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EPIGRAPH

Our situation is not comparable to anything in the past. It is impossible, therefore, to
apply methods and measures which at an earlier age might have been sufficient. We must
revolutionize our thinking, revolutionize our actions, and must have the courage to
revolutionize relations among nations of the world. Clichés of yesterday will no longer
do today, and will, no doubt, be hopelessly out of date tomorrow.

—Albert Einstein, in “A Message to Intellectuals” (1948)

It is in the admission of ignorance and the admission of uncertainty that there is a hope
for the continuous motion of human beings in some direction that doesn’t get confined,
permanently blocked, as it has so many times before in various periods in the history of
man.

—Richard P. Feynman, in “The Uncertainty of Values”, second guest lecture presented in

April 1963 at the University of Washington, Seattle

I think people get it upside down when they say the unambiguous is the reality and the
ambiguous is merely uncertainty about what is really unambiguous. Let’s turn it around
the other way: the ambiguous is the reality and the unambiguous is merely a special
case of it, where we finally manage to pin down some very special aspect.

—David J. Bohm, in “How Mathematicians Think™ (2007) by William Byers
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ABSTRACT OF THE DISSERTATION

Nonintrusive approaches for multiscale/multiphysics problems with random noise

by

Se¢ren Henri Taverniers
Doctor of Philosophy in Engineering Sciences (Engineering Physics)
University of California, San Diego, 2016

Professor Daniel M. Tartakovsky, Chair

A plethora of computational techniques have been developed for computing quan-
tities of interest in multiscale and multiphysics problems combining processes occurring
on a broad spatiotemporal range. However, a dearth exists in systematic studies of the
impact of random fluctuations on the predictive ability and numerical properties of these
algorithms. We consider two nonintrusive approaches for multiphysics problems with
random noise: domain decomposition and stochastic collocation. A mass-conserving
domain decomposition achieving tight Newton- or Picard-based coupling between linear
diffusion equations, one having a Gaussian white-noise source term, reveals that New-

ton’s iteration scales linearly with noise amplitude, while Picard’s iteration may scale

Xviii



superlinearly. For a given solution error, fully-converged (“implicit”) coupling is more
efficient than single-iteration (‘“explicit”) coupling at low noise strength; at high noise am-
plitudes, this remains true provided that the time interval between two subsequent implicit
coupling communications is sufficiently long. A similar strategy using Jacobian-free
Newton-Krylov iteration to solve a highly nonlinear, multiscale diffusion problem forced
by a truncated Gaussian boundary noise shows that ensuring path-wise continuity of the
state variable and its flux, as opposed to continuity in the mean, accurately propagates
random fluctuations and correctly captures system dynamics. Implicit coupling is more
efficient than explicit coupling at all coefficients of variation considered, and domain
decomposition with path-wise implicit coupling resolves temporally correlated boundary
fluctuations when the correlation time exceeds some multiple of an appropriately defined
characteristic diffusion time. Application of stochastic collocation to estimate the energy
deposition into a brain tumor via X-ray irradiation with parametric uncertainty reveals
that the uncertain parameters’ coefficients of variation may be amplified by the problem’s
nonlinearity to the extent that the predictive uncertainty in the energy deposition almost
equals the prediction itself. Algorithm refinement for the Ginzburg-Landau equation
(GLE) demonstrates the need for adding a coarse-scale random source term to correctly
propagate fine-scale Ising fluctuations throughout the computational domain. A moment-
based approach with Gaussian closure enabling direct computation of the state variable’s
statistical moments is shown to be an accurate, and potentially more efficient, alterna-
tive to numerical time integration of the system state. A statistically learned stochastic
GLE exhibits optimal predictive capacity at a complexity that may differ from that of
standard models in the literature. This approach enables data-driven computation of the

coarse-scale noise term’s amplitude.

Xix



Chapter 1

Introduction

“Multiscale” and “multiphysics” are terms coined to describe systems consisting
of respectively one or multiple physical, chemical and/or biological processes evolving
on a broad spatiotemporal spectrum. The development of algorithms to simulate such
problems started in earnest in the 1980s, and was driven, in large part, by the field of
fluid-structure interactions (FSI) and research into modeling flows spanning a wide range
of Knudsen numbers (Kn).

In FSI, the terms “monolithic” and “component partitioning” refer, respectively, to
an intrusive approach requiring the development of novel algorithms, and a nonintrusive
strategy involving the use of legacy solvers. Monolithic [20] methods combine the various
processes into a single discrete operator; while this yields a “tight” coupling between
the components, it typically necessitates the development of new codes and requires the
use of a single time step. This prevents the use of readily available solvers previously
developed for the individual components, and does not take into account the various
time scales on which the different processes occur. Both shortcomings are addressed
by component partitioning [44], also called domain decomposition (DD), which divides

the computational domain into subregions where the processes occur and solves them



separately using legacy algorithms, each with its own time step and/or spatial grid cell
size (see, e.g., Fig. 1.1). While a tight coupling comes naturally to monolithic approaches,
DD also allows for a “loose” coupling which may desynchronize components by one
time step of a fraction of a time step [75]. A loose coupling makes a DD method prone
to instabilities and increased solution error, and is preferably transformed into a tight
coupling by casting it in iterative form [43, 42, 75]. However, the accompanying increase

in computational cost results in a trade-off between efficiency and accuracy.

Air Speed (m/s)
1800

Figure 1.1: Fluid-structure interaction simulation of a wind turbine [15].

In parallel with the modeling efforts in FSI, Wadsworth et al. [119] developed
the first coupling of Direct Simulation Monte Carlo [19], a fine-scale atomistic method,
to its coarse-scale counterpart represented by a partial differential equation (PDE). This
work was motivated by the need for efficient models of variable-Kn flows, such as those
encountered around hypersonic re-entry vehicles (Fig. 1.2), and led to the concept of
algorithm refinement (AR) hybrids [48]. These locally refine a coarse-scale algorithm
to a fine-scale counterpart using a criterion based on a key system parameter: when the

latter reaches a critical value, the coarse-scale method breaks down and refinement is



triggered. In the re-entry problem, this parameter is Kn = A/L with A the molecular mean
free path and L the characteristic length scale of the problem. In regions where Kn < 1,
collisional equilibrium is achieved and a continuum description such as Navier-Stokes is
valid (which is almost everywhere in the computational domain at intermediate altitudes);
however, for Kn > 1, the flow is rarefied (in the wake behind the vehicle, around shocks
and in boundary layers) and an atomistic method such as Direct Simulation Monte
Carlo must be used. Compared to a fine-scale approach over the entire computational
domain, AR hybrids may yield tremendous savings in computational cost by only using
an otherwise prohibitively expensive method where absolutely required by physical

constraints.

Figure 1.2: Hypersonic flow over an atmospheric re-entry vehicle [1].

DD algorithms with deterministic continuum components have been developed
and analyzed extensively. Giles et al. [50] found that an otherwise unstable loose coupling

in one-dimensional (1D) FSI simulations may be made stable by enforcing Neumann



boundary conditions for the structural calculation and Dirichlet boundary conditions
for the fluid solver. Farhat et al. [43, 42] and Leyland et al. [75] demonstrated that
standard staggered schemes for FSI simulations need to be modified by several iteratively
made corrector steps to ensure conservation of energy. More recently, Errera et al. [41]
investigated the stability of a coupling algorithm based on mixed interface conditions
for conjugate heat transfer simulations, while Sheehan et al. [102] showed that using a
finite number of iterations in a coupled linear diffusion problem may lead to conditional
or unconditional stability in a nonintuitive way when using a backward Euler solver in
the subdomains.

When random noise is introduced into such problems as a source term, a boundary
or initial condition, an uncertain input parameter, or any combination of the above, con-
clusions about stability, accuracy and efficiency previously derived for fully-deterministic
DD algorithms may no longer hold. In particular, the fidelity of DD simulations involving
stochastic components depends on the ability of a coupling algorithm to transmit these
fluctuations into adjacent subdomains, including those where a deterministic model is
used. A systematic analysis of the numerical properties of DD algorithms with noise,
and development of coupling techniques to accurately transport the random fluctuations
across interfaces between subdomains, is still largely lacking. In Chapter 2, we contribute
to this line of research by developing a mass-conserving, tightly coupled DD algorithm
and applying it to the testbed problem of 1D or 2D coupled linear diffusion equations,
one of which has a Gaussian space-time white-noise source term. Employing either
Picard’s or Newton’s iteration [68], we investigate the efficiency of a fully-converged
(“implicit”) coupling as a function of noise strength, and compare its computational cost
for a given solution error with that of single-iteration Picard’s coupling for different noise
strengths and time intervals between two subsequent inter-solver communications. We

also analyze the stability of the DD algorithm with implicit coupling, and compare the



resulting stability conditions with those for the corresponding deterministic system in
which the fluctuations have been averaged out.

When the system becomes nonlinear, the presence of noise renders the state
variable’s ensemble mean different from the solution to its deterministic counterpart, and
accurate propagation of fluctuations is important even if one is only interested in modeling
the mean behavior of the system. In Chapter 3, we develop a mass-conserving DD strategy
to analyze, in 1D, the highly nonlinear testbed problem of hydrogen diffusion through
a dense membrane composed of Pd and Ta layers [36, 21, 89], driven by a truncated
Gaussian boundary noise. The diffusion through Pd is characterized by a diffusion
coefficient [103, 4] that nonlinearly depends on the hydrogen concentration, while
the diffusion through Ta is linear [4]. Tight coupling between the subdomain solvers
is achieved through Jacobian-free Newton-Krylov iteration [70] with a Generalized
Minimum Residual iterative linear solver [68], which only requires computation of
Jacobian-vector products rather than the Jacobian itself. We analyze the accuracy of both
path-wise and moment-wise (mean) exchange of concentration and flux information at
interfaces between adjacent subdomains through comparison with a single full-domain
(“global”) algorithm, compare the efficiency of implicit with explicit coupling for various
noise strengths, and perform a stability analysis of the DD algorithm with path-wise
implicit coupling. We mainly consider perfectly correlated noise, but also explore the
method’s ability to handle fluctuations with a finite correlation time.

In Chapter 4, we increase the system’s nonlinearity by considering the problem of
X-ray irradiation of a brain tumor, which we model using a 2D multimaterial, equilibrium
radiation-diffusion PDE [85, 99]. Here the diffusion coefficient is not only a function
of the state variable (radiation energy density) as in Chapter 3, but also of its spatial
gradient due to the use of a flux limiter [72]. The problem has up to three uncertain input

parameters: the horizontal and vertical location of the center of an inclusion representing



the region over which an iodinated contrast agent, aimed at enhancing the energy deposi-
tion in the tumor, has spread out after being injected; and the effective atomic number
within this area. We analyze how the mean and variance of the energy deposition in the
tumor depend on the mean and/or variance of these input parameters, which we represent
as uniformly distributed random variables. A robust, nonintrusive method traditionally
used for this purpose is Monte Carlo simulation (MCS), which enables computation
of statistical moments of a quantity of interest through a finite number of realizations
of the time evolution of the state variable. However, the extremely slow rate of MCS
often makes it prohibitively expensive. An alternative, equally nonintrusive, method
is stochastic collocation (SC) [125, 77], which through a judicious choice of sampling
points (“nodes”) and their weights via a quadrature rule aims to achieve the same esti-
mation error as MCS with fewer system realizations. We compare the computational
efficiency of MCS and SC for a stochastic dimension of one, two or three.

Chapter 5 focuses on the propagation of fine-scale noise generated in atomistic-
continuum AR hybrids for nonlinear systems whose macroscale dynamics is driven
by microscopic fluctuations. In their traditional form, such hybrids couple the atom-
istic solver to a deterministic continuum counterpart (usually a PDE solver) [119, 48].
While the fine-scale algorithm inherently represents the microscale fluctuations, the
deterministic coarse-scale method does not account for them. As Alexander et al. [5] first
demonstrated for a linear diffusion PDE coupled to a random walk algorithm, this reduces
the variance inside the atomistic region near the atomistic/continuum interface. Adding a
random source term of the appropriate magnitude to the coarse-scale solver enabled the
hybrid to correctly propagate the fine-scale fluctuations throughout the computational
domain. Subsequent work by Bell et al. [16] and Williams et al. [121] extended this
methodology to weakly nonlinear test cases based on the viscous Burgers’ and Navier-

Stokes equation, respectively. In systems such as those undergoing phase transitions or



instability-driven pattern formation (see, e.g., Fig. 1.3), the effect of microscale fluctua-
tions may be amplified by the nonlinearities, drastically affecting the system’s macroscale
behavior. We formulate a 1D testbed AR hybrid coupling a stochastic or deterministic
Ginzburg-Landau equation (GLE) [58, 24, 118, 96], containing a cubic source term, to a
nearest-neighbor Ising [60] model with Glauber [52] (spin-flip) dynamics. We also derive
a system of (deterministic) moment equations from the stochastic GLE using a Gaussian
closure, i.e., assuming that the fluctuations of the state variable (magnetization) are
Gaussian. This approach offers a direct way of calculating moments of the magnetization,

such as mean and variance, rather than relying on its numerical time integration.
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Figure 1.3: Turing-instability driven labyrinth pattern formation, modeled using fluctua-
ting hydrodynamics with fluctuating chemistry (left), and deterministic hydrodynamics
with deterministic chemistry (right) [11].

Accurate representation of the fine-scale model in an atomistic-continuum AR
hybrid by a stochastic coarse-scale description requires the amplitude of the latter’s

random source term to match the strength of the fluctuations generated by the fine-



scale representation. As we demonstrate in Chapter 5, this may involve multiplying the
noise amplitude with a “fudge factor” to correct possible mismatches stemming from
approximations made in deriving the stochastic continuum model from its atomistic
counterpart. To avoid such ad hoc procedures, statistical learning may be used to build
coarse-scale models beyond those available in the literature. In Chapter 6, we employ
cross-validation and regularization to build a 2D stochastic GLE from data simulated
using the Ising model with Glauber dynamics (“training data”). We analyze the learned
model’s ability to predict Ising data independent of the training set (“test data”) as a

function of its complexity for different amounts of training data, using two error metrics.



Chapter 2

Conservative tightly-coupled
simulations of stochastic multiscale

systems

2.1 Abstract

Multiphysics problems often involve components whose macroscopic dynamics
is driven by microscopic random fluctuations. The fidelity of simulations of such systems
depends on their ability to propagate these random fluctuations throughout a computa-
tional domain, including subdomains represented by deterministic solvers. When the
constituent processes take place in nonoverlapping subdomains, system behavior can
be modeled via a domain-decomposition approach that couples separate components
at the interfaces between these subdomains. Its coupling algorithm has to maintain a
stable and efficient numerical time integration even at high noise strength. We propose
a conservative domain-decomposition algorithm in which tight coupling is achieved by

employing either Picard’s or Newton’s iterative method. Coupled diffusion equations,
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one of which has a Gaussian white-noise source term, provide a computational testbed
for analysis of these two coupling strategies. Fully-converged (“implicit”) coupling with
Newton’s method typically outperforms its Picard counterpart, especially at high noise
levels. This is because the number of Newton iterations scales linearly with the amplitude
of the Gaussian noise, while the number of Picard iterations can scale superlinearly. At
large time intervals between two subsequent inter-solver communications, the solution
error for single-iteration (“explicit”) Picard’s coupling can be several orders of magnitude
higher than that for implicit coupling. Increasing the explicit coupling’s communication
frequency reduces this difference, but the resulting increase in computational cost can
make it less efficient than implicit coupling at similar levels of solution error, depending
on the communication frequency of the latter and the noise strength. This trend carries
over into higher dimensions, although at high noise strength explicit coupling may be the

only computationally viable option.

2.2 Introduction

Many, if not most, problems of practical importance deal with complex systems
that involve multiple physical (as well as chemical and biological) processes, which occur
on a wide range of spatial and/or temporal scales. These processes can either spatially
coexist or occur in adjacent regions of space. We focus on the latter class of multiphysics
phenomena, in which different processes take place in separate spatial domains and
affect each other at the interfaces between these domains. Conjugate heat transfer across
a fluid-solid interface [95] is an illustrative example of such phenomena. It is central
to applications as diverse as satellite cold gas propulsion systems [78] and spacecraft
re-entry into Earth’s atmosphere [64].

Following the terminology established in the field of fluid-structure interactions
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(FSI), one can subdivide solution strategies for interfacially coupled multiphysics systems
into two modeling frameworks: “monolithic” [20] and “component partitioning” [44].
The former combines all the different physics components and their interactions into a
single discrete operator, which is then advanced in time. This “tight coupling” ensures
temporal synchronization of all the state variables and hence possesses excellent robust-
ness, accuracy and stability properties. However, it is computationally demanding and
“intrusive”, i.e., requires development of new codes. The second framework, which is also
known as domain decomposition (DD), advances solutions of each physics component
independently from the others, using additional solvers to exchange information at the
interfaces through a coupling algorithm. It is “nonintrusive”, i.e., allows for a “black-box”
implementation of the physics components which can be done with existing (“legacy”)
codes. This operational expediency comes at a cost of reduced accuracy and stability
when the physics components involved are “loosely coupled”, leading to desynchroniza-
tion of the state variables in the different components by one time step or a fraction of
a time step [75]. Iterative coupling techniques can be used to achieve a tight coupling,
which eliminates this time shift [43, 42, 75].

Despite the widespread use of DD approaches, there is a dearth of systematic
studies of their numerical properties. Most studies deal with the coupling of determin-
istic components, which are typically represented by deterministic partial differential
equations (PDEs). Representative examples include an analysis of the stability of an
interfacial coupling in one-dimensional fluid-structure thermal diffusion [50], an analysis
of predictor-corrector staggered schemes for simulating FSI [75], an investigation of the
stability of a coupling algorithm based on mixed interface conditions for conjugate heat
transfer simulations [41], and a demonstration of the effects of a non-converged iterative
coupling on the stability of a coupled linear diffusion problem [102]. These and other

similar studies have led to nontrivial conclusions, which are likely to be problem-specific
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and demonstrate the algorithmic complexity of coupling nonlinear solvers. For example,
an otherwise unstable loose coupling used in FSI simulations can be made stable by
enforcing Neumann boundary conditions for the structural calculation and Dirichlet
boundary conditions for the fluid solver [50]; and standard staggered schemes for FSI
simulations need to be modified by several iteratively made corrector steps to ensure
conservation of energy [43, 42, 75].

When random fluctuations are generated by one of the constituent solvers, con-
clusions drawn from numerical studies of fully-deterministic systems may need to be
modified. Currently, a systematic analysis of how random noise or stochasticity of one
of the constituent solvers affects the numerical performance of both the other (possibly
deterministic) solvers and an algorithm used to couple them is largely missing. Such
studies are needed to gain confidence in the ever-growing number of multiphysics and
hybrid simulations that combine deterministic and stochastic solvers [119, 45, 32, 61].
The analysis presented below contributes to this area of research by studying the effects of
random noise on numerical properties (coupling convergence, stability and accuracy) of
a domain-decomposition algorithm which tightly couples a deterministic and stochastic
subdomain solver. A complementary challenge, the need for adding a random source
term to a (deterministic) PDE solver coupled to a stochastic solver whose microscopic
fluctuations drive the macroscopic system dynamics (e.g., in highly nonlinear problems
involving phase transitions), has been addressed in [5, 16, 121, 113].

In Section 2.3 we formulate a computational testbed problem, one-dimensional
diffusion in a composite material one segment of which contains a Gaussian white-noise
forcing. Section 2.4 contains a description of our DD approach to solving this problem,
which tightly couples the deterministic (explicit Euler) and stochastic (Euler-Maruyama)
diffusion solvers using Newton’s or Picard’s iteration. Section 2.5 presents a stability

analysis of our algorithm using fully-converged Picard’s iteration. In Section 2.6 we
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conduct a series of numerical experiments to explore the performance of our algorithm.

These findings are summarized in Section 2.7.

2.3 Problem Formulation

Consider a one-dimensional linear diffusion equation,

op 9 [Dap

=3 g] +f, xeQ=(-L/2,L/2), t>0, (2.1a)

which describes the evolution of concentration p(x,z) in space, x, and time, . The

diffusion coefficient D(x) is piecewise constant,

Dy for xe Q= (-L/2,0)
D(x) = (2.1b)

Dy > D; for xe Qy=10,L/2),

and the source term f(x,7) is defined as

0 for x € Q
flx,t) = (2.1¢)
E(x,1) for x € Q,

where &(x,¢) is a zero-mean Gaussian space-time white noise with covariance
E[E(x,1)E(y,T)] = G%S(x—y)ﬁ(t 1), xyeQy t,1>0 (2.1d)

and variance G%. Here d(-) denotes the Dirac delta function. Equation (2.1) is subject to

Dirichlet boundary conditions

p(x:_L/zat>:pL7 p<x:L/25t):pR7 (22)
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and an initial condition

(pr/pm) " 2/L for xe
p(x,0) = pm (2.3)
(pR/pM)Zx/L for x € Q.z.

The simulation domain’s length, L; the concentration on the left, pr, and right, pg,
boundaries; the initial concentration at x = 0, py; and the noise variance, Gé, are given
constants.

Numerical solution of this boundary-value problem (BVP) is nontrivial. First,
the presence of stochastic noise &(x,7) in the right half of the simulation domain, Q,,
formally renders a solution p(x,#) random over the whole domain Q. Second, the vastly
different diffusion coefficients D and D; imply the co-existence of two disparate time
scales t1 and #, (t; > tp). Therefore, advancing the stochastic BVP (2.1)—(2.3) in time
over the whole domain € requires the use of a time step whose size is determined by the
smallest diffusion time-scale, 7,.

Domain decomposition provides a natural alternative to solving the stochastic
BVP (2.1)—(2.3) directly. It decomposes the computational domain €2 into subdomains

Q1 and Q,. A different BVP is defined on each of these subdomains, such that

a 82 —2x/L

%:DIWP;, p1(=L/2,t) = puL, pl(x,O)szG—;) , x€Qp (24
and

a az 2x/L

aiszszj%, P2(L/2,t) = pr, pz(x,0)=pM(§—;) , X€Ly. (25)

These two BVPs are coupled by enforcing the continuity of the state variable, p, and its



15

flux at the interface x = 0 separating the subdomains Q; and Q,,

o
ox

ap1

pl(ovt):p2(07t)a Dlg(()?t):DZ

(0,1). (2.6)

This relatively simple computational testbed contains a number of salient features
of multiphysics simulations. First, it combines deterministic and stochastic solvers used
to integrate BVPs (2.4) and (2.5), respectively. Second, its constitutive solvers operate
at different temporal scales defined by the diffusion coefficients D; and D,. (A more

complicated example of two-dimensional diffusion is presented in Section 2.6.4.)

2.4 Numerical Implementation of Domain Decomposi-
tion

Our quantity of interest is temporal snapshots of the ensemble-averaged concentra-
tion profile, (p(x,t)), in Q = (—L/2,L/2) over a time interval (0,7, where T is defined
by the diffusion time scale of the slowest diffusion process and is set to T = L?/(8Dy).

This choice of T allows (p(x,7)) to approach its steady-state limit for all x € Q.

2.4.1 Spatial discretization of the computational domain

To simplify the presentation, and without any loss of generality, we discretize the
computational domain Q using a uniform mesh of cell size Ax = L/N, where N is the
total number of grid cells. The solvers used to integrate BVPs (2.4) and (2.5) employ
a staggered grid approach, in which diffusive fluxes, F;(x,) = —D;dp;/0x, in the ith
subdomain (i = 1, 2) are calculated at the midpoint between two subsequent concentration
nodes (see Fig. 2.1). In particular, both p~ = p1(0,7) and p™ = p(0,7) are defined at

the interfacial node x = 0, while the corresponding interfacial fluxes F~ = F;(0,¢) and
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FT = F,(0,¢) are defined at x = —Ax/2 and x = Ax/2, respectively.

oL F-p ,p" pt PR
[ O . 4 O @ O L O O O O O O
—L/2 x=0 Az L/2
® concentration nodes o flux nodes

Figure 2.1: Domain Q = (—L/2,L/2) decomposed into subdomains Q; = (—L/2,0)
and Q) = [0,L/2). Concentration p is computed at the nodes denoted by solid circles,
and flux F is evaluated at the midpoint between two subsequent concentration nodes
(open circles).

2.4.2 Numerical solvers for BVPs (2.4) and (2.5)

Approximation of the Laplacian with a second-order central finite difference

scheme transforms (2.4) and (2.5) into systems of ordinary differential equations (ODEs)

dp dp
o —he), S =h(e)+E (272)
Here p; = (pi1,-- ->pi,N/271)T are the one-dimensional arrays of size N/2 — 1 of the

nodal values of the state variables p;(x,z) for i = 1,2; components f; , of the one-

dimensional arrays f;(p,) of size N/2 — 1 are defined by

Pip+1+Pip—1 —2pi, .
fip = D2t A’)’C’z P p=1,...,N/2—1, i=1,2; (2.7b)
where p1 9 = pL, PiN2=P » P20= pJr and P2.N/2 = PRS and components §p (p=
1,...,N/2 — 1) of the one-dimensional array & = (&1,...,F,N/2,1)T are obtained by

spatial discretization of the space-time white noise &(x,7), and satisfy

BEN0] =0, BIE,(1)5(0)] = 022225 —1), @70
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where 3, is the Kronecker delta function.

A deterministic solver used to advance p, in time employs an explicit Euler (EE)
method with time step Afy. A stochastic solver used to advance p, in time employs the
Euler-Maruyama (EM) method [69, 79] with time step Af,. The latter advances the pth

component of the random array p, from f, = nAt, to t,+1 = (n+ 1)Ar, according to

Dy At Aty
Php = Popt y s (Ph 1 P31 —25,) +0Ey /oy (2.8)

where M, are identically distributed standard Gaussian variables such that n}, and 1y’ are
mutually independent for all p # g and/or n £ m.

Given a value of the interfacial (x = 0) concentration p~ (1) = p™(¢) at a certain
time ¢, these two solvers can operate independently from each other, yielding a determinis-
tic solution p; and a stochastic solution p,. These solutions will not satisfy the continuity
conditions (2.6) and, hence, do not yield a solution of the original BVP (2.1). Construc-
tion of such a solution requires occasional communications between the deterministic

and stochastic solvers via a coupling algorithm.

2.4.3 Interfacial coupling algorithm

Exchange of information between the two solvers can, at most, occur on the scale
of the largest time step. Let Af.om denote the time interval between any two successive
communications between the deterministic and stochastic solvers. It is given in terms of
the multiples of the inner-solver time steps Afy and At», such that Atcom = 1At = naAt.
In other words, the deterministic and stochastic solvers are advanced by n; and n,
“micro” steps At; and At,, respectively, before the inter-solver communication occurs
and concentration and flux information is exchanged between them. This procedure is

repeated until convergence when the coupling is iterative (“implicit”), or occurs only
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once when it is noniterative (“explicit”). Either way, it advances the system state by
one “macro” step Afcom. In the former case, we consider successive communications
during the iterations of a certain macro-step as one “overall” communication, and define
“subsequent” inter-solver communications as the information exchanges associated with
subsequent macro-steps.

In the coupling algorithm described below, we use Af.om-averaged interfacial
concentrations and fluxes. The time-averaged concentrations, p; and p,, are computed as
arithmetic means of p; and p, over their respective n; and n, micro-steps. The interfacial
values of these Af.om-averaged concentrations are p~ and p*. Likewise, we denote by
F~ and F* the Atcom-averaged values of the interfacial fluxes F~ and F', respectively.
Reliance on the Ar.,y-averaged interfacial concentrations and fluxes, rather than on their
counterparts computed at the last micro-step of each solver, facilitates construction of a
mass-conservative coupling algorithm (see A).

To tightly couple BVPs (2.4) and (2.5), we enforce (2.6) at each inter-solver
communication by means of an iterative (or “implicit”) coupling algorithm based on either
Picard’s or Newton’s method (B). In the context of the interfacial conditions (2.6), these
root-finding algorithms are deployed to solve a system of coupled nonlinear algebraic

equations, p~ =p* and F~ = FT, at each inter-solver communication. Using notation

- _ i _ _ _ .
piZ,N/Z =p, Pg,o =p, Flr:]v/z_l/z =F, 271/2 =F", (2.9)
for the macro-step from ¢, to #,,+1 = t,, + Atcom, this system is written as

Pine=Plo:  Finpap =Bl (2.10)



Picard’s method recasts (2.10) into a fixed-point iteration problem

5?1@21 [P20(F 1/2)]ka lejik/;l = [FIITN/Z—I/Z([S?.,N/Z)]I{
where k is the iteration number, and
[ﬁz,o(Fzr,ll/z)]k = @;f + IA)XF;{;Q? ﬁg,’(l){ = [p5olf, etc,
[FNn a1 2P )] = ﬁln}\];/z AZI’NH :
The iterations continue until
max{ PI'y ﬁ;g F1’,117\]1€/271/2 - Fzr,lik/z‘} SE

where € is the prescribed tolerance.

Newton’s method replaces (2.10) with an iterative system

—n,k+1 ~n,k
Pins2 Pins2 81
n.k
= = (plN/Z’Fz 12)
=1nk+1 =1,k
B in F i 82

where J is the Jacobian,

ag1/aﬁ?:§,/2 agl/a 2. 1/2

ag2/aplN/2 92/0F,’ 1/2
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(2.11a)

(2.11b)

(2.11¢)

(2.12)

(2.13a)

(2.13b)
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and

~ nk ~ n,k
ko omk MY gag Pive~Pinp-1  ens

=Pinp P21 D, 21/ §2=—Di Ax 2,1/2°

(2.13c)

Explicit expressions for the components of the Jacobian J are derived in C. The iterations

continue until max{|g1|,|g2|} <.

