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Abstract
, - The valence electronic charge den81ty is calculated
for alummum from Wavefunctmns obtained v:La Ashcroft S
ps‘eu,c_iopotentlal. A contour plot of the_charge dens1ty is
. presented in tne (100) plane, Tle Fourier tran‘siform of the
c.harge density is used to calculate t_h}e atoml_cf‘form factors
vwh'icli are compared with experimental x-ray form factors.

The accuracy of the wavefunctions‘are'further t.ested by com- .
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paring calculations of the imaginary part of t_hé frequenéy '
dependent dielectric function with and without the effect of

core states.

In thié._ letter we present a calculation of the %}élence electronic
chargé ..densit'y.fo-r aluminum. The ckalculation is baéed §_n a pse.udo,poten-
-tial bénd strdcfur_e caldula‘tion. ! Prt-;vio'us calcula.ti’c;ns of thié type have
‘been done ofi'ly"'for semiconductors. 2 |
' The wavefunctions used in the charge density calculation wei‘e also
used to compute X-ray forrh factors. The agreemerit: with experiment is
qﬁite good and V_th'e results illustrate the rolé3 of solid-state Qi- .c;fysta.lline-
| effects. A 'ft_irther check on the validity of the wévefuﬁctiohs usé‘d comes

from a comput_atibn of the optical constants for aluminum.

. The enéxfgy bands and wavefunctions are computed uSing‘Ashéroft’s4

1

pseudopotential for aluminum. The !charge density is c_él‘lculate»d_ from the
wavefunctions ‘wh,i'chvare expénded in about 85 plane‘w-altﬁ\:/:es and evaluated2

on a grid Aof 3360 points m the Brillouin zone (70 poinis 1n 1/48 ‘of the

, Brillbﬁin zéne_). Core s_tal;es were not includéd. To :i_lllt.xstrate ‘th'e r,e‘sults’
‘in detail, .thet c]ha'rge. dengity, o(7) '1§ evaluated at oyer‘,]_600 points m a

(10"0)‘ plane. This plane intersects a face-centered_atom‘_ and four nearest




‘neighbors; the extended plane mtersects four of the next nearest. nelghbors
The densny p(r) is shown in a contour plot in Flg 1 in units of e/Q
where Q is the volume of the prunitlve cell (2 =a /4) Smce the sum is -

over occupied levels, i.e. energies less than the Ferm1 energy, there are 3

¥ valenc_e electrons per primitive cell, giving an average. charge dens1ty of 3.

The core electrons are excluded and the charge density varies only 'b‘etwee,n
1.7 at the atom' to 3.4 in the interstitial region. It is ‘_in_teresting to compare
this_vvith the results for covalent crystals like g.ermanium‘d where the range

of variationis 1 < o(r) < 27 with an average value of 8. The relatively

small variation for Al is consistent with the expected nearly free electron

picture of metals. The charge build-up halfway between nearest neigtibors .

' is the result of additive overlap of spherical shells of charge about each

atom. - These _electron shells have larger radii in the c:rystal than for the
‘_free' atom case; and this has a significant effect on thevatfomic-_form factors
of ,alll,minum..'f- | | B
The valence contribution to the atomic form factors is merely the
Fourier transform of the valence charge den31ty ThlS contribution is added'

to the core—electron contr1but10n to determine the theoretical form factors

. for the atoms in the crystal A comparlson of the experimental and theore-— K :

tlcal form factors appears in Table L

' Several factors comphcate a direct comparlson of experlmental and
theoretical form fa.ctors for aluminum. The .:most important f_actor‘ is the
discrepa'ncies 1n the experimental-x- ray measurements. : ,Sirotaﬁ_‘_describes

these discrepa_nci_es and the multitude of problems in lft_h‘e' x-ra_‘y determina- o



tion of ,fo‘rm"fact'ors. Sirota's opinion is that the ea»r:ly fx-rayl measure-
ments’were 'carefully done and are still validtoday In view of the dif‘f'er- .
| 1ng measurements we have tabulated the results of tvvo exper1ments in""
Table_ I. rI'he WOIl’ of Batterman, Chlpman and Del\/larco6 is the most
"recent | but the‘results of Brindley7- fall about in the_mlddle range of a.ll
‘available x- ray measurements on Al - |

