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Seip.iem:pirical considerations based on already existing data are 

employed to estimate values for the fission thresho.lds in the elements 

ranging from Ta to Ra. 

Threshold,. values are obtained in two ways: (a) From interpretation 

of experimental fission cross 7section measurements by means o.f. the Fujimoto­

Yamaguchi expression for rf;I'n, and (b) by an approximate liq_uid-drop eq_ua~ 

tion that expresses the saddle-point mass as a function of the fissionability 

parameter, x. A compilation of the experimental fission cross-section data 

for light elements available at the time of writing is included. 
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Current trends suggest that the·.fission process is significantly dif­

ferent in the lower elements than in the elements o.f Z > 90. First, the most 

striking evidence is the change in the mass-yield curves. From predominantly 

asymmetric fission at uranium and thorium the yield o.f the symmetric mode 

increases abruptly, giving a three-humped peak at radium
1 

.followed by complete 

symmetric distributions .for lead and bismuth, 2 (However, see Reference 13.) 

For example, the fission o.f Th229, differing by only 2 units o.f Z and A .from 

Ra227, is asymmetric.3 Second, the decline o.f .fission as a competing mode in 

nuclear reactions at moderate energies occurs abruptly at the region o.f radium. 

This sugge'sts that the fission barrier heights, which ~re approximately constant 

.for the elements o.f Z > 90, have undergone a sharp increase in the lighter 

elements. This increase in threshold is to be expected according to the liquid­

drop model, and current calculations indicate that this model may account .for 

the over-all changes in the process in this region o.f the periodic table. 

At present the information available .from theory and experiment are insuf­

ficient to give unambiguous answers to these questions. 

The location o.f the change in the characteristics o.f the .fission pro­

cess at radium is not inconsistent with the result o.f liquid-drop calculations, 

since it was at about·this value o.f the .fissility parameter that the change in 
4 ' 

the saddlepoint shapes of the Frankel and Metropolis calculations occurred. 

The current calculations5 indicate that in this region the barrier changes from 

two peaks with a .flat minimum or 11puddle" between them to only one peak, but 

with a rather gradual slope along a path .from the unde.formed configuration to 

the saddle. Estimates o.f the threshold for various equilibrium shapes .for 

* This work was performed under the auspices o.f the U.S. Atomic Energy 
Commission. 

/ 
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low values of x have indicated that the behavior is other than that which would 

be expected if the limiting (l-x)3 threshold merely changed in some smooth 

gradual way to reach its proper intercept at x=O; i.e.) the threshold as .a 

function of x has at least two distinct regions) the (l-x)3 region) and a 

second region about which more will be said later; furthermore a change-over 

between these regions at about Ra would not present a too unreasonable picture. 

The investigation of what is known) or can be said of the threshold 

behavior of elements for which fission cross sections are measurable but do 

not fall within the range of the (l-x) 3 law will be the concern of this paper. 

• 6 
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I. DEFINITION OF A FISSION THRESHOLD 

The usual definition of the threshold of a nuclear reaction is "the 

lowest energy of incident particle (or excitation energy) at which a reaction 

becomes energetically possible," i.e., the concept is usually applied only 

to "endothermic" processes. Fission becomes exothermic at about zirconium 

and becomes more and more energetically favorable as the number of nucleons 

increases beyond this; consequently on this basis ·we would not expect fission 

to show a true threshold any more than we would expect it to be exhibited in 

a process such as alpha decay. The question then if:~:· how can we make an 

operational definition of a fission threshold? In other words, (a) what 

empirical measurements are required, and (b) by what manner must they be 

assembled or combined? The de,finition must include criteria for the determi­

nation of answers to these two questions. We must keep this in mind when we 

consider ·.the. adceptad ._nieaning.tof:~~ Jiwsion.tlmes.holli~'·· .. .r 

The threshold is usually considered to be that excitation energy at 

which the process ceases to be one of barrier penetration; i.e., the fission 

threshold is identical with the height of the fission barrier. This is an 

extremeay convenient definition to use in conjunction with theoretical or 

semiempirical calculations, since the barrier height would be an important 

consequence of any proposed model of the fission process. One way to define 

a fission barrier in terms of observable quantities is to rely on equations 

derived from various models that contain the barrier height as an undetermined 

parameter related to other directly measured or calculable quantities. By 

fitting appropriate experimental data to this equation we can hope to obtain 

a value for the barrier height. This is the principal approach of this paper, 

however, it is an approach more of necessity than of choice. Interpretation 

of data or estimation of physical quantities by means of a model can be no 

more accurate than the model itself. Any measurable change in the properties 

of a system that is coincident with the attainment of the barrier height is 

preferable to estimation from a model as a means of determining a threshold. 

A simple qualitative argument can be used to show that such an effect may 

exist. 

