a) ={z€C"|n|xn]*<a}.
A symplectic capacity is called normalized if it satisfies
e (Normalization) ¢(B(w)) = ¢(Z(7)) = 7.

Two examples of normalized symplectic capacities which are easy to define are the Gromov
width cq and the cylindrical capacity cz. We use the notation A < B to indicate that
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there exists a symplectic embedding of A into B, i.e. a smooth embedding preserving the
symplectic structure. Gromov width and cylindrical capacity are given by

ca(X) = sup{a | B(a) < X} and cz(X) =inf{a | X < Z(a)}.

Note, however, that it is highly non-trivial to show that cg and ¢z are indeed normalized
capacities. In fact, this is equivalent to the celebrated Gromov non-squeezing theorem [46].
There is a whole collection of symplectic capacities whose definition involves Hamiltonian
dynamics. Examples of normalized capacities arising this way are the Hofer-Zehnder capac-
ity cpz introduced in [56] and the Viterbo capacity csy defined in [101] using symplectic
homology. Other capacities come in families parametrized by positive integers. Examples
are the Ekeland-Hofer capacities cPf defined in [33] and [34] and the equivariant capacities
¢t constructed by Gutt and Hutchings in [47] from S'-equivariant symplectic homology.
The first capacities ¢ and c¢P! in these families are normalized. In dimension 4, there
exists a sequence of capacities ¢cE“" defined by Hutchings in [65] using embedded contact
homology. Again, the first capacity ¢’°! is normalized. For more information on symplectic
capacities, we refer the reader to Cieliebak-Hofer-Latschev-Schlenk [15] and the references

therein.

Recall that a contact form on an odd dimensional manifold is a nowhere vanishing 1-form
a such that the restriction of da to the hyperplane field ¢ = ker v is non-degenerate. A
contact form « induces a Reeb vector field R = R,, characterized by the equations

tpa =1 and trda = 0.

Studying the dynamical properties of Reeb flows, such as the existence of periodic orbits,
is a topic of great interest in symplectic geometry. Contact forms naturally arise on the
boundaries of convex or, more generally, star-shaped domains X C R?". We equip R?*" with
the radial Liouville vector field Z; and the associated Liouville 1-form A

n n

1 1
Zo = ;(3336% + yjayj) = 57“& and )\0 = 5 ;(l'de] — y]d.’ll']) (211)
They are related to the symplectic form wy via d\g = wp and tz,wy = Ag. Consider a closed,
connected hypersurface Y C R?". The restriction of Ay to Y is a contact form if and only if
the Liouville vector field Zj is transverse to Y. If Y has this property, we call it a star-shaped
hypersurface and the domain bounded by Y a star-shaped domain. Note that all star-shaped
hypersurfaces are contactomorphic to the sphere S?"~! equipped with its standard contact
structure. Moreover, any contact form on S?"~! defining the standard contact structure
is strictly contactomorphic to the restriction of Ay to some star-shaped hypersurface. Thus
studying star-shaped hypersurfaces is equivalent to studying contact forms on S?"~! defining
the standard contact structure.
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It was proved by Rabinowitz in [88] that there exists a periodic Reeb orbit on the bound-
ary of any star-shaped domain X C R?". If « is a periodic orbit on X, we define its action

A(7) to be
Ay) = /)\0.

The capacities cuz, csu, cEl and ¢t have the following important property: Their value
on a star-shaped domain X C R?" is equal to the action A(y) of some (possibly multiply
covered) periodic orbit v on dX. The capacities cE“! have a similar property. Their values
can be represented as the sum of the actions of finitely many periodic orbits.

2.1.2 Viterbo’s conjecture

In [102], Viterbo stated the following fascinating conjecture concerning normalized symplec-
tic capacities.

Conjecture 2.1.1 (Viterbo conjecture). Let X C R*" be a conver domain. Then any
normalized symplectic capacity ¢ satisfies the inequality

o(X) < (nlvol(X))w. (2.1.2)

Note that inequality holds for the Gromov width cg. This is an easy consequence of
the fact that symplectomorphisms are volume preserving. For all other normalized capacities
introduced above, Conjecture [2.1.1| is open. It was proved by Artstein-Avidan-Karasev-
Ostrover [6] that Conjecture implies Mahler’s conjecture, an old conjecture in convex
geometry. This is one of the reasons for the recent increase in interest in Viterbo’s conjecture.
There is a stronger version of Viterbo’s conjecture.

Conjecture 2.1.2 (Strong Viterbo conjecture). Let X C R*" be a convexr domain. Then all
normalized symplectic capacities agree on X.

The strong Viterbo conjecture together with the above observation that Conjecture|2.1.1
holds for ¢g immediately implies that Conjecture is true for all normalized symplectic
capacities. It is an easy consequence of the definitions that any normalized symplectic
capacity c satisfies cq < ¢ < ¢z. Thus Conjecture is equivalent to saying that Gromov
width cg and cylindrical capacity cz agree on convex domains. The convexity assumption
in Viterbo’s conjectures is essential. Even within the class of star-shaped domains there
exist domains X with arbitrarily small volume such that the cylindrical capacity satisfies
cz(X) > 1 (see Hermann’s paper [52]). We refer to Gutt-Hutchings-Ramos [48] for a recent
account on Viterbo’s conjectures.

2.1.3 Embeddings into cylinders

Except for the Gromov width cg and the cylindrical capacity cz, the construction of most,
if not all, known normalized capacities is based on Hamiltonian dynamics. There has been
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a significant amount of work showing that many of these dynamical capacities agree. For
example, it follows from work of Ekeland, Hofer, Zehnder, Abbondandolo, Kang and Irie that
the values of the capacities cyz, csh, C%H and cfH on a convex domain X C R?" all agree with
Ain(X), the minimal action A(7) of a periodic orbit v on 0X. We refer to Theorem 1.12
in [48] for a summary. On the other hand, except for the obvious inequalities cg < ¢ < ¢z,
almost nothing is known about the relationship between the dynamical capacities and the
embedding capacities cg and cyz. The purpose of our work is to bridge the gap between
dynamics and symplectic embeddings.

While it is a well established strategy to use dynamics to obstruct symplectic embeddings,
in this paper we go in the opposite direction and use dynamical information to construct
symplectic embeddings. The dynamical information is given in terms of global surfaces of
section, an important concept in dynamics going back to Poincaré. Let o be a contact form
on a closed 3-manifold Y. We call an embedded surface (with boundary) ¥ C Y a global
surface of section for the Reeb flow if the boundary 0% is embedded and consists of closed,
simple Reeb orbits, the Reeb vector field R is transverse to the interior int(X), and every
trajectory not contained in 9% meets int(X) infinitely often forward and backward in time.
Surfaces of section are an extremely useful tool in three dimensional Reeb dynamics. For
example, they have been used to show that every (non-degenerate) Reeb flow on a closed
contact 3-manifold must have either two or infinitely many periodic orbits (see [55], [23]
and [16]). In this paper, we will be concerned with disk-like global surfaces of section, i.e.
the case that X is diffeomorphic to the 2-dimensional closed disk. This implies that the
underlying contact manifold must be the 3-sphere S? with its unique tight contact structure.
For more details on surfaces of section we refer to section 2.2.2]

Let us begin by stating the following general dynamical criterion guaranteeing the exis-
tence of symplectic embeddings into a cylinder.

Theorem 2.1.3. Let X C R* be a star-shaped domain. Let ¥ C 0X be a O-strong (see Def-
z'mtion disk-like global surface of section of the natural Reeb flow on 0X of symplectic
area

a:= / wo = A(0%).
b
Then there exists a symplectic embedding X <» Z(a). In particular, we have cz(X) < a.

The boundary of a general star-shaped domain need not possess a disk-like global surface
of section (see van Koert’s paper [100]). In this case, Theorem is vacuous. However,
Theorem [2.1.3] is particularly useful when applied to the important class of dynamically
convex domains because for such domains there are general existence theorems for disk-like
global surfaces of section due to Hofer-Wysocki-Zehnder [55], Hryniewicy-Salomao [60] and
Hryniewicz [57]. Ever since the notion of dynamical convexity was first introduced in [55], it
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has played a significant role in numerous papers on Reeb dynamics (see e.g. [57], [4], [5], [44],
[104], [70], just to name a few). We recall the definition of dynamical convexity from [55].

Definition 2.1.4 ( [55, Definition 1.2]). A contact form « on S* defining the unique tight
contact structure is called dynamically convex if every periodic Reeb orbit v of o has Conley-
Zehnder index CZ(7) at least 3. A star-shaped domain X C R? is called dynamically convex
if the restriction of the standard Liouville 1-form Ag (see equation (2.1.1])) to the boundary
0X is dynamically convex.

Remark 2.1.5. The Conley-Zehnder index CZ(+y) of a periodic Reeb orbit depends on the
choice (up to homotopy) of a symplectic trivialization of the contact structure along the
orbit. On S® every contact structure admits a unique global trivialization up to homotopy.
This is the trivialization used in Definition Let us also point out that usually the
Conley-Zehnder index is only defined for non-degenerate orbits. If v is degenerate, then
CZ(7) in Definition refers to the lower semicontinuous extension of the Conley-Zehnder
index.

It is proved in [55] that every convex domain X C R* whose boundary has positive defi-
nite second fundamental form is dynamically convex.

Let us introduce the following terminology.

Definition 2.1.6. A simple closed orbit of a tight Reeb flow on S is called a Hopf orbit if
it is unknotted and has self-linking number equal to —1 when viewed as a transverse knot.

The reason for this terminology is that the fibers of the Hopf fibration on S? are unknot-
ted and have self-linking number —1. It is shown by Hofer-Wysocki-Zehnder [54] that the
boundary of every star-shaped domain carries at least one Hopf orbit. Given a star-shaped
X C R*, let us therefore define

Apopr(X) == inf {A(7) | v is Hopf orbit on 90X} € (0, 00). (2.1.3)

The significance of Hopf orbits to our discussion is the following. By work of Hryniewicz-
Salomao |60] and Hryniewicz [57], a simple periodic orbit of a dynamically convex Reeb flow
on S? bounds a disk-like global surface of section if and only if it is a Hopf orbit.

Our main result provides a dynamical characterization of the cylindrical capacity of 4-
dimensional dynamically convex domains. It can be thought of as a generalization of the
Gromov non-squeezing theorem from the ball to arbitrary dynamically convex domains.

Theorem 2.1.7. Let X C R* be a dynamically convex domain and let a > 0. Then there
exists a symplectic embedding X <> Z(a) if and only if a > Apepe(X). In particular, this
implies that

cz(X) = Apopt(X).
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Moreover, the infimum in the definition of cz(X) is attained, i.e. there exists an optimal
embedding of X into a smallest cylinder.

Let us point out that sharp symplectic embedding results such as Theorem [2.1.7] are
rather rare. Moreover, most known results concern highly symmetric toric domains with
integrable flows on their boundaries. In contrast to this, the Reeb dynamics of dynamically
convex domains can be extremely rich. It is also worth mentioning that while the cylindrical
capacity cz is apriori rather elusive, the quantity Ay can in principle be computed numer-
ically given an explicit domain.

Hryniewicz-Hutchings-Ramos show in [58] that Apeps(X) agrees with the first embedded
contact homology capacity c*“*(X) for all dynamically convex domains X C R*. We obtain

the following corollary.

Corollary 2.1.8. For all dynamically convex domains X C R* we have

cz(X) = ey (X).

2.1.4 The local strong Viterbo conjecture

Abbondandolo-Bramham-Hryniewicz-Salomao [3] proved that for all domains X C R* whose
boundary 90X is smooth and sufficiently close to the unit sphere with respect to the C3-
topology, the minimal action A,,;,(X) satisfies inequality . This result was generalized
to small perturbations of more general 3-dimensional Zoll Reeb flows by Benedetti-Kang [§]
and to arbitrary dimension by Abbondandolo-Benedetti in [1]. A consequence of these works
is that the capacities cyyz, cgn, cP and c$™ satisfy Conjecture in a C3-neighbourhood
of the round ball. Our second main result significantly strengthens this in the 4-dimensional
case. We prove the full strong Viterbo conjecture (Conjecture [2.1.2)) near the ball.

Theorem 2.1.9. Let X C R* be a convex domain. If 0X is sufficiently close to the unit
sphere S C R* with respect to the C®-topology, then all normalized symplectic capacities
agree on X.

2.1.5 Systoles and Hopf orbits
The following question was first raised by Hofer-Wysocki-Zehnder in [55].

Question 2.1.10. Let X C R* be a (dynamically) convex domain. Must a systole of X i.e.
a Reeb orbit on 90X of least action, be a Hopf orbit and therefore bound a disk-like global
surface of section?

This question is particularly interesting in view of Theorem [2.1.7] An affirmative answer
would imply that A (X) = cz(X) for all (dynamically) convex domains. This would force
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all normalized capacities which are bounded from below by A, (X) to be equal to the cylin-
drical capacity. The number of known normalized capacities would be cut down to just two:
the Gromov width and the cylindrical capacity.

Equality of A, and Ageps was proved by Hainz [49] (see also [50]) under certain curvature
assumptions.

Theorem 2.1.11 (Hainz). Let X C R* be a strictly convexr domain. Assume that the
principal curvatures a > b > ¢ of the boundary 0X satisfy the pointwise pinching condition
a < b+c. Then any periodic Reeb orbit v on 0X of Conley-Zehnder index 3 is a Hopf orbit.

It follows from Ekeland’s book [32] (see in particular Theorem 3 and Proposition 9 in
chapter V) that for convex domains X with strictly positively curved boundary a Reeb orbit
of minimal action has Conley-Zehnder index 3. Thus we have Apin(X) = Apepe(X) if X
satisfies the curvature assumptions in Theorem [2.1.11]

2.1.6 Overview of the proofs

Let us explain the main ideas. Consider the unit disk D C C equipped with the standard
symplectic form wy = dz A dy. Let

H:R/ZxD—R

be a 1-periodic Hamiltonian vanishing on the boundary 0. Consider time-energy extended
phase space

D =R, x (R/Z); x D
equipped with the symplectic form

wWo = ds A\ dt + wy.

Let
T'(H) = {(H(t, 2),t,2) €D | (t z2) € R/Z x D}

be the graph of H. This is a hypersurface in D of codimension 1. Hence the symplectic form
wp induces a characteristic foliation on I'(H). It is an easy computation (see Lemma [2.3.3)
that the vector field

R = Xp,(2) + 0y + 0. H(z,1) - 0s

is tangent to the characteristic foliation on I'(H). Observe that the projection of the flow of
R to the disk D agrees with the Hamiltonian flow ¢%, on D induced by H. In particular, we
see that the image of the map

f:D—T(H) 2z (H(0,2),0,2)
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is a disk-like surface of section of the flow on I'(H) and that the first return map is given by
P

Main construction. Assume that the Hamiltonian H is strictly positive in the interior
int(D) of the disk and vanishes on the boundary dD. We abbreviate

D, =RsgxR/ZxD and Dy:= {0} x R/Z x D.

O ]ﬁ)+ — C? O(s,t,z2) = (z , \/E . 62””) .
T

Note that the image of ® is precisely the cylinder Z(mw). We observe that ® restricts to a
symplectomorphism

Consider the map

@ : (B \ Do, @) = (Z(m) \ (D x {0}), wo).

The image ®(T'(H)) C C? is a smooth hypersurface away from the circle 9D x {0}. Under
suitable assumptions on the boundary behaviour of H, it is smooth everywhere. In order
to keep the introduction simple, let us ignore this issue for now. Let A(H) denote the do-
main bounded by ®(I'(H)). Since ® restricts to a symplectomorphism on ]ﬁbr \ ]]3)0, it maps
the characteristic foliation on I'(H) to the characteristic foliation on 0A(H). Thus ® o f
parametrizes a disk-like surface of section of the characteristic foliation on A(H ). The first
return map is given by ¢};. Note that dA(H) need not be star-shaped or even of contact type.

Embeddings into the cylinder. Now suppose that X C C? is a star-shaped domain and
that the boundary 90X admits a disk-like surface of section ¥ C 9X. After scaling, we can
always assume that the symplectic area of ¥ is equal to m. Suppose that g : D — ¥ is a
parametrization of ¥ such that g*wy = wy. Here wy denotes the standard symplectic form
on both C? and C. Let ¢ € Ham(DD,wy) be the first return map (see equation (2.2.4)). In

section , we explain how to lift ¢ to an element gg € ITI;El(]D), wp) of the universal cover.
Such a lift depends on a choice of trivialization which, roughly speaking, is an identification
of 0X \ 0% with the solid torus. In section we classify isotopy classes of such trivializa-
tions via an integer-valued function called degree. Let gg denote the lift of ¢ with respect to
a trivialization of degree 0. Suppose that ¢ can be generated by a 1-periodic Hamiltonian H
which vanishes on the boundary and is strictly positive in the interior. The above discussion
shows that X and 0A(H) admit disk-like surfaces of section whose first return maps agree.
In fact, one can show more: The lifts of the first return maps to ﬁz\xr/n(]]), wp) (with respect to
trivializations of degree 0) agree as well. We use a well-known result of Gromov and McDuff
(Theorem to show that this in fact implies that the domains X and A(H) must be
symplectomorphic. By definition, A(H) is contained in the cylinder Z(x). Therefore, we
obtain an embedding of X into the cylinder Z(w). We make these arguments precise in
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Theorem [2.3.1} Unfortunately, we do not know whether the lift of the first return map of a
disk-like surface of section with respect to a trivialization of degree 0 can always be generated
by a Hamiltonian which vanishes on the boundary and is strictly positive in the interior. In
order to resolve this issue, let us observe that if H and G are Hamiltonians vanishing on
the boundary dD and strictly positive in the interior int(DD), then the inequality H < G
implies the inclusion A(H) C A(G). Roughly speaking, this says that we can increase the
Hamiltonian generating the first return map by making the domain bigger. More precisely,
in Proposition we prove that any star-shaped domain with a disk-like surface of section
in its boundary can be symplectically embedded into a bigger star-shaped domain whose
boundary admits a disk-like surface of section of the same area and with the property that
the degree 0 lift of the first return map can be generated by a positive Hamiltonian. Theorem
is an easy consequence of Theorem and Proposition [2.3.2]

Ball embeddings. Suppose that the degree 0 lift of the first return map of the surface of
section ¥ C 0X can be generated by a Hamiltonian H which satisfies the inequality

H(t,z) > n(1—|z]?). (2.1.4)
Then the domain A(H) is squeezed between the ball B(7) and the cylinder Z(7), i.e.
B(m) C A(H) C Z(r).

Since X is symplectomorphic to A(H), this implies that cq(X) = cz(X). The strategy of
the proof of Theorem [2.1.9] is to show that if 90X is sufficiently close to the round sphere,
then the shortest Reeb orbit on dX must bound a disk-like surface of section with the
property that the degree 0 lift of the first return map can be generated by a Hamiltonian
satisfying . This is the subject of section and makes use of generalized generating
functions as introduced in [3]. Let us sketch the main ideas in a special case. We assume
that g : D — ¥ C 0X parametrizes a surface of section whose boundary orbit 0% has
minimal action among all closed Reeb orbits on X. Moreover, assume that g*wy = wy.
Let (Z € Ham(D, wy) be the degree 0 lift of the first return map ¢ to the universal cover.
The periodic orbits on 0X different from the boundary orbit 9% correspond to the periodic
points of ¢. As explained in section [2.2.1] any fixed point p of ¢ has a well-defined action
ag(p) depending on the lift ¢ to the universal cover. Lifts with respect to a trivialization of
degree 0 have the property that ag(p) is equal to the action of the corresponding closed Reeb
orbit on 90X (see Lemma . Since 0% is assumed to have minimal action, this implies
that

og(p) = A(OZ) =T (2.1.5)
for all fixed points p of ¢. If X is the unit sphere S 3 then the degree 0 lift of the first return
map ¢ ii\ezgual to the counter-clockwise rotation by angle 2. Let us denote this rotation

by p € Ham(D,wy). If 0X is sufficiently close to S? with respect to the C3-topology, then
¢ is C'-close to p. This is proved in [3] and explained in section . In order to simplify
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the discussion, let us assume that 5 is actually equal to p in a small neighbourhood of the
boundary dID. Therefore, we can regard

p=p"og

as an element of Ham.(ID,wy), the group of Hamiltonian diffeomorphisms compactly sup-
ported in the interior int(D). It is C’-close to the identity and it follows from (2.1.5)) that
the action o, (p) is non-negative for all fixed points p. The following result is a special case

of Corollary in section 2.4

Proposition 2.1.12 (Special case of Corollary 2.4.3). Let ¢ € Ham, (D, wy) be a Hamiltonian
diffeomorphism compactly supported in the interior int(D). Suppose that all fized points of 1)
have non-negative action and that 1) is close to the identity with respect to the C*-topology.
Then ¢ can be generated by a non-negative Hamiltonian H with support contained in int(D).

We apply Proposition [2.1.12] to the Hamiltonian diffeomorphism ¢ = p~! o 5 Let G
denote the resulting Hamiltonian. We may assume that G, vanishes for time ¢ close to 0 or

1. Let us define the Hamiltonian K by the formula
K(t, z) =n(1—|z]?).
This Hamiltonian generates the rotation p. Now set
H, = (K#G); = K; + Gy o (¢%) 7.

This defines a 1-periodic Hamiltonian. Its time-1-flow represents gg Since G is non-negative,
H satisfies inequality (2.1.4)). As explained above, this implies that B(w) C A(H) C Z(m)
and hence cg(X) = cz(X).

Existence of non-negative Hamiltonians. Let us sketch the proof of Proposition [2.1.12]
It follows the same basic idea as the proof of Corollary The advantage of our simplified
setting here is that we can work with standard generating functions (see e.g. chapter 9
in [84]) and do not have to appeal to the generalized ones from [3]. Let ¢» = (X,Y’) denote
the components of ¢). There exists a unique generating function W : D — R, compactly
supported in int(D), such that

X —z= (92W(X,y)

Y - Y= —81W(X, y)
The fixed points of 1) are precisely the critical points of W. Moreover, the action of a fixed
point is equal to the value of W at the fixed point. Since all fixed points are assumed to
have non-negative action, this implies that W takes non-negative values at all its critical

points. In particular, this implies that W is non-negative. For ¢ € [0, 1], let us define the
generating function W, :=t-W. Let ¢, denote the compactly supported symplectomorphism
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generated by W;. This defines an arc in Ham,(ID, wp) from the identity to ¢. Let H be the
unique compactly supported Hamiltonian generating the arc ;. Our goal is to show that
H is non-negative. A direct computation shows that Hj, the Hamiltonian H at time 0, is
equal to W and in particular non-negative. The Hamiltonian H need not be autonomous.
However, the following is true. For every fixed ¢ € [0,1], the set of critical points of H;
is equal to the set of critical points of W. Moreover, W and H; agree on this set. Hence
H,; takes non-negative values on its critical points. Therefore, the Hamiltonian H must be
non-negative.

Approximation results. In general, the first return map of a disk-like surface of section
need not be equal to the identity in any neighbourhood of 0. Nevertheless, it will be con-
venient to assume that the Reeb flow in a small neighbourhood of the boundary orbit 9%
has a specific simple form. More precisely, we want to assume that the local first return
map of a small disk transverse to the orbit 9% is smoothly conjugated to a rotation. The
main purpose of section [2.5|is to prove that we may approximate a given contact form with
contact forms having this property. This is slightly subtle because we need to keep track of
a certain number of higher order derivatives of the Reeb vector field in order to be able to
apply the results from section to the first return map.

Organization. The rest of the paper is structured as follows:

In we review some preliminary material on area preserving disk maps ( and
global surfaces of section (§2.2.2]).

The main results of section [2.3] namely the embedding result Theorem and Propo-
sition 2.3.2] on modifications of star-shaped domains, are stated in §2.3.1] The construction
of the domain A(H) is explained in §2.3.2] Proofs are given in and §2.3.4] Note that
the reader only interested in Theorems|2.1.3]and [2.1.7/on the cylindrical embedding capacity
and not in the local version of the strong Viterbo conjecture (Theorem may skip
and and directly move on to §2.6 where we prove our main results.

The main results of are Theorem and Corollary guaranteeing the exis-
tence of non-negative Hamiltonians generating certain Hamiltonian diffeomorphisms. They
are stated in §2.4.1l In §2.4.2) and §2.4.3| we review material from [3] on generalized gen-
erating functions. The only result that is not also explicitly explained in [3] is Proposition
[2.4.10] The proofs of the main results of are given in §2.4.4] and §2.4.5]

is slightly technical in nature. The main result that is needed outside of this section
is Proposition [2.5.1] on certain approximations of contact forms.

In we give proofs of the main results of our paper.

Acknowledgments. We are deeply indebted Umberto Hryniewicz, whose talk on [58] in-
spired this paper. We also thank Michael Hutchings for his suggestion to prove the strong
Viterbo conjecture near the round ball and Julian Chaidez for countless stimulating discus-
sions.
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2.2 Preliminaries

2.2.1 Area preserving maps of the disk

In this section, we recall some basic concepts and results concerning area preserving dif-
feomorphisms of the disk. Most of the material is taken from Abbondandolo-Bramham-
Hryniewicz-Salomao [3], sections 2.1 and 2.2]. Let w be a smooth 2-form on the closed unit
disk D C C. We assume that w is positive in the interior int(DD)). On the boundary, w is al-
lowed to vanish. We let Diff " (D) denote the group of orientation preserving diffeomorphisms
of D. Let - B
7 : Diff(D) — Diff (D) X
be the universal cover. We define Diff(D,w) C Diff*(D) to be the subgroup of all diffeomor-

phisms preserving w. Let Diff(D,w) denote the preimage of Diff (D, w) under the universal
covering map 7. If w is nowhere vanishing on the boundary 0D, then this agrees with the
actual universal cover of Diff (D, w). However, in general it need not agree with the universal

cover (see Remark 2.1 in [3]). Elements ¢ € la\i?f(]D),w) can be represented by arcs (¢¢):cjo1)

in Diff"(D) which start at the identity and end at ¢; = 7(¢) € Diff(D,w). Two such arcs
are equivalent in Diff(D,w) if they are isotopic in Diff " (D) with fixed end points.

Consider a primitive A of w and an element ¢ = [(D¢t)eeio,n] € ]/)\iFf(D, w). Then there
exists a unique smooth function o3, € C*°(D,R) such that

O'N— A= da&;’/\ (2.2.1)
and

05,(2) = / A (2.2.2)
{t-r1(2))

for all z € 9D (see [3} section 2.1]). We call o5, the action of ¢ with respect to . We recall
the following basic result |3, Lemma 2.2].

Lemma 2.2.1. Let 5,{/; € ]/D\iFf(ID),w). Let N be a primitive of w and let u be a smooth
real-valued function on ID. Then:

1. O3 Mt du :aw—l—uoqﬁ—u
2. Ogoga = 0gp09+ 05,
3. O3-15 = —05,0° ot

In particular, item (1) in Lemma implies that the value o5 ,(p) at a fixed point p of ¢
is independent of the choice of primitive A and we will occasionally denote this value by O’a(p).
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The Calabi invariant Cal(¢) is defined to be the integral

Cal(¢) = /H)a&/\-w.

It follows from item (1) in Lemma that this is independent of the choice of primitive A
and from item (2) that
Cal : Diff(D,w) — R

is a group homomorphism.

Let (¢¢)icjo1) be an arc in Diff(D,w). Let X; be the vector field generating ¢;. Since
¢y preserves w, the interior product tx,w is a closed 1-form. Since D is simply connected,
there exists a smooth function H; on D, unique up to addition of a constant, such that
dH; = 1x,w. The vector field X; is tangent to the boundary 0D. This implies that dH,
vanishes on tangent vectors of OD. Thus H, is constant on the boundary. We will always use
the normalization H|gp = 0. This uniquely specifies H;. Conversely, if we are given a family
of smooth functions H; vanishing on the boundary, there exists a unique vector field Xy, in
the interior int(D) satisfying txy,w = dH;. If w does not vanish on 9D, then Xp, smoothly
extends to a vector field on the closed disk which is tangent to the boundary. Note that
this is not necessarily true if w vanishes on the boundary. So while every arc in Diff(D, w)
is generated by a family of Hamiltonians vanishing on the boundary dD, not every family of
such Hamiltonians generates an arc in Diff(D,w). The following result [3, Proposition 2.6]
expresses the action of 5 = [(¢¢)tcpo,1] in terms the Hamiltonian H;.

Lemma 2.2.2. Suppose that (¢;)icoq is an arc in Diff (D, w) generated by a family of Hamil-

tonians H; vanishing on the boundary OD. Let q~5 € ]/D\i?f(D,w) be the element represented by
the arc (¢1)ico,1)- Then

1
a&;’/\(z) = / A —l—/ Hi(gi(2))dt
{t—¢e(2)} 0
for all z € D.

