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Identification of nematic superconductivity from the upper critical field

Jorn W. F. Venderbos, Vladyslav Kozii, and Liang Fu
Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

Recent nuclear magnetic resonance and specific heat measurements have provided concurring
evidence of spontaneously broken rotational symmetry in the superconducting state of the doped
topological insulator Cu,Bi>Ses. This suggests that the pairing symmetry corresponds to a two-
dimensional representation of the D34 crystal point group, and that Cu,Bi2Ses is a nematic super-
conductor. In this work, we present a comprehensive study of the upper critical field H.2 of nematic
superconductors within Ginzburg-Landau (GL) theory. Contrary to typical GL theories which have
an emergent U(1) rotational symmetry obscuring the discrete symmetry of the crystal, the theory of
two-component superconductors in trigonal D34 crystals reflects the true crystal rotation symmetry.
This has direct implications for the upper critical field. First, Hc2 of trigonal superconductors with
D34 symmetry exhibits a sixfold anisotropy in the basal plane. Second, when the degeneracy of the
two components is lifted by, e.g., uniaxial strain, H.e exhibits a twofold anisotropy with character-
istic angle and temperature dependence. Our thorough study shows that measurement of the upper
critical field is a direct method of detecting nematic superconductivity, which is directly applicable
to recently-discovered trigonal superconductors Cu,BizSes, Sr,BiaSes, Nb,BiaSes, and T1;BizTes.

I. INTRODUCTION

Unconventional superconductors can be defined by su-
perconducting order parameters that transform nontriv-
ially under crystal symmetries. For a given superconduc-
tor, possible unconventional order parameters are classi-
fied by non-identity representations of the crystal point
group. Such representations are either one-dimensional
or multi-dimensional, and this distinction defines two
classes of unconventional superconductivity [I} 2]. The
first class is exemplified by d-wave superconductors in
cuprates [3| 4], while the second class is exemplified by
the p-wave superconductivity in SroRuOy [5], with two
degenerate components (p,,py) at the superconducting
transition temperature. Superconducting states in the
second class spontaneously break lattice or time-reversal
symmetry [6], in addition to the U(1) gauge symmetry,
leading to novel thermodynamic and transport proper-
ties not seen in single-component superconductors. The
search for new superconductors with multi-component
order parameters is therefore of great interest.

The doped topological insulator Cu,BisSes, a super-
conductor with T, ~ 3.8K [7, [§], has recently attracted
a lot of attention as a promising candidate for uncon-
ventional superconductivity [0H19]. Fu and Berg pro-
posed that it may have an odd-parity pairing symmetry
resulting from inter-orbital pairing in a strongly spin-
orbit-coupled normal state [9]. While previous surface-
sensitive experiments [20, 21] drew disparate conclusions
regarding the nature of superconductivity in this mate-
rial, direct tests of the pairing symmetry in the bulk of
Cu,BisSes are carried out only very recently. A nuclear
magnetic resonance (NMR) measurement [22] found that
despite the three-fold rotational symmetry of the crys-
tal, the Knight shift displays a twofold anisotropy be-
low T, as the field is rotated in the basal plane. The
twofold anisotropy is also found in the specific heat of
the superconducting state under magnetic fields down to
H = 0.03T corresponding to H/H., ~ 0.015 [23]. Both

experiments found that the twofold anisotropy vanishes
in the normal state, establishing that the superconduct-
ing state of Cu,BisSes spontaneously breaks the three-
fold rotational symmetry. This is only possible when the
order parameter belongs to the two-dimensional I, or E,
representation of the D3q point group. The E, pairing
has been ruled out by comparing the theoretically ex-
pected gap structure [24] with specific heat data [8] 23].
These results taken together strongly suggest that the
pairing symmetry of Cu,BisSes is F,,, an odd-parity pair-
ing with two-component order parameters [9].

Spontaneous rotational symmetry breaking due to su-
perconductivity is a rare and remarkable phenomenon.
Superconductors exhibiting rotational symmetry break-
ing from multi-component order parameters can be called
nematic superconductors [24], in analogy with the ne-
matic liquid crystals and nematic electronic states in
non-superconducting metals [25 26]. Nematic and chi-
ral superconductivity, the latter breaking time-reversal
symmetry, are the two distinct and competing states of
multi-component superconductors, corresponding to real
and complex order parameters respectively [II, [6]. Bro-
ken rotational symmetry has previously been reported
in the heavy-fermion superconductor UPt3 [29] under a
magnetic field [28]. In addition, the A phase in a nar-
row temperature range at zero field is likely rotational
symmetry breaking, which however may be due to anti-
ferromagnetic order already present in the normal state
[30, BI]. Thus the recent discovery of broken rotational
symmetry in Cu,BisSes, without broken time-reversal
symmetry, may potentially open a fruitful research di-
rection.

Motivated by the recent experimental progress, in this
work we study the upper critical field H. of trigo-
nal nematic superconductors within the framework of
Ginzburg-Landau (GL) theory. Such GL theory admits
a new trigonal gradient term which is not allowed in
hexagonal crystals [27]. We relate the gradient terms
to Fermi surface and gap function anisotropies by a mi-



croscopic calculation of the GL coefficients. Building
on and generalizing the previous work [27], we show
that the upper critical field generically displays a sixfold
anisotropy within the basal plane of trigonal crystals. We
further show that a uniaxial strain acts as a symmetry-
breaking field in nematic superconductors, which directly
couples to the bilinear of the two-component supercon-
ducting order parameter. As a result, H.s in the basal
plane exhibits a twofold anisotropy with a distinctive
angle and temperature dependence, similar to theoret-
ically expected results for UPts in the presence of anti-
ferromagnetic order [46] [47]. Our findings suggest that
measurement of the upper critical field is a direct method
of detecting nematic superconductivity. In particular,
this method may shed light on the pairing symmetries
of other superconducting doped topological insulators
SI‘IBiQSeg [32, 33], meBiQSeg [34] and leBiQTeg [35],
which have yet to be determined.

II. GINZBURG-LANDAU THEORY

We start by constructing the GL theory of odd-parity
two-component superconductivity in crystals with Dsq
point group and strong spin-orbit coupling. The pairing
potential A(k), which is a k-dependent matrix in spin
space, takes the following form

Ak) = mAy (k) + s (k). (1)

The pairing potential is a linear superposition of two de-
generate components ALQ(E), the basis functions of the
two-dimensional pairing channel E,, (specific gap func-
tions are given in the Supplementary Material, Sec. III).
For odd-parity superconductors the pairing components
satisfy ALQ(—E) = —Al,g(l;). As basis functions of E,,
the two partners A12(I_€') transform differently under the
mirror symmetry z — —x, i.c., Aq(k) is even whereas
AQ(E) is odd. A key property of (doped) BizSes; mate-
rials is strong spin-orbit coupling that locks the electron
spin to the lattice. The two complex fields n; o define the
superconducting order parameters n = (n1,72)7. In con-
trast, in case of triplet superconductors in spin-rotation
invariant materials the order parameter components are
vectors in spin space.

The GL theory of two-component superconductivity is
formulated in terms of the order parameters n and the
GL free energy Fioy = fdsf ftot is the sum of a homoge-
neous term and a gradient term given by fiot = fhom+JfD,
where fhom and fp are the corresponding free energy den-
sities. In addition, the free energy contains a Maxwell
term fpm = (5 X /Y)2/87r, which for our purposes can
be taken as a constant. The free energy densities fhLom
and fp are polynomial expansions in the order parameter
fields and their gradients, and consist of all terms invari-
ant under the symmetry group of the crystal. For two-
component trigonal superconductors the homogeneous

contribution is the same as the corresponding expression
for hexagonal symmetry [T, [6],

from = An'n + Bi(n'n)? + Banine —mym %, (2)

to fourth order in 1, and we have defined nf = (n},n3).
The coefficients A o« T'— T, and B 2 are phenomenologi-
cal constants of the GL theory. The sign of GL coefficient
By determines the nature of the superconducting state,
selecting either chiral or nematic order [24], 36].

Spatial variation of the superconducting order param-
eter is captured by the gauge-invariant gradient D; =
—i0; — qA;, with A the electromagnetic vector potential
and ¢ = —2e. In case of multicomponent order parame-
ters, there generally exist multiple independent gradient
terms which are allowed by crystal symmetry. It is in-
sightful to present all gradient terms in order of “emer-
gent symmetry”. For crystals with a principal rotation
axis along the z direction, such as the three- and sixfold
rotations of trigonal and hexagonal crystals, four gradient
terms with full continuous in-plane rotational symmetry
are present and given by [11, 38, [39]

fp = Ji(Dina)* Dina + Ja€ijean(Dina)* Dy
+ J3(D21a)" D2na + Ja [|Dm771|2 + |Dy772|2
— |Dana|?® = [Dym|? + (Dam)* Dynz + (Dym)* Do
+(Dan2)*Dym + (Dyn2)"Dam]  (3)

(summation understood, i = x,y, a = 1,2), and J1 234
are the phenomenological GL coefficients. The first three
terms are invariant under independent U(1) rotation of
coordinates and order parameters, and thus have an
emergent U(1)xU(1) symmetry, whereas the gradient
term with coeflicient Jy is invariant under arbitrary joint
rotations of coordinates and order parameters, i.e., an
emergent U(1) symmetry. Therefore, fp does not reflect
the discrete rotational symmetry of the crystal. However,
a new gradient term fp trig, Which we call trigonal gra-
dient term, is uniquely present in crystals with trigonal
symmetry, but not allowed in hexagonal crystals [27]. Tt
is given by the expression

fD,trig = J5 [(Dznl)*Drn2 + (Dz772)*Dx771
+(D2m)" Dym — (Dzm2)"Dynz + c.c] . (4)

The appearance of this new gradient term, which has Dsq
symmetry, can be understood from angular momentum,
since in trigonal symmetry L = 3 is equivalent to L =
0. Indeed, in momentum space (D; — ¢;) the trigonal
gradient term can be expressed as iq. (q—n5n-—q+n 04 ),
where ¢+ = ¢, £ igq, and similarly for 7, 2. The relative
phases between 14 (¢4+) and n— (g—) are determined by
mirror symmetry: 71 (72) is even (odd) under z — —z.
It follows from the structure of fp i, that the spatial
variation of the order parameter in the basal plane is
coupled to spatial variation in the z-direction, which is
in sharp contrast to hexagonal and tetragonal crystals.



In the rest of this work we map out the consequences
of trigonal crystal anisotropy in the GL theory for the
upper critical field.

III. UPPER CRITICAL FIELD IN THE BASAL
PLANE

The angular dependence of H.o was first proposed as
a method to establish the multicomponent nature of un-
conventional superconductors in the context of heavy-
fermion superconductors [41H43]. The key idea is as fol-
lows. For the class of single-component (e.g., s-wave)
superconductors with trigonal, tetragonal, and hexago-
nal symmetry, H.s is always isotropic within the GL the-
ory, due to the emergence of U(1) rotational symmetry to
second order in the gradients. In case of multicomponent
superconductors, effects of crystal anisotropy can appear
in the GL theory, removing the emergent U(1) symme-
try, but this crucially depends on crystal symmetry. For
instance, hexagonal systems with multicomponent order
parameters do not show in-plane H.o-anisotropy due to
the emergent rotational symmetry of Eq. , whereas
tetragonal symmetry can give rise to an angular depen-
dence of H.y with fourfold symmetry [42]. In trigonal
crystals, H.o can exhibit a sixfold anisotropy in the basal
plane [27] as of Eq. (). Here we map out the basal plane
upper critical field of trigonal superconductors for general
GL gradient coefficients.

