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Plasma heating with a rotating relativistic electron beam. 
I. Return current processes 

Kim Molvig 

Physics Department. University of California, Irvine, California 92664 
and Research Laboratory of Electronics, MassachuseHs lllstitute of Technology, Cambridge. 
Ma.1sachuse11s 02139 

Norman Aostoker 

Physics Department, University of California. Irvine. California 92664 
(Received ::!9 December 1975; final manuscript received 16 Nov~mbcr I 976) 

An advantageous configuration for plasma heating with a relativistic beam utilizes an annular beam 
rotating about a guide magnetic field. The return current processes for such a configuration are considered. 
For the parameters expected to prevail in an experiment, rhe plasma response can be described as magnetic 
diffusion or critically damped magnetosonic waves, these being equivalent. Equations for the axial and 
angular return currents are derived and take the form of decoupled diffusion equations. The effects of pulse 
shape, boundary conditions, etc. are then t reated. The drag force on the beam resulting from the 
interaction is greatly enhanced and leads to a stopping lengrh reduction by the factor ( l/2)(v • I c)} as 
compared with nonrotating beams. The implications of these effects for a plasma heating application arc 
discussed_ 

I. INTRODUCTION 

It has been recognized for some time1 that intense 
relativistic electron beams provide an attractive energy 
source for plasma heating. Previously studied pro­
cesses2 for coupling the beam energy into the plasma 
have concentrated on the linear configuration where the 
beam is simply injected along a guiding magnetic field. 
Enhanced coupling then res ults from the development 
of instabilities; either the two-stream instability be­
tween the primary beam electrons and plasma elec­
trons, or the ion acoustic instability associated with 
the back-streaming plasma electrons of the return cur­
rent. 3 Here, we consider the beam-plasma interaction 
for a configuration in which an annular rotating elec­
tron beam 4 is injected into a plasma. Particular inter­
est attaches to the case when the ratio of rotational to 
parallel velocities (v/v11 ) is high. This configuration 
has three principal advantages: 

(i) The anomalous stopping power (inverse stopping 
length) of the plasma to the beam is enhanced over that 
for a nonrotating beam by the factor 2(c/v,,)3. This 
factor can, in practical situations, be made quite large. 

(ii) Beam energy can be coupled directly to the ions 
by the cross-field current. 

(iii) Coupling mechanisms are classical and com­
plete; the theoretical coupling efficiency is 100%. 

To be more specific, we refer to the experimental 
s ituation as depicted in Fig. 1 and represented by the 
parameters of Table I. The envisioned sequence of 
events is as follows. Upon leaving the cusped magnetic 
field (which produces the beam rotation}, the beam in­
duces counter currents in the plasma. Concomitant 
fields brake the beam, trapping it in the magnetic mir­
rors, maintaining the rotation. Beam electrons lose a 
small fraction AE = hmv~ « (y- l)mc2 of their kinetic 
energy during this stage of the interaction. The trap-
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ping takes a fraction of an ion gy ro period. Thus, in a 
time negligible with respect to the ions, a theta current 
is turned on within the plasma . Magnetosonic shock­
type wave emissions follow and carry off the remaining 
beam energy. Since the wave ene rgy is half magnetic 
and half ion particle energy, multi-kilovolt ion ener­
gies should be obtainable in a dense plasma even with a 
relatively modest electron beam. 

The magnetosonic wave emission and ion heating arc 
discussed in the second paper (II). The present paper 
deals with the return current processes for a rotating 
beam. 

This problem was first considered by Chu and Ros­
tokcr, 5 who pointed out that the azimuthal beam current 
could be neutralized by an E" B drift of the plasma elec­
trons. The theory of Chu and Rostoker considers a 
specific beam model and is not readily extended to in­
clude realistic beam profiles, current rise limes, 
boundary conditions, etc . In addition, the theory relies 
on a specific (Langevin) form of the friction term in the 
fluid equations, and it is by no means clear that other 
forms (i.e ., classical) give the same results. The 
purpose of this paper l s to give a treatment which is 
both simpler and more general than that of Ref. 5. 
Specifically, the case Chu and Rostoker considered can 
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FIG. 1. Configuration for lhe plasma heatinr; experimcnl. 
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TABLE I. Experimental parameters for a typi­
cal small scale plasma heating experiment. 

Beam density 
Parallel velocity 
Perpendicular velocity 
Beam radius 
Beam thickness 
Guide field 
Plasma density 
Collision frequencies 

nb-10 11 cm-3 

v11 - 3 x 109 cm/sec 
VL - C 

r 0 - s cm 
a-lcm 
8 0-1 kG 
n~ -1014 c m-3 

11; - ve - 109 sec-1 

be reduced, withoid any additional assumptions to a 
pair of decoupled diffusion equations for the axial and 
angular return currents. In this form, the theory can 
easily be applied to a variety of practical situations. 
We also find that the classical form for the friction 
gives nearly the same results at sufficiently high colli­
sion frequencies. There is one noteworthy difference, 
however. In the limit where the results compare, 
there is a separate, additive ion contribution to the in­
teraction (this was emphasized in Ref. 5) arising from 
the Langevin dissipation that does not appear when a 
classical friction term is used. For this reason, we 
are inclined to de-emphasize this ion term. It is near­
ly negligible for the experimental parameters listed in 
Table I. 

