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a b s t r a c t

Closure for a Volume Averaging Theory (VAT) based model of a plane fin heat sink (PFHS) with elliptic
scale-roughened surfaces is obtained by evaluating the closure terms for the model using Computer Fluid
Dynamics (CFD) code. Modeling a PFHS as porous media based on VAT, specific geometry can be
accounted for in such a way that the details of the original structure can be replaced by their averaged
counterparts and the VAT based governing equations can be efficiently solved for a wide range of pa-
rameters. To complete the VAT based model, proper closure is needed, which is related to a local friction
factor and a heat transfer coefficient of a Representative Elementary Volume (REV). The terms in the
closure expressions are complex and sometimes relating experimental data to the closure terms is
difficult. In this work we use CFD to obtain detailed solutions of flow and heat transfer through an
element of the elliptic scale-roughened heat sink and use these results to evaluate the closure terms
needed for a fast running VAT based code, which can then be used to solve the heat transfer charac-
teristics of a higher level heat sink. The objective is to show how CFD can be used in place of a detailed,
often formidable, experimental effort to obtain closure for a VAT based model.

� 2013 Elsevier Masson SAS. All rights reserved.
1. Introduction

High heat fluxes in electronic chips are driving conflicting needs
for elevated power dissipation requirement as well as reduced
power consumption, size and weight, which makes thermal man-
agement an essential element in the development of these systems.
A variety of techniques [1] for heat transfer enhancement have
been developed, including ribs [2e6], pin fins [7e9], dimpled sur-
faces [10e12], surfaces with arrays of protrusions [13], and surface
roughness. The design objective of these techniques is to signifi-
cantly enhance convective heat transfer without substantially
increasing in the streamwise pressure drop penalty.

Chang et al. [14e18] developed a new heat transfer enhance-
ment technique using deepened circular scale-roughened surfaces.
The surface scales are arranged in a staggered manner in-line on
opposing walls. The authors compared Nu=NuN and f =fN of the
scale roughened surface with the flow and heat transfer results
reported by different research groups for rib-roughened channels
[2e6] and dimpled surfaces [10]. The heat transfer enhancement of
the circular scale-roughened surface was surprisingly good and the
mail.com (F. Zhou).

son SAS. All rights reserved.
channel with forward flow presented a better thermal performance
than the rib-roughened and dimpled surfaces. Correlations of
Nusselt number and friction factor for circular scale-roughened
channels were developed by Zhou et al. [19] to close their Vol-
ume Averaging Theory (VAT) based model for heat sink optimiza-
tion purpose. Recently, six new types of elliptic scale-roughened
surfaces are proposed by the present authors and compared with
the original circular scale case [20]. Nusselt number ratios between
the elliptic scale-roughened and smooth channel flows (Nu/NuN)
could be enhanced to be around 6.5, which is a 40% improvement
compared to the circular scale-roughened channels. The geomet-
rical details of the proposed elliptic scale-roughened surface are
shown in Fig. 1(b) and (c).

Considering the thrilling heat transfer enhancement perfor-
mance of the proposed elliptic scale-roughened surface, it could be
applied to plane fin heat sinks to augment their heat dissipation
capability, see Fig. 1(a), but further optimization is required. If one
wants to optimize such a heat transfer device, simple equations are
the only answer but they need to be made more rigorous and must
include conjugate effects. In this work VAT, see Refs. [21e32], is
used to develop the needed simple equations allowing clear
rigorous statements to be made that define how the friction factor
and heat transfer coefficient are to be determined. By modeling
heat sinks as porous media, specific geometry can be accounted for
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Fig. 1. Geometrical details of elliptic scale-roughened surface.
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in such a way that the details of the original structure can be
replaced by their averaged counterparts and the governing VAT
equations can be solved for a wide range of design parameters. This
‘porous media’ model, which is a function only of porous media
morphology, represented by porosity and specific surface area, and
its closure, can easily be adapted to many different structures.