Within GL theory, the upper critical field is calculated
by solving the GL equations obtained from Fi, keeping
only terms linear in 7 since the order parameter is small
at H.,. Therefore, the calculation also applies to chiral
superconductors. The resulting system of GL equations,
which is given by

— Ang = J1(D3 + D})nq + J3D21q + Jar€ap[Da, Dyl
+ Ji [(D} - Dz)T;b + {Da, Dy} mo
+ J5 [{Dzv Dw}Tgb + {Dz’ Dy}T;b] b, (5)

can be solved as a two-component harmonic oscillator
problem, leading to a Landau-level spectrum from which
H_.o is determined as the lowest Landau-level solution.
The coupling of the two harmonic oscillators is deter-
mined by the structure of the GL equations, and is in
general complicated by the presence of multiple gradient
terms. In hexagonal and tetragonal systems, straight-
forward or even exact analytical expressions for H.o can
be found [42]. In contrast, the trigonal gradient term

J

of Eq. (4) couples basal plane gradients to gradients in
the orthogonal direction, giving rise to a different set of
harmonic oscillator equations to which previous meth-
ods do not apply. A special limiting case was considered
in Ref. 27, We generalize this result by solving the GL
equations in the presence an in-plane magnetic field for
general gradient coefficients. In deriving the general so-
lution we adopt an operator based approach and exploit
that harmonic oscillator mode operators corresponding
different cyclotron frequencies can be related by squeez-
ing operators. Here we present and discuss the main
results, and give a detailed account of the lengthy cal-
culations in the Supplemental Material (SM). For conve-
nience, below we will refer to the appropriate section of
the SM.

To demonstrate the key features of H.o in trigonal crys-
tals, we will focus the discussion on the most physical
case, where trigonal anisotropy effects may be considered
weak and J5 can be treated as perturbation. We take the
magnetic field H in the basal plane to be given by H=
H(cosf,sinf,0)”, which corresponds to a vector poten-
tial A = Hz(sin6, —cos6,0)7. It is convenient to rotate
the basal plane GL gradients D, , = —i0,, + 2eA; ,
according to the transformation

<D|> _ <cos0 sin 0 > <Dm) (6)
D, ) \sinf —cosf)\D,)’

such that D) is along the field and D, is perpendic-
ular to the field. These operators satisfy [D),D.] =
[Dy, D] =0, and D) and D, define the magnetic alge-
bra [D,, D] = —2ieH. Writing Eq. in terms of D |
and D, and setting D)7, = 0 (i.e., no modulation along
the field), one obtains

— Ang = (1D + J3D2)n,
— J4D? (cos 2077, + sin 2075, )y
+ J5{D., D) }(—cos 072 + sin 075 )np.  (7)
Next, it is convenient to diagonalize the term propor-

tional to Jy. This is achieved by a the rotation of the
order parameters given by

my) _ (cosf —sind f1 (8)
n2)  \sin® cosf fa)
In terms of the rotated order parameters (fi, f2)” the
GL equations read

1\ _ [(J3D?+ (J1 — Jy)D? 0 ! —cos30 sin30\ [ f
-4 <f;> o ( ’ O1 . J3D§ +(J1 + J4)D3_> (f;) +J5{Dz, D1} < sin 30 cos39> (f;) - (9)

Note that only the term proportional to Js; depends on

(

the angle 8. We now describe solutions to Eq. ob-



tained by treating J5 as a perturbation.

To start, let us consider taking both J; = J5 = 0. Solv-
ing the GL equations then yields two degenerate series
of Landau levels with cyclotron frequency w = v/J1J3,
with the upper critical field given by He.o = —A/2ew =
—A/2e\/J1J3 (more details are provided in Sec. II
B of the SM). Including the gradient contribution in
Eq. proportional to J; simply makes the cyclotron

frequencies inequivalent, wi o = wy/1F|J4|lJ3/w? =
w+/1 F |J4|/J1, and increases the upper critical field to
H. = —A/2ew;. This defines the exactly solvable un-
perturbed system. Then, introducing trigonal perturba-
tion parametrized by J5 couples the two series of Landau
levels with different frequencies in a nontrivial way: the
coupling of in-plane and out-of-plane gradients implies a
coupling of canonically conjugate operators of the form
{D,,D} ~ {—i0., z}. To solve the system of GL equa-
tions we assume that crystal anisotropy effects are weak
and use second order perturbation theory to obtain the
correction to the cyclotron frequency —dw;. (The cal-
culations are lengthy and described in detail in Sec. II
B 3 of the SM.) The upper critical field then becomes

HCQ = Hcg(l + 5&)1/&]1) with HCQ = 7A/2€wl. We find
H_s to lowest order in J; as

HCNQ(Q) 14 J? cos? 30 n sin? 30 P(e=)
A, TaE|oozp =)

(10)

where the frequencies wy are defined as wy = (wotwy)/2.
In the limit of small Jy/J; these frequencies become
wy ~w and w_ ~ w|Jy|/2J;. The function F(x) arises
due to the coupling of two series of Landau levels with
different cyclotron frequencies and oscillator eigenfunc-
tions. It takes the form

5
F(z) (1_12)2 i (2m)! $2m(2m_lfi2)2
xr =
x? = (mh24™ 2m + x(2m + 1)
1—-2z 1+2 1 a o 2
= 2 2P (3 g1+ §507) —1{(1)

where a = z/(1 + z) and 2Fi|e, B;0;7] is a hyperge-
ometric function. The function F(z) has the property
F(0) = 1, which implies that for J; = 0 (correspond-
ing to w_ /w; = 0) no angular dependence of H.o exists.
The latter is a consequence of an emergent rotational
symmetry of fp g in Eq. : it is invariant under in-
plane rotations of the order parameters and coordinates
according to ¢4 — qe*% n, — nie . (Note that this
is not a physical symmetry.)

In general, however, considering all regimes of gradi-
ent coeflicients that satisfy the stability constraints of
the free energy, H.o exhibits a six-fold anisotropy in the
basal plane of the crystal. For instance, the sixfold Ho-
anisotropy can be obtained starting from a solution of the
GL equations derived from Egs. and for J5 # 0

00 05 10 00 05 10
(a) Ju/J1 =02 (b) Js/J1 =04

FIG. 1: Upper critical field (H:2) anisotropy of two-
component pairing in trigonal crystals with D34 point group
symmetry, originating from the trigonal GL anisotropy term
(4). (a) Polar plot of the angular dependence of H.o with
six-fold symmetry given by Eq. (normalized by f[cg)
for Ju/J1 = 0.2. Different curves correspond to Js/w =
Js/v/J1Js = (0.15,0.30,0.45,0.60) (inward to outward). (b)
Same as (a) but for Ji/J; = 0.4.

and J; = 0, and treating Jy as a small perturbation. This
case was considered in Ref. 27 and is described in Sec. II
B 2 of the SM.

Figure [I] shows the angular dependence of the upper
critical field for small to moderate J5/w = J5/+/J1J3 and
Jy/J1 as obtained from Eq. . Note that in general,
for materials with weak to moderate (crystal) anisotropy
effects, one expects J; ~ J3. To make the interplay be-
tween Jy and Js explicit, we expand Eq. for small
Jy/J1 and find

H.(6)
Hc2(%)

=1+ hcos66, (12)

where h = 3|J4]J2/16J%J3. This expression serves to
highlight an important feature of the angular dependence
of Hea: Heo(0 = m/2)/He2(0 = 0) < 1, which is indepen-
dent of system specific parameters. Here § = 0 is defined
by an axis orthogonal to a mirror plane.

Within weak coupling, the GL coefficients J; can be
obtained in terms of Fermi surface and gap function
properties using a microscopic mean-field Hamiltonian
with pairing potential A(k) given by Eq. (). The gra-
dient coefficients Ji, Js, Jy4, and J; are proportional to
N(ep)v%/T? ~ N(ep)é2, where ep, vr, and & are the
Fermi energy, Fermi velocity, and correlation length re-
spectively, and N(ep) is the density of states. (The calcu-
lations are presented in detail in Sec. III of the SM.) We
find that their relative strength depends on the crystal
anisotropy of the Fermi surface and of the gap functions
A172(E). In particular, Js is nonzero only when trigonal
Fermi surface anisotropy is present, or when the gap func-
tion is composed of trigonal crystal spherical harmonics
of the F, pairing channel (see Sec. IIT A of the SM), and
is generally expected to be weak.

The general sixfold basal plane anisotropy of H.s is a
direct consequence of trigonal symmetry and a discrim-



inating characteristic of two-component pairing symme-
try. Indeed, single-component superconductivity corre-
sponding to one-dimensional pairing channels of point
group D34 cannot exhibit sixfold H. anisotropy: the in-
plane gradient term is given by J;|D;%|? and has emer-
gent U(1) rotational symmetry. As a result, the six-
fold anisotropy provides a clear experimental evidence
for two-component pairing.

IV. NEMATIC SUPERCONDUCTIVITY AND
UPPER CRITICAL FIELD

Within our GL theory, the rotational symmetry break-
ing superconducting state reported in Refs. [22] 23]
corresponds to a real order parameter, i.e., n =
no(cos ¢,sin)T. Up to fourth order [see Eq. . the
angle ¢ represents a continuous degeneracy. This degen-
eracy is lifted at sixth order by a crystal anisotropy term
and leads to a discrete set of degenerate ground states
[24, 86]. In materials, such as Cu,BizSes, the remaining
degeneracy may be further lifted by a symmetry-breaking
pinning field, selecting a unique ground state. The origin
of such pinning can be strain-induced distortions of the
crystal [37], but in principle, any order with the same
symmetry, electronic or structural, can pin the order pa-
rameter. In case of two-component superconductors, the
symmetry-breaking (SB) pinning field couples linearly to
order parameter 7 in the following way
fsB=g [(Um - uyy)(|771‘2 -

(13)

with coupling constant g. The order parameter bi-
linears (|1|®> — |m2|%,minm2 + mim) constitute a two-
component subsidiary nematic order parameter [24] with
the same symmetry as the symmetry-breaking field
(Ugy — Uyy,2Ugy). For comparison, uniaxial strain
in single-component superconductors couples to the
gradient of the order parameter 1, taking the form
J1,2|Dyp|* + Jay|Dytp|? different from Eq. . It is
worth noting that the coupling considered here differs
from the candidate theories proposed for the hexagonal
superconductor UPt3, in which case magnetic order cou-
ples quadratically, instead of linearly, to order parameter
bilinears [29, 31, B8, [39, 44 45).

From a microscopic perspective, the origin of the or-
der parameter pinning in Eq. can be understood as a
(strain-induced) Fermi surface distortion, leading to dif-
ferent Fermi velocities vp, # vpy. A uniaxial distortion
of this form couples to |n1]? — |n2|? and has the effect
of selecting either n = (1,0) or n = (0,1) by raising T,
resulting in a split transition. A quantitative calculation
of the coupling constant g, relating the order parame-
ter bilinear to such Fermi surface distortion can be ob-
tained within weak-coupling (see [40]). This effect of a
Fermi surface distortion should be compared to uniaxial
gradient anisotropies such as ~ |Dgnq|? — [Dyn.|? and
~ |Dim|? — |Dinz2|?, with the effect of the former being

n21%) + 2uay (ninz + n3m)] |

enhanced by a factor of In(wp/T.)(&/&0)? [A0], where &
is the coherence length, Inwp /T, ~ 1/VN(ep), wp is a
cutoff frequency, and V' is an effective interaction energy
scale associated with the pairing. In addition, the effect
of a uniaxial Fermi surface distortion ~ vg,/vr, on the
shift of T, is enhanced by Inwp /7.

To address the effect of the SB field on H.s in case of
the trigonal nematic superconductors, we solve the lin-
earized GL equations for small J, 5 gradient coefficients
in the presence of a uniaxial symmetry breaking term
defined as §(|n1|? — |n2|?), taking & as a measure of the
uniaxial anisotropy. Here we focus the discussion on the
most salient features, for which we take J5; = 0, and
relegate a more detailed account to the SM. A similar
problem of upper critical field anisotropy was studied for
split transitions in UPtg [46] [47].

