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Computer Generation of the Symmetry
‘Elements of Non-rigid Molecules

K. Balasubramanian -
' Department of Chemistry
o “and . ‘ _
Lawrence Berkeley Laboratory

‘University of California
Berkeley, CA 94720

o Abstract

Algorithms aﬁd computé:.prog:ams-a;eldeveldped for
generating the‘symmetry elements- of non-rigid molecules.
These:programs are baSed on the wreath-produét'formalism-
for the symmetrf groups of‘non-rigid molecu;es'developed
byvthe present author. Severai éxambles are given to
illustrate thé,procéduresL -Appliéations té weakly bound
van der Waal coméléxes synthésizedfby supersonic beam |

expansion are also presented.



I. Introduction

The symmetry groups of non-rigid molecules contain permutation
and inversion operations (PI operations) induced by large amplitude
motions. This permutation-inversion group approach to describe the
gsymmetry of non-riéid molecules was essentially formulated by Longuet-

Higgins.l Since this formulation several other authors> ’ have developed
0-12

equivalent forﬁulations,, The present authorl has shown that the
symmetry gtdups of molecules which exhibit internal rotations can be
represented by wreath product groups or in genmeral, genefalized wreath
product‘groups; The Qymmetry groups of non-rigid molecﬁles have several
applications in chemical physics. A réview of these appiicationSvcén~
be found in the éuthor's'articlel3 and several other articles that appear
in Ref. 13.

The symﬁetry‘of permutation processes in non-rigid molecules can
be represeﬁted by associated diagrams known as isomerization graphs.

14,16 18,19

Randié, Randié and Klein17 and Balaban studied the symmetry

properties of these graphs. The symmetry groups of some of these graphs
the symmetry group of the

are wreath product groups. For example,/isomerization graph of propane

is a generalized wreath product group as shown by Randiél6 recently.

A computér.program to generate the symmetry elemenﬁs of these groups

will be of great use in understanding these permutational processes.

The number of symmetry elements qf non-rigid molecules increase in
an exponentiai order, exponent being the number of internal_roto;s in
the molecule. Even a simple non-rigid molecule like isobutane has
v162 symmetry elements. Therefore, it will be advantageous»to have a

computer'program that will generate the symmetry elements of non-rigid

moiecules. We develop a computer program which generates the symmetry



‘nuclear spin statistics,

elements of non-rigid molecules (with symmet;y groups that éan be
eﬁbedaed 1nto wreath products) from the symmetry_groupé of much smaller
orders. Fo;vexample, the symmetry group of isobutane can be generated
bfvthisvprograﬁ using tﬁe symmetfyfelements of C3v.g:oup. The wreath

product groups have several eiegant applications.to NMR spectroscopy,zo-_z2

23’24 symmetry of chemical graphs*.25 CI calcu-
lationszs{etc.- For these reasons we undertake the present investigation.
Section II describes the»basic élgorithm, computer programs and

111ust:a;ivé examples. Section IIi gives applications such as appli-

cation to symmetry groups of weakly bound van der Waal complexes generated

by'supersonic molecular beam expansidn.

I1. Computer Generation of the Symmétry.Eleﬁents of Non-rigid Molecules
A. Preliminafies and Definitions
Befo:e we consider coﬁputer algorithms we will first review
our formulation of the symmetry groups of non-rigid molecules as gen-

10,12 showed that

eralized wreath product groups. The présent author
the symmetry groups of non-rigid molecules éxhibiting internal rotation
ére expressible as ﬁreath pfodﬁct groups.

Consider ﬁhe nén-rigid hydrazine molecule. This molecule is non-
rigid in that aﬁ room temperature the protons of each nitrogen atom are
rapidl& permuted by a twisting operation. This non-rigid molecule can
be modeled by a particle-in-box model as shown in Figure 1. The pro-
tons attached to each nitrogen atom can be thought of as'particles in
a box. The particles in each box can be permuted by the twisting opera-
tion. The boxes can also be permuted as a consequeﬁce of the symmetry

of the rigid molecule. The resulting operations generated by switching

the particles and boxes are shown in Figure 1. Suppose G is the




permutation group of boxes and H is the permutation group of particles
in each box then the permutaﬁion group of all the particles and boxes:
is simply the wreath product of G and H, denoted as GtH]. It is.
formally defined as follows. Let Q be the set 2 = {1,2,...n}. Let
"G be a pe;mutation group acting on Q and let H be another éermutatipn

group. Then the wreath product G[H] is the set
{(g;w)vl m:Q + H, geG}

such that the product of two maps m and LPY @ + H is defined as

LA wz(i) - nl(i) ﬁz(i), ieQ,
and the product of (gl;wl) and (gz;nz) is defined as

(81;"1)(82;"2) = (glgz;"lﬂzgl)‘

The map =« is defined as follows:

Zgi

| -1
wzgl(i) - 1r2(g1 i), ieQ.