Closure theories for transport equations in heterogeneous me-
dia have been the primary measure of advancement and for
measuring success in research on transport in porous media.
Obtaining closure for the VAT based governing equation set is the
most difficult aspect of using VAT to model and optimize a heat
transfer device. The porosity and specific surface area are
geometrically defined terms. The closure terms, which are related
to a local friction factor and a heat transfer coefficient, can be ob-
tained in twoways. The first is to rescale the available experimental
data reported for fully developed flow, using the ‘porous media’
length scale suggested by VAT [24e26,28]. However, experimental
methods are expensive and time consuming, as many different
models must be fabricated and tested, and sometimes obtaining
closure by relating experimental data to the closure terms is diffi-
cult. At this time, CFD is an alternative approach for evaluating
these closure terms [19,33e38]. It should be noted that if CFD is
used to obtain the closure, the friction factor and heat transfer will
be calculated more rigorously by integrating the complete closure
formula over the REV and validated using the available experi-
mental data.

In the following presentation, an elliptic scale-roughened plane
fin heat sink with forward flow is first modeled based on Volume
Averaging Theory. 3-D numerical calculations are made to simulate
the heat transfer and fluid flow across the channels and the CFD
discretization is validated by comparison with the experimental
data by Chang et al. [14]. Then, the rigorously derived closure terms
are evaluated over one of the selected REVs for a range of the design
parameters, and correlations for friction factor and Nusselt number
are developed for use with the simple equations.

2. VAT based modeling

A schematic diagram of a plate fin heat sink with scale-
roughened surface is shown in Fig. 1(a). Generally, the air is
forced to flow through the channels between the fins by a fan. The
scales act to increase secondary flows and turbulence levels to
enhance mixing, and form coherent fluid motions in the form of
streamwise oriented vortices, and also to provide some heat
transfer augmentation by increasing surface areas for convective
heat transfer [1]. This is a problem of conjugate heat transfer within
a heterogeneous hierarchical structure. It is not easy to optimize
this kind of problem since many parameters are required to
describe the geometry. Simple equations are the only answer if one
wants to find the optimum configuration for these kinds of con-
jugate heat transfer devices.

2.1. VAT based governing equations

Based on rigorous averaging techniques developed by Whitaker
[23,24] who focused on solving linear diffusion problems and by
Travkin and Catton [26,28] who focused on solving nonlinear tur-
bulent diffusion problems, the thermal physics and fluid mechanics
governing equations in heterogeneous porous media were devel-
oped from the NaviereStokes equation and the thermal energy
equations. This is the starting point for studying flow and heat
transfer in porous media and also the basis of the present work. For
more details of modeling of flow and heat transfer through porous
media and how Volume Averaging Theory was developed, refer to
Refs. [39e41].

In this section, a model based on VAT is developed to describe
transport phenomena in plane fin heat sinks with shielded top, at
which a boundary condition of nonslip wall is applied. The air flow
is considered to be ‘porous flow’, in which the term ‘porous’ is used
in a broad sense.

The momentum equation is

0 ¼ �1
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dx
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2.2. Closure terms of the VAT equations

To complete the VAT based model, four closure terms need to be
evaluated. It is believed that the only way to achieve substantial
gains is to maintain the connection between porous media
morphology and the rigorous formulation of mathematical equa-
tions for transport.



Fig. 2. Representative Elementary Volume (REV) for a PFHS with elliptic scale-
roughened surfaces.
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Two of the closure terms, the averaged porosity and the specific
surface area are geometrically defined and it is quite easy to
determine them if one selects the REV correctly. The selection for a
PFHS with elliptic scale roughened surface, see Fig. 2, is seen to
repeat in both the cross-stream and flow directions. Therefore, the
porosity is

hmi ¼ 1� DUs

DU
¼ H � 2ke

Fp
(4)

in which, DU is the volume of the REV defined as

DU ¼ PtPlFp (5)

DUs is the volume of the solid part of the REV defined by

DUs ¼ PtPl
�
Fp � H

�þ 2kePtPl (6)

in which k is the ratio of the solid volume of the scale to the total
volume of the e � Pt � Pl slab, see the shaded part in Fig. 2. It can
easily be shown that k is a constant and k ¼ 3/4 � p/8.

The specific surface area, Sw, is defined as

Sw ¼ Aw

DU
¼

2PtPl þ p
�
3
4
ðPt þ PlÞ � 1

2

ffiffiffiffiffiffiffiffiffi
PtPl

p 

e

PtPlFp
(7)

At this point, the VAT based model of elliptic scale-roughened
PFHS is still not fully closed. The other two closure terms are the
Fig. 3. Computational domain. The length of the extended regions was not drawn in
scale.
local friction factor, f*, in the momentum equation and the local
heat transfer coefficient, h*, in the VAT energy equations and
remain to be evaluated. To evaluate the closure terms, a commercial
Finite Volume Method (FVM)-based code, CFX, was used to analyze
the convective heat transfer in three-dimensional channels with
opposing elliptic scale-roughened walls.

