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FISSION THRESHOLDS FOR ELEMENTS LIGHTER .-THAN RADIUM

Donald S. Burnett and Stanley G. Thompson

Lawrence Radiation Laborsatory
University of California
Berkeley, California

July 25, 1960

ABSTRACT

Semiempirical considerations based on already existing data are
employed to estimate values for the fission thresholds in the elements
ranging from Ta to Ra.

Threshold.. values are obtained in two ways: (a) From interpretation
of experimental fission cross-section measurements by'means of the Fujimoto-
Yamaguchi expression for ['f/'n, and (b) by an approximate liguid-drop equa-
tion that expresses the saddle-point mass as a function of the fissionability
parameter, x. A compilation of the experimental fission cross-section data

- for light elements available at the time of writing is included.



I UCRL-9321

FISSION THRESHOLDS FOR ELEMENTS LIGHTER,THAN.RADIUM*
Donald S. Burnett and Stanley G. Thompson
Lawrence Radiation Laboratory

University of California
Berkeley, California

July 25, 1960
INTRODUCTION

Current trends suggest that the fission process is significantly dif-
ferent in the lower elements than in the elements of Z > 90. First, the most
striking evidence is the change in the mass-yield curves. From predominantly
asymmetric fission at uranium and thorium the yield of the symmetric mode
increases abruptly, giving a three-humped peak at radiuml followed by complete
symmetric distributions for lead and bismuthozv(However, see Reference 15.)
Foggixample, the fission of Th229, differing by only 2 units of Z and A from
Ra 3

nuclear reactions at moderate energies occurs abruptly at the region of radium.

, is asymmetric.” Second, the decline of fission as a competing mode in

This suggests that the fission barrier heights, which are approximately constant

for the elements of Z > 90, have undergone a sharp increase in the lighter

- elements. This increase in threshold is to be expected according to the liquid-

drop model, and current calculations indicate that this model may account for
the over-all changes in the process in this region of the periodic table.

At present the information available from theory and experiment are insuf-
ficient to give uhambiguous answers to these questions.

‘The location of the change in the characteristics of the fission pro-
cess at radium is not inconsistent with the result of liquid~drop calculations,
since it was at about this value of the fissility parameter that the change in
the saddlepcint shapes of the Frankel and Metropolis calculations 6ccurred.

p

The current calculations” indicate that in this region the barrier changes from
two peaks with a flat minimum or “"puddle" between them to only one peak, but
with a rather gradual slope along a path from the undeformed configuration to

the saddle. Estimates of the threshold for various equilibrium shapes for

% .
This work was performed under the auspices of the U.S. Atomic Energy
Commission.
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low values of x have indicated that therbehaVior is-other thaﬁ that which would
bé_expected if the limiting (l—x)s‘threshdld'merely changed in some smooth
gradual way to reach its proper intercept at x=0, i.e., the threshold as.a
function of x has at least two distinct regions, the (l—x)3 region, and a
second region about which more will be said later; furthermore -a change-over
between these regions at about Ra would not present a too unreasonable picture.
The investigation of what is'knOWn; or can be said of the threshold
behavior of elements for which fission cross -sections are measurable but do

not fall within the range of the (l-x)3 law will be the concern of this paper.
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I. DEFINITION OF A FISSION THRESHOLD

The usual definition of the threshold of a nuclear reaction is "the
lowest energy of incident particle (or excitation energy) at which a reaction

1

becomes energetically possible,” i.e., the concept is usually applied only

to "endothermic' processes. Fission becomes exothermic at about zirconium
and beccmes more and more energetically favorable as the number of nucleons
increases beyond this; consequently on this basis 'we would not expect fission
to show a true threshold any more than we would expect it to be exhibited in
a process such as alpha decay. The question then ig: how can we make an
operational definition of a fission threshold? In other words, (a) what
empirical measurements. are required, and (b) by what manner must they be
assembled or combined? The definition must include criteria for the determi-
nation of answers to these two questions. We must keep this in mind when we
consider ‘the. décepted nmeaning.of. a.fission threshold:d ¢ - _

The threshold is usually considered to be that excitation energy at
which the process ceases i be one of barrier penetration; i.e., the fission
threshold is identical with the height of the fission barrier. This is an
extremely convenient definition to use in conjunction with theoretical or
semiempirical calculations,.since‘the barrier height would be an important
consequence of any proposed model of the fission process. One way to define
a fission barrier in terms of observable quantities is to rely on equations
derived from various models that contain the barrier height as an undetermined
parameter related to other directly measured or calculable quantities. By
fitting appropriate experimental data to this equation we .can hope to obtain
a value for the barrier height. This is the principal approach of this paper,
however, it is an approach more of necessity than of choice; Interpretation
of data or estimation of physical quantities by means of a model can be no
more accurate than the model itself. Any measurable change in the properties
of a system that is coincident with the attainment of the barrier height is
preferable to estimation from a model as a means of determining a fhreshold.
A simple qualitative argumen£ can be used to show that such an effect may
exist.

