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A. Garren andR J. Riddeu, Jr, PR

Wnivers%ty of Califoruia Eadiation Laboratory
e Berkeley. Gahfomia S

: ‘The po uibii;ty o£ acceleratiug iona ia an amal dc mag- .
atic field by means of a comparatively small ac componént
a!temating at the fon gyrofrequency is ﬂismased from a sin- . -
xglevparticle standpbint. The individw-w ticle motions are - .
© . described, and estimates made for the. v.dua.l fielda and IR
coneaquen 8 1imitationa on denaity.; s '

m'mo DUCTXGW

S At the Princeton meetmg tbe pessibility was discussed oi acceb '
erating the ions it a plasma contained by an axially symmetric longitus 00
* dinal maguetic fleld by means of an szimuthal electric field alternating . -~ "

-.at the cyclotron fregucncy of the ions in the static field.. We outline . o ,
here the conclusionis we have reached since then. Such an ac electric ™ Lo

field may be provided by an alternating current in coils éoncentric with

thode providing the dc field. = As we will ‘see, such a ﬁeld would accels .

é¥ate individual particles. “The question is’ whether, in a plasma, such =~

a field wdll penetrate enough to cause the acceleration. ., Our approach
is t ‘assnme that it. will penetrate, - then to ‘caleulate the particle motions
in teld. . Knowing the behavior of the particles, one then calculates .
eldg! ‘induced by thé resultant charge and current densities. At .-
ties for which theee mduced £1elds a.re aman comparéd with thé

v At higher denaitiee. far wmch th,_n induced field g6 calcuw-
d isv larger than the applied field, one suggest: fhat it will not--at

to such a high degree. Thus we regard the daleculations, outlined
elow; as determining roughly the density at w’hich direct ceupling ’be~
tween the external ﬁeld and the fons ia broken. R L T i
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IGN!C ORBITS

We co:xsider the orbits of the ionsg in combined de and rf axia.l

Co :*ma.gnetic fielda, wherein the azimuthal electric field associated with

- the latter accelérates the ions. To simplify the analysis we specialize
to the case in which both magnétic fields e uniform and purely a.xxal N
T‘nen t‘ne nonvanishing field components may be taken to be _

: | - . A o.mH
’ H f= ~Ho(l +ocoa uit). , EG= '“T"'r aiﬁmt.

- we describe the motion in the tranaVerse Ky plane by a complex niumber
B _ ‘ "“W x+iy,, ' ~
. and, farther, h”,'t,.qam q' L A

o 'H“‘ TEwt, el n

_ We' a.esume that both a and ) are much less than one, 'Phen the equation
- of motion in the tramsveroe plane ie. to the first order in. @ and 1,

X

g—-‘i-v"iﬂ+q+ncoav')a— -iiosin-rw 0. '

Stnce this is an equatiOn with periodic coeﬁﬁcients. we may apply FIOquet
. “theory, and oné¢ finds. that the. solutions may be written as follows. to the
g first order in a and ﬁz : o '

| w-a‘!-beiA,

4/26 *‘i“"”%"

a('r) =@ ux (cos x iy. gin x)a(vo) - ik ein xb(-ro)}
b('r) == eﬂ“‘%x sin x a('ra) + (cos x + w. sin x) btﬁ)& |
whenee - : | la]z l’blz & conetam . -

'I‘he ion moves. in a cir.’olo o£ radiuslbiceotered at a (Fig. 1). Both

- a aod b change very slowly compared with the motion of thé particle in
"7 its circle.as a result of the-slow % variation, and their value at 7 depends.

linea.rly on their value at. "O' the coefficie’nte depending only on the elapsed
: time 'r - r (See Fig l) ) , ) .

© éZ't‘ .
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© Wy abd time 7 at started from
--'.,sammarimed by the follc)wing equations.
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_Suppose the o starts: £rom rest g,t T = 60 that a7, )| oo .

A ,b(-rﬁ) =0. Then the velocity v(7) = fbe! 80 that the energy is

E %mw b _%mwzroz 2 sin 2—(7 - 'ro)

‘ Ifml'ila/ll. 3 is; imaginary. ‘and’ the particle’a urbit radius a.nd energy
- will increase indeﬁnitely until it strikes the wall of the container and
. ielodt, To prevent suchloss it is necessary to keep |n|>a/2, eo 6 is
. - real, In this.case.lbl= X #in x « r,, and the circular orbit swells and
' shrinks sinusoidally, with a period of 1/6'rf cycles. One gets the greatest

acceleration when § is very uman but- it takes hmger to reach the peak -
energy(aeeFig. Z). oy -