The change referred to is one of the cross section at the barrier; 

the pene~ability of a fission barrier decreases sharply below the top: a chatlge 
--.. 
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of a factor about 7.85 powers of 10 per Mev change in excitation energy is estimated 
Ir 

by Frankel and Metropolis.for x=0.74 .. Since the•cross section is proportional 

to this penetrability factor, we should expect a corresponding sharp decrease 

in cross section wi.th excitation energy .• Such curves have been observed with 

the heavier nuclides such as u238 and Th232 .6 There the breaks in the ex­

citation function serve to locate. the threshold to ±0.5 Mev. Precision such 

as this would be sufficient for almos·t all purposes at our present state of 

knowledge of the fission process inthe lighter elements. 

But, ;as .noted above; the .fission process is different for the light 

elements. What effect .will this-have on the above argument? The observed 

fission cross-section curves rise steeply even at.energies suspected to be 

above the barrier. Reference to Figure 3 will show that the curves for light 

elements are roughly parallel and, more important, have a change of a factor 

of approximately ten per 7 Mev of excitation; thus we would 'Still expect a sharp 

change in slope to mark the fission barrier provided measurements were made 

at low enough excitation energies .• · Unfortunately, the experimental problems 

associated with the measurement of such low cross-sections have been suf­

ficiently difficult that this effect has yet to be observed for light elements 

(however, see the intepretation of Leachman's Ra data7 by Vandenbosch~ Fig-

ure 5b). 

A q_uantitative order-of-magnitude .estimate to back up the above 

q_ualitative arguments can be made . .Liq_uid-drop calculations4 ' 5 , 9have 

shown that with decreasing x the fission barriers take on shapes as.shown in 

Figure l. For the purposes of calculation these barriers have been idealized 

as shown by the dotted lines of Figure 2. For x=O. 75 a rectangular approximation 

has been used, whereas a triangular shape was chosen for x=0.5. The esti­

mation using the triangular barrier should be more significant for the fission 

of light elements. ItShould be noted.that the triangUlar idealization is 

working against the· effect we are trying to illustrate, since the actual 

barrier would be expected to be wider, giving a larger change per Mev in 

penetrability than the triangle. Nevertheless these estimates must be con­

sidered q_uite crude, because it is very unlikely that any one-dimensional 

picture of the barrier can represent the physics of the situation~ However, 

since all we wish to show is that there would·:Cbe.a large change in .slope of the 

excitation function at the barrier in the lighter elements.., these , calculations 

should be sufficient, 

... 
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The JWKB expression for the penetration probability, P, of an arbi­

trarily shaped barrier is 

;l.np=-.KJ ~2M (V-E) 
barrier e x 

du, ( l) 

where E is the excitation energy, u is a coordinate associated with a part­
x 

icular path through the barrier, and V is the potential along this path. M 
e 

must be interpreted as an effective mass such that the kinetic energy associated 

with the trajectory is 1/2 M' (du/dt)2 . 
e 

CASE l. TRIANGULAR BARRIER 

As a deformation coordinate let us choose the maximum radius of the 

deformed shape, 

R = R (l+a), max o 
(2) 

and define € = (Bf-Ex)' where Bf is the maximum barrier heightjwe then have 

(from Figure 2) , 

y/u, 

(V-E ). 
X 

( 3) 

Since-we are considering the behavior of cross-sections just below the barrier, 

i.e., calculating the penetrability near the top of the barrier, we can assume 

that the nuclear shape is but slightly.changed by the nucleus going through, 

rather than over, the fissi~on barrier. Furthermore, the recent liquid-drop 

calculations5 have show~ that there is little shift in the defor~tion co­

ordinates associated with the saddle point in the range of x where the tri­

angular approximation might most .ne~t;}- apply and. that the saddle point 
'· \·' 

shapes differ but slightly from those found by Frankel and Metropolis at 

x=0.65. We can thus associate the ·Frankel and Metrcpolis value of R ~2.2 max 
for the critical deformation in the region we are considering. Frankel and 

Metropolis have also estimated M as a function of R , and for deformations e . max 
in the neighborhood of R ~2 the-effective mass is very near the total nuclear max 
mass. Consequently, we can set approximately M = M =M A where M is an average 

e n n 
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nucleon mass. All these approximations are valid only because we are restric­

ting our attention to the change in cross-section near the top of the barrier. 

dombi:tfing E~r.: (3) 'Blld Eq. (~) .we bbtain 

l_n p 
2 L 

.fl 
0 
J y2M(Bf/a RJ u du (4) 

Since the fission cross-section is proportional to p below the barrier we have, 

d log crf 

dE 
X 

1/2 
= 0.77 € J 

using A=200 7 R =r Al/3, 
0 0 

This gives 

€ 

(Mev) 

0 

1 

2 

3 

Slope (logarithmic) 
(Mev-:-1) , __ 

0 

0,77 

L09 

L33 

(B:o) (5) 

The observed cross-section curves (Figure .3) have a slope of a factor of about 

ten per 7.Mev, whereas on this model the predicted slope 1 Mev below the barrier 

is about a factor of ten. in 1.3 Meyl' i.e., a change in slope by a factor of 

roughly 5 within 1 Mev would be observed when t~e barrier is encountered. 