2.4.4 Domain-decomposition algorithm

Let " =

=P, (ta+1Ar)) and pi"™* = p, (1, + mAt;) denote arrays of the nodal
concentrations at inner-solver times t, + [At; and t,, + mAt, during the kth iteration of the
macro-step from t, to t,,41 = t, + Atcom. As before, p1 N2 and F, 2 ] /2 denote the Afcom-

averaged interfacial concentration and flux during the kth iteration of that macro-step.

The solution is advanced from #, to #,41 as follows.
1. Initialization step. Set ﬁ;l,’z(\)//z =i n/2(tn) and £} 1/2 =F12(t).
2. Evolve the state vector p'f’o’k of size N/2—1to p'f’"l * over n1 micro-steps, using
pL and ﬁ?llf] jp 8 the boundary conditions at x = —L/2 and x = 0, respectively.

n,ny .k

3. Evolve the state vector pg K of size N /2—1to p,”*" over ny micro-steps, using

f);l]li, 2 and pR as the boundary conditions at x = 0 and x = L/2, respectively.

4. Use either Picard’s or Newton’s coupling to calculate new iterates of the interfacial

nk+1

concentration, pl N /2, and flux, F 21/2 -

5. Repeat steps 2 through 4 until the given tolerance € is achieved.

6. Advance the solution by one macro-step by setting

_nK - n,K
PI,N/z(thrl):Pﬁ'N/z and Fz,1/2(tn+1):Fz’,1i/2v
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where K = K (n) indicates the number of iterations at convergence. By construction,

P2,0(tat1) = P1n/2(tnt1) and Fi y o1 y2(tnt1) = Fa 1 2(tns1)-

It is worthwhile noting that the above iterative algorithms can be readily modified

by using ﬁg’g and Fln}\f/z—l/z as iterates.

2.5 Stability of DD Algorithm with Picard’s Coupling

One micro-step of the deterministic (/ = 0,...,n; — 1) and stochastic (m =
0,...,ny — 1) solvers, during the macro-step from ¢, to t,,.1, is carried out, respectively,

by the explicit Euler and Euler-Maruyama (2.8) methods,
p = @+ AP + ity Py = (pL.0,..0, ﬁf;]’;/z)T (2.14a)
and
Py = (1 A2)py ™ + Doy + ™™, Py = (P 005, 0,pR) T (2.14b)

Here p'lllg and pg:ﬁ are the vectors of size N/2 — 1 supplying the boundary conditions for
the two solvers; Iis the (N/2 — 1) x (N/2 — 1) identity matrix; the square matrices A,

and T; (i = 1,2) of size N/2 — 1 are defined by

. D;At;

D;At;
Ax? - !

Ax?

A Trid(1,-2,1), T, i=1,2 (2.14c)

with Trid(1,—2, 1) denoting a square tridiagonal matrix of size N/2 — 1, whose diagonal
elements are —2 and sub- and super-diagonal elements are 1; Y= 0¢ 1/Atz /Ax; and Nk

is the vector of size N/2 — 1, whose components are independent identically distributed
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standard Gaussian variables. After n; micro-steps, the deterministic solver (2.14a) yields

P =BLp}’ +CLpl}, (2.152)
where p/* = p, (r =1,) and
n1—1
BL=(I+A)", CL=Y (I+A)'T. (2.15b)
=0

After no micro-steps, the stochastic solver (2.14b) gives

ny—1
Py = Brpy” + Crpyy +v ) (I+Ag)= " ™k, (2.162)
m=0
n0 __
where p," = p,(t =1,) and
ny—1
Br = (I+A)™, Cr= ) (I+A2)"T. (2.16b)
m=0

Let us define vectors of size N

nk _ ik snk =n.k n,ny kT
X" =07 Py v Pt P2

n n,0 =n0 =n,0 n,0
X' =1y Py ) (20T)

We show in C that x"** satisfies a recursive relation
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where M and P are N x N matrices,

Oni2-1)x(v2—1) Tv2-1)x1 S(v2—Dx1 Owvj2—1)x(v/2—1)
0 _ u v 0 _

M- 1x(N/2—1) I1x(N/2—1) (2.18b)
01 v/2-1) w 0 01 v/2-1)
Onvi2-1)x(v2—1) Yv-—Dx1 Zv2-1)x1 Ovj2—1)x(v/2—1)

and
BL Oni2-1)x1 Owja—1)x1 Sav2-1)x(N/2-1)
0 _ 0 0 u _
p_ 1x(N/2-1) 1x(N/2-1) 2180
VIx(N/2-1) 0 0 01 v/2-1)

Onvi2-1)xva—1) Owa—nx1 Owa—nx1 Wva—1)xv/2-1)

d%k+1 is a vector of size N that depends on the noise, and e is a constant vector of size
N independent of n and k. The definitions of d”****! and e are provided in C. The size of
sub-matrices of M and P is denoted by their subscripts, and their respective components

are defined in C. At convergence, (2.18) becomes

X = T-M)"'Px"+ (I-M) 'd"  + 1-M) e, (2.19)

where dX is the value of d"***! obtained when the iterations for the macro-step from

tn to t,1 have converged. Taking the ensemble average of (2.19) yields

(x" = (I-M)"TP(x") + (I-M) e, (2.20)

where we have used the fact that d”X is a zero-mean quantity (see C).

Relation (2.18) reveals that the iterations for a given macro-step (i.e., from time
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ty to time 1,4 for any n) converge if the spectral radius of M, p[M], is less than one.
Relation (2.20) demonstrates that the overall time advancement is numerically stable
in ensemble mean if p[(I—M)~!P] < 1. Both results are identical to those obtained
when simulating BVP (2.1)—(2.3) with f(x,7) = 0, and hence are independent of the
presence of random noise in the stochastic solver. Therefore, if the fully-deterministic DD
algorithm is stable for a certain combination of values for D1, D;, Ax, At;, At, ny and n;
(and hence Af.om = n1Aty), then the corresponding deterministic-stochastic DD algorithm
is also stable. This result is in line with the fact that stability of the Euler-Maruyama
algorithm for a linear stochastic differential equation with additive noise follows from

the stability of its deterministic counterpart, the explicit Euler method [87].

2.6 Simulation Results and Discussion

In the simulations reported below, the one-dimensional domain of length L = 20.0
is discretized into N = 20 intervals of length Ax = 1.0. Constant concentrations pp, = 15.0
and pr = 5.0 are prescribed on the left (x = —L/2) and right (x = L/2) boundaries,
respectively, and py = 10.0. The diffusion coefficients in the right and left halves of the
computational domain are set to D> = 10.0 and either D1 = 1.0 or D1 = 0.1, respectively.
Unless noted otherwise, the convergence tolerance for Newton and Picard iterations is
€ = 1073, These and other values of all the physical quantities are reported in consistent
units.

The presence of random noise in the stochastic solver renders a solution of
BVP (2.1)—(2.3) random as well. Hence the solution is given in terms of a probability
density function of the system state p(x,¢) or its ensemble moments, such as ensemble
mean (p(x,¢)) and variance Gg (x,2). These statistical moments are approximated by

their sample counterparts computed from a finite number of independent samples. This
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number has to be sufficiently large for the difference between the ensemble and sample
moments not to exceed a specified tolerance.

At each discrete time #;, to compute (2.8) we generate independent zero-mean
Gaussian variables {, = Gg\/m Ny (p=1,...,N/2 —1) with ensemble variance
GéAtz /Ax. Hence, to obtain an estimate of the required number of samples (Ngym ) for the

sample mean and variance of p(x,,;) to approximate (p(x,,z;)) and 6% (xp,t4), respec-

tively, within an acceptable margin of error, we use the following heuristic procedure.

1. For each p, start generating samples of {,, and calculate a running sample mean

and sample variance as the number of samples N increases.

2. When N is such that, for all p, the N-sample mean and variance of { » do not deviate
more than a tolerance € = 10~2 from their respective ensemble counterparts 0 and

GéAtz /Ax, stop and set Nggm = N.

In order to use the same value of Ny, for a given Cg across all of our numerical
experiments, and given that in each of them Az, /Ax < 1.0 by construction, we apply the
above procedure for At /Ax = 1.0. (Recall that the required number of samples increases
with the noise’s variance). We find that a sufficient number of samples for Oy = 0.1,0.2,

and 0.4 (the noise strength we consider) is Ngam, = 500, 1500, and 4000, respectively.

2.6.1 Temporal order of accuracy of implicitly coupled DD algo-

rithm

We first investigate the temporal order of accuracy our DD algorithm by calculat-
ing the /2-norm error &> over the entire domain Q between an Ng,n-averaged, implicitly
coupled EE-EM solution p, obtained with our time advancement scheme, and the en-
semble average of the exact solution, (p), to the set of linear ODEs (2.7), resulting from

spatially discretizing (2.4)-(2.5), using Ax = 1.0. The latter is equivalent to the exact
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solution of (2.7) with & = 0, and is approximated by an implicitly (Newton’s method
with € = 10’3) coupled EE-EE solution p*, obtained with our numerical scheme, with
grid cell size Ax = 1.0, micro-steps At} = At* = 10 %andn;=1(@G=1,2).

To calculate p, we assume equal subdomain micro-steps, At} = A, = At, and
ny =ny = 1, and use Newton’s coupling with € = 1073, (Although not shown here,
similar results were obtained for Picard’s coupling.) We consider the case of D1 = 0.1
and Dy = 10.0, with ¢ = 0.4 (i.e., Ngam = 4000).

Figure 2.2 shows that sequential reduction of At by a factor of two results in a near-
quadratic decrease in &£.. Repeating the experiment using the corresponding implicitly
coupled EE-EE solution yields virtually identical results. These findings indicate that
the implicit coupling preserves the second-order local (i.e., first-order global) order of
accuracy of the subdomain solvers (for additive noise, the Euler-Maruyama method

converges with strong order 1), and this irrespective of the noise strength.

2.6.2 Relative performance of Newton’s and Picard’s coupling

To investigate the impact of the noise strength on the computational efficiency of
the Picard and Newton coupling algorithms, we conduct a series of numerical experiments
for the noise amplitude O = 0.1, 0.2 or 0.4. We fix At.om = 5.0, and consider two cases:
Dy = 1.0 and D, = 10.0 with Af; = 0.5 and A, = 0.05 (which we will refer to as Test
1), and D; = 0.1 and D, = 10.0 with Ay = 5.0 and Az, = 0.05 (Test 2).

Table 2.1 exhibits the number of Newton and Picard iterations when approaching
steady state, averaged over Nsam independent runs. Doubling o; for D = 10D nearly
doubles the number of Newton iterations necessary to enforce the continuity conditions
with tolerance €. The same procedure applied to Picard’s coupling almost quadruples
the number of iterations. Newton’s coupling outperforms its Picard counterpart, with

the gain increasing with 6z. For D> = 100D, doubling ¢ doubles the number of
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Figure 2.2: The /?>-norm error of the sample-averaged EE-EM solution and the EE-EE
solution as a function of micro-step size Ar for the Newton-coupled time advancement.

Table 2.1: Nyym-averaged number of iterations Njeray for Picard’s (Tests 1.1 and 2.1) and
Newton’s coupling (Tests 1.2 and 2.2) with Atcoy, = 5.0. For Tests 1.1 and 1.2, D1 = 1.0
and D, = 10.0; for Tests 2.1 and 2.2, D1 = 0.1 and D, = 10.0.

Test Number of iterations, Nier.ay

oz =0.1 o =0.2 cr =04
1.1 31 114 438
1.2 13 25 49
2.1 9 20 68

2.2 12 24 48
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Newton iterations at all noise strengths, and doubles the number of Picard iterations at
lower strengths but increases them by a factor of about 3.5 at higher noise strengths.
Consequently, Picard’s coupling slightly outperforms its Newton counterpart at lower
noise amplitudes but is significantly outperformed by the latter at higher noise amplitudes.
This is shown in Figure 2.3, which illustrates the time evolution (in units of Af.qy,) of
the required number of iterations from t =0 tor =7 /5 = 100.0 (recall that 0 <t < T
with T = L?/(8D1), so that T = 500.0 for D1 = 0.1). The initial decrease in the number
of Picard iterations is absent for Newton’s method and further increases the overall

computation time for Picard’s coupling.

100
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Newton, o¢ = 0.2
@ 90 | % Newton, ¢ = 0.4
3 X Picard, o¢ = 0.1
L:.é 80 - * 0O Picard, o¢ = 0.2
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Time ¢ in units of Ateom

Figure 2.3: Sample-averaged number of Newton and Picard iterations as a function of
time (in units of Af.om = 5.0) for D; = 0.1, D, = 10.0 and several values of the noise
strength o

2.6.3 Relative performance of implicit and explicit coupling

In a typical multiphysics simulation, the computational cost of an inter-solver

communication may equal or exceed that of constitutive subdomain solvers. Reducing
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the frequency of inter-solver communications (increasing Af.om) or, for a given commu-
nication frequency, reducing the number of iterations by increasing the tolerance of the
iterative coupling (increasing €), may reduce the total computational cost, but, possibly,
at the price of reduced accuracy. We investigate this efficiency/accuracy trade-off by
comparing “implicit” coupling, in which the coupling iterations converge to within the
prescribed tolerance of € = 1073, with “explicit” coupling consisting of a single Picard
iteration. This analysis is carried out for two communication times of the implicit cou-
pling, Atcom = 5.0 and Atcom = 50.0. We focus on the case D1 = 0.1 and D, = 10.0 with
At; = 1.0 and A, = 0.01, and consider both o =0.1 and og = 0.4.

The quantities of interest (Qols) in these experiments are discretized ensemble-
averaged concentration profiles (p(x;,7)), with x; = —L/2+iAx (i =0,...,N), at times
t =100.0 and ¢ = 500.0. These time points represent the time evolution of the average
solution from an early stage of the simulations to the end (steady-state equilibrium).
To compute the error of these Qols, obtained with our time advancement scheme, we
compare them with their “exact” counterparts (p(x;,7))** computed with implicitly
(Newton’s iteration with € = 10~3) coupled explicit Euler solvers on a fine space-time
mesh of Ax** = Ax/ 26 =0.015625 and AP = ArS* = 1077 (the linearity of BVP (2.1)-
(2.3) suggests that the ensemble mean of its solution satisfies the deterministic version
of BVP (2.1)—(2.3) in which f(x,#) = 0) using n; = np = 1. The difference between the
exact and approximate solutions is reported in terms of a position-dependent relative
error, & (xi,1) = [(p(xi, 1)) — (p(xi, 1)) [ /{p (xi,2))

Figure 2.4 exhibits the relative errors & (x;,) for Ateom = 5.0 (left) and Atcom =
50.0 (right); these results were obtained with Newton’s coupling algorithm for 6 = 0.1.
(Although not shown here, Picard’s coupling was found to yield relative errors of the
same magnitude as Newton’s coupling.) Table 2.2 shows the Ngym-averaged computation

times to complete a time trajectory for these and the corresponding 6z = 0.4 cases. The
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time it takes to evaluate the Jacobian J in Newton’s coupling is excluded from the total,
since it is time-independent and therefore computed prior to the transient simulation. The

computation times are reported for an Intel Core 17 machine running at 4 GHz.
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Figure 2.4: Spatial variability of the relative error £, obtained with Newton’s and explicit
coupling for Az.om = 5.0 (implicit, explicit) and Az.om = 0.25 (explicit) on the left, and
for Atcom = 50.0 (implicit, explicit) and At.om = 1.25 (explicit) on the right. In both
cases 6 = 0.1.

The explicit coupling yields a relative error &, that is several orders of magnitude
higher than that obtained with the implicit Newton coupling, especially for At.om = 50.0
(Fig. 2.4). Decreasing Af.om (by reducing the inner-solver time steps Aty and Az, while
keeping n1 and n, the same) reduces the explicit coupling’s error to the level achieved
by the implicit Newton coupling. This dramatically increases the explicit coupling’s
computation time (see Table 2.2). To gauge whether this makes the implicit coupling the
more efficient choice, we compare the computation time of the explicit coupling with
that of its implicit counterpart at the same solution error. For At.om = 5.0, the implicit
coupling is more efficient at low noise strength (6 = 0.1), but not at high noise strength
(og =0.4). These results are due to the fact that the number of iterations needed for

the coupling to converge increases significantly with noise strength (see Section 2.6.2).
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Hence, at high noise strength, the cost of the (fully-converged) implicit coupling with
a lower communication frequency can outweigh that of the (single-iteration) explicit
coupling with a higher communication frequency. For At.on = 50.0 however, the implicit
coupling outperforms its explicit counterpart at all noise strengths. Hence, when the
time between two subsequent inter-solver communications is sufficiently increased, the
implicit coupling can be more efficient even at high noise strength.

Table 2.2: Ng;n-averaged simulation time gy, (in s) of the implicit and explicit coupling
algorithms with several communication frequencies Afcop,.

Coupling  Afcom Simulation time, gy,
o =0.1 o =04
implicit 5.0 34 13.0
explicit ~ 0.25 5.4 5.4
implicit ~ 50.0 1.5 4.7
explicit  1.25 10.7 10.6

2.6.4 Relative performance of implicit and explicit coupling in two

dimensions

To test the generality of the previous conclusions, we consider a two-dimensional
(2D) diffusion equation,
9Ip

=5 =V (DVp)+f,  x= (x1,x)" € Qop, >0, (2.21a)

where Qpp = (—L/2,L/2) x (—L/2,L/2), the diffusion coefficient D(x) is piecewise

constant,

D) forx € Qyp = (—L/2,0) x (=L/2,L/2)
D(x) = (2.21b)

Dy > Dy forx e Qopor = [O,L/Z) X (—L/Z,L/Z),
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and the source term f(x,¢) is defined as

0 forx € QzD,l
f(x,1)= (2.21¢)
E(x,t) forx € Qopy.

Here &(x,7) is a zero-mean space-time Gaussian white noise with variance Gé and

covariance
E[&("J)&(Yﬂ)] :GéS<X_Y)8(t_T>7 X,y € QZD,Za L,T> 0 (221(1)
Equation (2.21) is subject to boundary conditions

0
p(_L/27x27t) =8, p(L/27x27t) = PR, a_)2<x17:|:l‘/23t> :07 (222)

where g(x2) = pL — 2|x2|(pL — pm)/L, and an initial condition

(g/pM)fle/L forx € QZD,I
p(x,0) = pm (2.23)

(pr/Pm)>/E for x € Qop.

We employ a domain decomposition to solve the stochastic BVP (2.21)—(2.23).
Solutions p;(x,7) and pa(x,¢) of the BVPs defined, respectively, on the subdomains
Qop,1 and Q)p ; are coupled by enforcing the continuity of the state variable and its flux

at the interface I' = {x : x; = 0,—L/2 < xp < L/2} separating the two subdomains,

o
ox1

p1

—(0,xp,t) =D
axl(ax%) 2

pl(O,XQ,l‘) :pz(O,XQ,l‘), D (O,xZ,t). (2.24)

In the simulations reported below, we set L = 20.0, D; = 0.1, D, = 10.0, pL =

15.0, pm = 10.0, and pr = 5.0. The simulation domain Q,p is discretized in both spatial
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directions with a uniform mesh of cell size Ax; = Ax; = Ax = 1.0 (i.e., L/Ax = N = 20).
We use Picard’s coupling with a tolerance of € = 1072, take the micro time steps At; = 1.0
and Ar, = 0.01, and use an inter-solver communication time At.om = 5.0. These and
other values of all the physical quantities are reported in consistent units.

We compute the discretized ensemble-averaged concentration (p(xi;,x2 j,))
at points x1; = —L/2+iAx (i=0,...,N) and x» ; = —L/2+ jAx (j =0,...,N), and
times ¢ = (1/5)-[20.0%/(8-0.1)] = 100.0 and ¢ = 20.0?/(8-0.1) = 500.0. It is com-
pared to its “exact” counterpart (p(xi;,X2 j,¢))** obtained with the implicitly (Picard’s
iteration with € = 10™3) coupled explicit Euler solvers in each subdomain on a fine
space-time mesh of Ax$® = Ax$¥ = Ax™* = Ax/2% = 0.125 and ArX = Ar$* = 10% us-
ing n; = np = 1. The difference between the exact and approximate solutions is re-
ported in terms of a position-dependent relative error, & (x1,4,X2 j,¢) = [(p(X1,i,X2,j,1)) —
(P(xtiyx2,j, 1)) /(p(x1,i,x2,5,2))%, at times £ = 100.0 and ¢ = 500.0.

Figure 2.5 exhibits the relative errors £y (x;,x2, j,) for the implicit Picard and
explicit coupling methods using a noise strength ¢ = 0.1 (which, according to a 2D
analogue of the previously described noise discretization procedure, requires Nggm =
1000). At early times (t = 100.0), the error of the explicit coupling can be orders of
magnitude higher than that of the implicit coupling. Decreasing Afcom (by reducing
the inner-solver time steps Af| and Afp, while keeping n; and n; the same) reduces the
explicit coupling’s error to the level achieved by its implicit counterpart; however, this
makes it less efficient (see Table 2.3). A similar trend is observed for Gy = 0.2, but as the
noise amplitude increases to ¢ = 0.4, the explicit coupling becomes significantly more
efficient than the implicit coupling. Although more work is needed to determine how
this comparison evolves as the inter-solver communication frequency for the implicit
coupling is reduced, the result for 6¢ = 0.4 indicates that the explicit coupling may be

the only computationally feasible option in 2D at high noise strength.
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Figure 2.5: Spatial variability of the relative error &, obtained with the implicit Picard
(top) and explicit (bottom) coupling methods at # = 100.0 (left) and # = 500.0 (right). In
all cases Afcom = 5.0 and Oz = 0.1.

Table 2.3: Ngam-averaged simulation time zy, (in s) of the implicit Picard and explicit
coupling algorithms with several communication frequencies Afcom. The times listed
for oz = 0.2 and 0.4 are indicative values based on averaging over only a few time
trajectories.

Coupling  Afcom Simulation time, 7,
O = 0.1 O = 0.2 or = 0.4
implicit 5.0 44.1 86.7 7479.7

explicit 0.5 237.9 2423 233.0
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2.7 Summary and Conclusions

We constructed a tightly-coupled domain-decomposition approach using Picard’s
or Newton’s method and applied it to a multiscale, interfacially-coupled linear diffusion
problem driven by a Gaussian space-time white noise in one of the subdomains. We
conducted a series of numerical experiments to compare the efficiency of the fully-
converged (“implicit”) Picard and Newton coupling methods, and to investigate the
efficiency/accuracy trade-off between these implicit algorithms and a single-iteration
(“explicit”) Picard’s coupling. These numerical properties were explored for various
strengths of the Gaussian noise, and for different frequencies of communication between
the constituent subdomain solvers.

Our analysis leads to the following major conclusions.

1. Implicit Newton’s coupling typically outperforms its Picard counterpart, especially
at high noise strength. The number of Newton iterations scales linearly with the

noise amplitude, while its Picard counterpart can scale super-linearly.

2. Despite its higher cost per communication, the implicit coupling can outperform its
explicit counterpart because the latter requires a higher inter-solver communication
frequency to achieve a given solution error. At low noise strength, this holds
true even if the implicit coupling’s communication frequency is high. At high
noise strength however, it requires increasing the time between two subsequent
implicit coupling communications to offset the increased cost of the fully converged

iterations.

3. The implicit coupling preserves the order of accuracy of the constituent solvers,

even for strong random fluctuations.

4. The presence of noise does not alter the stability properties of the domain-decomposition
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algorithm compared to its fully-deterministic counterpart, regardless of the strength

of the fluctuations.

5. In two dimensions, we find a similar trend as in conclusion 2, although an explicit

coupling may be the only computationally viable option at high noise strength.
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Chapter 3

A tightly-coupled
domain-decomposition approach for
highly nonlinear stochastic

multiphysics systems

3.1 Abstract

Multiphysics simulations often involve nonlinear components that are driven
by internally generated or externally imposed random fluctuations. When used with a
domain-decomposition (DD) algorithm, such components have to be coupled in a way
that both accurately propagates the noise between the subdomains and lends itself to a
stable and cost-effective temporal integration. We develop a conservative DD approach
in which tight coupling is obtained by using a Jacobian-free Newton-Krylov (JINK)
method with a generalized minimum residual iterative linear solver. This strategy is

tested on a coupled nonlinear diffusion system forced by a truncated Gaussian noise at

37
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the boundary. Enforcement of path-wise continuity of the state variable and its flux, as
opposed to continuity in the mean, at interfaces between subdomains enables the DD
algorithm to correctly propagate boundary fluctuations throughout the computational
domain. Reliance on a single Newton iteration (explicit coupling), rather than on the
fully converged JINK (implicit) coupling, may increase the solution error by an order of
magnitude. Increase in communication frequency between the DD components reduces
the explicit coupling’s error, but makes it less efficient than the implicit coupling at
comparable error levels for all noise strengths considered. Finally, the DD algorithm with
the implicit JINK coupling resolves temporally-correlated fluctuations of the boundary
noise when the correlation time of the latter exceeds some multiple of an appropriately

defined characteristic diffusion time.

3.2 Introduction and Motivation

High-performance computing facilitates the simulation of ever more complex
phenomena comprising multiple physical, chemical and/or biological processes that
take place on a wide range of spatiotemporal scales. Many of these problems involve
constituent processes that occur in separate spatial domains and influence each other
through the interfaces between these domains. One example is conjugate heat transfer
across a fluid-solid interface [95], which manifests itself in applications as diverse as gas
turbine cooling [82] and vehicle entry and re-entry in planetary atmospheres [30].

Construction of a single discrete operator containing the different components and
their interactions yields a “tight” coupling, which guarantees temporal synchronization
of state variables across inter-component interfaces. Yet, this “monolithic” [20] approach
is intrusive (i.e., requires development of new software) and might become unfeasible

for high-dimensional systems. The alternative strategy of “component partitioning” or
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domain decomposition (DD) advances the components independently and employs a
coupling method to exchange information at the interfaces. Deployment of DDs in
high-performance computing facilitates an optimal distribution of the work load be-
tween the available processing cores (load balancing), while minimizing communication
between cores acting on adjacent subdomains (communication scheduling) [55]. The
DD approach is nonintrusive, i.e., allows for a “black-box” implementation of existing
(legacy) codes, but requires an iterative coupling to avoid desynchronization of the state
variables computed with the individual components', which may significantly increase
its computational cost.

Studies of the numerical properties of DD algorithms have led to nontrivial con-
clusions, which might be difficult to generalize. For instance, an otherwise unstable loose
coupling used in one-dimensional simulations of fluid-solid-interactions can be made
stable by enforcing Neumann boundary conditions for the structural calculation and
Dirichlet boundary conditions for the fluid solver [50]. And the use of a small number of
iterations in a coupled linear diffusion problem leads to conditional or unconditional sta-
bility in a nonintuitive way when using a backward Euler solver in the subdomains [102].
Random fluctuations inside or on the boundary of a computational domain further affect
the accuracy and performance of DD methods [115, 31].

We focus on a highly nonlinear multiscale diffusion problem driven by a tem-
porally correlated boundary noise. A nonlinear dependence of the diffusion coefficient
on the state variable (e.g., concentration) poses a host of challenges not encountered in
linear [115, 31] and weakly nonlinear [31] problems. A computational testbed problem
described in Section 3.3—a one-dimensional nonlinear diffusion in a composite solid
forced by a truncated Gaussian noise at its left boundary—represents production of

ultra-pure hydrogen gas [36]. Section 3.4 contains a description of our DD algorithm,

"Examples of such a desynchronization due to the use of noniterative or “loosely” coupled algorithms,
and methods to iteratively correct them, can be found in [43, 42, 75].
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which uses a Jacobian-free Newton-Krylov (JINK) method to tightly couple two explicit
Euler diffusion solvers. In Section 3.5 we analyze the stability of the time advancement
scheme in the presence of a temporally fluctuating boundary noise. In Section 3.6 we
conduct a series of computational experiments to elucidate the numerical properties of

our algorithm. A summary of our findings is reported in Section 3.7.

3.3 Problem Formulation

Consider a state variable p(x,7) whose dynamics is governed by a one-dimen-
sional nonlinear diffusion equation,

%:% [D(p,x)%] , xeQ=(0,L), t>0, (3.1a)
with the p-dependent diffusion coefficient D; this equation is defined on the simulation
domain Q = (0,L) for times # > 0. While (3.1a) describes a large number of physical
phenomena, we ground it in an application related to production of ultra-pure hydrogen
gas [36]. Thus, p(x,7) represents the concentration of atomic hydrogen (H) that diffuses
through a dense composite metal membrane of thickness L. The latter is placed between
streams of feed and sweep gases flowing in opposite directions in order to extract
H, from the feed gas (for a typical configuration, see, e.g., [21] and Fig. 3.1). The
membrane consists of a tantalum (Ta) layer 2, sandwiched between two palladium (Pd)
layers © and Q3 [89]. Palladium’s selective permeability to hydrogen [54] makes it
suitable for use in hydrogen-separation membranes. To increase its structural stability,
Pd has been alloyed with materials such as silver [59]. An alternative, and potentially
superior approach, is the combination of Pd with refractory (group V) metals, such
as tantalum, into layered membranes [25]. Refractory metals have even higher bulk

hydrogen permeabilities than Pd or its alloys [22], and are cheaper than Pd.
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Figure 3.1: A three-layer dense membrane configuration for hydrogen separation (not to
scale).

