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ABSTRACT OF THE DISSERTATION

Statistical Learning with Neural Networks Trained by Gradient Descent

by

Spencer Frei
Doctor of Philosophy in Statistics
University of California, Los Angeles, 2021
Professor Quanquan Gu, Co-Chair

Professor Ying Nian Wu, Co-Chair

In this thesis, we theoretically analyze the ability of neural networks trained by gradient
descent to learn. The learning problem consists of an algorithmic component and a statis-
tical component. The algorithmic question concerns the underlying optimization problem:
given samples from a distribution, under what conditions can a neural network trained by
gradient descent efficiently minimize the empirical risk for some loss function defined over
these samples? As the underlying optimization problem is highly non-convex, standard tools
from optimization theory are not applicable and thus a novel analysis is needed. The statis-
tical question concerns the generalization problem: supposing gradient descent is successful
at minimizing the empirical risk, under what conditions does this translate to a guarantee
for the population risk? Contemporary neural networks used in practice are highly overpa-
rameterized and are capable of minimizing the empirical risk even when the true labels are
replaced with random noise, and thus standard uniform convergence-based arguments will

fail to yield meaningful guarantees for the population risk for these models.

We begin our thesis by analyzing the simplest nontrivial neural network possible: a
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single neuron with a nonlinear activation function under the squared loss. Even this simple
network induces a highly non-convex optimization problem. By showing that an approximate
surrogate risk is minimized throughout the gradient descent trajectory, we show that gradient
descent is able to learn single neurons for a large class of nonlinear activation functions. Our
results hold in the agnostic setting, implying that gradient descent succeeds even when the

model is mis-specified.

We continue our analysis of the single neuron by examining the classification setting,
where the loss of interest is the zero-one loss rather than the squared loss. As the decision
boundary for single neurons in the classification setting is identical to that of linear classifiers
for typical activation functions, we focus on the linear classifier setting. This reduces the
problem to that of learning halfspaces with noise, a long-studied problem in computational
learning theory with well-established computational hardness constraints on the learning
problem due to the non-convexity of the zero-one loss. We establish connections between
minimizers of convex surrogates of the zero-one loss and minimizers of the zero-one loss
itself to develop the first positive guarantees for gradient descent on convex loss functions

for learning halfspaces with agnostic noise.

We then establish guarantees for learning halfspaces with agnostic noise when using over-
parameterized SGD-trained two layer nonlinear neural networks. Our analysis requires both
overcoming the non-convexity of the underlying optimization problem as well as avoiding
generalization bounds that become vacuous when the number of parameters in the neural

network becomes large.

In our final contribution, we derive generalization bounds for overparameterized deep
residual networks trained by gradient descent. Our techniques leverage a recently developed
correspondence between large, overparameterized neural networks and the tangent kernels

of their infinite width approximations known as the neural tangent kernel.
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CHAPTER 1

Introduction



Although artificial neural networks have been an object of study for statisticians and
computer scientists for decades—the first edition of the now-famous Neural Information
Processing Systems (NeurIPS) conference was in 1987—it is only in the past decade that
these models have begun to attract significant and widespread attention in the broader
scientific community. The deep learning revolution can partially be traced to the success of
multilayer convolutional networks in the 2012 the ImageNet LSVRC-2012 competition. This
competition is based upon an image classification task where one has access to a million
samples of labeled images that can be used to learn a classifier that aims to classify colour
images of around 250 x 250 pixels into one of 1,000 classes [DDS09]. The large dimensionality
of the training data (10° images with over 10° pixels per image), together with the large
number of classes, contributed to the understanding among scientists that achieving near-
human level accuracy of 5% top-5 error would constitute a major breakthrough in computer
vision [DDS09]. The best top-5 errors at the first two LSVRC competitions were 28.1%
and 25.7%, held in 2010 and 2011 respectively. At the 2012 ImageNet LSVRC competition,
the winning deep neural network classifier achieved a top-5 error of 15.3%, with the next-
best competitor achieving 26.2% top-5 error using kernel-based methods [KSH12]. Future
ImageNet competitions were dominated by deep neural networks, progressively lowering
the top-5 error rate to 12.5% in 2013 and 8.4% in 2014, largely due to using larger and
more complex neural network model classes and increased computational abilities that took
advantage of the particular computing power of graphical processing units (GPUs). In 2015,
deep neural networks broke the 5% ‘human-level’ error threshold for the first time, leading
to widespread news coverage in venues like the New York Times |[Marl5]. Progress on
ImageNet has proceeded apace, with the most recent state-of-the-art model achieving 1.2%
top-5 error [PDX20] with a nearly 500,000,000 parameter model. Beyond image classification
tasks, deep neural network-based models have become a dominant framework in almost every
conceivable machine learning task that involves learning from labeled data, in such areas as

robotics, natural language understanding and automatic translation, gaming, and medical



imaging.

The success of deep learning has been a surprising phenomenon to theorists in the statis-
tics and machine learning communities. From a theoretical perspective, that modern deep
neural networks (such as those that have dominated computer vision competitions) are able
to perform so well is surprising in two respects: the ‘optimization’ or algorithmic question and
the ‘generalization’ or statistical question. From the algorithmic perspective, the optimiza-
tion problem for deep neural networks has long been known to be non-convex: there exist
local minima for the objective functions of neural networks, even when the neural network
consists of a single neuron with a sigmoidal nonlinearity [AHW95]. And yet the standard
algorithmic framework used for learning neural networks is gradient-based optimization (e.g.
stochastic gradient descent). The optimization question concerns how a local optimization
method is able to find approximately global optima of the objective function, even when the

underlying problem is highly nonconvex.

From the statistical perspective, that deep neural networks with low training error are
able to achieve low test error (i.e. on unseen data) is curious. One-hidden-layer networks have
long been known to be universal approximators of continuous functions [Cyb89], and such
networks have the capacity to perfectly fit any random labeling of training data with binary
labels (provided they are sufficiently wide). Typical uniform convergence-based complexity
arguments, which roughly state that the greater the capacity of a model class to fit random
labels the more prone the model class is to suffer from overfitting, thus fail to explain why

neural networks can generalize.

The close connection between the two questions of optimization and generalization in
deep learning was most clearly established in a landmark paper that appeared at the In-
ternational Conference on Learning Representations (ICLR) in 2017 by Chiyuan Zhang and
co-authors called ‘Understanding deep learning requires rethinking generalization’ [ZBH17].
The authors constructed a series of revealing experiments on the CIFAR-10 dataset, which

consists of 50,000 training samples of 32 x 32 RGB pixel images from 10 classes, and intro-



duced label noise to p € [0, 1] fraction of the training samples, where each sample’s label
was assigned randomly with probability p. For each p € [0,1], they showed that SGD-
training of the neural networks produce networks with 100% training accuracy. That is,
SGD-training produces interpolating classifiers, even when the labels are replaced with pure
noise, thereby showing that SGD-trained neural networks indeed have the capacity to per-
fectly fit randomly-labeled data. Next, they considered the generalization performance of the
networks which were trained on p-corrupted data on the (uncorrupted) test set. For p = 1,
the neural networks achieved a 10% test error rate, matching that of random guessing. Most
remarkably, when trained on p-corrupted data, the SGD-trained networks achieved a test
error rate that was highly correlated with the proportion of corrupted data p: data with
20% label corruption resulted in 40% test error and data with 50% label corruption resulted

in 65% test error.

These experiments were, simply put, shocking. Here is a model class which demon-
strably is able to interpolate randomly-labeled training data, even though the underlying
optimization problem is non-convex and a local optimization method is used to learn the
model. Moreover, even in settings where half of the labels are replaced with random noise,
the model is still able to generalize significantly better than that of random guessing. The
standard frameworks of optimization, statistics, and machine learning are not easily recon-
cilable with either of these phenomena in isolation; their confluence in a single problem is

all the more remarkable.

And now, nine years on from “the” ImageNet competition, and almost five years on
from the “Rethinking generalization” paper, we are still exploring the intricacies of both
the optimization and generalization questions in deep learning. Under what conditions can
neural networks trained by gradient descent provably achieve small training error? Under
what conditions can such networks generalize well to unseen data? How does the presence
of noise affect the answers to these questions? Do our answers to these questions require the

development of new mathematical frameworks?



This thesis collects our attempts at answering these questions. We begin in Chapter
by focusing on the simplest non-trivial neural network possible, namely, a neural network
consisting of a single neuron = — o({w,z)) with a fixed activation function o : R — R.
When o is linear, the problem of learning the best-fitting single neuron (as measured by
the 2 loss) over a distribution is simple, as the model is simply a linear model and so the

underlying optimization problem is convex. In particular, if we define

OPTﬁ2 = min  Eg, [(a(<w, x)) — y)2] ,

weRd:|w|<1

then for o(x) = z, the standard gradient descent algorithm can learn the best single neuron
up to risk OPTf;2 in polynomial time and sample complexity. However, when ¢ is nonlinear,
the problem becomes significantly harder, as the underlying problem is nonconvex: the
empirical risk has many local minima, and so it is not clear how standard gradient-based
methods would succeed in minimizing the empirical risk. Indeed, the problem of learning
up to the risk OPTf;2 cannot be done in polynomial time with the standard gradient descent
algorithm when o(z) = ReLU(z) = max(0,x), even when the marginal of D over z is the
standard Gaussian [GKK19]. In this thesis, we show that when the activation function o is
strictly increasing, then the standard gradient descent algorithm is able to learn up to risk
O(OPT?’) in polynomial time, and up to risk O((OPT%‘SLU)V 2) in polynomial time when o
is the ReLU.

In Chapter [3] we then consider the problem of learning the best single neuron for clas-
sification problems, i.e. when the loss is the zero-one loss rather than the squared loss in
the regression case. When o is an odd function, since y - o({w,x)) > 0 iff y - w,z) > 0,
this is equivalent to the problem of learning the best halfspace over a distribution, and is a
long-studied problem in the computational learning theory community. Let us denote the

best halfspace error by

OPT01 = 1m

min Pe.y)~p(y # sen((w, 2))).

Even learning up to risk O(OPTy;) is known to be computationally hard without assumptions

5



on the marginal distribution of D [Danl6]. Some rather complicated algorithms have been
able to show that if OPTy; is sufficiently small, then when D, satisfies certain properties
(e.g. isotropic and has a log-concave probability density function), it is possible to learn
halfspaces up to risk O(OPTy,) [ABH15, [ABH16, [ABL17]. In this thesis, we show that the
standard logistic regression algorithm is able to learn halfspaces up to risk O(OPTé{Q) when
D, satisfies an anti-concentration property enjoyed by log-concave isotropic distributions
among others. We show improved guarantees of a classification error of at most O(OPT;)

when D, comes from a noisy large margin distribution.

In Chapter [4, we consider one-hidden-layer neural networks consisting of m neurons,
fla; W) = > ajo((w;, x)).
j=1

We consider networks with leaky ReLU activations, o(z) = max(az, z), for a € (0,1]. We
show that SGD-training of such networks will lead to classifiers that are competitive with
the best halfspace over the distribution when D, satisfies anti-concentration properties en-
joyed by log-concave isotropic distributions. Equivalently, overparameterized one-hidden-
layer neural networks are able to generalize on linearly separable data where the labels have
been corrupted by an adversary. The analysis requires overcoming both (1) the highly non-
convex nature of the underlying optimization problem, and (2) showing that a model which

can overfit noisy training data can still generalize.

In the final chapter, we consider deep residual networks, which are defined recursively as
1 =0cWix), z=x1+00cWix;1), 1 =2,....L, f(x;W)=Wr2p.

Here, W, e R™*4 W, e R™*™ for | = 2,...,L, and W;,; € R"™™ and 0 is a scaling factor.
We show that with a proper random initialization, if the underlying data distribution can be
classified using an infinite-width neural network, gradient descent-trained oveparameterized
networks with the above architecture will generalize well to unseen data from the distribution.

This analysis relies upon the neural tangent kernel approximation, which shows that under



a proper scaling, overparameterized neural networks can be approximated by their tangent
kernel around their initialization. The existence of the neural tangent kernel approximation
was first shown by Jacot et al. in 2018 [JGHIS], with a flurry of works in 2018-2019 using
the approximation to generate optimization and generalization guarantees for SGD-trained
neural networks [DZP19, [ADH19bl [ZCZ19l [ALS19, [CG20l [ADH19a, [FCG19, [COB19]. We
conclude by pointing to a number of open questions that remain in understanding neural

networks trained by gradient descent.



CHAPTER 2

Learning a single neuron with gradient descent



2.1 Introduction

In this chapter, we consider the problem of learning a single neuron with gradientd escent.
Consider input features z € R? and output labels y € R distributed according to (z,y) ~ D.
Let 0 : R — R be an activation function, and consider the problem of learning the best-fitting
single neuron with activation function o as measured by the squared loss. In particular, we

define the population risk F'(w) associated with a set of weights w as

F(w) = (1/2)E(y)~p [(U(wa) . y)Q] . (2.1.1)

The activation function is assumed to be non-decreasing and Lipschitz, and includes nearly
all activation functions used in neural networks such as the rectified linear unit (ReLU),
sigmoid, tanh, and so on. In the agnostic PAC learning setting [KSS94], no structural
assumption is made regarding the relationship of the input and the label, and so the best-
fitting neuron could, in the worst case, have nontrivial population risk. Concretely, if we
denote

v = argminy,, < F(w), OPT:= F(v), (2.1.2)

then the goal of a learning algorithm is to (efficiently) return weights w such that the
population risk F'(w) is close to the best possible risk OPT. The agnostic learning framework
stands in contrast to the realizable PAC learning setting, where one assumes OPT = 0, so

that there exists some v such that the labels are given by y = o(v' ).

The learning algorithm we consider in this chapter is empirical risk minimization using
vanilla gradient descent. We assume we have access to a set of i.i.d. samples {(z;, y;)}"; ~
D", and we run gradient descent with a fixed step size on the empirical risk F (w) =
(1/2n) X0 (o(w'z;) — y;)®. A number of early neural network studies pointed out that
the landscape of the empirical risk of a single neuron has unfavorable properties, such as
a large number of spurious local minima [BRS89, [AHW95], and led researchers to instead

study gradient descent on a convex surrogate loss [HKWO95, HKW99|. Despite this, we are



able to show that gradient descent on the empirical risk itself finds weights that not only

have small empirical risk but small population risk as well.

Surprisingly little is known about neural networks trained by minimizing the empirical
risk with gradient descent in the agnostic PAC learning setting. We are aware of two works
[ALL19, [AL19] in the improper agnostic learning setting, where the goal is to return a
hypothesis h € H that achieves population risk close to OPT , where OPT is the smallest
possible population risk achieved by a different set of hypotheses H. Another work considered
the random features setting where only the final layer of the network is trained and the
marginal distribution over x is uniform on the unit sphere [VW19]. But none of these address
the simplest possible neural network: that of a single neuron z — o(w'z). We believe a
full characterization of what we can (or cannot) guarantee for gradient descent in the single
neuron setting will help us understand what is possible in the more complicated deep neural
network setting. Indeed, two of the most common hurdles in the analysis of deep neural
networks trained by gradient descent—mnonconvexity and nonsmoothness—are also present

in the case of the single neuron. We hope that our analysis in this relatively simple setup

will be suggestive of what is possible in more complicated neural network models.

Our main contributions can be summarized as follows.

1) Agnostic setting (Theorem [2.3.3). Without any assumptions on the relationship be-
tween y and z, and assuming only boundedness of the marginal distributions of x and
y, we show that for any ¢ > 0, gradient descent finds a point w; with population risk
O(OPT) + & with sample complexity O(¢7?) and runtime O(¢™!) when o(-) is strictly
increasing and Lipschitz. When o is ReLU, we obtain a population risk guarantee of
O(OPTY?) + ¢ with sample complexity O(¢~4) and runtime O(¢~2) when the marginal
distribution of x satisfies a nondegeneracy condition (Assumption. The sample and
runtime complexities are independent of the input dimension for both strictly increasing

activations and ReLU.
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2) Noisy teacher network setting (Theorem [2.4.1)). When y = o(v'x) + &, where {|x
is zero-mean and sub-Gaussian (and possibly dependent on z), we demonstrate that
gradient descent finds w; satisfying F'(w;) < OPT + ¢ for activation functions that are
strictly increasing and Lipschitz assuming only boundedness of the marginal distribution
over z. The same result holds for ReLU under a marginal spread assumption (Assumption
2.3.2). The runtime and sample complexities are of order O(¢72), with a logarithmic
dependence on the input dimension. When the noise is bounded, our guarantees are
dimension independent. If we further know £ = 0, i.e. the learning problem is in the
realizable rather than agnostic setting, we can improve the runtime and sample complexity
guarantees from O(e7?) to O(e™') by using online stochastic gradient descent (Theorem

2.9.1).

2.2 Related work

Below, we provide a high-level summary of related work in the agnostic learning and teacher
network settings. Detailed comparisons with the most related works will appear after we
present our main theorems in Sections [2.3] and 2.4 In Section [2.6 we provide tables that
describe the assumptions and complexity guarantees of our work in comparison to related

results.

Agnostic learning: The simplest version of the agnostic regression problem is to find a
hypothesis that matches the performance of the best linear predictor. In our setting, this cor-
responds to o being the identity function. This problem is completely characterized: [Shal5]
showed that any algorithm that returns a linear predictor v has risk OPT + Q(e72 A de™1)
when the labels satisfy |y| < 1 and the marginal distribution over x is supported on the unit

ball, matching upper bounds proved by [SST10] using mirror descent.

When o is not the identity, related works are scarce. [GKK17] studied agnostic learning

of the ReLLU on distributions supported on the unit sphere but had runtime and sample
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complexity exponential in e~!. In another work on learning a single ReLU, [GKKT9] showed
that learning up to risk OPT + ¢ in polynomial time is as hard as the problem of learning
sparse parities with noise, long believed to be computationally intractable. Additionally, they
provided an approximation algorithm that could learn up to O(OPT #)+e risk in poly(d, 1)
time and sample complexity when the marginal distribution over x is a standard Gaussian. In
a related but incomparable set of results in the improper agnostic learning setting, [ALLI19]
and [AL19] showed that multilayer ReLU networks trained by gradient descent can match the
population risk achieved by multilayer networks with smooth activation functions. [VW19)
studied agnostic learning of a one-hidden-layer neural network when the first layer is fixed at
its (random) initial values and the second layer is trained. A very recent work by [DGK20a]
showed that population risk O(OPT) + € can be achieved for the single ReLU neuron by

appealing to gradient descent on a convex surrogate for the empirical risk.

Teacher network: The literature refers to the case of y = o(v'x) + £ for some possible zero
mean noise £ variously as the “noisy teacher network” or “generalized linear model” (GLM)
setting, and is related to the probabilistic concepts model [KS94]. In the GLM setting, o
plays the role of the inverse link function; in the case of logistic regression, o is the sigmoid

function.

The results in the teacher network setting can be broadly characterized by (1) whether
they cover arbitrary distributions over z and (2) the presence of noise (or lackthereof). The
GLMTron algorithm proposed by [KKKII1], itself a modification of the Isotron algorithm
of [KS09], is known to learn a noisy teacher network up to risk OPT + ¢ for any Lipschitz
and non-decreasing o and any distribution with bounded marginals over z. [MBM18] showed
that gradient descent learns the noisy teacher network under a smoothness assumption on
the activation function for a large class of distributions. [FSS18] provided a meta-algorithm
for translating e-stationary points of the empirical risk to points of small population risk
in the noisy teacher network setting. A recent work by [MM20] develops a modified SGD

algorithm for learning a ReLLU with bounded adversarial noise on distributions where the
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input is bounded.

Of course, any guarantee that holds for a neural network with a single fully connected
hidden layer of arbitrary width holds for the single neuron, so in this sense our work can
be connected to a larger body of work on the analysis of gradient descent used for learning
neural networks. The majority of such works are restricted to particular input distributions,
whether it is Gaussian or uniform distributions [Soll7, [Tial7, [SJL19, ZYW19, [GKMIS|,
CG19b]. [DLT18] showed that in the noiseless (a.k.a. realizable) setting, a single neuron
can be learned with SGD if the input distribution satisfies a certain subspace eigenvalue
property. [YS20] studied the properties of learning a single neuron for a variety of increasing
and Lipschitz activation functions using gradient descent, as we do in this chapter, although

their analysis was restricted to the noiseless setting.

2.3 Agnostic learning setting

We begin our analysis by assuming there is no a prior: relationship between x and y, so the
population risk OPT of the population risk minimizer v defined in may, in general,
be a large quantity. If OPT = 0, then o(v'x) = y a.s. and the problem is in the realizable
PAC learning setting. In this case, we can use a modified proof technique to get stronger
guarantees for the population risk; see Section for the complete theorems and proofs in

this setting. We will thus assume without loss of generality that 0 < OPT < 1.

The gradient descent method we use in this chapter is as follows. We assume we have a

training sample {(z;, ;)17 "~" D", and define the empirical risk for weight w by
Fw) = (1/2n) 3, (o(w ;) — )
We perform full-batch gradient updates on the empirical risk using a fixed step size 7,
weer = we =V E(wy) = wy = (n/n) S (o0 (w] 2;) = yi)o' (w] z:)a, (2.3.1)
where o’'(-) is the derivative of o(-). If o is not differentiable at a point z, we will use its
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subderivative.

We begin by describing one set of activation functions under consideration in this chapter.

Assumption 2.3.1. (a) o is continuous, non-decreasing, and differentiable almost every-

where.

(b) For any p > 0, there exists v > 0 such that inf|.|<, 0'(2) = v > 0. If o is not differentiable

at z € [—p, p|, assume that every subderivative g on the interval satisfies g(z) = 7.

(c) o is L-Lipschitz, i.e. |0(z1) — 0(22)| < L|z1 — 2o for all zq, zs.

We note that if o is strictly increasing and continuous, then o satisfies Assumption
2.3.1{(b) since its derivative is never zero. In particular, the assumption covers the typical
activation functions in neural networks like leaky ReLU, softplus, sigmoid, tanh, etc., but
excludes ReLU. [YS20] recently showed that when o is ReLU, there exists a distribution D
supported on the unit ball and unit length target neuron v such that even in the realizable
case of y = o(v'xz), if the weights are initialized randomly using a product distribution,
there exists a constant ¢y such that with high probability, F'(w;) = ¢y > 0 throughout
the trajectory of gradient descent. This suggests that gradient-based methods for learning

ReLUs are likely to fail without additional assumptions. Because of this, they introduced

the following marginal spread assumption to handle the learning of ReLL.U.

Assumption 2.3.2. There exist constants «, 8 > 0 such that the following holds. For any
w # u, denote by D,,,, the marginal distribution of D on span(w, u), viewed as a distribution

over R?, and let p,, be its density function. Then inf,cgz.|;|<q Pwu(2) = 5.

This assumption covers, for instance, log-concave distributions like the Gaussian and
uniform distribution with a, 8 = O(1) [LV07]. We note that a similar assumption was
used in recent work on learning halfspaces with Massart noise [DKT20a]. We will use this
assumption for all of our results when o is ReLU. Additionally, although the ReLU is not

differentiable at the origin, we will denote by ¢’(0) its subderivative, with the convention
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that ¢’(0) = 1. Such a convention is consistent with the implementation of ReLUs in modern

deep learning software packages.

With the above in hand, we can describe our main theorem.

Theorem 2.3.3. Suppose the marginals of D satisfy |z||, < Bx a.s. and |y| < By
a.s. Let a := (|o(Bx)| + By)?>. When o satisfies Assumption 2.3.1] let v > 0 be the
constant corresponding to p = 2By and fix a step size n < (1/8)yL™3B%?. For any
0 > 0, with probability at least 1 — 9, gradient descent initialized at the origin and run
for T = [~ 'y 'L~ B5'[OPT + an~"/?log"/?(4/6)] ] iterations finds weights wy, t < T', such
that
F(w,) < C;OPT + Con™ 2, (2.3.2)
where C) = 12y73L3 + 2 and Cy = O(L3B%+/log(1/8) + Ciay/log(1/4)).
When ¢ is ReLU, further assume that D, satisfies Assumption for constants «, § >
0, and let v = a*3/8+/2. Fix a step size n < (1/4)B5>. For any J > 0, with probability
at least 1 — 6, gradient descent initialized at the origin and run for T = [ !B [OPT +

an~"21og"?(4/6)]~'/?] iterations finds a point w; such that
F(wt) < C’lOPTl/Q + 0277/_1/4 + 0371_1/2, (233)
where Oy = O(Bxv™), Cy = O(C1a'?log"*(1/6)), and Cs = O(B%v~"log'?(1/6)).

We remind the reader that the optimization problem for the empirical risk is highly
nonconvex [AHWO95] and thus any guarantee for the empirical risk, let alone the population
risk, is nontrivial. This makes us unsure if the suboptimal guarantee of O(OPTI/ ?) for ReLU

is an artifact of our analysis or a necessary consequence of nonconvexity.

In comparison to recent work, [GKKI19] considered the agnostic setting for the ReL.U
activation when the marginal distribution over x is a standard Gaussian and showed that
learning up to risk OPT + ¢ is as hard as learning sparse parities with noise. By using

an approximation algorithm of [ABLI17], they were able to show that one can learn up to
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O(OPT??) 4 ¢ with O(poly(d, ') runtime and sample complexity. In a very recent work,
[DGK20a] improved the population risk guarantee for the ReLU to O(OPT) + ¢ when the
features are sampled from an isotropic log-concave distribution by analyzing gradient descent
on a convex surrogate loss. Projected gradient descent on this surrogate loss produces the
weight updates of the GLMTron algorithm of [KKK11]. Using the solution found by gradient
descent on the surrogate loss, they proposed an improper learning algorithm that improves

the population risk guarantee from O(OPT) + ¢ to (1 + §)OPT + ¢ for any § > 0.

By contrast, we show that gradient descent on the empirical risk learns up to a population
risk of O(OPT) + ¢ for any joint distribution with bounded marginals when o is strictly
increasing and Lipschitz, even though the optimization problem is nonconvex. In the case
of ReLLU, our guarantee holds for the class of bounded distributions over x that satisfy
the marginal spread condition of Assumption and hence covers (bounded) log-concave
distributions, although the guarantee is O(OPTl/ %) in this case. For all activation functions
we consider, the runtime and sample complexity guarantees do not have (explicit) dependence
on the dimensionﬂ Moreover, we shall see in the next section that if the data is known to
come from a noisy teacher network, the guarantees of gradient descent improve to OPT + ¢

for both strictly increasing activations and ReL.U.

In the remainder of this section we will prove Theorem Our proof relies upon the

following auxiliary errors for the true risk F

2
G(w) == (1/2)Eyp [(a(w%) ) ] ,
H(w) = (1/2)E(pyop [(U(wa) —o(w )’ o (w" )] . (2.3.4)
We will denote the corresponding empirical risks by @(w) and H (w). We first note that G

trivially upper bounds F": this follows by a simple application of Young’s inequality and,

when E[y|z] = o(v'z), by using iterated expectations.

'We note that for some distributions, the Bx term may hide an implicit dependence on d; more detailed
comments on this are given in Section
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Claim 2.3.4. For any joint distribution D, for any vector u, and any continuous activation
function o, F(u) < 2G(u) + 2F (v). If additionally we know that E[y|x] = o(v'x), we have
F(u) = G(u) + F(v).

This claim shows that in order to show the population risk is small, it suffices to show
that G is small. It is easy to see that if inf,cg 0’(2) = v > 0, then H(w) < e implies
G(w) < 7 'e, but the only typical activation function that satisfies this condition is the
leaky ReLU. Fortunately, when o satisfies Assumption [2.3.1) or when ¢ is ReLU and D
satisfies Assumption [2.3.2] Lemma below shows that H is still an upper bound for G.
The proof is deferred to Appendix [2.7]

Lemma 2.3.5. If o satisfies Assumption lz], < B as., and ||w|, < W, then for v
corresponding to p = WB, H(w) < € implies G(w) < v~ 'e. If o is ReLU and D satisfies
Assumption for some constants a, 3 > 0, and if for some £ > 0 the bound F(w) <
Ba*e/8+/2 holds, then |w — v, < 1 implies G(w) < e.

Claim [2.3.4] and Lemma together imply that if gradient descent finds a point with
auxiliary error H(w;) < O(OPT?) for some a < 1, then gradient descent achieves population
risk O(OPT®). In the remainder of this section, we will show that this is indeed the case. In
Section [2.3.1], we first consider activations satisfying Assumption [2.3.1] for which we are able
to show H(w;) < O(OPT). In Section [2.3.2, we show H(w;) < O(OPT'?) for the ReLU.

2.3.1 Strictly increasing activations

In Lemma below, we show that H (wy) is a natural quantity of the gradient descent
algorithm that in a sense tells us how good a direction the gradient is pointing at time ¢, and
that H(w;) can be as small as O(F(v)). Our proof technique is similar to that of [KKKII],

who studied the GLMTron algorithm in the (non-agnostic) noisy teacher network setup.

Lemma 2.3.6. Suppose that ||z|, < Bx a.s. under D,. Suppose o satisfies Assumption

2.3.1, and let v be the constant corresponding to p = 2By. Assume F (v) > 0. Gradient
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descent with fixed step size n < (1/8)yL~3B5%? initialized at wy = 0 finds weights w; satisfying
H(w,) < 6L3%2F (v) within T = [77*17*11713;(1}?’(1})*1] iterations, with |w; — v|, < 1 for
eacht=0,..., 7 —1.

Before beginning the proof, we first note the following fact, which allows us to connect

terms that appear in the gradient to the square loss.

Fact 2.3.7. If 0 is strictly increasing on an interval [a, b] with o’(z) = v > 0 for all z € [a, b],

and if 21, 29 € [a, b], then, it holds that
V(21 — 2)? < (0(21) — 0(2)) (21 — 22). (2.3.5)

Proof of Lemma[2.3.6. The proof comes from the following induction statement. We claim
that for every ¢ € N, either (a) H(w,) < 6Ly 2F(v) for some 7 < t, or (b) |w; — 5 <
[Err— nLF(v) holds. If this claim is true, then until gradient descent finds a point
where H(w;) < 6L3y2F (v), the squared distance |w; — v|> decreases by nLE(v) at every
iteration. Since |wy — v|2 = 1, this means there can be at most 1/(nLF (v)) = n~* L™ F(v) ™

iterations until we reach H (w;) < 6Ly 2F(v).

So let us now suppose the induction hypothesis holds for ¢, and consider the case t + 1.
If (a) holds, then we are done. So now consider the case that for every 7 < ¢, we have
I;T(wT) > 6L37*2ﬁ(v). Since (a) does not hold, |w, — v|3 < |Jw,_, — v|5 — nLﬁ(v) holds for

each 7 =1,...,t, and so |wy — v|, = 1 implies
Jw; —v], <1VT <t (2.3.6)

In particular, |w,|, < 1+ |v[, < 2 holds for all 7 < ¢t. By Cauchy-Schwarz, this implies
lw!z|v]vTz| < 2Bx a.s. By defining p = 2By and letting v be the constant from Assumption

2.3.1] this implies ¢’(z) = v > 0 for all |z| < 2Bx. Fact therefore implies

z)—ow'z)) (wle—v'z)=y(w z—v'z)? Vr<t

(2.3.7)

odwlr)=y>0 and (o(w!
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We proceed with the proof by demonstrating an appropriate lower bound for the quantity

A~ ~ 2
e = vl = wesr = vl = 20 (T E(we),w = v) = [VE(wy)| .

We begin with the inner product term. We have

<VF wy), wy, — vy = (1/n) A (o(w) ;) — (v ;) o' (w/ z) (w/) @ — v'ay)

=

+ (1/”)2 (U(UT%) —?Ji)W 12 71/20/( ;

w, :EZ)(th@ — vTa:i)

> (v/n) Z (w;% - UT%)Q o' (w] z;)
i=1
_771 ; T 2 1 T TN T T \2
-5 Z (o(v' @) —yi)” o' (w) x;) — 3 Z (w z; —v'2;) o' (w/ ;)
=1

(2.3.8)

In the first inequality we used |(2.3.7)|for the first term and Young’s inequality for the second
(and that ¢’ = 0). For the final two inequalities, we use that ¢ is L-Lipschitz

For the gradient upper bound,
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The first inequality is due to Young’s inequality, and the second is due to Jensen’s inequality.

The last inequality holds because o is L-Lipschitz and |z|, < Bx a.s. Putting and
together and taking n < (1/8)L~3By%,

Jw; — v = [wisr — v = 2p(yL"2H (wy) — Ly F(v)) — 4n*(LB% H (w;) + L*B% F(v))

L2~ ~
- (” A - §L71F<v>)

2 2
> nyLF(v).

The last inequality uses the induction assumption that H (wy) = 6L37*2}A7 (v), completing
the proof. O

Since the auxiliary error H(w) is controlled by F(v), we need to bound F(v). When
the marginals of D are bounded, Lemma below shows that F (v) concentrates around
F(v) = OPT at rate n='/2 by Hoeffding’s inequality; for completeness, the proof is given in
Section 210l

Lemma 2.3.8. If |z|, < Bx and |y| < By a.s. under D, and D, respectively, and if o is
non-decreasing, then for a := (|o(Bx)| + By)” and |v], < 1, we have with probability at

least 1 — 0,
|F(v) — OPT| < 3a4/n—"log(2/6).

The final ingredient to the proof is translating the bounds for the empirical risk to one for
the population risk. Since D, is bounded and we showed in Lemma that [|wy —v[, <1
throughout the gradient descent trajectory, we can use standard properties of Rademacher

complexity to get it done. The proof for Lemma [2.3.9 can be found in Section [2.10]

Lemma 2.3.9. Suppose ¢ is L-Lipschitz and ||z, < Bx a.s. Denote {(w;x) by the loss
(1/2) (o(w'z) — a(vTx))z. For a training set S ~ D", let Rs(G) denote the empirical
Rademacher complexity of the following function class

G = wTz: fw—ol, <1, Jol, = 1}
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Then we have

R({locoG) =Eg.pmRs(loogoG) < 2L3B§(/\/ﬁ.

