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Abstract

Bulk properties and flow structures in turbulent flows
by
Anuj Kumar

Turbulence is ever-present: from flows in engineering, such as a wake behind a
submarine, the boundary layer over an aircraft wing, and the swirl in an internal
combustion engine, to flows in nature, such as convection in lakes, riffles on rivers
and ocean currents. Turbulence can be found in flows at relatively small scales,
such as blood flow in arteries and while mixing cream in a morning coffee, to flows
at astrophysical scales, for instance, in accretion disks around stars or black holes.
Because of their ubiquitous nature, progress in science and technology often hinges
on progress in research on turbulent flows. In many situations described above,
two lines of inquiry are of most interest. In the first direction, we are interested
in quantities that are the “net” outcome of a fluid system, i.e., bulk quantities
or global mean quantities such as drag force, rate of energy dissipation, mass,
momentum and heat transport and mixing rate, which are usually long-time and
volume averages and therefore depend only on the system’s input parameters such
as viscosity and diffusivity of the fluid, characteristics velocity scale, domain shape.
The second direction, which is complementary to the first one, is the study of
different structures in turbulent flows, for example, quantifying the range of scales
and the energy distribution through this range in turbulent flows. In this thesis,
we study a few problems that are related to and inspired by these two directions of
questioning. While working on a problem, we always try to incorporate different
perspectives: engineering, physics and mathematics. It is our intention to work

at the interface of physical and mathematical fluid dynamics, as there appears to

xviii



be great potential for an exchange of ideas that can eventually benefit both fields.
On the one hand, having knowledge of various phenomenological theories from the
physics literature gives one the advantage in tackling the various pressing problems
considered in the mathematical community. On the other hand, putting various
theoretical predictions on a rigorous mathematical footing can allow us to gain
a deeper understanding of the physical mechanism/phenomenon. In accordance
with this theme, below we describe the problems considered in this thesis, which
is divided into two parts.

In the first part of the thesis, we are interested in quantifying bulk properties of
turbulent flows, such as energy dissipation, drag force, heat and mass transfer. We
obtain rigorous bounds on these quantities using a well-known technique known as
the background method. We consider four problems in the first part: (1) uniform
flow past a flat plate, (2) pressure-driven flow in a helical pipe, (3) Taylor—
Couette flow (flow between two independently rotating concentric cylinders), and
(4) internally heated convection. In the flat plate study, we show that the energy
dissipation rate for uniform flow past a flat plate remains bounded. This is the first
and only example so far of an external flow problem (flow past a body) where such
a bound has been established. In the second and third problems, we derive bound
on mean quantities such as friction factor, volume flow rate, energy dissipation,
torque on the cylinder and angular momentum transport not just as a function
of the principal flow parameter, the Reynolds number, but more importantly, as
a function of the geometry of the domain (i.e., curvature and torsion in the case
of helical pipe flow and the ratio of the radii of two cylinders in Taylor-Couette
flow). These studies are motivated by several engineering applications where the
geometry of the domain plays an important role. In the fourth study, we consider

the problem of convection between two solid boundaries driven by a source of
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internal heating and derive a bound on the mean vertical heat flux, an inquiry
that is motivated, for example, by convection in the earth’s mantle and the sun’s
radiative zone.

In the second part of the thesis, we are concerned with designing incompress-
ible flows that possess some specific desired properties. The first problem in this
direction is related to the optimal heat transport from a hot to a cold wall using a
flow whose enstrophy is bounded by a given constant. The bound on the enstro-
phy can also be thought of as a bound on the power supply needed to generate
this flow (using a body-force in the momentum equation) Navier—Stokes system.
An upper bound on the heat transfer that scales as 1/3-power of the power supply
had formally been derived previously, but whether a flow exists that transports
heat at that rate remained an outstanding question. For this problem, we design
three-dimensional branching flows to prove that the corresponding heat transfer
saturates this known upper bound, which then establishes the exact asymptotic
behavior of the optimal heat transport between two plates. Beyond the math-
ematical proof, our method also reveals why three-dimensional branching flows
are so efficient in transferring heat. Finally, in the second part, we study a prob-
lem related to the nonuniqueness of flow maps in an ODE system for the class
of velocity fields that are divergence-free and belong to Sobolev space WP, We
reprove and improve the known result that had been previously established using
the method of convex integration. Our goal for this problem is simple: provide ex-
plicit constructions and use them to gain insights into the exact mechanism of the
nonuniqueness of solutions of the ODE and the PDEs, transport and continuity
equation with the same vector field. Beyond proving the nonuniqueness results,
we anticipate that such explicit constructions will be helpful for designing veloc-

ity fields in the convection-diffusion equation or the body-forced Navier—Stokes
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equation to demonstrate the phenomenon of anomalous dissipation, an intrinsic

characteristic of turbulent flows.
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Chapter 1

Introduction

1.1 Turbulent flows

1.1.1 The onset of turbulence

Turbulence is usually described as the chaotic motion of a fluid characterized
by the presence of a wide range of flow scales, increased mixing of a scalar field,
high rate of momentum transport and large energy dissipation rates. The proper-
ties described above can only be obtained when the flow is sufficiently energetic.
Indeed, at low flow speeds, the fluid does not possess enough inertia to overcome
the damping effect of viscosity. As a result, the flow stays “organized,” which we
call laminar flow. The momentum transport in laminar flows is primarily through
viscous diffusion and is slower than in turbulent flows. As the flow speed becomes
sufficiently large, the damping effect of viscosity is no longer adequate to keep the
fluid’s inertia in check, leading to the disorganized motion of the fluid, which we
call turbulent flow. The transition from laminar to turbulent flows at intermediate

speeds is often complex and can happen in several ways depending on the forces



applied to generate the flow and geometry of the domain. In some cases, the flow
slowly becomes more intricate with increasing flow speed, undergoing a series of
bifurcations that are each associated with a particular instability, and eventually
becoming turbulent. Examples include the flow between two concentric cylinders
(Taylor-Couette flow) with the inner cylinder rotating (Coles, 1965; DiPrima and
Swinney, 1981). In other cases, such as pipe flow, the transition from laminar
flow to turbulence is more sudden and happens at a certain flow speed threshold

(Barkley, 2016).

1.1.2 Turbulent flows in nature and engineering

Turbulence is ever-present: from flows in engineering, such as a wake behind a
submarine, the boundary layer over an aircraft wing, and the swirl in an internal
combustion engine, to flows in nature, such as convection in lakes, riffles on rivers
and ocean currents. Turbulence can be found in flows at relatively small scales,
such as blood flow in arteries and while mixing cream in a morning coffee, to flows
at astrophysical scales as, for instance, in accretion disks around stars or black
holes. Because of their ubiquitous nature, progress in science and technology often
hinges on progress in research on turbulent flows.

For example, the answer to one of the leading questions in astrophysics, which
is about the formation of a star, rests on determining the transport of angu-
lar momentum rate in turbulent accretion disks (Shakura and Sunyaev, 1973; Ji
et al., 2006; Avila, 2012; Balbus, 2017) and is currently an active area of research.
Understanding energy and mass transfer by thermal convection is critical to un-
derstanding stellar evolution (Spruit et al., 1990). In the oceans, turbulent mixing

is required to maintain the meridional overturning circulation, which in turn, is



responsible for the state of the climate (Munk and Wunsch, 1998; Wunsch and
Ferrari, 2004). Turbulence also plays a crucial role in increased mixing and brings
nutrients from the bottom to the surface in the oceans, an essential component
for plankton growth (Caldwell and Mourn, 1995). From the engineering side, the
design of airfoils, ship hulls, and rockets requires the calculation of the turbu-
lent aerodynamic drag (Milgram, 1998; Pena and Huang, 2021). The design of
heat exchangers and steam generators often involves the analysis of friction fac-
tors and heat transfer coefficients for turbulent flow in a helical coil (Naphon and

Wongwises, 2006; Vashisth et al., 2008).

1.1.3 Questions of primary importance

In many situations concerning turbulent flows, such as the ones described
above, we are often interested in quantities that are the “net” outcome of a fluid
system, i.e., bulk quantities or global mean quantities such as drag force, rate of
energy dissipation, mass, momentum and heat transport and mixing rate, which
are usually long-time and volume averages and therefore depend only on the sys-
tem’s input parameters such as viscosity and diffusivity of the fluid, characteristic
velocity scale and domain shape. The fundamental question in turbulence research
is to quantify how these bulk quantities depend on these system parameters. The
practical importance of answering this question can hardly be overstated, and
there is rarely a study on turbulent flow that does not try to answer this ques-
tion in one way or another. Complementary to this question, another significant
research direction is the qualitative and quantitative study of turbulent flow struc-
tures. For example, given a fluid system, one is often interested in characterizing

the range of scales of different flow structures and how the energy is distributed



across the scales. The study of bulk properties and flow structure in turbulent
flows are, in fact, closely related to one another. Having the knowledge of flow
structures, one can predict the bulk properties associated with the flow (Pope,
2000). Similarly, knowing the bulk properties, one can try to infer the flow struc-
ture by simply asking the question: what essential features must the flow possess
to match the required values of bulk properties (Lumley, 1992; Vassilicos, 2015)7
To cast some of these important questions on a more quantitative level, we now

turn to the mathematical description of turbulent flows.

1.2 Flow modeling and various approaches in
turbulent flow

The model of fluid motion that is extensively used in many scenarios inspired
by previously described natural and engineering situations are the incompressible

Navier—Stokes equations:

V.u=0, (1.1a)
1
gl:+u-Vu: —;Vp+yAu. (1.1b)

In these equations, u is the velocity field, and p is the potential (commonly re-
ferred to as pressure but is different from thermodynamic pressure) responsible
for maintaining the velocity field divergence-free. The quantities p (density) and
v (viscosity) are the fluid properties. Equation 1.1a is the mass conservation, and
1.1b is Newton’s second law of motion written down for a small fluid volume.

After appropriately scaling the variables, only one (nondimensional) parameter



that governs the flow dynamics emerges,

known as the Reynolds number. Here [L] is a typical length scale, and [U] is
a characteristic velocity scale of the flow. The Reynolds number is the ratio
of the diffusive time scale to the convective time scale and can be seen as a
competition between the fluid’s inertia to the damping effect of the viscosity.
At small Reynolds numbers, the flow is laminar, and it becomes turbulent at
sufficiently large Reynolds numbers.

Given an initial condition of the velocity field, the Navier—Stokes equations
supposedly describe the evolution of the flow. However, knowing the exact form
of these equations does not necessarily allow us to answer the questions raised in
section 1.1.3 about bulk properties and flow structure exactly. Indeed, the main
difficulty is that the solutions of the Navier—Stokes equation are usually chaotic at
high Reynolds numbers (consistent with the appearance of turbulence) and there-
fore lack analytical solutions in that regime. In such situations, one can make
progress using one or a combination of the following approaches: field observa-
tions, performing experiments or direct numerical simulations (DNS), developing
phenomenological theories and, finally, proving precise mathematical statements.

In some instances, experimental or numerical observations are sufficient to pre-
dict the behavior of bulk properties as a function of system parameters. For ex-
ample, in large-scale body-forced flows or flows past a blunt object, there is plenty
of evidence that the rate of energy dissipation becomes independent of viscosity
at large Reynolds number (Roshko, 1961; Sreenivasan, 1984; Sreenivasan and An-

tonia, 1997; Kaneda et al., 2003), a phenomenon known as anomalous dissipation



(sometimes also dubbed as “zeroth law of turbulence” because of its fundamental
nature). Using this observation as an assumption, along with the assumptions of
homogeneity, isotropy and self-similarity, Kolmogorov further predicted the struc-
ture of the flow in his 1941 theory of isotropic turbulence (Kolmogorov, 1941a,b,
1991).

However, there are many instances where experiments or numerical simula-
tions are insufficient to predict bulk properties or the flow structure. For exam-
ple, in the design of many engineering applications, one crucial question is how
bulk properties vary as a function of the shape of the domain in a fully turbulent
regime (Duvigneau et al., 2003; Kim and Choi, 2005; Mohammadi and Pironneau,
2009; Mooneghi and Kargarmoakhar, 2016). Answering this question, especially
for complex geometries, is very challenging and costly for both experiments and
numerical computations as it requires building a new apparatus or starting a new
simulation every time for a different geometry. Likewise, modeling the conditions
relevant to astrophysical and geophysical flows in a laboratory setting or direct
numerical simulations is generally very difficult or impossible. The first reason is
that canonical problems associated with astrophysical and geophysical flows typ-
ically involve many different physical processes that are characterized by several
input parameters. In nondimensional form, it could be the Reynolds number,
the Péclet number, one or several diffusivity ratios, the Rossby number, the mag-
netic Reynolds number, etc. In addition, the values of these parameters relevant
to astrophysical or geophysical flows are usually extreme, making it difficult for
experiments or numerical simulations to achieve them in practice.

With sparse experimental and numerical data, phenomenological theories and
empirical relations are often proposed as a less-than-ideal but necessary way for-

ward. For example, the mixing length theory in stellar convection (Vitense, 1953;



Bohm-Vitense, 1958; Gough, 1977), a-viscosity model in accretion disks (Shakura
and Sunyaev, 1973; Pringle, 1981), ocean diffusivity models and k& — ¢ model for
turbulence in engineering (Mohammadi and Pironneau, 1993). These theories and
relations are frequently based on unwarranted assumptions that may not always
be verifiable through observations.

The content of this thesis is inspired and guided by an overarching aim of
revisiting and grounding these theories and empirical relations into a mathemat-
ically rigorous framework to a feasible extent. While pursuing this course, we are
interested in better understanding and articulating the physical mechanism of a
process or phenomenon with the goal of using this new knowledge in real-world

applications.

1.3 Content of the thesis

In this thesis, we attempt to bring together ideas from a broad range of
disciplines, engineering, physics, analysis and numerical computations to make
progress on the matter. Our work can be roughly divided into two broad cate-
gories. The first aspect of the work looks at obtaining rigorous bounds on turbu-
lent bulk quantities, such as energy dissipation, drag force, heat and mass transfer,
as a function of system parameters such as viscosity, thermal diffusivity and do-
main shape. As mentioned before, in a turbulent regime, obtaining a mathematical
expression of the solution to the Navier—Stokes equation is not possible. However,
in the absence of a solution, it is still possible to formally bound a resultant bulk
quantity, either from above (upper bound) or from below (lower bound). These
bounds are obtained as a function of the parameter(s) involved in the problem

directly from the governing equations without making any assumption. The main



advantage of obtaining such bounds is that they are valid in extreme parameter
regimes often of interest to engineering and naturally occurring flows.

On this important topic of bounding theory, we present four studies. One of
these studies is on uniform flow past a flat plate at a large Reynolds number, where
we obtain an upper bound on the energy dissipation rate (equivalently a bound
on the drag coefficient), which is constant in the Reynolds number. This study
was partially motivated by engineering considerations such as flow past an airfoil.
The two subsequent studies are on pressure-driven helical pipe flow and Taylor—
Couette flow (flow between two concentric cylinders), where we bound energy
dissipation, volume flow rate, friction factor or angular momentum transport as a
function of the geometrical parameters at high Reynolds numbers. These studies
were motivated by several fluid-related engineering applications, where domain
shapes play an essential role in the design. The final study from the first aspect
of our work concerns bounds on heat transport in internally heated convection, a
study inspired by convection in the Earth’s mantle, radiative planet atmospheres
and exothermic chemical reactions in various engineering flows. We use the well-
known background method to obtain bounds in all four studies and present it in
detail in Chapter 2.

The second aspect of our work looks at flow design problems, that is, the
construction of incompressible fluid flows that satisfy a constraint (which can be
thought of as a cost to generate these flows) and have given desired properties. We
have been interested in two different yet related problems along those lines. The
first one is related to optimal scalar transport, a problem in the community some-
times also known as wall-to-wall optimal transport (Hassanzadeh et al., 2014). In
this work, we design an incompressible flow field, with a constraint on the mean

enstrophy, that maximizes the advective transport of heat between differentially



heated parallel plates. This problem can equivalently be seen as the design of
forcing in the Navier—Stokes equation, such that the resultant low maximizes the
transport of a passive temperature between two differentially heated walls for a
given power supply budget. We demonstrate that the optimal flows take the form
of self-similar “branching flows”, and explain the physical reason why this should
be the case.

In the second part, we use some of the ideas of flow design inspired by optimal
heat transport flows to prove a theorem on the nonuniqueness of flow maps in a
system of ODEs for “rough” vector fields. The problem is related to the modern

theory of ordinary differential equations (DiPerna and Lions (1989) theory).

1.4 Organization and summary of different
chapters

Even though there is a variety in the choice of flow problems considered in this
thesis, there is one common theme that runs through every chapter and unites the
whole thesis. It is creation: the construction of incompressible flows, whether it is
the background flow to obtain bounds or flow design for optimal heat transport or
to prove the nonuniqueness of flow map in an ODE system. The novel results we
have obtained that have been published, submitted, or are about to be submitted

for publication, are contained in the following chapters:

Chapter 3: Bound on the drag coefficient for a flat plate in a uniform flow

Based on: A. Kumar and P. Garaud [2020]

In Chapter 3, we look at the classical problem of uniform flow past a flat plate

of finite length at zero angle of incidence and use the background method to obtain
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a bound on the drag coefficient. The background method has been a successful
tool in obtaining strict bounds on global mean quantities for several prototypical
fluid problems. However, all applications of this method until now have focused
on flows confined between solid boundaries. An important class of problems that,
by contrast, has received no attention is the class of external flows, i.e., flow
past a body. In this context, obtaining the dependence of the drag coefficient on
the Reynolds number is of crucial relevance for many engineering applications.
Assuming a statistically steady state and appropriate far-field decay rates for
the flow variables, in this chapter, we show that at large Reynolds numbers, the
drag coefficient is bounded by a constant. The bound obtained thus is within
a logarithmic factor of what phenomenological theories, based on experimental

data, predict.

Chapter 4: Pressure-driven flows in helical pipes: bounds on flow rate and

friction factor

Based on: A. Kumar [2020]

Chapter 4 investigates pressure-driven flow in a helical pipe from a bounding
perspective. We use the background method to obtain a rigorous lower bound
on the volume flow rate through a helical pipe in the limit of a large Reynolds
number. As a consequence, we also obtain an equivalent upper bound on the
friction factor. These bounds are also valid for toroidal and straight pipes as
limiting cases. Using a two-dimensional background flow with varying boundary
layer thickness along the circumference of the pipe, we obtain these bounds as
a function of the curvature and torsion of the pipe and therefore capture the
geometrical aspects of the problem. In this chapter, we also present a sufficient

criterion for determining the class of pressure-driven flow and surface-velocity-
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driven flow problems that can be tackled using the background method.

Chapter 5: Geometrical dependence of optimal bounds in Taylor—Couette flow

Based on: A. Kumar [2022]

This chapter is concerned with the optimal upper bound on mean quantities
(torque, dissipation and the Nusselt number) obtained in the framework of the
background method for the Taylor-Couette flow with a stationary outer cylinder.
In this chapter, we also study the energy stability analysis of the laminar flow. We
demonstrate that below radius ratio 0.0556, the marginally stable perturbations
are not the axisymmetric Taylor vortices but rather a fully three-dimensional flow.
The main result of the chapter is an analytical expression of the optimal bound
as a function of the radius ratio. To obtain this bound, we begin by deriving a
suboptimal analytical bound using analysis techniques. We use a definition of the
background flow with two boundary layers, whose relative thicknesses are opti-
mized to obtain the bound. In the limit of high Reynolds number, the dependence
of this suboptimal bound on the radius ratio (the geometrical scaling) turns out
to be the same as that of numerically computed optimal bounds in three different
cases: (1) the perturbed flow only satisfies the homogeneous boundary conditions
but need not be incompressible; (2) the perturbed flow is three-dimensional and in-
compressible; (3) the perturbed flow is two-dimensional and incompressible. We
compare the geometrical scaling with the observations from the turbulent Tay-
lor—-Couette flow, and find that the analytical result indeed agrees well with the
available direct numerical simulations data. In this chapter, we also dismiss the
applicability of the background method to certain flow problems and therefore

establish the limitation of this method.
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Chapter 6: Analytical bounds on the heat transport in internally heated
convection

Based on: A. Kumar, A. Arslan, G. Fantuzzi, J. Craske and A. Wynn [2022]

In this chapter, we obtain an analytical bound on the mean vertical convective
heat flux (wT') between two parallel boundaries driven by uniform internal heat-
ing. We consider two configurations, one with both boundaries held at the same
constant temperature, and the other one with a top boundary held at constant
temperature and a perfectly insulating bottom boundary. For the first configura-
tion, Arslan et al. (J. Fluid Mech. 919:A15, 2021) recently provided numerical
evidence that Rayleigh-number-dependent corrections to the only known rigor-
ous bound (wT) < 1/2 may be provable if the classical background method is
augmented with a minimum principle stating that the fluid’s temperature is no
smaller than that of the top boundary. Here, we confirm this fact rigorously
for both configurations by proving bounds on (wT') that approach 1/2 exponen-
tially from below as the Rayleigh number is increased. The key to obtaining
these bounds are inner boundary layers in the background fields with a particular
inverse-power scaling, which can be controlled in the spectral constraint using
Hardy and Rellich inequalities. These allow for qualitative improvements in the

analysis not available to standard constructions.

Chapter 7: Three dimensional branching pipe flows for optimal scalar
transport between walls

Based on: A. Kumar [2022] arxiv: 2205.03367 , in preparation)

In this chapter, we look at the problem of “wall-to-wall optimal transport” in which

we attempt to maximize the transport of a passive temperature field between hot
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and cold plates using divergence-free velocity fields in the advection-diffusion equa-
tion subject to an enstrophy constraint. We are interested in the design of forcing
in the Navier-Stokes equation such that the resultant flow maximizes the heat
transfer between two differentially heated walls for a given power supply budget.
Previous work established that heat transport cannot scale faster than 1/3-power
of the power supply. Recently, Tobasco & Doering (Phys. Rev. Lett. vol.118,
2017, p.264502) and Doering & Tobasco (Comm. Pure Appl. Math. vol.72, 2019,
p.2385-2448) constructed self-similar two-dimensional steady branching flows sat-
urating this bound up to a logarithmic correction. This logarithmic correction ap-
pears to arise due to a topological obstruction inherent to two-dimensional steady
branching flows. We present a construction of three-dimensional “branching pipe
flows” that eliminates the possibility of this logarithmic correction and therefore
identifies the optimal scaling as a clean 1/3-power law. Our flows resemble pre-
vious numerical studies of the three-dimensional wall-to-wall problem by Motoki,
Kawahara & Shimizu (J. Fluid Mech. vol.851, 2018, p.R4). We also discuss
the implications of our result to the heat transfer problem in Rayleigh-Bénard

convection and the problem of anomalous dissipation in a passive scalar.

Chapter 8: Nonuniqueness of trajectories on a set of full measure for Sobolev
vector fields

Based on: A. Kumar [2023] (arxiv: 2301.05185, in preparation)

In the theory of DiPerna-Lions for Sobolev vector fields W', an important ques-
tion was whether the uniqueness of regular Lagrangian flow could be implied by
proving almost everywhere uniqueness of trajectories. In this work, we construct
an explicit example of divergence-free vector fields in W? with p < d such that

the set of initial conditions for which trajectories are not unique is a set of full
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measure. To prove this, we build a vector field u and a corresponding flow map
X* such that after finite time 7" > 0, the flow map takes the whole domain T¢ to
a Cantor set Cgp, i.e., X%(T,T?) = Cp and the Hausdorff dimension of this Cantor
set is strictly less than d. The flow map X™ constructed as such is not a regular
Lagrangian flow. The nonuniqueness of trajectories on a full measure set is then
deduced from the existence of the regular Lagrangian flow in the DiPerna—Lions

theory.
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Chapter 2

The background method

2.1 Introduction

The background method is an important tool in fluid dynamics that enables
us to obtain bounds on the global mean quantities such as drag force, energy
dissipation, heat and mass transfer in turbulent flows. Doering and Constantin
first developed it in a series of four papers (Doering and Constantin, 1992, 1994;
Constantin and Doering, 1995; Doering and Constantin, 1996). Their first two
papers considered the Couette flow system (flow between two parallel boundaries
subject to surface-velocity differential), where they showed that the rate of energy
dissipation stays bounded in the limit of vanishing viscosity, or in other words,
the upper bound is independent of viscosity. While this statement is relatively
intuitive given the vast range of experiments confirming it in various flow setups
(Dryden, 1943; Cadot et al., 1997; Sreenivasan, 1984, 1998; Pearson et al., 2002;
Kaneda et al., 2003), proving was non-trivial, and in fact, such proofs are generally
quite rare even today. For example, there is presently no equivalent proof that

the energy dissipation rate stays bounded (by a quantity that is independent
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of viscosity) for uniform flow past a sphere or cylinder. In their second paper,
Constantin and Doering looked at pressure-driven flow in a channel and obtained
a lower bound on the volume flow rate that is proportional to the square root of the
pressure differential and independent of viscosity. Their final paper investigated
Rayleigh—-Bénard convection (the motion of fluid between two differentially heated
walls driven by buoyancy), where they derived an upper bound on the Nusselt
number (the non-dimensional heat transfer), which is proportional to the square
root of Rayleigh number (a parameter governing the intensity of convection).
Doering and Constantin were not the first to obtain bounds on global mean
quantities in fluid mechanics: this concept goes back to Howard (Howard, 1963,
1972). In his 1963 paper, Howard obtained an upper bound on the Nusselt num-
ber for the Rayleigh—Bénard problem under a statistical stationarity assumption.
His bound is similar to that of Doering and Constantin but with a different pref-
actor. (Busse, 1969, 1970) further extended Howard’s approach to Couette flow
and pressure-driven flows. (Kerswell, 1997, 1998) showed that the best bounds ob-
tained using the Howard—Busse technique and the Doering—Constantin technique
are one and the same for turbulent shear flows. However, the Doering—Constantin
approach is much more flexible than the Howard—Busse approach and does not
require any assumption about the statistical stationarity of the flow. As a result,
the Doering—Constantin background method has become more popular and has

been used in several canonical flow configurations, some of which we discuss below.
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2.2 Understanding the background method
through a simple example

To understand the background method, we consider the example of the plane
Couette flow, which is the flow of fluid between two parallel plates, where the
top plate moves with the velocity Uy and the bottom plate is stationary. Figure
2.1, shows the configuration. We study the problem using the incompressible

Navier—Stokes equations

Veu=0, (2.1a)

0 1

871; +u-Vu= —;Vp + vAu, (2.1b)
where u = (uy,uy,u,) is the velocity field, p denotes the pressure, v is the

viscosity of the fluid and p is the density. We assume that the flow satisfies
periodic boundary conditions in the horizontal directions. The solid boundaries
are situated at z = —H/2 and z = H/2. Therefore the domain of interest is
=Ty, x Ty, x (—H/2,H/2). The flow field satisfies the following boundary

condition:

w=(0,0,00 at z=—H/2, uw=(Up,0,0) at z=H/2. (2.2

The quantity that we are interested in is the rate of energy dissipation given by

g, = v{|Vul?), (2.3)
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Figure 2.1: A schematic of Couette flow.

where the angle brackets denote the long-time volume average:

(-]) = ]{lﬁdaz = Kl“/ﬂ[-]da:, where ﬁ = limsup; t:T[ -] dt.

(2.4)

For the Couette flow system, it is easy to show by considering the long-time
average kinetic energy equation that the rate of energy dissipation is linked to the

rate of momentum transport as follows:

Uo Lo Ly Ouy
. - 2 ddy, 2,
€ HLxLy/o /0 [u Ue = Vg L:ZO xdy (2.5)

Momentum Transport

and therefore can also be related to the average force applied at the top wall to

maintain a constant speed U:

Uo
_ 2,
T HL,L, (26)
where
Lo Ly O
F= —y/ / ta dzdy. (2.7)
o Jo 0z c—H/2




We now give a presentation of the background method to obtain an upper
bound on the rate of energy dissipation. Using the relations (2.5) and (2.6),
we will then also be able to obtain equivalent upper bounds on the momentum
transport from one wall to the other, and on the force required to maintain the
top plate at constant speed Uy. Our presentation here is an adaptation of the one
given in ((Doering and Constantin, 1994)).

We start by writing the total flow w as a sum of two divergence-free flow fields:
(1) v, which we call the perturbed flow and (2) U, which we call the background
flow. The background flow U satisfies the same boundary conditions as the total

flow u:
U=(00,0) at z=-H/2, U= (U,,0,0) at z=H/2. (2.8)

As a result, the perturbed flow satisfies the homogeneous version of the boundary

conditions:
v=(0,0,0) at z=-H/2, H/2. (2.9)

We choose the background flow U to be independent of time. Using the decom-

position u = U + v in the governing equations (2.1) leads to

V-v=0, (2.10a)

0 1
8::+U-VU+U-V’U—|-’U-VU+’U-V’U:—pvp—Fl/A’U—Fl/AU. (2.10b)

Next, we obtain the equation for the evolution of the kinetic energy of the per-

turbed flow. We first take the dot product of equation (2.10b) with v and using
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the divergence-free condition (2.10a), we obtain:

19|v|? 1 ) 1 )
2 o1 +(U°VU)"U+§V'(|’U| U)+('v-VU)-v—I—§-V(|'v| v)

1
—;V - (pv) + %A]vﬁ —v|Vo]? +vV . (v.-VU") —vVU: Vou. (2.11)

In the index notation,

(’U . VUT),L = Ujal'Uj and VU: Vv = 8ivj8in. (212)

Next, we use the identity

|Vul? = |[VU]* +2VU: Vv + |Vo]?, (2.13)

in (2.11), to obtain

1 2 1 1
Qag;' +(U-VU) -0+ 5V - (ofU) + (v- VU) - v + 5 - V(|v['v) + %IV'MI2

1
==V )+ gAW - gvaP + UV - (v VUT) + g\VUP. (2.14)

We then perform the volume average and a finite time average (from ¢t = 0 to T')

of (2.14), which leads to

171 , y , 171 ,

i P d - = —/ d

9T [|Q| /Q [v] "”LT+ 5 IVulr = o7 [ym o 1Yl mLO+
v 1

v |VU[2dm—<V]Vv\2+(U-VU)-v+(v-VU)-v> L (215)

Here, ( - )7 denotes the finite-time volume average. Taking the limit 7" — oo
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yields

v 1
<

v 2

/Q IVU|? dx — <;|V'v|2 +(U-VU)-v+ (v-VU)- 'v> .
(2.16)

Finally, taking v to be any divergence-free vector field that satisfies homogeneous

boundary conditions and taking the supremum of the right-hand side leads to

g, <

sup <y][ VU da — y][ Vol dz — 2][ (U-VU) - vda
Q Q Q

v(x)

V.-v=0,
v]50=0
—2][ (v-VU)-v dw)
0
_ u][ VU de — inf Hu(v), (2.17)
¢ V’lfvm:O,
v]50=0

where Hy is given by

= 2 . . . .
Hy = y]é\vm dw+2]€(U vU) vdm—l—Z]é(v VU)-vdz.  (2.18)

1 11 117

The goal at this point is to choose a background flow U such that the functional
Hy is positive semi definite (i.e., Hy(v) > 0 for any divergence-free v that satisfies
homogeneous boundary conditions), which would then imply a bound on the rate

of energy dissipation:
g, < 1/][ VU | dz. (2.19)
Q

A simple, traditional choice is to select a background flow that is unidirectional:
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F=T2

Figure 2.2: shows the one-dimensional background flow profile as defined in
(2.20)

U = (U,(2),0,0). Furthermore, we choose U, (z) so that the background flow gra-
dient is non-zero only in thin boundary layers of thickness ¢ next to the boundaries.
The reason for choosing such a background flow is that it allows us to bound sign
indefinite terms /1 and 11 in (2.18) by the only positive term, I. In particular,

we choose

Il (1+ %) if —f<z< M4y
Us(2) = o if —Z45<z<f—y, (2.20)
UgH 2z : H H
UO_ 25(_ﬁ> if 5—(5§Z<§,

where the boundary layer thickness 0 is a free parameter at this point. Figure

2.2 shows the selected background profile. For this choice of background flow, the

functional Hy simplifies to

Hy =

Lo Ly Uy [~5+
HLL/ / [/_|V'v] dz+5 » 'vazdz+f/
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Next, using a simple application of the Cauchy—Schwarz and Young’s inequality,
we see that

1 1
—H45 ) 2 s ) 2
< v, dz vidz |,
_H _H

2

7
1 —5+496 1 ~Z+s
< 5/: v2 dz+§/H2 v dz. (2.22)
-z -z

We then use the fundamental theorem of Calculus to write

= v
. = —d, 2.23
o [, e (2.23)
which implies, for any z € (—%, —% + 4], that

v,
0z

2 3
dz') : (2.24)

- H [ -2+

Squaring both sides, and integrating in z leads to

2

-5+ 52 4+ |
2 2 2 T /
In a similar way, we can also find that
_H,s 52 _H_s o 2
/ PUde <[ P gy (2.26)
-4a 2 /-1 0z
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Using (2.25) and (2.26) in (2.22), we obtain

- 52 [—5+3
= 4/g

2
0v,

0z

ov,
0z

-5+
/ VU, A2

H
2

In a similar way, one can show

H

>

|/ VU, d2
H_s
2

Finally, using (2.27) and (2.28) in (2.21) gives

82 s
<& / IVo[2d.
4 JH 5

2

)
Hy > (V — 4U0> ]é |Vo|* de.

This expression immediately shows that as long as we choose

2 H
62 p—5+6
/
] dz' < — Y

(2.28)

(2.29)

(2.30)

then the functional Hy is positive semi definite. At the same time, the bound on

the rate of energy dissipation can be calculated to be

vU?
g, < .
20H

(2.31)

Therefore, we choose 6 = 4v/Uy to lower this bound as much as possible, which

gives

1 U3
g, < ——.
8 H

24

(2.32)



The bound obtained by (Doering and Constantin, 1994)

1 U

Eu S ﬁﬁ’ (233)

is slightly better than the one derived here. In obtaining their bound, Doering
and Constantin made partial use of the incompressibility condition satisfied by the
perturbed flow, which we did not do here. An even smaller prefactor, correspond-
ing to the best possible bound in the framework of the background method, can
be obtained numerically by setting up an optimization problem and solving the
corresponding Euler-Lagrange equations numerically. This was done by (Plasting

and Kerswell, 2003) (see also (Kumar, 2022a)), who showed that

U3
£, < 0.008553%. (2.34)

2.3 Applications of the background method

Since its initial introduction, there have been several studies carried out using
the background method. In this section, we discuss many important examples
of fluid systems where the background method has found application. We also
note that an excellent review concerning the background method was recently

published by (Fantuzzi et al., 2022).

2.3.1 Surface-velocity driven flows

As the name suggests, a surface-velocity-driven flow is a fluid flow in a domain
with impermeable boundaries with prescribed tangential velocity conditions. The

Couette flow example given above falls under this category.
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Another example of a surface-velocity-driven system is the Taylor—Couette
flow, which is the flow of fluid between two independently rotating cylinders.
(Constantin, 1994) first looked at this problem and obtained a bound on the
energy dissipation and the mean torque on the inner cylinder. More recently,
(Ding and Marensi, 2019) and (Kumar, 2022a) studied Taylor-Couette flow (where
only the inner cylinder rotates) from the perspective of optimal bounds. Using a
combination of numerical and analytical computations, we derived an expression
that captures how the optimal bound on the energy dissipation rate depends on the
radius-ratio 7 (a parameter that governs the geometry of the domain), (Kumar,

2022a, see). The optimal bound from this paper is

U
(T+n)(1+n%)?*

e < 0.0677 (2.35)

Conveniently, this bound approaches the best bound obtained by (Plasting and
Kerswell, 2003) in the limit n — 1 (the Couette flow limit).

(Wang, 1997) has previously obtained a bound on the energy dissipation rate
for a surface-driven flow in an arbitrary domain with smooth boundaries. However,
he did not study this problem from the point-of-view of optimal bounds, as his
goal was just to show that the rate of energy dissipation remains bounded in the
limit viscosity going to zero.

Recently, (Fan et al., 2021) studied yet another interesting flow setup. They
studied the plane Couette flow setup described above but used a mean tangential
velocity with added stochastic noise at the top boundary. By modeling the noise
using an Ornstein—Uhlenbeck process, (Fan et al., 2021) obtained a bound on the
first two moments of the energy dissipation rate as a function of the mean velocity

and the variance.

26



2.3.2 Pressure driven flow in a conduit

There are three studies of pressure-driven conduit flows that derive bounds on
the turbulent friction factor, or equivalently on the volume flow rate, using the
background method. The first study is due to (Constantin and Doering, 1995),
who derived a bound on the friction factor for pressure-driven flow in a plane

channel (Poiseuille flow). The friction factor is defined as

AP h

= 2.

where AP/AL is the applied pressure gradient, U is the mean velocity field
through the conduit and h is a characteristic length, in this case, the chan-
nel width. (Constantin and Doering, 1995) showed that the friction factor is
bounded from above by a constant. Later, (Plasting and Kerswell, 2005) stud-
ied pressure-driven flow in a straight pipe with a circular cross-section. They
examined this problem from the point-of-view of optimal bounds by solving the
Euler—Lagrange equation arising in the background method framework numeri-
cally. They showed that the coefficient of friction for pipe flow is bounded above
by a constant, Cy < 0.27, in this case as well.

In (Kumar, 2020), we investigated pressure-driven flow in toroidal and helical
pipes. We obtained bounds on the friction factor as a function of the pipe geom-
etry: its curvature x and torsion 7. This study is presented in Chapter 4 of this
thesis. Similar to (Constantin and Doering, 1995) and (Plasting and Kerswell,
2005), we obtained a bound on the friction factor that is independent of the ap-
plied pressure gradient but has a nontrivial geometric dependence. The expression
derived is potentially useful in engineering applications and provides the behav-

ior of friction factor in extreme limits of curvature and torsion, which otherwise
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would be difficult to obtain. In (Kumar, 2020), we also provided a simple criterion
for identifying flow systems (surface-velocity-driven or pressure-driven) where the
background method can be successfully applied. This finding demonstrates that
it ought to be relatively easy to further study pressure-driven flows, for example,

in axially twisted pipes or straight pipes with elliptical cross-sections.

2.3.3 External flows

An important class of problems in fluid mechanics concerns external flows, i.e.,
flow past an object. This class is directly relevant to many engineering applica-
tions, such as flow past an aircraft or a ship. Canonical configurations include:
flow past a flat plate, cylinder, sphere or airfoil. Ideally, we would like to apply
the background method to these problems and show that the coefficient of friction
remains bounded in the limit of high Reynolds numbers. Unfortunately, for most
of these flow configurations, no bounds have ever been derived using the back-
ground method (or any other rigorous mathematical technique) in the limit of a
high Reynolds number. However, there is one external flow problem where the
background method can be successfully applied. It is the classical problem of flow
past a finite length flat plate kept at zero incidence. For uniform flow past a flat
plated, we showed (Kumar and Garaud, 2020, see chapter 3) that the coefficient

of friction, C'p < 295.49.

2.3.4 Rayleigh—Bénard convection

Rayleigh—Bénard convection describes the buoyancy-driven motion of fluid be-
tween two horizontal differentially heated parallel plates, where the bottom plate

is hot and the top plate is cold. Rayleigh-Bénard convection is arguably the
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Figure 2.3: depicts convection between two differentially heated walls driven by
buoyancy.

most studied fluid configuration using the background method. In the nondi-
mensional form, the governing equations (incompressible Navier—Stokes equation
under Boussinesq approximation coupled with an advection-diffusion equation)

are given by

V-u=0, (2.37a)
%1; +u-Vu=-Vp+ PrAu+ RaPrTe,, (2.37b)
T

2%+u-VT—AT. (2.37c)

The two nondimensional parameters are the Prandtl number

v

Pr=—,
K

which is the ratio of viscosity v to thermal diffusivity x, and the Rayleigh number

ATH?
Ra =222

VK

which is the ratio of the buoyancy force to the viscous damping force, and thus

governs the intensity of the convection. Here, g is the acceleration of gravity, « is
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the coefficient of linear thermal expansion, AT = Tyostom — Tiep is the temperature
difference of the bottom and top boundary and H is the distance between the
plates. Figure 2.37 shows a schematic of the Rayleigh—Bénard setup. The quantity
of interest in Rayleigh-Bénard convection is the nondimensional heat transfer

known as the Nusselt number, given by

Nu=1+ (u.T), (2.38)

where the angle brackets denote the long-time volume average and u, is the vertical

component of the velocity field.

The standard Rayleigh—Bénard convection setup

In the standard Rayleigh-Bénard convection setup, the governing equations
(2.37) are supplemented with no-slip boundary conditions on the top and the
bottom walls:

u=0 at z=0,1,

and the temperature boundary conditions:

T=1 at z=0, and T=0 at z=1.

(Doering and Constantin, 1996) derived an upper bound on the Nusselt number
as a function of the Rayleigh number and the Prandtl number in that configura-
tion. They showed that the Nusselt number is bounded by the square root of the

Rayleigh number, a bound that is uniform in the Prandtl number. In particular,
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they obtained
1 1
Nu—-1< 6Ra2. (2.39)

The optimal prefactor, in the framework of the background method, was found

by (Plasting and Kerswell, 2003) to be
Nu—1 < 0.02634Raz. (2.40)

Rayleigh—Bénard convection at high Prandtl number

In the limit of high Prandtl number, Pr — oo, the viscous forces dominate
over the inertial forces. In this limit, the momentum equation (2.37b) can be

approximated by the simplified linear equation:
0=—-Vp+ PrAu+ RaPrTe,. (2.41)

Furthermore, in two dimensions, using the incompressibility condition, (2.41) can

be recast as a fourth-order elliptic equation:
A’u, = —RaA|T, (2.42)
where Ay = 97 + 9;. The boundary conditions accompanying (2.42) are
u, =0,0,u, =0 at z2=0,1. (2.43)

Using a typical background temperature profile (with a vertical varying temper-

ature profile that is flat in the bulk and has steep gradients in boundary layers
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of thickness §) along with a few improved estimates on the vertical component of
the velocity field u,, (Doering and Constantin, 2001) proved the following bound

on the Nusselt number:
Nu < 0.2545Ra5 .

Later, using a logarithmic background profile, (Doering et al., 2006) improved this
bound to

Nu < 0.64366Ra5 (log Ra)3,

which was subsequently improved further to
Nu S Ra%(log Ra)%

by (Otto and Seis, 2011) using a few finer estimates. Using a slightly approach
method (by combining a maximum principle for the temperature field with the
background method) (Otto and Seis, 2011) further brought this bound closer to

a Ras scaling, showing that
Nu < Ras (log log Ra)%.

Two dimensional Rayleigh—Bénard convection between stress free

boundaries

For finite Pr, it is also possible to improve the bound on the Nusselt number in

two dimensions over the one given in (2.39) when the no-slip boundary condition
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on the velocity field is replaced with stress-free boundary conditions:
Ouy =0, u, =0 at z=0,1. (2.44)

The improvement in the bound comes from taking advantage of an integral con-
straint extracted from the vorticity equation. Numerical investigations of (Otero
et al., 2002) provided earlier evidence that the upper bound on the Nusselt num-
ber, in this case, scales as Ras rather than Ra?. Later, (Whitehead and Doering,

2011b) rigorously showed that

5

Nu < 0.2891Rat.

For convection in a box with an aspect ratio (horizontal to vertical) 2v/2, (Wen

et al., 2015) calculated the optimal prefactor and obtained the bound
Nu < 0.106Ra™.

In Rayleigh-Bénard convection, the ultimate scaling theory (Nu ~ Ra%) is based
on the idea that the primary mode of heat transfer is convection. Furthermore,
this theory does not distinguish between different boundary conditions or spatial
dimensions. The fact that the formal Nu < Ra'z bound obtained in the case
of 2D, stress-free boundaries, therefore indicates that molecular transport can-
not generally be neglected, contrary to the predictions of the ultimate scaling,
(Whitehead and Doering, 2011b, see).

More recently, (Drivas et al., 2022b) considered Rayleigh-Bénard convection
in two dimensions with a Naiver-slip boundary condition. They obtained a bound

on the Nusselt number as a function of the Rayleigh number and the Navier—
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slip. Their bound tends to Ra? in the no-slip case and Rats in the infinite-slip

(stress-free) case, and therefore, connects the two limits.

Rayleigh—Bénard convection between rough boundaries

A bound on heat transfer for Rayleigh-Bénard convection has been obtained
in the case of rough boundaries as well. (Goluskin and Doering, 2016) considered
a model setup in which the hot and cold boundaries, h®(z,y) and h'(x,y) are

taken to be graphs of continuous function such that the gradients of these graphs

VhB(

are square integrable, i.e., ‘ VhTH2 < 00. They derived a bound that is

9 Y

Nu < (0.242 + ||Vh|?)Ra?, (2.45)

valid at high Rayleigh number. The scaling in Ra is therefore the same as in the
case of smooth boundaries. However, the importance of this bound comes from
the fact that the scaling Nu ~ Ra? is indeed observed in numerical simulations
of the Rayleigh-Bénard convection with rough boundaries (Toppaladoddi et al.,
2017; Zhu et al., 2017) (Toppaladoddi et al., 2021), which establishes the sharpness

of the result in that case.

2.3.5 Internally heated convection

Internally heated convection is similar to the Rayleigh-Bénard convection,
except that the convection is driven by volumetric heating instead of a temperature
differential imposed at between two boundaries. Therefore, the equation (2.37c)

is replaced with

(g+u-VT:AT+1, (2.46)
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and the definition of the Rayleigh number becomes

_ gaH5Q*
 pepkr?

Ra (2.47)

where Q" is a constant volumetric heating rate and ¢, is the specific heat capacity
of the fluid. The velocity field satisfies a no-slip condition on the boundaries.
Depending on the boundary condition for the temperature field, there are three
configuration that are typically studied, defined as IH1, IH2 and IH3 in (Goluskin,

2016):

T(xz,y,0,t) =T(x,y,1,t) =0 for IHI,
0.7 (z,y,0,t) =0, 0,T(z,y,1,t) = =1 for IH2,

0.T(x,y,0,t) =T (z,y,1,t) =0 for IH3.

An important nondimensional quantity that is often looked at in internally heated
convection is the mean vertical heat flux (u,T). In the IH1 configuration, the
mean vertical heat flux quantifies the asymmetry of the heat fluxes through top
and bottom boundary. In these two cases, the mean vertical heat flux is related
to the difference of the horizontally-averaged temperature between the top and
the bottom wall. In IH2 and [H3 configuration, the mean vertical heat flux is also

linked to the Nusselt number as

1

Nu=—
Y

(2.48)

For the TH1 case, using a minimum principle for the temperature field, (Arslan

et al., 2021b) provided the initial numerical indication that the vertical heat flux
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(u,T) is smaller than 1/2 and the difference 1/2 — (u,T) appears to decrease
faster than any power law in Rayleigh number. We later rigorously established a

rigorous bound

(u,T) < - — clRa% exp (—czRa%) , (2.49)

DO | —

where ¢; and ¢, are positive constants (Kumar et al., 2022). For the IH2 case, the

best known bound is

1/1 1
(u.T) < 5 (2 + ¢§> — 1.6552Ra "3, (2.50)

which was obtained by (Arslan et al., 2021a). For the IH3 configuration, a bound

on the vertical heat flux was obtained by (Kumar et al., 2022):

(u,T) <

c 3
RS% exp (—C4Rag) , (2.51)

N[ —

which also gives an upper bound on the Nusselt number as

1
Nu < Q—CSRQ% exp (—C4R(l%) . (2.52)

More recently, (Arslan et al., 2023) also studied internally heated convection in
the high Prandtl number limit and obtained bounds on the vertical heat flux in

that case as well.
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Chapter 3

Bound on the drag coefficient for

a flat plate in a uniform flow

This chapter is based on the paper Kumar and Garaud (2020) published in
the Journal of Fluid Mechanics, Volume 900, 10 October 2020, A6.

3.1 Introduction

The idea of obtaining bounds on mean quantities using analysis techniques
goes back to Howard (1963), who was interested in deriving an upper bound on
the heat transfer in Rayleigh-Bénard convection, and inspired by Malkus’ maxi-
mal transport hypothesis (Malkus, 1954). With the help of variational techniques,
Howard (1963) obtained a formal bound on the heat transfer for solutions satis-
fying two integral constraints derived from the governing equations. Busse (1969,
1970) subsequently improved and extended Howard’s technique to obtain bounds
on the rate of energy dissipation in plane Couette flow and Poiseuille flow. Later,

in a series of papers (Doering and Constantin, 1992, 1994; Constantin and Doering,
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1995; Doering and Constantin, 1996), Doering and Constantin laid the foundation
of a new bounding method called ‘the background method’. This method also re-
quires certain integral constraints to be satisfied with the help of trial functions to
obtain a bound on the desired quantity. The freedom of choice of trial functions
makes the Doering—Constantin technique relatively easier to implement than the
Howard-Busse technique. Kerswell (1997, 1998) showed that the best bounds ob-
tained using the Howard—Busse technique and the Doering—Constantin technique
are the same for turbulent shear flows, thereby establishing the link between the
two approaches.

Until now, all the applications of the background method have focused on
flows confined between solid boundaries. Examples include bounds on the rate of
energy dissipation in surface-velocity-driven flows (Doering and Constantin, 1992,
1994; Marchioro, 1994; Nicodemus et al., 1997; Wang, 1997; Hoffmann and Vi-
tanov, 1999; Plasting and Kerswell, 2003), pressure-driven flows (Constantin and
Doering, 1995), and surface-stress-driven flows (Tang et al., 2004; Hagstrom and
Doering, 2014); bounds on the heat transfer in Rayleigh-Bénard convection in var-
ious settings (Doering and Constantin, 1996, 2001; Otero et al., 2002; Plasting and
Ierley, 2005; Wittenberg, 2010; Whitehead and Doering, 2011b; Whitehead and
Wittenberg, 2014; Goluskin, 2015; Goluskin and Doering, 2016; Fantuzzi, 2018)
and Bénard-Marangoni convection (Hagstrom and Doering, 2010; Fantuzzi et al.,
2018, 2020); bounds on buoyancy flux in stably stratified shear flows (Caulfield
and Kerswell, 2001; Caulfield, 2005).

Despite the tremendous success of the background method to confined flows,
however, there has been no application to external flows, such as flows past a
streamlined or bluff body. Studying external flow problems is crucial because of

the numerous potential applications in aerospace and naval engineering, including
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the design of airfoils, turbine blades, ship hulls, and submarines, to name a few.
An important question of investigation in all these cases is that of the dependence
of the drag coefficient on the Reynolds number. In general, this dependence can be
quite complex. For example, in a uniform flow past a cylinder, the flow dynamics
undergo several transitions, which leads to a complex dependence of the drag
coefficient on the Reynolds number (see Williamson, 1996). Ideally, one would like
to construct a theory to explain and quantify this complex dependence; however,
this task is too ambitious. As pointed out by Roshko (1993), there is no theory to
predict the drag coefficient associated with the flow past a cylinder at moderate
or large Reynolds numbers, a statement that still holds today. As such, obtaining
instead a strict upper bound on the drag coefficient that has the same scaling
with Reynolds number as the observations would be a significant and useful first
step in the right direction. Howard (1972) and Doering and Constantin (1994)
have also previously raised the question of the extensibility of bounding techniques
to external flows, specifically for a flow past a sphere. However, this extension
has remained elusive due to various mathematical difficulties. Proving bounds on
the drag coefficient for flow past an object therefore remains an open problem.
As we shall demonstrate in this work, the case of flow past a flat plate avoids
these difficulties, enabling us to apply the background method to an external flow
problem for the first time.

The flow past a flat plate is a classical fluid problem that has served as a
benchmark for aerodynamicists for over a century. The first breakthrough to-
wards obtaining an analytical result was due to Prandtl (1904). He postulated
that the effect of viscosity would only be significant in a thin layer close to the
surface of the body. This approximation led to a reduction of the equations that

were subsequently solved by Blasius (1908) for a semi-infinite plate in the lami-
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nar regime using the similarity technique. The problem considered in this paper,
which is more relevant to engineering applications, is the problem of a finite length
plate. Based on Blasius’s solution, the drag coefficient for a finite length plate in
the laminar regime decreases as O(Re~2) (see Schlichting and Gersten, 2016, p.
160), where Re = U, L/v is the Reynolds number based on the free stream veloc-
ity U, the length of the plate L, and the kinematic viscosity v. Wake formation
behind the plate leads to a higher-order correction to the Blasius solution, which
is quite complicated to obtain (see Stewartson, 1969; Messiter, 1970; Jobe and
Burggraf, 1974). In the turbulent regime no exact analytical solutions exist, and
one must rely on empirical formulae for the drag coefficient obtained from exper-
imental measurements. One of the standard empirical formulae (see Schlichting
and Gersten, 2016, p. 583) suggests that the drag coefficient for the flat plate
decreases as O((In Re)™2) at high Reynolds number, when the flow is turbulent.
As we shall demonstrate in this manuscript, it is possible to obtain a bound on
the drag coefficient for a flat plate. This bound is independent of the Reynolds
number, and therefore only a logarithmic factor away from the experimental mea-
surements at high Reynolds number.

