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Abstract 
 
In this project, we design two new Adaptive Cruise Control (ACC) systems based on 
driver comfort, safety, vehicle following performance, environmental and traffic flow 
characteristics considerations. A new variable time headway rule is proposed and used to 
meet these considerations. Analysis and simulations are used to evaluate and compare the 
two designs. The first ACC system (referred to as ACC01) incorporates two controllers: 
one for speed tracking and one for vehicle following. The second ACC system (referred 
to as ACC02) treats the vehicle following task as a special speed tracking task and 
incorporates more intelligence in dealing with disturbance rejection, smooth response and 
safe vehicle following without affecting travel time. It provides better transient 
performance than ACC01, and can attenuate oscillations in the speed response of the 
preceding vehicle. It has also been shown that ACC02 provides better fuel economy and 
emission results than ACC01. The ACC02 design will be used for subsequent studies in a 
continuation project. 
 
 
 
 
Keywords: adaptive cruise control, variable time headway, adaptive control, fuel 
economy, emission, fundamental flow-density diagram 
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Executive Summary 
 
This is the Final Report for project under TO4242. In this project, we design two ACC 
systems, referred to as ACC01 and ACC02 that can be implemented with a general 
variable time headway that includes those proposed in the literature as well as new ones. 
The ACC systems are developed based on a simplified longitudinal vehicle model and 
have been proven to be able to guarantee global stability. Simulations are conducted with 
a validated nonlinear vehicle model to demonstrate that both ACC systems work in a safe 
manner and meet the control objectives. The ACC01 has similar properties as the ACC 
systems proposed in the literature whereas ACC02 is different and is equipped with more 
intelligence when it comes to disturbance rejection and smooth response. It is observed 
that under certain conditions the transient response of ACC01 violates the control 
objective when the preceding vehicle accelerates rapidly. Furthermore, the oscillations in 
the speed of the preceding vehicle will be propagated back unattenuated by ACC01 even 
when the separation distance is very large. This is typical of the ACC systems proposed 
in the literature where in an effort to guarantee tight vehicle following they follow closely 
oscillatory speed responses of the lead vehicle. ACC02 treats the vehicle following task 
as a special case of the speed tracking task, and is designed to provide better transient 
performance by using a nonlinear logic function. As a result the oscillations in the speed 
response of the preceding vehicle can be efficiently attenuated when the separation 
distance is large. This special property of ACC02 leads to better fuel economy and 
emission results than ACC01.  

 
We establish that on the macroscopic level the effect of ACC on traffic flow 

characteristics depends on the spacing rule used rather than the type of individual control 
system on board of each vehicle. As a result ACC01 and ACC02 have similar properties 
on the macroscopic level if both use the same spacing rule. When large constant time 
headways are used, the presence of ACC vehicles decreases not only the capacity but also 
the critical density of the traffic flow. We propose and analyze a new variable time 
headway which is parameterized by a design constant r which is interpreted as the ratio 
of the time headway used by ACC vehicles versus that of manually driven vehicles. For 
r<1 the presence of ACC vehicles appears to improve the traffic flow characteristics 
whereas for r>1 the traffic flow of mixed traffic becomes unstable at lower traffic 
densities and at lower traffic flows compared with the traffic with no ACC vehicles.  

 
Our study concludes that the ACC02 with the new proposed variable time 

headway with r<1 provides the best performance with respect to vehicle following, 
environment and traffic flow characteristics. Safety considerations may require r to be 
not much less than 1 or additional technologies may be used to improve the reaction time 
of ACC during braking maneuvers. The ACC02 system is also able to receive speed 
commands from the roadway and respond in a smooth way without any adverse effect on 
travel time. ACC02 will be used in a continuing project under TO5501 to develop a 
roadway controller in an integrated roadway/ACC system which can be implemented in 
today’s highway system. 
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1 INTRODUCTION 
 
During the last decade considerable progress has been made in the area of Intelligent 
Transportation Systems (ITS) both on the research and testing levels [1-6]. Sensor 
technologies for ITS applications, control and communication protocols, field tests, and 
experiments in controlled environments have been carried out. While dedicated highways 
with fully automated vehicles is a far in the future objective [7], the introduction of semi-
automated vehicles, such as vehicles with Adaptive Cruise Control (ACC), also referred 
to as Intelligent Cruise Control (ICC), on current highways designed to operate with 
manually driven vehicles has already taken place in Japan and Europe and more recently 
in the US too [8]. This technology allows the ACC vehicle to follow a preceding vehicle 
automatically by maintaining a chosen by the driver inter-vehicle spacing. Due to liability 
and safety issues the ACC systems deployed are rather conservative and rely on the 
driver for hard braking and emergencies. 
 

