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. TIME REVERSAL, THE FORM FACTOR RATIO,

AND THE BRANCHING RATIO IN K;3 DECAY

Carl L. Sandler
Lawrence Radiation Laboratory
University of California

Berkeley, California

June 1965
ABSTRACT . . .

The muon kinetic energy spectrum and the branching ratio have beéh

]

+ S K
measured in the KH3 decay, K féﬂo + p+ + y. Pilctures of K+ mesons

.stopping_in the Berkeley 30-inch heavy-liquid bubble chamber filled with

C3F8 yielded 914 observed events with muon kinetic energy 4l s TH £ 9L Mev.
Assuming time reversal invariance, we fitted the data with a one parameter
(Vv - A) theory to determine from the spectral shape the parameter £, the

ratio of the form factors, and to determine from the area under the

normalized, best-fitting spectral curve, the K:3 branching ratio, BRKH3'

In the analysis we used the x2 test of hypothesis to determine that the

‘best solution for the purely real or purely imaginary parameter £ occurred

+2.0

‘when § = O_l L at the point where xe was a minimum. . The total area’

under the theoretical spectral curve, parameterized by the above value

" of ¢ and normalized over the région measured to the number of experimental .

3 events, gave the total number of Kﬁé events in the experiment. We

obtained the KZ3 branching ratio, BRKH3 = (2.93 % 0;23)%, from the ratio -
~of the total number of K:3 events to the total number of K+ mgsons;

determined from counting K: decays. These values of & and BRKus'represent '

the best statistical estimates in this experiment of the true values of

these parameters. A determination of the values of & compatible with



-

the data showed that at the 95% confidence level,'all‘values of ¢ from v | o
"-4.0 to +10.0 (the highest value tested) were possible. .The K;3 branching
ratiq is rather insensitive to variations in § and over the range -4,0 = ' <
£ £ +10.0, assumes the values»2.88 s BRKu3 ES 3.69%. If pe-universality _
is assumed, along with the publiéhed experimental ave?age of the Ke3
branching ratio, BRKe3 = (4.8 £ 0.32)%, an equation relating BRKu3 tp ¢
can be established. The intersection of this equation with the curve
determined b& the experimentally obtained @ep?ndence of BRKﬁS’On’g enables

one to simultaneously determine rather restricted values for & and the

K$3 branching ratio. These are & = -0.k4 tvO.9_?nd BRKH3 = (2.9Ai 0.3)%.
On therbasis of this solution, theories of the Kﬁ3 decay mechanism which
predict that the absolute value of £ is large can‘be-rejected, but no

discrimination can be made among those theories that predict £ near zero.

With & assumed complex, the same data has been analeed with a ﬁwo

parameter maximum likelihood function to determine gRE and gIM. The like-
lihood function is non-Gaussian, but its sensitivity can be indicated by
~ quoting the customv,alry‘e_o»’5 and. e-2'O of the maximum value:
| __-0.5 LT 416 e 1L
For L{tpy, &ny) = ¢ Lyny: Ege = O.p.py 80d &y = 0 % 1.h;
| _-2i0 | _ #3.6 o
L(tggs tpy) = e Lypxs Sgg = Op.ps 3% 78py = 0 % 2.9.

The likelihood solutions are consistent with the time reversal invariance = -

requirement that gIM = O. : ;
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-I. INTRODUCTION

We have measured the muon kinetic energy Spectrum and branching

+

ratio in the straﬁgeness-changing Kiq decay:

0

RS A VR

‘Thé'data was obtgined from pictures taken of K™ mesons stopping in the
Befkeley 30-inch héavy-liquid bubble chamber filled with C3F8ﬂ }
The purpose of this experiment was to determine:
(a) The mechanism of the K;3 decay.

(b) The K: branching ratio.

3 _
(c) Whether tiﬁe reversal invariance holds.in this strangeness-
'changing decay.

- The spectra and the branching ratios of the threé-bédy leptonic
deééy modes are important experimental checks on the present weak inter-
action theériesl’E. Assuming time reversal invariance; we investigated
vthe ;mchanism of the'K;é decay bj'fitting the shape;of the muon decay
speétrum bj a single parameter £ = f_/f+, the ratio of the form factors.
Theoretical caléulations have been done ﬁhich calculate the value of 13
assuming different models for the decay interaction."Most theoretical
modelss ! predict -0.8 < £ < +0.6; an exception.is the theory of Schwiﬁger8
which requires ¢ =‘;6.6;, In the summer of 1963, when this experiment
‘1 was begun, there was diéagfeement in the experimental results for the

g9--ll

 .measured value of . A peper by Zweigl2 attempted to reconcile

~ these differences‘within a single theéry. . However, the results of our

13,1k 15-20

work as well as recent measurements by other workers , indicate

Ithat the mégnitude of £ is small--near zero. ~_'(See Table I for a summary

of experimental papers.)

We have determined the K;3 branching ratio by fihding the total area

I
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under the theoreticai muon spectrél curve wﬁich'bes£ fitted the data.

The spectral curve.was normalized to the data over tﬁe régionAmeasured

and parameterized by that value of & which gave the. best fit;to the muon
spectral shépe. The total number of K+ mesons prééent»in the film scanned
for K:3 events was determined by normalizing to K: decays. Aihevvalue
obtained for the branching ratio is consis£ent with reéent measurements

17

by the groups at Torino™ ', Michigan21 and Wisconsin22. A summary of the

experimental measuremeﬁts of the K;3 branching ratio is given in Reference 23.

It is. important to test time reversal invariance in K:B decay,

~ especially because of a recent apparent violation of CP invariance in

Kg decaygh. Most of the theoretical mode]_525-29 advanced to explain

KZ—>ﬂ+,+ T decay,'require that there be no.violation_of.time reversal

e g, _‘.,_,,.(;Zm'a

invariance in K;3 decay. Cabibbo's original proposal3o on SU(3> restrictions -

for weak interactions required a violation of time reversal invariance

inKZ3 decay, but did not specify how large a violation. His more reéent

31

proposal on C violations in strong and weak interactions requires no

" . :
time reversal violation in K“ decay larger than one to two percent in

_ 3
the limit of exact:SU(3) symmetry. To test whether time reversal invariance

-holds in K:3 decay, we assumed that the form factor ratib ¢ is complex,
and then did a two pafameter maximum likelihood analysis of the muon

Speétral data. Values were obtained for Re gvand Im ¢. Time reversal

32

‘invarianbe requiresithat Im & = O,iand the analysié reéults werelcén-'

.sistent with this criterion. Other Work_by our Berkeley group, in

1

- collaboration with Wisconsin and Bari, on the transverse polarization of

33
3 decay‘ 3 Tt

torroborates the results for the complex value of £. The Torino group

the p+ in:Kﬁ and on the K: °. u+ Dalitz plotvanalysisgaiw

34

‘has recently increased its statistics on the u+ spectrum and extended
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its H+ spectral analysis to evaluate Im €. The group at Michigan35 has
also extended its p+ spectral anélysis to evaluate Im E. ABoth groups
obtain values compatible ﬁiﬁh those presented in this paper.

The following section describes the phenomenolpgically-based theofy
used in analysis. Subsequent sections aescribe the method 6f;obtaining,

processing, and analyzing the data, and then follow the results and c§n—

clusions.



TABLE I, Summary of Experimental Papers

Introduction

R . . + + o
In the literature, the experiments done on K _ decay, K -7 + n * + v, have

included measurements of: “?
(1) The H+ kinetic energy spectrum
(2) The p+ longitudinal, transverse, and total polarization
(3) The 7 ° and p+ spectra and angular correlations
branching ratio

3 :
A consistent theory must show agreement among all these different types of experiments,

(4) The K
v
for example, by predicting the same value of the decay parameter £ = f-/-f+’ the ratio
of the form factors, In the table which follows, all experiments have used a pure vector
coupling based on a one or two parameter (V - A) theory, depending on whether § is
assumed real or complex. We summarize the measurements of £ based on the assumption

of constant form factors.

: + +
A knowledge of R = BR /BR (the ratie of the K _ to K
K K B3 e
B3 e3
and assumption of pe-univtersality determine an equation for £ which restricts the real
o

3 branching ratios).

value of £ to near zero or/large negative numbers, Measurements of the p+ spectrum
are capable of discriminating between these two solutions., Table I gives the values of

both £ and R for those experiments which use this approach,

Symbols

+ i T
pl = " llo_ng1tud1na1 polarization ; P™* = p,+ transverse polarization

L
B.C. = Bublde Chambrer 4 vT = Kindizc Energy



L

J

Y » ¥
w2 .
Reference and T (MeV) Number
Technique Method Low High of Events ¢ - Value
1. This experiment (32) : .
30 in. Berkeley B. C.} p  spectrum (41 - 94) 914 observed Assuming ¢ real,
Freon (C_F_) ! (820 after +2.0 also
= = .2
38 corrections) § 0—1.4 , find }BRK 3 (2.93%0.23)%
- "
Assuming ¢t complex,
+1.6
]REC.1.2, tim T Ol
P~+ spectrum &
BRy,  with ¢ = -0.410.9
3 .
"o BR, = (2.940.3)%
BR_  =(4.8+0.32)% 3 .
K B
o e
For £ =0
M ’
p+ spectrum & ERE -0.35+8'$2 (or g:-6.21+8'$2)
R = 0.60+0.07 IR o
2. U. Camerini et.al.(32) : B Combined data
30 in. Berkeley B. C.j u spectrum (42 - 94) 2654 : ’
!Freon (C;Fg) P! from ref. 19 (38 - 96) 2988 g gy "0 30065, £ = 0£0.85
. no
N 7 Assuming ¢ RE™ -0.30+0. 65,
<P > = 0.0420.35 T > 30 619
M W EIM =0.2+%£.8
Tﬂ<1m
The combined value of ¢ ,
M
Eon = 0.05£0.75
3. V. Bisi et.al.(17) +
;’81crn Saclay B.C.(H,) ) 4 spectrum (5 - 35 670! 1020 Assuming ¢ real,
| Im Ecole Polytechhique (15-95) (105-134)" 550 £ > -3
\B.C. (Propane & Freo_ny T spectrum & i
BRK 3, with t =01
» BR = (3.540.3
BR, = (5.0%0.5)% g, (3:5%0.3)%
K p3
e3
+
i spectrum &
R = 0.74+0. 08 g =0.320.8, (or ¢ = -7.1+£0.8)

~Bp-



TABLE I.

Summary of Experimental Papers

Reference and Tp (MeV) Number
Technique Method Low High ‘of Events ¢ - Value
3.{continued)
;mCEc(c;:l)e Pziyete&z:};uqzz)! p.+ spectrum (25 - 95) 714(includes Assuming ¢ real,
e \FTop re some of the £ > -3.3 (X“ probability > 5%)
550 above) also _
\1m Ecole Polytechnique 1357 find} BRK 3 = (3.45£0.20)% R
B.C. (Freon) B wn
Assuming ¢ complex, !
tRE = -0.75£0. 50, IV 3.5£0.50
p.+ spectrum &
R = 0.7340. 06 ¢ = 0.6+0.5, (or ¢ = -7.3£0.5)
4.G. Jensen, et.al.(fs"?’5 + o
(12 in. Xe B.C.) p & m spectra & T = (12—85)\ 141 Assuming ¢ complex,
angular correlations ( b i 0< , 3 ] < 2.4 at 90%- confidence
effectively / M
T = (0-115) level
w0 - gRE:-i.Zil.O \
5. G. Giacomelli, et. al.‘f’) +
(Nuclear Emulsion) B spectrum & (0 - 28) 87 ¢ =0.7£0.5, (or ¢ = -7.2%0.6)
R = 0.75+0. 07 :
6. G. Gidal, et. al, (14) A
{30 in. Berkeley B. C. p & m o spectra & T ={15-85) 138 ¢ =1.3+0.9 0r ¢ = -5.2£0.7
i

{Freon (C3F'8)

angular correlations

T o = (0-115)

A weighted mean of this solution with
the solution from ref. 19 gives:

¢ =0.6+0.7 or ¢ = -4.7+0.6

]



. (19
7.A. Boyarksi, et. al.