2.2.2 Global surfaces of section

Let Y3 be a closed oriented 3-manifold equipped with a nowhere vanishing vector field R.
Let ¢' denote the flow generated by R. Let ¥ C Y be an embedded compact surface, possibly
with boundary, which we also assume to be embedded. We call ¥ a global surface of section
for the flow ¢' if the boundary 9% consists of simple periodic orbits of ¢, the vector field R
is transverse to int(X) and every trajectory of ¢' which is not contained in 9% meets int(X)
infinitely often forward and backward in time. We will always orient surfaces of section such
that R is positively transverse to ¥, i.e. the orientation of R followed by the orientation of
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Y agrees with the orientation of Y. Consider a boundary orbit v of ¥. We call v positive
if the orientation of v given by R agrees with the boundary orientation of ¥ and negative
otherwise. We define the first return time and first return map by

o:int(X) > Rey  o(p) =inf{t > 0] ¢'(p) € T} (2.2.3)

and

¢ @ int(X) — int(X) o(p) = ¢"P(p). (2.2.4)
Studying the dynamics of the flow ¢' is equivalent to studying the discrete dynamics of the
diffeomorphism ¢. Let ¥’ be a second global surface of section with the same boundary orbits
as X, i.e. 0¥ = 0X. Then the respective first return maps ¢ and ¢ are smoothly conjugated.
To see this, we define a transfer map ¢ : int(X) — int(X') as follows. Let z; € int(X) and
let 7(2) denote a real number such that ¢7(*)(z) € int(X’). Then there exists a unique
smooth extension of 7 to a real-valued function on int(X) such that ¢7*)(z) € int(¥') for all
z € int(X). We define 9(z) := ¢"®)(2). This is a diffeomorphism. The first return maps of
¥ and Y/ are related via ¢ = 1" o ¢ 0 1.
In general, the first return time o and map ¢ need not smoothly extend to the boundary
0%. In order to describe the boundary behaviour, we recall a blow-up construction due
to Fried [39]. Our exposition follows Florio-Hryniewicz [37]. We define the vector bundle
¢ =TY/(R) on Y, where (R) is the subbundle of TY spanned by R. Moreover, we define
the circle bundle P, ¢ := (£ \ 0)/R,. The linearization of ¢' induces a lift d¢' of the flow ¢
to £. This lift d¢' descends to the bundle P.£. Now consider a simple closed orbit v of ¢'.
Then the torus T, := P, £|, is invariant under the projective linearized flow d¢'. As a set, the
blow-up of Y at 7 is equal to the disjoint union Y := (Y \ y)UT,. It carries the structure of a
compact smooth manifold with boundary T.,. The natural projection 7 : Y — Y is smooth.
The pullback of the restriction of the vector field R to Y\ vy is a smooth vector field R on the
interior of Y. It smoothly extends to all of Y (see e.g. [37, Lemma A.1]). The resulting flow
q_bt on Y lifts the flow ¢! and its restriction to the boundary T, agrees with the projective
linearized flow d¢!. Consider a surface of section ¥ C Y. Let Y be the simultaneous blow-up
of Y at all the boundary orbits of . The surface X lifts to a properly embedded surface
Y C Y with boundary 0% contained in 9Y. We recall the following definition from [37].

Definition 2.2.3. The global surface of section ¥ is called 0-strong if the lifted surface
3 C Y is a global surface of section for the lifted flow g_bt, i.e. if R is transverse to ¥ and all
trajectories of q_bt meet Y infinitely often forward and backward in time.

Since ¥ is a surface of section, R is clearly transverse to X in the interior of Y. Moreover,
all trajectories in the interior meet 3 forward and backward in time. Thus the condition for
being 0-strong is equivalent to requiring that ¥ N T, is a surface of section for the projective
linearized flow d¢' on T, for all boundary orbits v of X.

Lemma 2.2.4. Suppose that > C'Y is a 0-strong global surface of section. Then the first
return time extends to a smooth function o : ¥ — Ry and the first return map extends to a
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diffeomorphism ¢ : X — Y. If ¥/ is a second 0-strong global surface of section with the same
boundary orbits, then any transfer map extends to a diffeomorphism 1 : ¥ — Y.

Proof. We simply observe that 3 being 0-strong implies that the first return time and map
of the lifted surface ¥ are also defined on the boundary 0% and smooth. The same argument
applies to a transfer map . ]

In this paper we will be mainly concerned with disk-like global surfaces of section, i.e. the
case that ¥ is diffeomorphic to the closed unit disk ). The manifold Y is then necessarily
diffeomorphic to S3. Suppose that ¥ is a O-strong disk-like global surface of section. It
will be useful to lift the first return map ¢ : ¥ — X to an element ¢ € Diff(X) of the
universal cover of the space Diff " (X)) of orientation preserving diffeomorphisms of . Such
a lift depends on a choice of trivialization. Let m : Y — Y be the blow-up of Y at the
boundary orbit of ¥. A trivialization of Y is a diffeomorphism 7 : R/Z x ¥ — Y such that
the composition

YEOXxELCR/ZxESY DY

is simply the inclusion of ¥. Moreover, we require that ¢ .zdt > 0, where ¢ denotes the
coordinate on R/Z. Since Diff"(¥) is connected, the space of trivializations is non-empty.
Let T denote the set of isotopy classes of trivializations of Y. It is an affine space over
7 (Diff T (X)) =2 Z. We exhibit an explicit bijection deg : T — Z as follows. Let 7 be a
trivialization and p € 0% a point in the boundary. Then the degree d of the map

SlgR/Z%aZE’SI t»—>7r(7'(t,p))

is independent of the choice of p and only depends on the isotopy class of 7. Here 0%
is oriented as the boundary of ¥. We define the degree of 7 to be deg(r) = d. Given
a trivialization 7, there is a natural lift ¢ of ¢ to [/)If/f(Z) constructed as follows. Let X
denote the unique (positive) rescaling of the pullback vector field 7R on R/Z x ¥ such that
txdt = 1. The flow of X yields an arc in Diff"(¥) from the identity to ¢. Clearly, the
element 5 € ]/D\l?f(Z) represented by this arc only depends on the isotopy class of 7. Let us
explain the dependence of the lift on the choice of trivialization. Consider integers d and
e and let ¢4 and ¢, denote the lifts of ¢ with respect to trivializations of degrees d and e,
respectively. Let p € Diff(X) be one full positive rotation of 3. Then the lifts ¢4 and ¢, are
related by the identity o
70 ¢, = ¢u. (2.2.5)
Let us now specialize our discussion of global surfaces of section to Reeb flows. Let a be
a contact form on Y and let R be the induced Reeb vector field. We abbreviate w = daly.
This is a closed 2-form on Y. It vanishes on the boundary 9% and is a positive area form
in the interior int(3). Note that by Stokes’ theorem ¥ must possess at least one positive
boundary orbit. In particular, if ¥ is a disk, then its boundary orbit must be positive. Let
A denote the restriction of « to ¥. This defines a primitive of w. The first return time o and
map ¢ satisfy the identity
'\ — X\ =do. (2.2.6)
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This implies that ¢ preserves the area form w. Similarly, one can show that a transfer map
1) between two global surfaces of section ¥ and ¥/ with the same boundary orbits is area
preserving.

Lemma 2.2.5. Suppose that X is a 0-strong disk-like global surface of section and let (Z €
Diff (X, w) denote the lift of the first return map ¢ with respect to a trivialization of degree
0. Then the action 03\ agrees with the first return time o.

Proof. We need to check that the first return time o satisfies and . The first
identity is true by (2.2.6). Let (¢¢)ep,1) be any arc in Diff *(X) representing ¢. Let z € 9%
be a point in the boundary and let v : [0, 1] — 0% be the path defined by (t) == ¢;(z). Let
§:[0,0(2)] = Y be the trajectory of rx starting at z € 9% = 9%. We can express 052(2)

and o(z) as
oga(2) = /)\ and  o(z) = /W*a :/ T @
’ v s 710§

In order to see that these two numbers agree, we regard v as a path in R/Z x 3 via the
inclusion ¥ = 0 x ¥ C R/Z x ¥ and form the concatenation € := (771 0 §)#7. This defines a
loop in R/Zx 0% which is homotopic to the loop R/Zx z. The restriction § := (7*7* ) |r/zx0%
is the pullback of the restriction of a to 0X. Hence ( is a closed 1-form. Since 7 has degree
0, the loop R/Z x z is mapped to a contractible loop in 9% by 7 o 7. Thus the integral of 3
over the loop R/Z x z vanishes. Since ¢ is homotopic to R/Z x z, we obtain

0:/6:/ T*W*Ck—/)\
€ 7106 ¥

where we have used that the restriction of 5 to 0 x 9% is equal to A. This concludes the
proof. O]

2.3 From disk-like surfaces of section to symplectic
embeddings

2.3.1 Embedding results

The following theorem says, roughly speaking, that if the boundary of a star-shaped domain
X C R* admits a disk-like global surface of section of symplectic area a such that the lift
of the first return map with respect to a trivialization of degree 0 can be generated by a
positive Hamiltonian, then the domain X can be symplectically embedded into the cylinder
Z(a). The second part of the theorem states that if the lift of the first return map with
respect to a trivialization of degree 1 can still be generated by a positive Hamiltonian, then
the ball B(a) embeds into X.
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Theorem 2.3.1. Let X C R* be a star-shaped domain. Let ¥ C 0X be a 0-strong disk-like
global surface of section of the natural Reeb flow on 0X. Assume that the local first return
map of a small disk transverse to the boundary orbit 0% is smoothly conjugated to a rotation.

Set w = wyly, and let
a = / w
=

be the symplectic area of the surface of section.

1. Let 50 € ]/D\i?f(Z,w) be the lift of the first return map with respect to a trivialization of
degree 0. Suppose that there exists a Hamiltonian H : R/7Z x 3 — R with the following
properties:

a) H is strictly positive in the interior int(X) and vanishes on the boundary 0X%.
b) H is autonomous in some neighbourhood of 0%.

c¢) The Hamiltonian vector field Xy, defined by tx, w = dH; in the interior int(X)
smoothly extends to the closed disk X and is tangent to 0.

d) The arc (¢)ieo,1) represents ¢~50.
Then X < Z(a).

2. Let 51 € ]/)\i?f(Z,w) be the lift of the first return map with respect to a trivialization of
degree 1. Assume that there exists a Hamiltonian G : R/Z X% — R satisfying properties

(a)-(c) above such that the arc (¢f)ico,) Tepresents ¢1. Then B(a) <> X < Z(a).

Given a star-shaped domain X and a disk-like surface of section ¥ C 90X, we do not know
whether it is always possible to generate the lift ¢y by a Hamiltonian which vanishes on the
boundary 9% and is positive in the interior. The following Proposition says that we may
always symplectically embed X into a bigger domain satisfying the hypotheses of Theorem

231

Proposition 2.3.2. Let X C R* be a star-shaped domain. Let ¥ C X be a 0-strong disk-
like surface of section of the natural Reeb flow on 0X. Then there exist a star-shaped domain
X' and a O-strong disk-like surface of section ¥’ of the natural Reeb flow on the boundary
0X' such that X and X' have the same symplectic areas, X symplectically embeds into X'
and the tuple (X',%) satisfies all hypotheses of the first assertion of Theorem |2.3.1]

2.3.2 Main construction

Given a 1-periodic Hamiltonian
H:R/ZxD—R

which is positive in the interior int(ID) and vanishes on the boundary 0D, we construct a
domain

A(H) c C*.
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We show that the characteristic foliation on the boundary OA(H) possesses a disk-like surface
of section with first return map given by ¢1;.

Lemma 2.3.3. Let (M,w) be a symplectic manifold. Let M =R, X (R/Z)yx M denote time-
enerqgy extended phase space equipped with the symplectic form w = ds AN dt +w. Consider a

periodic Hamiltonian
H:R/Zx M —R

and let
T(H) = {(H(t,p),t.p) | (t,p) € R/Zx M} C M

denote its graph inside time-energy extended phase space M. Then the characteristic foliation
on I'(H) induced by the symplectic form w is spanned by the vector field

Proof. We define the autonomous Hamiltonian H on time-energy extended phase space by

H:M—>R H(s,t,p) = H(t,p) — s.

The graph I'(H) is given by the regular level set H1(0). Thus the characteristic foliation on
I'(H) is spanned by the restriction of the Hamiltonian vector field Xz to I'(H). We compute

dﬁ[(sa tap) = dHt(p) + atH(tap) ~dt —ds = LXHt+(9t+(9tH-as (dS A dt + w)

and conclude that
Xﬁ :XHt —|—at—{—8tHas

]

Construction 2.3.4. Consider C equipped with the standard symplectic form wy = dx Ady.
Let
C=Rs;x (R/Z)y xC  wy=dsAdt+wy

denote time-energy extended phase space and abbreviate

Cy =RsgxR/ZxC and  Cp:={0} xR/Z x C.

d:C. —C2 (s, t,2) = (z , \/E : 62””) .
T

® restricts to a diffeomorphism between C_ \ Co and C2\ (C x 0). Moreover ®*wy = &p. For
a >0, let B*(a) C C denote the closed 2-dimensional disk of area a. Let

Consider the map

H:R/Z x B*a) — R

be a smooth function. Assume that:
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1. H is strictly positive in the interior int(B?(a)).

2. There exists a constant C' > 0 such that in some neighbourhood of dB?(a) the function
H is given by
H(t,z) = C - (a—7|z]?). (2.3.1)

Let
I_(H):={(s,t,2) €Cy | z€ B*a) and 0 < s < H(t,2)}

denote the subgraph of H. We define the subset A(a, H) C C? by
Afa,H) = ®(T'_(H)).

Lemma 2.3.5 (Basic properties). The set A(a,H) C C? defined in Construction [2.5.)
satisfies the following basic properties:

1. A(a, H) has smooth boundary and is diffeomorphic to the closed ball D*.
2. Ala,H) C Z(a)
3. If H(t,z) > a — 7|z|?, then B(a) C A(a, H).

4. The map
f:B*a) = 0A(a,H) z+ ®(H(0,2),0,z2)

is a parametrization of a disk-like surface of section of the characteristic foliation on
0A(a, H). We have f*wy = wy. Consider the lift ¢o of the first return map with respect
to a trivialization of degree 0. We regard ggo as an element of f)\i?f(B2(a),w0) via the
parametrization f. It is represented by (¢ )icio1)-

Remark 2.3.6. The parametrization f in item (4) of Lemma is only smooth in the
interior int(ID). At the boundary 0D, the radial derivative 0, f blows up. Since H has the
special form (2.3.1)) and ¢%; is a rotation near the boundary, this does not cause problems.

Proof. Clearly, the boundary dA(a, H) is smooth away from the circle 9B?(a) x {0}. Near
this circle, the Hamiltonian H has the special form (2.3.1)). Thus 0A(a, H) can be described

by the equation
Ca

Claa] + |2f* = —

m

near B?(a) x {0}. The solution set of this equation is the boundary of an ellipsoid and

in particular smooth. Let G denote the Hamiltonian which is given by formula on

the entire disk B?(a). The set A(a,G) is an ellipsoid and in particular diffeomorphic to the
closed ball D*. Clearly there exists a diffeomorphism

¢ :T_(H) > T_(G)
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between the subgraphs of H and G. In fact, we can choose ¥ to agree with the identity map
on all points (s,t,z) € I'_(H) such that z is close to the boundary B?(a) or s is close to 0.
If ¢ has these properties, then ® ot o ®~! defines a diffeomorphism between A(a, H) and
A(a,@). Thus A(a, H) is diffeomorphic to D*. By construction, A(a, H) is contained in the
cylinder Z(a). If H(t,z) = a — 7|z|?, then A(a, H) is the 4-dimensional ball B(a) of area
a. Since H < G implies A(a, H) C A(a, @), assertion (3) is an immediate consequence. In
order to prove assertion (4), let us first observe that Lemma implies that the map

g:Ba) »T(H)cCy  g(2) = (H(0,2),0,z)

parametrizes a disk-like surface of section of the characteristic foliation on the graph I'(H).
The first return map of this surface of section is given by ¢L. The symplectomorphism ® in
Construction maps the characteristic foliation on the graph I'(H) to the characteristic
foliation on 0A(a, H). Thus the first return map of the surface of section parametrized by
[ is equal to ¢3; as well. In order to show that (¢l )iep,1] represents the correct lift, simply
observe that the composition of the trivialization

7:R/Z x B*a) = T(H)  7(t,2) = (H(t2),t,2)

of I'(H) with ® yields a trivialization of 0A(a, H) of degree 0. This proves assertion (4). [

2.3.3 Proof of Theorem [2.3.1]

Throughout this section, we fix the setup of Theorem We let X C (R*, wp) denote a
star-shaped domain and ¥ C 0X a 0-strong disk-like global surface of section of the natural
Reeb flow on 0X induced by the restriction of the standard Liouville 1-form A defined in
(2.1.1). We assume that the local first return map of a small disk transverse to the boundary
orbit 9% is smoothly conjugated to a rotation. Let a > 0 denote the symplectic area of X.

Our strategy, roughly speaking, is to show that if the degree 0 lift ¢y of the first return map
can be generated by a Hamiltonian H which is positive in the interior int(3) and vanishes
on the boundary 0%, then X is symplectomorphic to the domain A(a, H) constructed in
section [2.3.2, We construct a symplectomorphism between X and A(a, H) in two steps. In
Proposition @ we show that there exists a diffeomorphism v : 9A(a, H) — 90X which
pulls back wo|ax to woloa,my- Then we use a result of Gromov and McDuff (Theorem
to extend 9 to a symplectomorphism between A(a, H) and X. This is done in Corollary

2310

We begin with the following auxiliary lemma on the existence of a convenient parametriza-
tion of a tubular neighbourhood of the boundary orbit.

Lemma 2.3.7. Let € > 0 be sufficiently small and let D, C C denote the disk of radius ¢.
There ezist a 0-strong disk-like global surface of section ¥ C 0X with the same boundary
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orbit as 3 and a parametrization F : R/Z x D. — 0X of a tubular neighbourhood of 0%
such that the following is true.

FIE)={(t,re®) e R/ZxD.|0<r <e and § =0} (2.3.2)

and

1
F*\o = 57’2 -df + (a — wbr?) - dt (2.3.3)
where b is a positive real number.

Proof. Consider a small disk D transverse to 0% whose local first return map is smoothly
conjugated to a rotation. We may choose a parametrization f : D. — D such that the
local first return map, regarded as a diffeomorphism of D, via f, is a rotation of D.. By an
equivariant version of Moser’s argument, after modifying the parametrization f we may in
addition assume that f*wy = wy where wy denotes the standard symplectic form on both R*
and D.. The primitives f*\g and X = %7’2d6 of the area form wy on D, differ by an exact
1-form, i.e. A = f*Ag 4 da for a smooth function o on .. We may normalize o such that
a(0) = 0. We define
f1D. = 0X f'(2) = 0" (f(2))

where ¢! denotes the Reeb flow on 0.X. This parametrizes a small disk D’ transverse to 0X.
A direct computation shows that f*A\g = f*Ag + da = X and the local first return map is
still a rotation of D.. Let p denote this rotation. Since p*A = A, it follows from that
the first return time of D’ is constant and equal to a, the action of the orbit 9. Let us
define the immersion

F:RxD.—0X F(t z)=a¢(f(2)).

We have F*\g = dt + A and F' is invariant under the diffeomorphism ¢ of R x D, defined
by ¥(t,z) = (t — a,p(2)). Thus F descends to a strict contactomorphism between the
quotient (R x D)/ ~ of (R x D, dt + A) by the action of ¢ and a tubular neighbourhood
of 0¥ in 0X. It is a direct computation to check that we may choose a diffeomorphism
T :R/Z xD, = (R xD,.)/ ~ such that the contact form dt + A on (R x D.)/ ~ pulls
back to a contact form on R/Z x D, of the form for some real number b. By slight
abuse of notation, let F': R/Z x D, — 0X denote the resulting parametrization of a tubular
neighbourhood of 9%. For appropriate choice of diffeomorphism 7, the preimage F~(X) is
non-winding, i.e. isotopic to the annulus in R x D.. In fact, since X is a 0-strong
surface of section, it is easy to see that we may replace ¥ by an isotopic disk-like global
surface of section ¥’ with the same boundary orbit such that F~!(¥') is equal to the annulus
. It remains to show that the constant b must be positive. This is a consequence of
the fact that the boundary orbit 0%’ is positive, i.e. the boundary orientation of ¥’ agrees
with the orientation induced by the Reeb vector field. Since the Reeb vector field of
is simply given by £(9, + 2mbdp), this means that b must be positive. O

The surface of section ¥’ constructed in Lemma [2.3.7| still satisfies the assumptions of
Theorem because we can simply use a transfer map 1 : ¥ — ¥’ transport the positive
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Hamiltonians H and G generating the lifts 50 and 51 of the first return map of 3 to obtain
positive Hamiltonians on ¥’. Thus we may replace ¥ by ¥’ and assume in addition that
there exists a parametrization F' of a tubular neighbourhood of 9% satisfying and
©.3.3).

Our next step is to construct a special parametrization f : B*(a) — ¥ such that f*w = wy
where wy denotes the standard symplectic form on B2(a). For re near the boundary 9B?(a)

we define
flre®y=F i i(a —7r2)
or br ’

A direct computation involving shows that this pulls back w to wy. Since both
(B*(a),wp) and (X, a) have area a, we can use a Moser type argument to extend f to an
area preserving map f : (B?*(a),wy) — (Z,w).

Consider the degree 0 lift @gg the first return map of 3. Via the parametrization f we can
regard ¢ as an element of Diff(B?(a),wp). It follows from and a short computation
that 50 is a rotation by angle 27/b near the boundary dB?(a). By the assumptions in the
first assertion of Theorem [2.3.1] there exists a Hamiltonian H : R/Z x B*(a) — R which
vanishes on the boundary, is positive in the interior, is autonomous near the boundary and
generates ¢g. We argue that we may in addition assume that

1
H(t, z) = E(CL — 7|2]?) for z sufficiently close to 9B*(a). (2.3.4)

Since H is autonomous near the boundary, it is invariant under ¢}, which is a rotation by
27 /b. If b is irrational, then this implies that H is invariant under arbitrary rotations and it
is not hard to see that H must in fact be given by . If b is rational, then H need not be
invariant under arbitrary rotations near the boundary. We show that we may replace H by a
Hamiltonian which is rotation invariant. There exists a symplectomorphism g of (B?(a), wy)
supported in a small neighbourhood of 9B2%(a) which commutes with the rotation by angle
27 /b such that the level sets of H o g near the boundary are circles centred at the centre of
B?(a). The time-1-map of H o g is given by g~! o ¢}, 0 g. Away from a neighbourhood of
OB?(a) this agrees with ¢k because g is equal to the identity. Near the boundary, ¢y is a
rotation by angle 27 /b and thus commutes with g. Hence ¢! o ¢}; 0 g agrees with ¢}, on all
of B?(a). Now simply replace H by H o g. Then H is rotation invariant near the boundary
and again it follows that it must be given by .

Proposition 2.3.8. There exists a diffeomorphism ) : 0A(a, H) — 0X such that *(wolox) =
WoloA(a,H)-

Proof. After possibly shrinking e, we may define

F':R/Z xD. — 0A(a,H) F'(t,z) = (\/m_e%it 7 Z)
T
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It follows from ([2.3.4) and the definition of A(a, H) that the image of F’ is contained in
0A(a, H) for e sufficiently small. Moreover, we define

' B*(a) = 0A(a, H) f'(2) = (z, M) :

™

A direct computation shows that the following two diffeomorphisms between submanifolds
of 0A(a, H) and 0X agree on their overlap and pull back wg|ax to woloa(a,m):

Fo F'7':im(F') — im(F)

and
fof~him(f") — im(f)
On im(F")Uim(f’) we may therefore define 1 to agree with Fo F'~! and fo f'~!, respectively.
Next, we explain how to extend to a diffecomorphism between dA(a, H) and 0X. We pull
back the Reeb vector field R on 0X via F o F’~! to obtain a vector field R’ on im(F")
which is tangent to the characteristic foliation. We smoothly extend to a vector field on
0A(a, H), still denoted by R', which is everywhere tangent to the characteristic foliation.
The embedding f’ parametrizes a surface of section of the flow generated by R’. By Lemma
[2.3.5] the lift of the first return map with respect to a trivialization of degree 0 is represented
by (0% )ief0,1], which also represents the degree 0 lift of the first return map of the surface of
section of 0X parametrized by f. After replacing R’ by a positive scaling y - R’ for a suitable
smooth function x : dA(a, H) — R, we may assume that the first return times of the two
surfaces of section f and f’ agree as well. This allows us to extend 1 to a diffeomorphism
¥ : 0A(a, H) — 0X by requiring that ¢ intertwines the flows on 0A(a, H) and 0X generated
by R" and R, respectively. Set w = 1*(wo|ax). We need to show that w = woloa,m- By
construction of 1, the pull-back of the characteristic foliation on 0X via 1 is equal to the
characteristic foliation on A(a, H). Thus wy and w induce the same characteristic foliations
on 0A(a, H). Moreover, the restrictions of wg and w to im(F”’) and im(f’) agree. Cartan’s
formula implies
,CR/LUO = LR/dwO + dLR/wO =0

where we use that wy is closed and R’ is contained in its kernel. Similarly, Lrw = 0. Let
p € 0A(a, H)\im(F") and let v,w € T,0A(a, H). Our goal is to show that wy(v, w) = w(v, w).
The trajectory of R’ through p intersects the surface of section im(f’) after finite time.
Let p be the first intersection point. We transport v and w via the flow of R’ to obtain
vectors v, w € Tz0A(a, H). Since Lpwy and L pw vanish, we have wy(v, w) = wy(v, w) and
w(v,w) = w(v,w). After replacing (p,v,w) by (p,v,w), we can therefore assume w.l.o.g.
that p is contained in the surface of section im(f’). In addition we may assume that v and
w are tangent to im(f’). Indeed, replacing v and w by their projections onto 7, im( f’) along
the characteristic foliation does not change wy(v,w) and w(v,w) because the kernels of wy
and w are tangent to the characteristic foliation. Now we simply use that the restrictions
Wolim(f) and wlim(p) agree by construction of 1. O
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We recall the following well-known theorem due to Gromov and McDuff (see Theorem
9.4.2 in [83]).

Theorem 2.3.9 (Gromov-McDuff). Let (M,w) be a connected symplectic 4-manifold and
K C M be a compact subset such that the following holds.

1. There is no symplectically embedded 2-sphere S C M with self-intersection number
S-85=-1

2. There exists a symplectomorphism 1 : R*\V — M\ K, where V C R* is a star-shaped
compact set.

Then (M,w) is symplectomorphic to (R*, wy). Moreover, for every open neighbourhood U C
M of K, the symplectomorphism can be chosen equal to ™' on M\ U.

Corollary 2.3.10. For j € {1,2}, let A; C R* be a compact submanifold diffeomorphic to
the closed disk D*. Assume that there exists a diffeomorphism 1 : OA; — Ay such that
U (woloa,) = wolaa,- Then the boundary 0A; is of contact type if and only if Ay is of
contact type. In this case, 1 extends to a symplectomorphism

77/1 : (Al,w0|A1) — (AQ,WOIAQ). (235)

Proof. By the uniqueness part of the coisotropic neighbourhood theorem in [45], there exist
open neighbourhoods U; of A, such that 1) extends to a symplectomorphism

¢ : (U17w0’U1) — (U27w0|U2)'

Being of contact type is a property that only depends on a small neighbourhood of a hy-
persurface. Thus 0A; is if contact type if and only if 0Ay is. Suppose now that this is the
case. After possibly shrinking U;, we can find a Liouville vector field Z; defined on U; and
transverse to 0A;. Let \; denote the associated Liouville 1-form defined by A\; = ¢z, wy. Let
Zy and Ay denote the push-forwards via ¢. For j € {1,2} let (1/4;,%-) be the symplectic
completion of (A;,wo|a,) obtained by attaching a cylindrical end using the Liouville vector
field Z;. Let f]; denote the union of U; with the cylindrical end attached to A;. Clearly, ¢
extends to a symplectomorphism

(U (6\1,&&) — ((/];, Wa).