The rest of the paper is arranged as follows. In §3.2, we describe the flow
configuration and define the drag coefficient. In §3.3, we describe the background
method in the context of a flat plate. In §3.4, we divide our domain into subdo-
mains for the purpose of defining the background flow. We then obtain bounds
on quantities in different subdomains and combine them to obtain a bound on the

drag coefficient. Finally, we conclude in §3.5.
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3.2 Flow configuration

Consider a plate of zero thickness and length L kept at zero incidence in a
uniform flow of an incompressible Newtonian fluid with flow speed U,, and far-
field pressure p... The extent of the plate is infinite in the spanwise direction.
Let p and v, respectively, be the density and kinematic viscosity of the fluid. The
equations governing the flow are the incompressible Navier—Stokes equations and

in the non-dimensional form are given by

V-.u=0,

ou 1,

el . - — — 1
5 +u-Vu Vp+ Rev u, (3.1)

where we have used the following non-dimensionalization:

u p* — P Uoot* T
P=z 0 T=—. (3.2)

Here, u, p, t, and x are the non-dimensional velocity field, pressure field, time and
spatial coordinates, respectively, and Re = U, L/v is the Reynolds number for
the flow. The quantities with a star in superscript are the dimensional quantities.
The flow configuration can be best described in a Cartesian coordinate system
x = (x1,x9,23). We fix the origin of the coordinate system at the leading edge
of the plate, with z; pointing in the downstream direction, x, pointing upward,
normal to the plate, and x3 being the spanwise direction. The boundary condition

on the surface of the plate is no-slip, i.e.,

u=0 if zo=0and0<z <1. (3.3)
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Far away from the plate, the flow is uniform, and the pressure is constant. This

condition in non-dimensional variables can be written as

u—e,, p—>0 as xy, v9 — Foo, (3.4)

where, e,, denotes the unit vector in the streamwise direction. Finally, we also
assume that the flow is periodic in the spanwise direction (z3), with a non-

dimensional period L,. The domain of interest therefore is

Q = {(z1, 29, 23)|x3 € [0, Ls]} \ {(x1,0,23)|z1 € [0,1], 25 € [0, L]} (3.5)

3.2.1 Drag coefficient

Let F* denote the long-time-averaged dimensional drag force on a section of
the plate with dimensional length L7 in the spanwise direction, where L} = LLj,.
For a flat plate in a uniform flow at zero incidence, the drag force is entirely due
to skin friction, so we can obtain F™* in terms of the shear-stress integrated over
the top and bottom surface of the plate. We define the drag coefficient to be the

non-dimensional force per unit area:

oo/,

In terms of non-dimensional variables, the drag coefficient is given by

Cp=— (3.7)
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where F' = F*/pvUy L is the non-dimensional force that can be written as

F* Ls r1 Ls 1
prooL :/0 /0 ﬁdI1d5E3+/0 /0 ﬁdﬁldmg, (38)

where 7, and 7, are the non-dimensional shear-stresses on the top and bottom

surfaces of the plate at point (z1,0,z3):

0 0
S 5= : (3.9)
axQ zo—01 axQ To—0—
and the overbar denotes the long-time average given as
- _ 1 4T
(1= Jim ([, where ([ [y = [ -]t (3.10)

3.2.2 The relationship between drag coefficient and non-

dimensional dissipation

Let @ denote the perturbation from the uniform flow, mathematically ex-

pressed as

U=1uU—e,. (3.11)
The governing equations for @ are given by
V-.u=0, (3.12)
aa+< + @) - Vi Vi + — V2 (3.13)
— + (e, +u)-Vu=— —V*u, .
ot PT Re
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along with the boundary and the far-field conditions:

u=—e,; if zo=0and0 <z <1 (3.14)

u—0,p—0 as w1, v9 = to0. (3.15)

The energy equation for @ can be obtained by taking the dot product of equation

(3.13) with @ and using the divergence-free condition (3.12), and is given by

1olal> 1 o] _ Loz 1o
5o TV (e TWAL] = =V (@p) + o VHal - - |Val
(3.16)
We define a domain Qg as
Qr = {(z1, 79, 73)|25 € [0, L], 22 + 23 < R*} N Q, (3.17)

and we integrate equation (3.16) over Qx with R > 1. After using the divergence
theorem (see Folland, 2003, pp. 240) and the boundary condition on the surface

of the plate, this results in

1d ) 1
—_— Y d —/ |2 - ) - d fy
5 QR\u\ :1:—|—2 SRlu\ (ex, + @) -nds
1 1
[ pa-nds+— [ V@] d——/ valld
stu n S+2Re o |a|” - n ds o QR’ | dx
1

Ls 1
T /0 /0 (V1) esmso- — (V1) ryot] - €0y drrdas, (3.18)

where Sg is the outer boundary of 2z, and n denotes the unit normal vector on
the boundary. At this point, we make two assumptions. We consider only those

solutions for which the decay rate of the flow variables & and p far from the plate
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is sufficient to conclude that in equation (3.18) terms with an integral over Sg

vanish, while terms with a volume integral over {2 converge as R — oo uniformly

in time t € [0, 7] for any 7. We also assume that the flow achieves a statistically

steady-state. Next, we perform the following sequence of steps on equation (3.18):

(i) We take the time average of the equation from t =0 to ¢t =T.

(ii) We take the limit R — oo.
(iii) We take the limit 7" — oc.

We obtain the following result:

1 =
where || - || denotes the L?-norm defined as

-1l = (/Quzdw)%.

(3.19)

(3.20)

Now u = u + e;,, which implies Vu = Vu. Therefore, in terms of the total

velocity field, the drag coefficient is

— 2
ReLS ||VU||2

(3.21)

This type of relation is commonly used in calculations of the drag force on bubbles

and drops (Moore, 1963; Harper and Moore, 1968; Leal, 2007, pp. 747-748) where

it is possible to calculate the dissipation in the flow field with higher order of

accuracy than the stresses on the surface.
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3.3 Background method formulation

The background method formulation used here is the same as given in Doering
and Constantin (1994). The background method proceeds by decomposing the
total flow (u) into a divergence-free background flow (U) and a perturbed flow
(v), i.e,, w = U + v with the condition that V- U = 0 and V-v = 0. We
require that the background flow U satisfies the no-slip boundary condition at
the surface of the plate, and that far away from the surface, U approaches e,,
sufficiently quickly so that the far-field decay rate of perturbations v = u — U is
comparable to that of @ in the previous section. After some of the usual algebraic

manipulations, we obtain the energy equation of the perturbed flow as

1ojv2 1 o1 ,
3 o —|—§V-('v]'u|)+§V-(U|'v|)+(v-VU)-v+(U-VU).v

1 |
——V-(pv)—l—ﬁv-(v-VU )—EVU.V’U

1 2 2 1 2
+—V|v|* — —|Vov 3.22
2Re ’ | R6| | ’ ( )

where, in index notation,
(v-VU"), =v;0,U;, and  VU: Vv = 0w,;0U;. (3.23)
Using the following identity

Vu: Vu=VU: VU + Vv: Vv +2VU: Vv (3.24)

46



in (3.22), we obtain

19|v?
2 Ot

1 1
_— 2:— . _— . . T _— 2 2
+55- 1Vl Ve (p) + 5oV (v VU + o Vi

1 | )
— - = . 2
5| VU = Vol (3.25)

Next, we perform the following sequence of steps on equation (3.25):
i) We integrate it over Qp for R > 1.

(
(ii) We take the time average of the equation from ¢ =0 to t = T.
(iii) We take the limit R — oo.

(

iv) We take the limit 7" — oo.

and obtain the following result:

1 NXTas 12 — 1 2
i T = 7 70
— _ 2 / . . / . . >
im <2R6HVUHQ+ [(w-VU)-vdat [ (U-VU)-vde)
(3.26)

In obtaining the above equation, we have used the assumption of a statistically
steady-state and appropriate far-field decay rates for the flow variables, as in

§3.2.2. Next, we define the functional H(v) as follows:

H(v) :/Q(v-VU)-vdac—i—/Q(U-VU)-vdaz+21R€||VvH§. (3.27)

1 11 117

The key to the background method is to find a constant v and an incompressible
background flow U, with U — e,, as |x| — oo and satisfying the no-slip boundary

condition at the surface of the plate, such that H(v) + v is nonnegative for all
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time-independent incompressible vector fields v that decay to zero at infinity. This
ensures that H(v) + v > 0 also for time-dependent velocity fields v satisfying the
flow’s equations of motion. If we can find such U and =, then (3.26) yields a
bound

[Vul|2 <||VU|? + 2Rey. (3.28)

Combining this with (3.21) gives an upper bound on the drag coefficient,

1 2
oI VU3 + . (3.29)

Cp < L.

3.4 Upper bound on drag coefficient

Obtaining the best upper bound on the drag coefficient using the background
method requires finding the optimal background flow that would minimize the
right-hand side of (3.29). However, it is not possible to find this optimal back-
ground flow analytically for our problem, and even with the help of numerical
methods this task is quite challenging (Plasting and Kerswell, 2003; Wen et al.,
2013, 2015; Fantuzzi and Wynn, 2015, 2016; Fantuzzi, 2018; Tilgner, 2017, 2019)
and is a study in its own right. Therefore, in this paper, we restrict the analysis
to a simple family of background flow fields, involving a single free parameter, for
which the algebra remains tractable. In the next subsections, we will therefore
have the following tasks at hand: (1) to define the background flow, (2) to obtain
bounds on terms [ and I7 in (3.27), and (3) using these results, to obtain a bound

on the drag coefficient.
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3.4.1 Background flow construction

In section §3.3, the calculations merely required that U goes sufficiently quickly
to e,, as |x| — oco. However, to simplify the algebra, in this paper we choose a
U that is actually equal to e,, outside a rectangular box I' centered around the
plate (see figures 3.1 and 3.2). This ensures that VU is zero outside of ', so that
any nonzero contribution to terms I and I/ in (3.27) can only come from within
the domain I'. As a result, we only have to estimate terms [ and I[ inside I,
which makes the forthcoming analysis easier to perform. The rectangular box I'

is formally given by

F:{(Il,l‘g,.’ﬂgﬂ —5§.’L’1 S 1+6, —(SSZEQ S 5, OSI;J, SLS}HQ (330)

The width of I' in the spanwise direction is L, which is the same as the periodicity
of the flow in that direction. I' encloses the plate on all sides with a margin of
length 0 (see figure 3.1), which we call the boundary layer thickness. For now, 6 >
0 is an unknown quantity, which will be adjusted later to make H(v) + v positive
semi-definite for some constant . For the purpose of defining the background

flow, we then partition I' into eight subdomains, also shown in figure 3.1. These
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Figure 3.1: The solid line in the middle represents the plate. I' is the domain
enclosed between the plate and the thick dashed rectangular envelope (the span-
wise direction is not visible in this figure). Also shown is the division of I" into
the eight subdomains R; through Rs.

can be mathematically written as

Ry ={(x1,29,23) | =0 <21 <0,0< 129 <6, 0< 23 < L},
Ry ={(x1,29,23) |0 <y <1/2, 0 <29 <0, 0 <23 < Ly},
Ry ={(x1,29,23) | 1/2 <21 <1, 0 <29 <0, 0 <23 < Ly},
Ry ={(x1,29,23) | 1 <y <146, 0< 29 <9, 0< 23 <Ly},
Ry ={(z1,x0,23) | 1 <21 <146, =0 <25 <0, 0 <3 <Ly},
Re = {(z1,20,23) [ 1/2 <21 <1, =6 <29 <0, 0 <23 < L},
Ry ={(x1,29,23) |0 <21 <1/2, =0 <13 <0, 0< 23 < L},

Rs = {(z1,29,25) | =0 <2 <0, =6 <3 <0, 0< a3 < Ly} (3.31)

For convenience, we choose the background flow U to be spanwise invariant. We
note that this choice may not be possible in general. For example, for a flat plate
with an irregular leading edge (see figure 3.5b), we may have to use a background

flow which is three-dimensional. We define two functions, f : [0,d] — R and
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g:[—0,0] = R as follows:

f(x) = (lgéﬁ) i PSSy (3.32)
(V2422 — 2 (a2 +8%) S <z <5,
2 2
g(z) = (1 n "E) <1 - ;) _§<z <0 (3.33)

With these definitions, we are equipped to construct the streamfunction, ¥ : 2 —

R, for our background flow:

(f(z2) — w2)g(z1) + 72 (21,22, 23) € Ry
F(x2) (1, 72, 23) € Ry U Ry
(f(zs) — 22)g(1 — 1) + 2y (21,22, 23) € Ry

U (w1, @2, 23) = § (—f(—23) — 22)g(1 — 1) + x5 (21,79, 23) € Ry (3.34)
—f(~2) (1, 72, 73) € Rg U Ry
(—f(=22) — w2)g(21) + 22 (21,22, 73) € Ry
s @h@ﬂQGQMQ&

The background velocity field is defined based on the streamfunction (3.34) as

(3.35)

U: (Ul,UQ,U;g) = <8\I] —87\11 O) .

87%2’ 8x1 ’
See Appendix 3.B for a sketch of the construction this background flow. It can
be shown that this flow is piecewise differentiable in 2. Figure 3.2 shows the
streamwise component of U as a function of x5 at different positions z; as well as

lines of constant ¥ which are streamlines of U. Outside I', the background flow is
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(a) (b)

Figure 3.2: a) Streamwise velocity profile at different positions z;. b) Stream-
lines of the background flow field given by (3.35). In both panels, the dashed line
marks the boundary of T'.

uniform. It then enters from the left side of I', rearranges itself to satisfy the no-
slip boundary condition on the surface of the plate, and leaves I in the exact same
manner as it entered. The imposed divergence free condition on the background
flow explains the observed bulge in the streamwise velocity profile. Note that
this background flow is a purely mathematical construct and is different from the

mean flow that would be obtained in the standard Reynolds decomposition.

3.4.2 Bounds in subdomain R;

In what follows, we will be making frequent use of two inequalities, which are

stated as lemmas below. Their proof can be found in Appendix 3.A.

Lemma 3.4.1. If w : Ry — R is a square integrable scalar function with

w(z1,0,23) =0 for 0 <z <1/2 and 0 < x3 < L then

2

5
w? de < 5/ Vuwl? de. (3.36)
R>

Ry

Lemma 3.4.2. Let w: Ry U Ry — R be a square integrable scalar function such

52



that w(z1,0,23) = 0 for z1 € [0,d] and x3 € [0, Lg|. If § < 1/2 then the following

inequality holds:

wide < 46 / V| de. (3.37)

Ry R1UR2

For the chosen background flow, the integrands of I and I7 in (3.27) are non-
zero only inside I'. Also, the fore-aft and top-bottom symmetry of the background
flow ensures that bounds on I and I restricted to Ry, R4, R5, and Rg are identical.

We first obtain a bound on [ restricted to Ry and denote it by Ig,.

20U + V109 <8U1 aUQ) + 02(%] dw‘

1 0x1 (%g (%1 2 @l’g

371/ da:+—/ lon[va] da + 3/Rlv§da:

\1R1|_‘/ v VU)- vda:

1
S(Ky 4+ K / 2 4
5( 1+ 2C1) s V] ax
1
- <K3 -+ K2> 'U2 dx
5 Ry
4 (Kl + KgCl)/ |VU1’2 dx
R1UR.
1
445 (K3 ¥ K2> / IV ,|? da (3.38)
461 R1UR>o
where
oU 3 )
K= esssup 0 1’ == achieved as r1 =& —=, 29 — 0,
(w1,22,23)€R1 0xy 2 2
ou;  0U, 5 1 _ )
Ky= esssup 0|—+ —|=—%=—= achieved as v1 — 0,19 — —,
’ (xlny:IS)];e)Rl 8$2 (9:13‘1 \/§ 2 v ' ? \/§
oU. 3 )
K3 = esssup 0 2‘ == achieved as r1 - — =, 219 — 0, (3.39)
(z1,22,23)ERL ax2 2 2
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and ¢, is some positive constant. In (3.39) “esssup" denotes the essential supre-
mum. We have used Young’s inequality to obtain line three in (3.38). We then
used Lemma 3.4.2 to get the last inequality in (3.38).

A bound on [T restricted to subdomain R; is given by

K
|]IR1|:’/ (U-VU)-vd:c’ < [ ol da
R1 Rl

| K367 L,
< / 62 |v)? dx + —2
Ry 4
K363 L,
§45%/ |Vv|? de + —2 - :
R1UR> 4
(3.40)
where
1 2
Ky= esssup O|U||VU]| = V2 39 — 10V/2 ~ 4.2556,
(z1,22,23)ER1 2\/§
J

which is achieved as z; — —g %2 = 0. (3.41)

As before, we have used Young’s inequality to obtain line two and then Lemma
3.4.2 to obtain line three in (3.40). Later, we will see that the contribution of 17
is of higher order in § compared with that of I, and therefore will not participate

in the leading term of the final bound.

3.4.3 Bounds in subdomain R,

We first note that bounds on I and II restricted to subdomains Ry, R3, R,
and Ry will be identical. A bound on [ restricted to subdomain Ry can be obtained

as follows:
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|]RZ|:‘/ (v-VU)-vdm‘ :/ U1@U2dm
Ro R

2 de
K
< 75 1| va] de
R>
Ksco 2 Ks 2
< d — d
-9 R2U1 w+4026 RQUQ v
K K
< 5025/ Vo2 da + —55/ Vosf? da,
2 Ry 8¢y JR,

(3.42)

where

Uy
dl’Q

=1+v2

Ks= esssup 0

(w1,m2,23)€ Ry

4] )
which is achieved when x5 € (O, \/5> U (\/5,5> , (3.43)

and ¢y is some positive constant. We have used Young’s inequality to obtain line
three in (3.42). To obtain line four, we used Lemma 3.4.1.

Finally, since U is unidirectional in Ry, we have

1[I, = ‘/ (U-VU)-v dz| = 0. (3.44)
Ro

3.4.4 Bound on drag coefficient

In this subsection, we combine the bounds obtained from §3.4.2 and §3.4.3 to
obtain a bound on the sum of the absolute value of I and II. We then optimize
the size of the boundary layer (0) to ensure that H(v)+ is positive semi-definite
for some constant v and simultaneously obtain a best possible bound on the drag

coefficient compatible with our estimates. From the bounds obtained in R; and
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Ry, we first note that

2

>

=1

Ksco

/ (’U.VU)-vdm‘ < 5<4K1+4K201+ )/ Vo, [2da
R; R1UR>

K, K
+6 (4K3 + —2 + 5) / |V, |?da. (3.45)
8¢y /) JR1URy

A similar type of calculation can be performed for terms

6

2

=5

/('v-VU cv dx
R;

/vVU cvdx

, and Z

(v-VU) vdw’.

4
2
=3

Combining these estimates yields a bound on [ as

8

7] :’/Q(U~VU)-vda:’§Z

=1

/Ri(v-VU)-vdaf;‘

K
S (5 <4K1 —+ 4K201 -+ 502) /8 ‘V’Ul‘2d$
2 U R;

i=1

K, K
+(5 <4K3++5> /8 ‘VU2|2d$
U R

C1 802
< 5M/ Vo|2de, (3.46)
Q
where
K K, K
M = inf max {4}(1 Ao + 02 4K, + 22 4 5}
€1,c2>0 2 C1 802
21
—(1+v2) ~ 12,6746, (3.47)

Note that the infimum is achieved when

Cl = Cy = —. (348)
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Using the results from §3.4.2 and §3.4.3, a bound on I is given by
11| = ‘/ (U-VU)-v dw‘ < 463 / IVol? de + K263 L,. (3.49)
) Q

From section §3.3, we note that our goal is to make H(v) + v nonnegative for
some constant . Using the estimates obtained on I in (3.46) and I7 in (3.49)

along with the triangle inequality, we get a bound on H(v) as

H(v) > (2]1%—6]\4 15%) |[Voll3 - K251 L, (3.50)

If we define v = KZ(S%LS, then choosing ¢ such that

S(M + 467) < — (3.51)

ensures that H(v) + 7 is positive semi-definite. Another constraint on § comes

from the applicability of Lemma 3.4.2, which requires

(3.52)

DN | —

Once 7 is fixed, we can obtain the desired bound on the drag coefficient by sub-

stituting the background flow (3.35) in (3.29). This yields

4B, 4B
[Vulf < 5—+5—

1
Re L 3 < Rer. T Rer, T 2Ki0%, (3.53)

where

_ (I+V2P L
2

B :/ IVU|? dz ~ 2.96L, and B, = / VU do = X222 (3.54)
Ry
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The value of Bj is calculated numerically. Inserting (3.54), along with the value

of K, from (3.41) into (3.53), leads to

2(1+v/2)? 7T\ 1 11.84
< -7 — )02 .
Cp < =5 +(12\/§+ 4)6 + R (3.55)

where § satisfies the constraints (3.51) and (3.52). For Re > 0.0645, the optimal

bound is obtained when ¢ satisfies

S(M + 45%) = 2;26, (3.56)

(see Appendix 3.C for more detail). In the limit of high Reynolds number, we can
solve (3.56) for 0 to get

50 e + O(Re™2). (3.57)

Combining (3.47) and (3.57) with (3.55) yields a bound on the drag coefficient for

sufficiently high Re as

Cp <21 x (1+v2)* + O(Re %) ~ 295.49 + O(Re ™ 7). (3.58)

3.4.5 Comparison with observations

We now compare our findings with existing theoretical and experimental re-
sults on the drag coefficient for flow past a flat plate. The drag coefficient for

a laminar flow past a flat plate was obtained using the triple-deck theory (see
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Figure 3.3: The solid black line is the leading order term in the bound (3.58) on
the drag coefficient. For the range of Reynolds number considered in this figure,
a bound obtained by solving (3.55) and (3.56) would differ only by 0.3% from this
leading term at most. The blue line shows the analytical expression for the drag
coefficient in the laminar regime given by (3.59). The red line shows the empirical
formula for the drag coefficient in the turbulent regime for a smooth plate given
by (3.60). In both of these cases a solid line denotes the region of validity of the
formulae. For 5-10° < Re < 107 the experimental data seems to fall in between
these two lines (see Schlichting and Gersten, 2016, p. 10). The green dashed lines
show the drag coefficient variation for two rough plates with different roughnesses
(see Schlichting and Gersten, 2016, p. 584).
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Stewartson, 1969; Messiter, 1970; Jobe and Burggraf, 1974), and is given by

1.328  2.67 . 5

In the turbulent regime, an empirical formula for the drag coefficient based on the
law of the wall for a smooth plate (see Schlichting and Gersten, 2016, p. 583) is
given by

K

In Re

2
Cp =2 [ G(A: D)] for Re > 107, (3.60)

where k£ = 0.41 is the von Karmén constant,
A=InRe, D=2Ilnk+ 2k, (3.61)

and G is the solution of the following equation:

A A
~ 42ln=—D=A. .
g t2ng D (3.62)

This function has the property that
lim G(A; D) =1, (3.63)
A—oo

which implies that at very high Reynolds number

0.34

Cp~——.
b In? Re

(3.64)

In terms of scaling, our upper bound therefore overestimates the drag coefficient

by the square of the logarithm of the Reynolds number for sufficiently large Re.
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Figure 3.3 compares the bound (3.58) with the analytical result (3.59) in the lam-
inar regime and with empirical formula (3.60) in the turbulent regime. Although
our theory only applies to a smooth flat plate, we also show for comparison em-
pirical results on the drag coefficients for a flow past rough plates (see Schlichting
and Gersten, 2016, p. 584). It is interesting to note that the drag coefficient does
tend to a constant at high Reynolds number in these cases, which is the same
scaling as our bound. We also note that in many scenarios, it has been possible
to produce simple power-law bounds with logarithms (Doering et al., 2006; Otto
and Seis, 2011; Whitehead and Doering, 2011a; Whitehead and Wittenberg, 2014;
Fantuzzi et al., 2020). Whether there exists a more careful construction of the
background flow for the flat plate, which may produce the logarithmic correction

needed to match empirical observations, remains to be seen.

3.5 Discussion and Concluding Remarks

In this paper, we presented the first application of the background method to
an external flow problem. Using this method, we were able to obtain an upper
bound on the drag coefficient for a flat plate in a uniform flow kept at zero inci-
dence. In particular, we showed that the drag coefficient is bounded by a constant
at high Reynolds number (see 3.58).

In obtaining this bound, we considered a fairly simple family of background
flows that involves only one free parameter §, and used relatively crude estimates
derived from standard inequalities. We acknowledge that a better bound can
most likely be obtained using more refined analysis techniques, and with a bet-
ter background flow. For example, by choosing a family of background flows

which involves additional free parameters, we can in principle improve the bound.
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(a) (b)

Figure 3.4: An elementary choice of the background flow (U): (a) case of flow
past a cylinder and (b) case of flow past a flat plate with nonzero angle of attack.
In both cases the streamlines have to squezee around the body because of the
incompressiblity of the background flow. As a result, |[VU| = O(672) as opposed
to the present case where |[VU| = O(67!) inside the boundary layer.

However, such considerations will almost certainly come at the expense of compli-
cated algebraic manipulations. It is worth noting that in other studies involving
the background method, such as those concerned with plane Couette flow (Do-
ering and Constantin, 1992, 1994), it is possible to obtain a constant bound on
the drag coefficient that is relatively close to the empirically determined values
even with crude estimates. The reason behind this disparity between our study
and that of plane Couette flow lies in the fact that in the case of a flat plate, the
no-slip boundaries have lower-dimensional boundaries of their own, namely, the
plate’s leading and trailing edges. This fact makes it challenging to obtain good
analytical bounds in the regions R;, R4, R;, and Rg which are not immediately
adjacent to no-slip boundaries (see Appendix 3.A, Lemma 3.4.2). Regardless of
this difficulty, we did not do any worse in terms of scalings of the bound: as in
the case of Couette flow, we obtain a bound which is within a logarithmic factor
of the observations.

As noted early on (Doering and Constantin, 1994; Plasting and Kerswell,

2003), the background flow is different from the mean flow that one would ob-
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tain from the Reynolds decomposition. However, it is worth mentioning that for
plane Couette flow, the optimal background profile does bear some resemblance
to the mean flow. In particular, Plasting and Kerswell (2003) found that it has
steep gradients near the wall, and is flat in the bulk, even though this optimal
background flow does not capture the logarithmic layer. For the case of a flat
plate, experiments at high Reynolds numbers show the development of a lami-
nar boundary layer near the leading edge, followed by a transition to relatively
thicker turbulent boundary layer further downstream. Behind the plate, a wake
forms which gradually dissipates far away from the plate. Since the family of
background flows that we consider here does not have these features, it would be
interesting to determine whether the optimal background flow for the flat plate
problem bears any similarity with the mean flow, and whether the corresponding
optimal bound would improve on the scaling with Re that we have obtained. To
answer these questions would require finding the optimal background flow, using
techniques similar to the study of Plasting and Kerswell (2003); Wen et al. (2013,
2015); Fantuzzi and Wynn (2015, 2016); Fantuzzi (2018); Tilgner (2017, 2019).
However, this will be substantially more complicated in the case of the flat plate
owing to the fully two-dimensional nature of the background flow.

In this paper, we chose to obtain a bound on the drag coefficient for a flat plate
because of the fundamental nature of the problem. Unfortunately, this analysis
cannot be directly extended to the problem of a flow past a bluff body, or flow
past a flat plate at a non-zero angle of attack (see figure 3.4). Indeed, while in
the present case |VU| = O(67') in the boundary layer, for these problems an
elementary choice of the background flow U, where VU is nonzero only in a thin
boundary layer of thickness § near the body, would have |[VU| = O(6?) because

of the divergence-free condition on U. As a result, the equivalent bound on I,
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B f—

(c)

Figure 3.5: This figure shows a few flow configurations where the present analysis
can be generalized. The arrow shows the direction of the uniform flow, and in all
the above configurations, the objects are kept at zero incidence and are of zero
thickness. These configurations are: (a) a yawed flat plate (top view), (b) a flat
plate with irregular leading edge (top view), and (c) a group of flat plates (side
view).
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obtained from arguments similar to the ones given in §3.4, would be
1] < C/ (Vo|2de =20 - Re - 111, (3.65)
Q

where C' is some positive constant independent of §. Because the factor multiply-
ing I11 in (3.65) is independent of 4, it is not possible to choose § to ensure that
H(v)+ be positive semi-definite. Hence, with the naive choice of background flow
considered in figure 3.4, it is impossible to obtain a bound on the drag coefficient.
It remains to be determined whether there exists a smarter choice of background
flow for these cases, that would allow the analysis to proceed, or whether it is
impossible to obtain a bound without invoking additional dynamical constraints.

Nevertheless the procedure developed in this paper can be generalized to other
interesting scenarios with applications in engineering. For example, we can obtain
a similar type of bound for a yawed flat pate, a flat plate with irregular leading
edge, or a group of flat plates, see figure 3.5. Interestingly, some of these scenarios
can be quite challenging to simulate numerically at high Reynolds numbers. It
would be interesting to find out if, in reality, the drag coefficient tends to a constant

at high enough Reynolds number for these problems.
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Appendix 3.A  Proof of Lemma 3.4.1 and 3.4.2

In this appendix, we first state the two lemmas used in the main text in their

full form and then prove them.

Lemma 1. Let w : [0,0] — R be a square integrable function such that w(0) =0

for x =0, then the following inequality holds:

J 82 13 (dw)’
2
< . .
/Owdx 2/()( )da: (3.66)

As a result, if w: Ry — R is a square integrable function with w(z1,0,23) =0 for
0<x; <1/2 and 0 < x3 < Ly then

5 ow 52
w? de < —/ ( w) dx < —/ |Vwl|? de. (3.67)
2 Ro> 2 Ro

Ro a$2

Proof. For y € [0, 6], using the fundamental theorem of Calculus and the Cauchy—

Schwarz inequality, we can prove the following estimate:

2
v dw
—d

o dx v

< (/Oy 12dy> (/06 (?;’)2@) :y/O‘s (‘Z’)zdx. (3.68)

Integrating in y from 0 to ¢ gives the desired result (3.66). The inequality such as in

w(y) =

this Lemma has been frequently used in previous studies involving the background

method going back to Doering and Constantin (1992). O

Lemma 2. Let w : Ry U Ry — R be a square integrable function such that
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w(z1,0,23) = 0 for x1 € [0,6] and z3 € [0, L], then the following inequality
holds:

2
dz +52/ <§;"> dz,  (3.69)
Ry 1

w2d:1:<452/ a—w 2—1— Ow
Rl B RT 81‘1 axQ

where
RT = {(ZL’l,IQ,JI3>|$1 Z 0, To > 0, T+ o S 5, 0 S ZT3 S Ls} (370)
Note that if 6 < 1/2 then Ry C Ry and therefore we also have

ow '’ ow\’ 9 ow '\’
(5er) + (50) = e[, () =

< 452/ |Vw|*d. (3.71)
R1URso

w?dx < 46 /
R

Ry

Proof. The proof of this inequality roughly works as follows. We first control the
value of w at point p, (see figure 3.6) using the gradient of w along the line paops,
similar to the proof of Lemma 3.4.1. We then control the value of w at point p;
using the gradient of w along the line p1po, again similar to the proof of Lemma
3.4.1. For (0,92,y3) € Ri N Ry, using the fundamental theorem of Calculus and

the Cauchy—Schwarz inequality, we can prove the following estimate:

2

1/2
v 2l 0 = ptn \]
< 1* d ) / — < ) d
> </—y2 U ( s [anw 9 ) 9 » Y3 n

9 1/2
< (26)1/? (/; [;w (yz;@ y22+n7y3)] dn) . (3.72)

Y2 + 1
’w(07y27y3 ‘/ 8 TIJ 2 » Y 3) dn‘
Y2 77
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This implies,

Ls
/ / 0 y Y2, Y3 dy2 dys <

Ls a Yo— 1 Yo + n 2

We use the following change of variables on the right-hand side of (3.73)

(1, Y2, y3) = (T2 — 1,71 + T2, 3). (3.74)

The region of integration for the integral on the right-hand side of (3.73) in the

old coordinates is
1y y3) =2 <<y, 0< Y <5, 0 <y3 < L} (3.75)
In the new coordinates, it is easy to show that this corresponds to
{(z1,29,23)|0 < 21, 0 < @9, 1 + 22 <6, 0 <3 < L} (3.76)
The Jacobian for the coordinate transformation (3.74) is given by

‘ a(nva;y3) — 27 (377)

8(1’1, X2, .T3>

and the partial derivative of a quantity with n in the new coordinates is

ol-]1 _10[-] 19]-]
877 28I2 28%1

(3.78)

Using these pieces of information, we rewrite (3.73) in the new coordinates
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.................................

Figure 3.6: The thick line in the middle is the plate. I' is the domain enclosed
between the plate and the dashed rectangle (the spanwise direction is not visible
in this figure). The shaded triangular region is Ry as defined in (3.70). Here,
p1, P2, and ps are the points (z1, 2, z3), (0,22, 23), and (22,0, 23). The point p;
belongs to R;.

(21, 22, x3) as

Ls
/ / O y Y2, Y3 dyz dys <

L d—x2 0 ?
LT e — ey mn )| vz,

Ls
= / / 0 2 Y2, Y3)dyadys <

Ls S—x2 2 o 2
25/ // [aajlw xl’x%xi’))] [a@w(ﬂfl,fzwg)] dxidxadrs.

(3.79)

We also have, for any (y1,y2,y3) € Ry,

yi O
w(yr,y2,y3) = w(0,y2,ys3) +/0 %w(ﬂay2,y3) dn,

y1 0 2
= W (y1,Y2,y3) < 2w2(0,y2,y3)+2( ) w(n, y2,Y3) dn)

) 019 ?
< 2w (0,92, y3) +2(—y1)/ %w(n,ya,ys) dn.

Y1

(3.80)

Note that we have obtained the second line using the Young’s inequality and last
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line using the Cauchy—-Schwarz inequality.

Ls .
- / / / (Y1, Y2, Y3)dyrdyadys < 25/ / (0,92, y3)dy2dys
Ls 2
+52/ / / lw(nay2ay3)‘| dndysdys. (3.81)
o Jo J-s|On

Renaming the variables in the second integral of the above inequality from

(n,y2,y3) to (x1, 29, x3) and using (3.79) gives

Ls

/ // (Y1, Y2, y3)dyrdyadys <
9 Lg 0—To 2
4(5/ // l&%w x1, T2, T3)

L, 2
+52/ / / lgw xl,xg,xg)l dridxedas, (3.82)
Ty

9 2
[aaqw(xl’xz’%)] dxidrodrs

which is the desired result. O

Appendix 3.B Sketch of the construction of the

background flow (3.35)

The choice of a background flow, which leads to a constant bound on the drag
coefficient, is not unique. Beyond the fact that the background flow (U) should
be divergence-free and should satisfy the inhomogenous boundary conditions, the
principle that guides our choice of background flow is the simplification of the
algebra. We start by restricting U to be spanwise invariant. Next, we choose
this U to be e,, outside a bounded domain I' enclosing the plate. Therefore
VU = 0 outside I', which makes the terms I and II in (3.27) vanish outside

I'. Undoubtedly, the most straightforward choice of I' is a rectangular box. We
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choose this box to be centered around the plate with a margin of § (see figure
3.1). At this stage, the goal is to construct a divergence-free background flow U
satisfying the no-slip boundary condition on the plate surface, which is equal to
e, outside this rectangular box. Within I', we select for simplicity a flow that
is symmetric about the plane x5 = 0, which leaves the problem of defining the
background flow U to regions Ry, Ry, R3 and R, in figure 3.1. In regions Ry and
R3, we choose U to be unidirectional (so the streamwise component is non-zero)
which drops to zero on the surface. Its value should reach e,, at a height ¢ from
the surface, i.e., at the edge of I'. The most straightforward choice of U would
be a velocity profile which linearly varies from 0 to e,,, a choice which is usually
made in the study of confined flows between planar boundaries (see for instance,
Doering and Constantin, 1992; Hagstrom and Doering, 2014). However, in the
present case, this choice would not preserve the mass flux that enters from the
left side of the box. The next simplest choice of U is a piecewise linear function

with two pieces, as shown in figure 3.7a and given as follows

Upg‘“—;exl 0<x9 <9,
Ul|r,ur, (®) = (3.83)
(Up5=2 + %52 ) er, 6y <22 <3,

where U, denotes the maximum value of the streamwise component of U, and 6,
is the height at which this maximum value is achieved. Along with balancing the
mass flux, we choose (again for simplicity) the quantities U, and §, such that the

magnitude of the gradient of U is equal above and below the height o = d,. In
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o

Figure 3.7: (a) Illustration of the piecewise linear choice of background flow
on top of the plate. Here, U,, the maximum value of the streamwise component
of U and ¢, denotes the height from the plate where this value is achieved. (b)
[lustration of the region R;, where the streamfunction W of the background flow
U remains to be determined once the ¥ is constructed on top of the plate.

total, we require the following two conditions to be satisfied:

Ls 1 Ls )
/ / U|R2UR3 dlL‘QdI’g = / / 63;1 d[L‘QdiL‘g,
x3=0 Jx2=0 x3=0 Jx2=0

1 1
— Uy=1+4—, &=
g V2t V2

Yy
617

1=y,
~0—3,

(3.84)

Once U is fully constructed on the top and bottom of the plate, we focus on the
region Ry, which is not immediately adjacent to the plate. This is the region where
the streamlines shift upward, which implies that the vertical component of U is
also non-zero. In order to satisfy the divergence-free condition, it is convenient to
work with the streamfunction ¥ to construct U. First, note that the expression

for the streamfunction W corresponding to the velocity field on top of the plate is

1+\/§)x2 0§x2§ o

S

Vlp,urs () = f(22) = (3.85)

=2

(V2+2)zy = 52 (03 +8%) 5 <2<

)

where f is the same as defined in (3.32). Inside the region R, the streamfunction
U must smoothly change from W(x) = x5 on the left side of R; (at x; = —J)

to U(x) = f(x2) on the right side of Ry (at #; = 0), as shown in figure 3.7b.
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Imposing the condition of mirror symmetry about x5 = 0 also requires the vertical
component of U to be zero at x5 = 0, which implies that 0¥ /0x; = 0 at x5 =
0. One way of defining the streamfunction in the region R;, which obeys these

conditions, is as follows

U, (x) = (f(22) — 22)g(21) + T2, (3.86)

where we require the function g to satisfy the boundary conditions g(—J) = 0 and
g(0) = 1. Now to ensure the continuity of U the function g should be smooth

enough and a choice of g that suffices for our purpose is

o) = <1 + “”‘;)2 <1 _ 2”“) _s<m <0, (3.87)

This function g is the same as defined in (3.33). Finally, we define the stream-
function ¥ in region R, so that the resultant flow goes back to being uniform on
the right edge of R4, in a manner which is the inversion of flow in the region R,
and, therefore, can be obtained after appropriate translation and reflection of ¥

defined in Ry (see (3.34)).

Appendix 3.C Optimal condition for the bound
(3.55)

Recall from (3.51) and (3.52) that the two constraints on § are

(3.88)
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The left-hand side of the first constraint is a monotonically increasing function of

0, therefore it possible to combine these two constraints as follows

1 1 1
< mi — i i) =—. .
d < min {5*, 2} where 0, satisfies (M + 462) 5o (3.89)
Given the bound (3.55) on the drag coefficient,
2(1+v/2)? 77\ .1 11.84
< —= — .
Cp < =5 +(12\/§+ 4)6z+ T (3.90)

our goal is to minimize the right-hand side under the constraint (3.89). This

right-hand side is a convex function of J, whose minimum is achieved when

161 4+v2)2 P
_5C_<(48\/§+77)Re> '

5 (3.91)

This critical value 0., however, does not satisfy the constraint (3.89). As the
right-hand side of (3.90) is a convex function of J, to minimize the bound under
the given constraints, we simply choose a value of ¢ that satisfies (3.89) and is as
close as possible to the critical value 6.. The bound is therefore optimized when

we choose
) 1
0 = min {(5*, 2} ) (3.92)

Using the equation of 4, from (3.89), we see that

42

YT~ 0.0645. 3.93
58 + 211/2 (3.93)

1
0, < 3 when Re >
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Therefore, the optimal strategy is to choose

0 =9, when Re > 0.0645. (3.94)
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Chapter 4

Pressure-driven flows in helical
pipes: bounds on flow rate and

friction factor

This chapter is based on the paper Kumar (2020) published in the Journal of
Fluid Mechanics, Volume 904 , 10 December 2020 , Ab5.

4.1 Introduction

Curved pipes have a wide range of applications in the industry because of their
enhanced mixing properties, high heat transfer coefficient, and compact structure.
Examples of application include, but are not limited to, heat exchangers, air-
conditioning systems, chemical reactors, and steam generators (see the review by
Vashisth et al., 2008; Naphon and Wongwises, 2006). One of the crucial questions
in the study of turbulent flows in curved pipes is the accurate determination of the

dependence of the flow rate and friction factor on the applied pressure difference
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between the two ends of the pipe, and its dependence on geometrical parameters
such as the pipe’s curvature and torsion. The extensive usage of curved pipes
in the industry has motivated many studies to characterize this dependence (see
Ito, 1959; Liu and Masliyah, 1993; Yamamoto et al., 1994, 1995; Cioncolini and
Santini, 2006). However, only a few of these studies consider the high Reynolds
number limit, which is the objective of this paper.

The flow structure inside a curved pipe can vary substantially with Reynolds
number and pipe geometry, which leads to a number of different regimes, each
with its own distinct functional dependence of the flow rate and friction factor
on these parameters. As such, quantifying this dependence becomes difficult even
for the laminar flow, unlike the case of a straight pipe. Indeed, at low Reynolds
number, an imbalance between centrifugal force and cross-stream pressure leads to
the onset of secondary counter-rotating vortices known as Dean’s vortices, which
were first experimentally observed by Eustice (1910, 1911). Dean (1927, 1928)
confirmed this observation analytically in the low curvature limit by computing the
flow velocity as a perturbation of the well-known laminar Poiseuille flow solution.
Dean (1928) showed that the effect of curvature is to decrease the flow rate and
that this effect is of second-order, i.e. quadratic in curvature. Several other
studies were performed in the limit of small curvature to obtain a steady-state flow
solution in a toroidal pipe, see for example, McConalogue and Srivastava (1968);
Van Dyke (1978); Dennis (1980). For a comprehensive review of the topic, the
reader is referred to Berger et al. (1983). Germano (1982) further extended Dean’s
result to a helical pipe with small torsion and Tuttle (1990) showed that small
torsion leads to a second-order decrease in the flow rate. However, no analytical
result exists for the steady flow in a pipe with a finite radius of curvature or torsion.

Therefore, even in the laminar regime, one has to rely on empirical formulae to
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quantify the flow rate.

The transition to turbulence in curved pipes also differs substantially from the
case of a straight pipe. Taylor (1929) and White (1929) found that flow in a curved
pipe is more stable than in a straight pipe. Notably, they saw that the critical
Reynolds number for the transition is twice as large as in the straight pipe case.
Inspired by this observation, Sreenivasan and Strykowski (1983) conducted experi-
ments in a straight tube followed by a helical tube with curvature x = 0.058. They
noticed an oscillating behavior near the inner wall of the helical tube at a moder-
ate Reynolds number, which Webster and Humphrey (1993, 1997) attributed to
the presence of traveling wave perturbations to the Dean’s vortices. Recent years
have witnessed a resurgence in carefully conducted studies to quantify the effect
of curvature on the stability of flow in a torus. Kiithnen et al. (2015) studied this
problem using a novel experimental setup where a magnetically controlled steel
sphere drives the flow in a torus. They conjectured that the transition switches
from subcritical to supercritical for a critical torus curvature x ~ 0.028. Soon
after that, Canton et al. (2016) performed an in-depth linear stability analysis,
covering the entire curvature range, and obtained the critical Reynolds number as
a function of the curvature. More recently, Canton et al. (2020) have shed light on
the complexity of transition for flow in a torus, demonstrating in particular that
for k ~ 0.025, two branches of solution can coexist at the same Reynolds number:
one with subcritically-excited sustained turbulence, and the other consisting of a
low-amplitude travelling wave originating from a supercritical Hopf bifurcation.

The incredible complexity of curved pipe flows makes it impossible to obtain
the precise dependence of mean quantities such as flow rate or friction factor on
model parameters. This is especially true at high Reynolds number, where both

laboratory experiments and numerical computations are extremely challenging
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and must be repeated for different pipe geometries. As noted by Vester et al.
(2016), the determination of the friction factor (or equivalently the flow rate)
for turbulent flows in curved pipes has generally been neglected, with only a
few exceptions (Ito, 1959; Cioncolini and Santini, 2006). However, as we shall
demonstrate in this paper, it is possible to obtain bounds on these mean quantities
as explicit functions of flow and geometric variables, in the high Reynolds number
limit.

Obtaining bounds on mean quantities in fluid mechanics goes back to the clas-
sical technique of Howard (1963), which was further developed by Busse (1969,
1970). In the 1990s, Doering and Constantin (Doering and Constantin, 1992, 1994;
Constantin and Doering, 1995; Doering and Constantin, 1996), based on the ideas
from Hopf (1955), developed a new technique known as the background method to
bound mean quantities. This method requires a careful choice of a trial function
(the background field) to satisfy a spectral constraint in order to obtain a bound
on the desired quantity. Since the work of Doering and Constantin, this method
has been applied to a wide variety of problems in fluid dynamics. Examples
include upper bounds on the rate of energy dissipation in surface-velocity-driven
flows (Doering and Constantin, 1992, 1994; Marchioro, 1994; Wang, 1997; Plasting
and Kerswell, 2003), pressure-driven flows (Constantin and Doering, 1995), and
surface-stress-driven flows (Tang et al., 2004; Hagstrom and Doering, 2014); upper
bounds on the heat transfer in different configurations of Rayleigh—Bénard convec-
tion (Doering and Constantin, 1996, 2001; Otero et al., 2002; Plasting and Ierley,
2005; Wittenberg, 2010; Whitehead and Doering, 2011b; Whitehead and Wit-
tenberg, 2014; Goluskin, 2015; Goluskin and Doering, 2016; Fantuzzi, 2018) and
Bénard-Marangoni convection (Hagstrom and Doering, 2010; Fantuzzi et al., 2018,

2020); upper bounds on buoyancy flux in stably stratified shear flows (Caulfield
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and Kerswell, 2001; Caulfield, 2005).

In this paper, we use this background method to obtain a lower bound on
the flow rate and an equivalent upper bound on friction factor for flows in helical
pipes. The novelty in this paper is the use of a two-dimensional background flow
in contrast with most previous applications of the background method, where the
geometry was simple enough to use a one-dimensional background flow to suffice
the desired purpose. We start by setting up the problem in §4.2, where we describe
the flow configuration and the coordinate system used to solve the problem. In
§4.3, we formulate the background method in the context of pressure-driven flows
in helical pipes. In §4.4, we choose the background flow and obtain bounds on
the flow rate and friction factor. Finally, in §4.5, we compare our findings with
available experimental data and make a few remarks about the applicability of

the background method to other interesting problems in engineering.

4.2 Problem Setup

4.2.1 Flow configuration

We consider the flow of an incompressible fluid with density p and kinematic
viscosity v in a helical pipe. The radius of the pipe is denoted as R,, the radius
of the centerline helix Ry, and the pitch of the centerline helix is 27l (see figure
4.1a). Here, the centerline helix refers to the locus of the center of the pipe. The
flow is driven by a body force f*, which has dimensional amplitude F'. The choice

of forcing is described in §4.2.3. We non-dimensionalize the variables as follows

1 1
I p\? P* = Pa x* F\?
-4 — . — -2 =) . (41



Here, p, is the ambient pressure, whereas f, u, p, «, and ¢t denote the non-
dimensional forcing, velocity, pressure, position, and time, respectively. Quantities
with a star in superscript are dimensional. The equations governing the flow in

non-dimensional form are as follows

V-.-u=0,
Ju +u-Vu=-Vp+ iv%, + f, (4.2)
ot Re
where
o2
v\ p

is the Reynolds number. The boundary conditions at the surface of the pipe are

no-slip and impermeable.

4.2.2 Coordinate system

In this subsection, we construct an orthogonal coordinate system that is well-
suited for our problem. This coordinate system was first introduced by Germano
(1982), who was interested in the effect of small torsion on Dean’s solution. The
coordinate system has been extensively used since then in both analytical and
computational studies of flows in helical pipes (Kao, 1987; Germano, 1989; Tut-
tle, 1990; Liu and Masliyah, 1993; Yamamoto et al., 1994; Hiittl and Friedrich,
2001; Gammack and Hydon, 2001). For clarity and self-consistency, we repeat its
construction below.

Let a and 27b be the non-dimensional centerline helix radius and pitch, where

a = Ry/R, and b = [/R,. The equation of this helix parameterized with arc
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(a) (b)

Figure 4.1: (a) Schematic diagram of a helical pipe with radius R,, radius of
the centerline helix Rj, and pitch of the centerline helix 27l. The dashed line is
the axis of rotation of the helical pipe. (b) Illustration of the coordinate system
(s,r,¢) used in this paper.
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length s in a Cartesian coordinate system (z,y, z) is given by

s _ 5 bs
(z(s),y(s), 2(s)) = (a Ccos <\/m> , asin <\/m> , m) . (4.3)

Let R(s) = (z(s),y(s), z(s)) be the position vector and let T'(s), N (s), and B(s)

be the tangent, normal, and binormal to the centerline helix, which are given by

dR 14T

T-2" N=-S
ds’ Kk ds’

B=Tx N. (4.4)

The relations among the tangent, normal, and binormal are given by the Frenet—

Serret formulae, which are

dIN dB
— =7B—-—xkT, — =—-7N 4.
oo —TB-rT, TN, (4.5)
where
a b
=y el and T = R (4.6)

are the non-dimensional curvature and torsion of the helix. The curvature is
considered smaller than one (k < 1) in this paper. We now construct a coordinate

system (s, r,n) such that any Cartesian position vector & can be expressed as
x =R+ rcosnN + rsinnB. (4.7)
With the use of (4.4) and (4.5),

dx - dx = {(1 — rkcosn)’ + 727"2} ds® + dr® + rdn® + 2rr3dsdn. (4.8)
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Therefore, the resulting coordinate system is non-orthogonal. However, using the

transformation n = ¢ — 7s in (4.8), we obtain
dx - dx = (1 — rkcos(¢ — 75))?ds® + dr® + r?d¢”. (4.9)

The coordinate system (s,r, ¢) is orthogonal, and will be used to perform calcu-
lations in the rest of the paper. The scale factors for this coordinate system are

defined as
hs = (1 —rrcos(¢p—78)), h.=1, hy=r (4.10)

The impermeability and no-slip condition at the surface of the pipe in the

(s,r, ¢) coordinate system translate to
u = (us, Up, up) =0 at r = 1. (4.11)

In this paper, we assume that the flow is periodic in the streamwise direction s

with period s,. Hence, the domain of interest in the (s,r, ¢) coordinate system is

Q= 10,s,] x [0,1] x [0,27]. (4.12)

4.2.3 Choice of forcing

We choose to drive the flow with a dimensional forcing

1 dP
fo Y e, for0<1* <R, 4.13
f 1 — r*k* cos(¢* — 7*s%) % ds* € IOEU=T =M ( )
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Here, —dP/ds* is a constant and can be thought of as the applied pressure gra-
dient. Note how this streamwise directed forcing varies across the cross-section.
The reason for this choice of forcing over a conventional forcing, which would be
constant across the cross-section, is that the line integral along the streamwise
direction for this forcing is independent of the position on the pipe cross-section

and depends only on the difference of streamwise coordinates, i.e.

s 5 P P
/2 f*.esdl:/z P o= 4 (st — s%), (4.14)

st=st  ds* ds*

* ¥
S —81

where dl = h%ds* is the line element with A* = 1—r*k* cos(¢* —7*s*). By contrast,
for the conventional forcing, the value of this line integral would also depend on
the position on the cross-section. Hence, we believe that our choice of forcing is
good for modeling a flow driven by constant pressure boundary conditions. More
detail on this choice of forcing in the context of flow in a torus can be found in
Canton et al. (2016, 2017); Rinaldi et al. (2019). Note that in the limit of vanishing
curvature (k — 0), our choice does reduce to constant forcing in the streamwise
direction and therefore is consistent with the usual modeling of pressure-driven

flow in a straight pipe. Based on (4.13), we define the forcing scale as

dP
ds*

F =

This implies that the non-dimensional forcing is given by

1
1 —rrcos(¢p —Ts)

f e, for0<r<1. (4.15)
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4.2.4 Quantities of interest

We are interested in obtaining a lower bound on the average non-dimensional
flow rate (), which we simply call flow rate, and an equivalent upper bound on
the friction factor A in the limit of high Reynolds number. As we are concerned
with the high Reynolds number limit, so we use an inertial scaling to define the

non-dimensional flow rate () as

Q= }%}2? <F/;%p>% QF = </:T; /rlo usrdrdq§>, (4.16)

where Q* is the long-time average of the dimensional flow rate, u; is the streamwise

component of the non-dimensional velocity field uw and

A1) = dim = [ -]t (4.17)

T—oo T Ji=0

denotes the long-time average of a quantity. The Darcy—Weisbach friction factor

A, which is four times the Fanning friction factor, is defined as

_dP 4R,

A= :
ds* pur?

(4.18)

where u;, is the dimensional streamwise mean velocity given by

L@

m = 2'
7TRp

u (4.19)

When expressed in non-dimensional variables, the friction factor is

B 472

)\—§.

(4.20)
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From (4.20), we notice that a lower bound on the flow rate @ will provide an

upper bound on the friction factor A.

4.3 The background method formulation

In this section, we describe the general approach of the background method
applied to our problem. The formulation that we develop here is for any general
background flow field and is similar to the one given in Constantin and Doering
(1995) for pressure-driven channel flow.