The diffusion coefficient of H in this composite is given by [103, 10]

. 1—pV;
Dpd = Dgﬁ f] (B)—i—fz(p)VPdp%} for x € Q.] U Q.g
D(p,x) = B (3.1b)
Dr, = DiTlg for x € Qo
with
p-—1 1 du, 3y hog, — 7Y pVpd
—1-6"_— = ——__coth| ———— . N
h 6 B ) Vea dp 2 cot T (3.1¢)

Here Vpq is the Wigner-Seitz cell volume of the Pd lattice; kp is the Boltzmann constant;
T is the operating temperature of the membrane (in K); the constants Yy and ®y, (energy of
local vibrations of the H atoms for p close to 0) and variables B(p) and . (p) (electronic
contribution to the chemical potential of the hydrogen subsystem) are defined in [103];
and Dgﬁ and DiT“at are the intrinsic (i.e., for p close to 0) diffusion coefficients? of H in Pd
and Ta. Since the function Dpq(p) in (3.1b) is discontinuous at pVpq = 0.656, we replace

it with a continuous approximation obtained by using quadratic splines (Fig. 3.2).

Following [4], we use Arrhenius expressions Dt = Dpggexp[—E3!/(RT)] and DX =
Draoexp[—EX!/(kgT)] with R denoting the universal gas constant, Dpqo = 2.9- 1077 m?/s and Dy, =
4.4-1078 m?/s, and diffusion activation energies E&' = 22.2 kJ/mol and EX = 0.14 eV/atom. We set
T =800 K, a temperature regime for which the expression Dpq(p) in (3.1b) is valid.
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Figure 3.2: The original function Dpy/ Dg‘é and its continuous approximation.

Equation (3.1) is subject to initial and Dirichlet boundary conditions

p(x,O) = PrL, p(()?t) = p0<t)7 p<L7t) = PL, (3.2)

where py, is a deterministic constant and po(¢) is the randomly fluctuating boundary
function. The latter is expressed as po(t) = (po) +mn(¢) with (pg) the (constant) ensemble-
averaged value and M (7) a zero-mean truncated Gaussian noise with variance 612], an
exponential auto-covariance Cy (] —12) = GTZ] exp(—|t; —2|/A) and the correlation time
A. The boundary concentrations pg(¢) and py, are related to the partial pressure of H; in
the feed and sweep gases, respectively. At the feed gas/membrane interface, H, molecules
are adsorbed onto the membrane surface, where they dissociate into H atoms which enter
the Pd lattice; the reverse process occurs at the sweep gas/membrane interface.

The presence of the boundary noise 1(¢) renders a solution p(x,7) of the boundary-

value problem (BVP) (3.1)—(3.2) random over the entire simulation domain Q. Its
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statistics, such as mean (p(x,7)) and variance Gg (x,1), can be estimated with, e.g.,
Monte Carlo (MC) simulations. Regardless of the noise, the disparate diffusion time
scales in the Pd and Ta layers require a single full-domain algorithm to use a time step
determined by the smallest diffusion time-scale (corresponding to the maximal value of
Dpq) in order to accurately resolve the system’s dynamics. This can significantly increase
the computational time of each MC realization, potentially rendering MC simulations
prohibitively expensive.

A domain decomposition enables one to use different time steps in each subdo-
main Q; (i = 1,2,3), which are in tune with the local diffusion time-scale. Let p;(x,?)
denote a solution of (3.1a) on the ith subdomain Q; (i = 1,2,3). These solutions are
subject to the initial condition p;(x,0) = py, for i = 1,2, 3; additionally the external bound-
ary conditions give rise to p;(0,¢) = po(¢) and p3(L,7) = pr. The remaining boundary
conditions for these three BVPs come from enforcing the continuity of p and its flux at

the interfaces x = o and x = o separating the three subdomains (see Fig. 3.1):

8p2

0
pl(alat):p2<al7t)7 Dpd%(al,t):DTag(al,t),
d 0
p2(a‘21t):p3(a‘27t)v DTa%<a27t):DPd%(a27t)' (33)

These interfacial conditions necessitate occasional communication between the diffusion

solvers in adjacent subdomains.
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3.4 Numerical Implementation of Domain Decomposi-
tion

3.4.1 Spatial discretization of the computational domain

We discretize the computational domain €2 using a uniform mesh of cell size Ax =
L/N, where N is the total number of grid cells. For the sake of simplicity, and without
loss of generality, we assume that the interfaces x = o; and x = ol coincide with the
nodes of this uniform grid, so that each of the three subdomains €2; is discretized with N;
grid cells. The solvers used to integrate the three BVPs employ a staggered grid approach,
in which diffusive fluxes, F;(x,t) = —D;dp;/dx, in the ith subdomain Q; (i = 1,2,3) are
calculated at the midpoint between two subsequent concentration nodes (Fig. 3.3). In
particular, both p,” = p(a,¢) and pf = pa(au,t) are defined at the interfacial node
x = oy, while the corresponding interfacial fluxes F,~ = Fi(o,¢) and FlJr = F(oy,t)
are defined at x = o} — Ax/2 and x = o] + Ax/2, respectively. Likewise, p, = pa(0i2,?)
and p;” = p3(0p,) are defined at x = o, while the corresponding interfacial fluxes

F. = B (ay,t) and F. = F3(0p,t) are defined at x = 0 — Ax/2 and x = o + Ax/2,

respectively.
po Fopel B E- prof B pL
[ O < @i Orsesnnnnsn P . (e XTIIIIIIT ® PN Py
=0 Ax aq a2 L
® concentration nodes — Pd
0 flux nodes e Ta

Figure 3.3: Domain Q = (0,L) decomposed into subdomains Q; = (0,a;), Q) =
[0, 00) and Q3 = [0, L). Concentration p is computed at the nodes denoted by solid
circles, and flux F is evaluated at the midpoint between two subsequent concentration
nodes (open circles).
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3.4.2 Numerical solvers for individual BVPs

A finite-difference approximation of the spatial derivatives in (3.1a) yields a

system of ordinary differential equations for each subdomain €2;,

dp; -
o ), =123 (3.4a)
where p; = (pi1,---, p,-J\zl.,l)T are the one-dimensional arrays of size N; — 1 of the nodal

values of the state variables p;(x,#); and components f; , of the one-dimensional arrays

fi(p;) of size N; — 1 are defined by

Dj_ : (pi7p+1 - pi,p) _Di_ : (pi7p - pi,p—l)
Ax? ’

Jip= (3.4b)

forp=1,....N;—1landi=1,2,3. Here D;L and D; are the values of D; = Dpq evaluated
at (pip+1+Pip)/2 and (pip+Pip—1)/2, respectively, fori=1,3,and Dy =D; =D, =
Dry; and p1o = Po, 1y, =Py - P20 =P, - P2, = Py > P30 =P, and p3 ny = pr.

We use an explicit Euler method with time step A#; to advance p; (i = 1,2,3)
in time. The noise enters the finite-difference scheme through advancing the p =1

component of p; from #, = nAt; to t,1 = (n+ 1)Aty,

Af _
Pl =Piit 3D (P2 —p11) =Dy - (P11 —Pp)] (3.5)
The random boundary term is represented as p} ; = pg = (Po) +Mn" withn" =n(z,).

Given values of the interfacial concentrations p; (f) = p; () at x = oy and
p, (t) = p; () at x = 0, this spatiotemporal discretization allows one to compute,
independently from each other, the three (i = 1,2,3) solutions p,(t) at any time T > 7.

However, these solutions will not satisfy the continuity conditions (3.3). To enforce the

latter, the subdomain solvers must communicate with each other through a coupling
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algorithm. The continuity conditions can be enforced either for each MC realization of
the random solution (path-wise coupling) or for its statistical moments (e.g., mean) com-
puted using a finite number of MC realizations (moment-wise coupling). The path-wise
communication ensures the continuity of all the moments of concentration p(x,7) and
flux F(x,7) = —Dd,p and, hence, accurately propagates the noise throughout the compu-
tational domain. The moment-wise coupling introduces an error since it does not account
for higher-order moments. Yet, it reduces the computational overhead due to inter-solver
communication and therefore warrants an investigation. In Section 3.6.1 we compare
the spatial profiles of the mean and variance of p(x,7) for path-wise and moment-wise
(exchanging only the mean) coupling with those obtained by solving (3.1)—(3.2) with a

single solver defined on the entire domain.

3.4.3 Coupling algorithm with path-wise communication

We define the communication time between solvers, Af.om, as the multiples of the
inner-solver time steps Az;, such that Atom, = n;At; (i = 1,2,3). In other words, starting at
t = t,, the ith subdomain solver is advanced by n; “micro” steps At;, before communicating
with adjacent solvers at f,, + At.om. Depending on whether an iterative or noniterative
coupling is used, this process is repeated until convergence or carried out only once,
respectively. In either case, this procedure advances the solution by one “macro” step
Atcom. In the iterative coupling, the set of communications during the various iterations
of a particular macro-step are referred to as one overall communication.

We show in D that exchanging the Az.,n-averaged interfacial concentrations and
fluxes (rather than their counterparts computed at the last micro-step of each solver)
yields a mass-conservative coupling algorithm. The time-averaged concentrations, p;
(i=1,2,3), are computed as the arithmetic means of p; over their respective n; micro-

steps. The interfacial values of these Az.om-averaged concentrations are p;,  and ()f’ at
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x =0y, and p,” and p," at x = dp; the corresponding Afcom-averaged interfacial fluxes

are F;” and /" atx =a and F,~ and F," atx = ap.

Enforcement of (3.3) provides a tight coupling of the solvers for the subdomains

Q; (i=1,2,3). We accomplish this by using an iterative (implicit) coupling algorithm

based on the JINK method [70] with the generalized minimum residual (GMRES)

iterative linear solver [68] (see E for details). This root-finding algorithm is deployed to

solve a system of coupled nonlinear algebraic equations,

during inter-solver communication. Using notation
;N A~ ]n _ 3+ ;7 A ]n  _ 3+
Piny =P;s P20=P;s Pon,=Prs P30=Pr,

n _ P F _ Pt _ P F _ Bt
Flllefl/Z_Fl’ Fzr,ll/z—Fw F2’7N271/2_Fr7 F3’,11/2—Fr>

for the macro-step from ¢, to #,,+1 = t,, + Atcom, this system is written as

;N n

-n __ =n i~ n _ n —-n n o
Piny =P200 Fin—12=1 PN, =P300 Fon,—12= 51,0

(3.6)

(3.7)

(3.8)
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Newton’s method, in its pure form, recasts (3.8) into an iteration problem

~nk+1 —n,k
P, Pin, 81
=n.k+1 =k
B in B 82
= -J! (3.92)
—n,k+1 ~n.k
P2N, P2.N, 83
- 1n,k+1 1.k
Bin i 84

where J(p1 i ,F2 1/2792 N27F3n1k/2) is the Jacobian,

agl/aplNl g1/0F,' 21/2 agl/af’;ﬁz 81/0F; 31/2
0g2/9p1N, Og2/OF, T, dg:/0p3, Iga/OF,

J— , (3.9b)

833/85?:1]\{/, dg3/oF, 21/2 ag3/al3§,’1]ifz dg3/oF; 31/2

dg4/9p, 084/9F,', 0g4/9Pyy, Og4/OF

and
~ n,k ~ nk
nk o~k Ax ik —akPIN TPIN -1 ank
gl:Pl,Nl_Pz,1_D 2,1/27 g =—Dy Ax : —F 1)
A ” ;]
_nk = nk ik B Pon, = Pons—1 -
g3:p2,N2_p3,1 _an 31/27 g4——D2 Ax F3 1/2 (3.9¢)
3

Here Drl“k and Dg"k are the Ar.om-averaged values of the diffusion coefficients at the

spatial positions ot; — Ax/2 and o + Ax/2, respectively.



49

In our numerical experiments, we do not explicitly compute the components of
the Jacobian J. Instead, we employ an inexact Newton’s method, JINK with GMRES,
using a second-order finite difference expression to approximate the Jacobian-vector
product. The Newton iterations continue until max{|gi|,...,|g4|} <€, where € is the

prescribed tolerance.

3.4.4 Coupling algorithm with moment-wise communication

While the path-wise continuity of the Az.,y-averaged interfacial concentrations
and fluxes (Section 3.4.3) guarantees the continuity of all moments of p and F, it is
computationally intensive. To lower the computational cost, we consider an approxima-
tion involving the exchange of only the first moments (ensemble means). The modified

time-advancement algorithm comprises the following steps.

1. Evolve all Ngyy, solutions, simultaneously and independently, from #, to #,+1 =
tn + Ateom. The value of Ny is chosen according to the procedure described in

Section 3.6 (and is equal to Ny, used in the path-wise approach);

2. Compute, at each micro-step of Q; (i = 1,2,3), the Ng,m-average of the quantities

to be exchanged between the subdomain solvers;

3. Compute the At.om-averages of the results obtained in step 2. The latter serve as
inputs to the coupling algorithm, which produces new iterates for the interfacial
concentration and flux (in the form of the Af.om-average of their Ng,m-averages) at

x =0 and x = 0.
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3.4.5 Domain-decomposition algorithm with path-wise communica-
tion

n,mk

Let pi"* = p, (8, + 1An), p¥™ = py(ty +mAsy) and py®* = p; (1, + gAs3) de-
note arrays of the nodal concentrations at inner-solver times t, + [Aty, t,, + mAt; and
t, + gAt3 during the kth iteration of the macro-step from ¢, to t,+1 = t,, + Afcom. At all
times, the arrays p,, p2 and p5 are of size N| — 1, N, — 1 and N3 — 1, respectively. As
before, ﬁff, and F 21 /2 denote the Af.om-averaged interfacial concentration and flux at
X =01, and p2 N and F. 3 ] /2 denote the Az.,m-averaged interfacial concentration and flux
at x = O, during the kth iteration of that macro-step. The solution is advanced from 7, to

ty+1 as follows.

T ~n,0 ~n,0 1,0
1. Initialization step. Set Py, = p1.v, (ta), Py, = P23, (tn), F;i/z = F15(ty) and
=1,0
F;l/z = F3,1/2(tn)'

n,0,k n,ny,k

2. Evolve p;""" to p; over n| micro-steps, using pg’l (l=0,...,n1—1)and f)f’]]f,l

as boundary conditions at x = 0 and x = a1, respectively.

n,ny.k

3. Evolve py’ Ok o p5"*" over ny micro-steps, using p; ’]]\‘,1 and ﬁg’llflz as boundary

conditions at x = o; and x = 0lp, respectively.

n,n3.k

4. Evolve p" Ok 1o P3 over n3 micro-steps, using f)g ’Ilsz and pz, as the boundary

conditions at x = o; and x = L, respectively.

5. Use JINK to calculate new iterates of the interfacial concentrations, p, Ili,fl and

nk+1 = 1,k+1 nk+1
Py’ A , and fluxes, Fz,l/z and F 31/2 -

6. Repeat steps 2 through 5 until the given tolerance € is achieved.
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7. Advance the solution by one macro-step by setting

_nK _nK
PLy (tnr1) =Py P2y (tnr1) = Paly,

= n,K = n,K
Fo10(tat1) = Fzrfl/y B 1p2(tas1) = F;‘l/z,

where K = K (n) indicates the number of iterations at convergence. By construction,

P2,0(tns1) =P1N, (tng1)s  P3,0(tnt1) = P2V, (Ing1),

Fin—12(tie1) = B p(tnr1),  Fany—12(tas1) = F312(tas1)-
—nk =nk gnk =1,k .
Note that one could equally use p,’), P3 > F1 Ni—1/2 and F2 Na—1/2 88 iterates.

3.4.6 Domain-decomposition algorithm with moment-wise commu-
nication

As explained in Section 3.4.4, the moment-wise approach replaces the Afcom-
averages of quantities with the Af.om-averages of their Ngym-averaged counterparts. In the
time advancement algorithm of Section 3.4.5, this involves replacing, for each realization,
the Dirichlet boundary conditions ﬁﬁ’]]fh at x = o] and ﬁ;’lli,z at x = oy with the Afcoy-
average of the Ngam-averaged values of py y, and p; n,, respectively. Thus, while each
realization is characterized by a different stochastic boundary condition at x = 0, all of
them share the same Dirichlet boundary conditions at x = o; and x = o, for evolving the

subdomain solutions. All other quantities are modified in a similar fashion.
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3.5 Stability of Implicitly Coupled DD Algorithm with
Path-wise Communication

To analyze the stability of the implicitly coupled DD algorithm with path-wise
communication between the subdomain solvers, we approximate our discretization
of (3.4) by treating the diffusion coefficients D and D3 at respective positions pjAx
and o + p3Ax (p; = 1/2,...,N; — 1/2) as constant over a macro-step. This effectively
linearizes the algorithm around #, for the macro-step from ¢, to #,,+1. The most stringent
constraint on the size of the macro-step for this approximation to hold comes from the
time variation of D at x = Ax/2 for small correlation times A of the boundary noise 1();
it results in the condition Afeom < A.

Having chosen At such that the above linearization procedure yields a rea-
sonable approximation during the macro-step from #, to #, 1, one micro-step of the left
(Il=0,...,ny—1), middle m =0,...,ny — 1) and right (¢ =0,...,n3 — 1) subdomain

solvers is given by

Pr T = (1 + AP T P+ T ™, (3.102)
pg,erl,k _ (INZ—I _’_Az)pg,m,k +T, plef), (3.10b)
Py = (It + As )Py + T3, Pl (3.10¢)

where iy = ((00),0,--0,p1'y,) T+ Pay = Py, 0. 0.p3y,) | and Py = (B3, 0, 0,pr) T
are vectors of size N| — 1, No — 1 and N3 — 1, respectively, which supply the boundary
conditions for the three solvers, and 0™ = (n!,0,...,0) .3 The identity matrices In—1
(i =1,2,3) are of size N; — 1, and the square matrices A; , and T; ,, of size N; —1 (i = 1, 3)

are defined in F. Finally, the square matrices A, and T, of size N, — 1 are given by

3In equation (3.10a), 0! is separated from the left boundary concentration to render prfjlg independent
of the micro-step, which simplifies the analysis.
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As = (DyAL /Ax?) Trid(1,-2,1) and Ty = (DAt /Ax* )y, 1, where Trid(1, -2, 1) de-
notes the tridiagonal Toeplitz matrix of size N; — 1 whose elements on the main diagonal

are —2 and those on the first sub- and super-diagonal are 1.

Lemma 3.5.1. Given vectors, of size N + 1,

n,0 <=n0 nO T
(Pl 7p1N17 21/2792 P2 Ny 0 31/2793 %)

)

nnp .k =nk nk n,ny.k

nnz,k\T
(pl ap]N17 21/2792 ap2N27 31/2793 > ) 9 (311)

representing the solution at t,, and the kth iterate of the solution at t, 1, respectively, the

ensemble-averaged solution at time t,, 1, (xX"™1), is given by
(&) = ((Iy1 = M) 7' Pux") + (L1 = M,) ~'d"), (3.12)

where M, (x", %) and P,(x",n"°) are (N + 1) x (N + 1) square matrices, and the

vector d" of size N + 1 depends on X" and all W™ with 1 € {0,1,...,n; —1}.

Taking the 1-norm of both sides of (3.12), and using the triangle inequality, yields

I 1< N(vr = M) ™ Pux) 1+ [ (v — M)~ ") 1. (3.13)

For || ((Iy+1 —M,) " 'P,x")||1, the following result holds.

Lemma 3.5.2. Consider y" = (1]”70,X”T)T and Q, = (Iyy1 —M,)"'P,. Using Taylor’s

theorem to expand Q,(y") about (y") yields

1{(Qa(y") X"} 1 < 1Qu({y" D) [[x") [ +Va (3.14)
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Equation (3.13) and Lemma 3.5.2 yield the following necessary conditions for stability,

in ensemble mean, of the time advancement.

Lemma 3.5.3. Stability, in the mean, of the time advancement of the implicitly coupled
DD algorithm with path-wise communication requires ||Q,((y"))||1 and V, in (3.14),
and ||{(In+1 —M,)~'d™) |1 in (3.13), to be finite for every macro-step, and || Q,({y"))|1
to be smaller than one for all but a finite number of macro-steps. The condition on
V,, is satisfied if [Qn(y")): j is of class C* on a open convex set containing y" and (y"),
|0%[0n(y")]i,j| with |a| = 2 is finite, the map of the noise M| onto y" is monotonic, Vyn) is
in L*, and g8ij(y") and ||§"| %x’; arein L? foralli,j=1,...,N+ 1. Here § are zero-mean

fluctuations in a Reynolds decomposition y = (y) +7.

Lemmas 3.5.1-3.5.3, whose proofs are provided in F, have the following impli-
cation. The problem’s nonlinearity causes the ensemble mean solution (y") to differ
from its counterpart obtained by replacing the randomly fluctuating boundary function
Po(t) with its ensemble mean (pg). Therefore, the dependence of (Iy;; —M,) 'P, on
(y") suggests that the stability of the DD algorithm with random boundary conditions
is different from that of the corresponding DD algorithm with the ensemble-averaged
boundary conditions.* This illustrates the potential pitfalls of applying DD algorithms
verified for deterministic nonlinear problems to nonlinear problems whose dynamics is

driven by random fluctuations.

3.6 Simulation Results and Discussion

In the simulations reported below, we set o = 2L/5 and o = 3L/5. This

choice of relative thicknesses ensures that diffusion is nonlinear throughout most of the

4This is in contrast to the case of linear diffusion, where noise does not affect the stability of DD
algorithms [115].
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membrane (within the Pd layers) and facilitates our computational experiments. The
resulting subdomains Q; (i = 1,2, 3) are discretized with Ny = N3 =2N/5and N, =N/5

nodes, respectively. All the quantities are reported in their dimensionless form,

x ., Dt
f= o P=H 5 o, (3.15)
Lt L”Zl“a

and the dimensionless parameters are set to L = 5, () = 0.55 and pz = 0.1. In the
following, we omit the hats * to simplify the notation.

Realizations of the boundary noise 1 (¢) with infinite correlation time (A — o),
1.e., of the random variable 1, were drawn from a truncated Gaussian distribution with
zero mean and variance (5121 using the MATLAB code by Burkardt based on [63]. Two
values of the coefficient of variation, CVy, = 6y/(po) = 0.46 and 0.23, were considered.
For the exponential correlation function with finite A (Section 3.6.4), realizations of 1(¢)
were drawn from the multivariate truncated Gaussian distribution using the MATLAB
codes by Benham and Luong based on [100].

The convergence tolerance for the Newton solver was set to € = 1073, and
that for the Krylov solver (GMRES) in the JfNK coupling to eg = 107%. We do not
precondition the GMRES algorithm as it usually converged after only a few iterations
without preconditioning. The simulation time horizon, 7' (= 20 or 40, depending on
the experiment), was chosen to allow the system to approach its steady state. The
ensemble mean (p(x,)) and variance G% (x,t) of concentration p(x,t) were approximated

by their sample counterparts calculated from Ng,r, independent samples. This number

was determined from the following conditions:

1. The difference between the prescribed ensemble average of po(z) and its sample

counterpart is less than 5 - 1073 at representative times #p = kT /5 (k=1,...,5).

2. The difference between the sample averages computed with Ny, and Nggy — 10
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realizations is less than 1073 at times #; = kT /5 (k= 1,...,5).

We found these conditions to be satisfied with Ny, = 1200 for CVyy = 0.23, and Ngg =
2500 for CVy = 0.46. The computations were performed on an Intel Core i7 machine

running at 4 GHz.

3.6.1 Comparison between path-wise and moment-wise coupling

We compare the relative performance of the DD algorithms with the path-wise
and moment-wise communication strategies. A single-solver (“global”’) method provides
reference solutions (p(x;,7))™" and [Gl% (xi,1)]™f with x; = iAx (i =0,...,N)and t = jT /5
(j=1,3,5) for T = 20.0. These solutions are computed from Ny, = 1200 or 2500
(for CV;; = 0.23 or 0.46) independent runs of a single explicit Euler solver with grid

cell size Ax™ and time step Ar™"

. The latter is chosen to satisfy the stability condition
AT < (Ax™)? /(2Dpax ), where Dyyay is the maximum value of the diffusion coefficient
throughout the computational domain over the entire duration of the simulation.

A position-dependent relative error &, is defined, fori =1,...,N—1, as

ref
£ i,t;Axref,Atref,Ax,Atcom _ |<p(xi7t)> — <p(xi7t)> | (3.16)
ol ) PG )

where (p(x;,t)) is computed with the DD algorithm on a grid of cell size Ax > Ax™' and
with inter-solver communication time Afeom > Af™f. For a fully-converged (implicit)

JINK coupling, the total relative error Eg)m is
EX™ (i, 13 AXT AL A, Atoom ) = EX™ (xi,1) + Enn (xi,1) + Enp(xis1), (3.17)

where Sém is the error solely due to the use of the implicit coupling, i.e., of DD solutions

with Afeom = At and Ax = Ax™f; 82}3 is the error due to the use of a coarser mesh with



Ax > Ax™f: and

57

Ay, 18 the error due to the use of a Ateom > A", To compare the path-

wise and moment-wise implicit coupling, we focus on Ej,m by using the fully-converged

JINK coupling with one micro-step per macro-step, Atcom = At; =

i=1,2,3) so that

Arf (ie., n; = 1 for

th =0, and a mesh with Ax = Axref so that EX? _
com
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Figure 3.4: Temporal snapshots of the deterministic concentration, p(x,#), computed
with the DD and global algorithms using Ax™" = 0.25 (left) and Ax"f = 0.0625 (right).

First, we consider the deterministic boundary condition py = 0.55, for which the
DD algorithms with path-wise and moment-wise communication are equivalent, &, is
defined in terms of p(x;,#) rather than (p(x;,7)), and T = 30.0 was required to approach
steady state. Figure 3.4 exhibits temporal snapshots of the concentration profiles, p(x,?),
computed with the DD and global methods. The discrepancy between the two methods,
1.€., 5gm, is maximal at intermediate times (¢ = 18) and is reduced, at all times, by refining
0.25 to Ax™™ =

the mesh from Ax™f = 0.0625. This mesh refinement necessitates the

reduction of the time step, from Ar™f = 0.01 to Ar™f = 5 x 1074, to satisfy the stability
condition A < (Ax™0)2 /(2D pax ).
Next, we consider the infinitely correlated boundary noise, i.e., the case py =

{(po) + Mo with the zero-mean truncated Gaussian variable 1. Figure 3.5 shows the
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Figure 3.5: Temporal snapshots of the mean concentration, (p(x,7)), computed (for
CVy = 0.23) with the path-wise DD and global algorithms using Ax"™" = 0.25 (left) and
Ax™F = 0.0625 (right).

mean concentration profiles, (p(x,7)), computed with the path-wise DD and global
algorithms, for CVy = 0.23. The impact of time 7 on the discrepancy between the two
solutions with Ax™f = 0.25, i.e., on Eci,m is less pronounced than in the deterministic case,
indicating a “smoothing effect” of the noise. As before, the mesh refinement, i.e., smaller
Ax™', reduces £IM. Figure 3.6 demonstrates that the mesh refinement also reduces the
discrepancy between the DD and global solutions for the concentration variance 6%) (x,1).
Although not shown here, the case of CV;; = 0.46 yielded similar results for both the
mean and variance.

Finally, we consider the performance of the DD algorithm with the moment-wise
communication. Figure 3.7 reveals that this approach yields an inaccurate mean solution
(p(x,t)) even for a moderate noise strength (CVy, = 0.23), and this solution becomes
unphysical at later times (¢ = 20) as the noise strength increases (CVy = 0.46). Although
not shown here, reducing Ax! from 0.25 to 0.0625 does not yield any improvement.
This finding eliminates the possibility of using the moment-wise coupling for our DD

algorithm. In the remainder of this paper, we therefore exclusively use the path-wise
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Figure 3.6: Temporal snapshots of the concentration variance, G, (x,t)%, computed (for
CVy = 0.23) with the path-wise DD and global algorithms using Ax™f = 0.25 (left) and
Ax™ = 0.0625 (right).

communication.

3.6.2 Relative performance of implicit and explicit coupling

Inter-solver communications can represent a large fraction of the overall com-
putational cost of a multiphysics simulation. This cost can be mitigated by using an
incomplete (i.e., partially converged) iteration or reducing the inter-solver communication
frequency, both of which may lead to a higher solution error and might introduce insta-
bilities. To explore this efficiency/accuracy trade-off, we consider the fully-converged
(implicit) coupling with two communication frequencies, At.om = 4.0 and At.om = 8.0,
and in each case compare its efficiency with that of a single-iteration (explicit) coupling.
In these simulations, we set Ax = 0.25, Ar; = Ar3 = 0.01, Ar, = 0.05, and T = 40.0 (to
enable testing of bigger Af.om values, even though steady state is approached around

t =20). Similar to (3.16) and (3.17), we define relative errors of the implicit (Ef)m) and
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Figure 3.7: Temporal snapshots of the mean concentration, (p(x,t)), for CV;; = 0.23
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explicit (£5%) path-wise coupling strategies,

EY = €M (xiy) - ER (i 1) + R, (311, (3.182)
ggx :Sfx(xi,t)—f—gg);(xi,t)—i—ggzom(xi,f)a (3.18b)

wherein the reference solutions (p(x;,7))™" are the “exact” profiles obtained with a single
explicit Euler solver on a fine space-time mesh of Ax™ = 0.0625 and Ar™f =5 x 10~*.
Figure 3.8 shows the errors Sg)m and &5 when the implicit coupling has commu-
nication time Az, = 4.0 or 8.0, and the noise strength CVyy = 0.23. Using an identical
communication time as its implicit counterpart, the explicit coupling yields a relative
error &;* that can be more than an order of magnitude higher than that of the implicit
coupling, 5;;‘“. This difference in solution error can be negated by reduction of Afcom,
which, however, increases simulation time fy,, (Table 3.1). This causes the explicit
coupling to become slower than its implicit counterpart. As Table 3.1 shows, for the

higher noise strength CV;; = 0.46 we find a similar behavior. When the implicit cou-
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and Afcom = 0.25 (explicit) on the right. In both cases CVy = 0.23.

pling has a communication time Af.om = 8.0, it again outperforms the explicit coupling
at both coefficients of variation considered. Finally, the simulation time when using
implicit coupling is smaller than its counterpart for CV;; = 0.23 for both Afeom = 4.0
and Af.om = 8.0. As shown in Figure 3.9 for Af.om = 8.0, this can be attributed to the
fact that a higher noise strength decreases the Ngym-averaged number of iterations per
communication throughout the entire simulation, indicating again the smoothing effect
of the noise (see also Section 3.6.1).

