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. ,1A.oarr~~ :a.naR: 1.R.iddell. :ir.< ' 
'." '. '. '. , . .... .' . ' . .. " . ~. 

Uaiv$t'sltYQf. ,CSlU~;,.Ja .Radlatlon Labor.at~~"" 
). .' .,~·l', :8.tirkeley.Catt(o~:la.' '.' . 

" " .. ~ ." 

.' ~ '. . 

\ } ~ , " : > " f~ '; • I" , • " • 

. :' The :poSBlbiHty ~f a.ccelerating iOlla ttl an axial 'de mag
'Aetle lield by mean. Of a comparativel y 8~all ac component 

.;,.' ane~$.titisat .. th.Jon,8YI'.otteqli1ebc.,>is4iaC'U'iJ~d ftoroa sin .. 
': .• ~e~parti~le ~n<lpQta'.:T:hematvl~UQIlpat~icle~C)tt~n$ are' 
.; , 'd~e*ri\)ed.,:an<lestimates'rnadel.b't ,ttie'~dlyid\ltU' field a and 

.~~eeq1i~~"ii..ni~tt~1l8':on.deri.ttYi· .' . '~'. 

,.,<' ~: . :"<IN~QD1i(;~lON, .. ...... 

., ". 

. . ':!'/:""'At, the ~'Ptiu¢,~t~tri~eting ·,~epc.s.ibUity '~i$"di$cI18$¢d,~f 'ace a1'" . 
<·eratiDg;thet.~~ itl"a,'plaliin& tootat~~ctby, ~nui~ly ~Syinm,~~-ie ~on8it~~ 

. ' 
" 

/""' '. 
.' 

,. dt.,.l 'magD~tlc·!.4eI4·by. p'le~8of.an ·a.zbl'r\itbale.ect~r~c field alternating ,.:~: :, 
.,a:~ the:tyc1.c)~ton£l'equen~t 01 me i'0118 ·tn,t~e·.ta..ic ti.ld.~·We ~tlii'le, '. ... ... 

, " ,~:h,re.e' ¢<mtluSiqrif"we·ba.e.,.reaC'hed idnce,'th~.~' ':$~qhan aceleetric'" 
'.' , .', ,.' '.;·;·.:ll~ld:~y'ije. t>rovi~~4 bya.att~ftlating . c~r1"~.t,·" 't:l0ijs •. ¢oft~entl"ic with . 
-:',,' ' .. '~"8e' pi."Qvt4t11g ~e de (h~ld •. As· ""e"Will :see.'·such a' .£1.,_4' wo\&ldac.cel .. 

"" .. ':(~; e~~~~ 'i,ndlVidualp.rti!=l,s.The ,quesdon iswhethe~. Jnaplasrna •. such, 
", a field WUlp~neti"ate .. tmough' to· ca\l~e. the a.(fee1~i'~tlOi·.::,,:Qurapproach. 
,'/le ,t(f,ass~.>that·lt,Wi11 :pE;n,trate.thellto:calcti&laletbepa~ltcle motiqnc; ., 

:', iQ<tba~:(l~ld~. 'Know\ng tb.e~ 1tehaviot . ol.ttiepatticles.(;n~the1l, calcw.te~ .-.: ......• 
"":'. tbe t.elfl'e:tftdtic~d~-r·~e :JI'~su1taatcJi~l'g~'andcllr:r~nt'·'deDstti~s •. At,:,' ';' '.~ .: .' 

•. ··,d •• i_tee tor. ~ichtb:ea.e, induced :fielda a.rE(ami11.comp~~ed wit" the:,; ':,> "C·' .... 

:~:",'$jte~at(ieldts~'oae;l& in(:Unecltobe1\ti)~~ tll't~e'.acc,ele,"at1Otl will pce~r':'~' " 
.', '7.8 p:rEfdtc:~ed."At.high¢t :deQsities. f~, ·\tIhl(:b;.th~':i.t1dUc~d'leld s()'ea1e,,~,.;: ' . 
·/;"l~t·e~}slargertha.n.the ~pplt~d .£ield. ()tu~ 6uggest.:~a.tit. !till not-..;a;t· : ,j: . 

