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IN TBS ~'mU ~ OF S!'flOBO ItlJ.I'Nla.riOIS 

ClecJt'frey g. Chew an<1 Steven c. P.rautechi 

Le.wrtenoa Re41at1on Ltlbomtoz7 am. ~ ot ftws1u 
Untveraity ot eau.torrda, bDl.(q, CGUto:n&Sa 

April 2?, l96J. 

we abOuld like to .Pl'Opo8e 1n terms ot tile anall'tf.c cxmttnuaticm 

of tbe s matna a n.lat1v18Uo det1Df.ticm oe a ~1184 ~ 

"potntle.l" that appears to hoNe three useful m:oogettee.; (A) lte 

nle in the ~cs 1& ~ to that fit an on\lAB.l'f JOt.eDt1al.1 ao4 

1a tbe 11QftNlatiV18t1c limit. ttl rele.t1ct1 to tbe poten1WU ~by 

~eat Fubiat1 ..,. be estabUebe'\. (B) Ita~· ana $(!141um­

ranse pe.rts l'1llY be evaluated. tor UW.tn17 energles ta ~ ot one-. 

ad tw-~ S-matliJl e~. (C) It a1l.cMJ a JNCt.#e .aad ~ 

~ble obanctutetton 01 ~ ~ted With "uuatable 

a -M> ... A o· · <t 'tilt e~ p.uot1cles "v~ to ~oa ... ~. 

Otlr 4et1ftlt10n 1& ...,. Vi~ ,._ Ruldel.Stam tftmleVo.rk, Vblcil 

4eaut.beta tbe oca~ -.u~ tor· tuee 41t~ ~~ ~ 

by e etftl.rl.e ~to ~-· 2 ~ tbe tuG part.lclOG ~ ~ 
ln't,.enotion to ot illte.reS't an oallscl a ..,. b. ·IJ.'ben " l.Cbel -

three ~lstam ~ u .tollo'tm: 

t ... a +b ... a+b (~trio~·~ • e), 

n. G+G ... b+b ( .fl .. .. • e), 

III. a+i•o+i ( • .. !l.t ~ u),. 

~ ~~ cbAnnel II proyl..dM tbe "d.ireeti,. ~ to~ .._1 I, 

Wile obannal m PI'OV14eo "~" ~. rm.-e pl"EtG1Ge4'.' • ~ 

·, 



the ~R4 4tl'eet potent.tal v1
11(t, s) aa the ~ll:t abao:rptive 

I(ol) 
part, A2, !!\,nus tbe contribUtion hom •st # ~elastic double• 

spe-e1a"al f'unethm for cbfumel %. 9Ja·t 1&, 

(1.) 

!he epmmal.1zed e~ pct;mti$1 bas a ~ .s..ttnt.ttcm m t..em. 

ftt cbtmnel nx ana. Peu I( ol} • 

'l'b.e elo.st1c double·~ tuw.Jtioa tor ¢banafJl I la Sl'Vell by ..._ 

' Ct&tlco•k7 ~ ot rta .. 1. It w cU~tce tbe s s.u.-U~ 1& OhQimel :t 

witb wepect to sll 1nter'I'W. quantum ~ ( hotop1'l spla., ~~ 

etc.),· then tbe ~ reetpe' pvee u (U' ~ ~lcaUano ..-~) 

(I) 

With & corn~ tonmala tor Ow I(e.l)(a,u) trs .,.. t le ~laaKl 
* tP by u ard the bilinear ~tS.ons A2 A' &ft4 A' A2 Bppeal'• Dwr 

ranae ot ifttepoatioa in (2) is Matriete4 to tbe regtcm :tn dia K ts 

positive. 91ese tonm.ll.e.li ware ttret delive4 b7 Naudel&rtam fJ.ool:l the elAstic 

UD1 t$r1ty oondition. i 

Now 1 by 4ef1DS.tton, 



, 

so u tt. ~uce4 pottmt1ala v1 tt Bid 'r.m 8l"e *""*' ·o:tO· • 

oompato the elaeUc d~Nb~pectrai. tw\cUoDa ·ha'- t~tton or~ (a), 

as oris1:n&.ll7 ~1d b3' **lttam• 2 
All ata:-.ata to tble potnt 

b5Ye been tonal o.nt\11 QQJTOIIpODIStASlV, ezact. We DOW OOU14el";,, 1JI OJ.'\teJ'1 

'bbe tbme t\Spects of ~ ~-~~ ·that, -- 11otM in ~ 

ft.nrt~. 