These initial ACC systems are designed for driver comfort under rather 
conservative safety constraints and are often marketed as driver assist devices. No 
consideration was given to the effect of ACC systems on traffic flow characteristics and 
environment beyond the obvious string stability issue. It has been argued that some 
versions of the ACC deployed could actually have a negative effect on traffic flow and 
possibly on the environment while other versions could help smooth traffic flow and in 
certain situations attenuate and contribute to a faster dissipation of shock waves and 
therefore have beneficial effects on the environment. It has been shown that the presence 
of 10% ACC vehicles in the highway traffic lowers the fuel consumption and pollution 
levels by as much as 8% and 3.8% to 47.3% respectively during traffic disturbance 
scenarios [9]. The impact of advanced transportation systems on the environment and 
traffic flow characteristics attracted the interest of several researchers. In [10] the 
potential impact of Advanced Public Transportation Systems (APTS) on air quality and 
fuel economy was studied and concluded that transit buses produce less hydrocarbon (HC) 
and carbon monoxide (CO) emissions than autos on a passenger-mile basis. In [11] 
different Intelligent Transportation Technologies (ITS) have been discussed that have the 
potential to improve air quality, including reduction of unnecessary “stop and go” type of 
traffic. In Ioannou and Chien [1, 12] estimates of the capacity improvement due to ACC 
are obtained for different vehicle following concepts where different minimum time 
headways are used based on safety considerations. The results show that if time 
headways employed by the ACC vehicles are smaller than those used by the average 
driver, the penetration of ACC vehicles is expected to improve capacity otherwise larger 
time headways employed by the ACC vehicles for higher safety tolerances may reduce 
capacity and in addition invite cut ins. In [13] a micro simulator referred to as the 
SPEACS and the fundamental diagram were used to study the effect of ACC on traffic 
flow in a mixed traffic environment. The ACC vehicles were assumed to have time 
headways of 1 second and 2 seconds in two different simulations that involved a two-lane 
highway system 6 Km long. They concluded that with time headways of 1 second the 
maximum traffic flow rate sustained was improved by 6% and 13% for 20% and 40% 
ACC vehicle penetration respectively. On the other hand ACC vehicles with 2-seconds 
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time headways reduced the maximum traffic flow rate by 3% and 6% for 20% and 40% 
ACC vehicle penetration respectively. Minderhoud and Bovy [14] tested several ACC 
operating concepts with time headways varying from 1 to 1.4 seconds. The results show 
that small time headways will increase capacity as the ACC penetration increases 
whereas headways greater than 1.2 sec will decrease capacity. Vanderwerf et al [15] at 
PATH used Monte Carlo simulations to evaluate the effects of ACC and the so-called 
Cooperative ACC (CACC) in mixed traffic using a human driver model developed in 
[16]. The CACC is referred to ACC systems involving vehicle-to-vehicle communication 
[13, 17] for exchanging information regarding deceleration characteristics and maneuvers 
between lead and following vehicle. The simulations in [15] demonstrated that the use of 
time headways of 1.4 seconds an average of what current ACC systems are allowed to 
use will lead to small increases in capacity at penetrations up to 60% whereas for 
penetrations above 60% a loss of capacity was observed. Van Arem et al [18] used a 
simulation model referred to as MIXIC to study the effects of ACC on traffic flow 
characteristics using time headways of 1 and 1.5 seconds. They demonstrated that ACC 
systems contribute to a more stable flow, however as the demand increases the traffic 
flow performance begins to deteriorate. This observation is consistent with the analysis 
performed by Swaroop et al [19] and confirmed by Bose et al [20] using the fundamental 
diagram that with ACC vehicles the operating point corresponding to maximum traffic 
flow rate is unstable or rather more unstable than manually driven vehicles.  