With Lemmas [2.3.6] 2.3.8 and 2.3.9] in hand, the bound for the population risk follows

in a straightforward manner.

Proof of Theorem for strictly increasing activations. By Lemma [2.3.6, there exists w;
with ¢ < T and |w, — v|, < 1 such that H (w;) < 6Ly ~2F(v). By Lemmas and Lemma
2.3.8] this implies that with probability at least 1 — /2,

G(w;) < 6L3y* <OPT + 3an~V?2 10g1/2(4/5)> . (2.3.10)

Since |w — v|, < 1 implies f(w;x) = (1/2)(c(w'z) — o(v'x))? < L?B% /2, standard results
from Rademacher complexity (e.g., Theorem 26.5 of [SB14]) imply that with probability at
least 1 —0/2,

¢ 21
G(wt) < G(U]t) +ES~'D”SRS<€OO-OQ) +2LQB§( w,

where ¢ is the loss and G is the function class defined in Lemma We can combine
(2.3.10)| with Lemma and a union bound to get that with probability at least 1 — §,

Glwy) < 613 (opn " 10g<4/5>) | 20BY | 2L 2los(s)0)

n Vn Vn '

This shows that G(w;) < O(OPT + n~Y2). By Claim [2.3.4] we have
F(w,) < 2G(w;) + 20PT < O(OPT + n~1?2),

completing the proof for those o satisfying Assumption [2.3.1] O

2.3.2 ReLU activation

The proof above crucially relies upon the fact that o is strictly increasing so that we may

apply Fact in the proof of Lemma In particular, it is difficult to show a strong
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lower bound for the gradient direction term in if it is possible for (2; — 29)? to be
arbitrarily large when (o(21) — 0(22))? is small. To get around this, we will use the same
proof technique wherein we show that the gradient lower bound involves a term that relates
the auxiliary error H(w;) to F'(v), but our bound will involve a term of the form O(F(v)"/2)
rather than O(ﬁ (v)). To do so, we will use the following property of non-decreasing Lipschitz

functions.

Fact 2.3.10. If ¢ is non-decreasing and L-Lipschitz, then for any z;, 2o in the domain of o,

it holds that (o(z1) — 0(22))(21 — 22) = L™ (0 (21) — 0(22))%

With this fact we can present the analogue to Lemma that holds for a general

non-decreasing and Lipschitz activation and hence includes the ReLLU.

Lemma 2.3.11. Suppose that |z||, < Bx a.s. under D,. Suppose ¢ is non-decreasing and
L-Lipschitz. Assume ﬁ(v) e (0,1). Gradient descent with fixed step size n < (1/4)L~2B3?
initialized at wy = 0 finds weights w; satisfying ]fl(wt) < 2L23Xﬁ(v)1/2 within 7' =

[nflLle;(lﬁ(v)*l/z] iterations, with |w; —v|, <1 foreach t =0,...,7 — 1.

Proof. Just as in the proof of Lemmal[2.3.6], the lemma is proved if we can show that for every
t € N, either (a) H(w,) < 2L2BxF(v)"2 for some 7 < t, or (b) |w; — v]2 < |w,_y — v]% —
nLBx F(v)"/? holds. To this end we assume the induction hypothesis holds for some ¢ € N,
and since we are done if (a) holds, we assume (a) does not hold and thus for every 7 < t,
we have H(w,) > 2L*BxF(v)"2. Since (a) does not hold, |w, —v]? < |w,_y — |2 —

nLBx F(v)Y2 holds for each 7 = 1,...,t and hence the identity

lwy —v], <1 Vr<t, (2.3.11)

holds. We now proceed with showing the analogues of |(2.3.8)[ and |(2.3.9). We begin with
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the lower bound,

<Vﬁ(wt), w, —vy = (1/n) Z (o(w) ;) — (v ;) o' (w/ @) (w2 — v'ay)

i=1

+{(1/n) Y (o w:) = wi) o’ (w] wi)ws, wy — v) (2.3.12)

i=1

> (1/Ln) Z (o(w/ ;) (vTxi))z o' (w/ x;)

(1/n) Z o(v'a) —y;) o' (w) z;)z;

- ||wt

2

> 2L 'H(w,) — LBxF(v)"?, (2.3.13)

In the first inequality, we have used Fact and that ¢'(z) = 0 for the first term. For
the second term, we use Cauchy—Schwarz. The last inequality is a consequence of ,
Cauchy-Schwarz, and that o'(2) < L and |z|, < Bx. As for the gradient upper bound
at wy, the bound still holds since it only uses that ¢ is L-Lipschitz. The choice of

n < (1/4)L~2B5” then ensures
Juwe = vl = Jwesr = vl > 27 (207 H(wy) — LBxF(0)"?)
- (4B§(L]fl(wt) + 4L23§ﬁ(u))
> 5 (3L A (w) - 3LBx (F(v) v F©)'"?))
> nLBxF(v)"?, (2.3.14)

where the last line comes from the induction hypothesis that H(w;) > 2L2Bx F(v)"/? and

since F'(v) € (0,1). This completes the proof. O

With this lemma in hand, the proof of Theorem follows just as in the strictly

increasing case.

Proof of Theorem for ReLU. We highlight here the main technical differences with the

proof for the strictly increasing case. Although Lemma [2.3.9] applies to the loss function
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l(w;z) = (1/2) (o(w'z) — O'(UTI))Q, the same results hold for the loss function f(w;z) =
((w; x)o’ (wT z) for ReLU, since Vo'(w ) = 0 a.e. Thus / is still Bx-Lipschitz, and we have
2B%
Tn
With this in hand, the proof is essentially identical: By Lemmas and [2.3.8 with

Eg-pnMRs (Eo 7o g) < (2.3.15)

probability at least 1 — §/2 gradient descent finds a point with

. . V3alog"*(4/8
H(w,) < 2BxF(v)Y2 < 2By <OPT1/2 | Yda * AN (2.3.16)
n
We can then use|(2.3.15)| to get that with probability at least 1 — §,
V3alog"*(4/5 22 2log(8/0
H(w;) < 2By (OPTV2 | Yda O%M( / )> L 2Bx ope J218E0) o5y
n \n n

Since D, satisfies Assumption and |w; — v[, < 1, Lemma yields G(w;) < 8v2a 87 H (wy).
Then applying Claim completes the proof. O

Remark 2.3.12. An examination of the proof of Theorem [2.3.3|shows that when o satisfies
Assumption , any initialization with |wy — v|, bounded by a universal constant will
suffice. In particular, if we use Gaussian initialization wy ~ N(0,7%I,) for 7> = O(1/d),
then by concentration of the chi-square distribution the theorem holds with (exponentially)
high probability over the random initialization. For ReLU, initialization at the origin greatly
simplifies the proof since Lemma shows that |w; —v|, < |wy —v|, for all . When
wo = 0, this implies |w; — v|, < 1 and allows for an easy application of Lemma . For
isotropic Gaussian initialization, one can show that with probability approaching 1/2 that
lwg — v], < 1 provided its variance satisfies 72 = O(1/d) (see e.g. Lemma 5.1 of [YS20]). In

this case, the theorem will hold with constant probability over the random initialization.

2.4 Noisy teacher network setting

In this section, we consider the teacher network setting, where the joint distribution of

(xz,y) ~ D is given by a target neuron v (with |v[, < 1) plus zero-mean s-sub-Gaussian
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noise,

ylor ~o(w'z)+ ¢ Elr =0.

We assume throughout this section that £ # 0; we deal with the realizable setting separately
(and achieve improved sample complexity) in Section . We note that this is precisely the
setup of the generalized linear model with (inverse) link function o. We further note that

T

we only assume that E[y|z] = o(v'x), i.e., the noise is not assumed to be independent of

the input z, and thus falls into the probabilistic concept learning model of [KS94].

With the additional structural assumption of a noisy teacher, we can improve the agnostic
result from O(OPT) + ¢ (for strictly increasing activations) and O(OPTY?) + ¢ (for ReLU)

to OPT + . The key difference from the proof in the agnostic setting is that when trying

to show the gradient points in a good direction as in |(2.3.8)| and |(2.3.12)], since we know

Ely|z] = o(v'z), the average of terms of the form a;(c(v'x;) — y;) with fixed and bounded
coefficients a; will concentrate around zero. This allows us to improve the lower bound from
<V}?’(wt),wt —vy = C(ﬁ(w) - ﬁ(v)o‘) to one of the form > C(ﬁ[(w) —¢), where C' is an

absolute constant. The full proof of Theorem [2.4.1]is given in Section [2.8|

Theorem 2.4.1. Suppose D, satisfies ||z||, < Bx a.s. and E[y|z] = o(v" ) for some [jv], <
1. Assume that o(v'z)—y is s-sub-Gaussian. Assume gradient descent is initialized at wy = 0
and fix a step size n < (1/4)L~2B3>. If o satisfies Assumption , let v be the constant
corresponding to p = 2Bx. There exists an absolute constant ¢y > 0 such that for any
& > 0, with probability at least 1 — 4, gradient descent for T' = n~'y/n/(coLB,s+/log(4d/5))

iterations finds weights w;, t < T, satisfying

F(w;) < OPT + Cyn~ Y2 4+ Cyn™1%4/10g(8/68) + Cyn~ Y24 /log(4d/$), (2.4.1)

where Cy = 4L3B%, Cy = ZﬁLQBg(\/Z and Cy = 4coy 1L?sBx. When o is ReLU, further
assume that D, satisfies Assumption for constants o, 3 > 0, and let v = a?3/8v/2.
Then holds for Cy = B%v~!, Cy = 20, and C3 = 4cpsv ! By.
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We first note that although contains a log(d) term, the dependence on the di-
mension can be removed if we assume that the noise is bounded rather than sub-Gaussian;
details for this are given in Section 2.8, As mentioned previously, if we are in the realizable
setting, i.e. £ =0, we can improve the sample and runtime complexities to O(e~!) by using
online SGD and a martingale Bernstein bound. For details on the realizable case, see Section

2.9

In comparison with existing literature, [KKKII] proposed GLMTron to show the learn-
ability of the noisy teacher network for a non-decreasing and Lipschitz activation ¢ when
the noise is boundedﬂ In GLMTron, updates take the form w;,; = w; — ng; where g, =
(o(w] ) — y)x, while in gradient descent, the updates take the form wy,; = w; — ng; where
gi = gio'(w] x). Intuitively, when the weights are in a bounded region and o is strictly
increasing and Lipschitz, the derivative satisfies o’(w,z) € [y, L] and so the additional ¢’
factor will not significantly affect the algorithm. For ReL.U this is more complicated as the
gradient could in the worst case be zero in a large region of the input space, preventing
effective learnability using gradient-based optimization, as was demonstrated in the negative

result of [YS20]. For this reason, a type of nondegeneracy condition like Assumption m

is essential for gradient descent on ReLUs.

In terms of other results for ReLU, recent work by [MM20] introduced another modified
version of SGD, where updates now take the form w;,1 = w, — ng;, with g, = g,0’'(y > ),
and 6 is an upper bound for an adversarial noise term. They showed that this modified SGD
recovers the parameter v of the teacher network under the nondegeneracy condition that the
matrix E,[zz"1(vTz > 0)] is positive definite. A similar assumption was used by [DLTT§]

in the realizable setting.

Our GLM result is also comparable to recent work by [FSS18|, where the authors provide

a meta-algorithm for translating guarantees for e-stationary points of the empirical risk to

2 A close inspection of the proof shows that sub-Gaussian noise can be handled with the same concentration
of norm sub-Gaussian random vectors that we use for our results.

26



guarantees for the population risk provided that the population risk satisfies the so-called
“oradient domination” condition and the algorithm can guarantee that the weights remain
bounded (see their Proposition 3). By considering GLMs with bounded, strictly increasing,
Lipschitz activations, they show the gradient domination condition holds, and any algorithm
that can find a stationary point of an £2-regularized empirical risk objective is guaranteed to
have a population risk bound. In contrast, our result concretely shows that vanilla gradient

descent learns the GLM, even in the ReLLU setting.

2.5 Conclusion and remaining open problems

In this work, we considered the problem of learning a single neuron with the squared loss
by using gradient descent on the empirical risk. We first analyzed this in the agnostic PAC
learning framework and showed that if the activation function is strictly increasing and
Lipschitz, then gradient descent finds weights with population risk O(OPT) + ¢, where OPT
is the smallest possible population risk achieved by a single neuron. When the activation
function is ReLU, we showed that gradient descent finds a point with population risk at
most O(OPT'2) + &. Under the more restricted noisy teacher network setting, we showed
the population risk guarantees improve to OPT + ¢ for both strictly increasing activations

and ReLU.

Our work points towards a number of open problems. Does gradient descent on the
empirical risk provably achieve population risk with a better dependence on OPT than we
have shown in this work, or are there distributions for which this is impossible? Recent work
by [GGK20] provides a statistical query lower bound for learning a sigmoid with respect
to the correlation loss E[{(yo(w'x))], but we are not aware of lower bounds for learning
non-ReLU single neurons under the squared loss. It thus remains a possibility that gradient

descent (or another algorithm) can achieve OPT + ¢ risk for such activation functions. For

ReLU, [DGK20a] showed that gradient descent on a convex surrogate for the empirical risk
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can achieve O(OPT) + ¢ population risk for log concave distributions; it would be interesting

if such bounds could be shown for gradient descent on the empirical risk itself.

2.6 Detailed comparisons with related work

Here, we describe comparisons of our results to those in the literature and give detailed
comments on the specific rates we achieve. In Table we compare our agnostic learning
results. We note the guarantees for the population risk in the fourth column, the marginal
distributions over x for which the bounds hold in the fifth column, and the sample complexity
required to reach the specified level of risk plus some € > 0 in the final column. Our results
in this setting come from Theorem The Big-O notation hides constants that may
depend on the parameters of the distribution or activation function, but does not hide
explicit dependence on the dimension d. However, the parameters of the distribution itself
may have implicit dependence on the dimension. In particular, for bounded distributions
that satisfy ||z], < Bx, the O() hides multiplicative factors that depend on Bx. This means
that if By depends on d, so will our bounds. For ReLLU, the O() hides polynomial factors in
Bx. For non-ReLU, the worst-case activation functions under consideration in Assumption
(e.g. the sigmoid) can have 7 ~ exp(—By), making the runtime and sample complexity
depend on 7! ~ exp(By), in which case it is preferable for By to be a constant independent
of the dimension. We note that the sample complexity for [DGK20a] for the (1 + §)OPT
guarantee is O(e2[dd3v~2]°"") when D, is v sub-Gaussian for some v = O(1), and thus the
exact dependence on the dimension depends on the sub-Gaussian norm and error threshold

desired.

In Table 2.2] we provide comparisons of our noisy teacher network setting, where y =
o(v'x)+ £ for some zero mean noise €. Our results in this setting come from Theorem m
The complexity column here denotes the sample complexity required to reach population

risk OPT + &. The subspace eigenvalue assumption given by [MM20] is that E[zz"1(v' 2 >
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0)] > 0. We note that the result of Mukherjee and Muthukumar holds for any bounded noise

distribution and thus is in the more general adversarial noise (but not agnosti(ﬂ) setting.

Finally, in Table we provide comparisons with results in the realizable setting (£ = 0).
(Our results in this setting are given in Theorem in Section2.9) For G.D. and S.G.D.,
the complexity column denotes the sample complexity required to reach population risk .
For G.D. or gradient flow on the population risk, it refers to the runtime complexity only
as there are no samples in this setting. For [DLT1S], the subspace eigenvalue assumption is
that for any w and for the target neuron v, it holds that E[zzT1(w 2z = 0,0Tz =)] > 0.
This is a nondegeneracy assumption that is related to the marginal spread condition given
in Assumption in the sense that it allows for one to show that H is an upper bound for
G. Finally, we note that any result in the agnostic or noisy teacher network settings applies

in the realizable setting as well.

2.7 Proof of Lemma [2.3.5

To prove Lemma [2.3.5] we use the following result of [YS20].

Lemma 2.7.1 (Lemma B.1, [YS20]). Under Assumption for any two vectors a, b € R?

3 Agnostic learning results typically require i.i.d. samples, and adversarial noise may depend on other
samples in malicious ways. Even in the i.i.d. case, trouble arises if one wishes to use parameter recovery to

show that a given algorithm competes with the population risk minimizer. Consider the ReLU with labels

given by y = o(v'z) + € where £ = —o(v'z). The zero vector minimizes the population risk, and so any

algorithm that returns the target neuron o(v'x) has large population risk. A similar phenomenon occurs
for ¢ = o(v'x).

4Although their result is stated for the ReLU and isotropic log-concave distributions, their results also
apply for L-Lipschitz activations satisfying inf, o’(z) > v > 0 for isotropic distributions that satisfy our
Assumption m In this setting, one can show that the Chow parameters satisfy |x(0u) — x(0w)|* =
YL E[(o(u"z) — o(v'z))?], from which the result follows easily.
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Table 2.1: Comparison of single neuron results in the agnostic setting

Algorithm Activations Pop. risk D, Sample
Complexity

Halfspace reduction ~ ReLU O(OPT??)  standard O(poly(d,e™))
[GKK19] Gaussian
Convex  surrogate ReLU O(OPT) isotropic O(de™?)
G.D. +log-concave
[DGKQOaJﬂ
Convex  surrogate ReLU (1+06)OPT sub-Gaussian O(d°?)
G.D.
-+ Domain Partition
[DGK20a]
Gradient Descent strictly O(OPT) bounded O(e7?)
(This chapter) increasing

+ Lipschitz
Gradient Descent ReLU O(OPTY?)  bounded O(e™)
(This chapter) + marginal

spread

satisfying 6(a,b) < m — § for ¢ € (0, 7], it holds that
4

inf WY@y =0, bTy =0, |y| < a)dy > 2 sin®(6/4).
et [Ty = 0,87y = 0, ) < @)y = s/

Proof of Lemma |2.3.5. We first consider the case when o satisfies Assumption [2.3.1, By
assumption,

2

F(w) = (1/2)E [(a(thx) —o(w'z)) o (th:v)] <e.
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Table 2.2: Comparison of single neuron results in the noisy teacher network setting

Algorithm Activations D, Sample
Complexity
GLMTron increasing bounded O(e72)
[KKK11] + Lipschitz
Modified SGD ReLU bounded O(log(1/¢))
[IMM20] + subspace eigen-
value

Meta-algorithm strictly bounded O(e™2 A
[ESS1§] increasing de™ 1)

+ Lipschitz

+ o’ Lipschitz
Gradient Descent strictly centered O(de™1)
IMBM18§] increasing + sub-Gaussian

+ diff’ble + E[zz"] > 0

+ Lipschitz

+ o’ Lipschitz

+ o” Lipschitz
Gradient Descent strictly bounded O(e72)
(This chapter) increasing

+ Lipschitz
Gradient Descent ReLU bounded O(e7?)

(This chapter)

-+ marginal spread
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Table 2.3: Comparison of single neuron results in the realizable setting

Algorithm Activations D, Sample
Complexity
SGD [DLTIS] ReLU bounded O(log(1/¢))
+ subspace eigen-
value
Projected Regularized GD ReLU standard O(log(1/¢))
[Sol17] Gaussian
Population GD[YS20] inf,eg 0'(2) > 0 bounded O(log(1/e))
+ E[zz] > 0
Population GD [YS20] infoe,cq0’(2) >0 bounded O(log(1/¢))
+ Lipschitz + marginal spread
Population Gradient Flow ReLU marginal spread O(log(1/¢))
[Y'S20] + spherical symme-
try
SGD [YS20] infoe.cq0’(z) >0  bounded O(s7?)
+ Lipschitz + marginal spread
Population GD + SGD strictly increasing bounded O(e7h)
(This work) + Lipschitz
Population GD + SGD ReLU bounded O(e™)

(This work)

+ marginal spread

Since the term in the expectation is nonnegative, restricting the integral to a smaller set
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only decreases its value, so that
(1/2)E [(a(w;x) — O'(UTJZ))2 o' (w] )1 (|Jw/ 2| < p)] <e. (2.7.1)

For p = BW, since |w|, < W, the inclusion {||z|l, < p/W} = {|z|, < B} < {|w/z| < p}
holds. This means we can lower bound by substituting the indicator 1(|w/z| < p)

with 1(|z|, < B), which is identically one by assumption. Since H(w) < ¢, this implies

1 [(o(w]2) - o(72))"] < (/2B (0(w]2) — o (T 0)* o' (] 0)1(Ju], < B)| <.

Dividing both sides by v completes this part of the proof.

For ReLU, let us assume that F'(w) < ¢, and denote the event

and define ¢ := Ba*/8+y/2. Since F(w) = E[(o(w'z) — (v 2))?1(w 2 = 0)] < (e, it holds
that
E [(U(wa) —o(vx)’ n(Kw,v)] < Ce. (2.7.2)

Denote w and ¥ as the projections of w and v respectively onto the two dimensional subspace

span(w,v). Using a proof similar to that of [YS20], we have

Erp | (0o~ 0Te) 1Ko | = o — ol Eop ((L)x> 1(Ky,)

|w _UH2

> |w — |3 inf E, [1(u"2)’1(Ky,)]

uespan(w,v), [u|=1

2 . ~ A~
= fw—vl} it By, [@7)1(@7y > 0. 87y > 0)

> w—of? inf f Wy’ L@Ty >0, 5Ty > 0, [yl < a)pun(y)dy

ueR?, ul=1

> lw—ol}_int  [W1@Ty =0, 5Ty 0, yl, < a)dy (2.7.3)

ueR?, uf=1

By assumption, |w — v, < 1. Since

2
12 Jw =l = |wly (Jwly = 2cosb(w, v)) + 1,
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we must have either w = 0 or #(w,v) € [0,7/2]. To see that w = 0 is impossible, suppose
for the contradiction that w = 0 and so F(w) = F(0) < (e. Let z be any vector orthogonal
to v, so that 6(v, z) = m/2. Then,

Ce = F(0)
=E,p [(v2)*1(v 2 = 0)]
=Ey.p,, [(079)°1(0"y > 0]

> it (WU > 0,570 > 0,1yl < a)poat)dy

O

> f 1an X J(uTa:)Q]l(vTa: >0,2"'2 >0, |y, < a)dy
Ba’

= —. 2.74
- 274

The last line follows by using Lemma [2.7.1] For ¢ < 1, this is impossible by the definition of

¢. This shows that 0(w,v) < 7/2. We can therefore apply Lemma [2.7.1] to [(2.7.3)| to get

o= Blu—ol}_inf [@oP1@Ty =0, 87y >0, lyl, < aldy

ueR?, [ul=1
5044 2

> — |lw—v

/8\/5” ”2

= (B2 |w— 3.

This shows that |jw — v||; < B~2¢. Since o is 1-Lipschitz, Holder’s inequality and E ||z |} < B2

imply that G(w) < e. O

2.8 Noisy teacher network proofs

As in the agnostic case, we have a key lemma that shows H is small when we run gradient
descent for a sufficiently large time. Note that one difference with the proof in the agnostic
case is that we do not need to consider different auxiliary errors for the strictly increasing

and ReLU cases; H alone suffices.
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Lemma 2.8.1. Suppose that |z|, < Bx a.s. under D,. Let o be non-decreasing and

L-Lipschitz. Suppose that the bound
[(1/n) X (o(0T @) — ) il < K < 1 (2.8.1)

holds for scalars satisfying «; € [0,L]. Then gradient descent run with fixed step size
n < (1/4)L~2B3? from initialization wy = 0 finds weights w; satisfying H (w) < ALK within

T = [n~ 'K~ iterations, with |w; —v|, < 1 for each t =0,...,T — 1.

Proof. Just as in the proof of Lemma [2.3.6] the theorem can be shown by proving the
following induction statement. We claim that for every ¢ € N, either (a) H(w,) < 4LK for
some 7 < t, or (b) |w; —v|5 < |wsy — |2 — nK. If the induction hypothesis holds, then
until gradient descent finds a point where H(w,) < 4LK, the squared distance |w, — vl
decreases by nK at every iteration. Since |wo — v”i = 1, this means there can be at most
n~'K~! iterations until we reach H (w;) < ALK. This shows the induction statement implies

the theorem.

We begin with the proof by supposing the induction hypothesis holds for ¢, and consid-
ering the case t + 1. If (a) holds, then we are done. So now consider the case that for every
7 < t, we have H(w,) > 4LK. Since (a) does not hold, |w, — |5 < |ws_y — |3 — K holds

for each 7 = 1,...,¢. Since ||wy — v|, = 1, this implies

w, — v, <1Vr <t 2.8.2
2
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We can therefore bound

(VE@w),w—v) = <% 3" (owf 2 — ) o (T i — >
_ %Z (ol zs) — o(vT20)) o (w] o) (w z: — v )
+ %Zn: (' i) = yi) o' (w] @i)ws, w — U>
3 (o(w/z) — o(vT2:)) o' (w] w;) — K |w, — vl
> 2L H(w,) — K. (2.8.3)

In the first inequality, we have used Fact [2.3.10| for the first term. For the second term, we

use and that «; := o’(w, z;) € [0, L]. The last inequality uses|(2.8.2)|

For the gradient upper bound, we have

2

%Z (o(w/z;) —o(v ;) o' (w] m)z; + = Z o(v'z;) —y) o' (w z;)z;

Hvﬁ(wt)

2

2

2

<2 %Z (o(w/ z;) — o(v'z;)) o' (w] ;)

2

o(v'z;) a'(w;xi)xi

2

o(w'z;) — O'(UTZL“Z)>2 o' (w] x;) + 2K*?

21:B2 i
— 4LB% H(w,) + 2K (2.8.4)

The first inequality uses Young’s inequality. The second uses that o'(z) < L and that

|z|, < Bx a.s. and
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Putting |(2.8.3)| and [(2.8.4)| together, the choice of n < (1/4)L~2B3? gives us

e vl ~ e — 13 = 20 V() w0, — 0 — o [V E(w)|
> (L H (w,) — K) — 1 <4LB§(ﬁ(wt) + 2K2)
= nL_lﬁ(wt) — 3nK.
In particular, this implies
Jwerr = vl3 < = vl + 39K — L~ H(w,) (2.85)
Since H (w;) > 4KL, this completes the induction. The base case follows easily since

|wo — [, = 1 allows for us to deduce the desired bound on |w; — v|3 using |(2.8.5)! O

To prove a concrete bound on the K term of Lemma [2.8.1) we will need the following

definition of norm sub-Gaussian random vectors.

Definition 2.8.2. A random vector z € R? is said to be norm sub-Gaussian with parameter
s> 0 if

P(|z — Ez| = t) < 2exp(—t*/25?).

A Hoeffding-type inequality for norm sub-Gaussian vectors was recently shown by [JNGI9].

Lemma 2.8.3 (Lemma 6, [JNGI9]). Suppose zi,...,2, € R? are random vectors with
filtration Fy := o(z1, ..., z;) such that z;]|F;_; is a zero-mean norm sub-Gaussian vector with
parameter s; € R for each i. Then, there exists an absolute constant ¢ > 0 such that for any

0 > 0, with probability at least 1 — 6,

n

>

i=1

< c\/log(Qd/é) Z s2.
i=1

Using this, we can show that if & := o(v'2;) — y; is s sub-Gaussian, then we can get

12 We note that if we make the stronger assumption that & is

a bound on K at rate n~
bounded a.s., we can get rid of the log(d) dependence by using concentration of bounded

random variables in a Hilbert space (e.g. [PS86], Corollary 2).
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Lemma 2.8.4. Suppose that |z|, < Bx a.s. under D,, and let o be any continuous function.
Assume &; := o(v'x;) — y; is s sub-Gaussian and satisfies E[¢;|z;] = 0. Then there exists an
absolute constant ¢y > 0 such that for constants «; € [0, L], with probability at least 1 — 4,

we have

[(1/n) Xy (o(vT@:) = y:) qus| < coLBxsa/n1log(2d/9).

Proof of Lemma [2.8.4). Define z; := (a(vTxZ-) — yz-) a;x;. Using iterated expectations, we see
that E[z;] = 0. Since o(v'x;) — y; is s-sub-Gaussian and |a;z;], < LBy, it follows from the
definition that z; is norm sub-Gaussian with parameter LBxs for each i. By Lemma [2.8.3]

we have with probability at least 1 — ¢,

n
2%
i=1

Dividing each side by n proves the lemma. O]

< c\/log(Zd/é)BBg(nsQ.

Proof of Theorem[2./.1. By Lemmas [2.8.1] and [2.8.4] there exists some wy, t < T and

|ws —v|y, < 1, such that

N log(2d/6
A(wn) < ALK < 4cgL? Bysy | 22240

n
Consider o satisfying Assumption first, with v corresponding to p = 2Byx. Since

|wel|ly < 2, we can use Lemma [2.3.5/ to transform the above bound for H into one for G,

~ log(2d/d
G(wy) < 4cyy 'L*Byxs #.

Since |w — v, < 1 implies G(w) < L?B%/2, standard results from Rademacher complexity

imply (e.g. Theorem 26.5 of [SB14]) that with probability at least 1 — 4,

; 2log(4/0
G(wt) < G(wt) + ESNDan{S(g 00 O g) + 2L2B§( %/)7

where ((w;x) = (1/2)(c(w'x) —o(v"z))? and G are from Lemmal2.3.9} For the second term

above, Lemma [2.3.9| and rescaling ¢ yields that

21°B% N 2L%B%+/2log(8/0) N 4egy L L2 Bxs4/log(4d/d)
Vn vn Vn '
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Then Claim completes the proof for strictly increasing o.

When o is ReLU, the proof follows the same argument given in the proof of Theorem
2.3.3] Denoting the loss function f(w;z) = (1/2)(c(wTx) — o(v )20’ (w x), we have
2B%
Vo

By Lemmas [2.8.1| and [2.8.4] there exists some wy, t < T and |w; — v|, < 1, such that

Es-pnRs (Zo oo g) < (2.8.6)

. log (2
H(w,) < ALK < 4¢oL?Bys M. (2.8.7)

Using standard results from Rademacher complexity,

~ ~ 2log(4
H(U}t) < H(wt) + ESNDnms(g 00O g) + 2B§( w

By |(2.8.6), this means

H(w,) < 4co By s/log(4d/d) N 2B% N 2B%+/210g(8/6)
o Vi Vi N

Since D satisfies Assumption and |w; —v[, < 1, Lemma shows that G(w;) <
8v2a 4B H(w;). Then Claim translates the bound for G(w;) into one for F(w;). O

2.9 Realizable setting

T

In this section we assume y = o(v'z) a.s. for some |v[, < 1. As in the agnostic and noisy

teacher network setting, we use the auxiliary loss
H(w) := (1/2)Epep[(c(w'z) — o(v'z))?0’ (w'x)].

Note that in the realizable setting, the previous auxiliary loss G defined in|(2.3.4)| coincides

with the true objective F', i.e. we have
F(w) := (1/2)Eppl(c(w'z) — o(v'2))?].
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For purpose of comparison with [YS20], we provide analyses for two settings in the realizable

case: in the first setting, we consider gradient descent on the population loss,
w1 = wy — NV F (wy), (2.9.1)

and return wyx := argming,_F(w;). The second setting is online SGD with samples z; ~ D.
Here we compute unbiased estimates (conditional on wy) of the population risk Fj(w;) :=

(1/2)(o(w/] ;) — o(vTx;))? and update the weights by
Wiy = wy — NV (wy) (2.9.2)
For SGD, we output wy = argming,_pF(wy).
We summarize our results in the realizable case in Theorem 2.9.1]

Theorem 2.9.1. Suppose ||z|, < B a.s. and o is non-decreasing and L-Lipschitz. Let

n < L72B72 be the step size.

(a) Let o satisfy Assumption , and let v be the constant corresponding to p = 4B5.
For any initialization satisfying ||wyl|, < 2, if we run gradient descent on the population
risk T' = [2e~ L~y |wy — v||3] iterations, then there exists t < T such that F(w;) <
e. For stochastic gradient descent, for any § > 0, running SGD for T = 6T log(1/0)

<€

guarantees there exists wy, t < T', such that w.p. at least 1 — 9, F'(w;)

(b) Let 0 be ReLLU and further assume that D satisfies Assumption for constants
o, > 0 and that wy = 0. Let v = o*3/8v/2. If we run gradient descent on the
population risk T = [2e~'Ly~ v~ |wy — v||3] iterations, then there exists t < T’ such
that F'(w;) < e. For stochastic gradient descent, for any 6 > 0, running SGD for

T = 6T1log(1/6) guarantees there exists wy, t < T, such that w.p. at least 1 — 4§,

F(’U}t) < e

A few remarks on the above theorem: first, in comparison with our noisy neuron result

in Theorem [2.4.1] we are able to achieve OPT + ¢ = ¢ population risk with sample com-

1 2

plexity and runtime of order e~ rather than £~ using the same assumptions by invoking

40



a martingale Bernstein inequality rather than Hoeffding. Second, although Theorem [2.9.1
requires the distribution to be bounded almost surely, we show in Section below that
for GD on the population loss, we can accomodate essentially any distribution with finite

expected squared norm.

