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Abstract

In this technical report, we provide diversity analysis for two transmission schemes in (J, J,, Rq, N)
multi-access relay networks (MARNSs), where J users, each equipped with .J, antennas, communicate to one
N-antenna receiver through R, single-antenna relays. Both transmission schemes allow all users’ symbols
to be transmitted concurrently through the source-relay and relay-receiver links. Therefore, both schemes
have the potential of high transmission rate in multi-user relay networks. In the first scheme, called DSTC
joint-user ML decoding, the relays perform distributed space-time coding (DSTC) to improve the reliability
of the system, and the receiver jointly decodes all users’ symbols using the ML decoding. Through rigorous
analysis, this scheme achieves a symbol rate of % symbols/user/channel use, in conjunction to a diversity
gain of R, min{.J,, N}, which is the maximum diversity achievable in this network. But the decoding
complexity of this scheme is exponential in the number of users. To reduce the decoding complexity, we
consider a second scheme, DSTC-ICRec, in which the relay operations are the same, but the receiver first
conducts interference cancellation (IC) to decouple multi-user signals, then decodes each user’s symbols
independently. We show analytically that in (2,1,2, N) and (2,2,2, N) MARNs, DSTC-ICRec achieves
a diversity of 1 and min{2, N — 1}, respectively, at a symbol rate of % symbols/user/channel use. Since
the maximum achievable diversity gains in these two networks are 2 and 2 min{2, N}, respectively, DSTC-
ICRec has a lower diversity gain, compared to DSTC joint-user ML decoding, but its decoding complexity
is much lower due to the IC.

1 Motivation and Network Model

A popular approach to address multi-user transmission in a relay network is through orthogonal channel al-
location. Each user is assigned a distinct time slot or frequency bandwidth. Then, the receiver observes no
multi-user interference and can use single-user decoding techniques. However, this approach has low spectrum
efficiency because the per user transmission rate of the network decreases with the number of users. In this
report, we discuss two transmission schemes where the information streams of all users are concurrently trans-
mitted through both the source-relay and the relay-receiver links. With concurrent transmission, the per user
transmission rate of the network is fixed when the number of users in the network grows. Thus, the proposed
schemes have of the potential of high spectrum efficiency. Further, we provide diversity gain analysis for the
proposed transmission schemes.

The network model used in this report is explained as follows. Consider a relay network with J users, each
equipped with J, antennas, R, relay nodes, each equipped with one antenna, and one receive node with NV
antennas. There is no direct connection from users to the receiver. This network is denoted as the multi-access
relay network (MARN). Denote the fading coefficient from Antenna k (k = 1,...,J,)of Userj (j =1,...,J)
toRelayi (i =1,...,R,) as fk(j ). Also denote the fading coefficient from Relay ¢ to Antenna n of the receiver
() & [ ) ... (j)}t’

(n=1,...,N)as gin. The J, x 1 channel vector from User j to Relay i is denoted as f; g T
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where the superscript ¢ stands for matrix transpose. When each user has one antenna, fi(] ) is automatically

turned into the scalar expression fi(j ). The 1 x N channel vector from Relay 7 to the receiver is denoted as
gi = [gi1, - - gin]- The Ry x N channel matrix from the relay to the receiver is denoted as G = [gf,--- , g}, ]".

All fading coefficients, f,g) and g;;,, are assumed to be i.i.d. with CN(0,1) distribution, i.e., channels are
normalized Rayleigh flat-fading. We assume a block-fading model with coherent interval 7', i.e., all fading
coefficients keep unchanged for 7" channel uses and then transit synchronously to independent values.

Users communicate to the receiver through two hops of transmissions supported by the set of common half-
duplex relays. During the first step, all users send information using the same channel and the relays listen. We
use [E and tr to denote expectation and trace, respectively. The overheard signal on Relay ¢ can be written as

ri=»_ ,/ismf}j) +vi, (1)

j=1:J

where SU) denotes the T 1 X Jq (17 < T) space-time code matrix sent by User 7, which is normalized such that
Etr SW*SU) = J,Ty; v; denotes the T} x 1 additive white Gaussian noise vector at Relay i and all entries in
v; are i.i.d. CN(0, 1) distributed. During the second step, a T5 x 1 (T, < T') signal vector t; is forwarded from
the Relay i to the receiver, with the normalization E )., R, t’t; = PTy. The sampled 7> x NN signal matrix
X at the receiver is given by

X= ) tigi+W, )

,L':1:Rn‘. . . . ..
where W denotes the T5 x N white Gaussian noise matrix at the receiver and all entries in W are i.i.d. CA/(0, 1)

distributed. Throughout the paper, we assume full channel state information (CSI) at the receiver but no CSI at
either the transmitter or the relays. To focus on the diversity performance of the protocol, all sources and relays
are assumed to have the same average power constraint P. The extension to nonuniform power constraint is
straightforward. In addition, perfect synchronization at the symbol level is assumed for all nodes so there is no
transmission delay from nodes to nodes.

The rest of this report is organized as follows. Section 2 is on the description of joint-user ML decoding
and its diversity gain analysis. In Section 3, we discuss DSTC-ICRec, and analyze its diversity gain. Section 4
contains the conclusions and some technical proofs are included in the appendices.

2 DSTC Joint-user ML Decoding

Distributed space-time coding (DSTC) was shown to achieve the maximum diversity in single-user relay net-
works without any channel information at the relays and the transmitter [1,2]. In a multi-user setup, we propose
to use DSTC to encode the superposition of multi-user signals at the relay for diversity gain. The receiver per-
forms the ML decoding to jointly decode all users’ symbols. In Subsection 2.1, we present the scheme of DSTC
joint-user ML decoding. The diversity analysis is provided in Subsection 2.2.

2.1 The scheme of DSTC Joint-user ML Decoding

The transmission scheme of DSTC joint-user ML decoding follows the single user DSTC scheme [2]. Let
T1 = T5 = T'. During the first step, all users transmit concurrently as in (1). The relay linearly transforms the
received T' x 1 signal vector r; to generate 1’ X 1 vector t; as

P

ti =4 ——
(JP+1)R,

(A;r; + B;T;),

where is to normalize the average power at the relay; A; and B; are pre-determined 7' x T

P
(JP+1)Ra
matrices [3]. We assume that either A; is unitary, B; = O or B; is unitary, A; = Or. During the second step,
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Relay ¢ sends T" x 1 vector t; concurrently as in (2). The overall system equation at the receiver can be written
as

#0)
X = P [A st Ap SV ] L + D Avigi+W, (3
Ry(JP+1)J, & L @ Ra ) Ro(JP+1) 4= 7" ’

0 fr.8R, Y
H)

where

SU) is the equivalent distributed space-time codeword containing the information of User j at the receiver. The

design of S depends on the STBC of source nodes and the transmission matrices at the relays. HU) is the
equivalent channel matrix from User j to the receiver. U is the equivalent noise matrix. Eq. (3) differs from
the equivalent system equation of the single-user DSTC network in [2] in the superposition of the multi-user
signals. The optimal decoder is to jointly decode all users’ symbols by the ML decoding, which can be written
as

P2 N p2 f(N e
i t X - jf—- SOHD | ' ([ x- /- SOHFO) 4
Mswso ( R,(JP+1)J, j;u u R,(JP+1)J, j:zu @

11111

where X, is the noise covariance matrix, i.e., X, = E UU* =1, + ﬁG*G.

From (1), if each user applies quasi-orthogonal STBC for SU), T symbols are carried in SU). Then,

each user sends 7' symbols to the receiver using 27" time slots. Thus, the symbol rate of the network is +

2
symbols/channel use/user.