Setting J5 = 0 in Eq. (@ and adding the contribution
from the symmetry breaking field, the GL equations take
the form

— Ang = (DY + JsD2)na + 75ms
— J4D? (cos 2075, + sin 2075, ). (14)

The upper critical field is obtained by using the magnetic
algebra of D, and D, and projecting into the lowest
Landau level. The upper critical field is then determined
from the following implicit equation (see Sec. II D of the
SM)

_ 272 2
Al \/J4 S 00 Tulsd o, (15)
w

12 4ot T w? Wil

(recall w = /J;J3) where the magnetic length I, is de-
fined as 2eH = 1/i2. For § = 0 we recover the result
for J5 = 0 in Eq. , to first order in Jy/J; (i.e., wy
expanded to first order in Jy4/.J;). For Jy, = 0 we simply
find Heo = Heao [see Eq. (12)], but with critical temper-
ature T = T, + AT, with AT, ~ |§|. This follows from
comparing § to A ~ (T —Tp), i.e., ¢ shifts the transition
temperature and can be taken as a measure of T. We
define a dimensionless temperature ¢t by T' = T — tAT,.

For general J4/J; and nonzero § we solve Eq. for
H_ > and show the representative results for Jy/J; = 0.1
and Jy/J; = 0.6 in Figs. Pfa) and [2(b). Two key char-
acteristics of H.o in the presence of a pinning field are
evident in Fig. [2[a)—(b). First, the angular dependence of
H 5 exhibits a distinct two-fold anisotropy, with a typical
“peanut”’-shape close to T}. This twofold anisotropy be-
comes more pronounced with increasing Jy/ Jl, as shown
Fig. [2 l(b Expanding the square root in Eq. ( under
the assumption of very small fields, i.e., [Z > J4J3/2w(5
one finds Heo o< (1—Jysgn(0) cos 20/2J1) (see Sec. IID of
the SM). This “peanut”-shape of the H.o profile should
be contrasted with the H.y profile of single-component
superconductor where uniaxial gradient anisotropy leads
to a weak elliptical angular dependence of H.o, an ef-
fect which is parametrically smaller than the twofold
anisotropy in the two-component case. Consequently,



f Hc2(9) ?
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FIG. 2: (a) Polar plot of the angular dependence of Hs in
the presence of a symmetry-breaking field ¢ for J4/Ji1 = 0.1,
calculated using Eq. (in arbitrary units of H). Differ-
ent curves represent different temperatures: T = T; — tAT.
(recall that AT. ~ |4]|), where ¢ = 1,...,8 and the out-
ermost curve corresponds to ¢ = 8. (b) Same as in (a)
but for relatively large Js/J1i = 0.6. Figure (b) clearly
shows the two-fold “peanut”-shape anisotropy expected for
two-component superconductors in the presence of a symme-
try breaking field. (c) Plot of the H.2-anisotropy coefficient
He2(%)/He2(0) as function of effective temperature ¢ for var-
ious values of J4/Ji. The horizontal grid lines correspond to
the values (1 + J4/2J1)/(1 — Ja/2J1).

the twofold anisotropy of H., shown in Fig. in par-
ticular the “peanut”-shape, is a discriminating property
of two-component pairing.

Second, the angular dependence of H.o is a function
of temperature and has different shape in the vicin-
ity of T (i.e., small fields) as compared to far below
T. (and high fields). This is in sharp contrast to the
usual case, for instance Eq. , where only the over-
all magnitude of H., is temperature dependent. The
unusual temperature dependence of H., can be more
precisely captured by considering the upper critical field
anisotropy ratio Hee(%)/Hc2(0) as function of tempera-
ture. In the vicinity of T, the anisotropy ratio should
exhibit temperature independent behavior given by ~
(1 + Jysgn(d)/2J1)/(1 — Jasgn(d)/2J1) (see Sec. II D
of the SM). This is shown in Fig. (c), where the H.o-

anisotropy ratio is plotted for various values of Jy/J;. In
contrast, using Eq. we find that the H.s-anisotropy
ratio approaches unity for large temperature ¢ accord-
ing to ~ 2/(t — 1), which is independent of GL param-
eters. Within the model of Eq. , the temperature
at which the transition between two behaviors occurs is
given by t = 2.J1/|J4|. This “kink” feature was also found
and discussed in the context of a hexagonal applicable
to UPts [46H48]. The distinctive temperature depen-
dence of Hs-anisotropy is uniquely associated with two-
component pairing since single-component pairing with
uniaxial gradient anisotropy leads to temperature inde-
pendent H.o-anisotropy.

V. DISCUSSION AND CONCLUSION

To summarize, in this work we have addressed the mag-
netic properties of two-component superconductors in
trigonal crystals with point group Dsq symmetry. Start-
ing from a general GL theory of trigonal two-component
superconductors, we find that the upper critical field ex-
hibits a sizfold anisotropy in the basal plane, which is a
discriminating property of two-component pairing. The
sixfold anisotropy is a rare manifestation of discrete crys-
tal symmetry, since effects of crystal anisotropy are typ-
ically obscured in GL theory by an emergent U(1) rota-
tional symmetry. In addition, in this work we show that
when a symmetry breaking field originating from, e.g.,
structural distortions selects a real order parameter, H .o
exhibits a twofold anisotropy with characteristic angular
and temperature dependence.

The recent NMR and specific heat measurements on
Cu,BisSes, which reported spontaneously broken rota-
tional symmetry, indicate that this material belongs to
the class of superconductors with two-component pair-
ing symmetry. Prominent other examples of materials
with trigonal symmetry, which have attracted increasing
attention recently, are the doped BisSes superconduc-
tors Sr,BisSez, Nb,BisSes, and T1,BiyTez. Our theory
of in-plane anisotropy of upper critical field stands to
contribute to uncovering the pairing symmetry of these
superconductors, which remains to be determined.
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VII. LANDAU THEORY OF TRIGONAL TWO-COMPONENT SUPERCONDUCTORS

A Ginzburg-Landau (GL) theory of two-component superconductivity in a trigonal crystal with D34 point group
symmetry is formulated in terms of the superconducting order parameters, which in turn are obtained from pairing
potential. In the presence of spin-orbit coupling, when spin-rotation symmetry is broken, and the symmetry group is
the symmetry group Dsq of the crystal lattice, the superconducting pairing potential A(l_é) is decomposed into irre-
ducible representations of Ds4. In most cases, one is interested in a single pairing channel, i.e., a single representation
of the symmetry group, which may be one- or multi-dimensional. The pairing matrix A(E) corresponding to pairing
channel T" takes the form [IH3]

A(k) =" nir A m (), (16)

where T" labels the representation (i.e., pairing channel) and m labels the components of the representation. The
expansion coefficients nr ,, are the superconducting order parameters and are complex scalars. In case of two-
component superconductors the order parameter is the two-component complex number 1 = (n1,12)%.

The GL free energy functional describing the two-component superconductor is then obtained as an expansion in
the order parameters 7, 2 to given order,

Frln) = / d°F fo+ / & <A(T> > el + f<2”>2>) : (17)

which consists of terms fully invariant under the symmetries of the crystal. Therefore, the GL free energy depends on
the crystal symmetry group as well as the pairing channel. A trigonal crystal with D34 point group symmetry admits
two two-component representations, E, (even parity) and E, (odd parity), and in both cases the free energy density
up to fourth order is given by

f=F/V=A(mP+ [n2*) + Bi(Im[* + [n2*)? + Ba|ninz — mns |, (18)

in terms of the expansion coefficients A o< (T' — T,) and By 2. When the GL coefficient By is positive (Bz > 0) the
order parameter 7 is real and breaks rotational symmetry. In that case, a continuous degeneracy remains at fourth
order, which is lifted by crystal anisotropy effects at sixth order. The sixth order contribution to the free energy
density reads as

FO = Cilmin-)® + 0 )® + Collm® + [n2)?)® + Cs(Ima|* + [n2)*)Inin2 — mn |, (19)

(where ny = my £ in2) and it is the first term, proportional to C;, which is responsible for lifting the continuous
degeneracy and selecting three degenerate ground states related by threefold rotation.

We extend the GL theory to include terms representing spatial inhomogeneity: the gradient terms. The super-
conductor is a charged superfluid with charge ¢ = —2e, and gradient terms are introduced by defining the covariant
derivative as D; = —i0; — qA;, where A; is the electromagnetic vector potential.

The gradient terms of the free energy expansion are obtained using the same representation theory recipe as before.
The derivative components (D, D,) transform as E,, and D, transforms as Ag, of the Dsq point group. These
representations are used to form products with (11,72), from which bilinears with the general structure

D XiaNa, (20)

are obtained. Here X, is a tensor transforming irreducibly under crystal symmetry (see Table . A gradient term is
then simply given by |D; X;474|?, with an independent phenomenological stiffness constant for each distinct represen-
tation.

We now discuss all gradient terms of an odd-parity two-component superconductor in a trigonal crystal with Dszq
symmetry. We start from the gradient terms which have a continuous U(1) rotational symmetry with respect to the



Symmetry Irreducible tensor X, DiXiaNa ‘ xAig X Aag x Eg4
Aig i = 0ia Dym + Dyna Ay Aszy E,
Azg un —i(Danz2 — Dym1) Azg Aig E,
E, (Tias Tia) (Damz + Dymi, Damy — Dynz2) E, E, Arg + Azg + Ey
E, 0i=(01a, 024) (D21, D2m2) E, Eqg Arg + Azg + Ey

TABLE I: Table listing the gradients terms present in a trigonal crystal with Dsgq point group symmetry. On the left the
irreducible tensors X;, and corresponding bilinears are shown. On the right, a multiplication table of D3, representations is
presented. This table assumes (91,72) have E, symmetry, but the results for E, are obtained by exchanging the symmetry
labels g <> u.

coordinates and order parameters individually, thus giving rise to an emergent U(1)xU(1) symmetry. They are given
by

Ip.uvyxu@) = J1(Dina)* Ding + Ja€ijean(Dina)* Diny + J3(D.10)* D2na, (21)

with gradient coefficients J; (and a sum over repeated 4, j and a, b is understood, and 7,5 = x,y). As a result of the
emergent U(1)xU(1) symmetry, these gradient terms obscure the true discrete crystal rotation symmetry.

Whether or not the true crystal symmetry is reflected in the GL gradient expansion of multicomponent order
parameters depends on the crystal system. For instance, in case of hexagonal symmetry (i.e., point group Dgy) the
gradient terms are obtained by considering all irreducible tensors X;, of the hexagonal group. For the two-component
representations F1, 14 the gradient terms are given by [2]

fp = K1|Dymi + Dyna|? + Ka|Dang — Dym | + Ks(|Damy — Dyna|? + |Dana + Dymi|?) + K4(|Dom|* + | Do ).
(22)

A very similar result is obtained for the Fs, o4 representations. This can be rewritten to obtain (see also, e.g., [4} [5])

Ip,uyxv@)J1, J2, Js] + fpalJa] = J1(Dina)” Dina + Jo€ijean(Ding)* Dyny 4 J3(D21a)* D21
+ Ja(757a + 735 Tan) (Dina) " Djnp, - (23)

where summation over repeated indices is understood. The gradient constants K, and J, are related by

K+ K K+ K
Ji= 2Ky, Jy= 2 Ky Js=Ky, Ji=

K1 — Ky
2 I ——

. (24)

The term proportional to J; has an emergent U(1) rotational symmetry: it is invariant under joint rota-
tions of coordinates and order parameters. (Note that the Jy gradient term for Eg, 2, symmetry is given by
(t578 — Ti57ap) (Dina)* Djny, which also possesses an emergent U(1) symmetry.) Consequently, effects of crystal
symmetry do not appear in the GL theory of hexagonal two-component superconductors.

When crystal symmetry is lowered to trigonal D3y symmetry, an additional gradient term arises which reflects the
true D3q symmetry of the crystal. Table [[] lists all irreducible tensors X;, and their symmetries. With the help of
this table it is straightforward to obtain all gradient terms. One observes that there are two distinct tensors with £,
symmetry. As a result, a cross term of these two is an allowed gradient term. Specifically, the additional gradient
term, defined as fp uig[Js5] and referred to as trigonal anisotropy (gradient) term, takes the form [g]

fD,trig[JS} = Js [(D:L’UZ)*Dznl + (Dxnl)*Dzn2 + (Dynl)*Dznl - (Dy772)*Dz772 + C~C-] )
Js [Tap(Dana)* Damp + Tap(Dyna)* Danp + c.cl. (25)

The new gradient term is a consequence of trigonal anisotropy and is absent in hexagonal crystals, as is clear from
Eq. (23). This is rooted in the fact that in trigonal crystals (i.e., only threefold rotations) angular momenta L = 0 and
L = 3 are equivalent, whereas in hexagonal crystals with sixfold rotations these belong to distinct representations.
In momentum space (D; — ¢;) the trigonal gradient term can be expressed as iq.(q—n71n- — q+n*ny), where
¢+ = gy % iq, and similarly for 7y 5. The relative phases between n; (¢4+) and n— (g—) are determined by mirror
symmetry: 77 (12) is even (odd) under x — —x. Even though the trigonal gradient term has Ds; symmetry, and
breaks the U(1) symmetry of Eq. 7 it possesses an emergent rotational symmetry: it is invariant under in-plane



rotations of the order parameters and coordinates according to q, — g, e?%, n, — nye~*. This, however, is not a
physical symmetry.