Table 3.1: Ngm-averaged simulation time 7y, (in s) with implicit and explicit coupling
for several communication frequencies Afqom-

Coupling  Afcom Simulation time, %,
CVy=0.23 CVy=0.46
implicit 4.0 4.5 3.5
explicit 0.1 11.2 10.7
implicit 8.0 7.6 6.5

explicit ~ 0.25 8.6 8.8
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3.6.3 Temporal order of accuracy of implicitly coupled DD algo-

rithm

We express the temporal order of accuracy of our DD algorithm in terms of
the /2-norm error £ = ||{p) — (p)|| 2 over the entire simulation domain Q. Here (p) is
the Ngam-average of the DD solution p obtained using JfNK coupling with € = 1073,
Ax=0.25,At; = Arand n; = 1 (i = 1,2,3); and (p) is the ensemble average of the exact
solution to the set of nonlinear ODEs (3.4) with Ax = (.25, and is approximated by the
Nsam-average of the implicitly (JfNK coupling with € = 10~3) coupled DD solution p
with spatial mesh size A% = 0.25, micro-steps Af; = 10> and 73; = 1 (i = 1,2,3). We
only consider perfectly correlated noise.

Figure 3.10 demonstrates, for CV;, = 0.46, that sequential reduction of Az by a
factor of two results in a near-quadratic decrease in £p2. A similar result was obtained for

CVn = 0.23. It follows that the implicit coupling preserves the second-order local (i.e.,
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Figure 3.10: The /2-norm error of the Nyn-averaged solution, (p(x,?)), as a function of
the micro-step size At.

first-order global) order of accuracy of the subdomain solvers for all the boundary noise

strengths considered.

3.6.4 Effect of finite noise correlation time

To generate the temporally fluctuating truncated Gaussian boundary noise 1(t)
with (dimensionless) correlation time A, we first consider a discrete version of the auto-

covariance of the parent multivariate-Gaussian field p(z),
Cp([ti —1;]) = oy exp(—|i — jlAt /A), (3.19)

where t; —t; = (i — j)At; with 0 < t;,¢; < T. It is used to build an N; x N; covariance
matrix X,, where /N, is the total number of discrete time steps in the subdomain Q over

the simulation horizon T. The latter is then transformed into Xy, an N, X N; covariance
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matrix of the truncated multivariate-Gaussian field n(z). Finally, this matrix is used
to generate N,y realization arrays {ni,...,My,} with n; = n(7) at discrete times ¢
fori=1,...,N,. Each of the corresponding realizations of p(x,7) was computed with
discretization parameters Ax = 0.25 and Atcom = At; = 1072 (i = 1,2,3); the simulation
horizon was set to 7' = 40.0, and a value of 4000 was used for Ngap,.

Figure 3.11 shows the resulting mean concentration (p(x,¢)) computed with the
implicitly coupled DD algorithm for CV;; = 0.23 and several values of A. For A < 8.0 the
mean concentration profile becomes unphysical, indicating that the DD algorithm is not
able to resolve boundary fluctuations with a correlation time smaller than eight times the

characteristic diffusion time-scale L%a / Dgﬁ.
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Figure 3.11: Effect of a finite noise correlation time on the mean concentration, (p(x,?)),
for CV;; = 0.23.
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3.7 Summary and Conclusions

We developed a domain-decomposition (DD) algorithm with a tight coupling
based on a Jacobian-free Newton-Krylov (JINK) method with generalized minimum
residual. The DD algorithm was applied to a multiscale nonlinear diffusion problem
driven by a truncated Gaussian noise at the boundary. For this problem, the DD com-
ponents are coupled by enforcing the continuity of state variables, concentration p and
flux F = —D(p)d,p, at the interfaces between the DD subdomains. This may be done
either path-wise (i.e., in each realization of the ensemble) or moment-wise (i.e., only
for the ensemble average). The former strategy is exact but computationally intensive,
while the latter is approximate but might be significantly faster. We explored the effi-
ciency/accuracy trade-off between the fully-converged (implicit) JINK coupling and its
single-iteration (explicit) counterpart for different frequencies of communication between
the DD components and for different strengths of the boundary noise, and analyzed the
stability and order of accuracy of the implicit path-wise coupling.

Our analysis leads to the following major conclusions.

1. The DD approach with path-wise continuity provides accurate approximations
of the mean and variance of p(x,#) because it correctly propagates the boundary
noise across the entire computational domain. As the spatial grid size and time
step become smaller, the DD solutions for both moments converge to the reference

solutions computed with a single-solver method.

2. The DD approach with moment-wise continuity fails to propagate the boundary
noise into adjacent subdomains, resulting in erroneous solutions for both the mean

and variance of p(x,?).

3. The implicit coupling with path-wise continuity preserves the order of accuracy
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of the constituent solvers, even for relatively high coefficients of variation of the

boundary noise.

4. Despite a higher cost per communication, the fully-converged (implicit) JINK
coupling strategy outperforms its explicit counterpart at similar levels of solution
error for all noise strengths considered. This is because the explicit coupling

requires a higher inter-solver communication frequency to achieve the same error.

5. When the boundary fluctuations are correlated over a finite time, our path-wise DD
approach correctly captures the time evolution of the mean concentration profile if

the correlation time is larger than eight times the characteristic diffusion time-scale.

Future extensions of the presented analysis may include the application of our
DD algorithm to higher-dimensional problems, and the development of moment-wise
DD approaches in which continuity of not just the mean, but also higher moments, is
enforced. As demonstrated in [31], enforcing continuity of mean and variance enables
DD approaches for linear and weakly nonlinear systems to accurately propagate random
fluctuations across interfaces between subdomains. Since highly nonlinear systems,
such as the one considered here, are described by highly non-Gaussian state variables,
their solutions likely require DD algorithms to enforce continuity of moments beyond
the variance in order to adequately capture noise propagation throughout the entire

computational domain.
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Chapter 4

Impact of parametric uncertainty on
estimation of the energy deposition into

an irradiated brain tumor

4.1 Abstract

We analyze the effect of parametric uncertainty on the total energy deposited
in a brain tumor through X-ray irradiation. Both the location of the region over which
a dose-enhancing, iodinated contrast agent spreads out after injection into the tumor,
and the agent’s concentration, are allowed to be uncertain. We model this problem via
a probabilistic approach in which the coordinates of the center of the contrast agent
region, as well as the effective atomic number in this area (which depends on the agent’s
concentration), are represented as mutually independent, uniformly distributed random
variables. Employing the nonintrusive stochastic collocation (SC) method, we estimate
statistical moments of the deposited energy as a function of the mean and/or variance

of the random inputs. We find that in most cases, the coefficient of variation of the

68
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uncertain parameters is amplified by the nonlinearity of the problem, yielding a larger
coefficient of variation for the energy deposition. As the stochastic dimension increases,
the magnitude of the predictive uncertainty in the energy deposition, as measured by its
standard deviation, approaches that of the prediction (mean energy deposition) itself. This
demonstrates that accurate prediction of the energy deposition requires a proper treatment
of even small parametric uncertainty. Our analysis also reveals that SC outperforms
standard Monte Carlo, with the largest difference in efficiency occurring for the case of a

single uncertain parameter.

4.2 Introduction and Motivation

In addition to surgery and chemotherapy, radiotherapy has become one of the
main treatment methods for brain tumors. It is aimed at either destroying the latter or
preventing it from developing further, and may serve as the only treatment (e.g., for
inoperable tumors) or in combination with surgery (to kill any remaining microscopic
tumor cells) [9]. X-rays are the primary type of radiation involved in radiotherapy;
their interactions with the medium in which they propagate produces energetic electrons
which, in turn, lose their energy as they are slowed down through collisions. To enhance
the energy dose absorbed by the tumor, a contrast agent based on a substance with
high atomic number Z, such as iodine, may be injected [91]. This increases the photo-
electric absorption of the X-rays (the photo-electric mass attenuation coefficient increases
strongly with Z [80]), one of the main radiation-matter interactions at photon energies
in the keV range. The photo-electric effect may also result in the emission of Auger
electrons that may equally contribute to the overall energy deposition. Within the keV
energy range, the X-rays are also likely to undergo Compton scattering and transfer their

energy to existing free electrons; however, this process has a mass attenuation coefficient
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that is nearly independent of Z [80].

To quantify the contrast agent’s concentration within the brain/tumor, temporal
and K-edge subtraction methods [39] have been employed, which inevitably introduce
measurement errors preventing the agent’s concentration upon injection into the tumor
to be known exactly. Moreover, while the agent preferentially accumulates in the tumor
interstitium due to the increased permeability of the broken blood-brain barrier, it may
diffuse into the surrounding healthy brain tissue, preventing the agent’s spatial extent
throughout the irradiation procedure to be known with certainty. Along with other
parameters whose values are not known exactly, such incomplete characterization of the
contrast agent’s presence within the brain/tumor renders predictions of the amount and
detailed distribution of the energy deposited in the tumor, obtained through numerical
simulations, uncertain.

The effect of iodine concentration on dose enhancement [107] and the uniformity
of the dose distribution within the tumor [83] has been analyzed using the Monte Carlo
N-particle (MCNP) [28, 123] method, which simulates trajectories of small photon
packets created with their energy and propagation direction statistically selected. This
allows modeling of the interaction of X-ray photons with the brain/tumor matter, and of
the transport of electrons released as a result of those interactions. While such MCNP
simulations may achieve high accuracy, this typically requires a large number of runs due
to the slow convergence of Monte Carlo (the estimation error for the mean value of the
quantity of interest decays as the inverse square root of the number of realizations [65]).
Hence, as a means to determine bounds on, e.g., the dose absorbed by the tumor given
certain bounds on the contrast agent’s concentration and spatial extent within the brain,
such methods may become prohibitively expensive.

To achieve a computationally more efficient approach to the estimation of energy

deposition in X-ray irradiated brain tumors in the presence of the above mentioned para-
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metric uncertainty, we combine a continuum-level approach involving a two-dimensional,
flux-limited radiation-diffusion equation [74, 85] with the stochastic collocation (SC)
technique [125, 77]). Similar to other nonintrusive methods such as multilevel Monte
Carlo [51] as well as intrusive alternatives such as perturbation methods [76, 111, 62, 122]
and polynomial chaos with stochastic Galerkin [120, 49, 126], SC aims to outperform
standard Monte Carlo by a “smart” selection of sampling points and their weights. It
uses a quadrature rule to approximate the weighted integrals appearing in the statistical
moments of a quantity of interest. The choice of this rule is based on the distribution
of the random parameter; e.g., Gauss-Hermite quadrature is employed for a normally
distributed parameter, while Gauss-Legendre or Clenshaw-Curtis quadrature is used
when the parameter is uniformly distributed [124, 40]. We assume that the X-rays are
monochromatic and in the keV range [3] (such X-rays may be generated, e.g., in a
synchrotron [29]), and represent the region over which the contrast agent spreads out as a
square inset in the domain. We consider the coordinates of the center of this inset, as well
as the effective atomic number in this area (which depends on the agent’s concentration),
to be uncertain. It follows that we cannot solve the radiation-diffusion equation in a
deterministic setting, but need to recast it into a probabilistic framework wherein the
uncertain parameters are treated as random variables. We apply SC to the resulting
stochastic problem and analyze the dependence of statistical moments of a quantity of
interest, the energy deposited in the tumor, on the mean and/or variance of the random
inputs. We also compare the performance of SC with standard Monte Carlo for one, two
or three random parameters.

The paper is organized as follows. In Section 4.3 we formulate the problem
including its statistical parametrization. Section 4.4 details the spatial discretization
method and time advancement algorithm used to obtain a numerical solution to the

equilibrium radiation-diffusion equation, as well as the statistical moment estimators of
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the deposited energy in the SC and standard Monte Carlo frameworks. In Section 4.5, we
present the results of our numerical experiments. Section 4.6 formulates the conclusions

of our numerical tests.

4.3 Problem Formulation

Under the conditions of local thermal equilibrium and isotropic, elastic scattering,

radiation transport may be described by the radiative transfer equation [85]

19l Ks,v

ZE + Q . VIV = _KI,VIV + Ka’vlvB(Tm) + I\) dQ/, (4.1)

41 Jan

where [, is the spectral radiation intensity; Iyp is the Planck function; € is the unit
solid angle vector describing the direction of photon travel; K,y , K, v and K; y are the
spectral scattering, absorption and extinction coefficients, respectively; and 7;, is the
temperature of the medium through which the radiation propagates. Assuming that the
collisional mean free path of the photons is small compared to the system (i.e., brain)
dimensions, and that the radiation field is isotropic, (4.1) may be approximated by a
diffusion equation. If we also consider the radiation field to be in thermal equilibrium
with the medium, we do not need a separate equation for the latter’s energy density.
Under these assumptions, the transport of monochromatic! X-rays through a (human
or animal) brain in a simplified two-dimensional, square geometry may be described

through the equilibrium radiation-diffusion equation (eRDE)

OE

o

I'The use of monochromatic radiation (i.e., all photons have an identical energy) removes the need for
frequency-averaging of the spectral radiation energy density, i.e., a gray approximation.

V.[D(E,VE,X)VE], xeD=(0,L)x(0,L), te(0,T], (4.2a)
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with E the radiation energy density and D the diffusion coefficient, which depends on
x = (x1,x2) ", E, and its spatial gradient, VE.

The domain D, representing the brain, contains a subregion 7 = [L/2—w/2,L/2+
w/2] x [L/2—w/2,L/2+w/2], with w = L/5, representing the tumor (Fig. 4.1). In-
jection of an iodinated contrast agent causes the latter to spread out over a subdomain
Dy =[c1 —w/2,c1 +w/2] X [c2 —w/2,c2 +w/2], which may fully or partially overlap
with 7 depending on the values of ¢; and ¢, (Fig. 4.1). The medium in D, has an

2 atomic number Z», which lies between the atomic number of the contrast

“effective
agent, Z. (which we take to be the atomic number of iodine, 53), and the effective atomic
number of either healthy brain tissue (within D; \ 7") or tumor matter (within D, N7).
As healthy and tumurous brain matter have effective atomic numbers that are both small
compared to Z., we assume they are equal and given by that of healthy brain tissue. The
latter is taken to be 5, which is an average value for grey/white human brain matter over
the keV range of photon energies [97]. It follows that Z;, the effective atomic number
within D = D\ Dy, is equal to 5.
Following [99], the diffusion coefficient D is given by
cE

D(EVEX) = G E D, Z0x),E)} + [VE| (4.20)

where yis defined in G, c is the speed of light, and D, = Z73E 3/4 is proportional to the

diffusion coefficient without flux-limiting. The atomic number Z satisfies

Z, for xeD
Z(x) = (4.2¢)

Zy for xeD,.

A composite medium may be characterized by an effective atomic number, which depends on its
composition and the energy of the X-ray photons.
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Important steps in the derivation of (4.2) from (4.1) are given in G. Equation (4.2) is

subject to the initial condition

E(x,0) = Eip(x), xcD (4.3a)
and boundary conditions
E — 2D(E,VE,X)8X1E = 4Fin7 X € FR,left, (43b)
E + 2D(E, VE,X)axlE =4Fy, X € FR,right, (4.3¢)
o, E =0, x € I'n, (4.3d)

with F;, the half-range flux in the direction of positive x; on I'g jef;, and Foyc the half-range
flux in the direction of negative x| on I'R yight, respectively. Here I'r = I'R jeft U IR right
with I'gjefe = {Xx : 1 = 0,0 < x2 < L} and I'rsighe = {X : x1 = L,0 < x < L}, and
I'N = I'Ntop U TN bottom With I'Njtop = {X 120 = L,0 < x1 < L} and I'N pottom = {X 1 X2 =
0,0 < x; < L}, denote the Robin and homogeneous Neumann segments of the domain
boundary 0D, respectively.

Predictions of the behavior of complex systems such as the one considered
here are typically uncertain due to insufficient characterization of the input parameters
(parametric uncertainty) and/or errors in the model representation of the true physical
system (structural uncertainty). While the latter is introduced through use of a radiation-
diffusion equation (which has a much lower fidelity than the radiative transfer equation)
and of a simplified geometry for the brain/tumor/contrast agent configuration, we only
consider the parametric uncertainty discussed in Section 4.2. We represent the latter
in our model through uncertainty in the location of the center of D;, as well as in the

effective atomic number Z; within D,. The latter accounts for the uncertainty in the
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Figure 4.1: Computational domain D for the radiation-diffusion problem. Here a =
(L/2,L/2)" and ¢ = (c1,c2) ", and D1 = D\ D.

contrast agent’s concentration, which renders the composition of the medium within
D, uncertain. To simplify our representation, we assume that the concentration of the
contrast agent is uniform over D; and constant over time (in reality, the agent may be
injected gradually over time during irradiation); we also ignore any spatial variations
in the composition of the brain and tumorous tissue. Finally, we treat the brain tumor’s
location 7 (which may be determined via X-ray-based Computed Tomography [57],
or through alternative techniques such as Magnetic Resonance Imaging [17]), and the
healthy brain/tumorous matter’s effective atomic number Z;, as known quantities.

We represent the uncertain coordinates c¢; and ¢, of the center of D;, and the
uncertain effective atomic number Z,, as random variables. Let (Q, F,P) be a complete
probability triplet with Q the event space, F C 2 the o-field of Q, and P : F — [0, 1]

the probability measure. Defining ¢, ¢c; and Z; on Q,i.e.,c1: Q — R, ¢ : Q — R and
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Z> : Q — R recasts (4.2) into the following stochastic boundary-value problem:

E

g_v-[D(E,VE,x,co)VE], xeD, weQ, 1e€(0,7], (4.4a)

where D = cE[ {YE/Dz(Z(x,®),E)} +|VE|]~', and Dz = Z~3E3/* with Z given by

Z for x € D
Z(x,0) = (4.4b)

Zz(())) for x € D;.

Initial and boundary conditions are provided by (4.3), provided that we take into account
the dependence on ®. The state variable £ = E(x,t,0) : D x (0,T] xQ — R is a
stochastic measurable function that satisfies (4.4)—(4.3) almost surely.

To ensure D, C D, ¢ and ¢, need to lie in the interval [w/2,L —w/2]; to obtain
a more reasonable scenario where D; overlaps with at least one quarter of the tumor
region 7, we require ¢; € [L/2 —cn,L/2 +ch] and ¢; € [L/2 — cy,L/2 + cy] with
0 <cg <w/2and 0 < cy < w/2. The minimum and maximum theoretical bounds on
the effective atomic number within D, are Z; (no contrast agent) and Z. (only contrast
agent). However, to achieve a more realistic composition of the medium within D5,
we require Z; to lie within [Zpin, Zmax] Where Ziyin and Zpn,x are, respectively, 10 and
40. We assume that all three parameters ¢y, ¢ and Z; are uniformly distributed on their
)T

respective intervals, and are mutually independent. The vector & = (c1,c2,7;) ' is then

characterized by a joint pdf

p(s) = [ Tpi(so), (4.5)

with support A= [L/2—cy,L/2+cu| X [L/2—cv,L/2+ cv] X [Zmin, Zmax ), Where p1, p2

and p3 are the marginal probability density functions (PDFs) representing the univariate
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uniform distributions of ¢y, c2 and Z,, respectively. The size of & is called the stochastic
dimension, and we will denote it by M. According to the Doob-Dynkin lemma, we
may then substitute E(x,7,§(®)) : D x (0,T] x A — R for E(x,t,®). This effectively
replaces the original probability triplet (Q,F,P) with (A, B,p(§)d§), where B is the
Borel 6-algebra formed by all the open subsets of A. We call E(x,t,&) the stochastic

response surface, which satisfies

%—f:V[D(E,VE,x,F;)VE], xeD, EecA, 1e(0,T] (4.6)

subject to the initial and boundary conditions (4.3), modified to account for the depen-
dence on .
Through some straightforward algebra, and omitting § for ease of notation, we

may recast (4.6) into

oE" E'
5=V ——— ¢ - - VE'], (4.7a)
{YE"/D(Z(x),E7)} + |VET|
where D; = 773(E)3/* with Z defined by
_ 1 for x € Dy
Z(x)=Z/7, = (4.7b)

Zz/Zl for x € D;,

and ET = A *E. Next, using the characteristic length w = L/5 and the speed of light ¢, we
define a dimensionless time 7 = t¢/w. After some more algebra we find the dimensionless

equation

(4.8a)
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with
Dy;=773E%* E=E'/E), V=wV, X=x/w. (4.8b)

Here E| is a reference energy density satisfying yw/ Eg /4 1.0, allowing us to eliminate 7y
in the denominator of the diffusion coefficient. In the following, all quantities are assumed
to be in their dimensionless form, but we omit the tildes ~ for notational convenience.
The quantity of interest (Qol) in our problem is the total energy deposition in
T over the time horizon T'. The stochastic nature of E renders Ejpg 1o random as well.
Hence, it may be characterized through its statistical moments, such as mean and variance.

We compute these via the method of Stochastic Collocation, as discussed in Section 4.4.3.

4.4 Numerical Algorithm

4.4.1 Spatial discretization of the computational domain

We discretize the domain D by employing a cell-centered finite volume approach
(CCFV) in which the numerical fluxes F are defined on the cell boundaries, and the value
of E for a cell approximates the average value of the radiation energy density over that
cell. We use a nonuniform mesh, finest within D, U7, with N grid cells in each spatial

direction. This transforms (4.8) into the set of ordinary differential equations

dEij(1) _ _Fiorje () = Fioapp ) Fijirp®) = Fijrp) o
dt sz Ax] Y .

where the subscripts i = 1,...,N and j = 1,...,N indicate the position of a cell in the

horizontal and vertical directions, respectively, and Ax; and Ax; are its dimensions in



these respective directions. We approximate the numerical flux F; > ; using

) Eiy —E: -
_ +1/2,j i+, iJ
Fiz1pp,;=—2D' / ]m,

where D'T1/2:J is defined as

Ditl/2i Eiy1,j+Eij
{(Eiprj+Eij) /DY {41y — Eij|/(Axip1 +Ax)}

i+1/2,j . . .
Here Dg /20 s given by the harmonic mean

pitl/2i _ Al Dz(Z i Ei j)Dz(Ziv i Eiv,j)
H Axi11Dz(Z; j; E; j) + AxiDz(Zit1 j3 Eiy1,))
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(4.10)

4.11)

(4.12)

with Dz(Z; j;E; j) = Zi’_J.3Ei37J/-4. The other fluxes F;_y 3 j, F; j1/2 and F; ;_1 5 are defined

similarly. For the numerical flux at cell boundaries coinciding with D, we introduce

ghost cells (denoted with subscript O or N + 1 in one of the spatial dimensions) lying

just outside D with the same dimensions (and the same effective atomic number) as

the adjacent cells within D. The boundary conditions (4.3b)—(4.3d) are then discretized

according to

—2 Ax m )

Ent1jt+EN, 1 pNtLI (M) —4Fy =0
2 Ax |

Eio=Ei, Eint1 =Ein

(4.13a)

(4.13b)

(4.13¢)
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with i, j=1,...,N. Here D%/ and D1/ are given, respectively, by

. Eo.;
D% = -/ , (4.13d)
{Eo.j/Dz(Z1 3 Eo,j)} +1{|E1j — Eo ;I /Ax1 j}
. E .
PN+ — N+1,j (4.13e)

 {En+1,j/Dz(Zn jiEni 1))} +{|Ens1,j— Enjl/Axn i}

The Robin boundary conditions are nonlinear equations in Ep j or Ex 1 ; (j=1,...,N),
which need to be solved iteratively during each time step. Figure 4.2 illustrates the

relevant quantities involved in building the CCFV discretization of D.

T Fijt1/2
4
«— . —  Axy
Fi71/2,j “J Fi+1/2,j i
v
lFi,,j—1/2
S >

Figure 4.2: Cell-centered finite volume discretization of the computational domain D.
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4.4.2 Numerical time integration

We employ a first-order implicit Euler method which recasts (4.9) into

+1 n+1 _ pn+l n+1 _ n+l
Eij —EY _ Fpi—hiop Fap—fip @.14)
At Ax; Ax; ’ '

where the superscript n indicates the discrete time #,, = nAt, with At the time step. As the

right-hand-side of (4.14) involves implicitly treated nonlinear terms, we need to use an

iterative algorithm to advance the solution from #, to t,+1. We employ a Jacobian-free

Newton-Krylov (JINK) solver [70] for this purpose, which avoids the explicit formation

of the Jacobian while still benefiting from fast Newton-like convergence.

steps.

1.

4.

The time advancement of the solution from #, to #,41 consists of the following

n+1

Initialize the Newton iterate by setting E; Jk=0 = E} ; foralli,j=1,...,N, where

k is the iteration number.

Inexactly solve the linear system J(E} *1)8E; = —f(E}*!) for the Newton correc-

tion OE; using the Krylov solver GMRES with tolerance €x. Here the components

of f are given by
n+1 n+1 _ pn+l
ST At Ax; '
Fril o Frt
i,j+1/2,k i,j—1/2k
+ (4.16)
Ax;

withi,j=1,...,N.

n+1

. Perform the Newton step E | = EZ“ + OE; where OE; is the converged value of

the kth Newton correction.

Perform steps 2 and 3 until a given tolerance € is achieved.
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5. Advance the solution to #,, by setting E"*! = E”KJrl where K is the number of

Newton iterations at convergence.

Details on our implementation of step 2 are provided in 1.

4.4.3 Monte Carlo simulation and stochastic collocation

Statistical moments of E(x,z,§), or a Qol derived from E, are its weighted
integrals over the support A of & with respect to the latter’s PDF defined in (4.5). For
example, the ensemble mean and variance of the energy deposition in the tumor over

time T, Eqps 101, are defined, respectively, by

<Eabs,tot> — /AEabs,tot(s) P(S) ds (417)

and

G%abs,lot - /I\Egbs,tot(s) p(S) ds — <Eabs,t0t>2~ (418)

Monte Carlo simulation (MCS) approximates (Eyps tor) and Glziabs o through

N 1 Nﬁam
Eqpcion =7 2 Eabssor (M) (4.19)
sam ;—1
and
2 MC 1 Nsam R
O = [Eabs.iot (M) — [Epeior) (4.20)

Eabs,lot Nsam ]
1=

respectively. Here {’r]i}i.\i‘*lm is a set of Ny realizations of § sampled from (4.5).
The MCS estimation error for the mean, EMC = |(Eqps tor) — E;\ggtot], decays as

O/ vV Nsam With 6, the standard deviation of Eqps or. While EMC is independent
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of the stochastic dimension M, the rate 1/+/Ngam is very slow. Stochastic collocation (SC)
aims to achieve faster convergence through the use of quadrature rules to approximate
the weighted integrals in (4.17) and (4.18). An M-dimensional weighted integral of an

integrable function f(s) over its support A
- /A £(s) p(s) ds 421
may be approximated by a quadrature formula Qy,

Iulf] = Qulf] = ) wi f(si), (4.22)

I

where s; and w; are the nodes and weights of the quadrature formula, respectively, and P
is the number of nodes. The respective SC estimators for (Eqps tor) and G%abs ., are then

given by

abs tot — Z wi abs tot (423)

and

6 2 SC Z Wl abs tot Sl [Eabs tot] : (4.24)

abs tot

By solving (4.8) at P judiciously chosen values s; of &, and using appropriate weights
wi, SC aims to achieve the same estimation error as MCS by using P < Ngam, collocation
nodes.

For stochastic dimension M > 1, product or tensor grid rules may be constructed
through the tensor product of M univariate rules [92]. However, the number of nodes

in such grids increases exponentially with M, i.e., for kK + 1 nodes in each dimension it
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behaves like (k+ 1) (the so-called “curse of dimensionality”). Instead, sparse grid rules
may be built from univariate rules using the Smolyak algorithm [104], whose number of

nodes only increases as approximately (2M)* /k!, i.e., polynomially with M.

4.5 Simulation Results and Discussion

As demonstrated in H, the dimensionless total energy deposition in the tumorous
region 7 during (0,T] is given by

At
3

abstot

1
Y Y Y Zi(ERD A A, (4.25)
i=1j k

where we sum over the indices j and k corresponding to the grid cells located within 7.
Since the nonuniform grid resulting from the CCFV discretization does not necessarily
align with the boundary 97 of 7, we define a uniform interpolation grid with Ax{ =
Ax§ = L/N that exactly lines up with 07, and use the interpolated values of E and Z on
this new grid to calculate Eyps or. Employing cubic spline interpolation for E and linear
interpolation for Z was found to be optimal. The total energy deposition in 7 is then

redefined as

AtAx“Ax” 1 NNy NN

A S S N K(ERDYS, (4.26)
i=1 j=Nit1 k= Ni‘—H
where N¥ = 2N /5 and N¥ = N/5 (the square region 7T is centered at (L/2,L/2)" and
has side w = L/5).
In order to quantify the error of the SC approximations of (E,ps o) and Glziabs o

we define the estimation errors

gess? ((Eabs.tor)) = Eabq ot — E, eved (4.27)

abs,tot
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and

_ |a25C A2 MCref
EeSt ( abs,tot) - GEabs,tot GEabs,tot . (428)

Here EMS™f and 6%1:[(: ™l are the “reference” MCS estimators of (Eaps o) and 62

abs, tot abs, tot”

respectively, which serve as surrogates for these quantities as the latter cannot be calcu-
lated analytically. We found that NSt = 30000 was an appropriate number of samples
for converging the reference Monte Carlo estimators in all our numerical experiments
except that for two uncertain parameters (c; and Z;), where 35000 samples were needed.
The estimation errors for MCS, EMCS ((Eyps or)) and EMCS (62 o) € defined simi-
larly. Figure 4.3 demonstrates, for the case where ¢y, ¢o and Z, are all uncertain, that
Eegt S(( Eqbs.tot)) ~ Ngagf as expected from theory [65].

