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April 27, 1961

We should like to propose in terms of the anlytic comtinuation
of the 8 matrix a relstivistic definition of & generalized two«body
"potentiel" that appears to bave throe useful properties: (A) Ite
Tole in the dynemics is enalogous to that of an ordinmary potentis), and
in the nonrelativictic limit 1ts relation to the potentiel defined by
¢harep and Fubint® may be establiched. (B) Its long-range ond medium
rongs ports oay be evalusted fur arbitrary ensrgles in tertm of GIww
ond tun-body Sematrix clements. (@) It aliocws o precife ani physically
recsonsble characterication of resonances ansociated with “unstabde
elementaxy particles® as opposed to “Gynamionl” reconmnces.

Our definition is made within ths Handelstan fremewvork, vhich
descrives the acattering suplituds for three different twowbody resctions
by @ oingle anelytic function.” BSugpose the two particlos whose matual
interaction 46 of interest are callod a end b. Then wo Jobel the

. a wbv»a + b {varycontric ensrgy squored « 8),
) 3 3% a+ta<b+b { @ # * = ¢),
11z, a+D=a+h ( W . » o u).

Roughly epesking, chonnel IX provides the “direct™ forees for choanel I,
vhile chanmel ILY provides "exchange” forees. Morve precisely, ve define



D

the gensralized direct potemttsl V,''(s, 5) as the chamncl IT absorptive
part, A, minus the contributica from pmx(“) » e elagtic Goublew
speetral funotion for channel I. That is,

"stx@s)“"‘)

Vxn(t,s) = A(t,8) - % [/ as® « | (1)_

' » 8
mmxmemmmzmmammmxmtmmm
of cheanel IXIX and Poun I(@‘e)

The elostic doudble~gpectral function for chamnel I is @m by the
Cuthtosky grophs of Pig. 1.5 If ve Gisgonalise the 3 matrix in chammel I
with vespect t0 a1 internal quentum mumbers (isotople spin, etrengeness,

m‘),' then the Cutloosi mgimg @%ﬂ us (w spin mlm%m are i - 3;

. (t.' } ALY 8)
%tI(e#)(gﬁ) ) % ;%{;* i ast &v" ;m(q,: :ﬁv 't")

(=)

....l.. 0 aut au? ﬁu,a)!&(uwi -
" a7 (%st:“’,u)

+

vhere K(q%, ¢, ¢, t*) = t2 ¢ e'% 2 0% L pletr + 04" 4 100%) W ﬁ%ﬁ .
q

with & corresponding forsmla for pwﬂ“)(a,u) in which ¢ is mw

by u and the bilinsar combinations Ay A, and A A, appesr. The

range of integration in (2) is restricted to ths region in which K is

positive. These formulas wore first derived by Mandelatam from the elastic

unitarity condition.®

Bow, by definition,
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' ' Hes),, o
a(t,0) vzn(@,,a) " %’f&a" Pet (s :7)

t 4
8" » g .
* {3
1(es), ,
Aa{uiﬂ) = ¥ ﬁx(u,a’ * -3'0 f ds* -&«u—&u‘——’-—n »
t " 8% - @ :
g0 1f the ganaralfged potentials Vzﬁ and @:m mg&mmmy ‘
compute the elastic doudble-spectral functions by iteration of foremlo (2),
68 originally exphaciced by Mandeletam.® A1 statewents to this point
bave besn formal and, corrospondingly, exact., He nov considor, in order,
the thyoe aspects of ouy ganerulined potentinl that were liegted in the
firet peragraghs
(A) If one sonsiders nonrelativistic scattswing by & superposition
of Tukawn direct and oxchonge wmzmm"‘ '

yft ¥

Vasel®) = = [ at gy () S

. {1)
fir
V“(r) o « [ du gex(v) 3‘"‘"“;‘""““ )

then, except for trivial questions of nomolization, 1f V' ' (t,0) s
veplaced by gge, (%) and 4 v, 7(u,0) by g, (u) , the equations
deteruining the double-spectral funotions differ from Bys. (2) and (3)
above only in the replacement of the fastor o by W, ¢, . T
our generalized potentisls detsmine the Aybemies to the game extent and
in much the sowe way as an ovdinery potontitl. In fact it 45 ensy to
show that although the “potentiol” defined by £q. (1) is in general
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energy-dependont ani complex, it becomes real for & below the imelastic
threanord, and when H2, 125> 5 %, s 1n nucleon-micleon seatearing, the
dependence on 8 in the olastic regton is wesk {especially for small t),
It has been pointed out to us by J. Chorap that tn such a csse, 1f ane
wishes to uee the potentisl in & Sehrd '