(A) It oae -oons!.4t'Wa ~tt"'ietlo o<J&~ ·!JJ' a ~~Jma · . 

ot ~ 4kect. anA au~ ~1s14 

.. (4) 

t.bm, -~ tos" Vt.;rlal queets.ta ot ~·t•, tt v1U(~,o) ~ 
"Plaoed b? ~('t) em& n v1 UI(v,e) bJ' tlea(u) 1 tbG ecp:t.tsalJB 

~ 1dl8 4mable-epeot.rol fqnot10ft8 41tter. ·fma ... (&) ant ( ,, 

abOV'e _01'11U 1a tbe ~ of ~ -~ fG . .,. ac. + ~ • ft\la 

ow ~taet potetials -~ tbe ~-to t'bt .._ ~t ard 

ill web tM &S.1le 'flaY' u am ~ ~. Ia ·tact it l$ eaay t.o 

show th$t at~'* "~l" 41Jt1De4 by 1<1• (1) 1$ tn ~ 

.. 

... 
' -

.. .. 

i. 



eutsr~ $lid ~~ 1t ~ i'eel. tor e belOW tbl iteliWMo 

tbresbol4, an4 w. 1Aa2., '\ 
2 » rnu 

2
1 u ta Jl'UC~ s~1 t.tae. 

~ence on s tn tbe ela6ti.c regLGn.le _,. (espf)~ m ~ 't}. 

It bas been po:lated out to us by I • CbtU'a.p tb1lt 1D tNOb a r.:ue, U' <me 

Wll!.th$8 to ~ the potent;U.\1 in a ~~~' epu.rm, 8CI3IO llOiti.tioa'Uob 

te re~ because fl!'leil vtwm. ta2 t.a ..U t.here mar be w~ttel 

coatrlouttcms f~ lAr&e vt.&lue& or a • 1ll ·t~~e. ~l e the t!&bt-bM4 

s14e of mq.. (3). Sua ocmvl~1.- behave lit. en ean ~ P.. a 

~lattft.s'bio ~t1a11 tm4 ._.be ~tell ill 4 Gl.:mple way tTom -. 

lmovle4se Of the ~-~l•' Once till8 ia dime 0. Ob~ tbe 

DOswolat1V1st-1c potential alzea4;r iet'ii!led b1 ~ au4 Ftlbt.N.,.1 ot ~ 

1t cme worke dtreotla vttb tbe tn'tee;ral •p~JJ.ma (2) an4 (5)1 ae one JW.O 

tn K-« &ud ssd seatt.eriaG.t Wa ~oatton 11 ~· 

(B) The CU'tm$k)' l'GCtpe' tell.e W3 bOY to ~ ~ ~­
potetltial.G tn t.el'fll8 o.t ~to conttmae.uons ot s.mtnx e~. I" · 

is eonvefiiellt to ola881t,- contnbut10!$ ac~ to tt~j,. b.'t te, 

1n terms of tbe moesee of tbo ~e ~P.te etatea ta chft.tmeU II 

&ad m. The ~l.ons·~ cmeeparti.cle ccmtrlbutiou uo V.t.~, as 

usual, sn4 ~ ae &peetal CQaJIIJat. ~ ~~~ ~ole 

coetrtt~t~Utms w •1 II ee &880C1at.et With tbe ~ CJt rs.a. a. ~ 
tbe ominlon of tbe boJt ~ abculd be DO'tect. e. latoter u. eontat.:rre4 

tn '*st t(eJ) Gad muGt be el1mirtAtt4 a~ to ,.,_la ( 1).. ~· toto 

the~ ot ''&• 211111 • e:fatl.ar to~ (2) ~~ vltb o ea4 ~ 

ta~ azad a iC tun.ft1cm tba't ~ .Oft 1me ~o of the aoba;Qp« 

partS.cl.ee.. !bus, a wtt1cient lmWl:edse of tbt absosop'U'fe p$riG tOI" tbe 

approprtate "WD-bOd:Y react1cme vtll allt.lw .a os.lculat:S.on of tb1b JGrt ot 
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t.be d:tNet potent1&1 ~tatted With tvo-patottclis1 transfers the~ 

potezrt.a.al earl ba ~ 1n a aim:tla:r lttly. ~ on3.:Y the one-.~ 

tlro-p,artlcle contrtbutJ.ono to tbe gerwraUZ04 potenttal 1G eq.ut'V'&lent to 

tbe ~~ etrtp ~t1on'1 &&neri.Wid itt &D earlier t.ette:> * c; 

tie may ~t htmt tbat tM ~ticm ot negleetfJ:t6 or 

Wee~ pber'~legica.lly the ~ Of' ~ tban t1~ paRi~ 40u 

not d.epeD! t"ol' its validity on the ~· 'ftle ~t1on ~ 

just ae plaua1bl.e at b1sb ae a-t .lQw er.1er1~1 ao, as a:plaimd ~3.71 6 

the '~peri~"' opgroaeh is or • 11aams J!'eatr1eted to tbe elal.rttc rogton~ 

Ou-r u~ialu autarat1oal~ develope an f.ma81na.'cy' pan eqpal to tJtJt 'I.( SA) 

fOI' a aba'Wt tbe inel.ast:tc ~14. 

