Lawrence Berkeley National Laboratory
Recent Work

Title
ON THE CALCULATION OF NONLINEAR MAGNETOSTATIC FIELDS

Permalink
https://escholarship.org/uc/item/4f65934H

Author
Concus, Paul.

Publication Date
1956-07-21

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/4f65q34h
https://escholarship.org
http://www.cdlib.org/

UCRL-16287 Rev

University of California

Ernest O. Lawrence

‘Radiation Laboratory

, NUMERICAL SOLUTION OF THE
NONLINEAR MAGNETOSTATIC-FIELD EQUATION
IN TWO DIMENSIONS

\
TWO-WEEK LOAN COPY
This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call
Tech. Info. Division, Ext. 5545
- J

Berkeley, California



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



Submitted to | ' UCRL-16287 Rev
Journal of the Soc1ety ' ' - '
for Industrial and Apphed Mathematlcs

R UNIVERSITY OF CALIFORNIA

Lawrence Radiation Laboratory
Berkeley, California

AEC Contract No, W-7405-eng-48

ST - NUMERICAL SOLUTION OF THE
NONLINEAR MAGNETOSTATIC -FIELD EQUATION
IN TWO DIMENSIONS

N , _ Paul Concus

December 6, 1965




v -iii- . UCRL-16287 Rev

NUMERICAL SOLUTION OF THE
NONLINEAR MAGNETOSTATIC-FIE}.D EQUATION
‘ IN TWO DIMENSIONS™
Paul Concus
Lawrence Radiation Laboratory
University of California

Berkeley, California

December 6, 1965 »

ABSTRACT

The numerical solution of the second-order, elliptic, quasi-linear,
partial -differential equation arising in a two-dimensional ma;gnetostatic-
field problem, where the magnetic permeability varies wifh the field, is
considered. A set of nonlinear difference equations appfoximating the
original differential equation is derived, and in solving a test problem

| the method of nonlinear successive overrelaxation is shown to be superior
‘both to Newton's method and to a commonly used method based on a small-
magnetic -field approximatioh.

This method, as here piesented, could also be use_'d to numerically
solve similar equations, such as those for Plateau's problem or for

‘irrotational compressible fluid flow,
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| NUMERICAL SOLUTION OF THE
' NONLINEAR MAGNETOSTATIC -FIELD EQUATION

IN TWO DIMENSIONS

*
Paul Concus

December 6, 1965

1. Introduction, In this paper, the numerical solution of the

second-order, elliptic, quasi-linear, partial differential equation arising
in two-dimensional magnetostatic field problems is discussed., The type

of problems considered are those arising, for example, in the design of |

particle accelerators where the desired magnetic field strength is so large'

as to be principally in the domain of nonlinear behavior of the magnetic
material, For such a problém, the usual successive-approximation methods

[1] based on the technique of linearizing about small magnetic fields may be

inadequate, and a technique involving the more essential nonlinear features

should be used.

A numerical method of the latter type is presented, which is based
on the iterative solution, by nonlinéar successive overre'l‘axation, of a set of
nonlinea.r difference equations approximating the differential equation. Non-
linear successive ove'rrelaxatv:ion was recently investigated by Ortega and

Rockoff (or, as they more specifically describe it, extrapolated-Gauss- .

Seidel -Newton iteration), and they found that the method compared favorably

to other methods in solving a mildly nonlinear elliptic equation [2]. The

" method presented here for a quasi-linear equation is similar to those pro-

posed by Lieberstein [3], Schechter [4], and Greenspan [5], but the approx.-

imating difference equations are set up differently.. The performance of the

method in numerically solving a sample problem is compared to those of the
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usual sma.l!.-ndagngtic -field approach and of Newton's method, The results
show that the method described here is superior in solving the sample
‘problem. The method could be used to numerically solve other problems
governed by a similar quasi-linear differential equatibn, such as Platea.u'é

problem, or that of irrotational compressible fluid flow,

2, Formulation, Consider a two-dimensional simply connected

" region R in the x-y plane with boundary I, Let a current density in the
z direction J(x,y)=J(x,y)k be given in R; then the magnetic vector poten-

cial A(x,vy) =A(x, y)k. satisfies
(1) _ v Ve {yVA) = -47J in R,

and the magnetic field B is givenby B=v X A =(0A/3y)i -(8A/3 x)j.

