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Abstract 

The valence electronic charge density is calculated 

for aluminum from wavefunctions obtained via Ashcroft's 

pseudopotential. A contour plot of the charge density is 

presented in the (1 (0) plane~ Tm Fourier transform of the 

charge density is used to calculate the atomic form facto rs 

which are compared with experimental x-ray form factors. 

The accuracy of tre wavefunctions are further tested by com- . 
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paring calculations of the imaginary part of the frequency 

dependent dielectric function with and without the ,effect of 

core states. 

In this letter we present a calculation of the valence electronic 

charge density for aluminum. The calculation is based on a pseudopoten­

tialband structure calculation. 1 Previous calculati~ns of this type have 
. '" 2 
been done only for semiconductors. 

The wavefunctions used in the charge density calculation were also 

used to compute x-ray form factors. The agreement with experiment is 

quite good and the results illustrate the role3 of solid-state or crystalline 

effects. A further check on the validity of the wavefunctions used comes 

from a computation of the optical constants for aluminum. 

'. . . .'. 4 
The energy bands and wavefunctions are computed using Ashcroft's 

pseudopotenUal for aluminum. The charge density is calculated from the 

wavefuncUons which are expanded in about 85 plane'waves and evaluated2 

on a grid of 3360 points in the Brillouin zone (70 points in 1/48 of the 

Brillbuin zone). Core states were not included. To illustrate the r.esults 

. -in detail, the cparge density, per) i~ evaluated at over 1600 points in a 

(100) plane. This pianeintersects a face-centered atom and four nearest 
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neighbors; the extended plane intersects four of the next-nearest neighbors . 
..... 

The d~msity p(r) is shown in a contour plot in Fig. 1 in units of e/n 

where n is the volume of the primitive cell (n = a 3
/4). Since the sum is' 

over occupied levels, i. e. energies less than the Fermi energy, there are 3 

valence electronS per primitive cell, giving an average charge density of 3. 

The core electrons are excluded and the charge density varies only between 

1. 7 at the atom to 3.4 in the interstitial region. It is interesting to compare 

this with the results for covalent crystals like germanium
2 

where the range 
..... 

of variation is 1 .:5 p(r).:5 27 with an average value of 8. The relatively 

small variation for Al is consistent with the expected near ly free electron 

picture of metals. The charge build-up halfway between nearest neighbors 

is the result of additive overlap of spherical shells or charge about each 

atom. These electron shells have larger radii in the crystal than for the 
. . 

free atom case, and this has a significant effect on the atomic form factors 

of aluminum. 

The valenGe contribution to the atomic form factors is merely the 

Fourier transform of the valence charge density . This contribution is added 

to the core-electron contribution to determine the theoretical form factors 

for the atoms in the crystal. A comparison of the experimental and theore-

tical form factors appears in Table I. 

Several factors complicate a direct comparison of experimental and 

theoretical form factors for aluminum. The most important factor is the 

discrepancies in the experimental x-ray measurements. Sirota 5 describes 

these discrepancies and the multitude of problems in the x-ray determina- .. 
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tion of form factors. Sirota's opinion is that the early x-ray measure-

ments were carefully done and are still valid today. In view of the differ-

ing measurements, we have tabulated the results of two experiments in 

Table 1. The wor}:: of Batterman, Chipman and DeMarco 6 is the most 

. recent, but' the results of Brindley 7 fall about in the middle range of all 

available x- ray measurements on AI. 

The theoretical Hartree- Fock atomic and core Jorm factors that 

appear in Table I are given by Clementi. 8 The discrepancy in the theoreti-

3 8-10 . 
cal form factors calculated by different authors' . is only about 1 to 

o 0 

2%, Significantly smaller than the discrepancy in the experimental measure-

ments. The theoretical atomic form factors in Refs. 3, 8-10 are for free 

atoms. Only Ar linghaus 3 attempts a calculation for atoms in a crystal, 

and his result doesrtot differ significantly from the free-atom result. 

A study of Table I shows that when our valence contribution is added 
,) , 

to the core contribution, the result is in good agreement with the experi­

ment by Brindley, 7 but does not agree as well with the experiment by 

6 Batterman et a1. . However, the agreement of our theoretical form fac-

tors with either set of experimental results is better than the agreement of 

the Hartree-Fock form factors with the same experiments. This superior 

agreement occurs because the valence electrons in our calculation are in a 

crystalline environment and consequently are less tightly bound to .the indi-

vidual atoms. The ~~hf~ll of valence electrons has agrf~:lter radius in the 

solid and the vnlencl'-electron density is smaller at the;atomic site than in 
• • .' 0 • 7 

the free atom. '. The agreement between theexperimen~of Erindley and our 
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theoretical values appears to be within experimental error. 