~2,.SC

Our goal is twofold: investigate the dependence of £5C . and 6% ot 0N the mean

abs,tot
and variance of the uncertain parameters, and compare the efficiency of SC and MCS by
analyzing how fast their estimation errors decay with the number of collocation nodes
and Monte Carlo samples, respectively. For the latter exercise, we set the variance of each
uncertain parameter at its maximum value established in Section 4.3, and consider SC

to outperform MCS if its relative estimation error for the mean, € ((Eqps o))/ EMCTF

abs,tot
becomes of order 1073 for Pyopy nodes such that Propy < Nsam.conv; here Ngam cony 1S the
number of samples needed by MCS to reach the same relative error level.

We consider scenarios where either only ¢ or only Z; is uncertain (i.e., stochastic
dimension M = 1), where both ¢; and Z, are uncertain (M = 2), and where all three
input parameters c1, ¢ and Z; are uncertain (M = 3). We model all uncertain parameters
as uniformly distributed random variables over their respective ranges; an appropriate

quadrature rule for the univariate uniform distribution is Clenshaw-Curtis [124, 40],

whose nodes and weights are rescaled from the standard interval [—1, 1] to the parameter
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Figure 4.3: Estimation error of the mean energy deposition in the tumor for MCS as
a function of the number of Monte Carlo samples for M = 3 with cg = cy = 0.5 and
[Zminazmax] = [2,8]-
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ranges we consider. For M > 1, we employ a sparse grid approach based on the Smolyak
algorithm [104] with univariate Clenshaw-Curtis quadrature rules. This is implemented
using MATLAB codes by Burkardt based on [90].

We set Z; = 1 and N = 20, and simulate the dynamics on a domain (0,5) x (0,5)
over a time horizon® T = 1.0 with Az = 5- 1073 (these and all following quantities are
expressed in dimensionless values). We use Ej, = 5.0, Fj, = 20.0 and F,, = 0; the
latter condition corresponds to a vacuum boundary, and ignores any black-body radiation
emitted by the medium surrounding the brain near the exit point of the radiation. In the
JINK coupling, we employ a convergence tolerance of € = 107> for the Newton iteration
and eg = 1073 for the GMRES algorithm. We compute the SC and MCS estimators of
(Eabs.tot) and G%abs,tot using (4.26) without the prefactor of 1/3; the latter can be easily
accounted for when transforming the dimensionless results back into their dimensional
counterparts. The computations were performed on an Intel Core 17 machine running at

4 GHz.

4.5.1 Case 1: Only c; is random

We first consider the case where ¢, = L/2 and Z; = 6 are fixed, and ¢ €
[L/2 — cy,L/2 + cu| with cg = 0.1, 0.3 or w/2 = 0.5. Figure 4.4 (left) reveals that

SC outperforms MCS by at least one order of magnitude, and that P,y = 65. Using

ESC

65 nodes, we investigate the dependence of E ¢,

and the coefficient of variation (CV)

of Eyps.tot» CVE estimated by 63C  /ESC on CV,, =0, /(c1) =0.4 o.,. As Fig-

abs,tot Eqps,tor/ ~abs,tot?

ure 4.5 illustrates, increasing CV,, reduces the mean value of the total energy deposition
and increases the latter’s coefficient of variation. The former result follows from the

fact that a larger variance in the x;-coordinate of the center of D, allows this region to

3The results for numerical experiments using longer time horizons yielded similar results for the
performance comparison between SC and MCS, and for the influence of the statistical moments of the
uncertain parameters on those of the total energy deposition in the tumor.
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overlap less with the tumor region 7, thereby making the dose-enhancing effect of the
contrast agent less effective and increasing the dose to the surrounding healthy brain
tissue. The energy absorption at the maximum CV,, of 0.12 is 27% lower than that for
the deterministic case with full overlap between D, and 7, demonstrating that even a
small relative parametric uncertainty has a large impact on the mean value of the quantity
of interest. Figure 4.5 also shows that, apart from its smallest nonzero value considered,
the relative parametric uncertainty (CV,,) gets amplified (approximately doubled) by
the nonlinearity of the system, and hence yields a larger relative predictive uncertainty

(CVg

abs, tot

). Both results demonstrate that even a small uncertainty in only one parameter

should be accounted for when predicting the behavior of highly nonlinear systems.

102¢ 10%¢
sc sc
Mcs MCS
101 L
101 L
= 0% =3
o5 1071 o
100 L
10-2 L
E -1 L L L |
10 3 L L L | 10
10° 10" 102 10° 10* 10° 10’ 102 108 104
P or N%am P or Nsam

Figure 4.4: Estimation error of the mean energy deposition in the tumor for SC and MCS
as a function of the number of collocation nodes/Monte Carlo samples for M = 1 with
cg = 0.5 (left) and [Ziin, Zmax| = [2, 8] (right).



89

10.25

10.2

10.15

.
Q
.
.
.
1bs, tot

CVg,.

10.05

e ------ 1 i 1 1 1
0 0.02 004 0.06 008 0.1
cv,

Figure 4.5: Dependence of the SC estimator for the mean and CV of the energy de-

position in the tumor on the coefficient of variation of ¢y using Peony = 65 nodes for
M=1.

4.5.2 Case 2: Only 7, is random

Next, we look at a scenario where ¢; = ¢; = L/2 are fixed and Z; € [Znin, Zmax)
for which we consider either parameter ranges with increasing (Z,) and fixed 6%2 ([2,6],
[3,7] and [4,8]), or vice versa ([4.6,5.4], [4,6] and [2,8]). Figure 4.4 (right) shows that
SC outperforms MCS by several orders of magnitude, and that P,y = 9 (to establish
this value, we also looked at the estimation error for G%abs’mt). As Figure 4.6 illustrates,
both increasing (Z) for fixed 65, = 1.33 and increasing 63, for fixed (Z,) =5 will
enhance the mean energy absorption in 7. This is because higher values of Z, will be
sampled, and the probability of photo-electric absorption of the X-rays increases with
atomic number. For the case of fixed (Z;) = 5 and increasing 6%2, the maximum relative
deviation between the estimated energy absorption and that for the case of D; and 7T fully

overlapping with Z, = 5 is 36%, even higher than the maximum relative deviation for
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case 1. Figure 4.6 also reveals that increasing CVz, for fixed (Z) = 5 increases CVg,,, .

that each nonzero value of CVg is more than double that of the corresponding CV7,,

abs, tot

and that CVg, . exceeds 0.8 for the highest CV7, considered.
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Figure 4.6: Dependence of the SC estimator for the mean and CV of the energy depo-
sition in the tumor on the mean (left) and CV (right) of Z; using P.ony = 9 nodes for
M=1.

4.5.3 Case 3: Both c; and Z, are random

We now treat the case where ¢, = L/2 is fixed, ¢ € [L/2 — ¢y, L/2+ cg] with
cg=0.1,0.3 0or 0.5, and Z; € [Znin, Zmax] for which we again look at either [2,6], [3,7]
and [4,8], or [4.6,5.4], [4,6] and [2,8]. Figure 4.7 (left) indicates that SC outperforms
MCS, and that P,y = 321. As Figures 4.8 and 4.9 illustrate, the results for this case are

mostly a combination of those obtained earlier for cases 1 and 2, except for the following:

1. For all but the smallest nonzero value of 6%2 (0.05) considered, increasing G%l
reduces the variance of Egpor When both ¢; and Z, are uncertain. This is in
contrast to case 1, where increasing the uncertainty in c; increased the predictive

uncertainty in Egpg tor.

2. Figure 4.8 (right) shows that the energy absorption in the tumor deviates by, at
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most, 35% from its value with full overlap between D, and 7 and with Z, = 5.
This is higher than the maximum relative deviation in case 1 but slightly lower
than that in case 2 due to the counteracting effects of increasing Ggl and increasing

6%2 on the mean energy absorption.
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Figure 4.7: Estimation error of the mean energy deposition in the tumor for SC and MCS
as a function of the number of collocation nodes/Monte Carlo samples for M = 2 with
cg = 0.5 and [Ziin, Zmax] = [2, 8] (left), and M = 3 with cg = ¢y = 0.5 and [Zin, Zmax| =
2,8] (right).

4.5.4 Case 4: All three parameters c{, c; and Z, are random

Finally, we consider the scenario where ¢| € [L/2 — cp,L/2+ cu) with cg = 0.1
or 0.5, ¢ € [L/2—cv,L/2+ cy] with cy = 0.1 or 0.5, and Z; € [Zpin, Zmax] for which
we consider either [2,6] and [4,8], or [4.6,5.4] and [2,8]. Figure 4.7 (right) reveals that
SC again outperforms MCS, albeit only slightly, and P.ony = 1073. Although not shown

here, the results for this case are mostly similar to those obtained for case 3, except for
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Figure 4.8: Dependence of the SC estimator for the mean energy deposition on the CV
of ¢ and the mean (left) or CV (right) of Z; using P.ony = 321 nodes for M = 2.
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Figure 4.9: Dependence of the SC estimator for the CV of the energy deposition on the
CV of ¢; and the mean (left) or CV (right) of Z, using P.ony = 321 nodes for M = 2.
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the following:

1. The maximum value of CVg

abs,tot

is now close to 1, i.e., the uncertainty in the
prediction of the quantity of interest (as measured by the standard deviation)

approximately equals the prediction (mean value) itself.

2. The maximum relative deviation of the energy absorption is now 46%, i.e., the
difference in energy deposition is almost half the value of that at full overlap

between D, and 7 with Z, = 5. Similar to case 3, the effects of increasing G%l or

2

O, versus increasing (5%2 will counteract each other.

4.5.5 Global sensitivity analysis

Sobol’ [105] developed a global sensitivity analysis technique that decomposes
the model output variance into summands of variances of the input parameters in in-
creasing dimensionality. It computes the contribution of each input parameter and its
interactions with other parameters to the overall model output variance. Based on the

derivation in J, first-order sensitivity indices for our problem are defined as

_ 2 2 _ 2 2 _ 2 2
SCI - GEabs,lotvcl/(SEabs,tol’ Scz - GEabs,tohCZ /GEabs,tol’ SZZ - GEabs,t0l722 /GEabs,tut’ (429)

where G2 represents the contribution of c; to the total variance of Eypg or, and
Eabs,tot 4

,C1

likewise for ¢ and Z;. Total-order sensitivity indices are given by

1 1 1
Stey=—— Y, Car Sry=—5— Y, Oa Stz,=—5— Y, Og, (430)

Eabs,tot (XEZ-(TI Eabs,tot Q‘EIL'Z Eabs,tot GEIZZ

where Z,, is the set of all subsets of {c1,c2,Z>} containing ¢, and likewise for Z,
and Zz,. To compute (4.29) and (4.30), either MCS [106], polynomial chaos [109] or

stochastic collocation [26] may be used; we employ an MCS approach implemented via a
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combination of an in-house numerical solver and the MATLAB code in [18]. Figure 4.10
shows that the first-order Sobol’ indices for ¢; and ¢, are approximately equal, in
line with the fact that a similar change in ¢; and ¢, causes a similar deviation of the
contrast-agent region D, from the tumor region 7; the first-order index for Z; is much
larger, indicating that variations in this parameter will have a much larger effect on the
predictive uncertainty of the total energy deposition in 7 than changes in ¢ or ¢;. This
may be understood from the nonlinear (cubic) dependence of the energy deposition on
the effective atomic number, as illustrated by (4.25). Figure 4.10 also reveals a clear
difference between the total-order Sobol’ indices for ¢y, ¢2 and Z; and their first-order
counterparts, indicating that there is a measurable impact of the interactions between the
different parameters on the total variance in Eypg tof.

S,, =0.0274

Stey = 01125 —
S, = 0.0275

S7.c, = 0.1081

Sz, = 0.7860
~ Sr.2, = 0.9081 —_

Figure 4.10: First-order (left) and total-order (right) Sobol’ indices for the case of M =3
with cg = ¢y = 0.5 and [Zmin;Zmax] = [2, 8].

4.6 Summary and Conclusions

We estimated the energy deposition into a brain tumor irradiated by X-rays in the
presence of parametric uncertainty using the stochastic collocation (SC) approach. We
represented the uncertain input parameters, namely the coordinates of the center of the

region containing an iodinated, dose-enhancing contrast agent, and the effective value of
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the atomic number in this area, as mutually independent, uniformly distributed random
variables. We investigated the effect of changes in their mean and/or variance on the
statistical moments of the deposited energy, and compared the computational efficiency
of SC to that of standard Monte Carlo simulation (MCS).

Our analysis leads to the following major conclusions.

1. SC outperforms MCS for all stochastic dimensions considered, with the biggest

difference for the scenario of one random input parameter.

2. In the majority of cases, the coefficient of variation of the uncertain parameters
was amplified by the nonlinearity of the problem, yielding a larger coefficient of
variation for the energy deposition. Hence, even tiny parametric uncertainties may

result in large predictive uncertainty in the quantity of interest.

3. As the stochastic dimension increases, the magnitude of the predictive uncertainty
in the energy deposition, as measured by its standard deviation, approaches that of

the prediction (mean energy deposition) itself.

4. In the presence of additional uncertain parameters, the effect of uncertainty in a
specific parameter on the predictive uncertainty in the quantity of interest may

differ from its effect when this parameter is the only uncertain input.

5. Global sensitivity analysis via the Sobol’ method reveals that predictive uncer-
tainty in the energy deposition is mainly influenced by variations in the effective
atomic number, and is also affected by interactions between the different uncertain

parameters.

The flux-limited radiation-diffusion approximation employed to model the propa-
gation of X-rays within the brain has also been applied to a wide range of other problems

including core collapse supernovae [84] and inertial confinement fusion [37]. Hence, our
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findings are relevant to the quantification of predictive uncertainty across a number of
research areas. Future extensions of the presented analysis may include considering a
three-dimensional model with a larger number of uncertain parameters, and representing

the latter by random variables with more complex probability distributions.
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Chapter 5

Noise propagation in hybrid models of
nonlinear systems: the

Ginzburg-Landau equation

5.1 Abstract

Every physical phenomenon can be described by multiple models with varying
degrees of fidelity. The computational cost of higher fidelity models (e.g., molecular
dynamics simulations) are invariably higher than that of their lower fidelity counterparts
(e.g., a continuum model based on differential equations). While the former might not be
suitable for large-scale simulations, the latter are not universally valid. Hybrid algorithms
provide a compromise between the computational efficiency of a coarse-scale model and
the representational accuracy of a fine-scale description. This is achieved by conducting
a fine-scale computation in subdomains where it is absolutely required (e.g., due to a
local breakdown of a continuum model) and coupling it with a coarse-scale computation

in the rest of a computational domain. We analyze the effects of random fluctuations

97
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generated by the fine-scale component of a nonlinear hybrid on the hybrid’s overall
accuracy and stability. Two variants of the time-dependent Ginzburg-Landau equation
(GLE) and their discrete representations provided by a nearest-neighbor Ising model
serve as a computational testbed. Our analysis shows that coupling these descriptions in
a one-dimensional simulation leads to erroneous results. Adding a random source term
to the GLE provides accurate prediction of the mean behavior of the quantity of interest
(magnetization). It also allows the two GLE variants to correctly capture the strength of
the microscale fluctuations. Our work demonstrates the importance of fine-scale noise
in hybrid simulations, and suggests the need for replacing an otherwise deterministic

coarse-scale component of the hybrid with its stochastic counterpart.

5.2 Introduction

Numerical modeling of complex nonlinear systems requires the development of
multi-algorithm computational solvers capable of handling a wide range of spatial and/or
temporal scales. While coarse-scale models are more computationally efficient than their
fine-scale counterparts, they are not universally valid. For instance, continuum-scale finite
element models of crack propagation break down near a crack’s tip [2], and macroscopic
(Darcy-scale) models of flow and transport in porous media break down for localized
phenomena with high pore-scale gradients [14, 13, 23]. Standard coarse-scale models
also fail to capture the effects of spontaneous microscale fluctuations on macroscopic
behavior, such as spontaneous formation of ordered spatial concentration patterns in an
unstirred chemical medium [56].

Fine-scale algorithms (e.g., molecular dynamics/quantum tight-binding and pore-
scale simulations in the first and second examples, respectively) can model such processes,

but their high computational cost renders them impractical for modeling large-scale
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problems. Hybrid algorithms, which are also referred to as algorithm refinement, employ
such fine-scale models only in subdomains wherein their coarse-scale counterparts break
down, potentially yielding a significant reduction in computational cost [86]. With a few
exceptions [110, 101], coupling of the fine- and coarse-scale components of a hybrid
requires multiple iterations to ensure the continuity of state variables and their fluxes
at the interface between the two components. Design and computationally efficient
implementation of such coupling procedures remains a key challenge in hybrid modeling.

Stochastic fluctuations generated by a hybrid’s fine-scale (particle-based) compo-
nent exacerbate this task [7]. Averaging out this noise (i.e., coupling averaged quantities
such as particle density and mass flux to their counterparts computed with a coarse-
scale deterministic component) is adequate for computing the mean behavior of linear
systems, but artificially reduces the fluctuation variance in the particle region near the
particle-continuum interface [5]. In weakly nonlinear systems, such as the train model of
viscous transport in gases, the averaging dampens the long-range correlations of velocity
fluctuations and ““can lead to a greatly altered time-dependent behavior” [6]. A nonlinear
hybrid model consisting of asymmetric excluded random walk (the fine-scale component)
and a viscous Burgers’ equation (the coarse-scale component) revealed that the averaging
tends to suppress the drift of shock location [16]. In each case, addition of a Gaussian
white noise term to the hybrid’s deterministic (coarse-scale) component corrected these
shortcomings.

A proper treatment of noise is even more important in highly nonlinear systems,
wherein even small changes in the magnitude of microscopic fluctuations can signif-
icantly affect the macroscopic dynamics. In such systems, coupling the averages of
fine-scale quantities with their deterministic coarse-scale counterparts can lead to erro-
neous predictions of the mean system behavior. The Ginzburg-Landau theory of phase

transitions [71] provides an ideal setting to study noise propagation in hybrid models,



100

since it establishes a rigorous relationship between fine-scale (a nearest-neighbor Ising
model with spin-flip dynamics) and coarse-scale (a Ginzburg-Landau partial differential
equation) representations of a highly nonlinear system. It can be used, for example, to
describe the evolution of (scalar) magnetization of a uniaxial ferromagnet to thermal
equilibrium [108, 58, 24].

In Section 5.3 we formulate a nearest-neighbor Ising (NNI) model and two
variants of the time-dependent Ginzburg-Landau equations (GLEs). A hybrid algorithm
coupling these two levels of description is discussed in Section 5.4. Simulation results
reported in Section 5.5 reveal that one has to add a random source term to the Ginzburg-
Landau component of the hybrid in order to correctly predict the mean and variance
of the magnetization for a ferromagnet evolving to thermodynamic equilibrium. This
finding facilitates the analysis of noise propagation in the NNI-GLE hybrid by allowing
one to replace its NNI component with a stochastic Ginzburg-Landau equation (SGLE). A
solution of the latter is presented in terms of moment equations (deterministic equations
describing the evolution of the mean and covariance of magnetization). The main

conclusions of our analysis are summarized in Section 5.6.

5.3 Two Modeling Scales in the Ginzburg-Landau The-
ory

Phase transitions in ferromagnetic systems can be described either microscopi-
cally with Ising models [60] or macroscopically with the Ginzburg-Landau theory [58, 24,
118]. Both levels of description are formulated below in the context of the magnetization

of a one-dimensional (1D) ferromagnet.



101

5.3.1 Nearest-neighbor Ising models with spin-flip dynamics (NNIs)

Consider a ferromagnet whose atoms are arranged on a 1D lattice with sites
i=1,...,N. A microscopic representation of this system is given by an Ising model with
nearest-neighbor interactions [60]. It assumes that the spin s; of the atom at site i can be
in one of the two states designated by s; = £1, and interacts only with its two adjacent
spins. The N-spin configuration s = {sy,...,sy} defines the ferromagnet’s state at time ¢;
the joint probability of finding the ferromagnet in state s at time ¢ is denoted by P(s;1).
Let s’ denote an N-spin configuration that differs from configuration s by the value of
a single spin s;. The kinetic nearest-neighbor Ising model with spin-flip dynamics [52]
(NNI) defines the evolution of P(s;?) as a solution of the master equation

dP(s;t)
dr

=Y w(s' = s)P(s';1) —w(s — §')P(s;1)] (5.1)

S/

where w(s — §') is the transition rate from state s to state s, and the summation is over
all possible transitions s’. Among the plethora of suggested functional forms for the

transition rate w we consider two. The first is the Suzuki-Kubo rate

wsk(s —§) = % [1 — sjtanh <BJZSL]'>] , (5.2a)
L,

J

where A ™! is the time scale of the spin-flip process that can depend both on the system
temperature 7 and the spins other than s;, B = 1/(kgT) with kg denoting the Boltzmann
constant, J is the spatially uniform exchange coupling energy associated with the interac-
tion between neighboring spins, and L; indicates summation over the nearest neighbors

Oij.
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The second alternative is the heat-bath rate

, -1
whp(s — 8') = Kk |14+ ePHE)BHE) | (5.2b)

where k!

sets the time scale of the spin-flip process and can depend both on 7" and the
spins other than s, and #(s) is the Hamiltonian of configuration s(¢). The latter is given

by [27]
N
H(S) = - ZJ,'jS,’Sj—,uHZS,', (53)
(i.J) i=1

where J;; is the exchange coupling energy associated with the interaction between
neighboring spins; u is the spin magnetic moment; H is the external magnetic field;
and (i, j) indicates the summation over pairs of adjacent spins, with each pair counted
only once. In our simulations, we set H = 0 and take J;; = J > 0. The latter implies
“ferromagnetic behavior”, which favors (in thermal equilibrium) neighboring parallel
spins over neighboring anti-parallel spins.

We refer to the master equation (5.1) with transition rate wsk in (5.2a) as NNIa,
and to (5.1) with transition rate wy, in (5.2b) as NNIb. Both versions of NNI are
implemented via a Monte Carlo (MC) algorithm, in which one step in the Ising model

consists of repeating N times the following procedure:
1. Pick a random site j where j € {1,...,N};
2. Draw a number s* from a uniform distribution on [0, 1];
3. Flip the spin s; if s* < w(s — §'), otherwise leave it in its original state.

The spin lattice is initialized as follows. Each site i (i = 1,...,N) is assigned P (i, = 0),

the singlet probability of finding the spin in the “up” state. Then a number ¢* is drawn
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from a uniform distribution on [0, 1]. If 6* < P;(i,0) then s; = 1, otherwise 5; = —1.
We assume that the ferromagnet is initially in a state of uniform magnetization m;,, so
that Py (i,0) = (14 mjy,)/2 for all i [96]. Magnetization is a macroscopic quantity whose

dynamics is governed by the Ginzburg-Landau equations.

5.3.2 Ginzburg-Landau equations (GLESs)

Magnetization (or “order parameter”) is defined in terms of ensemble-averaged

Ising spin states as [96]
mx,t)=— Y §(), (5.4)

where A, (x) is a set of N, spins inside the interval Ax (a continuum grid’s spacing)
centered around point x. Magnetization m(x,t) at point x is related to the probability
Py (i,t) or P_(i,t) of finding the corresponding i-th spin in the “up” or “down” state
by [96]

_ 1Em(x,1)

Py(i,t) = > (5.5

Ginzburg-Landau equations (GLEs) provide a mean-field approximation of the

NNI models. Specifically, the NNIa model gives rise to the GLE [96]

2
E;_’?: a(ch%T’?—Am—an) (5.6a)

where c is the spin lattice constant,

A T qJ (T.\?
Ty=—\, A=q/|——1 B=2(= 5.6b
o ama(T) BBV e
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q is the number of nearest neighbors of any spin (for the 1D lattice, g = 2), and T, = qJ /kp

is the mean-field critical temperature; while the NNIb model corresponds to the GLE [73]

om ,0°m
> = I, (c Fro rm) (5.7a)
where
1 2 -1
D=x(g-w),  r=222 0 = (14e®) . )
2 I,

We refer to the GLE (5.6) as GLEa and to the GLE (5.7) as GLEb.

When the assumptions underpinning the GLEa and GLEb models are violated,
these coarse-scale models break down. For example, fine-scale fluctuations in the one-
dimensional NNIa model preclude a phase transition above 7' = 0 [71]. This is at
odds with the predictions of the GLEa model, which include the occurrence of a phase
transition at a finite critical temperature T, = ¢J /kp from an unordered state at T > T,
to a state with long-range order at T < 7T.. One way of dealing with the effects of
fine-scale fluctuations is to introduce a random noise term into a coarse-scale model [58].

Introducing a random source M,(x,#) into the GLE (5.6) yields a stochastic Ginzburg-

Landau equation (sGLE)
om 5 0%m 3
gz al C Jﬁ—Am—Bm —|—T]a(x,t). (583)

Here M, (x,?) is a zero-mean Gaussian space-time white noise with an auto-covariance

function

Cqy(%,1,9,T) = Na(x,1)Ma(y,T) = 2cTakpTS(x —y)8(t — 1) (5.8b)
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The GLEb model yields a minimum of the free energy at 7 = 0 and hence predicts
a phase transition at the correct temperature. Yet it fails to capture the magnitude of
the microscopic fluctuations. This failure is remedied by introducing a random source

N»(x, 1) into the GLE (5.7), which gives rise to a sSGLE

om

9*m
g 27 7
Y I (c 2 rm> +T]b(x,t). (5.9a3)

Here 1y (x,?) is a zero-mean Gaussian space-time white noise with an auto-covariance

function
Ch(x,t:y,1) =2D8(x —y)8(t —1),  D=cx B +2Wy (1 — W4)} . (5.9b)

We refer to the SGLE (5.8) as sGLEa and to the SGLE (5.9) as sGLED.
Numerical solutions of the stochastic GLEs (5.8) and (5.9) use a second-order
central finite difference method in space, and a first-order forward Euler-Maruyama

stochastic integrator [69] in time. This discretizes (5.8) into

mi g +mi_ —=2mi 1-R R

! =m?+N$R[ FTAC i S A G
21 T, Ax
Ef’ i RE?C, Ax’z7, At = MAL? (5.10)

and (5.9) into

m’, +m'_ —2m" 2D/At!
1 +1 -1 J b
m’J?+ =m + A1, { J ( ]/)2 —rmﬂ + &l
/I Ax ! __ b /__
Ax = —, Atb:KAtc, D :D/(CK) (511)
c

Here m't = m(x),1,); Xj = jAX; ty = nAr®?: At%? are the time steps for the GLEa and

GLEDb models, respectively; and Ej} are independent, identically distributed standard nor-
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mal random variables for each space-time point (x;,1,). The discretized equations (5.10)
and (5.11) with the noise terms set to O are used to solve the deterministic GLEs (5.6)

and (5.7), respectively.

5.4 Hybrid Modeling of Ginzburg-Landau Systems

Hybrid models simulate a system’s dynamics with a computationally less expen-
sive (continuum) method over the entire computational domain except in subdomains
where a more accurate and expensive (discrete, e.g., atomistic) method is deployed. Our

implementation of the following four hybrids is discussed below.

5.4.1 Computational domain

Consider a one-dimensional domain [0, L) on which the continuum GLE or sGLE
is solved everywhere except for a patch [L/4,3L/4) where the discrete NNI model is used
(see Fig. 5.1). A lattice of Nyp = L/(2c¢) spins with uniform spacing c spans the discrete
subdomain [L/4,3L/4). The rest of the computational domain, [0,L/4) and [3L/4,L), is
discretized by a mesh of size Ax. The latter is a multiple of the lattice spacing ¢, such
that Ax = Npc. Periodic boundary conditions are assumed for the magnetization, i.e.,
m(x=0,t) =m(x=L,1).

GLE/sGLE GLE/sGLE

0 L/4 sp=—1 3L/4 L

Figure 5.1: Computational domain for the NNI-GLE/sGLE hybrid.
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5.4.2 Time advancement and algorithm coupling

Time integration of the hybrid is a two-step process. First, the NNI algorithm
is advanced by Ny MC steps using the algorithm described in Section 5.3.1. Second,
either the sSGLEa or sGLED (or their deterministic counterparts) is advanced over one
continuum time step A#{ or Até’ in accordance with (5.10) or (5.11), respectively. These
are related to the time step in the MC algorithm Az, by Az b = NoAty.

The NNI and GLE components of the hybrid are coupled at the interfaces x = L/4

and x = 3L/4 using the following procedure.

1. Define a left neighbor of the spin at x = L/4 and a right neighbor of the spin
at x = 3L/4 — ¢ by extending the atomistic region into the GLE subdomain by
one lattice point at x = L/4 — ¢ and x = 3L /4, respectively. These “virtual” spins
are assigned “up” probability Py = (1 +m)/2, where m = m(L/4 — Ax,t) and

m = m(3L/4,t) for the left and right spins, respectively.

2. Use these virtual spins in either (5.2a) or (5.2b) to decide whether the spins at
x=L/4 and x = 3L/4 — ¢ are to be flipped. This step follows the procedure

described in Section 5.3.1.