3. Numerical method and procedures

3.1. Computational domain and boundary conditions

The local closure values or closure values for fully developed
flow and heat transfer are the only kinds of closure values that have
physical meaning when describing transport phenomena with VAT
based equations. For this reason, attention should be paid to the
selection of physical model. The computational domain should be
long enough, so that closure can be evaluated over an REV that is
not affected by entrance or re-circulation effects near the outlet
[42]. A computational domain was selected as Fig. 3 shows.

The air velocity profile at the entrance is not uniform because of
the fin thickness. The computational domain is extended upstream
a distance of one third of the stream-wise channel length so that a
uniform velocity distribution can be ensured at the domain inlet.
The computational domain is extended downstream a stream-wise
channel length, so that at the outer flow boundary no flow re-cir-
culation exits. The boundary conditions applied to the computa-
tional domain are tabulated in Table 1.

3.2. Grid system

The grid systems for all the scale-roughened channel models are
built by Ansys Meshing. Due to the roughness of the wall, an un-
structured tetra-mesh is created for the scale-roughened test
channel, with prism layers being inserted in the near wall region. In
the extended regions, a coarser and structured hex-mesh is adop-
ted to conserve computational resources. A grid system with a
gradual variation in and after the scale-roughened test channel is
used to avoid the undesirable effect of an abrupt grid width change
in the computing region. The grid system for one of the models is
shown in Fig. 4.

Grid independence tests were made carefully by recursive
refinement and comparison between the numerical simulation
results. The above process was repeated until the variation of
Nusselt number and friction factor was less than 0.5%, so that the
numerical predictions can be regarded as grid-independent. With
the turbulence predictions employed, the meshes near the fluid
solid interface are fine enough to resolve the flow behavior close to
the no-slip wall. For all the simulation cases, yþ values in the near-
wall region are less than 1.

3.3. Mathematical model

The air flow is assumed to be three-dimensional, incompress-
ible, steady state. In the low Reynolds number region, the flow is
assumed to be laminar, while for Re > 2000, a turbulent model is
Table 1
Boundary conditions.

Inlet u ¼ const, v ¼ w ¼ 0, T ¼ const
Outlet vui

vx
¼ vT

vx
¼ 0

Eight surfaces of the extended region Symmetric, slip and adiabatic wall
Interface between air and solid No-slip, no thermal resistance
The bottom of the scale roughened wall Iso heat flux
The other surfaces Symmetric



Fig. 4. Example of the grid system. Only part of the whole model is shown.
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adopted. Buoyancy and radiation heat transfer effects are not taken
into consideration.

The CFX solver solves the discrete system of linearized equations
using a multi-grid accelerated Incomplete Lower Upper (ILU)
factorization technique and rapidly removes local errors in the
solution. The algebraic multi-grid scheme is used to accelerate the
convergence of the solver by computing the corrections on a series
of coarse grid levels. The CFD code solves the Reynolds-averaged
NaviereStokes equations with a high resolution scheme for the
advection terms as well as turbulence numerics. The fully coupled
momentum and energy equations are solved simultaneously. In all
simulations, the second-order upwind scheme is used for the dis-
cretization of the momentum and energy equations. The RMS type
residual for solution convergence criteria is set to be 10�5 for the
momentum balance and 10�6 for the energy equation. The three-
dimensional governing equations for continuity, momentum and
energy are as follows:

(1) Continuity equation

vrui
vxi

¼ 0 (8)
(2) Momentum equation

ruj
vui ¼ v

"
ðmþ mtÞ

vui
#

� vp
(9)
vxj vxj vxj vxi

(3) Energy equation

ruj
vT ¼ v

"�
m þ mt

�
vT
#

(10)

vxj vxj Pr Prt vxj

The keu based SheareStress-Transport (SST) model with auto-
matic wall function treatment is used to predict the turbulent flow
and heat transfer through the channel. The SST model blends the
robust and accurate formulation of the keu model in the near-wall
region with the free-stream independence of the ke 3model in the
far field. The SST model gives a highly accurate prediction of the
onset and the amount of flow separation under adverse pressure
gradients by the inclusion of transport effects into the formulation
of the eddy-viscosity. This results in a major improvement in terms
of flow separation predictions. The superior performance of the SST
model has been demonstrated for high accuracy boundary layer
simulations in a large number of validation studies.
Menter [43,44] proposed the equations for the SST model as