15 requived because even vhen q % 1s Euall there ney be substantisl
contributions from large values of ' in the integral on tho rightebmd
side of Bq. (3), Such contribuwtions beheve 1ike en extra term in e |
nonrolativistic potential, and can be ealculsted in o simple wiy from o

knowledge aftmmmmmmﬁ ﬁmw is done ome cbtaing the -

nonrelativistic potential alresdy defined by Charap aud Fubini.’ Of course

if one worke directly with the integrel equations (2) end (3), as one must
in xex ond ne§ soatterismg, this sodification i& wanscessery. '

(B) The Cutkosky recipe’ tells us hov to compute the generaiiged

potentials 4n terms of analytic contimstions of Semadrix elemonts. It
is conveniont to classify contributions novording to "renge,™ that s,
in terma of the masses of the vapious intermedicte gtates (n channels 11
and IXI. The very-langerange oneeparticle contritutions ore trivial, as
usus), snd roquire no spectlal comment. e medivwmerange twoeparticie |
contritutions 0 V,'* are sssociated with the grephs of Plz. @, whore

I
the omission of the box dlegrams should be soted. The latter are contained

. P v N toe ..
B . . . -
S T Sy YRR ST ST T T N .

in %ﬂw and must be eliminated sccording %o Pormila (1). Formilas for - .

the grephs of Fig, 2 will be eimiler to formla (2) above, with o end t

tnterchanged and & K fundtion that depends on the messes of the exchanged .

particles. Thus, a suificient koowledge of the aboorptive ports for the
spprapricte two-body veactions will allow e ealenlation of the part of
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the direst potentisl associated with twomparticls trencfer; the exchang
;smm&aleané@maﬁlﬁmaammm. Koeping only the ouse and
two-particie contributions to the generaliszed potentisl is eguivalent to
Cthe Ystrip aspprowimetion” deseribed ia an earlier zmwf;

We may coument hore that ¢he approximation of neglecting oy
treating phonomenolsgicnlly the cuchange of nore than two particies does
not depend for 1ts validity on the enorgy. The aepproxiretlon eppsars
Just as plousible ot high as at low emergles, a0, as explained mwmlmﬁ
the "peripheral” epproach 1s by no mans restricted to the elaotic roglom.
our “potential” ewtomaticslly dovelops an fmaginary part aoual %o %f“‘“’
for & above the inelnstic theeshold.

(C) We finslly discurs & motter of prioeiple, sesuning thol scochow
vxﬁ and vxtn
of renmrks nsde et various times by sthers but newsr, %W our knouledgs,
sollseted in one place, It hos been ahotn ebove thnt & knowledgs of the
gonsraliced potential for clmnmnel I s egquivalont €0 a couplete hnoviedas

gy OF the singlee-cpestral

are completely known. Dur comments here are a syntheosie

of the double.speetral Dunctions as well es o koowl |
functions for chennsls IT and III. In order to Gefine ths emplitude-cunplobsly,
howover, wo further requize, in cfditicn to eny over-all subtrostisn comotunts,
the aingle-tpectral function for chenpel £ (l.e., the elastic a&mmz@ | E
parts of a finite mumber of lov partinl vaves in chennel 1), mm -
arises tho fancus CUD axbiguity,’ vhich is 5oV recogilsed es egavnlent to
ths possibility of unstable olewemtary psrticles with the quantun wbem .

of charmel I, One way to chaveoterize the emblguity is mmwzmnﬁ
technique of partiaiwave enlculstion imtyofuced by Chew and Mutelsten,?