Section II gives a discussion of the plasma response 
in physical terms, narrowing the scope somewhat for 
the following calculations. In Sec. III, we derive equa­
tions describing the angular and axial return current 
processes. Some consequences of the solutions, such 
as the disposition of beam energy, the modifications 
made by a finite beam rise time, and conducting wall 
effects are considered in Sec. IV. Finally in Sec. V, 
we calculate the anomalous stopping power, beam ener­
gy loss, and summarize the features and scaling laws 
of most importance for the plasma heating application. 

II. PLASMA RESPONSE 

Throughout this paper we will use a test particle 
model, where the beam is regarded as a specified cur­
rent source to drive a plasma response. The beam is 
immersed in the plasma and the interaction turned on 
at l= 0. Such a model neglects the details of the diode 
region (and cusped field region for the rotating beam) 
and the initial entrance of the beam into the plasma. 
Transients of the model are therefore not realistic, and 
we consider only the steady response. For relativistic 
beams there is an added justification for doing this, 
since the beam will quickly outrun the transients, which 
propagate at group velocities much less than c. 

When a coupling exists, the beam will excite all 
modes satisfying the resonance condition w (kL, k,,) = k11 v11 , 

where v11 is the axial velocity of the beam . The per­
pendicular wave vector, ku is determined from a 
Fourier analysis of the beam current in the perpendicu­
lar (radial) direction. For a beam of radial thickness 
a, kL lies in a narrow band about kL - 2rr/ a. These con­
ditions are depicted geometrically in the three dimen­
sional (k11 , kL, w) space as shown in Figs. 2, 3, and 4 
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for a cold, collisionless plasma. Excited modes lie 
on the intersection of the w = w (k11 , laJ and w = k11 v11 sur­
faces, _ and have perpendicular wave vectors in the band 
about lzL. 

One of the high frequency electromagnetic modes, 
and the low· frequency slow (or shear Alfven) wave are 
sketched in Fig. 2. For clarity, the second high fre­
quency mode has been omitted in the figure. Its sur­
face is similar to the mode drawn. Beam and plasma 
dispersion surfaces fail to intersect so that these 
modes are not emitted by the beam. The high frequen­
cy modes have phase velocities greater than c, and do 
not interact with the fluid beam. The low frequency 
slow wave has its highest phase velocity in the small k 
or shear Alfv~n region where the dispers ion relation is 
'JJ = vAk,,. Here, the parallel phase velocity is a con­
stant v A, and too slow to resonate with beam particles. 

Figure 3 shows modes which are emitted by the beam. 
In a cold collisionless plasma there are only two: the 
intermediate frequency plasma oscillation-upper hy­
brid mode, and the low frequency fast wave. The dis­
persion surface for the plasma oscillation is very 
nearly the plane w = 1,;P· Emitted waves thus have a 
wavelength)\ - 2rr(c/w p), which in our case is a few mil­
limeters. Since the beam head, which acts as the 
source of waves, occupies at least a ten centimeter 
region, we have a situation in which the source extends 
over many wavelengths of the emitted radiation. The 
response, therefore, accurately reproduces the source, 
and since the cold plasma wave group velocity is zero, 
the result is a disturbance localized to the beam head. 
Understanding this, we neglect the plasma wave. (This 
discussion ignores the presence of instabilities, since 
none occur·with the rigid beam. In practice, the waves 
in the head region would give streaming instabilities a 
suprathermal start. ) 

w 

E 

- - - - - - - - - - - - - - Wpe 

~~------1---_ ku 

k.1. 

FIG. 2. Dispersion surfaces for high frequency electromag­
netic mode and low frequency slow (shear Alfven) mode. 
Beam surface for resonant, w= k 11 v11 interaction, is shown. 
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w 

PLASMA OSC. 

K.1. 

FIG. :l. Dispersion surfaces for plasma upper hybrid oscilla­
tion and low frequency, whistler-lower hybrid (fast) mode. 
Jntcrscclions with beam surface are shown. 

Thus, we are left with the fast, low frequency wave 
for the plasma response. In different regions of wave 
vector and propagation angle, this mode is variously 
named "whistler," "compressional Alfven," "lower 
hybrid, " to cite a few. The surface of the mode is de­
tailed, where it intersects the beam surface, in Fig. 4. 
Although the surface rises very steeply from the lower 
hybrid to the whistler mode as the propagation angle 
rotates from rr/2, propagation is so close to perpendic­
ular that the intersection curve is accurately given by 
the lower hybrid dispersion relation 

,.., = u Al~1 (1 + l1~c2/ w;i-112 ; 

and the appropriate k1 places the band of wave vectors 
on the weakly dispersive portion of this curve (k1 < w/c). 