DðrkÞ
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where the blending function F1 is defined by:

F1 ¼ tanh
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The turbulent eddy viscosity is computed from:

nt ¼ a1k
maxða1u; SF2Þ

(15)

where S is the invariant measure of the strain rate and F2 is a second
blending function defined by

F2 ¼ tanh

8><>:
"
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2

ffiffiffi
k

p

b*uy
;
500n
y2u
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To prevent the build-up of turbulence in stagnation regions, a
production limiter is used in the SST model:

Pk ¼ mt
vui
vxj

 
vui
vxj

þ vuj
vxi

!
/~Pk ¼ min

�
Pk;10$b

*rku
�

(17)

Each of the constants is a blend of the corresponding constants
of the ke 3and the keu model:

4 ¼ F141 þ ð1� F1Þ42 (18)

The constants for this model take the following values

b* ¼ 0:09;
a1 ¼ 5=9; b1 ¼ 3=40; sk1 ¼ 0:85; su1 ¼ 0:5;
a2 ¼ 0:44; b2 ¼ 0:0828; sk2 ¼ 1; su2 ¼ 0:856:

(19)
4. Closure evaluation

Closure evaluation described in this section consists of four
parts. First, the two different length scales used to evaluate the flow
and heat transfer characteristics of the elliptic scale-roughened
channels are defined. Second, the computational model and the
method adopted in current numerical simulations are verified and
validated by comparing the CFD results with experimental data.
Third, the mechanism of heat transfer enhancement by elliptic
scales is analyzed. Fourth, two correlations which serve as closure
for the VAT based model are developed based on the simulation
results.



Fig. 5. Validation of the present CFD simulation by comparing with experimental data
by Chang et al. [14].

Fig. 6. Streamlines on the planes normal to flow direction, Re ¼ 10000.
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4.1. Length scales

Before evaluating the closure terms, it is interesting to note that
using a particular length scale leads to a parameter that is very
beneficial when evaluating the heat transfer coefficient and friction
factor. It was shown by Travkin and Catton [28] that globular media
morphologies can be described in terms of Sw, hmi and dp and can
generally be considered to be spherical particles with

Sw ¼ 6ð1� hmiÞ
dp

(20)

Dh ¼ 2
3

hmi
ð1� hmiÞ dp (21)

This expression has the same dependency on equivalent pore
diameter as found for a one diameter capillary morphology leading
naturally to

Sw ¼ 6ð1� hmiÞ
dp

¼ 6ð1� hmiÞ
3
2
ð1� hmiÞ

hmi Dh

¼ 4hmi
Dh

(22)

This observation leads to defining a simple “universal” porous
media length scale

Dh ¼ 4hmi
Sw

(23)

that meets the needs of both morphologies: capillary and globular.
This was also recognized by Whitaker [24] when he used a very
similar (differing by a constant) length scale to correlate heat
transfer for a wide variety of morphologies. Zhou et al. [45] also
showed that using the ‘porous media’ length scale is very beneficial
in collapsing complex data yielding simple heat transfer and fric-
tion factor correlations. For the present scale-roughened channel,
Dh is defined as

Dh ¼ 4hmi
Sw

¼ 4PtPlðH � 2keÞ
2PtPl þ p

�
3
4
ðPt þ PlÞ � 1

2

ffiffiffiffiffiffiffiffiffi
PtPl

p 

e

(24)

It can be seen that Dh is a function of e, Pt, Pl and H.
The Reynolds number defined using the VAT suggested length

scale is

ReDh
¼ r~uDh

m
(25)

To validate the CFD simulation results, the Reynolds number is
defined the same as that used by Chang et al. [14]

Re ¼ rumdh
m

(26)

in which dh is the hydraulic diameter defined by

dh ¼ 2$H$W=ðH þWÞ (27)

The averaged Nusselt number in the developed region used for
validation is defined as

Nu ¼ qdh
kf
�
Ts � T f

� (28)

The friction factor for validation is defined as
f ¼ Dp
1
2
ru2m

dh
4L

(29)

4.2. Validation and verification

To verify the computational model and the method adopted in
numerical simulation, preliminary computations were first con-
ducted for a circular scale-roughened channel which had the same
dimensions as the one experimentally tested by Chang et al. [14]. A
quarter of the full test section is selected to be the computational
domain, see Fig. 5. The readers could refer to Ref. [14] for details as
to how the measurements of f and Nu were performed. From the
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figure we can see that the maximum deviation of the Nusselt
number and the friction factor from experiment are 6.3% and 12.1%
with the average deviation being around 3.5% and 5.8% respectively.
Our predicted results and the experimental data agree very well,
thereby showing the reliability of the physical model and the
adopted numerical method.