2.2 Diversity Analysis

In this part, we provide the diversity gain analysis of the joint-user ML decoding in (4). The diversity analysis
for multi-user joint decoding differs from that of single-user DSTC relay networks [2] in several ways: 1)The
definition of diversity gain needs to be generalized; 2)Proof is more involved and need to use new bounding
techniques. Consider the pairwise error probability (PEP) of mistaking User j’s STBC S by SU),

P(ASY) = > pAsW, .., AsY)y, (5)
ASM) . ASG-1) ASG+D),  AS(I)

where AS() £ §U) — SU)" and P (ASM), ..., AS()) is the pairwise error probability of jointly output S¢7)’
given S@) is sent forj =1,...,J. It can be shown that

P2 s s
P(ASW .. ASY)) = E - ASGHG) ASOHG | x5!
( R ) o @ 9RuJa(1 + JP) tr > As > AS (©)

j=1J j=1J

__log P(ASW))
log P

we assume that all users apply the same constellation and STBC, i.e, SU) € S for j=1,...,J. Aspace-time
code S is called fully diverse if for any two codewords S1, Sy € S, (S1 — S2)*(S1 — So) is full rank.

We define the diversity gain of User j in this multiuser relay network as d = . For simplicity,

Theorem 1. For a MARN with J, antennas at each user, R, single-antenna relays, and N antennas at the
receiver, DSTC joint-user ML decoding achieves diversity R, min{.J,, N} for each user if the equivalent STBC
S is fully diverse and T > J, R,.
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Proof. First we show that the diversity is upperbounded by the single-user diversity. Note that all terms in the

right-hand side (RHS) of (5) are non-negative and there exists one term with ASD = ... = AS) = A.
Thus, using (6), we have

P(ASD) > P(ASW =-.. = a8V —A) = E Q| |ctr (Z H<ﬂ'>*A*) Dy (A > H<ﬂ‘>) , (D
HGU

j=1:J Jj=1:J

P2

where ¢ = m

From the equivalent channel expression in (3), the term ) =1 HY) in (7) can be

(Z] - f(]))

written as

Z HO — :
j=1:J 0
’ (Zj:LJ f}%}) 8R,
which has the same distribution as v/JH). Thus, the RHS of (7) has the diversity of single-user DSTC relay
networks. Therefore, the diversity of single-user DSTC relay networks upperbounds that of multi-user DSTC

networks.
Then, we show the achievability by upperbounding (6). Denote AS £ [AS(U .. ASV )]. We shorthand

P (AS(I), cee AS(J)) as P (AS). The Chernoff upperbound on (6) can be written as

P(AS) < E ¢ 5f[Zann Ga(A8) 21 @8)G]E o g o rwimay f[Xamin GnASTASG (8)
~£.G. T £.0. ’

where f £ {f”l,--- ,f‘Ra},i‘j I ,fgjt],gn £1;,®G,,and G, £ diag{gi,1,,, - ,9r,n1s,}. The second
inequality comes from the fact that 3, < tr {¥,}Iy. Define

ASDG, AS@Gy,--- ASUG ASMG,

L | ASWGy ASPGy,--- ASUIG, ASM G,
X = . . } , X2 . ;

ASDGy AS@Gy, -+ ASUDGy ASDG N

(TN)x(JaRalJ) (TN)x(JaRa)

where X’ is the first J, R, columns of X. Since f is white Gaussian, by integrating f in (8), we have

2

P(AS) = gl/67W £[2 1y G ASTASGLE" " gp < gﬂ det ~' Ty R, + Qtr{CTu}X*X . 9)
Assume that X has k nonnegative singular values, which are ordered as Ay > Ay > --- > A\; > 0, and the
ordered nonnegative singular values of X’ are \| > X, > --- > A}, > 0. From the interlacing property of
matrices [4], when AS(!) # 0, the singular values of X" sequentially upperbound those of X”, i.e., A,; > A for
k = 1,2,...,k'. Thus, the singular values of X*X sequentially upperbound those of X"*X”’. Equation (9) is
thus further upperbounded by

Ja

(1) < -1 1kl | mln 2
P(AS,AS ¢o)_g§:ndet [I,;a,Ra+t{Eu}X X] E ]I ( tr{E} Z |gm|> . (10)

i=1:R,

where oy is the minimum singular value of AS™ and is greater than zero due to the fully-diverse property of
S. Thus, (10) has the same expression as (22) in [2], which was shown having a diversity of R, min{.J,, N}.
Therefore, the diversity of P (AS, AS(M) £ O) is lowerbounded by R, min{J,, N} if AS® s full rank and
T > J, R, (the second condition is inherited from the single-user DSTC relay network). Let 5 = 1in (5). Then,
inside each term in the RHS of (5), AS™) = 0. The above arguments imply that the diversity of each term is
lowerbounded by R, min{.J,, N}. Therefore, the diversity of error probability of User 1, i.e., P (AS(l)), is
also lowerbounded by R, min{.J,, N'}. Similar results apply to P (ASU)) for j = 2,...,J. This concludes
the proof. 0
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For a (J, J,, Ra, N) MARN, a full-TDMA scheme with DSTC at the relay achieves a diversity gain of
R, min{J,, N} [1,2] with a symbol rate of % symbols/user/channel use. This diversity gain is called the int-
free diversity, since users are assigned to orthogonal channels in both links. It provides a natural upperbound
on the diversity gain for any other concurrent transmission schemes. Compared to the full-TDMA scheme,
the proposed DSTC joint-user ML decoding scheme achieves the upperbound at a higher symbol rate of %
symbols/user/channel use.

3 DSTC-ICRec

For the DSTC joint-user ML decoding scheme, the receiver jointly decodes all users’ symbols, resulting in
an exponential complexity in the number of users. In this section, we discuss another transmission scheme
whose decoding complexity is linear in the number of users. The scheme of DSTC-ICRec was proposed
in [5] for the (2, 1,2, N) MARN. It uses DSTC at the relay and interference cancellation (IC) at the receiver to
decouple multi-user signals. In this section, we extend the scheme to the (2, 2,2, N) and (J, 1,4, N) MARNSs in
Subsection 3.1. Then, we provide diversity analysis for the (2, 1,2, N) and (2, 2,2, N) MARNs in Subsection
3.2.

3.1 Extension of DSTC-ICRec
In this subsection, we extend the DSTC-ICRec scheme to the (2,2,2, N) and (J, 1,4, N) MARNS.

3.1.1 DSTC-ICRec for the (2,2,2, N) MARN

Here, we present the scheme of DSTC-ICRec in a MARN with two double-antenna users, two single-antenna
relays, and one N-antenna receiver. In this network, the pair of collocated antennas at each user makes it
possible to enhance transmit diversity. In the first step, each user sends two symbols sgj ) and sgj ) in two time
slots using Alamouti scheme. Denote the Alamouti signal matrix for User j as

s ) ]

S, = |1 T2
J ng)

)

G
81

@
)
fo;

The receive signal vector in the two time slots at Relay ¢ can be expressed as
(1)
i

| P /P
r; = 551 f2(11) + 552

The relays encode using Alamouti distributed space-time code (DSTC)

P P
ti =41/ —A to = B.1o 11
1 ”2P+1 1r1, to V2P+1 172 (11)

where 4/ QPL;l is to constrain the average power at the relay to P and A; and B; are Alamouti DSTCs as

10 0 —1
Al_{o 1}’31_{1 0 ]




In the second step, Relay ¢ sends t;. The receive signal vector in two time slots at Antenna n can be written
as

w
Xn=t191n + togon + [wln}

2n

P _ w1
= Aqr + BT + n]
2P+1( 1T1G1n 1T292n) [Wn
(4) —
1 gln f22 92n P V11 —V22 Win
L2 + + + .
2P - 1 Z1:2 1 gln + fl(%)g%"j 2P +1 <g1n |:Q}21:| s |: V12 :|> |:w2n:|

The receiver conjugates the signal received in the time slot 2 at each antenna and an equivalent system can
be obtained by

(j)

Ton ( + j 1:2 f21 gin + f12 92n f11 9in — f22 92n

i"L 5
Hﬁ{ )

where u,, is the equivalent noise vector, written as
o ) R o
2P +1 \ |ginv21 92n012 Wop
and Hg ) is the equivalent Alamouti channel matrix for User j at receiver’s Antenna n.