[Y'S20] used the marginal spread assumption to show that with probability 1/2, a single
neuron in the realizable setting can be learned using gradient-based optimization with ran-
dom initialization for Lipschitz activation functions satisfying info—,-, 0’(2) > 0, where « is
the same constant in Assumption [2.3.2] and thus includes essentially all neural network acti-
vation functions like softplus, sigmoid, tanh, and ReLU. Under the additional assumption of
spherical symmetry, they showed that this can be improved to a high probability guarantee
for the ReLLU activation. For gradient descent on the population risk, they proved linear
convergence, i.e. a runtime of order O(log(1/¢)), while for SGD their runtime and sample
complexity is of order O(7?log(1/¢)). In comparison, our result for the non-ReLU activa-
tions requires only boundedness of the distributions and holds with high probability over
random initializations, with runtime and sample complexity of order O(e™!) for both gradi-
ent descent on the population risk and SGD. Our results for ReLLU use the same marginal
spread assumption as Yehudai and Shamir, but our proof technique differs in that we do not
require the angle 6(w;,v) between the weights in the GD trajectory and the target neuron
be decreasing. As they pointed out, angle monotonicity fails to hold for the trajectory of
gradient descent even when the distribution is a non-centered Gaussian, so that proofs based
on angle monotonicity will not translate to more general distributions. Indeed, our proofs in
the agnostic and noisy teacher network setting use essentially the same proof technique as
the realizable case without relying on angle monotonicity. Instead, we show a type of induc-
tive bias of gradient descent in the sense that if initialized at the origin, the angle between
the target vector and the population risk minimizer cannot become larger than 7/2, even in

the agnostic setting.
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2.9.1 Gradient descent on population loss

The key lemma for the proof is as follows.

Lemma 2.9.2. Consider gradient descent on the population risk given in |(2.9.1)l Let wq
be the initial point of gradient descent and assume |wg|, < 2. Suppose that D satisfies

E.[|z|3] < B? Let o be non-decreasing and L-Lipschitz. Assume the step size satisfies

n < L72B72. Then for any T € N, we have for all t = 0,...,7 — 1, |w, — v], < |wo — v|,,
and
T-1
lwo = vll5 = Jwr —vl5 = nL™" Y F(w,).
=0

Proof. We begin with the identity, for t < T,
[wr = 0[5 = Jwer = vl = 20V F(we), wy = v) =0 [V F (w3 (2.9.3)

First, we have

IVE(w)], < B [[(o(w; 2) — o (v 2))o’ (w; z)z],

< VB, [0l ) (o () — o (0T e)2]yBaor (] ) [l
< BVL\JE, [o'(w] 2)(o(w]z) — o(v2))?].

The first inequality is by Jensen. The second inequality uses that ¢’(z) = 0 and Hoélder, and
the third inequality uses that o is L-Lipschitz and that E[|z]3] < B> We therefore have

the gradient upper bound

IVE(wy)|5 < 2B*LF (w,). (2.9.4)
For the inner product term of |(2.9.3)] since ¢’(z) = 0, we can use Fact [2.3.10| to get
(VF(wy),w; — vy = L'E, [(o(w;x) - J(vTx))2 a’(w;x)] = 2L ' F(wy). (2.9.5)

Putting [(2.9.5)] and [(2.9.4)| into [(2.9.3)], we get

|wy — U||§ — |Jwg1 — ng > dnL ' F(w,) — ZnZBQLF(wt) > 217L_1F(wt),
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where we have used n < L=2B~2. Telescoping the above over t < T gives
T-1
lwo = 0[5 = |wr — vl = 29L™" > Fw).
t=0
Dividing each side by T shows the desired bound. O]

We will show that if o satisfies Assumption [2.3.1], then Lemma [2.9.2] allows for a popula-
tion risk bound for essentially any distribution with E[Hxﬂg] < B?. In particular, we consider
distributions with finite expected norm squared and the possible types of tail bounds for the

norm.

Assumption 2.9.3. (a) Bounded distributions: there exists B > 0 such that ||z, < B a.s.

(b) Exponential tails: there exist ag, C, > 0 such that P(|z[3 = a) < C, exp(—a) holds for

all a > ay.

(c) Polynomial tails: there exist ag, C;, > 0 and 8 > 1 such that P(|z|2 = b) < C,a" holds

for all a = ayg.

If either (a), (b), or (c) holds, there exists B > 0 such that E |z < B2 One can verify
that for (b), taking B? = 2(ap v C,) suffices, and for (c), B> = 2(ag v Cp'" /(1 — B)) suffices.
In fact, any distribution that satisfies E |z[ < oo cannot have a tail bound of the form

P(|z]3 = a) = Q(a™"), since in this case we would have

ee} o0
E|z|? = J P(|z)2 > t)dt > (Jf tLdt = oo.
0

ao

So the polynomial tail assumption (c) is tight up to logarithmic factors for distributions with

finite E |z|3.

Theorem 2.9.4. Let E[|z]3] < B? and assume D satisfies one of the conditions in Assump-

tion [2.9.3] Let o satisfy Assumption [2.3.1]

(a) Under Assumption [2.9.3a, let v be the constant corresponding to p = 4B in Assumption
Running gradient descent for T = [2c~1Ly~'y~! |wy — v|3] guarantees there exists
t € [T — 1] such that F(w;) < e.
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(b) Under Assumption , let v be the constant corresponding to p = 44/log(18C,/¢).

Running gradient descent for T' = [2e7'Ly~'y~" |wy — v|3] guarantees there exists ¢ €

[T — 1] such that F(w;) < e.

(c) Under Assumption , let v be the constant corresponding to p = 4(18C, /(8 —
1))0=A/2 Running gradient descent for T = [2e L~y |wy — v|3] guarantees there
exists ¢t € [T — 1] such that F(w;) < e.

Proof. First, note that the conditions of Lemma hold, so that we have for all ¢t =
0,....,7 =1, |lw, < 4 and

T-1
0 ), Flw,) < Lwy —vl3 = Lwr —vf. (2.9.6)
t=0

By taking 7' = ¢~'Le~'n~" |wy — v||5 for arbitrary ¢ > 0, [(2.9.6)| implies that there exists
t € [T — 1] such that

2
L HwO - UHz <

F(w,) =E [(a(wj ) — o(v'2)) o' (w] x)] < T (2.9.7)

It therefore suffices to bound F'(w;) in terms of the left hand side of |(2.9.7)l We will do
so by using the distributional assumptions given in Assumption [2.9.3] and by choosing (

appropriately.
We begin by noting that |(2.9.7)[ implies, for any p > 0,

E [(a(w;x) — U(UTQS))Z o' (w] 2)1(Jw, z| < p)} < (e. (2.9.8)
For any p > 0, since |w;|, < 4, the inclusion

{121, < p/a} = {lwlal < o}, (2.9.9)

holds. Under Assumption [2.9.3h, by taking p = 4B and letting v be the corresponding
constant from Assumption [2.3.1} egs. (2.9.8) and |(2.9.9)[ imply

+E [(U(wjm) - a(vTx))Q] <E [(a(wjx) — o)’ o (w 2) (2], < p/4)] < (e
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By taking ¢ = /2, this implies F'(w;) < e.

Under Assumption [2.9.3b, by taking p = 4,/ag, we get

o0
B [Jol} L(jal? > /4] = | B(lal} > 0y

< Ceexp(—ayp). (2.9.10)

Note that Assumption [2.9.3b holds if we take ag larger. We can therefore let ag be large
enough so that ag > log(18C. /<), so that then

E (o2 1]} > o*/42)] < </18. (2.9.11)

Similarly, under Assumption [2.9.3c, we can let v be the constant corresponding to p =

4/ag and take ag = ((8 — 1)/18C,)1=F so that

o0
E [J]; 1(|25 > p*/4%)] = f P(|a; > t)dt
ag
1-8
Qg
<
Cpﬁ —

< ¢g/18.

and so|(2.9.11)[ holds as well under Assumption . We can therefore bound

2
E[ (ol ) — o)) 1(Jal} > 72/42)] < B [Ju — ol Jal3 1(Jal} > 2/4%)]
< Jwo — v E[[z]3 1(|z]3 > p*/4%)]
< JJwg — v\\§5/18

<e/2. (2.9.12)

The first inequality uses that o is 1-Lipschitz and Cauchy—Schwarz. The second inequality

uses |(2.9.6)l The third inequality uses [(2.9.11)] The final inequality uses that ||wy — v, <

[woll, + vl < 3.
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We can then guarantee

|
+y
<E|(o(w/x) = o(v"))" o' (w]2)L(lw/ 2| < p)
+9E [ (0w 2) = (0 2)) 1l > o7/42)]
< (e +ve/2
< ve.

The first inequality follows since Assumption implies o'(2)1(|z] < p) = v1(|]z| < p)
and by |(2.9.9), The second inequality uses [(2.9.8)[ and [(2.9.12)| The final inequality takes
¢ =7/2. [l

Remark 2.9.5. The precise runtime guarantee in Theorem will depend upon the acti-
vation function and tail distribution. The worst-case activation functions (like the sigmoid)
can have 7 ~ exp(—p), and so if one only has polynomial tails, the runtime can be exponen-

Uin this case. If the distribution of ||} has exponential tails, as is the case if the

tial in e~
components of x are sub-Gaussian, runtime will be polynomial in e~*. On the other hand, if
the v in Assumption is a fixed constant independent of p (as it is for the leaky ReLU),

any of the tail bounds under consideration will have runtime of order 1.

2.9.2 Stochastic gradient descent proofs

We consider the online version of stochastic gradient descent, where we sample independent

samples x; ~ D at each step and compute stochastic gradient updates g;, such that

gt = (dw;xt) - U(UT%)) ol(w;xt)xt, Wi = Wy — NGy
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As in the gradient descent case, we have a key lemma that relates the distance of the weights

at iteration t from the optimal v with the distance from initialization and the cumulative

loss.

Lemma 2.9.6. Assume that o is non-decreasing and L-Lipschitz, and that D satisfies ||z, <

B a.s. Assume the initialization satisfies |wy|, < 2. Let T'e N and run stochastic gradient

descent for T' — 1 iterations at a fixed learning rate n satisfying n < L™2B72.

probability one over D, we have w11 — v|, < |wy —v|, for all t < T, and

&

|
=

|
=

~

|
;
HM“

where Fy := 1 (o(w] z;) — a(vTxt))z o' (w/] ;).

Proof. We begin with the decomposition
[we = olly = [wrer = vl = 20 {ge, ws = v) =77 | gell5 -
By Assumption since [|z], < B a.s. it holds with probability one that
Hgt”Q = H( o(w/ zy) — O'(UT$t)) 0'(w:xt)xtH§ < 2LB%F,.
By Fact [2.3.10] since o’(z) > 0, we have with probability one,

(g, wy —v) = (a(w:xt —o(v'x, ) wt xt) wt Ty —v' 2y
> Lt ( (thxt) — a(vTxt)) (thxt)

=2L7'F,.

Putting [(2.9.14)] and [(2.9.15)] into [(2.9.13)] we get

lwe = vl = |wirr — vl > 4L~ F, — 2* LB°F,

= 27][171?15,

by taking n < L=2B~2. Telescoping over t < T gives the desired bound.

47

Then with

(2.9.13)

(2.9.14)

(2.9.15)



We now want to translate the bound on the empirical error to that of the true error. For
this we use a martingale Bernstein inequality of [BLL11]. A similar analysis of SGD was

used by [JT20b] for a one-hidden-layer ReLU network.

Lemma 2.9.7 ([BLL11], Theorem 1). Let {Y;} be a martingale adapted to the filtration F;,
and let Yy = 0. Let {D;} be the corresponding martingale difference sequence. Define the
sequence of conditional variance

t
Vi := ) E[D}|Fi ],

k=1

and assume that D; < R almost surely. Then for any 6 € (0,1), with probability greater
than 1 — 6,
Y; < Rlog(1/6) + (e — 2)V;/R.

Lemma 2.9.8. Suppose that ||z|, < B a.s., and let o be non-decreasing and L-Lipschitz.
Assume that the trajectory of SGD satisfies |w; — v|l, < |wo —v|, for all £ a.s. We then

have with probability at least 1 — ¢,

1Tl
T Z F(uw) < Z ¢+ = 15’2L3 Jwo — |3 log(1/5).
=0

Proof. Let F; = o(xq,...,x;) be the o-algebra generated by the first ¢ + 1 draws from D.
Then the random variable G; := > _ (F(w,) — F,) is a martingale with respect to the
filtration F; with martingale difference sequence D, := F(wt) — F,. We need bounds on D;
and on E[D?|F,_,] in order to apply Lemma[2.9.7

Since o is L-Lipschitz and |z|, < B a.s., with probability one we have

1

_ 1
D, < F(w) < 5LSB2 |w, — |2 < ZLB? |Jwo — 3. (2.9.16)

2

The last inequality uses the assumption that ||w, — v||, < |wo — v|, a.s. Similarly,

E[F?U:t_l] = —E [(0‘(11]2—1}) - O'(UTZ‘t))4 U'(w;xt)2|]:t_1}

4
1
< 1L*B2 wy = vl Es | (owire) = o(0720)” o' (w] 2| Fi |
1
§L3B2 |lwo — vl F(w). (2.9.17)
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In the first inequality, we have used || < B? a.s. and L-Lipschitzness of o. For the second,
we use the assumption that |w; — v||, < |wy — v|, together with the fact that E,[F;|F,_1] =
F(w;). We then can use[(2.9.17)|to bound the squared increments,

E[D2|F,_1] = F(w,)? — 2F (w)E[F,|Fiy] + E[F.|Fii]

— —F(w;)? + E[F, | F_1]

1 _
< §L3BQ lwo — [ F(wy). (2.9.18)
This allows for us to bound
T-1 T—
Vp = Y E[D}|Fi] < 232L3 |wo — vl Z
t=0 =0

Since D; < F(w;) < (1/2)L3B? |wy — v[5 a.s. by |(2.9.16), Lemma implies that with

probability at least 1 — 9, we have

1
~LPB? |y — o]} log(1/9),

Z_ (F(w,) ) < (exp(1l) —2) F(w) + 5

and using that (1 —exp(1) + 2)~! < 4, we divide each side by T and get
4T

T—
— — 2
Z Flw,) < f F, + TL?’B? Jwo — |3 log(1/5). (2.9.19)

With the above in hand, we can prove Theorem [2.9.1]in the SGD setting.

Proof of Theorem SGD. By the assumptions in the theorem, Lemma holds, so

that we have for any ¢ = 0,...,7 — 1, |w|, < 4 and
s — o] + 201" 2 < oo — ol (2920
This shows that |w; — v, < |wy —v|, holds for all ¢ = 0,...,T — 1 a.s., allowing for the

application of Lemma to get

E w < E + w (% og . 9.
~ t T t T 0 2
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Dividing both sides of [(2.9.20)| by nT'L~! yields

= 1 — Lllwy—v|2 2 9
r}gppF(wt) <7 ; F(w) < U—TQ + ?LgB2 |wo — v]5log(1/0).

For arbitrary ¢ > 0, taking T = [2e~'¢" '~ L B? |wo — v|3 log(1/0)] shows there exists T
such that F(w;) < (e. When o satisfies Assumption [2.3.1} since |jw;|, < 4 for all ¢, it holds
that F(w;) = vF(w;), so that ¢ = 7 furnishes the desired bound.

When o is ReLU and D satisfies Assumption [2.3.2], we note that Lemma [2.9.6] implies
|lwy — v, < |wo — v, a.s. Thus taking ¢ = a*$/8v/2 and using Lemma completes the

proof. ]

2.10 Remaining Proofs

Proof of Lemma[2.3.8. Since o is non-decreasing, |o(v'z)—y| < |0(Bx)|+ By. In particular,
each summand defining F (v) is a random variable with absolute value at most a = (|o(Bx)|+

By)%. As E[F(v)] = F(v) = OPT, Hoeffding’s inequality implies the lemma. O

Proof of Lemma[2.3.9. The bound Rs(G) < 2max; |z;], /+/n follows since ||w||, < 2 holds
on G with standard results Rademacher complexity theory (e.g. Sec. 26.2 of [SB14]); this
shows R(G) < 2Bx/+/n. Using the contraction property of the Rademacher complexity, this
implies (o 0 G) < 2BxL/+/n. Finally, note that if (w —v|, <1 and ||z|, < Bx, we have

IVlw;2)| = | (c(w'z) — o(v'z)) o' (w'z)z| < L? |w — v| |z]| < L*By. (2.10.1)

In particular, ¢ is L2By Lipschitz. The result follows. O
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CHAPTER 3

Learning noisy halfspaces with logistic regression
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3.1 Introduction

In this chapter, we take a closer look at learning single neurons = — o({w,x)) under the
zero-one loss, which is the standard loss of interest for classification problems. The standard
approach for minimizing the classification error in neural networks is to perform gradient
descent on convex surrogates of the zero-one loss, such as the cross entropy loss ¢(z) =

log(1 + exp(—=2)), by considering the objective function

F(w) := B y)~pl(yo ((w, 2))).

Using similar ideas from Chapter [2, we can derive guarantees for the population risk under
the cross-entropy loss when using a single neuron under the assumption that o is strictly
increasing and o(0) = 0, with the final result showing that gradient descent can efficiently
find approximate minimizers of the cross-entropy loss. However, our goal is not to find
minimizers for the surrogate loss, but minimizers for the zero-one loss itself. It turns out
that this is a much more intricate matter, even when the activation function o is the identity
function. Note also that if o(z) is such that o(2) > 0 if 2 > 0 and o(z) < 0if z < 0, then the
hypothesis space induced by o({w, z)) is the same as that induced by (w, x), i.e. the single
neuron with the identity activation. (This condition is satisfied by many common activation
functions in practice, such as the leaky ReLU, tanh, arctan, ELU, swish activation, etc.) For
this reason, in this chapter we restrict ourselves to the case of o(z) = z. This reduces our

problem to the agnostic learning of halfspaces, a long-studied problem in learning theory.

By a halfspace we mean a function z — sgn(w'z) € {+1} for some w € R%. Let D be a
joint distribution over (z,y), where the inputs x € R? and the labels y € {1}, and denote
by D, the marginal of D over z. We are interested in the performance of halfspaces found

by gradient descent in comparison to the best-performing halfspace over D, so let us define,
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for w e R,

er®H(w) := Py~ (sgn(w'z) # y),

0—1(

OPTp; := min err” " (w).

Jw]=1
Due to the non-convexity and discontinuity of the zero-one loss, the standard approach for

minimizing the classification error is to consider a convex surrogate loss £ : R — R for which

1(z < 0) < O({(z)) and to instead minimize the surrogate risk
F(w) = Ey~p[l(yw'z)]. (3.1.1)

Without access to the population risk itself, one can take samples {(z;,y;)}’, "< D and
optimize by gradient descent on the empirical risk F (w), defined by taking the expec-
tation in over the empirical distribution of the samples. By using standard tools from
convex optimization and Rademacher complexity, such an approach is guaranteed to effi-
ciently minimize the population surrogate risk up to optimization and statistical error. The
question is then, given that we have found a halfspace  — w'x that minimizes the surro-
gate risk, how does this halfspace compare to the best halfspace as measured by the zero-one
loss? And how does the choice of the surrogate loss affect this behavior? To the best of our
knowledge, no previous work has been able to demonstrate that gradient descent on convex
surrogates can yield approximate minimizers for the classification error over halfspaces, even
for the case of the standard logistic (binary cross-entropy) loss ¢(z) = log(1 + exp(—=z)) or
the hinge loss ¢(z) = max(1 — z,0).

We show below that the answer to these questions depend upon what we refer to as the
soft margin function of the distribution at a given minimizer for the zero-one loss. (We note
that in general, there may be multiple minimizers for the zero-one loss, and so we can only
refer to a given minimizer.) For v € R? satisfying || = 1, we say that the halfspace v

satisfies the ¢g-soft-margin property if for some function ¢; : [0, 1] — R, for all v € [0, 1],

Pp, (|07 2] < 7) < ¢u(7).
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To get a flavor for how this soft margin can be used to show that gradient descent finds
approximately optimal halfspaces, for bounded distributions D,, we show in Theorem |3.5.2
below that with high probability,
err’ ! wy) < i%fl) {O(’y’lOPTm) + ¢s(y) + O(y In1?) + 5},
7EL,

where ¢; is a soft margin function corresponding to a unit norm minimizer v of the popu-
lation zero-one loss. Thus, by analyzing the properties of ¢3, one can immediately derive
approximate agnostic learning results for the output of gradient descent. In particular, we

are able to show the following guarantees for the output of gradient descent:

1. Hard margin distributions. If |z| < By almost surely and there is 4 > 0 such that

'z > 7 a.s., then err®!(wy) < O(WfloPT(n) + €.

2. Sub-exponential distributions satisfying anti-concentration. If random vectors
from D, are sub-exponential and satisfy an anti-concentration inequality for projections
onto one dimensional subspaces, then err®!(w;) < ON(OPTé{2) + e. This covers any

log-concave isotropic distribution.

For each of our guarantees, the runtime and sample complexity are poly(d,e~1). The exact

rates are given in Corollaries [3.5.3] [3.5.6] and [3.5.11] In Table we compare our results

with known lower bounds in the literature. To the best of our knowledge, our results are
the first to show that gradient descent on convex surrogates for the zero-one loss can learn
halfspaces in the presence of agnostic label noise, despite the ubiquity of this approach for

classification problems.

The remainder of the chapter is organized as follows. In Section [3.2] we review the
literature on learning halfspaces in the presence of noise. In Section [3.3] we discuss the
notion of soft margins which will be essential to our proofs, and provide examples of soft
margin behavior for different distributions. In Section [3.4] we show that gradient descent

efficiently finds minimizers of convex surrogate risks and discuss how the tail behavior of the
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Table 3.1: Comparison of halfspace results with other upper and lower bounds in the litera-

ture.
Algorithm D, Population Known Lower Bound
Risk
Non-convex G.D. Concentration, O(OPTy) N/A
[DKT20Db] anti-concentration
Convex G.D. Sub-exponential, ~ O(OPT?) Q(OP Ty log®(YorTe))
(this work) anti-concentration [DKT20D]
Convex G.D. Hard margin O(7 'OPTy,) QY 1OPTy)
(this work) [DGT19]

loss function can affect the time and sample complexities of gradient descent. In Section (3.5
we provide our main results, which relies upon using soft margins to convert minimizers for
the convex surrogate risk to approximate minimizers for the classification error. We conclude

in Section

3.2 Related Work

The problem of learning halfspaces is a classical problem in machine learning with a history
almost as long as the history of machine learning itself, starting from the perceptron [Ros5§]
and support vector machines [BGV92] to today. Much of the early works on this problem
focused on the realizable setting, i.e. where OPTy; = 0. In this setting, the Perceptron
algorithm or methods from linear programming can be used to efficiently find the optimal
halfspace. In the setting of agnostic PAC learning [KSS94] where OPTy; > 0 in general,

the question of which distributions can be learned up to classification error OPTy; + €, and
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whether it is possible to do so in poly(d, 1/¢) time (where d is the input dimension), is
significantly more difficult and is still an active area of research. It is known that without
distributional assumptions, learning up to even O(OPTy;) + € is NP-hard, both for proper
learning [GR09] and improper learning [Danl6]. Due to this difficulty, it is common to make
a number of assumptions on either D, or to impose some type of structure to the learning

problem.

A common structure imposed is that of structured noise: one can assume that there exists
some underlying halfspace y = sgn(v'x) that is corrupted with probability n(x) € [0, 1/2),
possibly dependent on the features x. The simplest setting is that of random classification
noise, where n(z) = 7, so that each label is flipped with the same probability [ALS8S|; poly-
nomial time algorithms for learning under this noise condition were shown by [BFK9§|. The
Massart noise model introduced by [MNOG] relaxes this assumption to n(z) < n for some ab-
solute constant 7 < 1/2. The Tsybakov noise model [T'sy04] is a generalization of the Massart
noise model that instead requires a tail bound on P(n(x) = 1/2—t) for ¢t > 0. [ABH15] showed
that optimally learning halfspaces under Massart noise is possible for the uniform distribu-
tion on the unit sphere, and [ABHI6] showed this for log-concave isotropic distributions.
The recent landmark result of [DGT19] provided the first distribution-independent result for
optimally learning halfspaces under Massart noise, answering a long-standing [SIo88] open

problem in computational learning.

By contrast, in the agnostic PAC learning setting, one makes no assumptions on n(z),
so one can equivalently view agnostic PAC learning as an adversarial noise model in which
an adversary can corrupt the label of a sample x with any probability n(z) € [0,1]. Re-
cent work suggests that even when D, is the Gaussian, agnostically learning up to exactly
OPTy; + ¢ likely requires exp(1/¢) time [GGK20, [DKZ20]. In terms of positive results in
the agnostic setting, [KKMO0S8] showed that a variant of the Average algorithm [Ser99] can
achieve risk O(OPT14/log(/oPTo:)) risk in poly(d, 1/¢) time when D, is uniform over the unit
sphere. [ABL17| demonstrated that a localization-based algorithm can achieve O(OPTy;) +¢
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under log-concave isotropic marginals. [DKT20b] showed that for a broad class of distribu-
tions, the output of projected SGD on a nonconvex surrogate for the zero-one loss produces
a halfspace with risk O(OPTg;) + ¢ in poly(d, 1/¢) time. For more background on learning

halfspaces in the presence of noise, we refer the reader to [BH21].

We note that [DKT20b] also showed that the minimizer of the surrogate risk of any con-
vez surrogate for the zero-one loss is a halfspace with classification error w(OPTy;). [BLS12]
and [ABL17] showed similar lower bounds that together imply that empirical risk minimiza-
tion procedures for convex surrogates yield halfspaces with classification error Q(OPTgy).
Given such lower bounds, we wish to emphasize that in this chapter we are not making
a claim about the optimality of gradient descent (on convex surrogates) for learning halfs-
paces. Rather, our main interest is the characterization of what are the strongest learning
guarantees possible with what is perhaps the simplest learning algorithm possible. Given
the success of gradient descent for the learning of deep neural networks, and the numerous
questions that this success has brought to the theory of statistics and machine learning, we
think it is important to develop a thorough understanding of what are the possibilities of

vanilla gradient descent, especially in the simplest setting possible.

Recent work has shown that gradient descent finds approximate minimizers for the popu-
lation risk of single neurons x — o(w'x) under the squared loss [DGK20b, [FCG20], despite
the computational intractability of finding the optimal single neuron [GKKI9]. The main
contribution of this chapter is that despite the computational difficulties in ezact agnostic
learning, the standard gradient descent algorithm satisfies an approzimate agnostic PAC

learning guarantee, in line with the results found by [FCG20] for the single neuron.

3.2.1 Notation

We say that a differentiable loss function ¢ is L-Lipschitz if |¢'(z)| < L for all z in its
domain, and we say the loss is H-smooth if its derivative ¢ is H-Lipschitz. We use the word

“decreasing” interchangeably with “non-increasing”. We use the standard O(-),€2(-) order
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notations to hide universal constants and O(-),Q(:) to additionally suppress logarithmic
factors. Throughout this chapter, x| refers to the standard Euclidean norm on R? induced
by the inner product x"x. We will emphasize that a vector v is of unit norm by writing
v. We assume D is a probability distribution over R? x {41} with marginal distribution D,

over R?,

3.3 Soft Margins

In this section we will formally introduce the soft margin function and describe some common

distributions for which it takes a simple form.

Definition 3.3.1. Let v € R? satisfy [0] = 1. We say v satisfies the soft margin condition
with respect to a function ¢5 : R — R if for all v € [0, 1], it holds that

E,op, [1(|572] <7)] < 65(7).

We note that our definition of soft margin is essentially an unnormalized version of the
soft margin function considered by [F'SS1§| in the context of learning GLMs, since they
defined ¢5(y) as the probability that [o7z/|z|| < . This concept was also considered

by [BZ17] for s-concave isotropic distributions under the name ‘probability of a band’.

Below we will consider some examples of soft margin function behavior. We shall see later
that our final generalization bounds will depend on the behavior of ¢5(v) for 7 sufficiently
small, and thus in the below examples we only care about the behavior of ¢5(-) in small
neighborhoods of the origin. In our first example, we show that (hard) margin distributions

have simple soft margin functions.

Example 3.3.2 (Hard margin distributions). If D, is a hard margin distribution in the

sense that 07z = v* > 0 for some v* > 0 almost surely, then ¢5(v) = 0 for v < v*.

Proof. This follows immediately: P(|o"z| < ) = 0 when v < ~v*. O
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Note that the soft margin function in Example is specific to the vector v, and does
not necessarily hold for arbitrary unit vectors in R?. By contrast, for many distributions it
is possible to derive bounds on soft margin functions that hold for any vector v, which we
shall see below is a key step for deriving approximate agnostic learning guarantees for the

output of gradient descent.

The next example shows that provided the projections of D, onto one dimensional sub-
spaces satisfy an anti-concentration property, then all soft margins function for that distri-

bution take a simple form. To do so we first introduce the following definition.

Definition 3.3.3 (Anti-concentration). For # € R, denote by py(-) the marginal distribution
of x ~ D, on the subspace spanned by v. We say D, satisfies U-anti-concentration if there

is some U > 0 such that for all unit norm v, p;(z) < U for all z € R.

A similar assumption was used in [DKT20a, [DKT20b, DKT21] for learning halfspaces;
in their setup, the anti-concentration assumption was for the projections of D, onto two

dimensional subspaces rather than the one dimensional version we consider here.

Example 3.3.4 (Distributions satisfying anti-concentration). If D, satisfies U anti concen-

tration, then for any unit norm v, ¢5(7y) < 2U~.
Proof. We can write P(|oTx| < v) = Szw ps(z)dz < 27U. O

We will show below that log-concave isotropic distributions satisfy U-anti-concentration

for U = 1. We first remind the reader of the definition of log-concave isotropic distributions.

Definition 3.3.5. We say that a distribution D, over z € R is log-concave if it has a density
function p(-) such that logp(-) is concave. We call D, isotropic if its mean is the zero vector

and its covariance matrix is the identity matrix.

Typical examples of log-concave isotropic distributions include the standard Gaussian

and the uniform distribution over a convex set.
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Example 3.3.6 (Log-concave isotropic distributions). If D, is log-concave isotropic then it

satisfies 1-anti-concentration, and thus for any v with |o]| = 1, ¢5(7) < 2.

Proof. This was demonstrated in [BZI7, Proof of Theorem 11][] O

3.4 Gradient Descent Finds Minimizers of the Surrogate Risk

We begin by demonstrating that gradient descent finds weights that achieve the best pop-
ulation level surrogate risk. The following theorem is a standard result from stochastic

optimization. For completeness, we present its proof in Section [3.11}

Theorem 3.4.1. Suppose |z| < Bx a.s. Let £ be convex, L-Lipschitz, and H-smooth, with
0(0) < 1. Let v € R? be arbitrary with |v]| < V for some V > 1, and suppose that the
initialization wy satisfies |wy| < V. For any ¢, 6 > 0 and for any provided n < (2/5)H~'By?,
if gradient descent is run for 7' = (4/3)n~'e~ ! |wo — v||°, then with probability at least 1 — 4,

ABxVL 2log(2/d
F(wT_l)SF(U)—&-%—i-SBXV #

This shows that gradient descent learns halfspaces that have a population surrogate risk
competitive with that of the best predictor with bounded norm for any norm threshold V.
For distributions that are linearly separable by some margin v > 0, the above theorem allows
us to derive upper bounds on the sample complexity that suggest that exponentially tailed
losses are preferable to polynomially tailed losses from both time and sample complexity

perspectives, touching on a recent problem posed by [JDS20].

Corollary 3.4.2 (Sample complexity for linearly separable data). Assume |z|| < By a.s.
Suppose that for some ¥ € R?, ||5]| = 1, there is v > 0 such that yo "z > 7 a.s. If £ is convex,

decreasing, L-Lipschitz, and H-smooth, and if we fix a step size of n < (2/5)H~' B3>, then

!The cited theorem implies a similar bound of the form O(v) holds for the more general set of s-concave
isotropic distributions. We focus here on log-concave isotropic distributions for simplicity.
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e Assume ¢ has polynomial tails, so that for some Cy,p > 0 and ¢(z) < Cpz? holds
for all z > 1. Provided n = Q(y2¢727%P), then running gradient descent for T =

Q(y~2e7172/7) iterations guarantees that err®!(wr) < e.

e Assume ¢ has exponential tails, so that for some Cy, C1,p > 0, £(z) < Cyexp(—C2zP)
holds for all z > 1. Then n = Q(y2c72) and T = Q(y 2%~') guarantees that

0—1(

err’ N wy) < e.

The proof for the above Corollary can be found in Section [3.10} At a high level, the
above result shows that if the tails of the loss function are heavier, one may need to run
gradient descent for longer to drive the population surrogate risk, and hence the zero-one
risk, to zero.E| In the subsequent sections, we shall see that this phenomenon persists beyond

the linearly separable case to the more general agnostic learning setting.

Remark 3.4.3. The sample complexity in Theorem can be improved from O(g?)
to O(e™1) if we use online stochastic gradient descent rather than vanilla gradient descent.
The proof of this is somewhat more involved as it requires a technical workaround to the

unboundedness of the loss function, and may be of independent interest. We present the full

analysis of this in Section
3.5 Gradient Descent Finds Approximate Minimizers for the Zero
One Loss

We now show how we can use the soft margin function to develop bounds for the zero-one

loss of the output of gradient descent.

2We note that in Corollary |3.4.2, there is a gap for the sample complexity and runtime when using
polynomially tailed vs. exponentially tailed losses. However, such a gap may be an artifact of our analysis.
Deriving matching lower bounds for the sample complexity or runtime of gradient descent on polynomially
tailed losses remains an open problem.
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3.5.1 Bounded Distributions

We first focus on the case when the marginal distribution D, is bounded almost surely.

By Theorem [3.4.1 since by Markov’s inequality we have that err®!(w) < £(0) ™' F(w),
if we want to show that the zero-one population risk for the output of gradient descent is
competitive with that of the optimal zero-one loss achieved by some halfspace v € R?, it
suffices to bound F(v) by some function of OPTy;. To do so we decompose the expectation
for F(v) into a sum of three terms which incorporate OPTgy, the soft margin function, and
a term that drives the surrogate risk to zero by driving up the margin on those samples that

are correctly classified.