4.3. Mechanism of heat transfer enhancement by scales

To have a qualitative view into the flow behavior, Fig. 6 provides
insight into the local distributions of the streamlines on three cross-
sections in the yez planes normal to the flow direction at
Re ¼ 10,000 for elongated scale-roughened (Pt/Pl ¼ 0.5) and
squeezed scale-roughened (Pt/Pl ¼ 2) channels, respectively. The
three planes are located at the inlet, the center plane and outlet of
Table 2
Dimensions of the numerically tested models.

Tested models
Flow direction

Scale shape

Elongated Scale, Type 1, Model 1e16

Elongated Scale, Type 2, Model 17e32

Elongated Scale, Type 3, Model 33e48

Circular Scale, Model 49e64

Squeezed Scale, Type 1, Model 65e80
the 11th and 21st REV for elongated scale and squeezed scale
respectively, showing how the streamlines develop when the fluid
flows through one cycle of the elliptic scale-roughened channels.
For elongated scale case, it is found that when the flow starts
entering the REV, some cone-shaped streamlines are formed above
the scales. After that the flow starts spinning in the spanwise di-
rection. As the fluid flows farther downward, the spinning becomes
stronger. Different from the elongated scale case, no cone-shaped
streamlines are seen for the squeezed scale-roughened channel.
Instead, more intense rotation is found all the way from the leading
edge to the trailing edge of the scale. The strong spinning of the
flow breaks the near wall boundary layers continuously and en-
hances the bulk flow mixing. It is easy for the readers to turn the
plane streamlines into 3D footage in mind and imagine how the
flow is marching in a spiral pattern. This explains why the heat
Pt/Pl e/Pl H/Pl

0.3 0.1, 0.15, 0.2, 0.25 0.75, 1.25, 1.75, 2.25

0.5 0.1, 0.15, 0.2, 0.25 0.75, 1.25, 1.75, 2.25

0.7 0.1, 0.15, 0.2, 0.25 0.75, 1.25, 1.75, 2.25

1 0.1, 0.15, 0.2, 0.25 0.75, 1.25, 1.75, 2.25

1.43 0.14, 0.21, 0.29, 0.36 1.1, 1.8, 2.5, 3.2

(continued on next page)



Table 2 (continued )

Tested models
Flow direction

Scale shape Pt/Pl e/Pl H/Pl

Squeezed Scale, Type 2, Model 81e96 2 0.2, 0.3, 0.4, 0.5 1.5, 2.5, 3.5, 4.5

Squeezed Scale, Type 3, Model 97e112 3.33 0.33, 0.5, 0.67, 0.83 2.5, 4.2, 5.8, 7.5
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transfer is augmented by the elliptic scale-roughened surface and
why squeezed scale-roughened channels have better heat transfer
performance than elongated scale-roughened channels.

4.4. Closure

Travkin and Catton [28] rigorously derive the closure terms for
VAT based model from the lower scale governing equations. The
closure term in the VAT momentum equation, f*, has the form
f * ¼ 2

Z
vSw
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The first three terms are form drag, and laminar and turbulent
contributions to skin friction, respectively. The fourth term repre-
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sents the spatial flow oscillations, which are a function of porous
mediamorphology and tell one how flow deviates from somemean
value over the REV. The fifth term represents flow oscillations that
are due to Reynolds stresses and are a function of porous media
morphology and its time averaged flow oscillations.
The closure terms in the VAT energy equation, h*, can be defined
in various ways and in general will depend on how many of the
integrals appearing in the VAT equation one uses and lumps into a
single transport coefficient, see Travkin and Catton [28]. The nature
of the equation shows that the energy transferred from the surface
is integrated over an area and then divided by the chosen REV
volume; therefore, the heat transfer coefficient is defined in terms
of porous media morphology, usually described by specific surface
and porosity.
The complete form of the closure term h* is
In most engineered devices, the geometry is regular and a well-
chosen REV will lead to only the first term being needed. The sec-
ond term is identically zero for regular repeating geometries and
the third is Biot number dependent. However, when in doubt, one
should use the complete form given by Eq. (31).
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Fig. 9. Comparison of the present Nusselt number correlation and rescaled experi-
mental data, and some well-known correlations for smooth channel.Fig. 7. Deviation of the proposed Nusselt number correlation.
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After solving the three-dimensional governing Eqs. (8), (9) and
(10) with appropriate boundary conditions, the closure for the
VAT based momentum equation and energy equation is obtained
by integrating Eqs. (30) and (31) over the selected REV to compute
the friction factor and heat transfer coefficient.