For the gradient part of the free energy to be stable, the gradient coefficients J;,.. s have to satisfy the stability
conditions [5H8]:

Ji+Jo > 210y, J3 >0, J3(Jp — Jo) > 2J2. (26)

The GL theory of odd-parity two-component superconductors can be further extended by considering the coupling
to other orders. In general, multi-component orders can be characterized by subsidiary order parameters. In case of
the two-component trigonal superconductors, the subsidiary order parameters have symmetry Ay, and E;, and the
corresponding bilinears of primary fields are given by

Asg = m=n'r"n=—i(nine —mm3) = S * = In-1*), (27)

Ey = (N1,No) = (n'r%n,n'r"n) = (Im > = [n2l?, —nin2 — mn3) (28)

Here k and (N7, N2) define the chiral and nematic subsidiary order parameters, respectively.
The coupling of the superconducting order to other orders is easily understood in terms of the subsidiary orders.
A general magnetic order parameter M is a pseudo-vector and transforms as

Mz — A2ga (M:c, My) — Egv (29)

under trigonal symmetry D3q. From Eq. we find that the only term that can couple to the magnetic order is of
the form |n, |2 — |n_|?, giving rise to a coupling M, (|n4|?> —[n—|?). The magnetic order parameter M, can be thought
of as a Zeeman field in the z direction coupling to the electron (pseudo)spin as ~ M,0,.

A structural deformation of the crystal, which leads to the breaking of rotational symmetry, can be expressed in
terms of the strain tensor u,;. Specifically, the uniaxial and shear strain components (tzy — Uyy, 2y, ) transform as
an F, doublet. As a result, these two strain tensor components can couple to the nematic superconductor associated
with E4 subsidiary order.

In terms of the coupling constants gps and gy we can write the contribution to the GL free energy coming from
the magnetic and nematic coupling as

QMMZ(|77+|2 - |7l—|2) + gn (e — Uyy) N1 + 2z, No] (30)

As is clear from the form of this term, the effect of symmetry breaking induced by the magnetic and nematic fields is
to lift the degeneracy of the two-component pairing.

It is important to note that when we use the term “strain” here we very generally mean any nonmagnetic spin-
rotation invariant order transforming as F.

VIII. SOLVING GINZBURG-LANDAU EQUATIONS FOR UPPER CRITICAL FIELD H.

In this section we present the solutions of the GL equations in the presence of a magnetic field H , from which we
find the expressions for the upper critical field H.o. We first derive the GL equations from collecting the free energy

contributions of Egs. , , and .

A. Ginzburg-Landau equations

We first derive the full set of GL equations governing the odd-parity two-component superconductor. To this end
we write the total free energy as Fiot = [ d3F fior, where fiof is the total free energy density. The free energy density
has the following contributions

fiov = [[A, B1, Ba] + fpuyxvmlJi, J2, 3] + fpalJa] + D rigl 5] (31)

where we make the functional dependence on GL coefficients explicit. The contribution from the electromagnetic field

/Y, given by fry = (5 X /Y)Q /87 is neglected since it does not play a role in our theory. The GL equations follow from
functional variation with respect to the fields and are given by

0= o _ OF | 0Fpuxvw | 0Fpa 4 9D .urig
ong o ong ong on;

(32)



Starting with the homogeneous contribution to the free energy, this simply leads to

§F
on

= Ang + 2Bin'nma — 2B2(nin2 — n3m)eavmy- (33)

*
a
For the gradient term Ff, one finds the contribution to the GL equations as

OF . L
=P = 1 (D2 + Dy + o (D % D)+ J3 Dt (34)

For the gradient term fp 4 with U(1) symmetry one simply finds

0Fp 4

o = J4(Tfj7';b + T{;be)DiDjnb. (35)

To conclude, the trigonal anisotropy term fp trig gives a contribution to the GL equations which reads as

5FD,trig

G = T [T {De D)+ 733 (D Dy (36)

B. The case H = H?

We consider the case of a magnetic field applied in the z-direction (i.e., perpendicular to the basal plane of the
crystal) given by H = Hz. The corresponding vector potential in the symmetric gauge is A = —H7 x z/2 =
—He;;jx;/2, whereas in the Landau gauge A= Hzxy.

The GL equations (collecting the results Ji-Jy) for the order parameter n read

—Ang = J1(D} 4 D)o + J3D?1q + Ja€ap[Da, Dyl + Ju [(D2 — D)72yne + {Day Dy }rims] - (37)

It will be beneficial to perform a basis transformation to positive and negative angular momentum combinations
1N+ = 11 £ in2. The GL equations in this basis take the form

— Any = Ji(DZ + D})ny + JsD2ny — iJa[Dy, Dylny + Ju(D2 — D3)n— +iJs{Dqy, Dy }n—
—An- = J(D?+ Dy + J3D2n- +iJo[Dy, Dyln- + Ja(D2 — D)y —iJa{ Da, Dy}ny (38)

In addition to an order parameter change of basis, we define the covariant derivatives Dy = D, +1¢D,. In terms of
the angular momentum basis for the D; operators, the operators appearing in the GL equations are given by
1 1
D:+D; = 5(D+D_+D_Dy), D2 - D; = 5(D+Dy +D_D-),
[D o D y] =

(DyD_ ~D_Dy), {D.,D,} = —(DyDy —~ D_D_) (39)

i —1
2 2
The problem of solving the GL equations is equivalent to the problem of two-component fermions in a magnetic
field. To see this, we note that [D,, D] = [Dy,D,] = 0 and [D,, D,] = iqe;j0;A; = —2ieH = —i/I?. The latter
commutation relation is the well-known commutation relation for momentum components in a magnetic field. We
have defined a magnetic length I, = 1/v/2eH. Based on the commutation relation we define raising and lowering

operators as I = [, D4 /+/2 and substitute the expression in the GL equations to obtain

- (T) B 115 (Jl{n’m}g BT Jz[H+aH]) <Z+> i <1())2 32) (Z*)- o

The J4 term (and J5 term) has been suppressed for the moment. The raising and lowering operators obey [II_,II;] =1
by definition. Furthermore, we see that inhomogeneity in the z-direction can only increase the (energy) eigenvalues
and therefore corresponds to lower H.o. We take D,n = 0. Then, including the J term, the GL equations read

a2 L (AT = 2J,11% N+ (41)
n )= 0L 12 I I+ 0) ()



It may be simply checked that this system of equations is solved by either of the following solutions

() =) ()= (5m). <42>

where |n) are harmonic oscillator eigenfunctions with the property II.II_|n) = n|n). The corresponding expressions
for the upper critical field are given by

Hia = ~ARelh — B, Ha = =4 |2 (20 +3) = /@2 = P 47+ D+ 2) )| W

and the actual physical upper critical field is given by the largest of the two values, with n = 0 in the latter [5].
As a next step, we consider the trigonal anisotropy term with gradient constant J;. Rewriting it in terms of the
7+ basis and Il operators it takes the form

V2J5 0 i{D,,1I
zb(—i{Dz,H} { ) +}). (44)

Trigonal anisotropy in the GL equations thus couples the raising and lowering operators to D,, and does not affect
any homogeneous solution defined by the condition D,n = 0. It is possible that an inhomogeneous solution has lower
energy and therefore higher H.;. To investigate this we take D,n = ¢q,n. Setting J, = 0 as a first step, this leads to
the system of eigenvalue equations

4 (m) 1 <J1{H_,H+} — a2 + J32 iV/2J5.11_ > (n+>' (45)

n_) = E —iV2J5¢. 10 JH{I T 4 Jo + J3¢2 ) \n-

where we have defined the dimensionless momentum ¢, = lpq.. It is easy to see that wave functions of the form

()= (o). (40

will solve this system. From the equations for «, 5 we find the eigenvalues and consequently H.s is given by

Heo = |A| |:2€ <2J1(n +1) + J3¢° — \/(Jl + J2)2 4+ 2J2¢2(n + 1))] - . (47)

The largest H.o corresponds to the n = 0 solution. Such solution for H.2 should be compared to the solution of the
homogeneous case, i.e., choosing ¢, = 0 to begin with. That solution is simply given by

Hey = |A|[2e(Jy — J2)] 7, (48)

If this is larger, then a homogeneous solution gives the correct H.o. For realistic values of the gradient coefficients,
the homogeneous solution always leads to a larger H.s.

C. The case A = Hz(sin 02 — cos 69)

Next, we come to the case of magnetic field in the basal plane: H=H (cosf,sinf,0)”. The corresponding vector

potential configuration is given by A= Hz(sinf, — cos6,0)7, and in this gauge we have
D, = —i0, +2eHzsiné, D, = —id, —2eHzcos 0, (49)

in addition to D, = —id.. Since the field is directed along a unit vector (cosf,sinf,0)” in the zy plane, it is convenient
to rotate the covariant derivative operators so that they are aligned with and orthogonal to the field direction. We

define
Dy\ _ (cos@ sind D,
<DL> N (sin0 —cos@) (Dy ’ (50)
where D) is along the field and D, is orthogonal to the magnetic field. As a result, D) plays the same role as D,
when the field is applied along the z-axis (see Sec. |VIIIB)), and we have that [Dj, D] = [D),D.] = 0. The two



components D) and D, do not commute and define the magnetic algebra, i.e., [D,, D] = —2ieH. In order to solve
the GL Eq. we reexpress them in terms of Dy ;. The quadrature simply transforms as D3 + D2 = Dﬁ +D?, and

we find for the two “d-wave” components
D2 — D = cos 20(Djf — D?) +sin20{ Dy, D_},
{D., Dy} = sin20(D}f — D} ) — cos 20{ Dy, D1 }. (51)

Note that [D,, D,] = 0. Following the standard approach, we assume homogeneity in the direction along the field,
i.e., Dyn =0, implying that we can ignore all terms containing D).
The trigonal contribution to the GL equations takes the form

Js { Dz, Da}raym + {Dz, Dy}raym) (52)
which, after rewriting in terms of D) ; and neglecting D) becomes
Js [— cos Ot2m + sin O15ym) {D., D1 }. (53)
We can now write the system of GL equations as a matrix equation for n = (11,72)7 and find
—An = [(i D1 + J3D2)I — J4D7 (cos207% + sin 207%) + J5{D., D1 }(— cos 7% + sin 67")] n, (54)

where I is the identity matrix. It is convenient to diagonalize the J4 term by performing the following rotation

my) _ (cosf —sind\ [ f
(né) o (sin@ cos 6 ) (f;) ) (55)

In terms of the rotated order parameters (f1, fo)” the GL equations read

1\ _ [(J3D?+ (Jy — Jy)D? 0 ! —cos30 sin30\ [ f
4 <f;> = ( ’ o " BD2a +J4)D3> (fi) +J5{DZ’DL}< sin 30 cos30> <f;> (56)

To solve this set of equations we employ the commutation relations of the operators D, and D, which give rise
to a magnetic algebra equivalent to the case of D, , when the field is applied in the z-direction (see Sec. .
Specifically, we have [D,,D,] = —i/l§7 which implies that D, and D, satisfy a canonical commutation relation.
It will be convenient to define effective “momentum” and “position” operators P = Iy D, and X = lpD, , so that
[X, P] =i.