A

(Scintillating Hodo- pf spectrum (115-134) 122 -27<g <-7.6
scope) ‘p spectrum & ¢ = -7.6 in best agreement
R =1.0+0.2
+0. 2
Pl - 10.8 o g 50 £>-4
P‘ - .
8. J. Brown, et. al.(g) + o
(12 in, Xe B.C.) i & m spectra & (T :(12-85)) 76 £ =1.8+1.6
. TR
angular correlations effectively
= -11
T o = (0-115)
11
9. J. Dobbs,et.a.l.( ) . .
Filament Scintillating L spectrum (50-124) Approx. 104 t <-2, or g =145
Chamber . N »
p spectrum & ¢ = -9 (at 95% confidence level)
R=1.0£0.2
10. D. Cutts, et, al. (18) + .
(Spark Chambers &x p spectrum & (107 -126) 864 observed| Assuming ¢ real,
Counters o P“ - 0.6140. 39 . (489 z.ifter cort ¢ = O.. 84 +0.6
B 2. rections) Assuming ¢ complex,
0.8« I 3 l < 2.6
11.G. Gidal, et.al.(ig) i ]
[30 in. Berkeley B. c.} <P' > = 0.7420. 16 (38-96) 2988 £ = -0.15+0.90 or ¢ = -4.05+0. 75
H IJ, -
\Freon (C3F8)
- (20)
12. V. Smirnitski, et. al. |
{Nuclear Emulsion) P' = 0.70+£0.45 & (40-100) 309 ¢ = +2 in best agreement
"
R=1.040.2
13.T. Groves, et. al.
K~ 3 Decay in p spectrum & (0-129) 138 ¢ = 0 in best agreement
" .

30 in. Berkeley B. C.
Propane & Freon

R =0.6310.1

oo
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II. THEORY AND ITS’APPﬂICATION IN ANALYSIS

The three-bedy leptonic decays of K% mesons:
’k% —>ﬁo + 1t +.V, (L=, e)
“have experimentally been found to satlsfy a pure vector coupllng9’15’36 38
If we assume a vector coupling for the interaction, then the matrix element5’39

for the decay process can be expressed as a preduct of (V-A) weak currentl}o’)+l

* and a phenomenological strangeness non-conserving strong current:

3 _ <° strong +\ o
Moy = <V ¥ 0| J) veak I\ X/ (2.1)

<W\><1 _

where | ' .
R [u (5,0 7, (L + 7) 'vj(pL>]

~u and v are spinors for the neutrino.and lepton, and P,

iand__pL are their foueromenta, respectively. 7x ahd'75 o

are Dirac matrices; G = Weak Interaction constant.
Since the weaklcurrenf contains the two componeﬁtlforﬁ of the neuirino
weveefunctioh, (; + 75) v (pv), one cannot distinguish physically between |
" vector and axiel vector couplings‘in the (V-A)_contfibutions to the matfixee'“’

‘element. The Feynmann diagram for the decay process is shown in Fig. 1,

vhere the strong inteiection contribution occurs in the box.

7}T6

" Fig. 1. Feynman diagram for_K;3 decay. )
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In the approximation of local leptonic coupling, the lepton and the neutrino
have a common origin, and only the sum of their momenta will be present

in the matrix element. Then <;

S
N

K;> depends only on Py and. s

and may be written
n

| where o s (ot e )y 9 = (o -2 ),

s _ 1
2 ey

(g, (&) o + £ (D) q), (2.2)

and where EK and Eﬂ are the total energy of the XK and the n, &and the form’

faétors fi'are scalar functions of the invariant four-momentum transfer
squared, q2 = (pK - pﬂ)g. In the K" center-of-mass system, 5% =:0, and
v flL are assumed to be slowly{varying functions of the pion energy only,h"39
and to a first approximation can be taken to be constant. If time reversal
' invariancé is assumed to be valid, then f+ and f_ are relatively real ané
can be taken as purely real numbers.

Evaluation of the square of the matrix elemént; where we have éveraged
.QVer the spins of the leptons thét are not obseryéble in this experiment
.aﬁd integrated over the pion energies assuming thé éonstanéy of the form

factors, yields the differential lepton energy spéctrum for the K+ decay

at rest:5

1 _ - : _
ary = C' (EL - mL)§ Hp (EL) dE; (where L =y, e),‘ (2.3)

c' (2.4)

£

¥
| 2y
L= E + L m S +
TRT) A - 2MK EH) _ 1 ] Y uo Fp (A - EMK EH J
{

@ -m - EMKEH)Q [2[

2 =

4

, (2.5)




EL
with: A = ME + mﬁ ;. | o | ) (2.6)
where: MK and m are the masses of the K and the u, Eg is the total'enefgy
angH
of the muon,/f and f_are the form factors for the p (the p subscript
is suppressed).
Equation (2.5) can.be rewritten (see Appendix A) in terms of the ratio
-of‘the form factors: |
=z /5, - (e
ar,, (Eu)/dEu = C’ ff {A(Eu) + gB(Eu) + £° C(E@>}'11'(2'8)-»
If we ‘interpret (C'Afz) as ‘a relative normelization conetanﬁ, this
equatlon then describes a one narameter theory - characterlzed by £, (see.
Fig. 2), Wthh we later use in doing a xg fit to the p spectral shape.
Once the parameter is determined, then. the curve is normalized to the
. number of K$3 events over the H+ energy region ﬁeasured. The area uﬁder‘
the entire spectfal curve givee the total number of K:3 events. This
number, in turn, is used in determining the KZé branching ratio.
A relationship is now eetablished, assuming'pe-universality,‘between
¢ and the ratie, R. of the total decay rates (or equivalently,vthe‘v

branching ratios) for the K and Ke3 decay modes..

H3
AN ‘.;‘-...;ri'f.j;f; Zo.ow ehess s odThe equation (2.8) can be

1ntegrated to give the total KM3 decay rate,

(E )MAX | J . ‘ - .

TOT K ar, (B)) 2, 2

FH = f ( —= dE“ = (f+)“ (Cl + 025 + C3§ ) (2'9>

g oo . L -

: where:wa;ﬁ5,66:xilO%sa(MeV)QA%yﬁGﬁ:=f1.llfxﬁio%3LOﬁév&g/%,féﬁd’é" l 68 x lO .
S 3 2 - " '”""'“3 A (NeV)9/2.

An equation similar to (2.8) also holds for the K;3 decay mode. In this

1nstance, however, the equatlon is simpler because the terms dependent

on £ andlg can be neglectedpecausethe smallness of the electron mass
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and the fact that f_ and f+ are of the same order of magnitude5. Inte-_.

grating the equation over the electron energy gives:

(B, ),

: e /MAX {dr_ (E ) ‘ o .
TOT ' € e 2 :
Fe ™ = Jr ( “"EET“'") Ee = <f+)e Cy - (2.10)
m e .
‘where: . ' | Ch = 8.76 x 10 13 MeV)9/2

'Dividing (2.9) by (2.10) and evaluating the constants. gives:.

TOT 2 B
r £ () : 5
R = "%BT = E’"E" -~ (0.6L46 + 0,126 & + 0.0192 £7) - (2.11)
I +(e) ‘
with: . g = (1)

f
T () )
Réplacing the total decay rates by branching ratios and noting that'fof.

we-universality (f , /£ , \) = 1, then-:
ue-untversality (£, (,)/ % (e)) = 1

ER
R = Kﬁ3 - (o 646 + 0.126 £+ 0.0192 ¢ 2y, . (2.12)

Ihis equatlon is the expression wtHat relates the K£3 brahching
‘ratios to the parameter,é. By utilizing existing‘ekpefimental infbrmation
on BRKe3 as input to'(2.12); we then have a rather restrictive relation-
ship between BRKH3 and €.  If we réquire that this relationship bé |
";compatlble w1th the values of the KH3 branching ratio and form factor
ratio, obtained from fitting the u spectrum and partlal decay rate.by
Iusing (2.8), we obtain much more restrictlve llmlts on the values of
'BRKp3 and ¢ than can be obtained fron (2 8) alone, This f&idis-

. cussed further in the analy51s section and_;s 1llustrated in Fig. 17.
If time reversal invariance is not valid, then the form factors
~are felatively‘complek. But the entire formalism described is still

velid with the substitutionsS-
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£ DRe £ = | | (2,-13):
2 o 1512 - [me )2+ (m 0)P] = (65, + £2) (2ak)
. . 4
where: Re € = Epp, Im € = £ . )

We have reanalyzed the data by using (2.8) wiﬁh Re t and Im £ as the twoii
'parame@efs to be determined in a maximum likelihood fit to thé muon
spectral shape. We also re-examined (2.12) in order to see what_limits

it imposés on Re £ and Im § when one considers the experimental values
and errors for BRK“3vand BRKe3' We discuss the analysis procedureé in’

detail in Section IV and displéy the results in Figs. 18 and 19.
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IIT. EXPERIMENTAL PROCEDURE

A. The Ex@osure

)

In the summer of 1963, approximately‘2.5'x 106 K% mesons were stopped
in the Berkeley 3d-inch heavy-liquid»bubble chamberu? filled‘with freon,
C3F8. Undér 0peratiﬁé conditions the liquid hés g density of 1.224 gm/cm3
and a radiation length of 27. cm. The beam was designed so that most of
the K% mésoné stopped in a fiducial volume near the éenter/of the‘chémber.'
However, the chamber was not large enough to contain all of the X
secondary.decay.products. One of_thé major difficulties of the experiment
was that the probability of a p+ leaving the chamber was largé and highly
energy dependéntf The longest H+ in K;3 decay is L6 cm, while the approxi-'
mate visible fiducial volume of the chamber is 75 cm ldﬁg X 45Fcﬁ ﬁide i
30 cm in depth; the latter dimension is parallel to the chamber's
sﬁrrounding magnetic.field of mean vélue 15.2 kilogauss.

Thére were a total of about 2.5 x lO5 three;view stereo pictures

‘taken, with an average of ten stopping K+ mes§ns per pi;ture. These
picturgs were the Tirst taken using the new sgotchlight‘bright-field

L3

illumination technique ,vand were generaily of good quality. Some
sample K% deéays are shown in Figs. 3 and4h;'the pictures ﬁere selected
to'iilustrate the different types of K% decay modes which were important
in this experiment. 7 |

Tracks of particlesin the bubble chamber photographs werélidentified_
from rangg,.ioﬁization and curvature. .Electrons wer; also identifiable
'_froﬁ Brem;trahlung and d-rays. Stépping ﬁ+’s were usually disting@ishablé

from u+ by .the characteristic sxue decay chain on the end of the stopping

pion.
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"B. The Bean

The beam transport equlpment designed by Goldhaber, et al hh

prov1ded a 750 MeV/c momentum- analyzed and. ve1001ty separated beam of
' K_ mesqns (see Figs. 5 and 6) which were brought to rest in the Berkeley
30-inch heavy-liquid bubble chamber. The K+ mesons were produced by pfotons
impinging on a platinum target in one of the Bevatron straight sections.
The secondary particles produced at 27.5.o to the circulating proton beam,
were allowed to enter the beam transport cnannel after passing'throngh a
collimator fo limit the vertical acceptanee. Momentum analysis took
place'at a bending magnet and momentum selection at the: firsti.. o i - . .
'maSstlit.;j ;\.u. This collimator and the focusing propertieS'of the
vertically
bendlng magnets fringing field created a\parallel beam, which was passed
through a ten-foot velocity spectrometer with a herigOntal magnetic |
field and vertical electric field. The fields were adjusted‘se as to
“transmit the K+ mesons undefleeted. Pions and protons were deflected‘
ent of the medianjplane. All particles were focussed by a:two-element-
' quadrupole magnet on a collimating slit. The slit transmltted the K
mesons and stopped the secondary partlcles, whlch had been separated fnom
the K beam by the velocity-spectrometer; The‘rest of the beam was a
mirror image of what has been described SO far,‘utilizing the Kf image
at the'firsn focus as a source from which to form a;final image'at av
second slit. There were approximately 10 K& mesons at the second slit-
per lOll protons impinging on the target. Behind the second slifltnere
was placed.a saw-tooth. shaped c0ppe; absorben nhieh degraded and spread
out.the K% monenta S0 that.the mesons could be brought to rest beyond
the absorber.within a iectangular-shaped region.S inches wide by 10 inches ,i’

long, centered vertically and horizon*~77y inside the bubble chamber.
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There was an attenuation factor of about t&o going through the absorber.
Extra maneuverability of the K+ beam wasvobtéined by a small C magﬁet
placed in front of the first slit.