CASE 2.'RECTANGULAR BARRIER 

From Figure 2 and Eq. (1) we have 

ln p (6) 
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where E: is now a constant with respect to changes in u. Since the nuclear 

shape in this case will not be constant during the penetration of the barrier, 

M cannot be considered a constant, however, a linear approximation to the 
e 

Frankel and Metropolis curve forM vs. the maximum radius can be made as 
e 

follows: 

Thus we have 

ln p 
2 ( l+a)R 

=-z£ o~ du 
( l+a)R 

J 0 ~(1+7/3 
R 

0 0 

~~:0}1/2 du. 

From this equation, using the Frankel and Metropolis value of a 

x = 0.74 and the other constants as in Case 1, we obtain 

d log a 
dE 

X 

l 
2.303 

d ln p 
de 

and the values given in the table. 

(Mev) 

0 

l 

2 

3 

Slope (lbgarithmic) 
(Mev6lz: , .. ~<.; ... -

co 

0.7 at 

(8) 

(9) 

'.thus -±ntl>e (ctiil:iler ldmi ting case the change in slope at the barrier is still larger. 

To the extent that these calcutions can be taken seriously, we can expect that 

a sharp change in the slope of the excitation function should exist in 

practice and should serve to mark the barrier to within 1 Mev. 

We now formulate various equations from whi8h we may make estimates 

of the fission threshold from experimental data (Part IIA). These are ap­

plied (Part IIC) to data collected from the literature (IIB). Finally, in 

p. 
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Part III, these values are compared with a:liquid,-drop-model calculation sug­

gested by Swiatecki in an attempt to represent the threshold as a function of 

x for the lighter elements. 

II . THR.ESHOLDS FROM EXPERIMENTAL DATA 

A. Estimation of the thresholdfrom-rfL:rn ratios observed in alpha 

bombardments. 

Assuming alpha-induced fission to -be a compound nucleus process, we 

have 

fT=ff+P +f+f + ... n p a 
( 10) 

where af is the total fission cross-section, ac is the cross-section for form­

ation of the compound nucleus, rf is the fissi.on width, and rT is the total 

reaction width. In dealing with excitation energies of 25 to 30.Mev a good 

approximation is 

rT=rf+r +r +f +r + ... :::::r. n p a y n 
(11) 

Therefore, since neutron emission is .much more hi.ghly favored than any other 

mode of de-excitation, we have 

( 12) 

As a may be calculated theoretically with sufficient precision, the measured 
c 

af gives values of rf/rn directly. -The ordinary expression for the formation 

of the ·compound nucleus by charged particles may be used: 

a 
c 

2 U) n (R+ -st) (1.-T , (13) 

where R is the radi.us of the target nucleus ( l. 5 l0-l3 Al/3), and T' is the 

kinetic energy of the alpha particle in the center-of-mass. The value 1.5 for 

the liquid-drop radius parameter was used, since it was reported to be the 

value ,used by Fairhall
2 , and the objective was to put new points on his already 

• 
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existing r f/r n curves. Here, I( is the DeBroglie wave length of the incident 

alpha in the center-of-mass system, U is the Coulomb barrier height, and 

Z ze2 
U = R ~ 1.92 Z/A1/ 3 (in Mev) for alpha particles. ( 14) 

The formulae, relating ff/f to the fission barrier, Bf, which have 

been used B,lO,ll are only slightly d~fferent from the original derivation 

outlined by Fujimoto and Yamaguchi, 12 which in turn was based on the statis­

tical expression gi~en by Bohr and Wheeler13 for ff and the Fermi gas expression 

for level density. Fujimoto and Yamaguchi obtain, after considerable approxi­

mation, 

r f = l/2 T 1( exp (·-B/T), 

rf/rn = l/T K'/A
2

/
3 

exp DBn-Bf')/T]' (15) 

where K' is ~2/2mr 2, Tis the nuclear temperature, B is neutron binding 
o n 

energy, and Bf is the height of the fission barrier. 