The change referred to is one of the cross section at the barrier;

the penetypability of a fission barrier decreases sharply below the £op:~ a change

Ha
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of a factor about 7.85 powers of 10 per Mev change in excitation energy is estimated

by Frankel and Metropolis .for x=O,74.#',Since the. cross section is proporticnal

to this penetrability factor, we should expect a corresponding sharp decrease

in cross section with excitation energy. Such curves have been observed with

the heavier nuclides such as:U238’and Th232.6 ‘There the breaks in the ex-

citation function serve to locate. the threshold to +0.5 Mev. -Precision such

as this would be sufficient for almost all purposes at our present state of

knowledge of the fission process in.the lighter elements. .
But,tasjnoted;above,'theufission process .1s. different for the light

elements. What effect will this -have on the above argument? The observed

fission cross-section curves rise steeply even at .energies suspected to be

above the barrier. . Reference to Figure 3 will show that the curves for light

elements are roughly parallel and, more important, have a change of a factor

-of approximately ten per 7 Mev of excitation; thus we would gtill expect a sharp

change in slope to mark the fission barrier provided measurements were made

at low enocugh excitation energies.. . Unfortunately, the experimental problems

associated with the measurement of such low cross-sections have been suf-

ficiently difficult that this effect has yet to be observed for light eléments

(however, see the intepretation of Leachman's Ra data7 by Vandenbosch, Fig-

ure 5b).

A quantitative order-of-magnitude estimate to back up the above

4,59

gqualitative arguments can be made. Liquid-drop calculations have

shown that with decreasing x the fission barriers take on shapes as.shown in
Figure 1. For the purposes of calculation these'barriérs have been idealized
as shown by the dotted lines of Figure 2. For x=0.75 a'recténgular approximati on
has been used, whereas'a triangular shape was chosen for x=0.5. The esti-
mation using the triangular barrier should be more significant for the fission
of light elements. Itshould be noted that the triangular idealization is
working against the effect we are trying to illustrate, since the actual
barrier would be expected to be wider, giving a larger change per Mev in
penetrability than the triangle. -Nevertheless these estimates must be con-
sidered quite crude, because it is very unlikely that any one-dimensional
picture of the barrier can répfesent the physics of the situation. However,
since all we wish to show is that there would~be.a large change in slope of the
excitebion function at the barrier in the lighter elements, these calculations '

should be sufficient.
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i

The JWKB expreésion for the penetration probability, P, of an arbi-

trarily shaped barrier is

np =g f A2M (V-E,) du, (1)
4 v . e X .
barrier
where Ex is the excitation enefgy, u is a coordinate assoclated with a part-
icular path through the barrier, and V is the potential along this path. Me
must be interpreted as an effective mass such that the kinetic energy associated

with the trajectory is 1/2 M, (du/dt)z.

CASE 1. TRIANGULAR BARRIER

As a deformation coordinate let us choosevthe'maximum radius of the

deformed shape,

R oox = Ro(l+a), (2)

and define € = (Bf—EX), where B, is the maximum barrier heightjwe then have

(from Figure 2),

Y/u: (3)
(V—EX).

/L = B/aR
y

Since-we are considering the behavior of cross-sections just below the barrier,
i.e., calculating the penetrability near the top of the barrier, we can assume
that the nuclear shape is but slightly changed by the nucleus going through,
rather than over, the fission barrier. Furthermore, the recent liquid-drop
calculations5 have showﬂ»gﬂat there is little shift in the'defofﬁ@tion co-

" ordinates associated with the saddle point in the range of x where the tri-
angular approximation might most:nearly ' apply agqﬁfhat the saddle point
shapes differ but slightly from those found by Frankel and Metropolis at
x=0.65. We can thus associate the Frankel and Metropolis value of Rmaxz2.2
for the critical deformation in the region we are considering. Frankel and
Me%ropolis have also estimated-Me as .a function of Rmax’ and for deformations
in the neighborhood of Rmaxtz the-effective mass is very near the total nuclear

mass. Consequently, we can set approximately Me= M =MnA where Mn is an average
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nucleon mass. All these approximations are valid only because we are restric- .

ting our attention to the change in cross-section near the top of the barrier.