 
It has been noticed that using variable time headways may lead to better traffic or 

vehicle following performance. In [21], Swaroop et al attempted to use traffic flow 
considerations to come up with time headway based on the hypothesis proposed by 
Greenshields [22]. In this case, the time headway is a strictly decreasing function of the 
traffic density, or equivalently, a strictly increasing function of the ACC vehicle’s speed. 
They demonstrated via simulations that the new spacing policy has a better effect on 
traffic flow than the constant time headway policy. In [23], a variable time headway was 
proposed for tightly vehicle following control, which depends on the speeds of the ACC 
vehicle and its preceding vehicle. The simulation results demonstrated that the vehicle 
following performance is improved using such a time headway. Other implementations of 
variable time headways can be found in [24, 25]. The design and analysis of ACC 
systems in the current literature is performed based on safety, driver comfort and vehicle 
following performance considerations. While ACC are analyzed or simulated for traffic 
flow characteristics and impact on environment in addition to vehicle following 
performance no attempts are made to design ACC systems by taking all relevant 
considerations into account. 

 
The objectives of this project were to design ACC systems based on safety, driver 

comfort, vehicle following performance as well as on environmental and traffic flow 
characteristic considerations and evaluate them using analysis and simulations. Such 
ACC systems would be designed to operate in an integrated roadway/ACC system to be 
completed in a continuation project of TO4242. In this project these objectives have been 
met as described below. We start by designing two ACC systems employing different 
variable time headways that include those in [21-25] as well as constant time headway. 
We show that the first one (ACC01) has desired stability properties and can meet the 
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control objectives when following a preceding vehicle with a constant speed. However, 
its transient performance cannot be always guaranteed when the preceding vehicle 
accelerates rapidly or it has an oscillatory speed response. The second one (ACC02), on 
the other hand, is designed to reject disturbances and smooth possible oscillations in the 
speed response of the preceding vehicle, and demonstrated via simulations to have better 
transient performance. The simulation results are also used to demonstrate that ACC02 
can provide better fuel economy and emission results than ACC01 due to its smoother 
response and disturbance rejection properties. The behavior of ACC vehicles in mixed 
traffic on the macroscopic level is analyzed. Two time headways are considered here, one 
is the constant time headway and the other is the variable one based on the Greenshields 
relationship. For constant time headway, it is found out that for relatively small time 
headways the presence of ACC vehicles appears to improve traffic flow characteristics 
whereas for large time headways the traffic flow of mixed traffic becomes unstable at 
lower traffic densities and at lower traffic flows compared with traffic with no ACC 
vehicles. In the case of variable time headway, the effect of ACC vehicles on traffic flow 
characteristics depends on r, the ratio of the time headway used by ACC vehicles versus 
that of manually driven vehicles. For r<1 the presence of ACC vehicles appears to 
improve the traffic flow characteristics whereas for r>1 the traffic flow of mixed traffic 
becomes unstable at lower traffic densities and at lower traffic flows compared with 
traffic with no ACC vehicles. 

 
The report is organized as follows: In section 2 we design and analyze two ACC 

systems and simulations are conducted to demonstrate and compare their performance. In 
section 3 we compare the environmental performance of the two ACC systems using the 
simulation results in section 2. In section 4 fundamental flow-density diagrams are used 
to investigate the impacts of ACC vehicles on mixed traffic flow. The conclusions are 
presented in section 5.  
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2 ADAPTIVE CRUISE CONTROL DESIGN 
 
The Adaptive Cruise Control (ACC) system is an extension of the conventional Cruise 
Control (CC) system. In addition to the autonomous speed regulation provided by the 
conventional CC systems, the ACC system provides the intelligent function that enables 
the ACC vehicle to adjust its speed automatically in order to maintain a desired 
intervehicle spacing between itself and a moving preceding vehicle or obstacle in the 
same lane. When the lane is clear, i.e. no object is detected by the forward-looking sensor 
installed on the vehicle, the ACC system works in the speed tracking mode and regulates 
the vehicle speed towards the desired speed set by the driver or a roadway controller (in 
the case of a future advanced traffic system). Otherwise, the ACC system works in the 
vehicle following mode and regulates the vehicle speed to maintain a desired spacing 
from the vehicle or obstacle ahead. In the ACC design, lateral control is the responsibility 
of the driver and driving in the ACC mode involves lanes with small curvatures. 
Therefore the lateral dynamics are considered to be decoupled from the longitudinal 
dynamics. In this report, we refer to the longitudinal vehicle model as the vehicle model. 
 