The theoretlcal Hartree- Fock atomic and core form factors that

‘appear in Table Iare given by,Clementl. 8 The d1scr'epa,ncy in the theoreti- .

cal form factors calculated by -different authors®’ 8_-_10 is only about 1 to

2%, ‘significantly smaller than the discrepancy in the eXperime'ntal imeasure_-‘
ments. The theoretical atomic form factors in Refs. 38 _IO are for free
atoms. Only‘Arlmghaus"3 attempts a calculation f.-or ato'ms in a crystal,
and hls res_ult does not differ significantly from the _fre’e‘-a.tom r_esul't.
A stuvdy‘ of Table I shows that when our valen'c'e-c"ontribution is a‘dded
| to the core contr1but1on the result 1s in good agreement with the experl-

" ment by Brmdley, L but does not agree as well w1th the experlment by

Batterman et al.f3 However, the agreement of our theOretlcal form fac-

tors with either set of experimental results is better than the agreement of |

the Hartree-?Fock form‘ factors With the same exper-.iments. This superior S

agreement occurs because the valence electrons in our calculatlon are ina
"crystalllne envu'onment and consequently are less tlghtly bound to the 1nd1-_
v1dual atom 5. The shell of valence electrons has a qro iter radm in the

'solid and the va lenc-e- electron density is sma ller at the;atonnc site than in

f

the free atom',- The agreement between the _exp'eriment“jof Brindley7 and our“_




theoretical valu-es‘ app_ears to be within experirnental error.

| The poesihility exists that the me_asurements of ‘}‘Batterman gggg_._,
are the most'accurate However, the torm factors For.'the..va lence electrons
atone cannot account for the large dlfferences between the rnea sureme nts of

Batterman and the theoretical form factors. This would imply that the core

~ electrons are more diffuse in the solid than the Hartree-‘.Fock calculations

indicate. But'_'the (2p) core states lie about 70 eV below the Fermi level,
and therefore the cyrstal_line environment should not__be'rturb the vcore states
vsignificantly.,.' %I“hus, there would appear to be an error in the Havrtree- Fock
wavefunctions i.f'wewere to accept the results of Eatt_erman'. _ Because of the
large spread mthe e_ﬁcperimental measurements, we cannOt make more defi-
nite vco‘nclusions onthis point at this time. :

| Another check on our wavefunctlons mvolves the evaluatlon of the
1n1a.gmary pa.rt of d1electr1c functlon, € (w) ~Several authors have compared

the calculated magmtude of the peak in ez(w) at 1. 6 eV W1th exper1ment1]

15 18,. We have also concentrated our attent1on on th1s peak We used here

- the _sam‘e scheme as described in Ref. 16 to calculate _the _ez(w). To be con-

sistent with our calculation of the charge density, we calc'ulate ez(w) by set-

ting up the en'erqies and dipole moment matri_x elements at 46'points in thh

of the Brlllouln zone using control energ1esl’ 17 E] ="1 7.1 and 4. 1 in the

| units of (21r/a) The former value of E, is used 1n the charge den51ty cal—

1

_culation and_ _the-latter value gives a pseudopotential Ha.mlltoman matrix o_f '

the order of 8. We n(\qlovt the Ldein-Rrust perturbut'ionl bevauSv

_changmg E from 4. l to 17. 1 causes the energ1es to change by about C.003eV .