Combitihg Eqiv (3) and Eq. (1) we obtain -- ¢
2 b | |
inp = -Eof VZM(Bf/a RO"u du (4) o

H

_ .2 s 132 e
.— R ZM B_/a RO L 3
7 |

Since the fission cross-section is proportional to p below the barrier we have,

d ogo a1 o 4 R

£ 1 np 1 2 1/2 o (5)
TE_ .~ %303 de ~Z.303A VM e <Bf '
= 0.77.61/2,

o
using A=200, RO=rOAl/3, Bp= 30 Mev, (ZMnroz/hz)l/z = 1/(14)1/2 (Mev)l/z.

This gives

€ Slope (logarithmic)
(Mev)  (Mev~1) o -

0] 0

1 0.77

2 1.09

3

1.33

The observed cross-section curves (Figure 3) have a slope of a factor of about
ten per 7 Mev, whereas on this model the predicted slope 1 Mev below the barrier
is about a factor of ten im 1.3 Mevy, i.e., a change in slope by a factor of

roughly 5 within 1 Mev would be observed when the barrier is encountered.

CASE 2.°RECTANGULAR BARRIER
From Figure 2 and Eq. (1) we have

S (1+a)RO :
vln p = -ng‘ " /VZMe € du, | (6)

o}
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where ¢ is now a constant with respect to changes in u. Since the nuclear
shape in thig case will not be constant during -the penetration of the barrier,
Me cannot be considered .a constant, however, a linear approximation -to the
Frankel and Metropolis curve for Me vs. the maximum radius can be made as

follows:

M_(u) = (0.3 + 0.7 (U-R_/aR_)M=0.3M QL*Z/3CUngVaRO)' (7)

Thus we have

(1+a)RO (1+a)R

ln p =-}%£ 2M e du = —%ﬁz £ O’l/o-?)M (1+7/3
0 o
-R 1/2 (8)
aR .
o

From this equation, using the Frankel and Metropolis value of a = 0.7 at

= 0.74 and the other constants as in Case 1, we obtain

dlogog  _ 1 dlnp _ 1/2
d E T 2.303 de - (5.43) (9)

X

and the values given in the table.

(o) (ueviny ETTR)
0 ®
1 5.43
5 3.83
; 3.13

Tws dn the other ldmiting case the change in slope at the barrier is still larger.
To the extent that these calcutions can be taken seriously, we can expect that
a sharp change in the slope of the excitaiion function should exist in
practice and should serve to mark the barrier to within 1 Mev.

We now formulate various equations from which we may make estimates
of the fission threshold from experimental data (Part IIA).  These are ap-
plied (Part IIC) to data collected from the literature (IIB). Finally, in
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Part 111, these values are compared with a. liquid-drop-model calculation sug-
gested by Swiateckl in an attempt to represent -the threshold as a function of

x for the lighter elements.,

II. THRESHOLDS FROMvEXPERIMENTAL DATA

A, Estlmatlon of the threshold from-»f F ratios observed in alpha
bombardments.

Assuming al pha-lnduﬂed fission to be a compound nucleus process, we

have

On-= GC rf/PT)

T

Ip =T+ T+ Ib+ Tyt eee CoL (10)
where of is the total fission cross~-section, Gc is the cross-section for form-
ation of the compound nucleus, Ff is the figssion width, and-f& is the total

reaction width. In . dealing with excitation energies of 25 to 30 .Mev a good

approximation is

Tp =T * p v T+ T+ T+ .o 2T S (11)
Therefore, since neutron emission is much more highly favored than any other
mode of de-excitation, we have

Op & O, Ff/rn . (12)

As o, may be calculated theoretically with sufficient precision, the measured

O gives values of Ff/fh directly. -The ordinary expression for the formation

of the compound nucleus by charged particles may be used:
o, =w (R+ %) (1~U) : (13)

where R is the radius of the target nucleus ( 1.5 lOAlS‘Al/3), and T' is the
kinetic energy of the alpha particle in the center-of-mass. .The.value 1.5 for
the liquid-drop radius paramemer was .used, since i1t was reported to e the

-value used by Falrhall , and the objective was to put new points on his already
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existing Ff/Fn.curves. Here, £ is the DeBroglie wave length of the incident

alpha in the center-of-mass system, U is the Coulomb barrier height, and

7 zez

= ~ 1.92 Z/Al/3 (in Mev) for alpha particles. (14)

The formulae, relating r}/Fn to the fission barrier, Bf, which have

been used 8,10,11 are only slightly different from the original derivation

outlined by Fujimoto and Yamaguchi,12 which in turn was based on the statis-

13

tical expression given by Bohr and Wheeler for Ff and the Fermi gas expression

for level density. Fujimoto and Yamaguchi obtain, after considerable approxi-

mation,
r, _ 1/2 x A2/3/K! 7 exé (-B_/T),
Ty = 1/2 T =n eXp»(-Bf/T),
rp/T, =1/t K /a%/3 - [}Bn-gf)/f] , ' (15)

where K' is %?/Zmroz, T is the nuclear temperature, Brl is neutron binding
_ energy, and Bf is Ehe height of the fission barrier.