 
2.1 Simplified Vehicle Model for Control Design 
 
The vehicle model used for simulations is taken from [26]. It was built based on physical 
laws and had been experimentally validated. This model can be characterized by a set of 
differential equations, algebraic relations and look-up tables. This validated model is very 
complex but can be viewed as a first-order nonlinear system [26] 
 

( )τ,,uvfv =&          (2-1) 
 
where v is the longitudinal speed, u is the throttle/brake command and τ represents the 
negligible fast dynamics. The complete vehicle model in (2-1) is highly nonlinear, thus 
not suitable for control design. In our work, the simple first-order model  
 
 ( ) ( ) duubvvav dd +−+−−=&        (2-2) 
 
where vd is the desired steady state speed, ud is the corresponding steady state fuel 
command, d is the modeling uncertainty, and a and b are constant parameters that depend 
on the operating point, i.e. the steady state values of the vehicle speed and load torque is 
used for ACC design [23, 26]. If there is no shift of gears, a and b are positive. In our 
analysis, we assume that a and b are always positive since any gear shift results in a short 
time transient activity. For a given vehicle, the relation between vd and ud can be 
described by a look-up table, or by a 1-1 mapping continuous function 
 
 ( )dud ufv =          (2-3) 
 
In our analysis, we assume ( )du uf  is differentiable and 
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 ( ) udu
d

u Muf
du
d

m ≤≤        (2-4) 

 
where mu and Mu are two positive constants. The simplified vehicle model used for ACC 
design is described by (2-2) - (2-4). We assume that d, d&  vl and lv&  are all bounded and 
continuous. 
 
 
2.2 Control Objectives and Constraints 
 
In the speed tracking mode, the ACC system regulates the vehicle speed v close to the 
desired speed vd set by the driver or by the roadway controller in an advanced vehicle 
highway system [27]. The control objective can be expressed as 
 
 ( ) 0lim =

∞→
tevt

         (2-5) 

 
where ev(t) = vd(t) − v(t). 
 

In the vehicle following mode, the ACC system regulates the vehicle speed so that 
it follows the preceding vehicle by maintaining a desired intervehicle spacing. The 
control objective is to regulate the vehicle speed v to track the speed of the preceding 
vehicle vl while maintaining the intervehicle spacing xr as close to the desired spacing sd 
as possible, as shown in Figure 1. With the time headway policy, the desired intervehicle 
spacing is given by 
 
 hvssd += 0          (2-6) 
 
where s0 is a fixed safety intervehicle spacing to avoid vehicle contact at low or zero 
speeds and h is the time headway. The control objective in the vehicle following mode 
can be expressed as 
  
 ∞→→→ tvr   as  0 ,0 δ        (2-7) 
 
where vr = vl − v is the speed error and δ = xr − sd is the separation error. In practice, this 
control objective may not be met exactly when vl varies considerably, or in the presence 
of sensor noise, modeling errors, delays and other imperfections. For safety reasons the 
time headway should be chosen large enough and the ACC system should be designed to 
be robust with respect to these imperfections so that δ remains non-negative most of the 
time, i.e. the ACC vehicle follows the preceding vehicle in a safe manner. 
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Figure 1. Diagram of the vehicle following mode 

 
 

Even though the ACC system has two different control objectives in the speed 
tracking and vehicle following modes, the following control constraints have to be 
satisfied in both modes [26]: 
 
C1. amin≤ v& ≤amax where amin and amax are specified. 
C2. The absolute value of jerk defined as | v&& | should be small. 
 
The above constraints are the result of driving comfort and safety concerns and are 
established using human factor considerations [26]. 
 
 
2.3 Variable Time Headway 
 
In our work, we consider the time headway as a function of v and vl, i.e. h(v, vl), which 
has bounded partial derivatives with respect to v and vl. Most of the previous studies for 
vehicle following control considered constant spacing rules (h=0) and constant time 
headway spacing rule (h = nonzero constant). In some recent studies it has been 
suggested that a variable time headway in the ACC system may lead to better 
performance in terms of safety and traffic flow.  In [24], the desired spacing is chosen as 
 

2
210 vhvhssd ++=         (2-8) 

 
where h1 and h2 are two positive constants. The time headway incorporated in (2-8) 
depends on the speed of the following vehicle, which can be expressed as 
 

vhhh 21 +=          (2-9) 
 

In [21, 28], the time headway is chosen based on the hypothesis proposed by 
Greenshields [22], and it can be written as 
 

( )vvk
h

freejam −
=

1          (2-10) 

 

xr 

sd d 

v vl 
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where kjam is the traffic density corresponding to a maximum congestion condition and 
vfree is the free speed when the traffic density is low. Note that the time headway in (2-10) 
is expressed in a different way than that in [28] because the spacing considered in [28] 
incorporates the vehicle length. 
 