The background method, in essence, works as follows. We first derive time-
averaged integral identities from the governing equations (4.2) (using the fact
that the long-time averages of certain time derivatives vanish) in order to rewrite
the quantity of interest () given by (4.16) as an equivalent long-time averaged
expression that is easier to bound using analysis techniques. To that end, we
begin by establishing a time-averaged total energy equation, by taking the dot
product of equation (4.2) with w and then by performing a volume integration on

the resulting equation. The result is

Ld||ull3 1 2
ST —EHVuHQJr/Qf-udw, (4.21)
where || - || denotes the L?-norm, which is given by

o= ([ 1R ), (4.22)
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and where the volume integral in (s,r, ¢) coordinates is written as

/Q[ ] dz = /Sipo /::0 /;0[ -] hshyhgdrdeds. (4.23)

The quantity ||u||3(t) can be shown to be uniformly bounded in time within
the framework of the background method (see Doering and Constantin, 1992;
Constantin and Doering, 1995, for example). Therefore, the long-time average of
the time derivative of ||u||3(#) vanishes. As a result, taking the long-time average

of equation (4.21) leads to

</Qf e d""> = ];<||VUH§>- (4.24)

The second step of the method is to perform the background decomposition. We
start by writing the total velocity w as the sum of two divergence-free velocity
fields u = U 4+ v, where V - U = 0 and V - v = 0. We call U the background
flow, which is steady and satisfies the same boundary conditions as the full flow
u, while the perturbation v satisfies the homogeneous version of the boundary

conditions. The equation governing the evolution of v is given by

g::—i—U-VU—i—U-V'UnLv-VU—l—v-Vv

_ 1 2 1 2
=—-Vp+ R@V U+ R@V v+ f. (4.25)

Taking the dot product of the above equation with v and performing a volume

integration, followed by taking the long-time average, results in

([ £-vda) = s (IVul) - S IVUI + (Hw)), (4.26)
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where

1
Hw) = [ (v VUw) - vde+ [ (U-VU)-vde+ ||Vl (427)

1 11 117

and VU gy, is the symmetric part of VU, i.e.

V0, VULV (4.28)
We have used the following identity in deriving the equation (4.26)
|Vul> = |[VU|* + |Vv|* +2VU: Vo, (4.29)
where, in index notation,
VU : Vv = 0,v;0,U;. (4.30)

Multiplying (4.26) by two and subtracting (4.24) yields

2([ foviw)— ([ foude)= —];HVUHg—l—Q(H(v». (4.31)

The left-hand side of (4.31) can be simplified as follows

([ 3vw i) [ owse) () ()
_ < / : { /¢ :0 / ~ usrdn@} ds> _9 :0 [ A :T; B Usrdrd¢] ds

2T 1 2T 1
=5, </ / usrdrd¢> - QSp/ Usrdrde. (4.32)
¢=0 Jr=0 ¢

=0 Jr=0
Note that we used v = u — U 1in the first line, then substituted the expression
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for f from (4.15) and used the time independence of U to obtain the second line.
The terms in the square brackets in the second line represent the flow of w and U
through a cross-section of pipe and therefore are independent of the streamwise
direction s because of the incompressibility of w and U. Hence, we can easily
integrate these expressions with respect to s, which leads to the third line. Using

(4.32) in (4.31) and dividing by s, on both sides gives

2 pl 2r  pl 1 2
Q= </ / usrdrd¢> =2 / Usrdrdp — IVU| 3+ = (H(v)).
$=0 Jr=0 ¢=0 Jr=0 sple Sp
(4.33)
If one can prove that
H(v)+v>0 Vo (4.34)

for a background flow U and some constant v, then we have the following bound

on the flow rate

o2 [ Uwdrdo— ——||vu|2 -2 (4.35)
s drdg — - —. :
— Je=0Jr=0 spRe 2 s,

Following the convention (Doering and Constantin, 1994; Constantin and Doering,
1995), we call (4.34) the spectral constraint.

Note that the background method formulation given in Constantin and Do-
ering (1995) for pressure-driven channel flows assumes that the background flow
U is unidirectional and planar (a choice that is only suitable for planar geome-
tries). As a result, the term [ in (4.27) is zero and therefore the functional H(v)
is homogenous in their work. Here, we have given the background method for-

mulation for a general background flow U. Also, as we shall see, the choice of
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the background flow which works in the present case, is two-dimensional which
leads to a nonzero term I7 in (4.27) and therefore the resultant functional H(v)

is inhomogenous.

4.4 Bounds on flow rate and friction factor

In this section, we obtain a lower bound on the flow rate and an equivalent
upper bound on the friction factor. We choose a family of background flows with
varying boundary layer thickness along the circumference of the pipe. This varia-
tion of the boundary layer thickness will be carefully selected so that the spectral
constraint (4.34) is satisfied while optimizing the bound (4.35) simultaneously for
different values of curvature x and torsion 7, thereby obtaining a geometrical de-
pendence on these parameters. Note that in this paper, the boundary layer refers
to the term boundary layer used in the context of the background method (see
for instance, Doering and Constantin, 1994; Goluskin and Doering, 2016) and is

not the conventional viscous boundary layer.

4.4.1 Choice of background flow

We make the following choice of background flow

(A(1 —rrcos(¢ —1s)), 0, ATr)
if 0<r<1-—4dg(s, o)

(A(l —rrcos(¢ — 1s)) (55(2,25)) , 0, Arr (ﬁ))

U(s,r,¢) =

(4.36)
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1.5

0.5

0

Figure 4.2: Variation of the streamwise component U, of the background flow
(4.36) across a cross-section of the pipe. In this example, the pipe’s curvature
is k = 0.5 and torsion is 7 = 0.25. The solid black curve shows the edge of the
boundary layer with variable thickness dg(s,¢). The point O denotes the outer
edge of the pipe, i.e., the point on the cross-section, which is farthest from the
axis of rotation of the helical pipe. The background flow in this figure corresponds
to A = 1, and the boundary layer shape ¢(s, ¢) is given by (4.56), which is the
shape obtained in the process of optimizing the bound.

Here, A is a constant that will be adjusted later to optimize the bound,

and ¢(s, ¢) is a non-zero bounded differentiable function of s and ¢, that satisfies

0<g <g(s,¢) <g, and ‘%‘,B—i <g, Vse0,s,],¢€0,2n], (4.38)

where ¢;, gu, and g/, are constants independent of Re. The region 1 — dg(s, ¢) <

r < 1 is the boundary layer denoted as
Qs = {(s,7,0)|s € [0,5,], 0 € [0,27], 1 = bg(s,) <7 < 1}, (4.39)

and the function g¢(s, ¢) represents the shape of the boundary layer which will

be determined later as part of the analysis to optimize the bound. Physically,
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(4.38) means that the thickness of the boundary layer is everywhere non-zero and
finite, and it varies smoothly. Figure (4.2) shows a color map of the stream-
wise component Uy of the background flow (4.36). It can be easily verified that
the background flow field (4.36) satisfies the no-slip and impermeable boundary
conditions on the pipe surface. Meanwhile, the divergence-free condition on the

background flow enforces

9(s,¢) = g(¢ — 7s), (4.40)

which constrains the choice of g. See Appendix 4.A for the calculation of diver-
gence of a vector in the (s,r, ¢) coordinate system. Also, note that for this choice

of U, in the bulk region (0 <r <1 —4dg(s, $)), we have

Vl]sym =0 (441)

(see Appendix 4.C) the reason being is that in this region U is really a rigid body
flow as viewed from some inertial frame of reference (see §4.5 Discussion and
Concluding Remarks). Although we can obtain a bound on the flow rate with
a constant boundary layer thickness, this choice does not provide the optimal
bound as a function of the pipe’s curvature s and torsion 7. Unlike the case
of planar geometries, the choice of the background flow (4.36) is not uniform in
the bulk region. As can be seen in figure (4.2), the magnitude of the streamwise
component U of the background flow in the bulk region varies and is higher
towards the outer edge O of the pipe than the inner edge. As such, a constant
boundary layer thickness is not necessarily the optimal choice for every s and

7. Therefore, it is natural to choose a variable boundary layer thickness (which
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is more general than the choice of constant boundary layer thickness) since our
goal is to optimize bounds simultaneously for different curvature and torsion.
Furthermore, in the process of obtaining bounds, we complement this choice of
variable boundary layer thickness with inequalities suitably constructed (from
standard analysis inequalities) to achieve this goal. In the forthcoming analysis,
we will be interested in obtaining a bound in the limit of high Reynolds number
and therefore will be frequently making use of the fact that Re > 1 or § < 1 to

retain only the leading order terms.

4.4.2 The spectral constraint

In this subsection, we use analysis techniques to obtain a condition under
which the spectral constraint (4.34) is satisfied. In what follows, we shall make

use of a crucial inequality, whose proof is given in Appendix 4.B.

Lemma 1. Let w : Q5 — R be a square integrable function such that w(s,1,¢) =0

for all 0 < s <s, and 0 < 0 < 27, then the following statement is true

2

5 ow\”
de < — 1,¢)g* — ’ 5 (442
[ outte < 5 [ alsn0s6.0) (G2) do+ 0@ Vel (142
Here, 0 : Q5 — R is a positive bounded O(1) function that satisfies
lo(s,r,0) —a(s,1,0)| = O(5) for (s,r,¢) € Qs. (4.43)

For convenience, we make use of the big O notation O(-). Let m and n be two
functions, then in this notation, writing m(d) = O(n(d)) means that there exists
two positive constants C' > 0 and §y > 0 such that |m(d)| < C|n(d)| whenever

0 <6 < dp.
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We start by obtaining a bound on [ as defined in (4.27). Making use of (4.41)

leads to
[= / (v VUgn) + v da :/ (v VUym) - v da. (4.44)
Q Qs

The following inequality is obtained by substituting VU g, (use (4.89) from Ap-

pendix 4.C for the calculation of VUyy,,) into (4.44)

1] < /Q&(s,?",¢)|vsHvr!da:+/Q §a(s, 7, )|vgl|v,| dee

2 2
+/Q5 Eyvide +/ﬂ§ a0y dm—l—/ﬂé Es|vs||vy| de, (4.45)
where
_ A(l —rkcos(¢p —T5)) _Arr
51(8,7“,¢) - 59 ) 52(87Ta¢> - 59 )
B A(l—r) |0g B AT(1—7r)|0g
53 N (&%%?Q(s 592 85 ’ §4 o (S,'Ir‘l,/(lf)a))é(fl(g 592 8¢ ’
5 - m A(l —7“) Tr @
> T ro)ens dg? (1 —rrcos(¢p —7s)) |0s
+(1 —recos(¢ — 7s)) |99
r op||
(4.46)

Given that 1 —r is O(9) in the boundary layer, and using the constraints on g and
its derivatives from (4.38), implies that &3, &, and & are O(1) constants. Using
Young’s inequality |vs||vg| < (vs|* +|vg]?)/2, the last three integrals in (4.45) can

be replaced by

/95 (53 + 5;) vide + /Q(S (54 + f;) v} de. (4.47)
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An application of Inequality 1 to these two integrals with w = v, in the first
integral, w = v, in the second integral and taking ¢ to be an O(1) constant in

both cases results a bound on [ as

< 2 5
1] < /95 &i(s, 7, 0)vs|lvr| dﬂ?+/96 &a(s, 7, 0)|vg||vr| dz + O(67)[| Vo[

(4.48)

In a similar manner, we obtain bounds on the remaining two integrals in (4.48).
These bounds contribute to the leading order term of the bound on |/|; therefore,
this time we perform the computation wisely with the intent of optimizing the
bound on |I| simultaneously in x and 7. Using the following inequalities (based

on Young’s inequality) in (4.48)

o] < AL P g A DlEE Tl 4 )
where
0<ci(s,¢) and 0 < co(s, ), (4.50)
results in

|[| S /Qé [01(3,¢)§;(5,T, ¢)] |U5|2 da:+ . [%ﬁj{srad()b)) + 5226(28(7;753)] |U7"|2 dx

+Q[@@@%@nwhm%m+owmvm@

(4.51)

We apply the Inequality 1 to the three integrals in (4.51) with w = vy, v, and v,
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and taking o to be the corresponding terms in the square brackets times ¢, which

results in
AS o, \ o, \ s\’
< — -r il
1l < 4 /Q(;pl (87“) dw+/95p2 (87“) da + 95])3(87") da
+0(6%)[[ Vvl 3, (4.52)
where

p1= (1 —rcos(¢ —7s))g(s, §)ca(s, 9),

(1 — K cos(o = 75))g(s.0) , 79(5,0)

P2 = cr(s, 0) ca(s,9)
P3 = 79(3,@02(5,@25)' (4-53)

We now choose the functions g(s, @), c1(s, @), and cao(s, @) so that py, pa, and ps

are constants. For this choice, the bound on I can be written as
Ad 2 2 2
11 < = max{pi,p2, pa} [[Voll; + O] Voll5. (4.54)
To optimize the bound, we need
P1 = P2 = D3, (4.55)

as shown in Appendix 4.C. Combining this condition with the requirement that
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p1, P2, and p3 should be constants leads to

Je
\/(1 — Kkcos(¢p — 75))2 4 72

T2 (1 — Kkcos(¢p —T75))?

s J” T 0= 1+

(4.56)

with g. being an O(1) positive constant. Note that the function g(s, ¢) satisfies

the constraints (4.38) and (4.40), where the constants g;, g, ¢g., in (4.38) can be

chosen as
o= ge gy = Ye and g = 29c
(1+r)2+72 (1—r)2+72 (= k)24 2
(4.57)
Combining (4.53), (4.54), and (4.56) gives a bound on I as
Ag.o
1] < ‘/Qv.VU-vdw’ < < g +0(52)> Vol [2. (4.58)

Next, we show that the contribution of term I1, as defined in (4.27), is of higher

order in 6 compared to term [. First note that for any scalar function ¥
H:/U-VU-vdw:/(U-VU—V\If)-vda: (4.59)
Q Q

using the incompressibility of v, together with the fact that v satisfies the ho-

mogenous boundary conditions. Then, if we choose ¥ such that U - VU = VWV

98



in O\ Qs, namely,

2 A272,2
U(s,r,¢) = Ak cos(¢p — 75) (r - %/{ cos(¢p — 7'3)) - T2 T , (4.60)
then one can readily check that
0 ifee\Q
(U - VU — VU)|(x) = : (4.61)

0(1) if x € Qs

See Appendix 4.C for the calculation of VU. Using (4.61), we can finally obtain

a bound on /I as

11| :‘/U-VU-fvdm’:
Q

/Q(U-VU—V\IJ)-vda:
— |11 30(1)/Q o] da
3
< 2
_0(1>/Qé o dz+0(1) | 1da

< O(8H)||Vvlf5 + 5,0(9). (4.62)

We have used Young’s inequality to obtain the third line and Inequality 1 to
obtain the last line. Finally,we obtain a bound on H(v) defined in (4.27) using

the triangle inequality and the bounds derived on I and /] as

1 Ag.o
S - 2 c 2 2 '
H(v) 2 5 IVl ( . H00 )) IVol; = 5,0(0), (4.63)
which implies
H(v)+~v>0 (4.64)
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as long as

ge < —+4+0(5) and v =s,0(0). (4.65)

2
A
4.4.3 Bound on mean quantities

We are now ready to compute the bound on the flow rate. We begin by

evaluating the first term on the right-hand-side of (4.35) as

2 1 1-3g(s,p)
/ Usrdrdg / / A(1 = rrcos(¢p — 7s))rdrdo
¢ = =0 Jr

=0 Jr=0
1-r)
/¢> /1 5006 A(1 — rrcos(¢ — 7)) 5 rdrde

» /T:O A(1 —rkcos(¢p — 7s))rdrdo + O(0)

= A + O(6). (4.66)

Similarly, the second term on the right-hand-side of (4.35) is as follows

VU2 :/ |VU|2d:c+/ VUP da

_/ / / IV U? hyhyhadrdgds + 5,0(1)
s=0 J¢p=0 J1-5g(s,p)

2mA?
= T (k1) + 5,0(1), (4.67)
0 ge
where
1 2 9 9\ 3/2
[(/ﬁ,r):—/ ((1—/£cosa) +7 ) (1 — kcosa) da. (4.68)
2m Jo

The integrand in the second line of (4.67) is explicitly calculated in (4.91), see

Appendix 4.C. Using (4.66) and (4.67) in (4.35), we obtain a bound on the flow
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rate () as

2
QZQTFA—27TA

I(k,7) + O(). (4.69)

Ge

We see that choosing a small value of g. will make the bound on () worse. There-
fore, to obtain the best possible bound, we choose the largest possible value of g.

which satisfies the constraint (4.65), i.e.,
2
ge = — + 0(9). (4.70)
A
The bound on () then reads
Q > 21N — 7N I(k,T) + O(0). (4.71)

All that remains is to choose A to maximize this lower bound. The optimal value

of A is given by

(4.72)

Substituting (4.72) into (4.71) and using 0 = 1/Re as defined earlier in (4.37),

gives a bound on the flow rate as

3272 .
Q >, I 7) + O(Re ™). (4.73)

Using this lower bound, together with the definition (4.20) of the friction factor
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Table 4.1: The first column shows the pipe type, the second column shows the
lower bound on the flow rate @ (4.73) and the third column shows the upper
bound on the friction factor A (4.74) in different limits of curvature x and torsion
7. In the table ¢ = (3272/27)2 and 2 = 27/8.
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Figure 4.3: Ratio of the bound on the friction factor for a helical pipe as com-

pared to a straight pipe (A\y/Apst), as a function of curvature s and torsion 7.
Here, ), is given by (4.74) and A, & = 27/8.

A in terms of @), we finally obtain an upper bound on the friction factor as

A<\ = %7[(%, 7)+ O(Re™ ). (4.74)
These bounds on the flow rate (4.73) and friction factor (4.74) are also valid for
a toroidal (k # 0,7 = 0) or a straight (x = 0,7 = 0) pipe. In general, the integral
I(k,T) cannot be obtained analytically except when 7 is zero or small. Table 4.1
summarizes the bounds derived on the flow rate and friction factor in different
limits of curvature and torsion. For a toroidal pipe, a small radius of curvature has
a second-order effect on the bounds (see table 4.1), which is also the case in the
exact solution for the flow at low Reynolds number (see Dean, 1928). Similarly, for
a helical pipe, the effect of a small torsion is of second-order on our bounds, and
as before, this is the case for the steady-state solution at low Reynolds number
(see Tuttle, 1990). More generally, the effect of increasing curvature and torsion

is always to decrease the lower bound on the volume flow rate and to increase

103



the upper bound on the friction factor. For a straight pipe, the bound on the
friction factor reduces to A, & = 27/8 which is 12.5 times larger than the bound
0.27 (Plasting and Kerswell, 2005) obtained by solving the variational problem
numerically. Figures 4.3 and 4.4 show a color map of the ratio of the bound on
the friction factor for a helical pipe A, to the bound on the friction factor A, s for
a straight pipe, as a function of k, 7 (figure 4.3) and a, b (figure 4.4). To avoid
a self-intersecting geometry, we restrict to 1 < a < oo and 0 < b < oo, which
corresponds to a semicircular region in k, 7 space (see figure 4.3). The maximum
increase in the bound on the friction factor is when the pipe approaches a horn
torus (k = 1,7 = 0), which is a factor 35/8 = 4.375 larger than for the straight
pipe. From figure 4.4, we see that with the increase of the non-dimensional helix
radius a or pitch 27b, the bound on the friction factor approaches that of a straight

pipe, as expected.

4.5 Discussion and Concluding Remarks

In this paper, we used the background method to obtain bounds on the flow
rate and friction factor in helical pipe flows. The bounds that we obtained are also
valid for toroidal and straight pipes as limiting cases. By choosing a boundary
layer whose thickness varies along the circumference of the pipe, we were able to
obtain these bounds as a function of pipe geometry. In particular, we found that
the bound on the friction factor varies with curvature x and torsion 7 according
to the integral I(k,7), defined in (4.68), whose value is one for the straight pipe,
ie. 1(0,0)=1.

The bound that we obtained on the friction factor is independent of the

Reynolds number. However, it is a known property of wall-bounded flows in
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Figure 4.4: Ratio of the bound on the friction factor for a helical pipe as com-
pared to a straight pipe (Ay/Apst), as a function of the non-dimensional geometric
parameters a and b as defined earlier.
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smooth geometries that the friction factor decreases as (log Re)?, as predicted
using the logarithmic friction law (Tennekes and Lumley, 1972). Therefore, it
appears that our bound, in terms of Reynolds number scaling is off by factor of
(log Re)?, a situation similar to previous applications of the background method
to shear and pressure-driven flows (Doering and Constantin, 1992, 1994; Con-
stantin and Doering, 1995; Plasting and Kerswell, 2003). Despite being unable to
capture the correct scaling in terms of Reynolds number, one may ask whether
the geometrical scaling I(k, 7) in the bound on the friction factor (4.74) correctly
captures the variation of A\ on the pipe geometry, as observed in the experiments.
Assuming that is the case, then one would expect that the experimental data
for the friction factor (A.,), when scaled with the integral I(x,7), should only
be a function of the Reynolds number. Here, we test this hypothesis on data
from carefully conducted experiments by Cioncolini and Santini (2006) for flows
in helical pipes with negligible torsion. The results are shown in figure 4.5. In
reporting these results, we have used the Reynolds number based on the pipe
diameter (Rep = 2Re), to be consistent with the literature. From figure 4.5, we
see that our scaling, being second-order in the curvature k, has a negligible effect
on the pipes with small curvature ratios k = 0.028,0.042,0.059. As such, the
rescaled data A..,/I(k,7) looks almost identical to the original data, and does
not collapse on a universal curve, contrary to our expectation. It thus appears
that, for the range of Reynolds number considered in figure 4.5, the curvature has
a first-order effect on the friction factor in the experiments, as opposed to the
second-order effect predicted by our bound (see table 4.1). On a more positive
note, the effect becomes qualitatively noticeable for k = 0.143, and the rescaled
data is more compact than the original data, suggesting that the dependence on

the curvature x given by the scaling I(k, 7) at least has the right sign.
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Figure 4.5: (a) Data from Cioncolini and Santini (2006), showing the friction
factor (Aezp) as a function of Reynolds number for four different helical pipes:
(i) Kk = 0.028, 7 = 0.49 x 1073 (V), (ii) k = 0.042, 7 = 1.87 x 1073(1)), (iii)
k= 0.059, 7 =297 x 1072 (), and (iv) £ = 0.143, 7 = 11.4 x 1073 (x). (b)
Scaled friction factor (Ae.p/I(k, 7)) as a function of Reynolds number for the same
four helical pipes.

There could be several possible reasons for the discrepancy between the data
and the theoretical bound. First, there is further improvement possible in our
analysis to capture the geometrical dependence of the friction factor better. One
way to find that out would be to compute numerically the optimal bound on, e.g.
the friction factor, similar to other studies of the background method (Plasting and
Kerswell, 2003; Wen et al., 2013, 2015; Fantuzzi and Wynn, 2015, 2016; Fantuzzi,
2018; Tilgner, 2017, 2019) and then see if this optimal bound better accounts for
the experimental data. The second possible reason for the discrepancy is that
the Reynolds numbers achieved in the experiments are not high enough for our
scalings to apply yet. Indeed, the critical Reynolds number for instability for a
torus with curvature ratio x ~ 0.1 is Rep . ~ 3500 (Canton et al., 2016), which
is higher than that of a straight pipe Rep . &~ 2040 (Avila et al., 2011). Also, the

transition for k Z 0.028 is supercritical (Kithnen et al., 2015), suggesting that the
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flow structure slowly becomes more complex with increasing Reynolds number,
only becoming fully developed turbulence at much higher Reynolds number. As
a result, we believe that the maximum Reynolds number achieved by Cioncolini
and Santini (2006) (Rep ~ 6 x 10%), may not be high enough for our scalings to
apply.

Beyond the fact that the bounds and the data do not agree as well as we could
have hoped for, the technique used in this paper to derive formal bounds for such
complex geometry deserves to be discussed. The feasibility of the background
method relies on the existence of a divergence-free background flow field U, which
satisfies the same boundary conditions as the full flow w and for which H(v) +
7 is positive semi-definite, i.e. the spectral constraint (4.34) is satisfied. The
situation becomes particularly difficult at high Reynolds number when the only
undoubtedly positive term in H(v) (see term I1] in equation 4.27) becomes small.
However, for an O(1) background flow U for which VUyy,, is zero in bulk and
is of O(67') in a O(4) thick boundary layer near the surface, it is possible to
show that H(v) + ~ is positive semi-definite, as done in the present study and in
several other studies of the background method (Doering and Constantin, 1994;
Marchioro, 1994; Constantin and Doering, 1995; Wang, 1997). One may therefore
generally ask under which circumstances can such a background flow U exist. We
start by making two observations. First, that an O(1) change in the velocity field
in a boundary layer of thickness § leads to [VUgym| = O(67!) in the boundary
layer. Second, that a divergence-free flow field V' for which VV,, = 0 is given
by

V(z) = Az + V), (4.75)
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(b)

(c) (d)

/
(e) (f)

Figure 4.6: Pressure driven flow (a) through a helical pipe with a square cross-
section, (b) through a toroidal pipe with a square cross-section, (c¢) through an
axially twisted pipe with an elliptical cross-section, (d) between grooved walls
where the grooves are aligned in the direction of the pressure gradient, (e) through
a helical pipe with varying pitch, and (f) between rough walls (two-dimensional
view). Arrows indicate the direction of the mean flow.
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where A is a constant skew-symmetric tensor and Vg is a constant velocity field.
The flows given by (4.75) include uniform flow, and rigid body flow. These two
observations tell us that for a problem with prescribed tangential-velocity bound-
ary conditions at impermeable boundaries where the boundaries have the shape
of streamtubes of the flow field given by (4.75), it is always possible to find a
background flow U for which VU, = 0 in the bulk and is O(6~ ') in a O(9)
thick boundary layer near the surface. Indeed, this is done by choosing U = V'
in the bulk and by adjusting the tangential component of U by an O(1) in the
O(9) boundary layer to satisfy the prescribed tangential-velocity boundary condi-
tions. Note that these arguments apply to both pressure-driven flow and surface-
velocity-driven flow problems, as they both involve the same spectral constraint
(4.27). Wang (1997) considered the general problem of bounding the energy dis-
sipation for a flow driven by an imposed tangential velocity at the boundaries in
an arbitrary bounded domain when A = 0 and Vj = 0. Considering the more
general cases where A and V| are non-zero enables us to extend the class of
problems, as demonstrated in this paper.

Figure 4.6 shows some examples of pressure-driven flows where the criterion
mentioned in the last paragraph can or cannot be applied. Although we considered
the cross-section of the pipe to be circular in this paper, in general, a bound
can be obtained on the friction factor for a helical, toroidal, or a straight pipe
of any cross-section. Figure 4.6a and figure 4.6b, for example, show a helical
pipe and a toroidal pipe with a square cross-section. These two cases fall under
the case when A # 0,V # 0 and A # 0,V = 0, respectively. Figure 4.6¢
shows a pressure-driven flow through an axially twisted pipe with an elliptical
cross-section. According to the criterion mentioned in the last paragraph, the

background method can be applied to this example with A # 0,V # 0. Further,
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we can use the background method with A = 0, V5 # 0 in case of pressure-driven
flow between grooved walls (figure 4.6d) as long as the grooves are aligned in the
direction of the pressure gradient. However, for pressure-driven flow through a
helical pipe with varying pitch (figure 4.6e) or pressure-driven flow between rough
walls (figure 4.6f), there is no choice of A and V3 which works.

The criterion we have mentioned is, so far, a sufficient criterion for the appli-
cability of the background method. Whether this criterion is also a necessary one
remains to be determined. The answer to that question is fundamental since it
would provide definite guidance about which problems can and cannot be tackled

using the background method.
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Appendix 4.A The (s,r,¢) coordinate system

An infinitesimal displacement da in the (s,7,¢) coordinate system can be

written as

dx = hyds e; + h.dr e, + hydg ey, (4.76)
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where the scale factors are
hs = (1 —rrcos(¢p —78)), h. =1, hy=r. (4.77)

The gradient of a scalar field ¥ in the (s,r, ¢) coordinate system is given by

1 0¥ 1 0v 1 0V
o LV, 10w 1
S

— e, 4.
B or <, 06 (4.78)

The divergence of a vector field ¢ = (¢s, -, g5) in the (s,7,¢) coordinate system

is

V.q:

1 [Ohhyq. Ohyheg,  Ohuh,
[ ¢ds | NoNsGr | q‘ﬂ. (4.79)

hehohy | Os or 9

Finally, the gradient of a vector ¢ = (gs, ¢+, qs) in the (s,7, ¢) coordinate system

is written as

o i8q<9 qr 8]15 d¢ ah ia%‘ ds ahs
Va= (hs s I (97" Ty 96 ) €€ T\ 0 0s "l ar ) &

n 10q, g iﬁqs_ ¢ Oh, e
hs Os  hshg 8¢ h, Or  h,hs Os .
1 qu qs Oh, L % Oh, )e .. (18(]@5_ qr 0hr> eres

+

(h or Tl 0s | ohy 09 hy O hyhy 0
1 8(]5 4 8h¢ i@qr 4o 8h¢ e.e

hg O hghs Os hs 96  hoh, Or | °7"
(5.

1
- 8(]¢ qr 8h¢ qs 8h¢> eses
¢

_|_

_|_

4.80
h(z,hr or h¢h5 0s ( )
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Appendix 4.B A few useful inequalities

Lemma 0. Let w: [1 —dg(s, ¢),1] = R be a square integrable function such that

w(l) =0, then the following inequality holds

W(r) < ( L-r 0<52)> <

1 — kcos(¢p — Ts)

! ow\’ ) o
/1 (87“/) (1 —r'kcos(¢p — 7s))r'dr (4.81)

—6Q(S,¢)
for given s, and ¢. Here, r € [1 — dg(s, @), 1].

Proof. For r € [1 — dg(s, ¢), 1], using the fundamental theorem of calculus and

the Cauchy-Schwarz inequality, the following inequality holds

" dw ,2
1%d7’

1 1 ,
= <~/7“ (1 —T’/{COS(qb—TS))T/dT) 8

! dw\’ ) .
/1—69(3,4)) (dr’) (1 —r'kcos(p — 7s))r'dr' | . (4.82)

As mentioned earlier, the curvature satisfies k < 1 and since ' < 1 in the above

w?(r) =

expression, we have (1 — 7'k cos(¢ — 7s)) < 1. Therefore, the integrands in both

integrals are positive. Finally, using the fact that

1 1

(1 —r'rcos(d —7s))r'" 1 — kcos(p — 7s)

= 0(5)

when 7’ € [1 — dg(s, ¢), 1] completes the proof. O

Lemma 1. Let w : Qs — R be a square integrable function such that w(s,1,¢) =0

113



for all 0 < s < s, and 0 < 0 < 27, then the following statement is true

ow

(52
/96 ow? de < 5/ o(s,1,0)9%(s, ¢) (07’

2
[ ) dz + O(8%) ||Vwl||2.  (4.83)
5

Here, 0 : Q5 — R is a positive bounded O(1) function that satisfies
lo(s,r,¢) —o(s,1,0)| = O() for (s,r,¢) € Qs. (4.84)

Proof. The calculation is as follows:

Sp 27 1
/ ow’dr = / / / ow? hyhyhy drdgds
Qs s=0 J¢p=0 Jr=1—-0g(s,p)
Sp 2 1 1—r
< O(6*
< |ty 7O)

! ow\’
1—4 . 1 g0 .
X /15g(s,¢>) <8r’> (1 —r'kcos(p —78))r dr] hshyhg drdeds

(4.85)

Note that Inequality 0 was used in the second line. For (s,r,¢) € Qs, with an

application of the triangle inequality we have

|ohsh,hg — (1 — kcos(¢p — 75s))o(s, 1, ¢)

< ’ - a17 h’shrh
< [o(s,7,0) —0(5,1,0)| max (h.hihs)

+|hshihy — (1 — Kcos(¢p — 75))|o(s, 1, ¢). (4.86)

Noting that

lo(s,7,¢) —o(s,1,¢)] =0(5) and |hsh,hy — (1 — Kkcos(¢p —7s))| = O(0),
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when (s,7,¢) € Qs, and
max_ (hsh, hg) = O(1) and o(s,1,¢) =O0(1),

(S7T7¢)€Q5

leads to
|ohsh,hy — (1 — kcos(¢p —7s))o(s,1,¢)] = O(6) for (s,r,¢) € Q5. (4.87)

Using (4.87) in (4.85) and performing the integration in r leads to the desired

result. O

Appendix 4.C Some useful calculations

4.C.1 Calculation of VU

For the background flow given by (4.36), for € Q \ Qs, we have

VU = Akcos(¢p — 75)ese, — Arsin(¢p — 7s)eses — Ak cos(¢p — 7s)e e

+ATe e, + Axsin(¢ — 7s)eges — Ateze,. (4.88)
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It is clear that VUygy, = 0 in Q \ 5. For, x € 5, we have

_ _AMi=r)9 Ar(1 = r) cos(¢ — 75)
VU = 52 05 °C * og o
Arr(1—r) 0g  Awsin(¢ —7s)(1 — 1)
_ (5(1 o COS(¢ _ TS))gz % (59 €€y
B [A(l —rrcos(¢ — 7s)) n Ak cos(¢ —75)(1 — T)] e e,
dg 09
N [Aﬁ sin(¢ ;gTs)(l -7 Al -7k cosé;bg; 7s))(1 —r) gi] ese..  (4.89)

Given that 1 —r is O(d) in the boundary layer, calculation of |VU|? up to leading

order terms is

A%(1 — kcos(¢p — 75))?  A%r?
5242 5242

IVU|? = +0(671), (4.90)

and

A?(1 — kcos(¢p — 75))
5242

VU |*hyh,hy = (1= rcos(¢— 7))+ 72| + O(67"),

(4.91)

We use this result in (4.67) for the calculation of ||[VU]|[>. With the use of (4.38),
we see that the only two terms that are O(67!) in (4.89) are the terms involving
e.e, and e,e;. However, these terms do not contribute to the calculation of
U - VU, as they are multiplied with U, (the r component of U) which is zero.
Therefore, U - VU is O(1) in €5. This result is useful in showing (4.61).
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4.C.2 Reason behind choice 4.55

In the analysis done in the main text, if we had just assumed that p;, po,
and ps are constant functions but not necessarily equal, then a similar calculation

would have led to

(S gb) - P1P2P3
g\ @) = p3(1 — Kkcos(p — 75))% + p172

er(s, ) = | 2 pir’
’ pa pop3(l — kcos(p — 7s))2’
2(1 — kcos(p — 75))2
ea(s, ) = Ps , Pl (f 75))° . (4.92)
b2 b1p2T

With this choice, we could have obtained the same bounds on the flow rate and

the friction factor, namely

3272 27
Q> 271<:r> +O(Re™) A< N="Tl(k7)+O(Re™).  (4.93)

However, this time

I(k,7) =
1 2 M2(1 — 2 )22
—/ (1 — Kcosa) ((1 — Kcosa)? + 7'2> ( I,{COS o) + ,T do,
2m Jo b1 D3
(4.94)
where
M =max{p, Lph}, ph="20 g =2 (4.95)
D2 D2
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To optimize the bound, we need to minimize I(k,7) and that clearly happens

when

Pi=p3=1 = pi=p2=ps (4.96)
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Chapter 5

Geometrical dependence of
optimal bounds in

Taylor—Couette flow

This chapter is based on the paper Kumar (2022a) published in the Journal
of Fluid Mechanics, Volume 948, 10 October 2022, A11.

5.1 Introduction

An important problem in the study of turbulent flows is to estimate the func-
tional dependence of global properties (such as energy dissipation, drag force, heat
and mass transport, and mixing efficiency) on input parameters. The lack of ana-
lytical solutions of the Navier-Stokes equations in the fully turbulent regime has
forced the scientific community to adopt a multi-faceted approach to this prob-
lem, in which simple physical theories and reduced models are proposed, and then

corroborated by direct numerical simulations (DNS) and/or results from labora-
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tory experiments. However, the inability to perform simulations and experiments
in the extreme parameter regimes that often concern atmospheric, oceanic and
astrophysical flows and engineering applications leaves these theories unsubstan-
tiated.

In these extreme parameter regimes, an alternative approach that can provide
meaningful information is to obtain rigorous bounds on the aforementioned global
properties. The first method to obtain bounds was developed by Howard (1963)
and Busse (1969), but it was not until the 1990s that bounding techniques gained
general popularity, with the introduction of the so-called “Background Method"
by Doering and Constantin (Doering and Constantin, 1992, 1994; Constantin and
Doering, 1995; Doering and Constantin, 1996). The background method is based
on ideas from Hopf to produce a priori estimates for the solutions of the Navier—
Stokes equations with inhomogeneous boundary conditions (Hopf, 1955). It has
so far been applied to many different fluid mechanics problems (Doering and
Constantin, 1992; Constantin and Doering, 1995; Doering and Constantin, 1996;
Caulfield and Kerswell, 2001; Tang et al., 2004; Whitehead and Doering, 2011b;
Goluskin and Doering, 2016; Fantuzzi et al., 2018; Fantuzzi, 2018; Kumar and
Garaud, 2020; Arslan et al., 2021b; Fan et al., 2021; Arslan et al., 2021a; Kumar
et al., 2022). See Fantuzzi et al. (2022) for a recent review.

In the background method, we write the total flow field as a sum of two flow
fields: the background flow and the perturbed flow. To obtain a bound on the
desired bulk quantity requires choosing a background field that satisfies a certain
integral constraint (extracted from the governing equations of the perturbed flow).
Generally, one takes one of the two following routes. The first route is to specify
a functional form of the background flow and then use standard inequalities.

This route leads to an analytical but suboptimal bound on the bulk quantity as a
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function of system parameters. The second route is to find the best possible bound
(optimal bound) through a variational formulation of the background method in
which one solves the corresponding Euler-Lagrange equations usually numerically.
Numerous studies pertaining to the background flow have concentrated on the
scaling of optimal bounds as a function of the principal flow parameter, such as
the Reynolds number and the Rayleigh number. However, only a handful of them
studied the variation of these bounds with the shape of the domain. One such
study is by Wen et al. (2013), where the authors were interested in determining
the dependence on aspect ratio of the optimal bound on heat transfer in porous
medium convection.

In this paper, we are concerned with the question of whether it is possible to
obtain the analytical expression for the dependence of optimal bounds on the geo-
metrical parameters of the system. Indeed, while the numerically obtained optimal
bounds usually follow an easily-identifiable simple power-law in the principal flow
parameter, the variation of the optimal bounds with geometrical parameters, how-
ever, is not so readily apparent. Furthermore, we also aim to determine whether
this analytical form bears any resemblance to the actual dependence of the corre-
sponding bulk quantity on system geometry in fully turbulent flows. This question
is motivated by engineering applications where the geometry plays an important
role.

In a recent study, we attempted to provide bounds on the friction factor in
the context of pressure driven helical pipe flows (Kumar, 2020). We focussed in
particular on the dependence of this bound on the geometrical parameters: the
curvature and torsion of the pipe. We took the first route described above, and
used standard functional inequalities to find a suboptimal bound on the friction

factor. In order to account for the geometry, we constructed a background flow
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in which we allowed for a boundary layer thickness that varies along the circum-
ference of the pipe, and optimized the shape of that boundary layer to find the
best possible bound for any curvature and torsion. Without giving any further
evidence, we hypothesized that the suboptimal bound thus produced might have
the same geometrical dependence as the optimal bound.

This paper demonstrates that this hypothesis holds true for Taylor-Couette
flow; i.e., the analytical geometrical dependence of the suboptimal bound obtained
using traditional functional inequalities (but with a definition of the background
flow with optimized boundary layer thickness) is the same as for the optimal
bounds obtained using the variational approach.

There are several reasons why we choose to work with the Taylor—Couette
flow to test this hypothesis. The Taylor—Couette flow is one of the most exten-
sively investigated problems in fluid mechanics, going back to the seminal paper
of Taylor (Taylor, 1923) and laboratory experiments of Wendt (Wendt, 1933),
which are one of the early major contributions to the field. It is known that the
Taylor—Couette system exhibits rich flow structures and complex fluid dynamical
phenomena and has served as a testing ground for the theories of turbulent flows.
The simplicity of the Taylor-Couette setup makes it amenable to conduct direct
numerical simulations and experiments with high precision at high Reynolds num-
bers. As a result, starting with the work of Lathrop et al. (1992a,b), the last two
decades have seen a tremendous activity in the study of high Reynolds number
Taylor—Couette flow from the computational and experimental point of view (see
a review by Grossmann et al. (2016)).

Concurrently, progress has also been made on obtaining rigorous bounds in
Taylor—Couette flow. Nickerson (1969) was the first to derive an upper bound

on the torque in Taylor—Couette flow using the technique developed by Howard
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(1963) and Busse (1969). Constantin (1994) later revisited the problem using the
background method of Doering and Constantin, and also derived an analytical
upper bound on the torque. More recently, Ding and Marensi (2019) computed
the corresponding optimal bounds numerically for systems where the ratio of the
inner to outer cylinder radii, called the radius ratio hereafter, is 0.5, 0.714 and
0.909. Note that these three studies concentrated on the dependence of the bounds
on the Reynolds number.

The primary goal of this paper is to obtain the correct functional dependence
of the optimal bounds on the torque with respect to the radius ratio. To do so,
we shall begin by obtaining an analytical bound using standard inequalities, with
the aim of optimizing this bound simultaneously for all values of the radius ratio.
Subsequently, we obtain numerical optimal bounds for several values of the radius
ratio considering three different scenarios for the perturbations, which are the

following;:

case 1: The perturbations that satisfy the homogeneous boundary conditions but

are not necessarily incompressible;
case 2: Additionally, the perturbations are three-dimensional and incompressible;

case 3: The perturbations, along with satisfying the boundary conditions and being

incompressible, are only two-dimensional (invariant in the axial direction).

We note that while formulating the background method, we do use the incompress-
ibility condition on the perturbed flow. These three separate cases are considered
once the background method has been formulated. These scenarios impose in-
creasingly stringent constraints on the type of admissible perturbations and allow

us to systematically test the hypothesis described above. We shall demonstrate
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that the optimal bounds computed in each case not only have the same depen-
dence in the radius ratio in all scenarios as the Reynolds number tends to infinity,
but also that this dependence is the same as the one obtained from the suboptimal
analytical bound.

The arrangement of the paper is as follows. We begin by describing the prob-
lem configuration, the definitions of the relevant mean quantities and the relations
between those quantities in §5.2. In §5.3, we perform the energy stability analysis
of the laminar flow. In §5.4, we obtain analytical bounds on the mean quanti-
ties. §5.5 presents optimal bounds obtained in the three cases listed above and
compares the results with the analytical bounds from §5.4. In §5.6, we show that
the background method cannot be applied to certain flow problems past certain
Reynolds numbers. Finally, §5.7 presents a discussion, comparison with DNS

results, the broad applicability of the present study and open problems.

5.2 Problem setup

Consider the flow of an incompressible Newtonian fluid of density p and kine-
matic viscosity v between two coaxial circular cylinders, where the inner cylinder
rotates with a constant angular velocity €2 and the outer cylinder is stationary.
The radius of the inner cylinder is R; and the radius of the outer cylinder is
R,. The quantity n = R;/R, is referred to as the radius ratio hereafter, and
d = R, — R; is the gap width. We non-dimensionalize the variables as follows:

u’ t P —po

p— N
d OR;’ dJQR) T 2R

(5.1)
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where pq is the reference pressure and «, u, t and p denote the non-dimensional
position, velocity, time and pressure, respectively. The starred variables are the
corresponding dimensional quantities. In non-dimensional form, the governing

equations are

V.u=0, (5.2)
ou 1,
EqLu-Vu——Vp—FEV u, (5.3)
where
QR;d
Re = ” (5.4)

is the Reynolds numbers which, along with the radius ratio n, fully characterizes
the flow field. Note that instead of the Reynolds number, one can also use the

Taylor number

(L+mn) d2<Ri R,) 02 (1 77)6 2
[a = = e .
a 5 2 Re*, (5.5)

to characterize the flow field. We use a cylindrical coordinate system (7, 6, z). The

boundary conditions are

(up,up,u,) = (0,1,0) at r=ry, (5.6)

(up,up,u,) = (0,0,0) at r=r,, (5.7)

where r; and r, are the non-dimensional inner and outer cylinder radii. In this
paper, we will assume that the flow is periodic in the spanwise direction z with

non-dimensional length L. The domain of interest, denoted by V', is therefore
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given by

V={(r,0,2)r <r<r,,0<0<2m,0<2<L}. (5.8)

At sufficiently small Reynolds numbers, or equivalently, at small Taylor num-

bers, the flow is laminar and can be expressed as

1 i f
Uigm = (T - 7‘7‘) €Eg. (59)

1—n2\r 2

Before proceeding further, it is useful to introduce a few convenient notations.
We use angle brackets for the volume integration and overbar for the long-time

average of a quantity:

- 1 (T

()= [[Tde, T-T=tim = [ [-]at (5.10)

T—oo T Ji—0

The L?-norm of a quantity is henceforth denoted as

NI

2
I3 = (- 1) (5.11)
In what follows, the three quantities that we are interested in bounding are
the energy dissipation rate, the torque and the equivalent of a Nusselt number
(defined based on the transverse current of azimuthal velocity). These quantities
are not independent, as we now demonstrate. We start by writing the dimensional

expression of the time-averaged torque required to rotate the inner cylinder:

L* pr2m
* *
G =R

 Ryd6dz", (5.12)

r*=R,
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where 7% denotes the shear-stress. In non-dimensional form the torque is given

by

G Rer? 2r |1 Ju, 8u@ Ug
= = // [rae G| e (513)

In a statistically stationary state, the work done by the torque to rotate the inner

cylinder eventually dissipates in the fluid, i.e.,
G*Q) = ¢", (5.14)
where £* is the time-averaged total dissipation given by
& = 2w /V Y Vol da, (5.15)
where
Viu* + VT

Vil = . (5.16)

sym 2

The total kinetic energy of the fluid can be shown to be uniformly bounded in
time within the framework of the background method (see Doering and Con-
stantin, 1992, for example). The identity (5.14) can therefore be obtained by
taking the long-time average of the evolution equation of the total kinetic energy.
The dissipation per unit mass non-dimensionalized by Q3R?/d is given by

e 2 <
BRI /A~ (mr2— mr?)L Re

E =

Vu: Vugyn). (5.17)

From the divergence-free condition (5.2), the boundary conditions (5.6) and (5.7)

127



along with the use of the divergence theorem, one finds that
(Vu:Vu') = (V-V-(u®u)=2rL. (5.18)

As a result, the non-dimensional dissipation can also be written as

1
(7r2 — 7r?)Re {

(2

1l—
Va3 +2r). (5.19)

Using (5.13), (5.14) and (5.17), we finally obtain a relation between the non-

dimensional torque and the non-dimensional dissipation as
G = 7(r; +r,)riRe’e. (5.20)

which is the non-dimensional version of (5.14).
Another quantity of interest is the transverse current of azimuthal velocity as

defined in Eckhardt et al. (2007) and is given by

1
2m L*

L* r2m
J = / / 73 [uFw* — v0,-w*] r*df*dz", (5.21)
o Jo
where w* = uj/r* is the local angular velocity. Asshown by Eckhardt et al. (2007),
J“* is independent of the radial direction. In an analogy with Rayleigh-Bénard
convection, one defines the Nusselt number as the ratio of the transverse current

of azimuthal velocity to its corresponding value in the laminar regime, i.e.

B Jw*
- Jw :

lam

Nu

(5.22)

Substituting * = R; in the right-hand-side of (5.21), one obtains the following
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relation between the torque and the transverse current of azimuthal velocity:

G*
Jr = — 5.23
2nL*p’ (5:23)

implying that the Nusselt number can also be written as

G €

Glam Elam

Nu : (5.24)

where Gy, and gy, are the values of the non-dimensional torque and dissipation

in the laminar regime, respectively.

5.3 Energy stability analysis

We begin by discussing the energy stability of the laminar flow w,,,. The
importance of energy stability analysis in the context of bounding theories comes
from the fact that bounds on mean quantities introduced in the last section are
by definition saturated by the laminar state below the energy stability threshold.
The energy stability of the laminar Taylor-Couette flow has been studied before
both theoretically and numerically, by e.g. Serrin (1959) and Joseph (1976). In
these studies, the general conclusion was that at the energy stability threshold, the
least stable perturbations are axisymmetric Taylor vortices. However, as we shall
demonstrate in this section, this commonly accepted result does not hold below a
certain radius ratio (n < 0.0556). Instead, we find that the least stable perturba-
tions at the energy stability threshold in that case are fully three-dimensional.

We begin by defining the functional

I - _ _
(D) = |5 V813 + [ & (Tatian ) - B . (5.25)
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where © is a perturbation over the laminar flow which satisfies the homogeneous
boundary conditions at the inner and outer cylinders . From the governing equa-
tions, one can show that the laminar flow w, is energy stable when H(®) is
nonnegative (see, for example, Serrin, 1959; Ding and Marensi, 2019). We shall
consider three types of constraints on the perturbations ©: no constraints, other
than the homogeneous boundary conditions (case 1), 3D incompressible pertur-
bations (case 2) and 2D (z-invariant) incompressible perturbations (case 3). We
perform an energy stability analysis for each of these cases, and present the results
as a function of the radius ratio. We note that recently Ding and Marensi (2019)
also studied the energy stability of the laminar state in Taylor-Couette flow but
only for the axisymmetric perturbations.

The critical Taylor number T'a. defining the energy stability threshold is the

largest Taylor number for which the functional H (@) is nonnegative. For clarity,

n

ne Ta3P and Ta?’ when referring

we add superscripts and use the notation T'a
to case 1, case 2 and case 3, respectively. The statement of the nonnegativity of
the functional H (@) can be posed as a convex optimization problem, where we
require that the minimum value of H to be nonnegative. Then , it can be shown
using the corresponding Fuler-Lagrange equations that the nonnegativity of the

functional H () is equivalent to the nonnegativity of the smallest eigenvalue in

the eigenvalue problem

V.5 =0, (5.26a)

1
2D = Ev% — 20 + V (Wam)sym — VP (5.26b)

Note that for case 1, the eigenvalue problem corresponds just to equation (5.26b)

without the pressure term. The eigenvalue problem (5.26) is standard in the
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Figure 5.1: Panel (a) shows the critical Taylor number T'a™ (green line), T'a3P
(blue line) and Ta?” (red line) as a function of the radius ratio n and (b) shows
a close-up view of the same plot for small 7. The dashed blue line corresponds
to the marginally stable axisymmetric Taylor vortices, while T'a3P is continued to
be shown with the solid blue line. Panels (c) and (d) shows the critical Taylor
number Ta?? and Ta?P normalized by T'a™ as a function of 7.

energy stability analysis (see, for example, Serrin, 1959; Ding and Marensi, 2019).

We can actually obtain the critical Taylor number analytically for case 1.
Indeed, in this case, we first simplify the eigenvalue problem using two pieces
of information. From lemma 5.B.1 (see appendix 5.B), we note that the least
stable perturbed flow (which optimizes ) is a function of the radial direction
only. Furthermore, the laminar flow w,,,, satisfies the required condition in lemma
5.B.1, therefore, the least stable perturbation also satisfies ©, = ¥y. Using these

two facts, we find that the marginally stable solution of (5.26b) which satisfies the
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homogeneous boundary condition at r = r; is given by

U, = Uy = csin <§1og :) , £= \/(1+77)7(71—77)2R6+1' (5.27)

(2

The critical Reynolds number for energy stability is the smallest value of Re for
which this solution also satisfies the homogeneous boundary condition at r = r,.

We then obtain the critical Taylor number using (5.5), which leads to

1 8 1— 4 2 2
T C)) (6 (T (5.28)
64n log™n

In case 2 (3D incompressible ©) and case 3 (2D (z-invariant) incompressible v),
we must turn to numerical computations to calculate the critical Taylor number.
To find the eigenvalues of the equations (5.26), we first transform the equations
into a generalized eigenvalue problem using the spatial discretization described in
§5.5 and then use the DGGEV routine by Lapack for the computation. Let’s call
the critical wavenumbers of the least stable perturbation at the energy stability
threshold 27/L. (where L. would then be known as the critical aspect ratio) in
the z-direction and m, in the #-direction. We use the bisection algorithm in the
Taylor number and the ternary search algorithm in aspect ratio or azimuthal
wavenumber (depending on the case at hand) to accurately determine Ta., L.
and m,.

The dependence of the critical Taylor number for energy stability on the radius-
ratio 7 is shown in figure 5.1 for all 3 cases. The critical axial wavenumber (27/L,)
and the critical azimuthal wavenumber (m.) of the corresponding perturbations
in case 2 and case 3 are shown in figure 5.2. From figure 5.1a, we see that the

critical Taylor number increases as we go from case 1 (green line) to case 3 (red

132



" £ 35 © o

o mo=0 w0k ;o
AN o E : ;]

3 3.5¥ L2
= ‘ ] g 20 ¢ ' P
3 L : . : , L - |

a : : 15 £ r ]
25p o E 10 - e :
A é 5E

1.5 ISR EFIETS EIIE I S W WS N N R 0 = b el e e e b il 0 3

0 0.10.20.30.40.50.60.70.80.9 1 0 0.10.20.30.40.50.60.70.80.9 1

n n

() (b)

Figure 5.2: Variation of the critical axial wavenumber 27/L. and critical az-
imuthal wavenumber m, with radius ratio n for (a) case 2 and (b) case 3.
In panel (a), the critical azimuthal wavenumber changes from m. = 0 above
1n =1ns = 0.0556 to m. = 1 below 7, as discussed in the main text.

line), which is not surprising since we correspondingly increase the number of
constraints on the perturbations. In all three cases, the critical Taylor number
monotonically increases with decreasing n and tends to infinity as n — 0. By
contrast, the critical Taylor number tends to a constant in the small gap width
limit (n — 1): in case 1 Ta™ — 47* ~ 389.6364, whereas, in case 2 and case 3,
Ta3P — 6831 and Ta?’ — 31641, which are, respectively, 17.5 and 81.2 times
larger than in case 1. In this limit, the marginally stable perturbation in case 2
recovers the well-known axisymmetric Taylor vortices (Serrin, 1959; Joseph, 1976).
In case 3, the marginally stable perturbation is composed of vortices whose axis
is parallel to the cylinder axis (Harrison, 1921).

Figure 5.1b shows a zoomed-in version of figure 5.1a for small values of . We
also show, for case 2 (blue line), a separate curve that assumes that perturbations

are axially symmetric (dashed blue line). For large radius ratio, the two are

identical, confirming that the axisymmetric Taylor vortices are indeed the least
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stable perturbations. However, we note that below radius ratio 1, = 0.0556, the
marginally stable perturbation switches from the axisymmetric Taylor vortices to
being fully three-dimensional.