Addition of temperature and collisional effects com­
plicate the simple picture afforded by the cold fluid 
equations. For an initial plasma at 1 ev temperature, 
finite ion Larmor radius corrections are not signifi­
cant; the magnetosonic, lower hybrid mode is given 
cor~ectly by the cold fluid equations in the vicinity of 
k1-ll1· 

Collision effects are never negligible since the plas­
ma is initially cold and subsequently turbulent. At a 
sufficiently high collision frequency, the magnetosonic 
mode becomes critically damped and takes on the ap­
pearance of magnetic diffusion. It is this resislive 
medium response, appropriate to the parameters of a 
plasma heating experiment, which is considered in 
most detail. Two models for the dissipation are em­
ployed. The Langevin description of dissipation, em­
ployed by Chu and Rostoker, 5 using a friction term pro­
portional to the individual species velocity, will be con­
sidered firs t. This leads most directly to easily inter­
preted results. Later, we treat the problem with fric­
tion terms conserving momentum between electron and 
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ion species, as in classical transport theory; at high 
v,.1 , the plasma response is identical. 

Ill. RETURN CURRENT EQUATIONS 

A. Langevin friction 

The discussion of the previous section reduces the 
problem to finding lhe steady long wavelength response 
of the plasma. Quantities depend only on the beam co­
ordinate 3 = z - v,.I . The analysis is done first for a 
plasma described by cold, linearized, two fluid equa­
tions with Langevin dissipative terms 

a E v, xB0 
'"'atv, = q1 +q1 c -mJv,v,, (1) 

where j = (e, i) for electrons and ions, B 0 is the applied 
field, and v 1 is the effective collision frequency. 

Equation (1) may be solved for a plasma conductivity 
tensor, Jp =C1· E, in the usual way. We simplify the 
expression by using the ordering 

Ve/n.,, n/vi, (111/1111)112 « 1, 

and neglecting the inertia terms. By anticipating the 
solution which will follow, one can show that the iner­
tia terms arc s mall, provided the time scale of the 
process, r, obeys the inequalities 

V11T, V1T > 1 and V1T > Sl.,f2/VeV1 . 

These conditions are well satisfied for the parameters 
appropriate to a plasma heating experiment (as indi­
cated in Fig. 1). 

The nonzero conductivity components are then: 

Cross field conductivity: 

Hall conductivity: 

w! 1 
"•e = -<J,o = - 411 n-= -aH, , 

Parallel conductivity: 

w2 1 
<1zz=-4 "-za". 

Tr Ve 

w 

. , .( 

)"' I 

FIG. 4. Detail of beam interaction with fast wave. 
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The ion contribution enters the conductivity only 
through the second term Of the factor f'= 1 + !2en/veV1 
in tJ1 • This is the term that was mentioned in the intro­
duction and emphasized in Ref. 5. We shall consider 
it to be small (/= 1. 2 for the parameters of Table I), 
in which case the ion response is negligible and both 
forms for the friction will give the same results. A 
highly collisionless state for the electrons, indicated 
by v./ne« l is the basic assumption. This is reflected 
in (6) where (11 is proportional to v.,, showing that cross 
fi eld currents are caused by collis ions. It accounts for 
the ordering of conductivity coefficients 

(] i ; <1 H : <111 :: E 
2 

: E : 1 ' (3) 

and, ultimately, the slow decay of the theta current. 

We replace J by J ,,, Jb +J,, in Maxwell's equations 

4ir a 1 a2 

Vx(V• E ) = - c 2 atJ-?atZE , (4) 

and eliminate J 1> with the conductivity tensor. For the 
steady .response, all z and l dependence may be com­
bined into the single variable 3 =z - v 11L. Identifying dif­
fusion coefficients, D = c2/ 4rrcr, this gives 

(5) 

(6) 

(7) 

To treat Eqs . (5)-(7) with some generality it is de­
sirable to transform them into an algebraic system , 
This can be done for the present system with the ap­
propriate Hankel transforms (in more general terms, 
the azimuthally symmetric form of the V x V >< operator 
in cylindrical geometry can be treated by this method). 
We apply the Hankel transformation defined by 

fm(k1)= f'c1rrJm(k1r)f(r)=n'm[JJ (8) 

f(v ) = L°" dki ki.J m(k1r) i m(ki) 

using the kernal J 1(k1r) on (5), (6) and the kernal J 0(k
1
r) 

on (7). Some of the details of the Hankel transform 
algebra are given in Appendix I. Basically, the J 0 
transform on (1/ r)(a/arh·E, in Eq. (7) is converted into 
a J 1 transform by the radial operator, while the oppo­
site process occurs on the (a/ ar)E

6 
terms of Eq. (5). 