Comparing the equivalent system equations between the single-antenna user case (Eq. (7) in [5]) and the
double-antenna case, the equivalent noise vector u,, has the same expression. The difference lies in the equiva-
lent channel matrix. For the double-antenna case, both gi,, and go,, are intertwined in every entry of Hg ) and
channels are mixed more tightly in the equivalent system equation.

However, interference cancellation (IC) can still be conducted at the receiver due to the Alamouti structure
of H,(f ) provided that there are more than one antenna at the receiver. To cancel interference of User 2 and

decode User 1’s symbols independently, X,, is stacked by x = [X],X3,...,X}]*, where the superscript *
denotes Hermitian. An IC matrix with structure

B 2)* 2) % -
=P o M
P H e

H," HY”
O mepE 0 TERIE
H" H”
0 HD 2 ED|R
L N-1 N .

is multiplied to x from left. The dimension of B is 2(N — 1) x 2N. The resulting equivalent system equation
for User 1 can be given as

Hgl) up
(1) (1)
~ .P2 H2 S1 uz
H%) uy
———
H;

Eq. (15) is utilized to decode User 1°s symbols.



3.1.2 DSTC-ICRec for the (J, 1,4, N) MARN

In this part, we describe DSTC-ICRec for a network with four single-antenna relays. All users transmit con-
currently and the receive signal at the relay is given in (1) with K = T = 4. The relay performs DSTC with
quasi-orthogonal designs [3] using

00 01 0-100 00-10
00 —-10 1000 00 0 -1

Al *147 A4* 0 _1 O 0 7B2* 0 O 0 _1 7B37 10 0 O 7A2*A3*B1*B4*04'
10 0O 0010 010 O

The power constrain factor is ﬁ. During the second step, Relay ¢ transmits t; concurrently to the

receiver as in (2). Denote x,, as sampled signal at time slot 7 and receiver’s Antenna n. Two Alamouti systems
can be obtained by

r 1 r - - . ( ) W)
Tin + Tan | _ /B, 3 fingin + fjagan  fj292n — fi393n U+ sy tut (16)
| T2n — Tsn | 5y L2020 = f5395n —finGin = fjaan ] gg) — s "
=1: L
I ~——————
x; HT s+
[ @1 — an | VP Z [ firgin — fiagan  Fi2gon + fizgsn | | ng) - Sz(lj) Tus (17)
o o = C - T _= _ - - u,,
| Tan + T3, | Sl fi2Gan + fisGan —fi1Gin + fiagan || —s{) — 5§ "
N—————— =L L
X H{- sG)—

where u;" and u;; denote the equivalent noise vector for each system as

u (v11 + v41)G1n n (—722 + @)ﬂn n —T33 + v23)G3n n (vaa + v14) Gan + Win + Wan
(721 — U31)G1n (v1i2 + v42)G2n (

)
U31)J1n —V43 — U13)P3n. —T34 + U22)Gan Way, — Wan,
wy=e (|( a0 = T2)gan | (7055 )0 | (0as —as)gan ) i Wan g
(V21 + U31)G1n (vi2 — v42)G2n U13)G3n (
where ¢ =

A/_\ A,_\

—V43 + V13)7g3n —U34 — U24)Jan Wap, + W3p
ﬁ. For notational brevity, we use the superscript t to denote both the superscript + and —.
Using IC techniques originally designed for MAC with quasi-orthogonal STBCs [6], the receiver sequentially
cancels interference from User J to User 2 in J — 1 iterations for each of the system equations in (16) and (17).

To cancel the 1nf0rmat10n of User J, IC matrices BT are formed by replacing H% 7 in (27) with H(J )T, Stack %)

as X1 = [XJ{t, ey N] . Similar to (28), the receiver cancels interference of User J by Bixf. The equivalent
system equations for User 1 to J-1 can be written as

Bixi = VPB Y HIsU 4 Bful 1=+ - (19)
Xt j=1:J-1
. . ot . .
where H! = { Hgi)” HS\jr) ¢ } anduf = [ ul® ... ul ]t. The resulting (2N — 2) x 2 channel matrix

forUserj (j =1,J—1)is BH}. Due to the closure of operations on Alamouti matrices, the 2 x 2 submatrices

of BTH;L- still have Alamouti structures. Thus, information of User J-1 can be cancelled. This IC process can
be continued to cancel all J — 1 interfering users if N > J [6].

To obtain the ML decoding, we assume J = 2 and (19) contains only signals of User 1. The cases for more
than 2 users are similar. The two system equations in (19) can be jointly written as

(1) (1)

X Bt o |[Hf o0 gl) <1> Bt o -
{X}:\/ﬁc[ 0 BH 0 Hl} s <1> 1% B || u |- (20)
H’_/

X B H, 78:(31)7 51)



(1)

The joint ML decoding of four symbols s, can be conducted as

arg <1>mln(1) <X — \/JECBH1§(1)>*R]_\,1 (X - @CBH1§(1)> (21)
= arg max 2ReX"Rjy v BH;sW — VPssW*H;B*R'BH; 5 (22)
S1 58y

where the noise covariance matrix Ry can be calculated as Ry = diag {BTR,+B™, B R,-B*}, with
R, + = R,- = 2c?GG* 4 2Iy_;. The matrix G is G £ [G; ... Gy ]* where

é AL 91in 92n 93n 94n 0 0 0 0
" 0 0 0 O Gin92n G3n Gan

Next, we show that the joint ML decoding is equivalent to two pairwise ML decodings. The first term in
(22) is linear of s, From (20), the second quadratic term can be calculated as

H;B'R,'BH, = diag {H{"B** (B*R,+B**) ' B*H{,H;*"B™* (B"R, B~*) ' B H; }.

r+ r—

Both T't and '~ are Hermitian Alamouti matrices. Thus, they are diagonal with equal entries. Therefore, (22)
can be decomposed as

arg <rr)1a5(<) 2Re (X+*H+ ( h) —|—§$ )) fc’ég —|—§%) hE*B*’*’HE-
+2R€ ( *le ( 1 = )) \/>C 821) h;i*B_*H;ia i = 1727 (23)

where H], = (BIRyB*) ' Bfhl,, (f = +, —) where hl, is the i-th column of HI; 3{)) = s{"), 5} — s{V,

§§12) = sgl), and 552) = s:(,, ) Therefore, the joint ML decoding of four symbols is equivalent to two pairwise

ML decodings: sg ) and s( ) are jointly decoded; sél) and sgl) are jointly decoded. To decode symbols from
the other users, the IC process and the user-independent ML decoding can be performed similarly. Thus, 2.J
pairwise ML decodings are needed in total to recover all user symbols and the decoding complexity is linear in

the number of users.