The quantity vy is the magnetic reluctivity (reciprocal of the mag'netic per-
’ 2

meability u) of the material occupying R, and is a given function of [B
Since in two dimensions, iB'Z = lV )(Al2 =Ax2 +AY2 = [VA|2, vy is a function
of IVA[?‘, so that when the differentiations in Eq. (1) are perforrhed, the

equation becomes

| 1 2 [] y ] 2 ’ - o ‘
(1a) [y +2y Ax]Axx+4\y AxAyAxy+[y+2y ASTA = -4nd,

hS

where the prime denotes differentiation with respect to |VA[2', and the
subscripts denote partial differentiation, The reluctivity for ideal materials

satisfies

M2y2m?>0 and M' 2y +2y'{vAIZZm'>O

uniformly :
and hence Eq. (1) is quasi-linear andfelliptic, The boundary conditions for

o 2 constant, (no flux leakage) along a

A are norrha.lly that A equals A

Y oA
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portic;n or all of I, and that 3A/9n, the normal deri\;ativé of A, is zero
(symmetry conditioﬁ) along the. remainder of T, |

The problem may also be formulated in variationé.l terms. Find a
function A(x,y), twice differentiable in R satisfying the boundary condi-

tions on I, that minimizes the integral,

(2) I = fI{ [g(v Al%) - 8nT A] dx qy.

The given function g(lv AIZ) is proportional to the magnetostatic energy
and is related to the reluctivity by

dg s i

(3) | ., ‘ Y = ———
' - a(lvaly

-Equation (1) is the Euler equation corresponding to Eq. (2).

In accelerator-design problems, R is usually divided into two

regions, "R, and R,, by.a curve I‘i, and Eq. (1) [or Eq. (2)] holds

1

separately for each region. The regions are characterized by different

permeability functions., For region R1, which is the region occupied by -

~ the ferromagnetic material, y varies with 'VAIZ, whereas for region RZ’

which is not occupied by ferromagnetic mater'i;a.ls, vy 1is identically 1. In
region RZ' Eq. (1) simplifies to the Poisson equation, and correspondingly,
g([VAlZ) in Eq. (2) simplifies to lVAlZ. The appropriate matching con-

1

one has J = 0 in region R, and J # 0 in region R

dition along I', is that y(9A/8n) and A be continuous, In the usual case,
2

The numericé_.l solution of Eq. (1) inside of region R2 presents
little problem, since standard finite -difference methods for the Laplace

operator can be uséd, The main difficulty arises in region R1, where -

Eqg. (1) is not linea;'. Methods commonly in use today for solving Eq. (1)

Yo ol P B TR v e TR . 2 A AN A L
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are based upon obtaining the succession of linear approximating equations

1

for AP , the (n+1)th approximation to A,

. (Yn‘v An+1

oo

(4) ) =-4nJ,

i<

where yn denotes y as calculated from the nth apprqxirhation to A, Such
methods, however, can be slowly converging or unstable when the range of

A 1is such that y differs significantly from a constant over ‘R,; this is the

1;

case when the current density J in region R, is large enough to partly

2
saturate the magnetic material in R, [6].