Huizenga1 !+ has showri that Eq. (15) is also obtained if a constant 

nuclear temperature is assumed, and develops the more complete expressions 

for f f and f n based on the Fermi gas model. Huizenga,' s expressions reduce to 

the above in the limit of very high excitation. 
10 Halpern uses a slightly different approach. He adopts only the 

functional form of .the Fujimoto and Yamaguchi expressions, 

r /rf = N -I(B ;_Bf)/TI , n exp ~ n ~ 
( 16) 

where the only requirement on N is that it be a more slowly varying function 

of excitation E than the exponential. He also derives the exact Fujimoto and 

Yamaguchi form of the ff/fn expression directly, using statistical arguments 

based on thermionic emission equations. For actual calculations he tries to 

fit an equation 

exp ( 17) 0.6 
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which he states represents the alpha-induced fission.of heavy elements, on the 

light-element data of Fairhall, 1 and from this to estimate values of Bf. He 

uses a nuclear temperature expression 

2 
T == E /7·5 , 

X " 

E excitation energy (in Mev) •. 
X 

(18) 

He finds that Eq. (17) gives satisfactory qualitative representation to the 

observed curves and ascribes the -differences to the energy dependence of the 

pre-exponentd.al factor; furthermore the thresholds estimated are roughly what 

would be expected in view of the increased difficulty of observing the fis­

sion process in the lighter elements. He estimates 32 Mev as the threshold 

for fission produced by alplt:!a bombardments on Pt, 28.for alpha particles on 

. Hg, and 22 for alpha particles on lead .• 

It was decided to.further test the validity_of an expression such as 

( 19) 

to handle light-element fission, since further measurements by Fairhal12 had 

been carried out and some new data on Re and Ta fission by Gr:iffioen14 were 

available, and to utilize them as a means -of obtaining estimates of the 

thresholds from experimental data. The approximations involved in Eqs. (15) 
to (17) are sufficiently questionable at low excitation energies; consequently 

attempting to represent the data by an equation like (19) must be considered 

a somev.rhat empirical approach, K was assumed, as _a first approximation, not 

to depend on the excitation energy directly; however, no attempt was made 

to fix it exactly as Halpern had done, i.e. , K was allowed to be a function 
2 of Z, A, Z /A, etc., to say it still another way, we do not demand that all 

curves have a common intercept asfEx approaches zero. Writing T = c (Ex.)
1

/
2

, 

where-E is the excitation energy, we have 
X 

B -B 
log rf/rn .. log K + =-~-n::"'·~f__,= 

2. 303 c 11/E; 
( 20) 

Once c is evaluated (it was chosen to leave this as an adjustable parameter), 

Bf should be determined by the slope of a plot of log rrfrn vs. l/(E)1/ 2 . 
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Vandenbosch and Huizenga
8 

have constructed a plot of (B -Bf) vs. log rf/r 
n used n 

for a constant excitation for h~vy elements. This curve wasAto determine a 

value of c based on the assumption that an equation of the form of Eq. (12) 

holds for the heavy element region, and as a first approximation} that this 

same value of c should hold for fission in the lighter elements. The value 
l/2 of c so obtained is 0.145 Mev , and we have 

B -B log K + n f 
-J--E:-~-. -o,...-=3~3.,...4 

(21) 

B. The Existing Cross-'Section Data for Low-Energy Light-Element 

·Fission. 

Figure 3 represents almost all the experimental data available for 

light-element fiss.ion in this ener~ range. Figure3 is from the work of 

Fairhall (obtained by private communication). These are the original data 

used in the curves in Reference2Jin the excitation curves in Reference 1 , and 

in the rf/rn curves of References
10 

and
8 t Figure 4 is from Griffioen15 and 

furnishes additional data for two of the lightest nuclei studied, tantalum 

and rhenium. It is to be noticed that the rhenium cross-sections from 

Griffioen are significantly higher ·than those of Fair hall (Figure 3 ) . 

Figures 5a and 5b show Leachman's data on the neutron fission of 

R 
226 7 h' h 'd th t l t l . l bl f . l a , w lC prov1 e e mos comp e e a.n~ ys1s avai a e o a s1ng e ex-

citation function. Figure 5a shows the actual points and Figure 5b shows a 

possible curve through these points (Ref.8). 

Table l gives some additional numerical values. It lists only data 

that do not appear on: Figures 3 through 5. There are additional points from 

Bi209 (a, f) and Bi209 (d, f) obtained by Gilmore17 . A comparison of these 

figures with Fairhall's Bi points (Figure 3), again shows that there is fair 

*In a recent development, Nicholson16 .has duplicated some of the measurements 

by .. Fairhall on Bi, Pb, and Au, using counting methods. His cross-sections are 

fairly close to those of Fairhall at high excitation but are significantly 

lower at the lower energies. Nicholson estimates thresholds by fitting his 

excitation functions to the more exact rf/r expressions} of which 15 to 17 . n 

are approximations. His values are of the same magnitude but somewhat lower 

than those obtained by the above approach. 
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Table I 

Nuill.erical data on low-energy fission cross sections in light elements* 

Target 

Bi209 

Bi209 

. Ra226 

Ra226 

B.209 
.l 

Projectile 

d 

d 

d 

p 

0: 

Compound 
nucleus 

211 Po 

211 Po 

Ac228 

Ac227 

Tl201 . 