3.2 Diversity Analysis

In this subsection, we analyze the diversity gain of DSTC-ICRec for the (2,1,2, N) and (2,2,2, N) MARNS.
Diversity is defined as the slope of the logarithm of the bit error rate with respect to SNR at high SNRs.
Different from previous approaches, we use the outage probability of the instantaneous normalized receive SNR
for diversity analysis. In [7], for a communication system with the equivalent system equation y = v/ Phs+w,
where y, Ph, s, w denote the received signal vector, the transmitted power, channel vector, transmitted symbol,
and noise vector, respectively, it is shown that the diversity based on the error rate can be calculated based on

the outage probability as
log P
d— Lim M, (24)
e—0t log €
where the instantaneous normalized receive SNR is defined as v = h*3~'h with 3 the noise covariance
matrix.

Since the receiver decodes each user’s symbols independently and the network is statistically homogeneous,
different users have the same diversity. Thus, we focus on analyzing the diversity gain of User 1. In the fol-
lowing, we first show the achievable diversity for DSTC-ICRec in the (2, 1,2, N) MARN, then, the (2,2,2, N)
MARN.

8



3.2.1 Diversity analysis for (2,1,2, N) MARN

In this part, we analyze the diversity of DSTC-ICRec for a (2, 1,2, N) MARN, i.e., a network with two single-
antenna users, two single-antenna relays, and one N-antenna receiver. Due to the concatenation of the source-
relay link and the relay-destination link, the diversity analysis is very challenging. First, we formulate the
expression for the instantaneous normalized receive SNR. Then, we analyze the diversity upperbound, followed
by the diversity lowerbound.

Denote y.,, as the receive signal at receive Antenna n and time slot 7. From Eq. (7) in [5], the equivalent
channel equation at the receiver can be written as

Yon 2P +1 j=1:2 fj2.g2n fjlgln ng) "
—— =
Yn Hjn

where u,, is the equivalent noise at receive Antenna n,

P V1191n ] [ —3ganU22 ]) [ Win ]
u, =/ — + | = + 2, 26
" 2P +1 <[ 021J1n G2nU12 Wan, (20)

where v,; and w;,, are the noise at time slot 7 at Relay ¢ and receiver Antenna n, respectively. Let us stack y,,

asy = [yl,yh,..., yf\,]t. To cancel interference of User 1, an IC matrix with structure
r_Hi 0 _ Hiy
([ |2 - ([H ~ 1
0 2, 0 _ N
Hio|? Hn|?
B — II %QH ‘ ‘ H ‘IN” (27)
0 e . Hiw _ _Hiy
L Hynv—1)l? Hin[?
is multiplied to y from the left. The resulting equivalent system equation for User 2 can be given as
y = By
Hy, o uy
P2 Hj s\ up
= s B . 28
2P +1 [ s2 * : %)
2
Hon uy
Ho

For each entry in H,, it is different from that in H,(f ), although Eq. (28) is similar to Eq. (15). Since the 2 x 2
submatrices of B and Hs have Alamouti structure, the resulting equivalent channel vectors for User 2, BHo,
has Alamouti structure too. Thus, the two symbols of User 2 are spanned in orthogonal channel vectors and can

be further separated. When analyzing the instantaneous normalized receive SNR, we ignore the 522) due to the
orthogonality of symbols. The noise covariance matrix of the equivalent noise can be calculated as

P
Ry =B I B* 29
N <2P+1Q+ 2N> ; (29)
where G denotes a 2N x 2N matrix whose (p, ¢)-th 2 x 2 submatrix is

9001 + 9202 0 },p,q:l,z,...,zv. (30)
0 91pY1q + 92pY2q
9



Let us denote the first column of Hy as ho;. Therefore, the receive SNR of User 2 can be obtained as

P2
= —(Bhy)*R!Bhy;.
Y 2P & 1( 21) N 21

Then, the instantaneous normalized receive SNR in the high SNR regime can be evaluated as
2
5= lim % = (Bhy)*Ry'Bhy;. 31)

The following two lemmas are needed to show the diversity upperbound.

Lemma 1. Let & = B*(BB*)"!B. Then, ® is the projection matrix onto the null space spanned by the
H, H?

conjugate of columns of Hy, i.e., ® = Iony — T

Proof. See Appendix A. ]

Lemma 2. In relay networks, diversity d is upperbounded by d < min{d;, da}, where d; denotes the diversity
gain conditioned on the channel realizations of the i-th link.

Proof. See Appendix B. O

Lemma 1 is used to simplify the expression for the instantaneous normalized receive SNR, while Lemma 2
helps to separate the two steps of the transmission to make the analysis tractable.
Next, we present the theorem on the upperbound of the diversity gain of DSTC-ICRec.

Theorem 2. Ina (2,1,2, N) MARN, the diversity gain of DSTC-ICRec is at most 1.

Proof. From (29), the noise covariance matrix R is lowerbounded by Ry = BB*. It follows that (31) is
upperbounded by 4 < hj; B*(BB*) " 'Bhy;. By Lemma 1, the instantaneous normalized receive SNR can be
further upperbounded by

7 < h21<12N_ - 1>h2l

([ H |2
]' * * * * * *
=~ (h31hoihjhiy —hj hyihihgy —hj hiohjyhoy) (32)
h11h11
It can be calculated that
hihyy = [fal’gigr + |fool’g3g2, hithi = |f11]’gigr + | f12]°g5ee
hy hyy = forfi1g781 + fi2f228582, hijhor = fi1f218781 + fo2 f128582
hihio = fiifoe — fiafa18182, hishor = (fi1fo2 — fiafo1) 8581
where g; and g» denote the vector whose n-th entry is g, and gn2, n = 1,2,..., N, respectively. Inserting
these terms into (32) results in
_ fi1fa2 — frafa]? o x
- (el - eieaesen), 33

|fraPllg1ll? + [ fr2]? (| g2l|?

which can be further upperbounded by

5 o< | fi1fa2 — frzfa 2 (llg1]? | g2]?)
(If111? + [ f12/?) min{||g1 12, | g2}
| fi1f22 — frafa|?

| f11]? + [ f12]?
10
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_ 2, L .
Condition on f1; and fi2, the distribution of % is exponential with variance 1. Let a = max{||g1|?, |g2|/?}.

The outage probability of 4 when g; is deterministic is lowerbounded by
P(y <elgi) = JEP(’NY < €l fii, )
1%

> EP(1‘<2)

f1a

= E /a exp(—z)dx = L o(€?).
fii Jo a
where x denotes an exponential distributed random variable with variance 1. Thus, the diversity gain is at most
one when we condition the channels in the second transmission step.
When we condition the channels in the first transmission step, assume |f11]|?> < |fi2|?, Eq. (33) can be
further upperbounded by

~ | f11 %] fo2]? + | fi2]?] for]?

< Tallesl? (lg1[*lg2]l* - gig28581)
* 2285
< (‘fgz’z + ’f21|2) g1 <IN - 22> 1.
g2
Condition on go, Iy — HgngHé; is a projection matrix to the null space spanned by gs. Then, Iy — Hggzg“;z has

rank /N — 1 and all nonzero eigenvalues are 1. Thus, g} (I N — %) g1 is Gamma distributed with parameter

dimension N — 1 given go. Let b = |faa|? + | fa1/?, the outage probability of ¥ when f;; is deterministic is
lowerbounded by

Py <e€lfji) = EPH <elfji,g2)

22
€
EP(y<$
~ g2 y<b>
b g exp(—y) e\N-1 N
_E N-2 _ (€
gz/o S Vi (b) +o(e7)

where y denotes a gamma distributed random variable with dimension N — 1. Similarly, we can show the same
result when | f11]? > | f12|2. Thus, the diversity upperbound is NV — 1 when the channels in the first transmission
step are conditioned. By Lemma 2, the diversity upperbound is d = min{1, N — 1} = 1. O

In what follows, we present the theorem on the lowerbound of the diversity gain of DSTC-ICRec.
Theorem 3. Ina (2,1,2, N) MARN, the diversity of DSTC-ICRec is at least 1.