The possibility exists that the measurements of Batterman et aL, 6 

are the most accurate. However, the form factors for the valence electrons 

al.one cannot account for the large differences between the measurements of 

Batterman and the theoretical form: factors. This would imply that the core 

electrons are more diffuse in the solid than the Hartree-Fock calculations 

indicate. But the (2p) core states lie about 70 eV below the Fermi level, 

and therefore the cyrstalline environment should not perturb the core states 

significantly. Thus, there would appear to be an error in the Hartree-Fock 

wavefunctions if we were to accept the results of Eatterman. Because of the 

large spread in the experimental measurements, we cannot make more defi­

nite conclusions on this point at this time. 

Another check on our wavefunctions involves. lheevaluation of the 

i.rr:aginary part of dielectric function, E2(w)~ Several authors have compared 

the calculated magnitude of the peak in E
2

(W) at.1. 6 eV with experiment 11-

15,18. We have also concentrated our attention on this peak. We used here 

the same scheme as described in Ref. 16 to calculQte.the E2(W). To be con­

sistent with our calculation of the charge density, we calculate E2(W)by set­

ting up the energies and dipole moment matrix elements at 46 points in ~8th 

~'. of the Brillouin zone using control energies 1 ,17 El = 17.1 and 4. 1 in the 

C J 
units of (21T/a)

2 
. The former value of E 1 is used in the charge density cal- .. 

culation and the latter value gives a pseudopotential Rami ltonian matrix of 

the ordc~r ofH. WI' tH'I.ll('d the LBwdin-:Brust perturbation I be('aus(~ 

changing El from 4.1 to 17. 1 causes the energies to change by about O. 003eV: 

:, 
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The magnitude OfE 2(W) at ]. 6 eV with E1 = 17.1 is 50.9 and the correspon­

ding one for E1 = 4.1 is 45.4. The difference is about 10%. We therefore 

expect that we can explore the effect of the core wavefunction on E
2

(W) using 

the E 1 = 4. 1 to the right order of magnitude. 

The effect of the core wavefunctions on the magnitude of the E
2

(W) has 

been studied by the same scheme described in Ref. 16 .. The results a.re 

shown in Fig. 2. The E2(W) given in Fig. 2 was calculated using E 1 = 4. 1 

with a mesh of 356 points in the Brillouin zone. The change in the magnitude 

of the 1.6 eV peak in going from 46 to 356 points increases by only 4%. The 

atomic-like part of the actual wavefunctions is taken into consideration bya 

linear combination of core states. The coefficient of the linear combination 

is obtained by orthogonalizing the actual wavefunction to the core states. The 

effective atomic number, Zeff' for the (2s) and (2p) core states ranges from 

4-12. We determine the Zeff by requiring the overlap between the nearest 

neighbors of the core wavefunction to be less than 1 % .. Inthis way, we ob­

tained a Zeffof 9. The E2(W) with dipole matrix elements calculated from 

the actual wavefunctions gives 42.2 for the 1.6 eV peak .. · The change is 

therefore quite small. This result is consistent with the conciusion on the 

dipole matrix elements made by Beeferman et al: 2 

In summary we have shown that the Ashcroft pseudopotential which 

has been used to compute the Fermi surface} of Al can ~lSo yield accurate· 

wavefunctions. ,We have shown that these wavefuncUons can be used to expli­

citly calculate the valence electronic charge density, . and opt~cal constants. 

I. 
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Table Caption 

'Table I Comparison of the theoretical and experimental values of atomic 

form factors for aluminum. The first column lists reciprocal lattice 

vectors;· the second column, the valence form factors calculated by the 

authors; the third column, the form factors derived from the Hartree­

Fock (HF) core wavefunctions (1s2, 2s2 ,2p2); the fourth column, the 

·2 . 2 . 6 2 1 
form factors from the HF total wavefunctions (18,2s ,2p ,3s ,3p ); 

the fifth and sixth columns, experimental x-ray form factors; the seventh 

column, the sum of the core and valence form factors. 
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Figure captions 

Fig. 1 Total charge distribution for the occupied states of aluminum in 

the 100 plane. 

Fig. 2 Comparison of theoretical interband E
2

(W) around]. 6 eV calculated 

from pseudowavefunctions and wavefunctions including core effects. The 

experimental results are also shown for referenc'e. 

Table I 

Valence 
(a' SCHF Core ) Total SCHF(a) Experiment (b) Experiment(c), Valence 

plus one 

3.000 lCt 00 13.00 13.00 13.00 13.00 

-0.056 8.87 8.94 8.63 ± .14 8.83 8.81 
',' 

-0.203 8.53 8.50 8.25±.14 8.24 8.33 

0.013 7.38 7.31 7.09 ± . 13 7.23 7.39 

0.003 6.67 6.65 6.42 ± .12 6.55' 6.67 

0.000 6.45 6.45 6.J9 ± .,13 6.42 6.45 

0.002 5.76 5.78 5.48 ± . ] 5 - 5.76 

(a) E. Clementi, irrables of Atomic Functions", Supple to IBM Journ. Res. of 

Dev. 9, 2 (1 965) • 

(b) B. W. Batterman, D. R. Chipman, and J. J. DeMarco, Phys. Rev. 122, 

68 (1961). 
I 

(c) G. W. Brindley, Phil. Mag. ~, 778 (1936). 
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Fig. 1 
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