Figure 5.3 shows the marginally stable 3D flow and Taylor vortices at n = ns. A
distinctive feature of the marginally stable 3D flow, compared to marginally stable
axisymmetric Taylor vortices, is that one end of a typical vortex lies near the outer
cylinder but the other end lies at one of the two lines that are offset from the inner
cylinder. Also, the critical aspect ratio corresponding to marginally stable 3D flow
is larger than the one corresponding to the Taylor vortices. In fact, with further
decrease in the radius-ratio, the axisymmetric critical aspect-ratio corresponding
to the marginally stable 3D flow grows, whereas the one corresponding to Taylor
vortices shrinks, as can been seen from figure 5.2a. The decrease of the aspect
ratio of the critical perturbations implies that the term ||[V®]|3 increases rapidly
as n — 0, which causes the corresponding critical Taylor number for axisymmetric
flows to do the same. This explains why the axisymmetric perturbations are no
longer preferred for very low 7. At n = 0.0188, the critical Taylor number for the
marginally stable Taylor vortices becomes even larger than the one corresponding
to the two-dimensional flow (Ta2?).

Given that we were able to compute the critical Taylor number in case 1
analytically as a function of 7, it is worth investigating whether the dependence
of Ta. on n in cases 2 and 3 is similar to that of case 1. To do so, we look
at the figures 5.1c and 5.1d, which show the ratios Ta2P/Ta? and Ta?P /Ta"
respectively. One striking observation is that T'a?? /Ta?® remains within 3.6% of

16.92 for a fairly large range of radius ratio 0.0556 < n < 1. So, for this range of
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Figure 5.3: Panel (a) shows selected streamlines of the marginally stable 3D flow
and panel (b) shows selected streamlines of the marginally stable axisymmetric
Taylor vortices, in both cases at a radius ratio (ns = 0.0556). The corresponding
critical Taylor numbers in both cases are equal. The streamlines are colored
according to the magnitude of the velocity. In both the cases the velocity field
has been scaled such that the maximum magnitude is 1. A typical vortex is shown
using relatively thicker lines in both cases. Note that only half the vortex is shown
in the axial direction.

3D
TCLC ~

16.92(1 +n)®(1 —n)* <1+ us )2, (5.29)

6475 log? 7

However, the same is not valid for case 3, where Ta?P /T'a™ varies substantially
with 7. The spikes in figure 5.1d, which are not visible in figure 5.1a, correspond
to the discrete change in critical azimuthal wavenumber when 7 varies, shown in
figure 5.2b.

For small radius ratio it is possible to predict the asymptotic behavior of Ta??
and Ta?P’. We find that both Ta??/Ta™ and Ta?P/Ta™ decrease as n — 0 as
can be seen in 5.1c and 5.1d. By construction, the asymptotic value of the ratios

have to be larger than 1. Therefore, in the small radius ratio limit, we can obtain
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the asymptotic behavior of Ta?P and Ta?P as

3D 3D 1: nc CgDﬂA 2D 2D 1: nc gD,/TZL
Ta,” =Cy~" limTa. = —————, Ta,” = Cy~ limTa; = ———— asn — 0,
n—0 nSlog™ n n—0 n®log™ n

(5.30)

where 1 < C3P C2P < oo are two constants.

5.4 An analytical bound

In this section, we obtain a simple, suboptimal, analytical bound on the torque,
the rate of energy dissipation and the Nusselt number defined in §5.2. We use the
well-known background method (Doering and Constantin, 1992, 1994) whose exact
formulation in the context of the present problem is given in appendix 5.A. As
usual, we define U to be the background flow and v to be the perturbed flow such
that the total flow is w = U 4 v. The background flow U is divergence-free and
satisfies the same boundary conditions as u, so the perturbed flow v satisfies the
homogeneous version of the boundary conditions. For mathematical convenience
(see appendix 5.A) we further define the so-called “shifted perturbation” @ = v—¢
(see equation 5.98) and we simply refer to © as the perturbation from here onward.

As shown in appendix 5.A, a bound on the rate of energy dissipation,

1 1

[ (1-a)
(rr2 — wr2)ReL |a(2 — a) —

€= a(2 —a)

||VU||§ - HvulamHg +27L ’ (531)

can be obtained for any choice of the background flow for which the functional

2—a
2Re

H(®) = ||V6||§+/Vﬁ-VUsym-f;da:, (5.32)

11
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(see 5.103) is positive semi-definite. In (5.31), the constant a is a balance pa-
rameter that takes values between 0 and 2. This bound is identical to the one
obtained by Ding and Marensi (2019), after noting that they used a different non-
dimensionalization. While showing H(®) is nonnegative, we do not impose the
incompressibility constraint on the perturbations © and only assume @ satisfies

the homogeneous boundary conditions. We make a choice of the background flow

U for which

U U’
vo,, - VULV

is non-zero only in boundary layers, which are assumed to have thicknesses d; and
0, near the inner and the outer cylinder, respectively. In particular, the selected
background flow U is then

A(Ti+6i)(T—Ti)— (7“—7‘1' —51')

(3

€9 lf TiSTSTi—i‘éi,

U(r,0,z) =U(r)eg = { Arey it ri4+0;<r<r,—0d,, (5.33)

A(ro—00)(ro—T)

5 €y if r,—90,<r<r,,

where A is an O(1) constant, i.e., independent of Re. The decision to allow for
different boundary layer thicknesses is inspired from the work of Kumar (2020),
who speculated in the context of helical pipe flows that by doing so, it is possible
to capture important geometrical aspects of problem that would otherwise not
appear. As we are primarily interested in deriving bounds at asymptotically high
Reynolds numbers, for convenience, we define rescaled boundary layer thicknesses

as

;i Jp 1
h; = 3 and h, = 5 where § = T’ (5.34)
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where, by construction, h;, h, > 0 and are O(1). Our goal in this section is to
adjust the relative size of the boundary layers (h;/h,) to optimize the bound (5.31)
simultaneously for different values of 7 in the limit of high Reynolds number.

We start by obtaining a simple estimate for the quantity

ritd ri+0;
[ ol = |

k3 7

Ti+0; rit+éi (0D, 2 : rit+0i [ Oy 2 :
< o / !
_/n_ (r—m;) {/r <6r’> dr] {/r <8r’> dr] dr
B 6722 /7‘1+61 8’5T 2 d / 1/2 /Tl—l-a@ 860 2 d , 1/2
N 2 I 87", " T 67", "

62 ritdi (90,7 62 i+ [0\
< a g E ' .
<L (G e L (G (5.35)

" 00,

T or’

r 8179
T; or!

dr’ dr'| dr

In deriving the result, we have used the fundamental theorem of calculus in the
first line, Holder’s inequality in the second line followed by an integration in r to
obtain the third line. Finally, we used Young’s inequality to obtain the last line.

In a similar manner, one can also show that

"o 02 o (00.\* 62 e (00
5, | |Gldr < 22 ") g 4/ . 5.36
/7’0—60 |U ‘ |U0| "= 4 To—00 (87"’) m 4 To—00 (87”) " ( )

Next, we note that

ritdi auv U dau U i+
0p0p | = — — < G Y = 1157 .
/Tr,- ot ( dr r ) rdr| < r<rents | dr T (ri + 6Z>/rri [0 |pllr(5.37)
and
To d d ro
/Tro—éo T)ﬂje (dgv B g) rer S ro—%jiizro dgv B g To /rr(,—éo |6T’ |1~19|d7“ (538)
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Using estimates (5.35)-(5.38) along with the expression of the background flow

(5.33), we finally obtain a simple bound on term /7 in (5.32) as
1) < 2 13l (5:39
where
M:max{gjﬂ — Aryl, ZO]A\TO} + O(0). (5.40)
This shows that the functional H is positive semi-definite as long as
(5.41)

Using (5.9) and (5.33) in (5.31), we then obtain an upper bound on the dissipation

as follows

IN

u 2 ((1 — Ar))?r; A%
9 E:b = )

P e ) +0(6). (5.42)

The upper bound obtained is called €f, and we use ‘0’ in the subscript to signify
that it is a bound and use ‘a’ in the superscript to signify that it is obtained
analytically. In final step of the procedure, we adjust the values of the unknown
parameters h;, h,, A and a to optimize the bound (5.42) while satisfying the
constraint (5.41). The optimal values of the parameters, in the limit of high

Reynolds number are,

T 2 8 h;
A = 72 = — ho = d J - . 4
rZ 42’ “ 3’ 3Ar, an he " (5.43)
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Using (5.34) and (5.5), we can now write the optimal choice of boundary layer

thicknesses §; and 4, in the limit of Re — oo (or equivalently T'a — 00) as

P Gl B R (U)W (O ) B Gl (R
i 3 Re 3 Taz °  3nRe 3nPTaz

The corresponding bound on the dissipation in the limit of Re — oo is then

given by

27 Ui
g o= ) 5.45
e TR TP o4

Here, we added ‘oo’ in the subscript to indicate that it is the main term of the
bound in the limit Re — oo. Using the relationship (5.24), we obtain an equivalent

upper bound on the Nusselt number in the high Reynolds number limit as

Nye_ = 21 L T2, (5.46)
2 716 (14 n)2(1+ n2)?

This expression contains a dependence on both the Taylor number (the princi-
pal flow parameter) as well as the radius ratio (the geometrical parameter). To

separate out the geometrical dependence in (5.46), we define

16n°
L+n)2(1+n?)%

x(n) = ( (5.47)

and call it the geometrical scaling of the bound on Nu. This geometrical scaling
is defined in such a way that x(1) = 1 (the relevance of n = 1 being that it
corresponds to the plane Couette flow case).

Finally, by combining (5.45) with the relation (5.20), we obtain an upper bound
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on the torque as a function of the Reynolds number

o 2Tmn*(1+n)?

2
_ , 4
b = 33 @ =P Re (5.48)

Constantin (1994) had previously obtained a bound on the torque in Taylor—
Couette flows by considering a background flow with a single boundary layer.
The bound obtained by Constantin is also proportional to Re?; as in (5.48). But,
the coefficient in front has a different dependence on the radius ratio n. The reason
for this difference is that we chose a background flow with two boundary layers
and adjusted their relative thicknesses to optimize the bound. We shall see later
that this optimization procedure enables us to capture the actual dependence of

optimal bounds on the radius ratio.

5.5 Optimal bounds

In this section, we now proceed to obtain optimal bounds on the bulk quan-
tities, i.e., the best possible bounds within the framework of the background
method. As described in §5.1, we consider three scenarios, ‘case 17, ‘case 2’ and
‘case 3, in which we incrementally impose constraints on the perturbed flow field
and numerically obtain the optimal bounds in each case, which allow us to sys-
tematically examine the hypothesis stated in the introduction.

The general development of the background method for Taylor—Couette flow
is presented in appendix 5.A. In what follows, we first describe our numerical

algorithm, then proceed to present the results.
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5.5.1 Numerical Algorithm

Here, we first describe the general numerical framework used to compute the
optimal bounds, and then provide further details of the algorithm in each of
the specific cases. Finding the optimal bound begins with the same background
method applied to the Taylor—Couette flow as in §5.4, which is described in ap-
pendix 5.A. However, instead of using functional inequalities, we now follow the
standard route toward optimal bounds, and derive a set of Euler-Lagrange equa-
tions that optimal solutions satisfy, given specific constraints in each case. The
derivation is presented in appendix 5.A, and the equations are given in (5.109a-d).
In general, the Euler-Lagrange equations can have multiple solutions. However,
we are interested in finding the unique solution that also satisfies the spectral
constraint (5.104). To find this particular solution, we use the two-step algorithm
first introduced by Wen et al. (2013) in the context of porous medium convection.
A remarkable property of this algorithm is that it eliminates the requirement of
numerical continuation (Plasting and Kerswell, 2003). As the two-step algorithm
can be implemented at any value of the flow parameter, this flexibility has led to
wider usage in several other studies of the background method to obtain the opti-
mal bound numerically (Wen et al., 2015; Wen and Chini, 2018; Lee et al., 2019;
Ding and Marensi, 2019; Souza et al., 2020). The first step of the algorithm uses
a pseudo-time stepping scheme in which the Euler-Lagrange equations (5.109a-d)

are converted into a time-dependent system of partial differential equations(PDEs)

as follows
(9’51 a 5£ aUe a(2 _ a) 1 5£ aa 5£ )
T 22— )05, - - _— = —— D = 4
ot~ 22—a)év; ot Wl roU, ot 50 V-4 =0,(5.49)
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where the index 7 ranges over the 7,6 and z components of ¥. Steady-state solu-
tions of (5.49) are equivalently solutions of the Euler-Lagrange equations (5.109a-
d). Note that we multiply the Frechet derivatives with certain coefficients before
introducing the time derivatives on the left-hand side. This makes the coefficient
of the linear term (the Laplacian) a constant in the resultant time-dependent
PDEs. Also, note that the coefficient in front of the Frechet derivative with re-
spect to @ is positive, while the coefficients in front of the Frechet derivatives with
respect to Uy and a are negative. The reason is that we are maximizing the bound
with respect to ¥ while minimizing it with respect to Uy and a.

Ding and Marensi (2019) proved that if the pseudo-time stepping scheme leads
to a steady-state solution then that solution must be the globally optimal solution
of the Euler-Lagrange equations (5.109a-d), i.e., the one that leads to optimal
bounds. Conveniently, the same proof extends to the case where the perturbed
flow only satisfies the homogeneous boundary conditions and to the case where
the perturbed flow is two-dimensional and incompressible. The proof of Ding
and Marensi (2019) does not guarantee the existence of a steady-state solution to
(5.49). But in all the cases that we investigated, the pseudo-time stepping scheme
did relax to a steady-state solution.

The second step of the two-step algorithm is a Newton iteration (see Wen
et al., 2015) which has a faster convergence rate than the pseudo-time stepping
scheme but requires a good initial guess. Naturally, we use the solutions obtained
at the end of the pseudo-time stepping scheme as the initial guess.

Solving the Euler-Lagrange equations in case 1 comes with two major sim-
plifications. First, the pressure gradient term in (5.109a) disappears, as we do
not impose the incompressibility constraint on the perturbation. Second, it can

be shown that the optimal perturbation depends only on the radial direction
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(see appendix 5.B). With these simplifications, the convergence of the pseudo-
time stepping scheme is so rapid that the subsequent Newton iteration is not
needed. Therefore, we only use the first step of the two-step algorithm described
above. Furthermore, we found that it is also possible to solve the simplified
Euler-Lagrange equations analytically in the limit Re — oo using the method of
matched asymptotics (solutions are presented in appendix 5.B).

In case 2 it is also possible to make a simplification. Indeed, Ding and Marensi
(2019) presented numerical evidence that the optimal solution does not depend
on ¢ when the aspect ratio L(i.e. the height of the cylinder) is large enough.
Therefore, we choose L = 20, which is sufficiently large to guarantee that the
optimal flow is axisymmetric. To solve the system of time-dependent PDEs (5.49),

we consider the following Fourier decomposition in the z direction

Oy (1 t) cos(kyz)
N N
2
Z Up.n(r,t) cos(knz)| Z (r,t) cos(k,z) where k, = 77;1

n=1

Vyn(r,t)sin(k,2)
(5.50)

The radial direction is further discretized using the Chebyshev collocation method.
We use a semi-implicit Crank—Nicolson scheme for the time integration where
we treat the linear terms implicitly and use the second-order Adams—Bashforth
extrapolation for the nonlinear terms. We use an influence matrix method to
solve for the pressure at each time step (see Peyret, 2013, p. 236). The code is
parallelized using MPI. Note that the pressure p in (5.50), as compared to the
one in appendix 5.A, has been multiplied with an appropriate factor such that

it is precisely the gradient of p that appears in the time-evolving PDEs (5.49).
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Depending on the radius ratio and Taylor number considered, we vary the number
modes in the z direction from N = 200 to N = 6000 and the number collocation
points in the r direction from 120 to 320.

The numerical strategy for solving the Euler-Lagrange equations in case 3
is similar to case 2 described above. The only difference is that for the 2D in-
compressible perturbations, the flow quantities depend on the 6 direction but are

independent of z. Therefore, we consider the following decomposition instead

_ M| By (1, t)ei™? . Mo ,
o= > . D= > Pu(rt)e™. (5.51)

m;;(]]w @am(n t) eim@ M

In this case, depending on the radius ratio and Taylor number considered, we vary
the number modes in the 6 direction from M = 40 to M = 3000 and the number

collocation points in the r direction from 120 to 320.

5.5.2 Optimal bound results

In this subsection, we present the optimal bounds obtained using the numerical
schemes described above for each of the three different sets of constraints on the
perturbations. We begin by showing a typical optimal background flow profiles
at n = 0.6 and T'a = 10° in each case in figure 5.4. For comparison, we have also
included the background flow profile constructed in (5.33) to derive the original
analytical bound. As can be seen in figure 5.4, all four background flow profiles
vary as cr, for some constant ¢, in the bulk region. This is intuitively expected as
this type of background profile makes the sign-indefinite term (which is, in a loose
sense, the hardest to control in the bulk region) in the spectral constraint (5.104)

zero. Near the cylinders, the background flows consist of two thin boundary
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Figure 5.4: The optimal background flow Uy(r) at parameter values T'a = 10°
and n = 0.6. The orange color is used for case 1, brown color for case 2 and blue
color for case 3. Also, shown as a black thick line is the background flow (5.33)
used to construct the analytical bound in §5.4, with the values of A, §; and 6,
given by (5.43) in definition (5.33).

layers. In order to meet the prescribed boundary conditions, the gradients in these
thin layers are large, which makes the sign-indefinite term nonzero. However, as
the perturbation has to satisfy the homogeneous boundary conditions, the net
contribution from this term will still be smaller than the positive term in (5.104)
as long as the boundary layer thickness is small enough. In the optimal state, the
boundary layers are of just the right size so that the positive term and the sign-
indefinite term balance each other out and the spectral constraint is marginally
satisfied. When moving from case 1 to case 3, the restrictions on the perturbations
increase, and this decreases the possibilities in which the sign-indefinite term can
be negative. Therefore, the boundary layers become thicker, protruding more into
the bulk region.

Figure 5.5 shows the optimal bounds on the Nusselt number, Nuy, as a function
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Figure 5.5: The left column shows the optimal bound Nw, compensated with
Taz in case 1, case 2 and case 3 (top to bottom) as a function of the Taylor
number for a wide range of radius ratios. The right column shows the same plots
but further scaled with the analytical geometrical scaling x(n) given by (5.47).
The collapse of the curves at high Taylor numbers suggests that the bound on
Nusselt number Nu, asymptotes to cx(n)Ta% in all three cases where the unknown
constant ¢ is given in (5.53a-c)
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no A(n)/x(m)  AP(n)/x(n) A*P(n)/x(n)
0.1 00694315  0.00832565  0.00376439
0.2 0.0700607  0.00830294  0.00377039
0.3 00702631  0.00340836  0.0038083
04  0.0699845  0.00843543  0.0038438
0.5  0.0698495  0.00846619  0.00381451
0.6 00697773  0.00847018  0.0038186
0.7 0.0697175  0.00847478  0.00381908
0.8  0.069738  0.00846118  0.00381454
0.9  0.0697065  0.00846983  0.00380973
0.99 0.0697082  0.0084623 -

Table 5.1: Variation of the ratio A(n)/x(n), where A(n) is from the relation
(5.52) and x(n) is given in (5.47), in case 1, case 2 and case 3 where we have
respectively added ‘nc’, ‘3D’ and ‘2D’ in the superscript to signify the case. Notice
that A(n) when scaled with x(n) becomes almost invariant in 7.

of the Taylor number T'a. We denote the bounds as Nu}® for case 1, NujP for
case 2, and NuzP for case 3, and these are shown in the top, middle and bottom
rows, respectively. We cover a wide range of parameters both in radius ratio
(from n = 0.1 to n = 0.99) and in Taylor number. In figures 5.5a, 5.5¢ and
5.5e the bound Nu, has been scaled with its expected asymptotic dependence
on T'a, namely Taz. The color and shape of the symbols each correspond to
a different radius ratio, as shown in the legend. The symbols in the plots in
figure 5.5 correspond to data points computed using the numerical algorithm
from the previous subsection, whereas the solid lines connecting the data points
are calculated using interpolation, providing a guide to the eye. For every radius

ratio value, the solid line is extended up to the highest Taylor number for which

the computation is performed. Beyond this point, we extrapolate using a best fit
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of the form

(5.52)

applied to the data of Nuy/ Ta? computed from the last two decades in Ta. For
each value of 1, we thus define A(n) as the asymptotic limit of Nu,/Ta? as
Ta — oo. Table 5.1 summarizes the values of A(n) obtained from this fitting
procedure for different radius ratios. We have added appropriate abbreviations
in the superscript of A(n) to signify the case at hand. We remark that these
extrapolations were necessary, especially for the small radius ratios, where the
bound on the Nusselt number Nu, converges slowly to its asymptotic scaling in
the Taylor number Ta.

In figures 5.5b, 5.5d and 5.5f the bound Nu; has been scaled by Ta? as well
as the geometrical scaling x(n) obtained in (5.47). Note the striking collapse
of the different radius ratio curves at high Taylor numbers in all three cases.
Correspondingly, we also see from table 5.1 that the ratio A(n)/x(n) is nearly
independent of n with less than 1.1% variation in the average between the largest
and smallest values. This suggests that the geometrical dependence of the bound
on the Nusselt number at high Taylor number is y(n) irrespective of the case
considered. In case 1, the value of A™(n)/x(n) is close to 9/128 which is the
exact asymptotic result we obtained from the method of matched asymptotics in
appendix 5.C. We also observe from table 5.1 that the value of A/x(n) in case
2 and case 3 is very close to a constant for n > 0.5, but varies a little more for
n < 0.5. This is likely due to the fact that the extrapolation is less accurate
at small radius ratio because the computed data is further from being in the

asymptotic regime compared with the case when the radius ratio is not small.
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For this reason, we assume that the average of A(n) calculated for n > 0.5 is the

correct asymptotic limit of Nuy,/ Taz as Ta — oo and obtain

3

9 n 1
Nupe =2 Ta? 5.53
KR e .
0.1354 13 .
Nup? = T 5.53b
Up, oo (1+n)2(1+n2)? az, ( )
0.0610 72
Nu2P, = A %3 (5.53¢)

(1+n)2(1+n?)?

Here, we have added ‘oo’ in the subscript to point out that these are the main
terms of the optimal bounds in the limit T'a — oo.

In summary, we have shown that for case 1, case 2 and case 3, the optimal
bounds are respectively a factor of 1.5, 12.46 and 27.66 better than the suboptimal
bound (5.46) in the high Taylor number limit. Crucially, this improvement is
uniform in the radius ratio 7. We had obtained the analytical expression for
the geometrical scaling x(n) from a fairly simple suboptimal analytical bound
calculated using a choice of background flow with two boundary layers whose
thicknesses were adjusted to optimize the bound. During this procedure, we had
not applied any constraint on the perturbed flow @ (other than the homogeneous
boundary conditions) and further used standard calculus inequalities which are
known to overestimate the bound on Nu,. Consequently, it is not at all self-evident
why the optimal bounds should have the same geometrical scaling. The fact that
the optimal bounds (5.53a-c), which are up to an order of magnitude better than
the suboptimal bound (5.46), preserve the same geometrical dependence on radius

ratio is therefore a simple yet remarkable result.

150



5.5.3 Wavenumber spectrum of perturbation

In this subsection, we investigate the wavenumber spectrum of the perturbed
flow © with a particular focus on the small scale structures present in . In the
optimal state, © contains only a finite number of modes, called the critical modes,

either in the z or ¢ direction, depending on the case considered, i.e.,

Uy (1) cos(knz)

D= Z g (r) cos(k,z)| incase2 o= Z ' in case 3(5.54)
neKs meKs @va(r)elmH

Uy (1) sin(ky2)
where Ky C N and K3 C Z \ {0} are finite sets. Moreover, as we shall demon-
strate below, the smallest scales in the perturbation are present only near the
boundaries. It is thus reasonable to hypothesize that the smallest length scale in
the perturbation © is similar to the boundary layer thickness of the background
flow U. To further pursue this idea, we divide the critical modes present in the
perturbation into four different categories. If, for a given critical mode, more than

90% of the contribution to its L'(dr) norm comes from the region

To —T;
Sm:—{r!riérgrﬂr 3 }

then we say that mode is active only near the inner cylinder. Similarly, if it comes

from the region

To —T;

Sout = {T’To_ STSTO}

then we say it is active only near the outer cylinder. Finally, if more than 90% of
the contribution comes from region S;, and S,,; together then we say the mode

is active near both the cylinders, otherwise we say the mode is active in the bulk.
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Figure 5.6: The left column shows the wavenumbers of the critical modes in
the optimal perturbation as a function of Ta at n = 0.2,0.4,0.6 and 0.8 (top
to bottom). The color indicates if the critical mode is active near the inner
cylinder (blue), outer cylinder (red), both cylinders (green) and in the bulk (black),
according to the classification given in the main text. The blue and red solid lines
are the theoretical predictions for the critical mode with the largest wavenumber
active near the inner and the outer cylinder, (see equation (5.57)), respectively.
The right column shows the corresponding azimuthal component 9y, () of critical
modes at the same radius ratios, at Ta = 108.
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This way of categorizing the modes may seem somewhat arbitrary at first, but
looking at the shape of different critical modes, it becomes readily apparent that
any other appropriate definition would have led to the same conclusion. We use
the following color scheme to differentiate modes according to our classification:
blue for the modes that are active near the inner cylinder, red for the modes that
are active near the outer cylinder, green for the modes that are active near both
the cylinders and black for the modes that are active in bulk. The right column in
figure 5.6 shows the plots of @y, (r) for critical modes at T'a = 10® and for radius
ratios n = 0.2,0.4,0.6 and 0.8. We now see that the plots of @y, (r) provide an
unambiguous visual justification of our earlier classification of critical modes into
four categories, and therefore, our classification is robust.

We first apply this categorization to the optimal perturbations found in case
2 and denote the wavenumber of the critical mode with smallest length scale

that is active near the inner cylinder as k; and the one that is active near the

s
out*

outer cylinder as k Assuming that our hypothesis about the similarity of the
boundary layer thickness in the background flow and the smallest length scale in

the perturbation made above is correct, then we may expect

S 1 S 1
kin X gi, kout [0 ¢ 5*07 (555)

where §; and ¢, are given by (5.44). Substituting their expressions in above relation

leads to

2 3

n 1 n
ki o Taz, kS . o< Taz.
1+ ) (1+n)? T (L+n2)(L+n)?

N

(5.56)

From these relations, we not only obtain the dependence of k] and k3, on Ta,
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but also on the radius ratio n. In particular, we predict that the smallest length
scales in the perturbation should become larger as  — 0. Furthermore, at a given
7, the small scale structures near the outer cylinder are predicted to be 1/n times
larger than the ones near the inner cylinder.

The left column in figure 5.6 shows the wavenumbers of the critical modes in
the optimal perturbations as a function of the Taylor number for four different
radius ratio values n = 0.2,0.4,0.6 and 0.8 (top to bottom row). By fitting these
plots, we find that the constant of proportionality in (5.56) that best fists the data

at high Taylor numbers is C' = 0.244, therefore we expect

2 1 773
Taz, k', =0244
' (1 +n*)(1+mn)*

n
(1+7*)(1+n)°

N |=

Ta

kS = 0.244 (5.57)

These two relations are plotted in figures 5.6a, 5.6¢, 5.6e and 5.6g with solid
blue and red lines, respectively. We see that smallest length scales in the critical
perturbation near the inner and outer boundaries, respectively, indeed follow the
relations (5.57). Furthermore, these smallest scales achieve their asymptotic scal-
ing in Taylor number quicker than the corresponding optimal bounds on Nusselt
number shown in figure 5.5, without any need for extrapolation of the data. We
therefore argue that (5.57) and figure 5.6 together provide a strong validation of
the analytical predictions from §5.4.

We can use similar ideas to predict the scaling of the smallest length scales in
optimal perturbations in case 3. Using (5.43), one would anticipate m; o r;/d;
and m$ « r,/d,, where m is the largest wavenumber of a critical mode active near
the inner cylinder and m; is the largest wavenumber of a critical mode active near
the outer cylinder. The plots on the left-hand side column in figure 5.7 shows the

wavenumbers of critical modes in the 2D optimal perturbations as a function of
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Figure 5.7: The plots in the left column shows the wavenumber m,. of the
critical modes that constitutes the two dimensional optimal perturbation as a
function of the Taylor number for radius ratios n = 0.2,0.4,0.6 and 0.8 (top to
bottom). We use the same color scheme as in figure 5.6 to distinguish different
critical modes. The solid green line is the relation (5.58) which predicts the largest
critical wavenumber. The right column shows the plots of o, , the coefficient of
cosm.f in the azimuthal component of the velocity, at Ta = 10® and the same
radius ratios as the left-hand side plots.
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the Taylor number at radius ratios 0.2,0.4,0.6 and 0.8. We apply the same mode
identification method, and use the same color scheme to differentiate the critical
modes as before. From these plots, we can fit the data at high Taylor numbers, to
measure the constant of proportionality in the expressions for m; and m;, leading

to

. 0.126n°
o (=Y 4n)?

NI

Taz.

m; =m

(5.58)

We see that the wavenumber of the critical mode with smallest length scale that
is active near the inner cylinder and outer cylinder are equal. The relation (5.58),
shown as a solid green line on the left-hand side of figure 5.7, does seem to predict
the largest wavenumbers at high Taylor numbers correctly.

As in figure 5.6, the right-hand side column of figure 5.7 shows the function

Vg m. (1), defined as the coefficient of cos m.6 in the expression

. (T>€ime6’ + @0 - (T)efimce’

)

where m,. refers to a critical mode. The main difference between the shape of
modes ¥y, (r) in figure 5.6 compared with v, (r) in figure 5.7, is that the mean

. : :
of ¥g,,.(r) is zero, i.e.,

/ g (r)dr = 0. (5.59)

This condition comes from incompressibility, which leads to (5.59) in 2D, but does
not in 3D because the z-component, 0., is nonzero. As a result, in 2D, modes
which are active solely near the cylinders oscillates in the boundary layer to ensure

that (5.59) is satisfied.
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5.6 A note on the applicability of the back-
ground method

In one of our previous studies (Kumar, 2020), we presented a sufficient crite-
rion to determine when the background method can be applied, for a given flow
geometry and boundary conditions. We demonstrated that it can be used with
any flow problem (tangential-velocity-driven or pressure-driven) with imperme-
able boundaries, provided the boundaries have the shape of streamtubes of the

following flow
V =Ax+V,. (5.60)

Here, A is a constant skew-symmetric tensor, V is a constant vector and «x is
the position vector. For these types of problems, one can further show that the
upper bound on the dissipation becomes independent of viscosity at high Reynolds
numbers. In this section, we explore the complementary question of whether there
exist flow configurations for which the background method cannot be applied.
Indeed, the applicability of the background method depends on the existence
of an incompressible background flow (which also satisfies the inhomogeneous

boundary conditions) such that the following functional is positive semi-definite
1
Hv) = | 55 V55 + /sz VU gy - & da + /VU VU -5 dz|, (5.61)

for any perturbations ¥ that satisfies the homogeneous boundary conditions. Con-
sequently, proving that the background method cannot be applied reduces to the

problem of finding a perturbation or a family of perturbations such that there is
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no background flow U for which H is positive semi-definite.

We start by giving a few examples where the applicability of the background
flow can be rigorously dismissed. We first consider the case of Taylor—Couette flow
with suction at the inner cylinder. The energy stability analysis of this problem

was considered by Gallet et al. (2010). The boundary conditions for this problem

are:
T

u=—e, +wreg at r=r;, u=——e,+twr.eg at r=r, (562)
To

where the Reynolds number Re is defined such that w - e, = —1 at the inner

cylinder. The non-dimensional angular velocities of the inner and outer cylinder
are w; and w,, respectively. In this problem, the flow is constricted to a narrow
area as it moves from the outer cylinder (inlet) to the inner cylinder (outlet). We
restrict ourselves to two dimensions but the arguments given below are valid in
three dimensions as well. The domain of interest is V' = [r;,7,] x [0, 27].

We consider a perturbation © of the form

0 = (0, 09) = (0, vor(r —r)(r —r,)), (5.63)

whose amplitude is vy. Note that v satisfies the homogeneous boundary conditions
and is incompressible. We now demonstrate that for this perturbation, the spectral
constraint can never be satisfied above a certain Reynolds number regardless of
the choice of background flow U.

To show that the spectral constraint (5.61) is not satisfied, we have to show
that the second term is negative and that its absolute value is larger than the first

term. Being linear in ¥, the last term can be made arbitrarily small compared
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with the first two terms by choosing vy in (5.63) to be large enough for any given
background flow U. As such, it does not play any role in the following argument.

The calculation of the first term is straightforward:

™

60Re

1
2—R€HV1~;H§ = (i 4+ 76) (512 + 5r2 + 2)v2. (5.64)

In the calculation of the second term, we take advantage of the fact that the

chosen perturbation (5.63) is independent of 6, so

To 2 (10Uy U,
~ ~ . ~2 i 71"
/V'v vU ’vda:—/ri 0g [/0 (r 50 + T)d@] rdr. (5.65)

Now, using periodicity as well as the incompressibility condition satisfied by the
background flow U, the following holds
2r QUy 27 27r;

—df = rdf = — . .
o 00 0 0 U r (5.66)

Using (5.63) and (5.66) in (5.65) gives

/ ©-VU - dx = —i(r? + 7370 ) V3. (5.67)
1% 30

From (5.64) and (5.67), we deduce that the spectral constraint (5.61) will not be
satisfied if

5r2 4 5r2 + 2
>—

R
€ 2Ti ’

(5.68)

a condition that is, remarkably, independent of the choice of U. Note that in the

limit of r;/r, — 1, the Reynolds number beyond which the method fails goes to
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Figure 5.8: A cartoon of the streamlines of the flow field given by (5.72).

infinity. This limit recovers the case of a plane Couette flow with suction and
injection at the walls (Doering et al., 2000), where the background method can
indeed be applied, so (5.68) is consistent with these results.

A similar type of condition on the Reynolds number can be derived in the

problem of the Taylor-Couette flow with injection at the inner cylinder, i.e.,

T
u=-e, +wrie at r=r, u=—"e, +wr.eg at r=r, (5.69)
7nO

In this problem, the flow overall expands into a larger area as it moves from the
inner cylinder (inlet) to the outer cylinder (outlet). For this case, we can use

similar arguments but with the new perturbed flow

v = (@7’7’50) = (UOT(T - Ti)(r - ro)v O) : (570)

The perturbation this time is not incompressible but can be shown to yield a neg-
ative H(v) regardless of the background flow U, for sufficiently large Reynolds
number. However, noting that the perturbation (5.70) is radial, one may then ex-

pect that an incompressible perturbation, which is composed of vortices stretched
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in the radial direction will also yield a negative #(®). This observation led us to

consider the following streamfunction:
Vy = vor?(r — r;)*(r — r,)*sinmf  where m € N. (5.71)

We define the corresponding velocity field © = (v,,0y) as

tow, oy,
U =gy Vo= (5.72)

This velocity field is divergence free and satisfies the homogeneous boundary con-
ditions at the surface of the cylinders. The streamlines of ¥ are depicted in figure
5.8. Next define a family of rotation operators Q, : D,(V) — D,(V), indexed
with ¢, on the space of divergence-free vector fields that satisfies the homogeneous

boundary conditions at OV as
Qu(0)(r,0) =0(r,0 +¢) V(r,0)eV. (5.73)

A tedious calculation, first involving an integration in ¢ and then using the argu-

ments similar to the suction problem above, shows

27
| Q. ®)d =
7(ri + 7o) [2467“14 + 138r2 + 10872 + 120r2r2 + 108r?r, + 8m?(r2 — r3) + m*

1260 2Re

—ri(m? —6(r2 +7r2)|.  (5.74)
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This calculation implies that if

m > L/mg + 6rﬂ , (5.75)

where | - | is the ceiling function, then for

24617 + 13872 4+ 10873 + 120r7r2 + 108721, + 8m2(r3 — r3) + m*
2r; (m? — 6r? — 6r2)

Re > (5.76)

the integral (5.74) is negative, which implies there is at least one ¢ € [0, 27| such
that H(Q,(0)) < 0. More generally, there exist a set S C [0, 27], depending on
the background flow U, of positive measure (4(.S) > 0) such that H(Q,(¢)) < 0
for any ¢ € S, i.e., the spectral constraint is not satisfied. Note that the condition
(5.75) is basically saying that the vortices in the incompressible perturbed flow
field (5.72) should be stretched in the radial direction, which we expected from
the example of the compressible perturbed flow (5.70).

The key message from these two problems is that if there is a converging flow,
then one can rule out the applicability of the background method by creating a
perturbation whose streamlines are perpendicular to the direction of the mean
flow, while in the case of a diverging flow, one can use a perturbation whose
streamlines are parallel to the direction of the mean flow instead. Of course, in
both the cases, we need to make sure that the perturbation satisfies the homoge-
neous boundary conditions.

Combining these ideas suggests that one cannot apply the background method
to flows in a converging-diverging nozzle, either because one can choose the per-
turbation to be composed of vortices that stretch in the perpendicular direction to

the flow in the converging section or parallel to the flow in the diverging section.
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Using the same arguments, one would then also conjecture that the background
method can in general not be applied to flows between rough walls. Indeed, in
this case, one can always find vertical sections where the flow expands or com-
presses and then one could use the same strategy to choose perturbations for
which H(v) < 0. However, note that, in this case, the compression or expansion
is small, i.e., the gap width on averages decreases only by a factor of (1 — ¢)
in the converging part or increases by a factor of (1 + €) in the diverging part,
where € is the non-dimensional roughness scale. This problem is analogous to
the converging-diverging nozzle if the Reynolds number is based on the surface
roughness e. Therefore, for the Reynolds number based on the average gap width,
we expect that the spectral constraint (5.61) will not be satisfied if Re 2> ¢~1.
This still leaves the problem open for the flow systems which do not have
a converging or diverging section, for example, flow in tortuous channels. We
believe that even for these problems the spectral constraint will fail to hold past a
certain Reynolds number for any background flow. Therefore, we conjecture that
the sufficient condition for the applicability of the background method mentioned

in the beginning of this section is also a necessary condition.

5.7 Discussion and conclusion

5.7.1 Summary and implications

In this paper, we computed optimal bounds on mean quantities in the Taylor—
Couette flow problem with a stationary outer cylinder, with particular focus on the
dependence of these bounds on the system geometry. Along the way, we studied

the energy stability of the laminar flow in §5.3. The main finding of this section

163



was that for a value of radius ratio r;/r, below 0.0556, the marginally stable flow
at the energy stability threshold is not composed of the well-known axisymmetric
Taylor vortices but is instead a fully three-dimensional flow field.

To uncover the functional dependence of the optimal bounds on the radius
ratio at large Taylor number, we began by deriving a suboptimal but analytical
bound with the use of standard inequalities and a choice of background flow with
two boundary layers (one near the inner cylinder and one near the outer cylinder)
whose thicknesses were then adjusted to optimize the bound. We then argued
that the dependence on the radius ratio captured by this analytical bound should
also be the same for the optimal bounds at large Taylor numbers. We system-
atically verified this statement by obtaining distinct optimal bounds under three
circumstances. In the first case, we imposed no constraints on the perturbation
other than the homogeneous boundary conditions (case 1). Next, we allowed for
three-dimensional incompressible perturbations (case 2), and finally, we consid-
ered two-dimensional incompressible perturbations (case 3). In the high Taylor
number limit, we see an improvement of 1.5, 12.46 and 27.66, respectively, over
the analytical bound as we move from case 1 to case 3, and that improvement
is the same for all radius ratios. This result is striking and non-trivial because
there is no known transformation of variables which makes the Euler—Lagrange
equations (5.109a-d) of the optimal bounds independent of the radius ratio.

In §5.6, we rigorously dismissed the applicability of the background method
for two flow problems. The limitation of the background method is previously
known in the context of Rayleigh-Bénard convection at infinite Prandtl number
(Nobili and Otto, 2017), where it was shown that using a different method a
tighter bound can be obtained as compared to the background method. Here,

we have shown that past a certain Reynolds number, no bound can be obtained
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using the background method applied to Taylor-Couette flow with suction or in-
jection at the inner cylinder, i.e.; there is no background flow that satisfies the
spectral constraint even when the incompressibility condition on the perturbation
is imposed. Generalizing these results then suggests that the spectral condition
may not be satisfied for flow problems that contain converging or diverging sec-
tions, such as flow in a converging-diverging nozzle or flow between the rough
walls. The auxiliary functional method (Chernyshenko et al., 2014) could pos-
sibly be a way forward to obtain bounds for such problems. The current best-
known implementation of this auxiliary functional method to obtain a bound on
energy dissipation in flow problems uses only quadratic functionals, in which case
it has been shown to be equivalent to the background method (Chernyshenko,
2022). However, Chernyshenko (2022) also proposed potential ways to imple-
ment nonquadratic functionals, which might be able to produce a finite bound on
the energy dissipation in the problems stated above. Another possible approach,
this time numerical, is to consider finite-dimensional truncated models of the ac-
tual flow problem, where there is a systematic way to use higher-than-quadratic
auxiliary polynomials with the help of the sum-of-squares method (Goulart and
Chernyshenko, 2012; Huang et al., 2015; Fantuzzi et al., 2016; Goluskin, 2018;
Kumar, 2019; Olson et al., 2021).

Our study brings into light the significance (or lack of significance, to be more
precise) of the incompressibility constraint on the perturbation while calculating
optimal bounds, especially in the limit of high Reynolds number, which is gener-
ally of interest in turbulent flows. As we showed in the present study, dropping
the incompressibility constraint on the perturbations altogether (case 1) still re-
covers the correct dependence of the bounds on both the principal flow parameter

(T'a, or equivalently Re) and on the domain geometry (through the radius ra-
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tio). One cannot help but wonder whether the same holds true for other flow
problems, including for instance the case of convection. It is a fundamental ques-
tion of concern, as not imposing the incompressibility constraint tremendously
decreases the computational cost of the optimal bound calculation. In the partic-
ular example studied here, in fact, not imposing the incompressibility condition
allowed us to solve the Euler-Lagrange equations analytically using the method
of matched asymptotic. This could also be potentially helpful in other studies
involving the background method where it is relatively difficult to establish the
scaling of the optimal bound even numerically, perhaps because the bounds in-
volve logarithms (Fantuzzi et al., 2018, 2020) or a scaling other than a simple
power-law (Kumar et al., 2022). In such situations, from an analysis point of
view, it is usually challenging to decide what combination of the background field
and calculus inequalities might be required to obtain the correct asymptotic scal-
ing of the optimal bound. When the bound is obtained numerically instead, it
can be difficult to establish its actual functional dependence of the principal flow
parameter. Therefore, in these situations, considering case 1 can be very useful as
one can try solving the Euler-Lagrange equations analytically using the method
of matched asymptotics. These ideas can also be of relevance to other variational
approaches such as the wall-to-wall transport problem (Hassanzadeh et al., 2014;
Tobasco and Doering, 2017; Motoki et al., 2018b,a; Doering and Tobasco, 2019;
Souza et al., 2020; Tobasco, 2022; Kumar, 2022b) which asks the question of what
is the maximum heat transfer for a fixed energy or enstrophy budget.

Finally, assuming that the conclusions of this study apply more broadly, case 3
is also relevant to flow problems which are frequently investigated not just in three
dimensions but in two dimensions as well, such as Rayleigh-Bénard convection or

internally heated convection. For example, it could be interesting to determine
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Figure 5.9: (a) The Nusselt number (Nu) from DNS as a function of the Taylor
number (7T'a). (b) The Nusselt number (Nu) scaled with the geometrical scaling
X(n) given by (5.47) as a function of Taylor number (T'a). In these figures the
DNS results are taken from (Ostilla-Monico et al., 2014) for n = 0.5,0.714 and
0.909 and from (Froitzheim et al., 2019) for n = 0.357.

how the optimal bounds depends on the shape of the roughness of the wall in
two dimensional Rayleigh—Bénard convection with rough boundaries, a problem
previously investigated by Goluskin and Doering (2016) using the background
method.

Before proceeding further, we note that one can also use the direct method of
Seis (2015) to derive an upper bound on the Nusselt number with the same Taylor
number dependence as in this paper. However, a question of interest could be if
a bound with the same geometrical scaling can also be derived. We would expect
that if one makes estimates near both the cylinders in Seis’s approach and uses
an analogous optimization procedure (similar to this paper), one may be able to

derive a suboptimal bound with the same geometrical scaling as in this paper.
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5.7.2 Comparison with the DNS

We now briefly analyze our results from a more practical point of view and ask
the question of whether the dependence of the Nusselt number on the radius ratio
obtained in this paper bears any relationship with that of the actual turbulent
flow. Note that the asymptotic dependence of the optimal bound on the Taylor
number is known to overestimate the actual Nusselt number in turbulent Taylor
Couette flows by a logarithmic factor in T'a (Grossmann et al., 2016). As such,
we cannot directly compare our results to the data, but instead merely ask the
question of whether the geometric prefactor g(n) in the expression Nu(n,Ta) =
g(n)f(Ta) measured in turbulent Taylor-Couette flows bears any resemblance
with the prefactor x(n) obtained in our optimal bound calculation, see equation
(5.47).

We first test this idea on the direct numerical simulations (DNS) data from
Ostilla-Monico et al. (2014) and Froitzheim et al. (2019). On the left-hand panel
in figure 5.9, we have plotted Nu vs T'a from these DNS, and on the right-hand
panel, we show the same data divided by x(n). We see that the rescaled data does
become more compact and appears to fall on a single curve. This observation gives
us confidence that the geometrical dependence of the bound x(7) obtained in this
paper is a good approximation to that of the actual Nusselt number Nu measured
in turbulent Taylor Couette flows. However, we note that the data has not yet
reached the asymptotic scaling corresponding to the high T'a regime, so the com-
parison at this point remains tentative. We also note that a different prediction for
Nu(n,Ta) has recently been obtained by Berghout et al. (2020) using the idea of

Monin—-Obukhov theory for thermally stratified turbulent boundary layers. Their
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scaling the asymptotic limit of high T'a number is given as

3 T 1 3 T 1
1 @ 0.6084—" a

N ~ 4 2 ’
wran (1+n)2log*Ta (1+n)2log®Ta

(5.77)

where x = 0.39 is the von Karman constant. The geometrical dependence in
(5.77) differs from x(n) by a factor of (1 + 7*)%. However, it is reassuring to see
that both expressions are proportional to 7% in the limit of small radius ratio. A
definitive answer to the question of whether the geometrical scaling x(n) given by
our bound is exact or just an approximation would require a precise comparison
with the turbulent data at very high Taylor numbers collected for a range of radius
ratios spanning the entire interval (0, 1), which is at present a challenge for the

numerical computations.

5.7.3 Further generalizations

We end this paper by discussing a few important consequences and generaliza-
tions of our study as well as future outlooks. The first one of these consequences
concerns the bound on dissipation. The optimal bound on the Nusselt number
for case 2 (3D incompressible perturbations) combined with the relations (5.24)

and (5.5) gives us the optimal bound on the dissipation

7
(T+n)(1+n**

er0, =0.0677 (5.78)

This bound tends to 0.00846 in the limit n — 1, which is within 1% of the
optimal bound obtained by Plasting and Kerswell (2003) for the plane Couette
flow, namely 0.008553. The consistency between the two results shows that our

work can, in retrospect, be viewed as a generalization of the result of Plasting and
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Kerswell (2003) to Taylor—Couette flow for an arbitrary radius ratio.

The second item is related to our previous work (Kumar, 2020) on the de-
pendence of the bound on the friction factor A on the radius of curvature x and
torsion 7 for a pressure-driven flow in a helical pipe. We were able to employ a
similar boundary layer optimization technique together with standard inequalities

as we did here to obtain the following analytical bound on the friction factor in

high Re limit

Y
boo — §[<I€77—)7 (579)
where
1 27
I(k,T) = 2—/ (1 = Kcosa)? + 72)%2(1 — kcosa) da. (5.80)
7 Jo

However, the complexity of the helical pipe geometry makes it impossible in prac-
tice to compute the corresponding optimal bound. Nevertheless, in the light of
results from the present study, and assuming that we captured the geometrical
dependence correctly, one can in principle compute the prefactor in a limit where
the optimal bound can be computed, namely the case of a straight pipe, for which
k = 17 = 0. This bound was computed by Plasting and Kerswell (2005) to be
)\Z’QO(O, 0) = 0.27, and using this result we then expect that the optimal bound for

helical pipes in the limit of high Reynolds number is
D =0.271(k, 7). (5.81)

Finally, the results presented in this paper potentially open the door to solv-

ing many important outstanding problems in engineering. Indeed, within that
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context we are often interested in finding the optimal geometry of the system
or the object involved that minimizes or maximizes a certain flow quantity sub-
ject to some physical constraint. These types of problems therefore, demand a
careful study of the effect of the domain shape on a flow quantity. From this
perspective, our study has broader implications. Even though we ruled out the
applicability of the background method to a large class of problems (see §5.6),
this still leaves a number of interesting problems open for analysis. For example,
two problems which have been investigated using direct numerical simulations
before but where an application of the background method can provide further
insights are the Taylor-Couette flow with axisymmetric grooved walls (Zhu et al.,
2016) and pressure-driven flow in a pipe with an elliptic cross-section (Nikitin and
Yakhot, 2005). Another problem where the background method has previously
been used but capturing the exact domain shape dependence in the bounds were
not the primary focus are the flow of fluid in an arbitrary domain driven by mov-
ing boundaries (Wang, 1997). Our study suggests an interesting avenue towards
solving these problems, by using the background method, together with pertur-
bations that are not assumed to be incompressible, which, as we demonstrated

here, can greatly simplify the calculation.
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Appendix 5.A The background method

In this section, we formulate the background method to obtain an upper bound

on the quantity

1
—||Vul|3, 5.82
—Vul? (55
in Taylor-Couette flow. It is clear from (5.19) that an upper bound on this
quantity immediately provides an upper bound on the dissipation .

We begin by writing the total flow field u as a sum of two divergence-free flow

fields,
u=U+v. (5.83)

We call U the background flow, and require that it satisfies same boundary con-
ditions as w and is only a function of space. We call v, the perturbation, or
perturbed flow, which satisfies homogeneous boundary conditions. The governing
equation for the perturbation, obtained by substituting (5.83) in (5.3), is given by
ov 1

—+U-VU+U :-Vv+v-VU +v-Vuo=—Vp+

1
2U T
ot ViU

2
(5.84
P Rer(58)

We then obtain the evolution equation of the energy in the perturbed flow by

taking the dot product of (5.84) with v and integrating over the volume,

df|v|f3
dt

_ 1 2 1 5 /
_RG/VVU v dz ReHVUHQ V’U VU v dx

—/ U-VU -v da, (5.85)
;
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Now using integration by parts, we can write
/VVQU-vd:c:—a/VVU:V'vd:z:+(1—a)/VV2U-'vda:. (5.86)
where, in the index notation,
VU: Vv = 0v,0,U;. (5.87)

At the same time, one also has the following identity

L [Vul — VU — |V
_ 2 |

vU : V

(5.88)

Using (5.86) and (5.88) in (5.85) leads to

doli alVull oVUE - o (- |
dt * 2Re  2Re  2Re IVollz + Re /VVU-'vda:

—/v-VU-vda;—/U-VU-vda:.(5.89)
14 1%

The introduction of a balance parameter ‘a’ in the background formulation goes
back to Nicodemus et al. (1997). Now it can be shown within the framework of
the background method that the quantity ||v]|3 is uniformly bounded in time (see
Doering and Constantin, 1992, for example). As a result, the long-time average
of the time derivative of ||v||3 vanishes. Therefore, taking the long-time average

of the equation (5.89) leads to the following bound

1 2
2llVulz < -lIVU|; = —F(v), (5.90)
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where

2—a
2Re

(1
IVol; -

—a) 2
cvd
e /VVU vdx

+/v-VU-vd:c+/U-VU-vda: . (5.91)
1% Vv

Fo= |

This formulation of the background method is general, until this point. From here

onward, we restrict the background flow U to be unidirectional, of the form
U= Ug(?’)eg. (592)

At this point, we give proof of a straightforward but important lemma.

Lemma 5.A.1. Let the domain V be given by (5.8). Then for a continuous
function f : [r;,r,] = R and a divergence-free vector field w : V. — R3 such that

w|,_, = w|._. =0 and periodic in the z direction, the following holds:

/V F(r)w, dae =0, (5.93)

where, w, s the radial component of w.

Proof. Let

T

F(r,6,2) = / £ dr. (5.94)

r'=r;

Then we can write

/Vf(r)w,,dm - /VVF-w da = /VV . (Fw)dz = 0 (5.95)

where we used the divergence theorem and the boundary conditions on w to
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obtain the last equality. 0

The assumption (5.92) combined with lemma 5.A.1 implies
/U-VU-vda::O. (5.96)
.

The functional F therefore takes the following form

2
2

(1};@) /VV2U . dm] . (5.97)

]:(v):l ;%:HV'UHS—#/VU-VU-vda:—

If the infimum of this functional F over all the divergence-free vector fields v is
finite then it may not be zero as F is not homogeneous due the presence of a
linear term. Therefore, similar to Doering and Constantin (1998a) and Plasting

and Kerswell (2003), we define a shifted perturbation as
b=v— (5.98)

where both v and ¢ are divergence-free and satisfy homogeneous boundary con-
ditions at the surface of the cylinders, and select ¢ to eliminate the linear term
when the bound (5.90) is written in terms of .