It can be shown that the above set forms a group and it is called the
wreath product of G and H. For the hydrazine moiecule G and H are both
the symmetric group S2 so that the permutation group of the non-rigid
molecule 1is SZ[SZ]' Several illustrativg examples of wreath product
10,12

groups can be found elsewhere.

Let Hi be the group defined as follows.

By = ((esm) | n(d) = B, § # 1}

where IH is the identity of H.  Note that H, is isomorphic to H. Let

i
G' be the group defined as follows.



G' = {(g;e')_ | _e'(j) - 1u ¥il.

Then thé wreath product of G[H] has the following permutation representation.  °

G[H] = (B % By xeoxB) G

where n = |Q|, the number of elements.in the set Q.
In this paper weﬁdevelbp computer pfograms which generate the
symﬁetry elements of non-rigid molecules using the wréath pr;ducﬁ formalism.
We will use the f0110wing‘notation for a perﬁutation. ‘Any permu- |
tation of n objects is charactefized by a 2xn matrix in which the first
row the elements 1,2,...n are in their natural position and the second
row contéins the-elements to which they are permuted. To illﬁstrate,

the permutation (123) takes the following form.

(123) : (i z2 3

37

An element i in the first row goes to the element P(i) in the second row.
We will use the right-to-left multiplication convention. For example,
the product of (123) and (12),13 shown below in this. convention.

1 2 3

1 2 3
(3 2 1)

1
G 3 7

2 3
(2

1 3"
For the sake of convenience we will omit the first row in which the
column.j is always j. For example, the permutation (123) can simply
be denoted as 231.
B. Algorithms

This section outlines the basic algorithms used to generate
tﬁe symﬁetry elements of non-rigid molecules. First we describe the
algorithm PROPER which generates the product of m permutations of the

same length n. Let {Pi } (3=1,m; i=1,n) be the set of m permutations

3



Algorithm Proper.

Initialise: N, o+ i, for i = 1,n.

r——> for § =1, m DO
—>for i =1, nDO

‘k*—Pij

+« N

94 * Pk

—> for 1 = 1, n DO

N

179

L
—_—

The final array (q i) (i=1,n) obtained after the execution of the algorithm
givés the permutation which is the product of m permut:étions in the

array ((Pi ».

3
We will now illustrate this algorithm with an example of product

of two permutations 231 and 213 used in an earlier exampie. Thus m and

n are 2 and 3 respectively. The array N is initialized to 123. With this

value the various steps of the algorithm are now executed.

Pl: ji=1
1=1+k=P, =2-q =N, =2
1=2 k=P, =3-q, =N =3
1=3 k=B =1-q =N =1 4
Np=ap=2-Ny=qy=3 - Ny=qy=l



P2: =2

i=1-k=P,=2+q =N, =3

12 2
i - 2 ¢+ k= P22 =1 . q, = Nl = 2
1=3-k=Pp=3raq3=N;=1
N, =3 N, =2 N, =1

1 2 3

' The final result is contained in the artay (q) which is 321. Thus the

" product of two permutations 231 and 213 is 321. 1In cycie notation this

corresponds to (123)(12)(3) = (13)(2).
Now we describe the'algorithm WREATH which generates the elements
of the symmetry group of the non-rigid molecule. Let G and H be the-

gfoups whose wreath product G[H] is unzfr consideration. Let G act on
‘ the

Q and H act on T. Let h,, and 843 bejpermutations of G and H. Let |s|

i3

denote the number of»elements in the set S. Let n be the total_number

' of nuclei in the molecule.

for k = 1, |G|, DO
> for j|o| = 1, Ial
- for j|@[-1 =1, |H|, DO

—pfor j1 = 1, |H|, DO

——> for § = 1, |2], DO
'*"""for i=1n

P, «1

L, 1

—— S _

—> for 2 = 1, n DO

| £« (2-1)/|T| +1
t« (f-1) T
ik « -t

P

g v B

1k, 4 T ©




Call PROPER

e—— 5> fori=1,n D0

P+ gy

P2+ 8

v

CALL PROPER

" PRINT (qi, i=1, n)

[
7

The array (qi) of length n printgd everf time is a permutation
in the symmetry group of the non-rigid golecule.