In order to help separate the «" mesons from the K beam, "separation
curves" (see Fig. T7) were run at the second slit by tuning bpth Spectrb-
meters forvK% mesons and then varying the’magnetiC'field in ohe to sweep

over a broad region around the best K+ operating point.

C. Range-Energy Relations

The iength df the stopping muon, Lp, was a most convenient parameter,
.uséful in establiéhing criteria for both scanhi;g'and analyéis. We worked
extensively with_this variable and for referenée have included in Appendix
B a table of range-energy relationsllk5 fof £he muon and other parﬁicles.'
The range-energy relations were checked in three ways and found to hold
within 1%. This was done by examining the range‘distribufion of mono-
enérgétic ﬁ+ in K;é decays_and p+ in KZQ decays, and by checking tﬁe
Q-value Qistribﬁtion of the K: decay. The Q-value waé calculated by

using the energies determined from measurements of the range of the out-

. going pions in the K: decay.
D. Scahning

In order to obtain a sample of_Kﬁ3.events as unbiased and background-

free as ppssible, it was necessary to ‘consideriithe . effects of ‘all .of the K"

‘decay modes. Table II lists theumorecommonyK+ decays and some‘of their
properties. '(See also Figs. 3 and 4 for examples of K" decays.) We .
discuss some problems which led to the choice of the scanning criteria.

The K;3 scan is complicated by the fact that KIé and K:, decay modes

B T R



K DecaylModes and Kinematical Data

% _
By Calculation, BRK

g

Radlatlve Kn decays are down by a factor of =

Other known K decay modes have branching ratios £ 1 x 10

%
)

and are of no conseQuence for this paper

P TABLE II.
Ranges have beeh calculated; the other data is taken from Reference 23
_Decay Mode Bfanching‘ ’ Range Maximum Momemt um C.M. Total Available
: Ratio cm Number in C.M. Energy (Mevg K.E. in C.M.
_ of 7's p (MeV/c) =T + my Q (MeV)
+oy o, + = * . *
- =< S — - . .
_ (Kp3)_ K Tt u v ,B'M:‘ 0.32 o‘ ‘L 45.8 2y Py = 215-3 . EMAX“ 2%9.8 253.2
o | * 215.3 | E. 254.1
pMAX = 5.5 EMAX = 5 .
: _ _ 7 13
T + o, ¥ T . <. = . T -
(KeB) K = +e +v 4.8 + 0.32( O L2 M 2y pMAXe = 228.5 EMAXe = 228.5 358. 4%
' M > 45.8, % % :
but have Pyax = 288.5 Byax = 265.4
Bremstrahlung b1¢ 2
¥+ ¥ = ' . . ‘ * T
(Kp.e) K- = p + v 63.1 + 0.8 L“ = 54,3 none p = 235.6 = 258.3. 388.2
g + + X * . * — -
- ——— _S_ é = - = ] .
(Kuy) X wo+ vy : 0 Lu = 5h.3 1y Pyax 235.6 EMAX“ 258.3 388.2
(kx,) K = 2+ «° 21.5 + 0.6k = 30.4 2y o =205.3 E = 248.2 219.3
i : . ) -
(K+') K" =+ 1%+ 5% | 1.7 £0116] 0 =1 =10.1 |- by p* = 133.1 B =192.9 84.3
T ; IV n ‘ - Puaax o 7 MAX +
| * 132 VE* 189.0
pMAX = 5'5 MAX o - 9'.
: 47. + + + * : *
- . < < = N . = . .
(k3 ) K T+ R 5.5 % 0.16 | 0 = Lm £8.6 none pMAXIt 125 6 A EMAX“ 187 8. 75.1
63.1%" » - . - '
= 37 < 0.461%, 0 = TFine Structure Constant.
~ 3 from radiative Kﬁg decays, and hence, are not significant
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look like KZ events when their stopping n+ secondary does not show the

3

short u' (having Lu = 1.44 mm) in the characteristic sue chain. For the

K:, mode (see Fig. 8) this decay sequence is:

L™ vy , Lp:l‘.uum
Loet v v+ 9

T° N
)
NI
BE) e+

' Fig. 8.. Sketch of a K:, deéay.

&

Anotﬁer.scanning-diffiéulty.resulted from the fact thatithe chémber was'
run in such a way that the last 3 cm of a stopping K+ track'were solid.
Therefore, one could tell whether a K% mesonvhad stoéped beforé decaying -
only from looking at the ionization within the iast 3 cﬁ.' This maximum
residual range of 3 cm implies.E.S% of the K decay in flighth6. The
only serious background - introduced by the K+ decgy in'flight was from
the KZQ mode, when the u+ decays backWards in the K% center-of-mass system.
-A third difficulty is that there is appreciabie multiple scattering in
C3F8; Particularly near the ends of stopplng tracké, so that measurements.
of prajeqted scattering anglés or of projegted decay-in-flight angles
are’ limited to about 8°. or more. .
| In the scanning for K:3 events, anveﬁent'was acceptable for the
. p+_spectrum and branéhing ratio determination whether or not it had any

~of the y rays from the 7° decay converting in the chamberh7.' The KZ3- .

scanning criteria adopted were:
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1. To accept'the'events only whénJ£he Kf decays appégred to be at
et A .
2. To accept only events visible in all three.views of the chambef.
3; To accept only events-for which there ﬁere no p+ scaﬁters with
: projected angle > 15°, unless the scétter océurred in thevlast cm.
4. To mark the event if there were, any uncertaiﬁty about,the'exis—
tence of a mue decay chain at the end of the u+.
The last criterion was designed to speed decision making at the
scan table and to find out how frequently these uncertain cases'érose.
‘They turned out to be a minor correction and‘were accounted for in the
analysis. The scenners noted events ha#ing visible ﬁue chains when the
length'of the track coming ffom the K+ was greatef than the maximum
v;ength of the n+ from a Ki¥ and less than tﬁé length of‘a n+ ffdm:a
Kzg' This confirmed that ﬁackground-from K+ décay in flight of the,K:, .
and K:

2

modes as well as possible shortening of the n+ from small angle
inelastic scattering in these decay modes, was negligibleu8. Also noted

were possible K: events with short u+ (LH £2 cm)vwhich might be confused

3
with K$3 events in which the K' scatters near its end. and the scatter
is not oBvious from ionization. The number of these eventsvproved to
be negligible, and in any case, ﬁere all eliminated in the final analygis'
which required all KZS gvents to have LM 2z 3.0 cm7

-At the same time that the scanners were looking for K:3 events, they
~ also looked for the easily recognized K: deca&s. The purpose of this
ﬁas_two—fold; first, to have a réference'to known npe.endiﬁgs while
scaﬁning; and sécond, to recérd what fraction of the nué decay chains

were not visible. We found (13 * 3)% of the mpe chains were not visible

in scanning, where the error. is an average estimated for all scanners
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fraction of K;Q and K:,_decaijwhich contributed to the K:

.

and for all the film Scanned. This number was used in calculating'the

3 background.
| In the expériment theré were approximately 15,000 pictures scanned:

From these‘pictures we measuréd 4,000 cahdidates, which after editing and

analysis cuts and corréctions wefe reduced to about 1000 KEB events.

All the candidates found in scanning were edited on the scan table in .

order to double check that they met the scan criteria and were good KZ3: ‘

'candidates.' At the same time, each was checked to see that measured

information on it had passed through the computer system éndeas ready

for analysis. A portion of thé_computer output was checkéd by hand

" measurements on the scan table to make sure that it was correct.

A rescan of 20% of the film showed that the mean scan efficiency

was (85 + 3)%. There were biases detected for tracks with Lu <3 cm,

. 80 only tracks with LH 2 3 cm were included in the spectrﬁm. .Also, -in

order to. eliminate biases as a function of length for steep tracks, all
events were restricted to lying within * 37° of the chamber's horizontal

pléﬁe. This corré5ponded to keeping only those events for which the H+

decayed within 60% of the total available Ux solid angle.

+ ) .
To make the K“ branching ratio determination it was necessary to

3

find the total number of stopping K+'mesons in the experimental sample 

of KM3 film scanned. ' This number was obtained by normalizing to K: ,

decays. In a separate scan from the K£3 scan, all of the K: decays at

rest in the entire chamber were recorded. The same frames were scanned

: .for'K: events. The mean scan efficiency for finding the K: decays was

%%. We find that the total number of stopping K: decays in this experi-
ment is 8560, a number calculated from the 8519 K: decays found and

corrected by the (96 * 2)% mean scan efficiency and by a 3.6% fiducial
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volume factor which was determined by finding what percentage of K%

origins lay outside of our defined fiducial'volume.

- E. Measuring and Data Processing -

+

The particle tracks on the bubble chamber film wefe_measured.by
‘making (X, Y) coordinate observations with digitized microscopes in all
l‘threelstereo views et intermittent points along the track.lengthf Compu -
tation'consiEted of spatial reconstrnction of tracks, evaluation of
momenta, angles, and error estimates, and calculation.of derived quantities
(e.g., energies, Q-values, etc.j. This was done by the FOG-CLOUDY-FAIR
.data reduction systemug. Of particular importence.was the ability of
‘the system to abstract, tabulate and output information in the form of
Vlists,‘histograms, and magnetio tapes.

In the entire experiment‘wevprocessed apnroximately 4000 candidates.
: The system; however, was not able to reconstruct Lp, the muon length, of |
about one—third of these, namely, those tracks which curved more than 60°
from the beginning of the treok to its end. Generally these.tracks were
greater than 30 em in length and included the high energyvnortion of the
muon sPectrnm,‘(3o < LH < 46 cm, corresponding to 100 < TM.< i3h MeV), |
and Kgg-decays (with Lu'e 54 cm, used to check the renge-energy_relations).
These long events were measured in two'portions and their lengths re-
lconstructed in nrograms written for this purpose.. | |

‘It was convenient to handleimuch of our bookkeeping and analysis_"
by producing IBM punohed cards, one card for each event.‘_Each card
contained pertinent information which was.used in analysis progrems;

Cards and lists on new events and remeasures were produced by merging

the new information on a magnetic output tape from FATR with the latest
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1

magnetic tape in our analysis library. The new tape produced gave a

cumulative total of all the events and information ini. the library. '

-
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IV. ANALYSIS

We discuss the analysis section in four,ﬁarts. First, under tﬁe
heading Generai Discussion, we-present al; the major feattres of the
énalysis; namely, the portion of the H+ spectrum studied, the:nature of-
the background and biases, the geometrical corrections needed, and the
general form of the Xg and maximum likelihood analysis functioné.v Then
we outline our procedures under the headings Background.Corrections,

v

Geometrical Corrections, and Analysis Functions.