We substitute (5.98) in (5.90) and use (5.92) and lemma 5.A.1 whenever re-
quired. We obtain the following linear term in o:

2

aRe /V (2= a)V?¢+ (1-a)V?U| - v da. (5.99)

Therefore, for this linear term to be zero, we require
(2—a)V2¢+ (1 —a)V?U = 0. (5.100)
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Without loss of generality, we can select the unidirectional solution

1—a
2—a

¢ =- [Us — tiam. ] €o- (5.101)

Using this expression for ¢, the bound in terms of ¥ now reads

Lival< —L  vu— Y Gl - 2H(E), (5.102)
Re >~ a(2 —a)Re > a(2—a)Re famll2 = T
where
H(B) = 2_“y|v~||2+/ 5-VU -5 d (5.103)
0)=|5g IVOll+ | @ vdx| . :

If we choose a background flow U such that the functional H is positive semi-

definite on the space of divergence-free vector field 0, i.e.

inf H(%) >0, (5.104)

V-5=0

<

then the bound (5.102) simply is

1 —
—IVull2 <
SVl < -

2 (1 B a)2 2
m”VUHQ - WHVWWHQ. (5.105)

a)Re

The positive semi-definite condition (5.104) on H is referred to as the spectral
constraint. Since the functional H is quadratic and homogeneous, we can rewrite

the spectral constraint as
H(D) >0 Vo suchthat V.9=0 and |[|:=1. (5.106)

Using the Euler-Lagrange equations, the spectral constraint (5.106) is equivalent
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to the non-negativity of the smallest eigenvalue A of the following self-adjoint

spectral problem

V-5=0, (5.107a)

2 _
ot = E= Vg _og. VU,ym — V. (5.107b)

Re

Here, p and A are the Lagrange multipliers for the constraints V - & = 0 and
L— |33 = 0.
Now, to optimize the bound (5.102) under the incompressibility constraint on

v, we write the following Lagrangian

_ 1 2 (1—a)? g 2
L= a(2 — a)Re||VUH2 a(2 — a)Re

+ /Vp V.9 dx. (5.108)

Letting the first variation (the Frechet derivative) of this functional with respective
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to v, p, U and a to zero, leads to

0L  2(2—a) 4

o5 b -~ Vj= 1
50 e VO 0 VUym—Vp=0, (5.109a)
oL
o v v=0 5.109b
5p v=>5 ( )
oL _ 4L ,,,.dQUG dUg _ %
§Us  a(2—a)Re \ dr? dr r
2 2 L
ot (27" I ﬁrﬁgd0d2> 0,
rdr \ a Jo=0Jz=0
(5.109¢)
oL 2(a —1) 2 2
S0 a2(9 — 2Re U - am
oa a?(2 —a)?Re (HV 12 = [V ||2)
2 1 - _ ~
e (RGHV’UIIQ + /v” VU - % da:) ~0.
(5.1094)

In general, these equations do not have a unique solution. However, the solution to
these equations for which the background flow also satisfies the spectral constraint
(5.104), or equivalently, all the eigenvalues of the eigenvalue problem (5.107 a,b)

are non-negative, is unique.

Appendix 5.B A useful lemma

Here we prove that the marginally stable perturbations in the energy stability
analysis §5.3 or optimal perturbations in §5.5 only depend on radius when they

are not required to be incompressible.

Lemma 5.B.1. Let D(V) be the set of smooth velocity fields (not necessarily
incompressible) that satisfy the homogeneous boundary conditions. For a given

choice of the balance parameter 0 < a < 2 and of the unidirectional background
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flow U = Uy(r)ey, the functional H(D) (given by (5.103)) achieves a minimum
when © is a function of the radial direction only. Furthermore, if the background
flow satisfies (dUy/dr — Uy/r) < 0 then the optimal perturbed flow corresponds to

Vy = Vg.

Remark 5.B.1. Although we do not prove that the optimal background flow sat-
isfies (dUy/dr — Ug/r) < 0, this condition was found to hold in every numerical
computations of optimal bounds in all the three cases considered in our paper as
well as for the choice of the background flow in analytical construction presented

in §5.4. Therefore, it is natural to make the assumption that (dUy/dr —Uy/r) < 0.

Proof. In the first part of the lemma, it is sufficient to show that for every v €

D(V) there exist ¥y € D(V') with 9g(x) = ¥g(r) such that H (D) < H(D).

~ . —2 —a ~112 ~ ~
HE) = |G —|—/v-VU-vda:]
- /O/H (/ ) Vo5 VU 6 rdr> d&dz]
2— 2
> / / inf (/ “VEP 45 VU - rdr) dod=
2=0 Jo= 00<9<27r =r; 2Re
= H(®o), (5.110)
where ©o(x) = 0(r, 60y, 20) and 0y, zo corresponds to the values for which the

infimum in third line is achieved.

In the second part, for every perturbation © = (0., %), we define a modified

perturbation

D=

(\/Uig @g’ \/Uig @g). (5.111)
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So, if the initial perturbations © are weakly differentiable in space then so is the
modified perturbation ©. Therefore, all the operations below apply. For this

modified perturbation, we have

" 2 (05,\° @ (0w\ 60 00,00 02+
HVUHQ = ~9 ~9 + ~9 ~9 A ~9 -5 — +
02+ 05 \ Or 02+ 0y \ Or 02+ 0y Or Or r
o5, \>  [00y\ 2+ 2
<|5- — | +—==Vo|3 5.112
(%) + (G) + = vl 512)

where we used Young’s inequality on the third term on the right-hand side in the

first line to obtain the second line. Now the assumption on Uy implies

2 + T)g dUg Uy dUy Uy
T v 2 ) < 0 | —2 = =2 11
2 dr A r )’ (5.113)

again through the use of Young’s inequality. Combining (5.112) and (5.113) with

the definition of H(v), leads to
H(D) < H(D). (5.114)

Finally, noting that 0, = 0y proves the lemma. O
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Appendix 5.C Analytical solution of the Euler—
Lagrange equations in case 1 at
high Reynolds number

Before writing the Euler-Lagrange equations, we recall the simplifications per-
taining to case 1. From lemma 5.B.1, we note that the optimal perturbations
depends only on the radial direction and that v, = vy. Finally, noting that the
Lagrangian £ in case 1 does not involve the pressure term, as we do not impose
the incompressibility condition, therefore the simplified Euler-Lagrange equations
(5.109a-d) in case 1 are given by

J— 2~ ) U
(2—a) (d o Ldi. v) & <dU9 _ U@) 0, (5.115a)

Re dr? rdr 72 dr r

1 ( Uy  dUy U9> N 1d(r*0?)

_ = A1
@-aRe\" @ " dar r 0, (5.115b)

(a—1)
(2 —a)’Re

r dr

1
(VU3 ~ IV tanl3) + - 1V53 +/ 5-VU - de = 0. (5.115¢)
Re 14
These equations need to be solved with boundary conditions

Up=1, 0,=0 at r=r, (5.116a)

Ug=0, 0,=0 at r=r,. (5.116D)

As v, does not enter into the computations, it can be taken to be zero; as such
¥ here should be understood as (., ¥y, 0).

These equations can be solved using the method of matched asymptotics as
described below. We consider three different regions: the inner boundary layer,

the bulk and the outer boundary layer. We use the following scaled coordinates
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for the inner and outer boundary layer, respectively:

r—r; To—T

Si = 6 )

(5.117)

where

5= (5.118)

We will use in, bulk and out in the superscript of the variables to indicate in which
region the variable is being considered. Before proceeding further, we make the

following change of variables

U==, o=ri,. (5.119)

Next, we write separate expansions for the variables in each of the three different

regions as

0" (s) = 05" (5:) + 0 0" (s5) + 0% 5" (50) + . (5.120a)
" (1) = 5 R (r) 4+ 6 D8R (r) + 6% e () 4+ (5.120b)
0" (80) = 05" (50) + 6 07" (s) + 67 053" (s0) + ... (5.120c)

A similar expansion can be written for U. Finally, we also use a simple expansion

for the balance parameter

a=ag+6a; + 6%ag + ... (5.121)

Substituting the change of variables (5.119) and the series expansions of these new
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variables in (5.115a-c), one can find out the leading order equations in different
regions which then need to be solved with the boundary conditions (5.116a-b) and

the following matching conditions

Uit (s; — 00) = Ug*(r = r;), UM (r =r,) = U (s, — o0), (5.122a)

~in ~bulk ~bulk ~out

U (si = 00) =0y (r =13), V""" (r =1,) = 00" (s = 00).  (5.122b)
Upon solving the resultant set of equations, we find that the leading order term

in the background flow in the three different regions is given by

in T 44/2
Ug" = — (1 — Tatanh (\/§>> +0(9), (5.123a)

7

bulk T
U — +0(§ .123b
0 7“2 T2 ( )7 (5 3 )

Ugut = = <4\/_Bt (6‘%)) +0(5), (5.123c¢)

whereas the perturbed flow field is given by

5 N Bro B,
out __ ~out _ tanh O 5.124b
'U,,, /Ue - aln \/5 + ( ) ) ( )
3r;r2 1
pulk _ sbulk [ 2700 ) = 4 (s 5.124
0, = Uy (4\/5(7“12 n 7“3)) + ( ) ) ( C)

where o and [ depend on 7 and are given by

B T S T
421402 T 4214

(5.125)

The balance parameter takes the value @ = 2/34+0O(0). This optimal value a = 2/3
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of the balance parameter, in the limit of large Re, is also observed numerically by
Ding and Marensi (2019) (and corresponds to 3/2 in their nondimensionalization)
as well as in case 2 and case 3 in our study. Using the expression of the background
flow (5.123a-c) in (5.105) and the relationships between different mean quantities
(5.19) and (5.24), the leading order term in the bound on the Nusselt number in
the limit of high Reynolds number (or equivalently high Taylor number), is given
by

9 773 1
Ny = = Ta'/?. 5.126
R Y G TG e (5:126)

This bound is 2/3 of the bound (5.46) obtained using standard inequalities. This

improvement has also been confirmed from the numerical results.
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Chapter 6

Analytical bounds on the heat
transport in internally heated

convection

This chapter is based on the paper Kumar, Arslan, Fantuzzi, Craske and
Wynn(2022) published in the Journal of Fluid Mechanics, Volume 938, 10 May
2022, A26.

6.1 Introduction

Convection driven by buoyancy is abundant in geophysical and astrophysical
flows, from atmospheric convection driving ocean currents to solar convection
transporting heat in stars. The prototypical setup for studying these flows is
that of Rayleigh-Bénard convection, where flow in a layer of fluid is driven by
the temperature differential across the boundaries. In reality, convection in many

natural or engineering situations is at least partially driven by an internal heating
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source. Examples include convection in the Earth’s mantle due to radiogenic
heat (Davies and Richards, 1992; Schubert et al., 2001; Mulyukova and Bercovici,
2020), convection in radiative planet atmospheres (Seager, 2010; Pierrehumbert,
2010; Guervilly et al., 2019), and engineering flows where exothermic chemical or
nuclear reactions drive the convection (Tran and Dinh, 2009). Gaining insights
into these physical and practical scenarios requires a thorough understanding of
internally heated (IH) convection, and yet studies in this direction are relatively
few.

Following the early investigations by Roberts (1967) and Tritton (1975), re-
search into IH convection has recently gained renewed momentum through com-
putational analysis (Goluskin and Spiegel, 2012; Goluskin, 2015; Goluskin and
van der Poel, 2016) and experiments (Lepot et al., 2018; Bouillaut et al., 2019; Li-
mare et al., 2019, 2021). However, a comprehensive understanding of flows driven
by internal heating is far from complete and the behaviour of such flows in the
limiting regime of extreme heating remains unknown.

Here, we probe this regime using rigorous upper bounding theory. Specifi-
cally, we bound the mean vertical convective heat flux in two configurations of
IH convection, one where the fluid is bounded between horizontal plates held at
the same temperature and one where the bottom plate is replaced by a perfect
insulator. These two configurations, which we refer to as IH1 and TH3 following
the terminology introduced by Goluskin (2016), are illustrated schematically in
panels (a) and (b) of figure 6.1.

The mean vertical convective heat flux (wT'), where w and T" are the nondimen-
sional vertical velocity and temperature and angled brackets denote space-time
averages, has a slightly different physical interpretation in the two configurations.

For the IH1 case, (wT) is related to the asymmetry in the heat fluxes Fr and Fp
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(a)

Figure 6.1: The two configurations considered in this paper. (a) IH1: Isothermal
boundaries, (b) IH3: Isothermal top boundary and insulating bottom boundary.
In both configurations the heating is uniform, so the non-dimensional thermal
source term is H = 1. Dashed lines show the temperature profiles in the pure con-
duction state, while solid lines sketch the temporally- and horizontally-averaged
temperature profiles in a typical turbulent state (also shown using the color plot).

through the top and the bottom boundaries. Specifically, space-time averaging the
dimensionless transport equation for temperature (see (6.6¢) in §6.2) multiplied

by the wall-normal coordinate z yields
1
FT:§—|—(wT>, Fp=—-—(wT). (6.1)

In the purely conductive state, the heat generated inside the domain leaves equally
between the two boundaries, hence Fr = Fp = 1/2. In the convective state,
instead, the asymmetry of buoyancy combines with the uniform heat source to
create boundary layers with different characteristics near the top and bottom
boundaries, as illustrated in figure 6.1(a). The bottom boundary layer is stably
stratified, whereas the top boundary layer is unstably stratified. Convective heat
transport ((wT) > 0) makes the top boundary layer thinner than the bottom one,
so in any convective state one has Fr > Fpg. Since the boundary temperature is
fixed and the fluid is internally heated, one also expects the boundary flux Fp to
remain non-negative, meaning that heat can escape from the bottom boundary

but not enter through it. This fact can be proved rigorously (Goluskin and Spiegel,
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2012, Appendix A.1; Arslan et al., 2021b, Appendix A) and translates into the
following upper bounds on the vertical heat transport (Goluskin and Spiegel,
2012):

1
(wT) < B

in THI1. (6.2)

For the IH3 configuration, instead, the mean vertical flux (wT') is related to the
difference of the horizontally-averaged temperature between the top Tr and the
bottom wall T'5. Indeed, upon multiplying the dimensionless evolution equation
for the temperature (see (6.6¢) in §6.2) with the wall-normal coordinate z and
space-time averaging one obtains

(WT) = Ty — Ty + ; (6.3)

The isothermal boundary condition implies that the temperature 77 at the top
boundary is in fact constant, so T = T, and we take it be zero without loss
of generality in our nondimensionalization. Since the nondimensional internal
heating rate is positive, one expects the mean bottom temperature Tz to be non-
negative. As before, this fact can be proved rigorously and results in the upper

bound (Goluskin, 2016, Chapter 1)

1
(wT) < B

in THS3. (6.4)

For the IH1 configuration, Arslan et al. (2021b) recently proved that (wT) <
2-21/5RY/5 where R is a nondimensional parameter that measures the strength
of the internal heating and may be interpreted as a Rayleigh number. This re-

sult, which is independent of the Prandtl number Pr, fails to improve the uni-

form bound in (6.2) for R > 2' = 65536. However, numerical evidence by the
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same authors suggests that an upper bound on (wT') approaching 1/2 from below
monotonically as R is increased may be provable when the background method
by Doering & Constantin (Doering and Constantin, 1992, 1994, 1996; Constantin
and Doering, 1995) is augmented with a minimum principle stating that the fluid’s
temperature cannot be smaller than that the top boundary. Unfortunately, they
also provided a rather tantalizing proof that such a bound cannot be obtained
using typical analytical constructions.

In this paper we overcome this barrier and show that R-dependent bounds on
(wT) strictly smaller than 1/2 can be obtained analytically not only in the TH1

case, but also for the IH3 configuration. Precisely, we prove that

1 1

(wT) < 5 c1 R5 exp (—ch%) in TH1, (6.5a)
1

(wT) < 5 ];é exp (—C4R%) in [H3, (6.5Db)

where ¢, ¢, c3 and ¢4 are constants (independent of both R and Pr). To establish
these results, we formulate a bounding principle for (wT') using the auxiliary func-
tional method (Chernyshenko et al., 2014; Fantuzzi et al., 2016; Tobasco et al.,
2018; Chernyshenko, 2022). This method is a generalization of the background
method of Doering and Constantin, which has successfully been applied to several
fluid dynamical problems (Doering and Constantin, 1992; Constantin and Doer-
ing, 1995; Doering and Constantin, 1996; Caulfield and Kerswell, 2001; Tang et al.,
2004; Whitehead and Doering, 2011b; Goluskin and Doering, 2016; Fantuzzi et al.,
2018; Fantuzzi, 2018; Kumar and Garaud, 2020; Kumar, 2020; Fan et al., 2021;
Arslan et al., 2021a,b; Kumar, 2022a). The auxiliary functional method, as im-
plemented in this paper, also has an equivalent formulation using the background

method.
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The novelty aspects in our arguments are the use of a background temperature

field with a lower boundary layer growing as z~*

, motivated by the numerical
results by Arslan et al. (2021b), and the application of Hardy inequalities (IH1)
and Rellich inequalities (IH3). Such inequalities have already been employed to
prove bounds on convective flows at infinite Prandtl number (Doering et al., 2006;
Whitehead and Doering, 2011a) but, to the best of our knowledge, their use at
finite Prandtl number is new.

The rest of this work is organized as follows. We start by describing the prob-
lem setup in §2. In §3, we apply the auxiliary function method formulate upper
bounding principles for (wT') in both IH1 and TH3 configurations. We then prove
the upper bound (6.5a) in §4 and the upper bound (6.5b) in §5. Finally, §6, dis-

cusses our method of proof, compares our results with available phenomenological

theories, and offers concluding remarks.

6.2 Problem setup

We consider the flow of a Newtonian fluid of density p, viscosity v, thermal
diffusivity  and specific heat capacity ¢, driven by buoyancy forces resulting from
internal heating. The fluid is confined between two horizontal no-slip plates with a
gap of width d and the heat is produced at a constant volumetric rate of H* (with
units W/m? = kg/ms?®). We consider the two configurations sketched in figure
6.1, one where both plates are kept at constant temperature 7;7 (IH1) and one
where the top plate is kept at a constant temperature 7;] while the bottom plate
is insulating (IH3). We assume that the fluid properties are a weak function of the
temperature and use the Naiver—Stokes equations under the Boussinesq approx-

imation to model the problem. Various justifications have been put forward for
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the Boussinesq approximation; see, for example, Spiegel and Veronis (1960) and
Rajagopal et al. (1996). In their non-dimensional form, the governing equations

are

V.u=0, (6.6a)
du+u-Vu+ Vp=PrViu+ PrRTe,, (6.6b)
OT +u-VT = VT +1, (6.6¢)

where we have used the following non-dimensionalization for the variables:

* *

T ot " — u D —Do I -1y
- d A2k A b= pK?/d?’ - d2H*/(kpcy)”

(6.7)

Here, x, t, u, p and T" denote the non-dimensional position, time, velocity, pressure
and temperature, respectively, whereas pg is the dimensional hydrostatic ambient
pressure. The quantities with a star in superscript are dimensional. The non-
dimensional governing parameters of the flow are the Prandtl number and the

Rayleigh number, given by

_ gad’H*

2 Y
PCpVK

Pr=" and R (6.8)
K

where « is the coefficient of thermal expansion. Our choice of nondimensionaliza-
tion implies that the heating source appears as a unit force in (6.6¢).

We use the Cartesian coordinates © = (z,y, z) and place the origin of the
coordinate system at the bottom plate. The z-direction points vertically upward
and the x and y directions are horizontal. In this coordinate system, we write the

velocity vector as u = (u, v, w) where u, v and w are the velocity components in
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the x, y and z directions respectively. In this coordinate system, the boundary
conditions at the top and bottom plates for velocity and temperature can be

written as

u(z,y,0,t) = u(z,y,1,t) =0, (6.9a)
T(z,y,0,t) =T(z,y,1,t) =0 for TH1, (6.9b)
0.7 (z,y,0,t) =T (z,y,1,t) =0 for TH3. (6.9¢)

We further assume that the fluid layer is periodic in the horizontal directions
xz and y with length L, and L,, meaning that the domain of interest is ) =
To,z.) X Tpo,z,) * [0,1].

Throughout the paper, spatial averages, long-time horizontal averages and

long-time volume averages will be denoted, respectively, by

]{)[ dm_L L // / | dzdydz, (6.10a)

[]= lim TL » / /L /OLJ”[ ] dzdydt, (6.10b)
(1) = lim ~ / ][ | dedt. (6.10c)

6.3 The auxiliary functional method

A bound on the mean vertical heat flux can be derived using the auxiliary
function method. The formulation of the method given here is very similar to the
one given by Arslan et al. (2021b) for isothermal boundaries, but we repeat it to

make the paper self-contained and highlight the changes required when the lower
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boundary is insulating.
Let V{u, T} be a functional that is uniformly bounded in time along solutions
u(t) and T'(t) of the governing equations (6.6a-c). Further, let £L{u, T} be the Lie

derivative of V{u, T}, meaning a functional such that
d

when wu(t) and T'(t) solve the governing equations. Then, a simple calculation
shows that the long-time average of L{w(t), T (t)} vanishes and, given any constant
B, we can rewrite the mean vertical heat flux as

1
(wT) = lim —

T
T—00 T 0

[]é wT da + L{u(t), T(t)}} dt,

1
= B4 lim —

T
T—00 T 0

[]é wTdz + L{u(t), T(t)} — B} dt.  (6.12)
If the functional V can be chosen such that
S*{u, T} ::][ wldz + L{u, T} — B <0 (6.13)
Q

for any solution of the governing equations, then it follows that (wT) < B. Of
course, it is intractable to impose (6.13) only over the set of solutions of the
governing equation, because they are not known explicitly. However, to obtain
a (possibly conservative) bound it suffices to enforce the stronger condition that
(6.13) holds for all pairs of divergence-free velocity fields w and temperature fields

T that satisfy the boundary conditions (6.9a-c).
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Following Arslan et al. (2021b), we choose the functional V to be

V{u, T} :]é [2£R|u|2 + 12)|T|2 —(W(2)+2—1T| de, (6.14)

where the function 1 (2) and the nonnegative scalars a and b are to be optimised
to obtain the best possible bound. The profile [¢)(z) + z — 1]/b corresponds ex-
actly to the background temperature field. Differentiating this functional in time
along solutions of the governing equations, followed by standard integrations by
parts using the divergence-free and boundary conditions, yields an expression for

L{wu, T} that can be substituted into (6.13) to obtain

S{u, T} = ]é [2\Vu|2 FBVT)? — (0 — )W + (b — w’)‘;f + w] da
ar ar
— ((0) - 1) &

+7(0) = T(1) + (1) 5=

1
+B~520. (6.15)

2=0

z=1

This inequality needs to be satisfied for all w and T satisfying (6.6a), (6.9a) and
either (6.9b) for IH1 or (6.9¢) for ITH3.

A crucial improvement to the best upper bound B implied by (6.15) can be
achieved by imposing the minimum principle, which says that 7" > 0 at all times
if it is so initially, and that any negative component decays exponentially quickly
(Arslan et al., 2021b). We may therefore restrict the attention to nonnegative
temperature fields, thereby relaxing inequality (6.15). As explained by Arslan
et al. (2021b), the constraint can be enforced with the help of a nondecreasing

Lagrange multiplier function ¢(z) by adding the term

]é ¢ (2)Tdz (6.16)

194



to the right-hand side of (6.15). Integrating by parts and rearranging leads to the
weaker constraint

S{u, T} = S {u,T} + ]{) q(z)gwa +q(0)T(0) — ()T (1) >0,  (6.17)

z

and the best upper bound on (wT') implied by this inequality is

wT) < inf B : z) non-decreasing,
< > Bﬂﬁ(z)ﬂ(z),a,b{ q< ) g

S{u, T} >0 V(u,T) satisfying (6.6a) and (6.9)}.

(6.18)

Moreover, since no derivatives of the Lagrange multiplier ¢(z) appear in inequal-
ity (6.17), one can perform the optimization over nondecreasing Lagrange mul-
tipliers that are not necessarily differentiable everywhere and may even be dis-
continuous. A rigorous justification of this statement is given by Arslan et al.
(2021Db).

To prove an explicit rigorous bound on (wT'), it is convenient to replace in-
equality (6.17) with a stronger condition that is more amenable to analytical
treatment. To achieve this, we introduce the following Fourier series decomposi-

tion of the variables in the x and y directions:
= eiher by, (6.19)

where

K= {(km,ky) - (22” 22”) ‘(m, n) € 22}. (6.20)
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Since w and T in (6.19) are real-valued, the Fourier expansion coefficients satisfy

Wy, = W_g and Tr=TjforalkeK, subject to the boundary conditions

We(0) = ,(0) = (1) = (1) = 0, (6.21a)
T3(0) = Tp(1) =0,  IHI, (6.21b)
T3(0) = T(1) =0,  TH3. (6.21c)

Substituting (6.19) in (6.17), using the incompressiblity condition on wu, ap-
plying the inequality of arithmetic and geometric means (AM-GM inequality),

and dropping positive terms in 4 and 0, we can estimate

S{u, T} > So{To} + Y Sultin, Tr}, (6.22)
k=0

where

So{To} = [ [HITaP + (b= — o/ +a)T3 + ] dz + (a(0) + VTo(0)

= (a(1) + DTo(1) + w()T5(1) = (¥(0) = )T5(0) + B — 5, (6.23)

57

and

oA Yra /1, N N
Si{wg, Tk} 12/0 {R <k2 Wil? + 2]y + k2]wk|2)

O T4 + 2| TH|? = (0 — )i T3] dz. (6.24)

In the last expression, k = /k2 + k2.

To establish inequality (6.17), therefore, it suffices to check the nonnegativity

of the right-hand side of (6.22). As all the different Fourier modes 1y, and T}, can
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be chosen independently, this requires Sk{wk,Tk} + S_k{w_k,f_k} > 0 for all
wavevectors k € K, which in turn holds true if and only if S{Re{wy}, Re{f’k}} >
0 and Sp{Im{wy},Im{T}}} > 0 for all wavevectors k € K. This, combined
with the fact that the real and imaginary parts of w, and Tk can be chosen
independently, implies that we may take @, and T} to be real-valued without loss

of generality and impose

So{To} >0, (6.25a)
Se{y, T} >0 Vke K, k+#0. (6.25h)

From the nonnegativity condition on So{Zs}, it is possible to extract the bound

B explicitly. First of all, the nonnegativity of So{7p} requires

0  for IHI, (6.26a)

<
—~
(=)
~—
Il
—_
<
—~
—
~—
Il

q(0)=-1, (1)=0  for IH3, (6.26b)

otherwise it is possible to choose a profile To(z) that is non-zero only near the

boundaries and for which So{Tp} < 0. With these simplifications, one can write

. LT bz — 2 1
Sollo} = | MTHW] az+ B ¢ [z =/ +q7az

+/01¢(z)dz - ; (6.27)

Therefore, SO{TO} is nonnegative if we choose B to cancel the negative and sign-

indefinite terms. After gathering (6.18), (6.19), (6.21), (6.25b) and (6.26) we
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conclude that

1 1

1 1
< i -+ — — ' +q)%dz — .
(wT) < a7b7158§,q(z){2 o /0 (bz — o' + ¢)%dz /0 w(z)dz}, (6.28)

provided

q(2) is a nondecreasing function, (6.29a)
$(0) =1, ¥(1)=0 for IHL, (6.29D)
q(0) =—-1, (1) =0 for IH3, (6.29¢)
Se{y, T} >0 Vaby, Ty, : (6.21), Vk £ 0 (6.29d)

Explicit constructions for which the right-hand side of (6.28) is strictly less
than 1/2 at all Rayleigh numbers are given in §6.4 and §6.5 for the IH1 and
IH3 configurations, respectively. First, however, we summarize our proof strategy
to explain the intuition behind our constructions. From (6.28), we see that the
competition between the second term (which is always positive) and the third term
will decide if (wT) can be less than 1/2 as long as we are able to enforce that
Sk{ g, Tk} > 0. For previous studies using the background method, the standard
approach has been to choose a profile ¥(z) that is linear in boundary layers near
the walls, whereas in the bulk region 1 (z) is chosen such that the sign indefinite
term in Sy is zero. Unfortunately, in the present case, for a profile of ¥)(z) which
is linear in the boundary layers, we are unable to show that the magnitude of
the second term in (6.28) is smaller than the third term unless we violate the
constraint (6.25b). However, if we use a z~! profile in ¥(z) in the outer layer of

a two-layer lower boundary layer we gain an extra factor of a logarithm in the
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integral of ¢). Such a boundary layer structure, along with the choice ¢(z) = ¢/(2)
in the bottom boundary layer to cancel the otherwise large contribution of this
layer to the quadratic term in (6.28), matches the numerically optimal profiles
computed by Arslan et al. (2021b, Fig. 7). This makes it possible to show that
sum of the last two terms in (6.28) is negative without violating Sk {0, Tk} > 0.
To establish this nontrivial result we rely on the following Hardy and Rellich

inequalities, proofs of which are provided for completeness in Appendix 6.A.

Lemma 6.3.1 (Hardy inequality). Let f : [0,00) — R be a function such that

f, f' € L*(0,00) and such that f(0) = 0. Then, for any € >0 and any a > 0,

o« |fP? o e
/0(Z+6)2dz§4/0 £ 2d. (6.30)

Lemma 6.3.2 (Rellich inequality). Let f : [0,00) — R be function such that
I, [ f" € L*(0,00) and such that f(0) = f'(0) = 0. Then, for any € > 0 and any

a >0,

o |fP? 16 o .,
/0 (z+e)4dz§9/0 |f[2dz. (6.31)

We now present detailed proofs of the main results. Our emphasis is on the
steps necessary to obtain an R-dependent bound on (wT'), and we do not attempt

to optimize the constants appearing in our estimates.
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6.4 Bound on heat flux in IH1 configuration

To prove the bound in (6.5a), we start by setting

1 — = 0 <z <206,
"7‘5 200 < z < 6,

ota(z—90) 60<2<1—n7,

(1-2)Z=d ]y <2<,

These functions are sketched in figure 6.2. In the definition of 1, the parameter §
denotes the thickness of the boundary layer near the bottom plate. The parameter
o is the value of ¢ taken at the edge of lower boundary layer (z = 4). The
lower boundary layer itself is divided into two parts, an inner sublayer where

1) is linear and an outer sublayer where 1 ~ 271

These sublayers meet at an
intermediate point (z = 204) where both the value and slope of 9 are equal. The
inverse-z scaling of ¢ in the outer part of the lower boundary layer is one of the
key ingredients in proving (6.5a). The linear inner sublayer, instead, is used to
satisfy the boundary condition ¢(0) = 1 from (6.29b). In the bulk of the layer
(0 < 2z <1—7) we have ¢/ = a, so the indefinite sign term in (6.24) is zero.
Thus, we only need to control the indefinite sign term in the boundary layers.
The parameter v is the thickness of the boundary layer near the upper boundary
in which the profile of v is linear.

The sole purpose behind the choice of the function ¢(z) is to ensure ¢ —q =0

in the lower boundary layer, thereby making the positive contribution from the

second term in the bound (6.28) small in this layer. All parameters are taken to
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|

(b)

Figure 6.2: Sketch of the functions ¢(z) and ¢(z) from (6.32), used to obtain a
bound on the heat flux (wT') in the IH1 configuration.

satisfy
a,b,0,0,7 <1 (6.33)

and this assumption will be implicit in the proof below.
The goal now is to adjust the free parameters a,b, 0,0 and v such that the
spectral constraint (6.29d) is satisfied and, at the same time, the bound (6.28) is

as small as possible. We begin by estimating from above the second term in the

bound (6.28):

1 ! / 2 1 122 1 / 2
- _ < - _
oL tas <o [0t as s o W) - )l

=0 [ - a2 d
6wl T
<leg [WEPdt [laePd
-6 bJs : : b Js e :
b (0+a)* a?
< Z
=5t T
b 2(c+a)?
< -4 = 6.34
<5t (6.34)
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Next, we estimate from below the last term in the bound (6.28):

/01 Ypde = 325 — odlog(20) + (20 + &(12_ v —9)) . (0 +a(l ; v —308))y
> —odlog(o). (6.35)

Combining (6.34) and (6.35) with (6.28), we obtain

1 b 2(c+a)
"Hh<—-—+-+—" 1 . .
(wT) < 5T 5 + = + gdlog(o) (6.36)
Assuming that
b 1 2 2 1
D < —Lodlog(o), “’bfy“) < ~oblog(o). (6.37a,b)

which will be the case for the choices of a, b, o, , v made below, the right-hand

side of (6.36) can be further estimated from above to obtain
1 1
(wT) < 3 + 506 log(o). (6.38)

We now shift our focus to the constraint (6.29d). Dropping the positive terms

proportional to |2, |@y]? and [T, |, it is enough to verify that
Sl T 12aA/2 79/ |2 N
S 1) = [ [R|w 2 4 b7 = (a — )aT| dz > 0. (6.39)
0
Here, & and T satisfy the boundary conditions

w(0) = @' (0) = T(0) = 0, (6.40a)

(1) =w'(1) =T(1) =0, (6.40b)
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where @'(0) = @'(1) = 0 is a result of the no-slip boundary condition and the
incompressibility of the flow field. For brevity, we have dropped k from the
subscript. The positive terms we have dropped could be retained, at the expense of
a more complicated algebra, in order to improve various prefactors in the eventual
bounds. Since this is not our primary goal and the functional form of the bound
one obtains does not change, we work with the stronger constraint (6.39) to ease
the presentation.
Substituting the expression of ¢ from (6.32) into (6.39) gives

Sin 200720, 19 P LY o7
(@, T) = /0 [Ryw\ +o|T) —<a+405)wT] dz

5 | 2a, . 9 ~10 g\ . -
+/6[R|w’| + 0T —<a+z2>wT] dz

20
1[92 . 1—9 A

+ [“|w’|2 +o|T)? — (‘W) wT] dz. (6.41)
1—v R Y

Since S(w,T) > S(|w|,|T"]) with equality when w and T are nonnegative, we shall

assume without loss of generality that @, T > 0. We further observe that, if

8ad < o, (6.42)

then
9 oo 1
- > — h 0<2< 206
2(z+05)2_a+406 whER VS 2 = 200,
9 oo o)

Assuming that 8ad < o, therefore, we can combine the first two terms in (6.41)
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to conclude

S, T) > S, T) + Sp(w,T) (6.44)
where
S o 012a, 9 ~rg 9 ol o
~ N 1 2 N N
Sr(w,T) = / [ayw’\z +b|T)? — M@T] dz. (6.45b)
1—v R Y

Next, we derive conditions that ensure Sp(i,T) and Sy (d,T) are individually
nonnegative, thereby implying the nonnegativity of S (w, T)

First, we deal with Sp(i,7). Using the boundary conditions (6.40b) along
with the fundamental theorem of calculus and the Cauchy—Schwarz inequality

leads to

1 N 1 N
@< (=2 [ faPds TP <(-2) [ (PP (6.460,b)

1— 1—v

Using (6.46a,b) in the expression (6.45b) of Sr, along with the AM—GM inequality,

implies that §T >0 if
v(o+a) <4y —. (6.47)

A condition for the nonnegativity of S (10, T), instead, can be derived using

the Hardy inequality given in Lemma 6.3.1. First, using the AM-GM inequality,
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we write

o12a, ., A 9 o0p
Il P leQ_* ~
N+ T - |

o 9 lof)
(24 06)?

—/Byr|] d2(6.48)

S, T) >
Sz, )_/0 4 (z+06)?

for some constant 5 > 0 to be specified later. Then, we can apply Lemma 6.3.1

to estimate

is

5 |f? 8 ) T N
/ W4, < 4/ @' |2dz, / PP 4. < 4/ 72dz. (6.49a,b)
0 (z+00)? 0 0 (z+00)? 0

Using (6.49a,b), (6.48), and choosing

2a
b= \/;, (6.50)

we conclude that Sp(i,T) is nonnegative if

1 [2ab
0 < —y/—. 6.51
0 <\ R (6.51)
Given (6.47) and (6.51), and the functional forms of (6.37a,b) with respect
to the variables, one can show that the bound (6.38) is optimized when a is
proportional to ¢ and ¢ is proportional to v. For simplicity, therefore, we take
a = o and 0 = ; we expect that different choices affect only the value of various

prefactors appearing in the final bound, but not its functional form or the powers

of R. With these additional simplifications, the constraints (6.47), (6.51) and
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(6.37a,b) are satisfied if we take

a =0 =exp (—2%32}%%) : (6.52a)
b= 2535 R7 exp (—2335R3) (6.52D)
§=r~ =233 5R5, (6.52¢)

These choices satisfy the inequalities (6.33) and (6.42) assumed in our derivation

provided that R > 2% 373 & 30.97. We therefore conclude from (6.38) that

21

— 2333 Riexp (—235R5)  VR>2%375,

N~

(wT) < (6.53)

We end this section with two remarks. First, the scaling of the upper boundary
layer thickness given by (6.52¢) is stronger (i.e. the boundary layer is thinner) than
the scalings v ~ R~/* and v ~ R~/3 implied by classical (Malkus, 1954; Priest-
ley, 1954) and ultimate (Spiegel, 1963) scaling arguments for Rayleigh-Bérnard
convection, respectively (for further details see §3 in Arslan et al., 2021b). Second,
if instead of using the Hardy inequality in (6.45) we had used the Cauchy—Schwarz
and AM—GM inequalities, as we did in the upper boundary layer, then we would

have obtained the condition

9 1 o 1 [2ab
s (41 < |2 54
205<1+0+0g<1+0)>_2 R (6.54)

and therefore odlogo < (/ab/R. This is worse than condition (6.51) by a factor

of logo™! and, as a result, no bound on (wT) strictly smaller than 1/2 can be

obtained beyond a certain Rayleigh number.
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6.5 Bound on heat flux in IH3

We now prove the bound (6.5b) for the IH3 configuration. Similar to the
previous section, the key ingredients of the proof are (i) a profile of ¥ propor-
tional to 1/z near the bottom boundary, and (ii) the use of a nonstandard Rellich
inequality.

We start by choosing the functions ¢(z) and ¢(z):

206 —z  0<z< Voo,
-10< 2 < Vo5,
2 Vob <z <,
P(z) = q9(2) = -2 /o5 < z < ¢, (6.55)
o+ a(z—9) 0<2<1—7,

00 <z<1.

(1—2)@ 1—-y<z<1.

These choices are sketched in figure 6.3 and the parameters o, and + have the
same purpose as in the last section. The difference between these profiles and
those used for the IH1 configuration in §6.4 is in the bottom boundary layer
(0 < z < 0). Here, we require ¢(0) = —1 and at the same time want ¢ — ¢’ = 0
in the lower boundary. To satisfy these requirements we take the linear boundary
sublayer of ¥ near the bottom boundary (0 < z < \/E) to have slope equal to
—1. As before, in the outer part of bottom boundary layer (voo < z < 6), 9
behaves like =1 and matches smoothly with inner part up to the first derivative.
At the edge of the bottom boundary layer (z = ¢), the value of ¢ is o. In the

proof below, we assume

a,b,0,6,7 <1 (6.56)
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Figure 6.3: Sketch of the functions ¥(z) and ¢(z) from (6.55), used to obtain
bound on the heat flux (wT') in the IH3 configuration.

Estimating the second term in the bound (6.28) from above gives

1/t b 2(0c+a)?
— bz — ) 2d <-4+ — .
T A (6.57)
while the last term can be estimated from below as
1 1
[vd >—Soslo (U) | (6.58)
0 2 4]
Combining (6.57) and (6.58) with (6.28), we obtain
1 b 20c+a)? 1 o
TY< -4+ -+ ——"—+ —0odlog(—=). :
(WT) < 54 G+ =g 50 og<5) (6.59)
Finally, we assume that
b 1 o 2(0 +a)? 1 o
— < ——odlog (= —~ < ——¢gblog |~ .
6= 87 0g<5>’ I Og(é) (6.60)

(these constraints will be verified later) and estimate the right-hand side of (6.59)

to arrive at the simpler bound

1 1 o
<-4+ - 7). .
(wT) < 5 +40510g(5) (6.61)
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For this bound to be valid, we need to adjust the parameters a, b, §, v and o
such that the spectral condition (6.29d) is satisfied. Dropping the positive terms

proportional to |dy|2, [@ |2 and |T}|2, we will verify the stronger inequality

- ~ 1 ~ ~
S, 1) = /0 [Rakzm”ﬁ ORI = (a—)af] dz > 0 (6.62)

for all z-dependent functions @ and T satisfying the boundary conditions

w(0) = &' (0) = 1"(0) = 0, (6.63a)

(1) =w'(1) =T(1) = 0. (6.63b)

Again, we have dropped the subscript k to lighten the notation.

Using arguments similar to those used in §6.4 and noticing that if

8ad < o (6.64)

then

9 9 S 041 when 0<:< Voo (6.65)

— W 00, .

2(z+V00)2 — -

9 ol ol

- > — h <z < .

2(z+\/£)2_a+22 when Vod <z <9, (6.66)
we can write
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where

90 af
(z +Vad)?

~ . 1 a . (c+a) -
3 A,T:/ ok = Y| de. (6.68b
o d) = [ |plarpeneie - CEar) 4 oos

- ~ é “
SB(w,T):/O [a uv"|2+bk2|T|2—g ] dz,  (6.68)

Finding a condition under which Sp(,7) > 0 is straightforward. Using the
fundamental theorem of calculus, the boundary conditions on @ and Cauchy-

Schwarz inequality, we obtain

41— 2)* 1
) < (Z>/ 0" 2dz. (6.69)
9 1—v

Then, substituting (6.69) in (6.68b) and using the AM-GM inequality shows that

St(,T) is nonnegative as long as

(c+a)y < 6\/%. (6.70)

To show that S B0, T) is nonnegative, instead, we rely on the Rellich inequality

stated in Lemma 6.3.2. First, using the AM-GM inequality we estimate

[a|w//|2 + bk‘2|T|2 _ 9 adp |7fJ|2 909~

- N é
0, T) >

0

for a the positive constant 3 to be specified below. Next, using Lemma 6.3.2 we

obtain

s |2 16 o
——dz < —/ @"%dz. 6.72
/0 (z+Vod)r  — 9 Jo "] ( )
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Combining (6.72) in (6.71) and setting

3 a

=2 Vor

(6.73)

we conclude that Sz(i,T) is nonnegative if

1

At this stage, all that remains is to choose values for a, b, §, v and o such
that (6.60), (6.70) and (6.74) hold, at least for sufficiently large Rayleigh numbers,
while minimizing the right-hand side of (6.61). For the same reasons explained
at the end of §6.4, we simplify the algebra by choosing a = ¢ and § = . Then,
optimizing the bound (6.61) subject to (6.70) and (6.74) leads to

25 1 4,2 3
azazg—%gexp (—2535R§), (6.75a)
2% 35 1,2 3
b= exp (—2735R3), (6.75Db)
25 1
V=T (6.75¢)

These choices satisfy the constraints in(6.60) assumed in our proof for all R >

2372 ~ 139.35. Thus, from (6.61) we obtain

1

M

—_

2

2 3

o

14

1
— exp (—Q?S%R

R

ulw

(wT) < = — ) VR>2%373 (6.76)

(S
o=

It is interesting to note that only the boundary layer thicknesses 6 and v have the
same O(R’%) scaling as for the IH1 configuration. The parameters o, a, b and the

correction to 1/2 in the bound (6.76), instead, are all O(R3) smaller than their
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corresponding values for the TH1 case.

6.6 Discussion and concluding remarks

We considered the problem of uniform internally heated convection between
two parallel boundaries where either both the boundaries are held at the same
constant temperature (IH1 configuration) or the temperature at the top bound-
ary is fixed and the bottom boundary is insulating (IH3 configuration). For both
configurations we obtained rigorous R-dependent bounds on the heat flux using
the background method, which we formulated in terms of a quadratic auxiliary
function and augmented with a minimum principle that enables one to consider
only nonnegative temperature fields in the optimization problem for the bound.
In each configuration, we were able to prove that (wT') < 1/2 with exponentially
decaying corrections. The two essential ingredients in our proofs were a bound-
ary layer with inverse-z scaling in the background field and the use of Hardy
and Rellich inequalities, which allow for a refined analysis of the spectral con-
straint compared to standard Cauchy—Schwarz inequalities. Without any of these
two components, the proof breaks down and it appears impossible to obtain R-
dependent corrections to the uniform (wT) < 1/2 at arbitrarily large Rayleigh
numbers.

The exponential rate at which our analytical bounds (6.53) and (6.76) ap-
proach 1/2 is not inconsistent with the numerically optimal bounds computed
by Arslan et al. (2021b) for the IH1 configuration. These numerical bounds also
approach 1/2 from below rapidly as R — oo and appear to do so faster than any

power law, suggesting that the best possible bounds provable with the background
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method may indeed have the functional form

1

(wT) < 5 c1 R exp (—czRﬁ) in IHI, (6.77a)
1 C3 8 .

(wT) < 3~ Ra &XP (—C4R ) in TH3 (6.77b)

for some positive exponents «, § and positive constants ¢, o, c3, ¢4. Unfortunately,
the limited range of Rayleigh numbers spanned by the available numerical results
does not permit a confident estimation of these parameters, so we cannot say
whether the exponents o« = 1/5 and 5 = 3/5 of our analytical bounds are optimal
or not. Nevertheless, as illustrated in figure 6.4, the numerically optimal profiles
for the functions ¢ (z) and ¢(z) computed by Arslan et al. (2021a) in the IH1 case
exhibit the same inverse-z behaviour in the outer part of the bottom boundary
layer as the suboptimal profiles used in our analysis. We expect the same to
be true for the TH3 configuration even though we have not optimized ¢ and q
numerically in this case due to the computational challenges of accurately resolving
the nonsmooth bottom boundary layers, which our present analysis suggest will
be much thinner that those observed in the IH1 computations by Arslan et al.
(2021a). If the exponents « and  can be improved at all, such improvements
must come either from improved estimates, or from different choices for ¢ and ¢
in other parts of the fluid layer.

In the case of IH3, if (6.77b) is the correct scaling of the optimal bound in
the framework of quadratic auxiliary functions, then we note that it will not be
trivial to prove the conjecture (Goluskin, 2016, p. 17)

1 C
9 R1/3"

(wT) < (6.78)
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Figure 6.4: Bottom boundary layer structure of the numerically optimal func-
tions ¥ (z) and ¢(z) computed by Arslan et al. (2021b) for the IH1 configuration.
The results shown are for R = 2.67 x 10° but are typical of the behaviour observed
at all sufficiently large R values. The boundary layer in v (z) has an approxi-
mately linear inner sublayer (0 < z $ 0.001) followed by an outer sublayer where
YP(z) ~ 271 (0.001 < z £ 0.002). The transition between the two is nonsmooth.
The optimal ¢ approximately satisfies ¢(z) = ¢’(z) in the boundary layer. This
boundary layer structure is modelled similar to the analytical ¢ and ¢ sketched
in Figure 6.2.

It seems reasonable to expect that progress can be made by considering further
constraints derived from the governing equations, which go beyond the energy
balances encoded by the auxiliary function V in (6.14) and the minimum principle.
However, it is presently unclear if this can be done within an analytically tractable
framework.

For the IH3 configuration, moreover, any bound on (wT) can be translated
into a bound on the Nusselt number—defined as the ratio of the mean total heat

flux to the conductive heat flux—via the identity

1

Nu=—" .
T T o)

(6.79)
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In particular, (6.76) implies

SIS

3
Nu < — R% exp (2%3
2%

(Sl

R?). (6.80)

The exponential growth of this bound is in stark contrast with the power-law
bounds available for Raleigh-Bénard convection, most of which can be obtained
with much simpler arguments that those used here for IH3.

In the case of IH1, we can compare our bound on (wT') with 3D direct numer-

ical simulations by (Goluskin and van der Poel, 2016), which suggest

1 0.8

(w') ~ 9~ RO.055°

(6.81)

Again, this slow power-law correction to the asymptotic value of 1/2 contrasts the
exponential behaviour of our bound (6.77a). It remains to be seen if this result
is truly overly conservative, as one may expect based on phenomenological argu-
ments (Arslan et al., 2021b), or if there exist solutions of the governing equations
(6.6) that saturate it. In that regard, there are two approaches generally used in
the Rayleigh—Bénard convection. The first one is the study of bulk properties of
steady-state solutions bifurcating from the pure conduction state has attracted
growing interest in recent years (Waleffe et al., 2015; Sondak et al., 2015; Miquel
et al., 2019; Wen et al., 2020, 2022; Kooloth et al., 2021; Motoki et al., 2021), and
it has been shown that they can transport more heat than turbulence (Wen et al.,
2022). The second one is the optimal wall-to-wall approach (Hassanzadeh et al.,
2014; Tobasco and Doering, 2017; Motoki et al., 2018b; Doering and Tobasco,
2019; Souza et al., 2020; Tobasco, 2022), which concerns designing incompressible

flows with a constraint on the kinetic energy or enstrophy that leads to optimal
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heat transfer. It would be interesting to conduct similar studies for the two cases

of internally heated convection studied in this work.
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Appendix 6.A Proof of Hardy and Rellich in-

equalities

6.A.1 Proof of the Hardy inequality in Lemma 6.3.1

Set f(z) = g(2)v/z + € for a suitable function g(z) satisfying ¢(0) = 0, and
estimate
/"2 "2 1o\ 1 —1,2
B = eralgP+ (560) +5G+97g
"2 1o\ 1 ~2| £12
— G+ lgP+ (50°) + 4+ 97
Lo\ 1 ~2| £12
> (29) +Z(z+e) |fI%. (6.82)
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Upon integrating this inequality in 2z from 0 to a and using the boundary condition

g(0) =0, we find

/|f |2dz> g 4/ z4e) 2| f(2)]*dz

> jl [+ arer (6.83)

which is the desired inequality.

6.A.2 Proof of the Rellich inequality in Lemma 6.3.2

Write f/(2) = vz + eg(z) and f(2) = (2 + €)*?h(z) for suitable functions g
and h satisfying g(0) = 0 = h(0). Then,

2 1 !
I = e+ olg P+ i + (59°)

4(z+¢) 2
— G+ 0l + i+ (56°)
|f/|2 1 , /
= 4(z +¢€)? * (29 ) (6:342)

and

If'?=(z+ e |* + Z(z+e)h2+(z+e)2 (2}12)

= (z+ €)W + Z<Z|Jfr|;2 + (2 +€)? @h?),

9 ‘f‘2 2 3 2 '
2 Gt e (37) (6.:840)
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Combining (6.84b) and (6.84a) and then integrating in z from 0 to « yields

o o 9|f]? 3.5\ /1 5\
" 2d >/ <h2) < 2> d
/0 PPz e P Eh) Tl &
o« 9If 3 2 1 2
0o 16(z+¢€)4 Z+8 () —|—2g(a)

o 9|f?
> /0 60t it (6.85)

which completes the proof. O
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Chapter 7

Three dimensional branching
pipe flows for optimal scalar

transport between walls

This chapter is based on the paper Kumar (2022b) (to be submitted soon). A

preprint is available at arXiv:2205.03367.

7.1 Introduction

7.1.1 Motivation

An important subdiscipline of thermal engineering is devoted to the design of
heat exchangers, ventilation systems, air-conditioning systems, refrigeration sys-
tems, boilers, and chemical reactors (Arora, 2000; Jakobsen, 2008; Thulukkanam,
2013; Alam and Kim, 2018). A fundamental challenge in this field is how to trans-

port heat from a hot surface to a cold surface by moving the fluid using actuators
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such as fans or pumps, which can advect heat at a quicker rate than pure conduc-
tion. For most practical purposes, one would of course like to do so in the most
economical way, minimizing the power supplied to the actuators. In the design of
the systems described above, we would therefore like to know the answers to the

following questions:

(A) What is the optimal heat transfer rate as a function of the power supplied?

(B) What is the corresponding placement of fans/pumps which maximizes the

heat transfer for a given amount of power supplied?

In this paper, we are able to provide a definitive answer to a mathematical ide-
alization of this problem and thus gain insight into possible practical engineering
solutions.

To model the problem mathematically, we use the forced Navier—Stokes equa-

tion to describe the flow of an incompressible fluid:
ou+u-Vu=—-Vp+rvAu+ f in Q,

where €2 is a bounded domain with smooth boundaries and v is the viscosity of
the fluid. We assume that the fluid satisfies a no-slip boundary condition on the
surface, i.e., uly,, = 0. In this mathematical formulation of the problem, the
question of interest now involves finding the optimal design for the force f that
maximizes the heat transfer with a given finite mean power supply &?*. Denoting

the volume average and the long-time volume average, respectively, as

ﬁ[]dm:mly/g[]dm and ([-]—lerrLsng/][ | deedt,

we can express the constraint on the mean power supply as (f - u) < Z7*.
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Assuming the velocity field stays smooth and the kinetic energy of flow stays
bounded in time, then the long-time spatial average of the energy equation leads
to

(f -u) = v(|Vul?).

Physically, this means that the work done by the force f to move the fluid is
eventually dissipated viscously. It also shows that instead fixing the power sup-
ply, one can equivalently impose a constraint on the enstrophy of the flow, i.e.,
(|[Vul?y < v 1o~

The advantage of formulating the constraint in terms of the enstrophy is that
we can from here on ignore the momentum equation entirely. We can simply
ask, what is the flow w that maximizes the heat transfer, for a given bound on
the enstrophy (([Vu|?) < v=122*). Once that flow u is found, the corresponding
forcing f can then be computed from (7.1). Whether the optimal flow w obtained
in this manner is dynamically stable is a separate question that we will not address
in this paper.

Beyond the primary engineering motivation, the optimal heat transport prob-
lem considered in this paper is also inspired by two problems: (1) anomalous
dissipation in a passive scalar, (2) Rayleigh-Bénard convection. These problems,
and their relationship with the optimal transport problem investigated here, will

be discussed in section 7.5.