Huizengae ~ has shown that Bq. (15) is also obtained if a constant
nuclear temperature is assumed, and develops the more complete expressions
for Ff andﬁfh based on the Fermi gas model. Huizenga's expressions reduce to
the above in the limit of very high excitation.

Halpernlo uses a slightly different approach. He adopts only the

functional form of .the Fujimoto and Yamaguchi expressions,

Pn/rf =N exﬁ-[EBn;Bf)[E] , (16)

where the only requirement on N is that it be a more slowly varying function
of excitation E than the exponential. He also derives the eXact Fujimoto and
Yamaguchi form of the Ff/rn expression directly, using statistical arguments
based on thermionic emission equations. For actual calculations he tries to

' fit an equation

r/r, =06 o [ e/e] | (17)
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which he states represents the alpha-induced fission of heavy elements, on the
light-element data of.Fairhall,l and from this to estimate values of Bf. He

uses a nuclear temperature expression

H
I

EX/Z-S )

excitation energy.(in.MeV)t ’ - (18)

=
1l

He finds that Eq. (17) gives satisfactory qualitative representatidn_to the

observed curves and ascribes the differences to the energy dependence of the
me-exponentdal factor; furthermore the thresholds estimated are roughly what
would be expected in view of the increased difficulty of dbsefving the fis-~

sion process in the lighter elements. He estimates‘32 Mev as the threshold

for fission produced by alpha bombardments on Pt, 28 for alpha partlcles on

.Hg, and 22 for alpha particles on lead.

It was decided to. further test the validity of an expression such as

VS S [Z?n”Bf?Zil. (19).

to handle light-element fisSiOn, sihce further measurements by‘Fairhallz had
been carried out and some new data on Re.and Ta fission by Gri;f,‘fioenlh were
gvailable, and to.utilize them-as a means of obtaining estimates of the
thresholds from ererimental data. The approximétions involved in Egs. (15)
to (17) are sufficiently questionable at low excitation energies; consequently
attempting to represent the data by ah equationflike'(l9) must be congidered
a somewhat empirical approach. K was assumed, as .a first approximation, not
to depend on the excitation energy directly; however, no attempt was made

to fix it exactly as -Halpern had done, i. e, K was allowed to be & function
of 2, A, Z /A etc., to say it still another way, we do not demand that all
curves have a common intercept asq—::approaches zero. -Writing T = c ( x 1/2,
where-EX is the excitation energy, we have

log I /1‘n = log K + Bn Bf ' (20)

2.303 cnﬁ?“
Once ¢ is evaluated (it was chosen to leave this as. an adjustable parameter),

B, should be determined by the slope of a plot of log.Ff/Fn vs. 1/(E) )1/2
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Vandenbosch and“Huizenga8 have constructed a plot of (Bn—Bf) vs. log r}/fh
for a constant excitation for heavy elements. This curve wé%;%%,determine a
value of ¢ based on the assumption that an equation of the form of Eq. (12)
holds for the heavy element region, and as a firét approximation, that this
same value of ¢ should hold for fission in the'lighter‘élemenfs.l The value

of ¢ so obtained is 0.145 Mevl/z, and we have

B -B
n f .
\/ng 0.33%

B.  The Existing Cross-Section-Data for Low-Energy Light-Element

log I,/T = log K + (21)

-Fission.

Figure 3 represents almost all the experimental data available for
light-element fission in this .energy range. Figure3 is from the work of
Fairhall (obtained by private commuﬁication). Thege are the original data
used in the curves in Referencez,in the excitation curves in Reference l, and

15

in the,l"f/l"n curves of Referenceslo and8%'-Figure 4 ig from Griffioen ” and
furnishes additional data for two of the lightest nuclei studied, tantalum
and rhenium. It is .to be noticed that the rhenium cross-sections from
Griffioen are significantly higher'than those of Fairhall (Figure 3).

Figures 5a and 5b show Leachman's data on the neutron fission of

226
Ra ,7 which provide the most complete analysis available of a single ex-

citation function. Figure 5a shows the actual points and Figure 5b shows-a
possible curve through these points (Ref.8).