A. General Discussion

Initially, we hoped to measure the entire K:3 spectrum covering the

u+ range 1.0 = LH s 4 cm corresponding to the u+ kinetic enefgy 12 =

T T S T .

TQ s 134 MeV (see Fig. 1). We found that because of scanning biases for

short tracks_that only the region with LQ z 3.¢ﬁ could be studied. 'It-
was also found that becausetof 1arge Kng backgroﬁndﬂat Lu = 30.4 cm,

Tu = lQO MeV, we had to omit the region 28 < LH < 33vcm,.94 < Tg < iO6»
MeV. Analysis of background in the high ehergy part of the spectrum
.335 Lp'é 4% cm, 106 = Tu £ 134 MeV, showed that the amount éf background
wésvthe same within statistics as the number of observed events; hence,
we gained no‘informétion from the high energy portioﬁ of the Spectrum;
This afosewfrom high background corrections as wéll as small nﬁmbérs of
events resulting from the low detéction efficienc& for the higher energy
H+ (see Table III). We were forced to omit the lower energy portion

3= LH < 8 cm, 23 s T“ <k MeV? because we felt the daté wa; unreliable
.in this region due to large background and Scanning biases for which it
was difficult to make a precise correction (see Fig.-9).

In our final analysis we fitted the spectrum in the interval
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8 = Lu s &8 cm, 41 s TM £ 94 Mev. The same u+ spsctral data used to
. determine £ in the analysis of the K& decay mechanism was also used for

the K: branching ratio determination and for the test of. time reversal v

3
Ainvariance.
The important background corrections in this experiment are listed

below (see Fig. 9):

Region of Importance

Background L (em T (MeV) Contribution
(1) K., (wpe chain not visible) (3 - 10), (23 - 48) = 12.1%
| (8 -10), (b1-18) kg
(2) K, (K decays in flight) (19 - 28), (72 - 9k) 7.8% |
(3) (a) KIQ (npe chain not visible) (28 - 33), (94 - 106) interval omitted
(b) K, (x* Gecays in flight) (9 - 28), (5 - ok) L.6%
(4) K (Rediative K, decay) (3 -28), (23 -94%)  2.7%
7 (8 -28), (BL-09k) 3.1%

We eiiminate most of the K:, background when we measure the_sPectfum

from (8 - 28) cm, omitting the region (3 - 8) cm. The percentage of -

K:; background over its region of contribution (3 - lQ) cm drops-from:
12.1% to 4. hu%. In omitting the region from (3-- 8) cm we lose very little
sensitivity in fitting the data at the 95% confidence level.as indicated

- from a x2 analysis, but we do eliminate most of oﬁf largest and least
cértain background correction aﬁd a region subject to scanning biases
because of short u+ tfacké. The percentage of Kﬂy background rises
slightly from 2.7% of the data between (3 -.28) em to 3.1% of the datav |
between (8 - 28) cm. The percentagé of K;2 <ﬂ+ flt.) and KZE (K+ flf.).u
" remains unchanged at 4.6% and 7.8%>of their respective regions of contri-
bution (9 - 28) cm and (19 - 28) cm (see Table IV). We note thatlthé
4.6% K;é (x+ flt.) mode represents a partially correctéd background?

since the uncorrected contribuion was actuallyAlO.l%, When the n+ from
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the K; mode decays in flight, the resultant track looks Just like -a

2

.u+ which scatters at a point corré5ponding to the‘nu decay point, and-

which subsequently, decays into a positron. The large reduction was

' modt & : . _ ,

accomplished by calculating thathﬁhese background events had the decay-

in-flighf space-angle, eﬁu (the angle_betwéen the.n and the u), in the

interval 9Jtu z 10°, when 20 = (Ln + L“) s 28 cm. A careful scag table

examination>and kinematic fit of all K:3 events in the interval 20 =

Lu =28 cm;Aeliminated L8 K;Q (" f1t.) background eventé. From calculations

we expected_5l.6 background events, in excellent agreement with:eXperiment.
Geometrical corrections were important iﬁ sfudying the H+ spectrum

becéuse of the limited size of the chamber. Fiéures 14 and 15 show the

probability of a track stopping in the chambervas‘a function of its total

length. The ex?erimental data was subjected to variations in the fiduciai

‘7.yolume and to subdivision into ten equal incfements of solid angle as a

function of the polar angle 8 (thé angle between the u+ track and the

z-axis). Invariance in shape of these differential distributions (cor-

-récted by qute Carlo geometrical cofrections) and plotted as a function

of L, was a test for\scanning biases. In order to eliminate Biases as

a fﬁnction,of length, we have restricted the data to be relatively flat

by requiring that it lie within * 37° of the horizontal plane. Even with )

this reétriction,,we found contamination from the only backgrognd mode of :

any significanée which had an oriéntgd'éngular dependence of the angle

‘between the decay product and the incident direction of the decaying Kf

meson. This vas the K, (K' flt.) mode, If the K decays in flight and

the p+ from the K:Qmodg;goes in the backwardé directiqn, then.theirange'

of the decéy particle will be shortened. Because of ﬁhe large number of

K;z decays, the résulting shortened backward tracks create a significant

background for tracks with LM 2 19 cm. We observed the expefimental
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ranée distribution of forward and backward decays and found the number

in the backward direction larger by thé expected nﬁm.ber’Of'K:2 (K& flt.)
decays determined from a calculation. The calculafion was made possible
by the fact that the geometric correction factor was the same in £he
' forward and backward directions. In effect, we neglected a special_geometric
correction for the KZ& (K+‘flt.) decay.that would include correlations
between the muon range and the angle betweén the K and'the K, and we found
this approximation justifiable.-»Thus, we were able to use the same geométrical
corrections for the Kﬁg (K+ flt.) decay as we used for all the othef K+

decay modes.

In the data analysis we used the x2 and Maximum Likelihood methods to

determine the value of the parameters which best fit the phenomenogical

(V- - A) theory which has been discussed in Sgction II. We take the point

bf view that a complete theory describes tﬁe data obtained by the experimenter.
'Siﬁce we have studied the u+ spectrum as a function of Lp,bthe théofy
.should'predict the actual number of events as a function of Lu,ythat were
obtained uﬁder experimental conditions. Consequehtly, the theory of

Section I must 5e modified to include geométrical and. 5ackground corrections
band scan efficiencies, and must be tranéformed from a funection of TH to é
function of RH’ the rénge of the p+. Modifyiné the theory to make it a
lcompléte theory, réther than modifying the data to fit the incomplete

theory, has the advantage that in;complicated analysis functions thé sta-

tistical factors are easily and properly handled. The x2 function is given by:

» o (Yoms, ~ Mmmy, 2 R ,
= L = , (k.1)
©oi=1 7 THY,

L th ' : : o '

where: 1 = i— interval; n = Total number of intervals
NOBS = Number of experimentally observed events in'iEE interval

i :

NTHY = Numberbof theoretically predicted events ih iiE interval

i
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CF&HY = Standard deviation of the iEE interval.
i ' '

I a random counting-type problem(TTHY
i .
When the statistics in the iEE interval are equal to or greater than ten

counts, the Poisson distribution in that interval can be approximated by

. S 10 : =
a Normal or Gaussian dlstrlbut;on , and then(TfHYi = NTHYi" For our
problem we replace NTHYi by the number for the modified theory, NMOD THYi’
and then (4.1) becomes:
() 2
. n N - N :
2 0BS 4 MOD THY4
xS () = ) ~ + o (k.2)
1T N (&)
MOD THYi

The:general form of NMOD THYi is given in Table V, and thg detailed structurg

of this variable is presented and discussed in the subsection on Analysis -

functions. The procedure in the Chi-Squared test is to calcﬁlate xg.(g)

by varyiﬁg fhe paramgterfg. The best fitting_solﬁtion is obtainéd ﬁhen

" & assumes the value which minimizes Xz. Since we have constructed ‘
for the x2 function, the maximum likelihood function is easily

. MOD THY
obtailned and is given by:

NTOT
0B3 ' -
L()=TT Ry, &) ’ | (4.3)
. g =1 A . : ' ‘ N
~ N (Ruys &) S -
£ (Ruyrd ) = 0 gﬁg : N R

where: Jj = the j—E experimentally observed event

= Same modified theory function as for Xe'in‘(h.2)

MOD THY

TOT . : ’
NOBS = Total number of experimentally observed events

f = Probability function, normalized so that Jqf (Ru) dRu'= 1

'RMJ = Muon range measurement for the jEE experimentally observed

“event.

is given by a Poisson distribution.

‘>
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TABIE III. Experimental Data and Background.®

(High energy part of'u+ spectrum, 106 s !ﬁlAéljh MeV).

93%5%%;%§§5 R,(em) N, NKﬂg Y, My Mexep o Moss
(28-33) Data from entire reglon omltted becagse of K§2 background.
(33-34) 33.5 . 0. hy73 - 2,86 1.00 8.50° 11
(34-35) k.5 0. 3.67  2.80  0.96  7.k3 9
(35-36)  35.5 0. 2.87 2,47 0.89 6.23 3
(%6-37)  26.5 0. = 2.3 2.35 . 0.89  5.58: 5
(37-38) .5 0. 1.76 2.10 . 0.85 L7l 4
(38-39) 38.5 0. 1.35 1.89 - 0.81 . k.06 5
(39-40)  39.5 0. 1.0l . 1.76 0.76  3.54 2
(40-11) 40.5 0. 0.7h 1.60 0.73 7 3,08 4
(k1-42) h1.5 | 0. 0.54% - 1.37 . 0.69 2.60 0
(k2-43) 12,5 - o. 0.3k 1.18 _'; 0.65 = 2.18 . 2
1(h5_u6),‘ HAS;NOBS = 3, and ;s,omittea for iack of statistics. |
 Intervel | gEoT  TOT TOT Tor  TOD NTOT‘
Totals . KT'  “Krp Ko Ky ° BKGD OBS
(53-43) .~ | o, 19.35 - - 20.40 8.24  47.99 - b5

Since the number observed and the background calculated are the same
within statistics, we can gain no information from the . high energy

portion of the spectrum.

TSymbols.. ‘ _ _
N stands for number, the subscripts indentify the variable.
Pr Mean range of u in a glven Anterval; = BKGD = Background;-

0BS = Experlmentally dbserved data, without correctlons,
TOT = Total '



TABLE Iv.

D6

ener,

Experimental Data and Background

+

(Low and 1ntermed1ateAportlon of u spectrum 23 S'I = 9h MeV)

Closed-Open R (cm)
. frgsecotpen X,

Interval

(in cm)

\O OO O\ N N0 O~

=T OWn LN OO O OV W
T T T T R TRV N It I N
Nt S N e N e N e A

N N N e e T

FTNTNSTN A TNAN TN TN TN N

(19-20)
(20-21)
(21-22)
(22-23)
(23-24)
- (2h-25)
(25-26)
(26-27)
(27-28)

" Interval

Totals

(3-28)
(8-28)

+Symbols

11.
12.
13.
1k,
15.
16.
17.
18.
19.
20.
21.
22,
23,
24,
25,
26.

27.

'__l
O\O 0O~ O\ =W

-

N N, . N
Ky Kot TKu

15.62 0. 0.

12.88 0. 0.

10.24 0. 0.
7.63 0. 0.
5.53 0. 0.
4,18 0. 0.