Proof. ltis sufficient to show the theorem if the outage probability is upperbounded by P(7 < ¢€) < ce + o(€?)
where c is a constant independent of e.

From (29), the noise covariance matrix is upperbounded in the high SNR regime by Ry < (gig1 + g5g2 + 1) Inn.
Therefore, (31) is lowerbounded by

hj,B*(BB*)"'Bhy,

g181 + 8382 +1

| fi1fo2 — frofa1? (llg1]?(1g2]1* — gfg28381)
(If22llg11* + | f2212ll&2]1?) (llg1]* + [g2]]* + 1)
|f11fa2 — frzfor? Ig1l*lg2l* — sigegsen

| fo1]? + [ f22? (Hglﬁ + llg21?) (g1 l1* + llg2ll* + 1)

5

V
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f | f11 fa2—f12f21]?
[f21]%+]f22]2

: Further conditioning on g;, the outage probability is lowerbounded by

Condition on f7 and fo9, the distribution o is exponential with variance 1. Let a =

lg1l2 gzl —g; 828521
(Ig11P+g20) (g1 [12+lg2(%+1

PH<e = gl%QP(7<6\gz,fgz)>gEﬁP<fE< °)
1
= E (S+0(®) =E-ctof
gi,f2i 0(6 )) giae 0(6)

where x denotes an exponentially distributed random variable with variance 1. To show P(7 < ¢€) < ce+o(€?),

which is sufficient to prove the theorem, it suffices to show E = L has a finite value higher than 0. The proof is as
g @

follows

1 2 2 2 2.4
el _ g (sl + el (el + g + 1) .
a

gi Ig1l?]lg2* — sig2g5e1

2
(lg1]* + ||g2|!2)
g llgil?llg:l?

g1 !ng2> 2
— 24E ( T =44
lg2ll?  lel? N-1

In addition, we need to show E % has a finite value. From (35), by Cauchy Schwartz inequality, E % is upper-
g g

bounded by Z
2

2
2
1
<E D gl D] gl +1 IgE_<( 5 S— 2). (36)
i,n i“n i

g1l?llg2]1? — gig28521)
fo(gi)

1
E —
8

f1(g:)

Denote x = _|gin|?. Since x is gamma distributed with dimension 2V, f(g;) can be calculated as
i,n

filg) = E (2*(z+1)?) =Eaz* +2Ez® + Ex?
= (2N +3)(2N +2)(2N + 1)2N +2(2N +2)(2N + 1)2N + (2N +1)2N
= 2N(2N +1) (4N? + 14N + 11).

f2(g;) can be calculated as

1
fa(gi) = Ej HTJ 2
g2/g1 (Hg 25 (IN - W) g2>
- F 1 E 1
g1 ||g1]|* g2len (g; (IN - %) g2>2
g1
T(N-3)T(N~-2) _ :

I'(N-1) T(N)  (N-1)(N-2)2N -3)

Thus, IE L is upperbounded by \/ 2N QNH()]if N;)Jr(ljéN?f)m which has finite value for N > 4. This concludes

the proof O

Corollary 1. In the (2,1,2, N) MARN, DSTC-ICRec achieves a diversity gain of 1.

Proof. The corollary follows directly from Theorems 2 and 3. O
12



3.2.2 Diversity analysis for (2,2,2, N) MARNs

In this section, we show that the diversity of DSTC-ICRec is exactly min{2, N — 1} in a (2, 2,2, N) MARN,
i.e., a network with two double-antenna users, two single-antenna relays, and one N-antenna receiver. First, we
prove for the case of NV = 2 in Theorems 4 and 5. Then, the case of N > 2 is considered in Theorems 6 and 7.

The equivalent Alamouti channel matrix Hﬁf ) in (12) can be rewritten to separate channels in two steps of

transmissions by

-

HO) — | 9in 92 0 0 _Jﬂ —ﬁ)
0 0 gin G2 f%{; 1({()})
Gn 1% _fgé
FGU)
Then, H; in (28) can be rewritten as ]
Gy
H1: C"Z F(l)
Gy
——
G

Similarly, the equivalent noise in (13) can be rewritten as

F o T
V11 W1
u, = P G g +
2P +1 V22
—T13 wWiN
T/ L sz i
W

Thus, we obtain an equivalent system equation of (28) as

Pz : P =
x = \/;BGF(I) s 4 \/;BGV + Bw. (37)

Since all entries in v and w are independent, the noise covariance matrix R, can be calculated as

(1
1
RO

BGG*B* + BB*.

R =
Y2P+1
Therefore, the instantaneous normalized receive SNR based on (37) is given by
—~ 1)\ % — —~ 1
v =BGV R, (BGE), (38)
where fl(l) denotes the first column of F(1).
The following lemma is needed to decouple channels of the user-relay link and the relay-receiver link. Let

- GG* 0
G= [ 0 GG }
Lemma 3. The equality holds

1 2 1)* xp(1 * *
(1216212 — £ FOF@£) (||gi |12l — g1838287)

f*G*B*(BB*) " 'BGf Y = _
1 1 f1(2)*Gf1(2)

13



Proof. See Appendix C. O

Next, we focus on the diversity analysis for N = 2, i.e., the receiver has only two antennas. We show the
upperbound and the lowerbound on the diversity in the following two theorems.

Theorem 4. The diversity of DSTC-ICRec in a (2,2,2,2) MARN is upperbounded by 1.

Proof. Since the noise covariance matrix R, is lowerbounded by BB*, the instantaneous normalized receive
SNR is upperbounded by
v < fV*G*B*(BB*)'BGtY, (39)

2 — = 1(?) - 2(3) 2(? fg)]t. From Lemma 3, the denominator

[ 2) f(Q)} {Hng g1g§2:| (2)
21 881 2|l (2>

‘ Ptk o

®I !

2@ ’f@)‘ N {gg}
12

which can be expanded by Lemma 3. Recall f;
can be rewritten as

P 2 * (2)
ROPCN { @ (2)] {HglII glgz] 1
Lo I =l ]| et el | | 5@

M 2
T I g
= [g1 8] @) +2) @ @Iy o (21 2
252 [ :

(2 2 2 2
‘f 2+ |2 D -2 . {g;}

= [gl g?} *
f2(2)f(2) f2(2)f(2) ‘f@)‘ + ‘f@)’ 253

F
Allg1l? + llg2l?), (40)

where A denotes the minimum eigenvalue of F. To explicitly calculate A, let a = [f;]’ fo;'] and b =
[— fz(g) fg)] Then, F can be simplified as

5 _ [ llal? ab®

F= [ o)

Therefore, A can be calculated and further lowerbounded by

lafl* + [Ib||* — \/(HaH2 + |[bl2)* — 4]a2[|b||? + 4ab*ba”
2
2(|[a[|*||b||* — ab*ba”) al[|b]|* — ab*ba*

2 2
a2+ [b]12 + /(lal> + [b]2)* — 4]la]}2 [b]]2 + 4ab*ba* lall* + lib]

The third line is valid since ||a|?||b||*> — ab*ba* > 0. Therefore, (40) can be further lowerbounded by

@*@&f@ < lal?[b]*—ab*ba®
fi GO > = by
SNR in Lemma 1,

! 2 1) gl * *
VP12 ~ £ FOEO D) (g |?llgal —~ g1838281)
K [a2[b[Z—ab'ba” (2 ;
W(Hglll + llg2[1?)