To make the correlations applicable to relatively wide range of
dimensions of scale roughened channels, 112 different sets of
design dimensions, see Table 2, were simulated at different Rey-
nolds numbers, ranging from 3 � 102 to 8 � 104. The scale pitch
ratio, Pt/Pl, and the ratio of the scale height to the scale longitudinal
pitch, e/Pl, or the angle of attack, a¼ arcsin(e/Pl), define the shape of
the scales. The ratio of the channel height to the scale longitudinal
pitch, H/Pl, specifies the shape of the channel. Therefore, Pt/Pl, e/Pl
and H/Pl could specify the shape of the REV. The REVs, which have
the same Pt/Pl, e/Pl and H/Pl but different scale longitudinal pitch,
are dynamically similar, and they are governed by the same phys-
ical laws and associated equations, which produce exactly the same
solution in terms of dimensionless variables, such as Nu and f, at the
same Re. Therefore, Pt/Pl, e/Pl and H/Pl are selected to be the design
parameters. However, since Dh is a function of Pt, Pl, e and H, and Dh
is the chosen length scale, the heat transfer and friction closure
relationships were correlated in terms of e/Dh, H/Dh, etc., using a
multiple regression technique.
Fig. 8. Deviation of the proposed friction factor correlation.
The resulting Nusselt number correlation is

Nu* ¼ h*Dh
lf

¼
�
0:144Re0:765Dh

��
e
Dh

�0:695

þ 0:457

�

H
Dh

�1:018

þ 8:235
��

Pt
Pl

�S1

S1 ¼
�

e
Dh

�0:539

(32)

The resulting friction factor is in the form

f * ¼
�
94:53
ReDh

þ0:0019Re0:217Dh
þ3:544

�
e
Dh

�1:465� H
Dh

�0:0232
�Pt
Pl

�S

S2 ¼
�
�129:28

ReDh

þ2:74
��

e
Dh

�0:771

(33)

Figs. 7 and 8 show the comparison between the numerical
simulation results and the results predicted by the proposed cor-
relations. The proposed heat transfer correlation, Eq. (32), can
Fig. 10. Comparison of the present friction factor correlation and rescaled experi-
mental data, and some well-known correlations for smooth channel.
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describe all the simulation results within a deviation of 20% and
91% of them within 15%. The correlation of friction factor, Eq. (33),
also can predict all of them within a deviation of 20%. The corre-
lations of Nusselt number and friction factor have an average de-
viation of 7.5% and 10%, respectively.

It should be noted that the present correlations are not only
applicable to elliptic scale-roughened channels but also converge to
those for smooth channels when e ¼ 0. From the definition of Dh,
Eq. (24), it is known that Dh ¼ 2H as e becomes zero and the pro-
posed correlations converge to

Nu* ¼ 0:0325Re0:765Dh
þ 8:235 (34)

and

f * ¼ 94:53
ReDh

þ 0:0019Re0:217Dh
(35)

Besides, Eqs. (32) and (33) are reduced to the correlations for
circular scale-roughened channels developed by Zhou et al. [19] if
Pt ¼ Pl. To validate the predictive capability of the present corre-
lations, the results predicted by Eqs. (32) and (33) for different Pt/Pl
with scale height of 2 mm are compared with the rescaled exper-
imental data by Chang et al. [14] as shown in Figs. 9 and 10, see
Zhou et al. [45] on how to rescale available experimental data using
the VAT suggested length scale. Both Figs. 9 and 10 show that the
rescaled experimental data by Chang et al. [14] and the proposed
correlations agree very well.