Ex . 
(Mev) 

. 20.5 

24 

26 

30 

22.4±.5 

27 .2±1.0 

30 

16.5 

18.5 

42.9 

33-1 

38.0 

29.0 

21.1 

15.0 

.·Total 
2 

Reference 
af (em ) 

9'10-31 a 17 

3.2•10-30 a 

1.0-.10-29 .a 

4.0 ·10 - 29 a 

6.7±6.7•lo-29 b 20 

. . -27 
1.7±1.7•10 

5'10-26 1 

---3·3·10 -29 21 

2±1'10-27 

9-3•lo-30 a 17 

3.1'10-31 .a 

6.3•10-27 c 

.2.0'10~28 c 

4.7·1o-30 c 

3.3'10-31 c 

Yields estimated from mass-yield curves in References (l) and (2). 

a. Usi.ng estimated yield of lo{a for Mo99. 

b. Assuming &/o yield for y93. 

c. Assuming &/o yield for Ag111 

Not given in Figures 3J 4J and 5 

' 

¥, 
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agreement at the high energies but considerable disagreement at lower energies 

for the alpha points, although the deuteron points are fairly close. The data 

on the alpha fission of gold are in considerable disagreement with Fairhall's. 

The most important conclusion to be drawn is that there just are 

not enough data on any one nuclide to determine the validity of any theoretical or 

remi-en:y;xi.1r.icail interpretaticn. or calculation; nor is there sufficient 13-greement 
I 

between data from different sources to allow one to expect any more than rough 

estimates of thresholds by the method of IIA. 

C. Calculation of Thresholds 

Figure 6 shows a plot of log rf/r VS. 1/ ~for the data of Rart B. n 2 x 
Many of the curves are taken directly from Fairhall . The curves for Bi, Re, 

and Ta were calculated directly by Eq. (12). TheRa curve was taken from 

Vandenbosch and Huizenga8 . 

By using the curves from Figure 6, thresholds were calculated from 

Eq. (21) from what were estimated to be the "best" slopes. In the cases 

(Bi and Re) in which different sets of data were available, a threshold was 

estimated for each. Neutron binding energies were obtained from (18) or (19) 

or were estimated. The resul t,s .are shown in Table II. Thresholds calculated 

by use of Halpern's temperature expression (Eq. (10)) are also listed. It is 

to be noted that these are quite high compared with those estimated from the 

liquid-drop calculation in Part III. 

Since only one W point was avail.able and since the Ta points were 

much too close to estimate a slope, an attempt was made to calculate Bf 

directly from Eq. (21) for these cases, using an intercept estimated from 

Figure 6 of log K = 3.5. This is .considerably different from Halpern's value 

of 0.6 for the pre-exponential constant. For comparison, theW threshold was 

calculated from Halpern's original formula, Eq. (17). A calculation of the 

former kind seemed justified, since there appeared to be some convergence in 

the ·light element r rfr n curves (if one considers Ra to be a curve of ·a. dif­

ferent family!), which may be taken as evidence that these curves have a 

roughly common intercept. Both calculations give reasonable although some­

what different results. (See Table II). This seems to confirm the comment 
10 

of Halpern that both direct calculation and slope measurement of such curves 

as Figure 6 lead to reasonable threshold estimates. He sees this as evidence 
-·- - .. 

that the assumptions behind Eqs. (15) and (16) are not completely without.basis. 
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Table II 

Comparison of "calculated" thresholds with those estimated 

from rf/rn plot (in Mev) 

Alpha 
target 

Ra226 

Pb207 

Pb204 

Pb208 

Pb206 

Tl 

Hg 

Au 

Pt 

Ir 

Os 

.Re 

w 

Bi 

Ta 

Compound 
nucleus 

Ra227 

Po211 

Po208 

Po212 

Po210 

Bi 

Pb 

Tl201 

Au 

Pt 

Ir 

Os 

At 

Re 

aFairhall's .Re ·data. 

Liquid-drop 
calculation 

7.68 

21.1 

18.1 

21.1 

21.3. 

i 
23.3. 
26.71 

20 

25.6 

24.66i 
27.36i 

27.9 

23.Ji 
30.7 

27.6 

30 

bGriffioen's Re data. A/T 

Taken from 
rf/rn (slopes) 

9.00 

17.4 ... 

22.46 

17.0 

21.9 

26 

25 

25.6 

24 

22 

21 

34a 
23b 

4oc 
28d 

16e 
24.5f 

29d 

CHalpern's formula: 0.6 e+G ) Eq. (17) 
dcalculated directly from points using Eq. (20) and log K = 3.5. 
eFairhall's data. 
fGilmore·'1 s data. 
gCalculated from rf/rn slopes by using T2 = Ex/7·5 
hQuoted values Ref. 10 
iMul tiple values .refer to different isotopes (see Table r:n) . 