7.1.2 Problem setup

Although the problem discussed above is very general, we now focus on a
special case in the simplest possible geometry namely the transport of a passive

scalar T' (which we refer to as temperature) by a flow field u between two parallel
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walls held at different constant values of 7. We assume that the flow field u is
incompressible and satisfies no-slip boundary conditions at the walls, which in the
wall-normal coordinates are located at z = —H/2 and z = H/2, where H denotes
the distance between the walls. The temperature field evolves according to the

advection-diffusion equation
0T +u - VT — kAT =0, (7.1)
and satisfies Dirichlet boundary conditions
T=1Tp at z=—-H/2, T=Tr at z=H/2. (7.2)

In (7.1), k is the thermal diffusivity, and without loss of generality, we choose
Tp > Tr in (7.2). For simplicity, we consider the horizontal directions z and y
to be periodic with length [, and [,. The domain of interest is thus given by
Q=T, xT,, x (-H/2,H/2).

For a given flow field u, we define the corresponding rate of heat transfer as

or k(Tg —Tr)
=(uw,T —rk—)=(uT)+ ——.
Q)= (ur = n50 ) =t + 2
By performing the long-time horizontal average of equation (7.1), one can show
that Q(u) is equal to the heat flux at the top or the bottom boundary, hence the
definition. Furthermore, by multiplying (7.1) with 7" and performing the long-
time volume average, one can alternatively express the rate of heat transfer Q(u)

as



The question of optimal heat transport described in the previous subsection
seeks to find the maximum possible value of () over all incompressible flow fields

satisfying the no-slip boundary condition and the enstrophy constraint:

Ouen #7) = sup - Qw)
u(t,x
V-u=0, u|yq=0
(IVul?)<p=1 o+

Before we proceed further, we nondimensionalize the problem by making the
following transformations, respectively, for the position, time, velocity field, tem-

perature and the heat transfer:

2

K
x— Hx, t— —t, u— —u,
K H

Ii(TB — TT)

T%(TB—TT)T—FTT, Q% q

Q. (7.3)

We continue to denote the nondimensional horizontal periodic lengths with [, and
l,. After the rescaling (7.3), a single nondimensional parameter remains, namely
the nondimensional power given by

4
A
VK2

P =P

which can be increased by either increasing the dimensional power supply &7*
and the domain size H or by decreasing the thermal diffusivity £ and viscosity v
of the fluid. After the nondimensionalization the enstrophy constraint becomes
(IVul?) < 2.

As the problem of optimal heat transport can be considered both in two and
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three dimensions, let us define
Q2P =T, x (-1/2,1/2), Q3P =T, x T, x(=1/2,1/2). (7.4a-b)

In the introduction, € is used to mean either 2” or Q3" except in places where
the distinction is required, in which case we will make the reference explicit. In
rest of the paper  will only mean Q3. Without loss of generality, we assume
that the aspect ratio of the domain satisfies [, < [,. Next, we explicitly formulate

the steady and unsteady versions of the optimal heat transport problem.

Steady case

In the steady case, we seek

@)= s Q(u) where  Q(u) = [ [VT[*da, (7.5)
ucL>(Q) Q
V-u=0, u|yq=0
fQ|Vu\2da:§W

and T solves the steady advection-diffusion equation with Dirichlet boundary

conditions

uw-VT — AT =0,

(7.6)
T=1at z=-1/2, T=0 at z=1/2.
Unsteady case
In the unsteady case, we seek
max(Z) = sup  Q(u) where  Q(u) = (|[VT*), (7.7)

u€L>®([0,00) x0)
V-u=0, u|yq=0
(IVul?)<2
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and T solves the unsteady advection-diffusion equation with Dirichlet boundary

conditions

0T +u-VT — AT =0,

T=Tye L) at t =0, (7.8)

T=1at z=-1/2, T=0at z=1/2 Vte(0,00).

Remark 7.1.1. It is clear that for every &2, we have the inequality Q% <

max — max *

S
max -

Therefore, any upper bound on Q... provides an upper bound on ) Similarly,

S
max

any lower bound on Q) s also a lower bound on Q"

max*

Remark 7.1.2. The values of Q5. and Q.. for the three-dimensional problem
are larger than their corresponding values for the two-dimensional problem. This is
because any two-dimensional solution of the advection-diffusion equation is also a

solution in three dimensions by an extension that is invariant in the third direction.

Remark 7.1.3. In the unsteady case, the quantity Q(u) does not depend on the
initial condition Ty as long as this initial condition belongs to L*(Q2). Physically,
this means that the dependence of the solution T on the initial data is lost at long

times because of the presence of diffusion.

For both the steady and unsteady cases, in their two- and three-dimensional

versions, the questions of prime importance are:

(A) How do the maximum heat fluxes Q% .. and Q" scale with the input power

max max

2 for asymptotically large values of &7

(B) What does the structure of the flow fields that transfer heat “most effi-

ciently” look like?
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In this paper, we investigate these questions for the steady case only. The

unsteady case is also of great importance and will be considered in a future study.

7.1.3 Previous work and the present results

The problem of optimal heat transport between parallel walls, as described
above, was first introduced in the work of Hassanzadeh et al. (2014) whose moti-
vation was to improve previously known upper bounds on heat transfer in porous
medium convection (Doering and Constantin, 1998b) and Rayleigh-Bénard con-
vection (Doering and Constantin, 1996; Plasting and Kerswell, 2003; Whitehead
and Doering, 2011b; Wen et al., 2015). They studied the problem in two dimen-
sions, with stress-free boundary conditions. Using a combination of numerical
techniques and matched asymptotic analysis, they were able to establish distinct
upper bounds on the heat transport for fixed energy, as well as for fixed enstrophy.

Their initial investigation has since inspired several studies of optimal heat
transport between differentially heated plates (Tobasco and Doering, 2017; Mo-
toki et al., 2018b; Doering and Tobasco, 2019; Souza et al., 2020) and the slightly
different problem of optimal cooling of a fluid subjected to a given volumetric
heating (Marcotte et al., 2018; Iyer and Van, 2022; Tobasco, 2022). Of all these
studies, the three of particular interest to the current paper are (Tobasco and
Doering, 2017), (Motoki et al., 2018b) and (Doering and Tobasco, 2019). They all
investigate the same problem considered in this paper, i.e., optimal heat transport
between parallel boundaries by incompressible flows satisfying no-slip boundary
conditions with an enstrophy constraint. Doering and Tobasco (2019) derived an
upper bound on the maximum possible heat transfer, and showed that flows satis-

fying the required constraint cannot transport heat faster than a rate proportional
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to the enstrophy to the power of 1/3 i.e.,

u (P)<C'PY for P >C", (7.9)

max

where C’ is a universal constant but C” depends on the aspect ratio. This upper
bound is valid both in two and three dimensions and applies to Q% (<) as well
(see Remark 7.1.1). The same bound had been proved before in the context of
Rayleigh-Bénard convection in at least three different ways: using the variational
principle of Howard (Howard, 1963; Busse, 1969), the background method of Do-
ering & Constantin (Doering and Constantin, 1996; Plasting and Kerswell, 2003)
and more recently by Seis (Seis, 2015).

Complementary to their upper bound, Tobasco and Doering (2017) and Do-
ering and Tobasco (2019) constructed two-dimensional steady branching flows
(in which the flow structures have increasingly fine scales as one approaches the

boundary, see figure 7.2b) and showed that the upper bound (7.9) could be at-

tained up to an unknown logarithmic correction. More specifically, they showed

1/3
i S Qa2
Soon after the work of Tobasco and Doering (2017), Motoki et al. (2018b), through
a numerical optimization procedure, discovered complicated but rather beautiful
three-dimensional steady branching flows (depending on &?) that appear to dis-
play a heat transfer rate Q3 (&) ~ P1/3.

In this paper, we rigorously prove the empirical results of Motoki et al. (2018b)
and show that 21/3 < Q2 () by constructing three-dimensional steady branch-

max

ing pipe flows. Our main result is:
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Theorem 7.1.4 (Steady three-dimensional case). Let Q be Q3P as defined in
(7.4a-b). Then there ezists two positive constants &y and C' such that Q.. as

defined in (7.5), obeys the following lower bound:

091/3 < Qs (32)

max

for Py < P. The constants Py and C' depends on I, as follows:

1+ 153
gZO(ZI) = lg (,)7 C(ZCE) = Wcla

where Z(,C" > 0 are two universal constants.

Remark 7.1.5. Combining the result of Theorem 7.1.J with the upper bound
(7.9) and Remark 7.1.1, we fully characterize the exact behavior of maximum
heat transfer in three dimensions. In particular, we have Q3. ~ P23 (as a result

max

u o~ PV3) in three dimensions. Whether Q2 ~ 23 in two dimensions as

well as an open problem (see Conjecture 7.1.9).

Remark 7.1.6. It is clear that if [, > 1, then &y and C' are bounded from below
by two positive constants independent of l,. Therefore, assuming l, > 1, i.e., for
sufficiently wide domains, we can also restate the above theorem where Py and C

are two positive constants independent of any parameter.

Remark 7.1.7. We consider here a periodic setting in the v and y directions. As
the flows that we construct to prove the theorem have a compact support in space,
the theorem remains true if Q is a closed box of size l, and l,, with insulating and

no-slip side walls.
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7.1.4 Overview and philosophy of the proof
The variational principle

The proof of Theorem 7.1.4 relies on a variational principle for the heat trans-
fer derived by Doering and Tobasco (2019), which was inspired by the work in
homogenization theory such as of Avellaneda and Majda (1991); Fannjiang and
Papanicolaou (1994) about estimating the effective diffusivity in a random or pe-
riodic array of vortices. To state the result, we start by defining two admissible

sets:

A = L®(O;R®) N HL (O RY), (7.10a)

X® = Hy(9). (7.10Db)

For steady velocity fields, the variational principle associated with the maximiza-

tion of heat transfer can be stated as

Proposition 7.1.8 (Doering and Tobasco (2019)). For Q2. given by (7.5), we

max

have

fnax(‘@) —1=
(3(9 sz dw)2
sup su (7.11
otk SR VAT VO P de + Sy [Vul day [verde )

In (7.11), A~! denotes the inverse Laplacian operator in  corresponding to
the homogeneous Dirichlet boundary conditions. For completeness, we provide
a derivation of this variation principle in Appendix 7.B, which is adapted from
Doering and Tobasco (2019).

From the variational principles (7.11), we see that any choice of admissible
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Figure 7.1: Panel (a) illustrates good and bad strategies to maximize term [
defined in (7.12a-c). In the good scenario, ¢ is positive (indicated by red color)
where the flow is moving upward (positive z-direction) and is negative (blue color)
where the flow is moving downward. Therefore, u, and £ are positively correlated.
This is not the case in the bad scenario. Panel (b) illustrates good and bad
strategies to minimize term II. In the good scenario, V¢ is perpendicular to wu,
hence u - V& = 0, i.e., £ is constant along the streamlines and therefore the term
11 zero. In the bad scenario, V¢ is parallel to w, so the term I is nonzero.

velocity field w and scalar field ¢ provides a lower bound on the heat transfer.
Our goal, therefore, is to find a “good" flow field u (depending on &), and a
corresponding &, for which the dependence on & of the lower bound obtained
matches that of the theoretical upper bound (7.9), namely, 2'/3.

We closely analyze each term involved in the right-hand side of (7.11). We

label them

I— <]é uzfdm)2, 7= ]é VA (u - VE)[ da,

1
111 = ?]é |Vu|2da:]é Vel? da, (7.12a-c)

and henceforth refer to them as the transport term (7), the nonlocal term (I7)
and the dissipation term (/I1), respectively.

In order to obtain a good lower bound, we would ideally like to choose u and
¢ to maximize the right-hand side of (7.11) as much as possible. This, in turn,
means we should aim to maximize [ and minimize /7 and /1.

To maximize I, we should choose a flow field w such that its z-component is
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“positively correlated” with the £ field. Figure 7.1a shows examples of a good and
a bad scenario. To minimize I, we should choose u to be perpendicular to V¢
in most of the domain, which can alternatively be stated as £ should be constant
along the streamlines of the flow w. Figure 7.1b shows examples of a good and a
bad scenario.

Our aim at this point is to provide heuristic but compelling arguments why trial
velocity profiles such as (i) standard convection rolls and (ii) the two-dimensional
steady branching flows considered by Tobasco and Doering (2017); Doering and
Tobasco (2019) are not sufficient to prove Theorem 7.1.4. By diligently inspecting
the limitations of these trial flow fields, we are then naturally led to propose

three-dimensional branching pipe flows as the optimal solution.

Convection rolls

The first choice of a trial velocity profile w that comes to mind is the one
associated with planar convection rolls, as this is one of the simplest incompress-
ible flow fields capable of transporting heat by advection. Figure 7.2a shows the
streamlines of typical convection rolls. In the bulk region, far from the horizontal
walls, the flow either moves up or down. To maintain the incompressibility con-
straint, the flow must turn around in a boundary layer near the walls. We then
select a ¢ field accordingly, in an attempt to maximize I and minimize 1 (see
figure 7.1).

The advantage of this configuration is that it is possible to restrict the region
where u- V¢ is non-zero (which eventually contributes toward I7) to the boundary
layer only. However, this choice turns out to be particularly bad with respect to
the term I71. Indeed, assuming the flow velocity |u| ~ 1 in the bulk region, then

we must have a “large” fluid velocity |u| ~ ¢/0 in the boundary layer because
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of the incompressibility condition, where ¢ is the width of a single convection
roll. Consequently, Vu ~ £/§2, which essentially becomes “very large" for small
boundary layer thickness . Performing a formal scaling analysis of each individual

terms in the variational principle (7.11) yields

1
S+L5(G+%)

S
max ~v

The right-hand side is optimized by choosing § ~ 2 73/1" and ¢ ~ Z2~2/11 which
leads to

s > (@3/11.

max ~v

This scaling recovers the result of Souza et al. (2020), who rigorously showed
that Q*(u) ~ £%/1! for a particular choice of convective rolls, as well as the results
of Howard (1963); Doering and Constantin (1996) who found the same scaling in
the context of Rayleigh-Bénard convection. The exponent 3/11 is clearly less
than 1/3, suggesting that the convection rolls may not be the most efficient way

of transporting heat at high &2.

Two-dimensional steady branching flows

One way to improve the heat transport is to consider a flow field with a branch-
ing structure, i.e., where the scale of flow patterns becomes smaller (possibly in a
self-similar manner) as one approaches the walls, an idea that goes back to Busse
(Busse, 1969). The branching ends after a finite number of steps N, which de-
pends on &. The idea behind the branching is to continue dividing the flow into
“multiple channels" as it moves towards the wall, which helps maintain the typical

magnitude of the velocity field to be order unity throughout the domain. Letting
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(a)

Figure 7.2: Panel (a) shows the streamlines of a set of typical convective rolls.
Panel (b) shows the streamlines of a steady two dimensional branching flow. In
both figures, the streamlines have been overlayed with a ¢ field according to the
good scenario described in figure 7.1a (i.e. ¢ is positive whenever w, is positive,
and ¢ is negative whenever u, is negative). The red color indicates a positive
value of &, whereas the blue color indicates a negative value. The dashed circles
in both figures show regions where u - V¢ is nonzero.

Oy be the vertical thickness of the last branching level (namely, the boundary
layer), then such branching flows have Vu ~ d;,' in the boundary layer, which
is significantly smaller than Vu ~ &, in the case of convection rolls. As a re-
sult, branching greatly helps minimize term /I/ compared with a flow without
branching.

A replica of the two-dimensional steady branching flow structure constructed
by Tobasco and Doering (2017); Doering and Tobasco (2019) is shown in figure
7.2b and we have overlaid the streamlines with a ¢ field according to the good
scenario shown in figure 7.1a. Branching in two dimensions requires some part of
the flow to fold back at every branching level. Although this solves the problem
regarding the size of term 11, it creates a different topological issue. From figure
7.2b, it becomes clear that V¢ is parallel to w not just in the boundary layer but

also in the bulk at every branching level. A typical region is shown in the dashed
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circle in figure 7.2b. As a result, w- V¢ is nonzero (which ultimately increases term
IT) in a significant portion of the domain compared with the case of convection
rolls where this term was nonzero only in the boundary layer. Furthermore, there
does not appear to be a way around this topological obstruction by simply choosing
a different £ field. This is because the streamlines of the flow w continually fold
back throughout the branching structure, from the bulk to the boundary layer,
(see figure 7.2b) and leaving only very few streamlines to continue towards the
boundary layer. It therefore appears that the ‘good’ strategy of figure 7.1a (which
chooses £ positive wherever u, is positive), is not compatible with maintaining £
constant along streamlines (even in the bulk). In other words, it does not seem to
be possible to maximize I and minimize /1 at the same time in two dimensions.
However, it turns out the situation is still much better than the convection rolls

and a formal scaling analysis (see Doering and Tobasco, 2019) shows that

1

2
b+ 702 de+ 5 (g + T de )

S
max ~v

where (4, and ¢ denote the horizontal width of a typical roll in the bulk region
and in the boundary layer region, respectively, while the function ¢(z) captures
the change of the roll width as a function of the z coordinate. After optimizing

the unknown parameters (y;, lpuik, Iy and [(2)), one can at best show

1/3
I,
log*/® 2

which is result of Tobasco and Doering (2017); Doering and Tobasco (2019).

Whether there exists a two-dimensional steady flow that can overcome the

S
max

topological obstruction elaborated above to show 23 < Q% remains an open
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question. Based on the heuristic reasons given previously, we believe that there

are no such flows and therefore conjecture the following;:

Conjecture 7.1.9 (Weak). Let Q be Q*P given by (7.4a-b). Then the heat transfer
defined in (7.5) obeys
hax = 0o(21?)

for large &2, where ‘o’ denotes the little-o.

s

S is asymptotically smaller than £21/3

The weak conjecture states that @)
but does not identify the correct asymptotic scaling of Q% .. at large &2. It

is reasonable to assume that the lower bound estimate of Tobasco and Doering

(2017); Doering and Tobasco (2019) could be sharp. We therefore also conjecture:

Conjecture 7.1.10 (Strong). Let Q be Q%P given by (7.4a-b). Then the heat

transfer defined in (7.5) obeys

@1/3
e gl

for large &.

We strongly believe that the weak conjecture is true but have somewhat less

confidence that the strong conjecture is also true.

Three-dimensional steady branching pipe flows

The novelty of this work comes from the realization that the topological ob-
struction discussed above can be overcome by taking advantage of the third di-
mension. Indeed, in three dimensions, it is possible to construct flows with a

branching structure that continues all the way to the wall without the need to
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(b)

Figure 7.3: Illustration of the branching pipe flow. Panel (a): the parent con-
struct w. It consists of red and blue pipes which are the part of pipelines P,
and P gy, respectively. In panel (a), arrows are used in some pipes to show the
direction of the flow. The reducer region of a pipe, in which the radius of the pipe
decreases by a factor of half to ensure that the velocity remains, is also shown
using a dashed circle. Panel (b): the branching skeleton. To build the main copy
wy away from the boundary layer, we place the appropriately dilated version of
the parent construct @ along the skeleton up to N levels. Panel (¢): the parent
construct wy, used in the boundary layer. In the construct w,, the flow from red
pipes turn back to blue pipes (shown in the pink color). A 2D cartoon of the
resultant pipe flow is shown in figure 7.4.
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fold back as in the two-dimensional case. Therefore, in three dimensions, it is
possible to construct a flow field w that has a branching structure that ensures
|lu| ~ 1 everywhere, and a scalar field £ such that u, and £ always have the same
sign and u - V& = 0 everywhere except in the boundary layer. The construction
of the flow field u is both self-similar, and has finite support, so it looks like a
branching pipe flow.

The parent construct used to generate the self-similar flow w and scalar field
¢ is shown in figure 7.3a. It consists of two different types of pipes, one in which
the flow moves up (shown in red), so we choose £ positive in this region, and one
in which the flow moves down (shown in blue), so we choose ¢ negative in this
region. By placing appropriately scaled copies of this parent construct along the
tree structure shown in figure 7.3b, we obtain the desired self-similar branching
flow field. The self-similar construction does not continue forever, however, it
truncates after a finite number of levels N that depends on the value of &2. After
N branching levels, the flow finally folds back in the boundary layer, according
to the construct shown in figure 7.3c. This is the region where the hot and cold
pipelines finally merge and where u - V¢ is nonzero. A two-dimensional cartoon
projection of this three-dimensional branching pipe structure is shown in figure
7.4. This projection also illustrates the appearance of the topological obstruction
in two dimensions which informally can be expressed as “it is not possible to
build two branching channels, one hot (in which the flow moves up) and other
one cold (in which the flow moves down), in two-dimensions without having them
intersect.”

Using this choice of flow uw and scalar field &, we demonstrate in section 7.3

that a formal scaling analysis of the various terms in the variational principle
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stated in Proposition (7.1.8) yields

1
S R ——— (7.13)
max ~J o_ 4N
2=V + 5
The right-hand-side of this equation is optimized by choosing N = [log, 2/%], so
we find that Q% . > 22'/3. Theorem 7.1.4 is the rigorous result of this statement,

which will be proved in the subsequent sections. The construction carried out in

this paper can thus be summarized in three steps.

e Step I: Creating the parent constructs (the building blocks)

The velocity fields from this step form the basis for the self-similar con-
struction in the second step. In this step, we construct (i) w (figure 7.3a),
which is used to build branching flow away from the boundary layer. (ii) @,
(figure 7.3c), which is used in the boundary layer to truncate the branching

structure.

e Step II: Construction of the main copy (a single tree)

In this step, we assemble the appropriately dilated copies of the parent
constructs from the previous step to build the flow field @y (a 2D cartoon is
shown in figure 7.4). Here, N denotes the number of branching levels which

depends on . We also refer to this main copy as a single tree.

e Step III: Construction of the final flow field (a forest)

The flow field constructed in the last step is enough to capture the correct

S
max

the domain length and width [, and [,, we build the final flow field uw by

dependence of Q¢ on &. However, to capture the correct dependence on

placing several copies of the tree side-by-side to fill the whole domain, which

then looks like a forest.
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Figure 7.4: shows a 2D cartoon of the main copy @y. The pipeline P, is shown
in red color and the pipeline P j,,, is shown in blue color. In the blow-up figure
of a section of the pipeline, the graph of £, is also shown. Notice is that &, is
constant in the support of @wy.

7.1.5 Organization of the paper

The rest of paper is organized as follows. In section 7.2, we introduce a few
notations and preliminaries that will be frequently used throughout the paper. In
section 7.3, we perform Step III of the construction and prove the main theorem.
We provide a detailed sketch of the parent constructs in section 7.4. We then
carry out Step I and Step II. We provide a proof of Proposition 7.3.2 (essential for
the analysis of the nonlocal term defined in (7.12a-c)) in section 7.A. We close by
discussing implications of our results in section 7.5. A few of the more cumbersome

but trivial calculations required to finish the proofs are carried out in appendices.
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7.2 Notation and preliminaries

The three domains we will be frequently using in this paper are: R3, Q and

D, where
Q:="T, xT, x (-1/2,1/2), D :=R*x (-1/2,1/2). (7.14a-b)

Here, for some [ > 0, T, := (R/IZ) and T, is identified with [—1/2,1/2) in the
usual way. In the rest of this section, V' will denote either of these three domains:
R3, Q and D, whereas V will denote either R3 or D. Let &, 2’ € V, for which we

denote
x| = (z,y,0), and |z — x| = |z — 2y, (7.15a-b)

where | - | denotes the Euclidean distance. Let S C V', we will use 15 to denote
the indicator function corresponding to the set S.

We define the support of a scalar or a vector-valued function f on V' as

supp f = {xz € V| f(z) # 0}, (7.16)

and the support only in the z variable as

supp, f = {z € R[(z,y,2) € V, f(2,y,2) # 0}. (7.17)

For a given p € R3, we define a translation map T? : R® — R? as TP(x) =
x +p. The inverse map is therefore denoted as T~P. Then, if f is a scalar function

or a vector-valued function on R3, we define the corresponding translated function
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TP f as

(TP f)(x) = f(T"P(x)), where x € R® (7.18)

Similarly, for a given 6 € [0,2x], we define a rotation map py : V. — V,
which performs a counterclockwise rotation in the xy-plane by an angle . We
denote the inverse map by p_g. Then, if ( is a scalar function on V, we define the

corresponding rotated scalar function pg¢ on V as

(psQ) () = C(p-o(x)), where eV, (7.19)

Furthermore, if v is a vector-valued function defined on V, we define the corre-

sponding rotated vector-valued function pyv on V as

(pov)(x) = po (W(p_g(x))), where xeV. (7.20)

Let us denote the o—algebra of Borel sets by B(R?). Given a Radon measure
p: B(R?) — R and a vector field u € L}, (R R3, i), the set function v : B(R3) —

loc

R:S

V= (ywa Vy, Vz) = (uxﬂyuy,uauz,u) (721)

is called a vector-valued Radon measure. In what follows, we will also use the
alternate notation v = upu. The Riesz’s theorem ensures that the space of vector-
valued Radon measure M is dual to the space of compactly supported continuous
vector fields C.(R?* R3) (Giaquinta et al., 1998; Maggi, 2012). Given a function

f € C.(R3) and v € M as defined in (7.21), the integration of f with respect to
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the measure v is a vector in R? and is given by

/Rg Jfdv= (/Rd fua dﬂv/w fuy du,/Rg fu. du>, (7.22)

and the convolution is given by

(f % v)(x) = / fla — ') du(a). (7.23)

R3

7.3 Step III of the construction: Proof of Theo-

rem 7.1.4

In this section, we begin by performing Step III of the construction of the full
flow field w and scalar function £&. We assume the existence of main copies wy
and & with properties stated in the proposition below. Then we place several of
these copies together in €2, to build the flow field u and scalar field &, which we

then use in the variational principle (7.11) to prove Theorem 7.1.4.

Proposition 7.3.1. For every positive integer N, there exist uy € C°(D;R3?)
and &y € C(D) such that

(i) V- -uy =0,

(ii) suppuy Usupp &y € (—1/2,1/2) x (—=1/2,1/2) x (=1/2,1/2),

(iii) supp, (Un-VEy) € (1/2—c127V,1/2— 27 MYU(=1/24¢227 N, —1/2+¢,27V),
(iv) [an - Ve, ) 2

(v) Jp |V de + [ [VEy [ de S 2V,

(vi) [pliy,Endx > c3 >0,

Here, 0 < co < ¢ < 1 and c3 are constants independent of N and Uy, is the

z-component of Wy .
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Proof of Theorem 7.1.4. We construct u (and &) by appropriately placing several
horizontally scaled copies of wy (and £ ) from Proposition 7.3.1 side-by-side (see
below for details). Specifically, let n, and n, be two positive integers, then we
place n,n, copies of Wy (and £y) in a two-dimensional rectangular horizontal
array. Then from the conditions on &y and &, given in Proposition 7.3.1, we can
obtain estimates on the various terms in the expression (7.11) and show that the

desired lower bound on @) stated in Theorem 7.1.4.

S
max’

More specifically, given n,,n, € N, we define two lengths d, and d, as follows:

ly l
d, =— and d,=-"~.

Ny Ny

Next, we define w: D — R3 and £ : D — R as
l, 2i—1 l 27 —1
u (:cdz 5 + lex,ydy - §y + ‘]Tdy, z) =uy(z,y,2)
L, 2i—1 I, 2j—1 _
f (xdx - E + Tdacvydy - 5@/ + Tdyv Z) = £N<I,y72)
forall i,j € Z and (z,y,2) € (—1/2,1/2) x (=1/2,1/2) x (—=1/2,1/2), otherwise,
u = 0 and £ = 0. It is clear that w and { are [, — [,—periodic functions. It
is the identification of these [, — [, —periodic functions with functions on §2 =
T;, x Ty, x (=1/2,1/2), which we continue to denote as w and £, that we use
throughout.
By construction, u € C2°(Q;R?) and £ € C>°(Q) and therefore belongs to the
admissible sets A® and X® defined in (7.10a) and (7.10b), respectively. Having

constructed these functions, we can now estimate the important terms in the
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variational formula (7.11). Let’s start with the following:

~leyd, ~Wad, L
|Vu|2d:13 = |V'u,|2 = Nally |Vu|2 dx
L l ll, J-& ~l

nxnyd d, nxnyd d N

< 2d 2
~ lgclymin{d%,dz,l}/ Vay[de S , min{d2, &2, 1} (7.25)
Similarly, we have
d.d, NgNydydy,
24 Mty / 24 =y N (7.2
][Wé' 230 ,min{d2, &2 1} Jp Vel de S ymin{d2, a2, 1} (7.26)
and
][ .t dz — nndd/ iy By da > TG (7.27)
Q L, Jo L,
Finally, we have
2N
- VfHLw(Q) S (7.28)

min{d,, d,, 1}’
with
supp, (u - V§) €
(1/2 = c127V,1/2 =27 M) U (=1/2 + 27N, —1/2 + ¢,27V) (7.29)
Provided N > 3, we obtain

1
~ 2N min{d2,d2,1}’

][ VA~ div(ué)?de < (7.30)

using the following proposition.
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Proposition 7.3.2. Let f € L*(Q) such that supp, f C (1/2 — ¢18,1/2 — c3e) U
(—=1/24 coe, —1/24 1), where 0 < c; < ¢ < 1 and € < 1/4 are three constants,

then we have

£1VAT Az S < 1f] ey (7:31)

Proof of the Proposition 7.3.2 is provided in section 7.A.

At this point, we prescribe n, and n,. As stated in the introduction, we have
chosen [, <[, without loss of generality. We divide the proof of the theorem into
two parts: (i) when [, > 1, (ii) when [, < 1.

In the first case (I, > 1), we choose
ny = [l;| and n, =[], (7.32)
where [ - ] is the ceiling function. Then from the definitions of d, and d,, we have

<dy,d, < 1. (7.33)

N | —

Noting this and using the estimates (7.25), (7.26), (7.27) and (7.28) in (7.11) gives

S Qu(2), (7.34)

1
C55N + C6 %

where ¢5; and cg are two constants independent of any parameter. Choosing the

value of N as

N = F log, 65‘@} , (7.35)
6
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we can show

PV < Quax(P) (7.36)
provided
» > 2% (7.37)
Cs

In the second case, when [, < 1, we choose

l
n, =1 and n,= Ly—‘ : (7.38)
then we have
Iy
d, =1, and by <d, <l,. (7.39)

The estimates (7.25), (7.26), (7.27) and (7.28) then imply

1

7 S Qmax(2), (7.40)

1
Cravg T Cs g

for some positive constants ¢; and cg independent of any parameter. Now choosing

the following value of N

1 C7gzl2
N=1]=1 z 41
we obtain
P < Qmax(P), (7.42)
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provided

208
Pz — 7.43
~J C7la2;7 ( )
which then completes the proof of the Theorem 7.1.4. O]

7.4 Construction of three-dimensional branch-
ing pipe flow: Step I and Step 11

Having established that if Proposition 7.3.1 holds, then we can prove Theorem
7.1.4, we now turn to the more delicate question of how to prove Proposition 7.3.1.
In other words, the goal of this section is to perform Step I, which is to build the
parent constructs @, &y, & and &,, followed by Step II, which is to create the main
copies wy and &,. We start by giving a sketch of the parent copies and how to
assemble their dilated versions to create the main copies, which is then followed

by the actual construction in Step I and Step II.

7.4.1 An overivew of the construction

As the support of the velocity field wy looks like a pipe network (see figure
7.4) and the flow field itself is similar to flow in pipes, we use words such as pipe,
pipe network or pipeline for ease of exposition below.

The main copy mwy consists of two “pipelines”: one in which the flow goes
upward (the positive z-direction) in a branching fashion, P,, (shown in red in
figure 7.4) and one in which the flow goes downward (the negative z-direction),

again in a branching fashion, Pg,,, (shown in blue). The part of the pipelines
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P,, and P, that resides in the parent construct w is also shown in red and
blue, in figure 7.3.

The volume flow rate through both of these pipelines is the same. In what
follows, we describe the pipeline design only for z > 0 and simply use mirror
symmetry to construct the pipeline for z < 0. In the parent construct, P,,, starts
from a center pipe, denoted by P, in figure 7.3a. The center pipe goes up vertically,
until a first junction at z = 1/8, where it splits into four pipes going right (positive
x-direction) P, left (negative z-direction) P, front (positive y-direction) Py and
back (negative y-direction) P,. In plumbing terms, the junction of these pipes
would be known as a 5-way cross. The horizontal extent of these pipes is 1/4.
Near the junction, each of the four horizontal pipes has a radius equal to that
of P.. Therefore, because of incompressibility condition, the speed of the flow
goes down by a factor of four as the flow enters from P, to P., P, P; and B,.
However, away from the junction (midway), a constriction is added to reduce
the radii of these four pipes by a factor of half after which the speed of the flow
regains its original value (again because of incompressibility). In plumbing terms,
the region where the radius of the pipe decreases is known as a reducer. Finally,
these horizontal pipes bend upward up to a level z = 1/4. With this construction,
the pipeline P, near z = 1/4 consists of four pipes whose radius is half that of
the pipe P, near z = 0 but all of them with same magnitude of velocity. We can
then continue the pipeline from z = 1/4 to z = 1/4+1/8 by adding four half-sized
copies of the original one. In a similar way, the pipeline can be further continued
up to any number of levels N.

The pipeline Py, in which the flow goes down, consists of four pipes sur-
rounding P., each with radii equal to that of P.. The speed of the flow in one of

these four pipes is 1/4 the speed of the flow in P,, ensuring that the total volume
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flow going upward and downward are the same. The flow in these four pipes come
from the horizontally placed pipes that are similarly surrounding the pipes P,, P,
P; and P, as shown in figure 7.3a. The radii of these horizontal pipes, similar to
the case of the previous pipeline, changes by a factor of two to ensure that the flow
velocity in the vertical pipes that they connect remains the same. Finally, before
bending in the upward direction, the horizontal pipes, in this pipeline, close their
distance to the horizontal pipes from pipeline P,, to make sure that we can glue
a self-similar parent copy of half-the-size to continue the pipeline.

The self-similar continuation of both pipelines truncates after a fixed number
of levels N (depending on 7). In the last level (closest to the wall), the two
pipelines merge, i.e., the flow from the pipeline P,, goes to the pipeline P jo,.
This done by gluing an appropriately scaled parent construct @, as shown in figure
7.3c.

Once we have the main copy @y ready, we can select 5. We choose &y
(everywhere except in the boundary layers where the pipelines truncate) to be
such that its value is a positive constant {, in the region where the pipeline P,
lies and is —&p in the region where the pipeline P4, lies and decays to zero
rapidly away from these pipelines (see figure 7.4). There are two advantages with

this choice:

(i) The quantity @y - V& is identically zero except in the last level of con-
struction where the branching structure truncates. Therefore, it is possible
to restrict the support of @y - V& to a thin horizontal layer close to the wall,

which helps in obtaining a good estimate on the nonlocal term in (7.12a-c).
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(ii) The transport term simplifies as follows.

/UN,Z ENda" %&)/P

where Vj > 0 is the total flow (constant volume flux through any horizontal

Ty da — & / Ty dz ~ 26 Vi,

P down

section) going upward in pipeline P, or downward in pipeline P gyy,. There
will be minor corrections in the region where the pipelines truncate, which

is why we use the approximate symbol.

In summary, we built two pipelines with a self-similar “tree-like” branching
structure. The first one, P, is “hot” (as €y is positive in that region) in which the
flow goes up and the second one, P gy, is “cold” (as € y is negative) and surrounds
(without touching) the hot pipeline P,,. This type of “disentanglement” of the
hot pipeline from the cold one is possible in three dimensions but not in two

dimensions and is the main reason behind the proof of Theorem 7.1.4.

7.4.2 Step I: Construction of the parent copies

The purpose of this subsection is to build the parent constructs: @, w, and
the trial {-field: €, &,. Let us define a few parameters that will be frequently used

in this section:
y=— A= — 6= —. (7.44)

These parameters can roughly be understood as follows. The parameter v can be
thought of as the radius of pipes in which the flow field is supported, whereas A is
the radius of pipes in which the £—field is supported and § denotes the distance

between pipeline P, and P 4, in the parent copy wu.
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The flow field ©w and u,

To construct the flow field, the basic idea is to define an appropriate vector-
valued Radon measure supported on a set. This set is a collection of line segments
and rays, which, in a loose sense, form the skeleton of the pipelines whose sketch
is described in subsection 7.4.1. Most of the desired flow field will then be created
by regularizing the Radon measure using a convolution with a mollifier, except in
the reducer region of the pipelines. The flow field in the reducer region will be
designed separately with the help of an axisymmetric streamfuction.

We start by defining a few important points in R?, which will be helpful in

creating the “skeleton” of the pipelines. We define

b, = <07070>> Py = (07071/8)7 Ps = (1/47071/8)7 Py = (1/47071/4)7

and

qy’ = (0, j0,0), q3’ = (9, 79,1/8—1id), q3 = <4 + 225, jo, 1/8 —i5> :

» 1 i 30 , >y 1 0 j6 1
z,]:: - e 18_5 %J:: _ < _
q, <4+2727 / Z)? qs <4+2a274>7

where 7,7 € Z. Next, we define a family of points, obtained by horizontal rotation

of the points defined above. Let 6 € [0, 27|, we define

pk,@ = p@(pk) for & S {1727374}7

iy = pelqy’)  for ke {12,345} (7.45)

We recall that the transformation py, defined in section 7.2, is a counterclockwise

horizontal rotation by an angle 6.
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We define two sets:
T 3T
J ={-1,1} and O = {0, 5 }

Before defining the appropriate vector-valued Radon measures, we set a few
notations. Given two points ai,as € R3, where a; # a,, we denote the line

segment whose end points are a; and a, as
a1a; = {(1 —t)a; +tas| t €[0,1]}, (7.46)

whereas to denote the ray that starts at a; and goes all the way up to infinity,

passing through the point as as
ara; = {(1 —t)a; + tay| t € [0,00)}. (7.47)
For a given S C R? and € > 0, we denote the e —neighborhood of the set S by
S = {x € R?| dist(x, S) < e}. (7.48)

Finally, H! denotes the Hausdorff measure of dimension one.

Using Table 7.1, we now define a few vector-valued measures as

v =1y + vy + e, (7.50a)
vl = vy + vy + U5 + v + v, (7.50Db)
Vp = Uy + Vg + 1. (7.50¢)

The measure v* will be used in constructing the upward moving part of the flow
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b1y = D2gPsy
R —
la9 = D3Py

lso = aysq

64,9 =y 43

[N BN RN |
50 — 20939

[N TN AN
6,0 — 3094

RN N
70— 4995

len = g% g%
80 — 420919
69,9 D295y

€y ‘= €,
_ 1 P3g—Day
el = 1o o1
|P3,9 — P2y
€,
€20 = —~
’ 4
. ez
€30 = —Z
€.
=Ty

.5 1,7
_ 1 9 a5
- 1,5 1,7
16 |Q2,9 —ds3y
%] %,J

1 a5p — a4
2,7 ,J

16 |Q3,0 —dyy

€.
16
€.

4

0,
1 ‘b,é — P2

= 00
4 |Q2,9 — Pyl

Vo

151

Vo

V3

Vy

Vs

Vg

Uy

g

Vg

= €0H1L£0

= et Ll
0cO

= Z 6279H1L€279
fco

1
=Y esoH'Llsp

0cO

=2 eapH'Llig

0cO

=2 > eyl

0O ijeJ

=3 > egiHt

0cO i,je]

= Z Z e;:é’Hll_ﬁ

0O i,je]

= esoH sy

0cO

= Z 69797'[1l_ 59’9

0cO

25J
5,0

1,
6,0

7:7j
7.0

(7.49a)
(7.49Db)

(7.49¢)

(7.49d)

(7.49¢)

(7.49¢)

(7.49g)
(7.49h)

(7.49i)

(7.49))

Table 7.1: A few useful definitions: line segments or rays (column one), vectors
in R? (column two) and vector-valued measures (column three).

field w and v? will be used for constructing the downward moving part of the flow

field, whereas, v, will be useful in constructing the flow field w;,. We also define a
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few useful sets as

SY = E() U U 6179 U fgﬁ, (751&)
0O
Sti=J [ seUlupu |J G0l uts,|, (7.51D)
) ijed
S = S"u S (7.51c)
Sb = 60 U U 6879 U 6979. (751d)
60O

To regularize the measures, we define a family of mollifiers. Let ¢ € C°(R?)

be any radial bump function whose support lies in || < 1, such as

p(x) = P(|z]), (7.52)

where © : R — R is defined as

cexp( 1 ) if |r| <1,

r2—1

o(r) = (7.53)

0 if |r|>1,

and c is chosen such that [ps ¢(x)dx = 1. For any ¢ > 0, we then define a

standard mollifier as

oel@) = 5o (%), (7.54)

We use this definition of mollifier and the measures (7.50a-d) to define the velocity
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fields

a7 u a7 U
ul — (IO’Y x V 9 UQ — ()0% * UV 5
ud =, x 1, ug = g+ v, (7.55a-¢)

Up ‘= Py * Vp.

From the definition of ¢, in (7.54) and the definition of the velocity fields (7.55a-¢),
we see that

supp ;" U suppay € S*7, supp @i Usuppas C 57,
(7.56a-c)

suppa, C S).

Here, we added 7 in the superscripts to mean ~-neighborhood of the sets (see
definition (7.48)). Also, from the definition (7.55a-¢), we see that all the velocity
fields belong to L>(R3; R3).

Our next task is to show that the velocity fields as defined in (7.55a-¢) belong

to C(R3;R?) and are divergence free. We start with the following definition.

Definition 7.4.1 (Kirchhoff’s junction). Let p € R? be a point and €; € R?,
for j =1 ton € N, be different non-zero vectors. Also, let o; € {—1,1}, for
Jj € {1,...n}, be n numbers. We say p together with the set of pairs €; and o,

forms a Kirchhoff’s junction if
j=1

For every Kirchhoft’s junction defined above, we can associate a vector-valued
Radon measure v. First define n rays emanating from p as Zj = {y;[t)[t €

[0,00)}, where y, : R — R3 are curves which in the parametric form are given by
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y,(t) = p +te;/|e;|, for t € [0,00). Consider the vector-valued Radon measures
supported on these rays as 7; = OjéjHlLZj. Using these measures, we define a

measure corresponding to the Kirchhoff’s junction as

p=3 . (7.58)

Next, we state an important lemma.

Lemma 7.4.1. Let ¢ € C°(R3) be a radially symmetric mollifier such that the
support of 1 lies in |x| < e, for some € > 0. Assume that p € R and a set of n
pairs, €; € R® and o; € {—1,1}, for j =1 ton € N, forms a Kirchhoff’s junction.
Let U be the associated vector-valued Radon measure to this junction. Then the

velocity field given by @ = * U belongs to C°(R>;R3) and is divergence-free.

Proof of Lemma 7.4.1. By differentiating under the integral sign in the expression
of @, we immediately see that u € C°°(R%* R3). Next, for any x, € R?, the

following calculation holds

(V@)@ =30 [ & Vilm - ) Dy

j=1
B n ~ 00 81/)(3'}0 - y](tj))
= ;0J|8]’/ 875]- dt]
= ol v — 1)
j=1
= 9(p) 3 ojle)|
j=1

Finally, using the assumption of the Kirchhoff’s junction, implies V-u =0. [
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Corollary 7.4.1. Let v € C°(R?) be a radially symmetric mollifier such that the
support of ¥ lies in |x| < e, for some ¢ > 0. Let p, € R3, where i € {1,...m},
be m points which are part of m different Kirchhoff’s junctions and let U; be the
vector-valued Radon measures associated to each of the Kirchhoff’s junction. Then
for the vector-valued Radon measure defined as U = YI" | U;, the velocity field given

by @ =) * U belongs to C°(R3;R3) and is divergence-free.

Lemma 7.4.2. Let p; and py, be two different points in R3. Let (s = DD
and €15 = c¢(py — Py) for some ¢ > 0. Then a vector-valued measure defined as
Diy = €M L1y can also be written as Dyy = Uiy + Ugus, where Dy = (—€12)H i,

D\out = élQHll—gouty fm = {]32 —I—telg |t - [0, OO)}, CLTLd fout = {]A?l +t612 | t e [O, OO)}
Proof of 7.4.2. We can write Uy, = Doutlrs + Doutlin. NoW Dpusilys coincides

with 7j5 in R?, whereas 7;, + Upulin is a zero measure, which then finishes the

proof. O]

A tedious verification shows that using Lemma 7.4.2, the vector-valued mea-
sures (7.50a-c) can be written as a sum of vector-valued measures associated with
different Kirchhoff’s junctions. Therefore, the velocity fields as defined in (7.55a-¢)
belong to C(R3; R?) and are divergence free. Here, we write down the Kirchhoff’s

junctions such that the sum of associated vector-valued measures is v*:

Junction No. The point p The set of pairs of €; and o,
1 2 {(e, 1), (5, -1), (%, -1), (=5, -1), (=F, - 1)}

2 Dso (
(
4 Dy {
{
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It can be shown that a similar decomposition exists for the other three measures

defined in (7.50).

Patching up w; and w,: Construction in the reducer region

To design the velocity field @, we need to patch the velocity fields @w; and

Uy by defining an appropriate velocity field in the reducer region. Therefore, at

this point, we shift our focus to designing velocity field in the reducer region.
We start by considering a simple example of one reducer, where we design such

a velocity field. Let’s define a function m : R — R as

(@) de, (7.59)

m(r) = 713/_0:0@

where  is defined in (7.53). In what follows, we will use

o0 as a placeholder for \/y? + 22

in rest of the section. With these definitions in hand, we define two velocity fields

w,, U, : R? — R3 as

’U,S(ZB) = (ﬂx,saﬂy,saﬂz,s) = (m<Q)7O7O>>
Ue(x) = (Upe, Uy e, Use) = (4m(20),0,0) for x € R

(7.60)

As ® has a compact support, therefore, @, w, € L®(R3 R?). The arguments given
in Appendix 7.D show that both of these velocity fields also belong to C*°(R?, R3).

Furthermore, it is clear that both the velocity fields are divergence free. Finally,
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one can verify that the volume flux through any plane parallel to the yz-plane is
same for both the velocity fields.

The task at hand is to come up with a divergence free velocity field @, such
that it coincides with u, in the region x < 0 and it coincides with u, in the region
v < z, and it belongs to L>°(R3; R*)NC>(R3, R3). To ensure the required velocity
field is divergence free, we work with streamfunctions. The strategy is to define
the velocity field in the reducer region (0 < x < =) based on a streamfunction
which smoothly matches with streamfunction corresponding to the velocity field
u, for x < 0 and with streamfunction corresponding to the velocity field u, for

x > 7. To pursue this idea, we define two functions ¥y, W, : R — R as
U, (r) = /0|r| r’'m(r") dr’, U (r) = 4/0|T r'm(2r") dr’.
Next, we define ¥, : R2 — R as
Welz,r) = (1= ny(2))Ws(r) + 17 (2) We(r),

where 1. = n(x/e) and n is a smooth cut-off function such that n = 0 for x < 0
and n =1 for x > 1.
The function ¥.(x,r) may be understood as the axisymmetric streamfunction

of the desired velocity field. With the help of W.(z,r), we are ready to define the
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components of the velocity field that we wish to construct as

Uy o(x) = (1 = 15(x))m(0) + 4m(20)1()

. y%g%(qjs(g) - qje(@)) if 0 7é O,
Ty () =

0 if y,z2=0.
_ 2L (Wo(0) = Wel0)) if 0 #0,
Uy o(x) =

0 if y,z=0.

where € R3. The velocity field is then given by

Ue = (Uy,c, Uy,c, U c)- (7.61)

With this definition, we state the following lemma.

Lemma 7.4.3. Let the velocity field @, be as defined in (7.61). Then it coincides
with w, when v < 0 and with w, when v < x. Furthermore, W, € L= (R3;R3) N

C>(R?;R3) and is divergence free with

supp @, C {(z,y,2) |y* + 22 <*}. (7.62)

Proof. With the definition of function m (7.59) and noting that ¥y(9) = ¥.(0)
when ¢ > v, we obtain (7.62). It is clear by construction that @, coincides with @
when x < 0 and with @, when v < x and therefore it is also infinite differentiable
in these regions. To see the infinite differentiability in the region 0 < z < v, we
use Lemma 7.4.3 given in Appendix 7.D. Finally, as the velocity field @, is defined

based on a streamfunction, it is necessarily divergence-free. O

260



With this lemma in hand, we are ready to patch w; and w, using u, to con-

struct the velocity field @. For this purpose, we define a few points in R? as
so=(1/8,0,0), sy =(1/8,j6,—i6) for i,j€J (7.63)

We also define two velocity field as

u 1 S0+ — 1 JJA—
red "= ZT 0“’07 u;ied = _E Z T°r u..

i,7€J

g|

As a result of Lemma 7.4.3, the velocity fields

u" = ﬁlulﬂx‘,w‘gyg} + ﬁgu1{\x|21/8+’y}u{|y|21/8+’y} + Z Po ﬁ;Ledl{l/8<’£<1/8+’Y}7
0cO

u? = ﬁfll{‘x|7|y|§1/g} + ﬁgd1{|x\21/8+'y}u{|y\21/8+'y} + Z Po ﬁged1{1/8<$<1/8+’7}’
=)

are uniformly bounded, infinitely differentiable, divergence free with suppu® C
S and supp@? C S%7. Finally, we arrive at the definition of the parent con-

struct
u=u"+u'. (7.64)

Summarizing the properties of the parent constructs @ and @, (from (7.55a-¢)),
we have w, w;, € C*°(R3; R?) N L>°(R3; R?), both obeying V-1 =0 and V-, = 0

with

suppw C S7, suppa, C Sy (7.65)

261



Next, define a few points in R? as

cosf sinf 1
T = | —— —=
o 4 4 4

—> for 60 € 0.

We now gather an important property of the parent constructs w and w;, which

is that the velocity fields defined as

U = ﬁ($)1{z<1/4} —+ (Z TTG’UJ(QJ:)) 1{z21/4}7 (766&)
0cO

’lNI,b = ﬁ(m)1{2<1/4} + (Z TTG’U,b<233)) 1{z21/4}7 (766b)
0cO

g|

U, = (CL‘) 1z20 + (_ﬂx(m7 Y, _Z)a —Uy(ZE, Y, —2),ﬂ2($, Y, _2)) 1Z<07 (766C)

all belong to C*°(R?* R?). For example, let’s look at . The infinite differen-
tiability away from z = 1/4 is clear by definition. However, the velocity fields w

and

> T™wu(2x)

)
are identical when 7/32 < z < 9/32, which can be shown by writing down their
explicit expressions in this region. Therefore, w is infinitely differentiable at z =

1/4 as well. Similar arguments apply for @, and ..

The scalar fields ¢ and &,

The construction of £ and &, is relatively simple but somewhat different from
that of @ and ;. Recall from the detailed sketch given in section 7.4.1, we want to
create a scalar field £ that is constant in the support of the velocity field w (with the
exception of the boundary layer). To that end, we first define a few sets consisting

of line segments and rays, which in a sense form the skeleton. This step is the
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same as in the previous subsection. We then consider a A-neighborhood of this
skeleton for sufficiently small positive A\. Next, we mollify the indicator function
of this A-neighborhood set. If the mollification parameter, which we choose to be
v, is small compared with A, we will have designed a smooth function supported
in tubes of radius A\ + v and constant in tubes of radius A — v enveloping the
skeleton. This strategy works everywhere except in the reducer region, where we
design the scalar field using a cut-off function similar to the case of the velocity
field. We now begin our construction.

In addition to (7.45), we define a few extra points in R® as

p5 = (Oa Oa h)a qﬁ = (67 57 h)a

and a few rays

—
Y . 0,1
l1o = p5 Py, l1160=Qs04q1p >

where g 4 = po(qs). Here, we choose

h:E

To complement (7.51), we also define

Si = fy, Si= | liig.
0cO

Remember, we chose A\ = 1/100 and v = 1/500 (see (7.44)). Now using the
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definition of e-neighborhood of a set (7.48), we define the following scalar fields:

—u —=d
§1 = @y * Lgun, §1 =~y * Lgan ,

—=u —d
§o =y lgune, &= —@yp*Llganse, (7.67a-f)

—u —=d
§p = oy % 1§;M ) §p = —py % 1§£M )

which belong to C*°(R?) as a result of the following lemma.

Lemma 7.4.4. Let f : R* — R be a locally integrable function and let i €
C>(R3) be a radially symmetric mollifier such that the support of 1 lies in |z| < €.

Then the function given by g = 1 * f belongs to C™(R3).

Proof. By differentiating under the integral sign in the expression of g, one can

finish the proof. [

From the definitions (7.67a-f), we notice

supp&; Usupp&y C 57, supp&; Usuppg; € S,
_ (7.68a-d)
supp &, € S;7, suppgz C SpM.
Moreover,
Ef(m) = E;(a:) =1 when =zx¢€ S“’LT,
Eld(w) = fgd(:c) =—1 when x¢€ de%v
(7.69a-d)

&(x)=1 when e S,

EZ(ZL') — -1 when xe SP*7,
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Next, let’s define two scalar fields for the construction in the reducer region

—Uu

Erea(®) =& () (L=, (2 = 1/8)) + & (x) 1, (x — 1/8) for z € R,

£l (@) =&l (x) (1 —ny(z —1/8)) + & (x) py(x — 1/8) for @ € R?.

We can use them to define

€ =& Lalyi<asy + & Lialiylzr/seny + D £0 Ereal/s<a<t/snd
SS]

—=d —d —d —d
£ =& Ll pyi<i/sy + & Lijallylz1/814} T D 00 Ereal(1/8<e<1/847)-
0cO

It can be easily verified that £ is infinitely differentiable, that its support lies
in S 7 and that its value is 1 when @ € S®°3*. Similarly, £ is infinitely
differentiable has a support that lies in S***7 and its value is —1 when & € S% 5

We finally define the parent copies for the scalar field as

g=¢"+¢",  §=8'+% (7.72a-b)

In summary, &,&, € L®(R3) N C*®(R?), supp& C S US4 and supp €, C

U, Ay aod, A+
b U Sy

Similar to the case of velocity field, an important outcome of our construction

is that scalar fields

§(x) = E(@) Lcyya + gT” (£(22)) 1.1/, (7.73a)

&(x) =E&(x) Locia + Y T7(6,(22)) Los1/a, (7.73Db)
0co

;c;(x) =&(x) 1,50 + &(2,y, —2) 1,0, (7.73¢)
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all belong to C*(R?).
Let’s now gather some of the important properties of the parent constructs of

the velocity field and the scalar field in the following proposition.