Table 1 gives some additional numerical values. It lists only data
that do not appear on Figures 3 through 5. There are additional points from
81299 (q, ) and Bi%%9 (d, f) obtained by Gilmore !. A comparison of these

figures with Fairhall's Bi points (Figure 3), again shows that there is fair

¥In a recent development, Nicholsonl6vhas duplicated some of the measurements
by Fairhall on Bi, Pb, and Au, using counting methods. His cross-sections are
fairly close to those of Fairhall at high excitation but are significantly
lower at the lower energies. Nicholson estimates thresholds by fitting his
excitation functlons to the more exact Ff/fh expressions, of which 15 to 17
are approximations. -His values are of the same magnitude but somewhat lower

than those cobtained by the above approach.
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Table . I

Numerical ‘data on low-energy fission cross sections in light.elements*

_:Total"2 " _Reference

Target Projectile Compound [EX .
nucleus (Mev) e (Cm )
1299 a poZtt 205 907t ® 17
2k 3,2+10730 @
26 1.0:10729 &
_ 30 u,b-10'29‘1
pi%? 4 po?tt 225 6.726.7°1070 P 20

27.24¢1.0  1.7£1.7+10727

226 228 26

‘Ra a Ac” 30 5¢10° 1
Ra226 D ' Ac227 16.5 ~3.3?1o'29 ‘ 21
18.5 | 241410727
AT a 2 42.9 9o3ﬁ10'3o & 17
33.1 3.1-1073 @
8129 4 | At2t3 38.0 6.3°10727 ©
29.0  z.0-10°8¢
211 k7070 ¢
15.0 3.3°1073 ¢

Yields estimated from mass-yield curves in References (1) and (2).
a. Using estimated yield of 10% for Mo .

b. Assuming 6% yiéld for ¥o.
c. Assuming 6% yield for Aglll.

% Not given in Figures 3; 4, and 5
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agreement at the high energies but considerable disagreement at lower energies
for the alpha points, although the deuteron points are fairly close. The data
on the alpha fission of gold are in considerable disagreement with Fairhall's.

The most important conclusion to be drawn is that there just are
not enough data on any one nuclide to determine. the validity of.any theoretical or
semd ~empirical interpretation. ar calculation; nor is there sufficient agreement
between data from different sources to allow one to expect any mo;e than rough

estimates of thresholds by the method of IIA.

C. Calculation of Thresholds
Figure 6 shows a plot of log Ff/Fn vs. 1/ VEX for the data of Part B.

Many of the curves are taken directly from Fairhallz. The curves for Bi, Re,

and Ta were calculated directly by Eq. (12). The Ra curve was taken from
Vandenbosch and Huizenga .

By using the curves from Figure 6, thresholds were calculated from
Eq. (21) from what were estimated to be the "best" slopes. In the cases
(Bi and Re) in which different sets of data were avéilable, a threshold was
estimated for each. Neutron binding energies were obtained from (18) or (19)
or were estimated. The results.are shown in Table II. Thresholds calculated
by use of Halpern's temperature expression (Eq. (10)) are also listed. It is
to be noted that these are quite high compared with those estimated from the
liquid—dfop calculation in Part III.

Since only one W point was available and since the Ta points were
much too close to estimate a slope, an attempt was made to calculate.Bf
directly from Eg. (21) for these cases, using an intercept estimated from
Figure 6 of log K = 3.5. This is .considerably different from Halpern's value
of 0.6 for the pre-exponential constant. For comparison, the W threshold was
calculated from Halpern's original formula, Eq. (17). A calculation of the
former kind seemed justified, since there appeared to be some convergence in
the light element Pf/Fn curves (if one considers Ra to be a curve of a dif-
ferent family!), which may be taken as evidence that these curves have a
roughly common intercept. -Both calculations give reasonable although Some -
what different results. .(See Table II). This seems to confirm the comment
of Halpernlo that both direct calculation and slope measurement of such curves
as Figure 6 %e@d”to reasonable threshold estimates. He sees this as evidence

that the assumptions behind Egs. (15) and (16) are not completely without, basis.
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Table IT

Comparison of "calculated" thresholds with those estimated

from Ff/Fn plot (invMev)

- Alpha Compound Liquid-drop Taken from

target nucleus -  calculation Ff/Fn (slopés);‘ 'Halpernlo
Ra226 Ra 22T 7.68 _ 9.oo; ' 15.98
pp207 poltl 21.1 17.5 7 |
pp20#  po208 18.1. 22.46 , 22P
pp208 . p,BlZ 21.1 . 17.0
pp200 po210 21.3. 2.9
il Bi 23.3% 26 58.58
26.7" N
Hg Pb 20 25 2.8
Au _ leOl 25.6 | 25.6
Pt . Hg o 2u.e6t 2k 32"
27.361
Ir Au 27.9 22
Os Pt 23.31 21
30.7
Re Ir 27.6 34
.23b
W 0Os 29.3% : 5o -
32.51 28d
Bi At 15.6 16° .
. _ -2h .5
Ta, Re =~ 30 29d