Thus, the system remains closed (no new J m with 
111 * 0, 1, transforms are introduced). Also, using a 
conventional Fourier transform on the 3 variable, we 
obtain 

(9) 
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where the field transforms are 

(
8s,r(k.)) =5'i[(E9,,(r))J 
~~s(ki) Js(r) 

The s ource is given by 

:7= - i(4irv,,li,.I c2)j, 

and the dispersion matrix is 

D= 

kz . v ,, 
- " +zk,, Dt 

"k v .. 
l II DH 

"k v,, 
-i " D 

H 

(10) 

(11) 

i k,,k, 

0 

0 
2 

k z v ,, kz .k Vu 
- L +~ ,, + i ,, -D 

C 11 

(12) 
To find the normal modes, we make use of the order­

ing 

D .. :DH:Di= E2 :E: 1, 

which follows from Eq. (3), and also assume that 
k 11 (D1 / v11 ) « 1. This latter restriction follows from the 
Sec. II conclusion that only long axial wavelengths are 
relevant, and will be self-consistently verified by the 
solution. These simplifications lead to the factoriza­
tion of D = detD, 

D = - ik,,v,, D,.~~ (k,,v,, + ik~D 11) ( k,,v,, + ik~ ~:) (13) 

and hence, from D = 0, to two "diffusion" normal modes. 

Equation (9) for the fields is easily inverted, and we 
find 

8q = D"1[Aq9S9+ As.s.] 

8,= D"1[A,8 s8 + A66S,] 

(14) 

(15) 

with the relevant adjoint matrix components, neglecting 
order k,7/k~ terms, given by 

A88 = - k 11 (v ,,/D ~D11 )(k11v11 + ik~D 11 ), 

A8,= A,8 = - k~k1(v11/DH), (16) 

A._= - k,, (v,./D~)[k,,v,, + ik~(DVD,)]. 

For the cases of interest, the cross terms in (14) are 
small corrections, and the return currents are de­
scribed by decoupled diffusion equations. Thus, the 
ratio of the second to the first term in Eq . (14) is 

8J•> s. k,,k, s. l k ,, 
8~9 > = S8 (D H/D 1)[- kf + ik11(v,/D11 )( S9 ( ki ' 

(17) 

and always small for .88 :;;. S., k11 /k1 $ e: 2
• Similarly, in 

Eq. (15), we assume 

(18.) 

although this is generally larger than the ratio (17), 
and there are practical cases when (18) will not be 
satisfied. In those cases, the axial return current 
would be driven more by J 88 than by J 8 ,. Since, how-
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ever, the axial return current plays a negligible role 
in the most important results, we will treat only the 
simpler case. 

We are now left with 

8 9 = - i(DVD J.)[ll11v11 + ik~(D~/DJ.))" 1S 8 , 

8 ,,= - iD11 (1l11 v11 + ikJ.D~)" 1 i\,, . 

(19) 

(20) 

The equation for the radial electric field is identical to 
(19), apart from a constant factor. 8r and 88 are thus 
the different components of the angular return current 
mode, the polarization being 

(21) 

These equations can be re-expressed in a more un­
derstandable form . We write the fields in terms of the 
plasma currents with Ohm's law a nd return to the dif­
ferential equation description by inverting the trans­
forms. 

o~( a2 1 a 1) a a 0. ar2+:;::ar - r2 Jpe +Vu aiJpe=-V11i}iJb8, (22) 

and 

(23) 

are the basic equations for the angular and axial return 
currents. 

B. Momentum conserving friction 

The previous subsection has considered the interac­
tion from the s tandpoint of cold two-fluid equations 
with Langevin dissipative terms. Collision frequencies 
were phenomenological and estimates (Table I) made 
for them were anomalously high. Indeed, even the 
Langevin form is anomalous in that classical collisional 
dissipation conserves momentum between electron and 
ion fluids, whereas the Langevin form does not. Of 
course, the electron plus ion fluid momentum does not 
have to be conserved in the dissipative process. Other 
components, such as waves, external magnetic field, 
and even beam electrons can absorb momentum. This 
becomes more likely when noncollisional processes ac­
count for the dissipation. However, the classical form 
of the collision term is a possibility, so we now con­
sider its consequences for the rotating beam-plasma 
interaction. 

starting equations for the plasma response are thus 

(24) 

(25) 

The result of classical transport theorys. 7 is slightly 
different from this in that the friction coefficient paral­
lel to the applied field is a factor of 2 smaller than the 
cross field coefficient. For s implicity, the friction 
coefficients here are taken to be isotropic. Modifica­
tions required to use the classical form are straight­
forward and can easily be made later. 

Equations (24) and (25) can be re-arranged to give the 
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linearized, cold magnetohydrodynamic equations 

Momentum equation: 

a 1 
111.11 - V ,, - J "B 

I at C 
(26) 

Ohm's law: 
411 a 1 1 

--:z- -J= E +- V><B--J><B-77J . 
•JJP• at c nee 

(27) 

Here, V =m1v1+111,,v,,, J = rte(v;-ve), 11 = ve1111.lne2, a nd 
order me/m 1 terms have been dropped. Qualitative dif­
ferences between these and Eqs. (1) quickly become ap­
parent. For example, the response to (26) and (27) has 
J" B = 0, so no net current flows across the magnetic 
field. In spite of this the same behavior as previously 
can result from these equations under certain condi­
tions. Here, the response is interpreted as a critically 
damped magnetosonic wave, but the appearance is that 
of magnetic diffusion. 