The contact manifold (0A;, ker \;) is fillable. Hence it follows from Eliashberg’s paper [35]
that it is contactomorphic to S? equipped with the standard tight contact structure. Thus
we can find a star-shaped domain V' C R* and a strict contactomorphism from (Vo)
to (0A1, A1), where )y denotes the standard Liouville 1-form on R*. There exists an open
neighbourhood Uy of R*\ V such that this strict contactomorphism extends to a symplecto-
morphism

¢ : (Up,wo) — (Up,wn).
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By Theorem [2.3.9] there exists a symplectomorphism
o1 ¢ (R, wp) = (A1, wy)

which agrees with ¢ on the complement of V. Similarly, applying Theorem to the
composition

po¢: (Uy,wo) = (Us,ws)

we obtain a symplectomorphism
P2 (R4,w0) — (Ag, wy)

agreeing with 1 o ¢ on the complement of V. The composition ¢, o ¢ ' restricts to a
symplectomorphism (Aj,wp) — (A2, wp) extending the given diffecomorphism ¢ : 0A4; —
0As;. O

Proof of Theorem[2.3.1. We prove the first assertion. By Proposition and Corollary
2.3.10] X is symplectomorphic to A(a, H). By the second item of Lemma we have
A(a, H) C Z(a). Thus X < Z(a).

We prove the second assertion. We define the Hamiltonian

K :R/Z x B*(a) = R K(t,2) :=a— 7|z|*

This Hamiltonian generates p, the full positive rotation of B%(a) by angle 2xr. Our goal is

to show that we may assume that the Hamiltonian H : R/Z x B%*(a) — R generating ¢y
satisfies in addition K < H. Then it follows from Proposition [2.3.8, Corollary and
the third item in Lemma that B(a)—X<—Z(a). We regard the lift ¢; as an element
of ]/DTf/f(B2(a),wo) via the parametrization f. It follows from that ¢ = p~' o dp. In
particular, ¢; is a rotation by angle 27(1/b — 1) near the boundary. By assumption, there
exists a Hamiltonian G : R/Z x B?(a) — R generating ¢ which is positive in the interior,
vanishes on the boundary and is autonomous near the boundary. It follows as in the case of
the Hamiltonian H generating ¢y that we can assume that G is given by

1
Glet) = (3 = 1) a — 2P
near the boundary. Define
Ht = (K#G)t = Kt + Gt o <¢§<)_1

This defines a 1-periodic Hamiltonian generating ggo which has the special form (2.3.4]) near
0B?%(a) and is bounded below by K;(2) = a — |z|*. O
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2.3.4 Proof of Proposition [2.3.2

We begin with some auxiliary lemmas. The first lemma concerns positive paths in the linear
symplectic group (see Lalonde-McDuff [81]). Let Sp(2n) denote the group of all linear
symplectomorphisms of R?". Moreover, let .J, denote the matrix representing the standard
complex structure on R*" = C". We recall that, for every path S : [0,1] — R*?" of
symmetric matrices, the solution to the initial value problem

d(t) = JobS(t)®(t) and  P(0) =id
is an arc ® in Sp(2n) starting at the identity. Conversely, every such arc ® arises this way
for a unique path S of symmetric matrices. A path ® in Sp(2n) is called positive if S(t) is
positive definite for all . Lemma [2.3.11] below characterizes the elements ® of the universal
cover Sp(2) which can be represented by positive arcs. This characterization is given in

terms of the rotation number .
p:Sp(2) — R.

We give two equivalent definitions of p. The first one involves eigenvalues of symplectic
matrices. We begin by defining a function p : Sp(2) — R/Z. The complex eigenvalues of a
matrix A € Sp(2) are either given by A\, A\~ for A € R\ {0} or by e*2™ for § € (0,1/2). In

the former case, we define
_ 0 ifA>0
p(A) = .
1/2 if A<0
In the latter case, we fix an arbitrary vector v € R?\ {0} and define

0 o A >0
—0 if <J()U,A'U> <0

The rotation number p is defined to be the unique lift of p to the universal cover 95(2)
satisfying p(id) = 0.

For our second definition of p, we fix v € R? \ {0} and define p, : Sp(2) — R/Z to be the
auxiliary function characterized by

AU [ R>O . eQﬂiﬁv(A) -V

We let p, : %(2) — R denote the unique lift of 5, to the universal cover satisfying p,(id) = 0
and define

k—o00 n

We refer to [12, appendix A] for a proof that these two definitions of p coincide.

Lemma 2.3.11. Let ® € §1§(2) Then ® can be represented by a positive arc in Sp(2) if and

only if the rotation number p(®) is strictly positive.
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Proof. Suppose that @ is represented by a positive arc (®(t))eepo,) in Sp(2) starting at the
identity. Let S(t) denote the path of positive definite matrices generating ®(¢). We may
choose ¢ > 0 such that (z,5(t)z) > ¢ for all t € [0,1] and all unit vectors z € R?. Fix
v € R?\ {0}. A direct computation shows that

d_ ~ (®(t)v, S(t)®(t)v)
Eﬂ)(q)( )) - |<I)(t)1]|2 Z €

It is immediate from our second definition of p that this implies that p(®) > € > 0.
Conversely, suppose that ,0(:13) > 0. Our goal is to construct a positive arc in Sp(2) repre-
senting ®. We claim that we may reduce ourselves to the case p(®) € (0,1). Indeed, for
reR, let R, € %(2) denote the element represented by the arc (¢"")iejo 1 in U(1) C Sp(2).
Consider the function 7 — ,o((ET)‘1 o 5) This function is continuous and it is clear from
our second definition of p that it is decreasing and that it diverges to —oc as 7 — +o00. Thus
we may pick 7 > 0 such that p((R,) ' o®) € (0,1). Since R, is represented by a positive arc
by definition, it suffices to show that the same is true for (]:?T)_l 0 d. Hence, after replacing
® by (R,)"! o ®, we may assume w.l.o.g. that p(®) € (0,1).

Let ® € Sp(2) denote the projection of ® to Sp(2). Since p(®) ¢ Z, the spectrum of ®
does not contain positive real numbers. Thus Theorem 1.2 in [81] implies that there exists
a positive arc (®(t))icp,1) in Sp(2) starting at the identity and ending at ®(1) = & such
that ®(¢) does not have any positive real eigenvalues for any ¢t > 0. Let [($(¢));] denote
the element of the universal cover represented by the arc (®(t));. Our goal is to show that
® = [(D(t)),]. Since the projections of these to elements to Sp(2) agree, it is enough to show
that the rotation numbers p(®) and p([(®(t));]) coincide. These rotation numbers must
agree in R/Z, so it is actually enough to show that p([(®(¢)):]) € (0,1). Positivity of the
arc (®(t)); implies that p([(®(¢)):]) > 0. This follows from the implication of Lemma
already proved above. Since the spectrum of ®(t) does not contain positive real numbers
for any ¢ > 0, we have p(®(t)) # 0 for all ¢ > 0. We deduce that p([(®(¢)):]) < 1. This

concludes our proof that ® can be represented by a positive arc. ]

Lemma 2.3.12. Let X C R* be a star-shaped domain and let ¥ C 0X be a 0-strong disk-
like global surface of section. Let ¢ > 0 be sufficiently small and let D, C C denote the disk
of radius €. Then there exist a 0-strong disk-like global surface of section X' with the same
boundary orbit as 3 and a parametrization F : R/7Z x D. — 0X of a tubular neighbourhood
of ¥ such that the following is true:

FUEY ={(t,re”) e R/Z xD. |0 <7 <¢e and § = 0} (2.3.6)

and

1
F*)\g = §r2d6’ + Hdt (2.3.7)

where H : R/Z x D, — R is a Hamiltonian such that H,(0) = [, Ao and the differential
dH;(0) vanishes. Moreover, the Hessian V*>Hy;(0) is negative definite.



CHAPTER 2. SURFACES OF SECTION AND SYMPLECTIC CAPACITIES 78

Proof. Let a = faz Ao be the action of the orbit 9%. Let & denote the contact structure
on 0X. Let 7 : £lopx = R? be a symplectic trivialization of £|ss with the property that
> does not wind with respect to 7. Via the trivialization 7, the linearized Reeb flow d¢*
along 0% induces an arc ® : [0, a] — Sp(2) representing an element ¢ of the universal cover
%(2) Since 0¥ is a positive boundary orbit of ¥, the linearized Reeb flow along 9% winds
non-negatively with respect to the surface of section 3, i.e. ,0(&3) > 0. The fact that X is
0-strong actually implies that p(;f)) is strictly positive. Hence it follows from Lemma
that ® is represented by a positive arc. We may therefore choose a loop (S (t))ier/az Of
symmetric positive definite matrices generating an arc ¥ : [0,a] — Sp(2) which represents
®. After replacing 7 by an isotopic trivialization, we can assume that the arc ¥ is induced
by the linearized Reeb flow. Using the trivialization 7, we can choose a parametrization
F :R/Z x D, — 0X of a tubular neighbourhood of 9% such that

1. The pullback F* )\ is given by a - dt on the circle R/Z x 0.

2. The pullback F*wqy agrees with wy on the the circle R/Z x 0. Here wy denotes the
standard symplectic form on R* and also the 2-form on R/Z x D, whose restriction to
fibres t x D, agrees with the standard symplectic form on D, and which vanishes on
the vector field 0.

3. The linearized Reeb flow of F*)\j along the orbit R/Z x 0 is given by the arc W.

The remaining argument proceeds exactly as the proof of Lemma 5.2 in [59]. The result
is a modification of the parametrization F' such that properties (1)-(3) above still hold and
such that ")\ is of the form for some Hamiltonian H which satisfies H;(0) = a and
dH;(0) = 0. Tt follows from the fact that the linearized flow W is generated by symmetric
positive definite matrices and our sign conventions that V2 H;(0) is negative definite. Finally,
since ¥ does not wind with respect to the parametrization F, we can achieve by
isotoping ¥ and possibly shrinking the tubular neighbourhood. O

Lemma 2.3.13. Let D be a closed 2-dimensional disk. Let \ be a Liouville 1-form on D,
1.e. w=d\ is a symplectic form and the Liouville vector field W characterized by tyyw = A
is transverse to 0D. Let I C R be a closed interval and endow I X D with the contact form
dt + \. Here t denotes the coordinate on I. Set M =Ry x I x D. We can regard M as the
symplectization of I x D and equip it with the symplectic form wy == d(e*(dt + X)). We can
also regard M as time-enerqy extended phase space of D and endow it with the symplectic
form w = dsANdt+w. We abbreviate M, == Rsqx I x D and My = 0x 1 x D. There ezists
a symplectic embedding
G: (M, @) = (My,wn)

which restricts to the identity on M.

Proof. We assume w.l.o.g. that 0 is contained in the interior of I. We define the vector field
Y on M by
Y =0,—W—t-.0t



CHAPTER 2. SURFACES OF SECTION AND SYMPLECTIC CAPACITIES 79

Since W is outward pointing at D and t - J; is outward pointing at 0I, the flow of Y is
defined for all positive times. We define GG to be the embedding which is uniquely determined
by requiring G(0,t,z) = (0,t,2) for all (t,2z) € [ x D and G*Y = 0;. Let us check that

GFwy = w.
We compute

,Cwa = Lyd(es(/\ + dt))
= d((Lye’)(A+dt) + e’ Ly (N +dt))
d(e’* (N + dt — diw A — twd\ — duigs,dt))
= 0.

Clearly Ly, = 0 as well. Thus is suffices to check that G*wy; and W agree on the set Mj.
This is equivalent to showing that the pullbacks to My of G*wy; and @ and of 1y, G*wy; and
Lg,w agree. Since the restriction of G to M, is the identity, the pullback of G*wy; to My is
equal to w. This agrees with the pullback of w. We compute

to.G"wyr = 15, G d(e® (N + dt))
G rye®(w+ds AN X+ ds Adt)
= G'e*(=A+ A+ dt+tds)
G e’(dt + tds).

The pullback of this form to My is simply dt. This agrees with the pullback of ¢,w. This
establishes G*wy; = w O

Proof of Proposition[2.3.3 Our first step is to construct a star-shaped domain X’ C R*
which contains X, agrees with X outside a small neighbourhood of 9% and has a 0-strong
disk-like surface of section 3’ C 90X’ of the same symplectic area as ¥ such that the local first
return map of a small disk transverse to the boundary orbit 9%’ is smoothly conjugated to a
rotation. We apply Lemma [2.3.12] After replacing ¥ by a disk-like global surface of section
with the same boundary orbit, we may choose a parametrization F' : R/Z x D, — 0X of a
tubular neighbourhood of 0% satisfying and . Consider time-energy extended
phase space R, x (R/Z); x D, equipped with the symplectic form wy = wy + ds A dt where
wo denotes the standard symplectic form on .. The pullback of wy via the parametrization

G:R/ZxD. >RXxR/ZxD. Gt z):=(Hiz2),t,z)

of the graph I'(H) is given by wg + dH A dt. It follows from that this agrees with
F*wy where, by slight abuse of notation, wy also denotes the standard symplectic form on
R*. We set ¢ == F o G~'. This defines a diffeomorphism from T'(H) to im(F) satisfying
Y*wy = wolr(m). By the coisotropic neighbourhood theorem in [45], we may extend 1 to a
symplectomorphism defined on some open neighbourhood U of the graph I'(H). Note that
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the push-forward of the vector field J; via 1 is transverse to X and outward pointing. Let
H' be a C'-small perturbation of H supported in a small neighbourhood of R/Z x 0 with
the following properties:

1. H>H
2. Near R/Z x 0 the Hamiltonian H’ is given by
H}(z) = Hy(0) — b|z|? (2.3.8)
for some positive constant b.

This is possible because the Hessian V?H,(0) is negative definite. We define X’ to be the
star-shaped domain which agrees with X outside im(¢) and which satisfies

X' Nim(y) = (T'(H")).

The inequality H' > H implies that X is contained on X’. By (12.3.8), the orbit 0¥ on 90X
also is an orbit on 0.X'. If follows from our construction of X’ that there exists an embedding
F':R/Z x D, — 0X" which agrees with F' near R/Z x 9D, such that

F/*u)() = wp + dH/ A dt.
We define ¥ C 90X’ to agree with ¥ outside im(F”) and to be given by
{F'(t,r) |0 <r<e and t € R/Z}

inside im(F”). This clearly defines a disk-like surface of section of the Reeb flow on 0.X'.
Its symplectic area agrees with the symplectic area of 3 because 0% = 0%. It follows from
that the local return map of the orbit 9% is smoothly conjugated to a rotation.

Let us replace (X, X) by (X’,%'). We may choose a smooth parametrization f : D — 3 such
that near the boundary 0D the pullback w = f*wy is rotation invariant and the first return
map ¢ is a rotation. Let ¢y denote the lift of ¢ with respect to a degree 0 trivialization.
Note that by positivity of the constant b in (2.3.8)), the rotation angle of ¢y near JD must
be strictly positive. Thus 50 can be generated by a Hamiltonian H which vanishes on the
boundary and is autonomous and strictly positive in some neighbourhood of 0. We do
not know whether we can choose H to be strictly positive everywhere in the interior. Our
strategy is to construct a domain X’ which contains X and agrees with X outside an open
neighbourhood of ¥ such that the degree 0 lift of the first return map of the Reeb flow on 9.X"
can be generated by a Hamiltonian H’ which agrees with H near JD and is strictly positive
in the interior. Let K : R/Z x I — R be a non-negative Hamiltonian which is compactly
supported in the interior int(R/Z x D). The composition ¢y o (% )tepoa] € ﬁi_f}(ﬂ),w) is
generated by the Hamiltonian

(H#K); == H, + K o (¢%) " (2.3.9)
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If K is sufficiently large, then this Hamiltonian is strictly positive. The Hamiltonian H#K
need not be 1-periodic. This can be remedied as follows: First note that we can assume that
H, is strictly positive in the interior for ¢ in some open neighbourhood of 0 € R/Z. Then
it suffices to consider K with the property that K, vanishes for ¢ near 0. In this situation
H+# K smoothly extends to a 1-periodic Hamiltonian which is strictly positive in the interior
and autonomous and rotation invariant near the boundary. Our goal is to construct X’ such
that the degree 0 lift of the first return map is given by ¢g o (¢ )ecjo,1)-

Let D C int(D) be a closed disk centred at 0 and containing the support of K. After possibly
increasing the radius of D, we can assume that A := f*)\q is a Liouville 1-form on D whose
associated Liouville vector field is transverse to dD. Let € > 0 be sufficiently small and let

F:]0,¢] x D — 0X

be the unique embedding such that F(0,z) = f(z) and such that the pullback of the Reeb
vector field R on 0X via F' is given by 0; where ¢ is the coordinate on [0,e]. This implies
that F*A\g = A + dt. Let M =R x [0,¢] x D be the symplectization of ([0,¢] x D, A + dt)
equipped with the symplectic form wy; = d(e®(\ 4 dt)). Using the radial Liouville vector
field Zy on R*, we can extend F to a symplectic embedding F' : (M, wy;) — (R*, wy) mapping
0s to Zy. Our modification of X will be supported inside the image of F'.

We apply Lemma and obtain a symplectic embedding G : (M, w) — (My,wy). Let
us reparametrize K; such that it is compactly supported in the time interval (0,¢) and still
generates the same time-1-flow. Let I'_(K) denote the subgraph of K, i.e. the set

D (K) = {(s.t,2) € My | s < K (=)},
We define X’ to be the union
X' =XUF(GI_(K))).

¥ is a disk-like global surface of section of the characteristic foliation on oxX’ and it follows
from Lemma that the degree 0 lift of the first return map is given by ¢’ 0= ¢00(¢ POIEORIE

By our construction of K, the first return map qb’o can be generated by a Hamiltonian
satisfying the hypotheses in Theorem [2.3.1]

The domain X’ might not be star-shaped. We argue that X’ must be symplectomorphic to
a star-shaped domain for appropriate choice of Hamiltonian K. Our strategy is to define a
contact form 5 on 0X’ such that df = wp|xs. This contact form must be tight and there
exists a star-shaped domain X” C R* such that (0X’,3) is strictly contactomorphic to
(0X", Xolaxr). Corollary then implies that X" is symplectomorphic to X’. On the
complement of the image of F': M — R* we simply define 3 :== \g|sx:. We parametrize the
intersection im(F) N 90X’ via

F':0,e] x D = im(F)NoX" (t,z)— F(G(K(2),t,2)).

A direct computation shows that F"™*wy = w + dK; A dt. Moreover, we have F"*\g = dt + A
near the boundary of [0,e] x D. Thus we may extend 5 to a smooth 1-form on all of 90X’
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be requiring that F™*f = dt + A + K;dt. The resulting 1-form clearly satisfies df = wp|ax’-
It remains to check (3 is indeed a contact form on im(F') N X' for appropriate choice of
K. This amounts to showing that F"*(5 A df) is a positive volume form on [0,¢] x D. We
compute

FH(BAdB) =dt AN((14 Kp)w + AN dK).

Thus it suffices to construct K such that (14 K;)w+AAdK; is a positive area form on D. The
first term clearly is a positive area form since K; > 0. Let W denote the Liouville vector field
on D induced by A\. We can guarantee that the second term is non-negative by choosing K;
to be constant outside a small neighbourhood of 9D and requiring that dK;(W) < 0 inside
that small neighbourhood. Clearly we still have the freedom to make positive. O

2.4 A positivity criterion for Hamiltonian
diffeomorphisms

The results of this section are inspired by the fixed point theorem stated in [3, Theorem 3].
In fact, our proofs rely on the generalized generating functions introduced in [3, sections 2.3
to 2.6].

2.4.1 Statement of the positivity criterion

The generalized generating function framework we use applies to area-preserving diffeomor-
phisms of the disk D which are radially monotone in the sense of the following definition.

Definition 2.4.1. A diffeomorphism ¢ € Diff (D) is called radially monotone if it fixes the
center 0 and if the image of the radial foliation of ID under ¢ is transverse to the foliation of
D by circles centred at 0.

We state the main result of this section.

Theorem 2.4.2. Let w be a smooth 2-form on D which is positive in the interior int(D).
Moreover, assume that w is rotation invariant near the origin and the boundary OD. Let

¢ € Diff(D,w) and set ¢ = m(¢). Assume that:
1. ¢ fizes the origin and is radially monotone.
2. The restriction of ¢ to a small disk centred at the origin is a rotation.
3. The restriction of ¢ to a small annular neighbourhood of 0D is a rotation.
4. The action J(g(p) is positive for all fixed points p of ¢.
Then there ezists a Hamiltonian H : R/Z x D — R with the following properties:

1. H is strictly positive in the interior int(D) and vanishes on the boundary OD.



CHAPTER 2. SURFACES OF SECTION AND SYMPLECTIC CAPACITIES 83

2. H is autonomous and rotation invariant in some neighbourhood of the origin and OD.

3. The Hamiltonian vector field Xp, defined by tx, w = dH; in the interior int(D)
smoothly extends to the closed disk D and is tangent to JD.

4. The arc (¢l )icpo,1] represents (Z

In order to prove Theorem [2.1.9] we need to apply Theorem to area-preserving
diffeomorphisms of the disk which are C*'-close to the identity. Such diffeomorphisms need
not be radially monotone. However, they are smoothly conjugated to radially monotone

diffeomorphisms (see [3, Proposition 2.24]). We use this observation to deduce the following
corollary of Theorem [2.4.2]

Corollary 2.4.3. Let w be a smooth 2-form on D which is positive in the interior int(D).
Let ¢ € Diff(D,w) and set ¢ == 7(¢). Assume that:

1. gg is C'-close to the identity idp.
2. ¢ is smoothly conjugated to a rotation in some neighbourhood of the boundary OD.
8. The action o(p) is positive for all fized points p of ¢.
Then there ezists a Hamiltonian H : R/Z x D — R with the following properties:
1. H is strictly positive in the interior int(D) and vanishes on the boundary OD.
2. H is autonomous in some neighbourhood of 0D.

3. The Hamiltonian vector field X, defined by tx, w = dH; in the interior int(D)
smoothly extends to the closed disk D and is tangent to OD.

4. The arc (¢%)epo,1) represents 5

2.4.2 Lifts to the strip

In order to represent area preserving diffeomorphisms of the disk D by generalized generating
functions, it will be convenient to lift them to the strip S := [0,1] x R. This is carefully
explained in [3, section 2.3]. Here we summarize the relevant material. Consider the map

p:S—=D (r,0)—r-e?
The restriction of p to (0, 1] x R is a covering map to D\ {0}. The translation

T:85—=S (r,0)— (r,0+2m)
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generates the group of deck transformations. Any orientation preserving diffeomorphism
¢ € Diff*(D) fixing the origin lifts to a diffeomorphism ® € Diff"(.9) (see |3, Lemma 2.10]).
The lift & commutes with T, i.e.

Tod=>doT.

Any two lifts are related by composition with a deck transformation. A lift ¢ € Diff (D) of
¢ to the universal cover uniquely specifies a lift ® € Diff *(S) as follows: Represent 5 by a
smooth arc (¢¢)iejo,1) in Diff ¥ (D) starting at the identity. This arc uniquely lifts to an arc
(®¢)tefo,1) in Diff (S) starting at the identity. Now simply set ® = ®;.

If the diffeomorphism ¢ € Diff (D) is radially monotone, then any lift ® is monotone in
the sense of the following definition.

Definition 2.4.4. Let ® € Diff *(S) be a diffeomorphism and denote the components of ®
by (R,©). We call ® monotone if 0, R(r,0) > 0 for all (r,0) € S.

The following characterization of monotonicity will be useful in later sections.

Lemma 2.4.5. Let ® € Diff '(S) be a diffeomorphism preserving the boundary components
of S. Let T'(®) C S x S denote the graph of ®. Then ® is monotone if and only if

m:I'(®)cSxS—=S (rnd R 0O)— (R0
15 a diffeomorphism.
Proof. Let ®(r,0) = (R(r,0),0(r,0)) denote the components of ®. The map
(idg, ®) : S = I'(®) (r,0) — (1,0, R(r,0),0(r,0))
is a parametrization of I'(®). Clearly, 7 is a diffeomorphism if and only if the composition
mo(ids,®): S — S (r,0)— (R(r,6),0)

is a diffeomorphism. This is the case if and only if

R(-,0):[0,1] — [0,1] (2.4.1)

is a diffeomorphism for every fixed # € R. By assumption ® preserves the boundary compo-
nents of S. Thus R(0,0) =0 and R(1,60) = 1 for every 6. Hence ({2.4.1)) is a diffeomorphism
if and only if 01 R > 0, i.e. ® is monotone. ]

Now suppose that D is equipped with a 2-form w which is positive in the interior int(D).
Then
Q=pw
is a 2-form on S which is positive in the interior and invariant under the translation T, i.e.

70 = Q.

If ¢ € Diff(D,w) fixes the origin and preserves w, then any lift ® preserves Q, i.e. & €
Diff (.S, ).
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2.4.3 Generalized generating functions on the strip

Throughout this section, let 2 be a 2-form on the strip S which is positive in the interior
int(.S) and preserved by T. Moreover, let & € Diff (5, 2) be a diffeomorphism which preserves
2 and the boundary components of S and which commutes with 7. We equip the product
S x S with the closed 2-form (—Q) @ . The restriction of this 2-form to the interior of
S x S is a symplectic form. Consider a primitive 1-form « of (—Q) @ Q whose restriction
to the diagonal A C S x S vanishes. The graph I'(®) is a Lagrangian submanifold of
(SxS,(=Q)BNQ), i.e. the restriction of (—Q)®Q to I'(P) vanishes. Therefore, the restriction
of the primitive a to I'(®) is closed. Since S is simply connected, it is also exact, i.e. it can
be written as

CY|F(¢)) = dW@ﬁa (242)

for a function Wg , : I'(®) — R, which is unique up to addition of a constant. We call Wy, a
generalized generating function for ® with respect to a (c.f. [84, Definition 9.3.8]). In Lemma
below, we specify a preferred normalization of Wg , which we will use throughout this
paper. For z € {1} x R C 05, let 7, denote the path

Y. 0 [0,1] = 98 x9S .(t) = (2, (1 — )z + tP(2)).
Lemma 2.4.6. There exists a unique smooth function Wg o : I'(®) — R satisfying
dWCID,a = Oé|r(q>) (243)

and

Waa(z, ®(2)) :/ o forall ze {1} xR. (2.4.4)

V=

Proof. Set zy = (1,0). Clearly, there exists a unique function Ws , satisfying (2.4.3)) such
that (2.4.4)) holds for zp. We need to check that this function Wy , satisfies (2.4.4) for all
z € {1} x R. Fix z € {1} x R. We define two paths § and ¢ by

§:[0,1] =98 x9S §(t) =((1 —t)zo +tz,®((1 —t)z0 + t2))
and
:[0,1] =98 x9S  e(t)=((1 —1t)zo +tz, (1 —t)z + t2).

The path § is contained in I'(®) and goes from (zg, ®(29)) to (z,P(2)). The path e connects
(20, 20) to (z,2) and is contained in A. The concatenations 7.,#d and e#, are homotopic
inside 05 x 0S with fixed end points. Since the restriction of (—§2) &2 to S x 0S vanishes,
the restriction of « to this subspace is closed. Thus

/ o= / a.
'Vzo#‘s ez
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Using (2.4.3) and the fact that Ws , satisfies (2.4.4) for zy, the left hand side evaluates to
/ o= / a+/a  Wan (20, D(20)) - W (2, B(2)) = Wan(20, B(20)) = Wara(z, B(2)).
Vzo #O Y=o g

Since the restriction of a to the diagonal A vanishes, the right hand side is given by

/ a:/a+/a:/a.
EHY= € Yz 0z

This concludes our proof that (2.4.4) holds for all z € {1} x R. O

Let 3 be a second primitive 1-form of (=) @& whose restriction to A vanishes. Then the
difference a— [ is exact, i.e. there exists a smooth function u on S x S such that a — g = du.
Since the restrictions of a and 8 to the diagonal A vanish, the function v must be constant
on A. Let us normalize u such that u|y = 0. The following lemma relates the generalized
generating functions of ® with respect to a and f.

Lemma 2.4.7. Let Wg o and Wg 5 be the generalized generating functions of ® with respect
to a and 8. Then
Woo = Wa s+ ulr).

In particular, since u vanishes on the diagonal A, the value of a generalized generating
function at a fixed point of ® is independent of the choice of primitive 1-form.

Proof. We set W := Ws 3 + u|p@). We need to check that this function satisfies (2.4.3) and
(2.4.4). In order to show ([2.4.3), we compute

dW = dWs g + dulr@) = Blr@) + (@ = B)|r@) = a|r@)-
Let z € {1} x R. We have

W(z,q)(z)):W¢,B(Z,<I>(z))—i—u(z,<l>(z)):/ 5+/ du:/ o

Yz Yz Yz
Here the second equality uses that u vanishes on the diagonal A. This shows (2.4.4)). O

There are two primitives of (—Q) @ 2 whose associated generalized generating functions
are of particular importance to our discussion. The first such primitive is given by (—=A) ® A
where A is a primitive of the area form €2 on S. It will be useful to regard the associ-
ated generalized generating function Wy _a)ga as a function on S via the parametrization
(idg, ®) : S — I'(®) of the graph I'(®). We define

Yo = Wa, —nyea o (idg, )
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and call it the action of ® with respect to A. The characterizing equations and
for the generalized generating function Wg (_a)ea can be expressed in terms of the action
Yp,A aS

QN —A=dEg (2.4.5)

and

Your(l,0)= [ A forall # R (2.4.6)
de

where dy denotes the path
dp 1 [0,1] = 0S5 dp(t) = (1 —1)-(1,0) +t-P(1,0).
The following basic properties of the action ¥ o will be useful later on.
Lemma 2.4.8. 1. Let (®;)cp0.1) be an arc in Diff (S, Q) starting at the identity. Let
H:[0,1]xS5—=R

be a Hamiltonian generating this arc. If we normalize H by H(1,0) = 0, then the
action Yg o may be computed via

1
Soa(z) = / At / H(®y(2))dt.
{t—®:(2)} 0

2. Suppose that A = p*\ is the pull-back of a primitive X of w and that ® is the lift of a
diffeomorphism ¢ € Diff (D, w) fizing the origin. Then Y¢x = 05, 0 p.