The appearance of the anti-commutator {D,, D)} ~ {X, P} in Eq. complicates this set of equations signifi-
cantly, as it is not diagonal in the basis of harmonic oscillator states defined by the raising and lowering operators
obtained from X, P. Therefore, the presence of two gradient terms originating from (trigonal) crystal anisotropy, the
Jy and J5 terms, does not allow for a straightforward exact solution for arbitrary gradient coefficients.

To proceed, we map out the consequences of trigonal anisotropy terms on H.o, starting from a number of limiting
cases. In doing so, we obtain the full functional dependence of the upper critical field on the gradient coefficients.
We will start by considering the cases J5 = 0 (as applicable to hexagonal crystals), and J, = 0, i.e., when only the
trigonal gradient coefficient J5 is present. Then, we introduce the neglected terms perturbatively.

1. The hexagonal symmetry case (Js =0)

This is the simplest case, as it reduces to the case of hexagonal symmetry (rather than trigonal symmetry, we are
effectively assuming additional artificial symmetry) and the result is well-known [I0]. It is nevertheless helpful to
express the result in the present language. The system to solve takes the form

A\ Iz (P24 wiX? 0 1
A(R) =7 (T ) (B) (57)

in terms of the position and momentum operators. The system is diagonal, with two different cyclotron frequencies
given by

2:J1—J4 2 Ji+ Jy

Wi Js Wy = Js (58)




Symbol Definition Physical meaning
Iy 1/17 = 2eH Magnetic length
w \/m Cyclotron frequency of the system
without crystal anisotropy effects
w1, W w\/l — | Ja|/ J1, w\/l + |Ja|/ 1 Cyclotron frequencies in presence of J4
w4 (w2 £w1)/2 Sum and difference of frequencies

in presence of gradient term Ju

X, P D1, D, Effective position and momentum operators
with canonical commutation relation
Iy (P +iwX)/V2w Raising and lowering operators for Landau levels
with cyclotron frequency w
I et /ATLL Rotated raising and lowering operators
=4 (P + iw1 X)/v/2an Raising and lowering operators for Landau levels

with cyclotron frequency wi

TABLE II: This Table lists the definitions used in this section where we calculate the upper critical field in the basal plane.
We note that in the Supplemental Material we define all cyclotron frequencies to be dimensionless by pulling out a factor Js.
We use a different convention in the Main Text.

Hence, this system gives rise to two series of Landau levels. The upper critical field is simply determined by the lowest
Landau level solution of the series with the smallest cyclotron frequency. Specifically, the upper critical field is given
by

~ —A
H.s = max
<=2 2edsw;

1. (59)

We note that here, in the Supplemental Material we define the cyclotron frequencies wy, we (and similarly for w,
w4 below) in a dimensionless fashion. A different convention is used in the Main Text, where an overall factor Js is
absorbed in the cyclotron frequencies.

2. The case when Js =0 (only Js)

As a next case, we make the assumption that J; = 0, yet J5 is nonzero, which may be called pure trigonal case.
For this case, it is helpful to go back to equation , which is expressed in terms of the i variables. The system to
solve is then given by

—An = [(JlDi + J3D§)I + J5{D., D, }(—cos 7% + sin QTZ)] 7, (60)

and it is convenient to perform an order parameter rotation defined by

() = (St o) (£): -

Performing this rotation we are left with a diagonal system which takes the form

() = J1D? + J3D2 — J5{D., D, } 0 1 (62)
f2) = 0 JD? + 3D+ Js{D., D} ) \ o)

The diagonal system left to solve is rather different from the previous case (i.e., Jy # 0,J5 = 0). This becomes
apparent when we rewrite it in terms of X and P,

_A<f1):J3<w2X2+152_J5{X7P}/J3 R . 0 o )(fl) (63)
f2 12 0 WX2+ P2+ J5{X, P}/ J3) \J2)’



with w? = J;/J3. Since this system is diagonal, we can focus on the diagonal entries individually. To find the
eigenvalues of such system, we introduce the raising and lowering operators Il = (P + iwX)/v/2w, with I, = .
We then have for the right-hand side of Eq.

w (I T + 10, ) + z% (% —112). (64)
3

To proceed, we redefine the raising and lowering operators by performing the following “rotation”: ﬁi = e/,
It can be checked that this corresponds to a rotation in the space of operator variables X and P. Note that such
rotation preserves the operator algebra. We then find that takes the form

w (LT 4 0L ) = § (i 1), (65)

We now use squeezing operators (see Sec. [VIILE)) to bring the operator equation into a form that is diagonal in
the occupation number basis corresponding to the raising and lowering operators. Specifically, we use the unitary

transformation
A\ (Sy 0 g1
()= (0 &) (@) @)

where S, are squeezing operators with 6§ = 0 for S+ and 6 = 7 for S_. The squeezing parameter 7 is defined by the
relation

G
VI s

tanh 2r = (67)

The new cyclotron frequency is given by

W = \JuR — J2)IE = w1 - T2 TR = w1~ J2 /01y (68)

This gives for the upper critical field

H' -4 _ 4 (69)

Hc = - )
2 2edsw 26/ Ty s — J2

Note that this implies a stability condition on the value of J5 in relation to J; 3, since the system does not make sense
if J5 exceeds both Ji 3.

3. Js as a perturbation

Let us now reconsider Egs. and . We want to consider the J5 term as a perturbation to Eq. . It
is convenient to use squeezing operators to make the cyclotron frequencies match in Eq. (57)). Let us assume that
wy > wy (the calculation for the opposite case is equivalent), and take wy/e?” = w;. We then have

St(r) (152 + w§X2> S(r) = e (152 + w%)p) ) (70)

where we have used a squeezing operator with 8 = 7 (see Sec. [VIII E|). With this transformation, we bring the matrix
operator equation into the form

i _Jy (P24 w2X? 0 fi
Aathn) =7 (O o) (900m) i

which does not yet include the J5. The matrix operator in Eq. proportional to Js, which we call H" and consider
as a perturbation, takes the following form after applying the squeezing transformation

J5/Js < —COSBH{X,P} Sin39{X,]5}$(r)) (72)

H = N o N
2 \sin30ST(r){X,P} cos30{X,P}



Let us first consider the diagonal matrix elements. We recognize that they have the same structure as in the
case considered above (Jy = 0, J5 75 0). They can therefore be diagonalized in the same manner. We make the
substitutions P2 4+ w?X?2 — wy (I II_ + II_IL,), {X, P} — — (H2 +112) and S(r,0 = 7) — S(r,0 = 7/2), where in
the latter case the squeezing operator is defined in terms of Hi

We can immediately deduce an expression for H. in case r > 1, i.e., w; < wo. In that case we can ignore
the coupling between the two series of Landau levels. All we are then left with is diagonalizing the matrix entry
corresponding to w;. This was achieved in the previous section and we simply substitute J5 — Jscos36. The
cyclotron frequency w; transforms in the same way as w (see above) and we obtain

Wi = \Juwd — T2 eos? 30/J2 = \[(J1 — | Jal) /s — T2 cos? 30/ 2. (73)
As a result, in the limit wy < w9 the upper critical field is given by
[ — 4 (74)

2eJzw] 26\/ J1 — |Ju])J3 — J2 cos? 30

It is important to note that this limit corresponds to (J1 — |J4])/(J1 + |J4|) < 1 with the hard constraint |J5| <
v/ (J1 — |J4|)J3, which also should be considered a rather unphysical limiting case.

Let us now explore the case wy ~ eQTwl( wa). In this case we cannot ignore the coupling between the two series of

Landau levels. It is convenient to work with raising and lowering operators 24 = (P 4 iw; X)/v/2w; (instead of the
operators II1, which are defined in terms of w). The eigenstates of the unperturbed system are given by [note that
this is after squeezing of the second component, i.e., in the basis (g1,92)7 = (f1, 97 f2)7 ]

(%) () %)

The ground state wave function of the unperturbed system is (|0),0)7. The operator part of the perturbation is given
by {X, P} = —i(22 - 22).

In general, when applying perturbation theory one must make two assumptions. First, one must obviously require
that Js/J3 < w; for the whole exercise to make sense. Second, one could naively think that whether to apply
degenerate or non-degenerate perturbation theory depends on the smallness of J5/J3 as compared to the difference
of the frequencies, i. e., whether the condition J5/J3 < ws — w; is satisfied or not. It turns out, however, that
non-degenerate perturbation theory is sufficient even if the latter inequality is not satisfied. The reason for this is that
the correction perturbative in J; remains small in the limit w; — ws. We confirm this conclusion explicitly applying
degenerate perturbation theory.

In light of the latter discussion, we first consider non-degenerate perturbation theory. Given the operator part of
the perturbation, we directly conclude that there is no first order correction to the cyclotron frequency. The second
order correction to the cyclotron frequency is given by the sum of contributions from the two series of Landau level
states, and it takes the form

2 :2 0 2 ':2 S‘O 2
(;w:Jg)COS 39z:|n|( )10 +J55m 39§:|n| =)510)]
2 = —2nwq 2 —(2n 4+ 1)wo
_ _J§C028239 JZ sin” 30 Z I{ n| —22)3)0 )|2 (76)
2J2w, J2 2n + Dws

The presence of the squeezing operator complicates the summation in the last term. With the help of the properties
of the squeezing operator, in particular the matrix elements with oscillator eigenstates (see Sec. |VIIIE)), we find the
matrix element of the numerator as

n

sinh? r

|mmﬁnaﬂmﬁ(

2 ~ 2 | tanhn+2r
1) tanh2r|(n|S|0V2 = [ —-— —1 " 77
) anh”® r|(n|S]0)| (Smh% E072 coshr (77)

Note that n has to be even for a non-vanishing matrix element. The hyperbolic functions can be easily expressed in
terms of the cyclotron frequencies wy and wy. To simplify notation, and to express the results in terms of physically
meaningful quantities, let us define wy = (w9 4+ wy)/2. The hyperbolic functions then read

_ 1
sinhr = —— [ coshr = ———. (78)

\1—w?fw? V1 —w?/w?
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Using these expressions we rewrite the sum in Eq. as

(=2 —=)SIOP W () W2\ g em) (@ e (Wl
DD -5 (-5) X (2 ).

= 2n + 1)ws w? 2 = m!)24™ dmws + 2w_ 11— w? w3

l wi

where we have changed variables from n to m since n must be even. We notice that this sum is a function of the ratio
of cyclotron frequencies wy only. Given this observation, we set © = w_ /w, and we define a function Fy (z, j), which
depends on = and integer j, as

(1 — 332)5/2 (Qm)l 72m 22 2
x? Z> (m!)24™ 2m + z(2m + 1) <2m N 1_332) : (80)

mzj

Fj:(l',j) -

The correction to the cyclotron frequency dw of Eq. , calculated using non-degenerate perturbation theory, can
then be expressed as

ow =

JE {cosz 30 sin®360 o O)} (81)

— F

w1 Wy w?
We point out that the function Fly (x,0) is exactly the function F'(z) defined in the Main Text. It can be rewritten as

1-— 1 1
° TR <,a;1+a;x2>—1l7 (82)

Fi(z,0) =

T 1—=z 2

where a = z/2(1 + z), and 2F)(a, 8;6;7) is a hypergeometric function. In our special case, it admits convenient
integral representation:

1 9 > dte
QF]_ §,G;1+a;$ =a o W (83)

Including the correction , the cyclotron frequency becomes w; + dw. The upper critical field H.o is always
obtained from dividing —A/2e by the cyclotron frequency, and therefore the upper critical field becomes, to lowest
order in J5/J3,

H(0) = Heo {1 +

JZ2  [cos? 30 n sin” 30
2J§w1

Fuo-feor0)]}. (34)

w1 W4

where we have defined ﬁCQ as the upper critical field in the absence of trigonal correction J5, see Eq. .

Naively one would think that non-degenerate perturbation theory is no longer justified when J5/J5 is larger than
ws —w1, in which case we must resort to (quasi)-degenerate perturbation theory. We will now present calculation using
(quasi)-degenerate perturbation theory, and show that the result exactly equals the result of Eq. . We comment
on this below.