®Fairhall's Re data.

bGriffioen's Re data. 7

CHalpern's formula: 0.6 e+£/ , Ea. (17) : :
dCalculated directly from points using Eq. (20) and log K = 3.5.
€Fairhall's data. '

fGilmore's data. 5

8Calculated from I'p/I';, slopes by using T° = E,/7.5

?Quoted values Ref. 10

1Multiple values refer to different isotopes (see Table III).
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The most striking feature of Figure 6 is the gap between the light-
element curves and the Ra curves. This is another reflection of the change
in the fission processg in. the elements below Ra.. . '

Can the observed I f/rn data be .fitted by an equation similar to (19)?

From the amount of data ava;lable it ishdifficult to formulate a unique
20 207 §

answer. The curves for Aul97, Hg, Pb , and Pb

straight lines, but those of Pb206 and Pb208 are more irregular. All the

seem to fall on fairly

curves ‘tend upward at lower ehergies. ‘The lack of agreément in the results
of various investigators makes any decision on this point quite,undertaina
Whether the expected increase in steepness (more negative slopes)
cccurs as we go to lighter elements — reflecting the increase in fis=~
-gion thresholds - occurs 1s also difficult to determine, since the curves for

the lower elements have but one or two points on them.

III. SEMIEMPIRICAL ESTIMATION .OF THRESHOLDS FROM THE LIQUID-DROP MODEL

In conjunction with our earlier definition of the threshold, we

can write ' ’ '

Threshold = saddle-point mass_f ground-state mass. (22)
In this discussion, experimental groﬁnd-state masses are used, whereas the
saddle-point mass is estimated theoreticélly but is normalized by use of
Leachman's data (Figure 5) for Ra.

It is shown in the ofiginal treatment of fission by'the liguid-drop
m.odel,15 and also by]Swiatecki;22 when (1-x) is small compared with 1, the
saddle-point mass is proportibnal to (l-x)B; The value near x = O is also
known, since the critical shape there is known to be two spheres in contact.
As was mentioned earlier (page,5), calculations utilizing various models for
the critical shape have indicated that there is not jus£ a gradual deviation
from the (l-x)5 law to reach the proper intercept at x = O, but that the
curve takes on an entirely different form. Furthermore, these calculations
have suggested that a quadratic representation of the_saddle-poinf mass -curve

in this range of x might not be too bad an'approximation, We can write

2
E =c + bx + ax 5 (25)
where a, b, and c are constants, ana :
saddle-point ener th
£ = L & - (ak)

original surface energy g O) 7
s
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In this treatment the’ undlstorted shape 1s considered sperical;, with E

berr 2 /3 51912 x 2273 g = 17.80 2277 Mev. Let B_ be the factor
by whlch the surface energy is changed upon deformation from the edquilibrium
shape. -Let B be the factor by which ‘thé.-Couldmb energy is changed upon

deformatlon, then the total change in’ energy of the. deformed nucleus is

E,, = E:'(Bs-l) +.E§.(B;-1)g=-EZ [?Bé—l).+:2x(3c-l)] , o (25)

where x is the fissionability parameter:='(charge)2/lo x volume x {surface

tension) .=
72 /A v)_ © /o0
(ZQ/A)O ) [¢] s’ |
. D . -
£ = EEE = [}Bs-l) +-2x.(Bc-1f] . (26)

.One can evaluate .c and b .theoretically by noting that they are, respectively,
.the value .of & and the first derivative of gvevaluated.at k;: 0. Bohr and
Wh,eelef15 have‘evaluated 3 (O) as 0.259921 by considering two spheres in
contact. An expression for. the flrst derivative may be. 51mply obtained, .since

¢ is usually considered to be a functlon of shape and x only:"

but since we are considering a series of.equilibrihm”shapes, we can write

(nz—aiz}o | | NS

i

di>x=0 i <§§> shape " 2(B¢Ql>x= O‘ E (29)

x=0

Bohr and.Wheeler15 have,evaiuated this. initial slope {although by a different
method) as - -0.215112. '

It was decided tc leave a as an adjustable parameter to be normal-
lized by means of an estimate of the Ra2 7 threshold from Figure 5. Ledchman's

vmeasurements,on-Ra 226 7 (Flgure 5) were carried to sufflclently low cross- sectionq
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227

to enable a threshold estimate for Ra to be made. From Figure 5 an average
of the lower three points was taken for the neutron energy associated with the
fission threshold. The neutron binding energy in.Ra226 is 4.81 mmu and 4.01