Proof. Statement (1) is the analog of 3|, Proposition 2.6], which deals with area-preserving
diffeomorphisms of the disk . The proof given in [3] carries over to the case of the strip
almost verbatim and we will not repeat it here.

We prove (2). We compute
d(O’aﬂA Op) — p*do-(;’)\ — p*<¢*/\ - /\) _ q)*p*)\ _p*/\ — DA — A

Here the third equality uses the identity po ® = ¢ o p. Let (¢t)icjo.1] be an arc in Diff " (D)
representing ¢. Then

Ug)\op(l,ﬁ):/ )\:/ )\:/p*)\:/A:ZCD,A(l,Q).
7 t— i (p(1,0)) pody g )

Here the second equality uses that the restriction of A to D is closed and that ¢ — ¢:(p(1,6))
and pody are homotopic in JD with fixed end points. This shows that 0., 0D satisfies (2.4.5)

and (2.4.6). Thus o3, op = g . O
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Let us define a second special primitive of (—2) & Q. We write
Q= F(r,0)-drAdb

where F'is a smooth function on S which is positive in the interior and invariant under 7.
Next, we define functions A and B on S by

A(r,0) = /Or F(s,0)ds and B(r,0) = /00 F(r,9)dy.

We let (1,6, R, ©) denote coordinates on S x S and define
== (A(R,0) — A(r,0))-d0 + (B(R,0) — B(R,0)) - dR.

A direct computation shows that d= = (—Q) & and that the restriction of = to the diagonal
A C §x .S vanishes. The resulting generalized generating function Wy = is particularly useful
if the diffeomorphism ® € Diff(S, ©2) is monotone in the sense of Definition 2.4.4] From now
on, let us assume that this is the case. Consider the projection

7a:T(®) = S (r,6,R,0)— (R,0). (2.4.7)

By Lemma 7 is a diffeomorphism. It will be convenient to view Wy = as a function
on S via the diffeomorphism 7. We abbreviate

. -1
W =Wszomy .

Equation (2.4.3)) can be rewritten in terms of W as

0) = B(R,0) — B
AW(R,6) = B(R,0) - B(R,6) for all (r,0,R,0) € T'(®). (2.4.8)
LW(R,0) = A(R,0) — A(r,0)
The normalization (2.4.4) simply becomes
Wlgyxr =0 (2.4.9)

because the restriction of the primitive = to ({1} x R) x ({1} x R) vanishes. We summarize
the relevant properties of W in the following Proposition (see Proposition 2.15, Lemma 2.16
and Proposition 2.17 in [3]).

Proposition 2.4.9. Suppose that ® € Diff(S, Q) is monotone and commutes with T. Then
there exists a unique generating function W : S — R satisfying equations (2.4.8) and the
normalization . The function W is invariant under T and is constant on the boundary
components of S. The interior critical points of W are precisely the interior fixed points of
O. We have W(p) = Xoa(p) for all fixed points p of ® and any primitive A of 2. If the
restriction of A to {0} x R vanishes, then W agrees with ¥ n on {0} x R.
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Proof. Existence and uniqueness of W follow from Proposition 2.15 in [3]. Moreover, this
proposition asserts that W is invariant under 7" and constant on the boundary components
of S and that the interior critical points of W are precisely the interior fixed points of W.
The remaining assertions are proved in [3, Lemma 2.16 and Proposition 2.17] in the special
case that ® is the lift of a diffeomorphism ¢ € f);f/f(D, w) and A = p*\ for a primitive A of w.
Since the statements in Proposition [2.4.9| are slightly more general, we provide independent
proofs. It is a direct consequence of Lemma that W (p) = X a(p) for all fixed points p
of ®. Suppose that the restriction of A to {0} x R vanishes. This implies that the restriction
of (—A) & A to ({0} x R)? vanishes. Similarly, the restriction of the primitive = to this
subspace vanishes. It is a direct consequence of that the generating functions Wg =
and We, (—p)yea are both constant on I'(®) N ({0} x R)?. Let u be the unique smooth function
on S xS whose restriction to the diagonal A vanishes and which satisfies = = (—=A) & A+du.
Since both Z and (—A) @ A restrict to zero on ({0} x R)?, the function u vanishes on this
set. By Lemma , this implies that Wez and We (_a)ea agree on I'(®) N ({0} x R)%. We
conclude that W and ¥ o agree and are constant on {0} x R. O

In order to avoid technicalities involving the behaviour of ® and W near 95, let us now
assume in addition that € is translation invariant in some small neighbourhood of 95. In
other words, F'(r,#) does not depend on 6 for r sufficiently close to 0 or 1. Moreover, we will
restrict our attention to diffeomorphisms ® whose restrictions to neighbourhoods of the two
boundary components of S are translations. More precisely, we will assume that there exist
constants 6y and 6, such that for j € {0,1}

O(r,0) = (r,0 +6,) if r is sufficiently close to j. (2.4.10)
Since the following result is not explicitly stated in [3], we provide a proof.

Proposition 2.4.10. There exists a bijective correspondence between the set of all diffeo-
morphisms ® € Diff (S, Q) which are monotone, commute with T and satisfy (2.4.10) and
the set of all smooth functions W : S — R satisfying

1. 0 < A(r,0) — W (r,0) < A(1,8) for all (r,0) € int(S)
2. 015W (r,0) < F(r,0) for all (r,0) € int(S)
3 WoT =W

4. There exist constants ¢, co and c3 such that

W(r,0) =ci +cs - for F(s,0)ds if v is sufficiently close to 0
W(r,0) = cs - frl F(s,0)ds if v is sufficiently close to 1.

& and W correspond to each other under this bijection if and only if equations (2.4.8) hold.
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Proof. Let ® € Diff(S,Q) be a diffecomorphism which is monotone, commutes with 7" and
satisfies . Let W be the associated generating function satisfying and the
normalization (2.4.9). We verify that W satisfies properties (1)-(4). Property (3) actually is
a consequence of Proposition[2.4.9] It follows from that any point (1,60, R, ©) € I'(®)
sufficiently close to the boundary satisfies » = R. Thus equation implies that

8W(R,0) = A(R,0) — A(r,0) =0

near 05. Hence W is independent of 6§ in a neighbourhood of the boundary. Near 95 we
also have
B(r,0) =0 - F(r).

Here we use that F(r,0) = F(r) does not depend on 6 near 9S. Thus (2.4.8)) yields
W (R,0) = B(R,0) — B(R,©) = (0 —©) - F(R).

Using ([2.4.10) we obtain

for R close to j € {0,1}. Property (4) is an immediate consequence. Next we check property
(1). Rearranging the second equation in (2.4.8) gives

A(R, ) — ;W (R, 0) = A(r,0).

Now we simply use that A(0,6) = 0 and that A(r,0) is strictly monotonic in r for fixed 6.
It remains to verify (2). By Lemma , monotonicity of ® implies that the projection ma
defined in equation is a diffeomorphism. Let us now parametrize I'(®) by the inverse
of this diffeomorphism

r(R,0)
0
R
O(R,0)

T S =S T(@)C S xS (R,0)w—

For j € {1,2} let ; : S x S — S be the projection onto the j-th factor. The restriction of
mj to I'(®) is a diffeomorphism onto S. This shows that

(R,0) — (r(R,0),0) and  (R.0) — (R,O(R,0))

are both diffeomorphisms of S. In fact, these diffeomorphisms are orientation preserving.
Thus the linearizations

(alr(é% K (927’(f% ’9)) and (816)(1}%,8) 82@(03,9))
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both have positive determinant. This implies 0,7(R,0) > 0 and 0,0(R,0) > 0. Let us view
both sides of the first equation in (2.4.8) as functions of R and . Then differentiating with
respect to 6 yields

012W(R,0) = F(R,0) — F(R,O(R,0)) - 0,0(R,0).
In the interior of S, both F(R,©) and 0,0 are strictly positive. Thus
012W(R,0) < F(R,0)
proving (2).

Let us now prove the converse direction of Proposition [2.4.10l We start with a generating
function W satisfying properties (1)-(4). Let us first show that we may solve equations ([2.4.8))
for r and © and obtain a smooth map

int(S) 3 (R,0) — (r(R,0),0(R,0)) € int(9).

The function B(R,-) is a diffecomorphism of R for fixed R € (0,1). Thus we may apply the
implicit function theorem and solve the first equation in for ©(R,0) in the interior
int(.S). For fixed 6, the function A(-,0) is a diffeomorphism from (0, 1) onto (0, A(1,6)). By
property (1), W (R, ) is contained in the image of A(R,0) — A(-,0). Again we invoke the
implicit funciton theorem to solve the second equation in for r(R,0). The map

r(R,0)
7
R
O(R, 0)

t:int(S) - S xS (R,0) — (2.4.11)

parametrizes a smooth submanifold of S x S. We show that this submanifold is in fact the
graph of a diffeomorphism of int(S). Differentiating the first equation in (2.4.8)) with respect
to 6 and the second equation with respect to R yields:

01, W (R, 0) = F(R,0) — F(R,O(R,0)) - 9:0(R, 0)
01 W (R,0) = F(R,0) — F(r(R,0),0) - ,r(R, 0)

Using property (2), we conclude that d;r > 0 and 9,© > 0. Hence the composition 7 o ¢
is a diffeomorphism onto its image for j € {1,2}. We show that this image actually is all
of int(S). By property (4), we have 0oW = 0 near 9S. Thus the second equation in ([2.4.8))
implies that r(R,0) = R for R near 0 or 1. This shows that r(-,0) is a diffeomorphism of
(0, 1) for fixed #. Therefore the image of 7 o ¢ is int(S). The function 0;W is bounded. For
fixed R € (0, 1), the function B(R, -) is an orientation preserving diffeomorphism of R. Thus
the first equation in implies that limg_,+., O(R,0) = +oo. Hence the image of my 01
is int(.S). This shows that the image of ¢ is the graph of a diffeomorphism ® € Diff(int(.5)).
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Equations (2.4.8) imply that the pull-back of = via ¢ is closed. Therefore ® preserves ).
Property (4) implies that in a neighbourhood of 9S equations (2.4.8)) become:
c-F(R)=(0—-0)-F(R)
0=A(R,0) — A(r,0)
We conclude that ® satisfies (2.4.10) near 0S. Therefore ® smoothly extends to the closed
strip and we have ® € Diff(S, ). In order to check that ® commutes with T, first note that
A(R,0) is invariant under 7" and that B(R,0 + 27) = B(R,0) + B(R,27). In combination
with invariance of W under T', this implies that r(R, #) is invariant under 7" and that (R, 0+
27) = O(R,0) + 2. Hence the image of ¢ is invariant under the diagonal action of 7" on

S x S, which implies that & commutes with 7. The composition of ma o ¢ is equal to idg.
Thus 7a is a diffeomorphism, which is equivalent to monotonicity of ® by Lemma[2.4.5, [

2.4.4 Proof of the positivity criterion for radially monotone
diffeomorphisms

Proof of Theorem[2.4.3. Let ® € Diff(S,2) be the lift of ¢ to the strip. ® is monotone and
commutes with 7. Since ¢ is a rotation near the origin and the boundary, ® is a translation
near the two boundary components of S, i.e. & satisfies . It follows from rotation
invariance of w near 0 and JD that €2 is translation invariant near 0S. Let W be the unique
generating function satisfying properties (1)-(4) in Proposition 2.4.10f For ¢ € [0,1], we
define W, =t - W. The functions W, satisfy conditions (1)-(4) for all ¢. Indeed, the set of
functions satisfying conditions (1)-(4) is convex and both W and the zero function satisfy
these conditions. Proposition therefore yields an isotopy ®; € Diff(S,(2) starting at
the identity and ending at ®. Let H : [0, 1] x S — R be the unique Hamiltonian generating
®, which is normalized by H;(1,60) = 0. Since ®; commutes with 7" for all ¢, the Hamiltonian
H, is invariant under T'. Near the boundary components of S, the isotopy ®, is a transla-
tion at constant speed. Hence H is autonomous and translation invariant near the boundary.

Our goal is to show that the restriction of H to the complement of the boundary com-
ponent {1} x R is strictly positive. Our strategy is the following: If we can show that H; is
strictly positive on all its interior critical points and on the boundary component {0} x R,
then it follows that H; must be strictly positive on the complement of {1} x R. We begin by
showing that for every ¢, the set of interior critical points of H, is equal to the set of interior
critical points of W. In other words, if the velocity 0,®;(z) vanishes for some ¢ € [0, 1], then
z must be a critical point of W and is fixed by the entire isotopy ®;. Let (R;, ©;) denote the
components of ;. The defining equations for the generating function W; read:

O Wi(R.,0) = B(R,,0) — B(R,,0,)
0, Wi(R.,0) = A(Ry,0) — A(r,0)
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Differentiating with respect to t yields:

81W(Rt, 0) + 811VVt<Rt7 9) . 3th == 3lB(Rt, 0) . 8th - 81B(Rt, ®t> . @th - 8QB<Rt7 ®t> . @,@t
82W(Rt, 0) + 812M(Rt7 9) . ath = 81A(Rt, e) . 8th

If z = (r,0) is a point satisfying 0;®;(z) = 0 for some ¢, then these equations yield:

{&W(Rt(?“, 6).8) =0 (2.4.12)

O W (Ry(r,0),0) =0

This implies that z is a critical point of W. Indeed, if ¢ = 0, then R;(r,8) = r and
says that (r,0) is a critical point of W. If ¢ > 0, then implies that (R(r,0),0) is
a critical point of W;. Hence z is fixed by ®;, and therefore a critical point of W,. Since
t > 0, this implies that z is a critical point of W. Hence we have verified that every interior
critical point of H; is a critical point of W. Conversely, suppose that z is a critical points of
W. Then z is a critical point of W; for all t. Thus z is fixed by the isotopy ®; and hence a
critical point of H;.

Let z be an interior critical point of H;,. By the above discussion, z is a fixed point of
®. We show that Hy(z) = Xg(2) for all ¢. This implies that Hy(z) > 0. Indeed, all fixed
points of ¢ are assumed to have strictly positive action and the same is true for ® by item
(3) in Lemma[2.4.8] Let A be a primitive of w and let A denote the pull-back to S. For every
7 € [0, 1], we can compute the action Y¢_(z) via item (2) in Lemma

S (2) = Yo a(2) = / A+ / Ho(®,(2))dt = / Hy(2)dt
{[0,7]2t—®¢(2)} 0 0

Here the last equality uses that z is fixed by the isotopy ®;. By Proposition [2.4.9, the action
Yo, (2) agrees with W, (z). We obtain
)= ), A

Differentiating with respect to 7 yields H.(z) = W(z) = ¥¢(2) > 0.

Next we show that H; is positive on the boundary component {0} x R. Since A is given
by the pull-back p*A and p maps the entire boundary component {0} x R to the origin 0 of
D, the restriction of A to {0} x R vanishes. Thus item (2) in Lemma yields

Yo, Al / Hy(Py(2))dt = / Hy(z

for all z € {0} x R. Here the second equality uses that H, is translation invariant near the
boundary and in particular constant on {0} x R. By Proposition [2.4.9, the action Xg,
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agrees with W, on {0} x R. Thus

Twwazljm@mt

for all z € {0} x R. Differentiating with respect to 7 yields H,(z) = W(z) = Zga(2). By
item (3) in Lemma [2.4.8) the action Xg z(2) is equal to the action o5(0) > 0. Hence H; is
strictly positive on {0} X R for all 7. This completes the proof that H; is strictly positive on
the complement of {1} x R.

The Hamiltonian H is invariant under 7" and constant on {0} x R. Thus it descends to a
continuous function H : [0, 1] x D — R which is smooth away from the origin. The Hamilto-
nian flow of H, which is defined on the complement of the origin, is a rotation in some small
neighbourhood of the origin. Thus the flow extends to a smooth flow on the entire disk D.
This implies that H is actually smooth everywhere. Clearly H satisfies properties (1)-(4) in

Theorem 2.4.2]

There is one detail remaining: We actually want the Hamiltonian H to be 1-periodic in
time. Here is how to fix this. Let n: R — [0, 1] be a smooth cut-off function which vanishes
in an open neighbourhood of (—oc, 0] and is equal to 1 in an open neighbourhood of [1, c0).

For € > 0 we define
. t—1+¢
() =n ().

The function n® vanishes in a neighbourhood of (—oo,1 — ¢] and is equal to 1 in a neigh-
bourhood of [1,00). Now define

G0, xD R Gt 2) = (1— (1)) - H(t,2) + 17 (t) - H(0, 2).

This actually extends to a smooth 1-periodic Hamiltonian G° : R/Z x D — R. In an open
neighbourhood of 0 and 0D, the Hamiltonian G agrees with H, for all ¢ € [0, 1] because H
is autonomous in this region. If £ € [0,1 — €], then G agrees with H; on the entire disk D.
Moreover, G¢ is strictly positive in the interior of D. The time-1-map ¢¢. agrees with ¢ in a
neighbourhood of 0 and 9D, but it need not agree with ¢ on the entire disk. As ¢ approaches
0, the diffeomorphism (¢:)~! o ¢, which is compactly supported in the complement of 0
and 0D, converges to the identity in the C'-topology. Using Lemma , we can therefore
find a Hamiltonian K® : [0,1] x D — R, compactly supported in the complement of 0 and
OD and vanishing for ¢ close to 0 or 1, such that ¢k. = (¢g:)"'o $ and such that || Xe||co
converges to 0 as € approaches 0. Now define

H; = (G#K°), = G} + Kj o (¢g:) ™"

for t € [0,1]. This extends to a smooth 1-periodic Hamiltonian. It agrees with H in a
neighbourhood of 0 and D and its time-1-map is ¢k. is equal to qz For ¢ > 0 sufficiently
small, H¢ is strictly positive in the interior int(DD). Thus we have constructed a 1-periodic
Hamiltonian satisfying properties (1)-(4). O
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2.4.5 Proof of the positivity criterion for diffeomorphisms close
to the identity

The goal of this section is to deduce Corollary from Theorem [2.4.2] Key ingredient is
the following lemma.

Lemma 2.4.11. Let ¢ : D — D be a diffeomorphism. Assume that:
1. ¢ is sufficiently C*-close to the identity idp.
2. ¢ is smoothly conjugated to a rotation near OD.

3. There ezists a fized point p € int(D) such that ¢ is smoothly conjugated to a rotation
in a neighbourhood of p.

Then there exists a diffeomorphism 1 : D — D such that:
1. 4(0) =p
2. =t o ¢ o) is radially monotone.
3. Y~to ¢po is a rotation near 0 and OD.

Proof. We proceed in four steps.

Step 1: Let ¢ : D — D be a Mobius transformation such that ¢(0) = p. By Proposition
2.24 in [3], the diffeomorphism 1~ o ¢ o ¢ fixes the origin and is radially monotone. After
replacing ¢ by ¢ "1ogo1), we can therefore assume that ¢ is radially monotone and smoothly
conjugated to rotations near 0 and 0. Note, however, that we can no longer guarantee that
¢ is C'-close to the identity.

Step 2: We show that we may further reduce to the case that ¢ agrees with the linearization
d¢(0) in an entire open neighbourhood of 0. We choose a ¢-invariant neighbourhood U of 0
and an orientation preserving diffeomorphism f : (D,0) — (U, 0) such that p := f~logo f is
a rotation around the center of D. We may approximate f with respect to the C'-topology
by a diffeomorphism f : (D,0) — (U, 0) which agrees with its linearization df(0) near 0 and
with f outside some arbitrarily small neighbourhood of 0. We set ¢ := f offl. This defines a
compactly supported diffeomorphism of U. We may smoothly extend it to a diffeomorphism
of D by setting ¢ to be equal to the identity outside U. The resulting diffeomorphism
Y1 (D,0) — (D,0) is C'-close to the identity and supported in a small neighbourhood of 0.
Near 0 we have

1/flo¢oqp:(foffl)flogéo(foffl) :fo (ffloqﬁof)offl:df((])opodf(())fl.

This shows that ¢~! o ¢ 01 is linear in some neighbourhood of 0. Since v is C*-close to the
identity and fixes the origin 0, radial monotonicity is preserved by conjugation by . We
can therefore replace ¢ by 1! o ¢ 01 and assume in addition that ¢ agrees with d¢(0) near
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0.

Step 3: Since ¢ agrees with its linearization near 0 after performing Step 2, we may choose
a linear orientation preserving diffeomorphism ¢ : (ID,0) — (U, 0) onto a ¢-invariant neigh-
bourhood of 0 such that p :== g7' o0 ¢ 0 g is a rotation of D. We construct a (non-linear)
diffeomorphism § : (ID,0) — (U, 0) satisfying properties (1)-(4) below. Let (R, ©) and (R, ©)
denote the components of g and ¢ in polar coordinates, respectively.

1. g(r,0) agrees with g(r,6) for r > 2.

2. O(r,6) agrees with O(r, ) for r > 3

3. There exists a constant C' > 0 such that R(r,8) = C - r for r < 1
4. 6(r,0) =0 for r < 1

Let us first choose ¢ > 0 such that the ball Bc(0) is contained in the image g(Bs(0)). We

may choose a smooth function R(r, ) which agrees with C' -7 for r < 5 and with R(r,6) for
r > 2 and which satisfies 81 R(r,0) > 0. Since g is linear, the function O(r,6) is actually
independent of r and we denote it by ©(f). The function ©(f) is an orientation preserving
diffeomorphism of the circle R/277Z. Hence there exists a smooth isotopy from © to the
1dent1ty Using such an isotopy, we may define a function O(r,6) such that O(r,6) = ()
for r > 1 and O(r,0) = 0 for r < 1. It is immediate from the construction that g = (R,O) is
a dlffeomorphlsm satisfying propertles (1)-(4) above. As before, we define a diffeomorphism
¥ : (D,0) — (D,0) which is compactly supported inside U and agrees with g o g~! inside U.
We have

Yplogor=(gog ) Togo(gog ) =go(g logog)og  =gopog

inside U. Since ¢ is simply multiplication by C' near 0, this is an actual rotation near 0.
We need to check that ¢~ o ¢ o 1) is radially monotone. Since this diffeomorphism agrees
with ¢ outside U, we only need to check radial monotonicity of the restriction to U, which
is given by g o po g~! by the above computation. For r > %, the function ©(r,0) agrees
with ©O(r,0) and is therefore independent of r. This implies that the restriction of g to
D\ B (0) preserves the foliations by radial rays. Since p is a rotation, the same is true for
the restriction of gopo gt to g(D\ By (0)). This implies radial monotonicity of ¥ "' o ¢ o)
on the set g(ID\ B%(O)). For r < 1, the function R has the special form R(r,6) = C-r. Thus
the restriction of g to B 1 (0) preserves the foliation by circles centered at the origin. Since p
is a rotation, the same continues to hold for the restriction of gopog—! to g(B 1 (0)). Radial
monotonicity of 1»~! o ¢ o4 on the set 5(3%(0)) is a direct consequence. After replacing ¢
by ¥~! o ¢ o), we can hence assume in addition that ¢ is an actual rotation near the origin.
Step 4: It remains to perform a similar construction to turn ¢ into a rotation near JD
while preserving radial monotonicity. Let D :== D\ {0} denote the punctured disk. Let V'
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be a ¢-invariant neighbourhood of dD and f = (R, 0) : D — V an orientation preserving
diffeomorphism such that p == f~ Lo ¢o fis a rotation of D around 0. Our goal is to define
a dlffeomorphlsm f (R 0) : D — V agreeing with f in a small neighbourhood of 0 such
that f opo f Lis radially monotone on V and an actual rotation near dD. Once we have
such f, we may set ¢ == f o f and extend to a diffeomorphism of D by setting ¢ to be
equal to the identity outside V. We have

v rogod=(fof ) logo(fof )=Ffo(flogof)oft=Ffopof?

which implies that 1~ o ¢ 09 is radially monotone and a rotation near OD. Here is how
we construct f. After shrinking V' if necessary, we may assume that the image of f(r, )
is C'-close to dD for all r. In particular, O(r,-) is a diffeomorphism of R/27Z for fixed
r. Moreover, we can assume that 0;R(r,0) > 0. Let n(r) be a smoothing of the function

min(r, £). Assume that both 7(r) and /(1) are monotonic and that n(r) agrees with min(r, £)

outside (: — ¢, 1 + ¢) for some small e > 0. For r < 2 we set O(r,0) = O(n(r),0). For

5
r > % we set @(r, 0) == 6. Choose a smooth isotopy from @(%, *) to idg/2rz and use it to

define © in the interval <<z We set R(r,0) to be equal to R(r,0) for r < 2. We
extend R is such a way that 0;R(r,0) > 0. Moreover, we require that there exists C' > 0
such that R(r,0) =1+ C - (r — 1) for r > 2. This finishes the construction of f. Clearly,
fo po f is an actual rotation near dID. We need to check radial monotonicity. On the set

({7" > 2}), radial monotonicity follows from the special form R(r, 6) =14+C-(r—1). Inside

({5 +e <r <2}, radial monotonicity follows from the fact that O(r,0) is independent of
r. For r < g — ¢ the diffeomorphisms f and f agree, which implies radial monotonicity in
f{r < £ —¢}). Tt remains to verify radial monotonicity inside Fl f—e<r<i+e}) A
direct computation shows that for r < %

dr (04(F o po f)(f(r0)) = m - dR(p(r,0)) (_‘95?@(7(“;%)) (2.4.13)
and
m(aﬁwwfﬂGan=&;§@5«mwumW:@W§§%>()) (2.4.14)

Note that radial monotonicity of f o po f~! is precisely saying that the left hand side of
equation ([2.4.13)) is positive. Thus (2.4.13]) implies that

dR(p(r,0)) (%%’8%) > 0.

By choosing ¢ > 0 sufficiently small, we can guarantee that

(oo ((SE00N) >0
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whenever r € (1 — ¢, +¢). Using the fact that R > 0 and 0,0 > 0, we see that

dR(p(r,0)) <‘929(%(”’9>> > 0.