Lemma 3.5.1. Let ¥ be a unit norm population risk minimizer for the zero-one loss, and
suppose U satisfies the soft margin condition with respect to some ¢ : [0,1] — R. Assume
that |z| < Bx a.s. Let v = Vo for V' > 0 be a scaled version of v. If ¢ is decreasing,

L-Lipschitz and ¢(0) < 1, then

F(v) < inf {(1 + LVBx)OPTo + 6(7) + K(V’y)}.

v>0
Proof. We begin by writing the expectation as a sum of three terms,
E[l(yv'2)] = E[l(yv"z)1 (yo 'z < 0)]
E[((yo'2)1 (0 < yo'z <7)]

+E[€ (yv' ) (yv x> 7)] (3.5.1)

For the first term, we use that ¢ is L-Lipschitz and decreasing as well as Cauchy—Schwarz to
get
E[l(yv z)1(yo "z < 0)] <E[(1 + Ljv z|)1(yv "z < 0)]
< (1+ LVBx)E[1(yv'z < 0)]

— (1+ LVBx)OPT,.
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In the last inequality we use that |z| < Bx a.s. For the second term,
E [y )1 (0 <yv'z<7)] <LOE[L(0<yv'z<7)]|<d(v), (3.5.2)

where we have used that ¢ is decreasing in the first inequality and Definition in the

second. Finally, for the last term, we can use that ¢ is decreasing to get

E [ﬁ(vax)]l (y@T:z: > 7)]

=E[{(yVo'2)l (yVi'z > V)] < (V7). (3.5.3)
[

In order to concretize this bound, we want to take V' large enough so that the ¢(V~)
term is driven to zero, but not so large so that the term in front of OPTy; grows too large.
Theorem is given in terms of an arbitrary v € R?, and so in particular holds for v = V7.
We can view the results of Theorem [3.4.1] as stating an equivalence between running gradient

descent for longer and for driving the norm |v|| = V' to be larger.

We formalize the above intuition into Theorem below. Before doing so, we introduce
the following notation. For general decreasing function ¢, for which an inverse function may

or may not exist, we overload the notation ¢~! by denoting ¢~!(¢) := inf{z : £(z) < t}.

Theorem 3.5.2. Suppose ||z| < Bx a.s. Let ¢ be convex, decreasing, L-Lipschitz, and
H-smooth, with 0 < ¢(0) < 1. Assume that a unit norm population risk minimizer of the
zero-one loss, v, satisfies the ¢-soft-margin condition for some increasing ¢ : R — R. Fix a
step size ) < (2/5)H ' B5?. Let g1, > 0 and &3 > 0 be arbitrary. Denote by wr the output
of gradient descent run for T = (4/3)n ey 'y 2[¢~!(;)] 72 iterations after initialization at

the origin. Then, with probability at least 1 — 9,
er’™! (wr) < £(0)'[(1+ LBxy ™07 (2))OPTor + 6(7) + O(y ™7 (e2)n ™) + &1 + 2]
where O(-) hides absolute constants that depend on L, H, and log(1/4).

63



Proof. We take v = Vv for a given unit-norm zero-one population risk minimizer v in
Theorem to get that for some universal constant C' > 0 depending only on L and
log(1/9), with probability at least 1 — 6,

F(wr) < F(v) +¢&1/2 + CVBxn /2 (3.5.4)
By Lemma [3.5.1] for any v > 0 it holds that
F(v) < (14 LVBx)OPTo + é(7) + £(V).
Let now V = v 1/71(g;). Then £(V~) = &5, and putting this together with , we get
F(wr) < (1+ Ly ™H)OPTg + 6(7) + O(y Y Hex)n ) + 61 + e (3.5.5)

Finally, by Markov’s inequality,

E[((ywf ,z)] _ Flur)
(0) 00y

Putting together with completes the proof. O

P(yw;z < 0) < (3.5.6)

A few comments on the proof of the above theorem are in order. Note that the only
place we use smoothness of the loss function is in showing that gradient descent minimizes
the population risk in , and it is not difficult to remove the H-smoothness assumption
to accommodate e.g., the hinge loss. On the other hand, that ¢ is L-Lipschitz is key to the
proof of Lemma[3.5.1] Non-Lipschitz losses such as the exponential loss or squared hinge loss
would incur additional factors of y~! in front of OPT,; in the final bound for Theorem ﬂ
We shall see below in the proof of Proposition that this would yield worse guarantees
0-1(

for err®~! (wr).

Additionally, in concordance with the result from Corollary [3.4.2] we see that if the tail

of ¢ is fatter, then £~!(g,) will be larger and so our guarantees would be worse. In particular,

®This is because the first term in |(3.5.1)] would be bounded by OPTo; - sup|, <y 5, £(2). For Lipschitz
losses this incurs a term of order O(V) while (for example) the exponential loss would have a term of order
O(exp(V)), and our proof requires V = Q(y~1).
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for losses with exponential tails, £7(2) = O(log(1/22)), and so by using such losses we incur
only additional logarithmic factors in 1/e5. For this reason, we will restrict our attention
in the below results to the logistic loss—which is convex, decreasing, 1-Lipschitz and /4
smooth—although they apply equally to more general losses with different bounds that will

depend on the tail behavior of the loss.

We now demonstrate how to convert the bounds given in Theorem|3.5.2|into bounds solely

involving OPTy; by substituting the forms of the soft margin functions given in Section [3.3]

Corollary 3.5.3 (Hard margin distributions). Suppose that ||z|| < Bx a.s. and that a unit
norm population risk minimizer ¥ for the zero-one loss satisfies [0z = 7 > 0 almost surely
under D, for some 7y > 0. For simplicity assume that ¢(z) = log(1 + exp(—=z)) is the logistic
loss. Then for any €,0 > 0, with probability at least 1 — d, running gradient descent for

T = O(n'e'472) is guaranteed to find a point wy such that

1
err’ ! (wy) < @[OPTM + 2Bx7 'OPTy 10g(2/OPT01)] + ¢,
0

provided n = Q(772B% log(1/8)e2).

Proof. Since |v7x| = ~* > 0, ¢(y*) = 0. Note that the logistic loss is 1/s-smooth and
satisfies 71 () € [log(1/(2¢)),log(2/¢)]. By taking e5 = OPTy; the result follows by applying
Theorem with runtime 7 = 417! e 572 log®(1/20pTo1). O

Remark 3.5.4. The bound O(7 'OPTy,) in Corollary [3.5.3|is tight up to logarithmic fac-
torsﬂ if one wishes to use gradient descent on a convex surrogate of the form f(yw'z).
[DGT19, Theorem 3.1] showed that for any convex and decreasing ¢, there exists a dis-
tribution over the unit ball with margin ¥ > 0 such that a population risk minimizer

w* := argmin, E[{(yw'z)] has zero-one population risk at least Q(7'x), where & is the

4In fact, one can get rid of the logarithmic factors here and elsewhere in the chapter by using the hinge
loss rather than the logistic loss. In this case one needs to modify Lemma[3.11.1] to accomodate non-smooth
losses, which can be done with runtime O(e72) rather than O(¢™1) by e.g. [SB14, Lemma 14.1]. Then we
use the fact that £71(0) = 1 for the hinge loss.
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upper bound for the Massart noise probability. The Massart noise case is more restrictive
than the agnostic setting and satisfies OPTy; < k. A similar matching lower bound was

shown by [BLS12 Proposition 1].

In the below Proposition we demonstrate the utility of having soft margins. As we saw
in the examples in Section there any many distributions that satisfy ¢(y) = O(y). We

show below the types of bounds one can expect when ¢(y) = O(4?) for some p > 0.

Proposition 3.5.5 (Soft margin distributions). Suppose |z| < Bx a.s. and that the soft
margin function for a population risk minimizer of the zero-one loss satisfies ¢(y) < Cpy?
for some p > 0. For simplicity assume that ¢ is the logistic loss, and let 7 < (2/5)By>.
Assuming OPTy; > 0, then for any ¢, > 0, with probability at least 1 — 9, gradient descent
run for T = O(n~ e 'OPT, /") iterations with n = Q(OPTy "™ log(1/6)e~2) samples
satisfies

err’ Hwr) < O ((CO + BX)OPT&%") + ¢,

Proof. By Theorem [3.5.2, we have err®~!(wr) is at most

log 2 [ (14 LBxy "7 (e2)) OPTo1 + Coy” + O(v ' BxlH(e2)n %) + &1 + 62].

For the logistic loss, L = 1 and ¢7!(¢) € [log(1/2¢),log(2/¢)] and so we take e, = OPT;.
Choosing 77 = 7 1OPTy, we get v = OPT(I]{(HP) and hence
1 o
err’ ! (wr) < 2(2 4+ BxOPTy,' ™ log(2/oPTe))OPToy + 2Co0PT 17 + 2¢4,
provided n = Q(OPTS;TPEI2 log(1/6) log?(1/opTe:)) and the number of iterations is T =
477_181’10PT612/(1+”) log?(1/20PTo: ). O

By applying Proposition to Examples |3.3.4] and [3.3.6] we get the following approxi-

mate agnostic learning guarantees for the output of gradient descent for log-concave isotropic

distributions and other distributions satisfying U-anti-concentration.
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Corollary 3.5.6. Suppose that D, satisfies U-anti-concentration and |z| < Bx a.s. Then
for any €, > 0, with probability at least 1 — 9, gradient descent on the logistic loss
with step size n < (2/5)By? and run for T = O(n ' 'OPT,) iterations with n =
Q(OPT; log(1/8)e2) samples returns weights wy satisfying err®!(wy) < O(OPTH?) + ¢,

where O(-), Q(-) hide universal constant depending on By, U, log(1/d) and log(}/opT,,) only.

To conclude this section, we compare our result to the variant of the Average algorithm,
which estimates the vector wayg = d'E(,[zy]. [KKMO8| showed that when D, is the
uniform distribution over the unit sphere, wayg achieves risk O(OPTy;4/log(}/oPTs.)). Esti-
mation of way can be viewed as the output convex optimization procedure, since it is the

minimum of the convex objective function Fayg(w) = E[({w, z) — y)?].

Although ¢(w) = ((w,z) — y)? is convex, it is not decreasing and thus is not covered
by our analysis. On the other hand, this loss function is not typically used in practice for
classification problems, and the aim of this work is to characterize the guarantees for the
most typical loss functions used in practice, like the logistic loss. Finally, we wish to note that
the approach of soft margins is not likely to yield good bounds for the classification error
when D, is the uniform distribution on the unit sphere. This is because the soft margin
function behavior on this distribution has a necessary dimension dependence; we provide

detailed calculations for this in Section 3.8l

3.5.2 Unbounded Distributions
We show in this section that we can achieve essentially the same results from Section [3.5.1]
if we relax the assumption that D, is bounded almost surely to being sub-exponential.

Definition 3.5.7 (Sub-exponential distributions). We say D, is C,,-sub-exponential if every
r ~ D, is a sub-exponential random vector with sub-exponential norm at most C,,. In
particular, for any o with ||o]| = 1, Pp, (|o 2| = t) < exp(—t/Cy).

We show in the following example that any log-concave isotropic distribution is C,,-sub-
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exponential for an absolute constant C),, independent of the dimension d.

Example 3.5.8. If D, is log-concave isotropic, then D, is O(1)-sub-exponential.

Proof. By Section 5.2.4 and Definition 5.22 of [Ver1()], it suffices to show that for any unit
norm o, we have (E[o"z[?)? < O(p). By [BZ17, Theorem 3], if we define a coordinate

T

system in which v is an axis, then v'x is equal to the first marginal of D, and is a one

dimensional log-concave isotropic distribution. By [LV07, Theorem 5.22], this implies

(E[|o"z|P])? < 2pE|6" x| < 2p7/E|oT ]2 < 2p.

In the second inequality we use Jensen’s inequality and in the last inequality we have used

that v'a = z; is isotropic. ]

As was the case for bounded distributions, the key to the proof for unbounded distribu-
tions comes from bounding the surrogate risk at a minimizer for the zero-one loss by some

function of the zero-one loss.

Lemma 3.5.9. Suppose D, is C,,-sub-exponential. Denote by v as a unit norm population
risk minimizer for the zero-one loss, and let v = Vv for V > 0 be a scaled version of v. If ¢

is decreasing, L-Lipschitz and ¢(0) < 1, then
IE(W)NDE(vax) < igg {gb('y) + (V) + (1 +C, + LVC, 10g(1/OPT01))OPT01}.
v

Proof. We again use the decomposition |(3.5.1)| with the only difference coming from the
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bound for the first term, which we show here. Fix £ > 0 to be chosen later. We can write

E[f(yv 2)1(yo 2z < 0)] <E[(1+ LV 2))1(yo 2 < 0)]
= OPTy + LVE[|v x|]l(vaac |v x| <&)]

+E[|o"z[1(yo 2 <0, |0 2| > &)]
o6}

< (1+LVEOPTy + | P(jo'z| > t)dt

h

< (1 + LVf)OPTUl +L exp( t/cm)

The first inequality comes from Cauchy-Schwarz, the second from truncating, and the last

from the definition of C),-sub-exponential. Taking & = C,,, log(1/oPT,,) results in
E[f(yv z)1(yo 2 < 0)] < (1 + Cyy + LV G,y log(/orTe ) OPTy;.
O

To derive an analogue of Theorem for unbounded distributions, we need to extend
the analysis for the generalization bound for the output of gradient descent we presented in
Theorem to unbounded distributions. Rather than using (full-batch) vanilla gradient
descent, we instead use online stochastic gradient descent. The reason for this is that dealing
with unbounded distributions is significantly simpler with online SGD due to the ability to
work with expectations rather than high-probability bounds. It is straightforward to extend
our results to vanilla gradient descent at the expense of a more involved proof by using

methods from e.g., [ZYW19).

Below we present our result for unbounded distributions. Its proof is similar to that of

Theorem [3.5.2] and can be found in Section [3.9

Theorem 3.5.10. Suppose D, is C,,-sub-exponential, and let E[|z|*] < B%. Let ¢ be

convex, L-Lipschitz, and decreasing with 0 < £(0) < 1. Let €1,y > 0 and &5 = 0 be arbitrary,
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and fix a step size < L™2By’¢;/4. By running online SGD for T = 2n~'e 'y 2[("1(gy)] 2
iterations after initialization at the origin, SGD finds a point such that in expectation over

(ZEl, ce ,ZET> ~ DT,
Eferr (w,)] < Veo) [(b(’y) +er+er+ (14 Cp+ L (£2)7 log(YorTor)) OPTOI].

The above theorem yields the following bound for sub-exponential distributions satisfy-

ing U-anti-concentration. Recall from Examples |3.3.6| and [3.5.8| that log-concave isotropic

distributions are O(1)-sub-exponential and satisfy anti-concentration with U = 1.

Corollary 3.5.11. Suppose D, is C,,-sub-exponential with E[||z|*] < B% and assume U-
anti-concentration holds. Let £ be the logistic loss and let ¢ > 0. Fix a step size n < By’¢/16.
By running online SGD for 7' = O(n e 'C,,U'OPT,;') iterations, there exists a point w,
t < T, such that

Eferr®(w,)] < O ((cm/U)WopTg{?) tel

Proof. By Example [3.3.4 ¢(v) < 29U. Since £~1(¢) € [log(1/2¢),log(2/e)], we can take
g9 = OPTy; in Theorem [3.5.10] to get

Eferr” (w;)] < Yiog(2) [27U +e+4 (24 Com + LCyy " log?(HorTar)) OPTm].

This bound is optimized when Uy = Cy,y'OPToy, i.e., v = U~V2C/?OPTZ,. Substituting
this value for y we get the desired bound with T' = 2log(2)n~te~*C,,U"OPT,;! log®(1/20p Ty ).
[

Remark 3.5.12. [DKT20b, Theorem 1.4] recently showed that if the marginal of D over
x is the standard Gaussian in d dimensions, for every convex, non-decreasing loss ¢, the
minimizer v = argmin, F'(w) satisfies err®~!(v) = Q(OPTy14/log(}/oPTo,)). Thus, there is a
large gap between our upper bound of O(OPTU ?) and their corresponding lower bound. We
think it is an interesting question if either the lower bound or the upper bound could be

sharpened.

70



We also wish to note that [DKT20b] showed that by using gradient descent on a certain
bounded and decreasing non-convex surrogate for the zero-one loss, it is possible to show
that gradient descent finds a point with err®!(wr) < O(OPTgy;) + €. In comparison with
our result, this is perhaps not surprising: if one is able to show that gradient descent with a
bounded and decreasing loss function can achieve population risk bounded by O(E[{(yv"z)])
for arbitrary v € R?, then the same proof technique that yields Theorem from Lemma
m would demonstrate that err®~!(w;) < O(OPTy;). Since the only globally bounded

convex function is constant, this approach would require working with a non-convex loss.

3.6 Conclusion and Future Work

In this work we analyzed the problem of learning halfspaces in the presence of agnostic label
noise. We showed that the simple approach of gradient descent on convex surrogates for the
zero-one loss (such as the cross entropy or hinge losses) can yield approximate minimizers
for the zero-one loss for both hard margin distributions and sub-exponential distributions
satisfying an anti-concentration inequality enjoyed by log-concave isotropic distributions.
Our results match (up to logarithmic factors) lower bounds shown for hard margin distri-
butions. For future work, we are interested in exploring the utility of the soft margin for

understanding other classification problems.

3.7 Fast Rates with Stochastic Gradient Descent

In Theorem 3.4.1] we showed that F(wr) < F(v)+O(1/4/n) given n samples from D by using
vanilla (full-batch) gradient descent. In this section we demonstrate that by instead using
stochastic gradient descent, one can achieve F'(wr) < O(F(v)) + O(1/n) by appealing to a
martingle Bernstein bound. We note that although the population risk guarantee degrades

from F(v) to O(F(v)), our bounds for the zero-one risk in vanilla gradient descent already
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have constant-factor errors and so the constant-factor error for F'(v) will not change the

order of our final bounds.

The version of stochastic gradient descent that we study is the standard online SGD.
Suppose we sample z; = (x4, ;) D for t = 1,...,T, and let us denote the o-algebra

generated by the first ¢ samples as G; = o(z1, ..., 2). Define
Fy(w) == l(yew " zy), E[ﬁt(wtﬂgt_l] = F(wy) = E(Ly)wpﬁ(yw;x).
The online stochastic gradient descent updates take the form
Wi = wy — YV Ey(wy).
We are able to show an improved rate of O(e~!) when using online SGD.

Theorem 3.7.1 (Fast rate for online SGD). Assume that ¢(-) > 0 is convex, strictly de-
creasing, L-Lipschitz and H-smooth. Assume |z| < By a.s. For simplicity assume that
wo = 0. Let v € R? be arbitrary with |[v| < V. Let n < (32HB%)~!. Then for any ¢, > 0,
by running online stochastic gradient descent for T = O(e~'V?log(1/d)) iterations, with

probability at least 1 — § there exists a point wy, with ¢* < T, such that
0-1 T
err’(wx) < O(E[l(yv ' z)]) + ¢,
where O(+) hides constant factors that depend on L, H and By only.

In this section we will sketch the proof for the above theorem. First, we note the following
guarantee for the empirical risk. This result is a standard result in online convex optimization

(see, e.g., Theorem 14.13 in [SB14]).

Lemma 3.7.2. Suppose that ¢(-) > 0 is convex and H-smooth, and that |z|| < Bx a.s.
Then for any « € (0,1), for fixed step size n < «/(8HB%), and for any T' > 1, it holds that

gﬁwt\ (1+a)= Z_jﬁ 'wﬂn—T“”
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From here, one could take expectations and show that in expectation over the randomness
of SGD, the population risk found by gradient descent is at most (1 + a)F(v) + O(1/T), but
we are interested in developing a generalization bound that has the same fast rate but holds
with high probability, which requires significantly more work. Much of the literature for fast
rates in stochastic optimization require additional structure to achieve such results: [BJMOG]
showed that the empirical risk minimizer converges at a fast rate to its expectation under a
low-noise assumption; [SSS09] achieved fast rates for the output of stochastic optimization by
using explicit regularization by a strongly convex regularizer; [SST10] shows that projected
online SGD achieves fast rates when min, E[¢(yv"z)] = 0. By contrast, we show below that
the standard online SGD algorithm achieves a constant-factor approximation to the best
population risk at a fast rate. We do so by appealing to the martingale Bernstein inequality

provided in Lemma [2.9.7]

We would like to take Y; = >, _[F(w;) — F,(w;)], which has martingale difference se-
quence D; = F(w;) — ﬁt(wt). The difficulty here is showing that D; < R almost surely for
some absolute constant R. The obvious fix would be to show that the weights w; stay within a
bounded region throughout gradient descent via early stopping. In the case of full-batch gra-
dient descent, this is indeed possible: in Lemma we showed that |w; — v| < |wy — v
throughout gradient descent, which would imply that ¢(yw, z) is uniformly bounded for all
samples = throughout G.D., in which case D; < F'(w;) would hold almost surely. But for on-
line stochastic gradient descent, since we must continue to take draws from the distribution
in order to reduce the optimization error, there isn’t a straightforward way to get a bound

on |w;| to hold almost surely throughout the gradient descent trajectory.

Our way around this is to realize that in the end, our end goal is to show something of
the form

en® (wy) < O(E[((yo"2)]) + O(L/T),

since then we could use a decomposition similar to Lemma to bound the right hand side

by terms involving OPTy; and a soft margin function. Since for a non-negative H-smooth
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loss [¢'(2)]* < 4H{(z) holds, it actually suffices to show that the losses {[¢(y;w'z;)]*}T

concentrate around their expectation at a fast rate. Roughly, this is because one would have

. , =
ItIE:IFﬂED ([¢'(yw/ ) <7 tZ (ysw, 2¢)?] + O(1/T)
_al -1
T Z ((yew, z) + O(1)T)
=0
T-1
< % ((yw ' x) + O(1)T). (3.7.1)

t

Il
=]

To finish the proof we can then use the fact that v is a fixed vector of constant norm to show
that the empirical risk on the last line of concentrates around O(E[{(yv'z)]) at rate
O(1/T). For decreasing and convex loss functions, ¢'(2)? is decreasing so the above provides

0—1(

a bound for err’~!(w;) by Markov’s inequality.

This shows that the key to the proof is to show that {¢'(y;w;r;)?} concentrates at rate
O(1/T). The reason this is easier than showing concentration of {¢(y,w;z;)} is because for
Lipschitz losses, ¢ (y;w/ x;)? is uniformly bounded regardless of the norm of w;. This ensures
that the almost sure condition needed for the martingale difference sequence in Lemma
holds trivially. We note that a similar technique has been utilized before for the analysis of
SGD [JT20b, [CG20l, [FCG19], although in these settings the authors used the concentration
of {¢'(z)} rather than {¢'(z;)?} since they considered the logistic loss, for which |¢'(z)| < £(z).
Since not all smooth loss functions satisfy this inequality, we instead use concentration of
{€(z)%}.

Below we formalize the above proof sketch. We first show that {¢'(y;w, z;)?} concentrates

at rate O(1/T) for any fixed sequence of gradient descent iterates {w}.

Lemma 3.7.3. Let ¢ be any differentiable L-Lipschitz function, and let z, = (x, y;) Hdp,

Denote G, = o(z1, ..., 2) the o-algebra generated by the first ¢ draws from D, and let {w;}

be any sequence of random variables such that w, is G;_i-measurable for each ¢t. Then for
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any ¢ > (0, with probability at least 1 — ¢,

_ZE“/)”D< ywt )]2) <%

Proof. For simplicity, let us denote

> 4L%log(1/9)

[E’( g )|+ T (3.7.2)

|||L\4ﬂ

J(w) := Ey)~p <[€'(wax)]2) . J(w) = [ﬁ'(ythxt)]z.

We begin by showing the second inequality in|(3.7.2)l Define the random variable

T<t

Then Y, is a martingale with respect to the filtration G, ; with martingale difference sequence
Dy := J(w) — Jy(w;). We need bounds on D, and on E[D2|G,_,] in order to apply Lemma
2.9.7] Since ¢ is L-Lipschitz,

Dy < J(wy) = Eggyep ([ (yo"2)]?) < L*.
Similarly,
E[Ji(w)?Gi1] = E ([0 (g 2)] " 1Gi-1)
< 17E ([0 (yaw 20)]" 61
= L*J(wy). (3.7.4)

In the inequality we use that ¢ is L-Lipschitz, so that [¢'(a)] < L. We then can use |(3.7.4)]
to bound the squared increments,
E[Df|Gi-1] = J(w)* — 2J(wt)]E[ft(wt)|gt,1] + E[i(wt)ﬂgt,l]
< E[J;(w,)*|Gr 1]

< sz(wt)

This allows for us to bound

T—-1 T—-1
Ur—i = . E[D}|Gi] < L ) J(wy)
t=0 t=0
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Lemma thus implies that with probability at least 1 — 9, we have

T—

H

— Jy(wy)) < L*log(1/8) + (exp(1 Z

t=0
Using that (1 —exp(1) +2)~! < 4, we divide each side by T and get

-1
J(wy)

0=t

1

. 412 log(1/5)
; Jy(w e

This completes the proof. O

Next, we show that the average of {{(y;v"x;)} is at most twice its mean at rate O(1/T).

Lemma 3.7.4. Let ¢ be any L-Lipschitz function, and suppose that ¢(0) < 1 and |z||, < B

a.s. Let v € R? be arbitrary with |v| < V. For any § > 0, with probability at least 1 — 4,

DLE

Proof. Let G, = o(z1,...,2) be the o-algebra generated by the first ¢ draws from D. Then

2(1 + LV Bx)log(1/6)
T :

“ij)

’ﬂ |

the random variable Y} := > <t(ﬁ7(v) — F(v)) is a martingale with respect to the filtration
G;—1 with martingale difference sequence D, := ﬁt(v) — F(v). We need bounds on D; and on
E[D?|G,—1] in order to apply Lemma [2.9.7 Since ¢ is L-Lipschitz and |z| < Bx a.s., that

|v| <V implies that almost surely,
D, < Fy(v) = t(yw"2) < (1 + LVBx). (3.7.5)
Similarly,

E[Fy(v)?|Gi—1] = E [£(yv" 2,)?]Ge-1]
< (1+ LVBx)E[l(y " )]

= (1+ LVBx)F(v). (3.7.6)
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In the inequality, we have used that (zy,v;) is independent from G; ; together with ((3.7.5)]
We then can use [(3.7.6)| to bound the squared increments,

E[D}|G,—1] = F(v)? — 2F(0)E[E,(v)|Gi—1] + E[F1(0)?|G,1]
< E[ﬁt(v)z\gt—l]
< (1+ LVBx)F(v).
This allows for us to bound
T-1
Ur_y := Y. E[D}|Gi-1] < (1 + LVBx)TF(v).
t=0

Lemma thus implies that with probability at least 1 — 0, we have

2 (I?’t(v) — F(v)) < (14 LV Bx)log(1/0) + (exp(1) — 2)TF(v).

t=0

Using that exp(1) — 2 < 1, we divide each side by T" and get

1'% ~ 2(1 4+ LV Bx) log(1/6)

— Y Fy(v) <2F(v) + .

e T

[
Finally, we put these ingredients together for the proof of Theorem [3.7.1
Proof. Since ( is convex and H-smooth, we can take o« = 1/4 in Lemma to get

1T 5 T=1 e
= < — —. 3.7.7
T ;) t(we) iT £ t(v) + T ( )
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We can therefore bound

?E%}E ([ (yw, z)]*) < %i—: By~ ([¢'(yw/ 2)])
< %Tjwytw; ot + L1080
THTZ Biw AL 107%(2/(5)
OTH Z B 5L2 log(an/ﬂé) + V2
AOH(1 + LV Bx)nlog(2/8) + 5L2nlog(2/6) + ve

<A0HF(v) +

nT
(3.7.8)

The second inequality holds since ¢ is L-Lipschitz so that we can apply Lemma [3.7.3]
The third inequality uses that ¢ is non-negative and H-smooth, so that [¢'(z)]? < 4H/{(z)
(see [SST10, Lemma 2.1]). The fourth inequality uses |(3.7.7)| and the final inequality uses
Lemma [3.7.4

Since ¢ is convex and decreasing, --¢'(2)? = 20'(2)¢"(z) < 0, so £'(z)? is decreasing. By

Markov’s inequality, this implies

Pyw! z < 0) =P ([('(yw, 2)]* = £(0)*) < [((0)]°E ([¢' (yw/ )]?) -
Substituting this into|(3.7.8), this implies that with probability at least 1 — 4,

err’ ! (w;)

N

O(F(v)) + O(V?10g(1/5)/T).
]

We note that the above proof works for an arbitrary initialization wgy such that |wy| is
bounded by an absolute constant with high probability, e.g. with the random initialization

wo "X N(0, I/d). The only difference is that we need to replace V2 with |wy — v|* < O(V?)

in|(3.7.7)| and the subsequent lines.
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3.8 Soft Margin for Uniform Distribution

We show here that the soft margin function for the uniform distribution on the sphere
has an unavoidable dimension dependence. Consider x ~ D is uniform on the sphere in
d dimensions. Then x has the same distribution as z/|z|, where z ~ N(0, ;) is the d-

dimensional Gaussian. The soft margin function on z thus satisfies, for ||v| = 1,
6(7) = Pa(joTz] <) = B. (o 2/ |2* < 7%).

By symmetry, we can rotate the coordinate system so that v = (1,0, ...), which results in

¢(y) taking the form
4 2 2Y.2 axd 2
Pl oo —= <7 =P<(1—v)21<72i:22i)

Zizl 2
2
7 d
=P (Z% < 1 _72 Zi—2zi2>

Since 727, 22 = O(72d) with high probability by concentration of the x? distribution,
and since P(|z1| < a) = O(a) for the Gaussian, this shows that ¢(y) = Q(yv/d) when D,
is uniform on the sphere. Thus our approach of using the soft margin in Theorem to
derive generalization bounds will result in multiplicative terms attached to OPT that will

grow with d for such a distribution.

3.9 Proofs for Unbounded Distributions

In this section we prove Theorem [3.5.10}

3.9.1 Empirical Risk

First, we derive an analogue of Lemma [3.11.1| that holds for any distribution satisfying

E[|z]*] < B% by appealing to online stochastic gradient descent. Note that any distribution
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over R? with sub-Gaussian coordinates satisfies E[|z|*] < B? for some B € R.

We use the same notation from Section , where we assume samples z; = (x4, y;) B))
fort=1,...,T, and G, := 0(z1,..., %), and denote

Fi(w) = tlyw @), E[F(w)|Gi] = Flwn) = Egypllyw] ).
The online stochastic gradient descent updates take the form

Wiyl = Wy — nVﬁt(wt)

Lemma 3.9.1. Suppose Ep_[|z]*] < B%. Suppose that ¢ is convex and L-Lipschitz. Let
v e RY and ¢, € (0,1) be arbitrary, and consider any initialization w, € R? Provided

n < L72By%¢/2, then for any T € N,

T (i
TZ% (w) < F(0) + = e

Proof. The proof is very similar to that of the proof of Lemma described in Section
3.9.1], so we describe here the main modifications. The key difference comes from the gradient
upper bound: for g; = ¢'(y;w, z;), instead of getting an upper bound that holds a.s. in terms

of the loss, we only show that its expectation is bounded by a constant:
Elg:|” Ge-1] < E[€ (yeweze)® |¢|* |Ge—1] < L’E[|z¢| |Ge-1] < L* B
By convexity, (g, w; — v) > F,(w;) — F,(v). Thus taking n = O(¢), we get
Jwi = o = EfJwir = 0]* 1G-1] = EB[20(Ey(wi) = Fo(v)) =0 9o [Ge1]
> 2n(F(w;) — F(v)) —n?L* B
= 2n(F(w) — F(v) —e).

Taking expectations with respect to the randomness of SGD and summing from 0 to 7" — 1,

we get
Jwo — o]

1T—l
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We note that the above analysis is quite loose and we are aware of a number of ways to
achieve faster rates by introducing various assumptions on ¢ and D,; we chose the presenta-

tion above for simplicity.

With the above result in hand, we can prove Theorem [3.5.10]

Proof. Let e, > 0. By taking n < L72By%;/8 and T = 2V?p~'e;!, Lemma and
Markov’s inequality, this implies that there exists some ¢ < T such that
JMHNA@@]gEuwwﬂng{F@>+%;+eg2<F@)+q}
By Lemma [3.5.9] this implies that for any v > 0,
Efen®! (w))] < Yo (1+ Con + LVCy 10g(Y0PTo1)) OPTor + 6(7) + £(V7) + 21 .
For g5 > 0, by taking V = y~1/7!(e;), this means that for any v > 0, we have

Eferr” ! (w,)] < 1/@(0)[ (1+ Cpy + LCul7 (e2)7 " log(YorTa)) OPTor + ¢(7) + &1 + 52].

For V =y (gy), we need T = 2y~ 2~ te [0 (e9)]?.

3.10 Loss Functions and Sample Complexity for Separable Data

We present here the proof of Corollary |3.4.2]

Proof. Let v = Vv. By Theorem [3.4.1] for any £,0 > 0 and V > 0, running gradient descent

for T = 4[¢(0)] 'n~'V2e~! iterations guarantees that w = wy_; satisfies
F(w) < F(v) +£(0) - ¢/3 + CVn~ Y2,

for some absolute constant C' > 0 depending only on L, By, and log(1/0). By Markov’s
inequality, this implies

Plyw'z < 0) < Tl())F(w) < ﬁ (F(v) + @8 + CVn_l/Q) . (3.10.1)
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Since yv'x = v a.s., we have
F(v) = E@yplyVo'z) < (V7).

If £ has polynomial tails, then by taking V' = 4~ 1(6C,[£(0)] e )P we get F(v) < Cy(yV) 7P

which is at most 125 Substituting this into |(3.10.1)| this implies

€ cv
H%wax<<o)<;§4—zaﬁﬁﬂg. (3.10.2)

—1-2

_9_2 . .
2 ») iterations,

Thus, provided n = Q(y~2e "), if we run gradient descent for T = Q(y 2
we have that err®!(w) < e.

If ¢ has exponential tails, then by taking V = ~1[C] ! log(6C,¢(0)e™1)]VP we get F(v) <
@, and s0(3.10.2)[ holds in this case as well. This shows that for exponential tails, taking

n=Q(2%72) and T = Q(y27!) suffices to achieve err®!(w) < e. O

3.11 Remaining Proofs

In this section we provide the proof of Theorem [3.4.1L We first will prove the following bound

on the empirical risk.