Themagnitude :of.e2_(w) at 1.6 eV with E, = 17.11s 50',9-a-nd the corres'poh-

~ ding one for E_ = 4' 11is 45 4. The difference is about 1-0% We therefore a

1.
expect that we can explore the effect of the core wavefunctlon on e (co) ‘using
the E = 4.1 to'the right order of magmtude

The effect of the core wavefunctlons on the magmtude of the e (w) has

been stud1ed by the sameé scheme descr1bed in Ref. 16’. .‘The results are

shown in F1g. 2. The ez(w) given'in Flg. 2 was .ca_lcul_ated uslng'El' =4.]

with a mesh of 356 points in the Brillouin zone. The- cha‘nge in the magnitude |

- of the 1.6 ev peak in going from 46 to 356 points mcreases by only 4%. The '

atomlc like part of the actual Wavefunctlons is taken 1nto cons1derat1on by a

llnear-combmatlon of core states. _The coefficient of the lmea‘.r comb1nat1on _v

is obtained by orthogonalizing the actual wavefunction to the core states. ‘The

, effective atomic number, Z off? for the (2s) and (2p) cor.e states ra»nges from
4-12. We determine the zZ ff by requiring the overlap between the nearest
ne1ghbors of the core wavefunction to be less than ]% Ln th1s way, we ob-
tained a Z _ off of 9 ‘The € (w) with dipole matrix elements calculated from
the actual wavefunctmns gives 42.2 for the 1.6 eV -peak., The__chang_e‘ls

‘ therefore'quit_e_ small. This result is consistent with the c.oncl'us.ion on the‘

12 |

dlpole matrix- elements made by Beeferman et al.

In ,summary we have shown that the Ashcroft pseudopotential Whvi‘Ch‘

has been used to compute the Fermi surface’ of Al can'a‘l_so yield a.ccurate' e

wavefunctions. We have shown that these wavefunct.ions"can be used to expli-

citly calculate the valence electronic charge density,_,and opti'cal co'nstants. .
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Tab’le Caption

Table I Compamson of the theoretical and expemmental values of atomlc

form factors for alummum The flrst column lists rec1procal lattlce
vectors; the second column, the valence form fac;tors calculated by the

‘authors; the third column, the form factors derived from the Hartree-

Fock (HF) core wavefunctions (152, 2s2_,2_p2); the ‘fourth column, the

form factors from the HF total wavefunctions (132_,252, 2p6, 3s2, 3p1)';
the fifth and sixth columns, experimental x-ray form factors; the seventh

column, the sum of the core and valence form factors.




- Fig.

Fig.

experlmental resulls are also shown for reference

_Figure Captions

1 Total charge distribution for the oc_'cup'_led.s_tates of aluminum in

the 100 plane

2 ’ Comparlson of theoretlcal mterband € (aJ) dround 1.6 eV o alculated ’

from pseudowavefunctlons and wavefunctlons mcludmg core effects ‘The

Dev. 9, 2(]965)

| Table 1 o

G Valence |SCHF _Cor'e(a/ Total SCHF(a)‘ Experiment_(b? k F.-xperiment(c) Valence

. _ : R ' plus one

000  3.000 |  10.00 13.00 13.00 13.00 | 13.00
111 -0.056 °8.87 8.94 8.63 £ .14 8.83 8.81
1200 -0.203 8.53 '8.50 | 8235+.14 | 8.24 | 8.33
220  0.013 | . 7.38 7.81 7.09%.13 | 7.23 7.39
311 0.003 6.67 6. 65 6.42%.12 6,55 6,67
222 0.000 6.45 6.45 6.19+.13 | 6.42 . | 6.45

400 . 0.002 5.6 5.78 5,48 .15 - 5,76

(a) E Clementl, 'Tables of Atomic Functions", Su;;pl .

-‘ to IBRM.Journ. Res. of

'-(b) B. W. Batterman, D. R. Chlpman, andJ J. DeMarco Phys Rev 122,
68 (1961). '

" (¢) G. W. Brindley, Phil, Mag. 21,

- (1936). -
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