1at ve ricfly roview tho ansemtial festures of this mathod,.
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é%l;’
Imp (e*)

Byle) = 1 - =3 {;&‘ (8t » a@){s' Y) 6)

We propose tiat this manawmmmmwemmwm
reletivistic case o9 @ Sefinibion of pure potential mmering. Buna

@olm»&m (12 it ﬁmm) is completely Muﬁ anee the wm&mad

3, 48 gim,m&immtom_ eamAition —*—-n-:-a—) (ﬂo),

%g(w) <  , a3 =y be geen from Bq. (533‘5

B 1 ﬁ‘s(l{) = w[«-&w My # WW%]

a*zﬁ

8,{c) | - .. B : :
g‘_sm/h : .

Bvidently, mmg 'n arbitrery subtvactions ia D,
v oot g Bfoo) < (n+l)x .

wammwmammmwmmnnmmmmm
inmmamm(asmummmmm, wmmmwmm

or: *'wmmmm@mmu)mmmmmv
or exclusion of unstable clementary particles in chsunel I 40 nob completély
erbitrary, For emawple, Frotssurt hes recently shown thet over-all unttartty
(in a1l thres channelo) uniguely determines ell byt the 8 and P Wm
mmmmmmmmzsgﬁm.“ (Bven the P vove to |

VenTar T e T Moy

mmmirm%mmpmmmwwmmq mmma _

it pomms 10 Ue helpful @ have o clean definition of pare mum~m%srm
thet onn bé,mlmﬁ in a1l sitwations. The prescriptios propoeed here Nan |

pften been privetely discussed by workers in the ﬂﬁl@g'w tut nrer vith
relation to o preelise definition to ¢ "potentinl.”
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The correction may be chlculsted up t0 any fintteo value of + by a

finite number of itexations of Bg. (3), taking the difference betwcen
reloativistic and ponrelativistic valves of the integral as the correction
to the potential. In prectice, in the NeN problem, i€ ono wisheos €0
caleulate only the one- and two-plon purts of the potential (8 < 9 n.f)

o single iterasion suffices, We are extresely grateful o M. Frolessrt
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for sssistance in clarifying thia question.

G. P. Chew and 8. C. Frautecht, Phys. Pev. Ietters 8, 980 (3960).

L. Cestillielo, R. Dalitz, and F. Dyson, Phys. Rev. 301,453 (1536).
G. F. Chew and 9. Mandelstam, Phys. Rev. 129, 467 (1950).

For simplicity we asowse no yeal poles in chempel I, L.e., no bousd
states gr etable elementary particles. Such poles, if present, give
rise t0 no essential Aifficulty.
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The popeibllity of gonereliving the N/D sethod so as to echrieve linsar
equations aven when the inslisstic discomtimuity 18 iscluted was pointed
gut @ ug in b private comnicetion firvs James Ball and Willism Proger

gmiﬁm Depastoent, University of Californiu--San Biego).

The 25 constants hove sowe reatvictions on thelr range of velues,

p mmw&mmmmamw@nm
physical gheet. '

Thic 1s the type of colution chosen o the vork of Chew and
Hef, 8,\-%%‘3@ gerr interaction., I% also is the basis for the Chavelow

effocotivgsrangs formmln for the -8 {5/@, 3/2) resonsucs.
This
by M, Proissert (Frysics Deparieamt, University of Califorsls, Serkeley).
H. Froissars, "Asymptotice Pehavior and Subbtracticss in the Monfelsten
Roprescitation,” University of Californis Paysics Department Proprint,
Berkelay, C&li‘i‘mia, 1960,

For example, by M. Oell-Mzm and 8, Mendelsten.

paymptotde beliavior was podntel out 4o us in e grivate conversation
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PIGURE CAPTIONS
Pig. 1. Catkosky goghs for o, "%%) . 1o obtatn o F®¥ eme 11ces
for @ ond © should be interchanged.
Fig. 2. Cutkoeky grophe providing doublewspectral functions for the
twowbody “diract potentisl.” A subtraction %ers corrssponding
0 J =0 in channel IT must also be inciuded.
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