- 1.85 0.17 0.
0. . 0.65 0.
0. 1.52 0.
0. 2,11 0.

" 0. 2,52 0.
0. 3.29 0.
0. 3.81 0.
0. L.e2 0.
0. L.,o1 0.
0. 5.21 0.
0. 5.81 0.0
0. 0.76 0.8
0. 0.65 1.6
0. - 0.hs5 2.3
0. 0.38 2.7
0. " 0.31 3.0
0. 0.33 3.2
0. 0.69 3.k

~ 0. 1.12 3.5

TOT TOT TOT
N, N N :
_jgz_ Kﬁz . Kua

57 .93 38.90 . ,20.91

6.02° 38.90 - 20.91

Neww  Ymxep Noms
1.22 16.85 Th
1.23 1h11 - 67
1.24 11.549 79
1.28 8.91 . 51
1.30 . 6.83 72
1.31 5.48 - 69
1.3k 3.35 67
1.36 2.01 57
1.36 2.88 62
1.39 3.50 59
1.43 3.94 66
1.44 4,73 56
1.h47 -+ 5.28 66
1.46 - 5.68 . 5k
- 1.48 6.39 s
'1.48 T 6.69 45
- 1.48 T.37 ed
1.48 3,08 L1
1.44 374 37
1.43 4,18 34
1.40 L. kg - 23
1.37 L,7h 30
1.33 L.88 .20
1.28 5.45 20
1.25 5.95 16
TOT TOT TOT
. %m7. - Nggap - mms
3k.25 - 151.99 1257

93.80 ol

_ N stands for number, the subscripts 1dentify the variable

Pr Mean range of u in a glven interval

BKGD = Background

OBS = BExperimentglly observed data, without corrections

TOT = Total

NTOT

Ku5

1105.01

820.20

o



- TABLE V. General Form of Analysis Functions

The purpose of this table is to display the general form of N which is the main comﬁonent of

MCD THY,’
1

the x,e and maximum likelihood functions. By displaying Nro

, one sees the use in the analysis func-
, 7 D THXi . _
tions of theory which gives (d[/dEu),range~energy relations which give (dT/dR),geometrical corrections
which give FPPLH’

such as branching ratios and scan efficiencies.

background corrections. which give (dP/dT) and (dP/dR), and available empirical data.

o

Definition of Symbols

- N stands for number, the subscripts identify the variable.
R, T, E stand for range, kinetic energy, and total energy respectively.

OBS = Experimentally observed data, without corrections. -

- THY = Theory ,. . Bop = Scsn efficiency |
MOD THY = Modified Theory Fcoul‘: Probability for coulomb scattering at end of‘u+ in Kﬁ5 decay.
BKGD =_Backgrounds‘ FPPiHi = p+ potential path length geometricai co?réction for ﬁhe f@i
. TOT.=.Total | o o B interval. (This was the same for the n+, F

=F )
PPLﬁi. PPLp.i

BR = Branching Ratio

Pk = Probability for contribution of KEE-type of background..
. '+ ) o - . . . . . )
Ho=4 meson ’ "F,.; =A fiducial volume correction factor, (see Section III C).

a h focyement in time (NK)TOT = Total number of XK' mesons in experiment.

I' = Kﬁﬁ muon decay rate

-La_



TABLE V. General Form of Analysis Functions

The Xg function is given by

SOR R OES

where the number of modified theory events in the iJEE interval is

O I (.

\ MOD ‘I‘HYi

Theory The number of theory events in the iEE

interval is given by

[0 an
Ny )3 ={_ ( dgiy)i (dRu)iJ (FPPL“)i (Bge)

over
i— interval

NTHY- is the: number from theory corrected for geo-
1 . “
metry and efficiency over the iJEE interval.

The number per unit range can be expressed

as a function of the number per unit energy

(===); = ( L) (—dT”)
ar_ ‘i ar ‘i ‘@R ‘i
M M B

BKGD.
i

Background The number of background events in the

iEE interval is given by

N =N + N + N + N
BKGD; = Ko TKnp o Kup K“7.
1 1 1 1

k
th . .th . . .
the k— type background in the i— interval is given by

Let N, be the kEE type background mode. Then

-
Ny
M)y = | (g)y (@R)y <FPPLH)1 (Bge)
over
i— interval N
where (Nk)i is the number of kit background events

corrected for geometry and efficiency.
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The efficiency E%f is given by the scan

efficiency E for finding K:3 events, times the

T

probability (1 - F L that events were not

coul
accepted because the p+ scattered at its end
(giving the muon the appearance of a pion back-

ground event with.a e decay chain). Thus

] = -
Bip = Bpp (1 - Fooyy)

The number of events per unit energy
(dN/dTH), is given by the K;3 decay rate per unit

energy, (dF/dEH), integrated over unit time

-

dn
(=)

= (GNm)
aT
9

I
i ar
i TV a@E ‘i T %(EE_>1 dt,
u J R
over

i— interval
where we have transformed variables using

dT =4 , for B =m c¢c + T .
[ B [ [ H

The term (E%E)i is given by (2.8) in the
W

theory section and has the form

@)s = (8) |4 () +BE) 8+ 0 (5) gﬂ

f2

with, K (8) =¢' £,

£ = f_/f+ .

For Ny , and Ny the number per unit range
A My e
is expressed in terms of the number per unit energy

Ty (@
dT’i ‘dR

()5 = ( .

with the number per unit energy given by the product

. . ‘
of (NK)TOT the total number of K mesons in the

experiment, times BRk and Fk’ the branching ratio
and the fractional contribution per unit energy,

respectively, for the kEI—1 background mode
iy
( dT)i = (NK)TOT (BRk) (Fk)i, :

Here, the total number of K+ mesons is given by the
total number of K: decays divided by the tau branching
ratio, and corrected by‘Fvol, a small fiducial volume
factor which estimates the number of taus lying out-

side the fiducial volume

K/TOT BR, .

and the fractional contribution of the kEE background
mode per unit energy is given by the probability for
its production per unit energy

ap

k

Q- Fvol) ’

For Nani and NKpZi two of the above expressions are

modified, since these background contributions are

calculated as a function of range rather than energy
vy k
( )

_E§)i = (NK>TOT (BRk) (Fk)i’ and (Fk)i = (—Eﬁ N

LY

-es?z-
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We discuss the Likelihood Function in further detail in the subsection

on Analysis Functions. We note that the procedure in the Maxinum Likeli-'
hood test is to calculate L (&) by varying the narameter ¢E. The best
fitting solutlon 1s obtained when § assumes the value which maximizes

L (&).

i

B. Background Corrections

We discuss the procedures used in making background corrections for
the K iy K“2 K flt.), KJr2 (n flt.), and KMy decay modes. The number
of background events contributing to the observed data from the kEE

background mode in 't:he'i-JEE interval has the general form (see Table V):

: TOT
M)y "= () _(FPPLu)i (Epe)
(Nk)i'“ = (Fk)i [(NK)TOT (BR)k Transformation .of (FPPLZ)i (Eff)
variable factor _
where: (Nk)foT = Total amount of kE— type background produced in 1EE
interval.. _
Tranéformation of _ '(%g). for (NK s i3 ( - )y
variable factor B uy 1
1 for_(N g)i; (NKuE)i

same me
The Ageometric reductlon factor, FPPL s ‘and theAscan eff1c1ency, ff,(were

msed -1 for all background modes. The branching ratio, (BR)k, and the
fractional contribution for each decay mode, Fk’ vary for each type of
contamination. For each background mode we have calculated (Fk)i, the

_fractlonal contribution per unit interval (i)

(E), for (v, 2)is (o

)i
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. ap .
where, for example: (afE)i = the probabllity for_contribution per unit
| | kinetic energy iﬁ the_i—JEE gnalyéis interval,
by the kEE background mode. |

The corrections given in this section are collected together in Section

Iv, D, on Analysis Functions.

1. 5:, (rue chain not visible) Correction

13

' The K:,-background arises from K:, events which do not have a visible .

nwiue decay chain on the end of the n+. The nupe decay chain nondetection

factor is Foo = (13 = 3)%. The K:, correction is made using the empiri-
Conue
cally determined n spectrum in K:, decaysl. The probability function

for the Kz,, contribution per unit interval, is determined from the

areas under the nf spectral curve by taking a ratio of the area‘within

each interval to the area of the entire curve (see Fig,:10). We also -

take into account the fraction of ﬁ+ mesons which interact in flight by
) 4. “(Xl/kc T )
multiplying the probability function by a n absorption factor, e 38 . R

52

The n+ cross-section in C F8 has been found to be consistent with geometric”™.

3

T oure .. = i i Then the mean free path for nuclear interactions

.= 58.5 cm,
CBFB

The total probability function is:

in C3F8_is A

. ).

KT’ % (AK

, (A ._xi/kc3F8’ -
. F_g )
e

T') TOT .
where: (AK_ ) = the area for the‘n+,spéctral curve, éorresponding to
T i " th : - S
the i— interval : - .

_(AK ') .- = total area under the n+-spectral curve
T} TOT S
AN

e _ ) = absorptioh factor in the J'.EI—l interval

(Fno

) = mue decay chain non-detection factor.
iie :
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2. Kﬂg (K+ decay in flight) Correction

The K:g (Kf flt.) contamination arises because of the possibility
that the K+ decey'has occurred within its last_3 cm of residual range.
A 3 cm residual range corresponds to a maximum uncertainty in K+ momenﬁum
of Py = 215 MeV/c. This implies 2.5% of the K+ mesons decay in flign‘c.b'6
The Kze decaying at rest produces a monoenergetic u+ of momentum pn =
235.6 MeV/c. This momentum corresponds fo L“ = 54.3 cm, a length greater'
than the longest p+, with LM = 45.8 cm, in KZ3 deeay. If the‘K+ decays
in flight, then a n+ decaying.backwards in the K+ center-of-masé system
can have its length sufficiently shortened in the laboratory system,
depending on 8§p (the center-of-mass angle betneen the K and the p),
that'the length of the u+ in the laboratory system contaminates the K:3
- spectrum for all Lu z 19 cm. This.background is restricted in the K%
center-of-mass system to 6§H 2 131°. The corresponding restniction on
the laboratory angle is GKH 2z 86°. |

We investigated the possibility of eliminating the Kzg (K& flt.)
background evente by constraining each K:3 event to fhe background
hypothesis. For Kﬁz decays with the K% decaying in flight it is poSsible
fo calculate, from the muon momentum and the opening engle between nhe.
:'K+ and the n+, the momentum of the incoming K+ at the decay point. Sinee
we know by ionization that the K+ has'avmaximnm residual range of 3 cm
(corresponding to 215 MeV/c), most of the K:z (X" £1t.) background can
be rejected as K;3 candidates. However, .we have snown thet if we use
this‘es a selection'criterion for eliminating the K:2 (K& fit.)_back— o
- ground, we also eliminate.a substantial aumber of genuine K;3 events.