Proposition 7.4.2. In the definitions (7.64, 7.55a-¢) and (7.72a-b) the two
velocity fields w,w, € C*(R3 R3) N L*(R3 R3) and the scalar fields £,&, €
C>(R3) N L*°(R3) are such that the following statements are true.

(i))V-wu=0and V-u, =0,

(ii) suppw Usupp & C (—=1/3,1/3) x (—=1/3,1/3) x R,

(iii) supp i, Usupp &, C (—1/3,1/3) x (=1/3,1/3) x (—00,1/4),

(iv) w- VE =0, while supp, (uy - VE,) € (1/32,5/64),

() Jeo 2L 0Edm > c5 > 0 and [z [50,.€, da > 0.

Here, c3 is a positive constant independent of any parameter. Furthermore, the
velocity fields w, uy, @, as defined in (7.66) and the scalar fields 5, Eb, é} defined in
(7.73), respectively belong to C*°(R3 R3) and C*(R?).

Proof of Proposition 7.4.2. We already proved all the points except (iv) and (v),
which we prove now.

We first focus on point (iv). We note that: (1) supp@ = suppu* U supp u?,
(2) suppa" C S“7 C S“’%, (3) suppm? C S C S35, Furthermore, because
of our choices of §, v and A, we see that Su5t N S = ). Now, if x ¢
S35 U S5 it clear that (m- V&) (x) =0, as for this case ¢ suppw. In the
next case, when x € S“’%W, we have £ = 1 which implies (w - VE)(z) = 0. In a
similar manner, one can show (- VE&)(x) = 0 when x € el

Next, we show that supp, w, - V€, € (1/32,5/64). We first note that
{z < h} Nsupp@, C Sy U SFA7,
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and that 5;“)‘_7 N g,'f’A_7 = (). For z < h, we proceed as in the last paragraph to
show (- VE,)(z) = 0. When z > h+ A+, from the definition of S and S¢, we
see that &, = 0, therefore, (@, - VE,)(x) = 0 in this region as well. To summarize,
supp, W, - V&, C [h,h+~v+ A € (1/32,5/64).

Now we move to point (v) of Proposition 7.4.2. From a straightforward calcu-

lation, we see that

/ u.fdr = u,€ dx
R3N{0<z<1/4} (supp w*Usupp a?)N{0<z<1/4}

= € dx + . de
supp u*N{0<z<1/4} supp u?n{0<z<1/4}

= "¢ dx + %€ de
suppu*N{0<z<1/4} supp u?N{0<z<1/4}

ut de — / u? dae
o o
suppu*N{0<z<1/4} suppu®N{0<z<1/4}

ot da — / wd da
R3N{0<z<1/4} R3N{0<z<1/4}
17 . Ly
= Z /]R2 uz('v O) dzdy — Z /R2 uz('u 0) dzdy

=3 >0, (7.74)

where c3 is some constant. To obtain the fourth line, we used the fact that
£(x) = 1 when & € suppu® and (x) = —1 when & € suppu?. To obtain the
sixth line, we used the fact that u* and w? are divergence-free and that their
support is bounded in the zy-plane, which in turn implies that the volume flux

through any horizontal section is the same, i.e.,

/RZ us(-, z)dedy = /R2 uy(-,0)dzdy and

—d Y —y
/RZ uy (-, 2) dedy = /R2 ui(-,0)dzdy for any =z.

267



To show

/ ﬂb,ng dex Z 07
R3N{0<2<1/4}

we simply note that £, = 0 when z > h+ A+~ and for z < h + X + v, the
velocity wy is unidirectional (only the z-component is non-zero). Furthermore, in

this region, wherever u,, > 0, we have &, > 0 and wherever . < 0, we have

Eb§0~ O

7.4.3 Main copies uy and £,: Proof of Proposition 7.3.1

Let’s begin with a few useful definitions. First, let

1 1
ST T 9im

for i€ Z>o,
mark the vertical positions of the interfaces of different layers, while the intervals
Zi = |zi_1,%) for i€eN, (7.75)
denote the different layers. We define the set
F:={(1,0),(=1,0),(0,1), (0, = 1)}
which we use to define sets of nodal points as

J=1

/\/;L: {('T7yazz) r =

lil lil
Q; B _
3521 jSl =) 2T (o, B;) € F} for e N.(7.76)

Proof of Proposition 7.3.1. For a given integer N > 1, we need to construct a

velocity field wy and a scalar field £y in the domain D such that they satisfy
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the properties specified in Proposition 7.3.1. To that end, we start by creating an
intermediate flow field ;1 : R* — R3, whose support lies in z > 0 and is defined

as follows:

N—-1
Uine () = W(w) 1z, + Y > TP(W(2'®) 1z, + Y TP(w(2Vx)) 1z,.,
i=1 peN; PENN

for xR (7.77)

To create uy, we glue W;,;; and its mirror reflection about z = 0. Let

Hint,Q(m) = (_Ua:,int,l (ZL‘, Y, _2)7 _ﬂy,int,l (ZE, Y, _2)7ﬂz,int,l(x7 Y, _Z>> 1z<0

for zecR (7.78)

Notice that the signs of x and y components are flipped to maintain the divergence-

free condition. We finally define wy as
HN<$) = ﬁmt,l(w) + ﬂmt,g(fb). (779)

Note that suppuwy € D and it is really the restriction of wy to D, which we
continue to call @y, that we use in the proof of Proposition 7.3.1. We then define
£y in a similar way. First, we define an intermediate scalar field Emt’l R?— R

as

Epin(@) =E(@) 15+ Y 3 TPE@2)1s, + 3 TPE(2V) 14,

i=1 peN; PENN
for x € R3,
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and its reflection about z = 0 as

fmm(m) = fint,l(xaya _Z)lz<0 for =€ R37

using which we define

En(x) = g@'nt,l(m) +Emt,2(1') for = eR’. (7.80)

As before, supp&, € D and it is the restriction of £, to D, which we continue
to denote as &y, that we use in Proposition 7.3.1. We claim that the velocity
field @y and the scalar field £ defined here satisfy all the requirements stated in
Proposition 7.3.1.

We first show that suppuy € (—1/2,1/2)x (=1/2,1/2) X (—zn42,2n42) € D.
It is clear from the definition of @y given in (7.79) along with (7.77), (7.78) and

the definition of Z; in (7.75) that if Z € supp @y then

zZ e [—ZN+1,ZN+1] C (—ZN+27ZN+2). (781)

Next from the statement (ii) in Proposition 7.4.2, we note that if Z € suppu(2'x)

.T,yE 3. 7:,3. i .

Also, note that if p € N for i € N, then

1

1
pal, oyl < 5 = 5t

Combining these two pieces of information tells us that if £ € supp TPu(2'x)
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then

AAG(_1+11_1)C<_1 1) (7.82)
oY 2 73.2i"2 3.9 2°2) '
Finally, combining (7.81) and (7.82) with the definition (7.79) gives

suppuy € (—1/2, 1/2) X (—1/2, 1/2) X (—ZN+2,ZN+2) e D. (783)

We now show that @y is infinitely differentiable, which together with (7.83)

will imply wy € C°(D;R?). Let’s first define two sets

0<i<N-—1 0<i<N-—1

A= ( U (z,»,zz-ﬂ)) U ( U (—zi+1,—zi)) U(zn,1/2) U (=1/2,—2N),

I = {Zo, 21y —R1y-+- RN, —ZN}.

It is easy to see from (7.77), (7.78), (7.79) and from the infinite differentiability
of @ and @, in Proposition 7.4.2 that @wy(x) is infinitely differentiable when z €
A. Therefore, the only thing we still need to show is that @wy(x) is infinitely
differentiable when z € I, i.e., at the interfaces.

The fact @, in Proposition 7.4.2 belongs to C*(R?, R?) and uy coincides with
w, when z € (=21, z1), implies Ty () is infinite differentiable when z = z;. Now
if « is such that z € (zy, 22) then wy(x) coincides with u,(x) when N =1 or it
coincides with @w(x) when N > 1, which then concludes the infinite differentiability
of wy at z = z;. A similar argument can be applied to conclude the infinite

differentiability at z = —z;. In the last case, when N > 1 and i € {2,... N — 1},
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then one can show

an(z) = > TP 'x)lz + Y TP(u(2'e))lz,,
PEN;_1 peEN;
= Y 7P ((’u,—i— > T’“u) (2’”3:))
PEN;_1 p'eEN:
= Z T”(’&(T‘lm)) when $E(Zi_1,2¢+1),
peEN;_1

or when i = N, then

uyn(x) = Z TP(u,(27'x)) when @ € (2i_1,2i41),
PEN;—1
which then establishes that Wy () is infinitely differentiable when z = z; for
2 < i < N. A similar argument applies when z = —z; for 2 < ¢ < N, which
finishes the proof of wy € C°(D;R3). We note similar arguments will also work
to show &y € C(D).

It is now fairly easy prove (i) in Proposition 7.3.1. It is trivial to see that
V-uy = 0when z € A. Asuy € C°(D;R3?), the derivatives of wy are continuous
in D, which leads us to conclude that V - uwy = 0 everywhere in D.

Next, we see that (7.83) and a similar conclusion derived for £, proves (ii) in
Proposition 7.3.1.

To prove (iii) in Proposition 7.3.1, we need the following simple lemma.

Lemma 7.4.5. For i € N, let p,, p, € N; such that p, # py, then

(supp TP (2'x) U supp Tplg(Zi:c)) ﬂ (supp TP (2'x) U supp Tp2§(2ia:)) = (),

(Supp TP1a,(2'x) U supp Tplfb(Zizc)) N (supp TP2a1,(2'x) U supp Tp2§b(2iw)) 0.
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Proof of Lemma 7.4.5. As p, # p,, from the definition (7.76) of A; , we note the

following lower bound on the absolute difference of z and y coordinates of p; and

ps:
1 1
‘pl,x - p2,:p’ > 5 and |p1,y - p2,y‘ > E)
which implies
— > —.
pr = Pali 2 5

Now, if x, = (supp TP (2x) Usupp Tplf(Qi:cD
or 1 € (supp TP, (2') U supp Tplgb(Qia:)> and if
2 € (supp TP(2'z) U supp TP2E(2%U)) or T2 €

(supp TP, (2'x) U supp Tp2fb(2i:v)), then using the statements (ii) and
(iii) from Proposition 7.4.2, we see that

V2
|1 —pi|) < 5 and |z — pyf) <

2
3.2 320

We can now finish the proof with a simple application of the triangle inequality

as

V2
3.2

X1 — x| > [Py — pol) — |21 — pu|) — |22 — Do) >
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Using the lemma, we can write

(ﬁmm : innt,l)(m) = ﬁ(w) ' Vg(m) 1Z1 + i Z Tp(ﬁ(Zzw)) ’ VTP(E(QZm))]-Zz-H

i=1 peN;
+ Y TP((2Vx)) - VIP(E,(2V ) 14,,, for z €A,
PENN

which implies

(Wit - V) (@) = Tl@) - VE(@) 15, + Y Y T7 (@(2'a) - VE(2')) 17,

i=1 peN;

+ > TP (ﬁb(QNa:) : ng(2Na:)> 1z,,, for zeA.
PENN

(7.85)

Using (7.85) and point (iv) from Proposition 7.4.2, we conclude

1 15 1 27

(Wi - met,ﬁ(w) =0 when z€A\ (2 T 39.9N° 9 642N> (7.86)

A simple calculation then shows that
(uy - VEN)(z,y,2) = —(uy - VEy)(7,y,—2) when 2z€A (7.87)

which, combined with the result (7.86) and the fact that @y and the derivatives

of £, are continuous when z € T, help us conclude
(uy -VEy)(x) =0 when zeTl.

In total, we then have

1 15 1 27 1 27 1 15
o )

uv - VE =2 _ Z_ L=

5 T 61208 335,08
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To prove (iv) in Proposition 7.3.1, we note from (7.85) and point (iv) in Proposi-

tion 7.4.2 that

(Wine,1 - Vi) () = > NP ((ﬂb : ng)(ZNw)) 1zy,, for zeA,

PENN

which when combined with Lemma 7.4.5, implies

Noting (7.87) and that @y - V&y coincides with Win1 - V&, when z > 0, we

Wint 1 vé-znt 1” <2V Hub V&)H

L>(D) Loo(R3)

have

[ Vel ey < 2" - V&

L°°(D) Lo (R3)

Now @y - V&, is an infinite differentiable function and its support lies in a bounded
set from (iii) and (iv) in Proposition 7.4.2, therefore Hﬂb : ngHLw(ﬂ@) is bounded

and we can conclude that
HHN ' vgNHLoo(D) s 2%

Proof of (v) in Proposition 7.3.1 is a simple computation. Once again using

Lemma 7.4.5, one can write the following

/D\VHN|2d:c —2 Vi, |* A

{0<z<1/2}

=2 \Vua(x |2d:c+22 Z/ VTP (m(2'z))|* dz

{2€2:} i=1 peN; J{z€Zi1}

+2 % / VTP (my(2V 2))|? da.

peNy 1#€ZN+1}
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After an appropriate translation and dilation of the coordinate variables and not-

ing that |V;| = 4%, one can show that

N—-1
/D|VﬂN|2da: _ <Zo 2“1) /Z \Va(z)|? da + 2V /{ZGZI} IV ()|? da

— 2N+1 max {/ |VH<$>|2 dw7/ |VUb<m>|2df,C} 5 2N
{z€2,} {z€Z1}

Similarly, one can also conclude
D

which then proves (v).
The proof of (vi) in Proposition 7.3.1 is also very similar to that of (v). We

first write

D

=2 u, Edx
{ZGZl}

+2 i 3 /{ zEZM}TP (w.(2'2)) T7 (£(2'z)) da

i=1 peEN;

Uint,1,2 Sinea AT
{0<z<1/2}

2% [ 1 (ma2e) T (60) do

PENN

After an appropriate translation and dilation of the coordinate variables and not-

ing that |[N;| = 4°, we obtain

N-1

Uy, Evde = 9+l / ﬂ[dm+2‘N+1/ Ty & dx > 2¢5 > 0,
~/D N, §N <§ ) {z€Z:1} 5 {z€Z:1} > gb =
where c3 is a strictly positive constant independent of N. [l
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7.5 Discussion

In this paper, we studied the problem of optimizing the heat transfer between
two differentially heated parallel plates by incompressible flows that satisfy an
enstrophy constraint ((|Vul|?) < &) and no-slip boundary conditions. The main
result of this paper was to show that the previously derived upper bound on
the heat transfer are sharp in the scaling with &2, which we demonstrated by
constructing an explicit example of three-dimensional branching pipe flows. In this
section, we discuss the implications of our result in the context of (1) anomalous

dissipation in a passive scalar and (2) Rayleigh-Bénard convection.

7.5.1 Anomalous dissipation in a passive scalar

The initial motivation for our study was a result by Drivas et al. (2022a), re-

garding the anomalous dissipation in a passive scalar transport. They constructed
a velocity field u € C*([0,7) x T¢) N L([0, 7]; C%(T?)), where d > 2, 7 is a fixed

time and « < 1, such that the solution of the advection-diffusion equation
HT" +u-VT" = kKAT"
follows

hminfﬁ/ / VT 2 dae dt > x > 0,
0 Td

rk—0

where y may depend on the initial data. While this result was obtained for a
periodic domain, we were inspired by the possibility of proving such a result in a
domain with boundaries. After appropriately rescaling the velocity fields that we

created to prove Theorem 7.1.4, we can state a weak result in this direction.
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Corollary 7.5.1. For a constant ko > 0, there exist velocity fields u”, for every
0 < Kk < Ko, such that ||u”HH01(Q) < 1 and the solution of the steady advection
diffusion equation: u" - VT" = kAT in Q with boundary conditions T" = 1 at

z2=—1/2 and T" =0 at z = 1/2 obeys
lim inf m2/3][ IVT*|* dx > xo > 0. (7.88)
K—0 QO

for a constant xg.

We see from (7.88) that the exponent for x is 2/3, which is less than one.
Therefore this corrolary is not as strong as the statement we would have hoped
to prove. However, the a priori upper bound (7.9) also shows that this is the best
result one can achieve in the setting considered in Corollary 7.5.1. However, if we
allow the velocity field to be less smooth, in particular, we allow u”* to be only

uniformly bounded in the L? norm, then we can indeed prove
lim inf /4;][ VT2 dz > o > 0. (7.89)
Kk—0 Q0

This can be shown after appropriately rescaling the velocity fields of Doering and
Tobasco (2019) used to prove Theorem 1.1 in their paper. Another possibility
is to allow the walls to be rough. This has not yet, to our knowledge, been
investigated, which raises the following question: if we allow the boundary of the
domain, which locally is the graph of functions that are a—Hoélder continuous with
exponent a < 1, can one also prove (7.89) in that case? Physically, it would mean
that we are increasing the heat transfer by letting the area of walls go to infinity.
Indeed, it is known in the literature that fractal boundaries tend to enhance heat

transfer (Toppaladoddi et al., 2021). Answer to such a question will, therefore,
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help in understanding the role played by rough boundaries in increasing the heat
transfer. Along the same line, it would also be interesting to investigate the role
played by a slip boundary condition for the velocity field (see (Drivas et al., 2022b)

and a recent review by Nobili (2021)).

7.5.2 Rayleigh—Bénard convection

Rayleigh-Bénard convection is the flow of fluid between two differentially
heated parallel plates driven by buoyancy force. The flow is traditionally modeled
by the Navier—Stokes equations under the Boussinesq approximation, written here

in nondimensional form as

du+u-Vu=—-Vp+ PrAu+ PrRaTe,, (7.90a)

T +u- VT = AT, (7.90b)

where Ra is the Rayleigh number and Pr is the Prandtl number, respectively

given by

3 _
Ra — gaH?*(Tg TT)7 pr_Y
K

RV

In these above expressions, v is the kinematic viscosity,  is the thermal diffusivity,
« is the coefficient of thermal expansion, H is the height of the domain, T —T7 is
the temperature difference and g is the magnitude of the gravitational acceleration
acting in —e, direction.

We solve the nondimensional governing equations (7.90a-b) in domain 2 with
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boundary conditions

u=0 T=1 atz=-1/2 and u=0, T=0 atz=1/2

The quantity of interest is the nondimensional heat transfer known as the

Nusselt number Nu given by

Nu=1+ (u.T).

The angle brackets denote the long-time volume average and u, is the component
of the velocity in the z direction. Of course, Nu depends on the initial condition.
However, Doering and Constantin (1996) using the background method (see Fan-
tuzzi et al. (2022) for a survey), proved the following a priori bound for any initial

condition when Ra > 1:

D=

Nu < Raz.

This bound is uniform in the Prandtl number Pr. To date, the best known upper
bound, namely Nu < 0.02634Raz, was obtained by Plasting and Kerswell (2003).

An important question is whether the scaling of this bound with respect to
the Rayleigh number is sharp. Our result, in this context, proves that this scaling
is indeed sharp if one replaces the momentum equation with a simple enstrophy

condition.
(|Vul|?) = Ra(Nu — 1). (7.91)

In other words Theorem 7.1.4 proves that, for large enough Rayleigh number, there

exists velocity fields (depending on Ra) such that the solution of the advection-
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diffusion equation (7.90b) satisfies the relation (7.91) and for which

Nu ~ Ra%.

Appendix 7.A A useful estimate for the solution
of the Poisson’s equation: Proof
of Proposition 7.3.2

The aim of this section is to give an estimate on the solution of Poisson’s
equation Ap = f solved between parallel boundaries with homogeneous Dirichlet
boundary conditions imposed on . In particular, we are interested in obtaining
bounds on the L? norm of V¢ for a given specific form of the function f. The
calculations done in this section will be helpful in establishing an upper bound
on the nonlocal term f, |VA~div(ué)|? from the section 7.3 (see calculation
(7.30)). The basic idea is to write down the solution of Poisson’s equation using
the Green’s function method and then obtain estimates on the derivative of the
Green’s function to achieve our goal.

The domain of interest for this section is
D=RxRx(-1/2,1/2),
as defined in section 7.2 with boundary

0D =0D,UdD_ =R xRx{1/2} UR xR x {—1/2}.
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Now, suppose ¢ solves Poisson’s equation

Ap=f inD, (7.92)
with boundary condition

=0 on 0D. (7.93)

Then for a sufficiently smooth function f, we can write the solution of Poisson’s

equation using a Green’s function

o(x) = /D G(z,z') f(x') de, (7.94)
where G : D x D — [—00, 0] is given by

Gx,2') = K(lz— ||, 2,2) (7.95)

and

dr
N

1
cos(mz) cos(mz') sinh(m7o)

K(o,2,2") = /OO I(o,2,2',7) (7.96)
1

102 ) = S cosh(mr) + cos (' + 2)] [cosh(rrr) — cos m(2 — )]

(7.97)

In particular, we have the following theorem

Theorem 7.A.1 (Solution of the Poisson’s equation). Let f € C*(D) N L>(D)
whose s support lies a finite distance away from the boundary, i.e., supp f C

RxRx(=1/243,1/2— ) for some B € (0,1/2). Then ¢ given by (7.94) belongs
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to C*(D) and solves the Poisson’s equation (7.92) with boundary condition (7.93).

Proof. The proof of the theorem is a standard one and is therefore omitted from
the paper. The proof relies on the method of images to write the desired Green’s
function between parallel boundaries as a sum of appropriately translated Green’s
functions corresponding to the whole space R3, where the summation is then

performed using Cauchy’s residue theorem. m

Once we know that the solution ¢ of the Poisson’s equation is given by (7.94),
we can use it to calculate V. If f € L*°(D) then by an application of the
mean value theorem and the dominated convergence theorem, we can perform

differentiation under the integral sign in (7.94), which leads to
Ve = / V.G, @) f(') de. (7.98)
D

From (7.98), we see that estimates on V,G(x,x’) can provide an upper bound on
|V|. Next, we state our result in that direction, but first, we note the following.
For clarity, we use a and b as placeholders for

2 sin (7T<_>>‘ and

T 2 T 2

2 cos (W‘“)) ‘ (7.99)

respectively in the rest of this section and we will use the fact that

4
b —a® = —cosmzcosmz >0 when z,2' € (-1/2,1/2) (7.100)
m

in several places. We will use ¢ for a positive constant (not necessarily the same

in all places) independent of any parameters.
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Proposition 7.A.2. Let f € L*(D) and let v be defined by the formula (7.94),

then the following holds:

Vol@) < Iflimioy | 9z 2)d
supp, f

where

a

gz, 2) = ¢ <10g (1 e _f)) + Cosbm/> (7.101)

and ¢ > 0 is a positive constant.

The functions f that are of special interests to us are those which are supported
in a “thin layers” close to the boundaries. From Proposition 7.A.2, we can derive

the following result for such functions.

Corollary 7.A.3. Let f € L>(D) such that supp f CR xR x (1/2 — ¢1e,1/2 —
) UR X R X (=1/2 4 coe, —1/2 4+ c1¢), where 0 < ¢co < ¢y <1 and e < 1/4 are

three constants. If v is defined by the formula (7.94), then the following holds

1 /2 rly/2 r1/2 ) ; )
ﬁ/l /2 ly/2 / 1/2 |V(‘0| dZdydx 5 € Hf”LOO(D) . (7.102)
Tty Vi —ly -

Proof of Proposition 7.3.2. We identify a [, — [, —periodic function on D with the

function f. Then using Corollary 7.A.3, we can finish the proof. ]
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Proof of Corollary 7.A.3. We note from Proposition 7.A.2

1 /2 /2 172
/ / IV|? dzdzdy <
Lply J=1y72 )12 /=12

2 12 / / ’
||f||LOO(D) /_1/2 lupp fg(Z,Z)dZ dz
9 1/2 o 2
= ey [ ([, 90 ) az

2 0 (/ / /)2
. z,z2)dz | dz.
1o [, \ L 9%

(7.103)

We focus on obtaining a bound on the first term (where the integral is carried

from z = 0 to z = 1/2) in (7.103), as the calculation for the other integral is

identical.

When 2" € (1/2 — ¢16,1/2 — ce) U (—1/2 + 96, —1/2 + ¢4¢€) and z > 0, the

following simple succession of inequalities hold:

1
b > — max{cos 7z, cos 7z}

T
b L . ,)>1<1 . )
> 5(cosmz +cosma) 2 | 5 — 2+ e
TC2E ’
2 <cosmz < meiE
T_TE 7
p g Seosmz< g —me
>1<1 ) hen  — 2ee> 2> 0
J— R — —_ n —_ —
a5 (g5 —as—z) when g cre>z >
1 1 1
a2§\z—z’\ when 52225—2015
1
azg when 2" € (—=1/2+ coe, —1/2 + 1)

log(l1+a)<a when a>0

(7.104a)
(7.104b)
(7.104c)
(7.104d)
(7.104e)
(7.104f)
(7.104g)

(7.104h)

Here, (7.104c), (7.104d), (7.104e) and (7.104f) are a simple consequence of the

inequality z/2 < sinz < z when z € [0,7/2], whereas (7.104a) is obtained by

285



simple applications of trigonometric identities and (7.104b) is a result of (7.104a),
(7.104c) and (7.104d). The result (7.104g) is a consequence of the assumption
0 < ¢y < 1 < 1. Finally, (7.104h) can be derived using a Taylor series expansion.

Next, using (7.101) and the Young’s inequality, we can write

2 2 2 2
(/ g(z,2") dz') < (/ log <1 + Gy 2a >> dz’)
supp,, f supp, fMR4+ a
2 2 2
+</ log<1+(b 2a)> dz,>
supp, fNR_— a

’ 2
+ < /Supp f =T dz’) . (7.105)

Using (7.104b) and (7.104c), the last term in (7.105) can be bounded from

above by

84

< e 025)2’ (7.106)

Using (7.100), (7.104c), (7.104g) and (7.104h), the second term in (7.105) satisfies
the bound

<et (7.107)

Y

We divide the calculation of the first term in (7.105) into two cases, when 0 <
2 < 1/2 —2c1e and when 1/2 — 2¢1e < z < 1/2. In the first case, using (7.100),

(7.104c), (7.104d), (7.104e) and (7.104h), we conclude the first term is

84

5
1
(5—2—016)

In the second case, when 1/2 —2¢e < z < 1/2, we use (7.100), (7.104c), (7.104d),

S (7.108)
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(7.104f), which gives
Se (7.109)

Note that in this calculation we do not use the estimate (7.104h). After using
(7.104f), we have a logarithmic singularity in the integrand but it is integrable.
Finally, collecting the results (7.106), (7.107), (7.108) and (7.109), and carrying

out an integration in z from 0 to 1/2, one can bound the first term in (7.103) as

2
Sl -

A similar calculation can be performed for the second term in (7.103) and the

same result can be derived which then finishes the proof. [l

7.A.1 Proof of Proposition 7.A.2

To prove Proposition 7.A.2, we need to obtain estimates on V,G(x,x’). From
(7.95), we notice that the derivative of G(x,x’) with respect to « can be written

as

o) _Olz—=x'| 0

7G / — = 7K /
50 =) or aoh =) S
(x—a) 0 :
= —K(o,2,7) :
|£B - a}’|“ do P p—r
which leads to the following estimate
0 0
—G N<||l=—K ! 7.110
ax (:B’ * ) - ( 80— (O-’ “ZE ) > U:|m7wl|” ( )
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A similar calculation for the y-derivative of G(x, ') leads to

gG(iL‘,CBl)

0
< ||=—K ! 11
9 < <8a (o, z,z)) a=|w—w'|H7 (7.111)
while the estimate for the z-derivative of G(x, ') simply is
0 0
v N < (|2 ’ .
‘aZG(:c,a:) < <|82K(U’ z,7") ) — (7.112)
Using (7.110), (7.111) and (7.112), we conclude that
V.G (x,x')| < 2G(:I: x')| + gG(w x')| + gG(az x')
R |0z ’ oy 0z ’
0 0
< v / v /
<2 ( 8O_K(a,z,z) ) i + ( azK(a,z,z ) ) i
< H(|lx —'|),2,7), (7.113)

for some suitable H : Ry x (=1/2,1/2) x (=1/2,1/2) — [0, +0oc]. It then follows

that

Vo(z)| < ”fHLoo(D) [m [m /Supp fH(’zc—w””’z,z’) dz'dx’dy/,

— ||f||L°°(D) ‘/_OO/_OO Lupp fH(|m,|H7Z’ 2/) dzldaj"dy/.

By considering a transformation from Cartesian coordinates to cylindrical coor-
dinates

(', 2") — (0,0,2)
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one obtains

00 21
Ve@| <l [ [ ooz ) a0,
Wl [ [ oH(ez7)ddor

So, to prove Proposition 7.A.2, we need to find an appropriate H (o, z,z") and

then perform the integral
/ oH(a,2,7') do, (7.114)
0

which is our next goal.
To calculate (7.110), (7.111) and (7.112), we need the derivative of K (o, z, 2’)
with o and z. Using (7.96) and (7.97) along with an application of the mean value

theorem and the dominated convergence theorem leads to

OK  foo
om / I, / Iy > (1115
Oo /1 1 + 2 + P 1 ( )

and

dr

Izi /00127
V= ) e B

/ \/7+/ . (7.116)
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where

L= cos(mz) cos(mz') T cosh(mro) (7117a)
2 [cosh(nTo) + cos (2" + 2)] [cosh(mTo) — cos (2 — 2)]
L, cos(mz) COS(7T2;)7' sinh?(770) (7.117h)
2 [cosh(nTo) + cos (2" + 2)]” [cosh(nTo) — cos (2! — 2)]

_ cos(mz) cos(m2')T sinh?(n70) .
os 2 [cosh(n70) + cos (2 + 2)] [cosh(nTo) — cosm(z' — 2)]* (7.117¢)
L sin(mrz) cos(mwz’) sinh(nwro)
L= 2 [cosh(nTo) + cos (2" + 2)] [cosh(nTo) — cos (2’ — 2)]’ (7.1174)
cos(mz) cos(mz’) sinm(z' + z) sinh(770)
2 [cosh(m70) 4 cos (2’ + 2)]* [cosh(nTa) — cos (2! — )]
cos(mz) cos(mz’) sin (2’ — z) sinh(7w70o)

2 [cosh(n70) 4 cos (2’ + 2)] [cosh(nTo) — cos (2’ — 2)]?

L= s (71178)

Iy = (7.117f)

Next, we state a few important lemmas to bound the derivatives of K (o, z, 2’).

We will always implicitly assume that z, 2’ € (—=1/2,1/2).

Lemma 7.A.1. Let 0 > i, then we have

(i)

o0 dr
/1 (Io1| + Io2] + | Io3]) = < cos(m2’) exp(—7o).
(i)
00 dr < ,
/1 (L] + | L2 + | L)) 7 < cos(mz') exp(—7o).

Lemma 7.A.2. Let 0 <o < %, then we have

290



(1)

oo dr cos(mz’)
I, I, I, N
/,,10(| 1|+| 2|+| 3|)mw e

(i)

(L] + [Le2| + [ 123]) T < cos(72').
/7ro' -

Lemma 7.A.3. Let 0 <o < % and z # 7', then we have

(i)

= dr 1 1 1
Ig’ +Io' +[U 757 - :
[Tl 4 Ll Vi) = 5 7 |~

(i)

1 1
tan mz — .
~ | | [¢02+a2 \/0-2_|_b2‘|

I il S
(iii)

1

/7”7 |]z2 + ]z
1

< cos’ mzcos ! [Py(o, 2, 2') + Py(0,2,2)].

3|\/7
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Here,

4 4
Vo2 +b2 \o?+a?

1 1
2 2
+(b" —a) ((02 + a2)3/2 + (02 +b2)3/2>] ’
3 [ 4p? 4a?

, 2abm
Pi(o,2,2") = e [

A
P02, 2) = A2 — a3 [ Vo? + 12 Voo +a?

s 5 202 + a? 202 + b?
+(b° — a”) +
(02 + a2)3/2 " (02 + b2)3/2
Proof of Proposition 7.A.2. Using the results from the above lemmas, a suitable

function H (o, z, 2') that works in (7.113) is
1 1 1 1 1
H(o,z,7)=c|—~ - + |tanz -
( ) (a [\/a2+a2 \/02—1-62] | | L/a%ra? \/02—1—62]

!/
teos’mzeosme! [Pi(0,2,7) + Polo, 2. 2)] + SO0 ) ,
g

when (o, 2,2") € (0,1/27) x (=1/2,1/2) x (—=1/2,1/2) and
H(o,z,7') = ccosmz exp(—70),

when (o,2,7") € [1/2m,00) x (—=1/2,1/2) x (—=1/2,1/2). Here, ¢ > 0 is some
positive constant. With this definition of the function H and Lemma 7.C.1 from

appendix 7.C, we can obtain a bound on the integral (7.114) as
oo 4(b* — a?)
H "d <1 1+ ——=
/0 oH(o,z,2")do NOg( + 7
cos 2’ N cos? Tz cos e
b b3
b2 42 /
< log <1+( ¢ )> 42T (7.119)

+ cosz

a? b

292



Here, we used (7.104a) to obtain the last line. ]

Proof of Lemma 7.A.1. We first note that

o dr 2 dr
Ia + Ia + ]0' G s S/ -[O' + Ia + ]O' G s
/1 (| 1| | 2| | 3|) m 1 (| 1| | 2| | 3|) m

° dr
+2[2 ([ o1 | + |Lo2| + |53]) — (7.120)

We also have

_dr
JrP 1"

_dr
V=1
+/2 (| L1 | + | La| + | Ls|) d7. (7.121)

00 2
ULl + 1Ll + L)) J ULl + 1Ll + L))
Now the assumption in the lemma is ¢ > 1/27. So, if 7 > 1, then

h
cosh(rro) — 1> COSE:TU),

and we always have

exp(mTo)

sinh(7w70) < cosh(nro) and < cosh(n7o).

Using these relations in (7.117a-f), one can show

| Io1| S cos(m2)Texp(—n70), || S cos(nz’)Texp(—nT0o),
|I,3] < cos(m2’)Texp(—770),
|L1] < cos(mz)exp(—n70), |La| S cos(nz’) exp(—2n70),

|L3] < cos(wz) exp(—2770).
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In total, we obtain

\Io1| + | Io2| + |Io3] S cos(mz’)Texp(—nT0), (7.122a)

|| + | o] + | 3] S cos(m2’) exp(—n70). (7.122D)

Next, we substitute (7.122a) in (7.120) and (7.122b) in (7.121). We also use the
fact exp(—n70o) < exp(—mo) for the integrals carried from 7 = 1 to 7 = 2 in

(7.120) and (7.121), which leads to

00 d —2
[ Ul 1l + 11 S cos(n) exp(~m0) + cos(r2)) P210)
< cos(m2’) exp(—mo), (7.123)

and
o0 d -2
SR Ll 4 al) S S o) exp(—m0) + cos(ns) S22

< cos(w2') exp(—7o). (7.124)
[
Proof of Lemma 7.A.2. The proof is similar to the proof of lemma 7.A.1. O

Proof of Lemma 7.A.3. First, we establish a few simple relations. The assumption

in the lemma is 0 < 5-. So, if 1 <7 < - then

sinh(moT) < (woT)sinh(1), cosh(moT) < cosh(1),

and cosh(moT) <1+ (cosh(1) — 1)7?0?72,
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and we always have

(roT)?

2

cosh(mor) > 1+
(i) We can then use the relations above to derive a simple bound on |/,|:

2 cosh(1) cos(mz) cos(mz’) T

Iy <10 =
| 1| = 151 4 [027.2 + a2] [027-2 + bZ]

We can also obtain a simple bound on |/,5| as follows
4sinh?(1) cos(mz) cos(m2) o?7°
o272 + a2}2 (0272 + b2
4sinh*(1) cos(nz) cos(nz’) T B 2sinh*(1) ,
740272 + a?][02r2 +b2]  cosh(1) 7V

|IO'2| S

With a similar calculation, we prove that the same bound also holds for |/,3|. We

can now finish the proof as given below

1

7o dr o0 dr
It + sl + sl <=5 [ 118 <=
L7l el sl = S [l =
S
Yo |Voi+ar Vor+D?

(ii) We can obtain a following simple bound on |I,;| as

2o sinh(1)|sin wz| cos m2'T

w0212 + a?| 0272 + b?]

|11] < = (7o) tanh(1)| tan(r2)|I,.

Performing an integration in 7 as in part (i) leads to the desired result.
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(iii) We first obtain a simple bound on the sum I,5 + 1,3 given as follows

cos?(mz) cos(mz) sinh(n7o) [sin 72’ cosh(moT) — sin 72|

‘[2’2 + Izg = . 3
[cosh(nTo) + cos (2’ + 2)]” [cosh(nTo) — cos (2 — z)]
16 i (— 2.2 2
—  |La+ Ls| < = cos*(nz) cos(wz’)aT [ sinz S;n772| + 0'2 72|
' 077 + [0 7]

This result, combined with the following integrals

00 oT dr B
/1 (0272 4 a2 [0272 + b2)* V72 — 1
T 4 4
402 — a2)3 [\/02 T 02 o Vo? + a2

2 2 ! :

00 o373 dr
/1 (0272 + a2 [o2r2 + 02 V72 —1
s 4b? 4a?
A2 — a2)3 [\/02 T Vo? t a2
LR = a?) < 202 + a? n 202 + b* )1 |
(02 +a2)32 " (02 + b2)3/2

leads to the desired result.

Appendix 7.B Derivation of the variational
principle for heat transfer (7.11)

In this appendix, we derive the variational principle given in (7.11). The proof
is taken from the paper of Doering & Tobasco (Doering and Tobasco, 2019) and
provided here for completeness. We begin by recalling

Q(u) :][ VT2 dz = 1 +][ w.T de, (7.126)
Q Q
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where T solves the steady convection diffusion equation and the velocity is as-

sumed to be in L>(Q;R3). After substituting
T=2060+ ; -z,
we obtain
Qu) = 1 +]{2 VO da =1+ ]{2 w6 dz, (7.127)
where 6 € Hj () solves

u-Vo=A0+u, in Q,

and satisfies the homogeneous Dirichlet boundary conditions. Next, we consider

a system of two PDEs.

w- Vi = Ay + u.,
in €, (7.128a-b)

u - V& = Anp,

where both 7y and &, satisfy the homogeneous Dirichlet boundary conditions.

Clearly then
By multiplying the equation (2.128b) with £, and integrating, one obtains

/Q Vi - Vo dz = 0. (7.130)
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Next, we multiply the equation (2.128a) with 7 and integrate and use (7.130) to

obtain

/Quzno da = 0. (7.131)

Finally, we substitute (7.129) in (7.127) and use (7.130) and (7.131) to get

Qu) —1 = ]é Ve + [Vipol? dae = ]éuzfo de, (7.132)

which after using (2.128b) can be rewritten as

Qu) — 1= 2]€2 w.€o da —]é Veo|? dee —]é VAl - Ve [2de,  (7.133)

where A~! denotes the inverse Laplacian operator in € corresponding to the ho-
mogeneous Dirichlet boundary conditions. We now consider the following maxi-

mization problem

sup 24 w.¢ da —]l IVe|? da —][ VA~ u - VEP da, (7.134)
EGH&(Q) Q Q Q

which is strictly concave, therefore, the only maximizer satisfies the Euler—
Lagrange equation

u- VA u-VE) = A + u,.

We see that & is the solution of above equation, therefore, £ maximizes (7.134),

which then combined with (7.133) gives us

- — - 2 o —1 . 2
Qw) 1= max 2f u.tdz ]éwgy d ]é\VA w- Ve de. (7.135)
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To make this formulation homogeneous in the variable &, we consider the trans-

formation & — s£ and optimize in the scaling s to obtain

Q(u) — 1= sup g (fqu=¢ dzlc)l2 ‘ . (7.136)
ceri() fo |VEPdx + £, [VA~L div(ud)[* dz
§£0

Next, from the definition of Q7. (Z?) given in (7.5), we simply obtain
S (W) —1= sup sup - (7.137
(u) } uGOL‘X’?Q) EEH@) fo IVEP dz + o [VA~! div(ué)|? dz ( )

w=0, ulpo =0 £#£0
£, |vn\2diﬂggz
Finally, considering the following transformation
P3 2d

: £ Jo [Vul"dz 13 (7.138)

% T I~ 19 1__ 1
v fo |Vul? dz e P3

in (7.137) leads to the desired result stated in Proposition 7.11.

Appendix 7.C Bounds on a few integrals

Lemma 7.C.1. Let a and b be as given in (7.99). Let z,2" € (—1/2,1/2) and

z # 2, then the following estimates hold

(i)

/01[ ) 1 ]da<llog (H‘W—GZ)). (7.139)

Vol + a2 o2+ P — 2 3a?

(i)
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/1 c — 0 do < ———
0 [Vo2+a2 o2+ b2 - b

(iii)

(iv)

Proof of Lemma 7.C.1.

(7.140)

(7.141)

(7.142)

Recall from the definition (7.99) of a and b that a < b, a fact which we will use in

the proofs below.

(i)

/1 1 L]y Liog 1 \/1+a2+ L VIFP -1
o |Vt @@ VEiw i 2 i

<1 1+vl—l—b2 \/1—|—a2

-2 Vi+ta2-1

L 8(b* —

< =log |1+ Gl

2 3a2 | \/1+b2+\/1+a2]

b2—
<= log <1+ o ) (7.143)
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1 o o
— do=V1+a®—-vV1+b+b—
/0 l\/c72+a2 Vo + b? o=V1ta - Vi+¥+b-a

b? — a? b? — a?

144
b+a — b (7 )
(iii)
1 mab 1 1
P ) ) ! d - -
/0" i(0,2,2) do == ab(b+a)  VI+avVI+RWI+02+VI+a)p
T
< :
< (7.145)
(iv)
1 71'3 1 1
P, ) ! do = — -
/002(022) 7T (b+a)*  (V1+b2+V1+a2)?
1
VI AT RV F 2+ VI + )
3
N
< ) .14
= 4 (7146)
]

Appendix 7.D A few basic lemmas

Lemma 7.D.1. Let f € C°(R) such that f'(r) exists for all v # 0. Now assume

that f'(r) — f, as r — 0 for some finite f;,, then f'(0) exists and its value is .

Proof of Lemma 7.D.1. Using the mean value theorem, we have

= f'(n) for some 7 € (0, h), (7.147)
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The proof of lemma follows by taking h — 0. [

Definition 7.D.1. A function f: R — R is said to have the property (N) if

d2n—1f T)

r=0

f e C®(R) and
It is clear that if f(r) has the property (N) then so does the f(ar) for any
a # 0. Furthermore, we have the following lemma.

Lemma 7.D.2. If a function f : R — R has the property (N) then so does the

function g : R — R defined as

g(r) = (7.149)

has the property (N).

Proof of Lemma 7.D.2. 1t is clear that g(r) is continuous when r # 0. Now from

L’Hospital’s rule we obtain

_Ldf(r) .. d*f(r)
llgtl); dr _llgil) dr?

— (0), (7.150)

therefore, using Lemma 7.D.1, g(r) is continuous at r = 0 as well. Now, for n > 1,

we have
d"g(r) n! (=1t T f(r) )
T = Tt lzz - pas) if r#0. (7.151)

—0
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Taking the limit » — 0 and using the LL’Hospital’s rule, we obtain

dng(r) B n )n i dz—l—lf( )
ll—rf(l) drn r—>0 rn+1 Z dritl

. TL' n ( 1)” 17' dl+2f n )n i—1 z 1dz+1f( )

=1
rl—I}(l) (n + 1)7’” [2 il drit2 ; Z _ 1>‘ dritl

L d™2f(r)

o j 7.152

(n+1) drit? | _, ( )

Noting that ¢ is continuous and using Lemma 7.D.1 and the formula (7.152), for
n = 1, we see that g(r) is differentiable at r = 0, furthermore, ¢'(r) is continuous
everywhere. Proceeding in a similar manner, an induction argument then shows
that ¢ is infinitely differentiable. Once again, noting from the formula (7.152)

that all the odd derivatives of g are zero at r = 0, proves the lemma. O

Lemma 7.D.3. Let g : R* — R be given by g(y, z) = y*vz* f(p), where o, and
o, are nonnegative integers and o is a placeholder for \/y? + z2. Furthermore,
the function f : R — R has the property (N). Then the function g is infinitely

differentiable.

Proof. We can prove this lemma using an induction argument combined with

Lemma 7.D.2. O

Now it is a standard exercise in classical real analysis to show that the func-

tions @(r), h(r), Ys(r), Ve(r), % and L (T), with relevant definitions given in

(7.53), (7.59)and (7.61), have the property (N). Using Lemma 7.D.3, one can then

conclude that the velocity field, as defined in (7.61), is infinitely smooth.
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Chapter 8

Nonuniqueness of trajectories on
a set of full measure for Sobolev

vector fields

This chapter is based on the paper Kumar (2023) (to be submitted soon). A

preprint is available at arXiv:2301.05185.

8.1 Introduction

In this paper, we consider the following system of ordinary differential equa-

tions (ODE)
I —u(t,x(t)  with  @(0) = x € T, (8.1)

where T? is a d-dimensional Torus and u : [0, T] x T¢ — R? is a vector field taken

to be continuous for convenience. We are interested in studying an important
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question regarding this ODE for the case when the vector field u has only Sobolev

regularity. To describe the complete problem, let us start with a few definitions.

Definition 8.1.1 (Trajectory). We say v% : [0,T] — T? is a trajectory corre-
sponding to the vector field w starting at x if v is absolutely continuous, vyx

solves the ODE (8.1), i.e., y%(t) = u(t,y%(t)) Vt € [0,T] and v%(0) = «.

For a vector field w, by bundling these trajectories for Z%-a.e. © € T¢, we can

define a flow map as follows.

Definition 8.1.2 (Flow map). A map X*: [0,T] x T¢ — T is called a flow map
corresponding to the vector field w if, for £%-a.e. x € T¢, X*(-,x) : [0,T] — T¢

is a trajectory starting from x.

With this definition, we say two flow maps X{* and X3 are the same if trajec-
tories X¥(-,x) and X%(-, x) are the same for Z%-a.e. € T?. A restricted class
of flow maps is called reqular Lagrangian flows, which plays an important role in
DiPerna and Lions (1989) theory. The following definition is taken from a paper
by Ambrosio (2004).

Definition 8.1.3 (Regular Lagrangian flow). A map X% :[0,7] x T — T¢ is a
reqular Lagrangian flow if it is a flow map corresponding to the vector field w. In
addition, it satisfies the following condition.

e For any time t € [0,T], X¥,(t,)x2L¢ < CZL? for some constant C > 0.

If the vector field is Lipschitz continuous, then the classical Cauchy—Lipschitz
theorem guarantees the uniqueness of trajectories starting from any «. Moreover,
the corresponding flow map X™ is automatically a regular Lagrangian flow, i.e.,
the additional condition required in the definition (8.1.3) is a consequence in the

classical theory.
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In the late 1980s, DiPerna and Lions (1989), in a pioneering work, developed
the theory of ODE for Sobolev vector fields with bounded divergence, where they
showed the existence and uniqueness in the class of regular Lagrangian flow. The
theory of DiPerna and Lions was later extended by Ambrosio (2004) to vector
fields of bounded variation. Since the theory of DiPerna and Lions first came out,
an interesting question remained: is it possible to show the uniqueness of a general
flow map, as in definition (8.1.2), for Sobolev vector fields? In other words, is any
flow map automatically a regular Lagrangian flow, just as in the classical case?

In recent years, the answer to this question has been given. Caravenna and
Crippa (2021) showed that if w € C([0,T]; W'P(T¢ R%)) with p > d, then the tra-
jectories are unique for £%-a.e. & € T¢. However, if p < d, then Brué et al. (2021)
showed that there are divergence-free vector fields u € C([0, T]; WH?(T?, R?) N L*)
for s < oo such that the trajectories are not unique on a set of positive measure,
which also implies that there are flow maps X™ that are not regular Lagrangian.
Their proof uses a convex integration type scheme to prove the nonuniqueness of
positive solutions of the continuity equation and then uses Ambrosio’s superposi-
tion principle to conclude the nonuniqueness of trajectories for the ODE. Using
the same methodology, Giri and Sorella (2022); Pitcho and Sorella (2021) cov-
ered the case of autonomous vector fields. They constructed a divergence-free
vector field u € W1P(T? R?) with p < d — 1 and showed that the nonuniqueness
of trajectories could occur on a set of positive measure. We also note that ex-
plicit examples of vector fields for which nonuniqueness happens on a set of full
Hausdorff dimension but of measure zero are known (Fefferman et al., 2021).

Inspired by one of our recent studies on branching flow for optimal heat trans-
port (Kumar, 2022b), in this paper, we give an explicit example of a vector field

u € C([0,T]; WP(T¢, R?) with p < d, for which we show that the set of initial
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conditions for which trajectories are not unique can be of full measure. Fur-
thermore, the vector field that we construct also possesses Holder continuity of
exponent « arbitrarily close to one. The following theorem summarizes our result

for the unsteady case.

Theorem 8.1.1 (Main result: unsteady case). For every integer d > 2 and
everyl < p<d,0< a<1andT > 0, there exists a divergence-free vector
field w € C([0, T); Whp(T4, RY)) N C2([0,T] x T4, RY) such that the set of initial

conditions for which trajectories are not unique is a full measure set.

The unsteady vector field construction to prove the above theorem can be triv-
ially modified to produce a similar result using a steady vector field. Essentially,
we trade time for one space dimension. The result is summarized in the following

theorem.

Theorem 8.1.2 (Main result: steady case). For every integer d > 3 and ev-
eryl < p<d-—1and 0 < a < 1, there exists a divergence-free vector field
u® € WHP(T? RY) N C*(T4,RY) such that the set of initial conditions for which

trajectories are not unique is a full measure set.

8.1.1 Notation

In this paper, we will work with both R? and a d-dimensional torus T¢ =
R?/Z%.  We identify point £ € R? or T? through its components as x =
(x1,...,2q), where z; € Ror T for 1 < i < d. We will also use the notation
(x); to denote the ith component of @ when it is more convenient to do so. We

use .Z? to mean the d-dimensional Lebesgue measure on R? or T¢. Given a vector
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field u, we define the support of w in the time variable as

supp, u = {t € Rlu(t,z) = 0Va € R? or T4}. (8.2)

Throughout the paper, we will use a < b to mean that a < ¢b for some constant
¢ > 0 independent of any parameter, except we will allow this constant ¢ to depend

on the dimension d.

8.1.2 Organization of the paper

The paper is arranged as follows. As our design of vector field w will involve a
Cantor set, we give the required Cantor set construction and prove a few associated
basic lemmas in section 8.2. We give an overview of the design of the vector field u
in section 8.3. In section 8.4, we give proof of Theorem 8.1.1 and briefly summarize
the changes required to prove Theorem 8.1.2. Finally, in section 8.5, we construct
a useful flow that helps translate cubes in the domain and is essential in the design

of vector field wu.

8.2 Cantor set construction

The purpose of this section is to fix some notations and give a Cantor set
construction in a way that is readily usable throughout the paper. We also state
and prove a few basic lemmas required later for constructing the vector field.
Notation 1. Given a point ., in R? or T¢ and ¢ > 0, we define an open cube of

length ¢ centered at x. as follows

Qx., l) = {a: c R% or T¢

¢
|xi—xf|<2,1§i§d}, (8.3)
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and a close cube Q(z., /) to be the closure of Q(x.,{).
Notation 2. In preparation for constructing Cantor sets, we first define a few

important sets and sequences. We let,

I:={1,-1}, and  I%:={s=(s",...,s%)|s" €1} (8.4)

For every n € N, we define a set of n—tuples with elements from I¢ as

Spi={s=(s1,...,8,) |8 €141 <i<n}. (8.5)

It is clear that |S,| = 2"%. We define a set of sequences with elements from 1% as

S:=1{s=(s1,8,...)|s €liecN}. (8.6)

We note that we use Fraktur font to denote elements from a set S,, and bold
Fraktur font to denote elements from the set S. Given s € S,, with n > 2, we will

denote
s = (81, e Sn—l) S Sn—l, (87)
and we define o, : § — §,, as follows

on(s) = (81,...8,) for seS. (8.8)

Notation 3. Consider a sequence ¥ = {¢;}°; with elements 0 < ¢); <1 and a
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sequence of 1’s

©:=1{1,1,. ..} (8.9)

We define a few lengths corresponding to ¥ as

0 =1 and == for  neN. (8.10)

With this definition and the fact that 0 < v; < 1, we note that

n—1
by

n <
v="9

for n € N. (8.11)

The significance of £y is shown in figure 8.1. The length (j represents the size
of the n-th generation cubes in the Cantor set construction process or the n-th
generation dyadic cubes if ¥ is chosen to be © (the sequence of 1’s).

Next, for a given sequence W as above, we associate every element s in S,, with

a point x in T?¢. For every n € N, we define P} : S, — T as

1 1 : 1 1& 4
Py(s) = <2 + 125}%’1, gt 425?£il,1> for s = (s1,...,8,) € Sy.
=1 =1

(8.12)

The positions Pg(s) would denote the centers of the n-th generation cubes in the

Cantor set construction process (see figure 8.1), and P§(s) denote the centers of
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the n-th generation dyadic cubes. We also define Py : S, — T¢ as P}, = P}, and

Py(s) = Py(s) — Py(s) + PY ()

1 o1 s d 1y
—<2+4§2m

1 n—1 s .
5 + 1 Z i1 + ang\p 1> forn > 2.

1
+ ZS}LE(IL,_I, cee

(8.13)

We will need ]5‘}} while constructing the vector field, which will be based on trans-
lating various cubes (see section 8.3). In that respect, Py (s) represents the center
of an n-th generation cube in the Cantor set construction process relative to the
center Py '(s') of a cube from the previous generation, which is then shifted to
P57 '(s'), the center of an (n — 1)th-generation dyadic cube. Finally, we define
Py :S — T as
1 1 4, 1 1
Po(s) = (=+=D sty ... = +=> st (8.14)
2 4D 2 4D
Next, we state a few useful lemmas whose proof is fairly straightforward and

given here only for completeness.