IONIC CHARGE. GURRENT. AND INDU CED F {ELD

We guppose: that sometime after the rf is tm'ned on’an equﬂibrium -

is estabhshed {n which cold ions are continuously being formed, then
- ‘picked up by the rf;, undergoing a go6d many acceleration cycles, and

eveatually lost by charge exch&nge or scattering, We assume that the

_cold ions are formed randomly in space and time within the tube with'
_density n,. Since we kiow their position at tithe 7 'in terms of their
starting t me v, and position w,, we can find their density at position

w and time T by suifahle integrationes over their initial distribution and
starting time 7,. " Let n{w,. 7, 7,) be the density of patticlee at position -
Q-est at 74. . The ca.lculation is brieﬂy

w('r. 'rol = f('r, Tolw('ro) I

f(‘r, 1-0) = e Px {(cea X - ip, ain x) + ik eln ® ei'r] x== -Zq('ré ?’6)";

n(w. T, "i'o.)d ',wﬁ;‘; n(yé. ff'ct.“ "e‘;'-{d)’dwo' - f(ﬂﬁangqr‘v@t;iénzof ;';a_.:tiqles)

A : . AU '
- ontw, T)= 'ngé f ——-—-—-—z-:gn(w. _'r”) q:(]wlz(p. A Cos -r) )

T lﬁ"’o "'0"

. ‘3- ' L
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Actuany a further comphcation is caused by the fact that we want to ..
S .. exclude from a{w, T) the contribution of particles that at some time:
J e o7 owill stedke the wall. This is taken into account by excluding certain
AT valnee of. "0 from the- above integration. : S .

“The density n{w, 'r) go obtained ‘is shown ia Fig. 3, where n is
plotted against ¢ = |wl, for various values of 7. One sees that the positive
charge distribution is fluctuating in-a complicated way with the rf. The
.‘nature of the fluctuation s that of a scale transformation; ‘specifically,

~# is a function only of: rz/(p A cos 7). - A consequence is that the total
charge within any c¢ircle whose radius fluctuates according to r*/{p - & cos 10)
const, is constant in time, that is, the charge "pants." The.curves.

"ghown are for-the case A=.a/26 =1, and w wg >, If vy.< w there is a’
phaie change of 180‘9 in the hehavxor ofn, - ‘ :

In a similar way One may ca.lcula.te the ionic current denaity. and
from this the magnetic field thereby induced. This field has the form ,

T 2
i'nd. ‘dedd o

Hz 'g_A

°h(r. 'r) - .

Curves of B va r for various 7's aré shown in Fig. 4. 'This induced field"
- .‘has an inphase component oppoded to the applied field, therefore one
o - expects that it wiil stop the acceleration when it is comparable with the
’ v_"f: applied field. that is, when we have
~ veo;;zno

c - ~1.

"'"fj n a -' l%, ~ 10 ¢m, this gives a limiting denaity of about
R 1012 part’igleé’fcm :{"hia denslty limitation may be expressed in terms

of B as -
e  -p =‘9°‘E““’l“2" Hﬁ—-"f :
e .. -r“'H /8 'Q,;dc .

ELECTRON!C MO TION

Besides the limttation impoaed on density by the ionic diamagnetiem,

“we have also to consider the effects of possible charge separation and
‘electromic currenta. First of all we observe that the direct response of
the electrons to the external field is comparatively animportant. For
the ¥f is so slow compared to the electronts ¢yclotron frequency that for

- thém the adiabatic approximation is good. Thus we may conclude that
the electron's transverse energy will always be proportional to the mag-
netic field, which only fluctuates by a few percent. Hence originally
thermal electrons cannot be accelerated by the applied field. Also the




C By taking div P one may obtain the charge aeparation. Since t’or cases’’
"‘of interést this turns out to be very small compared with n itself, we
believe the above fields give a correct order-of-magnittide estimate of °
' the fields induced by charge séparation and electronic currents. The
.electric field so obtained is comparable to the applied one at densities. -

. ot' the order of 10} /cm3. so that . ii one is conservative one should regard

UCRL-3467 .

electrons cannot cross the field lines, 86 that they cannot directly follow

.. the ions. If some other means is not available for the electrons to fol-

low the fluctuations in positive charge density, large charge separations -

' and enormous electric fields (capable of stOpping the iontc acceleration)
.will ensue. : :

A posuible mechantsm for charge neutralization conaists of axial

‘electronic currents to and from metal plates. The electrons would ﬂow )
. out of the plasmd to the plates at radii where the positive density is de- ,
_creasing, through the plates, and back from the plates into the plaama '
‘at radii where the positive charge is iucreaning.