3. Define the magnetization m(x,t) at x = L/4 and x = 3L/4 — Ax in order to calculate
the discretized Laplacian in either (5.10) or (5.11) for x; = L/4 — Ax and x; =
3L/4, respectively. This is done by computing the average of the spins at x =
L/4,...,L/4+ Ax — c and the average of the spins at x = 3L/4 — Ax,...,3L/4 —c,

respectively.

The use of a “handshake” region in step 1 is conceptually similar to that in [S], where the

particle region was extended by one cell into the continuum region.
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5.5 Simulation Results and Discussion

To analyze the accuracy of our hybrids and to investigate the importance of
including random fluctuations into the GLEs, we compute the steady-state mean and vari-
ance of the magnetization of a one-dimensional ferromagnet evolving to thermodynamic
equilibrium at temperature T. The mean 77i(x;) and variance 62,(x;) are estimated from

M independent samples according to

=¥ (LY

;) = — L il (5.12)
Mk:1 Nsn:Nr+1 l

5 1 f 1 % » (1 % ’

" M& | Ns, " Ns N "

Here N; is the total number of continuum time steps At b taken, N, is the number of
steps At * taken before the sampling begins, and Ny = N; — N, is the number of steps
At*? at which m; is sampled. The value of N, is chosen such that N,At*’ exceeds the
“relaxation time” ’c?’b, which is a characteristic time needed for the system to reach
equilibrium. This ensures that the magnetization is sampled at steady-state. (While the
hybrid simulations evolve the system to its steady-state, the true thermal equilibrium is
not attained since the detailed balance condition is not satisfied exactly by the mesoscale
component.) Following [73], we obtain the relaxation times ¢ = [A(R — 1)]~! and
2 = [k(1 — tanh(2R/q))]~! for the sGLEa and sGLEb, respectively. Inside the NNI
region, the magnetization m is computed by using the coarse-graining procedure (5.4)
with §; = s, i.e., we do not ensemble average the spins at each Ising step. This preserves
the fluctuations inherent to particle-based simulations [5, 6], in our case the Ising model.

The parameter values used in the simulations reported below are summarized in
Table 5.5. This choice of the parameter values results in R =2/1.8, Ar;, = 0.1, Az, = 0.1

and Ax' = 1. These values guarantee the stability of the linear diffusion component by
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satisfying the criteria

RA?,

l—*l /
AL}, <
q(AxX')?

1
and (Ax’)2 <3

< (5.14)

| =

for the the sGLEa and sGLEDb, respectively. The choice of Ax' = 1 in (5.4) implies the
lack of coarse-graining. The coarse-graining can be achieved by taking Ax to be an
integral multiple of the spin lattice spacing c.

The results computed with the NNI models (the fine-scale descriptions) in the
whole computational domain are treated as the “ground truth”. The GLE and sGLE

models, as well as the NNI-GLE and NNI-sGLE hybrids, provide their approximations.

Table 5.1: Parameter values. The units of A and k are s~ 1. The units of Az’ b are s.

Parameter N T ¢ A & mw N N M Ax AP
Value 40 097. 2 1.0 1.0 05 10° 10° 10 ¢ 0.1

5.5.1 NNIa-GLEa and NNIa-sGLEa hybrids

The steady-state mean and variance of the magnetization computed with the NNIa
model and the NNIa-GLEa hybrid are shown in Figure 5.2. The GLEa produces m =
0.4930 away from the NNIa patch, which is in agreement with (K.3) in K. This agreement
serves to verify our computation. Yet, the value m = 0.4930 does not represent the
correct system behavior, 7(x) = 0, predicted with the NNIa (see the relevant discussion
in Section 5.3.2). The NNIa-GLEa hybrid also fails to capture the magnetization variance
o2, (x).

The NNIa-sGLEa hybrid is obtained by replacing the GLEa model with its
stochastic counterpart, the sSGLEa. The steady-state mean and variance of the magnetiza-

tion computed with the NNIa-sGLEa hybrid are exhibited in Figure 5.2 alongside their



110

NNIa-GLEa counterparts. The NNIa-sGLEa hybrid correctly predicts the mean magne-
tization throughout the whole computational domain (77 = 0). Combined with similar
behavior observed in previous studies of other (linear and nonlinear) systems [5, 6, 16],
this points to a general feature of hybrid modeling: the noise generated in the fine-scale
(particle-based) component of a hybrid is best handled by introducing a random source
term into the hybrid’s continuum (and otherwise deterministic) component. Figure 5.2
also reveals that the NNIa-sGLEa hybrid qualitatively captures the Ising fluctuations, but
underestimates their strength. The exact match is obtained by multiplying the noise term

Na by o = 1.285.

5.5.2 NNIb-GLEDb and NNIb-sGLED hybrids

The steady-state mean and variance of the magnetization computed with the NNIb
model and the NNIb-GLED hybrid are shown in Figure 5.3. In contrast to the NNIa-GLEa
hybrid, the NNIb-GLED hybrid yields 7 = 0 throughout the computational domain, in
agreement with the NNIb result. Similar to the NNIa-GLEa hybrid, the NNIb-GLEb
hybrid fails to capture the higher moments (e.g., variance) of the magnetization.

The NNIb-sGLEb hybrid is obtained by replacing the GLEb model with its
stochastic counterpart, SGLEb. The steady-state mean and variance of the magnetization
computed with the NNIb-sGLEDb hybrid are plotted in Figure 5.3. The NNIb-sGLEb
predicts the correct mean magnetization and qualitatively reproduces the magnetization

variance, overestimating its magnitude by a factor of {, = 0.92.

5.5.3 Computational efficiency of NNI-sGLE hybrids

Hybrid methods’ raison d’étre is their ability to improve the computational

efficiency of a fine-scale algorithm without sacrificing its accuracy. We quantify the
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Figure 5.2: Steady-state mean (top) and variance (bottom) computed with the NNIa
model and the NNIa-GLEa and NNIa-sGLEa hybrids. The NNIa solution is treated as
the “ground truth”.
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Figure 5.3: Steady-state mean (top) and variance (bottom) computed with the NNIb
model and the NNIb-GLEb and NNIb-sGLEb hybrids. The NNIb solution is treated as
the “ground truth”.
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Table 5.2: Computational gain factor Gy = fsjm NN1/ fsim,hyb With N = number of spins.
Hybrid model G40 G16() G64()

NNIa-sGLEa 1.33 2.16 3.35
NNIb-sGLEb 1.17 1.86 3.50

hybrid’s gain in terms of the ratio G = fsjm NN1/ fsim,hyb Of the average computation time
necessary to advance the full-domain NNI algorithm by one Monte Carlo step per spin
(tsim.NN1) to the average computation time required to evolve the NNI-sGLE hybrid over
one time step (Zsim,nyb). Table 5.2 summarizes the computational gain G of both the
NNIa-sGLEa and NNIb-sGLEDb hybrid for the systems consisting of N = 40, 160 and
640 spins. (These results were obtained on a quad-core 2011 MacBook Pro.) While
the computational gain for the 40-spin system is negligible, it increases with N. This
suggests that an NNI-sGLE hybrid might be the only computationally viable option for

realistic systems (e.g., one gram of Fe contains about 10?? atoms).

5.5.4 Moment analysis of stochastic Ginzburg-Landau equations

The analyses of Sections 5.5.1 and 5.5.2 demonstrate that the SGLEs provide
the estimates of the magnetization’s mean and variance that are consistent with those
computed with the corresponding NNI models. Also, the computational cost of solving
the sGLEs is much smaller than that of the NNI models. These considerations lead
us to replace the NNI component of the hybrid simulations with its SGLE counterpart.
This procedure is fairly generic: one can reduce the computational cost of a hybrid
by replacing its microscale component with the corresponding stochastic coarse-scale
description, as was done in [5, 6].

In the context of the NNI-sGLE hybrids, using the sGLE instead of the NNI
component replaces the hybrid with a sGLE defined on the whole computational domain.

The strength of the noise term in this equation exhibits a jump discontinuity at the hybrid’s
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interfaces, e.g.,

Z € [L/4,3L/4
Cr = 2cTkpT8(x —y)d(t — 1) b for xe[L/4,3L/4) (5.15)

Ay for xe[0,L/4)U[3L/4,L]

where Cfl is the noise multiplier first introduced in Section 5.5.1, and A, > 0 can be equal
to or different from {2. This formulation facilitates the analysis of noise propagation
by employing the tools from the theory of stochastic differential equations. First, it
allows us to derive (deterministic) moment equations satisfied by the statistical moments
(e.g., mean and covariance) of the magnetization. Second, it enables us to compute the
steady-state statistics directly, without resorting to transient simulations.

Due to the nonlinearity of the the sGLE, the derivation of the moment equations
requires a closure approximation. While other closures (e.g., the Eyink-Levermore
closure [8] or a closure by perturbation [112]) can be adopted for this purpose, in L
we employ the Gaussian approximation to derive the moment equations governing the
dynamics of the mean magnetization 77i(x, ), the cross-covariance Cy,, (,T;X,t) between

m(x,t) and 1(y,T), and the auto-covariance Cy,(y, T;x,) between m(x,t) and m(y,T),

__ 2

m_r, {CZJ%T’;’ _[(A+3Bo2, )7+ B } (5.16)
2

o A B ) G 4Gy 5D
2

aa% :ra{czj%— [A+3B(m2+cﬁ1)] Cm}+Cnm, (5.18)

where the coefficients A and B are defined in (5.6b). Since m(x = 0,¢) = m(x = L,t) and
N(x=0,t) =n(x = L,t), their moments 711, C,, and Cy,, are periodic as well. L describes
the numerical scheme used to solve the steady-state versions of these equations.

For the sGLE (5.8) with the white-noise source term M, (x,7) whose covariance



115

function is given by (5.15) to act as a valid proxy for the NNIa-sGLEa hybrid, the noise

has to be statistically homogeneous, so that A, = {2 = 1.285%. Both the sGLE and the

corresponding moment equations accurately predict the mean steady-state magnetization

to be 711(x) = 0; this stems from the homogeneity of the mean equation (5.16). Figure 5.4

demonstrates that they also accurately reproduce the variance of the steady-state magneti-
2

zation, G;,(x) = 1, with the relative error between the exact and the moment equations’

solution equal to 0.5%.
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Figure 5.4: The magnetization variance computed with the closure and the sGLE (5.8)
with statistically homogeneous white-noise source term M, (x,7) whose covariance func-
tion is given by (5.15) with Ay = 2.

5.6 Summary and Conclusions

We investigated the performance of several hybrid models of phase transitions

in one-dimensional ferromagnetic systems. These hybrids couple fine-scale (the 1D
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nearest-neighbor Ising model with spin-flip dynamics, or NNI) and coarse-scale (the

1D time-dependent Ginzburg-Landau equation, or GLE) models. We considered two

versions of the NNI models, one using the Suzuki-Kubo transition rate (the NNIa model)

and one employing the heat-bath rate (the NNIb model). Both versions were coupled

with their deterministic (the GLEa and GLEb models) and stochastic (the sGLEa and

sGLEDb models) coarse-scale counterparts. We used the steady-state statistics (mean and

variance) of the magnetization of a ferromagnet evolving to thermodynamic equilibrium

to analyze the effect of noise propagation in hybrid simulations.

Our analysis leads to the following major conclusions.

1. The NNIa-GLEa hybrid fails to predict the mean magnetization of a one-dimensional

ferromagnet, while the NNIb-GLEDb hybrid yields the accurate predictions. This
is due to the theoretical limitations of the GLEa model in 1D. In higher spatial
dimensions, both hybrids are likely to produce accurate estimates of the mean

magnetization.

. Both versions of the NNI-GLE hybrid fail to correctly estimate the magnetization
variance outside the region where the NNI method is deployed. In other words,
such deterministic hybrids fail to propagate the noise generated in the region with
the fine-scale simulations (the NNI models) into the regions with the coarse-scale

simulations (the GLE models).

. Adding random fluctuations (a Gaussian white-noise source term) to the GLE
models leads to the NNI-sGLE hybrids (both the NNIa-sGLEa and NNIb-sGLEb
versions) that accurately capture the mean and variance of the magnetization. This
is a general feature of hybrid modeling: the noise generated in a hybrid’s fine-scale
component is best handled by introducing a random source term into the hybrid’s

coarse-scale (and otherwise deterministic) component.
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4. The NNI-sGLE hybrids provide a significant gain over the NNI simulations in
terms of computational time. The gain increases exponentially with the lattice size

(the number of spins) used to represent a ferromagnet in the NNI simulations.

5. Replacing the NNI component of the hybrid simulations with its SGLE counterpart
further increases the computational efficiency of the hybrid models. This procedure
is fairly generic: one can reduce the computational cost of a hybrid by replacing its

fine-scale component with the corresponding stochastic coarse-scale description.

6. The use of the (deterministic) moment equations that govern the dynamics of the
magnetization’s mean and covariance in place of the sSGLE provides an additional
boost to the hybrid’s efficiency. The derivation of the moment equations requires
a closure approximation, which can reduce the hybrid’s accuracy. The Gaussian

approximation proved to be accurate in the setting considered here.

Future extensions of the presented analysis include the studies of the performance
of the NNI-GLE hybrids in higher spatial dimensions and in phenomena where temporal
dynamics is of primary importance (e.g., the identification of first-passage times). Another
topic of interest is the derivation of a master equation for NNI-sGLE hybrids, which
would account for the spatiotemporal discretization of the sGLE and the coupling of

Ising spins to magnetization field.
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Chapter 6

Physics-based statistical learning

approach to mesoscopic model selection

6.1 Abstract

In materials science and many other research areas, models are frequently inferred
without considering their generalization to unseen data. We apply statistical learning
using cross-validation to obtain an optimally predictive coarse-grained description of
a two-dimensional kinetic nearest-neighbor Ising model with Glauber dynamics (GD)
based on the stochastic Ginzburg-Landau equation (SGLE). The latter is learned from
GD “training” data using a log-likelihood analysis, and its predictive ability for various
complexities of the model is tested on GD “test” data independent of the data used to
train the model on. Using two different error metrics, we perform a detailed analysis
of the error between magnetization time trajectories simulated using the learned sGLE
coarse-grained description and those obtained using the GD model. We show that both
for equilibrium and out-of-equilibrium GD training trajectories, the standard phenomeno-

logical description using a quartic free energy does not always yield the most predictive

119



120

coarse-grained model. Moreover, increasing the amount of training data can shift the
optimal model complexity to higher values. Our results are promising in that they pave
the way for the use of statistical learning as a general tool for materials modeling and

discovery.

6.2 Introduction

Due to limitations in computational resources, the behavior of complex systems
(e.g. climate, turbulent flow, materials under shock loading) often needs to be modeled us-
ing a coarse-grained description that captures the phenomenon of interest. Coarse-grained
models cannot be perfect of course, since many microscopic degrees of freedom are
absent. The Mori-Zwanzig formalism [88, 128] tells us that the relevant coarse-grained
description should contain both noise [16, 113] and memory kernels to represent the
“integrated out” fine scale dynamics. Deriving an appropriate coarse-graining analytically
is therefore extremely difficult. Statistical learning provides a tractable way of finding
a coarse-grained description that is able to predict the results of new experiments or
simulations beyond those used in the model construction, which serves as a true objective
test of the model. In fact, unlike traditional approaches, statistical learning can also serve
as a coarse-graining strategy in cases where there is no clear separation of spatial and/or
temporal scales. For example, it may be applied to problems that involve inhomogeneous
flows (e.g. multicomponent fluids, complex fluids) and those in materials science where
the coarse-grained description needs to account for inhomogeneities at a finer scale, e.g.,
microstructural defects. In such cases, techniques such as the heterogeneous multiscale
method [38] that demand a clean separation in time scales are not applicable.

In the statistical approach to coarse-graining discussed here, the goal is to search

over a certain class of coarse-grained models and find the complexity for which the
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description is “optimally predictive”. This technique is called regularization, and to
estimate the generalization error we use cross-validation. The latter involves randomly
dividing data (either from experiments or simulations) into “training” and “test” samples.
Ideally one would like both groups of data to be infinite, but in practice one only has
a limited amount of data to work with. Experimentalists can only synthesize a small
number of material samples, and in molecular dynamics simulations one is also limited
to a finite number of samples. For the purposes of the current analysis, we will assume
that the amount of training data is limited but that we can test our learned model on an
infinite amount of data independent of the training samples. An extension to cases where
both training and test data are finite will be the topic of future research.

Selecting the appropriate model regularization is of paramount importance be-
cause it can minimize both underfitting and overfitting. An underfitted model is too
simplistic and therefore fails to capture much of the useful information available in the
training data; hence, it will perform sub-optimally on data independent of the training set.
In contrast, overfitting refers to the case where an overly complex model describes the
many irrelevant details that appear in the training data by chance. An overfitted model
will therefore be also less successful in generalizing to new data from simulations or
experiments that are outside the class of the training data. The model developed in this
study avoids common issues associated with overfitting by using an effectively infinite
amount of test data independent of the samples on which it was trained, and selecting the
complexity that makes it most predictive of this test data.

As an error estimator, cross-validation has been used for a number of years. When
the amount of data is very limited though, there can be a significant difference between
the cross-validation error and the actual error [33, 34]. Moreover, a detailed error analysis
is often lacking in physics modeling applications. Our motivation is to learn mesoscale

models from microstructural data incorporating prior domain knowledge and physical
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symmetries. We will focus on the time-dependent stochastic Ginzburg-Landau equation
(sGLE) which provides a coarse-grained description of a kinetic nearest-neighbor Ising
model with Glauber dynamics (GD) and of which the dynamics are expected to be
particularly straightforward to learn. While our approach is related to that in [35], we do
not assume a prior distribution for the learned parameters and do not include a penalty
for overfitting or complexity in the Bayesian Information Criterion. Moreover, instead of
simply fitting a regular quartic free energy to a single or joint magnetization distribution
function as in [66, 67], we consider higher order terms and find the parameters that
optimally predict GD data independent of the samples on which the model was trained.
The inclusion of terms beyond fourth order in the free energy accounts for the fact that
we are in a regime of finite coarse-graining block sizes, and hence not at a fixed point in
the renormalization group theory [24, 58]. Our current approach does not account for
higher order spatial gradients, which can play an important role out of equilibrium; we
plan to include these terms in future versions of the model.

Section 6.3 describes the microscopic GD model and its mesoscale description
provided by the sGLE. Section 6.4 details our design loop used to select the optimal
complexity of the sGLE for each amount of training data considered, after which Sec. 6.5
discusses the results of the error analysis we performed in order to arrive at an optimally
predictive model. Section 6.6 summarizes our conclusions and discusses possibilities for

future work.
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6.3 The Kinetic Ising Model and its Coarse-scale De-
scription by a Stochastic Ginzburg-Landau Equa-

tion

6.3.1 Kinetic Ising model with Glauber dynamics

The Ising model with nearest-neighbor interactions [60] is a simple, yet very
rich, model in statistical mechanics for describing ferromagnetic behavior. Consider a
two-dimensional (2D) ferromagnet with atoms arranged on an N; X N, square lattice.
The spin s; j (where i =0,...,N; —1and j=0,...,N, — 1) of each atom can be in one
of two states, s; ; = %1, and can only interact with its four adjacent spins. We can add
dynamics to this system by flipping spins with a certain transition rate w, and the result is
a kinetic nearest-neighbor Ising model with spin-flip (Glauber) [52] dynamics (which
we will refer to as GD). This allows us to express the time evolution of the spin system

through a master equation given by

d / /. ND( -
EP(G;I) = ;[w(c — 0)P(6';t) —w(c — o)P(o:1)] 6.1)

where P(c;1) is the joint probability of finding the system in spin configuration G at time
t, and the w’s are the transition rates between two Nj X N,-spin configurations differing

only in the value of one spin, s; ;. For w we choose the heat bath rate, given by

o 1
wip(o — o) =k (1 4 e B -H( N) . 6.2)

Here (o) represents the Hamiltonian of the spin system with configuration G, § =
1/(kgT) with T the system temperature, and k! sets the time scale of the spin-flip

process and can depend both on 7" and the spins other than s; ;. We simulate this Kinetic
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Ising model via a Monte Carlo (MC) algorithm with one MC step per spin; i.e., to

complete one step in our Ising run, we perform Ny X N, times the following procedure:
1. Pick a random site (i, j) where i =0,...,Ny—1and j=0,...,Ny — 1.
2. Draw a number r| from a uniform distribution on [0, 1].
3. Flip the spin s; ; if r < w(c — '), or leave it in its original state if 1| > w(c — ¢).

In all of our work here, we initialize the lattice by selecting spins to be +1 or -1 randomly

with equal probability.

6.3.2 Ginzburg-Landau equation

By invoking a phenomenological coarse-graining approach, it is possible to
obtain a mesoscopic model of GD given by a time-dependent Ginzburg-Landau equation
(GLE) . The latter will describe the spatiotemporal evolution of an “order parameter”, ¢,
a field variable which represents the instantaneous average of Ising spin values over some
portion of a ferromagnetic material (also called “magnetization”). At finite temperatures,
one needs to account for fluctuations, which can be added via a white noise term to obtain

an overdamped stochastic relaxation equation

ad(x,1)

a M

RG] (6.3)

SF [0(x,1)]
50(

with M the mobility which sets the time scale of the dynamics. Here n(x,?) is a zero-
mean Gaussian space-time white noise with an auto-covariance which, according to
the fluctuation-dissipation theorem, scales linearly with M and the system temperature.

Moreover, F[0] is an effective free energy for the system, and may be developed as a

' A Ginzburg-Landau model for the free energy can also be used for other systems; see, e.g., [53].
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power series in ¢ and its derivatives

Fro Y ad+b0oVio+... (6.4)

k even

Only even powers of ¢ are allowed in (6.4) due to the symmetry of the Ising Hamiltonian.
In the context of late-stage domain growth, renormalization group arguments indicate
that the Ising model with Glauber dynamics is in the universality class of Model A
dynamics [58], and hence well represented at the coarse scale by having only a; and a4
different from zero. However, since we are focusing on intermediate time and length
scales, we relax this assumption and instead consider a model class for the free energy
consisting of even-term polynomials with degree two or greater. The complexity that
we eventually select is the one for which the model is optimally predictive of GD data

independent of the samples from which it was learned.

6.4 Numerical Algorithm

Our goal is to learn the parameters of a discrete version of the stochastic Ginzburg-
Landau equation (sGLE) which evolves the magnetization ¢ from time #, to time #,4

according to

Ont1,ij = On,ij + 00 (Onit1,j + Oni1,j+ Onijr1

Cc—1

&

2k+1

O j1 = 4000 ) + Y Oy 1y
k=0

+ 0 c13)2 G (6.5)



126

where C is the model complexity 2 and the &,,i,j are independent, identically distributed
standard normal random variables. Here n and n + 1 refer to times ¢, and 7,1, while
i=0,....,Nj—1and j=0,...,N; — 1 indicate the spatial position of the spin blocks
resulting from the coarse-graining procedure, with N1 and N, the number of blocks in both
spatial directions. Given block-averaged training data S, ; j with n = 0,...,neq, where
neq Will be specified for each of our numerical experiments in Sec. 6.5, we would like to
find the set of parameters Qopt = {0, 01, - - -, 0(c43)/2} that maximizes the likelihood
of observing this data using the sGLE model. For notational convenience, the N; x N,
block-averaged spin configuration after n steps will be denoted by S,,; the notation Sy, ; ;
will refer to its (7, j)th matrix element. The same convention will be used for ¢. It turns

out Olgpt 18 the solution to a linear system

AGlopt = b, (6.6)

where the components of A and the elements of b involve products of S, its powers
and its discrete Laplacian. The dimension of this system is given by the number of
free parameters that make up the model (6.5), which is equal to (C—1)/2+ 3. For
more details, we refer the reader to Appendix M where we have worked out the case of
C = 3. We then test our learned sGLE model against independent GD data (“test” data)
to ascertain how well learned models of different complexities perform on unseen data.
By calculating the root-mean-square (RMS) error between GD test trajectories and those
simulated using the learned sGLE, we then determine for which complexity C the latter
is optimally predictive of the GD test data.

We will consider two error metrics in our analysis, which we will refer to as the

“type 17 and “type 2” error. For the type 1 error, we calculate the sGLE grid at time

~We only consider odd complexities in our analysis.
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ty+1 through (6.5) but replace ¢,, with the block-averaged GD test data at time #,,. This
error is of the same type as the error that we want to minimize when calculating Qopt
from the GD training data, where we search for the set of parameters that maximizes the
likelihood of observing the training data at t,,1; given the sGLE model and the training
data at ¢, for every n (see Appendix M). For the type 2 error, we evolve the sGLE grid in
time through (6.5) directly, i.e. we do not keep referring back to the GD test data at each
time t,,.

A flowchart of the operational algorithm is shown in Fig. 6.1. At a high level, our
approach for computing one data point in the error probability density function (pdf) for
a learned sGLE model of complexity C, given a number of training samples Ni4in, can be

described as follows (see Appendix N for more details).

1. We simulate Mg independent GD test sample trajectories. For each trajectory, we
let the Ising system evolve over np, (specified in Sec. 6.5) steps, after which we take
another neq steps during which we record the block-averaged Ising configuration.

Each of these steps represents one MC step per spin as detailed in Sec. 6.3.1.

2. We simulate N, independent GD training sample trajectories. We let the spins
evolve over ny steps, and then record their block-averaged configuration over the

next neq steps.

3. Using the data gathered during the last neq steps of each training trajectory, we
compute the coefficients of the learned sGLE polynomial using a log-likelihood

analysis (see Appendix M).

4. With the parameters calculated in step 3, we now simulate Mg SGLE trajectories.
Each trajectory consists of neq steps, with each step involving the advancement of

the discrete sGLE (6.5) from one discrete point in time to the next.
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Step 1: Pick sGLE model complexity C

Pnt1,ij = Pnig + 0(Pnjit1,j + Onji-1,j T Pnjijr1 + Pnjij—1 — 4bnij)
o1
2
2k+1
+ Z ak+1¢n,i_!—j + Q(C+3)/2 fn,i,j
k=0

Step 2: Generate Niesy independent Ising test samples A

independent Ising training samples

Step 4: Learn sGLE model parameters through log-likelihood analysis
\l/ argmax In P(So, S1, ..., Sn.; @) = Qopt
a

Step 5: Generate Niest SGLE model samples using aopt and

compare with Ising test samples

Figure 6.1: Flowchart for the model complexity selection algorithm.
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5. For the kth sGLE trajectory, we calculate the RMS error € between this trajectory

and the kth block-averaged GD test trajectory.
6. Finally, we compute the test-averaged error

1 Ntest

£ = Z €, (6.7)

Ntest k=1

which we will call the “type 17 or “type 2” test error depending on how the sGLE

trajectory has been calculated (see our above definition of these errors).

The quantity € represents one point in the error pdf for the considered complexity C and
number of training samples Ny,in. The entire pdf is then obtained by repeating the above
procedure except for step 1 (we use the same GD test trajectories for each point in the
pdf) Niear > 1 number of times. We will denote the sample (i.e., realization) mean and

variance of this pdf by & and s2, respectively.

6.5 Error Analysis and Main Results

We now present the pdfs of the type 1 and type 2 errors, defined in Sec. 6.4, for
different complexities C = 3,5,7 or 9, given a finite number of GD training samples Ni,in.
We will use Niest = 1000 GD test samples, which provides an accurate generalization
error 3. Moreover, we will build up the error histograms using Ny = 5000 independent
realizations, and consider both training data in equilibrium and out of equilibrium. For
the equilibrium case, we measure the energy of the spin system and choose np, as the
number of steps after which thermal equilibrium has been reached. Out of equilibrium,
we choose ny such that after ny steps domains have started to form. Learning the sGLE

model parameters from GD data for which the block size is smaller than the size of a

3In future work, we will carry out an error analysis when only a small number of test samples is
available [33, 34].
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typical domain allows the Laplacian in the sGLE to better capture gradients in the GD
data, and should hence yield a more accurate coarse-grained description. For both cases,
we determine an appropriate value for neq through trial and error, and choose values
that provide a sufficient amount of input data to our log-likelihood solver. We will use
Nme +1 = 2000 and neq + 1 = 100 for the equilibrium case, and nyne + 1 = neq + 1 = 500
out of equilibrium (these values include the number of steps plus the starting condition at
t = 0 or after ny steps). In all cases, we simulate the Glauber dynamics on a 256 x 256
spin lattice with periodic boundary conditions, and coarse grain using 16 x 16 blocks. We
set the parameter K in (6.2) equal to 1. Finally, next to each error distribution, we show a
plot of the free energy constructed using the learned model parameters. These plots are
meant to serve as a check of the physical soundness of our approach in the sense that,
consistent with common knowledge, a single-well potential should be observed above
the phase transition and a double-well potential below the phase transition. However,
they do not convey any information regarding the predictiveness of our model, which

follows entirely from the error distributions.

6.5.1 Type 1 test error pdfs for training data in equilibrium

We first consider the case where we train on Ny,ij, = 8 GD trajectories in equi-
librium, obtained by quenching the spin lattice from infinite temperature to either
T = 1.6 J/kp (below T, = 2.269 J/kg %) or T = 2.8 J/kp (above T.). As Fig. 6.2
shows, at T = 1.6 J /kp the error pdf’s sample mean € clearly decreases with complexity
C. Hence, the most predictive SGLE model is that with the highest complexity considered,
C =9. At T = 2.8 J/kp, however, the error pdfs for all the complexities overlap almost

completely (see Fig.6.3), indicating that the regular third-order sGLE polynomial is

4T, refers to the critical temperature for a second order phase transition following Onsager’s [93]
solution.
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Figure 6.2: Type 1 error pdfs (left) and learned Ginzburg-Landau free energy (right) for
different complexities of an SGLE learned from eight equilibrium GD training samples at

T = 1.6 J /kp (below the phase transition). The SGLE with C = 9 predicts the GD test
data best.

adequate to predict the coarse-grained Glauber dynamics.