In order to do (quasi)-degenerate perturbation theory we define the (quasi)-degenerate subspace by the states

-(8) o= (3)

According to standard (quasi)-degenerate perturbation theory, the first and second order corrections to a Hamiltonian
H fjo ) are given by the general perturbative expression

© W g® _ps gL ' 1 1
Hij + Hij + Hij = ;i + Hij + By ZHikaj |:E N + B, - B , (86)
k' (3
where E; are the eigenvalues (i.e., cyclotron frequencies in the present problem) of the unperturbed problem, and H’
is the perturbation. In our current problem, the indices i, j run over the basis states , and the perturbation H' is
given by Eq . Its matrix elements in the (quasi)-degenerate lowest Landau level subspace are given by

1) _
H;;" =

Js sin 30 0 i(0|=2 §)0)
(i ) a

Js 0|St=2 |0) 0
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To obtain the full correction to the cyclotron frequency to second order in J5/J3 we require the correction to the

Hamiltonian up to order J2/J2, and therefore also need Hi(jz). Using the general expression of Eq. we find the

diagonal matrix elements of H, i(jQ) as

Hy = N R 349;1 [nl(E 2n:)|0>|2 + j;zsiHQ 39;} |<7ﬂfgf“(;n5j)l‘§£>l2,
= _Qég cos 39+ J2 sin 392| ( (;n:i)li,'i)'Q
_ _% {co{i?ﬁ N SH;feFJr(ZL 1)} ’
= Lerwy e~ 0 | 05 (el =001
= ZJ? cos? 30 + i’ sin 302 | Tji = (Qn:j_ )1~?£>|2
_ 2{}52?? {(302239 N 51I;+39F_(:Ji’ 1)] , (88)

In principle we also need the off-diagonal matrix elements, however, these will only contribute to cyclotron frequency
correction at order ~ J#/J§ and we therefore ignore them. The Hamiltonian matrix to order J2/.J2 can be cast into
the general form als + b7% + cr® 4+ d7¥ where 7! are Pauli matrices and a, b, ¢, d are real expansion coefficients. Then,
the new cyclotron frequency w’ entering the expression for Hs is given by w’ = a — v/b? + ¢2 + d?. We find that the
coefficients a and b are given by

J? cos? 30 . 9. FL+Fo
= — 07
@7 2J2w, [1 — (w—Jwy)? i3 2 ’
J? w_/w F, —F_
b = —w_ — 5 23 -/t n230—+—__~—
w 5wy |:COS 3 1= (@ Jw)? + sin” 3 5 , (89)
where F are abbreviations for Fly(w_ /w4, 1). The coefficients ¢ and d are defined through the equation
J5 sin 30 0 i(0|=2 §0)
T4 drY = . . 90
T tar 75 (—z'<0|STE2+|o> 0 (90)
These matrix elements are further simplified using (0|22 8|0 = —tanhr(0|5|0). Putting everything together, we

evaluate the square root v/b% 4+ ¢2 4+ d? to second order in J5/J3 and find

J? 1 FL—F_ 2
R++d=w_+w 5 cos2397+sm 39 o ke l—w—gsin239
2J5w% 1 — (w-/wy)? _ 2 wi

+0(J5/J3)

(91)

We then find the cyclotron frequency w’ to second order in J5/J3 as

J? cos? 360 sin? 30 w?
e (wy —w ) 41— =2 E =\ @) ]
w=(ws —w ){ 2J3w3 l(l—w_/w+)2 * 1—w_/wy ( o= )+w+ wi)}} -

For convenience we have separated wy — w_ = wi, which is the cyclotron frequency of the unperturbed case with
Js = 0. Next, we notice that the term w_(1 — w? /w?)1/2/w, is precisely equal to the m = 0 term in the definition
of Fy (w_/wy,0), and we can therefore add it to Fy (w_ /w4, 1) to obtain Fy (w_/w4,0). As a result, we arrive at the
final expression for H.o containing corrections to order JZ/J2

Jg 2 cos? 36 sin® 36
F w_
R [(1—w_/w+>2 P P 0 |

Hy = H, {1+2 (93)

Remarkably, this expression is precisely equal to the upper critical field of Eq. , which was obtained through
non-degenerate perturbation theory.
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4. Ja as a perturbation

In this limiting case, we start by reconsidering Eq. . In order to treat the gradient term with coefficient J4, we
first perform the same rotation of order parameter variables. This yields

J4 59 (cos30 sin30 f1
ng (sin39 — cos 39) (fg (94)
In order to express this in the same operators that were used to solve Eq. ., we first have to rotate the raising

and lowerlng operators [i.e., I — Hi, see Eq. ] and then apply the squeezing transformation. After rotation we
have X — (X + P/w)/V2 and therefore X2 — (X2 + P2?/w? 4+ {X, P}/w)/2. Applying the squeezing transformation

leads to
S. 0\ Ji o0 1oy 1 o - cos36 sin 36 S, 0
( 0 §+) TJB(X + EP + E{X’P}) sin30 —cos30)\ 0 S_)° (95)
We may then use the following properties (bearing in mind that S_ = 5‘1) S_PS, =e P, 5_.XS, =¢"X. We
then obtain

Jacos30 ((e2 X2 4 £ P24 L(X P}) 0 +
57 0 —(e X2 £, P24 LI PY)
Jusin30 K (e X2+ < P2 4+ L{X P})S2
2J5  \S2(er X%+ < P2+ L{X P)) 0 '

In order to do degenerate perturbation theory we introduce the harmonic oscillator basis states

)

and calculate the first order correction to the Hamiltonian given by Eq. . We use the following standard results:
(01X2]0) = 1/2w = (0|P?|0) /w?, and (0|{X, P}|0) = 0. We find for the diagonal part of H)
Jacos30cosh2r /1 0
2w.J5 0-1)"

The next step is to evaluate the expectation value of the off-diagonal elements. This is more involved as a result of
the appearance of the squeezing operators We find that the off-diagonal elements take the form

(97)

1+ ¢sinh 2r -
0[(e* X2 + P2 X,P})S2)0 ————— ] (0[S%]0). 98
(0l(e F X PRS2I0) = - (IR (gjs2)0) (98)
Using this, we find the correction to the cyclotron frequency w’, which was defined in Eq. (68)), as
h 2 052 10)/2
_ ¢ o’ e 0520 )
w

This expression can be simplified by noting that 52 = [S(r,0 = 7)]2 = §(2r,0 = =), and using the definition of
r. One finds cosh2r = w/w’. In addition, the expectation value of the squeezing operator in the oscillator ground
vacuum state is given by [(0[52]0)|? = 1/ cosh 2r. Putting this all together we find the correction dw’ as

J4 w3 w'3
r_
Sw —2J3w,\/w3+005239 <1_w3 . (100)
Consequently, the upper critical field to the first order in Jy is given by
J4 w3 ) w’3
1+2J3w/2\/w3+COS 30 17?

A JalJ J2 \*?
S 1+4|3)\/005239+Sin239(1— 5) . (101)

26\/J1J3—J§ 2(<]1<]37<]52 J1J3

where H, !5 is defined as the upper critical field in the absence of Jy term, see Eq. 1@)

Hc2(9) = f—j&
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5. Summary of the result for Heo in the presence of trigonal anisotropy

For convenience and clarity of presentation, here we collect the main results of basal plane H., calculations. In
particular, we list the expressions for H.o in all limiting cases we considered, and state their ranges of applicability.
Taking J; = 0, the case which is applicable to a hexagonal crystal, the exact solution is

—A

" 2e/Ts(h — )

IH .5 does not exhibit any angular dependence due to the emergent U(1) symmetry of the GL equations.
Taking J4 = 0, where J5 is the only gradient coefficients in addition to J; 2 3 the exact solution of the GL equations
is

Js=0,  Hg (102)

—A
2er/JiJs — JZ

Due to an emergent (but unphysical) rotational symmetry of the GL equations, Hs is isotropic (see Main Text).
We obtain the following approximate solution in the case where |Jy| = J; and J5 satisfies the stability constraint

J5 < \/J3(J1 — ‘J4|)

Ji=0, Hgp= (103)

—-A

Ji— | Ju| < Ji + |, Hep = ’
1= |4 1+ [Ja 2 26\/J3<J1_|J4|)—J52c05239

(104)

The most physical case arises when Jy takes arbitrary values (but |Jy| < J; due to stability constraints) and J5 is
small. The expression for H.o reads as

—A J2 cos?360  sin® 36
Js| < v/ J3(J1 — |J4]), H.(0) = 1+ —2 { + Fw_az]}, 105
5] < VI D, Heal) = 5t {14 g | R )|} (109

where F(z) is the function defined in Eq. , and definitions of w, wy, wy o are listed in Table
We also considered the opposite case, where J5 is arbitrary and satisfies J5 < +/J1J3, and Jy is small. The result is

|JalJ3 < JiJs — J2 Hwhh-‘41+Luk¢m%Mﬂﬁw@—J§fﬂ (106)
> ‘ 2e\/J1J5 — J2 2(J1Js — J2) J1Js '

This reproduces the result of Ref.[8. The advantage of this solution is that it can be obtained by first-order perturbation
theory in Jy.
We can expand Eq. (105]) in small J4 and Eq. (106) in small J5. In both cases the result is

|Ja| < J1, JE < JiJs,  Hep =

. { [l | J2 3|2
26\/ J1J3

2J1  251Js  8J3Js
Finally, we mention that in the case of large |J4|, J1 — |Js| < J1 + |J4| (corresponding to w; < wz), Eq. (105]),
which is correct for arbitrary |Jy| < Ji, reproduces to the first-order (in J2) correction of Eq. (104):

(14-cos239)]. (107)

Jy — | J4 9 —A ( J2 cos? 30 )
— <1, JE J3(J1 = |J4), H. = 1+ . 108
Ji+ [ ] 5 < (N =1 a) 2 2e/T5(J — | Ja)) 2J3(J1 — |Ja) (108)

D. Upper critical field in the presence of symmetry breaking field

We now come to the problem of calculating H.s in the presence of a symmetry breaking field which pins the order
parameter along a preferred axis. As in the main text, we take the symmetry breaking field to have €, —€,, symmetry,
which implies a contribution to the free energy given by 47717 n;. We then solve the GL equations in the presence of
an in-plane magnetic field (see Sec. for two cases: (i) when only J4 is present (Js = 0), and (ii) when both J4
and Js are present.
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1. Symmetry breaking field § and Ju

We first consider case of Jy only, where trigonal anisotropy is set to zero [I3][14]. Starting from Eq. and adding
the symmetry breaking field, the GL equations take the form

—An = [(J1 D3 + J3D2)I — J4D7 (cos 207% + sin 207%) + 677 n. (109)

We follow the same approach as in prior parts of this section and rewrite the matrix equation in terms of position
and momentum operators X and P to obtain

A 1 Jy 0
— = |5 (PP + WX - —XQ(cos 2077 +sin 2077) + —77| 1. (110)
J3 I J5l2 J3
This system of equations is similar to what has been considered in the context of UPts [13| [I4]. In order to find the
upper critical field, we simply project it into the lowest Landau level solutions (|0),0)7 and (0,]0))7. This is justified

as long as Jy < Jp. Noting that <0|X2|0> = 1/2w, we find the following implicit equation for the upper critical field

A1 J? b Ja ?
—_—— = - 20 _— 20 ) . 111
Tw 2 \/4w4J§z4 sinc* 20 + <J3w 22 Ji2 °% (111
To extract physical information from this equation we define the following quantities
Ja Ja g 4

pu— == — = —-— . 112
v w2z  Jy Y Jsw V13 (112)

Here z is a measure of the strength of the hexagonal anisotropy Jy as compared to the (unperturbed) cyclotron
frequency, and y is a measure the symmetry breaking field as compared to the cyclotron frequency. In terms of these
parameters the equation reads

2
_ﬁ 12 \/4l4 sin 20—|—< 212 cos2t9) . (113)

It is important to note that the magnetic length, and therefore the magnetic field, enters this expression in a non-trivial
way. The physical implication is that the upper critical field will exhibit different behavior close to T, as compared
to far below T,.. This may be understood from the fact that the symmetry breaking field splits the transitions of two
order parameter components at zero field, as T, depends linearly on ¢ within the framework of GL theory.