In [23], the time headway h proposed for tightly vehicle following control is given 
as 
  

( )rhvchsath −= 0         (2-11) 
 
where h0 and ch are positive constants to be designed and the saturation function ( )•sat  
has an upper bound 1 and a lower bound 0. Even though this nonlinear time headway 
associated with proper vehicle following controllers leads to desired platoon performance 
as demonstrated in [23], no global stability properties have been established for the 
closed loop simplified vehicle model.  Let us define  
 

( )ld vvs
v

H ,
∂
∂

=
    

    (2-12a) 

( )ld
l

l vvs
v

H ,
∂
∂

≅
    

    (2-12b) 

 
For the constant time headway spacing rule, H is equal to the time headway h and Hl is 
zero. All the time headway rules mentioned above share the property that H ≥ 0, and this 
property will be taken into account for the vehicle following control design. As we 
mention above, we assume that H and Hl are bounded. Apparently, the time headway 
given in (2-9) is unbounded if v is unbounded. However, in practice it is impossible to 
employ time headways involving arbitrarily large H and Hl. We therefore modify the 
time headway as 
 





+
<+

=
otherwise    ,

 if    ,

max21

max21

vhh
vvvhh

h        (2-13) 

 
where vmax is the maximum speed the following vehicle can achieve. This modified time 
headway guarantees H and Hl are bounded. Similarly, we can also modify the time 
headway given in (2-10) so that H and Hl are bounded. 
 

It should be noted that the time headway used in the ACC systems should never 
violate the safety constraint. Extensive studies have been done to investigate safety 
spacing based on different braking emergency scenarios [29]. However, [29] only 
considers the minimum constant time headway that should be kept to guarantee safety for 
all speeds. In our discussion, the assumptions in [29] are used but the investigation is not 
restricted to the minimum constant time headway. This leads to the situation in which the 
time headway could be chosen as a function of the vehicle speed. Similar results can be 
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found in other publications, such as [30], with different assumptions. In this subsection, 
we use the notation of vf for the speed of ACC vehicle.  
 

Consider the braking situation shown in Figure 2 [29]. The initial speeds of the 
lead and following vehicles are vl(0) and vf(0), respectively. At time zero, the following 
vehicle accelerates with afac, while the lead vehicle performs emergency braking with its 
maximum jerk Jlm until it reaches its maximum deceleration alm. This maximum 
deceleration is kept until the speed of the lead vehicle becomes zero. After a certain delay 
(τ1), the following vehicle detects the braking maneuver of the lead vehicle, and it starts 
to brake after some reaction time (τ2). Since it is not known whether the vehicle ahead is 
just adjusting its speed or executing an emergency braking, the following vehicle starts to 
brake with certain jerk (Jfc) at time tfa, reaches deceleration rate afauto at time tfb, and keeps 
this deceleration rate for some time (τ3) until at time tfc it realizes the vehicle ahead is 
doing an emergency braking. Then the following vehicle begins hard braking with the 
maximum rate of Jfm until the maximum deceleration afm is achieved.   
 

Figure 2. Acceleration trajectories of two vehicles in the worst braking scenario. 

 
Since we consider a worst case braking situation, it is reasonable to assume that 

vl(0)≤vf(0), |Jlm|≥|Jfm| and |alm|≥|afm|. Hence the speed of the following vehicle is always 
higher or equal to that of the lead one. In this case, the minimum spacing Smin that 
guarantees no collision is given by 
 

 ( ) ( ) ( ) ( )0000 22*
0min ffllffll vvvvsS ββαα ++++=     (2-14) 

 
where βl =1/(2alm), βf = −1/(2afm), α l = −alm/(2Jlm), and α f and *

0s  are relatively complex 
functions of the parameters associated with the following vehicle’s deceleration trajectory. 
For tight vehicle following, we can assume vl(0)=vf(0)=V, and then the minimum 
separation can be expressed as 
 

2*
2

*
1

*
0min VhVhsS ++=        (2-15) 

 

acceleration 

afac 

afauto 

afm 

alm 

tfa tfc tfb tfd tfe time Jfc 

Jfm Jlm 
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where flh αα +=*
1  and flh ββ +=*

2 . To get a better understanding of (2-15), we further 
assume that Jlm, Jfm and Jfc are very large, and afac and afauto are very small.  Hence 
 

0*
0 ≈s           (2-16a) 

321
*
1 τττ ++≈h         (2-16b) 











−=

fmlm aa
h

11
2
1*

2         (2-16c) 

 
Here we can see that h1

* depends mostly on the delays in the sensing, control and 
actuation systems, but h2