2 1 2 * * *
o IR IR 2002 ~ 5 FOFO ) (g1 22 ~ g1838281)
(HaH |le2 — ab*ba’) g2

Next, we analyze the diversity. The RHS of (41) is a product of two terms. The first term is

(llg1 >+ |/g2]|?). This results in an upperbound on the instantaneous normalized

4D

2 1 2 1)% we(l
IE2 2D 1222 — £ PR F@-£D)
Ja]?[[b]? — ab*ba !
14




[&

2 _ * *
which depends on vectors fl(z), f2(2) and fl(l). The second term is 18 ngHgQHg1g2gzg1

and g». It can be further written as g (I N — ﬁ;gQHQ) g7, where the term <I N —

, which depends on g

8582
le211”
g1 to the null space of gs. The null space has N — 1 = 1 dimension and hence the diversity provided by

g1 and gy is upperbounded by 1. The following is a rigorous proof of the above intuitive argument. Denote

||f(2)H2(||f(1)H Hf(2)||2 f(l)*F(z)F(Z)*f(l)) . . . . .
L Tal2 %”Lab*ba L~ = 1. The outage probability of instantaneous normalized receive SNR is

lowerbounded

) g] expresses projecting

P(y <e)

V

P ( lg1 ||l — e1g58081 _ 6)
212

2 2 * *
g1 22" — 8189828
EP(HIHH [ 35 1<dm&)
7,82 g2l

* N €
= EP <g1 (IN - g2g22> g1 < !n,gz> (42)
n.82 &2 n

Condition on gg, In — ” H2 has an eigenvalue decomposition with one eigenvalue equal to 1 and one zero

eigenvalue. Thus, the product of eigenvector matrix and g; is a Gaussian vector and g (12 ”gg ”2) glisa

Gamma distribution with dimension 1 given gs. The RHS of (42) can be calculated by the outage probability
of Gamma distributed random variable,

P(y<e€) > cE (;) +0(e?) = E (;) +o(e2),

7,82 n

where c is a constant independent of € and 7. To prove the normalized receive SNR has diversity upperbound 1
by (24), it suffices to show E % has limited nonzero value. It follows
n

lafl*[b]|* — ab*ba*

o 57 P 218712~ £ FOR@-Y)
2|b||? — ab*ba*
- I(E2> (1£E @ 112 4||a‘(|1)”2H (S*F(Q)aF@)* (1) ’ “3)
62 \ e e 6714 AE ]2 - £ PR 1 )
1
. . L (D)x FQOFE@)* o(1) . o .
Following a similar argument of vector projection, TSl f; "/ is Gamma distributied with
1

dimension 2 given f1(2). Thus,

1
i e 2 gD EOEE: (1)
£ Ve |17 ] 1 e L
and (43) is followed by
[a][*|b]|* — ab*ba*
2 1 D* FOF®@x o(1
o\ I8 e - 6 R
1
_ o lalPb]* —ab*ba* _ _[a]*||b]* — ab*ba*
= E 3 = E TR (44)
£ 16124 ¢ (llal* +[b]]?)
|a]|*||b||> —ab*ba* l[a]|*||bl]|? |all*||b||*~ab*ba* _ 1
Note that (OEEERE < (EEEERE < 4 Therefore, %)W < 7 and the RHS of (44)

fl
is upperbounded by a limited value and E 771\,1—,1 has a limited value.
n
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It needs to show the RHS of (44) has nonzero value to complete the proof. The RHS of (44) is lowerbounded
by

|a]|?||b]|> — ab*ba* |a||*||b]|* — ab*ba*
¢ ([laf* + [[b]*)? lab=|<sllaflibl  ([[all* 4 [/bl[*)
[|al|||b]|*(1 — 6?)
lab*[[<sllafllibll (|[b]|? + [|a]|?)?
a]|?]|b]|*(1 — §?)
lab*[|<s]lall bl A <lallIbl<x2 (||b[|? + ||la]|?)?
A1 —0?)

>0
. 4
lab* [|<dlall[bll A <[[all,[bll<A2  4A3

where the first line is to lowerbound by integrating f1(2) in part of the probability space; the second line is
by upperbounding ||ab*|| with ¢||a||||b||; the third line is to bound ||a|| and ||b|| and integrating over part of

the probability space; The forth line is to lowerbound %
density function of a and b is nonzero and the integral region is bounded and has nonzero value. Therefore, the

expectation is positive and the RHS of (44) takes positive value. This completes the proof. O

by %. Obviously, the joint probability

In what follows, we show that DSTC-ICRec achieves a diversity of 1 for a (2,2,2,2) MARN.
Theorem 5. The diversity gain of DSTC-ICRec in a (2,2,2,2) MARN is at least 1.

Proof. Since GG* < tr (G’é*)IQ N, the noise covariance matrix R,, is upperbounded by

BGG*B* + BB* <

R, = BB* 2 2) + BB*.
Ay ) 2P + 1 (lIg1l” + llg2ll®) +

where g; denotes the 1 x IV channel vector from Relay ¢ to the receiver. Then, (38) can be rewritten as

_ (BG2t")"(BB*)" (BGef")
st (e ll? + llg2l?) + 1

(45)

By Lemma 3, when P >> 1, a lowerbound on the instantaneous normalized receive SNR can be formed as

(12122 = £ FOFROEY) (g1 |12 |zl — g1858287)
G (7 (g2 + llg=?) + 1)
(1)1 H 212~ 5 FOFO ) (g1 % lg2 ) — gigiee))
207 1P (g2 + g2 112) (25 (el + llg2l?) + 1)
(11211 H2 £ FOFO ) (g1 %82l — g1g38287)

~
~

(46)
21712l ]2 + 2112l ll? + llgall” + 1)

where the second line is to upperbound G by 2(||g1 |2 + ||g2||2)14; the third line is achieved by approximating
2P~ 1 in high SNR regime. Next, we evaluate the lowerbound on diversity based on (46). Eq. (46) is

2P+1
f(1> 2 f(g) 2_f(1)*F(2)F 2)*{:(1) .
ol 1 ), denoted by A. The second term is

a product of two terms. The first term is TSl
1

16



g1 lle2]l* —g1 83 8287

(leg1 [P +lg2l1?) (g *+lg2]1*+1)

P(y<e) = Py <elel <lgl)P(lg:ll <llg2l) + Py <€l llgill > g2 P(llg1ll > [Ig2ll)
= 2P(y <e¢ gl <2l

< 9p (A g1 11” |82 ]l — g1858281
(lgl* + llg20) gl + llg2l1* +1

< 9p <A||g1||2|g2|2 — 2185828}

2||g2[1*(2llg2l* + 1)
[

, denoted by B. The outage probability of - can be break as

S <alail < ||g2||)

<6 gl < ||g2||)

g1l /g2l — g183828F )
< 2f’<}1 <E€
2|22 (2lg2ll? + 1)

g1 ?llg2]l? — 8185828}
= 2E P(A <e€lA g
Ags < 2||g2/12(2]lg2ll? + 1)

site ) < 2l 1)) )
= 2E P I, — < 2ol T4,

(o (a5 A e
2

o g 2Clel? +1)
A,g2 A

e+ o(e?) = 20§%e + o(€?).