Therefore, we have approached the problem in a different fashion.
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We wrote a computer program to'calculate the probability function
for the Kﬁa (K& f1lt.) background. The program divided th¢ maximum
résidual K& laboratory momentum, P = 215 MeV/c, into 100 values corres-
pondiné to equal increments of probability for K% decay in flight.
Because the K+ decays isotropically in its centef-ofAmass systemn, thg |
A béckward hemisphere in the center-of-mass could be divided into ldO
incfements of eqﬁal probability as a function of eﬁu. Each of the
, valuesvof pkiwas combined by use of relativistic kinematics with the
values of eﬁu to give in the lgboratory system 10,000 seﬁs of pu and.
GKH' The program kept account of the probability for each of these
decays, and after trgnsforming pu —>Lu,,summed up the probabilities in
l-cm intervals; The results of the program are summarized-for'three
values of the K&lresidual range in Fig. 11, where FKH2 (the background

probability for Kag (K% flt.) is plotted versus LH (the length of the muon).
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3. 5;2 (n+ decay in flight) Correction

The K;2 (ﬂ+ f1t.) background correction arises because 4.0% of the
ﬂf mesons can decay in flight. Of these approximately 26%'interact in
flight befere decaying. vThe remaining ﬂ+ —>p+ + v decaye are nearly 511
"in the forward direction with approximately 93%“of them having the‘angle
between the n and the u, Gﬁu’ iess than Elf. Consequently, our scan
- eriterion of eliminating projected angles > 153, corresponding to a mean
sPace-angle of 21°, accepts essentially sllvof the n+ decaying in flight.
Hovever, the K, (n+'flt.) mode is a background contamination for the
spectrum only for lengths > 9 cm. It is most important over the measured
:speetrum in the regionv20 é.LH-§ 28 cm. Inﬁthis region the major portion
-of the background was eliminated by nsing an and sy decay kinematics to

2
matics permitted separation of K;E (n+ flt.) events from Kz3 events with

discard X (n+ flt.) events with decay angles down to eﬂ“ = 10°. Kine-

a COulqmb scatter.

A computer piogram,was written to calculate the probability for a
‘K;E (n+ flt.) event to be a background contribution. The progfam divided
the n+ momentum, P> into 100 values'corre5ponding'to equal increments-

_ of probability for s« decay‘in.flight. The in flight <" nuclear inter-

.actlons were taken into account by using a geometric absorption factor,
(x /N g
e , the same as for the K:, background. il 4Ll lov g foiuee

VT L AENOT Wi mdnﬁii.} Assuming the H is emitted 1sotr0pically in

. the n+ center-of-mass system, the hn solid angle was divided into 100
increments of equal probability as a function of 6:“ (the angle between

ﬁ and the p in the n+‘eenteraof-massvsystem). Using relativietic kinematics,

each of the values of p  wes coupled with a value of eiu to obtain pu
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and en in the laboratory system. We converted p“ —>Lu and 1 —>Lﬂ,

o find Dipep) = (B * L), the total length of the x plus the u. In

. the program we kept track of the probability for each event as a function
.of L and 8 . The results of the calculation are shown in Fig. 12
S €, 52T)) o | , |
where we plot the background fraction contributed by the K;E (n+ flt.)

mode, FKn2’ versus L u)? as a function of an" In the analysis functions

(n+ |
the curve labeled Gﬂ“ = 21° was used for the region 8 = Lu £ 20 cm, while

the Gﬂu = 10° curve was used for the interval 20 = LH £ 28 cm.

h. Kﬁy (Radiative KHQ) Correction .

The correction for K+ —)p+v+ v + 7y was calculated using a modification
: “hha ! 53 s + o +
in Cabibbo s theory”~ of radiative n decay, n —-p + v + y. Because
of the similarity between the two decay modes, one can use the results
of Cabibbo's radiative pion decay theory with the substitution of the K+
mass for the n+ mass, the substitution of K:2 and sz decay rates for the

and ﬁzy'decay rates, and the setting of R, a structure constant in

54

+
J'fuz
Ly The resulting final expression gives the

+ ' . + .
Kuy decay rate as a function of the Ku2 decay rate:

+
' decay, equal to zero

. S Kue 1 " Pg P
Wiy (E)aE = (,4-%-) 5 s | (B - E)f(E) + FE (g®)- 5| &
' | 198 R
, | ‘ . (E+p)MK-m?
where: - £(E) = 1n — L
‘ _(E-p)MK—m
g(E) = 1n r@ﬂ’-}
.m
: =t
2 2
(M - m) - 3
Po-= -——zﬁqz——— = maxXimum momentum of g .
2 2,
(MK + mp) | _ . -
E = = maximum total energy of u -.
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MK and mp are the rest masses of the X and the .
p and E are the momentum and totél energy of the u+.

+ +
wkuy and Wk o are the KMV and KIJ2 decay rates.

In Fig. 13 we plot (W, /W Kug) as a function of TH, the muon kinetic

Kuy

energy.

-C. Geometrical Corrections

The most complicated correction in thie experiment is the geometrical
correction. Because of the limited size of the bubble chamber'reletive,”
to the longest u in the spectrum, a large fraction of the muons from |
.’the K“3 decay escape detectlon by g01ng out31de of the chamber.'_The
muons cannot be conclusively identified by ionization when they leave
the_chamber, but can be recognized when they stop in thelchamber by the
_cheracteristic ue decay. Starting from the experi@eptal number of K;3

decays found, in which the u+ decaysbin the chamber, one must be able

to estimate the total number of decays that occurred.v This has been made
possible by a Monte Carlo computer program which generated randomly
efiented decays, under the same experimental cendipions which affect

the potential path length of the actual decays., The purpose of- the
v'program was to obtain the potentlal path length dlstrlbutlon function,
,FPPLu( u)'

as the fraction of muons (with specified length, and generated from actual

This function is dependent on the muon: length ‘and is defined
stopping K+ origins) which stop within a given fiducial velume. The
PPL (L ) function is used to scale down the theoretically predlcted
p+ spectrum in the same way that the geometrical restrictions of both

- the chamber and the experimental conditions scale down the number of -

observable K;3 events, that have the u+ stopping in the fiducial volume.
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If we did not have to make backgrouna_and scan efficiency gorréctiops,
then the geometrical correction would be the oﬁly one needed in order .
to compare the theoreticél predictions with the experimental observations.
We briefly state what the program did, and then discuss some pertinent

details. The Monte Carlo program generated from experiméntal‘Kf origins,
_randomly oriented p+ tracks of selected length, in successive 3 cm incre-.
ménts. The program incorporated range-energy relations,vand averaged .
over each 3vcm segment of a generated track the effects of multiple
scattering and magnetic curvature. It tabulated whether the.propagated
u+ track stopped within the chamber's specified fiduciél volume or
‘whether it went outside of this volume.

| The u+ tracks were generated.from a set of K& ofiginé distributed
throughout the film scanned and chosen in thé.following way. Oﬁ abgiven
frame every K% origin.was measured, provided that the origiﬁ was visible
in all three views and that-the K+ decayed at rest. The track coming
from thé‘K+ did not necessarily have to stop in the chamber. A total of
756O'stoppiﬁg K% meéonsvand their decay origins were measured; The space :
angles 6 and o, defining the line of flight éf.the.K% meson beforebdecay,‘
were determinéd from the measurements..-Twénty of phe 560 KT origins
were found to. lie outside of the outer-most fiducial volume. From each
) K+ 6rigin inside the fiaucial volume were generated 20.identical sets -
of muon lehgths. A set consistediof 20 different u+ lengths starting
from‘3 cm and increasihg in 3 cm increments to 60 cm. Thus 20 muons of ,f-
a given length, times 20 different lengths, gi&es MOQ tracks génerated' 
from each origin. Since there were 540 useful K+ origins,'this meant
we generated a total of 2.16 x lO5 tracks, The pfogram ran approximately

2-1/2 hours on the IBM-TO9k.
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Each u+vmeson was initially generated in a randomly oriented direction
with respect to the line of flight of the decaying K+ meson. Bach track
was proPagatéd in succeséive 3 cm-increments until it either stopped
inside of the fiducial volume or went out of the fiducial vdlume. Both
tﬁe tracks stoppiﬁg within and going'out tﬁé fiducial volume wére separatély
tabulated as a fuﬁction of Lu, in ten equal;y probable increments of
solid angle. The solid angle was taken as'a‘function of the polar.angle
el(the angié between the z-azis and the direction of the p+ track).
~ The tracks'wefe summed up in the'lO ahéular regions to give the outer
fiducial volume corfections with no angular cuts (see Fig. lh)i 'We.also
4summed the tracks in the three angular regionan each side éf the chamber's
.horizontal plane. This gave the fiducial volume corréctioﬁ for tracks
lying within + 37° of the horizontal plane. The * 37° restriétion corres-
bonds to accepting u+_tracks lying within 60%.of tﬁe_hﬁ solid angle
available in the chamber. The fiducial volume was varied by shrinking'

‘it 3'cm on all sides.and runniﬁg the-program,again. The potential path
length distribution is sensitive to.Qariations in the fiducial volumne.

Tn Fig. 15 is plotted the geometrical correction, F , versus Lu,.

PPLu
for the duter and inner fiducial volumes when the tracks were restrictedm
to lie within # 37° of the chamber's horizontal plane. These. curves

represent the geometrical corrections used in:the final analysis of the

data.

P : iD. Analysis Functions . -

The x function used. to determlne 3 and BRKH ’ and the maximum
' likelihood function used to test time reversal invarlance by evaluatlng

g and gIM have been introduced in (4.2), (4.3), (H.h) and Table V.
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In this section we display the detailed form of these functions, tell

how we normalize the theory and apply the x2 tesfntp siﬁultaneously

determine £ and BRKu , and we generalize (2.12), the relationship between
BRK“3/BRKe3 and 2, by expressing R in terms of Epp and £, .

. The actual work of minimizing x and of max1m1z1ng the likelihood
function was done in programs written in Fortran IV and run on the IBM-
7044 computer. The programs printed out inppt data, did background
calculationé and displayed the results (as, e.g., in Tabies III and IV),
and normalized and evaluated the analysis functions, printing out appro-
priate results. Graphs of x2 versus &, and BRKH versus £ were drawn

' 3

" by using a CAL-COMP plotter.

The XE Function

~We bring together all the expressions used in1the aqalysis of thev

- data over the regioq 8 = Lu = 28 cm. The data was analyzed by grogping'
the events into one cm increments (see Fig. 9). The coﬁponent terms in
- the XE funétion as given by (L4.2) and Table V are.now expressed as |

functions of Tu and RH’ and some quantities are evaluated. The defini-

tion of symbols is the same as in Table V. .

: 2
n = 28 =28 cm | Nopgs, - NMOBQ%Hy-
FO-L @l | | %)
i= i=0dcm . ‘ : :
e ,\ MOD THY,
oy (8) (8) -
where: MOD THY, = NTHYi + NBKGDi (L.6)
First we discuss the NuKGDi term '._. ; :

The background terms can be summarized. using Table V and the expressions

given in the section on Background Correctilons.
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N = N + N
BKGDi K Kﬂ21 K“21 Wy g

Tn all the expressions below we have taken (dR), — (AR), = 1 for all
*P i i

intervals (i).

(g o)y % xi/7\C Ry - ' - dT;t 'E
NKuz'i = (Frp); | (Mgdpop (BB ) | (Fpppy); (Beg) |
S Jo
- [ | &
Mo, = Fippdy | Mgdpop (BBo) | (Fpppy )y (Epp)
- i
ol ] ,_,4
‘ ey [y N |
i, = Dt | Ciror (5,0) (Gl | (e )s B
. O e |
where: '(NK)TOT =,——T§§E;7 ._(} - Fvol)
Fno = 13%) E.ff = 85%} (NKT)TOT = 8560) FVOl = 20/560 = 3,'6%
e . o ' ' v
“The values 0f the Branching Ratioé used appear in Table II.
' Next we discuss the—HTHY- term _
, am ' o _
(.E, M t
NTHYi J[ —cTT'pT2 (at) '(‘ER: i](dRu)i (FPPLu>:L (Bee (&:7)
R I O N T B R
Ny (dT )i(dR) (PPL)i(Ef) L (.8)
, 4 : |

_.where we have evaluated the integrals by taking: dt -4t =1 sec -

(er )i - (AR )i =1 cm for all intervals (i) |

we ‘also have, Ef. = EQ_ Fcoug E = 85%, F o= 1.7%
_and f o _ .