* depends only on the maximum deceleration capacity of the 
following vehicle. The minimum safety spacing for a given vehicle should be calculated 
with the assumption that the lead vehicle has the maximum braking capacity. If the 
following vehicle also has the maximum capacity, i.e. alm = afm, then h2

* = 0. However, 
alm = afm may not be a reasonable assumption since different types of vehicles have 
different braking capacities. For a heavy-duty vehicle with full load, h2

* could be a large 
number. Consider the parameters given in Table 1. These values are taken from [29]. The 
minimum safety spacing based on these values is calculated as 
 

2
min 011.0363.001.0 VVS ++=       (2-17) 

 
This minimum safety spacing has been assumed in the simulation studies in this report.  
 
 

vl (0) 26.8m/s (60mph)  afm -7.5m/s2 (-0.77g) 
vf (0) 26.8m/s (60mph)  afauto -1.96m/s2 (-0.2g) 
Jlm -72m/s3  afac 0.49m/s2 (0.05g) 
Jfm -72m/s3  τ1 0.1s 
Jfc -20m/s3  τ2 0.1s 
alm  -9.1m/s2 (-0.93g)  τ3 0.1s 

 
Table 1. Parameter values for safety spacing calculation 

 
 
2.4 ACC Design Strategy 1 

2.4.1 Control Design for Speed Tracking 
 
Based on the simplified vehicle model, different design methodologies can be applied for 
speed tracking control. It has been shown that a PID controller meets the control 
objectives for speed tracking [31]. We adopt this controller in our work since it is very 
simple and can be easily implemented.  
 
Lemma 2.1[31]: For the system represented in (2-2) - (2-4), the following PID controller 
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 v
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dvivp e
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ke
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keku
1

1
1 +

++=       (2-18) 

 
where kp, ki, kd and N are some positive parameters, can stabilize the closed-loop system 
and guarantee that ev(t) converges exponentially fast to the residual set 
 

 ( ) ( ){ }
∞∞

⋅+⋅≤∈= tdCtvCeReE dvvv
&& 21      (2-19) 

 
where C1 and C2 are some positive constants. Furthermore, if vd and d are constants, then 
ev(t) converges to zero exponentially fast. 

ÿ 
 

Since the desired speed vd set by the driver or the roadway controller may vary, 
the initial speed tracking error may be large leading to a large control effort and high 
acceleration which may violate the constraints given above. To avoid such situations, we 
use the same nonlinear filter (shown in Figure 3) employed in [31] to generate a smooth 
reference signal vref, and force the vehicle to track the modified smoother signal vref. In 
this nonlinear filter, p is a positive constant, and the saturation function is used to limit 
the varying rate of vref.  The upper and lower bounds of the saturation function, amax and 
amin, are chosen in a way the driver feels comfortable and unsafe situations are avoided 
when v tightly tracks vref. This nonlinear filter was first used in [26] for the design of 
vehicle following controllers, and then adopted in [31] for speed tracking control. If vd is 
a constant, then ( ) dreft

vtv =
∞→

lim  and the control objective in (2-5) can still be achieved 

when d in (2-2) is also a constant. 
 

A simple switching logic is adopted from [31] to avoid frequent chattering 
between the brake and throttle subsystems. According to (2-6), a fuel command is issued 
when u is positive, while the brake is activated when u<−u0 (u0>0 is a constant). If −u0 ≤ 
u ≤ 0, the brake system is inactive and the throttle is operating as in idle speed. 
 

Figure 3. Nonlinear filter used in the speed tracking mode 

 

amax 

amin 

vd vref 
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2.4.2 Control Design for Vehicle Following 
 
The simplified longitudinal model described by (2-2) - (2-4) is used for the vehicle 
following control design. In this design, the desired steady state speed vd is equal to vl, the 
speed of the lead vehicle. In [21], a vehicle following controller using the variable time 
headway in (2-10) was proposed based on feedback linearization. The desired closed-
loop system is described by 
 

δδ k−=&          (2-20) 
   
where k is a positive constant. If all the parameters in the simplified model are known, the 
vehicle following controller  
 

 ( ) 





 −−+−+= l

l
drr v

bH
H

b
d

uv
b
a

kv
bH

u &δ
1

     (2-21) 

 
can be used. The control design procedure is straightforward, but the controller in (2-21) 
has some obvious flaws. It is a high gain controller when H is small, which may not be 
desired. Furthermore, this controller cannot be implemented when H is equal to zero. 
Obviously H is zero in the constant spacing rule and may also be zero when the nonlinear 
time headway given in (2-11) is used. The vehicle following controllers proposed in this 
section guarantee global stability for any variable time headway that has bounded H and 
Hl with H ≥ 0. 
 