.' ,':(;.:' l~~~~:t,():euc~ah~ghdegreei.. Thu6 jVle regatd .the ,caJ.c:UlatiGl)B. outlitled' 
/·/:9e,~o\7l/a;.~ete~tnbll11g :rougbly tbecbmsltYatwht.ch d,ite~t ~oupUng~e . .;;: :,,' :~.~';'. \. ,,' ': 
, . tween ,the exteraal field. aael ·the ions is brokcQ. . "';,' ,'J ,:.' '. , 

, " } I- , '. • '; ~ • , ' _ .. .,.. r '1 
'.) . ~ . 
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'" ',oj . ,. 

.. , .' ' V!-e 'cons~de~tli~ olobUs of thei01le in cotribined de. and 'r! axial 
. >: 'magftet~c fielda. 'wlier:eit'l th~;azilJ:luthal electric field associated,with 

·.the latteraccel.rgtes.t1te. ie8., To simplify tbeana1:yeia vre specialize 
to the case in which both magne,tic -fieldsa-elmUorma.n.d purely waL 
Then ·the nonvailbiMng' fi.ld.compo:nents may be taken, to be 

,'" ; . 

..... : " 

, We descrlb~ the ~otion ·in ~e transverse·x-yplane by a'·comple~ tiumb~r 
. . .,;' .' . ," . . . 

W :·.X + iy , 
.. , .' ..).' ... " , 

and, further, intl"od,uce, 
, '.~.~ :'" 

.' " :.', ~O· .. 
. . Wo :: ~ ,,',. ==. ~ • 

, ~ , • . . I ~ 

CAl . 

. -2.:: 1'+' .... -. .{,t). ' . ', .• 

, . ," ..' ':)... '. '~ ...,' 

We' a.8Su.me that botb. 0.' .and- ·".31'.e much le~8 than one. ,Then the equation 
.. ~i D;lotloti ill thetta:n8ve·iee<plane·le. to the fir.at order 'ill;G and ,'it . . . . . '.' ' 

. .', il.w '~" . '. , ' ," dw '1 " . . 
- :-T ,-:._~" + 'l + Go C$8 ~) aT + z ~ ~ sin .,. w = 0 • 
d~'" . 

. " 

_S~(;e ,this .ls~n equatiOn, With peri~dic"' eoe~l(:ients. we .may apply .Floquet 
~eo~Y .• :,and aD-El £ind,e.that·th~ 'eoluUon·fJ ~ay,be wrltt,en'as follow,', tO'the - '" 
tir.storder in " ·and '1:, . " .' '. . . 

", '. ".' ,'" " .'-. 

.~." .,' 

.. ' 
, , 

," .~. . ~ '. : ~ .. ', ~ 

.' ,': -. . ~ . b'o. i,. ·.w·=a+ e ., 

. __ &.~:1,,2~ .. o.214·~~ .. -~:::.~)26: .. ::'rt'd<'1./6·'~'~J··+.)..Z·. .~ =} 6(" 0."0)' 

., .. ·~Tl = e~~c~8x"~11'81" x)a(~o. -lnin XbCTQI} • 

. , bC. T) ~ ei"" .• fs' "a(,:o~:+{ C~.X + lji sin x)!>i.: Ii ~ •. 
~. ,2 Ial l ' '1- IZ· . , ' . 
. ~O. c. '.'~ 1:)[" =c~etant ~ . 

..... 'The ion movesJn a'clrcte. ot~adiu6Iblcentered.a.t a tFig. 1). Both 
a~d bchanse . .ve~.,:elowly;~pmp.ared wi~ the 'motioll of the particle-in 
.its .c:il"cle,aaa l'el!nllt o.t th~,81-ow ;:e variatiol),: and th'e~J;' valae at1 depends. 
lineal"ly on thewyalue at :"0" the cQeHic'iente, ¢iependtulJ: Qnly' on tbeelapsed . 
tbn~.:r.'''' "0' (see F~g. ~) ...... 