10 ·Halpern 

•.. 



• 

-18- UCRL-9321 

The most striking feature oi'Figure 6 is the gap between.the light­

element curves and the Ra curves. This is another reflection of the change 

in the fission process. in the elemen.ts below Ra •. 

Can the observed r f/r n data be fitted by an equation similar to (19)? 

amount of data ava.;Llable it is difficult to formulate a unique 
l97 204 . 207 . 

The curves for Au , Hg, Pb , and Pb seem to fall on fairly 

From the 

answer. 

straight 206 208 lines, .but those of Pb and Pb are more irregular. All the 

c.urves tend upward a:t lower energies. ·The lack of agreement in the results 

of various investigators makes any decision on this :point quite uncertain. 

Whether the expected increase in steepness (more negative slopes) 

occurs as we go to lighter elements - reflecting the increase in fis-

sion thresholds occurs is also difficult to determine, since the curves for 

the lower elements have but one or two points on them. 

III. SEMIEMPIRICAL ESTIMATION OF THRESHOLDS FROM THE LIQUID-DROP MODEL 

In conjunction with o.ur earlier definition of the threshold, we 

can write 

Threshold = saddle-point mass - ground=state mass. (22) 

In this discussion, experimental ground-state masses are used, whereas the 

saddle-point mass is estimated theoretically but is normalized by use of 

Leachman's data (Figure 5) for Ra. 

It is shown in the original treatment of fission by the liquid-drop 

model, 13 and also bySwiatecki, 22 when (1-x) is small compared with 1, the 

saddle-point mass is proportional to (l-x) 3 • The value near x = 0 is also 

known, s.ince the critical shape there is known to be two spheres in contact. 

As was mentioned earlier (page 5), calcula:t;ions utilizing various models for 
' the critical shape have indicated that there is not just a gradual deviation 

from the (l-x) 3 law to reach the proper intercept at x = 0, but that the 

curve takes on an entirely different form. Furthermore, these calculations 

have suggested that a quadratic representation of the saddle-point mass curve 

in this range of x might not be too bad an approximation. We can write 

2 
; = c + bx + ax 

' 
where a' b' and c are constants' and 

; = saddle-point energy 
original surface energy 

(23) 

E 
th 

E (o) 
(g4) 

s 
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In t:Q.is treatment the undistorted shape is considered .sperical:, with E0 -= 
Lm-r 2 

A
2
/3, cr = 1.912 x 10-

2 
A

2/ 3 .amu = 17.80 A
2/3 Mev. Let B be .the ~actor 

0 s 
·by which the surface emergy is changed upon deformation from the equilibrium 

shape ;- -Let B be the factor by whic-h the CoUlomb .energy.· is changed upon 
c 

deform~:?-tion, then tl1e total change in energy of the. deformed .nucleus .is 

2 where xis the fissionability parameter= (charge) /10 x volume x_(surface 

tension) = 

(26) 

.One can evaluate c and b theoretically by noting that they are·'· respectively, 

. the value .of ; and the first derivative of s evaluated at x = 0. Bohr and 

Wheeler13 have evaluated s (0) as 0.259921 by considering two spheres .in 

contact •. An expression .for the first derivative may be simply,obtained, since 

£ is usually considered to br a function of shape and x only: 

~) = (.or. ) 
dx · \_.C) (shape ) x 

d(shape) 
dx + (~)shape ' 

(27) 

but since we are considering a series of equilibrium shapes, we can write 

(_ 05 ~ 
\?(shapeV x 

and 

0 ' 

shape 
X= 0 

(28) 

2(B -1) 
.C X= 0 

(29) 

13. ·. 
Boh..r a..VJ.d Wheeler have .evaluated this. initial slope -(although by. a different 

method.) as -~0.215112. 

-It was .decided .to leave a as an adjustable parameter.to be normal-

J.ized by means of an estimate of the Ra227 threshold from Figure 5· Leachman's 

measurements on Ra226 7 (Figure 5) were carried.to sufficiently low cross-sections 

• 
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to enable a threshold estimate for Ra227 to be made. From Figure 5 an average 

of the lower three points was taken for the neutron energy associated with the 

fission threshold. The neutron binding energy in Ra226 is 4.81 mmu and 4.01 

Mev must be added owing to the difference in the actual mass .of Ra227 and the 

smooth.reference sur;(ace from which; is measured. This gave a value of Eth 

of 12.37 mmu or s = 0.016179. Since we have x = 0.6804 for Ra
22

7, using 
2 

(Z /A) = 50.12, we may calculate, a as -0.21037. Therefore, 
0 

2 ; = 0.259921 - 0.215ll2x - 0.21037 x ; Eth (30) 

This normalization is admittedly rough, but as soon as good threshold data in 

this region are available, renormalization and possibly an empirical evaluation 

of the-coefficient of x will be a simple matter. Ra also had disadvantages 

as a normalization point in that it may lie too close to the (l-x)3 region 

where Eq. (23) would not be expected to hold. 