6.5.2 Type 1 test error pdfs for training data out of equilibrium

Next, we look at the case where we train on various amounts of GD trajectories
out of equilibrium, obtained by quenching the spin lattice from infinite temperature to
T =2.2J/kp (just below T;). As Figs. 6.4-6.7 show, regardless of the amount of training
data the regular ¢* form of the free energy (C = 3) is not optimally predictive of the
GD test data. The complexity for which the sGLE model best predicts the GD test
trajectories varies with the amount of training data. For small amounts of training data
(i.e. Nyain = 1 or 2), the histograms for the different complexities largely overlap. As
the number of training samples is increased to 16, the pdfs for C = 5 and higher can be

more clearly distinguished from that for C = 3. When one further increases the amount
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Figure 6.3: Type 1 error pdfs for different complexities of an sGLE learned from eight
equilibrium GD training samples at T = 2.8 J/kp (above the phase transition). All
considered model complexities are equally predictive of the GD test data.

of training samples to 128, the pdf for C = 3 becomes fully distinct from those for higher
complexities, and the pdf for C = 5 is becoming more distinct from those for C = 7 and
C =9. In sum, increasing the amount of GD training data causes the complexity at which

the sGLE is optimally predictive to shift toward higher values.

6.5.3 Type 2 test error pdfs for training data out of equilibrium

Finally, we repeat the simulations in Sec. 6.5.2 for the type 2 error. We find that
for this error type the regular ¢* free energy does optimally predict the GD test data,
regardless of the amount of training data. Figure 6.8 shows this for the case of one GD
training sample. We note here that it is to be expected that € is bigger for the type 2 error
than for the type 1 error, since the latter is calculated in the same way as the optimization
error for obtaining the Olop¢ is calculated from the GD training data, while the former is

not.
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Figure 6.4: Type 1 error pdfs for different complexities of an sGLE learned from one
out-of-equilibrium GD training sample at 7 = 2.2 J/kp (just below the phase transi-
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out-of-equilibrium GD training samples at 7 = 2.2 J /kp.
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Figure 6.6: Type 1 error pdfs for different complexities of an sGLE learned from 16
out-of-equilibrium GD training samples at T = 2.2 J /kg. The error pdfs for C = 5 and
higher are now clearly distinct from that for C = 3.
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out-of-equilibrium GD training sample at 7 = 2.2 J /kg. The sGLE with C = 3 is most

predictive of the GD test data.
6.6 Summary and Conclusions

By performing a detailed error analysis in the context of a statistical learning
approach using cross-validation, we derive an optimally predictive coarse-grained descrip-
tion of a two-dimensional kinetic nearest-neighbor Ising model with Glauber dynamics
(GD) based on the stochastic Ginzburg-Landau equation (sSGLE). The latter is learned
from microscopic GD “training” data through a log-likelihood analysis, and its capacity
to predict GD “test” data independent of the training data is analyzed for various model
complexities using two error metrics and varying amounts of training data.

Our analysis yields the following major conclusions:

1. For the type 1 error, a complexity of 3 in the sGLE force equation does not yield
an optimally predictive model for any amount of training data that we investi-

gated. Moreover, the model complexity yielding the most predictive coarse-grained
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description increases with the amount of GD training data.

2. For the type 2 error, the regular Ginzburg-Landau description using a ¢* mean-field
free energy does yield the most predictive model irrespective of the amount of GD

training data.

The principled methodology developed here for simple Model A dynamics can
be applied to more complicated problems such as Model H dynamics [58]. A partic-
ular application which might benefit from this work is the use of data generated from
experiments, e.g. ultrafast X-ray diffraction patterns of structural phase transitions in
semiconductor crystals to generate models describing crystal disordering [47]. In general,
our approach can be utilized in any application using a Ginzburg-Landau functional, e.g.
in phase field simulations of materials.

Directions for future work include studying the effects of the coarse-graining
block size (in both space and time), performing a rigorous analysis of the stability and
discretization error of our numerical scheme, and expanding the model class by including
operator terms that account for higher order spatial gradients. Moreover, it is desirable to
complement the current computational analysis with a rigorous theoretical derivation of
an expression for the error probability density function in terms of model complexity,

number of training samples and coarse-graining block size.
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Chapter 7

Conclusions

We considered two nonintrusive approaches for multiscale/multiphysics problems
in the presence of stochastic fluctuations: domain decomposition (DD) and stochas-
tic collocation (SC). Noise was introduced into the system as a random source term
(Chapters 2, 5 and 6), a random boundary condition (Chapter 3), or as uncertain input
parameters (Chapter 4). We developed and analyzed tightly-coupled DD algorithms for
two testbed problems: one- and two-dimensional coupled linear diffusion equations,
one of which was forced by a Gaussian space-time white noise, and one-dimensional
multiscale hydrogen diffusion in a multilayer Pd-Ta dense membrane, driven by a trun-
cated Gaussian noise at the domain boundary. In the former, tight coupling was achieved
through Picard’s or Newton’s iteration; in the latter, Jacobian-free Newton-Krylov with
Generalized Minimum Residual was employed. Applying SC to a two-dimensional mul-
timaterial, equilibrium radiation-diffusion equation with one, two or three uncertain input
parameters, we estimated the mean and variance of the energy, deposited in a brain tumor
through X-ray irradiation, as a function of the statistical moments of the random inputs.
We constructed an algorithm refinement (AR) hybrid for the one-dimensional real, cubic

Ginzburg-Landau equation (GLE), and analyzed its ability to propagate fine-scale noise
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throughout the entire computational domain; in addition, we investigated the viability of
a moment approach with a Gaussian closure. Finally, using statistical learning involving
a log-likelihood analysis, we derived a two-dimensional stochastic GLE, and analyzed its
ability to predict microscale data outside of the data set on which the model was trained.

In Chapters 2 and 3, we demonstrated that the presence of stochastic noise
alters the computational efficiency of an iterative (“implicit”) coupling algorithm in
a way that depends on both the noise type and the iteration technique. For a space-
time white noise inside the domain, the analysis in Chapter 2 revealed that increasing
the noise strength resulted, on average, in more iterations per communication. While
Newton’s method maintained a linear scaling with noise amplitude, Picard’s coupling
could scale nonlinearly. On the other hand, a truncated boundary noise was found to
have a “smoothing” effect and reduced the number of Newton iterations (in a Jacobian-
free Newton-Krylov coupling) per communication as its coefficient of variation was
increased. The impact of noise on the performance of the iterative coupling also affected
the latter’s relative efficiency compared to its single-iteration (“explicit”) counterpart.
For a given solution error and at low noise strength, the simulations for the space-time
white noise that used implicit coupling completed, on average, faster than those with
explicit coupling; this was true for both the longer and shorter time interval between
two subsequent implicit coupling communications that we considered. The reason is
that for explicit coupling to achieve the same solution error as its implicit counterpart,
its communication frequency needs to be increased, thereby increasing simulation time.
At high noise strength however, the larger number of iterations per communication
for the implicit coupling caused the latter to become less efficient than the explicit
coupling for sufficiently short time intervals between two subsequent implicit coupling
communications. Increasing the latter interval enabled the implicit coupling to again

outperform its explicit counterpart. For the boundary noise however, the implicit coupling
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was shown to have a higher efficiency than its explicit counterpart for all noise strengths
and communication times considered.

We also investigated the effect of noise on the stability of the above DD algorithms.
In Chapter 2, we found that for a linear multiscale problem the stability of the DD
approach with implicit coupling was not affected by the presence of noise. This is in
stark contrast to the nonlinear multiscale problem in Chapter 3, for which we showed
that the concentration dependence of the diffusion coefficient in Pd causes the stability
conditions to depend on the ensemble mean of the solution, which is different from
its counterpart solving the corresponding deterministic problem with the fluctuations
averaged out. It is therefore incorrect to base predictions about the stability of a DD
algorithm for a nonlinear problem with noise on results obtained prior to the introduction
of this noise into the system, or with the fluctuations averaged out.

For both the linear system in Chapter 2 and nonlinear system in Chapter 3, we
found that the DD algorithm with implicit coupling preserves the temporal order of
accuracy of the subdomain solvers.

The analysis in Chapter 3 revealed that exchanging sample-averaged values
of concentration and flux (moment-wise communication), rather than their values for
a particular realization of the system dynamics (path-wise communication), across
interfaces between subdomains leads to incorrect propagation of the boundary fluctuations
and erroneous spatial profiles for both the mean and variance of the state variable,
regardless of the level of spatial refinement. A coupling enforcing continuity of mean and
variance similar to the approach followed in [31] might approach the accuracy of our path-
wise coupling while being computationally less expensive. However, unlike the solution
to the weakly nonlinear problems considered in [31], the solution to highly nonlinear
problems such as the hydrogen diffusion in Chapter 3 will be highly non-Gaussian, and

higher moments of the state variable might need to be exchanged, in addition to the mean
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and variance, for a moment-wise coupling to achieve a similar solution error as path-wise
communication.

The numerical experiments in Chapter 4 demonstrated that SC outperforms
standard Monte Carlo simulation for all stochastic dimensions considered, with the
biggest difference for the scenario of one random input parameter. Increasing the
stochastic dimension enhanced the amplification of parametric uncertainty by the system’s
nonlinearity to the point where the magnitude of the predictive uncertainty in the energy
deposition approached that of its predicted (mean) value itself. This again demonstrates
the dramatic effect of random noise, even of low strength, on the behavior of nonlinear
multiphysics systems, and hence the need to incorporate an accurate model of random
fluctuations in a global algorithm development strategy.

In Chapter 5, we demonstrated, using the GLE as a testbed, that for AR hybrids
modeling nonlinear problems whose macroscale dynamics is driven by microscale noise,
the ability of the coarse-scale model to correctly capture the atomistic algorithm’s
fluctuations is of paramount importance to correctly predict both the mean and higher
moments of the quantity of interest. Our results also confirmed that significant savings in
computational cost may be achieved by applying an AR method versus a full-domain
atomistic approach, and increasingly so for bigger systems. Finally, we established
that a (deterministic) moment approach with Gaussian closure was able to provide,
somewhat surprisingly, a reasonably accurate estimate of the magnetization variance,
offering a direct way of computing such moments as opposed to employing numerical
time integration of the state variable.

In Chapter 6, we found that the optimal complexity of the learned stochastic
GLE for predicting microscale Ising data outside of the data set on which the model was
trained may differ from that of standard models available in the literature. Moreover,

this approach established a data-driven way of computing the magnitude of the model’s
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random source term, which may eliminate reliance on ad hoc “fudge factors” that plagued
both stochastic GLE models used in the AR hybrid discussed in Chapter 5. Hence,
statistical learning may prove to be a powerful tool in building atomistic-continuum AR

hybrids that accurately predict system behavior both in the fine- and coarse-scale regions.



Appendix A

Conservative versus non-conservative

coupling (Chapter 2)

To understand the need for a mass-conserving coupling algorithm, we consider

the total mass M inside the region [—Ax/2,Ax/2]| (see Fig. 2.1)
Ax/2
M) = / o (x,1)dx. (A1)

Its derivative yields

dmM Ax/2 op Ax/2 9 ap
dr /Ax/z e /Ax/Z ox {Dﬁ} I =Finp-1p=Fap,  (A2)

where the flux F' = —Ddp/dx is given by Fick’s law. The interfacial fluxes Fj y/2_1/2
and F, ; ), represent the amount of mass leaving the left subdomain per unit time and the
amount of mass entering the right subdomain per unit time, respectively.

Integrating (A.2) between t,, and t,,+1 = 1, + Afcom glves

AM
Al‘COm

=Fvpp =B (A.3)
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where AM denotes the change in total mass inside [—Ax/2,Ax/2] between t,, and t,,1 1, and
Fl’jN /2-1/, and in?l 15 are the Atcom-averaged values of Fi y/>_1 /> and F, ; 5, respectively.
Looking at the system dynamics between two subsequent inter-solver communications,
any mass leaving the left subdomain should enter the right subdomain and cannot
be “trapped” inside the interface region [—Ax/2,Ax/2]. Hence, the total mass inside

[—Ax/2,Ax/2] needs to remain constant, which requires equality of the Afcom-averaged

interface fluxes, i.e.

F INj2—12 = B /2 (A.4)

Hence, merely ensuring Fy /21 /2(f = tnt1) = F3,1 /2(t = ty41) would not allow one to

keep the global solution in a consistent state despite the use of an iterative method.



Appendix B

Picard and Newton iterations

Consider a root-finding problem f(u) = 0, where u is a vector containing the
unknowns. For Picard’s method, the latter is rewritten as a fixed-point problem u = g(u)
where g(u) = u — pf(u), with B > 0 a fixed-point damping parameter, typically less than
1. A fixed-point iteration proceeds according to the algorithm in Table B.1. When g(u) is

a contraction, i.e., if there exists a A € (0, 1) such that
lg(w) —g(V)[ < AMu—v|| (B.1)

for all u, v in a closed set containing the fixed-point solution u*, then the Picard iteration
is guaranteed to converge based on Banach’s fixed-point theorem [12]. However, even
with a good initial guess, Picard iterations converge slowly, namely g-linearly in the

norm [68]
[u®D — g || < AJu® —uey], (B.2)

where ucy is the exact solution, the g-factor A lies in (0, 1), and the iteration number & is

sufficiently large.
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A faster alternative to Picard iterations is Newton’s method (see Table B.1), which

converges g-quadratically in the norm [68]
[u® ) — gy || < Alju® —uex||?, (B.3)

for A > 0 and sufficiently large k. Drawbacks of Newton’s method include only local
convergence (i.€., an initial guess for starting the iterations needs to be sufficiently good),
and the cost of computing the full Jacobian J. Although not considered in this paper, the
latter can be addressed by using a Jacobian-free Newton-Krylov method which requires
only the calculation of Jacobian-vector products and avoids having to explicitly form the
Jacobian itself [70].

Table B.1: Algorithms for the Picard (left) and Newton (right) iterations (adapted
from [94]). In the Newton method, J = df /du is the Jacobian matrix.

Require: Initial guess u(® Require: Initial guess u(®
k=0 k=0
while not converged do while not converged do
u(k+1) — g(u(k)) u(k+1) — u(k) — J_l (u(k))f(u(k))
k=k+1 k=k+1
end while end while

In the problem considered here, during the macro-step from ¢, to #,; we have
u' = (p/y /Z,sz‘l /2)T and need to solve the root-finding problem f(u") = 0 with f(u")

given by

~nk ~n.k
Pinz2 P20
f(u") = . (B.4)

=n.k =n.k
Fl,N/z—l/z_Fz,l/z



Appendix C

Stability matrices and Jacobian

It follows from (2.14a) and (2.14b) that the time-averaged solution over the n;

(n2) micro-steps in the left (right) subdomain for the macro-step going from ¢, to ¢, is

given by
p  =Brp!’+ CLP?ZIZ
Y & 1= juant ik
py" = Brpy +CRsz+ Z Z (I+Ag)" =",
2 = 1 j=0
where
_ 1 n B ny -1
B —— Z(I+A1 ZZ (I+A)/ Ty,
L=
_ 1 ny ny m—1
Brp=—) (I+Ay)", C :—Z Z (I+A2)/ To.
2 =1 2 = 1 j=0

Defining N=N /2 for notational convenience, for Picard’s method,

~n,k+1 ~ AxF Fn,kJrl . D (— nk < nk

Piy =P2 +D2 2,1/2° 2,1/2 = T Ax
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(C.1a)

(C.1b)

(C.10)

(C.1d)

(C.2)
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this gives
5kt S 1—jqroik | A% gk
Py Brp; +Cr p2b+_ ) Z (I+Ag)" =™ .20
2 m= 1 =0 | 2
k1 D1k g 0~ k
B ——B(p?N [BLpl” +CLp{fb}N1). (C.3)

Rewriting (2.15a) and (2.16a) as

ny—1

plill’l], —b1+CLplb, p;n27 —b%‘f‘CRP +,YZ I+A2)n2 1— mnnmk (C4)

we have, in component form,

(C.5a)

+[CLlpapL+[CL], v 1[Cr]y 5 1PR

ny m—1N—1

+[C, - .Y LY X Znhani!

2 = 1 j=0 g=
n,ny .k bz Al 3 n,0
P2y np T ICR]p1 Z [Br1.q P2q (C.5b)
q=1

i Ax

+[Crlpa[CrI11PT g Y CRlpa By

Pl D 2,1/2
+ ([CR] pi—1+[CR]p,1 [CR] 17N—1> PR

n, m—1N—1 m—1N—-1

CRp,l_Z Z Z jm ,qnq]k 1+YZ Z ]nzpqﬂ"]k

2 m=1 j=0 g= J=0 g=



149

where Zj,, = (I+A2)" '/ and p=1,...,N — 1. The terms in these two expressions

define the matrix M in (2.18b) and a vector Px" = (¢1,c2,¢3,¢4) " with

N-1 -1 _
0 5 0 5 0
Dl de 1,0 Nt n,0
= Ax Z [BLly_ 1,qpl g C4p= Z [BR]ILqu,q +[Crpa Z [BR]l,quyq' (C.6)
q= q=1 q=1

Relations (C.6) define the matrix P in (2.18c¢).
The nonzero sub-matrices of M and P in (2.18b) and (2.18c¢) are defined by

Ax . Ax
rl’_[CL]pN 1G] SP_D_z[CL]p,N—D u=[Cr]1,1, V—D—Z,
D _ Ax
w=——=[Cly_15-1), Yp=[CGlp1lCr]11, 2p= -[CR]p, (C.7a)
Ax ; D,
and
_ _ D
Spa = [CL]p,Nfl [BR]I,q; Ug = [BR]l,q, Vg = [BL]N 1Lg

Wy =[BR]p.g + [CR]p,1[Br]1.4; (C.7b)



150

respectively. Equations (2.18) and (C.5) also define a vector dRAH with components

[CL]p N—-1 [ij]l-,qnq’]k p=1L....N—1
m=1 j=0 g=1
ny m—1N—1 . _
[ij]l,qngm p=N
m=1 j=0 g=1
Y -
ny m—1N—1 '
[Cr]p,1 Z Z Z [ij]hqnq’j
m=1 j=0 g=1
n—1N—1 . _
412 Y Y (Zjn]pan ! p=N+2,... N,
\ Jj=0 g=1
and a vector e with components
(
[CL]P71PL+[CL]p,N—l[CR]l,N—lpR p=1..N-1
[CR]LN—IPR p=N
=1 (C9)
1r5 ~
A CLv-11PL p=N+1
\ ([CR]p,Nfl + [CR]p,l[C_Rh,NfJ PR p=N+2,...,N.

Finally, we derive explicit expressions for elements of the Jacobian J for Newton’s

coupling. It follows from (2.13c), (C.1a), and (C.1b) that

np, m—1

g1 = PL [BRPQ +CRP2b+
' 2 = 1 j=0

D Fn.k
82= — 4 <Pl, [BLpl +CL91;,}N 1> —lefl/z-

Z Z (I+Ag)" ik

Ax =1,k
] _D_2F271/2

(C.10)
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Combining this with (2.13b) leads to

J= . (C.11)



Appendix D

Conservative versus non-conservative

coupling (Chapter 3)

Consider the total mass M inside [a; — Ax/2, 0t + Ax/2],
o +Ax/2
M= [ plwr) dr ®.1)

with p the mass concentration. The temporal derivative of (D.1) yields

dM O(.]+Ax/2a 0(1+Ax/2 a a
p p
== / v = / - {Da} dx=Fiy_1p—Foyp  (D2)
o —Ax/2 o —Ax/2

Here the flux F = —D(p)d.p obeys Fick’s law, and the interfacial fluxes Fj y, _; /2 and
F3 12 constitute the amount of mass leaving the left subdomain per unit time and the
amount of mass entering the middle subdomain per unit time, respectively.

Integrating (D.2) between t,, and t,,+1 = 1, + Atcom yields

AM _
B~ P2~ Fl 3
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where AM is the change in total mass inside [0 — Ax/2, o) + Ax/2] between t, and
thi1, and Fl’le_ 1/, and le?l 1 are the Atcom-averaged values of Fyy, 1/, and F 12,
respectively. Since any mass leaving the left subdomain should be transported into the
middle subdomain and cannot be trapped inside the interface region [a; — Ax/2,0 +
Ax/2], the total mass inside this region must remain constant. This means that the

At.om-averaged interface fluxes are equal,

Fl,?Nl—l/Z = F2’?1/2~ (D.4)

Identical reasoning applies to the interface x = 0. Therefore, only enforcing Fy y, /> (tht1) =
B 1 )2(tas1) and By, 1 j2(tas1) = F3,1 (1) cannot yield a consistent solution over

the entire domain, regardless of whether or not the coupling is iterative.



Appendix E

Jacobian-free Newton-Krylov

algorithm for Chapter 3

The root-finding problem f(u) = 0, where u is an n-dimensional vector containing
the unknowns, can be solved iteratively using Newton’s method (see Table E.1) which

converges g-quadratically in the norm [68]
g 41— uex|] gAHuk—uetz, (E.D)

where ugy is the exact solution, the g-factor A > 0, and the iteration number £ is sufficiently
large. Newton’s method converges faster than, e.g., fixed-point iteration, but it is only
locally convergent (i.e., requires a “good” initial guess) and requires computing the full

Jacobian J.

Table E.1: Algorithm for pure Newton’s coupling (adapted from [94]).
Require: Initial guess u®
k=0
while not converged do
ak 1) =y _J—l(u(k))f(u(k))
k=k+1
end while

154



155

The former issue can be addressed through globalization strategies, while the
latter can be overcome by using inexact Newton algorithms such as JINK methods [70].
A JENK algorithm solves a linear system J(uy)du; = —f(uy) at the kth Newton iteration
inexactly using an iterative Krylov scheme such as the Generalized Minimal RESidual
(GMRES) or BiConjugate Gradient STABilized (BiICGSTAB) method. The Krylov solver
only requires the action of the Jacobian in the form of a matrix-vector product J(uy)v,

which may be approximated by a first-order accurate finite difference expression [70]

J(up)v = fu, + SVS) —fuy : (E.2)

or second-order accurate approximation [70]

)y ~ f(ug +ev) 2_8f<uk —€v) . E3)

Here € is a small perturbation parameter, which has to be neither too large (resulting in
a poor approximation of the derivative) nor too small (leading to a big floating-point

roundoff error). We define it as

1 n
Y Ve(l+ul) if vl >e

n||vil2 &

o (E4)
;Z\/é(lﬂuib if [[vll2 <e,
i=1

where 7 is the size of u; (7 = 4 in our case) and € = 2.2204 - 10~1° (machine roundoff
for 64-bit double precision). In our simulations we use formula (E.3).

JINK methods provide Newton-like convergence without the cost of forming or
storing the true Jacobian. Yet, their error stems from both the inexact convergence of
the iterative linear solves and, more importantly, from approximating the action of the

Jacobian. The latter error is directly related to the selection of a value for €. In addition,
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unless the condition number of J is small or its eigenvalues are clustered together,
preconditioning is needed to converge the Krylov solver with reasonable effort. This
causes the matrix-free appeal of (E.2) or (E.3) to yield, to some extent, to the construction
and use of a preconditioning matrix P; (hence, we use the term “Jacobian-free” and
not “matrix-free”’). Right preconditioning, which does not change the norm of the linear
residual, is often used in a Newton-Krylov method. The Newton equation with right

preconditioning is
(J(w )P ) (P Suy) = —f(uy), (E.5)

where Py is the preconditioning matrix, which should be easy to evaluate, while retaining
as much of the properties of the Jacobian as possible. In practice, only the matrix elements
that are needed for the action of P,:l are formed, which can be done in a variety of ways.

Using right preconditioning, the kth Newton iteration is realized via a two-step process:
1. Solve (J(u)P, " )w = —f(uy) for w.
2. Solve duy = Pk_lw for duy.

To execute step 1, right-preconditioned versions of (E.2) and (E.3) are defined as

f(u, +eP; 'w) —f
Ju)P lw ~ (ue +e ksw) (ue) (E.6)

and

f(u; +€P, 'w) — f(u; —eP 'w)

e ; (E.7)

A [(19) ARVES

respectively. Next, Py = w is solved (inexactly) for y, the matrix-free product J(u;)y ~

[f(uy +€y) —f(uy)] /€ or J(up)y =~ [f(ux +€y) — f(u; —€y)]/(2€) is computed, and the
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Krylov iteration commences. In our simulations, the Krylov solver converged sufficiently
fast without the use of a preconditioner, and hence we decided against using such a
matrix.

In the problem under consideration, during the macro-step from ¢, to t,1; we
have u=u" = (p{ y, ,th‘l /20 ﬁg,Nz’F;?l /2)T, and employ JfNK to solve the root-finding

problem f(u") = 0 with f(u") given by
l51171\]1 - ﬁg,()

F17N1—1/2_F2',l1/2

flu") = . (E.8)
P2n, — P30

F, 3’,11 /2

_ B
F2,N2—1/2



Appendix F
Proofs of the stability lemmas

F.0.1 Proof of Lemma 3.5.1

After n; micro-steps, the left subdomain solver (3.10a) yields

n—1

p}il.,nl,k — BLpIil,O + CLprlljg + Z (Ilel —|—A17n>n1—1—l TLnnnal, (Fl)
=0

where p}° = p,(t =1,), B = (Iy,—1 + A1 ,)" and C, = Yo (M 1+ Ay ) T

After no micro-steps, the middle subdomain solver (3.10b) gives
Py " =Bup;” + Cuply. (F2)

where p;’o = pz(l‘ = ln), By = (Iszl +A2)n2 and Cyp = an_l (IN2,1 +A2)m T,. After

m=0

n3 micro-steps, the right subdomain solver (3.10c) gives

n7n37

P53 = Brp}" + Crpjy, (F3)

where pi° = p5(t = 1,), Br = (Iny_1 +A3,)™ and Cg = 223:_()1<IN3—1 + A3.,)7T3 .

The time-averaged solutions over the ny, ny and n3 micro-steps in the left, middle and
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right subdomains are given by

) _ B 1 ny [—1 IR :
pr* = BLp} - Cuply - Y Y (v + A1) T,
I=1j=0

~n.k o 0, & k ~n.k o 0, ~ k
py" =Bumpy +Cwmpsy,, Py =Brpy +CrpY),

where
_ 1 / _ 1 M [—1 )
BL:_Z<IN171+A1,}’Z) ) CL:_Z Z(IN]*I_*—AI,VL)]TI,}’[,
M= M =1 j=o
_ 1 n _ 1 n m—1 '
Bu=—Y (In,-1+A2)", Cu=—Y Y (In,—1+A)/ T,
"2 m=1 2 =1 j=0

1 n3 1 ny q—1

Br=—3Y (v, 1+A3,)% Cr=—0Y Y Iy 1+A43,) T3,

3 4=1 "3 4=1j=0
The definitions of A; , and T; , (i = 1,3) are given by

At; At;

Ai,n = EZi,na Ti,n = E‘/Vi,na = 1;37
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(F4a)

(F.4b)

(F5)

(F.6)

E.7)

(F.8a)
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with
(
0 0 0. 41,0
—Di(PZ}+1;ptr'1,r ) _Di(pzr ’pzrfl) fors=r=1,...Ni—1
Di(pzvr();pzvr()_l) for s=r—1=1,...,N;—2
(Zinlrs = (8
Di(PZ}OH;PZ}O) for s=r+1=2,....N;—1
0 otherwise,
”
1 for s=r=2,...,N;—2
Di(p,piyy) s=r=1
Wilrs = ir (F.8¢c)
0 . n0
Di(plr'l.,rJrl’p?,r) s=r=N;i—1,
0 otherwise,

\

where D;(a;b) stands for D; evaluated at (a+b)/2 (for i = 1 or 3), p'l'zg = pgs prff\h =
p(a,t,), pg’g = p(ap,1,) and pg’g,s = pr. Combining (F.1)-(F.8), the expressions for A,

and T» in Section 2.5, and Newton’s iteration! (3.9), leads to a recurrence relation
Xn,k+1 =M, (nn,07xn) Xn7k _l_Pn(nn,O,Xn) x" 4+ dn(nml,xn)’ (F9)

where d” is a vector of size N+ 1 and [ € {0,1,...,n; — 1}. Taking (F.9) to convergence,

and ensemble-averaging the result, yields
(X" = (Iy1 — M) " 'Pux") + (Iyg — M) ~'a"). (F.10)

]

ISince the problem is linearized around ¢, for the macro-step from ¢, to t,|, we consider the pure
Newton method.
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F.0.2 Proof of Lemma 3.5.2

We employ the Reynolds decomposition y* = (y") 4+ §", where §" is the zero-
mean fluctuation of y” about the mean (y"), and use Taylor’s theorem to expand (Iy;; —
M,,)~'P, around (y"). Let Q, = (Iy+; — M,)~'P,. The ith component of Q,(y") x" is

given by

N+1

[Qn(y") x"]i = Y [Qu(¥")]ij ¥}, (E.11)

j=l1
withi=1,...,N + 1. Taking the ensemble average of (F.11) and expanding [Q,(y")]; ;

using Taylor’s theorem yields

N+1
([Qu(y") ¥y = Y {[Qn(<Y”>)]i,j<X?> () VI, )+ (R x7>} (E12)

=1

where R;(§") is the remainder in Taylor’s formula. Taking the modulus of (F.12) and

using the triangle inequality leads to

N+1
[([Qu(y") x"i) | < Z}{[Qn<<y">>]i,; )| +Vis  i=1,....N+1,  (FI3)
p=
where V,, ; is given by
N+1
V=L {|<<y">TV[Qn<<y">>]i,,- )]+ (R (57) x7>|}. (F.14)
=

Summing both sides of (F.13) over all values of i, we find that

1{(Qn(y™") x") It < [Qa({y") (X"} [1 + Vi (F.15)
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with V, =YYV, ; and || -||1 the I'-norm. Using the inequality ||Av||; < ||A[|1||v||1, with

A =Q,({y")) and v = (x"), yields (3.14). N

F.0.3 Proof of Lemma 3.5.3

A finite bound on ||{(Q,(y") x")||1 requires the existence of a finite V,,. To find

the conditions under which this is guaranteed, we proceed as follows.