. . . ~. . 
.: 

,-
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, .', ",Suppose, ill, 'e iont;tart$',£~f)~ resti,tT = "'0.80 ~i 1a('Toll ~ rot , 
,bt T '0) = ,0. Then the \1e1o~~ty' v(,,,) = tbe ',(,r,)." aothat, the energy is ' 

, 1 Z " 2, ' 1.', 2 2.' Z, Z' 6' 
E, t:I t. mCi)b::! m~ rOX sin ! (-r - "'0' • 

': 

nltll< \a./zt. 6 ~.).ma:ginary. ' andtlie ·pa. .. tl¢let'8o~bit ,:ra4iu;s, ~d ene'rgy 
. wilt'incl'ease iudefinitelY'untU it strike. the wall of the' e:ontaineJt and 

':: lS:loSt. To prevent 'such 'i()sa itlsnee'essary t.o keep l"'I>la./~ eo 6 is 
, ~~a.l. In this .,caaeJbI=.)\ (tin '~'. "JO", Afidthe .'(:i~,cw.ar ,o,rbi~; .~el1s and 

sbrihka -sinusoldally,with.· a per,i.odof 1/& cr.f cycles;; One gets the greatest 
acceleration when 6 is' very: .man. but~t takes ~onger to reach the p~ak " 
energy (see FiS.~). ' .. , ' 

, IONIC CHA1\GE. -CURRENT. AND INDUCED FIELD 
" ,- . .'.,' .;,' . -'- - -

,," rite suppose' that sG?me'titne ~tet't1ie ~I. J.$ tUrned on'~eq\1Uibriu.~ 
, iseetablished ~' which ~()ld 'ions, a~e contmuodely bemg formed, then 
pic~e<i Q-p -by ·the rfj, l1nderg~ga good trian.y,a~celera~ion cycles, and 
eventually lost by cha.rge:e~hange o~ 4c:att-ermg. Weas,eume that the 

, t;oldions, areiorme(i ,randti.mly "nspac$ anCitime within thetul;»e with' 
. d~l1sity.'n • Sin,ce we know thei~ positt-onat time;- In ~er~8()f their' 
~tartiagt~D,'l'e, 'TO 'andpoSitiot:i~'YI 0' we'~an fiftd,~ei~ d.en~itya.t positiou 
VI and_ 'time if by SUitable integrations pvertheli' b:dt:~ distribution a~d 
~ta.~t~ng .time "'0 •. Let nc~w,: ¢,- 'To) be the deh8~tYo!p'a~ic~e6,. atpoaition ' 
wland'hrne 'T'tllElt star~edft,o:m test, at "0., ' .The calcul:ation l~ briefly , 

, . :B\lmmarize~ ~y thefoUowtng' equatlOlls: . ~, , ' , '.' ' , . . . ,.- ' '.. . 

,'wt·.,. j' , 'TO): 'ft.,.. ,"'O:.w(.,. 0) ; 

,- ',' t' ',., ' . ",' . , 1" 6' " '" 
", it:". "0) = ,e' .tm, R~O$ X' ~ ,'" *in x) + ,i·~ 'sin"x e ~]';g == Z (T':' "'0) ; 

.-' .' '. '. •• • ,,J • 

, . 

:\. ·,'n(w. <If', 'to)dZw,: 'n(~Q' "o"~O)dZwo" " '(CQlle~rv"iO~,()~ p~rttcles) 
" , 

p. / 

= no~~\v~' .. ',', 
. ' 

. , " . 

, . 
. ,\ ,'. 

r , 

'. " ":. ,.' 

n(w, ;i=Dot l:,t(~~t:)~,,(W'T;=+UW~("- }.cos Trl) . 
.' .. .-. "., , -

. -;" 

" , 
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",' . 
" 
"'~ . " ,,': Ac~",l1y a further' complication is caused by the fact that we want to 

'exclude- J'reom n(w. t}the: contJ;'lbution of particles that at some t1Jne· " 
~' '~':, ';" :'!NUI Jltt'ike ~e wan. Thb' is taken into aCCO'\U1t by ,excluding certain 

"'" 'val~~e.·of;'O' from,th'e'above integra.tlcm. " " 
, " 

, .~' , . 
, . 