Therefore, the linear functlonal dR(p(r,0)) is positive on any convex linear combination of
the vectors (0:0(n(r),0), —0,0(n(r),0)) and (0.0(n(r),0),0). Using n'(r) € [0, 1], we can

0
hence deduce that o) ( 220(n(r),0) ) >0
~0i0(n(r).0)-n'(r)) ~

Together with (2.4.14)) this implies radial monotonicity of fo po }Ll in the annulus f({% —e<
1

r<jzte}) O
5

Proof of Corollary[2.4.3. Let us first prove the corollary under the additional assumption
that ¢ possesses a fixed point p such that ¢ is smoothly conjugated to a rotation in some
neighbourhood of p. In this situation we may apply Lemma [2.4.T1 Let ¢ be the resulting
diffeomorphism of . The 2-form *w and the diffeomorphism ¢! o ¢ 0 ¢ € Diff(D, ¢*w)
satisfy all assumptions in Theorem [2.4.2] except for possibly rotation invariance of ¥*w near
0 and 0D. Using an equivariant version of Moser’s argument, we may construct a diffeomor-
phism of I which is supported near 0 and D, commutes with 1! o ¢ o1 and pulls back ¥*w
to a 2-form which is rotation invariant near 0 and 0. After replacing ¢ by its composition
with this diffeomorphism, we may assume w.l.o.g. that 1*w is rotation invariant near the
origin and the boundary and apply Theorem to the tuple (¢Y*w,y "' opo)). Let H
denote the resulting Hamiltonian. Then the Hamiltonian H o v)~! satisfies all assertions of

Corollary [2.4.3]

Let us now consider the general case. We claim that ¢ must possess an interior fixed point
which is either degenerate or elliptic. This clearly is the case if ¢ is equal to the identity near
the boundary JID. So assume that ¢ is not equal to the identity near the boundary. Since ¢ is
conjugated to a rotation near the boundary, this implies that there are no fixed points at all
near the boundary. Let us assume that all fixed points of ¢ are non-degenerate. Then there
are only finitely many fixed points and their signed count equals the Euler characteristic of
D, which is equal to 1. The Lefschetz sign of positive hyperbolic fixed points is —1 and the
Lefschetz sign of negative hyperbolic and elliptic fixed points 1. Thus there must exist a
fixed point which is negative hyperbolic or elliptic. Since ¢ is assumed to be C*'-close to the
identity, there are no negative hyperbolic fixed points, which implies that there must exist
an elliptic one. This concludes the proof that there must be a degenerate or elliptic interior
fixed point. We choose such a fixed point p. By Lemma there exists a Hamiltonian
G, supported in an arbitrarily small neighbourhood of p and with arbitrarily small C?-norm
| X¢lloz2, such that ¢’ G o P is smoothly conjugated to an rotation in a neighbourhood of
p. We define the lift (b’ of ¢' by gb’ = (b Oa where ¢g € Diff (D,w) is represented by the arc
(¢&)iefo,1)- After shrinking || X¢||c= if necessary, we can assume that the action o is positive
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on all fixed points of ¢’. Thus Corollary holds for gg’ by the above discussion. Let H’
be a Hamiltonian generating ¢’ and satisfying all assertions in Corollary . In fact, it
follows from assertion (2) in Theorem that H' can be chosen to satisfy dH;(p) = 0 and
Hi(p) = 0(p) for all t. The action o(p) is close to o5(p) > 0. Thus we can bound H;(p)
from below by a positive constant which can be chosen uniform among all sufficiently small

G. After reparametrizing the Hamiltonian flow of GG, we can assume w.l.o.g. that GG vanishes
for t near 0 and 1. We define H by

H, = (H'#G); = H — Gy 0 ¢L 0 (¢'y) (2.4.15)

for t € [0,1]. This smoothly extends to a 1-periodic Hamiltonian and generates gg Since
H agrees with H' outside a small neighbourhood of p, it satisfies assertions (2) and (3) of
Corollary 2.4.3] If we choose G with sufficiently small norm || X¢||c2, we can also guarantee
that H is strictly positive in the interior of ID. This follows from and the fact that
we have a strictly positive lower bound on H/(p) independent of G. Thus H has all desired
properties. O

2.5 From Reeb flows to disk-like surfaces of section
and approximation results

Let g denote the restriction of the standard Liouville 1-form g on R?* defined in (2.1.1))
to the unit sphere S3. We will refer to o as the standard contact form. The goal of this
section is to prove the following result.

Proposition 2.5.1. Every tight contact form o on S* which is sufficiently C3-close to the
standard contact form o can be C*-approzimated by contact forms o with the following
properties: There exists a unique Reeb orbit v of minimal action. The local first return map
of a small disk transversely intersecting v is smoothly conjugated to an irrational rotation.
There exists a smooth embedding f : D — S3 parametrizing a O-strong disk-like global surface
of section with boundary orbit v such that the 2-form w = f*ddo’, the first return map
¢ € Diff(D,w) and the lift ¢; € Diff(D,w) of ¢ with respect to a trivialization of degree 1
satisfy assertions (1)-(3) below.

1. ggl is C'-close to the identity idp.

2. @ 1s smoothly conjugated to an irrational rotation in some neighbourhood of the bound-
ary OD.

5. All fized points p of ¢ have positive action oy (p).



CHAPTER 2. SURFACES OF SECTION AND SYMPLECTIC CAPACITIES 100

2.5.1 Approximation results

The next result says that we may perturb the contact form near an elliptic orbit such that
the local first return map of the perturbed Reeb flow is smoothly conjugated to a rotation.
We can choose the perturbation such that both the contact form and Reeb vector field are
close to the original contact form and Reeb vector field with respect to the C*-topology.

Proposition 2.5.2. Let a be a contact form on a 3-manifold Y. Let v be an elliptic, simple,
closed Reeb orbit of a. For every open neighbourhood V' of v and every € > 0 there exists a
contact form o on'Y such that:

1. o agrees with o outside V.
2. ||/ —al|c2 < e
3. ||Roy — Rallc2 < €

4. Up to reparametrization, ~ is a simple closed Reeb orbit of o/. The local first return
map of a small disk transversely intersecting v is smoothly conjugated to an irrational
rotation.

Our proof of Proposition requires some preparation. Consider R? equipped with
the standard symplectic form wy. Any compactly supported symplectomorphism ¢ which
is sufficiently C'-close to the identity can be represented by a unique compactly supported
generating function W (see chapter 9 in [84]). If (X,Y) denote the components of ¢, the
defining equations for the generating function are:

X —z= 62W(X,y)
Y —y=-oW(X,y)

Conversely, any compactly supported function W which is sufficiently C-close to the identity
uniquely determines a compactly supported symplectomorphism ¢.

Lemma 2.5.3. Let k > 0. We equip the space of compactly supported diffeomorphisms
with the C*-topology and the space of compactly supported generating functions with the
topology induced by the norm ||V - ||cx. The correspondence between symplectomorphisms
and generating functions is continuous in both directions with respect to these topologies.

Proof. If ¢ is a symplectomorphism with corresponding generating function W, then the
graph T'(¢) of ¢ inside R? x R? can be parametrized via

X - 82W(X7 y)
LiR2S (X, y) = ¥ € I'(¢) C R? x R%.
y — W (X,y)
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For j € {1,2} let 7; : R? x R? — R? denote the projection onto the j-th factor. Then ¢ can
be written as
¢ = (mpou)o(mor) "

Clearly, the assignment W > ;04 is continuous with respect to the topologies on the spaces
of functions and diffeomorphisms specified above. Since composition and taking inverses of
diffeomorphisms are continuous operations with respect to the C*-topology, this shows that
the symplectomorphism ¢ depends continuously on W. Conversely, given ¢ we define the
diffeomorphism ¢ (x,y) = (X(x,y),y). The assignment ¢ — 1 is continuous with respect
to the C*-topology. Define the function

V(l‘,y) = (y - Y(l’,y),X(l‘,y) —l‘).

Then VW is given by the composition VIW = Vo4 ~1. Both V and 1! depend continuously
on ¢ with respect to the C*-topology. Hence the same is true for VIV, O

Lemma 2.5.4. There exist a C*-open neighbourhood U C Symp,(R?,wy) of the identity and
a map
U — C2([0,1] xR*) ¢+ Hy

such that:
1. H, generates ¢.
2. Hq=0

3. For every integer k > 1 the following is true: Equip U with the C*-topology and
C([0,1] x R?) with the topology induced by the norm H — || Xgl||cr—1 where we view
Xy as an element of C°(]0,1] x R?,R?). The map ¢ — Hy is continuous with respect
to these topologies.

Proof. Let ¢ be a compactly supported symplectomorphism sufficiently C''-close to the iden-
tity and let W be the associated generating function. For t € [0,1], let ¢; be the symplec-
tomorphism associated to the generating function ¢ - W. Let Hy : [0,1] x R? — R be the
unique compactly supported Hamiltonian generating the flow (¢¢).cj0,1). This yields a map
¢ — H, defined on a C*-open neighbourhood of the identity. Clearly, assertions (1) and (2)
hold. It remains to check continuity. Let £ > 1. Consider the parametrization

u RS (X, y) — )Zé € I(¢) C R* x R?
y—t'81W(X,y)

of I'(¢¢). We have
¢t = (7T2 o Lt) o (7T1 o Lt)_l
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where 7; : R? x R? — R? denotes the projection onto the j-th factor. Clearly, the map
(CE®), IV -ller) > Wimmow € (C([0,1] x R R?), || - fler)

is continuous. Since composition and inversion of diffeomorphisms are continuous operations
with respect to the C*-topology, this implies that

(CEZ®?),IV-ller) > Wi € (C([0,1] x R:L,R?), || - [|ow) (2.5.1)

is continuous. We have Xy, = (0;¢;) o ¢, !, Combining Lemma [2.5.3) with continuity of
(2.5.1), we obtain that ¢ — Xp, is continuous with respect to the C"-topology on symplec-
tomorphisms and the C*~!-topology on vector fields. n

Lemma 2.5.5. Let w be an area form and ¢ a symplectomorphism defined near the origin
of R%. Assume that 0 is a fized point of ¢ and that it is either elliptic or degenerate. Then
there exists a Hamiltonian H € C>([0,1] x R% R) supported inside an arbitrarily small open
neighbourhood of 0 and with arbitrarily small norm || Xg||c2 such that 0 is a fized point
of ¢ o ¢Y and such that ¢ o ¢k is smoothly conjugated to an irrational rotation in some
netghbourhood of 0.

Proof. After a change of coordinates, we can assume w.l.o.g. that w = wy. Since 0 is elliptic
or degenerate as a fixed point of ¢, we may choose a C*°-small Hamiltonian H supported in a
small neighbourhood of 0 such that 0 is an elliptic fixed point of ¢ o ¢k with rotation number
an irrational multiple of 27 and such that ¢o ¢l is real analytic in some open neighbourhood
of 0. Tt follows from [85, Chapter 23, p. 172-173] that there exists a symplectomorphism 1)
defined in an open neighbourhood of 0 and fixing 0 such that

o bodh o — (cos(0@y) —sin@(m )Y (T) 5 o
¢ ¢ ¢H 1/1( vy) (Sin(e(l’,y)) COS(@(J},y))) <y)+04( ay)

where 0(z,y) = 0y + 0, (2? + y?) for real constants §y and 6; and Oy(x,y) is a real analytic
map vanishing up to order 3 at the origin. Since d(¢ o ¢};)(0) is conjugated to an irrational
rotation, the constant #, is an irrational multiple of 2. There exists a symplectomorphism
€ arbitrarily C3-close to the identity and supported in an arbitrarily small neighbourhood of

0 such that
“1oho0bl oo x — COS(Q(Iay)) —sm(@(x,y)) [r
Y egodnovot(z,y) (sinw(x,y)) cos(eu,y))) (y)

near 0. Lemma yields a Hamiltonian G supported in a small neighbourhood of 0
such that ¢ = £ and such that || X¢||¢2 is controlled by ||€ —id ||cs. We may choose an
autonomous Hamiltonian K such that ||K||¢s is arbitrarily small, K is supported in an
arbitrarily small neighbourhood of 0 and K (z,y) = % (2% 4+ y?)? near 0. The time-1-map ¢}

is given by
1 _ (cos(=0:(z* + %)) —sin(—=0i(2* +9%))\ [z
Ox(@.y) = (sin<—91(x2 1) cos(—6y (2 + 1)) ) (y)
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in a neighbourhood of 0. Thus we have

B0 o gl oo dl o d(z,y) = <C9S9° _51“90) - (x>

sinfy cosf Y

Hence
$0 Py oY 0dg 0P oY =G0 dy O Phey-1 O Doy
is smoothly conjugated to an irrational rotation. Let 7 : [0, 1] — [0, 1] be a smooth function

such that n(t) = 0 for ¢ near 0 and 7n(t) = 1 for ¢ near 1 and ' > 0. Define the Hamiltonian
F by

3-1/(3) - K (n(3t),v7(2)) for 0<t <}
F:[0,1]]xR* =R  F(t,2):=4¢3-9(3t—1)-G(n(3t —1),97'(2)) for 1<t <2
3.7 (3t —2)- H(n(3t —2),2) for 2<t<1

F' is compactly supported, vanishes for ¢ near 0 and 1 and generates the symplectomorphism
O © O b1 © Pre p-1- Thus ¢ o ¢} is smoothly conjugated to an irrational rotation. By
shrinking the supports of H, £ and K and the norms ||H||¢=, ||€ —id||cs and || K||cs, we
can make the support of F' and the norm || Xpg||c2 arbitrarily small. O

Lemma 2.5.6. Let « be a contact form on a 3-manifold Y and let v be a simple closed Reeb
orbit. Let p be a point on v and let D be a small disk intersecting v transversely in p. We
denote w = da|p. Let ¢ : (U,w) — (D,w) be the local first-return-map of the Reeb flow,
defined in some open neighbourhood U C D. There exist a C'-open neighbourhood W of zero
inside C°([0,1] x U,R) and a map

U—QYY) Hw—ag
such that:
1. ay is a contact form and agrees with o outside a small neighbourhood of ~y.
2. The local first return map of the Reeb flow of auy is given by ¢ o ¢
3. o=«

4. For every interger k > 0 the following is true: FEquip W with the topology induced by
the norm || Xgllck. Equip QYY) and Vect(Y') with the C*-topologies. Then the maps
H — ayg and H — R,,, are continuous with respect to these topologies.

Proof. Denote A := «|p. For T' > 0 sufficiently small, there exists an embedding

F:0,T)xD =Y
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such that the restriction of F' to {0} x D is the inclusion of D and such that F*a = dt + \.
Let i : [0,7] — [0,1] be a smooth function which is equal to 0 near 0, equal to 1 near T" and
satisfies ’ > 0. Given a Hamiltonian H € U, we define H' by

H'(z,t) =n'(t) - H(2,n(t)).

H' vanishes for t near 0 and T and its time-T-map agrees with the time-1-map of H. The
map H — H’ is continuous with respect to the topology induced by the norm || Xg||cx. We
define ayy by

ag =1+ H')dt + A (2.5.2)

in the coordinate chart F'. We extend ay to all of Y by setting it equal to a outside im(F).
If H is sufficiently C'-small, then oy is a contact form. The Reeb vector field inside the
coordinate chart F'is given by

1

R,, =
1+ H 4+ MXp)

(O + Xapr). (2.5.3)

This is positively proportional to d; + Xpg. Thus the local first return map of the disk D
induced by the Reeb flow of ay is given by ¢o@};. It is immediate from formulas and
that oy and R,,, depend continuously on H with respect to the topologies specified
in assertion (4). O

We are finally ready to prove Proposition [2.5.2

Proof of Proposition[2.5.9. Let D be a small disk transversely intersecting v in a point p.
Denote w = da|p. For a sufficiently small open neighbourhood p € U C D we have a
well-defined local first return map ¢ : (U,w) — (D,w). The map ¢ has an elliptic fixed
point at p. By Lemma there exists a Hamiltonian H : [0,1] x U — R, supported in
an arbitrarily small neighbourhood of p and with arbitrarily small norm || Xp||c2, such that
¢ o ¢k is smoothly conjugated to an irrational rotation in some neighbourhood of p. Lemma
yields a contact form amy on Y which agrees with a outside a small neighbourhood
of v such that the local first return map of the Reeb flow of ay is given by ¢ o ¢},. By
assertion (4) in Lemma [2.5.6] we can make ||y — a|c2 and ||R,,, — Ral|c2 arbitrarily small
by shrinking || Xy ||c2. O

2.5.2 Proof of Proposition [2.5.1
This section is devoted to the proof of Proposition [2.5.1

Lemma 2.5.7. There exists € > 0 with the following property: Let o be a tight contact form
on S® satisfying the following conditions:

1 [[Ro — Ragllcz <

2. Ry = c- Ry, on the great circle I == {(z1,0) | |z1| = 1} for some constant ¢ > 0.
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3. T is the unique shortest Reeb orbit of a.

4. The local return map of a small disk transversely intersecting I' is smoothly conjugated
to an irrational rotation.

Then there exists a smooth embedding f : D — S® parametrizing a O-strong disk-like surface
of section with boundary orbit I" such that the 2-form w = f*da and the lift of the first return
map ¢1 € Diff (D, w) with respect to a trivialization of degree 1 satisfy assertions (1)-(3) in
Proposition [2.5. 1.

Proof. Our proof is based on Proposition 3.6 in [3]. We define
FR/ZxD— 5% f(t,e?) = (sin (gr> (0427 (o (gr) ezm> '

Up to replacing R/7Z by R/Z, this agrees with the map f defined in [3]. By assertion (iii)
in [3, Proposition 3.6], the pull-back of the Reeb vector field R, via f|r/zxintm) extends to a
smooth vector field R on the closed solid torus R/Z x . Moreover, the C'-norm || R — 9;||c:
is controlled by the C?-norm ||R, — Ra,||c2. This shows that if R, is sufficiently C?-close
to R,,, then R is positively transverse to the fibres ¢ x D of the solid torus. In particular,
the restriction of f to 0 x D parametrizes a 0-strong disk-like global surface of section of the
Reeb flow of a. Let z be a point in the boundary dD. The map

R/Z —T tw— f(t, 2)

has degree 1. Thus the flow of R on R/Z x D induces the lift ggl of the first return map
of floxp with respect to a trivialization of degree 1. We see that the C'-distance between
51 and the identity idp is controlled by the C?-distance between R, and R,,, which yields
assertion (1) of Proposition m The hypothesis that the local first return map of the orbit
I is smoothly conjugated to an irrational rotation implies that the global first return map ¢
is smoothly conjugated to an irrational rotation near the boundary. Let p be a fixed point
of ¢ corresponding to a closed Reeb orbit v of a. By assumption, I' is the unique shortest
Reeb orbit of a. Thus f7 o> [, a. Let ¢ denote the lift of ¢ with respect to a trivialization

of degree 0. It follows from Lemma [2.2.5| that f,y o =0z (p). The actions of 50 and 51 are

related via o3 (p) = 03, (p) + [ @. Thus we can conclude that o3 (p) is positive. O

Lemma 2.5.8. For every € > 0 there exists 0 > 0 such that for all tight contact forms «
on S* which satisfy ||Re — Ragllc2 < & and for all simple closed Reeb orbits v of action less
than % -7 there exists a diffeomorphism 1 of S® such that:

1. Ry+o = ¢+ Ry, on the great circle I' = {(21,0) | |21] = 1} for some constant ¢ > 0.
2. (") = im(v)
3. ||R1/’*Oé — RO&OHCZ <e¢€
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Proof. This is immediate from Proposition 3.10 in [3]. O

Proof of Proposition [2.5.1. Choose ¢ > 0 as in Lemma[2.5.7] Choose corresponding 6 > 0 as
in Lemma Let U be a small C3-open neighbourhood of o such that all o € U satisfy
|Ro — Ragllc2 < 6. We also demand that (S®, «) is strictly contactomorphic to the boundary
of a strictly positively curved domain. We prove that the Proposition holds for all o € U.
It suffices to consider C'*°-generic «. In particular we can assume that all periodic orbits
are non-degenerate and that there exists a unique orbit v of minimal action. Since (S, «)
is strictly contactomorphic to the boundary of a strictly positively curved domain, it follows
from [32] (see in particular Theorem 3 and Proposition 9 in chapter V) that v must have
Conley-Zehnder index 3 with respect to a global trivialization of the contact structure. This
implies that v must be elliptic or negative hyperbolic. By shrinking U we can guarantee the
linearized return map of v to be arbitrarily close to the identity. Hence we can guarantee that
7 is elliptic. We apply Proposition 2.5.2] This yields a contact form o’ approximating « in
the C2-topology and agreeing with o outside a small neighbourhood of 4 such that the local
return map of v generated by the Reeb flow of o’ is smoothly conjugated to an irrational
rotation. We can also demand ||R, — R,||c2 to be arbitrarily small. In particular we can
guarantee that [|Ry — Ra,llc2 < 0. We apply Lemma to the contact form o’ and the
Reeb orbit v of minimal action. Let 9 be a diffeomorphism of S® satisfying properties (1)-(3)
in Lemmal[2.5.8l Then the contact form ¢*a/ satisfies all assumptions in Lemma[2.5.7 Hence
there exists a smooth embedding f : D — S3 parametrizing a O-strong disk-like surface of
section of the Reeb flow of 1*/ with boundary orbit I" such that the 2-form w = f*d(1)*/)
and the first return map ¢; € ]ﬁ(ﬂ), w) satisfy assertions (1)-(3) in Proposition . Since
1*a/ and o are strictly contactomorphic, the same is true for o/’ ]

2.6 Proofs of the main results

Proof of Theorem[2.1.9, Let X C R* be a convex domain such that 90X is C3-close to the
unit sphere S3. Let ¢g : S — R be the unique function such that

0X ={\/g(x) -z |z ecS*.

The function g is C3-close to the constant function 1. The pull-back of the contact form
Xolox via the radial map

S?— 0X r—\/g(x) x
is given by a = g - o and is C®-close to . Let o/ be a contact form which is C?-close to
« and satisfies all assertions of Proposition We claim that there exists a star-shaped
domain X’ whose boundary X’ is C'-close to X and strictly contactomorphic to (5%, o).

Indeed, arguing as in the proof of Proposition 3.11 in [3], we conclude that there exists a
C'-open neighbourhood U C Q(S?) of o and a map

U — C®(S*) B+ gp
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which is continuous with respect to the C**1 topology on U and the C*-topology on C*(S?),
maps « to the constant function 1 and has the property that every § € U is a contact form
strictly contactomorphic to gg - a. Since o is C?-close to a, the function g, is C*'-close to
the constant function 1. We define X’ to be the star-shaped domain with boundary

0X' = {/gu(z) - g(x) -2 |z €S}

0X' is C'-close to 0X. The pull-back to S of the contact form Mg|sx: via the radial
projection is given by ¢o - g - €9 = ¢o - . This is strictly contactomorphic to o/. We claim
that cg(X') = cz(X’). Let f: D — 9X’ be a surface of section satisfying the assertions
of Proposition . This means that we may apply Corollary to qgl, the lift of the
first return map with respect to a trivialization of degree 1. Let H : R/Z x D — R denote
a Hamiltonian satisfying all assertions of Corollary 2.4.3] This Hamiltonian satisfies all
hypotheses for the second part of Theorem w We conclude that B(a) < X' < Z(a)
where a > 0 is the symplectic area of the surface of section. In particular, this implies
that cq(X’) = cz(X’). We can make the C'-distance between X and 09X’ arbitrarily
small by letting the C?-distance between o and o go to zero. This shows that X may
be approximated in the C'-topology by star-shaped domains X’ whose Gromov width and
cylindrical embedding capacity agree. It is an easy consequence of the monotonicity and
conformality of symplectic capacities that any symplectic capacity is continuous on the space
of all star-shaped domains with respect to the C%-topology. Therefore cq(X) = cz(X). O

Proof of Theorem[2.1.3. We apply Proposition [2.3.2] This yields a star-shaped domain X’
such that X <> X’ and a O-strong disk-like global surface of section ¥’ C X’ such that Y
has the same symplectic area as ¥ and such that (X', Y¥') satisfies all hypotheses in the first
part of Theorem [2.3.1] Let a > 0 denote the symplectic area of 3. By Theorem [2.3.1] there
exist symplectic embeddings X <> X’ < Z (a). In particular, we have cz(X) < a. O]

Proof of Theorem[2.1.7, It was proved by Hofer-Wysocki-Zehnder in [54] that every star-
shaped domain X possesses a Hopf orbit, i.e. that Apeps(X) < co. Although not explicitly
stated in this form, the proof of the existence result of Hopf orbits in [54] shows more, namely
that if X symplectically embeds into the cylinder Z(a), then Apops(X) < a. The reason is the
following. Since X embeds into Z(a), it also embeds into the product M := S?(a+¢) x T?(b).
Here S?(a+¢) is the 2-sphere equipped with an area form of total area a+¢ for an arbitrarily
small ¢ > 0 and T?(b) is the 2-torus of total area b for some sufficiently large b. For an
arbitrary compatible almost complex structure .J, the symplectic manifold M is foliated by
J-holomorphic spheres in the homology class [S? x *|. Hofer-Wysocki-Zehnder produce a
Hopf orbit by neck-stretching J-holomorphic spheres along the boundary of X. Carrying
out this procedure with J-holomorphic spheres of symplectic area a + ¢ yields a Hopf orbit
with action at most a + €. Therefore Apype(X) < a + ¢. Since € > 0 is arbitrary, this shows
that AHopf(X) < a.

Let us now assume that X is dynamically convex. It is proved by Hryniewicz-Hutchings-
Ramos [58] that the infimum in the definition of Apepr(X) is attained in this case. This
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means that there exists a Hopf orbit v with action A(7y) = Apeps(X). As mentioned in
the introduction, it follows from work of Hryniewicy-Salomao [60] and Hryniewicz [57] that
v bounds a disk-like global surface of section. In fact, Florio-Hryniewicz proved in [37,
Proposition 2.8] that v bounds a 0-strong disk-like surface of section. Thus it is a direct
consequence of Theorem that X symplectically embeds into Z(Apeps(X)). O
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Chapter 3

PFH spectral invariants and C°
closing lemmas

3.1 Introduction

Throughout this paper, let ¥ be a closed connected surface of genus ¢, and let w be a
symplectic (area) form on ¥. We are interested in (orientation-preserving) area-preserving
diffeomorphisms ¢ : (3,w) — (3,w). We are also interested in Hamiltonian isotopy classes
in the set of all area-preserving diffeomorphisms of (3, w); we denote the Hamiltonian isotopy
class of ¢ by [¢].

3.1.1 Closing lemmas

Our convention is that a periodic orbit of ¢ with period £ is a set of k distinct points in X
that are cyclically permuted by ¢. A periodic point is a point in a periodic orbit.

Definition 3.1.1. Let ® be a Hamiltonian isotopy class of area-preserving diffeomorphisms
of (X,w). We say that & satisfies the C' generic density property if for a C*-generic
area-preserving diffeomorphism ¢ € ®, the set of periodic points of ¢ is dense in 3.

It was proved by Asaoka-Irie [7] that the Hamiltonian isotopy class of the identity satisfies
the C' generic density property. It is natural to ask which other Hamiltonian isotopy classes
satisfy this property.

Remark 3.1.2. The C* generic density property fails for some Hamiltonian isotopy classes
of area-preserving diffeomorphisms of 72. In fact, it follows from a result of Herman [51]
Annexe, Thm. 2.2] that if ¢ is a Diophantine rotation of 72, then there is a neighborhood of
¢ in the C'*° topology in the space of maps Hamiltonian isotopic to ¢ such that any map ¢’
in this neighborhood is smoothly conjugate to ¢, and hence has no periodic orbits. (Thanks
to V. Humiliere for this reference.)
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One approach to proving the C'*° generic density property is to create periodic orbits
through a given region by local perturbations:

Definition 3.1.3. Let ® be a Hamiltonian isotopy class of area-preserving diffeomorphisms
of (¥,w). We say that ® satisfies the C™ closing property if for every map ¢ € ® and for
every nonempty open set U C X, there exists a C*°-small Hamiltonian isotopy supported in
U from ¢ to ¢’ such that ¢ has a periodic orbit intersecting U.

Standard arguments, see e.g. [77, §3], show:

Lemma 3.1.4. If the Hamiltonian isotopy class ® satisfies the C* closing property, then it
satisfies the C* generic density property.

One can now ask which Hamitonian isotopy classes satisfy the C* closing property. One
of our main results is the following;:

Theorem 3.1.5. (proved in Let ® be a Hamiltonian isotopy class of area-preserving
diffeomorphisms of (X,w). Suppose that ® is rational (Definition and satisfies the
U-cycle property (Definition . Then ® satisfies the C* closing property.

To explain the rationality hypothesis, we need to introduce a key actor in the story, the
mapping torus of ¢. This is a three-manifold defined by

Y, =[0,1] x 5/ ~, (1,2) ~ (0, (). (3.1.1)

The mapping torus is a fiber bundle over S' = R/Z with fiber 3. If ¢ denotes the [0, 1]
coordinate on [0, 1] x X, then the vector field 9; on [0, 1] x 3 descends to a vector field on Yy,
which we also denote by 0;. Periodic orbits of the map ¢ of period d correspond to simple
periodic orbits of the vector field 9, whose projection to S* has degree d. Since the map ¢
preserves the symplectic form w on 3, this form induces a fiberwise symplectic form w on
Y. The latter extends to a closed 2-form wy on Yy, characterized by wy (0, ) = 0.

We need to consider how the cohomology class [wy] € H?(Yy;R) depends on ¢. Let
{®s}sep0,1) be a smooth isotopy of area-preserving diffeomorphisms of (X, w), and suppose for
simplicity that ¢ is constant for s close to 0 or 1. (See for a more general formalism
for Hamiltonian isotopies.) We then obtain a diffeomorphism of mapping tori

fiYs — Y.
This is induced by the diffeomorphism of [0, 1] x 3 sending
(t,2) > (t, &7 (do(@)))- (3.1.2)
If the isotopy {¢s} is Hamiltonian, then f*[wg,] = [wg,] € H*(YVyy; R).

Definition 3.1.6. The Hamiltonian isotopy class ® is rational if for ¢ € ®, the cohomology
class [wg] € H*(Yy; R) is a real multiple of a class in the image of H%(Yy;Z).
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Example 3.1.7. Suppose that ¥ = T? = R?/Z? and w is the restriction of the standard
symplectic form on R2. Any orientation-preserving diffeomorphism of 72 is isotopic to the
diffeomorphism induced by a linear map A € SLyZ; see e.g. the introduction to [10]. It
follows that any area-preserving diffeomorphism is Hamiltonian isotopic to a map of the
form ¢(x) = Az + b where A € SI,Z and b € R?/Z*. A computation using the Mayer-
Vietoris sequence shows that there is a short exact sequenceﬂ

0 — Hy(S) — Ho(Yy) — Ker(A—1: Z2 ©) — 0,

where the first arrow is induced by inclusion of the fiber {0} x X, and the map h is given
by the homology class in H;(T?) of the intersection with {0} x X. If Z € Hy(Y}), then we
have [,ws = w(h(Z),b) mod Z. Thus [¢] is rational if and only if w(v,b) € Q whenever
v € Ker(A—1:7%0).