Factl. If f:S— Rand g : S — R are two real-valued functions, then

[rsau] < [ 1relou= el < L2l ®16)
S N

with respect to a measure L.

The left inequality follows from the monotonicity of integral, while the second

one constitutes a specific case of Holder’s inequality.

Fact 2. For any random variable X with a probability density function (PDF) fx(x), if

Y = g(X) with PDF fy(y) and g is monotonic then

fr(y) = j—’; Fx(x(y)). (E17)

Let fy» denote the PDF of y" and g; j(y") = (y”)TV[Qn(<y”>)]iJ x';. Then, for

eachi,j=1,..., N+1,

(gi.j(y"))] is bounded if

/S fyn(s)ds < oo, /S |gi.j(s)|ds < oo. (F.18)

where § is the support of fy». Let 21 denote a function, which maps the random boundary

noise M onto y”. Then the monotonicity of /1 (which is expected to be the case) implies,
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according to Fact 2,

fy(8) = [[Vsvll2 fu[v(s)]- (F.19)

Hence,

[ fts)as= [ 1Vl £31v(s) as. (£20)

According to Fact 1, f(y") is in L? if

/ IVev|[4ds < oo, / FHv(s)] ds < oo (F21)
S S

Since fy is in L*, then provided that Vi is in L*, the PDF fyn 18 in L? and the first

inequality in (F.18) holds. The second inequality in (F.18) is satisfied if g; ;(y") is in L?.

Lemma. If f : R" — R is of class C**'! on an open convex set S and |0%f(x)| < W for
x € S with |a| = k+ 1, then a bound for the remainder Ry i of Taylor’s theorem for f

abouta=x—h € S is given by

w
Rax(h)| < h|/i* F.22
where o is the multi-index (0L, . . ., 0t ) with |0l = 0t 4+ - -+ 0y, and % £ (x) = /% £/ (xS ...

Proof. It follows from either the Lagrange or integral form of R, i (h) that

hOC
Rax(h)] <W ) |—’, (F23)

|
oj=k+1 &

where h* = h{""...h%. According to the multinomial theorem, Yjoj=k+1 [h%] /ol =

I/ (k1)1 O

Ix%n),
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If [0, (y")];j is of class C* on a open convex set containing y" and (y"), and

10%[Q,(y")]i.j| < W with || = 2, then the above Lemma yields
- W
(R3] < S IIF" 1, (F24)

and |(R;(§") x)| in (F.14) is bounded if [|§"[|7¥} is in L* and Vym is in L*. O



Appendix G

Derivation of a flux-limited,
equilibrium radiation-diffusion
equation from the radiative transfer

and material temperature equations

Treating photons as particles, and ignoring interactions between the photons
themselves, transport of radiation at the fundamental level may be described by the

Boltzmann equation [98]

10f B

where f(x,7,Q,Vv) is the photon phase space density; Q is the unit solid angle vector
indicating the direction of photon travel; C is the collision operator; Vv is the photon

frequency (each photon has energy 4v with £ the Planck constant); and c is the speed of
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light. Multiplying (G.1) by Av and expanding C yields the radiative transfer equation [85]

1 91, K
—_V—f—Q'VIV—f—K[’vIV :Jv+ Al
c ot 4r

L L(Q) py(Q — Q) dQ'. (G.2)

Here I, (x,t,Q,V) is the spectral radiation intensity, defined as the radiation energy per
unit area, per unit time, per unit solid angle about the photon propagation direction, and
per unit interval of photon frequency; ¥; v (X) = K.y (X) +K4v(X) is the spectral extinction
coefficient, consisting of the spectral scattering coefficient Ky and spectral absorption
coefficient K, y; Jy is the radiation emitted by a unit volume of the medium per unit
time, per unit solid angle about the photon propagation direction, and per unit interval of

photon frequency; and py (Q' — Q) is the scattering indicatrix normalized such that

%A po(Q = Q) dQ = 1. (G.3)
T

Equation (G.2) essentially conveys that as a beam of radiation travels through a medium,
it loses energy through absorption of radiation by the medium, gains energy through
emission of radiation by the medium, and redistributes energy through scattering. Under
the assumptions of local thermal equilibrium and isotropic, elastic scattering, (G.2) may

be approximated by [85]

ol
c ot

K
+Q-VI, = vk + Koy lyp(T) + 457: , L dQ', (G.4)
T

where Iyp is the Planck function and 7, is the temperature of the medium through which
the radiation propagates. Equation (G.4) may be simplified by calculating moments of

the spectral radiation intensity. The zeroth moment (spectral radiation energy density Ey)
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and first moment (spectral radiation energy flux Fy) are given by [85]

EV(X,t,V):[mIV(x,t,Q,V) 4, Fuxry)= [ QLELQV) Q. (©S)

Integrating (G.4) over solid angle yields

1 0Ey

c al‘ + V . FV - Ka7v(4nIvB(Tm) _Ev). (G6)

Since each moment of /, involves the next higher moment, we need to make an approxi-
mation for the radiation pressure in order to close the otherwise infinite set of moment
equations. This may be done through the ansarz that the radiation field is isotropic.
Together with the assumption that the flux Fy varies slowly with time compared to the
spatial gradient in Ey, i.e., (1/c)dFy/dt < (1/3)VEy, we obtain, after averaging over all
photon frequencies (i.e., a gray approximation), the following diffusion equation for the

frequency-averaged radiation energy density

%—If =V (DVE)+cxp(aTy, — E). (G.7)

Here a is the radiation constant; the diffusion coefficient D = ¢/(3kg) with kr = poR,
where p is the material’s density and oR is the Rosseland mean opacity; and kp = pop
with op the Planck mean opacity. Equation (G.7) needs to be supplemented by an

equation for the material energy density u,, [85]

ou,,

0

In order to prevent transport of energy at speeds faster than light, we need to introduce a

flux limiter A in the expression for D. We choose the form by LeBlanc and Wilson [72]
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given by A(R) = 1/(3+R), where R = |VE|/(krE). This yields D = cA/xgr, and
transforms (G.7) into

OE c
—_—=vV.|l—  VE o (aT* — E G.
ot <3KR+|VE\/E ) ¢ (aTy ~E), (9

As in [99], we assume that Kg o< Z3 T, 3 where Z is the material’s effective atomic number.
If we make the additional approximation that the radiation field is in thermal equilibrium
with the material, we have £ = aT,ﬁ (i.e., the radiation has a Planckian distribution at the
material temperature) and the model reduces to a single equation for the radiation energy

density

oE cE

where Dy = Z3E3/* and Y combines a number of physical constants and proportionality

factors and ensures dimensional correctness.



Appendix H

Derivation of the total energy

deposition in the tumor

For a particular realization of the vector § containing the random parameters, the
energy absorption per unit time and per unit surface area at position x and time ¢, Eyps, is

given by
Eqaps(X,1) = Kr(x,1) cE(x,1), (H.1)
with kR given by [99]
KR =0ZT 3 =ad/*Z3E3/4, (H.2)

where the proportionality constant o is assumed to be independent of the material
properties. The last equality in (H.2) is based on the ansatz that the radiation field is in

thermal equilibrium with the medium through which it propagates. From (G.10), (H.1)
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and (H.2), it follows that

1
Eups = 37 cZ3EV* (H.3)

From (H.3), we conclude that energy absorption increases strongly with the material’s
atomic number Z, and more weakly with the energy density of the radiation field. A

dimensionless form of (H.3) is given by

- W W s3z1/a _ lsszisa
E E A “Z°E". H.A4
abs E()CZ? abs 3 3/4 3 ( )

where Ey = (yw)4/ 3,7 and E are defined in Section 4.3. To obtain the energy absorp-
tion Eqps (i, j,k) in Axj x = [x1,j —Axy j/2,x1,j+Ax1 /2] X [x2.k — Axo 1 /2,20 k +Ax 1 /2]
during the time step At from t; tot;+ At (i =0,...,] — 1 with [ = T /At, and o = 0),
where Ax j and Ax i (j,k=1,...,N) are the dimensions in spatial directions 1 and 2,
respectively, of the grid cell centered around (x; j,x2x) ", we multiply Eqps(i, j, k) with
AtAx; jAx; . In analogy with (H.4), we define a corresponding dimensionless quantity

5, | | e A
Eabs(lajak) = WEabs(lajak) AtAleAXZ,k = §Zik(Ej:;1)1/4Afol,ij25k’ (H.5)
1

with A7 = cAt/w, A% j = Axy j/w and A%, = Axp i /w. Here Zj,k is the value of Z in
A% i (we assume that Z is constant over a finite volume cell) and Efkl approximates
the average value of the dimensionless radiation energy density over A%;; during the
dimensionless time step from 7; to 7; + A7 (we evaluate it at 7; + A7). The dimensionless

total energy absorption Eypg o by the medium in the entire region 7 over time T = IA7
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is then given by

abs tot = ZZZEabs i,j,k 7 (H.6)

i=1j

where we sum over the indices j and k corresponding to the grid cells within 7. Together

with (H.5), and omitting ~, this yields

At
3

M~

Eabs,tot

Y Y Z(ES Y A jAva . (H.7)
j k

i=1



Appendix I

Jacobian-free Newton-Krylov

algorithm for Chapter 4

Despite its quadratic convergence rate, a standard Newton method requires com-
putation of the full Jacobian J. For our radiation-diffusion problem, the derivatives in J
cannot be obtained analytically and instead would need to be approximated numerically
(e.g., using Fréchet derivatives). Rather than pursuing this approach, which is prone to
errors and also time-consuming, we solve the linear system J(E} *1)8E;;; = —f(E} ™),
where J; j = df;/0E, at the kth Newton iteration inexactly using the iterative Krylov
algorithm Generalized Minimum RESidual (GMRES). (Here we have assumed that the
two-dimensional matrix EZ“ has been reshaped into a one-dimensional array, and that
the converged solution E’I’(H is reshaped back into a two-dimensional matrix.) To imple-
ment this method we only need to represent the Jacobian-vector product Jv, with v the
Krylov vector, rather than explicitly calculate the Jacobian matrix elements. We may

approximate Jv by finite differences with first-order accuracy [70]

fErH-l € _fEn-H
JEH )y & (B + VS) (E} >, (L1)
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or second-order accuracy [70]

fE; T +ev) —f(E] ! —ev)
2e '

JE v~ 1.2)

Here € is a small perturbation parameter, which cannot be too large (poor derivative
approximation) or too small (large floating-point roundoff error). Omitting the subscript

k and superscript n 4+ 1 for notational convenience, we use the formula

n
T L VE(LH[E]) if [[v]2>e
e = i=1

= ; 1.3)
w ) Ve(l+|Ei) if [[v]2 <e,
i=1

where 7 is the size of E (n = N? for N grid cells in each spatial direction) and € =
2.2204 - 1076 (machine epsilon for 64-bit double precision). In our simulations we use

expression (1.2).



Appendix J

Local and global sensitivity analysis

To identify the relative influence of the input parameters on a model’s output, we
may perform a local or global sensitivity analysis [46]. The former measures changes in
the model output with respect to variations in a single parameter. Typically, parameters
are changed one at a time in relatively small increments starting from some nominal value
for all parameters, yielding a local sensitivity index for each parameter. This strategy only
works when the model output is linearly related to the parameters near the reference point,
and does not allow for the evaluation of simultaneous changes in all input parameters.
These limitations may be overcome through a global sensitivity analysis, which enables
parameters to be varied simultaneously and yields the relative contributions of each
individual parameter, as well as the interactions between parameters, to the model output
variance. Examples of global sensitivity techniques are Fourier amplitude sensitivity
analysis (FAST) [81] and the method by Sobol’ [105], which are based on variance
decomposition techniques. We now focus on the latter approach.

Let x = (x1,x2,...,X;5), be the vector of input parameters. Each parameter is
considered to range over some finite interval which may be assumed, after rescaling,

to be [0,1]. Assuming that the x; (i = 1,...,s) are mutually independent, uniformly
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distributed random variables on [0, 1], we may decompose f into

f(X) :f0+2ﬁ(xl)+ Z Zfl,](-xl?-xj>++fl,,v(x177-xs)7 (Jl)
i=1

i=1j<i
in which
fo=(f) = [ £(x) ax 1.2)

fite) = (fh) — fo = [ FOOTTdvc— o
kti

fij(xisxj) = (flxisxj) — fo — filxi) = fj(x)),
etc. Here we used the fact that the joint probability density function of x, py, is given by
N
p(x) =[]pix) =1, J.3)
i=1

where the last equality follows from the fact that each parameter is uniformly distributed

on [0, 1]. Using the orthogonality property
/ﬁ1,-~~,is<xi1 g ,x,-’s)dxk =0 fork= il,. .. ,is, (J.4)
we obtain for the variance G} of f
P w2y 2 2
;=) o0;+) Y o;+ 401 (J.5)
where

2 2 /
Oy = /fi],....,isdxa J.6)
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with X' = (x;,, %, - - ,xis)T, is the partial variance corresponding to the subset of parame-
ters {xi,...,xi, }. The Sobol’ sensitivity index for x’ is then given by
01'21 s
Siy iy = —h, 1.7
‘ c
f

The first-order (“main effect”) index S; = Giz / G} measures the fractional contribution
of the ith parameter to the output variance, while the second-order index S; ; = G% j / GJZC
is used to compute the fractional contribution from interaction between the ith and jth
parameters, and so on. We may also define total-order sensitivity indices S7; quantifying

the overall effect of the ith parameter on the model output through

1
Sri=— Y. O J.8)
Of acT;
where Z; is the set of all subsets of {x,...,x;} containing i. From (J.5), it is clear that
k s
Si+ Y Y Sij++Si k=1 (J.9)
i=1 i=1j<i

The higher the sensitivity index for a parameter, the more effect it has on the model
output. While no distinct cutoff exists, the value of 0.05 is frequently used to distinguish
important from unimportant parameters, although a more stringent condition may apply

for models with only a few input parameters [127].



Appendix K

Landau free energy

Equations (5.8) and (5.9) can be rewritten in the form of a Langevin-type equation

om r OF [m; T]

5 T*‘ﬂ(%ﬂ» (K.1)

where F[m(x,t);T] is the free-energy functional of the system and I is the inverse
damping coefficient. This equation describes the relaxation of a system to its free-energy
minimum. For the sGLEa, F[m;T] is given by

A B 27 (am\?
§m2+—m4—|—c— (—m) ] dx, (K.2)

F:Fo[T]-i-/ 1 >\ ox

where Fy[T] is a temperature-dependent constant, and the coefficients A and B are defined
in (5.6b). In the deterministic case (N = 0), the free energy F' reaches its minimum value

at equilibrium,

+/3R—-1)/R? forT <T.

0 forT > T,

F(T) = (K.3)
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where R = T /T and T, is the mean-field critical temperature. Figure K.1 illustrates this

point by showing the shape of F[m;T] at different temperatures around 7.

F




Appendix L

Statistical moment equations for

sGLEs

We use the Reynolds decomposition to represent the magnetization m(x,t) with
x € R? as m = m+m', where m’(x, 1) is the zero-mean fluctuation of m about its ensemble

average 7i(x,t). Expanding f(m) = Am+ Bm? into a Taylor series around 7,

_ -/ (0 (m) ni
f(m) = ;) A ()’ (L.1)
and substituting the first four terms in this expansion into a d-dimensional version of (5.8),

we obtain

0
a_’? —TKVZm—-T [Am+Bm3 + (A +3Bm*)m’ + 3Bm(m')?

+B(m)’] +n, L.2)

where we have defined K = ¢2J, and omitted the subscript a in I', and 1, for notational

convenience. Taking the ensemble average of (L.2) gives an approximate equation for
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the mean dynamics,

a_
a_’? — IKV?m —T |Am+ Bm® + 3Bmo2, + B(m')* |, (L.3)

where 62,(x,1) = Cp(X,1;X,t) is the variance of m(x,7). Assuming m'(x,t) to be a

Gaussian random field with probability density function

1 V2
ViX,t) = exp| —=—= |, L4
mtin) = e (5 -4
we approximate (L.3) with
om 2— — | 3 —
= =TKV°m—T [Am-+Bm’ + 3Bmoc;,) . (L.5)

To calculate higher moments of m, including 6,%1, we compute the cross-covariance
Chm(y,T:X,1). Its governing equation is obtained by multiplying (L.2) with n(y, ) and

averaging,

¥~ TKV2Cyp —T [(A + 3B72)Cypm + 3BT (m')* 1)

+B(m')’n| +Cy. (L.6)

Since M(x,t) is Gaussian and m'(x, ) is assumed to be Gaussian, their mixed moments

are computed as

N an 1 e e n_—II
(m)n_2n\/§/_m /_oo Ev'e  "dEdy, (L.7)
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where Q = 6}07, — Cp,, and IT = (&262, — 2EvCyym +1707) /(2Q). This yields

21 G5y Jco 2Qc2, 2
1 C +o0 2
= / Vi exp (= | dv, (L.8)
21 Gy J—oo 205,
so that
1 Cym 3y/T(202)5/2
(m)’n=0,  (m)n= mn 3V/T(20) = 365Cm- (L.9)

NG 0,3;1 4
Substituting (L.9) into (L.6) gives an equation for Cy,(y,T;X,1),

== TKV2Crn — T [A + 3B(7i* + 6%)] Com + Cn. (L.10)

An equation for the two-point time-space auto-covariance Cy,(X,7;y,T) is obtained by

multiplying (L.2) with m’(y, ) and averaging,

0
% =TKV’C, —T [(A + 3Bm2)c’" + B! (y,t)m/ (x,1)3 | + Com- (L.11)

Using the second expression in (L.9) and replacing 1| with m’ yields

oC
a—t’" =TKV*C,,—T'[A+3B(m* +062)] C+ Crym- (L.12)

One-dimensional versions of (L.5), (L.10) and (L.12) are given by (5.16)—(5.18), respec-
tively.

To compute the steady-state solution of these equations, we set the left-hand sides
of (5.16)—(5.18) to zero and use a three-point stencil for the 1D Laplacian. Discretizing

the interval [0, L] into 7 grid cells of size Ax, such that 0 <i, j <1 —1 and L = IAx, this
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leads to a system of dimensionless equations

q*RZ

0=t 4 — Abigi — (m")3 (L.13)
o Ny N . s 2Ai’jq*""
0= G+ G’ — [+ "R ()] G+ =8 @14
*xo .
0= CEFl 4 Ol b — [AM 4 "R ()] Chi + %Cﬁfn (L.15)

S . . . ijo & - . . . .
where Cn',jn is the dimensionless version of Cn{n, Sdijs is the dimensionless discretization

of the delta function d(x; —y;), and

. 1—R .
¢ =q&)?,  AT=2+4" (_R_ +R2C2’i) (L.16)

. 2 for I/4<i<3I/4
Al = : (L.17)

Ay for 0<i<I/4 or 3I/4<i<I

The subscripts indicate the covariance type, while the superscripts i and j refer to

the spatial discretization of x and y, respectively. To discretization of (x; —y;), we

~1/2

approximate it by a Gaussian, 6(x; —y;) ~ (Tv) exp[—(x; —y;)?/v], which is exact

in the limit of v — 0. This results in

_ Y. (L.18)

& i7j —_—
8dis - C2

<i—j>2<Ax'>2] y

exp {— v

v/

In the simulations reported in Figure 5.4 we set v/ = 0.2304.

Since m(x = 0) = m(x = L) and n(x = 0) = n(x = L), their moments m, C,, and
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Chym are periodic as well, i.e.

ml—fl m121717 —i=] _—l=0’

12717— 1:1717 1:17_ l:07

Ci=—Li = ci=I-1J, Ci=hi = =0, (L.19)
i=—1,j  ~i=I-1,j i=I,j  ~i=0,j

Cin 7 =Cqym , Chm” =Cqm -

The nonlinear system of algebraic equations (L.13)-(L.19) is solved with an iterative
Newton-Raphson method (with the tolerance 107°), and the resulting magnetization
variance profile is compared to that obtained with the time-dependent of the stochastic
GLE. In the simulations reported here, we set I =40, g =2 and R =2/1.8, and use the

following initial guess for the unknowns:

m =0 fori=0,....N—1 (L.20)
(

1 forl/4<i<3I/4and j=i

Cil =31 for0<i<I/4or31/4<i<Iandj=i (L.21)

0 otherwise
\

Chl =1 fori,j=0,...,]—1. (L.22)



Appendix M

Computation of the parameters in the

learned sGLE model

In order to calculate the coefficients of the learned discrete sGLE, we employ the
widely used statistical technique of maximizing the log-likelihood that the model will

predict the GD training data. The discrete sGLE we are trying to learn has the form

Ont1ij = Onij + 00 (Pnir1,j+ Onjimt1,j + O j1

C—1
2

2k+1
+0nij1 — 4000 j) + Y Or 195
k=0

+ 0 c13)/2 Eni i (M.1)

where C is the model complexity (we only consider odd complexities) and the &, ; ;
are independent, identically distributed standard normal random variables. Subscripts
n and n + 1 refer to times ¢, and t,,; 1, while i =0,...,Ny —l and j =0,...,N, — 1 are
the spatial coordinates of the blocks obtained by coarse-graining the spin lattice, with
Ny and N, the number of blocks in both spatial directions. Given the block-averaged

training data S, ;; with n = 0,...,neq, we would like to find the set of parameters

184



185

Oopt = {0, 01, - -+, 0c43)/2 ) that maximizes the probability of observing S, Si.. ..,
Sheq from model (M.1). Here S, refers to the N x N, block-averaged spin configuration

after n steps following the convention introduced in Sec. 6.4. This probability is given by

P(S(),S], .. ,Sneq;(l)
= P(S())IP)(S] ’ S();(X.) .. .P(Sneq | St,... ,S,,eq_l;a)
=P(So)P(Sy | So; ) .. ']P)(Sneq | Sheg—1 ;0). M.2)

Given S, we can see from (M.1) that for each i and j, S, 11 ; is normally distributed

with mean

Yn7i7.j = S}’l,i,j + ao (Sn>l+17.] +Sn7i_17j + Sﬂ,i,j—‘—l

Cc—1

2
+Suij1 —4Snij)+ Y Okp1Sne! (M.3)
k=0
and variance OC%C +3)/2° Therefore, we have
P (Sn—i-l,i,j =39 | S,l;a)
2
1 (5 —Yaij) ]
= ——————exp |~ |, (M.4)
o (c+3)/2V 2T [ 203y
and since the &, ; ; are independent,
P (Sn+1 ’ SnQa)
_ 1 ||Sn+1_Yn||2
- 72 P [ 20 | (M2
<°‘(c+3) /22“>



where Y, is defined according to the notational convention in Sec. 6.4. Hence

InP (80,51, - ., Sney: OF)

1
e Al

apy

n=0 20‘%c+3) /2

— negN1Ny In (043 /2) + constant.
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(M.6)

For notational simplicity, let us now focus on the case of C = 3; the generalization to

higher order nonlinearity is straightforward. From (M.6), it follows that we need to

minimize
| -
L(S1,. . Speg:0t) = 7% f (0,0, 00)
+neqN1N2 In (063) ,
where
neq— 1N —1N,—1
f(OLO;OCIaOLZ Z Z Z Sn+1 Aj nt,j)

— 00 (Snit1,j+Sni—1,j + Sni j+1

+ Sﬂ,l,j—l - 4S}’l,l]) - alSnlJ
3 2

a’zsn,t,]]
From

oL o
Jos = —063_3f(06070€1,062) +”lequN20€3_1 =0,

(M.7)

(M.8)

(M.9)



we can solve for o3

Also, for k # 3, we have

If we now define

Dni,j = Sn+1,i,j = Snii,js

Anij = Snit1,j T Sni-1,j T Snij+1 +Snij—1—4Sni
J J

n,t, n,,js n,l,_]
J

ni,jo

then

af Neq— L N1 —1N>—1
_BOCO

Z Z Z n,l,j_aoAn,i,j

— 0By j—00Cnij)?
neq— I N —1N,—1
—2< Z Z Z Dn,i,jAn,i,j)
n=0 i=0 ;=0
Neq lN] 1N;—1
2(E L L )
neq— 1IN —1N,—1
2( Y ) Y Bn,i,jAn,i,j> o
=0 i=0 ;=0
neqfllvl—llvz—l
2( Y Y ) Cn,i,jAn,i,j> 0
=0 i=0 ;=0

= —2(ap — apoOlo — a1 01 — ap20L2) .
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(M.10)

(M.11)

(M.12)

M.13)
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Similarly,
df
—— = —2(a; —apOo — a0 —ajp0y), (M.14)
8061
where
neqfllvl—]]vz—]
ay = Z Z Z Dn,i,jBn7i7j;
n=0 i=0 j=0
neqg— 1IN —1N,—1
a= 3, Y ) AnijBuij
n=0 i=0 j=0
all - Bn7i7j,
n=0 i=0 j=0
neq— 1IN —1N,—1
ap = Z Z Z Cui,jBnij- (M.15)
n=0 i=0 j=0
Finally,
df
= = —2(ay — ax0lp — a1 0 —a»0y), (M.16)
8062
where

neq_llelszl

aa=Y Y Y DuiCuij
n=0 i=0 j=0

neq— 1 Nj—1 Np—1

an=Y Y Y AnijCuij
n=0 i=0 j=0

neq— 1 Nj—1 N, —1

axi=Y, Y Y BuiCuij,
n=0 i=0 j=0

”eq_llelszl

an=Y Y Y G, (M.17)
n=0 i=0 j=0
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Hence, we need to solve the linear system

appQlo + ap1 0 +ap20lo = ay,
ajplp +aj oy +appdy = ai,

axo0lp + a0 + a0y = az. (M.18)

We can see that despite the nonlinearity of the sGLE, optimizing the log-likelihood

function can be reduced to solving a linear system.



Appendix N

Details of the operational procedure for

calculating the error pdfs

To compute one data point in the error pdf for a learned sGLE model of complexity

C given a number of training samples Nain, we do the following.

1. We simulate Mg independent GD test sample trajectories. The kth trajectory is

obtained as follows:

(a) Starting from a random initial Ising configuration, we march over np, steps.

(b) Starting from the resulting Ising configuration, we march over neq steps and
store the block-averaged time history over these steps in a 3D matrix st
with dimensions (neq + 1) x Ni X N». Here Ny and N represent the number

of spin blocks in each spatial direction.

(c) This matrix s™ will be the kth element of a 4D matrix s*'tall with

dimensions Nest X (feq + 1) X Ni X N,.

The initial spins 5; ; i =0,...,N; —1and j=0,...,N, — 1) are given by s5; j =

1 —2 r; j, where the r; ; are drawn from a discrete uniform distribution on the
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half-open interval [0,2). Furthermore, with “block-averaged time history”, we
refer to the time evolution of the block-averaged spin configuration of the Ising
lattice. At each discrete point in time, we group the individual spins into blocks of
a certain size, and then calculate the average spin values over the different blocks.

The resulting coarsened grid is then recorded.

2. We simulate N,i, independent GD training sample trajectories. A trajectory is

calculated as follows:

(a) Starting from a random initial Ising configuration, we march over npy, steps.

(b) Starting from the final Ising configuration, we march over neq steps and store
the block-averaged time history over these steps in a 3D matrix 2" with

dimensions (neq + 1) x Ni x Ns.

(c) We concatenate s~ of the current training sample with the corresponding
matrices of the previous training samples along the first (time) dimension,

av,train,all

and hence obtain a bigger matrix s with dimensions N, X (neq +

1) XNl XNz.

3. Using the training data stored in s®"nall we compute the coefficients of the

learned sGLE polynomial using a log-likelihood analysis (see Appendix D).

4. With the parameters calculated in step 3, we now simulate Mg SGLE trajectories.

The kth trajectory is obtained as follows:

(a) We define a 3D matrix ¢ with dimensions (neq +1) x Ny X Ns.

(b) We take the block-averaged Ising test configuration stored in siv(’)tefsf’an as the
initial condition and define s™'*5 = 53¢ stall We then define o, = spot,

gegege

(c) We march over neq steps and store the time history over these steps in ¢.
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(d) The configuration ¢,1 .. is calculated according to
Ont1,ij =Xij+G(x.;0), (N.1)

where x. . is either stheSt or¢,..,i=0,....Nj—land j=0,...,Ny— 1.

In (d), we have defined G(x..; ) as

g(x:,:;a)

(xH-] JXi—1,j T Xij+1 +Xij—1— 4xi,j)

C—
T
Z Ol 11 (i, ) +0€(c+3)/2 Enij- (N.2)

5. For the kth sGLE trajectory, we calculate the RMS error

neq IN—1N,—1

e = Z Z Z (Ons1ij = St ) (N.3)

where a = negNi V.
6. Finally, we compute the test-averaged error

1 Ivtest

€, (N.4)
Niest ;;1

€ =

which we will call the “type 17 test error if the ¢, ; are calculated using x. . =

av,test

Spe: o i (N.1), or the “type 2” test error if the ¢, 11 ; j are calculated using x. . = ¢, . .

in (N.1).
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