) .. 

;' ,: The density n( w. it) "0 obtained ,t~ shown ill "rig • 3, where n is 
, "plotted agains~ r t: IWI~ fQ~ variou8 values of 'T • One sees ,that the posiUve 

'.' :'.c:barge distribution is f'luetuatingin '8 complicated way wlth'the rf.The 
, . 'na~ure ()f the fluctuation t .. ;that of a scale tratisformationjspedncaUy. 

- ,;. .n, is a fUD~t-ion only of. r 2 /().L," A co. '1"). ' A consequeuce is that t;!te toW 
" '·charge within atl<v. circle 'Whose radius fluctuates acc~rding to r /( ... - ~ cos 'If) = 

"", eOD8t~ t8c.onata~t:in time, that is •. the charge tlp~~t •• ft The, curves, , 
. " ~ , 'shown ~re (o",theease)..c ;4/1.& ~. '1. all<i (,)0 >tD. U'(j)o"<~ there 1s a' 

, :pha.e cbange of ,~~O'OtD .~he be~avlor o~ n. "," ' 

," 
, .. 

. ~ ~' . '.~ 

;', .:. 

: .' .. 

", 

,.....:. :' .In,~ eimilar way'~fle inay calculate 'the ionic ·current density. and 
',iroJD ,this tbernagnetic field thereby lnduced. This fi~d has the form " 

, Z 
,. '''eCl.:l& D' 

'Hind.: " " . 0 h(r. 'T) • ' 
z c 

.. " ·tur~ee of h va l' f~r 'vat-tc)tLa "'8 are shown in, Fig. 4.·TJds induced field 
:' 'has an inpbase c'o~p011etlt oppo~ed to the applied lield. 'therefore one 

" : . 'expects that it will stop the acceleratiQll "hen .it is comparable With the 
":applied field, that is, when we have .. 

, ,- Z,' 
.. 1fec;m n 

" 0 -1 . 
, .• 'cOJlc " " 

" ' 

:" u ,0 = H, . /H ,,- 1% .. , a - .10 em, ,thie gives a limiting density of about 
JO.1Z pa~itle~'cmJ.· Thi:e densUy Umitation .maybe expressed in terms 

'- '~of'~ ,as ' ' ' 

:. " .', 
'noEav ._.1 Hrf 

'Il:; .. 2 '. <J it:":" • 
, " . ',. , a laft, ',-dc, 

", , .J' 
ELECTllOmc MOTION 

, , Besides the llmitatioD bnpoeed on denaitY by the ioUic diamagnetism, 
", we have also to cc:>nsider the effect. of possible charge separation at:ld 
'eleCtronic currents. First of all we observe tbat the direct response of 
the ele~trons to the external field i. comparatively unbnportant. For 
the tf is 80 slow eompared to the electronts cyclotron £requ,ency that for 
theJ1:) the adiabatic approximation, is good. Thus we may conclude that 
the e1ectront s transverse energy will always be proportional to the mag .. 
netic: field. which only fluctuates by a few percent. Hence originally 
thermal electrons canno. be accelerated by the applied field. Also the 
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electrODs cannot cross thefie14litl~s. 80 that they cannot directly fOllow 
,the ion8. If some other mea.ns {a Dot avaUable f.or the electron. to fo1 .. 
low the fluctuations in positlv~(:ba.rge .clenaity, large cha.rge separations 

" and enormous electric llelda (c:;i~able of stopping the ionic' acceleratiOn, 
,will ensue. ,.' . 

. A 'possible mechanism ,for charge neutralization conebts of axial ' 
electronic !=urrent.eto anairom metal plates: The electrons would fiow . 