AN, L6 ) 5

(—g7 ) = X(&) | A(T) + B(T )t + C(T,)e" | ; = K(E) 6,(¢) (%.9)

ot = [A(T) + BTRS + (T ‘ﬂl
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K(g) = C? fi; E = f_/f;} A, B, C are given in-Appendix A,
Equation (4.9) has the same appearance as the expression for (dfﬁﬂﬂp)i:

?thenrate-ﬁerypnit:energy,ghoweyer,ﬁ(#@99.is simply the number per unit energy.

- Normalization

Because the normallzation was an important procedure in determining

the K:3 branching ratio, we present a detailed discussion of the normaliza-

ry ()

tion. First, we elected to normalize (_—ET__——) to unity over the entire

[
u+ spectrum for the 21 values of ¢, € = -10, -9, . . ., O, . . ., +9,

+10. Then (4.8) becomes:

() ar
: 3 Wopyry
Nméi) = | TOTTU) ( aT )iE (dR ) '(_FPPL ), (Bp)
. ! - ANy (8)
yhere: ATOT(g)*ds the total area under the (_—ET;—_-)i

theoretical spectrum given by'Gi(g) = [A(Tu) + B(TH)§+C(THQ§2J ;

N (g) is the normalized. theory
NTHY1 ‘ ,

The normalization constant, K(&), is a function of &, and is determined

by the condition that the area under the. NNTH§§) curve be equal over the

.part of the spectrum analyzed to the actual number of Kﬁ3 events found

(excluding background) Mathematlcally, this means:
n =28 cm . n=28cm

‘ (¢)
0BS . . y
(NK“3) TOT Z= | I\TN,I,H\‘I(é)i =Z: 8 on [ ATOT(E‘))( )y

i

ar -
| * (d-.R_H—)i] (FPPL ) (Bee)
| dTu -k , |
JOR=C)

( K3 = K(E) Z p—y (FPPLH):'L (B}5) , '. (h.10)
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n=28cm

.w%?¥e (%, #3 Jpor = Egém [:§OBS - BDGDE:]’
HOE [(T>+BT>g+c<T>g]

The normalization constant, K(&), is determined when (4.10) is solved

for X(t) and all operations carried out: In (4.10), the following

interpretation holds for the three terms on the right hand side of the
equation.
K(&) = Total number of K:3 events in the experiment

(Q#er,the entire u+ spectrum).
T ar
2Bem | ¢, (8) (o), | .
: + (§§ (Fppy, ); | = Fraction of the total p
i=8cm TOT s V) spectrum measured, but scaled
' down for the geometry limita-
tions of the chamber.

Y . s +- -
Fff = Eff;ciency for detection qf actual K“3 events.

Determination of €& and the K:; Branching Ratio
. T

The eiperimental K:3

branching ratio is given by:
. (Total number of Kﬂ events]
BR, (&) = K(¢)  Lin entire spectrum
Ku3 T N,) ~ [Total number of K mesons
X/ToT .
in the experiment -

(4.11)

This is an experimental determination of the branching ratio because we
have normalized to the number of obServed‘K:3 events. A different value

Of,BRKM is obtained for each value of &, since each theoretical E-curve

3
encloses a different amount of area. Each area corresponds to different
numbers of K:3 events over the entire p+ spectral shape, and hence, gives
different values of K(&) in (4.11). When we do a x2 £it to the p
spectral shape‘ﬁsing (4.5), we obtaln some value of ¢ which minimizes

xz. This is interpreted statistically as the value of glwhiéh best fits
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the hypothesis. We can select as the best value of the Kz3 branching ratio
that measurement which corresponds to the same value of £ which minimizes

2

X

There i1s another method for simultaneously determining € and the

KZ3 branching ratio. This involves pldtting BRKu3 versus £ using (4.11)
and (2.12).' The intersection of the curves determines two sets of
solutions for £ and BRKusi One of these can be ruled out by using the

X2 test to show that the value of ¢ obtained is extremely unlikely.

The results of applying this method are presented in the next section.

Maximum Likelihood Fuﬁction S

We generalize the likelihood function given in (4.3) and (4.4) by

expressing it as a function of two parameters, ¢ and gIM. This is

RE
"done by first recalling (k.3) and (L4.4),
' TOT
Nops
20 =TT, £ty 0

¢) - -hoD oy (Buys &)

Yoms
- and noticing f?om (4,6) and (4.8) that Nyop THY, depen@s on THYi’ and.

hence on the theoretical u+'spectfum (k.9):
Miils) =K() |A(T )+ B(T )&+ c(r) &3]
dT, . | we T B h

. . A

If we substitute into the above equation the efoessions‘(2,l3) and (2.1k4),

g —>Re g = gRE)

2 8|2 = [ (Re £)% + (1m 0] - (géle v 20,

where ' Re §'=_§RE; Im ¢ ='§IM’
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we can obtain the generalized likelihood function,

TOT
Noss |
N (Rusi Eoms Enyp) -
. _ "MOD THY ‘"Hj’ °RE’ °IM ,
0BS '

.The generalized likelihood function is calculated by seleéting fixéd
valués of gRE aﬁd gIM, and then evaluating.the normalized probability
function f for each event in the Qbserved data. The values obtained for
giveﬁlgRE and gIM are all multiplied together to give a single vaiue for
the likelihood function. Since the likelihood function depends on the
paraméter gIM only in the form of giM, we can determine the ﬁagnitude

of ¢ but. not its sign. By evaluating a sufficient numbu-of points

™’
we determine a likelihood surface as a function of gRE and'glM. The

maximum value on the surface determines the most likely solutions for
ERE and.&IM. We evaluated the likelihood function for gRE and gIM in

1/4 increments over the intervals

gRE = -5, ‘-L"I%', « e .,‘ O) . "'.’ +l%’ +5’
'EIM=O’ %r) Igp .. '.’ +h v" -

The results of the ahalysis are presented in'Section V.

. o BRKM3‘ S v -
- The Batio R = - _and Constraints on géE and EIM

If the substitutions & =& |
| . 22,2
and £ - (kpp + ETy)

STM

. - BRg 3 o | 2
are made in (2.12), R = EEm = (0.646 + 0.126 ¢ + 0.0192 £7),
L ;. . . e3 . s :

then the‘equation-is transformed into the equation of a circle in the

~complex ;£ -plane.



.

= 0.646, ¢, = 0.126

Let cy o ,_,c3 = 0.0192
c ' c, - R
‘ 2 2 2 1
then rp t gIM + (E*) bre T ( = ) =0
3 3
This is the equation of a circle with
. . . A
2 2
Center at [gRE = -1/2 (5—3-), Eoy = o] - (-;.28, 0) (k1)

(ﬁ.ls)

o e, .2 c,-R 71/2
and Radius |t]| = 1/2 [ (—c—g) - b= R)} /
3

c
3
The next section gives the results of evaluating (4.15) for Eop and.

'gIM, using the value o6f R baséd on the average published value of the

4~

K; branching ratio and our measured value of the KM3 branching ratio.

3
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V. RESULTS

We have determined & and the K;3 branching fatio b&vfitting the
p+'kinetic energy spectrum and absolute rate over the regionihl'é TM =
ok MeV, with 914 observed events (see Fig. 9). After background:correc~
tions were made this number was reduceddtc 820 actual KZB events. The
results of fitting the data wiﬁh a x2 test of hypothesis for a one
parameter (V - A) theory, yields, when x2 is a minimum, ¢ = Ovti:i,
where the error corresponds to going up one unit in x2 from the point
where xg.is a minimum. Using the above value of &£, we find the KZB
branching ratio is'BRK}‘L3 = (2,93 = 0.23)%. These values of £ and BRKH3'
represent an excellent fit,. for XﬁIN = 11.3 with 18 degrees of freedcn.
This low value of x2 corresponde to a 15% confidence level end is due
to the statistically excellent fit of the data'end not due to over-
estimation of the errors. The x2 function was calculated for 21 integral
values of ¢ from ~10 to +10. Figure 16 showe a plot of the XZ distribu-
tion as. a function of §. A scan efficiency of 85% and 13% correction for
nondetection of rue chains was used. The solutions are ineenSitive ﬁo
>. variafione in ihe‘scan efficiency by i5%, and to ij% veriations in the
- mpe chain nondetection factor, F_ = = (13 = 3)%. Modification of the
p+ theoreticelQSPectral curves tguinciude straggling indicates that
this effect is completely negligible. At‘the 95% confidence level,
where x2 = 29 for 18 degrees of4fneedom, all values of & from -4.0 to
+10.0 (nhe highest valne testedj are possible. ihe experimental K;3
branching ratio, from (4.11), is shown in Fig. 17 to be rather insensitive
to variaéions in £, and over’thenfange -4,0 = ¢ = +10.0 assunes the vaiues :

2.88 = B £ 3.09%. The curves on each side .of the middle curve are
T K3 T

determined from a calculated 8% error on BRK#3.)
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As.discussedAih SectienvIV,sD, on- Analysis Functions, we can assume
peruniversélity aﬁd'the value of the_K;3 5renching ratio; BRKe3 =
(4.8 = 0.32)%,23 to calculate a set of-K;3 branchiﬁg ratio curves which
-are a function ef E. These arevplotted in Fig. 17, and interSect the
experimentally determined KZS branching ratio curves of (4.11) in two
-regions. We caﬁ exclude the solﬁtion with ¢ more negative than -4.5
’to better than.a 99% confidence leve;. This leeves the simultaneous
solutions ¢ = -0.k4 t 0.9 and BRKH3 ='(2.9 + 0.3)%, which are consistent
with the values obtained from minimizing x2vin the one parameter fit.
The same spectral data was analyzed'by ustﬁg the Maximum Likelihooa
Method to detefmine gRE and gIM. Since the likelihood function contains
:giM'onlyvin the formngiM,'it-is symmetric with respect to reflections '
;about the gRE axis. Consequently, we can determine only the magnitude -

of & and not its sign. The likelihood function was calculated for

™
1 values of gRE and giM in intervals of l/h over the range

ERE-“-“S)")'P%; L ';,+1‘L§_"+5:

b A 11
IEIM = O) E) §;

The most likely solution occurs when gREV= €

.7; +h,

™= 0, whefe the likelihood
fﬁnction is a maximum. Because the likelihood function is non-Gaussian,

e simple confidence interval interpfetation is ipuled.out. .Figure 18
shows the projection of the likelihood function onte the complex E-plane.
To'examine,the sensitivity of the;solutiqn we have pletted in Fig. 18

the projected e 02 Lyax and e~20 Lyay contours of the likelihood function,

corresponding to the one and two standard deviation levels of a Gaussian

distribution.

.For L (gRE’ gIM) = e-0.5 LMAX’ gRE = Oti:g, and giM =0+ 1.k
L (bgps &) = +3.6 =0+ 2.9.

-2.0 .
¢ L fgg 7 2.1y @04 Epy
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These solutions are consistent with the results of the one parémeter
XE analysis. v
Finally, using (4.14) and (%.15), we compute‘the values of £-o and

. . : +
£y from the ratio R = BRK“3/BRKe3. We use our value for the K,

branching ratio, BR = (2.9 £ 0.3)%, and the average value for the
> K3 yarue

Kg3 branching ratio,'BRKe3 = (4.8 o.3é)%,23 to obtain R = (0.60 + 0.07L).

This value of R gives a circle in the compléx £ -plane, with center at

. N L .6
(EBE = '3'28"§IM = 0), and radius |§| = 2ﬂ93t8_7g

=0 are -1.1 s ¢

(see Fig. 19). The

intersections on the real axis, where § £ 0.25

™ RE
and -6.8 s ERE s -5.4, of these two solutions, the second solution is
 ruled out, since it is less than 10-6 times as likely as the vélue of
ERE corresponding to the peak value of the maximum ;ikelihood solution)l
The first solution is compatible with the results of the x2 and maximpm
likelihood analysis.