Lemma 3.11.1. Suppose that ¢ is convex and H-smooth. Assume |z| < Bx a.s. Fix a
step size n < (2/5)H ' By?, and let v € R? be arbitrary. Then for any initialization wy, and
for any & > 0, running gradient descent for T = (4/3)e™'n~! |wo — v||° ensures that for all

t <T, lwe —v| < Jwo -], and
T ~
F(wr_1) < ZFwt F(v) +e.

To prove this, we first introduce the following upper bound for the norm of the gradient.

Lemma 3.11.2 ([Sha20], Proof of Lemma 3). Suppose that ¢ is H-smooth. Then for any

e (0,1), provided n < 2pH ' B}, ﬁ’(wt) is decreasing in t. Moreover, if T € N is arbitrary
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A~

and u € R is such that F(u) < F(wy), then for any ¢ < T, we have the following gradient

upper bound,

"< ﬁ (ﬁ(wt) - ﬁ(u)) . (3.11.1)

With this gradient upper bound, we can prove Lemma |3.11.1|

Hvﬂwt)

Proof. Let ¢ > 0 be fixed and let T = (4/3)e~'n~" |lwo — v|* be as in the statement of the
lemma. We are done if F'(wy) < F(v), so let us assume that F(v) < F(wyr). We proceed by

providing the appropriate lower bounds for
2 2 a 2 || 7 2
e = ol = s = ol* = 20 (Plaw),w, = vy = | Pl

For any v € RY, by convexity of ¢,

<Vﬁ (w),w—v>= Z (yiw" ;) (yiw i — yiv' ;)
= — Z (yiw " z;) — L(yiv " ;)]
z=1
= F(w) — F(v), (3.11.2)

by convexity of /. On the other hand, since 13(11) < ﬁ(wT), by Lemma|3.11.2| for any ¢t < T,

(3.11.1)| holds, i.e.

2 1 ~ ~
< (F(wt) - F@)) . (3.11.3)

Thus, for n < (2/5)H ' By?, putting egs. |(3.11.2)| and |(3.11.3)| together yields

Hvﬁ(wt)

2

Jwp = o = Juwpr = ol = 29 (VP(w),w, v ) = |V F(w)

~ ) 1 ~ ~
> 20(F(w) = F@) = -5 (Flw) = Fw))
= S (Flw) - F@))
Summing and teloscoping over ¢ < T
%i—: F(w) < F(v) (4/3) ;"72 — <Fv)+e
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By Lemma [3.11.2) F/(w,) is decreasing in ¢, and therefore
Z?’(wT,l) mmF (wy) <T~ Z F(uy),
t<T

completing the proof. O

Lemma [3.11.1| shows that throughout the trajectory of gradient descent, |wy| stays
bounded by the norm of the reference vector v. We can thus use Rademacher complex-

ity bounds to prove Theorem

Proof. By Lemma [3.11.1} it suffices to show that the gap between the empirical and popu-
lation surrogate risk is small. To do so, we use a Rademacher complexity argument. Denote
by G the function class

Gy i={z—w'z:|w| <3V}

Since ¢ is L-Lipschitz and ¢(0) < 1, it holds that ¢(yw z) < 1+ 3LV < 4LV. We therefore
use standard results in Rademacher complexity (e.g. Theorem 26.12 of [SB14]) to get that

with probability at least 1 — ¢, for any w € Gy,

2BxVL 21og (2
VE L pevy | 2082/0)
Vn n

Since the output of gradient descent satisfies |wr_1 —v| < |wo —v|| < 2V, we see that

F(w) < F(w) +

wr_1 € Gy. We can thus apply the Rademacher complexity bound to both wr_; € Gy, and

v € Gy, proving the theorem. O
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CHAPTER 4

Learning noisy halfspaces using one-hidden-layer

neural networks trained by stochastic gradient descent
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4.1 Introduction

In this chapter we show that SGD-trained neural networks are capable of learning halfspaces
with agnostic label noise, despite the capacity of such networks to overfit to random labels.

For a distribution D over features (x,y) € R? x {£1}, let us define

OPTjin := min Py, p (y # sgn (<v,x>)> (4.1.1)

veR?, v =1
as the optimal classification error achieved by a halfspace (v, ). We prove that for a broad
class of distributions, SGD-trained one-hidden-layer neural networks achieve classification
error at most O(m) in polynomial time. Equivalently, one-hidden-layer neural net-
works can learn halfspaces up to risk O~(\/OP7T|,n) in the distribution-specific agnostic PAC
learning setting. Our result holds for neural networks with leaky-ReLLU activations trained
on the cross-entropy loss and, importantly, hold for any initialization, and for networks of

arbitrary width.

By comparing the generalization of the neural network with that of the best linear classi-
fier over the distribution, we can make two different but equally important claims about the
training of overparameterized neural networks. The first view is that SGD produces neural
networks with classification error that is competitive with that of the best linear classifier
over the distribution, and that this behavior can occur for neural networks of any width and
any initialization. In this view, our work provides theoretical support for the hypothesis put
forward by [NKK19] that the performance of SGD-trained networks in the early epochs of

training can be explained by that of a linear classifier.

The second view is that of the problem of learning halfspaces in the presence of adversarial
label noise. (Note that adversarial label noise is distinct from the notions of adversarial ex-
amples or adversarial training [GSS14, [MMSIS]|, where the features = are perturbed rather
than the labels y.) In this setting, one views the (clean) data as initially coming from a
linearly separable distribution but for which each sample (z,y) ~ D has its label flipped
y — —y with some sample-dependent probability n(z) € [0,1]. Then the best error achieved
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by a halfspace is E,.p,[n(x)] = OPTy,. Viewed from this perspective, our result shows
that despite the clear capacity of an overparameterized neural network to overfit to cor-
rupted labels, when trained by SGD, such networks can still generalize (albeit achieving the
suboptimal risk 4/OPTy,). We note that the optimization algorithm we consider is vanilla
online SGD without any explicit regularization methods such as weight decay or dropout.
This suggests that the ability of neural networks to generalize in the presence of noise is not
solely due to explicit regularization, but that some forms of implicit regularization induced

by gradient-based optimization play an important role.

4.2 Related Work

We discuss here a number of works related to the questions of optimization and generalization
in deep learning. An approach that has attracted significant attention recently is the neural
tangent kernel (NTK) approximation [JGHI1S8]. This approximation relies upon the fact that
for a specific initialization scheme, extremely wide neural networks are well-approximated
by the behavior of the neural network at initialization, which in the infinite width limit
produces a kernel (the NTK) [DZP19, DLL18, [ALS19, [ZCZ19. [CG20l, [ADH19al, ADH19b),
CG19a, [FCG19, [ZG19, [JT20b, [CCZ21]. Using an assumption on separability of the training
data, it is commonly shown that SGD-trained neural networks in the NTK regime can
perfectly fit any training data. Under certain conditions, one can also derive generalization
bounds for the performance of SGD-trained networks for distributions that can be perfectly

classified by functions related to the NTK.

Although significant insights into the training dynamics of SGD-trained networks have
come from this approach, it is known that neural networks deployed in practice can tra-
verse far enough from their initialization such that the NTK approximation no longer
holds [FDP20]. A line of work known as the mean field approximation allows for ultra-

wide networks to be far from their initialization by connecting the trajectory of the weights
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of the neural network to the solution of an associated partial differential equation [MMMT9]
COB19,[CCG20]. A separate line of work has sought to demonstrate that the concept classes
that can be learned by neural networks trained by gradient descent are a strict superset of

those that can be learned by the NTK [AL19, WLL19, LWM19, WGL20, [LMZ20].

More relevant to our work is understanding the generalization of neural network classifiers
when the data distribution has some form of label noise. Works that explicitly derive gener-
alization bounds for SGD-trained neural networks in the presence of label noise are scarce.
Even for the simple concept class of halfspaces z — sgn({v, x)), there are often tremendous
difficulties in determining whether or not any algorithm can efficiently learn in the presence
of noise. For this reason let us take a small detour to detail some of the difficulties in learning
halfspaces in the presence of noise, to emphasize the difficulty of learning more complicated

function classes in the presence of noise.

The most general (and most difficult) noise class is that of adversarial label noise, which
is equivalent to the agnostic PAC learning framework [KSS94]. In this setting, one makes no
assumption on the relationship between the features and the labels, and so continuing with
the notation from , the optimal risk OPT};, achieved by a halfspace is strictly positive
in general. It is known that learning up to classification error O(OPT};,) + ¢ cannot be done
in poly(d,e™!) time without assumptions on the marginal distribution of D [Danl6]. For
this reason it is common to assume some type of structure on the noise or the distribution

to get tractable guarantees.

One relaxation of the noise condition is known as the Massart noise [MNO6] where one
assumes that each sample has its label flipped with some instance-dependent probability
n(x) < n < Y2. Under this noise model, it was recently shown that there are efficient
algorithms that can learn up to risk n + ¢ [DGT19]. A more simple noise setting is that
of random classification noise (RCN) [ALS8S], where the labels of each sample are flipped
with probability n. Polynomial time algorithms for learning under this model were first

shown by [BEK9S8|. Previous theoretical works on the ability of neural network classifiers
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to generalize in the presence of label noise were restricted to the RCN setting [HLY20]
or Massart noise setting [LSO19]. In this paper, we consider the most general setting of

adversarial label noise.

In terms of distribution-specific learning guarantees in the presence of noise, polynomial
time algorithms for learning halfspaces under Massart noise for the uniform distribution
on the sphere were first shown by [ABHI5], and for log-concave isotropic distributions
by [ABH16]. [ABLI17] constructed a localization-based algorithm that efficiently learns halfs-
paces up to risk O(OPTj;,) when the marginal is log-concave isotropic. For more background

on learning halfspaces in the presence of noise, we refer the reader to [BH21].

Returning to the neural network literature, in light of the above it should not be surprising
that computational tractability issues arise even for the case of neural networks consisting
of a single neuron. [GKK19] showed that learning a single ReLU neuron up to the best-
possible risk OPTgey (under the squared loss) is computationally intractable, even when
the marginal is a standard Gaussian. By contrast, [FCG20] showed that gradient descent
on the empirical risk can learn single ReLUs up to risk O(y/OPTgery) efficiently for many
distributions. Two recent works have shown that even in the realizable setting—i.e., when
the labels are generated by a neural network without noise—it is computationally hard
to learn one-hidden-layer neural networks with (non-stochastic) gradient descent when the

marginal distribution is Gaussian [GG.J20, DKK20].

In terms of results that show neural networks can generalize in the presence of noise,
[LSO19] considered clustered distributions with real-valued labels (using the squared loss)
and analyzed the performance of GD-trained one-hidden-layer neural networks when a frac-
tion of the labels are switched. They derived guarantees for the empirical risk but did not
derive a generalization bound for the resulting classifier. [HLY20] analyzed the performance
of regularized neural networks in the NTK regime when trained on data with labels cor-
rupted by RCN, and argued that regularization was helpful for generalization. By contrast,

our work shows that neural networks can generalize for linearly separable distributions cor-
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rupted by adversarial label noise without any explicit regularization, suggesting that certain
forms of implicit regularization in the choice of the algorithm plays an important role. We
note that a number of researchers have sought to understand the implicit bias of gradient
descent [SHNTS8|, [JT19, [LL20L [JT20a, MGW20, [LXX20]. Such works assume that the dis-
tribution is linearly separable by a large margin, and characterize the solutions found by

gradient descent (or gradient flow) in terms of the maximum margin solution.

Finally, we note some recent works that connected the training dynamics of SGD-trained
neural networks with linear models. [BGMIS§| showed that SGD-trained one-hidden-layer
leaky ReLLU networks can generalize on linearly separable data. [Shal8] compared the per-
formance of residual networks with those of linear predictors in the regression setting. They
showed that there exist weights for residual networks with generalization performance com-
petitive with linear predictors, and they proved that SGD is able to find those weights when
there is a residual connection from the input layer to the output layer. [NKKI19] provided
experimental evidence for the hypothesis that much of the performance of SGD-trained neu-
ral networks in the early epochs of training can be explained by linear classifiers. [HXA20]
provided theoretical evidence for this hypothesis by showing that overparameterized neural
networks with the NTK initialization and scaling have similar dynamics to a linear predictor
defined in terms of the network’s NTK. [STR20] showed that neural networks are biased
towards simple classifiers even when more complex classifiers are capable of improving gen-

eralization.

4.3 Problem Description and Results

In this section we study the problem we consider and our main results.
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4.3.1 Notation

For a vector v, we denote |v|| as its Euclidean norm. For a matrix W, we use |W||. to
denote its Frobenius norm. We use the standard O(-) and €2(-) notations to ignore universal
constants when describing growth rates of functions. The notation O(-) and Q(-) further
ignores logarithmic factors. We use a v b to denote the maximum of a,b € R, and a A b their
minimum. The notation 1(£) denotes the indicator function of the set E, which is one on

the set and zero outside of it.

4.3.2 Problem Setup

Consider a distribution D over (z,y) € R? x {+1} with marginal distribution D, over z. Let

m € N, and consider a one-hidden-layer leaky ReLU network with m neurons,
Z o((w;, x)), (4.3.1)

where o(z) = max(az,z) is the leaky-ReLU activation with o € (0,1]. Assume that
a; b Unif(+a) for some a > 0 and that the {a;} are randomly initialized and not up-
dated throughout training, as is commonly assumed in theoretical analyses of SGD-trained
neural networks [DZP19, [ADH19b! [JT20b] |I| We are interested in the classification error for

the neural network,

err(W) := P yy~p <y # sgn (fI(W))>,
where sgn(z) = 1if z > 0, sgn(0) = 0, and sgn(z) = —1 otherwise. We will seek to minimize
err(W) by minimizing,

L(W) = Ey~pl(yfe(W)),

IThe specific choice of the initialization of the second layer is immaterial; our analysis holds for any
second-layer weights that are fixed at a random initialization. The only difference that may arise is in the
sample complexity: if with high probability |a| = ©(1) then the sample complexity requirement will be the
same within constant factors, while for initializations satisfying |a| = w(1) or [|a| = o(1) our upper bound
for the sample complexity will become worse as the network becomes larger.
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where / is a convex loss function. We will use the fact that for any convex, twice differentiable
and decreasing function /¢, the function —¢ is non-negative and decreasing, and thus —¢ can
also serve as a loss function. In particular, by Markov’s inequality, these properties allow us

to bound the classification error by the population risk under —¢':

Pey~p (?/ # sgh (fz(W))> = P<y (W) < 0)

= (¢ (y.()) > 0)

< ]E(x,y)~D — (yf:c(W))
N —'(0)

(4.3.2)

Thus, provided —¢(0) > 0, upper bounds for the population risk under —¢' yield guarantees
for the classification error. This property has previously been used to derive generalization
bounds for deep neural networks trained by gradient descent [CG20, [FCG19, [JT20b, [CCZ21].

To this end, we make the following assumptions on the loss throughout this paper.

Assumption 4.3.1. The loss /(-) : R — R is convex, twice differentiable, decreasing, 1-

Lipschitz, and satisfies —¢'(0) > 0. Moreover, for z > 1, ¢ satisfies —¢'(z) < 1/z.

The assumption that —¢'(z) < 1/z for z > 1 is to ensure that the surrogate loss —¢
is not too large on samples that are classified correctly. Note that the standard loss used
for training neural networks in binary classification tasks—the binary cross-entropy loss
((z) = log(1 + exp(—=z))—satisfies all of the conditions in Assumption [£.3.1 We denote the

population risk under the surrogate loss —¢' as follows,

5<W> = E(x,y)~D - El(yf:v(W))

We seek to minimize the population risk by minimizing the empirical risk induced by a set of
i.i.d. examples {(z;,y;)}¢>1 using the online stochastic gradient descent algorithm. Denote
fi(W) = f,,(W) as the neural network output for sample z;, and denote the loss under ¢

and —/¢' for sample z; by
zt(W) =Ly fi(W)), gt(W) =~ (yefi(W)). (4.3.3)
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The updates of online stochastic gradient descent are given by

WD = WO — UL WD) = WO 4 & (WD)y, ¥ f,(WH). (4.3.4)

Before proceeding with our main theorem we will introduce some of the definitions and
assumptions which will be used in our analysis. The first is that of sub-exponential distri-

butions.

Definition 4.3.2 (Sub-exponential distributions). We say D, is C,,-sub-exponential if every
r ~ D, is a sub-exponential random vector with sub-exponential norm at most C,,. In

particular, for any ¥ € R? with 0| = 1, Pp, (|07 2] = t) < exp(—t/C,,).

We note that every sub-Gaussian distribution is sub-exponential. The next property we
shall use is that of a soft margin, which we introduced in Definition [3.3.1, The soft margin
can be seen as a probabilistic analogue of the standard hard margin, where we relax the
typical requirement for a margin-based condition from holding almost surely to holding with
some controlled probability. As written above, the soft margin condition can hold for a
specific vector v € R, and our final generalization bound below will only care about the
soft margin function for a halfspace v that achieves population risk OPTy,. However, for
many distributions, one can show that all unit norm vectors v satisfy a soft margin of the
form ¢5(y) = O(7). One important class of such distributions are those satisfying a type of

anti-concentration property.

Definition 4.3.3 (Anti-concentration). For v € R, denote by py(-) the marginal distribution
of © ~ D, on the subspace spanned by v. We say D, satisfies U-anti-concentration if there

is some U > 0 such that for all unit norm v, p;(z) < U for all z € R.

Anti-concentration is a typical assumption used for deriving distribution-specific agnostic
PAC learning guarantees [KLS09, [DKT20a, [DKT20b, [FCG21] as it allows for one to ignore
pathological distributions where arbitrarily large probability mass can be concentrated in

tiny regions of the domain. We previously used this property to derive guarantees for the
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single neuron classifier in Chapter 3] Below, we collect some examples of soft margin function
behavior for different distributions, including those satisfying the above anti-concentration
property. We shall see in Theorem that the behavior of ¢(v) for v « 1 will be the
determining factor in our generalization bound, and thus in the below examples one only

needs to pay attention to the behavior of ¢(7y) for v sufficiently small.
Example 4.3.4. 1. If |[t'z| > 7* a.s., then ¢5(7y) = 0 for v < ~*.
2. If D, satisfies U-anti-concentration, then for any v with |o| = 1, ¢5(y) < 2U~ holds.

3. If D, is isotropic and log-concave (i.e. its probability density function is log-concave),

then D, satisfies 1-anti-concentration and hence ¢5(7y) < 27 for all v.

The proofs for the properties described in Example can be found in [FCG21), Section

4.3.3 Main Results

With the above in place, we can provide our main result.

Theorem 4.3.5. Assume D, is C,,-subexponential and there exists Bx > 0 such that
E[|z|*] < B% < 0. Denote OPTjy := minj,|—1 P(sy)~n(ylw,z) < 0) as the best classifi-
cation error achieved by a unit norm halfspace v*. Let m € N be arbitrary, and consider a
leaky-ReLU network of the form where a = 1/y/m. Let W(© be an arbitrary initial-
ization and denote G := |W(@||. Let the step size satisfy n < Bx?. Then for any v > 0, by
running online SGD for T' = O(n~ 'y 2[¢= (7) + OPT;in] 2[1 v Go]) iterations, there exists a

point t* < T such that in expectation over (zy,...,x7p) ~ DT,

P(ay)~p <y 7 Sgn (fx(W(t*)))>

< 21(0) ot {(1 + 970 + 771 C log(l/OPT“n))OPT“n + ¢v*(fy)].
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To concretize the generalization bound in Theorem [4.3.5| we need to analyze the properties
of the soft margin function ¢, at the best halfspace and then optimize over the choice of ~.
But before doing so, let us make a few remarks on Theorem that hold in general. The
sample complexity (number of SGD iterations) 7', and the resulting generalization bound,
are independent of the number of neurons m, showing that the neural network can generalize
despite the capacity to overﬁt.ﬂ If |z| < Bx a.s. for some absolute constant By, then the
sample complexity is dimension-independent, while if D, is isotropic, E[|z|*] = d and so
the sample complexity is linear in d. Finally, we note that large learning rates and arbitrary

initializations are allowed.

In the remainder of the section, we will discuss the implications of Theorem for

common distributions. The first distribution we consider is a hard margin distribution.

Corollary 4.3.6 (Hard margin distributions). Suppose there exists some v* € RY, |[v*|| = 1,
and 7o > 0 such that P(y # sgn((v*,z))) = OPTy, and |[(v*,z)| = 7o > 0 almost surely over
D,. Assume for simplicity that ¢ is the binary cross-entropy loss, £(z) = log(1 + exp(—=z)).
Then under the settings of Theorem m, there exists some t* < T = O(n~ 'y, 20PT;2[1 v

Go]) such that in expectation over (zy,...,z7) ~ DT,
P(z,y)~D (y #* Sgn (fx(W(t*)))> < O(’}/JIOPTM)

Proof. Since [{v*, x)| = 9 > 0, the soft margin at v* satisfies ¢, (79) = 0. Since —¢'(0) = 1/2,
by Theorem [4.3.5

Py # s (V)] < 407 (135" Con 35 Colog((/0PTin) ) OPTi,

]

2[BGMI8, Theorem 7] showed that if there are T samples and m = Q(T'/d), then for any set of labels
(y1,---,yr) € {£1}T and for almost every (z1,...,27) ~ DL, there exist hidden layer weights W* and outer
layer weights @ € R™ such that f,(W*) = y; for all ¢ € [T]. In contrast, Theorem shows that when
m is sufficiently large there exist neural networks that can fit random labels of the data but SGD training
avoids these networks.
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The above result shows that if the data comes from a linearly separable data distribution
with margin ~y but is then corrupted by adversarial label noise, then SGD-trained networks
will still ind weights that can generalize with classification error at most O(y5 'OPTy,). In

the next corollary we show that for distributions satisfying U-anti-concentration we get a

generalization bound of the form O(\/OPT“n).

Corollary 4.3.7 (Distributions satisfying anti-concentration). Assume D, satisfies U anti
concentration. Assume for simplicity that ¢ is the binary cross-entropy loss, ¢(z) = log(1 +
exp(—z)). Then under the settings of Theorem [4.3.5 with a number of iterations satisfying
T = O(n~'OPT;’[1 v Gy]) there exists t* < T such that in expectation over (zy,...,z7) ~
DT,

P@y)~p (y 7 sgn (fx(W(t*)))) < O(+/OPTyy).

Proof. By Example [4.3.4] ¢,«(y) < 2U~. Substituting this into Theorem and using
that —¢'(0) = /2, we get

Piegy-n (y # sen (£(W))) < 4a™'[207 + 3771 C,,OPT log(Y/opT)].

This bound is optimized when v = OPTY2, and results in a bound for the classification error

that is at most O(OPTY21log(1/opT)). O

The above corollary covers, for instance, log-concave isotropic distributions like the Gaus-

sian or the uniform distribution over a convex set by Example [4.3.4]

Taken together, Corollaries [4.3.6] and demonstrate that despite the capacity for
overparameterized neural networks to overfit to the data, SGD-trained neural networks are
fairly robust to adversarial label noise. We emphasize that our results hold for SGD-trained
neural networks of arbitrary width and following an arbitrary initialization, and that the
resulting generalization and sample complexity do not depend on the number of neurons
m. In particular, the above phenomenon cannot be explained by the neural tangent kernel
approximation, which is highly dependent on assumptions about the initialization, learning

rate, and number of neurons.
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4.3.4 Comparisons with Related Work

We now discuss how our result relates to others appearing in the literature. First, [BGMIS]
showed that by running multiple-pass SGD on the hinge loss one can learn linearly separable
data. They assume a noiseless (OPTj;, = 0) model over a norm-bounded domain and assume

a hard margin distribution, so that y(v*, x) > 7o for some 75 > 0. In the noiseless setting,

Corollaries 4.3.6| and |4.3.7| generalize their result to include unbounded, linearly separable

(marginal) distributions without a hard margin like log-concave isotropic distributions. More
significantly, our results hold in the adversarial label noise setting (a.k.a., agnostic PAC
learning). This allows for us to compare the generalization of an SGD-trained neural network
with that of the best linear classifier over the distribution, and make a much more general

claim about the dynamics of SGD-trained neural networks.

[HXA20] showed that for sufficiently wide neural networks with the NTK initialization
scheme, and under the assumption that the components of the input distribution are in-
dependent, the dynamics in the early stages of SGD-training are closely related to that of
a linear predictor defined in terms of the NTK of the neural network. By contrast, our
result holds for any initialization and neural networks of any width and covers a larger class
of distributions. Their result was for the squared loss, while ours holds for the standard
losses used for classification problems. Our results can be understood as a claim about the
‘early training dynamics’ of SGD, since we show that there exists some iterate of SGD that
performs almost as well as the best linear classifier over the distribution, and we provide an
upper bound on the number of iterations required to reach this point. One might expect
that under more stringent assumptions (on, say, the initialization, learning rate schedule,
and/or network architecture), stronger guarantees for the classification error could hold in
the later stages of training; we will revisit this question with experimental results in Section

4.5l

[LSO19] considered a handcrafted distribution consisting of noisy clusters and showed
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that sufficiently wide one-hidden-layer neural networks trained by GD on the squared loss
with the NTK initialization have favorable properties in the early training dynamics. A direct
comparison of our results is difficult as they do not provide a guarantee for the generalization
error of the resulting neural network. But at a high level, their analysis focused on a noise
model akin to Massart noise (a more restrictive setting than the agnostic noise considered
in this paper), and they made a number of assumptions—a particular (large) initialization,
sufficiently wide network, and the use of the squared loss for classification—that were not
used in this work. The results of [LSO19] covered general, smooth activation functions (but

not leaky-ReLU).

[HLY20] showed that ultra-wide networks with NTK scaling and initialization trained
by SGD with various forms of regularization can generalize when the labels are corrupted
with random classification noise. Their generalization bound was given in terms of the
classification error on the ‘clean’ data distribution (without any noise) and allowed for general
activation functions (including leaky-ReLU). In comparison, we assume that the training
data and the test data come from the same distribution, and our generalization bound is
given in terms of the performance of the best linear classifier over the distribution. Our
generalization guarantee holds without any explicit forms of regularization, suggesting that
the mechanism responsible for the lack of overfitting is not explicit regularization, but forms

of regularization that are implicit to the SGD algorithm.

4.4 Proof of the Main Results

We will show that stochastic gradient descent achieves small classification error by using a
proof technique similar to that of [BGMIS], who showed the convergence and generalization

of gradient descent on the hinge loss for one-hidden-layer leaky ReLLU networks on linearly
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separable dataE| Their proof relies upon the fact that both the classification error and
the hinge loss for the best halfspace are zero. In our setting—without the assumption of
linear separability, and with more general loss functions—their strategy for showing that
the empirical risk can be driven to zero will not work. (We remind the reader that our
goal is to show that the neural network will generalize when it is of arbitrary width, and
when significant noise is present, and thus we cannot guarantee the smallest empirical or
population loss is arbitrarily close to zero.) Instead, we need to compare the performance of
the neural network with that of the best linear classifier over the data, which will in general
have error (both classification and loss value) bounded away from zero. To do so, we use
some of the ideas used in [FCG21] to derive generalization bounds for the classification error

when the surrogate loss is bounded away from zero.

To begin, let us introduce some notation. Let v* € R? be a unit norm halfspace that

minimizes the halfspace error, so that

P(ﬁ’y)ND <y 7 sgn (<U*7 1’>)> = OPTlin-

Denote the matrix V € R™*? as having rows va e R? defined by

1
vj = ——sgn(a;)v*. (4.4.1)

vm
The scaling of each row of the matrix V ensures that V| = 1. For v > 0, denote

(1) = L(yv*, z) € [0,7)) + (1 + 77 0%, 2 )L (ge(v*, 2,y < 0).

The expected value of the above quantity will be an important quantity in our proof. To
give some idea of how this quantity will fit in to our analysis, assume for the moment that

|z|| <1 a.s. Then taking expectations of the above and using Cauchy—Schwarz, we get

E&(7) < o (7) + (1477 E[", 2] 1(yiv*, 20) < 0)] < dus (1) + (1+77)OPTip. (4.4.2)

3This proof technique can be viewed as an extension of the Perceptron proof presented in [SB14, Theorem
9.1].
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The above appears (in a more general form) in the bound for the classification error presented
in Theorem [4.3.5] In particular, the goal below will be to show that the classification error
can be bounded by a constant multiple of ]E[gt(fy)]

Continuing, let us denote
= WO vy, G2 =W (4.4.3)

The quantity [;Tt measures the correlation between the weights found by SGD and those of
the best linear classifier over the distribution. We define the population-level versions of
each of the random variables above by replacing the ~ with their expectation Egq(-) over the

randomness of the draws (z1,...,x;) of the distribution used for SGD. That is,

Ly = Eggq Ly(W®),
& = Esgdé\‘t(W(t))v
Hy = Bypa H,,

G 1= B[ G2,

() 1= By g~0&:(7)- (4.4.4)

Our proof strategy will be to show that until gradient descent finds weights with small
risk, the correlation Hr between the weights found by SGD and those of the best linear
predictor will grow at least as fast as Q(7'), while G always grows at a rate of at most
O(VT). Since |V, = 1, by Cauchy-Schwarz we have the bound Hr < Gy, and so the
growth rates Hp = Q(T) and Gy = O(v/T) can only be satisfied for a small number of
iterations. In particular, there can only be a small number of iterations until SGD finds

weights with small risk.

To see how we might be able to show that the correlation Hr is increasing, note that we

have the identity
Hipy — Hy = =V LW ), V> = =0l (y, f(W Oy V (WD), V).
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Since —¢ > 0, the inequality H,,, > H, holds if we can show y V(WD) VY >0, ie. if
we can show that the gradient of the neural network is correlated with the weights of the
best linear predictor. For this reason, the following technical lemma is a key ingredient in

our proof.

Lemma 4.4.1. For V defined in for any (zy,y;) € R? x {£1}, for any W € R™*¢,
and any v € (0, 1),
(VW)L V) = ayy/m|a - (). (1.45)

The proof of the above lemma is in Section [L.7, As alluded to above, with this technical
lemma we can show that until the surrogate risk is as small as a constant factor of £(~), the

correlation of the weights found by SGD and those of the best linear predictor is increasing.

Lemma 4.4.2. For any t € N U {0}, for any v > 0, it holds that

Hi > H, + navm[a&g — 5(7)]
Proof. Since Hyo1 = (WD VY = (WO VY — i { L,(W®), V), we can write

Hyor = H, — (Y L(WW), V)
— Hy =0l (y fy(W D))yl V (WD), V)
> Hy =l (g il WD))ayy/mla — &(7)]
> H+ nayyim [aB(WO) = &)

In the first inequality we have used Lemma and that —¢ > 0, and in the second
inequality we have used that —¢' < 1. Taking expectations over the draws of the distribution

on both sides completes the proof. O]

Notice that if a& > £(y), Lemma m shows that H; .1 — H; > 0. We will later repeat
this argument for 7" iterations to show that until we find a point with & < 2£(), Hr will

grow at least as fast as Q(7).
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All that remains is to show that Gy = O(v/T). We will accomplish this by first demon-

strating a bound on G%, | — G}.

Lemma 4.4.3. For any t € N U {0}, > 0, and if E[||z]*] < B%,
G7.1 < G} + 20+ n°ma®B%.

Proof. We begin with the identity

2 t 7 t 2
G2, = HWU gV LW )

W= WL~ 20 (WO, ROy + 2 [VE )

(4.4.6)

We proceed by analyzing the last two terms. We have
WO NL(WY)) = €y fi(WO)y WO,V fo, (W),

(e fo(W ytEaJ wi? w))wl, )
j=1

ytft

HMS

<wj ,Tp))

= (g fu (WO >>ytft<w“’>>-

The third equality uses that o is homogeneous, so ¢’(z)z = o(z). We can therefore bound

— 2 <W<t>, vit<w<ﬂ>> = =200 (g (W) fr (W) < 2. (4.4.7)

To see that the inequality holds, note that —¢'(2) - z < 1 if 2 < 1 since —¢'(z2) € [0, 1], and
if z > 1 then —¢(z) < 1/z by Assumption [4.3.1] For the gradient norm term, if we denote
d € R™ as the vector with j-th entry a; and X} € R™*™ as the diagonal matrix with j-th
diagonal entry o'((wj, x;)), then
~ 2 12
VL) = [tz |
= (W) [,

< ma® |z . (4.4.8)
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The second equation uses that |bd" || » = |Ib]; [dll, for vectors b,d. The inequality uses that

7] < [0, 1].

Substituting |(4.4.7) and |(4.4.8)| into |(4.4.6), we get

CA??H < @f + 21 + ma*n? HthQ )
Taking expectations of both sides over the draws of the distribution we get
G7.1 < G} + 20+ ma*n’B%,
where we have used that E[||z]*] < B%. O

We now have all of the ingredients needed to prove Theorem [£.3.5]

Proof of Theorem[{.3.5. First, let us note that for V' defined as (satistying |V = 1),
we have by Cauchy—Schwarz,

Hy = E[(WY V)] <E[WORE|V[E =G < |H| <G, (4.4.9)
For a = 1/y/m, and for n < (ma?B%)~! = By, Lemma becomes
G?., < G} + 20+ n*ma®*B% < G} + 3.
Summing the above from ¢t = 0,...,T — 1, we get
G% < Gp + 3nT. (4.4.10)
Similarly, Lemma becomes
Hipr = Hy + ny[ay — €]

(Note that £ = £(y) depends on v, but we have dropped the notation for simplicity.) Sum-

ming the above, we get
T-1

Hy > Hy +ny ). [a& — €] (4.4.11)

t=0
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We can therefore bound

—Go + 1y Tzl[a& — & <Ho+my Tzl[aé’t —¢]
t=0 t=0
< Hy
< Gy
< Go+VT -2 (4.4.12)

The first inequality uses [(4.4.9), The second inequality uses |(4.4.11), The third inequality
again uses [(4.4.9)l The final inequality uses |(4.4.10)| together with v/a + b < \/a + v/b.

