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INSTABILITY OF CERTAIN CAPILLARY SURFACES 

Paul Concus and Robert Finn 

A family of capillary surface configurations, shown in an earlier pa­
per to be unstable for sufficiently small Bond number B, is here shown 
to be unstable also for B sufficiently large. Numerical evaluations in­
dicate that it is unstable for all B. Some numerical calculations of the 
corresponding container shapes are included. 

In the reference [1], the existence was shown of an "exotic " con­
tainer C yielding a continuum :F of rotationally symmetric capillary sur­
faces, all of which meet C in the same contact angle 1, bound with C the 
same volume V of fluid, and yield identical mechanical energy. These 
surfaces included the horizontal disk u =: 0, x2 + y2 < r~, for any gravity 
field, as measured by a parameter K, see [1] for definition. It was proved 
in [1] that if the "Bond number" B = Kr~ < 8, then the energy of this 
configuration can be decreased by an asymmetric deformation; thus it 
cannot be expected that the family :F would be seen physically, as the 
particular surface of :F considered is unstable. 

A reasoning was given in [1] to support the view that instability 
continues for all B < 23.09, but the question of what happens for larger 
B was left open. 

This work was supported in part by the National Science Founda­
tion under grant DMS86-03631 and in part by the Applied Mathemati­
cal Sciences subprogram of the Office of Energy Research, U.S. Dept. of 
Energy, contract DE-AC03-765F00098. 
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Paul Concus and Robert Finn 

In the present note we describe an explicit deformation, which we 
prove decreases energy for all small enough B and also for all large 
enough B. Further, we provide a numerically computed graph of the 
second variation of energy induced by the deformation; this graph pro­
vides convincing evidence that energy is actually decreased regardless of 
B. 

In what follows we use the notation of [1], with minor changes. We 
replace the deformation height ( and radial coordinate r by normalized 
coordinates (/r0 , r/r0 , which we again denote by (, r. The relations 
(30), (35) and the relation preceding (43) in [1] then yield the (nondi­
mensional) expression 

+ B J21r (2 dB 
2 - VB Io(j? Jo 

It( B) 

(1) 

for the second variation of energy. 

We choose the particular variation 

(2) ,. r= sinh VB r . (} ., = vr rn sm . 
sinhvB 

Setting T = VB, we calculate formally 

(3) 

1 .. 7 coth r 1 
;E(O) = T coth T + S-T-- 2 

7 

8sinh2 
T rb..- 2 

It 

Consider first the case T ""' 0. We obtain, using power expansions 
for Io, It and for the hyperbolic functions (see, e.g., [2]) 

1 .. 35 
-E(O) = -- + O(r2

) 
1T' 12 

which is negative for small enough T, approaching the limit -35/12. 
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For large r we find ( cf [2] p.377) 

and thus 

Io( r) - ~ ( 1 + 8
1r) 

!1 ( r) - ~ ( 1 - 8
3r) 

From (3) now follows 

1 .. 7 coth r 1 
-E(O)- rcothr + -----
1r 8 r 2 

- - 1+- r 7 ( 3) 
8 sinh2 r 2r 

which is again negative, for large enough r, and approaches the limit 
-2. 

Thus, the indicated deformation is energy decreasing, both for small 
and for large B. For intermediate values, the expression (3) is easily 
evaluated numerically. The result, shown in Fig. 1, should leave little 
doubt as to the physical behavior to be expected. 

In [1] some "exotic" container shapes corresponding to B = 0 were 
calculated, for varying contact angles "'!. In Fig. 2 we set "'! = ~ and 
indicate the change of shape for varying B. The case B = 0 is known 
explicity [3]; the other shapes were obtained by integration of (a para­
metric form of) equation (11) in [1]. 

We remark that if "'! # t then the variation (2) is not volume 
preserving, and formally a correction term should be added. This term is 
however of negligible order and disappears in the variational procedure, 
as in the discussion following equation (30) of [1]. 
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