We summarize and interpret our results in the Conclusion which

v follows this section.
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VI. CONCLUSION

When we fit the u spectral data with a one parameter (V = A) thedry,
we find that the best solution for the purely real or purely imaglnary
+2,0 2 .
parameter £ = f_/f+, occurs when ¢ 0_l 4 at the p01nt where X~ dis a
minimum. Using thé Aabove value of &, we find the correSpon&xgvalue of

the K:3 branching ratio is BRKu = (2.93 + 0.23)%. These values of &

3
and BRKH3 represent‘the best statistical estimate in this experiment
of the true values of these parameters. A determination of the values
of ¢ which are compatible with the'data éhows that at the 95% confidence
level all values of & from -4.0 to +10.0 (the highest value tested) are
possible. The K:3 branchiné ratio is rather insensitive to variations
in ¢, and over the range -+4.0 to +10 assumes the values 2, 88 = BRKuﬂ s
"3.09%. However, if we assume pe-universality and use the experimental

"~ value of‘the Kz3 branching rgtio, BRK63v= (h.S * 0.32)%’23 we can
simultaneously determine rather festricted values for ¢ énd the K:3

branching ratio. These are ¢ = -0.4 0.9 and BRy 5 = (2.9 % 0.3)%.

3

' On the basis of this solution we can reject those theories that predict:k
lgl is large--for example, the theory of Schwinger8--but we cannot

dlscrlminate among those theories which assume a K decay mechanlsm

.that predicts £ near zero. These include Kn resonance models,3_6 Kx

S--and P-wa#e scattering models,u’g7 and -theories involving an intermediate

vector bosons..

If we assume that £ is complex and do a two paramefer maximum
likelihoqd fit fo'the spectral data in order to determine gRE and gIM,_
wevfipd ?hat the likelihood function is a maximum when gRE and gIM = 0.

This solution is consistent with the results of thevoﬁe parameter xe

analysisﬂ The likelihood function is non-Gaussian, hence, a simple

t
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confidence interval interpretation is ruled out. Its SenSitivity can
be indicated by quoting the parameter values corresponding to e-o'5 and

e"e'O of the maximum value of the likelihood functions;

‘For L (tppr E1n) = e™0” Iyax’ Spp = o’::lL:g, and £ = 0 *1.h;
L (gRE, gIM) - 20 Lyax? gRE = ,otg:i, and gIM = 0 +2.9,
30

calls for a violation of time-reversalvinvar?

’

Because Cabibbo's theory

. - qp
1§nce in “3

it is difficult to know whether these results have the precision to

decay but does not speéify'the magnitude of the violation,

exclude his theory. The data gives a best fit maximum likelihood
solution which is consistent with the time-reversal invariance require-
ment thet g, = 0. This solution supports those theories® 22 yhich

4
call for no violation of time reversal invariance_in_KM3 decay.
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C. . LIST OF TABLES AND FIGURE CAPTIONS

Summary of Experimental Papers.

K+'Decay Médes and Kinematical Data.

Ranges have been calculated; the other data is taken. =
from Reference 23. |

Experimental Data4;ndeackground;

(High energy part ofku+ spectrum, 106 s Tg éilB#_MeV).
Experimental Data‘and Background.

(Low and intermediate energy portion of u+ spectrum

23 = Tu £ 94 Mev). |

General Form of Analysis Functions.

+
Feynman diagram for Ku3 decay.

Theoretical u+ kinetic energy spectrum for KﬁB decay.

. The various curves are parameterized by & the form factor

' ratio, and each is normalized to a total area of unity.

Fig. 3.

A representative photograph of stopping K% decays.

 This photograph shows KI décays s K:-LE decay, and K;t!_2 decé.y
' 3

Fig. b.

with x' interacting in flight.

A typical photograph of K+ meéons‘stopping in the Berkeley

30-inch heavy-liquld bubble chamber. This picture shows

. and K: " decays, and also illustrates thé

the Kﬁj decay, K;Q

pe and the nue decay chains.

 Fig. 5.

Experimental beam arrangement. The symbols T, C, BM, SP,

' Q, and S refer respectively to the proton.target; the colli-

* . .mator, bending magnet, spectrometer, guadrupole magnet, and - -

slit.
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‘Fig. 6.

Flg. 7.

Fig. 8.

Fig. 9.

Fig. 10.

- Fig. 11.

- Sketch of a K:, decay.

_ that is, the length of the K' track in C

- _65_

Vertical lens sand foéussing dlagrem, The symbols T, C, BM,

SP,VQ, and S refer respectively to thelproton target, the
collimator, bending magnet, spectrometer, quadrupole magnet,
and slit. The poéitions of the P, K, andrr awve notstolscale.
Typical n-K separation curve at the second slit. The
abécissa is in units of shunt voltage for the magnet of the

second spectrometer.

3

The solid lines are a histogram of experimentaliy observed

-Kﬂa eﬁents»plotted as a function of RM’ the range of the muon.

In each interval the area above the dotted lines representé

£he background corrections, while the area below the dotted

: +
lines represents the number of Ku5 events. The percentage

contributibn of each type of background is indlcated over its
region of importance.

Histogram of ﬂ+ kinetic energy’ ~from: 10 - %0 53 MeV in

+

K+ -5 + s  + x°, The smooth curves are the distributions

_ expected for é constant decay amﬁiitude having a linear
'_dependence on Tﬂ+.' The curves are nqrmalized to the region

from:. . 10 .0 53 MeV.

Fraction of Kﬁg (K% £1t.) events as a function of the u+

- length. The curves depénd on the residuval range of the K+,

3
origin to the place it would have stopped, if it had not

F8 from its decaf

decayed in flight.



"Fig. 12.

Fig. 13.

Fig. 1h4.

Fig. 15.°
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Fraction. of K,r2 (n flt.) events as a function of 6 " (the

"engle between the nt and the u*) and Liy 4 ) (the combined

v

'length of the x and the p). ,

The ratio of the Ku to the Kpg decay rate as a functlon of

the kinetic energy of the muon.

The potentiél path length correction as a function of the length
of the p+. The curve gives the probability for the pf track '

to stop anywhere.in the available Mg solid angle within the

- . chamber's fiducial volume.

The potential path length correction factors used in anslysis.

The p detection effic1ency‘curves start at F PRI 0.6,
)

" - because the Monte Carlo tracks generated were restricted to

‘lie within * 37° of the horizontal plane. This meant that

'. only 60% of the total Uy solid angle was‘availablé-for the

Fig. 16.

Fig. 17.

decays.

_ Plot .of x2 as a function.of E. The parameter £ is used to‘

fit the u+'kinetic energy spectrum over the interval

8sL = 28 cm, 41 = T, s 9k MeV,

A plot of the K:3 branching ratio as a function of the para- »
AS . -

meter £. The curves labeled "BRK“3 Experimental Values"

were generated by simultaneously fitting the experimentél

p+ spectral shape and the area under the'spectral curve. ° .

The other set of curves are theoretical curves which are.'

’ ,baséd on the assumption of pe-universality and require

- ,experimental information on the K

branching ratio.

€3



‘Fig. 18.

Fig. 19.

67~

The u+ spectrum has been fitted by a two parameter maximum
ligelihood fuﬁction. This piot'shows the projection of the
likelihood function L(§RE, §IM) onto the complex E&-plane.
A plot shoﬁing the relationship between ERE and gIM as a

function of the experimentally determined ratio R = BR /BRK .
. . M3 e3
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ratio, and each is normelized to a total area of unity.




K ->,u+ + v (K;2 Degay)', LP- = 54.3 ecm
K" >z + x° (K, Decay) with x' interaction in flight
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CHONGH

B sn @ oy (Kzg Decay) with 1y from x° converting

O g 3 ° i
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< v pair not visible
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ZN-5297

Fig. 3. A representative photograph of stopping K+ decays.
-’;
This photograph shows K;3 decays, Kug decay, and
decay with 5 interacting in flight.

+
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not visible, -
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ZN-5296

Fig. 4. A typical photograph of K+ mesons stopping in the
Berkeley 30-inch heavy-liquid bubble chamber. This

+ + +
picture shows the K, decay, KTtg and KT decays, and

3

also illustrates the pe and the nue decay chains.
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f 0 B MU.30654-A
Fig. 5. Experimental beam srrangement. The symbols T, C, BM, SP, Q,
- and 5 refer respectively to the proton targét, ﬁhe collimator,

bending magnet, spectrometer, guadrupole magnet, and slit.
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Fig. 6. Verfical lens and focussing diagram, The symbols T,'C, B, -
. 5P, Q and S refer respectively to .the proton target, the

collimétor, bending magnet, Spectrometer,iquadrupole maghet,

and slit. ‘The.positionsof the P, K, and n are not to scale. 
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Fig. 7. Typicél'x—K separation curve gt the second slit. The
abscissa is in units of shunt voltage for the magnet of

- 'the second spectrometer.
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The solid lines are a histogram of experimenfally observed

K;3.events plotted as a(function of Ru, the rangé of the muon.

In each interval the area above the dotted lines represents'

the background corrections, while the area below the dotted

- . lines represents the number of Kz3 events. The percentagé

‘contribution of each type of background is indicated over

its region of importance.
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Fig. 10.' Histogrem of x' kinétic energy from 10 to 53 MeV in K\ —x' + n° + n°.
- The smooth curves are the distributions exﬁected for a constant -
decay amplitude having a linear deéendence on Tﬂ+. The curves

are normalized to the region from 10 to 53 MeV.
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Fig.-1l. Fraction of K;Q‘(K?'flt ) events as a function of the u

length. The curves depend on the residual range of the K K

’fthat is, the length of the K track in o F8 from its decay

3
' origin to. the place ‘1t would have stOpped, if it had not

decayed in flight.
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Fig. 13. The ratio of the Kﬁy to the K$2 decay rate as a function

of the kinetic energy of the muon.
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Fig. 14. The potential'path‘length correction as a function of the

length of the u*. The curve gives the probability for the

+Toek S o
i sto stop anywhere in the available Ux solid angle within

the chamber's fiducial bolume.
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Fig.
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15. The potential path length correction factors used in analysis.

_The u+ detection efficiency curves start at F = 0.6,

| PPL,
because the Monte Carlo tracks generated were restricfed to -
lie within * 37° of the horizontal pleme. This meant that
only 60% of the total Uiy solid engle was avallable for the

decays.
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L_“= 8 to 28 cm.
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60
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Fig. 16. Plot of x2 as a function of €. - The parameter £ is used'to ,

- fit the u+ kinetic energy spectrum over the interval:

8 = L, $28 cem, k=T = Ok Mev.
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BRKpsEXPERIMENTAL VALUES

§

A plot of the?K:3 branching ratio as a function of the parameter &. The curves labeled "BRKu3 Experimental

MUB-6822

I s 6822.
Values", were generated by.simultaneously fitting the experimental p+ spectral shape and the area under

the spectral cufve; The other set of curves are theoretical curves which are based on the assumption of

pe-universality and require experimental information on the K;3 branching ratio.
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Fig. 18. 'I‘he_u+ spectrum has been fitted by a two parameter maximum,
| likelihood function. This plot shows the projection of the

likelihood function_L(ERE, gIM) onto the complex &-plane.
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Fig. 19. A plot showing the relationship between gRE and gIM\as a function of the

experimentally determined ratio R = BRKh3/BRKe3.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report. '

As used in the above, "person acting on behalf of the
Commission"” includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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