The two aigorithmé'described abpve,can be coded into Fortran. A
fortran program obtained thus is shown in Table I; This program
requires the elements of G' and H as input and it generates the ele-
mente of non-rigid moleéules. The program can handle both permutation
and permutation inversion operations. The program actually reads in
the elemeﬁts of G' (cf. sec DA) rather than G since this is mofe con-
venient. Névertheless, G' is isomorphic to G. Table II gives the
input description for this programQ'

We will now illustrate the use of this program with two examples.
First consider the non-rigid isobutane molecule. The symmetry group of
this Qolécule contains 162 operations. The input to generate the sym-
metry elements of this molecule is_shcwn.in Table iII. The output
corresponding to this input is shown in Table IV. Note that the tertiary
proton (10) is not permuted by any operation of the symmetry group of

the non-rigid. molecule. Hence it is omitted from the list.

]



I1TI. Applications
The programs described here have applicétions in several areas.
‘Firstly, of course,vip characterizing the symmetry of molecules exhibiting
large amplifude motions, this program yill be of potential use. This
program will be of further use in computer generation of the

character tables ogyzymmetry groups of non-figid molecules, their
projection operators, etc.

Topological representation of isomerization processes and the
elucidation of médes of rearrangements etc. are of greatvinterest to
several workers like Randié, Klein, Balaban ﬁnd the present author. The
computer programs develoﬁed here could be used 1in listing the sym-
metry elements of the associated chemical graph.

Finally, we give an application to molecular beam deflection experi-
ments of weakly béund van der Waal complexes. It is possible to generate
weakly bound complexes of molecules like NH

sonic jet expansion.27-29 Molecules created this way are non-rigid in

3° azo, C6H6’ etc. by a super-
that they exhibit rapid tunneling motio;s at room temperature since they
are very weakly bound polymers. It is important to knoﬁ the nature of
their symmetry groups in order to analyze their spectra etc. ' We will
use benzene dimer (C6H6)2 as an example to illustrate the use of our
program. Since the PI group of this molecule is a direct product of P
and 1 éroups we wili use our computer program to generate only the elements
of its permutation group. Table V shows the computer output for this
molecule.
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8JECK WREATH

12
" FTIN 4.8+523/065
Computer Program for the Symmetry Elements of Non-rigid Molecules

PROGRAM dREATH(INPUT.OUTPUT.TAPES’INPUT TAPE 6=QUTPUT)

INTEGER PGI10J3,+52),PHIL0+1001),P(1J0, lO)yIVV(lOO):PPRO(lOOO)pJL(

CoTITLE(10)
READ(5+80)(TITLE(I)s I=1,10)
80 FORMAT(1CA8)

WRITE(6,79)

79 FORMAT{1H1)

WRITE(6980)({TITLE(I) yI=1,10)
WRITE(6,81)

31 FORMAT(6Xy2NC2,4X ,2P1 OPERATIONs)
READ(5+990 IN, 43 D0M, MOOT, WODH 4336

30 - FGRMATI12J14) - e e e

READ( 5,301 (PGLI J)oltlvﬂlinloﬂOle
READ(5+92)(INV L)y I=1,M00G)
32 FORMAT(30AL)
READ(5990)((PH(!oJ’vl‘lv"O)Tle=lvHODHl
0C 700 tI=1,10

700 JLITT)=] : - - —_ e vt o e

DG 850 J'loﬂODOﬂ
8%0 JL{ J) aMCDOH

JLIO'JL(lO)iJL9'JL(9)SJL8=JL(8)SJL?‘JL(?)$JL6=JL(6)SJL5=JL(S)

JL4'JL(6)SJL38JL(3)SJL28JLIZ)SJLI*JLll)
IND=Q
00 200 K=1,yM306

00 140C J410=L,J4L10
DO 100 J9=1,4L9

0C 100 J8=1,JL8

DO 100 J7=1,4L7

00 100 J6=1,JL6

00 100 JS5=1,JL5- —

DO 100 Jam1,JL 4
00 100 J3=1,JL3 S e
00 100 J2=1,J4L2
00 100 J1=1,JL1
00 800 J=1,MCDCM
DO 800 I=1,N Cm e s —— .
302 Plled)=l
D0 S50 II=1,N
IFACT= ([ 1-1)/M00T+]
1T= (1 FACT~1)*MOOT
IK=I1-1T

"GO TO(21922923924v25926027+28+29+30)IFACT

21 PUITIFACT)=PH(IK,JL)+IT
GO 10 S0

22 PUIIoIFACT)=PH{IK9J2)+IT
GO TO SO

23 PUIly IFACT )aPHL IKsJ3)+IT

GG TG SO e e et e

24 P(IL, lFACTlaPH(lKoJQlOIT
GC T4 50

25 CPUILZIFACTI=PHIIK yJS)I¢L T

GO TO 50
25 PUILWIFACT)=PH(IKsJ6) 1T
GO T3 S9
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PRI;AM WREATH 76776 CPT=l Table I (cont'd) FTN 4.8+508. .