" We have attempted an approximate tredtment of guch a mechamam

a8 follows. We assume, first, that the positive charge distribution is

known to be that just described. Next;, as a first approximation, we

- assume that the electron dengity is exactly the same as the ionic--there

is no charge separation. Using the equation of continuity, we can easily.
deduce the xial electronic velocities and currents that will make this
so. If we know the axial electron velocity we alac know the axial electric

~ field that will accelerate the electrons to this velocity. We can then add
. other field cornponenta in such a. way as to aa.tiafy Maxwell's eqnations.

To’ aimplify the analyain we replaced the charge dtatribution shown

- prévionsly by raplacing that part of n that varies with r by a constant, .

but keeping the inner (constant) density, the boundaries of the two regions,

_'and the total charge within them unchauged The resultant ££elds are

‘ -‘...;-.1 ‘ | ' r2<y£€a '’
UL TIPS 0 Wit e
R, T \'). ' _Y'S%?afj—""; ; ;:f <, 1’6..
7‘: Ez ) ;s,cos L ‘_
L zb"' ' . r2<y§a.
P e z.».—ze. P cat,

'gzg, kcoa'r., ',*"

L
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- »'~_this as the limiting deneity for penetration. However. since it a.ppears .
.. "that the phase relationships are such 'as to make this field aid the fonic
. .~acceleration, it may be that the ionic’'diarhagnetism previouely described

;,_‘is the only mechanism that prevents acceleration. : .

NONUNIFQRM FIELDS

We have done certain calculations with axially symmetric nommiiorm e

T "'{",',iieldé in order to get.an-idea of the extent to which the general nature of Tl
SRR ';;the results prevmualy deacribed might be altered for thie reason., .. v

SEREE ‘We conmdered the departm'ea ftom ﬂatneae oi the ﬁeld to be small
v and then derived equations for the radius of curvature b and the center.
of the orbit a. Suppose that the field is dérived from a vector potentxal

R m B :
S .’j%:-% Y, c09 1) cos ,“?;-.w.*i’_ o

o ers  mpt 1. Bipee. By,Tv, Aivest,

-H:ﬂz ":- ‘",.,‘:@z' _:x i(a*b- b‘). '- a*b+ab“‘
o {.” __ii'where 'w =a + be'1 and w- £, lbeiqrfw It.an‘O\.ﬁ{ﬁ, that. L

' ;Z +’y | =4 uv

o Tben bhe equa.tions of motion are a.pproximately

."‘::u=11x+ﬁzzu. v=~—}x~ﬁzzv. x-—-%(u+v)—[q+g(z -u-z-v)]y.
V=[n+ﬁ(z ~u-§—vnx.,_

e For motion in the median plane we have z=2z=0, and by elimination 2
one obtains o : . . _

o 2 ‘=‘v’.v-'u:= const. 4]E5 %-
@5 9 2.3.9 3. 2 3 L9 2.2 3 2
W '5'2'131'3 5 BNET + (=0 - 7BnEy + 55 B By - yp vBy, + YIE

et e Yy 4 nE, -%anoz) )
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- 1f we regard the energy E as a coordinate, we see that it moves in 2

- quartic potential given by the integral of the R. H. S. Since for iarge

" enough E the potential be¢omes arbitrarily large and positive, E is
' always bounded, and there are no indefinitely runaway solutions such
‘a8 we found could exist in the flat-field case. The energy in all cases '
. will oscillate between certain limits imposed by the initial conditions.

" Thus the general behavior of the particles is not radically different
from the flat- ﬁeld case iormerly described ' :




£
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CAPTIONS FOR FIGURES

.. Fig. 1. An orbit for small %, when particle is still in phase with the

rf, At T = 270° the electric field is counterclockwise, and to be
accelerated the particle must be at the outward point of its orbit..

"Fig 2. A sequence of orbita for a particle during an, acceleratwn

cycle. The particle starts at rest at time x = (1/2) &(r - 7 ) =0
~ at the point on the horizontal axis labeled x = 0 The dots show . _
- theé poseition of the particle in its orbit when the o phase angle 7= 0~

{so that E, = 0). The circles show the orbits of the same particle
for subsequent values of x. . The largest orbit is 90 out of phaee

with the r{ (cf Fig 1).

. Fig. 3. Positivea-icm density as a function of radius r from the axis.

A ig the tube radius. ‘Each curve is for a different rf phase angle
T. The positive-ion density pants with the rf.

Fig. 4 Curves showing the variation of the axial magnetic field induced
by ijonic currents with radius and rf phase angle 1.
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