After a Fourier transform in time, Eqs. (26) and (27) 
may be solved for the conductivity tensor. Using the 
same convention as in Eq. (2), the coefficients are 

w; 
0"11 =- - - -. -

411 Ve i - i w 

From the discussion of Sec. II, it follows that only the 
low frequency response need be considered and that 
modes excited by the beam will propagate nearly per­
pendicular to the applied field. In forming the plasma 
dielectric tensor, £ :: I - (411i / w)a, the identity tensor 
part may be neglected, so that 

4rri 
€ = --a 

f~} , 

and the plasma modes are given by 

(29) 

[ 

lf.1 

n" (n " E ) + £ • E = 0 = - ; " 
0 

OJ [Er] _o E8 , (30) 

"'" £, 

where 11 = li1c/ w is the refractive index. 

The Hankel ti·ansform formalism has been used, but 
we have not transformed to beam frame variables or 
taken the asymptotic 1.JJ - 0 limit. The dispersion rela­
tion and the polarization are given by 

(31) 

(32) 

Equation (31) can be solved without further approxima­
tion, and we find 

'.JJ = ( 2( 1 + k~!2)J 1 

{- iv.1 ± [ 4w~h( 1 + k~Ji)- v!1J1'
2
}, (3~) 

with (.J)~h = n,,nl ' the lower hybrid frequency. 

U v. 1 < 2w rh, the mode has a wave character, with 
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some damping, for all k. As 11 el - 0 the usual magneto­
sonic-lower hybrid dispersion relation is obtained 

w = ± w 1h(l + w!fk2c2t 112 • (34) 

When 11 ei > 2w lh, the mode will be critically damped at 
sufficiently large wavenumber. If 

lle1 » 2w,h(l + w!fkzc2)112' 

the two modes are 

(35) 

w"' - i[v,.1(1 + w!fk2c2t 1 J, - i(w~hl11e1 ) • 

Furthermore, when w~ >~ k2c2, the first mode becomes 
w == - ive1(c2/ w!)k2

, which is the dis persion relation for 
diffusion. The second mode is an evanescent, non­
propagating response which, in practice, damps out a 
few centimeters behind the beam bead. 

For the critically damped diffusion case, the mode 
polarization is 

£JE8 = - n,/ 11e;, (36) 

which is equivalent to Eq. (28), when the ion response 
is negl igible . Without repeating the calculation, it is 
clear that when (35) applies, the results will be the 
same as those of the previous subsection, excepting 
the ion contribution to a 1 in Eq. (2). Thus, the basic 
response is the same with both models for the friction, 
but the unusual ion term noted in Ref. 5, results only 
when the Langevin friction is used. 

When the mode is not critically damped, a different 
plasma response results from these equations. The 
beam emits magnetosonic waves. An accurate calcula­
tion of this phenomena, however, is not very tractable, 
for a number of reasons. Wavelengths implied by the 
resonance condition w ,, k,.v,, tend to be longer than the 
system in cases of practical interest. The mode period 
1..v·1 s:o: 1/k1 VA is longer than either the beam puls e length 
or the time expected for the beam to stop. This makes 
the problem inherently a transient one and in addition, 
invalidates a test particle type calculation. Chu et al. 8 

have considered the problem by neglecting beam propa­
gation and treating the beam as a rising and falling cur­
rent pulse. In this way they obtain estimates of emitted 
wave energy but cannot determine the drag force on a 
propagating beam. Our viewpoint, in this case, is that 
the current neutralization and beam trapping can occur 
from the electron interaction alone, and that a signifi­
cant ion response will develop only on a longer time 
scale [as considered in (II)J . Thus, we estimate the 
drag force on the beam in the same way, as in the crit­
ically damped case, taking 111; - 00, of course. 

The parameters in Table I imply 

w 1h = 5X 108 sec"1 
, 

w/llc'?1 3 (k = 2ir), 

so that ve1 ~ 2w rh· The collision frequency llei -109 cor­
responds to the Sagdeev9 estimate lie; -O. 11..v.PI , for n.P 
= 1014

• An intense beam may result in strong turbu­
lence and give an effective 11 higher than this. For ex­
ample, recent experiments at Physics Internationa110 

seem to indicate number s in the range v91 -3x 109-1. 5 
x 1010 (when scaled linearly to np: 1014). Simulations of 
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Thode11 show ve;-0.2 - 0.4w.Pi· Otherexperiments12 

give 11 6 ; -o. l w.P1 , while some13 are considerably less. 

IV. RETURN CURRENT PROPERTIES 

A. Infinite medium solution 

We first take an example where the conducting wall 
bounding the plasma is sufficiently far from the beam 
so that its effect may be neglected. In this case the 
return current equations (29) and (30) are easily solved 
for the plasma currents when the beam current is 
known. We specify the beam current distribution to be 

Jb9=lb8(2/a2}rexp(- r 2/a2)H(-.; ) 

Jbz = lbz(l/ira2
) exp(- r 2

/ a2)H(-.;), 

(37) 

(38) 

where H(lJ) is the unit step function. lM as defined by 

l/>8 = L~ Jbedr (39) 

is current per unit length, whereas 

lbz= l~ 2rrrdrJbz (40) 

is the total axial current. 