(0) We t!nall::!41s.tNes a nat.ter ot ~ple~ -~ ~~ ~ 

v1 II o.nd vi zn OJ."t! complete~ know. OUr ~ta her$· an a ~nts 

ot ~ks made at. van.oua t.1.Biea ~ other$ but ~, to ®21' kJ.low~1 

eol.l.eeted ta one plaee. It baa beell a~ aboVe ttmt a k!w¥J.e4se <Jt U. 

~sed potential tor ~l t is equ1valtm't to a oampl.ete lnmVleilse 

ot 1lbe ~~&~trel f\mr:tiona as •11 u e tuaow~ of u. stnsle.epeetra1 . 

f\mcticns tf..Jit -.tmele D ua. m. 1ft ~ to deftrie -/~~~~~ . ., ~ ,. . ' 

~~ ve ~ Mqui~, 1n a&U:tton 1'4 an.v ~ ~-.. ~t:«mtc.t 

t11e ~upeo'Rl ~it;m tw ~· t (:t.-.e.1 the ebls'tie ~1-v0 

parts Gt e. t11Ute number ct lw ~~Iii 1:1 ~I). BerG~·· 

an.n the ~· c.tm embi(Jltt;,,1 wbicb 1& uow ~ u $1pl~d to 

tr. poasf.bUJ.ty ot Wltltable o~~ ~i.cle.G vt'tb ~ ~ ~a 

ot cb&~l :t. One ,_. to cbaraoterUse tbe ~g\lf,ty 1s 1A ~ of the tl/0 . 

•¢bft:tquo ot ~·--· oa1culattotl t~ -- Obew - ~~-"e 
~at os im'Sotl:r reri.w the en~..$1 1'~a ot th1G •t.bod· 

·. 
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~ ,. { i . . : ~ 

(6) 

We Pl"Qpotle tbat- tis ~et.Wso4 ~~ be· e~ to • · 

nla'tivtatto cwae ao a !!~~em Of .P'II'8 ~ H&t~ . SUCh a · 

~l.UtiOA (tt- tt edn&) u cauwlellel7 -~ oaee· the· ..,...u..,., 
~ is -~~ av4 ~~· to • ~U. &,. · . · ~·8 (co) •. $'!111'40 'I if 

BYJ.--~"~-~ fWbt~mv.~u n, ~-to 
' \ '· nn 4 e,<•> < (n + l)tt • 

(?) 

We tJJre ~ tbat vbett tm~:tar1t1 £rt -~1& U .Qr.d U! 1$ tee~ 

.f.n the U$~ (8;8 weu ._ ~~ ~~ tt o:mt. fft'. bMb·ot ~_, 

~ls ~ to tJle ~ .Ra~ u ~1 '!) tl$!1_._ taelUGtcm . 

or eaelu:ticm ot ~ble e~ ~cleo us ~i l u llO'b ~~1 
- )'. 

arbs~. Fw ~~~ Plot~·be3 J'$~lt ~ th&t c~ 1.m1tai'i• 

(iD o.ll ... ~le) ~lJ ~S 4U blat-~ $ atd P ...... 

the complete &Nb~tzoa1 t\mettou ita B! ..... :a .·(~- P ~ te 

de~ .u ooe ~ ~ P~ ¥~81 r&lattomh) ~tbel&aU· 

1t e.- to U$ belpf'\11 to ta·ve a e:le$n. 4eftn1UG11 or _puoe ~-COil~te•tne 

that ean be .~lted. m all #ituati.OAth 1be ~pt.t.cm ~- bclre hat 
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etten been ¢vatel.¥ «t.DCU8AA bt wo~ 11'1 the ttel4,15 'b\tt -~ v1• ·· · 

relatiOn to a pt"$a1ee aetJ.n1 tA.oa to tbS "pt)'Mt.ttitil. • 
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relAU"'iatic ~ ~lat:h1.at1o wt.l».oe& ot the :t~al aa 'thit .~on 

to tbe ~. In ~:Lee, in the 11-N prol:4eza., it one wisMa to 

«ml<:'t.llate only ·the one- f.md t1io-ptoo part& ot the potential ( t < 9 m,/J.) 
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10. '1'tle po$$1b1Uty Gf ~.ftU.i~ 'the B/D netbcd so as to~ l1maT 

eqJ.Jat~ ~~ t4lftn tho 11'.r.cl.Gat1et 4l9~i.Jlu1ty ts tao~ wa po~ 
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12. DliD 1& tl»e ~ of sol~ ~ in tkt ¥Oft al ~ tb4 ~letem, 
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1,.. For ~.~ w M~ oeu~ Qtld s. Mtmdeltltam. 



for a and 'b' eboul4 be in:te~. 

fie;. 2. CUtlmGky ~ p~Wlding ~ble4~1 lunotiae.$ f"OJ' tbe 

tw-~ 0 dtreo't ~tal. n A erubtracttan tmGI ~»>U41DS 

to J "" 0 in ebarmel II muat fi1eo be Ut,clude4. 
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