One important issue associated with vehicle following control is string stability. 
String stability in a vehicle string implies that any nonzero speed and separation error of 
an individual vehicle does not get amplified as it propagates upstream [32, 33].  Here we 
consider only L2 string stability [33]. In the string stability analysis, we assume that the 
lead vehicle slowly varies its speed around the nominal value vl0, and the vehicle 
following controller can sufficiently keep vr and δ close to zero. 
 
  
Lemma 2.2: Consider the system (2-2) - (2-4), with the following controller  

 
( ) *

3
*
2

*
1 , ktkvku r +∆+= δ        (2-22) 

 

where 
b

aa
k m −

=*
1 , 

b
a

k m=*
2 , 

b
d

uk d −=*
3 , ∆ is a design time varying function of δ 

satisfying  
 

klδ ≤ ∆(δ, t) ≤ kuδ         (2-23) 
 
and am, kl and ku are positive design constants.  
(i) All the signals in the closed-loop system are bounded if am, kl and ku are designed such 
that there exists a positive constant p1 satisfying 
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11 >pam           (2-24a) 

( ) ( ) 014 1
22

1 <−−− pakkkpa mulum       (2-24b) 
01 ≥−+ ulmm kpkaa         (2-24c) 

H
kpkaa

kp

llmm

l sup
4

1

1 >
−+

       (2-24d) 

 
where supH is the supremum of H. Furthermore, if vl is a constant, then the control 
objective in (2-7) is achieved, i.e. vr,δ → 0 as t → ∞.  
(ii) If ∆ is a time invariant and differentiable function of δ,  then local L2 string stability is 
guaranteed provided the control parameters are chosen such that 
 

( )( ) ( ) 0220 22 ≥−++−∆ lmlm HHaHHa δ      (2-25) 
 
where δδ ∂∆∂=∆ . 
 
Proof: Let ∆(δ, t) = kδ where k is a time varying function of δ and satisfies kl ≤ k ≤ ku. 
Using (2-22) in (2-2)-(2-4), the closed-loop system is 
 

( )δkvav rm +=&         (2-26) 
 
(i) Denote x1 = vr and x2 = δ, then 
 

( )
( )




−−−=
++−=

1212

1211

1 uHkHxaxHax

ukxxax

lmm

m

&

&
      (2-27) 

 
where lvu &=1 , H and Hl are bounded with H ≥ 0 (recall the assumptions in section 2.3). 
Consider the following candidate Lyapunov function 
 

PxxV T
a 2

1=          (2-28) 
 

where 







=

2

1

1
1
p

p
P a positive definite matrix, and p1 and p2 is are positive constants. 

Hence,  
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( )[ ] ( )[ ]
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( )2221111

22121

2
2
21

2
1

12121211

1212212111

2121222111

1

1
1

xpHxxHxpu
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kHpakaxHapax
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uHkHxaxHaxpukxxaxp
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mmmm

mmmm

mlmm
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a
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+−+−−=

++−+−−−+
−−−+++−=

+++= &&&&&

  

(2-29) 

 
We choose 
 

mlm apkap += 12         (2-30) 
 
When (2-24a) holds, the coefficient of x1

2 in (2-29) is negative and (2-30) guarantees that 
P is positive definite. With (2-29), (2-30) can be rewritten as  
 

( ) ( )[ ]
( ) ( )221111

22
1121

1
22

21
2
1 11

xwxwukHaHpkaHapkakpaxx

pkkHakaxHapaxV

mlmmlmm

lmmmma

+++++−−

++−+−−=&

 
(2-31) 

 
where w1 = p1 − Hl and w2 = 1 − Hl (amkl p1 + am). Suppose u1 is zero. Then aV&  is negative 
definite if and only if 
 

 

( )
( ) ( )[ ]

( ) ( )[ ]
( ) ( )[ ]

( ) ( )( )
( ) ( ) 014

2
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22

1
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1
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1

2

1
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+++−⇔

+++−<

+++−
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HkpkaakkpaHkpkaaa

pkHaHapak

Hkpkaapkka

pkkHakaHapa

kHaHpkaHapkakpa

mlm

lmmlmlmmm

lmmm

lmmlm

lmmmm

mlmmlmm

  (2-32) 