The current distributions (37) and (38) correspond 
physically to a beam with a Gaussian density profile 
rotating rigidly about the cylinder axis and propagating 
along z. Such a beam is considerably less annular than 
those encountered in practice. This form is used here 
as a model to exhibit the return current properties 
more clearly . The use of a sharp rising step function, 
front-to-beam produces a corresponding step in the re­
turn currents which is, strictly speaking, in violation 
of previous smoothness assumptions on the axial varia­
tions. That the smoothing of this step of the amount 
required for logical consistency has a negligible· effect, 
will be made clear in a following section. 

We then find for the plasma response 

J .P8 == - lb92r{a[ 1- (z - v,,t)/Z,.] }· 2 

x exp(- r 2{a2[ 1 - (z - v1.t)/ l1 ]}·1) H(- z + v,,t) , (41) 

and 

Jpz= - lb,.{rra2[1- (z - v11 t)/ l11]}·
1 

x exp(- r 2 {a2
[ 1 - (z - v11 t)/ z11 )}·

1
) H(- z + v,,t), (42) 

and the solutions are expressed in the laboratory vari­
ables. Length parameters, l1 and l11 , for the return 
current decay, are given by 

l = ( awee) z V u 
11 

2c lie ' 
(43) 

l - (awee )z v,, 1 
1

- 2c 11e 1 + (0.6 S2,/11
6

111) ' 
(44) 

where l11 and Z1 are appr oximately 300 cm for a= 1 cm 
and nen1/ llell1 « 1. 

This distance in which the axial current decays is 
quite long (the order of the beam length in a 100 nsec 
pulse) . This is expected from the high parallel conduc­
tivity. However, the angular, cross- field current de-
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cays in the same length (when ion motion is neglected). 
To give an account of this we again consider Ohm' s 
law, 

J9=<IHEr+<I1Ee · 

Specification of the electrical boundary conditions hold­
ing across the beam gives a single relation between J 9 

and £8 in terms of an effective cross-field conductivity. 
Requiring the gap between inner and outer surfaces of 
the annulus to be open circuit implies J, = O, Er = (a HI 
ai)E9 [this is just Eq. (21)], or 

(45) 

which shows why the effective diffusion coefficient for 
the angular return current is D1 =Dt/D,_, and this ex­
plains the long decay length. The open circuit prevents 
charge from being drawn off at the edges so E, builds 
up until the magnetic V9 x B, force is nullified . In the 
highly collisionless case, the effective cross field con­
ductivity then assumes the unmagnetized value 

a,= w~ (1+ nen') = a,!' 
4irve VeVI f 

(46) 

where/ is 0(1). 

The total axial return current is given by 

lp,= J
0 
.. 2irrdrJpz = -lb•H(-z+v.,l), (47) 

so there is no net decay. By contrast the total angular 
return current (per unit length) is 

(48) 

which does decay. 

B. Disposition of beam energy. 

The energy lost by the beam electrons can be traced 
as follows. We first take the axial current and com­
pute 

Joo [~ ( z )"l Jb,E,2irrdr=-2 2 1--2l , 
0 a., ira 11 

(49) 

(50) 

where the beam energy not lost to Ohmic heating of the 
plasma goes into the magnetic field. We see that for 
- z « l 11 all the beam energy is dissipated in the plasma 
while for - z >> l., it is partitioned equally between the 
magnetic field and Ohmic heating. 

For the angular current 

(51) 

:.M....zirrdr =rr_M 1--i"'J2 £2( z)-2 
0 a1 a1 l1 

(52) 

lb is dimensioned as current per unit length so that 
dimensional discrepancy between (49), (50), and (51), 
(52) is only apparent . All formulae give power per 
unit length. 
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For short distances behind the beam head, - z «. l,, 
beam energy still goes into the plasma; but for large 
distances, - z ;:. l,, one fourth goes into the plasma and 
three fourths to the magnetic field energy. This re­
sults from the net decay of the angular cur rent. 

C. Finite beam rise time 

The beam current distribution.previously used for the 
angular current, Eq. (37), perfectly represented sharp 
or zero rise time pulses. To generalize the formulae, 
the beam current axial dependence is modified. 

O< lJ' \ 0' 

lbs- , - (3 / l,)lbB• (53) 

rbs, 

where lr = v11 I, is the rise length (t, is the rise time as 
given, for instance, from the diode trace). The source 
goes like alb8/alJ, i.e., Eq. (6), hence, is -lbq/l, in 
the region - l, ~ 3 ~ 0, and zero otherwise. With the 
identification lJ = Z -v11! - lJ- lJ', Eq. (41) may be used 
as a Green's function to calculate the finite r ise time 
expression. 