We claim now that this implies that within a polynomial number of samples, SGD finds

weights satisfying & < 2o~ '€, Suppose that for every iteration t = 1,...,7, we have

& > 2a7 ¢, Then|(4.4.12)| gives
nav{TéQGO—FQ\/ﬁ-\FT — nayf-T—Q\/ﬁ'\/T—ZGoéO.

This is an equation of the form By2? — Bix — By < 0, and thus using the quadratic formula,
this implies VT < (262) Y= + A/? — 4P0f2). Squaring both sides and using a bit of
algebra, this implies

T < 8282 + 55, BiBY° + By Bo.

In particular, we have

T <n a2y 7272 dn + 77_3/2a_3/27_3/25_3/2 ) 2771/2 ) Gé/Q o latleh 26,

<dnla Py (Go v ).
That is, within T' = O(n~'y2672[Gy v 1]) iterations, gradient descent finds a point satisfying
& =Ega| — O (vfo(WD))] <2a7'¢. (4.4.13)
By Markov’s inequality (see this implies

P(yf(WY) < 0) < 2/0(0)] o'
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To complete the proof, we want to bound &. Recall from the calculation that

6 = 5(7) = (bv* (’7) + OI:)Tlin + ’yilE[‘<U*,$>’1(y<’U*,$> < O)]
Fix p > 0 to be chosen later. We can write

E[|(v*, 2)[L(y(v*,x) < 0)] = E[|o"2[L(yv"x < 0, [77a] > p)]

+E[o"z|1(yp 2 <0, [072] < p)]
o0
< JOPT; +J P(|572| > £)dt

p
0

< pOPT”n + J exp(—t/Cm)dt
p

= pOPTyi, + Cpexp(—p/Chy). (4.4.14)

The first inequality comes from Cauchy—-Schwarz, the second from truncating, and the last

from the definition of C,,-sub-exponential. Taking p = C,, log(}/opT) results in
E[|[(v*, 2)|1(yo "z < 0)] < C,,OPTyin log(/orTy,) + Cy OPT iy
Substituting the above into [(4.4.13), we get
Py fo(WY) < 0) <2/0(0)] "o [y (7) + (1 + 7" Con)OPTy + 7' Cl OP Ty log(YopTs) |

O

4.5 Experiments

In this section, we provide some experimental verification of our theoretical results. We
consider a distribution Dy, that is a mixture of two 2D Gaussians perturbed by both
random classification noise and deterministic (adversarial) label noise. The distribution is
constructed as follows. We first take two independent Gaussians with independent com-

ponents of unit variance and means (—3,0) and (3,0), and assign the label —1 to the left
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Figure 4.1: Samples from D5 o405 with random classification noise of 10% on {|z;| > 2.04}
with the boundary term b = 2.04 chosen so that OPTj, = 0.25. Blue plus signs correspond
to y = +1 and red circles to y = —1. The contour plot displays the class probability for the
output of a leaky ReLLU network trained by online SGD and has dark hues when the neural

network is more confident in its predictions.

cluster and +1 to the right cluster. We remove all samples with first component x; satisfy-
ing |z1| < 70 = 0.5, so that we have a hard margin distribution with margin v,. We then
introduce a boundary factor b > 7, and for samples with first component satisfying |z;]| < b
we deterministically flip the label to the opposite sign. Finally, for samples with |z;| > b, we
introduce random classification noise at level 10%, flipping the labels in those regions with
probability 0.1 each. The symmetry of the distribution implies that an optimal halfspace is
the vector v* = (1,0).

The boundary factor b can be tweaked to incorporate more deterministic label noise
which will affect the best linear classifier: if b is larger, OPTy, is larger as well. We give
details on the precise relationship of b and OPTj;, in Section But because this ‘noise’ is
deterministic, the best classifier over D, ., (the Bayes optimal classifier) can always achieve
accuracy of at least 90% by using the decision rule

+1, 1€ (=b,0) U (b,0),

YBayes = (451)
—1, X1 € (—Oo,b] ) [O,b]
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Figure 4.2: Test classification accuracy for data coming Dyo5. The red dashed line is the
accuracy of the best linear classifier, and the black solid line is the average accuracy of
the neural network with error bars over ten random initializations of the first layer weights
(experimental details can be found in Section . The blue dash-dotted line is the Bayes

optimal classifier accuracy.
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Since the error for the Bayes decision rule corresponds to the region {|z1| > b} with random
classification noise, we can exactly calculate the error for the Bayes classifier as well as
OPTjin. As bincreases, the region with random classification noise becomes smaller, and thus
the Bayes classifier gets better as the linear classifier becomes worse on Dy . This makes
Dy, a good candidate for understanding the performance of SGD-trained one-hidden-layer
networks in comparison to linear classifiers. Further, to our knowledge no previous work has

been able to show that neural networks can provably generalize if the data distribution is

Db H

Since Dy 4, is a subexponential hard margin distribution, Corollary shows that we
can expect an SGD-trained leaky ReLU network on Dy 5 to achieve a test set accuracy of at
least 1 —C'-OPTy;, log(1/opTy,) for some constant C' > 1. We ran experiments on such a neural
network with m = 1000 neurons and learning rate n = 0.01 and first layer weights initialized
as independent normal random variables with variance 1/m (see Section [4.8| for more details
on the experiment setup). In Figure we plot the decision boundary for the SGD-trained
neural network on the distribution Ds 405, where b = 2.04 is chosen so that OPT;, = 0.25.
We notice that the decision boundary is almost exactly linear and is essentially the same
as that of the best linear classifier (z1,25) — sgn(z1). And in Figure 4.2 we see that the
neural network accuracy is almost exactly equal to 1 — OPT;, when OPT};,, < 0.30 and that

the network slightly outperforms the best linear classifier when OPT;,, > 0.30.

In Section 4.8] we conduct additional experiments to better understand whether this
behavior is consistent across hyperparameter and architectural modifications to the network.
When using the bias-free networks of the form we consider in this paper, we found
that one-hidden-layer SGD-trained networks failed to generalize better than a linear classifier

when using tanh activations (Figures and , using different learning rates (Figures ,

4There are two reasons that no other work can show generalization bounds in the settings we consider.
The first is the presence of adversarial label noise. The second is that our generalization bound holds for
neural networks with finite width and any initialization. All previous works fail to allow at least one of these
conditions.
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, , different initialization variances (Figures , 4.10| [4.11]), and using multiple-pass
SGD rather than online SGD (Figures [4.12) [4.13). On the other hand, we found that

introducing bias terms can lead to decision boundaries closer to that of the Bayes-optimal

classifier (Figures|4.14} [4.15| 4.16|). Interestingly, this behavior was strongly dependent on the

initialization scheme used: when using an initialization variance of 1/m*, a linear decision
boundary was consistently learned, while using an initialization variance of 1/m lead to
approximately Bayes-optimal decision boundaries. By contrast, the result we present in
Theorem holds for arbitrary initialization schemes. This suggests that a new analytical
approach would be needed in order to guarantee neural network generalization performance

better than that of a linear classifier on D, ;.

4.6 Discussion

We have shown that overparameterized one-hidden-layer networks can generalize almost as
well as the best linear classifier over the distribution for a broad class of distributions. Our
results imply two related but distinct insights on SGD-trained neural networks. First, re-
gardless of the initialization scheme and number of neurons, SGD training will produce
neural networks that are competitive with the best linear predictor over the data, provid-
ing theoretical support for the hypothesis presented by [NKKI19] that the performance of
SGD-trained networks in the early stages of training can be explained by that of a linear
classifier. Second, a linearly separable dataset can be corrupted by adversarial label noise
and overparameterized neural networks will still be able to generalize, despite the capacity

to overfit to the label noise.

A number of extensions and open questions remain. First, our analysis was specific to
one-hidden-layer networks with the leaky-ReLLU activation. We are interested in extending
our results to more general neural network architectures. Second, a natural question is

whether or not there are concept classes that are more expressive than halfspaces for which
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overparameterized neural networks can generalize for noisy data. We are particularly keen on

understanding this question for finite width neural networks that are not well-approximated

by the NTK.

4.7 Proof of Lemma [4.4.7]

In this section we will prove a stronger version of Lemma that holds for any increasing

activation.

Lemma 4.7.1. Suppose that o is non-decreasing. For V' defined in |(4.4.1)| for any (z,y) €
R? x {£1}, for any W € R™*¢ and any v € (0,1):
yVfe(W), V)
> aym ™ 2[1 - L™, 2) € [0,7) = (1 + 970" DL @) < 0)| Y o (G, 2)).
j=1
(4.7.1)
For 0(z) = max(az, 2), we have ;7" | o'((w;, z)) € [am,m], and hence the above implies
Lemma 4.1}
V(W) V)
> aym™? [am —mI(y(v*, ) € [0,7)) —m(l + 77", )| L(ylv*, z) < 0)]

= a%/ﬁ[a = L(y(v*, 2y € [0,7)) = (L + 47" a)|L(y(v*, z) < 0)]-
Proof of Lemma[{.7.1. By the definition of V (see|(4.4.1)), we have
WV (W Z <w]7 2)){yvj, )

= am~1? Z ((wy, ) yv*, )

m

= am ™ 3,0y 2))” 1t @) = 9) + 10", 2y € [0,9)) + 1y, 2) < 0) .
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The second line uses that a;v; = |aj|v* = av*. Continuing, we have

y<fo(W), V>

> aym™P1(y(v*, x) = ) -

o' ((wj, x))

WMS

+am™ Y o'y, x>><yv*,as>[ﬂ<y<v*,a:> e [0,7)) + 1ylo™,x) < 0)|
> aym Y21 (y(o*, x) = Z ((w;, o)) + am™? Z o' ({wj, x))yv*, )1 (y(v*, ) < 0)

= aym™*[1 = L(y(v*,2) € [0,7)) — L(y(v*, @) < 0)] Z (Cwy, 2))

m

+am™? 2 o' ((wj, x))yv*, x) L(ylv*, z) < 0)

j=1

> aym V1= 1y, 2) € [0,7)) = Ly, ) < 0) Y, o' (G, )

— am” V2| (0*, |1 (y(v*, ) < 0) Z ((wj, x))

m

- a1 =910 3) £ D) = (0+ DK D" ) < 0)] 1wy ),

The first and second inequalities use that ¢’(z) > 0 and that a > 0. The third inequality

uses that > —|z|. This proves O

4.8 Additional Experiments and Experiment Details

In this section, we give details on the experiments given in Section [4.5] Let us first describe
how we calculate OPTj, for Dy, .. To remind the reader, we begin by constructing D, ., with
a mixture of two independent Gaussians centered at (—3,0) and (3,0) with independent
unit variance components and then remove all data that has x; component in the interval

[—70,70]. We assign initial labels to be —1 if z; < 0 and 1 if 1 > 0. For boundary factor
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b > 7, the deterministic adversarial label noise then assigns the label 1 if —b < z; < —,
and assigns the label —1 if 7y < x; < b. The final labels are determined by flipping labels

for samples with |z1| > b with probability p each.

By construction, an optimal unit-norm halfspace classifier is given by the vector (1,0),
and this classifier is a hard-margin classifier with margin 79 > 0. The optimal halfspace
classification error is given as the sum of two terms: (1) the random classification noise
for the region |x;| > b, and (2) the deterministic noise in the region |x1| < b. The error
introduced from the deterministic, adversarial noise is the proportion of 2D Gaussian that
has x7 coordinate lying between 3 — 7 and 3 — b, conditioned on the fact that z; is at most
3 — 7. We can directly calculate this as

PB-b<N(0,1)<3—7) PB—m) 231

et = T BPN(0,1) <3 —70) (3 — ) ’

where @ is the standard normal cumulative distribution function. Similarly, the error for
the best linear classifier introduced by the random classification noise at rate p is given by p
times the proportion of a 2D Gaussian that has z; coordinate smaller than 3 —b, conditioned
on the x; coordinate being at most 3 — vy. That is,

P(N(0,1) <3-0) ®(3 — b)
P(N(0,1) <3—9) p<I>(3 — ) (4.8.1)

€ITyen = P
The total error for the optimal linear classifier is then given by

OPT,i, = errget + €rryen
1

(-0 =)

1
= (B —n) - (1— <I>3—b>.

55 (2B -0~ (1= peE-)

Solving for the boundary term in terms of OPTy;, results in
1— OPT;
b=3— ¢! —— g3 ) .
( 1—p ( Yo) >

We then consider OPTj;, in a grid and take the corresponding values of the boundary term b

to produce a distribution with hard margin vy = 0.5 where the best population risk achieved
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by a linear classifier is OPTj;,. We note that the Bayes-optimal classifier has decision rule
given by with the Bayes risk equal to err,,.

The baseline neural network model we use, and the neural network used for Figure
, is as follows. We use a bias-free one-hidden-layer network with leaky ReLU
activations (with o = 0.1) and m = 1000 neurons with outer layer fixed at initialization
with half of the a; equal to +1/4/m and the other half equal to —1/4/m. We initialize the
hidden layer weights independently with normal random variables with variance 1/m, so
that G2 = |[W©® |2 = O(1) with high probability (ignoring d = 2 as a small constant). We
use online SGD (i.e. batch size one with a new sample used at each iteration) with 7' =
20,000 samplesﬂ trained on the cross-entropy loss with fixed learning rate n = 0.01. We
use a validation set of size 10,000 and evaluate performance on the validation set every 100
SGD iterations, and we take the model with the smallest validation error over the T samples
and evaluate its performance on a fresh test set (sampled independently from the training
and validation sets) of 100,000 samples to produce the final test set accuracy. We then
repeat this experiment ten times for each level of OPTj;, considered with the ten trials using
different seeds for both the initialization of the first layer weights and for the sequence of
data observed in online SGD (i.e. for fixed data {z;}], we use a permutation 7 : [T'] — [T]
to permute the data {z;}{ — {z.1}i). We plot the average across the ten trials with error
bars corresponding to one standard deviation in Figure[4.2} in all subsequent modifications to
this baseline neural network model, we will always plot the mean and error bars over the ten
trials considered. We calculate the Bayes-optimal classification error by using the boundary

term corresponding to each value of OPT);, and plotting err,., as the blue dash-dotted line

in Figure Code for our experiments is available on Github [

In Figure 4.3, we show the decision boundary of the baseline neural network for OPTy;, €

5In ablation studies with 7" = 100,000 samples, we observed no discernible difference in the classification
accuracy, unless otherwise stated.

Shttps://github.com/spencerfrei/nn_generalization_agnostic_noise
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{0.1,0.25,0.40} for four independent initializations of the first layer weights. For each level

of OPTji,, the neural network classifier has a nearly linear decision boundary.
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Figure 4.3: Decision boundary of an SGD-trained neural network on Dy .., where b is chosen
so that OPTy, € {0.1,0.25,0.40}, across four different random initializations. The decision
boundary is the line where the region changes from light red to light blue, and the dark
regions are areas where the neural network classifier has the highest confidence. Even in the

presence of substantial, adversarial noise, the decision boundary is close to linear.

In Figures [4.4] and we modify the baseline neural network by having tanh activa-
tions instead of leaky ReL.U. Although tanh is highly nonlinear, the performance of tanh
networks is essentially the same as the leaky ReLLU network, and the decision boundaries are

approximately linear even for large OPT;,.

In Figures [4.6] and we consider variations of the learning rate from the baseline
n = 0.01 to n € {0.1,0.001}. Overall, the test accuracy is essentially the same, albeit of
smaller variance across initializations when the learning rate is smaller. When the learning
rate is smaller, the decision boundary is almost perfectly linear, even when OPT;, = 0.4.
When 1 = 0.1, the decision boundary changes significantly for different initializations of
the first layer weights, resulting in a higher variance for the test accuracy, but the decision

boundary is still a rough perturbation of the best linear classifier decision boundary.

In Figures [4.9] and [£.11, we examine the effect of modifying the initialization
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Figure 4.4: Decision boundary for the same setup as the baseline neural network except with
tanh activations. Columns correspond to different random initializations. Compare with
Figure 1.3l Even for nonlinear activations we still see an almost perfectly linear decision

boundary for OPTj;, = 0.25.

of the first layer weights from the baseline variance of 1/m to Var(wgg)) e {m™21}. The
overall accuracy is essentially the same across initialization variances. The decision boundary
becomes more smooth and linear when the variance is smaller. When the variance is larger,

the decision boundary is more disjointed and nonsmooth, but is still roughly a perturbation

of the best linear classifier decision boundary.

In Figures and [£.13] we consider the modification of using 100 epochs of multiple-
pass SGD with batch size 32. All other architectural and optimization hyperparameters from
the baseline case are the same. We see that the decision boundary and test accuracy has
less variance across random initializations, which we interpret as being due to the averaging
effect of increasing the batch size from 1 to 32. The test classification accuracy is virtually

indistinguishable from the online SGD case.

In Figures [4.14] and [4.16, we consider two modifications to the neural network: (1)
increasing the width from the baseline of m = 10® to m = 10°, and (2) introducing trainable
bias terms and training the second layer weights. The difference in (1) is imperceptible and so

we do not plot the decision boundary in this case. On the other hand, we observed that with
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Figure 4.5: Test classification accuracy. The performance of leaky ReLU and tanh networks
are almost exactly the same and match the performance of the best linear predictor until

extreme levels of noise.

trainable biases and second layer weights, the neural network can come close to Bayes-optimal
classifier accuracy provided the initialization variance is chosen appropriately. In particular,
with an initialization variance of 1/m, the network is able to learn a nonlinear decision
boundary, but with an initialization variance of 1/m?*, the network only learns a linear
decision boundary[] We note that our result in Theorem holds for any initialization,
and thus these experiments suggest that we would need to introduce new analyses in order
to get generalization performance much better than a linear classifier. Additionally, these
experiments suggest that the ability of an SGD-trained network to generalize better than a
linear classifier on D, is strongly dependent upon the initialization scheme used and the

usage of bias terms.

As a final study on D, ,,, we consider a three-hidden-layer fully connected network of the

"For the experiments involving trainable biases and second layer weights, we increased the sample size
from T = 20,000 to T = 100,000 since the validation accuracy was still continuing to increase with 7" =
20,000 for the initialization variance of 1/m. This was the only set of experiments where we noticed such
behavior.
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form
2V =oWWz), 20 =0zt 1=23  f(W,b0)=a"z®, (4.8.2)

where W e Rmxd W0 ¢ R™*™ for [ = 2,3, a € R™*! are all trainable weights, and

o is again the leaky ReLU with a = 0.1. In Figures [£.17] and .18 we plot the decision

boundary and accuracy for this four layer network (with m = 100) with each layer’s weights
initialized with variance 1/m and the final layer weights initialized at £1/4/m and the same
learning rate of 0.01. This network is able to learn a better partition of the input space and
is able to generalize almost as well as the Bayes optimal classifier, enjoying the same trend of
increase in performance as OPTy;, increases that holds for the Bayes optimal classifier. This
experiment suggests that although there is evidence that bias-free one-hidden-layer networks
fail to learn Dy, up to an accuracy better than a linear classifier, bias-free networks with

multiple hidden layers can.

We also conducted a series of experiments to emphasize that although it seems that bias-
free SGD-trained one-hidden-layer networks cannot learn Dy, to an accuracy better than
a linear classifier, there are simple distributions for which such networks easily outperform
linear predictors. We construct a distribution D, as follows. We introduce a boundary
factor b > 0 and sample an isotropic 2D Gaussian, and then assign the label +1 if 25 < b|x],
and the label —1 otherwise. Every (bias-free) halfspace for the marginal distribution of a
2D Gaussian partitions any circle centered at the origin into two equal-sized halves. By
symmetry of the isotropic Gaussian, this means the best halfspace will have error exactly

equal to the proportion of +1 lying in the region with 0 < x5 < b|x;|. If we denote the angle

corresponding to the region {xy > b|z;|} where y = —1 as 26, then this means the error of
the best linear classifier is given by OPTy;, = ”2_739 = /2 — 0/x (see Figure [4.19). The angle

6 € [0,7/2] is given by 6 = arctan(1/b), and thus we can solve for OPTy;, in terms of b. When
b — 0, the error for the best halfspace converges to 0, while as b — o0 we have OPT};, — /2.
The Bayes classifier achieves accuracy 100% with the decision rule ypaypes = 1 if 2o < bl

and —1 otherwise.
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The 2D Gaussian satisfies 1-anti-concentration and Corollary guarantees that an
SGD-trained neural network will achieve a test set accuracy of at least 1 — Q(y/OP Ty, ). We
see in Figures 4.21| and that the neural network performs quite a bit better than the
best linear classifier (and significantly better than 1 —+/OPTj,), with the decision boundary
notably nonlinear and attuned to the distribution of the data. In summary, one-hidden-layer
bias-free leaky ReLLU networks trained by SGD can learn nonlinear decision boundaries, but

apparently not the type of decision boundary necessary to outperform linear classifiers on
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Figure 4.6: Test classification accuracy for learning rates n = 0.1 and n = 0.001 compared

to baseline n = 0.01. Large learning rates lead to a larger variance in performance.
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Figure 4.7: Decision boundary for n

OPTIin 0.1

= 0.001 is consistently linear.
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Figure 4.8: Decision boundary for n = 0.1 varies

bation of the linear classifier decision boundary.
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Figure 4.9: Test classification accuracy for different values of the variance of the first layer

weight initialization. The baseline neural network has variance 1/m.
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Figure 4.10: Decision boundary for the smaller variance 1/m? is more consistently linear.
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Figure 4.11: Decision boundary for variance 1 has more variation across random initializa-

tions, but are roughly perturbations of the linear classifier decision boundary.
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Figure 4.12: Test classification accuracy for multiple-pass batch SGD. The differences with

online SGD are essentially indistinguishable.

121



OPTIin 0.1

OPTIin 0.25

OPTIin 0.4

Figure 4.13: Decision boundary when using 100 epochs multiple-pass SGD of batch size
32. Columns correspond to different random initializations. The decision boundary is more

consistent across randomizations than the baseline online SGD algorithm.
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Figure 4.14: Test classification accuracy when introducing bias terms and trainable second
layer weights (pink and coral dashed lines) as well as when increasing the width from m =
1,000 to m = 100,000 (green line). The pink dashed line uses an initialization variance of 1/m
while the coral dashed line uses an initialization variance of 1/m*. Note that the performance
of a neural network with width m = 1,000 and width m = 100,000 is imperceptible. With
trainable bias and second layer weights, the accuracy of the network varies significantly based
on the initialization scheme. Note that our result (Theorem holds for an arbitrary

initialization.
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Figure 4.15: Decision boundary when using trainable biases and second layer weights with

an initialization variance of 1/m®*. The boundary is almost exactly linear.
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Figure 4.16: Same as Figure |4.15[ but using an initialization variance of 1/m. Here, the

network can learn the appropriate nonlinear decision boundary.
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Figure 4.17: Decision boundary for four layer network given in|(4.8.2)} Columns correspond

to different random initializations. Compare with Figure With four layers, the network

is able to appropriately partition the input space and generalize well.
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Figure 4.18: Test classification accuracy using the four layer network. The four layer network
accuracy is larger for OPTy, = 0.4 than it is for OPTy, = 0.15, a behavior closer to that of

the Bayes classifier.
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Figure 4.19: Calculation of the angle 20 for the distribution Dj.
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Figure 4.20: Decision boundary for the same setup as the baseline neural network for
data coming from D, for four random initializations (across columns) and for OPTy, €
{0.08,0.26,0.40} (across rows). Compare with Figure 4.3l The decision boundaries are

noticeably nonlinear.
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Figure 4.21: Test classification accuracy for data coming D,. Corollary |4.3.7] guarantees

performance of at least 1 —(1/OPTy,), but the neural network performs significantly better
due to the ability to produce a nonlinear decision boundary. Note that the variance over ten

initializations of the first layer weights are so small that the error bars are not visible.
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CHAPTER 5

Learning with deep residual networks trained by

gradient descent
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5.1 Introduction

An important recent development in the practical deployment of neural networks has been
the introduction of skip connections between layers, leading to a class of architectures known
as residual networks. Residual networks were first introduced by [HZR16] to much fanfare,
quickly becoming a standard architecture choice for state-of-the-art neural network classifiers.
The motivation for residual networks came from the poor behavior of very deep traditional
fully connected networks: although deeper fully connected networks can clearly express any
function that a shallower one can, in practice (i.e. using gradient descent) it can be difficult
to choose hyperparameters that result in small training error. Deep residual networks, on
the other hand, are remarkably stable in practice, in the sense that they avoid getting stuck
at initialization or having unpredictable oscillations in training and validation error, two
common occurrences when training deep non-residual networks. Moreover, deep residual
networks have been shown to generalize with better performance and far fewer parameters
than non-residual networks [TL18| [CSS19, IMAI6]. We note that much of the recent neural
network generalization literature has focused on non-residual architectures [BFT17, NBS1§|,
AGNI18, [GRSIS8| [CG20] with bounds for the generalization gap that grow exponentially as
the depth of the network increases. [LLWI18] recently studied a class of residual networks
and proved algorithm-independent bounds for the generalization gap that become larger
as the depth of the network increases, with a dependence on the depth that is somewhere
between sublinear and exponential (a precise characterization requires further assumptions
and/or analysis). We note that verifying the non-vacuousness of algorithm-independent
generalization bounds relies on empirical arguments about what values the quantities that
appear in the bounds generally take in practical networks (i.e. norms of weight matrices and
interlayer activations), while algorithm-dependent generalization bounds such as the ones we

provide in this paper can be understood without relying on experiments.
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5.1.1 Owur Contributions

In this work, we consider fully connected deep ReLU residual networks and study opti-
mization and generalization properties of such networks that are trained with discrete time

gradient descent following Gaussian initialization.

We consider binary classification under the cross-entropy loss and focus on data that
come from distributions D for which there exists a function f for which y - f(z) =~ > 0 for
all (z,y) € supp D from a large function class F (see Assumption [5.3.2). By analyzing the
trajectory of the parameters of the network during gradient descent, for any error threshold

€ > 0, we are able to show:

1. Under the cross-entropy loss, we can study an analogous surrogate error and bound
the true classification error by the true surrogate error. This method was introduced

by [CG20].

2. If m* = O(poly(y™")) - max(d,e2), then provided every layer of the network has at

least m > m™* units, gradient descent with small enough step size finds a point with
empirical surrogate error at most ¢ in at most O(poly(y™') - e7!) steps with high
probability. Here, O() hides logarithmic factors that may depend on the depth L of

the network, the margin +, number of samples n, error threshold ¢, and probability

level 4.

3. Provided m* = O(poly(y~!,e7!)) and n = O(poly(y~*,e7')), the difference between
the empirical surrogate error and the true surrogate error is at most ¢ with high
probability, and therefore the above provide a bound on the true classification error of

the learned network.

We emphasize that our guarantees above come with at most logarithmic dependence on
the depth of the network. Our methods are adapted from those used in the fully connected

architecture by [CG20] to the residual network architecture, and rely upon the neural tangent
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kernel approximation [JGHIS|. This approximation relies upon the fact that for a particular
initialization of the weights of the network, gradient descent-trained networks can be closely
approximated by their tangent kernel at initialization. The tangent kernel at initialization is
expressive enough to be guaranteed to find small surrogate training error, but has sufficiently
small complexity to guarantee a small generalization gap between the training and test errors.
By showing that these competing phenomena occur simultaneously, we are able to derive the
test error guarantees of Corollary [5.3.7 The key insight of our analysis is that the Lipschitz
constant of the network output for deep residual networks as well as the semismoothness
property (Lemma have at most logarithmic dependence on the depth, while the known

analogues for non-residual architectures all have polynomial dependence on the depth.

5.1.2 Additional Related Work

In the last year there has been a variety of works developing algorithm-dependent guarantees
for neural network optimization and generalization [LLI8| [ALS19, [ZCZ19, DZP19, [ADH19b),
CG20), ZG19,[CG19a). [LL1§| were among the first to theoretically analyze the properties of
overparameterized fully connected neural networks trained with Gaussian random initializa-
tion, focusing on a two layer (one hidden layer) model under a data separability assumption.
Their work provided two significant insights into the training process of overparameterized
ReLU neural networks: (1) the weights stay close to their initial values throughout the
optimization trajectory, and (2) the ReLLU activation patterns for a given example do not
change much throughout the optimization trajectory. These insights were the backbone of
the authors’ strong generalization result for stochastic gradient descent (SGD) in the two
layer case. The insights of [LL18] provided a basis to various subsequent studies. [DZP19]
analyzed a two layer model using a method based on the Gram matrix using inspiration from
kernel methods, showing that gradient descent following Gaussian initialization finds zero
training loss solutions at a linear rate. [ZCZ19] and [ALS19] extended the results of Li and

Liang to the arbitrary L hidden layer fully connected case, again considering (stochastic)
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gradient descent trained from random initialization. Both authors showed that, provided the
networks were sufficiently wide, arbitrarily deep networks would converge to a zero training
loss solution at a linear rate, using an assumption about separability of the data. Recently,
[ZG19] provided an improved analysis of the global convergence of gradient descent and
SGD for training deep neural networks, which enjoys a milder over-parameterization condi-
tion and better iteration complexity than previous work. Under the same data separability
assumption, [ZYC19] showed that deep residual networks can achieve zero training loss for
the squared loss at a linear rate with overparameterization essentially independent of the
depth of the network. We note that [ZYC19] studied optimization for the regression problem
rather than classification, and their results do not distinguish the case with random labels
from that with true labels; hence, it is not immediately clear how to translate their analysis
to a generalization bound for classification under the cross-entropy loss as we are able to do

in this paper.

The above results provide a concrete answer to the question of why overparameterized
deep neural networks can achieve zero training loss using gradient descent. However, the
theoretical tools of [DZP19| [ALS19, [ZCZ19, [ZG19] apply to data with random labels as well
as true labels, and thus do not explain the generalization to unseen data observed exper-
imentally. |[DR17] optimized PAC-Bayes bounds for the generalization error of a class of
stochastic neural networks that are perturbations of standard neural networks trained by
SGD. [CG20] proved a guarantee for arbitrarily small generalization error for classification
in deep fully connected neural networks trained with gradient descent using random initial-
ization. The same authors recently provided an improved result for deep fully connected
networks trained by stochastic gradient descent using a different approach that relied on the
neural tangent kernel and online-to-batch conversion [CG19a]. [EMW19] recently developed
algorithm-dependent generalization bounds for a special residual network architecture with

many different kinds of skip connections by using kernel methods.
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5.2 Network Architecture and Optimization Problem

We begin with the notation of the paper. We denote vectors by lowercase letters and matrices
by uppercase letters, with the assumption that a vector v is a column vector and its transpose
v’ is a row vector. We use the standard O(-),€(-),0(:) complexity notations to ignore
universal constants, with O(-), Q(-) additionally ignoring logarithmic factors. For n € N, we
write [n] = {1,2,...,n}. Denote the number of hidden units at layer l as m;, [ = 1,..., L+1.
Let the [-th layer weights be W, € R™-1*™ and concatenate all of the layer weights into a
vector W = (Wy,...,Wgi1). Denote by w;; the j-th column of W;. Let o(x) = max(0, x)

be the ReLLU nonlinearity, and let 8 be a constant scaling parameter. We consider a class of

residual networks defined by the following architecture:

z, = o(W]'z), X =1x1_1+ 00 (VVlTxl_l) , 1=2,...,L,

Try1 = O'(W;+1.1'L>.

Above, we denote x; as the [-th hidden layer activations of input z € R?, with = := z. In
order for this network to be defined, it is necessary that m; = mqy = --- = my. We are free
to choose my.1, as long as mpy1 = O(my) (see Assumption [5.3.4). We define a constant,
non-trainable vector v = (1,1,...,1,—1,—1,...,—1)" € R™+1 with equal parts +1 and

—1’s that determines the network output,

fw(l‘) = UT$L+1.

We note that our methods can be extended to the case of a trainable top layer weights v by
choosing the appropriate scale of initialization for v. We choose to fix the top layer weights

in this paper for simplicity of exposition.

We will find it useful to consider the matrix multiplication form of the ReLLU activations,
which we describe below. Let 1(A) denote the indicator function of a set A, and define
diagonal matrices ¥y(z) € R™*™ by [¥(z)];; = L(w ;2.0 > 0), I =1,...,L+1. By

convention we denote products of matrices ]_[f:a M; by My - My_y -...- M, when a < b, and
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by the identity matrix when a > b. With this convention, we can introduce notation for the
I-to-I" interlayer activations H} (z) of the network. For 2 <[ <!’ < L and input = € R? we

denote

H! (z) := ll_[ (I+ 0%, (x)W,"). (2<i<l<I) (5.2.1)

r=I
Ifl =1 < I, we denote H!'(z) = HY(2)S(z)W/, and if I' = L +1 > [, we denote
H"N(x) = X1 (x)W,L, HE(x). Using this notation, we can write the output of the neural
network as fyy(v) = v H\ ()2 for any | € {0} U [L + 1] and = € R?. For notational

simplicity, we will denote ¥;(x) by ¥; and H/ (z) by H} when the dependence on the input

is clear.

We assume we have i.i.d. samples (z;,;)", ~ D from a distribution D, where z; € R?
and y; € {£1}. We note the abuse of notation in the above, where z; € R™ refers to the
I-th hidden layer activations of an arbitrary input = € R? while z; refers to the i-th sample
z; € R We shall use z;; € R™ when referring to the [-th hidden layer activations of a
sample z; € R? (where i € [n] and [ € [L + 1]), while 2; € R™ shall refer to the [-th hidden

layer activation of arbitrary input z € R9.
Let ¢(z) = log(1 + exp(—xz)) be the cross-entropy loss. We consider the empirical risk
minimization problem optimized by constant step size gradient descent,

. 1 &
min Ls(W —Z v fw(zs), WD =W~ Ty Ls(W®) (e [L+1]).