Lemma 8.2.1. Let W = {4;}2, be a sequence with 0 < ¢; < 1 and let s and v be
two different elements of S,, then the closed cubes Q(Pg(s), %) and Q(Pg(t), (%)
are disjoint.

Proof. Since s = (s1,...,8,) and v = (rq,...,7,) are different, that means for

! rd) are different. This, in turn,

iyl

some 1 <i<mn, s =(st...,s¢)and r; = (r
implies that for some 1 < j < d, sg and sz are different. From the definition of

Py in (8.12), we see that

(Pys) — Py, 2 37
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Lo=<—]

::L——> 8

.a:;l:: B ] H 5(11) — ¢1

owO

Figure 8.1: An illustration of the construction process of the Cantor set C in
two dimensions. The sequence ® is given by (8.20), and we have chosen v = 2.
The figure shows the collection of first four generations of cubes, C§, C3, Cs and
C3, in increasingly less pale red color. In the figure, o = (1/2,1/2), &1 = Pi(s1),
Ty = P2(sy) and x3 = Pi(s3). Here, 51, 55 and s3 are the elements of Sj, Sy
and S3, respectively, given by s, = {(—1,—-1)}, so = {(—1,—-1),(—=1,—1)} and

53 = {<_17 _1)7 <_17 _1)7 (_17 _1)}‘

where ( - ); denotes the j-th component. Now suppose that @ € Q(Py(s), (%),

this means

|(Pi(s) —z),| < ggp (8.15)

which implies

(Py(x) = =),| > [(Py(s) = Py(v);] - |[(Pi(s) — @),

1., 1.1 1 1.

s 2

Therefore, x ¢ Q(PZ(x), (%), which then completes the proof. O
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Lemma 8.2.2. Let the sequence W be the same as in the previous lemma, and let

s and v be two different elements of S. Then Py(s) # Py(r).
Proof. The proof is similar to the previous lemma. n

Lemma 8.2.3. Let © be a sequence of 1's as defined in (8.9). Let s and v be two
different elements of S,, then the open cubes Q(P§(s),(d) and Q(P5(x), () are
disjoint.

Proof. The proof works the same as in Lemma 8.2.1. The only difference is that

instead of (8.15), for & to be in Q(P§(s), (%), we need

(P3(s) — )] < ?@ (8.16)

Lemma 8.2.4. Let U = {¢;}2, be a sequence with 0 < 1¢; < 1 and let s =
(81,...8,) € S, for somen > 2 and s' = (81,...8,_1). Then Q(Py(s),03) C

QPyH(s), (7).
Proof. Suppose x € Q(P%(s),(%). This means

KTL

(Pi(s) — )| < 5,

where ( - ); denotes the j-th component. A straightforward calculation shows that

(Pi(e) - ) | < [(Pie) ~ Pito) | +](Pate) ), < e 4 T < B2

This implies & € Q(Py *(¢'), 4 "). Hence, Q(Pg(s), %) C Q(Py (s, €3 ") is

true. ]
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Lemma 8.2.5. Let s € S. Then for every n € N, Py(s) € Q(Pr(o,(s)), (3).

Proof. For any j € {1,...,d}, we note that

7 1 & i—1 1 & gr‘lll KT\IZ!
‘<P\Ij(5) a P\Ij(s))j‘ = Zz:%l oo = 11221 2=n—1 = 2

Corollary 8.2.1. Let s € S. Then Py(s) = N Q(Py(on(s)),(?).

neN

Proof. From Lemma 8.2.4, Q(P%(0,(s)), /%) forms a nested sequence of cubes,

ie.,

Q(PL(01(5)), L) D Q(P2(0s(s)), %) > ...

Also, the size of the cube Q(Pu(0,(s)), (%) goes to zero as n — oo. Therefore,

N Q(P(o,(s)), (%) contains only one single point from T¢. From Lemma 8.2.5,
neN

we note that Py(s) € QN@(Pg(an(s)), 23, which finishes the proof. O

Lemma 8.2.6. Let s € S, then Q(Pa(s),(3) = Egj Q(PLT(v), 45, Further-
v€S41

more, T¢ = eLé Q(P5(s),03) for any n € N. -

Proof. These are standard properties in a dyadic decomposition. [l

Lemma 8.2.7. For every ¢ € T¢, 3s € S such that x = Pe(s).

Proof. From Lemma 8.2.6, there exist 51 € S such that * € Q(P4(s1),4y).
Having selected s; € S; for i > 1 such that © € Q(Pg(s;), ¢5), again using Lemma
8.2.6, we choose 5,41 € S;1 such that s/, = s and € Q(P5 ™ (si+1), (5.
Finally, we define s € § as follows. We let the nth component of s to be the
nth component of s,, i.e., 8, = 8,,. By construction x = N Q(Py(0.(s)), (%)

neN
Finally, referring to Corollary 8.2.1 finishes the proof. O]
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Notation 4. If ¥ = {¢,;}°, is such that 0 < ¢; < 1, then we define

Ct = |J Q(Py(s),03). (8.17)

s€S,

The set C§, is the union of nth generation cubes in the Cantor set construction
process. From Lemma 8.2.4, we note that C’s form a nested sequence of sets,

ie.,
Cy D2C3DCy. ... (8.18)
Finally, we define a Cantor set corresponding to the sequence ¥ as

i=1

From the definition (8.19) and Corollary 8.2.1, we immediately see that for any
s €S, Py(s) € Cy. Moreover, the following lemma states that any & € Cy can

be represented this way.

Lemma 8.2.8. Let U = {1;}2, be a sequence with 0 < 1; < 1, then for every

x € Cy, Jls € S such that x = Py(s).

Proof. We only need to show the existence of s € § as the uniqueness is clear from
Lemma 8.2.2. Given x € Cy, we construct an § = (sy, Ss,...) € S as follows.

By definition of Cy, for every n € N there is s, € S, such that © €
Q(Pg(s,),0%). Moreover, as the cubes from the nth generation in the Cantor
set construction process are disjoint from Lemma 8.2.1, this s, is unique. Using
(8.7) from Notation 2, this also means s/, = s,_;. Finally, we define the nth

component of s as s,, := s, ,, where s, , is the nth component of s,.
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By construction of s, we see that for every n € N, © € Q(P(0,(s)), (%).

Finally, noting Corollary 8.2.1 implies = P(s). O

An important sequence that we use for the construction of our vector field is

1 o0
D= {p;}2, = {21/}._1 where v € (0,1) is a constant. (8.20)

From this sequence ®, we have that

1

Lemma 8.2.9. Let the sequence ® be as given in (8.20). Then the Hausdorff

dimension of the corresponding Cantor set Co is

d
1+v

dimH Ccp =

Proof. The calculation of the Hausdorff dimension of a Cantor set is standard, see

for example, (Stein and Shakarchi, 2005, ch. 7) or (Falconer, 2014, ch. 3). O

Finally, we finish this section by stating a simple lemma that will be useful in

proof of Proposition 8.4.2 given in section 8.5.3. We first let
1
v=9(v) = §(2” —1). (8.22)

Lemma 8.2.10. For any a € [0,1] and for any s € S; for some i € N, let
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x, = (1 — a)Pi(s) + aPi(s) then

Q(xa, (1+0)0,) € Q(Po(s), lo)-

Proof. The proof is a straightforward verification of the statement. ]

8.3 Overview of the approach

In order to prove Theorem 8.1.1, we aim to construct a vector field u such

that there exists a flow map for which, at some time, T" > 0, we have
X“(T, T C Cs. (8.23)

From Lemma 8.2.9, we see that the Hausdorff dimension dimyg Ce < d. Therefore,
the d-dimensional Lebesgue measure of Cg is zero. As a result, this flow map X*
is not a regular Lagrangian flow. However, as we shall see, the flow w possesses a
Sobolev regularity and falls in the range of DiPerna and Lions theory, which then
guarantees the existence of a regular Lagrangian flow X7 as well. The existence
of two different flow maps implies that the set of initial conditions for which the
trajectories are not unique is a set of positive measure. Because the condition

(8.23) holds, this set is, in fact, a full-measure set.
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— — _ _1-2-0-8)
t—TO—O t7T1772(17ﬁ)71

]
o 1-272%20-8 . 1_97801-R)
t=T2= Simy t=173= 5o

Figure 8.2: The motion of the first four generations of cubes in the Cantor
set construction process under the flow of vector field v = >7°,v;. At the ith
stage, the vector field v; translates the cubes of the ith generation so that their
centers align with the dyadic cubes of the ith generation. In the first step, by
definition of the centers (8.12), we have this alignment at ¢t = 7 itself. Therefore,
in the first step, we simply choose vy = 0. The arrows in the figure indicate the
direction of the motion of cubes. In panels (b), (c¢) and (d), the tails of the arrow
lie at the shifted center (see (8.13)), PL(s1), P2(s;) and P3(ss), respectively, for
51 € 51, 8o € Sy and s3 € S3. Finally, in our construction, the vector field v;_;
is supported near the ith generation cubes in the Cantor set construction process
as they move around in space. The size of these ith generation cubes becomes
increasingly smaller compared to ith generation dyadic cubes, as can be seen in
panel (e), for example. This shrinking of the support of the vector field v; with
large 7 is one of the main reasons that allow us to bound the Sobolev norm of the
vector field uniformly in time.
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We construct the vector field w through a time reversal argument applied to
a vector field v, whose construction we describe next. For some 0 < < 1, let us

define a sequence of times as

1 —92-(1=-p) _ 1
T “— m fOl" 1€ ZZO and Too — 71 (824)

It is clear that

for 7€ N.

We design the vector field v to be such that it has a unique flow map X°.

Moreover, at time t = 7,,, we have

X¥(Too, Cp) = T (8.25)

In our definition of the vector field v, we will write v to be an infinite sum of vector
fields v,’s, i.e., v = 372, v;. Under the flow of vector field v, the mapping of C to
T< will occur in a sequence of infinite steps. The vector field v,_;, whose support
lies in [r;_1,7;], will execute the ith step in the sequence. Figure 8.2 depicts the
first four steps in this infinite sequence of steps.

In the first step, the vector field v, translates Q(Pg(s), £%) (the first-generation
cubes in the Cantor set construction process) such that after the translation, the
centers of these cubes align with the centers of first-generation dyadic cubes.
Continuing in this way, at the ¢th step, the vector field v;_; translates the cubes
Q(Pi(s),0%) (the ith generation cubes in the Cantor set construction process
after translations under flow v;’s, j < i — 1) such that their centers align with

the centers of the ith generation dyadic cubes. After performing the ith step, the
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centers of the ¢ + 1th generation of cubes in the Cantor set construction process
now shift to Pit(s), which we note are different from the centers Pit!(s) in the
original configuration of the Cantor set. To translate the cubes at any step, we
use what we call a “blob flow." An overview and the construction of a blob flow
are given in section 8.5.

Now we quickly see why the flow of vector field v takes Cy to T¢. From
Lemma 8.2.7, we see that for every &. € T¢, there is an element s € S such
that . = Pe(s). But for this s there is ;s € Cp given by x; = Ps(s). From
the description given above, a trajectory corresponding to vector field v starting
at x, after time 7; is given by 7% (1;) = Po(s) — Py(oi(s)) + P5(o4(s)). Letting
i — 00, we see that 72 (7o) = Po(s). In conclusion, X(7s,Cs) = T

Finally, we mnote that the vector field v that we create lies in
C([0, Too]; WEHP(T?, R?)), and we can do this for any 1 < p < d. Our vector field
design has one main advantage compared to, for example, the “checkerboard" flow
used in optimal mixing problems (Yao and Zlatos, 2017; Alberti et al., 2019). For
both a checkerboard flow and our vector field v, the number of cubes at the ith
step are the same, which is 2/. However, the size of cubes that we translate at
the ith step in our vector field v is ﬁ, which is at large ¢ substantially smaller
than %, the size of cubes at the 7th step in a typical checkerboard flow. This is

one of the main reasons we are able to bound the Sobolev norm uniformly in time.
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8.4 Proof of Theorem 8.1.1 and the design of
vector field v

This section will prove Theorem 8.1.1 and construct the vector field v from
last section, given the properties of its components v;. Before stating the next
proposition, recall the definition of ® from (8.20), which uses a parameter v and

the definition of 7; from (8.24), which uses a parameter f.

Proposition 8.4.1. For every p < d and o < 1, there are two numbers,
v = v(p,a) € (0,1) and B := 1 — v?, and there exists a divergence-free vector
field v € C([0, Too); WEP(T, RY)) N C¥([0, Too] x T4 RY) N C([0, 7o) x T4, RY)
with the following two properties:

(i) For every @, € T, the trajectory v2_ : [0, 7o) — T? is unique. As a result, the
flow map XV is also unique.

(ii) Let @ be as in (8.20). Then given a sequence s € S, let xs = Po(s) and

x. = Po(s), then 7; (7o) = ..

Proof of Theorem 8.1.1. Let’s define the required vector field w : [0, T] x T — R?

as

u(t, ) = —%Ov (Too (1 - ;) ,w) .

Clearly, w € C([0, T]; W'P(T4, R?)) N C*([0, T] x T R?) and is divergence-free.
Next, for every & € T¢, we define a trajectory corresponding to the vector field
w that starts at . From Lemma 8.2.7, for every x, € T?, there exist an s € S

such that &, = Pg(s). After choosing such an s, let us assign &, = Po(s). With
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that, it is easy to verify that 4% :[0,7] — T¢ defined as

(0 =2, (r (1- 7))

is a trajectory corresponding to the vector field u starting from «..

Finally, we define a map X% : [0,T] x T¢ — T as

X"(t,x) = va(t).

Clearly, X" is a flow map for which

X“(T, T C Cs.

(8.26)

As the Hausdorff dimension dimy Cs < d, which means & d(C@) = (0. Therefore,

X" is not a regular Lagrangian flow. As the vector field u has the required Sobolev

regularity, from DiPerna—Lions theory, there is another flow map X7, which is

regular Lagrangian. This implies that the set of initial conditions for which the

trajectories are not unique has a positive d-dimensional Lebesgue measure. Fur-

thermore, from (8.26) and the definition of regular Lagrangian flow (8.1.3), we see

that this set is, in fact, a full-measure set.

]

Proposition 8.4.2. Given v € (0,1) and B € (0,1), for every i € Zsq, there

exists a vector field v; : [0, 7o) x T? — R with the following properties.

(i) v; € C([0, 7] x T RY),
(ii) v; is divergence-free,

(iti) supp, v; € (7, Tiv1),
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(’L"U) H’UZHL;X; 5 (2V£1) 2/181'

(1+v—pB):
(v) vaiHng; S 2(2v—1)2

[(1+U—/3)P—d’/]i

(vi) For a given p € [1,00), [|oi(t, My S g X 2

(vii) 003l 1o, S Grtay g

(viii) For a given s € Sy and ® € Q(Pyt(s), (5, we have

Voi(Tin) = & — Py (s) + P& ().

Proof of Proposition 8.4.1. Let us define a vector field v : [0, 75] X T — R? as

follows

vi=) v, (8.27)
i=0

where v;’s are the vector fields from Proposition 8.4.2. Next, we show that the

vector field v has the properties stated in Proposition 8.4.1.

In the proof that follows, we make the following choices of parameters: v

is a sufficiently small number and 8 =1 — /2.

e v € C®([0,70) x T4 RY): We conclude this by noting property (i) and

that the support of v;’s are disjoint.

v is divergence-free: As for any time t € [0,7.], at most one of the v; is

non-zero, V - v = 0 follows from the divergence-free nature of the v;’s.

o v C([0,750); WHP(T? R?)): From the disjoint support of w;’s in time,
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we note that

H'UHL;”W;’P < S‘;p ||'UiHLt°°W§"’ :

From property (vi) in Proposition 8.4.2, we see that the right-hand side is bounded

if we choose

dv

< m. (8.28)

p

As v € C®([0,7) x T4 R?), the continuity of the Sobolev norm in time is clear

for any t € [0, 7). For t = 7, we simply have

Hv(Tom ) - ’U(f, ')le’p = H’U(f, ')le,p :
Using the property (vi) in Proposition 8.4.2, the right-hand side decreases to zero
as T approaches 7., if (8.28) holds. Finally, we note that in condition (8.28), the

exponent p can be made arbitrarily close to d if we choose v small enough and

B=1—12

o v CY0,7s] x T? R?): We start with the definition of a-Hélder norm:

|’U(t1, wl) — 'l)(tg, 332)|
H/UHng = sup

| (8.29)
(t1,21)#(t2,22) ‘(tla wl) - (t27 m2>|a

If t; =ty = 7o, but @ # @2, then the right-hand side in (8.29) is simply zero. If

t1 = Too, but ty # 7, then we have

o(ty, 1) —v(ta, 2)| _ |v(t2, )|
[(tr, 1) = (T2, x2)|* [(Toos @1) — (f2, @2)|®
v(te, 22)|

= e — oo ¥ 20 —1 5P 2B—a-A)
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which is bounded if

a< . (8.30)

Finally, if 1, ¢y € [0, 7o), then we have

[v(t1, 1) — v(t2, @)
|(t1, 1) — (L2, T2)|

< N0l s, 111 = 22l 4 sup [[o ()l

Now the first term on the right-hand side is bounded if o < 1 and 1 + v < 23,
which is true for the choices we made at the beginning of the proof. For the second

term, we have

t —v(t
o [0t = v(t2)
T £ T [Ty — x|

1 -« v t7. o'}
< 2uin { o1 = '~ Vo, {20

|1 — xo|*
1—
S 2 ||’U(t, ')”Looa ”V'U(ta )HCLYOO )

1 14+« )
< ( ) Sup 2[04(1"’_1’)_6]1,

~A2r -1

which is bounded if

) 8.31
1+v ( )

As before, by choosing v to be small enough and 3 = 1 — 1%, the exponent a can

be made arbitrarily close to one.

o Uniqueness of trajectories: As the vector field v € C°°([0,7,) x T9 RY),

the existence and uniqueness of a trajectory ¥ starting from x € T¢ is clear for

any time t < 7,,. The existence and uniqueness at time ¢t = 7., are obtained from
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the fact that ||[v(t, )] — 0 as t = Tw.

o Trajectories starting from Ce: Let ®, € Cg, then from Lemma 8.2.8,

there is a unique s € S such that x, = Ps(s). We will show that 7 (1) = .,
where x, = Po(s), which will then imply X¥(7,,Cs) = T¢ from Lemma 8.2.7.

Given a & € T? let us first define y; € T? for all i € Z> as

Yo = Ts, and Yir1 = Yy (Ti) Vi€ ZLxo.

Next, let us define a trajectory 72 : [0, 7o0] — T as

Yy (1) for t € |1, Tit1),
Ya(t) = (8.32)
E}.’L Yy (Ti) if t = 7.

Using property (iii) about the disjoint supports of v;’s, one can verify through an
induction argument that «, is indeed the unique trajectory corresponding to the

flow v starting at . Next, we claim that

Vo, (7i) = Pa(s) — Py(0i(s)) + Po(0i(s)). (8.33)

The claim is obviously true for ¢ = 1. Now suppose that the claim is true for some
1 > 1. We will show that it is also true for ¢ + 1. From Lemma 8.2.5, we know

that

Pa(s) € Q(Py" (0i11(8)), la)-
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This implies

Pa(s) — Py(0i(s)) + P(0i(s)) € Q(Pg™ (0:41(5)), 6™), (8.34)
after using the fact that

P (0:1(8)) = P (0011(s)) — Ph(os(s)) + Pi(oi(s)). (8.35)
Using (8.34), property (viii) and definition (8.32), we have that

Yo, (Tir1) = Pa(s) — Pa(0i(s)) + Po(0i(s)) — Py (0i1(8)) + P5™ (0141(8))

= Pa(s) — Py (0i11(8)) + P5 ' (0i41(8)),

where we used (8.35) to obtain the second line. Finally, taking the limit i — oo,

we see that

Y, (Too) = Pol(8).

8.4.1 Modifications required to prove Theorem 8.1.2

Our design of a steady vector field u® : T — RY for d > 3 is based on the
unsteady vector field construction of dimension d — 1, which we denote as u?~! in
this subsection. Let @ = (21, 7y, ...24) € T, we denote ®’ = (z1,...24.1) € T4,

and we write @ = (2, 24). In our definition below, the coordinate x4 serves as a
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function of time. Given 0 < € < 1, we define

0,...,0,1) if 0<zg<l—e,
uw’(x' 1y) = (8.36)

(1ud—1 (wﬂ;) : 1) if 1—e<mzg<1,

)

where we use final time 7" = 1 in the definition of u?!. Using the properties of
the unsteady vector field !, it is not difficult to show that u* is indeed the

required vector field in Theorem 8.1.2.

8.5 Blob flow

As described in the approach, to translate a cube in the domain from a starting
point @, to an endpoint x., we use what we call a “blob flow.” A schematic of
a blob flow is shown in figure 8.3. The properties of a blob flow v are specified
in Proposition 8.5.1. For a blob flow, the vector field v is uniform inside a cube
of length A\, and the support of the vector field lies in a cube of a slightly larger
length A(1 + ), where 6 can be understood as an offset. The vector field folds
back outside the cube of length A\ to maintain the divergence-free condition (see
figure 8.3). Our goal now is to first construct a stationary blob flow, using which

we construct the required blob flow and finally give proof of Proposition 8.4.2.

8.5.1 A stationary blob flow

Let us first define a bump function as

1 : 11
0 if ze€ (—oo,—l} U [l oo),
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where the constant ¢ is chosen such that [ p(2') da’ = 1. For any € > 0, we define

a standard mollifier as

oele) = 0 (%), (3.38)

Next, for 6 € (0,1), let X[_1 88 1,35 be an indicator function which is 1 if z €
13

[—3— 2,3+ %] and zero otherwise. We define a function ¢; : R — R as

1= Qs % X[ 1 35 130, (8.39)
For d > 2, we define (; : R* — R as
Ca(z) = Cix1)Ci(@2) - .- Ci(Ta)- (8.40)

It is a standard calculation to check that ¢y € C°(R?), supp ¢4 C [—3 — g, s+ %]d

Y

[Call e = 1 and that (y(z) =1 if x € [—3, 3]%. Furthermore, |[Vi¢y||;e S 3 for
1€ N.
Let ¢ € S*! and d = 2k or 2k + 1 for some k € N, we define a function

F, :RY > R as

Fi(x) = ((1x2 — @1 + @374 — Qa3 - - - + Qop—1T2k — QorTor—1) Ca(x).  (8.41)

When d = 2k + 1, we also define a function F5 : R — R as

Fy(x) = qop121Ca(). (8.42)
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Finally, we define the stationary blob flow w : R¢ — R%. When d = 2k, we let

w :(wl,wg,...,wgk)

= (00, Py, =00, 1, 00, Fy, =0, By, D0y L, =00y F1), (843)
and when d = 2k + 1, we let

w = (w17w27"'aw2k+1>

= (6%2}q __é%Qk+1fE7__6G15H76%4IQ7__6G3ZQ7"'7 ngfaa__a

T2k—1

Fy, 0, Fy) .

(8.44)

From the definition itself, it is clear that w is divergence-free. In general, we

record the properties of w in the following lemma.

Lemma 8.5.1. Depending on two parameters, q € S~ and § € (0,1), there is a
divergence-free vector field w(-; q, ) € C=(R?, R?) with the following properties.
(i) suppw C Q(0,1+9),

(ii) If ¢ € Q(0,1), then w(x) = q,

(iti) lw] o < 5.

(iv) |Viw| o S six VieN,

8.5.2 A moving blob

Using the vector field w, our goal now is to design an unsteady vector field v

which translates a cube centered around a starting point s to an endpoint x..
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g g g g Y BRI,

Figure 8.3: An illustration of the blob flow v in two dimensions. The vector field
v translates a cube of length A centered at @, at time ¢t = ¢, to a cube centered
at x, at t = t.. The cube is shown in red color. As the cube moves, the vector
field v inside the red cube is always uniform, and the support of the vector field
lies in a slightly bigger cube of length A\(1 + §) (shown in dashed).

We first define n: R — R as

n(z) = / o(2') da’, (8.45)

where ¢ is given by (8.37). It is clear that n(z) = 0if x <0 and n(z) = 1ifz > 1.

Given two points x,, . € R? and time ¢, < t., we define T, R— R? as

xp(t) = s + (e — )Nt L5, te). (8.46)
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where we define

t— 1t
n(t;t&te) =1 <t ¢ > . (847)

Finally, given 0 < § < 1 and A > 0, we define a vector field v(- ; &, T, ts, te, A, 0) :

R x R4 — R? as

t.m) o (o (:v “2(0), o z‘5> | (8.48)

Here, x,(t) signifies the trajectory of the center of the cube that © would trans-
late. We collect all the important properties of the vector field v in the following

proposition.

Proposition 8.5.1. Given a few parameters q € S, § € (0,1), =, z, € R?
and 0 < t, < t,, then the vector field O(-; s, Te,ts, te, N, 0) : R x R — R? qgs

defined in (8.48) has the following properties.
(i) v € C(R x RY, RY),

(ii) v is divergence-free,

(i) supp, © C [ts, L],

(iv) supp v (t,-) C Q(z,(t), A1 + 0)),

(U) ]fZB € @(wp(t)7 )\) then ’lNJ(t, w) = (iz:tx:)?’]/ (tte_—tti,)’

(vi) [1Bl] e, S B2,

(vii) [Vl e, S kel VieN,

~ e—Ls e — 32
(vit) 11063 2, S J5=ih + ai o

(ir) If & € Q(x5, \) then 2 (t.) = @ + (@ — 4 )n(t; by, L)
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Proof of Proposition 8.5.1. The proof of all these properties is straightforward.
Properties (i) to (v) is straight from the definition and Lemma 8.5.1.We perform
a few simple computations to show properties (vi) to (viii). For the property (vi),

we have

_ T, — Ty t—1, r—x,(l) T,— T,
gzl >w< (). |’5>

to—t, |\t —1, ) . — x,
~ [T — a4 / |z — ]
1Ol < =7 sup Il wll = = 5t — 1)

The property (vii) can be shown to hold as follows.

iy — l|a:e —:I:S|n,(t—tS ) (Viw) <w —a:p(t); T, —ws”5>

A - te — ts A |z — x4
l|we_$8‘
Ltof)ﬂc_ i te_ts

. 1 |z — x4
7 < € S
\ wHL°c D 0 L S N

— Hvia

sup |77
t

The property (viii) is also proved through a simple computation.

8t6:]we—ws]n,,<t—ts)w(a:—a:p(t)_ T, — T, ’5>

(te —ts)? te —ts A "z, — x|
|z — x| ,(t—t5> x—xy(t) x— x4
+ te_ts 77 te_ts (Vw) )\ 7‘.’136—5133"
(s — x.) ,(t—ts)
Mt — o)\t — 1,
|z, — 5] 1 |z, — x|

- < e st Yoo /. 29
= 1ol 2 5 =507 T3 2

Finally, for the property (ix), we claim that

- t—t, _
Yo(t) = x + (e — s)n (t — ) for x € Q(zs,\)

is a trajectory starting from @. It is easy to see that in the above definition
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Vo (t) € Q(z,(t), \), therefore, from the property (v), we have

B(t,2(t)) =

(x. — x;) ,<t—t5>‘

t—t. T\t 1,

Next, we simply verify that

Dell) _5(1n3w) a0 =2

8.5.3 Assembly of moving blobs: A proof of Proposition

8.4.2

Proof of Proposition 8.4.2. Given s € S;yy for i € Z>g, let us first define v, :

[0, Too] x T? — R? as

2T+ Tip1 T+ 2T
3 ’ 3

wilt @) = o (s Py (s), P (6), £L00), (349

where

as defined in (8.22). In the above definition, v : [0, 7] x T¢ — R? is the T-
periodized version of the v from Proposition 8.5.1 restricted to time 0 to 7.

Next, we define v; : [0, 7] X T? — R? as

V= Y . (8.50)

SESi.H
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We claim that wv; satisfies all the properties as specified in Proposition 8.4.2.
Noting properties (i) and (ii) from Proposition 8.5.1, it is clear that v; €
C>([0, 7o) x T? R?) and that v, is divergence-free. Further, using property (iii)

from Proposition 8.5.1, we see that

27’2‘ + Ti+1 T + 27‘“_1
3 ’ 3

supp, v; C € (7, Tiy1)-

Before proving the rest of the properties in Proposition 8.4.2, we first notice
that in the definition (8.50), supp Us(t, -) are disjoint. Using the property (iv) in

Proposition 8.5.1, for any s € S;,1, we note that

supp Us (£, -) C Q(zs(t), 057 (1 + 1)),

where

i t—21 — T ; t—27, — 7
m5<t>=Py1<s>[1—n(3 i ”1)]+Pé+1<s>n(3 i )

Ti+1 — Ti Ti+1 — Ti

Next, using Lemma (8.2.10), we have that
supp Te(t,+) € Q(as(t), Ly (1 +0)) € Q(Ps"(s), Lg™)-

From Lemma 8.2.3, the open cubes Q(P5™(s),¢5") are disjoint, which in turn
implies that supp v,(¢, -) are disjoint, an important detail we frequently use in the
rest of the proof. Using property (vi) from Proposition 8.5.1, we obtain

1 gt 11

< —.
= (2 —1)20

lorllaze, = s el = o=y =5
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Using property (vii) from Proposition 8.5.1, we have

1 €i®+1 9(1+v—p)i
G 1R (=) © (@2 -1

) I <
||v"71||L§j>m < 516115251 ||V")5||L;>j>z ~

The Sobolev norm of the vector field v; can be obtained after using properties

(vi) and (vii) as

S

[os(t, Ny < ( 5 (Il + IVel, ) 2 Gupp it ->>)

5ES»L'+1
1
(1+v—B)pi »
< Z 2 1 |
- s€Si11 (2v — 1) 20+v)d(it1)
1 [A+v—p)p—dv],
5 W X 2 P

An upper bound on the time derivative of the vector field v; can be obtained after

using (viii) as

1 ' 1 (g)?
(2" = 1) (rig1 —7)*  Lg7 (27 = 1) (Tis1 — 73)?
< 1 1 .
~ (21/ _ 1)2 2[28—v-1]i

) D <
||atvz||L§>§m < nggf?«fl ’|atvs”Lt°§m ~

Finally, using the fact that at any point in time suppws(t,) € Q(P5™(s), (5 ")
and the property (ix) in Proposition 8.5.1, we conclude that if for some s € S;, 1,

2 € Q(Pi(s), 651), then 2 (1) = @ — Py (s) + Pi(s). =
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8.6 Conclusion and Future work

In this chapter, we studied a problem related to the nonuniqueness of flow

maps X" in an ODE system

de(t) : _ d
~— = u(t,xz(t)) with x(0) ==z, € T, (8.51)

where the vector field u is divergence-free and belongs to the Sobolev space WP,
We constructed an explicit example of a vector field w that is continuous in time
with values in Sobolev space WP i.e., u € C([0, T]; WLP(T? R?), for every p < d
such that the flow map corresponding to the ODE (8.51) is not unique. The
nonuniqueness of flow maps with vector fields in Sobolev space has previously
been proven by Brué et al. (2021), but their construction was not continuous. In
contrast, our construction in this paper is continuous. In particular, for every
a < 1, our example belongs to Holder space, u € C([0,T] x T4; RY).

Our construction can further be used to prove the nonuniqueness of solutions

of two PDEs: the transport equation

op+u-Vp=0, onT? (8.52)

and the continuity equation

Op+V-(up) =0, onT% (8.53)

We note that these two equations are the same when the vector field w is divergence
free. Therefore, in what follows, we discuss the nonuniqueness of solutions of the

continuity equation but all of the arguments automatically apply to the transport
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equation.

Consider solutions of the continuity equation (8.53) with an initial condition
that is identically unity, i.e., p(0,:) = po = 1. The construction proposed in this
paper already produces nonuniqueness of the solution of the continuity equation
in the class of measures L>°([0, 7], M). Note that the flow map X* that we con-
structed maps the whole domain T¢ to a Cantor set Cp of measure zero. There-
fore, using the pushforward formula (see, for example, (Ambrosio and Crippa,
2014)), we see that the pushforward of the density py under the flow map X*,
p(t,-) = X(t,-)gpo is a solution of the continuity equation. The support of this
measure p(7,-) (at time t = T) is concentrated on the Cantor set Cy. In par-
ticular, it is not the d-dimensional Lebesgue measure .#¢. However, noting that
a density field that is always unity in time and space is a trivial solution to the
continuity equation, we prove the nonuniqueness of the solutions of (8.53) in the
class of measures.

As an extension, it appears that we can further modify our construction to
produce nonuniqueness of solutions in the class of integrable solutions, p € L{°L”,
for 1 < r depending on the Sobolev exponent p for the vector field. We plan to

work on this problem in the future.
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Chapter 9

Conclusion

In this thesis, we have presented and investigated a few problems related to
the study of bulk properties and flow structures in turbulence. As explained in
Chapter 1, these questions are of foremost importance in the study of natural
turbulent flows (e.g. to explain the transport of mass, energy or momentum for
flows in rivers, oceans or accretion disks around stars), and in engineering (e.g.
in the design of airfoils or heat exchangers). The “bulk” properties are spatially
averaged, time-averaged emergent quantities in a flow system, such as the drag
force, energy dissipation, heat, mass and momentum transport. In contrast, the
study of flow structures, roughly speaking, relates to quantifying the range and the
energy distribution through different flow scales. With these questions in mind,
we pursued two different but complementary research directions. Accordingly, the
thesis is divided into two parts.

In the first part, we were interested in estimating rigorous upper or lower
bounds on bulk quantities, such as the ones mentioned above, as a function of
system parameters in different flow setups. There are two advantages of these

bounds: (i) the bounds are obtained directly from the governing equations, and
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therefore, their derivation does not involve any unwarranted assumption, (ii) these
bounds provide useful information about the bulk quantities in the extreme pa-
rameter regimes which often concerns geophysical and engineering turbulent flows.
In the second part of the thesis, we were interested in problems related to the con-
struction of incompressible flows that possess some specific properties. In this part
of the thesis, we worked on two related but different problems: (i) the design of
flows for optimal heat transport between two differentially heated walls and (ii)
the design of “rough” vector fields in an ODE system leading to the nonuniqueness
of flow maps.

The rest of this chapter summarizes the studies considered in each part of
this thesis and highlights the most important findings. We also state a few open

problems and future directions.

9.1 Rigorous bounds on bulk quantities

9.1.1 Summary of the thesis results

In the first part of the thesis we studied four different flow systems from the
perspective of rigorous bounds on global mean quantities. In all these flow prob-
lems, we use a tool known as the background method, described in Chapter 2,
to obtain the bounds. The flow setups we investigated and the corresponding
important findings are as follows.

In Chapter 3, we studied uniform flow past a flat plate kept at zero incidence.
We obtained a bound on the drag coefficient and showed that it stays bounded
in the limit of a high Reynolds number. Although similar bounds have previously

been obtained for internal flow systems (flow between boundaries), the flat plate
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is the first example of an external flow problem (flow past an obstacle) where such
a bound is derived.

In Chapter 4, we studied pressure-driven flow in a helical pipe. In this chapter,
we were interested in obtaining a bound on the friction factor (equivalently on the
volume flow rate). Our main achievement was to obtain a nontrivial dependence
of this bound on the pipe’s geometry (curvature and torsion of the pipe). In
this chapter, we also provided a sufficient criterion for the applicability of the
background method to flow problems.

In Chapter 5, we looked at Taylor—Couette flow (flow of fluid between two
independently rotating concentric cylinders) with a stationary outer cylinder. We
obtained bounds on the rate of energy dissipation, torque and angular momentum
transport. The Taylor—Couette flow is the simplest setup with a geometrical
parameter governing the dynamics, namely the radius ratio. We first derived
suboptimal but analytical bounds using simple functional inequalities augmented
with a boundary layer optimization procedure. We also obtained optimal bounds
in the background method framework by setting up an optimization procedure and
numerically solving the corresponding Fuler-Lagrange equations. One of the main
findings of this study was to show that the dependence of suboptimal analytical
bounds on the radius ratio (the geometrical dependence) is the same as in the
optimal bounds. Moreover, we demonstrated that this geometrical dependence is
consistent with that obtained in the direct numerical simulations. In this chapter,
we also conclusively established the limitation of the background method to two
example flow setups: Taylor—-Couette flow with suction and Taylor-Couette flow
with injection.

In Chapter 6, we studied internally heated convection between two parallel

plates with no slip boundaries in two different scenarios: (1) IH1: isothermal
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boundaries, (2) IH3: isothermal top boundary and insulating bottom boundary.
In both cases, we derived upper bounds on the mean vertical heat flux. The
derivation of bounds in the internally heated case is substantially more complex
than in its more standard counterpart, Rayleigh-Bénard convection. We used
a maximum principle for the temperature and a nonstandard background field
which takes the form of a vertical varying temperature profile with a two-layered

boundary layer structure.

9.1.2 Open problems and future prospects

As mentioned in Chapter 2, flow setups where the background method can
provide a useful bound are relatively rare. In this subsection, we list a few open
problems where obtaining a bound has not been possible using the background
method or any other mathematical technique. We then discuss the auxiliary
functional method, a recently developed tool to obtain bounds on mean quantities,

which may be helpful in making further progress.

Open problems

Despite the numerous successes of the background method, there are several
important flow systems where a bound on the quantity of interest is not known.
For example, an important open problem is whether the rate of energy dissipation
in pressure-driven flows between non-planar walls remains bounded in the limit

of vanishing viscosity. The exact mathematical formulation of this problem is as
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follows: consider two non constant functions, hg, hy € C* (T, x TLy) such that

H : H
— < min hp(z,y) < max hp(z,y) < —Cc5

H : H
e < min hr(z,y) < max hr(z,y) < 5

where 0 < ¢ < 1 is a prescribed constant. The degree of smoothness k can be

chosen as large as one desires. The domain of interest €2 is

Q= {(x,y,z) | h’B(‘rvy> <z< hT($7y)7x € TLmy S TLy}' (91)

The lengths 0 < L,, L, set the periodicity of the flow in z and y directions, and
the functions hg and hp are the graphs of the bottom and top boundaries. We

are interested in solving for the velocity field u : [0, 00) x  — R? from equations

Veu=0, (9.2a)
0 1 AP
8—1: +u-Vu= —;Vp—kuAu—k s (9.2b)
with initial condition u(0, -) = u( and no-slip boundary conditions
u(t,z) =0  when z=hg(x,y)orz=hp(z,y) Vt>D0. (9.3)

In equation (9.2b), AP/AL is the applied pressure in the z direction divided by

the density. We define the rate of energy dissipation as

= v{|Vul?) where ([-]) = lim sup (9.4)

T—o00 |Q|

The following is an open problem:
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Problem 9.1.1. For sufficiently small vy, is it true that for every 0 < v < vy

AP\?
vVH|— .
€y < (g (AL) ) (95)

where ¢y is a constant independent of v ¥

Another important problem concerns the rate of energy dissipation in flow
past a sphere or cylinder, as raised for instance in Doering and Constantin (1994).
This problem motivated the work presented in Chapter 3 on flow past a flat plate,
but to date, our work remains the only known example of bounds obtained in

external flows.

The auxiliary function method

Given the limitations of the background method, new ideas or tools are needed
to progress. One such tool was recently introduced by Chernyshenko et al. (2014)
and is known as the auxiliary functional method. The idea of this method is
quite simple and is described below (based on Chernyshenko (2022)). Consider a

dynamical system, finite or infinite dimensional, as

d’u,i

= = f(u), with  w(0) = uo. (9.6)

The Navier—Stokes equation, for example, can be recast in this form, where u
would be an incompressible flow field. Suppose that for this dynamical sys-
tem, we are interested in obtaining a bound on F', the long-time average of a
particular functional F[u]. For the Navier-Stokes equation, F'[u]| could be the

volume-averaged energy dissipation rate, for example. Now for a given (different)
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functional V[u| (differentiable w.r.t. ), let us define a functional Dy [u] as

oV

Dylu] = f - S0

(9.7)

which is the Lie derivative of V' with respect to f. Now assuming u(¢) (solution to
(9.6)) stays bounded in time, then so does V[u(t)]. As a result, from the long-time

average of Dy [u], we get

From these considerations, we see that if we can find a functional V{u] and a

constant B such that

Flu] + Dy[u] < B, (9.9)

then by taking the long-time average, we can obtain a bound on F as

Flu(t)] < B. (9.10)

Furthermore, by trying all possible choices of functional V| we can obtain the

optimal bound in the framework of the auxiliary functional method:

Fluf0] < By = infsup(Flu] + Dy [u)). (9.11)

The auxiliary functional method can, in principle, provide a sharp bound as shown
by Tobasco et al. (2018) for finite dimensional systems (ODEs) and by Rosa

and Temam (2020) for infinite dimensional systems (PDEs). In recent years, the
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auxiliary functional method has become popular, and been applied to both finite
dimensional systems (Fantuzzi et al., 2016; Goluskin, 2018; Fantuzzi and Goluskin,
2020; Goluskin, 2020; Kumar, 2019; Olson et al., 2021) and infinite dimensional
systems, such as the Kuramoto—Sivashinsky equation (Goluskin and Fantuzzi,
2019).

As for the Navier—Stokes equations, the auxiliary functional method can, in
principle, produce a bound on the energy dissipation rate for flow systems such as
pressure-driven flow between nonplanar walls or uniform flow past a cylinder. The
main difficulty with this method is to find a good functional V[u]. For a choice of
quadratic functional V[u], the background method and the auxiliary functional

method are equivalent (Chernyshenko, 2022), which can be shown by choosing
Vlul = allu-Ul;, (9.12)

where « is a constant and U is a background flow. However, no-one has yet found
a suitable functional V]u|, that can be used in the auxiliary functional method
and is beyond quadratic for the Navier-Stokes equations, that would help obtain
bounds in systems that cannot be treated using the background method.

To move forward, there are two potential options. One way is to extend the
background method by making the background flow U depend on the flow w. The
idea roughly is that there may not exist a single good choice of the background
flow U that works for all perturbed flow v (equivalently for all total flows u) but
for every total flow u we may still be able to find a good choice (not necessarily the
same) of the background flow U. This idea was successfully applied by Goodman
(1994) in the context of Kuramoto-Sivashinsky equation. For the Navier-Stokes

equations, this idea is given in Chernyshenko (2022). The strategy of choosing
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the background flow U that depends on the total flow w was also independently
realized by us in unpublished work. The main problem with this strategy is
to identify the right dependence of U on w. Another way to move forward, as
suggested by Chernyshenko (2022), is to make use of the information about the
total helicity in the flow (Moffatt, 1969; Moffatt and Tsinober, 1992) in designing

a suitable functional V]u].

9.2 The design of incompressible flows in fluid
problems

In the second part of the thesis, we investigated two problems related to the
design of incompressible flows under some given constraint (which can be under-
stood as the cost to generate the flow) such that the velocity field has some specific
desired property.

In Chapter 7, we studied the problem of optimizing heat transport between two
parallel walls kept at different temperatures by designing a convective velocity field
u (with a given enstrophy constraint, {|Vul|?) < &) in the convection-diffusion
equation. The budget on the enstrophy can also be understood as a constraint on
the power supply to generate this flow using a body force in the Navier—Stokes
equation. An upper bound on the maximum heat transfer is known, which says
that with & amount of power supply budget, the heat transfer cannot scale faster
than 23, However, it was not previously known whether velocity fields exist
(under the power supply constraint) for which the corresponding heat transfer
saturates this upper bound. In this chapter, we designed novel three-dimensional

incompressible branching velocity fields for which the heat transfer scales precisely
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as P13 therefore establishing the sharpness of the known upper bound. Our
construction also allows us to identify the exact physical mechanism that makes
these branching flows very efficient in transferring heat.

In Chapter 8, we studied a problem related to the nonuniqueness of tra-
jectories in an ODE system where the vector field of bounded divergence be-
longs to the Sobolev space WP, and therefore falls under Diperna—Lions the-
ory. Recently, Brué et al. (2021) constructed a divergence-free vector field
u € C([0,T]; L*(T% RY) N WHP(T4 RY)) (s < oo, p < d) using the method of
convex integration and employing Ambrosio’s superposition principle to prove
that the flow map of the corresponding ODE, % = w(x,t), is not unique. In
this chapter, we provide an explicit construction of a divergence-free vector field
u € O([0, T]; W (T4 RY))NC¥([0, T] x T4 RY) (a < 1, p < d) for which we show

that the set of initial conditions for which the trajectories are not unique is of full

measure. In particular, the flow map is not unique.

9.2.1 Open problems and future prospects

In the last fifteen years, there has been a tremendous amount of activity in the
mathematical fluid dynamics community to study various turbulent flow prop-
erties, such as anomalous dissipation (De Lellis and L. Székelyhidi, 2013; Isett,
2018; Buckmaster et al., 2019; Drivas et al., 2022a; Brue and De Lellis, 2023),
enhanced dissipation (Bedrossian and Coti Zelati, 2017; Coti Zelati et al., 2020;
Coti Zelati and Dolce, 2020) and mixing (Yao and Zlatos, 2017; Alberti et al.,
2019; Elgindi and Zlatos, 2019). Arguably, one of the remarkable achievements
of the last decade was the resolution of Onsager’s conjecture which is related to

anomalous dissipation, an intrinsic characteristic of turbulence. Anomalous dis-
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sipation, as we explained in the Introduction (see Chapter 1), is the statement
that the energy dissipation remains finite in the limit of viscosity going to zero,

namely

limsupe, > gy > 0. (9.13)

v—0

The phenomenon of anomalous dissipation is such a fundamental characteristic of
turbulent flows that it is aptly called the “Zeroth law” of turbulence.

For viscous incompressible flows, the viscosity provides a route to dissipate
energy; therefore, statement (9.13) is feasible. However, such a mechanism is

absent for ideal fluids governed by the Euler equations:

Veu=0, (9.14a)
ou 1

nd . == .14b
BT +u-Vu pr, (9.14b)

as the viscosity is zero. Indeed, by taking the dot product of equation (9.14b)
with w4 and performing a volume and time integration, we find that the kinetic

energy is conserved for the smooth Euler solutions, i.e.,

1 2 1 2
Sl = 5 lu()5. (9.15)

The conservation of kinetic energy for the Euler equation seems incompatible with
the phenomenon of anomalous dissipation. This, therefore, suggests that in the
limit viscosity going to zero, the turbulent solutions of the Navier—Stokes equation
cannot possess enough regularity to justify the derivation of (9.15) from (9.14). In
fact, Onsager’s conjecture quantifies this regularity of the Euler solution. Onsager

conjectured the following:
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e (rigidity part) if the solution of the Euler equations has at least one-third

Holder regularity, then the energy is conserved, i.e., (9.15) holds,

e (flexibility part) there are examples of solutions of the Euler equations with

Holder regularity less than one-third for which the energy dissipates.

The important consequence of this conjecture is that the turbulent velocity field
cannot possess more than 1/3 Holder regularity in the limit viscosity going to
zZero.

The energy conservation part of the conjecture, which is relatively more
straightforward, was proved by Constantin et al. (1994), with initial partial re-
sults by Eyink (1994). The more difficult part of the conjecture is proving that
for every a < 1/3 in the class C'%, there are solutions to the Euler equations which
do not conserve energy. In a pioneering work, De Lellis and L. Székelyhidi (2009,
2013) introduced the method of convex integration to the Euler equation to build
precisely these types of solutions. Their work was inspired by the Nash embed-
ding theorem and Gromov’s h-principle. The initial construction of De Lellis and
L. Székelyhidi (2013) did not reach the one-third limit, as conjectured by Onsager.
But a series of studies after their initial construction progressively filled this gap,
eventually leading to the proof of this conjecture (Isett, 2018). The construction
of Isett was compactly supported in time. Buckmaster et al. (2019) then showed
that in the class C* (a < 1/3), there are solutions for which the kinetic energy is
non-increasing.

With the construction of solutions that dissipate energy for the Euler system,
the next significant challenge, which is also of physical importance, is to create
solutions of the Navier—Stokes which has the fundamental property of turbulence,

i.e., anomalous dissipation. More precisely, the question is whether it is possible
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to design with “simple” solutions of the Navier—Stokes equations (either steady
or time-periodic) w”, which depend on viscosity, to the Navier-Stokes equations
and obey the relation (9.13). Two physically important settings to consider this
problem are (1) surface-velocity driven flows such as Couette flow or flow past a
cylinder (2) fixed body force driven flows, where the applied body force is smooth
(such as one created by combining a finite number of Fourier modes). Even
though this problem is one of the most important problems in mathematical fluid
dynamics, it remains (as stated) open and probably too difficult to solve with
currently available tools.

Consequently, before getting into the more challenging problem of anomalous
dissipation, one can consider simplified versions of the problem that are still non-
trivial but are within reach of current methods and tools available to us and,
therefore, can help us gain the insights needed to tackle the original problem.
For example, one could instead ask the following question: is it possible to build
velocity fields driven by a body forcing that is “rough” for which (9.13) holds?
Indeed, this line of questioning is already considered by Brue and De Lellis (2023)
in a recent paper, where they construct a family of forcings that belongs to the
class of C* for every exponent o < 1 and for which (9.13) is true. Their result is
nontrivial in the sense that if the Navier-Stokes equations are replaced with the
Stokes equations (without the nonlinear term) but same forcing, then the resul-
tant velocity fields do not have anomalous dissipation. Therefore, along with the
rough forcing, the nonlinearity plays a nontrivial role in their construction to help
generate small enough scales for (9.13) to hold.

Another way to simplify the problem is first to create numerically the required
velocity fields that exhibit anomalous dissipation. To date, even numerical evi-

dence of the existence of such simple (steady or time-periodic) velocity fields is

351



’Uo(ivav 1) = 00(21.7 2:‘/70)
Vpo(a:, Y, 1) = Vp0(21', 2y?0)

(a) (b)

Figure 9.1: (a) A background decomposition of the flow as described in the main
text. (b) One flow unit as described in the main text. The main property of this
flow unit is that at level z = 1, the flow field is made up of four self-similar copies
at level z = 0.

absent. A simple flow setup that comes to mind where creating the required ve-
locity fields might be possible is Couette flow. A schematic of Couette flow is
shown in Chapter 2 in Figure 2.1. For Couette flow, a formal calculation shows
that one can relate the energy dissipation to the momentum transport between

two walls as

Ug Guw
Ey = 7 |UgUy — V
v Uz O )
z=20

Momentum Transport

where the overbar denotes a long-time horizontal average. Therefore, more mo-
mentum transport implies more energy dissipation. From this identity, the prob-
lem of anomalous dissipation can therefore be posed as a problem of optimal
momentum transport between two walls.

To solve this optimal momentum transport problem, we propose to combine

ideas from Chapter 2 (the background method) and Chapter 7 (the design of
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branching flows for optimal heat transport). We begin by splitting the total flow
u as the sum of two divergence-free flow fields, the background flow U = U(z)e,
(can be thought of as anticipated mean flow and is chosen in advance) and the
perturbed flow v. Figure 9.1a shows such a decomposition which is the same as the
one in the background method from Chapter 2. Then, we propose to construct the
perturbed flow v as a branching flow, which contains self-similarly scaled copies
of a unit building block vy, specifically designed to facilitate efficient transfer of
momentum. An example of such a unit vq is shown in figure 9.1b. The idea is to
find a solution to the Navier-Stokes equation such that the velocity field and the
pressure gradient are periodic in the x, and y directions and, the slice at z = 1 level
consists of four dilated (half the size) copies of the slice at z = 0 level as explained
in figure 9.1b. This approach is different from previous computational work, as
the emphasis here is on producing one single unit that can be glued with dilated
copies of itself to design the perturbed flow v in whole domain. Once we have
designed such a unit, a rough scaling analysis shows that by gluing self-similar
copies of vy to N branching levels and choosing N appropriately (depending on
the viscosity), we should be able to get anomalous dissipation. Physically, these
branching structures help carry the momentum, which is dominated by advection
in the bulk of the domain (i.e., the losses to diffusion are negligible) up to very
thin boundary layers near the top and bottom walls, where finally, diffusion takes
over. The physical mechanism invoked here, echoes the way energy is transferred
in turbulent flows from large scales to small enough scales where the viscous
diffusion takes over. This is one line of research that we plan to pursue in the
future.

Finally, the question of the design of velocity fields such that the evolution of

passive scalar exhibits anomalous dissipation is yet another physically interesting
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problem as it relates to Obukhov—Corrsin’s theory but is simpler than the original
problem. In fact, there has been a lot of activity recently in this direction (see, for
example, Drivas et al., 2022a; Colombo et al., 2022). In the spirit of anomalous
dissipation with forcing, one can ask the question about anomalous dissipation
of a passive scalar in an internally heating setup. In particular, is it possible
to find a smooth source of volumetric heating H : T¢ — R which is balanced,
ie., [ra Hdx = 0 and a velocity field w : T¢ — R? such the evolution of the

temperature field in the equation

T
%t+u-VT:/<;AT+H in T (9.16)
exhibits lim sup/ / IVT|? dedt > ¢ > 0, (9.17)
k=0 Jo J1d

for any initial condition 7°(0,-) = Ty € L*(T%)? The vector fields we designed in
Chapter 8 or similar ideas can be instrumental in resolving this question and we
are actively pursuing this line of investigation.

In conclusion, even though the original problem of producing an example of
a velocity field that obeys the fundamental property of turbulent flows remains
elusive, the pursuit of this problem has generated tremendous activity in the
mathematical fluid dynamics community. Every month new studies are pub-
lished that are related to this problem in one way or the other, and explore new
ways/mechanisms to trigger anomalous dissipation for simpler or modified prob-
lems. Whether this problem of anomalous dissipation will be solved anytime soon
is up for debate, but working in this direction is extremely engaging at this point

in time, and the future of the field seems bright.
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