This applies for 3 ,;; - l,, or behind the rising portion of 
the beam . When - l, s 3 s 0, the appropriate lower 
limit of integration would be lJ. Thus, 

J PB = 2:7:1 [exp(- a2(1=27J/ li)) 

- exp(- a 2 (1 - (:: l, )/l
1

) )] • 
(55) 

A more useful form, is obtained by expanding for small 
l,/ l 1 • Also, putting lJ = x - l,, so that minus x mea­
sures U1e distance behind the rising portion of the beam, 
we find, 

Jpn = - a2(:~2:/li) exp{- ,,2[ a2(1- ~)J-1} 

x[1-f (t-~/U(1 -ia2(1::/t1))J. (56) 

Equation (41) is recovered, as it must be, in the l,- 0 
limit. The behavior indicated by (56) is as expected for 
a diffusion process . By the time the beam current 
reaches its full value, the initial portion of return cur­
rent will have already begun to diffuse. Thus a t x = 0, 
by comparison with the zero rise length case at lJ = 0, 
the return cur rent is less for r < ffn, and greater for 
r >ffa. 

For the effect on total return current, (55) may be 
integrated over r. Alternately, Eq. (48) can be ap­
plied as a Green's function to calculate this directly. 
In either case the r esult is 

(57) 

The maximum return current is attained at lJ = - l,, so, 
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l1 (i Zr) l1>11 ~ -lb9~ln +z;: 
_ ( 1 lr) f Iz-1 
=-lb9 l-24' or l1<2. (58) 

Here, the distinctive feature of the theta current, that 
it undergoes a net decay, is most evident. This decay 
competes with the rise of the beam current and limits 
the maximum theta return current to less than the full 
neutralizing value. 

By comparison, no rise time limitations are placed 
on the axial counter current. Although the current dis­
tribution is affected by the details of the pulse shape, 
and there will be premature diffusion of the initial re­
turn current pulse, the net axial counter current will 
always reach the full neutralizing value. 

In practice, the limitation imposed by (58) is not 
severe, owing to the magnitude of l 1 • For a rise time 
of approximately 10 nsec, lJl1 -lo , and the loss of 
maximum is only 5%. If the decay length were deter­
mined by the cross field conductivity, a1 , the same 
rise time would give lJl1 - 40, and a reduction in the 
current maximum of 90%. 

D. Conducting boundary 

When the plasma is enclosed by a cylindrical conduc­
tor, the derivation of the diffusion equations in Sec. rn 
still applies. Thus, 

D,.(~ _!~)J ~J --~J v,, ar 2+rar P•+a3 P•- a3 b.r• 
(59) 

v2 ( a2 1 a 1) a a ~ +---- J +-J - --J D v ~ r ar r 2 9'J a3 f16- a3 b9' 
L II 

(60) 

are to be solved, subject to the appropriate boundary 
conditions at r = b, the conductor radius. Recall that 
3 = z - v 11t is the beam frame axial variable. The elec­
trical boundary conditions E,.=0, £ 8 ::-0 imply J,.=O 
and J 116 = 0, because of the Ohm's law relation. 

For a step front beam with current distribution 

Jb•=lb•H(- 3)/11 (r), 

Jb9=ll>IJH(- 3ifi(r), 

the solutions are 

(61) 

J,.=-lb•H(- 3) ~ exp(k'~3) b2;f(;o,.) J0(x~'"r), (62) 

where x 0 ,. , x 1m are the roots of J 0 and J 1• Decay decre­
ments are given by 

k" _ x~,. D,, 
.. -7 v,,, 

k1 _ x~,,, Qi 
,.- b2 Vu ' 

with source components 

s'~= r drrJo(x~'"r) f,,(r)' 
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(64) 

(65) 

For short distances behind the beam head lk1 31 $1, 
the complete series is needed, and it is then more con­
venient to use the solutions (41) and (42) which neglect 
the boundaries. When I k 13 I » 1, the series can be ap­
proximated by their first terms 

( ) ( ,, ) 2S ~ (x 01 ) 
J,.=-lb•H -3 expk13 b2Jf(xoi)Jo -;;r • (66) 

1 2St (X1~ ) J 116 =-lb9H(- 3) exp(k13) b2J~(xu) Ji br · (67) 

It is evident from this that the net axial counter cur­
rent decays due to the bourtdary. In this case the dif­
ference between the beam current and the return cur­
rent flowing in a plasma will be carried by the conduct­
ing wall. Similar remarks apply to the angular current, 
although [see Eq. (48)] this current decays even without 
boundaries. 

When finite beam rise time is considered, the bound­
aries limit the maximum return currents 

lp.r ~ - lb•(lVlr)[l - exp(- l/l'DJ, 
l pe ~ - I b8(lVl,)[l - exp(- L,/lil] . 

(68) 

(69) 

Zr is the beam rise length and l~ = (k'!)-1 and zt = (ktr1 are 
decay lengths for the finite boundary case. For small 
l,/l 1 , Eqs. (68) and (69) coincide with (58) which ap­
plied to the angular current in infinite medium. 

V. STOPPING POWER 

As a result of the interaction, beam electrons ex­
perience a drag force 

F,, = - e( E 6 - ~1 Br). 