In this paper another method of solving Eq. (1) is investigated which
takes into account variations of y with IZA IZ. The method essentially
corresponds to Newton's method, which obtains An+1, the (n+1)th approx-
imation to A,_ by solving the equation

(5) v YA + Z(ZAn c v e y) VA" = -4n] 2 , '

for the quantity e, subject to the appropriate boundary conditions, and
adding it to A",

An‘*.1 = An + e,

Equation (5) is derived from Eq. (1) by neglecting all terms O(ez). Notice

that Eq. (4) lacks the term containing (yn.)' in Eq. (5). Thus, it is a special

case of Eq. (5) when the term containing (yn)_"j".s negligible in comparison
to the other retained terrhs, which is the ca‘”s_e when tﬁe magnetic field is
small vand y is nearly constant,

fn the following sections, a set of nonlinear difference equations is
derived to approxi;fr%iakfe Eq. (1), and methods of solution using successive
approximations analogous to Eqs. (4) and (5) are compared for a sample

problem,

J o=
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3. Finite-difference eqﬁations. The finite-~difference equations

corresponding to Eq. (1) for a rectangular mesh 'are given in this section,
and these equations are the only ones explicitly discussed in the remainder
of the paper, The same method of solution may be applied to other mesh
configurations as well [6]. |

Let the region R be covered with a rectangular mesh (not necessar-
ily uniformly spaced) parallel to the x and y directions, and, to avoid the

additional complications of boundary interpolation, let the lines intersect

K

1 only at mesh points. Replace any curved portion of I" and fi

with a polygonal one consisting of the chords joining adjacent mesh pointé.

The region R is thus divided into rectangular mesh cells in its interior and
either rectangular or 'right triangular mesh cells at the boundary and inter-
faces, with each cell lying entirely in either R, or R, [7, Sec. 6. 3]. Let

the x and 'y mesh spacings be denoted by

(6) - he =% - x4 and. ‘kj— =¥ " Yoo

respectively. The difference equations satisfied by Ai,j" the discrete
approximation to A(x,y), can be derived by first considering a discrete
analog to'fhé variational form of the problem, Eq. {2). From this (Ritz
method), a set of nonlinear difference equations can then be obtained corre-
sponding to Eq. (1).

Approxirhate the integral in Eq. (2) by taking the integrand to Be

constant over each mesh cell, Then the integral is replaced by the sum.
| o~ by 2 ' V
(7) I~§:[g_r$lel ) - 8wIA] X area

where the sum is taken over all cells into which R ' has been divided, The "
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specific form of each term in the sum will depend upon whether the corre-

sponding cell is rectangular or triangular,

if the rth cell is rectangular, the appropriate value of the integrand -
to use is its value at the center of the cell {midpoint rule). The explicit y
expression for the term correspohding to cell — 3 [the one with center at “
gt hi—-/Z, Vgt kal—/Z ), see Fig. 1] that is used here is
- . 1, ] - 1,) i,) 1,10
where o
(A, -A,, 2 A .- 2
IVAIZ"—-— = -1-{( %) 1-1"] ) + ( 1")-1 1-1"]-1 )
- 1, ] 2 h— —
- 1 1 .
(9) v
- 2 - 2Y
I i s W ETIR I s TVVS T W B
= : k—- ’
J J
e 2 - 2 2
an approximation giving |VA| at the center of the cell to O(hf + k3- ),
A-re = 2(A, . +A +A ¥ A
1, 47, i-1,j i, j-1 i-1,j-1),
and J-i-j— is the given value for the average current density J crossing
celli-x—-. The area of thé cell is
arearr~ = hr ke,
BRI 1 J
If the x and y differences of Ai ; are denoted by
P
AL Moy AL T8, 51
i T h and  my = = =g ' A
1 J ’ T

then Eq. (9) can be written more simply as
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(10) lval S {61‘,3' oty ! ”i—1.3—} ‘

If the rth cell is right triangular, the corresponding explicit expres-
sion in Eq, (7) -dependé upon the orientation of the triangle. . For example,
for cell-i--- I (the one with its right angle in the third quadrant of rectan-

gular cellw-q-, see Fig, 2) the expression is

3
(14) [g([VAIZ) -8wJA)l-+ = g(IVAIZ—— ) - 81rJ1-- -
e 1, ), I1I I1I , J, I 1 J, IIL,
where
| 2 L2 2
(12)  lzAlgrms oty
(13) - Ar o= = 1(A ; +A )
1, ), IIT - 2 "4, - 1 F i-1,j i, j-1""