We further rewrite the implicit equation for H.o to obtain

A 1 x? Ty
L Y S ) 114
Jsw 2 \/413 YT s (114)

or, in terms of the original variables,

A 222 6 2eH
2eH — \/e Ji, 0 HJid o520. (115)

_ — T _ :
Vi1 s It J1J3 ENA

1
In the limit of small fields, expressed as < yl? (corresponding to eHJy\/J3 < §+/J1 ), we can ignore the first term
in the square root and expand it in x/ ylg. In this case, we obtain the equation

A 1
T 2 — |y ( 5 12 cos 29) (116)

from which we obtained the upper critical field in the limit of small fields as

Hy = 2= (1 _ Jasen(9) 00829) . (117)

26J3w 2J1

Since Eq. (114) is a quadratic equation for 1/I? ~ H, we can solve it for H.o. To this end, we first define
—A/|6| =t =t(T), which is a function of temperature. We then find for Ho
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Symbol Definition Physical meaning
Iy 1/17 = 2eH Magnetic length
9(Uzs — Uyy) Strength symmetry breaking pinning field
w I/ Js Cyclotron frequency of the system
without crystal anisotropy effects
x Ja/J1 Dimensionless measure of Jy
Y 0/ J1Js Effective measure of symmetry breaking field
z Js /N 1 J3 Dimensionless measure of Jx
AT, |8]/A’ Shift of T, due to symmetry breaking field
T T. + AT, The new critical temperature in the presence of symmetry breaking field
t -1—- (T -T7)/AT. Measure of temperature in units of AT,

TABLE III: This Table lists and summarizes the definitions used in this section for calculating the upper critical field in the
presence of a symmetry breaking field.

20 — 2t|ly| — 20 — 2t|y|)? — y2 (2% — 4)(1 — 2
syt — T€0s20 = 2tly| — \/(wycos 8 = 2y = @ = (1 = P) ws)
@2-2)

 —(2AJ1 + 6J4c0820) 4+ \/(2J1 A+ 54 cos20) + (4JF — JZ)(A2 — §2) (119)

(4T} = JR)\/ Js/4T1

At this point, it is worth commenting on the variable ¢ [the parameters x and y were defined in Eq. ] To make
its significance explicit, we write explicitly A = A'(T — T.),. In weak-coupling A’ is equal to (up to the constant of
the order one) the density of states. Then, the transition temperature in the presence of the pinning field § is shifted
to T =T, + |8|/A", or AT, = T —T. = |6|/A’. In this notation, t = —1 — (T' — T¥)/AT,, and t takes the role of
an effective temperature through T'= T — (¢ + 1)AT,. Note that in the Main Text we have left the proportionality
constant A’ implicit in the definition of ¢. Also note that in the superconducting state ¢ takes values ¢ > —1. We
thus observe that the upper critical field, in particular its angular dependence, is a function of temperature through
t=1t(T).
Let us see how this is reflected in the H.y anisotropy coefficient Heo(%)/Hc2(0). We find that it takes the form

He (%) _ = sgn(y) — 2t — |2 4+ x sgn(y)t| (120)
Hep(0)  wsgn(y) — 2t — |2 —wsgn(y)t]
Close to T, at t < 2/x (corresponds to T' > T, — 2.J1|d|/J4A’), it can be shown to reduce to
Hey (%) _ 1+ zsgn(y)/2 _ 1+ Jysgn(d)/2J; (121)
He(0)  1—asgn(y)/2 1 — Jgsgn(d6)/2J;°

which is independent of temperature and in agreement with Eq. (116]). In contrast, when ¢t > 2/, i.e., at temperatures
far below T, we find that [in case sgn(y) > 0]

= =14+ - _ =1 . 122
Hao(0)  1—t T i=1 T —7)/AT, =2 (122)

He (%) 1+t 2 2
0

Since this expression does not depend on x, we conclude that far below T (measured in units of AT,), the upper
critical field anisotropy ratio has a temperature dependence which is independent of Jy (See Main Text).

Strictly speaking, Eq. is valid when J; is small. We can also address a different limiting, in which no
assumptions are made with regard to Jy, but instead we assume relatively large magnetic field (temperature is far
below T.), expressed as eH/Js(J1 — |J4]) > |4|. In this case, the equation from which H o can be determined reads
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as

A J4 \/ T4 J2 20 | T4 | T4
- =1 - I+ |22 1 - T cos20 -1+ =
€H\/J1J3 \/ J1 Jl J12 6H\/J1J3 o8 J1 J1

. 1/2
6 2 2 2y/1- %
+————— | cos” 20 + sin” 20 L 123
€2H2J1J3 \/1,%+\/1+% ( )

This result is applicable as long as |J4| < Jiy. If, in addition, we demand that |§| < eH\/Jg(\/Jl + | 4| — \/Jl — |Ju)),
the result takes the simple form

_ —A —dsgn(Jy)cos20

HC2 -
26\/J3(J1 - |J4|)

(124)

2. Symmetry breaking field § and Ju s

As a next step we introduce the trigonal anisotropy term proportional to Js. Including this term, the GL equations
take the following form

—An = [(J1 D7 + J3D)I + J4 D7 (cos 2077 + sin 207%) + J5{D., D1 }(— cos 7% + sin 67°) + 677] . (125)

In terms of the position and momentum operators the equations read

A 1. 5 Ji Js o 5
——n= |5 P+ X - —42X2(cos 2077 4 sin 2607%) + —SQ{X,P}(—COS 077 +sin07°) + —77|n.  (126)
J3 lb ngb J3lb J3

Under the assumption that both J; and J5 are small, we can construct a degenerate perturbation theory up to second
order. Such perturbation theory up to first order is what produced Eq. , and the effect of J; only enters at
second order. Using the same basis states as in Eq. and writing n as 7 = a|1) + 5]2), we find the followong matrix
equation for the coefficients «, 3

A fw J2 J2 Ji 5
N () S T 4 7 207% +sin 207%) + —1. | . 127
T Lg 2220 T sz T gy, o820 Fsin20rT) + JJ}” (127)

In the same way as above, the upper critical is found by considering the lowest eigenvalue of the matrix equation and
setting it equal to —A/Jsw. This straightforwardly gives the following generalization of Eq. (111J

A 1 J2 J3 J? 5 Ja 2
(L S I sin?20 4 (—— — —2t cos20
Jaw 2 ( 2722 8J§w4> \/4W4J§lg T\ Do T 222 %

3
22 g2 22 22 22 x 2
= (12 ) o i (2 - Dy L cos20 12
l§< 2 8) \/zllgL S +<2l§ gz YT e ) (128)

where we have used the same definitions of z,y as in Eq. , in addition to the definition z = J5/Jsw = J5/v/J1Js3.
It is easy to see from this equation, that to second order in both Jy and J; the corrections to Eq. do not
introduce qualitatively different behavior.

One can carry out perturbation theory up to third order in both J; and Js, which will introduce the sixfold
anisotropy into the equation, entering as a term proportional to ~ |Jy|.J2.

To conclude, we consider a final limiting case, in which we take J; = 0 and assume that we are in a regime of large
fields, i.e., far below T, measured in units of . In this case we must again resort to quasi-degenerate perturbation
theory and derive the Hamiltonian in the low-energy subspace to second order in Js/J3. The calculation proceeds
along the same line as the calculation based following Eq. . We find the Hamiltonian up to second order as

—_

© | @ _ W J3 2 2 1 ~ . JZsin®  §/2 o i
H;” +H;;" = E {1— 22T (cos 0 + sin Gm + 077 — 22 1 (3/2)2 (sin@7° 4 cos67) |, (129)
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where we have defined 6 = 126 /w. Since I} ~ 1/H we see that this expression indeed only makes sense at high fields.
Note that if we take symmetry breaking field to zero, § — 0, we simply obtain

J2
HO 4 H® =2 |1 5 1
§ iy =5 - (130)

which is the correct result up to second order in J5/J3 according to Eq. . Diagonalizing the matrix of Eq. (129))
and setting it equal to —A/J3 yields the following implicit equation for the upper critical field

A 2 1 4 32 5/2)2 . 712402 5/2
- = = % 1-— 7€5 5 (0082 6 + sin” 0 — ) S Sln 49 (642) +o - 6J5 821112 o 6/, .
BB 2R - (/27 T (15 )2 PTE 1 (3/2)

From this equation we can already infer that for large fields, i.e., 6 — 0 the twofold anisotropy of the angular
dependence vanishes.

(131)

E. The operator algebra of squeezed states

In this section we provide additional information on the squeezing operators used to solve linearized GL equations
in a magnetic field. The starting point is the simple harmonic oscillator Hamiltonian P? 4 w?X?2. The eigenvalues of
this operator are found using the raising and lowering operators I = (P +iwX )/ V2w, with T, = HL which satisfy
[M_,I4] =1.

The squeezing operator is defined as

S(z) = exp {;(Z*HQ_ - zHi)} , z=re' (132)

where z is a complex number characterizing the squeezing. The name squeezing operator originates from the fact
that momentum and position quadratures are “squeezed” under application of these unitary operators. Note that the
squeezing operators are unitary and therefore preserve commutation relations.

Their action on the raising and lowering operators is given by

ST()_S(z) = coshrll_ — e sinhrll,
ST()1,.8(2) = coshrlly — e sinhrII_ (133)

Since the position and momentum operators are related to II; £1I_, we have the for these quantities after application
of the squeezing operators

ST(2)PS(z) = (coshr — cos@sinhr)P + wsin f sinh r X

~ A A N 1 .
ST(2)XS(z) = (coshr + cosfsinhr)X + = sin@sinhrP (134)
w
Note that in case z is purely real, § = 0, the momentum and position operators transform as
SH(2)PS(z) = e P
ST(2)XS(z) = e'X (135)

and it is precisely this rescaling which is a manifestation of squeezing. It is this property that will be used to express
the solutions of two harmonic oscillator problems with different frequencies in terms of the same raising and lowering
operators.

For the present purposes we need the matrix elements of the squeezing operators. In order to find them we first
the structure of the squeezed vacuum. In particular, we relate the raising and lowering operation on the squeezed
vacuum. We find

STI_|0) = 0 = STI_S$]0) = (coshrII_ 4 sinh 711, )S|0), —  coshrII_S|0) = —sinh I, S|0) (136)
With the help of this relation we find the following expressions for the matrix elements that need to be calculated,
(nILI1-510) = n(n|S]0),
(T 800) = (n+ 1)(nIS)0),

A coshr ,
(I SI0) = —n 2 4810),
(T T 8)0) = —(n+ )22 11 80), (137)

coshr
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We find that the matrix elements <n|5' |0) are the only objects we need. Furthermore, for our purposes we only require
the absolute value squared |(n|S|0)|?, which is know is in the literature [12], and given by

n!  tanh” r

e
IS0 = Tamygn coshr

n=0,24,6,... (138)

IX. MICROSCOPIC CALCULATION OF GL COEFFICIENTS

The purpose of this section is to calculate the GL coefficients, which up to this point have been treated as phe-
nomenological expansion constants, from a microscopic model for paired electrons within a weak-coupling BCS ap-
proach. This will allow us to express the GL coefficients in terms of quantities characterizing the electronic normal
state, i.e., the Fermi surface properties.

The calculation proceeds as follows. We first consider a microscopic mean-field theory in which pairs of electrons
are coupled to a bosonic order parameter field. The mean-field action is quadratic in the fermionic fields, which can
be integrated out to obtain an effective free energy the superconducting order parameter fields. The effective action
is an expansion of this free energy in the order parameter fields (i.e., the Ginzburg-Landau free energy) with the
expansion coefficients given by fermion loop diagrams. Explicit evaluation of the loop diagrams yields expressions for
GL coefficients in terms of quantities directly related to the Fermi surface electrons.

The starting point of our calculation is a mean-field action S = S+ S, expressed in terms of the electron operators
Yo (Z,7), where Sa represents a coupling to a pairing potential A(Z, #") (a matrix in spin space). Specifically, we
start from the action

S = / drd3@ Yl(Z,7) |0, + £(—i9/07) st} bal(Z,7) +% / drd3Zd7 [Aw(f, ) (i0¥) sl (& Tk (', 7) +h.c.}
(139)

Here £(p) is the normal state kinetic energy as function of momentum operator p= —id/0F, and e is Fermi energy.
At this stage we do not include the electromagnetic gauge potential explicitly, but instead impose gauge invariance
at the end.