To further check whether our correlations converged to smooth
channel when e ¼ 0, a few well-known correlations for smooth
channels are brought into the comparison. It is shown in Fig. 9 that
the converged Nu correlation, Eq. (34), for smooth parallel plate
channel can predict the Nusselt number with an average deviation
of 4.0% from the correlation proposed by Sieder and Tate [46] and
around 12% above DittuseBoelter equation [47] for turbulent flow.
Also, when Reynolds is decreased, the Nusselt number converges to
the analytical solution for laminar flow through parallel plate ducts
with uniform heat flux at two walls, which is Nu ¼ 8.235. From
Fig. 10, it is seen that the converged friction factor correlation, Eq.
(35), almost coincides with the analytical solution for laminar flow
through parallel plate ducts, which is f ¼ 96/ReDh, and the corre-
lation by Beavers et al. [48] for turbulent flow.

It should be noted that the correlations proposed in the present
work are not necessarily the most accurate, however, they have
wide application, are easy to use, and are quite satisfactory for most
design calculations [24]. Also, for optimization, extreme accuracy is
not vital because variation in the parameter being optimized can be
as much as an order of magnitude.
5. Concluding remarks

Volume Averaging Theory is little more than a judicious appli-
cation of Green’s and Stokes’ theorems to carry out the integration
needed to average the point-wise conservation equations in a
rigorous way. By treating the closure part of the problem carefully,
the result remains rigorous in spite of its simplicity. Many
everyday-engineered devices are hierarchical and heterogeneous
and can be effectively treated by application of VAT. It is an
approach that can be applied to many different types of transport
phenomena, see Travkin and Catton [28].

The present paper describes an effort to develop a VAT based
hierarchical model for a plane fin heat sink with elliptic scale-
roughened surfaces and obtain the closure for the model by CFD
code. The rigorously derived closure terms represented as heat
transfer coefficient and friction factor were evaluated over the
carefully selected REV. Correlations of friction factor and Nusselt
number were established based on the simulation results.

With closure in terms of the friction factor and the heat transfer
coefficient, the problem is closed and the porous media governing
equations derived from VAT are functions only of porous media
morphology, represented by porosity and specific surface area, and
its closure. With the closure correlations, the governing equation
set is relatively simple and can be solved discretely in seconds.With
the help of a statistical tool for Design of Experiments (DOE) or
Genetic Algorithm (GA), an elliptic scale-roughened PFHS could be
designed and optimized in an hour, instead of days of CFD or
experimental work. How to design and optimize an elliptic scale-
roughened PFHS based on VAT will be presented in a future paper.
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Nomenclature

Aw wetted surface, m2

Awp the cross flow projected area, m2

cp specific heat, J/(kg K)
D diameter of the scale, m
Dh hydraulic diameter, m
dh hydraulic diameter defined by Chang et al. [14], m
dp diameter of the spherical particles, m
e scale height, m
F1, F2 blending function
Fp fin pitch, m
f friction factor
H channel height, m
h heat transfer coefficient, W/(m2 K)
k turbulence kinetic energy per unit mass, m2/s2

kf thermal conductivity of the fluid, W/(m K)
ks thermal conductivity of the solid, W/(m K)
kt turbulent heat conductivity, W/(m K)
L length of the channel, m
hmi porosity
Nu Nusselt number
Pk shear production of turbulence
Pr Prandtl number
Prt turbulent Prandtl number
Pl longitudinal scale pitch, m
Pt transverse scale pitch, m
p pressure, Pa
q heat flux, W/m2

Re Reynolds number
S an invariant measure of the strain rate
Sw specific surface, 1/m
Swp the cross flow projected area per volume, 1/m
Ts solid temperature, K
Tf fluid temperature, K
um bulk mean flow velocity, m/s
W width of the channel, m

Greek
a turbulence model constant or scale attack angle (�)
b, b* turbulence model constant
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41 represent any constant in the original keu model (sk, .)
42 represent any constant in the transformed

ke 3model (sk, .)
4 represent the corresponding constant in the SST model

(sk, .)
m viscosity, Pa s
mt turbulent eddy viscosity, Pa s
n kinematic viscosity, m2/s
nt turbulent kinematic viscosity, m2/s
r density, kg/m3

s 3 ke 3turbulence model constant
sk turbulence model constant for the k equation
su keu turbulence model constant
swL laminar shear stress, Pa
swT turbulent shear stress, Pa
DU the volume of the REV, m3

u specific turbulence dissipation rate
Subscripts and superscripts
w a value averaged over the representative volume
e an average of turbulent values
^ fluctuation of a value
hf if means the superficial average of the function f
f fluid phase
t, T turbulent
s solid phase
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