Br is readily determined from Faraday's law as 

c 
B,(3) = -- E8(3), 

v,, 

(70) 

(71) 

where 3 = z - v,,t is the coordinate following the beam. 
Taking values from immediately behind the beam head, 
we find 

(72) 

and the contribution from the axial return current has 
been neglected as being of order (v,,/vJ2

• The drag 
force is increased over that for a nonrotating beam by 
the factor (c/v,,)f. 

From (71) it follows that F1 o::-e[E8 + (v,,/ c)B,)=0; 
there are no torques. This is a result familiar from 
the resistive ring concept for trapping rotating beams 
as proposed by Christofilos in the astron.14 It is, how­
ever, a direct consequence of the steady state calcula­
tion (Faraday's law, independent of any interaction, is 
sufficient to determine this). Some torque may de­
velop during the trapping phase. 

Assuming no torques, the perpendicular momentum 
is conserved, and the energy lost during trapping will 
be 
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H=111c
2 l+~ - 1+4 9'iy111ii~. [( 2+ 2)1/2 ( 2 )l/2] 

JI/ <:- Ill C 
(73) 

This implies a stopping length 

l :: .! ~(fji)3 2'. ..£ 
s 2 lib C f Ve' 

(74) 

which is a factor approximately (v11/ c)3 smaller than for 
nonrotati ng beams. 

Magne tic field dependence of the drag force enters 
only through the factor f = 1 ... n.n;/ v 0 11; . This is another 
consequence of the form assumed by the effective cross 
field conductivity, a,=aVaL. F,,, accordingly, is al­
most B independent, for example, with the assumed 
parameters, QeQ/veVf = t . 

To summarize, we find the angular counter current 
of a rotating beam to be similar in many respects to 
the usual return current. 1 In particular, for the pa­
rameters of a typical plasma heating experiment, an­
gular current neutralization may, to a good approxima­
tion, be considered as complete . The fields acting on 
the beam may then be calculated simply using the neu­
tralizing condition J p= - J b in conjunction with Ohm's 
law, J1> ;.; a11 E, with a11 'E wt>e/411v • • 

The primary difference, and also the feature of most 
importance, is the stopping power anomaly, which is 
greatly enhanced for the rotating beam. For example, 
the Table I parameters imply a rotating beam stopping 
length of 30 cm, and this is for a beam-to-plasma 
density ratio of 10-3

• Without the rotation, the stopping 
length, due to the axial return current alone would be 
3 x 104 cm. Thus, a plasma which is transparent to a 
straight beam will completely stop a rotating beam. 
Dy transfering the rotational of the beam in a second 
stage las treated in (II) and taking a fraction of a micro­
second J, the plasma can then absorb all the beam ener­
p.y. 
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APPENDIX-HANKEL TRANSFORM ALGEBRA 

The 111th orde r Hankel transform of a function/ is 
defined as 

(Al) 

a nd, for reasonably well-behaved functions, the inver­
sion theorem 

/(1·) = l~ d/~1 k 1 J m(/l1r) f ,..(ki}, (A2) 

applies. We now establish the algebra of these trans­
forms when applied to the standard radial operators. 
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From the recurrence relation (2m /x)Jm =J,.. 1 +J,,.. 1 , it 
follows immediately that 

ff m[~.r] = ;:~1 l;J m-1l /I+ ;J m+ll f I l. (A3) 

While using 2J:,,: J ,,..] - J m+I and integrating by parts, 
we find 

(A4) 

In a similar manner, the following identities may be 
proved: 

rr m[,,,8 rl = ?Ill [(111 - l)J' ,,,.1l! I- (m+ 1)5" ..... 1l f I], (A5) vr J ~111 . 

rr [_}_ r] -k; [ 1 rr l I 
"' Y 2• - 4 111(111 - 1) ,,,. 2 I 

+-
2
-- -;J l rl+ 1 

;y ,L/l] m 2 - 1 "' · 111(111+ 1) m•. ' 
(A6) 

rr [! ~ r ~ J -fl;[_!!!_ rr l J 
m Y a Y or f - 4 II/ + 1 m+Z j 

- 2(1112- 2)1J',,,l ] + -'-II-ff l 1] 
111 2 - 1 I 111 - 1 ' m--2 f · (A7) 

Equations (A6l and (A 7) imply the familiar relation 

[ 
1 a a 111

2 J rr --r-f-~! = - lz~ l!J. 
m y ar il r r l m 

(A8) 

It is straightforward, using these identities, to trans­
form V" V "A (in cylindrical coordinates) into an alge­
braic system of equations. However, in general, this 
system is not closed with respect to the transforms; 
that is, 111th order transforms are coupled to 111 ± 1, 
m ± 2 order transforms, and no simple relation between 
the different order transforms exists. For the special 
(azimuthally symmetric) case considered in this paper 
it was possible to choose the transforms s uch that the 
system remained closed. The resulting algebraic 
equations for the transforms were then formally identi­
cal to those for a a rtesian, slab, geometry. All cylin­
drical effects were absorbed by the transform kernel. 

The advantage of such a technique for non-azimu­
thally s ymmetric waves is obvious. Some combination 
of the transforms may allow this . We have not, how­
ever, been able to demonstrate this for the general 
case. 
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