Ground,_State_Masses ., 

relative 
Since the values of Eth calculated by. Eq. (30) are~to a smooth liquid-

drop mass surface, to obtain the threshold relative to the actual masses, it 

is necessary to add the difference between the liquid-drop and the observed 

ground-state masses: 

where 

E~ ; + 6 , 

6 = Ml. 'd d -M lqul - rop exp. 

(31) 

(32) 

Green's values for liquid-drop masses (without the~ term) were used along 

with a a term: 

l2.03/A1/ 2 odd-odd nuclei 

0.09 odd-Z, even-A 

-0.09 

=-l2.03/A1/ 2 
even-Z, odd-A 

even-even 

(33) 
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The experimental masses given by Foreman and Seaborg18 were used for elements 

above lead; whereas those of Wapstra19 were used for the remainder. A 

systematic difference of 0.24 mmu.was found between these two .compilations, 

and it was necessary to subtract this much from Wapstra's values. Table III 

gives the results of the· above calculation down to Bn compound rtucleL 

Figure 7 shows a plot of the threshold calculated by Eq_. (31) vs 
2 

Z /A. There is a large amount of scatter in thepoints due to: (a) fluctuations 

i.n the ground-state masses, and (b) the fact that the calculated threshold, 

even when referred to the smooth mass s.urface, is not a smooth function of any 
2 one parameter. .~ contains one term dependent on x and a second on x , there-

fore J when .~ is multiplied by the surface energy to give the threshold in 

some energy unit, the resulting expression has one term proportional to z2
/A1/ 3 

.and a second to z4
jA

4/ 3 and cannot be represented adequately by any one of 

these parameters. However, the main features .of the results can still be seen 

in Figure 8. As expected, a sharp increase in the threshold values in Eq. (31) 
relative to the experimental points for the heavy elements occurs in the 

region of Ra. This may be attributed to the dip in 'the ground-state masses 
208 

relative to the smooth mass surface near the double closed shell of Pb . 

Below this the thresholds increase more slowly owing to t.he increase. in s 
as x decreases. Although it is not evident.in Figure .8, the threshold values 

are beginning to level out .at the lower values of x because the decrease in 

A
2

/ 3 tends to oppose the threshold increase caused by the decrease in x . 

. CONCLUSION 

Table II .f.lhows a comparison of the results of the liq_uid-drop cal­

culations with the values estimated from the rf/r slopes. The agreement n 
is surpris~ngly good considering the crudeness and complete independence of 

both methods, and the incompleteness.and seeming lack of reproducibility.of 

the data; however, there is still much to be desired. 

The thresholds calculated .from the liquid-drop are in .much better 

agreement with the values obtained from the rf/rn slopes when a temperature .•. 

constant of 0.145 is used rather than Halpern's temperature expression, Eq_. (18) • 

. Figure 8 shows .a plot of Bf-Bn calculated by using the liquid-·drop 

values of Eq. (32) VS the observed vaiues of ff/rn. Although the points are 

scattered, the plot is sufficient to indicate the sharp difference between the 
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Table· III 

Threshold Values Calculated From Eq_. (31) 

" 
Compound Compound 

Target nucleus Bf (Mev) Target nucleus Bf (Mev) 

Bi209 At213 15.62 Lul7.6 Tal80 35.8 
Pb204 Po208 18.07 Yb 176 Hf180 39.3 
Pb206 Po210 · 21.3 .Ybl74 Hf178 35.8 
Pb207 Po2ll 21.1 Ybl72 Hf176 34.0 
Pb208 Po212 2J.l3 Er168 Ybl72 44.5 
Tl203 Bi207 23.35 Dy 164 Er168 43.8 
Tl205 Bi209 26.70 Gd160 Dyl64 46.9 
Hl98 Pb202 19.79 Gd158 Dy 162 44.8 
AuJ.,97 Tl201 25.61 Gdl56 Dy160 41.2 
Ptl94 Hl98 24.66 Sml54 Gd158 48.0 
Pt196 H 200 . g 27.36 Sm152 Gd156 44.7 
Ir193 Au197 27.86 Ndl44 Sml48 45.4 
Os188 192 Pt-. . 23.25 Ndl42 Sml46 45.4 