- and J-.i-'j-# I is the given value for the average current density crossing.

cell . . The area of the cell is

i, 3,111

area 1/2 he k-,
1)

L

The choice for A?;}TIII is made so that the formulas for the triangular and |
rectangular regions are consistent. The formula for IZAIZ for the triangle
is in general only first order, however, since it is determined by three,
rather than four, values of A, |

The difference equations corresponding to Eq. (1) are then obtained
by requiring that the partial derivative of I with respect t;o each of the

unknown values of Aij in Eq. (7) be zero. The resulting equation obtained -

for a general interi%)r mesh point surrounded by four réctangles is

L

.\
N
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f5 = vry By ky + e be) Fvpyy 7 080y s )7+ 7 Bryy)

T74+4 005 Mg Ty T B0 P vr T O8mha, 5 R Ty, Tea Pl

S 2 Ugy By R M 7 R R I T O R T, T P K < O
(14) - |

where Eq. {3) was used to substitute for dg/d(lvAlz). Here y-{-j- denotes

the reluctivity evaluated for cell -.1—-3- with the use of Eq. (10). Equation (14)

is, in general, a nonlinear one relating each Aij to its eight neighbors,

Ay 1,5+1, Ai,j:!: 1, and Aii 1, When y is a constant, the equation reduces

to that derived from the usual five-point difference appr_oximaéion to the
Poisson equation,

For points along an interface 01; boundary bordered by triangular.
regions, the resulting equations are slightly more complex, For example,

the equation for Aij in Fig, 3 is

= Y (5-.—.k—-+1’] -r—h—) +

by Yoy Ok + i By F ¥y i T PTea T YD, T 1 0T KT

YL T4, 1 05 e T VG T, T T BT T YD, T U0, 5 KTt T M, Tt Py

- 2m (T by ke 4 1/2 [JTH,}- +J

m kj— +1/2 [T tlery ]

Te1, 70 P T4, 0TI T, T

(15) Xhy ke P, Tt P Mg 2 0

This equation also relates Aij to its eight neighbors, and reduces to the

usual five -point formula when vy is -a constant,

For boundary points along which 8 A/8n = 0, the obtained finite o

difference eélua.tior}é automatically correspond to this boundary condition,
because it is the natural one for the variational problem., For boundary

points along which A = A,, a constant, an additional nonlinear finite
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v di‘fference equation may be obtained for ’AO ‘by considering it to be unknown.

This equation wouid cérrespond to the application of Ampere's law to the
entire region R, and it may be used. during the iterative solution of the
problem to imi;rove convergence by adjusting A0 to correspond to the
current approximate solution for A [8].

Because Egq. (10)‘ or Eq. (12) was used to approximate IZAIZ, the

same finite difference equations as those derived above could have been

. derived by using the line-integral equivalent to Eq. (1) obtained by the
' ' auxiliary :

application of Green's theorem (in this case, Ampere's law) to each fmesh
region, and approximating the normal derivatives by central Qifferences

[7, Sec. 6. 4], .‘This method would be equivalent to the variational one used
above, and in some cases may be algebraically more convenient.. The two
main features to note here are that y is a function of the unknown A values,
making Eq. (14) and alterations such as Eq. (15) nonlinear in general, and
that the use of Eq. (10) or (42) yields difference equations that have a sym-
metric Jacobian, Although in general, the Jacobian is not diagonally domi-

nant,its positive-definiteness follows from Schechter's arguments [4, Sec.9]

. when they are applied to the differencing scheme used here,

4, ‘Solution of difference equations, The task of solving the simul-

taneous nonlinear difference equations--Eq. (14) for general interior points
and possible alterations such as Eq. (15) for points near interfaces and
boundaries--is approached by the commonly used small-magnetic-field
method by taking y to be a known function Iat each iteration, as calculated

from A at previods iterations,

N
|

1

m _ _ n-4 n- ‘ n 2 '
(16) Yi’:'ﬁ'—_y'—,f.- wy [Yi—,j- ~Y([2A '11—’3-)]