In particular, if A = I, that is if ¢ is smoothly isotopic to the identity, then [¢] is rational
if and only if b € Q*/Z?, namely ¢ is a rational rotation. If A — I has rank one, then ¢
is isotopic to a power of a Dehn twist, and [¢] is rational when w(v,b) € Q where v is a
generator of Ker(A—1 : Z? ©). In all other cases, ¢ is finite order or Anosov and by(Yy) = 1,
so [¢] is automatically rational.

The U-cycle property is too technical to explain in the introduction, but we will see in
Example |3.2.22| and Lemma below that every rational Hamiltonian isotopy class on S?
or T? satisfies this property. Thus Theorem implies:

Corollary 3.1.8. Let ® be a Hamiltonian isotopy class of area-preserving diffeomorphisms
of S? or T?. If ® is rational, then ® satisfies the C*™ closing property.

Note that the unique Hamiltonian isotopy class of area-preserving diffeomorphisms of S?
is rational. Any non-rational area-preserving diffeomorphism of 7?2 can be perturbed to a
rational one by a C*°-small (non-Hamiltonian) isotopy. Then as in [7, Cor. 1.2}, we obtain:

Corollary 3.1.9. For a C*-generic area-preserving diffeomorphism of T?, the set of periodic
points is dense in T?.

Remark 3.1.10. After the initial version of this paper was completed, it was shown in [27]
that every rational Hamiltonian isotopy class on a surface of any genus satisfies the U-cycle
property (see Remark . Thus the U-cycle hypothesis in Theorem is redundant,
and Corollary also holds for surfaces of higher genus.

Remark 3.1.11. It was shown in [28], which appeared simultaneously with the initial version
of this paper, that Corollary holds for surfaces of higher genus. The argument in [2§]
also shows that every rational Hamiltonian isotopy class satisfies the C*> generic density

property.

LOur convention is that the homology of a topological space is taken with Z coefficients by default unless
otherwise stated.
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3.1.2 Quantitative closing lemmas

Going beyond the C'*° closing property, our methods also yield quantitative closing lemmas,
asserting roughly that during a given Hamiltonian isotopy, within time § a periodic orbit must
appear with period O(67!). We now give some examples of precise quantitative statements
that we can prove.

Definition 3.1.12. Let U C ¥ be a nonempty open set, let I € (0,1), and let a €
(0,area(U)). A (U,a,l)-admissible Hamiltonian is a smooth function H : [0,1] x ¥ — R
such that:

o H(t,x) =0 for t close to 0 or 1.
e H(t,x) =0 for z ¢ U.
o H>0.

e There is an interval I C (0, 1) of length [ and a disk D C U of area a such that H > 1
on I x D.

Given any Hamiltonian H : [0,1] x ¥ — R satisfying the first bullet point above, let
{®t}icp,1) denote the associated Hamiltonian isotopy (see for conventions), and given
an area-preserving diffeomorphism ¢ of X, write ¢y = ¢ 0 ;.

Theorem 3.1.13. (proved in Let ¢ be an area-preserving diffeomorphism of (S?,w),
write A = fsgw, let W C S% be a nonempty open set, and let H be a (U,a,l)-admissible
Hamiltonian. If 0 < § < al™', then for some T € [0,0], the map ¢, has a periodic orbit
intersecting W with period d satisfying

d< AT (3.1.3)

Remark 3.1.14. When § = al™! and Aa™! ¢ Z, the bound is sharp! That is,
under the hypotheses of Theorem [3.1.13] one cannot prove the existence of a period orbit
intersecting U with period less than | Aa™!|. The reason is that if a = area(U) — ¢ for ¢ > 0
sufficiently small, then the open sets ¢'(U) for 0 < i < [Aa!| have total area less than A
and thus could be disjoint.

We also obtain a slightly weaker inequality for rational area-preserving diffeomoprhisms
of the torus:

Theorem 3.1.15. (proved in Let ¢ be an area-preserving diffeomorphism of (T? w),
and write A = [, w. Suppose that the Hamiltonian isotopy class [¢] is rational, let Q €
H?(Yy;, Z) be an integral cohomology class such that [wg] is a positive multiple of the image
of , and let dy = (Q,[T?]). Let U C ¥ be a nonempty open set, and let H be a (U, a,l)-
admissible Hamiltonian. If 0 < & < al™', then for some 7 € [0,0], the map ¢,u has a
periodic orbit intersecting U with period d satisfying

d < do (|Adg 171671 +1).
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Theorems [3.1.13] and [3.1.15] are special cases of a more general statement, Theorem [3.7.4]
below, which is also applicable to higher genus surfaces. For some further developments
on quantitative closing lemmas, which appeared after the initial version of this paper, see
[13,29,62].

3.1.3 Background and motivation for the proofs

The main precedent for Theorem is the proof by Irie [77] of the following C'*° closing
lemma for contact forms on closed three-manifolds. See also the survey [61].

Theorem 3.1.16 (Irie). Let Y be a closed three-manifold, let A be a contact form on'Y', and
let W CY be a nonempty open set. Then there exists a contact form N which is C*-close
to A and agrees with A outside of U, such that the Reeb vector field associated to X' has a
periodic orbit intersecting U.

The proof uses the embedded contact homology of (Y, \); see [66] for detailed definitions.
If A is nondegenerate, meaning that the periodic orbits of the Reeb vector field are non-
degenerate, then the embedded contact homology ECH (Y, \) is the homology of a chain
complex generated (over Z/2) by certain finite sets of Reeb orbits with multiplicities, and
whose differential counts certain J-holomorphic curves in R x Y for a suitable almost com-
plex structure J. Taubes [97] proved that EC H (Y, A) is canonically isomorphic to a version
of Seiberg-Witten Floer cohomology of Y as defined by Kronheimer-Mrowka [80], and in
particular depends only on the contact structure ¢ = Ker(\). For any contact form A on Y,
possibly degenerate, and for any nonzero class 0 € ECH(Y,§), there is a “spectral invari-
ant” ¢, (Y, A) € R, which is the total period of a finite set of Reeb orbits with multiplicities
homologically selected by ECH. The spectral invariants, unlike ECH, are highly sensitive to
the contact form .

For the proof of Theorem [3.1.16], we can assume without loss of generality that Y is
connected. There is then a well-defined map U : ECH(Y,§) — ECH(Y,§), which is induced
by a chain map counting certain .J-holomorphic curves that are constrained to pass through
a base point in R x Y. Define a U-sequence to be a sequence of nonzero classes {0y }r>1
in ECH(Y, &) such that Uog 1 = oy for all k > 1. As explained for example in |24, Lem.
A 1], results of Kronheimer-Mrowka [80] on Seiberg-Witten Floer homology imply that U-
sequences always exist.

The key ingredient now is the following “Weyl law” for ECH spectral invariants proved?]
in [25].

Theorem 3.1.17. [25] Let Y be a closed connected three-manifold, let X be a contact form
on'Y, and let {o}}r>1 be a U-sequence in ECH(Y,&). Then

Y 2
lim CalH AV ()

lim 2 = 2v0l(Y, ). (3.1.4)

2This was earlier proved in a special case in [65], and later given a different proof by Sun [96].
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Here the contact volume is defined by
vol(Y, \) = / AN dA.
Y

To prove Theorem |[3.1.16], one can define a smooth one-parameter family of contact forms
{\:} such that Ao = A, outside of U we have \; = A, and 4 vol(Y, \;) > 0. There must then
exist Reeb orbits of \; passing through U for arbitrarily small ¢. Otherwise, there exists
d > 0 such that A; has no Reeb orbit passing through U for ¢ € [0, d]. One can deduce that
each spectral invariant ¢, (Y, \;) is independent of ¢ € [0,6]. It then follows from the Weyl
law that vol(Y, ;) is also independent of ¢ € [0, 4], which is a contradiction.

Returning to area-preserving surface diffeomorphisms: Asaoka-Irie proved that a C°°-
generic Hamiltonian diffeomorphism of (X,w) has dense periodic points by starting with
a Hamiltonian diffeomorphism ¢ and constructing a contact three-manifold with an open
book decomposition whose page is > with a disk removed, and whose monodromy is a slight
modification of ¢. One can then apply Theorem to find a C'*°-small perturbation of
the contact form with dense Reeb orbits, and translate this back to a C*°-small perturbation
of ¢ with dense periodic orbits.

It is not obvious how to extend the above argument to other Hamiltonian isotopy classes,
because there are cohomological obstructions to defining the desired contact form. We will
instead work more directly with periodic Floer homology (PFH). This is a theory which is
defined analogously to ECH, but using periodic orbits of an area-preserving surface diffeo-
morphism instead of Reeb orbits of a contact form on a three-manifold. PFH is isomorphic
to a version of Seiberg-Witten Floer cohomology of the mapping torus Y;, as shown by Lee-
Taubes [82]. Originally, PFH was defined before ECH; see [63,71]. Since then there have
been many applications of ECH to dynamics of Reeb vector fields in three dimensions and
symplectic embeddings in four dimensions. Applications of PFH have only recently begun
to appear, including the spectacular proof by Cristofaro-Gardiner, Humiliere, and Seyfad-
dini [21] that the group of compactly supported area-preserving homeomorphisms of the disk
is not simple, and additional applications of PFH to area-preserving homeomorphisms of the
two-sphere [20].

We will prove a PFH analogue of the “Weyl law” inT heorembelow, replacing
the notion of “U-sequence” by a notion of “U-cycle”. This Weyl law implies closing lemmas
as in Theorem m (under slightly stronger hypotheses on the U-cycles), following Irie’s

proof of Theorem (3.1.16|

Remark 3.1.18. Cristofaro-Gardiner, Prasad, and Zhang [28] have independently proved a
related Weyl law in PFH by different methods. This Weyl law (together with a nonvanishing
result for Seiberg-Witten Floer cohomology) is used in [28] to prove the generic density results
described in Remark B.I.11l

A Weyl law is really much stronger than necessary to detect the creation of periodic
orbits. Indeed, a Weyl law implies that during a suitable perturbation, infinitely many
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spectral invariants change, with certain asymptotics; but to detect the creation of a periodic
orbit, it suffices to show that a single spectral invariant changes by any nonzero amount.
In §3.6| we introduce a refinement of Irie’s argument which, instead of a Weyl law, uses
bounds on “spectral gaps” coming from ball packings in symplectic cobordisms, to detect
the creation of periodic orbits. This method in fact leads to stronger, quantitative closing

lemmas as in §3.1.2 above.

The rest of the paper is organized as follows. In we review the definition of periodic
Floer homology. In §3.3| we discuss invariance of PFH under Hamitonian isotopy; here we
find it useful to relate a Hamiltonian isotopy to the graph of a function Y, — R. In §3.4]
we explain how to define the PFH spectral numbers we will use. In §3.5| we prove a key
lemma which gives relations between PFH spectral invariants of different maps in the same
Hamiltonian isotopy class arising from ball packings in symplectic cobordisms between the
graphs of different Hamiltonians. In we use this lemma to show how “spectral gaps” in
PFH allow one to detect the creation of periodic orbits, with quantitative bounds. In
we use this machinery to prove all of our theorems stated above. Finally, in we state

and prove a Weyl law for PFH spectral invariants.

Acknowledgments. We thank the anonymous referees for detailed comments which helped
us improve the clarity of the exposition.

3.2 Periodic Floer homology

We now set up the version of PFH that we will be using, which one might call “twisted
PFH”, in more detail. Most of this material is also explained in [21}63}64,71,[82], although
we will use a particular bookkeeping formalism of Novikov rings and reference cycles to keep
track of areas of holomorphic curves. Apart from this bookkeeping, PFH is extremely similar
to ECH, and we will refer to the lecture notes [66] on ECH for some definitions and basic
results that do not differ significantly from the PFH case.

3.2.1 PFH generators and holomorphic curves

Let (3,w) be a closed connected surface of genus g with a symplectic (area) form, and let
¢ (3,w) — (¥,w) be an area-preserving diffeomorphism.

Definition 3.2.1. An orbit set is a finite set of pairs o = {(c;, m;)} such that:
e The o; are distinct periodic orbits of ¢.

e The m; are positive integers.
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Let Y}, denote the mapping torus of ¢ as in (3.1.1]). For an orbit set as above, regarding
the periodic orbits ; as embedded loops in Yy, we define the homology class

[a] = Z milai] € Hy(Yy).

A periodic orbit of ¢ of period k is nondegenerate if for x € ¥ in the periodic orbit,
the derivative d¢* : T, — T,% does not have 1 as an eigenvalue. A nondegenerate orbit
as above is hyperbolic if d¢F has real eigenvalues. We say that ¢ is nondegenerate if all of
its periodic orbits (including multiply covered periodic orbits where the points in ¥ are not
distinct) are nondegenerate; this holds for C'*° generic ¢ in any Hamiltonian isotopy class ®.

Definition 3.2.2. Assume that ¢ is nondegenerate. A PFH generator is an orbit set a =
{(cai;, m;)} such that m; = 1 whenever «; is hyperbolic.

Remark 3.2.3. The requirement that m; = 1 when «; is hyperbolic is motivated by the
relation with Seiberg-Witten theory, and some such condition is needed to obtain a topolog-
ical invariant; see [66, §2.7]. This requirement is also used in the proof that the differential
dy defined below satisfies 9% = 0; see [66], §5.4] for explanation in the analogous situation of
ECH.

Notation 3.2.4. If 7y and «/ are 1—Cyclesﬂ in Yy with [y] =[] € Hi1(Yy), let Ho(Yy,v,7')
denote the set of relative homology classes of 2-chains Z in Y, with 0Z =~ —«'. This is an
affine space over Hy(Y).

To define the differential on the chain complex below, we will need to choose a generic
almost complex structure J on R x Y} satisfying the following conditions. To state them,
let E — Yy denote the vertical tangent bundle of Y, — S*; this subbundle of T'Y} plays an
analogous role in PFH to the contact structure ¢ in ECH.

Definition 3.2.5. An almost complex structure J on R x Yy is admissible if:
e J(0s) = Oy, where s denotes the R coordinate on R X Y.
e J is independent of s, i.e. invariant under translation of the R factor in R x Y.

e J sends F to itself, rotating positively with respect to the fiberwise symplectic form
w. This last condition means that if v € F and v # 0, then w(v, Jv) > 0.

Fix a generic admissible J as above. We consider J-holomorphic curves of the form

w: (C,j) — (R x Yy, J),

3In this paper, a “l-cycle” will always be a finite integer linear combination of closed oriented 1-
dimensional submanifolds.
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where the domain C' is a compact connected Riemann surface with finitely many punctures.
Here j denotes the (almost) complex structure on C', and the holomorphic curve equation is
Jodu = duoj. We assume that in a neighborhood of each puncture, the map u is asymptotic
to R cross a periodic orbit of ¢ as s — 400 or s = —o0. We declare two such curves to be
equivalent if they differ by composition with a biholomorphism of the domains. The curve
u is multiply covered if it factors through a branched cover of domains with degree greater
than 1; otherwise u is somewhere injective. In the latter case, u is an embedding except
possibly for finitely many singular points; see [66, §5.1] for explanation in the analogous case
of ECH. In the somewhere injective case, we can identify the holomorphic curve u with its
image in R x Yy, which by abuse of notation we also denote by C'.
We define a J-holomorphic current in R x Yy to be a finite formal linear combination

C=> dC;

where the C; are distinct somewhere injective J-holomorphic curves as above, and the d;
are positive integers. If o and B are orbit sets with [a] = [8], let M7 (a, 3) denote the
moduli space of J-holomorphic currents € in R x Y, which as currents are asymptotic to «
as s — +oo and to B as s — —oo. For Z € Hy(Yy, a, B), let M7(«, 8, Z) denote the set
of such currents that represent the relative homology class Z. See [66, §3] for more precise
definitions in the analogous case of ECH. Note that R acts on M7 («, 8, Z) by translation of
the R coordinate on R x Y.

We note for later use that the admissibility conditions on the almost complex structure
J imply the following:

e If 1 is a simple periodic orbit of 0, in Yy, then the “trivial cylinder” R x 7 is an
embedded J-holomorphic curve in R x Y.

e The restriction of wyg to any J-holomorphic curve is pointwise nonnegative. Conse-
quently,

M (a, B,7) # 0 = / wg > 0. (3.2.1)

Given orbit sets o = {(a;,m;)} and 5 = {(B;,n;)} with [a] = [f], and given Z €
Hy(Yy, «, 5), the ECH indeﬁ is defined to be

Ia,B,2) = co(a, 8, 2) + Q. (a, B, Z) + Z Z CZ.(afF) — Z Z CZ.(8) € Z. (3.2.2)

ik J

Here 7 is a homotopy class of trivialization of the bundle E over the orbits «; and 3;, while
¢, denotes the relative first Chern class, (), denotes the relative self-intersection number,

4Perhaps here it should be called the “PFH index”.
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and CZ,(v*) denotes the Conley-Zehnder index of the k' iterate of the periodic orbit v with
respect to 7. The ECH index I(«, 3, Z) does not depend on the choice of trivialization 7,
although the individual terms on the right hand side do. For the proof of this fact, and for
detailed definitions of the above notions, see [63, §3.3], or [64, §2] for the more general case
of stable Hamiltonian structures which includes both PFH and ECH.

Example 3.2.6. If a = [, then there is a canonical bijection Hy(Yy, o, ) >~ Hy(Yy), as
both sets have the same definition. If [X] € Hy(Y}) denotes the homology class of a fiber of
Y, — S', then we have

Ia,a,[X]) =2(d—g+1). (3.2.3)

This is because the first term in (3.2.2)) here is
(o, 0, [B]) = (a(E), [B]) = (a(TX), [X]) = 2 - 2¢.

The second term in (|3.2.2) is
Q- (a,a, [X]) = 2d.

This holds because by |64, Eq. (3.11)], the self-intersection number Q. («, o, [¥]) is twice the
algebraic intersection number of R x « with a fiber. The third term in (3.2.2) here is zero

because the sums are empty.

If € e M/(a, B, Z), we write I(C) = I(«, 3, 7). A key property of the ECH index is the
following; see e.g. [66, Prop. 3.7] for the ECH case which is completely analogous.

Proposition 3.2.7. Suppose that J is generic. Let a and B be orbit sets with [a] = [f] €
Hy(Yy). Supposd| that [o] - [Z] > g. Then:

(a) If I1(C) = 1, then we can write C = Cy + Cy, where Cy is R-invariant, i.e. a (possibly
zero) finite linear combination of trivial cylinders, and C is an embedded holomorphic
curve of Fredholm index 1, cut out transversely.

(b) If I(C) =2 and if « and B are PFH generators, then we can write C = Cy + Cy, where
Co is R-invariant, and Cy is an embedded holomorphic curve of Fredholm index 2, cut
out transversely.

Note that the embedded holomorphic curves C; and C5 above live in moduli spaces of
embedded J-holomorphic curves which have dimension one and two, respectively.

3.2.2 The chain complex

To define the PFH of ¢ in general, we need to keep track of some information about relative
homology classes of holomorphic curves in R x Y. There are different options for how to
do this, resulting in different versions of PFH. We will use a version with Novikov ring
coefficients, which depends on the following choice:

®See Remark [3.2.13|for the reason why we assume that [o] - [¥] > g.
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Choice 3.2.8. Let Ker([wy]) denote the kernel of ([wy],-) : Ha(Yy) — R. Below, fix a
subgroup G' C Ker(jwy]). On a first reading it may be simplest to just consider the case
G = {0}, although later we will find it convenient to choose G = Ker(|wy)).

Definition 3.2.9. Let ¢ be a formal variable and®| write F = Z/2. Let Ag denote the
Novikov ring consisting of formal sums

> pag?

AEHQ(Y¢)/G

where py € T, such that for each R € R, there are only finitely many A such that p4 # 0
and (Jwy], A) > R.

Definition 3.2.10. A reference cycle for ¢ is a l-cycle v in Y;. We define the degree
d(y) =[] - [2] € Z, where [X] € Ho(Yy) denotes the homology class of a fiber of Y — S*.
Note that if o = {(cy,m;)} is an orbit set with [a] = [y] € Hi(Yy), then the total period
of the orbits «;, counted with their multiplicities m;, must equal the degree d(v), and in
particular d(vy) > 0 if such an orbit set exists.

Definition 3.2.11. Fix a subgroup G as above and a reference cycle v for ¢. A (G,7)-
anchored orbit set is a pair («, Z), where « is an orbit set with [o] = [y] € H1(Y}), and
Z e HQ(qu,Oé,’}/)/G.

We define the symplectic action of (o, Z) by

Ale, Z) = /Z we.

This is well defined by our assumption that G C Ker([wy)).
When ¢ is nondegenerate, a (G,v)-anchored PFH generator is a (G,~y)-anchored orbit
set («, Z) for which « is a PFH generator.

We can now define the periodic Floer homology H P(¢,~, G), which is a Ag-module.

Definition 3.2.12. If ¢ is nondegenerate and 7 is a reference cycle, define CP(¢,~,G) to
be the set of (possibly infinite) formal sums

> nazla, Z) (3.2.4)

where:

e The sum is over (G, 7y)-anchored PFH generators (o, Z).

60ne can also use coefficients in Z instead of Z/2; it is explained in [74, §9] how to set up orientations
for the differential in ECH, and this carries over to PFH. However the applications in this paper, and all
other applications of ECH and PFH so far, only need Z/2 coefficients.
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e Each coefficient n, z € F.

e For each R € R, there are only finitely many (o, Z) such that n, z # 0 and A(«a, Z) >
R.

Then CP(¢,v,G) is a Ag-module, with the Ag-action given by

Z pAqA-Zna,Z(a,Z):Z Z panaw-a | (o, W).

A€H>(Yy)/G o,z a,W \ AcH>(Yy)/G
The finiteness conditions imply that the right hand sideﬂ is a well defined element of C'P (¢, v, G).

Remark 3.2.13. In general, to define the differential when d(7y) < g, one needs to choose
a slight perturbation of an admissible almost complex structure, relaxing the last condition
in Definition . This is because if J(E) = E, then each fiber of R x Y, — R x S is a
J-holomorphic curve, which is not cut out transversely when g > 0, and this interferes with
compactness arguments to define the PFH differential when d(vy) < g. See e.g. |63} §9.5]. For
simplicity, we assume below that d(vy) > g so that we can stick with admissible almost
complex structures. The theory below can be extended to the case d(y) < g with some
additional work, but this will not be necessary for the applications here.

Definition 3.2.14. For generic admissible J, we define a differential
aJ : CP(Cba% G) — CP(QS:’% G)
by

J «
aJZnaZ O./ Z Z Z Z TLOC’W_H/#W (6, W) (325)

a VeH(Yy,o 5)
I(a,8,V)=

Here the first sum on the right hand side is over (G, )-anchored PFH generators (8, W),
the second sum on the right hand side is over PFH generators o homologous to v, and #
denotes the mod 2 count.

Lemma 3.2.15. 0; is well defined.

Proof. Assume that J is generic. By Proposition (a) and the compactness resultlﬂ of [63,
Thm. 1.8(a)], given homologous PFH generators « and  and given R > 0, the set

U Mj(av Bv V)
R
VGHQ(YQg,Oz,B)
I(a,8,V)=1
fV OJ¢<R

"One can also write the right hand side in more informal notation as > Az Panaz(o, Z + A).

8The compactness result and other results in [63] made an additional hypothesis of “d-admissibility”,
asserting that (¢, J) has a nice form near the periodic orbits of period at most d(7). This hypothesis is no
longer needed thanks to the asymptotic analysis of Siefring [95].
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is finite. In particular, for a fixed V' € Hy(Yy, o, 8) with I(c, 3, V) = 1, the set M7 («, 8, V) /R
is finite, so that the mod 2 counts in are well defined.

To prove that the sum on the right hand side of is a well defined element of
CP(¢,7,G), fix Y, s naz(a,Z) € CP(¢,v,G). We need to show that for each real number
R, there are only finitely many (G, ~)-anchored PFH generators (4, W) with [ ws > R
such that the sum in parentheses on the right hand side of has any nonzero terms;
and we need to show that for each such (8, W), there are only finitely many nonzero terms.

By (3.2.1)), if [, ws > R and M’(a, 3, V) is nonempty, then [, ws > 0, so S v ws >
R. Write Z = W + V. By the definition of CP(¢,v,G), there are only finitely many
(G, ~)-anchored PFH generators (a, Z) with [, ws > R and n, z # 0. For each such pair,
and for each of the finitely many PFH generators 8 with [5] = [v], it follows from the
aforementioned compactness result of [63, Thm. 1.8(a)] that the union over W with [}, wg >
R and I(a, 3,Z — W) = 1 of the moduli spaces M’ (a, 8, Z — W) /R is finite. ]

It follows from minor modifications of |73, Thm. 7.20] (which applies to ECH) that 9% = 0.

Definition 3.2.16. We define the periodic Floer homology HP(¢,~,G) to be the homology
of the chain complex (CP(¢,~,G),0;).

The Ag-module HP(¢,7,G) does not depend on the choice of J. That is, if J; and Js
are admissible and generic, then there is a canonical isomorphism

U, 5 Ho((CP(¢,7,G),05) — H.((CP(¢,7,G), 0. (3.2.6)

These canonical isomorphisms have the properties that W ;, o W, 5, = Uy 7 when J3 is
admissible and generic, and W, j is the identity.

We have the canonical isomorphisms because by a special caseﬂ of a theorem of
Lee-Taubes [82, Thm. 6.2], there is a canonical isomorphism

H.(CP(6,7,G),05)) = HM (Yo, 51, —rlws: Ac) (3.2.7)

for r >> 0. Here the right hand side is a version of Seiberg-Witten Floer cohomology
as defined by Kronheimer-Mrowka [80, Def. 30.2.3], perturbed using the cohomology class
—7r|we], while sp is a spin-c structure determined by I' = [v]. This version of Seiberg-Witten
Floer cohomology is the homology of a chain complex which is generated over Ag by solutions
to the three-dimensional Seiberg-Witten equations on Yy, perturbed using the closed 2-form
rwy, modulo gauge transformations Y — S*; see [82, §1.2]. The differential counts solutions
to similarly perturbed four-dimensional Seiberg-Witten equations on R x Y}, modulo gauge

9The version of PFH that appears in [82, Thm. 6.2] uses different notation and depends on a “(cr, [wg])-
complete local system for periodic Floer homology”, where I = [y] € H1(Y}). Our version of PFH arises from
such a local system, which assigns to each PFH generator « with [a] = I" the Ag-module consisting of elements
of CP(¢,,G) only involving «. If 3 is another PFH generator with [] = T, then the local system assigns to
each class V € Hy(Yy, o, f) the morphism of Ag-modules sending )", nz(a, Z) — > nwiv (6, W). The
case G = 0, which is called “maximally-twisted coefficients” in [82], is further discussed in [82} Cor. 6.1].
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transformations R x Y; — S whose homotopy class in [R x Yy, S| = Hy(Y}) is contained in
the subgroup G. The proof of the isomorphism shows that for » >> 0, if we choose
the metric in the Seiberg-Witten equations to be determined by w, and J, then there is an
isomorphism on the chain level. In fact, according to [82, Thm. 6.1], if » >> 0 then there
is a bijection between the Seiberg-Witten solutions counted by the Seiberg-Witten Floer
differential, and the J-holomorphic currents counted by the PFH differential. Modding out
these Seiberg-Witten solutions by a restricted set of gauge transformations corresponds to
keeping track of relative homology classes of holomorphic currents on the PFH side.

Remark 3.2.17. If 4/ is another reference cycle with [y] = [y/], and if Z € Ha(Yy,7v,7')/G,
then it follows from the definition (3.2.5) that there is an isomorphism of chain complexes

wZ : (CP((ﬁ,’}/, G>7aJ> i> (OP<¢7717G)78J)

sending
Z naw (@, W) — Z Na,w+z(c, W). (3.2.8)
a,W a,W

This induces an isomorphism of Ag-modules

depending only on the relative homology class Z. Thus, up to isomorphism, HP(¢,~,G)
depends only on the diffeomorphism ¢ and the homology class [y], and not on the choice of
reference cycle 7.

We will see in Proposition below that the isomorphism class of HP(¢,v,G) is also
invariant under Hamiltonian isotopy of ¢. Thus for a Hamiltonian isotopy class ®, a homol-
ogy class I' € Hy(Y,), and a subgroup G of Ker(jwy]), we have a well-defined isomorphism
class of Ag-modules HP(®,I', G).