. out of the .plasma to. the plates at 'radU whereth~ poaltive ~eneity ie de- I 

. 'ci'ea.tilg,' througll the plate •• and. back irom the plat.ee int~ the plasma, .' 
'at .. :raclit where the postt'ive cba.rg~, ia increa.lng~, 

, " 

.... :.F_~ We have attemp~ed an approxi~ate' treatment of "uch a me~~ism 
8sfollowa. We assume, fir at. thatthe.poeUlve charge di,stributien ie 
~nown to, be that jut' described.. Next. as a firstl).pproximatio1l. 'we 
a.88ume that the electron ,derl.,ity ,le 'exac~y the ,same a.the ionic .. -ther.e 
1", no charge 8eparation~ 'ysinS' the equat~on of continuity. we can ea.aUy. 
deduce the ada1 :elec,ttontc ,'v~10eitiea and cUI'rent. ,that wUl make thh 

" so. U we know the axial electron velocity we a180know the a.xial electric' 
. field th'at will accel.erfl.te~theel~ctrOtl8 to thie velocity. We can ~en add 

'. 'otller fleld componentettl such ,a: Way as to sadafy ,Ma"weU~,s equations. 

, . TO'Simplll~theanal;fii~ ~e i-epla~ed thec~arge dietri~Ut1on shoWn 
previo,:\sly l)y're~la~in8' ,tha.tpat;'t.',~f ,n that varies withr by' a con,Stant. ," 
but keeping ~e inner (-conatant) deneity, th~ boundarleQ. Qf the two regions, 

, a~d the total charge witbtn ·them .unchanged. 'l'heresultant £leld. are . 
• '. .' • • I " 

" .,' , i '3 2 

z~eno'w.':~'.:~'J:.':';" ' .. ' ,~, 1 ~ .),', r3'~;3~a2'/' '., 
H " &II " ~ .t ~,." ui ~:;;: ~ £ ~ - ......." y .. ,,! ~'l." ..... r a . 

{J _.. c,' :.1 :~~"<."" ,'., • '.~ -'"", ..,0 
,"I~ . ,( '" <.' '" T '.- 1:1:'·.:~· 

" I )'. '(.,. .... "'~c .. l,. ~ #' ~I ~,,',C "'" ,'., . 
. .... ' ~ t • • 1 

.Z· .." ' 
" ./ ~ ",:E = ... mfoO "-, cos .' ., Z 

, z eE'·' 

,r 

. ~=&1' ... '''';coeT., ' , 

, ,,:: Bytatdngdiv r o~e '~ay. Ob~i~' ~~., ·c:~a~~e'·fJ,~para.U011~ Sinc~ for' cas(!s' ., 
'of interest thi. turns Qut.~o be :very ,fiJmallcompal"ed With n itself, we 

," believe tile above' fields ,g~ve'~a correct Qrtfer-of..;tnagcitfi4e estimate of " 
, the fields induced by charge ~~.,aratl<m and electrpnlc .cu;rrenUi. The ' 
,e.~-ectric field 8oC)btainedia comparable to the appUed one at densitiea". 
, o"fthe .order of lC,) ll/~M~. 80 tbat,U one is 'conservattveon.e should regard 
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\ . " ~ . , 
, . 

. .. ' '. "th~s as the ltmitiu'g de~8ity for, pehetration.. However, since it appears I' 

, . , :< ,that the phase relationships .are 8uch 'as to make tIlis field aid the ionic·" . 
" ,j '. " " . ':~c.cele.ration:. it may be'"that the ionic 'diari'Ja·gnetbtnpreviou.elY d~sc~ibecf .', . 

;,' i~~eon1ymechaniBmtllat pr,evefi~' .acceleration. . '. , . ,.,' 
• ',' I' ...: • • ~ .' ~. • "~'.', • • • 

• ,". < 
. '. "NONUNIFoRM FIELDS .' 

. ~ '" _,' ' /,' • '. ; .; . ." i 
~ . ; . 

. " :',. ", .::., '. ", ,We' have d~e 'c'~'rtatn <;'alculatious with'.~ia:llY" ~~metri<: nonu~i£o~m. :' 
...... ~ ,. lie148 ,in order ~o get a.~'ldea of the el;'tent to which the .general nature' o·~ :. f 

. . l·· .. 

.:. 

"'" 

('.' 

.~ , 

, " 

1..;."', , 
" [ "~,' 

" , 

'\. 