Mev must be added owing to the difference in the aectual mass of R&zz? and the

smooth reference surface from which ¢ is measured. This gave a value of Eth

of 12.37 mmu or & = 0.016179. Since we have x = 0.6804 for Ra227, using
(ZZ/A)O = 50.12, we may calculate. a .as -0.21037. Therefore,

0)

=§E( ’. (36)

£ 0.259921 - 0.215112x - 0.21037 x°; E .

th
This normalization is admittedly rough, but as soon as good threshold data in
this region are available, renormalization and poésibly-an'empirical evaluation
of the.coefficient of x will be a simple matter. Ra also had disadvantages

as a normalization point in that it may lie too close to the (l-x)3 region
where Eq. (23) would not be expected to hold.

Groundi.State. Magsses....

Since the values of Eth calculated by Eq. (30) argﬁégggﬁamoth liquid-
drop mass surface, to obtain the threshold relative to the actual masses, it
is necessary to add the difference between the liquid—@rop and the observed
ground-state masses:
0

Bf =ES E'*'A; (31)

where

A= Mliquid-drop —Mexp.

(32)
Green's values for liquid-drop masses (without the & term) were used along

with a o term:

= 12.03/Al/2 0dd-0dd nuclei
= 0.09 odd-Z, even-A
o - -0.09 - even-Z, odd-A (33)

;—12.03/ 1/2 even-even
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The experimental masses given by Foreman and Seabbrgl8 were used for elements

19

above lead; whereas those of Wapstra™ were used for the remainder. A
systematic difference of 0.24 mmu was found between these two compilations,
and it was necessary to subtract this much from Wapstra's values. Table III
gives the results of the.above calculation down to -Sn .compound nuclei.

Figure 7 shows a plot of the threshold calculated by Eg. (31) vs
ZZ/AB There is a large amount of scatter in the points due to: (a) fluctuations
in the ground-state masses, and {b) .the fact that the calculated threshold,
even when referred to the smooth mass sufface}‘is not a smooth function of any
one parameter. ' § contains one term dependent oﬁ x and a second on x2, there~

fore, when & is multiplied by the surface energy to give ‘the threshold in
’ 3

-

some -energy unit, the reSulting_expression‘has.one term proportional to ZZ/Al/
and a second to Z /A /3 and cannot be represented adequately by any one of
these parameters. However, the main features‘of:the'results can still be seen
in Figure 8. As expected, a sharp.increase in the threshold values in Eq. (31)
relative.ﬁo the experimental points for the heavy elements occurs in the
region of Ra.  This may be attributed to the dip in ‘theé ground-state masses
relative to the smooth méss surface hear‘the double closed shell of:PbZOS,
Below this the threéholds:increasevmore slo&ly,éwing to the dncrease in .t

as k decreaseé. Although‘it is.not:évident,in,Figure 8, the threshold values
are beginning to le?el out at the'lower values of x because the decrease in

2
A /3 tends to oppose the threshold increase caused by the decrease in x.

_CONCLUSION : )

Table II shows a caomparison of the results of the liquid~drcp cal-
culations with the values estimated from the Pf/Pn slopes. .The agreement
is surprisingly good considering the crudeness and complete independence of
both methods, and the incompleteness and seeming lack of reproducibility of
the dataj; however, there is still much to be desired.

The thresholds calculated from the liquid-drop are in much better
agreement with the values_obtained from.the-r%/fh slopes when & tempersture
constant of 0.145 is used rather than Halpern's.temperature expression, Eg. (18).

-Figure 8 shows.a plot ofAB-—Bn:calculated by using the liguid-drop

f
values of Eq. (32) vs the observed values of Ff/r£° Although the points are

scattered, the plot is sufficient to indicate the sharp difference between the
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Threshold Values Calculated From Eq. (31)

Target

p1 2%
pp 204
206

Pb
Pb
Pb208
203
205
198
a7
Pt194
Pt196
1,193
OS188
05}9?
187
182
186
176

Hf
7180

/Lul75
176
170

Er
Hf180.