B ¢
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This m}etvhod, which is the discrete analogue té Eq. (4), then solves (or
approximately solves)lthe resulting set of linear equations to qbtain the
next approximation for A. The comparison methods of interest here are
based essentially on Newton's method, the discrete analogué to Eq. (5),
which linearizes the equations taking into account the dependence of y on
the unknown A values, |
Newton's method for solving fij =-0 gives Ali(;i, the (k+1)th

approximation to Aij' as

where the- eli(. satisfy the set of linear equations

(17) | | z,zm (o fij/a Azm)k eifm = -f‘fj
Equation (17) is a nine-point difference approximation to Eq. (5), having a
coefficient matrix that is positive-definite, symmetric, and bloék tridiagonal,
"each block of which is itself tridiagonal. It need be solved only apprdximately
at each step before computing the next Newton's iterate,

The computational scheme of special interest is that of nonlinear

successive overrelaxation, which is [2,3,4,5]

K+1 ki1 Kk K-
| ket e GglAY e AL Ay Al )
(18) Ay Ty T A (AL ATk k]
lj ‘ 1j 14 ° ) i-i,j’ ijv s n, n-41"

and is equivalent to performing one sweep with successive point overrelax-
ation on Eq. (17) when the second derivatives of fij do not vary much,
g

Notice that only th?;?‘e;;diagonal coefficients of Eq. (17) need be computed with

this scheme, but that these and f must be updated each time a new A value

~

04
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is calculated., The mgthdd is equivalent to performing one Newton's iteratic;n
on each equation fij =0, .succles sively, considering Aij to be .the only \;n;
known and using the latest available values for the other values of A.
Kronrod has suggested a variation of the method, in which one Steffensen's
iteration rather than one Newton's iteration is performed on each equation
[9]; his method ..tna;y be a useful sgbstitute whein 9 fij/a Aij cannot be easily
calculated,

The explicit expression‘ for 9 fij/a Aij for an interior mesh point

surrounded by four rectangles is obtained by differentiating Eq. (14), and is

of. k~ h- k— h-— k- he
ij . J 41 y + + i+1 y + j+1 b 2 y
8Kij H;: kj— 1] T Ko 1+1, ) h;— k‘-]—+1 1, j+1
j+d i+1 1]
+ (hm Yy | Yo PR Cryir g hr)
Y' y'
1+1, ] 2 Lj+1
+ 2 '6-:— ke + h~ + -, K - ™, h
hﬁ-i,k- ( i+4,J ) n13 +1) H'f k.-i—+1 1 ._]+1 n1,_] 1 1)
Yl
' i+1, 7+ ' 2
(19) =ve=w (Org, 5 %534 ¥ My, 121 Pg) ™

where Y'i'_j— denotes the derivative of y with respect to l'VA[Z evaluated
for cell T Corresponding expressions for points along an interface or

boundary bordered by triangular regions are of the same form but, in general,

‘may contain fewer or more terms,

5. Comparison and results, The above methods were compared for '
the solution of a te's"‘t problem having some of the essential features encoun-

tered in the ferromagnetic region R1

of an actual accelerator-design problem,
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Let the square region 0 <x<1, 0<y <4 be entirely occupi_ed by a ferro-
magnetic substance wi-th reluctivity y(w) = (10-4 +w)/(1 + w), where

w = lvAlZ (Fig. 4). ‘Let the current density J be identically zero and the

boundary condi‘tions on A be that A=0 for x=0 and y=1; A =0.05sin(mx/2)

for y=0; and (9 A/8x) =.O for x=1, The number 0.05 1is chosen so that

~w is of the order of 10“2

, so that vy, in turn, varies significantly over
the rectangle, and the ratio of the second to the first terrﬁ on the left of
Eq. (5) is maximized. Finally, let the region be covered with a uniform
square mesh so that h=k=1/n,