'. '. ',t11e.t~s~t~.previ.o'~e~ydesc.ribt:d might be altered for tb~e re~son.·' .. ' 

.. " . .':" ,:.". ;·:':,We ~onSi~~~:~~~the·'d~~~r~l'e8'f.~'(;m ~a~es~~£ ~:'ltehl't'o be·8m~fl.,··.:·:· 
,,' . , . ..; and then derived. 'equatiOns for 'the . radius. o£curvatur~' b' and·the certte'r ...... . 
. . .. ' '. o~,the 'orbit,- a.. $uppose ,ib~tthe field is ,a.er.t.v~c{ from a 'vector potential! _ . 

; .. 

~'. . " 
. : :r'(IO 1.': ." -::, . :' . '.. . . ,;' 

A(J =;. 1-10 ~.:~:(:~ii +~Ji.co·s :r),C08' .~a·ll(nl?~ - ...... 
. -" ;', ~. 

.. 'z' , ' . 
EPn = ~ t. ..~. J'u':: :~.Eln ::' V .~. p~:y«l, 

~ ..... ',' 

. ~':' " ':':, '.:::: ~nd thell define . 
. ." 

',': 
" , 

\' ..... , 
. . '.' .'Z ,. .: '.. Z ' .: , • 
us .Ibl .' ':. 'V!E 'l?-I" t, It;~' if~ *b .. ab*, ' .. ' y :: a *b + ab • 

.~. ::' a + bet.,. and" ~ '5~l1)e iT., It follows tha:t 
. ~ .'. " "l" • ~'. . 

.f . 'Z 2, . ' 
. 'x + y, =:4uv • ..... , . ',. 

l'be~~the eqll.atiotl.~ of,m~tion are approXimately' 
',' .,' , , 

-- . 
,:U~~~~X.+·f3ZZUt . v= =r',x. ~zzy,~ . ~ = .. t(u + v) .. [fl, ~ ~ (z2_ u .. ivny·.· 

, ',' 

, . 
.". . . ". '. '. 

'. '. . For motion i~the ~edlan plane.wehavez.:: z = O. and by elimination' 
one obtains ' 

. i :: v .. ~ :: const. 
:,' . 

, 
,E:: U +, "J • 

.,... -;w4 

., 
.\ 

, " 

.- .:: . 

':,' 
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:' IE" we regard the energy t as acoordmate. we eee~hat it moveS in a ' 
,quartic, potential given by the integral' of the R.. H.S. Since for large 

." enough E the potentiai becomes arbitraTily large and positlv~. E is, ' 
" ,al'lriaI~ bound-edt and 'there are no indefinitely runaway solutions such 
" a~ we touud could e~ist in the' flat-field case. The ~nergy in all cases 
wUl oscUlate ,between. ~~erta.in limit,. i.mposed by the in:itild -conditions .• 
Thus .the genera.l behavior of the pa-rtic:lee is not radically different . 
~~om tbe fiat-~ield casefotinedy 4escribed. " 

"" , 

I.' 
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CAPTIONS FOlt FIGURES 

.. ' ... Fig. 1 •. An orbit lot 8rtl.tll x,' when ,particle is stUl in phase wi.th the 
d. At T = 2.70° th.eelectl'tc field is counterclockwise, and to be 
accelerated the particle must be at the outward point of its orbit •. 

·,Fig. 2.. A sequence of orbits for a particle during an,acceleration . 
. ·fy~le •. The particle starts at rerstat time x = ~/1.) 6("1"" "'0) = 0, 

a.t the painton tl),e borizontal axis labeled x = 0 • The dots sbow 
the position ot the patticle in its orbi.t when the. rf pha.se angle T :;: '0 , . 
(s~ that E9 =0). Thec;irc:1es.8how theorbit8 of the same particle' 
for .ubsequent :values of x. ' The largest orbit is 90° out of phase 
with the rf (cf Fig. '1,. , . 

Fig. 3. Positive-ion density as&' fuction of radius r from the axis. 
Als the tube radius. 'Each curve is for a different tf phaSE! angle 
'1'. The poeitive·ion density pants with the rf. 

Fig. 4. Curves showing the variation of the axial magnetic field lnduced 
by ionic CUl"-rents with~ad~Q6 and rf phase angle T. . 

" 
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