3

We shall see below that a key quantity for studying the trajectory of the weights in the
above optimization regime is a surrogate loss defined by the derivative of the cross-entropy

loss. We denote the empirical and true surrogate loss by
1 n
Es(W) := - Zg/(yi fw (), Ep(W) :=Epy~p[—l(y - fw(x))],
=1

respectively. The empirical surrogate loss was first introduced by [CG20] for the study of

deep non-residual networks. Finally, we note here a formula for the gradient of the output
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of the network with respect to different layer weights:

Vw, fw(z) = H]I(KKL)xl_lvTHlﬁﬁlEl(x), (1<I<L+1). (5.2.2)

5.3 Main Theory

We first go over the assumptions necessary for our proof and then shall discuss our main
results. Our assumptions align with those made by [CG20] in the fully connected case. The

first main assumption is that the input data is normalized.

Assumption 5.3.1. Input data are normalized: supp(D,) < S4 ! = {z e R*: |z|, = 1}.

Data normalization is common in statistical learning theory literature, from linear models
up to and including recent work in neural networks [LL18, [ZCZ19, [DZP19, [ALS19, [ADH19bl,
CG20)], and can easily be satisfied for arbitrary training data by mapping samples x —
z/ ||z

The next assumption is on the data generating distribution. Because overparameterized
networks can memorize data, any hope of demonstrating that neural networks have a small
generalization gap must restrict the class of data distribution processes to one where some

type of learning is possible.

Assumption 5.3.2. Let p(u) denote the density of a standard d-dimensional Gaussian

vector. Define
7= { f (ol ep(u)du s ()], < 1}.
Assume there exists f(-) € F and constant 7 > 0 such that y - f(z) = v for all (z,y) €

supp(D).

Assumption was introduced by [CG20] for the analysis of fully connected networks
and is applicable for distributions where samples can be perfectly classified by the random

kitchen sinks model of [RR08]. One can view a function from this class as the infinite
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width limit of a one-hidden-layer neural network with regularizer given by a function c(-)
with bounded ¢“-norm. As pointed out by [CG20], this assumption includes the linearly

separable case.

Our next assumption concerns the scaling of the weights at initialization.

Assumption 5.3.3 (Gaussian initialization). We say that the weight matrices W, € R"-1*™
are generated via Gaussian initialization if each of the entries of W, are generated indepen-

dently from N(0,2/my).

This assumption is common to much of the recent theoretical analyses of neural net-
works [LL18, [ZCZ19. [ALS19, [DZP19, [ADHI19b, [CG20] and is known as the He initialization
due to its usage in the first ResNet paper by [HZR16]. This assumption guarantees that the

spectral norms of the weights are controlled at initialization.

Our last assumption concerns the widths of the networks we consider and allows us to
exclude pathological dependencies between the width and other parameters that define the

architecture and optimization problem.

Assumption 5.3.4 (Widths are of the same order). We assume mp; = O(myg). We call

m = myp A mr,1 the width of the network.

Our first theorem shows that provided we have sufficient overparameterization and suffi-
ciently small step size, the iterates W®*) of gradient descent stay within a small neighborhood
of their initialization. Additionally, the empirical surrogate error can be bounded by a term

that decreases as we increase the width m of the network.

Theorem 5.3.5. Suppose W are generated via Gaussian initialization and that the resid-
ual scaling parameter satisfies § = 1/Q(L). For 7 > 0, denote a T-neighborhood of the
weights W© = (W .. Wéoll) at initialization by

WO, 1) = {W = (Wh,.. W) HWZ - W}“HP <rvie[L+1]}.
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There exist absolute constants v, v/, V", C,C" > 0 such that for any 0 > 0, provided 7 <
vy'2 (log m)_g, n<V(rm™z Ay*m™Y), and Kn < /72 (log(n/é))_%, then if the width of
the network is such that,

L L 1 L
m=C' T_%dlog my dlogm— v T_%(logm)_1 log—= v~y 2 (dlog—viog=| v logﬁ
) o ) vy ) )

then with probability at least 1 — §, gradient descent starting at W with step size n
generates K iterates W .. W) that satisfy:

(1) W® e WO 1) for all k e [K].

n

(10 5)" -7

N

(ii) There exists k € {0,..., K — 1} with Eg(W®) < C-m~2 - (Kn)~

This theorem allows us to restrict our attention from the large class of all deep residual
neural networks to the reduced complexity class of those with weights that satisfy W e
W(W®© 7). Our analysis provides a characterization of the radius of this reduced complexity
class in terms of parameters that define the network architecture and optimization problem.
Additionally, this theorem allows us to translate the optimization problem over the empirical
loss Lg(W) into one for the empirical surrogate loss E¢(W®), a quantity that is simply
related to the classification error (its expectation is bounded by a constant multiple of the

classification error under 0-1 loss; see Appendix [5.6.2]).

Our next theorem characterizes the Rademacher complexity of the class of residual net-
works with weights in a 7-neighborhood of the initialization. Additionally, it connects the

test accuracy with the empirical surrogate loss and the Rademacher complexity.

Theorem 5.3.6. Let W denote the weights at Gaussian initialization and suppose the
residual scaling parameter satisfies § = 1/Q(L). Suppose 7 < 1. Then there exist absolute

constants C7, Cy, C5 > 0 such that for any 6 > 0, provided

m= O (T—%(bg m) " log(L/8) v 73 dlog(m/(15)) v dlog(mL/a)) ,
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then with probability at least 1 — d, we have the following bound on the Rademacher com-

plexity,
mlogm + ﬂ) ,

NG

4
3

R, ({fw : WeWWO 1)}) <Gy <r
so that for all W e W(W®© 1),

4
3 = 7 7

mlogm + ——

Plogyn (y -+ fiv(z) < 0) < 285(W) + Cy (T Tﬁ) gy 55y

We shall see in Section [5.4] that we are able to derive the above bound on the Rademacher
complexity by using a semi-smoothness property of the neural network output and an upper

bound on the gradient of the network output. Standard arguments from statistical learning

theory provide the first and third terms in |(5.3.1)|

The missing ingredients needed to realize the result of Theorem for networks trained
by gradient descent are supplied by Theorem m, which gives (i) control of the growth of
the empirical surrogate error £g along the gradient descent trajectory, and (ii) the distance

7 from initialization before which we are guaranteed to find small empirical surrogate error.

Putting these together yields Corollary [5.3.7]

Corollary 5.3.7. Suppose that the residual scaling parameter satisfies § = 1/Q(L). Let
£,6 > 0 be fixed. Suppose that m* = O(poly(y™")) - max(d,e~) - log(1/8) and n =
O(poly(y~1)) - e~*. Then for any m > m*, with probability at least 1 — & over the initializa-
-2

tion and training sample, there is an iterate k € {0,..., K — 1} with K = O(poly(y™")) -

such that gradient descent with Gaussian initialization and step size n = 0(74 . m—l) satisfies
P(w,y%D[y fwmw () < 0] <e.

This corollary shows that for deep residual networks, provided we have sufficient over-
parameterization, gradient descent is guaranteed to find networks that have arbitrarily high

classification accuracy. In comparison with the results of [CG20], the width m, number of
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samples n, step size n, and number of iterates K required for the guarantees for residual
networks given in Theorem and Corollary all have (at most) logarithmic depen-
dence on L as opposed to the exponential dependence in the corresponding results for the
non-residual architecture. Additionally, we note that the step size and number of iterations
required for our guarantees are independent of the depth, and this is due to the advantage
of the residual architecture. Our analysis shows that the presence of skip connections in the
network architecture removes the complications relating to the depth that traditionally arise
in the analysis of non-residual architectures for a variety of reasons. The first is a technical
one from the proof, in which we show that the Lipschitz constant of the network output and

the semismoothness of the network depend at most logarithmically on the depth, so that

the network width does not blow up as the depth increases (see Lemmas [5.4.1] and |5.4.2|

below). Second, the presence of skip-connections allows for representations that are learned
in the first layer to be directly passed to later layers without needing to use a wider network
to relearn those representations. This property was key to our proof of the gradient lower
bound of Lemma and has been used in previous approximation results for deep residual

networks, e.g., [YarlT].

5.4 Proof Sketch of the Main Theory

In this section we will provide a proof sketch of Theorems|5.3.5 and [5.3.6|and Corollary [5.3.7,

following the proof technique of [CG20]. We will first collect the key lemmas needed for their
proofs, leaving the proofs of these lemmas for Appendix [5.7, We shall assume throughout
this section that the residual scaling parameter satisfies § = 1/Q(L), which we note is a

common assumption in the literature of residual network analysis [DLLI18, [ALS19, ZYC19].

Our first key lemma shows that the interlayer activations defined in are uniformly

bounded in x and [ provided the network is sufficiently wide.

Lemma 5.4.1 (Hidden layer and interlayer activations are bounded). Suppose that Wy, ..., Wy
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are generated via Gaussian initialization. Then there exist absolute constants Cy, Cy, Cy > 0
such that if m = Cydlog (mL/d), then with probability at least 14, forany [,I’ = 1,..., L+1

with [ <" and = € S*!, we have C; < |z, < C5 and |H/

, < Ch.

Due to the scaling of 6, we are able to get bounds on the interlayer and hidden layer
activations that do not grow with L. As we shall see, this will be key for the sublinear

dependence on L for the results of Theorems[5.3.5/and[5.3.6] The fully connected architecture

studied by [CG20] had additional polynomial terms in L for both upper bounds for |z,

and HH}’HQ.

Our next lemma describes a semi-smoothness property of the neural network output fy

and the empirical loss Lg.

Lemma 5.4.2 (Semismoothness of network output and objective loss). Let W1, ..., Wiy

be generated via Gaussian initialization, and let 7 < 1. Define
—~ ~ —~ ~ L —~ ~ —~ ~
0 ]33 o] ],
2 = 2 2
There exist absolute constants C,C' > 0 such that if
m = C (T_%(logm)_l log(L/0) v T_%dlog(m/(Td)) v dlog(mL/§)) ,

then with probability at least 1 — &, we have for all z € S and W, We W(W, 1),

[ (@) — fii(z) < Crin/mlogm - h(W, W) + Cy/m - h(W,W)?

~ . A\T

(- 171) Vs o).

_l’_
ol
ﬁH
=
| —
=

and
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The semismoothness of the neural network output function fy, will be used in the anal-
ysis of generalization by Rademacher complexity arguments. For the objective loss Lg, we
apply this lemma for weights along the trajectory of gradient descent. Since the differ-
ence in the weights of two consecutive steps of gradient descent satisfy W'l(kH) — VVl(k) =
—nVWlLS(W(k)), the last term in the bound for the objective loss Lg will take the form
—n ZZL:ll HVWZLS(W(’“))H; Thus by simultaneously demonstrating (i) a lower bound for the
gradient for at least one of the layers and (ii) an upper bound for the gradient at all layers
(and hence an upper bound for A(W*+D W) we can connect the empirical surrogate
loss Es(W®*)) at iteration k with that of the objective loss Lg(W®*)) that will lead us to
Theorem Compared with the fully connected architecture of [CG20], our bounds do

not have any polynomial terms in L.

Thus the only remaining key items needed for our proof are upper bounds and lower

bounds for the gradient of the objective loss, described in the following two lemmas.

Lemma 5.4.3. Let W = (W,...,Wr.1) be weights at Gaussian initialization. There
exist absolute constants C,C,v such that for any § > 0, provided 7 < v7® and m >
C~~2 (dlog~y~" +log(L/d)) v C'log(n/§), then with probability at least 1 — &, for all W €
W(W, 1), we have

‘VWLHLS(VV)H? S oy ot S5

Lemma 5.4.4. Let W = (Wy,...,Wp,1) be weights at Gaussian initialization. There exists
an absolute constant C' > 0 such that for any 6 > 0, provided m > C(d v log(L/d)) and
7 < 1, we have for all W € W(W, ) and all [,

HVWlLS(VT/)HF < 01C<ISD) O E6(W).

Note that we provide only a lower bound for the gradient at the last layer. It may be
possible to improve the degrees of the polynomial terms of the results in Theorems 5.3.5| and

by deriving lower bounds for the other layers as well.
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With all of the key lemmas in place, we can proceed with a proof sketch of Theorems

5.3.5| and [5.3.6] The complete proofs can be found in Appendix

Proof of Theorem[5.3.5, Consider hy = h(W &+ W®H) a quantity that measures the dis-
tance of the weights between gradient descent iterations. It takes the form
L
b= | [V Ls(W O, +0 3 [V Ls(W ), + [V, Ls(WH)
1=2
By Lemma [5.4.4) we can show that h, < Cny/mEs(WW®). The gradient lower bound in

Lemma [5.4.3| substituted into Lemma [5.4.2 shows that the dominating term in the semis-

moothness comes from the gradient lower bound, so that we have for any k,
Ls(WE) = LaW®) < =C-np-mpp -7t - Es(WH)2,

We can telescope the above over k to get a bound on the loss at iteration k in terms of
the bound on the r.h.s. and the loss at initialization. A simple concentration argument
shows that the loss at initialization is small with mild overparameterization. By letting
k* = argmin[K_l]SS(W(k))Q, we can thus show

* _1 o _1 n\i  _
Es(WHD) < Gy (K- m) ™% (Ls(W))* -y < Gy (K- m) # (log %) " 972

]

We provide below a proof sketch of the bound for the Rademacher complexity given in

Theorem [5.3.6| leaving the rest for Appendix [5.6.2]

Proof of Theorem[5.3.6, Let & be independent Rademacher random variables. We consider
a first-order approximation to the network output at initialization,

L+1

Fyow(@) = fywo(r) + ) tr [(Wz - Wz(O))T lefww)(ﬂ?)} :

=1
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and bound the Rademacher complexity by two terms,

Re[F(WO, 7)] < Eq [ sup L DGl f (i) — FW<0>,W($i)]]

weww© ) i

+]E§[ sup iszZH [( W(O)>valfw<o>($)”

Wew((w©) r —

For the first term, taking W = W in Lemma results in |fi(z) — Fypo w(z)] <
Cstiy/mlogm. For the second term, since |AB|, < |A||B],, we reduce this term to
a product of two terms. The first involves the norm of the distance of the weights from
initialization, which is 7. The second is the norm of the gradient at initialization, which
can be taken care of by using Cauchy-Schwarz and the gradient formula to get
IV fwollp < C20'C<< /m. A standard application of Jensen inequality gives the 1/y/n

term. =

Finally, we can put together Theorems [5.3.5( and [5.3.6 by appropriately choosing the

scale of 7, n, and K to get Corollary 5.3.7 We leave the detailed algebraic calculations for
Appendix [5.6.3]

Proof of Corollary[5.5.7. We need only specify conditions on 7,7, K7, and m such that the
results of Theorems [5.3.5] and [5.3.6] will hold, and making sure that each of the four terms
in are of the same scale. This can be satisfied by imposing the condition K7n =
V'yAr? (log(n/é))fé and

(log(n/é))i : = Cyrin/mlogm = CotA/m/n = C34/log(1/d)/n = €/4.

M=

Cs (Knm)~

5.5 Conclusions

In this paper, we derived algorithm-dependent optimization and generalization results for

overparameterized deep residual networks trained with random initialization using gradient
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descent. We showed that this class of networks is both small enough to ensure a small
generalization gap and also large enough to achieve a small training loss. Important to our
analysis is the insight that the introduction of skip connections allows for us to essentially
ignore the depth as a complicating factor in the analysis, in contrast with the well-known
difficulty of achieving nonvacuous generalization bounds for deep non-residual networks.
This provides a theoretical understanding for the increased stability and generalization of

deep residual networks over non-residual ones observed in practice.

5.6 Proofs of Main Theorems and Corollaries

5.6.1 Proof of Theorem [5.3.5]

We first show that W*) e W(W© 7/2) for all k < K satisfying Kn < v"72v*(log(n/§)) V2.
Suppose W*) e WV 7/2) for all k' = 1,...,k — 1. By Lemma|5.4.4, we have

HVWZLS(W(’“’))HF < CLOM2SISD) i gg (WD),

Since ny/m < /7 and E5(-) < 1, we can make v’ small enough so that we have by the triangle
inequality
-

+o<T (5.6.1)

W~ WO <o FuLs W)+ T

Therefore we are in the 7-neighborhood that allows us to apply the bounds described in the

main section. Define

L
hy :==n lewlLS(W(k))Hg + 92 |V, Ls(W®)|, + HVWLJrlLS(W(k))HQI :

=2

Then using the upper bounds for the gradient given in Lemma [5.4.4] we have

[C\F Es(W i b/mEs(W >)+c¢m<w<’“>>] < Cpymés(WH).
. (5.6.2)
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Notice that hy = (W& W H)) where h is from Lemma Hence, we have

LS(W(k-‘rl)) . LS(W(k))

L+1

Orbfmlogm - hy - Es(W®) + Cmlz ' S [V L (W)

1=1
< CnT%«/mlogm m - Eg(WEN2 4 Om2n? - Eg(WIN2 —Cnp-mp g -t Eg(WH)?
< Eg(W k2. (C’mT%m\/logm + Com? - 1* — Csn - mpy -74>

The first inequality follows by Lemma and since tr(ATA) = |A|?. The second inequal-

ity uses the lower bound for the gradient given in Lemma [5.4.3|and |(5.6.2). Therefore, if we

3
take 75 logm < V%74, ie. 7 < vy (logm) 2 for some small enough constant v, and if

we take n < /- y*m~!, then there is a constant C' > 0 such that
Ls(WH* )y — LoW®)y < —C - mppq -4t Eg(WHR)2, (5.6.3)
Re-writing this we have
EsW®)? < Cy ™ (pmpn) ™ (Ls(WH) = Le(WHH)) . (5.6.4)

Before completing this part of the proof, we will need the following bound on the loss at

Ls(W©®) < Oy /logg. (5.6.5)

To see this, we notice that fyy(z;) is a sum of my /2 independent random variables (con-

initialization:

ditional on xp;),

mL+1/2
Jw (i) = 2 ‘7(wz+1,ij,i) - U(wZ+1,j+mL+1/2$L,i)} .
j=1

Applying the upper bound for |z, given by Lemma and Hoeffding inequality gives
a constant C7 > 0 such that with probability at least 1 — ¢, | fyy© (z;)| < Ci4/log(n/d) for
all 7 € [n]. Since £(z) = log(1 + exp(—=z)) < |z] + 1 for all z € R, we have

1 n
_2 Yi - fwo (1)) < 1+C’1\/@<C log(n/9).

3
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We can thus bound the distance from initialization by

.

k—1
k 0 /
W@ —w® <u Y [TwLs(®)
k=0

k—1
< Cnpym Y Es(WH))
k'=0

k—1
< 077\/%\/% 774 (77mL+1)_1 2 (LS(W(k)) _ LS(W(k+1)))
k'=0

< C’\/ﬁ Sy <log %)i

<

oS

The first line comes from the definition of gradient descent and the triangle inequality.
For the second line, [(5.6.1)] allows us to apply Lemma [5.4.4 The third line follows by

Cauchy—Schwarz and |(5.6.4)] The next line follows by [(5.6.5)] and the last since kn <
V724 (log(n/8))~2. This completes the induction and shows that W® e W(W© 1) for all
kE<K.

For the second part of the proof, we want to derive an upper bound on the lowest empirical

surrogate error over the trajectory of gradient descent. Since we have shown that W®*) e

.....

Then telescoping [(5.6.3)| over k yields

K
Ls(WE) = LeWOY < —C - mpsq -~ Z Eg(Wk)?
k=1

< -C- KT] Myt ’74 . gs(W(k*))2
Rearranging the above gives

# _1 1 _ _1 n\ i _
Es(WE) < s (Kyp-m) ™+ (Ls(WO))* 57> < Gy (K- m)™* (log ) 772

where we have used that Lg(-) is always nonnegative in the first inequality and in

the second.
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5.6.2 Proof of Theorem [5.3.6

Denote F(W©®), 7) = {fiw(z) : W e WW© 1)}, and recall the definition of the empirical
Rademacher complexity,
Rs[FW O, 7)] = E¢ sup ZSZ )| = sup ZSZ z;)|, (5.6.6)
FEF(WO) 7 Wew(w©

where £ = (1,...,&,)" is an n-dimensional vector of i.i.d. & ~ Unif({£1}). Since y € {1},
|0'(z)] < 1and ¢'(-)is 1-Lipschitz, standard uniform convergence arguments (see, e.g., [SB14])
yield that with probability at least 1 — 9,

3 log(1
sup  |Es(W) — Ep(W)| < 2EsRs [F(WO, )] + O og(1/9)
Wew(w ) r) n

Since —¢'(z) = (1+exp(—z)) " satisfies —¢'(z) < 1 if and only if z < 0, Markov’s inequality

gives

Ploy~n (- fw () <0) < 2By (=0(y - fw(2))) = 2Ep(W),

so that it suffices to get a bound for the empirical Rademacher complexity |(5.6.6)l If we

define
L+1

Fyo w(T) = fwo(x) + Z tr [(VVI _ Wl(o)>T Vi, fW(o)(x)} ;

=1

then since sup,,peasp(@ + b) < sUpyeq @ + supyep b, we have

A~ 1&
Rg[FW®, 7] < Ee [ sup  — Z &lf (z) — FW(0)7W($Z<)]]
wew(w© ) 0I5

" )

n
n L+1 T
‘HE&[ Sup —Z Z [( 1(0)> VszW(O)(@H
Wew(Ww©),r) 15— -1
I
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For the I, term, we take W = W© in Lemma [5.4.2] to get
fw(@) = Fyyo () < C [ $o/mlogm(2 + LG)] v Cr2ym (2 + LO)
< C’Tgx/mlogm.
For I, since |AB| . < |A| | B,, Lemma [5.4.1] yields for all I and any matrix &,

HfL’ZUT : fHF < HIIJZUTHF H£H2 < C\/ﬁ Hf”z

Applying this to the gradient of f at initialization given by and using Lemma |5.4.1}

there is a constant Cy such that

IV fwo g < Co0P<ISDy/m. (5.6.7)

We can therefore bound I as follows:

oL+
Z Ee Z&lefww (:)
4 i=1 .
L L n 2
< - Z ZszszW@) (z3)
= i=1 F

L+1

T n
. Z Z |V, oo () |5
"o Vs

o= (m + zL] Vmé? + m)

<C n.
V n
The first line above follows since tr(A”B) < |A||, |B|r and W € W(W©® 7). The second

comes from Jensen inequality, with the third since £ = 1. The fourth line comes from

(5.6.7) with the final inequality by the scale of . This completes the proof.

5.6.3 Proof of Corollary

We need only specify conditions on 7,7, K7, and m such that the results of Theorems[5.3.5
and [5 will hold, and such that each of the four terms in are of the same scale
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w

e. To get the two theorems to hold, we need 7 < vy2 (logm)™ 2, n < V/(v*m~
Kn < v'7%y* (log(n/d))” > , and

LA Tm™2),

1 L L L L
m = C [y %dlog— v vy ?log = v dlog = v T_%dlog— v T_%(logm)_1 log — v log2 .
¥ ) ) T ) )
We now find the appropriate scaling by first setting the upper bound for the surrogate loss
given in Theorem to € and then ensuring 7 is such that the inequality required for Kn

is satisfied:

1

v ?=¢,  Kn=1v"y'"7*(log(n/s)) 2.

=
N

Cs (Knm) 2 (log(n/6))* -

Substituting the values for K7 above, we get C4m’%7_27'_1«/10g(n/6) = ¢, so that

1

T = Cey e 'm24/log(n/9). (5.6.8)

3

Let m be such that vy? (logm)™ 2 = 7, so that m(logm)™ = Cv 27732 (log(n/d)) 2. Tt is

clear that such a 7 can be written m = Q(poly(y~")) - e~2. Finally we set

* A~ mL _4 m
m* = max [ m,dlog —, 7 3 log— | .
) T

By |(5.6.8)|we can write 73 log(m/(76)) = 4% (log(n/é))fg eims log < 32+4¢(log(n/d))~ %/5>.

Thus we can take

m* = Q(poly(y™1)) - max(d,e72) - log %
Using |(5.6.8)| we see that K = Cvy~* (log(n/é))% e 2 and n < Vy*m~! gives the desired
forms of K and 7 as well as the first term of [(5.3.1)] For the second term of [(5.3.1)] we
again use |(5.6.8)| to get 73y/mlogm < Cy~ % (log(n/é))5 £73m™6 = Re~3m
O(poly(y~1)). Since e"3m™s < ¢ iff m > e, this takes care of the second term in .

For the third term, we again use to write T4/m/n = 07_4\/Wn’%6_1 < e,
which happens if \/W > Ce 2y ie, n = O(poly(’y_l))s_4. For the final term
of |(5.3.1)] it’s clear that /log(1/6)/n < ¢ is satisfied when n = Ce~2log(1/4), which is less
stringent than the O(poly(y~!))e* requirement.

1
s where R =
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5.7 Proofs of Key Lemmas

In this section we provide proofs to the key lemmas discussed in Section [5.4, We shall first
provide the technical lemmas needed for their proof, and leave the proofs of the technical

lemmas for Appendix [5.8] Throughout this section, we assume that § = 1/Q(L).

5.7.1 Proof of Lemma [5.4.1; hidden and interlayer activations are bounded

We first recall a standard result from random matrix theory; see, e.g. [Verl(], Corollary

5.35.

Lemma 5.7.1. Suppose Wy, ..., Wy, are generated by Gaussian initialization. Then there
exist constants C, C" > 0 such that for any § > 0, if m = dv C'log(L/J), then with probability
at least 1 — 6, |[Wi|, < C" for all l e [L +1].

The next lemma bounds the spectral norm of the maps that the residual layers define.
This is a key result that allows for the simplification of many of the arguments that are

needed in non-residual architectures. Its proof is in Appendix

Lemma 5.7.2. Suppose Wy, ..., W}, are generated by Gaussian initialization. Then for any

d > 0, there exist constants Cy, Cj, C' such that if m > Cjlog (L/J), then with probability

at least 1 — 6, for any L = b > a = 2, and for any tuple of diagonal matrices 3, ..., 3,

%,

< 1 for each ¢ = a,...,b, we have
2

H(z YOSy W + 605 W, ) - (T + eian)H <exp(CHOL) <101 (5.7.1)
2

satisfying ‘

In particular, if we consider %; = ¥i(x) for any z € S4°!, we have with probability at least

1—-6,forall2<a<b< L and for all z € S9!,
(I + 05 (x)W, ) (I + 051 ()WL) .- (I + 084 (2)W,])|, < exp (CHHL) < 1.01.

The next lemma we show concerns a Lipschitz property of the map z — x;. Compared

with the fully connected case, our Lipschitz constant does not involve any terms growing
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with L, which allows for the width dependence of our result to be only logarithmic in L. Its

proof is in Appendix [5.8.2]

Lemma 5.7.3. Suppose Wy, ..., Wy are generated by Gaussian initialization. There are
constants C,C” > 0 such that for any 6 > 0, if m > Cdlog(mL/§), then with probability at

least 1 — 4, ||lz; — zj|, < C' |z — 2’|, for all z,2" € S and [ € [L + 1].

With the above technical lemmas in place, we can proceed with the proof of Lemma

b4Tl

Proof of Lemma [5.4.1 We first show that a bound of the form C' < |7;]|, < C holds for all Z
in an e-net of S~ and then use the Lipschitz property from Lemma to lift this result
to all of S9-1.

Let N'* be a o-net of S, By applying Lemma A.6 of [CG20] to the first layer of our
network, there exists a constant C; such that with probability at least 1 — §/3, we can take

m = Q (dlog (m/(199))) large enough so that

dlog (m/(709))

< 1.004.

|Z:], <1+ Cl\/

If 2 <1 < L, by an application of Lemma by taking m larger we have with
probability at least 1 —§/3, for all 2 <1 < L, 7 € N'*,
|Zilly = (7 +0Z@)W,T) - - (1 + 082(2) Wy )0 (2)W) 7],

< (T +0S@W) - (I + 055(2)W), |24,
Lot (1+ ” \/dlog(m/(705))) < 1oL

m

For the last fully connected layer, we can use a proof similar to that of Lemma A.6 in [CG20]
using the above upper bound on 7|, to get that with probability at least 1 — 9, for any
le[L+1]and T e N*,

|24l < 1.02. (5.7.2)
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For any x € S9!, there exists Z € N* such that |z — 7|, < 75. By Lemma m this means
that with probability at least 1 —4§/2, |x; — 21|, < Ci7p for some C; > 0, and this holds over
all T € N*. Let 79 = 1/m, so that dlog (mL/(790)) < 2dlog(mL/§). Then[(5.7.2)| yields that
with probability at least 1 — ¢, for all z € S4 1 and all [ € [L + 1],

|z, < |Zilly + |2 — Ty, < 1.02 + Cy/m < 1.024.

As for the lower bound, we again let N'* be an arbitrary mo-net of S9!, For [ = 1, we use
Lemma A.6 in [CG20] to get constants C, C” such that provided m = Cdlog (m/(799)), then
we have with probability at least 1 — §/3, for all 7 € N'*,

|Zi]l, = 1 — C'\/dm~tlog (3m/(56))  (I=1,2,...,L). (5.7.3)

To see that the above holds for layers 2 < [ < L, we note that it deterministically holds that
Zy; = Iy for such [ and all j. For the final layer, we follow a proof similar to Lemma A.6

of [CG20] with an application of to get that with probability at least 1 — §/3,

124105 = T2l — C3v/dm="log (3/(709))-

Thus m = Q(dlog(m/(m0)) implies there is a constant Cyy such that with probability at least
1—9,forallle[L+1] and 7 € N*,

|Zi], = Ca > 0. (5.7.4)
By Lemma [5.7.3] we have with probability at least 1 — 6, for all x € S9!,
|zl = 2], = llze = 2ufl, = Ca — Chi7o.

Thus by taking 79 to be a sufficiently small universal constant, we get the desired lower

bound.

We now demonstrate the upper bound for HHll' Since Hll/ = xy when [ = 1, we need

>
only consider the case [ > 1. If I’ < L, then H} appears in the bound for Lemma and
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so we are done. For I’ = L + 1, by Lemmas [5.7.1 and [5.7.2| we have

Sr(z)Wii, ﬁ (1 + 0%, ()W)

r=I

[H, =

2

L
H (I + 0%, (x)W,")

< Bz ”2 |WL+1H < C.

2

5.7.2 Proof of Lemma [5.4.2k semismoothness

To prove the semismoothness result, we need two technical lemmas. The first lemma concerns
a Lipschitz-type property with respect to the weights, along with a characterization of the
changing sparsity patterns of the rectifier activations at each layer. The second lemma
characterizes how the neural network output behaves if we know that one of the initial
layers has a given sparsity pattern. This allows us to develop the desired semi-smoothness

even though ReLU is non-differentiable. The proof for Lemmas[5.7.4) and [5.7.5] can be found
in Appendix [5.8.3] and [5.8.4] respectively.

Lemma 5.7.4. Let W = (W,...,Wp,1) be generated by Gaussian initialization, and let
W = (Wl, e WLH), W = (Wi,...,Wr41) be weight matrices such that W, W e W(W, ).
For z € S9!, let (x), S(x), Si(x) and ;, 7, % be the binary matrices and hidden layer
outputs of the [-th layers with parameters W, I//[\/, 1474 respectively. There exist absolute con-
stants Cy, Cy, Cy such that for any § > 0, if m > Cy73 - dlog(m/(76)) v Cydlog(mL/d),

then with probability at least 1 — 4, for any x € S ! and any [ € [L + 1], we have

r

CQ Wl—Wl , lzl,
2
|20 = @lly < 3 Cy [Wy =W + 60,3, W, : 2<I<L,
2
G| W) — T 2+9022f:2‘A,, HWLH—WLHL, [=L+1.

and



Lemma 5.7.5. Let Wi, ..., W1 be generated by Gaussian initialization. Let W, be such
that HI/Vl — W H2 < 7 for all [, and let f]l(x) be the diagonal activation matrices corresponding
to W, and ]:Ill/(a:) the corresponding interlayer activations defined in . Suppose that
Hf]l(x) - Zl(x)HO < s for all z € S41 and all [. Define, for [ > 2 and a € R™-1,

g(a,z) == v H Y (2)a.

Then there exists a constant C' > 0 such that for any § > 0, provided m > C7—3 (logm)~log(L/9),

we have with probability at least 1 —d and all 2 <1 < L + 1,

sup lgi(a,z)| < Cy [T\/E-i- «/slogm] :

lzly=lal,=1, lalo<s

In comparison with the fully connected case of [CG20], our bounds in Lemmas and
do not involve polynomial terms in L, and the residual scaling ¢ further scales the

dependence of the hidden layer activations on the intermediate layers.

With the above two technical lemmas, we can proceed with the proof of Lemma [5.4.2

Proof of semismoothness, Lemma[5.4.9. Recalling the notation of interlayer activations H/

from|(5.2.1) we have for any [ € [L+1] fz(z) = UTIf[lLﬁlil, where we have denoted H} (z) =

H}" for notational simplicity. Similarly, in what follows we denote Y(z) by ¥ with the

understanding that each diagonal matrix ¥ still depends on x. We have the decomposition
AL Wha = (fzgﬂ - ﬁ§+1> SIWTa + HLS, W e,
and for 2 <1< L,

ﬁlLH _ ]:IlLJrl _ (ﬁLH . lfIL+1> <I n Gfill//[\/f) Yl <§lﬁ7lr . ileT> .

I+1 I+1 I+1

153



Thus we can write
A o) = B @) = (B - B ) ST+ R (S0 - S0 )0
= (f]LHWLTH - iL+1V~V2—+1> Ty
1=2

We thus want to bound the quantity

fir(@) = fi (@) = 0" (oWl = Sen Wi ) (T3)
L
+6v" [Z ]jIlLﬁl <§31VVZT — ilVT/lT> fzq] (T3)
=2
4ol [ﬁ;ﬂ (ilvAvl - ilvm) m] . (T3) (5.7.5)

We deal with the three terms separately. The idea in each is the same.