osf92 Pt196 30.68 Cel40 Ndl44 51.0 
Re187 Ir~91 27.60 Ba138 Ce142 57-5 
w182 Os186 29.30 Xel34 -Ba138 62.6 
w186 . 190 Os 32.47 1127 Csl31 54.0 
Hf176 w18o 30.66 Te130 Xel34 65.2 
Hfl80 wl84 36.05 Tel28 Xe132 '61.0 
Lul75 Ta·l79 35.43 Sbl23 1127 56.6 
Ybl76 Hf180 41.13 Sb125 1129 53·5 
Er170 Ybl74 54.48 Snl20 Tel24 9~·5 
Hf180 wl84 36.1 Snll8 Tel22 53.7 
Hfl79 w183 35.1 Inll3 Sbll7 51.4 
Hf178 w182 33·5 Cdll4 Snll8 56.4 
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heavier and the lighter elements. . The -light-element points repres.ent an ex­

citation energy of about. 39 Mev or about lO to 20 -Mev above the barrier~ The 

heavy-element .points were taken from Reference 8, and correspond to an ex··· 

citation energy of.8 .to 12 Mev, b'J.lt ~t.was sh~wn8 _that.the rf/rn dependence 

on energy is slight for·· the heavier elements, and it is .on this basis. that 

the comparison of the two sets of points on Figure 8 can be made. Thi.s is 

a further indication "Of the change in the trends of the fission process for 

the elements below Ra. According to Fi~e 8, Ra itself falls more in line 

with the trends in the light,elements, 

Figure 9 shows a compa]:'ison of values_of s obtained from Eq. (30) 

with those obtained from saddle-point heights of potential energy-deformation 

surfaces as calculated by Swiateckj_5 . These calculations represent the most 

exact treatment of the liquid-drop carried out so far, and .it is pleasing to 

see that such a simple ~xpression S.s Eq, ( 30) is . in good. agr~ement \d th them., 

The next step seems to be experimentaL More com.plete data, of as 

high precision as possible are .needed if we are to observe the threshold.effect.· 
-- -

as discussed earlier .. The feasibility of carryirJ.g out these measurements will 

be the next step in this research program. 
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APPE...lWIX 

Although.theyar~not immediately connected with the threshold prob­

lems, it might be interestirg to see if the trends of r f/r with A and z2 
/A at 

constant.excitation as observed_by,Vandenbosch and :f!:uizen~8 continued in the 

lighter eleme11ts (Fieyres 10, 11). -These curves are qualitatively the same 

as those observed by,Vandenbosch and Hu~~n~ for the heavier elements. The 

heavy-element curves for constant Z seem to form a family of curves at about 

right angles to the main trends. The only light element for which several 

isotopes have been studied is Pb and a strikingly similar effect is observed. 

The trend is for rf/rn to decrease as A increases for constant Z. Vandenbosch's 

explanation for this is that, (a) neutron binding energies decrease as A in-
2 

creas.es, making it less difficult to evaporate a neutron, and (b), Z /A de-

creases as A increases. That all the points fall roughly in a common band 

when plotted vs z2/A (Figure 10) gives further weight to the latter explanation. 

Vandenbosch and Huizenga note that their curves seem to shmr no odd-· 
207 

even effects. This is likewise found in Figures 10 and .11 except the Pb 

and Pb206 points are .reversed from what would be expected .. The explanation 

offered by Vandenbosch and.Huizenga is that even-ewen nuclei have a larger 

neutron binding energy, which tends to decrease rn' however, the odd-A nucleus 

formed after evaporation of a neutron would have a larger level density, thus 

the cancellation of these two factorssh~ruld leave r roughly insensitive to 
n 

odd-even effects. One might also argue from the idea that rf is related to 

the ratio of the available phase-space volume at the saddle to the density of 

states below the saddle point and that perhaps this ratio is independent of 

odd-even effects. 

A more explicit comparison of the heavy and. light elements is 

sho~ in Figure 12, in which points for compound. nuclei. between Th and Fm 

have been taken from Vandenbosch and .Huizen~8 . The trend seems to be quite 

regular and this seems to be one case in which fission properties of the 

light elements are just the extrapolation of those .of the_heavy elements, 

L e., the ·-transit':itn to the light elements is smooth when viewed in this way. 

The remarks concerning excitation energy (pp. 28.-and 32) hold for this plot 

also. 
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Fig. 1. Fission barrier based on the liquid-drop calculation from 
References 4, 5 and 9· 
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Fig. 2. Idealization of the actual barriers in Figure l. 
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Fig. 3. Fission cross sections from Fairhall. 2 
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Fig. 4. Fission yields of Re and Ta as measured by.Griffioen. 15 
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Fig. 5 (a) The total cross section for fission of Ra226 by neutrons as 
measured by Leachman.? 

8 Fig. 5 (b) An interpretation of Leachman's data by Vandenbosch 
emphasizing a threshold character. 
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Fig. 7 Fission thresholds as a function of z2/A. 
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Fig. 8. Plot of log rf/rn vs Bf-Bn for a constant excitation energy. Bf 

-. 

values obtained from liquid-drop calculation (Eq. (31)). Heavy-element ~ 

points are at an excitation of 10 to 12 Mev. Light-element points are 

at 39-Mev excitation. 
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