Taking the Fourier transform, the superconducting part of the action is expressed as

NS

Sa =

1 3L 37
/ drd’kd"q .7) + he., (140)

= 7 (ioY e T_T
2 (27r)6 Aav(%k)(w )vﬁwa(k“‘QaT)T/)ﬁ( k+

where k is the momentum variable conjugate to the relative coordinate, and ¢ is conjugate to the center-of-mass
coordinate as follows

— =

A@GF) = / d#d7 A(#, ) expl[—ig- iR F ). (141)

The superconducting order parameter A(q,k) is decomposed as A({,k) = Yom N (D) A (K). Here 1,,(7) are the

complex order parameters and Am(l_c') are the superconducting structure factors corresponding to component m of
the multi-dimensional representation [specified in Eq. (158)) below].
To proceed, we define a Nambu spinor in particle-hole space as

o (k) = QJJ};(?%) T)> : (142)

and with this definition the integrand of (140]) can be expressed as
ot (k + g,r)iA(E,m(E - g,T), (143)

where the mean-field superconducting self energy YA is given by

Sa(F, Q) = (Af(iy, b A@;’ ’“)) = A(G.F)r* + AT(~q Ry~ (144)
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with 75 = (1/2)(7% £ itY).
We are now in the position to write down the full action S = Sy + Sa, which is bilinear in the electron operators
and can be integrated to obtain an effective Seg[n;]. First, we transform to Matsubara frequency space and write

k = (iw, k) and ¢ = (0,7). Note that we have set the bosonic frequencies to zero since we will only be interested in
static spatial inhomogeneities. The full electronic action S then takes the form

S = _% ;;@T(k)égl(k)@(k) + ;pzq: o' (k + g)iA(E@)‘P(k - %)7 (145)

where we omitted a constant part that does not contain ® operators. Here ng‘ 1(k) is the inverse Fermi liquid Green’s
function, Go(k,7) = —(T,®; p(T )<I>k(0)> given by

Go (k) = iw — E(K)T>. (146)

We have abbreviated & (E) = E(E) — ep. As a result, the Green’s function Gy is block diagonal, with the electron and
hole Green’s functions G+ on the diagonal. The hole Green’s function is obtained from particle-hole conjugation of
the electron Green’s function, and one has

a=(% 6 )= (O k) (147)

The effective action Seg[n;] = (1/T)F|[n;] is obtained by the standard procedure of integrating out the fermionic
degrees of freedom,

e Serilnil _ /D¢TD¢ e St (148)

The quasiparticle part of the mean-field free energy can be expressed as
Flp)=-TTrInG ' = Fy — TTr In(1 — Go3a), (149)

where Fp is the normal state part of free energy. Here, the trace Tr is understood as a sum over frequency and
momenta, and as a matrix trace over the matrix structure of Go and ¥a: Tr = ) > rtr. We note that since we
restrict to the quasiparticle part of the free energy, we have left the contribution to the free energy which is quadratic
in the order parameter field and explicitly depends on the pairing interaction implicit.

We now focus on the derivation of the free energy to the second order in A. Explicitly, it is given by the expression

S -,

iw)Ea (=G, k)] (150)

l\D\Ql

T soes s o
Flni] = Fo + 5Tr [Go2GoS] = Fo + = ZZtr k+ = Zw) AT K)Go(k —
w k:,q

The self-energy S A contains the order parameter fields and using Eq. (144]) the expression for the superconducting
part of free energy can be rewritten in the form

T

F §T1" [gozgo Zan @an(qﬂ)nn(") (151)

qmn

where 7,,(¢) are the order parameter fields and the matrix Q,,,(g) is given by

Q@ = TS Gh+ L i) (F L iwyir [An ()AL F)
Wi

- Lq -
=T = = 152
> Gilk+ 5, iw)G (k- 57 16)Qumn (K)- (152)
Here we have defined the form factor matrix Quun (k) = tr [A, (k)AL (k)].
Expanding now the electron Green functions in small momenta ¢ using
. g I
Sk = 3) = €(R) = 50(R) - 7+ O(¢?), (153)
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(the second order term turns out to make parametrically smaller contribution) we obtain eventually

TR - 32 €2(k) — 3w? N
Quunld) Ty —— (1 T (2)]2> Qo () (154)

This expression is the starting point for the microscopic derivation of the coefficient in our GL theory.

Below we will consider small distortions of the Fermi surface, either due to trigonal crystal anisotropy, or uniaxial
strain-induced anisotropy. In this case, one can write E(k) = (k) + 6¢(k), B(k) = To(k) + 65(k), with & (k) =
k2/2m — ep, To(k) = k/m and 65(k) = 86¢(k)/0k. To the leading order, gradient term can be expanded as

(- 0P —32) _ (o DHG —3%) (@ DT D@32 |, . (o D6 ~ )
&+ W+ &) W+ &) W+ &)

+ 48

s¢. (155)

A. Calculation of gradient coefficients J; 23,45 in presence of trigonal crystal anisotropy

We now proceed to the calculation of the gradient coefficients J; 2345. In particular, we demonstrate that the
trigonal gradient term fp ¢vig (see Main Text) is generated only when the Fermi surface has trigonal crystal anisotropy,
or when the gap functions are general linear combinations of crystal harmonics allowed by trigonal symmetry. Hence,
we take into account the trigonal anisotropy of the Fermi surface (FS) and the specific form of the pairing potential
Am(E) applicable to trigonal symmetry.

In the case of trigonal distortion, energy spectrum of electrons can be described as

- - - - >\ S A
() = &0(k) + 38() = &o(F) + i Btk (K — k) = So(R) + Jhoky () = 3K2), (156)
where & = k%/2m — ep, ky = k; £ ik, and krp = /2mey is Fermi momentum. Here we have neglected all other
fourth order contribution to the dispersion, since they affect the result only quantitatively and in a way unimportant
for our purposes. In particular, they do not affect the gradient coeflicient of fp trig, which is what we are mainly
interested in. The corresponding change in the velocity equals

—6k ki
o A
§t(k) = ——-% 3k:k2—3k:k2 . 1
T kS 3k2k, 1

Then, the recipe is to plug ¢ and 6¥ back into Eq. (155]) and perform the integration over &y, the summation over

w and the average over the directions of k. T hough straightforward, this procedure is somewhat tedious. We note
that the third term in is odd in &y and thus, to the leading order, is zero after integration. To obtain a non-zero
contribution, one needs to carefully extract the £, dependence, i.e., take k ~ kp(1+&y/2eF) everywhere. In addition,
the &y dependence of density of states must be taken into account. In three dimensions, and for a quadratic spectrum,
it equals N(ep + &) = N(ep)(1 + & /2ep).

In order to perform the averaging over angles, we calculate form factors an(_‘) = tr [A ( )AT (k )} For the
odd-parity two-component pairing in crystals with trigonal symmetry (Dsq) pairing potentials A; ok k) are given by

A1 (F) = Aakoo® + Mokoo® + Ae(kyo® + kno?),  Ag(K) = Aakyo® + Mpko0¥ 4+ Ae(kno® — kyo¥) (158)

with real coefficients Ay p . In hexagonal crystals, symmetry imposes the constraint A, = 0 (E}, pairing) or A, =
Ay = 0 (F2, pairing), whereas in trigonal crystals these p-wave spherical harmonics have E, symmetry. With this
pairing, we find for form-factors

Qui = 2X2k2 + 2X7k2 + 2)2(k2 + k2) + A\ Aok ky,
Qoz = 202k2 + 2MZk2 + 2X2(k2 + k2) — /\,,/\C/%Z/%w
Q12 =Q21 = 2/\(21];795153, + AN Ak Ky (159)

After the straightforward calculations, the expression for the gradient part of free energy reads as (we omit indices
m, n for brevity)

Fy =Y n'(9)Q@)n(d) (160)
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where

Q(q) = Ji(g? + qz)I + J3q2T + Jy [(qu — qg)TZ + 2020y 7"] +2J5 (020,77 + 42 q.T"] . (161)

Coefficients J; are given by

7 TC(3)N (er)vE
_ . 1
Jo = S e (162)
Ji =202 A7 +402 T3 =22 4302 4203 Ji =22 = 2uighAe,  J5 = 20 A — g\, (163)

with ¢ = 22/21.

We see that, indeed, trigonal anisotropy of Fermi surface and special form of the pairing function lead to the
generation of the trigonal gradient term Js. We see also that, to the leading order, the term J; is absent. It becomes
non-zero if one takes into account particle-hole unsymmetry (dependence of density of states on energy). This term
is of the order (T, /ep)? < 1.

B. Calculation of contributions of the symmetry breaking field

The effect of the symmetry breaking field can be described by the Hamiltonian

A oo
Hgp = ﬂzw k) (k) (k2 — k2). (164)

For simplicity, we particularize to the case of hexagonal symmetry [i.e. take A. = 0 in (158)] and do not take into
account any fourth-order terms in dispersion relation. The presence of the symmetry breaking field leads to the
dispersion relation

§k) = 5 —er+ 5o (k2 — k), (165)

with 0¢(k) = As(k2 — k2)/2m. Again, to extract the key physical features we treat Asp as a small perturbation (in
principle, the problem can be solved exactly for any finite Agp).

To the leading order, the symmetry-breaking field couples to the superconducting order parameter, according to
Eq. . To find this coupling explicitly, we consider the first term in Eq. , and write (we omit indices m,n)

)oE(k) -
= QTZ 2 +€0 PR Q(k). (166)

Again, we carefully extract & to obtain the leading non-vanishing contribution.
After the integration over &, we end up with the formally diverging sum over w, which requires a cut-off regular-
ization by the (Debye) frequency wmax ~ wp:

& 1., wp
déy——5—= ~ —In—. 167
;/ Yerrgr St (167)
After averaging over directions of k, we find

2
5P ~ AspN(er)A2 In %DTZ, (168)

or, equivalently, for free energy

S S n @9 = (DN er2m %) S @F - (@l (169)
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This term is responsible for the shift of T,., AT,./T, ~ AsgInwp/T. This implies that the effect of a strain-induced
Fermi surface distortion (Agg) on the shift of T, is enhanced by Inwp/T. The coefficient on the right hand side of
is what we have called § in the previous sections and Main Text.

Next, we calculate the gradient terms due to symmetry-breaking field, i.e., the second term in Eq. . Velocity
is given now by

A
so(k) =B | —k, |. (170)
m 0
After straightforward integration, we find
B S (@O (@n(@), (a71)
q
with the momentum-dependent matrix OS2 (q) given by
QD) = Ki(az — )T + Ka(q} + ¢;)7° + Ksg7°. (172)

These strain-induced contributions to the gradient terms have gradient coefficients given by

K= 5 SONGERE

" 120272 (173)

where the K; are given by
K; = 1322 +9)2, Ky = —)\?

a’

K3 = —5)\2. (174)

It is instructive to compare the coupling of symmetry-breaking field to the order-parameter and its derivatives. It
is convenient to introduce the coherence length £ = &(T') and & = £(T = 0) ~ vp /T, (Note that here ¢ is used for
coherence length). The ratio of the gradient term to the direct quadratic coupling to the order parameter equals

PSP gt (6g)?
FF8  T?hwp/T Inwp/T’

(175)

The relevant momenta are those where g ~ 1/¢. Close to the transition temperature, £, < &, and we have

FSB &\ 1

v 0

—m~ =] —— =<1 176

F5B ( ¢ ) lnwp/T (176)
It follows from our calculation that the direct coupling of symmetry-breaking field to order parameter is much stronger
than to its derivatives. It implies that the effect of uniaxial distortion field is much more pronounced in the case of
two-component superconductors. Indeed, the effect of the symmetry breaking field in case of two-component order

parameters is to shift the transition temperature. Single-component superconductors allow coupling to the derivatives
of the order parameter only, thus significantly decreasing possible effects of the symmetry-breaking field.
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