The second line is achieved because g; and go are symmetric in B and the two conditional probability are
equal. The third line is to lowerbound ~y by (46). The forth line is to upperbound the denominator of B. The
fifth line is to upperbound the probability by removing the condition ||g; || < |/gz2]||. The eighth line is due to the

8582

fact that g <12 — W) g} is an exponential distribution when g is given and N = 2. To prove the theorem,

it suffices to show that % % has a limited nonzero value. Conditioned on f1(2), A is Gamma distributed with
dimension 2. It is straightforward to have ]E % = 1. Therefore, P(y < €) = ce + o(e?) where c is independent

of e. This shows that the instantaneous normalized receive SNR at least has a diversity of 1 when N =2. [

From Theorems 4 and 5, DSTC-ICRec achieves a diversity of 1 for a (2,2,2,2) MARN. Next, we focus
on the case for N > 2. The relay-receiver link has more independent paths than the user-relay link. We
introduce a zero-forcing operation at the relay, which captures the influence of IC to the first transmission step
and simplifies diversity analysis. From Eq. (37), the IC matrix B nulls out the channels of User 2,

BGF® =0, (47)

which is equivalent to the fact that BG nulls out F(2), Then, the rows of BG are in the null spaces of columns
of F(?). Therefore, the equivalent channel matrix in (37) is invariant if FO is first projected to the null spaces
of F@, ie.,

BGF(Y = BG®FW,

where @ is the projection matrix, written as

IF2)F(2)*

 tr (FOF®@#)
Then, (37) is rewritten as

P2 ~ P .
= BG®FW - BGvV+Bw. 4
*=\Vap11 T\Vap ooVt Bw (49)

The instantaneous normalized receive SNR in (38) can also be rewritten as

=1, (48)

52)

S0
(1

v =BG )R (BGY), (50)

The following theorems show the upperbound and lowerbound of DSTC-ICRec in a (2, 2,2, N) MARN.
17



Theorem 6. The diversity of DSTC-ICRec in a (2,2,2, N) MARN is upperbounded by 2.

Proof. Because the noise covariance matrix R, is lowerbounded by BB*, «y in (50) can be upperbounded by

v < fV*®*G*B*(BB*) 'BGof V. (51)
It can be shown that B*(BB*)™'B = I,y — % < Ion. Eq. (51) is further upperbounded by
2

v < @G GefY < tr (G B B

= 2 (lginf* + lgauHE @Y.
n=1:N

Obviously, the channels in the first transmission step influence the RHS of (51) by fl(l)*q)fl(l). Next, we
show this term has a diversity of 2. From (48), the projection matrix ® has rank 2. Assume the eigenvalue
decomposition of ® as & = U* AU, where A is a diagonal matrix including eigenvalues. Since ® is to project
a vector in 4-dimension to a 2-dimension subspace, two eigenvalues in A are 1 and the other two are zero.

Thus, fl(l)*q)fl(l) is upperbounded by
t e — gV uraus?) = £V UsU, £

where U; denotes the eigenvector matrix corresponding to nonzero eigenvalues. Since there are only two
nonzero eigenvalues, U; has two columns. Condition on F(2), the two entries in Ulfl(l) are i.i.d. CN(0,1)
distributed and fl(l)*U’l‘Ulfl(l) is a Gamma distribution with dimension 2. Denote " (|g1n|? + |g2n|?) as g.

n=1:
The outage upperbound can be evaluated by

> E ~P(ng1(1)*UTU1f1(1) < [F®,G)
F@ .G

- E P(fl(l)*U”{Ulfl(l)<€|F(2),G)
F@).G 29

2 2
€ €
= E ¢|l—) 40o(&)=Ec|—) +o(),
F® G (29> () G <29> )

where c is a constant independent of F() and G. Because g is Gamma distributed with dimension 2NV, E g% =
G

1
SN—3° Thus,

P(y<e) >

By (24), the diversity is upperbounded by two.

Theorem 7. When N > 2, the diversity of DSTC-ICRec in a (2,2,2, N) MARN is at least 2.

Proof. Following Eq. (46), the lowerbound on ~ can be expressed as a product of two terms, A and B. A can
be equivalently viewed as projecting f1(2) to the null space of columns of F(2)_ It can be shown that A provides
a diversity of 2. It suffices to show that the RHS of (46) achieves a diversity of 2 provided that E B? has limited

nonzero value. This expectation can be lowerbounded by

2 2
(lg1l* + lg2lI*) (e ll* + lg2ll* + 1) (lg1ll” + [lg2]*)?
Ig1]1llg211? — 8185287 1] lg2]|




The second inequality is because of ||g1[|* + [|g2(|* > 2||g1]|/|g2]|. Thus, E B takes a positive value.
Next, we show E B? has a limited value. The expectation is equivalent to the sum of two conditional
expectations when ||g1|| > ||g2]| and when ||g1]| < ||g2]|,

2= E B2 E B?
lgll>lle:l le:li<llezll

Since g and gy are symmetrical, the two conditional expectations are equal. Therefore, we have

EB? — <(|g1||2+IIgzllz)(Ilg1II2+IIgz2+1)>
lgal>lle: lgill?llg2l* — g1858287

2
s [ ( (2]lg2l1*) (2llg2l* + 1) >
lgzli>llesll \ ||g1]2]lg2]? — 2185828

2
— 9E E 2(2|lg2|* + 1) . )
g | llgl>leill | g, (IN _ fégﬁz) -
2

The inner expectation is conditioned on go. The RHS of (52) can be further upperbounded by removing the

condition ||gz|| > ||g1]|. Given ga, the term g (I N — ) g} is Gamma distributed with dimension N — 1.

||g H2
2
Thus, given g, E (1 /g1 (IN H;f”é) g’{) = T2 1t follows
2
2
> g (I — {25 i

_ 8N =-2) 212
8TV - 2) \ 2 SD(N —2) (4D(N +4) 4T(N +2)

Since N > 3 is required for I'(N — 2), N > 3 is necessary for the theorem. Therefore, we have shown E B2
has a limited value and this completes the proof of the theorem. O

Corollary 2. In the (2,2,2, N) MARN, DSTC-ICRec achieves a diversity gain of min{2, N — 1}.

Proof. From Theorems 4 and 5, the diversity gain of DSTC-ICRec is 1 fora (2, 2, 2, 2) MARN. From Theorems
6 and 7, the diversity gain of DSTC-ICRec is 2 when N > 2. As a result, DSTC-ICRec achieves a diversity of
min{2, N — 1} fora (2,2,2, N) MARN. O

4 Conclusion

In this technical report, two concurrent transmission schemes in multi-access relay networks (MARNS) are
discussed. DSTC joint-user ML decoding uses DSTC at relays and joint-user ML decoding at the receiver.
For DSTC-ICRec, relays uses DSTC and the receiver conducts interference cancellation before decoding each
user’s symbols to reduce complexity. In a MARN with J J,-antenna users, R single-antenna relays, and N-
antenna receiver, DSTC joint-user ML decoding achieves a diversity of R min{.J,, N }. DSTC-ICRec achieves
a diversity of 1 and min{2, N — 1} in (2,1,2, N) and (2, 2,2, N) MARNS, respectively.

A Proof of Lemma 1

From (27), the dimension and rank of B are (2N — 2) x 2N and 2N — 2, respectively. Then, it’s singular value
decomposition (SVD) can be calculated by B = VAU where V and U are unitary matrices with dimensions
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(2N — 2) x (2N — 2) and 2N x 2N, respectively. Further, let A = [A’ 0], where A’ is denoted as a
(2N —2) x (2N — 2) diagonal matrix. It turns out

B*(BB*)"'B = U*'A*V*(VAA*V*)"'VAU
= U*A*(AA*)'AU
A" (A'A") A = utu,
where u denotes the first 2N — 2 rows of U. Because B nulls out Hy, B*(BB*)"'BH; = 0. Then, the rows

of B* (BB*)_lB are orthogonal to the conjugate of columns of H;. Denote the two columns of H; as h11 and

hlg, respectively. Let the i-throw of uas u;, i = 1,2,...,2N — 2. Then, the set of columns of u! and

i ||h H2’
Hh ”2 forms an orthonormal basis for a complex 51gna1 space w1th dimension 2N. For any vector f, assume its
basis expansion as f = Zz LON—9 alu + asan_1 ”h ”2 + asy Hh ”2 It follows,

B*(BB*) 'Bf = )  aul.
i=1:2N—-2

Therefore, multiplying B*(BB*) !B from left to any vector f is equivalent to projecting f to the null space
spanned by hi; and hys.