3.2.3 Examples of PFH

Example 3.2.18. Let ¢ be the identity map on . Although ¢ is degenerate, one can define
its PFH to be the PFH of a nondegenerate Hamiltonian perturbation; see Remark
below.

The mapping torus is given by Y; = S* x 3. We have

Hy(Yy) = Ho(2) © (Hi(S") © Hi(D)).

It follows that the Novikov ring Ag consists of formal sums

> apg™ (3.2.10)

k<kg



CHAPTER 3. PFH SPECTRAL INVARIANTS AND C* CLOSING LEMMAS 123

where the coefficients a; are elements of a group ring,
ar, € F[(H,(SY) @ H,(X))/G].

Write [S'] = [S'] x {pt} € Hi(Y,). If d is a nonnegative integer and if I' = d[S], then we
can choose the reference cycle 7y to consist of d circles of the form S! x {z}, and there is an
isomorphism

HP (ids, d[S"] x {z},G) ~ Sym? H,(Z;F) ®r Ag. (3.2.11)

Here Sym? denotes the degree d part of the graded symmetric product; given a homogeneous
basis of H,(3;F), this is a vector space over F with a basis consisting of symmetric degree
d monomials in basis elements of H,(X;F), where basis elements in H;(X;F) cannot be
repeatedm.

To prove the isomorphism , one fixes d and replaces the identity map with the
time 1 flow ¢ of a C%-small autonomous Hamiltonian H : ¥ — R which is a Morse function.
It follows from Definition that PFH generators in the class I' = d[S!] correspond to
degree d symmetric monomials in critical points of H, where index 1 critical points cannot be
repeated. One can choose a metric gs; on ¥ making the pair (H, gs;) Morse-Smale, along with
a corresponding almost complex structure J on R x Yy for which Morse flow lines give rise
to J-holomorphic cylinders. The S! symmetry of the mapping torus can be used to show
that no other J-holomorphic curves contribute to the PFH differential; this argument is
worked out in [36,86] for the very similar problem of computing the ECH of prequantization
bundles. In particular, if we choose H to be a perfect Morse function (this means that
the Morse homology differential vanishes, or equivalently here that there are exactly 2g + 2
critical points), then the PFH differential vanishes, and the chain complex agrees with the
right hand side of . The isomorphism depends only on a choice of anchors
for the degree d PFH generators.

For a homology class ' € H;(S! x X) which is not of the form d[S'] for a nonnegative
integer d, the PFH is zero, because after a small perturbation of the identity as above, there
are no PFH generators in the class I'.

Some more examples of PFH (more precisely untwisted PFH in the monotone case, see
below) are computed in [71] and [82, Cor. 1.5]. For classes I' with d =T"- [¥] = 1, the
PFH is closely relatedﬂ to the Floer homology for symplectic fixed points, which has been
computed by Cotton-Clay [18].

107t is also true (a special property of surfaces) that there is a canonical isomorphism Sym? H, (5 F) =
H,(Sym?¥;F), although we do not need this.

1One might expect that d = 1 PFH and fixed point Floer homology are the same, both with the
differential counting holomorphic cylinders. However when ¢(3) > 0, in principle the PFH differential may
count some additional holomorphic curves, due to the fact that d < g here; see Remark @
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3.2.4 The U map

There is also a well-defined map
U:HP(p,v,G) — HP(¢,v,G). (3.2.12)

This is induced by a chain map which is defined analogously to the differential ; but
instead of counting I = 1 holomorphic currents modulo R translation, it counts I = 2
holomorphic currents that are constrained to pass through a base point in R x Y.

To be precise, fix y € Y}, which is not on any periodic orbit of the vector field 9,. Given
homologous PFH generators a and 8, and given Z € Hy(Yy, o, ), define

My (e, 8,2) = {€e M/ (a, 8, 2) | (0,y) € €}.
For a generic admissible J we define a map
UJ,y : CP(Cba’% G) — CP<¢777 G)
by

Uiy Y maz(@Z)=> > Y nawsv#M(@.8.V) | (8.W).
a,Z ﬁ,W [e% VEHQ(Y¢,O¢,5)
I(a,8,V)=2
This map is well defined by an argument similar to the proof of Lemma |3.2.15| using Propo-
sition m(b) Similarly to the proof that 93 = 0, the map Uy, is a chain map:

aJUM = Uj,yaj.

We define the U map to be the map on homology induced by the chain map Uy,,.
Since Y, is connected, the U map does not depend on the choice of base point y;
one can use a path between two choices of base point y to define a chain homotopy between
the corresponding chain maps Uy,,. See |75, §2.5] for details in the analogous case of ECH.

The U map does not depend on the choice of J either, because under the Lee-
Taubes isomorphism , it corresponds to a U map on Seiberg-Witten Floer homology
defined by Kronheimer-Mrowka in [80, §25.3]. Taubes proved an analogous statement for
ECH in [98, Thm. 1.1], and the same argument works for the PFH casd™}

We will see in Proposition below that the U map is invariant (in a certain sense)
under Hamiltonian isotopy of ¢.

12Tt should be noted that Kronheimer-Mrowka and Taubes use different but equivalent definitions of the U
map on Seiberg-Witten Floer homology. Taubes defines the U map from a chain map which counts Seiberg-
Witten solutions for which a vanishes at the base point (0,y) € R x Y. Here a denotes the component of
the spinor in the +i eigenspace of Clifford multiplication by A; see [98] §1.b]. Kronheimer-Mrowka define the
U map from a chain map counting solutions to Seiberg-Witten moduli spaces after taking the cap product
of the moduli spaces with a Cech cocycle representing the cohomology class in the configuration space
corresponding to the generator of H?(CP>;Z); see [80, §9.7]. One can choose the Cech cocycle so that the
two chain maps agree.
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Example 3.2.19. Suppose that ¥ = S? and ¢ is Hamiltonian isotopic to the identity. Let
d be a positive integer, and set v = d[S'] x {z} as in Example [3.2.18] Here we must take
G = {0}. Under the identification ([3.2.11)), denote the generators of Sym? H,(S?F), in

increasing homological degree, by eqo, €41, - - -, €4q4. Then a calculation as in [66] §4.1] shows
that

Ued,,;:edﬂ-_l, izl,...,d,

Uego = q_[SZ]ed,d-

The above example has an important property which we now formalize.

Definition 3.2.20. Let ¢ be an area-preserving diffeomorphism of (X, w), let 7y be a reference
cycle for ¢, and let G be as in Choice [3.2.8. We say that a nonzero element o € HP(¢,,G)
is U-cyclic if there is a positive integer m such that

U -gtl g — g=mllg, (3.2.13)

We say that o is U-cyclic of order m if m is the smallest positive integer with this property.
(Here ¢ can be degenerate; see Remark (3.3.4])

Remark 3.2.21. In general, if U*o = ¢~™*lo for some k, then we must have k& = m(d(y) —
g+ 1). The reason is that in the nondegenerate case, U counts holomorphic currents with
ECH index I = 2; while if « is any PFH generator with « - [X] = d, then by Example
we have (o, o, [X]) =2(d — g+ 1).

Example 3.2.22. Suppose that ¥ = S? and v = d[S'] x {z} where d is a positive inte-
ger. Then it follows from Example [3.2.19] that e;;, and indeed every nonzero element of
HP(¢,v,{0}), is U-cyclic of order 1.

Definition 3.2.23. We say that the Hamiltonian isotopy class [¢] has the U-cycle property
if there exist U-cyclic elements with arbitrarily large degree. That is, we require that for
all positive integers dy, there exist a subgroup G' C Ker([wy]), a reference cycle v for ¢ with
d(y) > do, and a U-cyclic element ¢ € HP(¢,7,G). (This condition is invariant under
Hamiltonian isotopy of ¢.)

3.2.5 Filtered PFH

Fix a nondegenerate symplectomorphism ¢, a reference cycle v, a group GG as in Choice|3.2.8|
and a real number L. Define C PL(¢,~, G) to be the set of formal sums in CP(¢,v,G)
such that A(«, Z) < L whenever n, z # 0. For a generic admissible J, it follows from
that CPL(¢,v,G) is a subcomplex of (CP(¢,~,G),dy).

Definition 3.2.24. We define the filtered PFH, denoted by HPY(¢,~,G), to be the homol-
ogy of the subcomplex (CPL(¢,v,G),d;).
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Inclusion of chain complexes induces a map
Ly HPY(¢,v,G) — HP(¢,7,G). (3.2.14)
Similarly we have inclusion-induced maps
Lol gPY (¢4, G) — HP™(¢,7,G) (3.2.15)

for Ly < Ly. With respect to these maps, HP(¢, v, G) is the direct limit of HPX(¢,v,G) as
L — oo.

The filtered homology H PX(¢,v,G), as well as the inclusion-induced maps (3.2.14]) and
, do not depend on the choice of J. An analogous statement for ECH is proved
in |76, Thm. 1.3], and a similar argument applies here.

3.2.6 The monotone case

We now recall two alternate versions of PFH which are defined in the following special
situation, which is possible when [¢] is rational. This is in fact the only case that we need
to consider in order to prove our theorems stated in §3.1]

Definition 3.2.25. For I' € H;(Y;), we say that the pair (¢,T') is monotone if] the coho-
mology class [w] € H?*(Yy;R) is a real multiple of the image of the class

c1(E) +2PD(T) € H*(Yy; Z).

In this case, one can define a simpler, “untwisted” VersionE of PFH, which we denote here
by HP(¢,T'). When ¢ is nondegenerate, this is the homology of a chain complex C'P(¢,T)
which is freely generated over F by the PFH generators in the homology class I'. For a
generic admissible almost complex structure J, the differential is defined by

=Y >  # (5’ )5. (3.2.16)

B VEH(Yy,o,5)
I(a7ﬂ7v):1

In the monotone case one can also define a twisted version of PFH without using a
Novikov r1n . which we denote here by H P(gzﬁ v, @), where 7 is a reference cycle and G
is as in Ch01ce m This version of PFH is a module over the group ring F[H5(Y})/G].

13This condition is an analogue of the following. In the context of Hamiltonian Floer homology, one
says that a symplectic manifold (X,w) is “monotone” if [w] is a real multiple (sometimes assumed to be
nonnegative) of ¢;(TX) on m3(X). For both PFH and Hamiltonian Floer homology, monotonicity allows
one to bound the symplectic area of holomorphic curves in terms of their index, which is a step towards
obtaining finite counts. See e.g. [53], which introduced the use of Novikov rings to define Hamiltonian Floer
homology in some non-monotone cases.

14This is the original version of PFH from [63,|71].

15This is analogous to the twisted ECH introduced in |72, §11.2].
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Again assuming that ¢ is nondegenerate, it is the homology of a chain complex 673(¢, v, G)
which is freely generated over F by (G, y)-anchored PFH generators, and whose differential

is defined by
=>. > # (a & )(B,Z— V). (3.2.17)

B VeHz(Yy,o ,8

I(a,8,V)=1
The differentials and are well defined because when computing the differ-
ential of a generator, the monotonicity hypothesis implies that there is an upper bound on
the integral of wy over all holomorphic currents that one needs to count, so that one obtains
a finite count; compare Lemma |3.2.15]

Suppose now that the reference cycle v is positively transverse to the fibers of Y; — S*.

A framing 7 of v then induces a Z-grading on }/f]/D(qﬁ,fy, ). The grading of a generator
(e, Z) is defined by

(o, 2)| = I(a,, Z) (3.2.18)

where the right hand side is defined as in , but with no Conley-Zehnder terms for
v. The grading descends to a Z/N grading on HP(¢,T'), where N denotes the
divisibility of ¢;(E) + 2PD(I") in Hom(H,(Y}), Z); note that N is an even integer.

The definition of the U map carries over to HP and }/I\JJD, and with respect to the above
gradings, it has degree —2.

Even in the monotone case, we will need to use a twisted version of PFH with reference
cycles in order to define spectral invariants. We will later need the following relation between
twisted and untwisted versions:

Lemma 3.2.26. Suppose that ¢ is nondegenerate and (¢, ) is monotone, let vy be a reference
cycle with [y] =T, and choose G = Ker([wy]). Then there is a noncanonical isomorphism of
Ag-modules

HP(¢,7,G) ~ HP(¢,T') ®F Ag. (3.2.19)

Under the above isomorphism, if d = d(I"), then
Uttt «— Uyttt @ ¢, (3.2.20)

Proof. Let A € Hy(Y;)/G be the unique class such that <[w ], A) is positive and minimal.
Then the Novikov ring Ag is canonically identified with F((¢g~#)), namely the ring of Laurent
series in ¢4 with coefficients in F.

As in Remark [3.2.17] we can assume without loss of generality that is positively trans-
verse to E. Choose a framing 7 of v as needed to define a Z-grading on H P(¢,~,G) and a
Z/N grading on HP(¢,T'). It follows from the definitions that there is a canonical isomor-
phism -

HPi(gb,’]/, G) = HPimodN(¢7 F) (3221)

On the left hand side, multiplication by ¢=* shifts the grading down by N. It follows
that HP(¢,7v,G) is canonically identified with the set of sequences (0;);cz where o; €
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Ifff’l(qﬁ, v,G) and o; = 0 if 7 is sufficiently large. If we choose a right inverse of the projec-
tion Z — Z/N, then together with this defines an identification of the above set of
sequences with HP(¢,T') ®p Ag. This gives an isomorphism (3.2.19).

To prove , we observe that under the isomorphism constructed above,

UN/2 UN/2 ®qu.

The positivd[ integer 2(d — g + 1) must be divisible by N, since ¢;(E) 4+ 2 PD(I') evaluates
to 2(d — g+ 1) on [X]. Tt follows that

By monotonicity, we have (¢;(F)+2PD(I"), A) = N, and it follows that (2(d—g+1)/N)A =
[X] in Hy(Yy)/G. Putting this into (3.2.22)) proves (3.2.20)). O

3.3 Invariance of PFH under Hamiltonian isotopy

We now work out how PFH and the additional structure on it defined above behave under
Hamiltonian isotopy of ¢.
It is useful for our purposes to define a Hamiltonian isotopy of ¢ via a smooth map

H:Y, —R.

Under the projection [0,1] x ¥ — Y}, the map H pulls back to a map H: 0,1] x X =R
satisfying H(1,z) = H(0,¢(z)). For t € [0,1], let H, = H(t,-) : ¥ — R, and let Xp, denote
the associated Hamiltonian vector field on 3; we use the sign convention w(Xgy,,:) = dH,.
Let {¢¢}iejo,1) denote the Hamiltonian isotopy defined by ¢¢ = idy; and 9y, = X, 0 ;. We
define ¢ = ¢ o 1.

As in (3.1.2), we have a diffeomorphism

fH . Y¢ i) Y¢H
defined by the diffeomorphism of [0, 1] x ¥ sending
(t,2) — (0, (2)).
If v is a reference cycle in Yy, let vy denote its pushforward (fy)xy in Yy, .

Proposition 3.3.1. Let ¢ be a (possibly degenerate) area-preserving diffeomorphism of
(X,w), let v C Y, be a reference cycle, and fix G as in Choice . For Hi,Hy : Yy =+ R
with Hy < Hy and ¢g,, ¢, nondegenerate, there is a canonical isomorphism

\I/HLHQ : HP(¢H277H25G> — HP(QZSHNIYHUG) (331)

with the following properties:

16Recall from Remark [3.2.13| that we are making the standing assumption that d > g.
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(a) If Hy < Hy and if ¢y, is also nondegenerate, then
\IIHLHS = \IIHLHZ o \I[H2,H3 : HP(¢H37’7H37 G) — HP(¢H17’7H17 G)

(b) Uo \IJH1,H2 = \IJH1,H2 oU.
(¢) The isomorphism (3.3.1)) is the direct limit as L — oo of canonical maps
V5w, - HPY(bmy, 1y, G) — HPY 2 (6p,, 711, G) (3.3.2)

where
A = /(Hg — Hy)dt. (3.3.3)
Y

(d) If Hy—H, is a constant C > 0, so that ¢p, = ¢u, and vy, = Yu,, then O = o2EFC
where d = [y] - [X], see (3.2.15)). In particular, Uy, p, is the identity map.

Proof. We proceed in 6 steps.
Step 1. To prepare to define the map Uy, p,, we construct a “strong symplectic cobordism
of stable Hamiltonian structures” between (Y, ,ws, ) and (Yy,, ,wg, ) as follows.
Consider the “symplectization” of the mapping torus defined by

X=RxY,

with the symplectic form
wx = ds \dt + wg.

Here s denotes the R coordinate on R x Y.
Given H : Y; — R, define an inclusion

1H . Y¢ — R x Y¢,
z+— (H(2),2).

We can then identify the mapping torus Yj, with a hypersurface in R x Y}, via the inclusion
g o fyt Yy, — Rx Y, (3.3.4)
Note that there is a symplectomorphism
RxY,, —RxY, (3.3.5)
induced by the symplectomorphism of (R x [0,1] x X, ds A dt + w) sending

(s,t,x) —> (s+ H(t,z),t,p(x)).
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The inclusion (3.3.4)) is the restriction of the symplectomorphism (3.3.5) to {0} x Yy, It
follows that

(err 0 fi' ) wx = Woy- (3.3.6)

We note also that under the inclusion (3.3.4]), the reference cycle vy corresponds to the
graph of H on v in R x Y.
Now if H; < H,, define

M ={(s,2) e Rx Yy | Hi(z) <s < Hy(2)} (3.3.7)

with the symplectic form wy = (wx)|p. It follows from the above calculations that the
boundary components of M have neighborhoods in M symplectomorphic to [0, ) x Yy, and
(—&,0]xY, #,» Where the latter manifolds are equipped with the restrictions of the symplectic
forms on the symplectizations of Yy, and Yy, . Using these neighborhood identifications, we
can glue to form the “symplectization completion” of M, which is a symplectic four-manifold

M= ((—00,0] x Yy, ) | M [ ([0,00) xV5,,.) (3.3.8)

Y¢H Y¢H2
We note that there is a canonical symplectomorphism

which is the inclusion on M, and which on the rest of is defined using the restrictions
of the symplectomorphisms for H; and H,.

Step 2. Suppose now that ¢y, and ¢y, are nondegenerate. Observe that S = (Rx~)NM
defines a 2-chain in the cobordism M with 0S = vy, — vg,. The cobordism M, together
with the 2-chain S, induces the desired map Wy, g, in , as a special case of a general
construction of cobordism mapﬂ on PFH by Chen [14, Thm. 1]. Chen’s cobordism map in
this case is defined by composing the Lee-Taubes isomorphism on both sides with a
Seiberg-Witten cobordism map

HM_*(Y¢H2,5]_‘*, —’I“[w(sz]; Ag) — HM™ (Y¢H1 , 87, —T’[W¢H1]; Ag) (3310)

Herer >> 0and I' = [7] € H;(Y}). The map is induced by a chain map which counts
solutions to the Seiberg-Witten equations on M perturbed using r times the symplectic form
on M, similarly to the way the differential on the right hand side of counts solutions
to perturbed Seiberg-Witten equations on R x Y. The PFH cobordism maps in [14, Thm.
1] satisfy a composition property which implies assertion (a), and they commute with the U
maps, giving assertion (b); these properties follow from corresponding properties of Seiberg-
Witten cobordism maps.

Step 3. To prove assertion (c), we will use the fact from |14, Thm. 1] that the map ¥y, g,
satisfies a crucial “holomorphic curve axiom”. We now state this property.

17This is related to the construction of cobordism maps on ECH in [76, Thm. 1.9].
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Let J; and J; be almost complex structures on R X Yy, and R x Yy, —as needed to
define differentials 05 on CP(¢n,,vu,,G) and 0, on CP(¢m,, VH,, G). We can extend J
and J, to an almost complex structure J on M whose restriction to M is compatible with
the symplectic form wy,.

Let o be an orbit set for ¢y, and let 5 be an orbit set for ¢p,. Define a broken J-
holomorphic current in M from « to § to be a tuple (Cy,,Ck, _1,...,Cx ) where ky >
0 > k_, and there are orbit sets a = a(k+),a(ky — 1),...,a(0) for ¢5, and orbit sets

p(0), 5(—1),...,8(k-) = B for ¢p,, such that:
o G, e M”2(a(i),a(i —1))/R for i > 0.

e Cy € M7(a(0),3(0)). That is, € is a J-holomorphic current in M which as a current
is asymptotic to a(0) as s — oo on [0,00) x Yy, , and asymptotic to 3(0) as s — —oo
on (—00,0] x Yy,

o G, e M (B(i+1),8(i)/R for i <O0.

The holomorphic curves axiom now states that the map W is induced by a chain map

w : (CP<¢H27’VH27 G)7 an) o (CP(¢H177H17 G>7 ah)
with the following property. Similarly to (3.2.5)), we can write ¥ in the form

1/1 Z N, Z a, Z Z Z Z Na,w+vMea,p,v (ﬁ, W) (3311)

a VEH(Yy,a,8)
I(a,8,V)=0
Here the first sum on the right hand side is over (G, vy, )-anchored PFH generators (5, W)
for ¢p,, the second sum on the right hand side is over PFH generators a for ¢p, in the
homology class [ym,], and mq g1 € F. The key property is now:

(*) If the coefficient m, g, # 0, then there is a broken J-holomorphic curren in M from
a to [ which, under the identification (3.3.9)), represents the relative homology class
V.

Note that the chain map % is not canonical; see Remark below.

Step 4. We claim now that if (8, W) is a (G, g, )-anchored PFH generator for ¢,
if (a, W +V) is a (G,vyn,)-anchored PFH generator for ¢g,, and if there exists a broken
J-holomorphic curent in M from « to 3 in the relative homology class V', then

/ w¢H1 S/ w¢H2 —|—A (3312)
W W+Vv

18The “holomorphic curves axiom” as stated in [14, Thm. 1] implies a slightly weaker statement than
(*), namely that for fixed a and 8, if any of the coefficients mq g,z is nonzero, then there exists a broken
J-holomorphic current from « to 8. The property (*) follows from the same argument, keeping track of the
relative homology classes of the holomorphic currents.
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To prove this, by we can assume without loss of generality that the J-holomorphic
current has k; = k_ = 0, and thus consists of a single .J-holomorphic current € € M7 (a, 3, V).
We can also assume without loss of generality (by a slight modification of the cobordism)
that C is transverse to dM. Under the decomposition , we can divide € into three
pieces: let

61 =N ((—O0,0] X Y¢H1),
C=CNM,
Cy = €N ([0,00) X Yy, ) -

Since the almost complex structures J; and J, are admissible, as in (3.2.1) we have

/ Do, >0, (3.3.13)
Cy

/ Wo i, > 0. (3.3.14)
Ca

Also, since J is wy-compatible, we have

/ wy > 0. (3.3.15)
Co

We now deduce by applying Stokes’s theorem. To start, write n; = C; N ({0} x
Yy, ) and 0o = CoN({0} x Yy, ). Then €, projects, via the projection (—o0o, 0]x Yy, — Yy, ,
to a relative homology class of 2-chain [Ci] € Hy(Yy, ,m, ). Likewise, €y projects to a
relative homology class of 2-chain [Cy] € Hy(Yy,, , a,m2).

It follows from the homological assumption on € that in M, the 2-cycle

(v, © [ ) ([C]+ W) + (1o © fr) )4 ([Co] =W = V) + €, — S

is nullhomologous. Consequently the integral of the closed 2-form wy; over this 2-cycle
vanishes. By (3.3.6]), this means that

/ w¢H1 +/ w¢H2 +/ War — A = 0 (3316)
Ci1+W Co—W-V Co

Combining (3.3.13)), (3.3.14)), (3.3.15)), and (3.3.16)) proves (3.3.12)).
Step 5. We now prove (c). It follows from Step 4 that the chain map (3.3.11]) restricts

to a chain map

wL : (CPL(¢H277H27G>78J2) — (OPLJFA((lea’yHUG)anl)

We define the map ¥f;, 5, in (3.3.2) to be the map on filtered PFH induced by ¢". Although
the chain map 1) is defined only up to chain homotopy, the chain homotopies satisfy a version
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of the “holomorphic curves axiom” which implies that \I/]L{h 1, depends only on J; and Js.
See e.g. [67, Prop. 6.2] for an analogous argument in the case of ECH. The map \If%hHQ does
not depend on J; and J; either. An analogous statement for ECH was proved in |76, Thm.
1.9], and this carries over to the case of PFH using the analysis of Chen [14, Thm. 1].

Step 6. Finally, the proof of property (d) follows the proof of the “scaling” property for
ECH cobordism maps in |76, Thm. 1.9]. O

Remark 3.3.2. Naively one would like to define the chain map by taking mq gy to
be a count of I = 0 holomorphic currents in M”(«, 3, V). Unfortunately it is not currently
known in general™”| how to directly count .J-holomorphic currents with I = 0 in a completed
cobordism, due to transversality difficulties with multiply covered holomorphic curves; see
[66, §5.5] for explanation in the case of ECH, where there are similar issues. The actual
chain map is defined instead by counting solutions to the Seiberg-Witten equations
on M, using the metric determined by J and the symplectic form, and perturbed using a large
multiple of the symplectic form as in [82]. The chain map is not canonical, because in
cases where transversality fails for holomorphic curves, the chain map depends on additional
small perturbations to the Seiberg-Witten equations needed to obtain transversality of the
relevant moduli spaces of Seiberg-Witten solutions.

Remark 3.3.3. In Proposition [3.3.1] if we drop the hypothesis that H; < Hs, then there
is still a canonical isomorphism ([3.3.1)). One can define this isomorphism as Uy, g, o \I/I}; Hs
where ¢p, is nondegenerate and H,, Hy < Hj. By Proposition [3.3.1a) and (d), this isomor-
phism does not depend on the choice of Hs.

Remark 3.3.4. If ¢ is degenerate, then we can define HP(¢,~,G) by first perturbing ¢ to
be nondegenerate via a Hamiltonian isotopy. By Remark the PFH modules for such
perturbations of ¢ are all canonically isomorphic to each other.

3.4 Spectral invariants in PFH

We now define spectral invariants in PFH, analogously to the spectral invariants in ECH
defined in |65, Def. 4.1].

Definition 3.4.1. Suppose that ¢ is nondegenerate, let v be a reference cycle, fix G as in
Choice and let o be a nonzero class in HP(¢,~,G). Define the spectral invariant

CU(¢7’7) 6 ]R

to be the infimum over L € R such that ¢ is in the image of the inclusion-induced map
(13.2.14]).

19Such a count is possible in some special cases; see e.g. |14, Thm. 2], |42], and [91].
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We now establish some properties of the spectral invariants ¢,. We first consider the de-
pendence of ¢, on basic choices. Given a nonzero Novikov ring element A =, . v,/ P gt €
Ag, define

A = max{{[u], 4) | pa # 0. (3.4.1)

Note that this maximum is well-defined by the definition of the Novikov ring Ag.
Proposition 3.4.2. Suppose o € HP(¢,v,G) is nonzero.
(a) If X € Ag is invertibld®], then
o (9,7) = ¢o(d,7) + (Al
(b) In the notation of Remark[3.2.17, we have

w4 (0) (6,7 ZCO—(d),Py)—/w.

Z

Proof. (a) It follows from the definitions that multiplication by A induces an isomorphism
of chain complexes

(CPH(8,7,G),05) = (CP"(6,7,G), 07).
The induced isomorphism on homology

HPY(,7,G) = HP*1(¢,7,G) (3.4.2)

respects the maps (3.2.14]), and it follows that
C)\U(¢a")/) S Co(¢7 7) + ’)‘|

The inverse of the isomorphism ([3.4.2)) is induced by multiplication of chains by A7, and
this implies the reverse inequality since |A7!] = —|\].
(b) This follows by a similar argument. O

We now begin to explore how spectral invariants behave under Hamiltonian isotopy, using
the notation of Proposition [3.3.1]

Proposition 3.4.3. Let ¢ be a (possibly degenerate) area-preserving diffeomorphism of
(X,w), let v be a reference cycle for ¢, let Hi,Hy : Yy, — R with Hy < H,, and sup-
pose that ¢p, and ¢y, are nondegenerate. Let oy be a nonzero class in HP(¢u,, Yi,, G).
Write oy = g, u,(02) € HP(¢u,, vm,, G). Then

001(¢H1a’yH1) S 002(¢H277H2) + /(HZ - Hl)dt (343)

Y
20A Novikov ring element \ = ZAeHz(Yd,)/G pag? is invertible if and only if the maximum in (3.4.1) is
realized by a unique class A € Hy(Yy)/G.
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Proof. Write A = fW(Hg — H,)dt. By Proposition W(c), for each real number L we have

a commutative diagram

L
HPL(QsHQ?’YHgaG) E— HP(¢H2,7H27G)
‘ljljzthQl l\PHl»H2

L+A A
HP"**(¢u,,Yu,,G) —— HP(¢u,,vu,, G).