Hfl78

207

Bi

- Compound

nucleus

At213
P0208
210

Po
po2ll
pollZ
207
B1299
Pb202
201

198

T1

186
190
w180
184
Ta179
Hf180
17k
w184
183
182

By (Mev) Target
15.62 Lu176
18.07 w7t
21.3 ,momL
21.1 7pi T2
21.13 g 168
23.35 Dy o
26.70 6a1o0
19.79 cats®
25.61 ,Gdls6
21466 smt
27.36 smo?
27.86 mat
23.25 - gt
30.68 Cel,+O
27.60 Bal38
129.30 xel3*
32.47 27
30.66 730
36.05 7120
35.43 spt23
41.13 spi22
51 .48 520
36.1 Snl18
35.1 Intt3
33.5 gl

Compound ,
nucleus B, (Mev)
TalBO 35.8
7180 39.3
el 35.8
el 34.0.
172 bk .5
gy 168 43.8
Dyl&L 46.9
py 02 4h.8
Dyl6o 1.2
cat?® 48.0
cat?® b7
.Smlh8 45,4
vSmlh6 ks 4
gl 51.0
cett 57.5
Bl 62.6
Csl3l 54.0
xet3H 65.2
xe13? 61.0
27 56.6
129 53.5
et 56.5
7el22 53.7
sptt? 51.4
‘SnllB 56.4
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heavier and the lighter elements. .The -light-element points represent an ex-
citation energy of about. 39 Mev or about .10 to 20 Mev above the harrier. The
heavy-element points were. taken from Reference 8, and,correspond to an ex-
citation energy of.8 to 12 Mev, butvit,wasﬂshdwns_that,the Ff/Fn.dependence
on energy is slight for-the heavier elements, and it is on this basis that
the comparison of ﬁhe.two sets?Of pointsien"Figure 8 can_ﬁe-madea .This is
& further indication 'of the change in the trends of the fission process for
the elements below Ra. According to Figure 8, Ra itself falls more in line
with the trends Ain the llght elements. , _

‘ Flgure 9 shows a comparlson of values of ¢ obtained from Eq (30)
with those obtained from saddle—p01nt heights of potential energy ~-deformation

o

surfaces as calculated by Sw1ateck1 These calculatlons represent the most
exact treatment of the llquld drop carrled out so far, and 1t 1is pleasing to
see that such a simple express1on as Eq. (30) 1s in goodfagreement with them.

The next step seems to be experimental More complete data, of as
high prenlslon as p0581ble are needed if we are to cbhserve- the threshold effect -
as discussed earlier. . The fea51b111ty of carrylng out these measurements will

be the next step in thls research program
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APPENDIX
Although. they are not immediately connected with the -threshold prob-
lems, it might be interestimgto see if the trends of I}/Ihﬂwith Azand~Zz/A.at

constant,excitatignras:observedfby,Vandenboschﬁand,Huizenga continued in the

lighter elements (Figures 10, 11). .These curves are qualitatively the same

as those observed by, Vandenbosch and Hulzenga for. the heavier elements. The
heavy-element curves for constant Z seem to form a family of curves at about
right angles to the main trends. -The only light~elémeht for which several
isotopes have been studied is Pb and a strikingly similar effect is observed.
The trend is for-Ff/Fn to decrease as A increases for constant Z. Vandenbosch's
explanation for this is that, (a) neutron binding energies decrease as A in-
creases, making it less difficult to evaporate a neutron, and (b), Zz/A de-
creases as-A increases. .That all the points fall roughly in.a common band

when plotted vs ZZ/A (Figure 10) gives further weight to the latter explanation.

Vandenbosch and Huizenga note that their curves seem to show no odd-

.20
even effects. This is likewise found in Figures 10 and 11 except the Pb !

and Pb206 points are reversed from what would be expected. .The explanation
offered by Vandenbosch and. Huizenga is that even-emwen nuclei have a larger
neutron binding energy, which tends to decrease'Fn, however, the odd-A nucleus
formed after evaporation of a neutron would have a larger level density, thus
the cancellation of these two factors should leave Pn roughly insensitive to
odd-even effects. One might also .argue from the idea that I} is related to
the ratio of the available phase-space volume .at the saddle to the density of
states below the saddle point and that perhaps this ratio is independént»of
odd-even effects. '

A more explicit comparison of the heavy and 1light elements is
shown in Figgge 12, in whichvpoints for compound nuclei between Th and Fm
have been taken from Vandenbosch .and Huizenga . The trend seems to be quite
regular and this seems to be one case in which fission properties .of the
light elements are just the extrapolation of those of the_heavy elements,
i. e., the trangitimto the light elements is smooth when viewed in this way.
The remarks concerning excitation energy (pp. 28.4nd 32) hold for this plot

also.
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Fig. 2. Idealization of the actual barriers in Figure 1.
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Fig. 5 (a) The total cross section for fission of Ra226 by neutrons as
measured by Leachman.

Fig. 5 (b) An interpretation of Leachman's data by Vandenbosch8
emphasizing a threshold character.
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Fig. 8. Plot of log Pf/Fn vs Bf-Bn for a constant excitation energy. Bf
values obtained from liquid-drop calculation (Eq. (31)). Heavy-element
points are at an excitation of 10 to 12 Mev. Light-element points are

at 39-Mev excitation.
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