B Proof of Lemma 2

Let the normalized receive SNR be ~(fji, gin), which is a function of f;; and g;, for j = 1,...,J;i =
., R;n=1,..., N. Diversity d can be obtained based on the outage probability of -y as

d = 1w 08 PO(higin) <€)
e—0+ log e

loggE P(y(fjis gin) < €|gin)

= lim
0+ log e

< lmE log P(Y(fji» gin) < €|gin)
e—01 gin IOg €
Jine—0+F log e

da

The inequality on the third line is valid because log f(g:y) is a concave function of f(g;y,), where f(gin) =
P(Y(fji, gin) < €|gin). Then, by Jensen’s inequality, E log f(gin) < log E f(giy). Similarly, by conditioning
Gin Gin

on f;; on the second line, we have d < d;. Therefore, diversity is upperbounded by the minimum of d; and d».

C Proof of Lemma 3

Some notations are needed for conciseness.

_ r36))
£ 2 j ) a j _ RG) & | N
el @ el ] 1“]_[}])]
o Al(z) o f1(1) o Al(l) o _fz(z)
Fio= 0 [F2= e [ B35 e [ Fa= | a0
2 2 1 2




Denote the i-th column of H; as h;;. Since B*(BB*)"'B = Iy — 2312; EiQh” (51) can be equiva-
21
lently written as

. hythy;  hgohi, )
< hY Iy — _ h
7 H ( M hyhy  hihy )

hi hi1h3 hyy — hi hoyhj hyy — hijhyohdhyy

= . (53)
h3,hy;
It can be calculated that
t _— _— t
1° 1 01 1 1 r 2 2)__7°r 7
f 911 — f12 921 f1(1)g11 - f2(2)921 —f2(1)911 - f1(2>921 f 11911 — f22 921
2 1 1) 2
I - f 22 921 IS+ f12 J21 S gn + f1(2)921 I - f 22 921
hiohy =
2 1 2 1
- 2(1)911\/ f12 92N f1(1)91N f 22 921\/ - 2(1)91N fu 92N f1(1)911\/ f 2 921\/
L f11 giN — f22 gon _f21 91N + f12 92N | f21 gin + f12 9N | 91N f 29’ gon |
) _
—tr [ f(1)911 - f12 g21 - (2 )glN f12 92N [fu 911 — f22 g21 - f11 91N — f22 92N
f21 911+f12 g21 - f21 91N+f12 92N | f11 gll—fzg go1 - f11 glN_fzz 92N

* @ @1 [0 L0

—tr {911 912 glN:| [ 21 12 ] l 11 22] [911 912 glN:|
. 1 1 2 2 .
921 922 " g2N ) 1(2) @) _§D | (921922 Gan
—tr (Fzﬁgee*) .
Similarly, we have
h* hy; = tr (FO*FOGG*), hi hy = tr (FP*FRGG*), hihy = tr (FiF,GGY).
The denominator of the RHS of (53) is i3, ho1 and can be further compactly written as

hj hyy = £ GE?

GG* 0
0 GG!'|
The numerator of the RHS of (53) can be evaluated as

where G =

hi hiih3 hyy —hi hohi i hyy —hijhehsohyy
—tr (Fﬂ)*ﬁ(l)(;c;*) tr (F@)*F(?)GG*) _— (F;FlGG*) tr (JS“TFQGG*) ot (F§F4GG*) tr (ﬁzﬁ“gcc*)

—tr ((F(l)*ﬁ‘(l)GG*) ® (FOFRGGY) - (FiF,GGY)  (FiF,GGY) — (FiF,GG*) © (1?“31?3(;(;*))

=t | [V FD) @ (BOFD) - (B5F)) @ (BIF;) - (F3F,) @ (FiFy)| (GG @ (GG7) | (54)

This is to separate channels from users to relays with channels from relays to the receiver. The term F can
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be expanded as
F— 00 L g0y o (72) | 252
(f(l)*f(2) + f(z)*f(l)) (f1(2)>w1(1) + f'2(1) % f'2(2)) . ( f.(l)*f-Q(z) + f(z)*fg(l)) ® (_f2(2)*f.1(1) + fQ(l)*f.l(z))
=@TEY) o EPEY) + @) @ BRY) + @Y @ @) - BVRY) © @°8)
B c
) )

2
A D
p(1)xn(2 e(2)x(1 2 (D)*xp(2 £(2)* *a(1 e(2)xp(1 p(1)*xp(2
—EEY) 0 @PHY) - @) @ BVRY) - @R o @) - @Y @ B7EY)
£ F g H
e()*xp(2 +(2)xp(1 1)*x (2 1)*xp(2 2)xp(1 2)x (1 2)x (1 c(D)xp(2
~\EY) o B EY) + @R o (155 + @R o ((57°1Y) - (PR o ().
s J K L

( f22 fll (2))
o] (—AV 13 - 1D 1Y)
o] (—£d

J-F=(tVg Azgl)) <f2§2) 2 2 g f? (2) (2)f(2))

> > > >
=
N—— N N T

0 6 B o 80) () o) = [01 10" (—fﬁ)f f<1>) (9 0 8)
D-H= (i) o — i o iV) (B « &) = [01-10]" (£ 15 - (Q)f(”) CRET
K-G= (i ot —i? o 1) (1) e i) = [01-10]" (1272 - 1P 1D) (i 0 i)

where [O 1-1 O] exists among all pairs. This vector is essential to decouple channels of two steps. Inserting
these six terms into (54), we have

hi,hi1h3 ho; — hijhoihy hyy — hijhoohdohyy
=tr (A—-E+B-I+TJ—-F+C—-L+D-H+K-G)(GG) ® (GG")).

The term tr ((A — £)(GG*) ® (GG™)) can be evaluated as

tr (A — £)(GG) ® (GG¥)) = tr ((f“) ®f<2>)* ( @) 1) f1}>f<2>) [01-10] (GG ® (GG*))

= (&Pl ~ ggseosi)i (B @ £?) (f£>f D) [01-10]) =gir (A-¢).

g

Thus, channels of the second transmission step is decoupled from the trace operation and are expressed in a
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scalar form. We have similar expressions for the other five pairs. Therefore, the numerator can be shown as

hi;hihs hyy — hijhyhs hyy — hijhyhdyhyy
gtr( A—E+B-IT+J—-F+C—L+D-H+K-G)

2
#(1) 2(1) Al(z)t #(1) 2(1) fl(z)* #(1) 8(1) _f2(2)t £(2) 2(2) fl(l)*
- [f1 f) } £(2)x {f1 f) } gt {f1 2 } F(2) {_fz f; ] g2t
2 1 2
= (fl(l)*fl(1)f1(2)*f1(2) _ fl(l)*fl(z)fl(m*flu) _ f1(1)*f2(2)f2(2)*f1(2)>

()

where £’ for 7,7 = 1,2 denotes the i-th column of FU). Combining the expression of the numerator and

1
denominator results in the statement of the lemma.
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