27 PUILy IFACT )=PHIIKy JT b#1F- - —-——

GO TO 50

23 'P(llvlFACY)tPH!!KvJG)*IY
o G0 TC S0

60 29 PUILy IFACT)=PH{IKsJSI+IT
g - G6C TQ 50

30 PLELIFACTI=PH{IK,JL0)+ET- , ' e e
50  CONTINUE -
| | CALL PROPER (P, N, HODGH, PPRO)
65 DO 250 TI=1,N
- | C PULI,1)=PPROIIT)
250 PUIL142)=PG(LI,K) ' |
CALL PROPER(P Ng29PPROD - - === o o
IND=1ND+1
0 WRITE{6,93)IND o INVIK) ¢ (PPRO(EI) yT11=L yN)
73 FGRVAT (2X, 162X, AL, 2014)
100 CONTINUE
200 CONT INVE

- sTOP - - ———
75 END - ' - :
$SJBRJIJT I 4E PROPER 76/76 0PT=l - FIN 4.8+508/04%

1 ‘JECK PRGPER -
S : SUBROUT INE PRJPER(P’NvJKoPPRO)
INTEGER PllOOle)'FPRO(IOOODvNPR041030)
' 00 SO l'loN
0G 200 J=1,JK :
- DO 100 I=lyN - - — - ——————
100 PPRO(I)=NPRUIP(L4J))
00 150 IsleN

‘10 153 NPRO(I)=PPRO(L) .
200 CGONTINUE e et e e
RETURN .
END - : e
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Table II. Input Description for the Program Wreath Which Generates
the Symmetry Elements of Non-rigid Molecule

Card Formag Vazgzgies Déscription
1 10A8 Tifle Alphanuméric title
2 2014 N Total number of Nuclei
MODOM lal
MODT It
MODH |8}
MODG |6}
3* 2014 PG(i,J)_ Permutations of the group G'
J-1,|G|-,
I=1,N
4 80A1 mNV(I), Inversion variable. If the ith
. operation in G is a pure permu-~
I=1, tation INV(i) = blank. If it
is a permutation-inversion
|G| operation INV(i) = *
5 2014 PH(I,J); ~ Permutations of.the group H
J=1,|H]|,
~ I=1,MODT

The elements of G and H may need more than one card, depending
~on the number of elements in them.



Table III. Input'fbr_Génerating the SymmetryvEléments of'Non-rig1d

Isobutane

Card
1 Symmetry Elemeﬁts of-Nqnfrigid Isobu;age
2 ,9 3 3 3vv6‘_
3 123456 8 9 456780912378
4 9 1 2 3 4 5 7 9 8 4 6 51 3 2 1 3 2 7
5 | 9 8 4 6 S5 4 5 bl. 3 6 7 9  8 |
6 B ¥ ¥ * x 2l
N
7 12323 12

¥ ¥ denotes blank.

15
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SYMMETRY ELEN-NTS UF -p GROUP oF BENZENE D IMER - Table V 19

- NO Pl QPSRATICN. :
_ RPN - VR Y, WSS W WA, - OO

1 I 2 3 & S5 & -1 -8
2 - 2 3 4 S 6 1 1 8 9 10 11 12
3 3 & 5 6 1 2 1 8 9 12 11 12
. 4 5 &6 1 2 3 1 8 9 10 .11 12
s 5 6 1 2 3 4 7 8 9 10 it 12
6 6 L 2 3 4 5 1 8 9 10 11 12
7 2 - t—6 5 —4—3—F—8—9—10—H—12
8 4 3 2 1 6 °S 7 8 9 10 11 12
9 6 5 4 3 2 1 -1 8 -9 10 11 12
10 1 3 2 &4 6 S 7 8 9 10 i1 12
i1 3 2 1 6 S5 4 T 8 9 12 11 12 .
12 s 4 3 2 1 & 1 8 9 10 11 12
13 1 2 3 4 S & 8 -9 10 it 12 T -
14 2 3 4 5 6 1 8 9 12 11 12 7
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Figure Caption

Figure 1. Particle-in-box model for hydraziné. The permutation
group of the non-rigid molecule is a wreath product of the
permutation group of boxes (SZ)'with the permutation group

of particles in a boxv(sz).
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