The results of the various numerical methods for solving this test
{

problem are shown in Table I for the case where the initial approximation

to A was the solution to the linear problem (constant vy),

_0.05 sin{mx/2)sinh{w(1-y)/2]

A sinh (w/2) ST

The calculations were performed on the IBM 7094 by means of a FORTRAN IV
piogram. Two meshes were considered: one containing 90 unkx_lown points
(n=140) and the other containing 870 unknown points (n=30). The convergence
criterion in the former case was that the sum of the squares of the residuals

13, and in the latter that it be less than 10-12. These corre-

be less than 10"
spond to an average residual at each point of the order of 10-'6 of the maximum
value of A. The iterations were ordered by letting i increase through all
- its Qalues. for each successively larger value of j, For each method, an
optimal value of the relaxation factor was found for fastest convergence,

Two columns of Table I are for Newton's method, Eq. (17). Succes-

sive-point overrelaxation was used in the first, and successive-block over-

relaxation in the setond, with the relaxation factor . It was found that

74

;1.1
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.ta.kingv more than one oV\vrervr.ela.xatiovﬁ sweep per. itefation. did not improve the -
convergence, signifyixlxg'itv was not worth solving.each Newton's iteration too
well, | |
Anothez; c_olumn is for the nonlinear successive-overrelaxation method,

Eq. (18). The time per iteration is greater than for Newton's method, be-

‘cause one must compute new values of lVA'Z. for each point, The iteration

" behaved quite stably with respect to changes in w and in the initial approxi-

mation for A. Tt was found also that the symmetric differénce formula for
!ZAIZI—_}_ , Eq. (iO), gave better results than the lower-order, one-sided

formulas suggested elsewhere (3,4,5]. O '
The last column is for the small-magnetic-field approximation, Egs.

(4) and (16), for which the difference equations can be obtained by setting

v'=0 in afij/a Aij in Eq. (18). It was found that in order for the process

to converge, one must underrelax the new values of y by choosing Wy the

‘relaxation parameter in Eq. (16), less than one, and that it is sufficient to

perform one Gauss-Seidel iteration (i, e., w=1) on the resulting linear

equations, The method did not behave as stably as the other methods with

.respect to changes in the initial approximation or in the relaxation para"meter.'

Examination of the results shows that the methods based on the non-
linear difference equations performed better than the small-magnetic-field

approximation, espeéially for the problem with the larger number of mesh

- points, Among the former methods, nonlinear successive overrelaxation

performed the best, Although it required more calculations per iteration

because new values of y and y' were calculated each time a new value of

A was, the numbe® of iterations required for convergence was significantly
tet . .

smaller than that required by Newton's method, and the total computer time
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used was less, From these results, and from the fact that the method is an
easy one to program, nonlinear successive overrelaxation shows itself to be

a promising tool for solving this type of elliptic equation, n

Acknowledgments, The author is indebted to Professor Gene H,Golub -
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Table I, Comparison of numerical methods,
Nonlinear Small-field
Newton . e s
. successive approximation
Point Line overrelaxation
Minutes/iteration 0.0016 0,0022 0.0020 0.0008
90 points “opt. 1.50 1,50 1.54 0.45 (w,)-
5 Res.z < 10~'13 Iterations to con- 25 20 18 52
verge A
Minutes to con- 0,040 0.044 0,036 0,042
verge ‘
Minutes/iteration 0.0198 0.0218 0.0229 0.0076
o ‘ Wt 1.80 1.75 1.82 0.50 (w1)
870 points It t?p -
- erations o con-~ :
= Res.? < 10712 verge 97 101 58 > 400
Minutes to con- 1,92 2.20 1,33 > 3
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Fig. 2.
Fig., 3.
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FIGURE CAPTIONS

General rectangular cell,
Triangular cell.
Interface bordered with triangular cells,

Test problem,
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or proceés disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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