First term, 7;. We write this as the sum of three terms v' (I} + Iy + I3), where

/N

YW — EL+1WL+1> TL

= <ZL+1 - EL+1> W2+ 300 (WLT+1 - WLT-H) (Zp, —Z) + X041 (WLT+1 - WLTH) Iy .

I I I

(5.7.6)
By directly checking the signs of the diagonal matrices, we can see that forany [ =1,..., L+
L,

H (il - il) VAVl%HHQ <0 HW\Z - WZHZ + O Bt — Fiay - (5.7.7)

We will use Lemma to get specific bounds for each [. Denote || as the entrywise
absolute values of a diagonal matrix ¥, so that |X|X = ¥ provided the diagonal entries are

all in {0, £1}. Then we can write
’UT11| = H’UT liL+1 - i3L+1‘ <§L+1 - i3L+1) WLT+1§LH2
< C?,T%\/m H (iLH - i3L+1> WE—H%LHZ

< CsT%\/m' <Cl HWL+1 — WL+1

e - 5;L|\2) (5.7.8)
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The first inequality follows by first noting that for any vector a with |a;] < 1 it holds that

1 ~ .
HvTaH2 < |la|g, and then applying Lemma |5.7.4] to get HELH - ZLHH <s=20 ('rm'%).
0

The last line is by |(5.7.7)}
The I, term in follows from a simple application of Cauchy-Schwarz:

L] < v/m - C - HWLH - WL+1H2 1Z — 1), (5.7.9)

Putting together |(5.7.8)| and [(5.7.9)| shows that we can bound T} in by

~ o~ ~ T
+ UTELH <WL+1 - WL+1> T

T < Cordvm - (Co[Wain = Won| +Culfe = Guly) +vim - € [Wear = Wen| 7 = 3l
1 = ~ _ ~ L = ~
G AR (LR RT AR
r=2
2)

- Py - T
+ UTEL_H <WL+1 — WL+1> Ty, (5710)

L
O [ = ], [ =0, 0 33 -
r=2

Second term, 7T5. We again use a decomposition like

I+1

L+t (ilﬁ\/lT B ilv’f/lT> Py

I+1 I+1 I+1

. / " )

_ gl (il _ il> I//[\/leZ—l + HEEY, (WZT — VT/ZT> (Zio1 — &11) + HES'S, <W5T — VNV;) Tp_q.

.

" " "

I p) I3

(5.7.11)

For I, we note that Lemma m gives sparsity level s = O(mT%) for il —%,. We thus

proceed similarly as for the term T; to get
[T < HUTELHWLTHFLLH

< C’T%«/mlogm : (C’l HW\Z — VT/ZHQ + Cy |z — il_lHQ) )

S8 (8- 8) o
2
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The above follows since slogm > C'log(L/§) holds for s = m73, and we can hence apply

Lemma [5.7.5[ and |(5.7.7)l The bound for the I, term again follows by Cauchy—Schwarz,

0T L| < /m-C- HWZ - WZHQ |Z11 = Zoa ), -

Thus, for the term T5 in |(5.7.5) we have

)

)

L
+ 0N TS, (WlT - VT/,T> Fi1. (5.7.12)
=2

L
T, < 02 <C6T%«/mlogm HVVZ — VT/ZH + C’T%«/mlogm HW1 — W
2
1=2

L !
+ 922 (Tévmlogmz HWT — WT 2)
=2 r=2

o3 viac |-, (|- w0307,
r=2 r=I

Third term, 75. For T3, we work on the quantity

A+ (ifvf - ilwlT) x = FL+1 (il - il) Wla + B, (Wl - VV1> z.
Thus, we again have by Lemma [5.7.5]
Ty <[0T 5 |20 =S| (S0 - 50) Waa| + 0T VS (W - 1) @
< t8\/mlogm Hﬁfl - W1H2 ol AR, <I//[\/1 - VT/1> z. (5.7.13)

Using the linearity of the trace operator and that tr(ABC) = tr(CAB) = tr(BCA) for

any matrices A, B, C' for which those products are defined, we can use the gradient formula

(5.2.2)| to calculate for any [ € [L + 1],
e g~ N\T . N\T
91(2<1<L)UTHIL+IZI (Wz _ Wz) T = tr [(VVI — Wz) VWlfW(x)] . (5.7.14)

Let now

L
T8 = [T 03 s
2 I—2 2 2
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Substituting the bounds from |(5.7.10)} |(5.7.12)] |(5.7.13)| and |(5.7.14)| thus yield for some

constant 6,

1

Fyo) = ko) < ag | [ =] +00 331+ € [y 10
+&w%mmwﬂ4mﬁcwew¢ﬂmszmM
=2

O [T = ] [ W], 0] W] 35,
r=2
)]

L+1
< Oriy/mlogm - h(W, W) + C/m - h(W,W)* + ¥t [(W\l - m) lefW(x)] (5.7.15)
=1

2

L L l
0337 ) [ i 0 35 7 ) 03|
=2 2 S 2 r—2

L+1

+ Z tr [(W\l — VVZ) lefw(l’)]

This completes the proof of semi-smoothness of fy,. For Lg, denote ¥;, §; as the outputs
of the network for input x; under weights 171\/, W respectively. Since ¢”(z) < 0.5 for all z € R,
if we denote A; = ; — ; = fi(w:) — fy (2:), we have

s IS, 1
Ls(W) — Ls(W) < —2 lé (i) - yi - Ai + ZLA?] :

i=1

S

Applying [(5.7.15)| and using that —n = > 7" | ¢'(2;) < 1 for any z; € R,
1 < ~ - ~
52@’(yigi)yi Ay < Crin/mlogm - h(W, W) - Es(W) + C/m - h(W,W)? - E5(W)
i-1

Z%Z i) - i+ tr | (W = W2) V()|

Linearity of the trace operator allows the last term in the above display to be written as

L+1

Mt [(Wl - Wl) VWZLS(W)].

=1

Moreover, using Lemma [5.7.4]

A~ ~ 2 ~ o~ W
A} = [UT($L+1,i - 33L+1,i)] < Hng |1Zr11: — »’UL+1,iH; < Cy-m-h(W, W)
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This term dominates the corresponding h? term coming from A; and so completes the proof.

[]

5.7.3 Proof of Lemma [5.4.3 gradient lower bound

This is the part of the proof that makes use of the assumption on the data distribution
given in Assumption [5.3.2] and is key to the mild overparameterization required for our
generalization result. The key technical lemma needed for the proof of the gradient lower

bound is given below. The proof of Lemma can be found in Appendix [5.8.5

Lemma 5.7.6. Let a(x,y) : S%1 x {£1} — [0,1]. For any § > 0, there is a constant
C > 0 such that if m > Cy~2 (dlog(1/7) + log(L/d)) and m > C'log(n/d) then for any such
function a, we have with probability at least 1 — 9,

mpr+1

2

J=1

Proof of Lemma[5.4.3. Let §; := fyy(x;), and define g; := £ 3" | [¢'(y;:) - vj - yi - o' (wfy ;TL) - o
so that

n

Z x'w yz Y; - o' (w—Lr-‘rl,ijvi) ) va'i]

i=

2 2
1 1 &
= EmLH’Yz (EZG(%‘?%)) .

2 i=1

mr+1 mr+1 2

Mgl =
j=1

n

1 _
n Z [€,<yz‘yi> “Yi- 0l(wz+1’jx,;7i) . :L‘L7Z~]

i=1

2

Recall that E¢(W) = —n~' 3" | ¢'(y;5;). Applying Lemma m gives

mr+1

Z lg;l5 = mL+w 2[Es(W)]2. (5.7.16)
By Lemma [5.4.1} for any j € [m.1], we have
Hg]HQ Z Hﬁ Yilli) U/(wz_;_le'L,i) '$L,iH2 < 1.0255(W). (5.7.17)

Define

A= {j e [mp] : lgill; = 2;6772 <ES(W))>2 }
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We can get the following lower bound on |A]:

Algs (17 s
0 JEA ’
1 1 2 c 17\12
>105QWmHn¢&<>J AT )
1 2 T7\12
® To5 2677 sV

The first line follows by |( 5.7.17, and the second by writing the sum over [m 1] as a sum over
A and A° and then |(5.7.16)| and the definition of A. The last line holds since |A¢| < mp 41,

and all of the above allows for the bound

1

e (5.7.18)

A =
Let now A’ = {j € [mp1] : 0'(W0] , ;Z0) # 0'(w],y jo04)}. By Lemma |5.7.4) we have
2
A’ = HZLH —Ypa( )”0 < Citimpy. (5.7.19)

Since 7 < 7%, we can make v small enough so that C;73 < ~2 - (1/141 — 1/150). Thus
[(5.7.18)[ and |(5.7.19)| imply

1
——mpy — C’17'3mL+1 > —myp (5.7.20)

/ 2 _ /
A\ > 4] - |4 > o —

By definition, Vy,,, , Ls(W) = L 37" ' (yifii)-vj-yi-0’ (W] .y jZ04)-Fr . For indices j € A\A',

we can therefore write

1 & B 5
- M O(yidi) vy i 0 (W ) - (w0 — Erg)
=1

g5l = | Vv, (V)| <

2

2

Z |0 (i) - vj - i 0" (wi o jaena) - (2n; — Tra),

1=

< CyrE5(W). (5.7.21)

[y

The first inequality follows by the triangle inequality and since indices j € A\A’ satisfy

o' (W} 41 ;21,i) = o(wi,y ;o1:). The second inequality is an application of Jensen inequality.
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The last inequality follows by Lemma and since v;,y; € {£1}. Now take v small enough
so that C37 < ((2-67)7"/% —1/16). Then we can use |(5.7.21)| together with the definition
of A to get for any index j € A\A',

1 ~ ~ -
[V, Ls (W

VEs(W) — CyrEs(W) = 1—16755(W). (5.7.22)

)|, > oW

Thus we can derive the lower bound for the gradient of the loss at the last layer:

g  MLu 2
[VweLs(W)| | = ) Vg Ls (7))
> 3 [Bun e
JEA\A!
> | A RES ()P
> OV

The first line is by definition, and the second is since the spectral norm is at most the

Frobenius norm. The third line uses |(5.7.22), and the final inequality comes from |(5.7.20)|
[l

5.7.4 Proof of Lemma [5.4.4: gradient upper bound
Proof. Using the gradient formula |(5.2.2)[and the H! notation from |(5.2.1), we can write

- 18 - -
Vi, Ls(W) = 0*CSD=N 0 (i) -y - B0 HES'Sy(2),  (L<I<L+1). (5.7.23)
n =1

Since 7 < 1, there is a constant C' such that w.h.p. HVT@H < C for all [. Thus, it is easy to
2

see that an analogous version of Lemma can be applied with Lemma to get that

with probability at least 1 — ¢, for all ¢ € [n] and for all [,

|#4l, <€ and HﬁL“H < Cy. (5.7.24)
2
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Therefore, we can bound

- & ) ) -
HVWlLS(W)HF < - Z Hgl(yiyi) Y Beo ! HER S0 () .
o1

1 & i . e
= = VU wiG) - i Erily [ HE S ()
n izl 2
< Csv/mEs(W).

The first line follows by the triangle inequality, and the second since for vectors a, b, we have
lab™| . = lall, [b],- The last line is by Cauchy-Schwarz, and the definition of &g,
finishing the case [ = 1. By substituting the definition of the gradient of the loss using the
formula |(5.7.23)| we may similarly demonstrate the corresponding bounds for [ > 2 with an
application of Cauchy—Schwartz. n

5.8 Proofs of Technical Lemmas

In this section we go over the proofs of the technical lemmas that were introduced in Ap-
pendix In the course of proving these technical lemmas, we will need to introduce a
handful of auxiliary lemmas, whose proofs we leave for Appendix Throughout this

section, we continue to assume that 6 = 1/Q(L).

5.8.1 Proof of Lemma [5.7.2 intermediate layers are bounded

By Lemma [5.7.1] there is a constant C such that with probability at least 1—4, |[W|, < C4

for all [ = a,...,b. Therefore for each r > 2, we have

HI 465 W, 5,

<|I 9‘
<+
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The submultiplicative property of the spectral norm gives

H(I COSWIN I+ 05, W, ,) - (14 05, W)

.

b
<T] HI o8, W

< (14 60"

<exp (C10L).

The result follows by the choice of scale § = 1/Q(L) and taking 6 small.

5.8.2 Proof of Lemma [5.7.3 Lipschitz property with respect to input space at

each layer

Before beginning with the proof, we introduce the following claim that will allow us to develop

a Lipschitz property with respect to the weights. This was used in [CG20] and [ALS19].

Claim 5.8.1. For arbitrary u,y € R™, let D(u) be the diagonal matrix with diagonal
entries [D(u)];; = 1(u; = 0). Then there exists another diagonal matrix D(u) such that

HD(U) + D(u) ,V Hlv)(u)H2 <land o(u) —o(y) = (D(u) + lv)(u))(u —y).

Proof of Claim 5.8.1. Simply define

[D(u) — D(y)]—2— u; # y;,

Uj;—Yj

[D(w);; =
0 uj = Yj-

]

Proof of Lemmal[5.7.3. We note that for any x,y, the matrix [3;(z) — X;(y)| is zero every-
where except possibly the diagonal where it is either zero or one. Therefore its spectral norm

is uniformly bounded by 1 for all z,y. Using this, Lemma [5.7.1| gives with probability at
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least 1 — d/3, for all z, 2’ € S,
Jay =24, = [(Za(1) = Za (@)W (z - 2')],
< B4 (1) = Za()lly WAy [z — 2,

<1-C-|z—2,.

For the case L > | > 2, we have residual links to analyze. Using Claim [5.8.1| we can write

oW w11) = o(W Bimy) = (Su(x) + Su(@)) W) (2imy — B1m1)

for diagonal matrix 3 satisfying Hil(x)H < 1 and HZl(x) + Zv]l(x)H < 1. By Lemma [5.7.2]
2 2

we have with probability at least 1 —§/3, for all 2 <[ < L and all z, 2’ € S,
o =zl < 1+ 0(Si(@) + S@)W| a1 = o]

< (1 +60Cy) |z-1 — 9524”2

CoOL\ *
<<1+ 0 ) e =2,

L

< Cillz =2y,

since 0L is uniformly bounded from above.

The case | = L+ 1 follows as in the case [ = 1 by an application of Lemma[5.7.1] so that
with probability at least 1 —6/3, 2], — xL+1H2 < Oy |z — 2’|, Putting the above three
claims together, we get a constant C such that with probability at least 1 — 0, |z; — 27, <

Cs |z — /||, for all z,2" € S ! and for all [ € [L + 1].

5.8.3 Proof of Lemma [5.7.4: local Lipschitz property with respect to weights
and sparsity bound

For this lemma, we need to introduce an auxiliary lemma that allows us to get control over

the sparsity levels of the ReLLU activation patterns. Its proof can be found in Appendix
.91
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Lemma 5.8.2. There are absolute constants C, C” such that for any § > 0, if
1 L
m = C <514 /dlog% v dlog %) ,
then with probability at least 1 — ¢, the sets
Sl<xvﬂ) = {] € [ml] : ‘wlzjl—ly < 5}7 TE Sd_la le [L + 1]7
3
satisfy |S)(8)] < C'm} B for all z € S* ' and [ € [L + 1].

Proof of Lemma |5.7.4. We begin with the Lipschitz property, and afterwards will show the

sparsity bound. Consider [ = 1. Since ;1 = o <I7[\/1Trc> and 7, = o <W1T:L‘>, by Claim |5.8.1},

for every [ there is a diagonal matrix () with Hil(x)H < 1and Hil(x) + Ev)l(x)H < 1 such
2 2

that
31 = &1l = | (Su(@) + (@) (W2 = W) |
<[Ei@ + @), |70 - W] el
< [w, =i, ‘ (5.8.1)
2
For [ =2,..., L, we can write

133\1 — .fl = Z/L’\l_l + Oo <‘//[7IT&3\1_1) - Zi’l_l — 0o (I/T/l—ri’l_1>
A~ ~ ~ ~ -~ o~ ~ N\ T
- [1 +0 (zl () + El(x)> WJ] (Fie1 — F11) + 0 [zl(@ + zl@;)] <Wl - m) B,
Therefore, we have
[0 = dlly < |1+ 0Cu(w) + S@NW | 511 = Fially + 0 [S@) + Suta)| [ W= W] il
< (1+CO) |G = i1l + 0 Wy = Wi |81, (5.8.2)

We notice an easy induction will complete the proof. For the base case [ = 2, notice that

|1Z1 ]y < 21|y + |21 — 21], < C + 7 < 7, s0 that and give

185 — 2, < (14 CO) HWl - W1H2 el

R e
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Suppose by induction that there exists a constant C' such that |2;_q — 211, < Cs le — W1H +
2

O L [ W - W,

I=2,... L

. Then as in the base case, ||Z;_1|, < C’, so that |(5.8.2)| gives for all
2

-1
13— &, < (1+CO)C | Cs le - VT/1H2 +00) HW W, |+
r=1

i
2

2

l
< Cq le _ VV1H G0y HW W
2 r=1

2

Finally, the case [ = L + 1 follows similarly to the case [ < L, as

o1 = Frly = | (Bra(@) + Sen@) (Wiade - Wiai)|

<C HWLH - WLHHQ + O L — &L,

The bound for the sparsity levels of ¥;(x) — 5 (x) follows the same proof as Lemma B.5
in [CG20] with an application of our Lemma [5.8.2, Sketching this proof, we note that it

suffices to prove a bound for HZAJZ(:L“) — ¥%y(x)| , use the same proof for Hf]l(x) - El(x)H and
0 0

then use triangle inequality to get the final result. We write

[812) -z = s8)+ 2(9)
where

sV(8) = 1) € Silw, B) = (@,71-1) - (wa-1) < 0},
s2(B) = 1{j € Sf(@, B) + (@, 81-1) - (wlja1) < 0},

which leads to
Hﬁl(x) - El(:r)HO < Cmif+ Cyr2f72.

N |=

The choice of § =m, 3 completes the proof. n
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5.8.4 Proof of Lemma m behavior of network output in W(W© 7) when

acting on sparse vectors

This technical lemma will require two auxiliary lemmas before we may begin the proof. Their

proofs are left for Appendix [5.9.2] and [5.9.3]

Lemma 5.8.3. Consider the function ¢g; : R™ x R™L+1 — R defined by
gl(a7 b) = bTW[T—&-lgla) .

where & € R™*™ and [ > 2. Suppose that with probability at least 1 — /2, &, < C
holds for all &, [ = 2,..., L. If slogm = Q(Clog(L/J)), then there is a constant Cy > 0
such that probability at least 1 — ¢, for all [,

1
sup lgi(a,b)| < Cor | —slogm.
lalla=[bl,=1, laly,blo<s m

Lemma 5.8.4. Consider the function g; : R™ — R defined by
gi(a) = v Bpp(2) Wi, Ga,

where & € R™2*™ and [ > 2. Assume that with probability at least 1 — 4, ||§]|, < Cj for all

[. Then provided slogm = 2 (log(L/J)), we have with probability at least 1 — 4§, for all [,

sup lgi(a)| < C14/slogm.

lalla=1, flafo<s

With these lemmas in place, we can prove Lemma [5.7.5|

Proof of Lemma[5.7.5. By definition, g¢;(a,z) = vaIlL“a. First: since HVT/I —VVIH < T,
2
Wil < Cy forall L
2

there is an absolute constant C5 > 0 such that with high probability,

Therefore, we have with high probability for all z € S9!, all [, and all a considered,

HHZLHZ < [ﬁ HI + 05, ()W 2] lal, <(1+60-1-C)* 1< Cs, (5.8.3)
r=l
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by our choice of 6. We proceed by bounding g; by a sum of four terms:

lgi(a,z)| < a< ‘UT (iLH(:U) — ZLH(:L')) WLTHEQL@‘ + ‘UTELH(x)WLTHﬁlLa‘
< ’UT (iLH(Uﬂ) - ELH(@) (WLTH - WLTH) F[zLa) + ‘UT (iLH(w) - ZL+1<37)) Wg—-&-lﬁlLa’

+ ’UTELJrl(l') <W2—+1 — WLT+1) FIZLG‘ + )UTZLH(x)WEHﬁlLa’ :

For the first term, we can write

o7 (Sea(@) = Spa(@) (Wi - W) A
<ol | (Braa(@) = Soal@)) (Wi = Wi, ) Hia),
< Cym Himl(iﬂ) - 2L+1($)”2 HWL-H - WL+1”2 HF[lLaH2
< C'ty/m,
where we have used Cauchy—-Schwarz in the first line, properties of the spectral norm in the
second, and |(5.8.3)|in the third. A similar calculation shows
‘UTELH <VVITH - WLTH) ]:IIL‘ < vl HELH (WLTH - WLT+1> ﬁlLHQ

< Cty/m.

For the second and fourth terms, we use Lemmas|5.8.3/and[5.8.4] Let 5" = v <2L+1(:c) - ELH(:(;)> .

Then it is clear that HEH < s and H\I;H < 4/m (in fact, H\I;H < 4/s, but this doesn’t matter
0 2 2

since the fourth term dominates the second term). Thus applying Lemmal5.8.3to b = 5/ HE

)
2

. - s
o’ <EL+1($) - EL+1(95)> Wi Hial < Cym - o logm
< C/slogm.

For the fourth term, we can directly apply Lemma to get another term ocy/slogm. [
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5.8.5 Proof of Lemma [5.7.6]

This lemma is the key to the sublinear dependence on L for the required width for the
generalization result. Essential to its proof is the following proposition which states that
there is a linear separability condition at each layer due to Assumption [5.3.2] with only a
logarithmic dependence on the depth L. In fact, we only need linear separability at the

second-to-last layer for the proof of Lemma [5.7.6

Proposition 5.8.5. Suppose m > Cy~2 (d log% + log %) for some large constant C. Then

there exists o € S™~! such that with probability at least 1 — 4§, for alll = 1, ..., L, we have

Yy <CY, 'Tl> = 7/2

Proof of Proposition[5.8.5 We recall that Assumption implies that there exists c(u)

with [e(u)]l, < 1 such that f(z) = §zc(u)o(u’z)p(u)du satisfies y - f(xz) = ~ for all

[

(x,y) € supp(D). Following Lemma C.1 in [CG20], if we define

1 mq mq
a:=7—-|c —w S, C —W1m ,
my 2 1,1 ) 9 2 1,m1

then a = o/ /[ /[, € S™ " satisfies y - a'xy = 7 for all (z,y) € supp D.

We now show that the [-th layer activations x; are linearly separable using . We can

write, for [ =2,..., L,
(a, 2y = (o, (I + 0% (2)W, i1 )

l
= <0z, ZE1> +0 Z <Oé, Zl/(l‘)VVlTZL‘l/_1> . (584)
=2

Since (o, Sy(2)W 21 ) = 330 4 e (V/Brwik) - o(w)xi-1) and [le(-)],, < 1, we have for

every [ > 2,
my 1 . ] - : )
_ 1;1 o w1 | < o, Sy(a)W, 21 ) < ’; o |w 11| (5.8.5)
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Thus it suffices to find an upper bound for the term on the r.h.s. of|(5.8.5)l Since we have

2 2 1
Blufir] =22 foaly < Com
1

we can apply Hoeffding inequality to get absolute constants Cy, Cs > 0 such that for fixed z

and [, we have with probability at least 1 —

my 1
Zq/—\wl—;l’l_l‘ /\l Cgm 2 +C4Q/—10g—
=1 V'
/1
05 + 04 — 10g 5

Take a 3-net N of S4! so that [N] < 5% and every x € ™! has Z € N with ||z — Z, < 1.

Then, provided m > C'dlog 5, there is a constant Cg > 0 such that we have with probability
at least 1 — 6, for all 7 e N and all [ <

\/ }U’Zkl’l 1‘

By [(5.8.5)], this means for all Z € N and I, —Cj < <a S(Z)W, 7, 1> Cs. We can lift this

to hold over S%! by using Lemma [5.7.3; for arbitrary = € S we have

o BupW )] < [ Zue)W (a2 — )] + [ S W, )
< [l [Zu(@)lly [Willy llze — 2], + Co

< O,
so that with probability at least 1 — 8, for all [ < L and all € S, we have
—C- < <0z Si(x)W, 2 1>
Substituting the above into |(5.8.4)] we get
lay )y = {a, 21y — OLCY,

—{a, 1) = —{a, 1) — OLCA.
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Considering the cases y = +1 we thus get with probability at least 1 — § for all [ and
(x,y) € supp D,
y<aaxl>>y<a7xl>_0LC7 = %_QLC% Yy= 17

yla, ) = ylo, 1) —OLC7; = 3 —0LC7, y = —1.

Thus taking # small enough so that 0L < yC;'/4 completes the proof. [

With Proposition [5.8.5| in hand, we can prove Lemma [5.7.6|

Proof of Lemma[5.7.6. By Proposition [5.8.5] there exists oy € S™2~! such that with prob-
ability at least 1 — 0, y{ap,zr) = /4 for all (x,y) € supp(D). In particular, since a is

non-negative, this implies for all i,

Cal@i,yi) - yi - Triyan) = a(@i, 4i) - yi{Tr, an) = a(@i, yi)yiy /4 (5.8.6)
Since E[o’(w} ;#1:)|7L:] = 3, by Hoeffding inequality, with probability at least 1—4,2,
foralli =1,...,n, we have
1 "&, 1 1 49
x1;) =~ —C 1 0) = —. 5.8.7
M ;1 7L TL) 2 5 = O P80 = g 5D
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Therefore, we can bound
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The first inequality above follows by Jensen inequality. The second inequality follows by

Cauchy—Schwarz and since |a[, = 1. The third inequality follows with an application of

[(5.8.6)] and |(5.8.7) and the final inequality by arithmetic. O

5.9 Proofs of Auxiliary Lemmas

5.9.1 Proof of Lemma [5.8.2]

Proof. By following a proof similar to that of Lemma A.8 in [CG20], one can easily prove

the following claim:

Claim 5.9.1. For v e R™-t 3> 0, and [ € [L + 1] define

Si(v, B) == {j € [my] : Jw/;v] < B}. (5.9.1)
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Suppose that there is an absolute constant £ € (0,1) such that for any § > 0 we have with
probability at least 1 — /2, |v[, = ¢ for all v € V for some finite set V < R™-1. Then
there exist absolute constants C,C’ > 0 such that if m > CB7'4/log(4[V|/9), then with
probability at least 1 — d, we have |S;(v, )| < C’m?pﬁ for all v e V.

By Lemmas |5.4.1| and [5.7.1} with probability at least 1 — §/3, we have |z;_4[, = C
and |wyll, < Cy for all z € S*', 1 € [L +1], and j € [my]. By Lemma with

probability at least 1 — /3, we have |z, — 2|, < Cs |z — /|, for all z,2’ € S%~!. By taking
V to be the 3/(C1Cy)-net N (St 3/(C1Cy)), since |N| < (4C,Cy/B)%, the assumption that

dlog(1/(B6)) allows us to apply Lemma m to get that with probability at
least 1 — §/3, we have |S;(Z,20)| < QC’mlgﬁ for all [ and 7 € N. For arbitrary x € S%°1,
there exists 7 € N with |z — Z|, < 8/(C1Cy). Thus, we have

] < lw @] + (@ — 3]
< B+ Jwilly 1211 — Zi-a
<B+Cy-Cylz— 7,
<25,

ie. §(x,B) c §(&,20). Therefore |S)(x, )| < |S(Z,20)| < ZC’ml%ﬂ, as desired. O

5.9.2 Proof of Lemma [5.8.3

Proof. The j-th row of W}, &a has distribution wj,, ;§a ~ N (O, #ﬂ H&aHg), and hence
gi(a,b) ~ N <0, mll Hﬁ’laHg). Since &), < Cp for all I with high probability, it is clear that
HflaHg < C2. Thus applying Hoeffding inequality gives a constant C5 > 0 such that we have
for fixed a and b, with probability at least 1 — 4,

bTW], &al < Cs log ~. (5.9.2)

Let M, be a fixed subspace of R™ with sparsity s, and let NV,(M, 1/4) be a 1/4-net covering
M,. There are (”Zl) choices of such M,. Let N, = Uy, N.(M,,1/4) be the union of such
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spaces. By Lemma 5.2 in [Ver10], for s larger than e.g. 15, we have
IN,| < (ml>9s <mg.
s

Similarly consider subspace M, < R™:+1 with sparsity level s and let Ny(My, 1/4) be a 1/4-
net of R™-+1 with sparsity level s and define NV, = U, Ny(My, 1/4), so that |N,| < mj ;.
We apply to every a € N, and be N, and use a union bound to get a constant Cy > 0
such that with probability at least 1 — 0, for all a € /\/’a,g e Ny, and all [,

a ]' Na : N L
w6l gog\/ g el 13

mry1 d
g 03 1 log mL+1 ’ ml ' L
mr41 0

1 L
— Cg\/ (s log(mp+1my) + log _)
mr4+1 0

< Cyy | i log m. (slogm=§2<log£>)
mr41 0

For arbitrary a € S™ ! and b € S™r+171 with [al|,, [b], < s, there are @ € N, and be N,

with [a — .

b— EH < 1/4. Note that ¢ is linear in a and b. Triangle inequality gives
2

lg:(a, b)| < |gu(@, b)| + |gi(a, b) — gu(@, )|

S ~ ~ ~
< 03\/ logmpy1 + |gi(a, b) — gi(@, b)| + |g:(a, b) — gi(@, b)| (5.9.3)

mr+1

We have for any a,

9:@.5) — 9i(@.)| = =5 _|a a1
=1,

< sup lgi (a,b)]. (5.9.4)

16" la=lalo=L, llaly,I¥'lly<s

>~ =

Similarly,

sup \gi (a,b)]. (5.9.5)

Iblla=laly=1, llaly,lblo<s

|91(a,b) = gi(@, b)| <

] =
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Taking supremum over the left hand side of |(5.9.3)| and using the bounds in and
(5.9.5)| completes the proof. O

5.9.3 Proof of Lemma [5.8.4

Proof. We notice that since v = (1,...,1,—1,...,—1)T, we can write g;(a) as a sum of

independent random variables in the following form:

mri1/2 1
a) = /m
gi(a) L+1 j; NG

Since [|§41al|, is uniformly bounded by a constant, Hoeffding inequality yields a constant

[U(wzﬂ,jflﬂa) - U(wz+1,j+mL+1/251+1a)] .

C3 > 0 such that for fixed a, with probability at least 1 — §, we have

1 1
gi(a) < C3¢/my | —log =.
m )

Let M be a fixed subspace of R"™ with sparsity s, and let N' = Uy N (M, 1/2) be the union
of all 1/2-nets covering each M so that |[N| < m;. Using a union bound over all a € N and

[, we get that with probability at least 1 — 0, for alla e N and all [ < L,

gi(@) < Csv/m - —10 |N(L < Cs4/slogm

For arbitrary a € S™ ! satisfying |al|, < s, there is @ € N with |a — @, < 1/2. Since g is

linear,

9:(a)] < |gi(@)] + |gi(a — )| < Cs/slogm + |gi(a — @) (5.9.6)

For the second term, we have

gi(a = a)| = |la —al,

a—a 1
gl ]| S 5, Sup lgi(a)].
la —al, lal,=1, |af,<s

Substituting this into and taking supremums completes the proof. O
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CHAPTER 6

Conclusion
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In this thesis, we provided a number of analyses which explore the optimization and
generalization questions for the SGD-training of neural networks. Our first set of results
consisted of the simplest neural network possible, namely a single neuron neural network.
We showed that for learning single neuron neural networks in the regression setting, there
exists a surrogate loss for which the original optimization problem exhibits a type of proto-
convexity with respect to the surrogate loss. For the classification setting, we connected the
minimizers of convex surrogates for the zero-one loss to the minimizers for the zero-one loss
itself, and showed that under benign distributional assumptions the two are quite closely
related. This resulted in the first positive guarantee for the agnostic learning of halfspaces

using gradient descent on convex losses.

We continued our analysis of the agnostic learning of halfspaces by showing that SGD-
trained one-hidden-layer networks can also agnostically learn halfspaces under benign dis-
tributional assumptions. Our result here utilized that the gradients of the neural network
were always partially correlated with those of the best linear predictor over the dataset, and
that this correlation would increase until we reach a point with small loss. This approach
avoided the non-convexity of the underlying optimization problem. Moreover, our guarantees
were independent of the width of the neural network, in stark contrast to standard uniform
convergence-based bounds on the VC dimension of the network which grow as the network

becomes larger.

We finished the thesis with an analysis of a complicated deep residual network, showing
that if the data can be classified under an infinitely-wide one-hidden-layer neural network,

then deep residual networks trained by gradient descent can generalize as well.

There are numerous natural next steps from here. In this thesis, we were able to develop
guarantees for constant width networks on noisy linear data, and for networks of unbounded
width on nonlinear data without noise. But as of the time of writing, there exist no provable
guarantees for the generalization of SGD-trained constant width neural networks on noisy

nonlinear data distributions. Such work is a natural progression of the ideas considered in
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this dissertation.

In the course of developing the optimization guarantees for learning a single neuron and
for learning halfspaces with noise, we utilized novel analyses to avoid the nonconvexity of
the underlying optimization problem. Understanding the extent to which these techniques
can be generalized into abstract principles for nonconvex optimization is another task we are

interested in exploring further.

More broadly, there is an ever-expanding universe of problems in the theory of deep
learning as new methods and techniques are developed which exhibit ever-more surprising
behaviors of deep neural network models trained by gradient descent. Recent questions that
have come to the fore include the ability of semi-supervised and self-supervised learning
methods to improve the generalization performance of models in the supervised learning
setting; the brittleness of deep neural network classifiers to adversarial perturbations of the
input data; and the ubiquity of transformer-based architectures for problems across a variety
of domain settings. We are excited about the possibility of theoretically understanding these

perplexing empirical phenomena in the future.
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