It follows that if oy is in the image of the top arrow, then ¢y is in the image of the bottom
arrow. O

Remark 3.4.4. If Hy, — H; is a constant C' > 0, then equality holds in (3.4.3)):

Coy (¢H1 ) ’7H1) = Coy (¢H2’ ’7H2)'
This follows from the definitions and Proposition [3.3.1](d).

Corollary 3.4.5. (a) The definition of c,(¢,7) has a unique extension to the case where ¢
15 degenemte@ such that the following continuity property holds: Let o € HP(¢,v,G),
let H,Hy : Y, — R, and for i = 1,2 let 0; denote the corresponding class in
HP(¢u,,vu,,G). Then

|601 (¢H177H1) — Coy (¢H27'7H2)| < d(’y) H%%X |H2 - H1|' (344)

(b) The extended spectral invariants satisfy the conclusions of Propositions|3.4.2 and|3.4.5,

Proof. This follows from Proposition [3.4.3] and Remark using the formal procedure
in |65, §3.1] and [22] §2.5]. n

The spectral invariants ¢, have the following “spectrality” property.

Proposition 3.4.6. Let ¢ be an area-preserving diffeomorphism of (X, w), possibly degener-
ate, and suppose that [¢] is rational. Then for any reference cycle vy, any G as in Choz'ce
and any nonzero class o0 € HP(¢,v,G), there ezists a (G,~)-anchored orbit set (cv, Z) such
that

Co(9,7) = Ale, Z).

Proof. To start, note that since [¢] is rational, the set of values that [w] € H?(Yy; R) takes
on Hy(Yy) is discrete.

Suppose first that ¢ is nondegenerate. Then there are only finitely many PFH generators
in the homology class [7y]. Let S denote the set of actions of (G, y)-anchored PFH generators;

21Here the PFH of a degenerate map ¢ is defined by Remark
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then the set S is discrete. If L < L' and the interval [L, L’) does not intersect S, then the
inclusion-induced map

LY HPYp,y,G) — HPY (9,7, G)

is an isomorphism, since it is induced by an isomorphism of chain complexes. It then follows
from Definition that ¢, (¢,7) € S.

Suppose now that ¢ is degenerate. Let {H;}i>1 be a sequence of Hamiltonians converging
to 0 in C* such that each ¢g, is nondegenerate. Let o; denote the class in HP(¢u,, vu,, G)
corresponding to o under the canonical isomorphism given by Remarks [3.3.3] and [3.3.4] By
the continuity in (3.4.4), we have

Cg((b, 7) = Zlgg Co; ((me VHi)'

By the nondegenerate case, for each i there exists a (G,~vyg,)-anchored PFH generator
(a(i), Z(1)) for ¢m, such that c¢,,(ém,, vu,) = Ala(i), Z(i)). Since ¥ is compact and each
periodic orbit in each «(i) has period at most d(y), by the Arzela-Ascoli theorem we can
pass to a subsequence so that «(i) converges in C'*° to an orbit set v for ¢. Then the distance
from the sequence A(a(i), Z(i)) to the set {A(«o,Z) | Z € Hy(Y,«,7y)/G} limits to zero.
Since the latter set is discrete by our rationality hypothesis, the sequence (A(a(i), Z(i)))
converges to an element of it. O]

Remark 3.4.7. Without the hypothesis that [¢] is rational, Proposition still holds
if ¢ is nondegenerate, by [99, Thm. 1.4]; see also [87]. However we do not know whether
Proposition extends to the case where [¢] is not rational and ¢ is degenerate.

3.5 The ball packing lemma

We now prove a key fact, Lemma below, which will be needed for the proofs of the
main theorems. This lemma gives a relation between the PFH spectral invariants of two
different Hamiltonian perturbations of ¢.

To state the lemma, recall that a four-dimensional Liouville domain is a compact sym-
plectic four-manifold (X,w) with boundary Y such that there exists a 1-form A on X for
which d\ = w and A]y is a contact form on Y. We further require that the orientation of Y’
given by A A d\ agrees with the boundary orientation of X. We allow X to be disconnected.

If (X,w) is a Liouville domain as above, its alternative ECH capacities are a sequence of

real numbers
0= " (X,w) < fM(X,w) < M) < oo < o

defined in [68]. To briefly review the definition, when (X, w) is nondegenerate, meaning that
all Reeb orbits of the contact form A|y are nondegenerate, we define

(X, w) = sup inf &(u). (3.5.1)
JEI(X) ueM’ (X;x1,...,xx)
T1,...,x, € X distinct
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Here X = X Uy ([0,00) x Y), similarly to (3.3.8). The notation J(X) indicates the set of
almost complex structures J on X such that J is w-compatible on X, and on [0,00) x Y,
analogously to Definition , J is independent of the [0, 00) coordinate s, sends Os to the
Reeb vector field, and sends the contact structure Ker(\) to itself, rotating positively with
respect to d\. Furthermore, M7(X;z,...,x;) denotes the moduli space of .J-holomorphic
curves u in X for which the domain is a compact (possibly disconnected) Riemann surface
with finitely many punctures near which u is asymptotic to Reeb orbits as s — co. We
require that u is nonconstant on each component of the domain. Finally, €(u) denotes the
sum over the punctures of u of the symplectic action (period) of the corresponding Reeb
orbit.

It is shown in [68] that ci'* has a unique C°-continuous extension to degenerate Liouville
domains. We will need the following examples. For r» > 0, define the ball

B(r)={ze€ C*|n|z|* <r}

with the restriction of the standard symplectic form on C? = R?. Note that the Euclidean

volume of the ball is given by

vol(B(r)) = % (3.5.2)

It is shown in [68, Thm. 6] that the capacities of a ball are given by
2 (B(r)) = dr, (3.5.3)
where d is the unique nonnegative integer such that
4> +d <2k < d*+3d.

It is also shown in |68, Thm. 6] that the capacities of a disjoint union are given by

Alt A Alt (v
Cr (H<X17W2>> kl+r_,r_l%]zi:kzlcki (X“wl)' (354)

i=1

For the above examples, the alternative ECH capacities ci'* agree with the original ECH

capacities cE“M defined in [65]. The calculation in [65, Prop. 8.4] deduces from (3.5.2)), (3.5.3)),
and (3:5.4) that if X is a finite disjoint union of balls, then|

lim —Cﬁlt <X)2

k—o0 k

= 4vol(X). (3.5.5)

Returning to PFH, to simplify notation we use the following convention:

22This calculation enters into the proof of the ECH Weyl law (3.1.4]) for the tight contact structure on
S3.
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Notation 3.5.1. If 0 € HP(¢,v,G), and if H : Y, — R, let oy € HP(¢u,vu,G) denote
the class corresponding to ¢ under the canonical isomorphism given by Remarks [3.3.3| and

3.3.4l Write
CO’(¢777H> = CJH(¢H,7H> € R.

Lemma 3.5.2. Let ¢ be an area-preserving diffeomorphism of (3,w), and let Hy, Hy : Yy —
R with Hy < Hy. Let~y be a reference cycle for ¢, let 0 € HP(p,7,G), let k be a nonnegative
integer, and suppose that U¥a # 0. Let (X,w) be a compact Liowville domain and suppose
there exists a symplectic embedding of (X,w) into the cobordism M from . Then

ot (37, H) < (7, Ho) + / (Hy — Hy)dt — M (X, w).
vy

Remark 3.5.3. When £ = 0, Lemma reduces to the inequality .

For most of our applications, the only case of Lemma that we need is where k = 1
and X is a ball. (Only for the proof of the Weyl law in Theorem below will we need a
more general case where k£ > 1 and X is a disjoint union of balls.) This case of the lemma
asserts that under the hypotheses of the lemma, if the ball B(r) can be symplectically
embedded into M, then

cvo(P, v, Hi) < co(¢, v, Ha) + /(H2 — Hy)dt —r. (3.5.6)
v

Proof of Lemma[3.5.9 By the continuity in Corollary we can assume without loss of
generality, by slightly decreasing H; and increasing H- if necessary, that H; < H, and that
¢n, and ¢y, are nondegenerate. We now proceed in three steps.

Step 1. Choose Jy, Jo, and J as in Step 3 of the proof of Proposition [3.3.1} Also, fix &

distinct points z1,..., 2z, € M.
We claim that the composition

U* oWy, my = Yy, 0 U - HP(Gty, i1y, G) — HP(by, Vi, G) (3.5.7)
is induced by a (noncanonical) chain map
2/} : (CP<¢H27’YH27 G)7 an) — (CP(¢H177H17 G>7 a(]1)

with the following property: Similarly to (3.3.11]), we can write v in the form

77/} Z Ng, Z a, Z Z Z Z Na,w4+vMa,p v (5, W), (358)

a VeH(Yy,o ﬁ)
I(a,B,V)=2

such that:
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(*) If the coefficient m, sy # 0, then there is a broken J-holomorphic current in M from
a to 3 in the relative homology class V' passing through the points z1, ..., 2.

The reason is that in the proof of the “holomorphic curves axiom” in [14], the chain map
counts solutions to the Seiberg-Witten equations on M perturbed using a large multiple of
the symplectic form; and as the perturbation goes to infinity, the zero set « for a sequence of
Seiberg-Witten solutions converge to a holomorphic current. Here a denotes the component
of the spinor in the positive imaginary eigenspace of Clifford multiplication by the symplectic
form on M. Similarly, as in [98] (see the review in , the map can be induced
by a chain map@ counting Seiberg-Witten solutions where « is constrained to vanish at the
points z1,...,2;. As the perturbation goes to infinity, the zero sets of a for the Seiberg-
Witten solutions converge to a holomorphic current passing through the points 21, ..., 2.
Step 2. Define A as in equation . We claim that by making suitable choices of J
and z1,..., 2, we can arrange for the chain map to have the following property:

(**) If the coefficient mq, 7 # 0, then the inequality (3.3.12) can be refined to

/ Weg, < / Wy, + A — (X, w).
W WV

To prove this, by the C° continuity of ¢!, we can assume without loss of generality that
(X,w) is nondegenerate. Write Y = 90X, and let A denote the contact form on Y. We will
identify X with its image under the symplectic embedding into M. We can remove X from

M and attach symplectization ends to form a new completed cobordism
M = ((—00,0] x Y) Uy (M\ X). (3.5.9)

Choose an almost complex structure Jx € J(X) as in (3-5.1). We can then choose the almost
complex structure J on M so that it glues to Jx in (3.5.9), to give a well-defined almost
complex structure J' on M'. We can further choose a sequence of wy;-compatible almost
structures J(n) on M such that J(n) agrees with J outside of X, and moreover inside of
X, the boundary has a neighborhood that can be identified with (—n, 0] x 9Y so that J(n)
agrees with J'.

By placing the points z1, ..., 2, inside X, and using a compactness argument as in [62,
Lem. 3], we can arrange the following: For any sequence of broken J(n)-holomorphic currents
as in (*), with an upper bound on [, v Wou, — Jiw Wey,» alter passing to a subsequence the
following hold:

23If one chooses different points 2/, ..., 2}, in M, one obtains a chain homotopic chain map. One can
define a chain homotopy by choosing paths n; in M from z; to 2/ and counting Seiberg-Witten solutions
where a vanishes somewhere on 7); for each ¢ = 1,..., k. If one moves the points far up on the positive end
of M, one obtains a chain map corresponding to Wy, g, o U¥; and if one moves the points far down on the
negative end of M, one obtains a chain map corresponding to U* o W Hy,Ho-
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e The holomorphic currents in M converge on compact sets to a J'-holomorphic current
-/
in M, which on (—o0, 0] x 0B; is asymptotic to a finite multiset a s of Reeb orbits.

e The homolomorphic currents in X converge on compact sets to a Jx-holomorphic curve
u € M/X(X;2,...,2,), asymptotic to a finite multiset ax of Reeb orbits.

e If ax # ayy, then there is a broken Jy-holomorphic current in R x Y from a,; to ax,
as in [66, §5.3]. In particular, in all cases we have

S(U):/a Ag/a A. (3.5.10)

Repeating Step 4 of the proof of Proposition then shows that

/ /\+/ We, S/ Wy, T A
ang w W+V

By the inequality (3.5.10)), it follows that

e+ | v < [ 4D
w W+Vv

Since Jx and z1,..., 2, were arbitrary, it follows from the definition that we can
choose Jx and zy, ...,z so as to replace &(u) by ci*(X,w) in the above inequality. It then
follows that (**) holds with J = J(n) if n is sufficiently large.

Step 3. If we make the choices as in Step 2, then for each L € R, the chain map
restricts to a chain map

Alt

¢3 (CPL(QSHWPYHQ)G%@JQ) — <CPL+A_Ck (XM)(QSHU’YHUG)anl)

The induced map on homology fits into a commutative diagram

WL

HPL(¢H277H27G) — HP(¢H2a7H2>G)

J/ J/Uko‘llHl’HQ

ZL+A7c£1t(X,w)

HPLJFA*C?M(X’M) (¢H1 » VH1» G) - HP(qul » VH1s G)

We are now done as in the proof of Proposition [3.4.3] O

3.6 From spectral gaps to periodic orbits

We now explain a mechanism for detecting the creation of periodic orbits. The following
concept will be useful:
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Definition 3.6.1. Let ¢ be an area-preserving diffeomorphism of (3,w) and let d be an
integer with d > g. Define the minimal spectral gap

gap,(¢) € [0, o0

to be the infimum, over reference cycles v for ¢ with d(y) = d, subgroups G C Ker([wy)),
and classes 0 € HP(¢,v,G) with Uc # 0, of ¢,(¢,7) — cuo (0, 7).

In the above definition note that ¢,(¢,v) — cus(é,7) > 0 by (3.2.1). We now have the
following relation between spectral gaps and creation of periodic orbits.

Proposition 3.6.2. Let ¢ be an area-preserving diffeomorphism of (3,w), and suppose that
the Hamiltonian isotopy class [¢] is rational. Let W C 3 be a nonempty open set and let H
be a (U, a,l)-admissible Hamiltonian as in Definition . Let d be an integer with d > g,
and suppose that

gap,(¢) < a. (3.6.1)

Then for some 7 € [0,  gapy(¢)], the map ¢,z has a periodic orbit intersecting U with
period < d.

Proof. We proceed in four steps.
Step 1. We first claim that for any class ¢ € HP(¢,~,G) with Uo # 0, and for any
0 > 0, we have

cuo(0,7) < co(d,7v,0H) + 5/Hdt — min(dl, a). (3.6.2)

Here we are using the convention of Notation [3.5.1| on the right hand side.

To prove , recall from Definition that there is a disk D C U of area a and an
interval I C (0, 1) of length [ such that H > 1 on I x D. We can regard H as defined on Y, as
in . Let Ms denote the cobordism between the mapping torus Yy and the graph
of §H. Then we can symplectically embed the polydisk P(a,dl), namely the symplectic
product of two-disks of areas a and 4/, into Ms. Consequently, we can symplectically embed
the ball B(min(dl,a)) into Ms. The inequality now follows from the £ = 1 case of

Lemma [3.5.2} see Remark [3.5.3]
Step 2. Suppose now that § > 0 and

(*) for all 7 € [0, 6], the map ¢,y has no periodic orbit intersecting U with period < d.

We claim that if « is a reference cycle for ¢ with d(v) = d, and if 0 € HP(¢,7v,G) is a
nonzero class, then

e (6,7, 6H) = co(6,7) — 6 / Hdt. (3.6.3)

To prove (3.6.3), let S denote the set of actions of (G,~)-anchored orbit sets for ¢. By
the hypothesis (*), if 7 € [0, 6], then the set of actions of (G, ~)-anchored orbit sets for ¢, g
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isS—r1 f7 H dt. Since we are assuming that [¢] is rational, it follows from Proposition W
that the function

[0,0] — R,

3.6.4
T'—>CU(¢,’)/,TH)—|—T/Hdt ( )
Y

takes values in the set S. This function is also continuous by Corollary [3.4.5] However the
set S has measure zero as in |77, Lem. 2.2]. It follows that the function (3.6.4]) is constant,
and this proves .

Step 3. We now show that if § > 7! gap,(¢), then for some 7 € [0, ], the map ¢, has a
periodic orbit intersecting U with period < d. Suppose to get a contradiction that (*) holds.

Suppose that d(v) = d and that 0 € HP(¢,v,G) satisfies Uo # 0. Then combining (3.6.2))

and ([3.6.3)) gives
CU((b? 7) - CUU(¢7 /7) > m1n<5lv a’)'

It then follows from Definition B.6.1] that

gap,(¢) > min(dl; a).

Since we assumed that 6l > gap,(¢), this contradicts the hypothesis (3.6.1)).
_ Step 4. The proposition follows from Step 3 by replacing U by an open set V such that
V C W and H is supported in [0, 1] x V, and using a compactness argument. n

As an example of the significance of Proposition [3.6.2] we have the following corollary,
which is a PFH analogue of [26, Lem. 3.1] for ECH:

Corollary 3.6.3. Let ¢ be an area-preserving diffeomorphism of (X,w), and suppose that
the Hamiltonian isotopy class [¢] is rational. Let d be an integer with d > g and suppose
that gap,(¢) = 0. Then every point in ¥ is contained in a periodic orbit of ¢ with period
<d. In particular, ¢ is periodic with period < d!.

Proof. Tt follows immediately from Proposition that every nonempty open set U C X
contains a periodic point of period < d. It then follows from a compactness argument that
every point in ¥ is periodic with period < d. O

3.7 Proofs of theorems

We now prove all of our theorems stated in §3.1 We begin with the following simple obser-
vation:

Lemma 3.7.1. Suppose that HP(¢,v,G) contains U-cyclic elements. Write d = d(vy) and
A= [jw. Then
A

< —,
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Proof. We are given that equation ([3.2.13]) holds for some positive integer m. It follows using
Proposition [3.4.2)(a) that

mA - CO’(gbv ’7) - CUm(d_g""l)(r(gba 7)
m(d—g+1)

— Z (cUiAU(gb,v)—CUia((?a”V))-

=1

Since each of the summands on the right hand side is nonnegative, at least one of them must
be less than or equal to A/(d — g+ 1). O

Proof of Theorem[3.1.5 Suppose that [¢] is rational and satisfies the U-cycle property. Let
U C X be a nonempty open set. We need to show that there is a C'*° small Hamiltonian
perturbation, supported in U, of ¢ to a map having a periodic orbit intersecting U.

Let H be a (U, a,l)-admissible Hamiltonian. It is enough to show that for all § > 0, there

exists 7 € [0, ] such that ¢,y has a periodic orbit intersecting U.
Since [¢] has the U-cycle property, it follows from Lemma that

lim inf gap,(¢) = 0.
d—ro0

Thus we can find d > ¢ such that gap,(¢) < min(a,ld). For such d, since [¢] is ratio-
nal, Proposition implies that for some 7 € [0,4], the map ¢,y has a periodic orbit
intersecting U of period at most d. O]

As noted in §3.1.1] Corollary follows from Theorem [3.1.5| and the following lemma:

Lemma 3.7.2. Let ¢ be an area-preserving diffeomorphism of T?, and suppose that the
Hamiltonian isotopy class [¢] is rational, i.e. [wy] is a positive multiple of the image of an
integral class Q € H*(Yy;Z). Then [¢] has the U-cycle property. In fact, if T is a positive
integer multiple of PD(QY), then HP(¢,T', Ker([wy])) # 0, and every nonzero element of the
latter is U-cyclic of order < 6.

Proof. Let ¢ be an area-preserving diffeomorphism of (2, w), of arbitrary genus for now, and
assume that [¢] is rational. Since the cohomology class [wy] € H*(Yy;R) is a real multiple
of the image of an integral cohomology class 2 € H?*(Y,;Z), we can find classes I' € Hy(Yy)
with d(I') arbitrarily large such that the pair (¢,T') is monotone as in Definition [3.2.25]
(Simply take I' to the Poincaré dual of n{2 — ¢;(E)/2 where n is a large integer.)

For such a I', a result of Lee-Taubes [82, Cor. 1.3], tensored with Z/2, asserts that if
g >0 and d(I') > 2g — 2, then we have the following variant of the isomorphism (3.2.7)):

HP(¢,T) ~ HM " (Yy, 51, ¢, Z/2). (3.7.1)

Here the left hand side is the untwisted PFH from §3.2.6] The right hand side is an instance
of the “bar” version of Seiberg-Witten Floer cohomology, with the “balanced” perturba-
tion, defined by Kronheimer-Mrowka [80, §30]. As with (3.2.7), the isomorphism
intertwines the U maps on both sides, as discussed in §3.2.4]
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If ¥ = T2, then for ' as above, by computations in [80, §35.3] (see the remark after [82,
Cor. 1.3]), we always have HP(¢,T") # 0, with the graded pieces H P;(¢,v) having rank < 2,
on which U acts as an isomorphism. In particular, U%™) is a permutation of the set of nonzero
elements in each graded piece HP;(®,T"). Then there is a positive integer m < 6 such that
U™1) is the identity on all such groups HP(¢,T"). We are now done by Lemma [3.2.26, [

Remark 3.7.3. The paper [27], which appeared after the original version of this paper,
studies U-cyclic elements in more detail and generality. In particular, the proof of |27, Thm.
1] shows that if R is any coefficient ring then

(1 . (]d(r)—g"rl)bl(Yd,)-‘rlflj\4_"‘(}/(ﬁ’51_‘7 Cp; R) =0.

In our case where R = Z/2, it follows that U™ =9+1) equals the identity, where m =
b1(Yy) + 1 when by (Yy) is odd, and m = b;(Yy) + 2 when b;(Y}) is even. In addition, it was
shown in [28], which appeared simultaneously with the original version of this paper, that

HM " (Yy, sr, cp; R) # 0.

As aresult, Lemmal[3.7.2] can be upgraded to assert the following: Let ¢ be an area-preserving
diffeomorphism of ¥ in a rational Hamiltonian isotopy class [¢]. Suppose that I' is mono-
tone, i.e. [wy] is a multiple of ¢;(E) + 2PD(I"), and that d(I') > max{2¢g —2,0}. Then
HP(¢,T',Ker([wy])) # 0, and every nonzero element of the latter is U-cyclic of order < m.
Note that for rational ¢ there exist monotone I' of arbitrarily large degrees d(T"). In partic-
ular, every rational ¢ has the U-cycle property.

To prove Theorems [3.1.13] and [3.1.15] we first prove a more general statement:

Theorem 3.7.4. Let ¢ be an area-preserving diffeomorphism of (3,w) such that the Hamil-
tonian isotopy class [¢] is rational. Suppose that there exists a positive integer dy such that
¢ has U-cyclic elements of degree d whenever d is a positive multiple of dy with d > g. Let
U C X be a nonempty open set and write A = fzw. Let H be a (U, a,l)-admissible Hamil-
tonian. If 6l < a, then for some T € [0,0], the map ¢,y has a periodic orbit intersecting U
with period at most dok, where

ASU T g1
k:{ d ld+g J+1. (3.7.2)
0

Proof. Write d = kdy. It follows from (3.7.2)) that
d>Ay "4 g—1. (3.7.3)

In particular, it follows from (3.7.3]) that d > g, since ] < a < A. Then by Lemma |3.7.1]

we have
A

< —
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Also, it follows from the above inequalities that gap,(¢) < 6l < a. It then follows from
Proposition that for some 7 € [0,17 gap,(¢)] C [0, 6], the map ¢,z has a periodic orbit
intersecting U with period at most d. [

Proof of Theorem[3.1.13 If ¥ = S?, then by Example [3.2.22] ¢ has U-cyclic elements of
degree d for all positive integers d. Thus Theorem [3.7.4] applies with dy = 1 to give the

result. O

Proof of Theorem [3.1.15. This follows from Theorem and Lemma [3.7.2] O

3.8 Asymptotics of PFH spectral invariants

To conclude, we now prove the following “Weyl law” for PFH spectral invariants. Un-
der certain hypotheses, it describes how the difference in spectral invariants ¢, (¢, v, Hy) —
¢o (0,7, Hy) behaves as the degree d(y) — oo.

Theorem 3.8.1. Let ¢ be a (possibly degenerate) area-preserving diffeomorphism of (¥, w).
Let {G;}i>1 be a sequence of subgroups of Ker([wy]), let {vi}i>1 be a sequence of reference
cycles for ¢, and for each i > 1, let o, € HP(¢p,7;, G;) be a nonzero class. Assume that:

e There is a positive integer m such that each class o; is U-cyclic of order < m.

Let Hy,Hy : Yy — R. WriteA:wa. Then

Co;\ D, Z',H — Cg,; \ D, i,H + ) Hy — Hy)dt
lim (&%, Hy) (@, Hy) + [, (Ho ) =A"" [ (Hy— Hi)wy Adt.
oo d(v:) Y

Remark 3.8.2. If ¢ is rational, then Theorem [3.8.1]is not vacuous. In this case, as explained
in Remark [3.7.3] one can find a sequence of nonzero classes o; € HP(¢,;, Ker(jwy])) with
d(v;) — o0, and each o; is automatically U-cyclic of order < b;(Yy) + 2.

Example 3.8.3. Let D be a disk with a symplectic form w of area 1, and let ¢ be the time
1 map of a Hamiltonian H : [0,1] x D — R which vanishes on [0,1] x {z} when z is near
OD. Then ¢ defines an area-preserving diffeomorphism of S?, with a symplectic form of area
1, which is the identity on an open set. Recall from Example that if v = d[S'] x {z},
where z corresponds to a point on 0D, then HP(¢,~,{0}) is the free A-module generated
by classes €4, . .., eqq; and each of these classes is U-cyclic of order 1. Note that if ¢ is the
identity, then each spectral invariant c, dﬂ.(qb, v) = 0. It then follows from Theorem m that

in general, we have
o (¢, d[SY] x
lim < (@ 5] X {2)) :/ Hw A dt. (3.8.1)
d—o0 d [0,1]xD
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Here the right hand side (up to constant factors depending on conventions) is the Calabi
invariant of ¢; see e.g. [40].

The special case of where ¢ is a “monotone twist” was proved@ by direct cal-
culation in [21, Thm. 5.1], and this result plays a key role in the proof of the simplicity
conjecture. It is also noted in [21], §7.4] that implies that the Calabi invariant extends
to a homomorphism defined on the group of compactly supported “hameomorphisms” of the
disk. The latter statement was subsequently proved using different methods in [19, Thm.
1.4].

Proof of Theorem[3.8.1 We use a “ball packing” argument similar to [25] §3.2].

Suppose first that H; < Hs. Let X be a finite disjoint union of balls symplectically
embedded in M and write V' = vol(X).

We know that each o, is U-cyclic of order m; where m; < m. By Proposition [3.4.2{a), if
k; = m;n;(d(~;) — g + 1) where n; is an integer, then we have

cUkiai<¢> %’aHl) = Co—i(¢> Vi, Hl) — Am;n;.

Then Lemma [3.5.2f gives

CUi(Qsa’yiu H2) - CUi(gbu 7%H1> + / (H2 - Hl)dt > Cl?ilt(X> — Amyn,. (382)

Vi

Now choose

N, — { d(y:)*V J
b LmiA(d() — g+ 1) ]
Then it follows from ((3.8.2)) that

L. Coi(¢77iaH2) _Cai(gba’thl) +f»y(H2 _Hl>dt ..
lim inf : > lim inf
= AV

AMY(X) — Amyn;

ki

Here in the second line we have used (3.5.5)) and the hypothesis that d(~;) — oco.
Now we can choose X to make V' arbitrarily close to

1
vol(M,wyy) = 5/ war A\ war
M

Yy

24The paper [21] writes a slightly different, but equivalent, version of (3.8.1)). That paper defines spectral

invariants using the variant PT]B(gb, ~,{0}) from §3.2.6 which is possible here since monotonicity holds. Our
spectral invariant ¢, , (¢, d[S'] x {}) agrees with the spectral invariant denoted in [21] by cq 2i—a(¢)-
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Thus we obtain

L. Cai(gba ’YivHQ) _Cai(qba/Yile) +f,y<H2 _Hl)dt
lim inf -

Z A_l/ (H2 — Hl)UJ¢ A dt.
Ys

By Remark both sides of the above inequality change by the same amount if one
adds a constant to H; or Hy. Thus the above inequality is true for any H; and Hs, without
the hypothesis that H; < H,. In particular, the above inequality is true with H; and H,
switched, which gives

Coi (D Vi, Ha) — Co (0,75, Hy) + | (Ho — Hy)dt
lim sup ( 2) ( J f%( 2 v < A_l/ (Hy — Hy)wy A dt.
i—00 d(7:) Yy
The above two inequalities imply the theorem. ]

Remark 3.8.4. By choosing the ball packings carefully, as in the proof of |69, Thm. 1.1],
one can show that the rate of convergence in Theorem is O(d(y;)~?).
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