 
One necessary condition for (2-32) to be true is that 
 

( ) ( ) 014 1
22

1 <−−− pakkkpa mlm       (2-33) 
 
for all k∈[kl, ku]. This condition is equivalent to that (2-24b) is true. When (2-24a) and (2-
24b) hold, one sufficient condition for (2-33) to hold is that (2-24c) and (2-24d) hold. 
Now we have shown that if (2-24a) - (2-24d) hold and u1 is zero then aV&  is negative 
definite. Since w1 and w2 are bounded, it is easy to show that Va is bounded, and then all 
the signals in the closed-loop system are bounded. Furthermore, if vl is a constant, i.e. u1 
is zero, it can be verified that ∞∩∈ LLxx 221, , ∞∈ Lxx 21, && . It follows from Barbalat’s 
Lemma [34] that 0, 21 →xx  as ∞→t , i.e., the control objective in (2-9) is achieved. 
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(ii) With linearization of (2-26), the transfer function from vl to v is given as 
 

( ) ( ) ( )( ) ( )
( ) ( )[ ] ( )00

00

0
2

0

δδ

δδ

∆++∆+
∆+∆−

==
mmlm

mllmm

l
v asavHas

asvHaa
v
v

sG     (2-34) 

 
If we assume all the vehicles in the same lane are of the same type and equipped with the 
same controller, the vehicle string is 2L  string stable [33] if and only if 
 

( ) 0,1 ≥∀≤ ωωjGv         (2-35) 
 
which is equivalent to (2-25). 

ÿ 
 
 The controller in (2-22) cannot be implemented because a, b and d are unknown 
parameters which may change with vehicle speed and other conditions. However, we can 
estimate ki

* (i=1,2,3) on-line and use their estimate ki in the control law. In the next 
Lemma, we show that with proper update laws for ki, the control law (2-18) where the ki

* 
(i=1,2,3) are replaced with their on line estimates meets the control objective. 
 
Lemma 2.3: Consider the system (2-2) - (2-4), with the control law 
 

( ) 321 , ktkvku r +∆+= δ        (2-36) 
 
where ki is the estimate of ki

* (defined in Lemma 2.2) with initial condition ki0 (i=1,2,3), 
generated by the adaptive laws 
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   (2-37) 

 
where am, p1, 1γ , 2γ  and 3γ  are positive design parameters, Proj{•} is the projection 
function keeping ki within the intervals [kil, kiu] (i=1,2,3). kil and kiu are chosen such that 
ki

*∈[kil, kiu]. If we choose the parameters am, kl, ku and p1 such that (2-24a) - (2-24d) hold, 
i.e.  
 

11 >pam  

( ) ( ) 014 1
22

1 <−−− pakkkpa mulum  
01 ≥−+ ulmm kpkaa        

H
kpkaa

kp

llmm

l sup
4

1

1 >
−+
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then all the signals in the closed-loop system are bounded. Furthermore, if vl and d are 
constants, then the control objective in (2-7) is achieved, i.e. vr,δ → 0 as t → ∞. 
 
Proof: With the proposed control law, the closed-loop system becomes 

 
( ) ( ) 321

~
,

~~
kbtkbvkbkvav rrm +∆+++= δδ&      (2-38) 

 
where ik

~
= ki − ki

* (i=1,2,3). We rewrite ∆(δ, t) as kδ and denote x1 = vr and x2 = δ. Now 
we have 
 

( )
( )




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132211211
~~~
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~~~
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(2-39) 

 
where lvu &=1 . Consider the following Lyapunov function 
 

∑
=
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VV
γ

        

(2-40) 

 
where Va is the same as in (2-28). It is easy to verify by using the adaptive laws (2-37) 
and the knowledge of [ ]iuili kkk ,* ∈  that 
 

*
33

3

~
kk

b
VV a

&&&
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(2-41) 

 
where aV&  is given in (2-31) and 
 

b
d

uk d

&
&& −=*

3

         

(2-42) 

 
Since d& , lv& are assumed to be bounded, it follows that *

3k&  is bounded. It is easy to show 

that if all the conditions in (2-24a) - (2-24d) are satisfied then V&

 

is negative when x1 or x2 
or both are large. This implies that V is bounded, and therefore all the signals in the 
closed-loop system are bounded.  
 

When vl and d are constants, 0<V&  when either x1 or x2 is nonzero. It is easy to 
verify that ∞∩∈ LLxx 221,  and ∞∈ Lxx 21, && . It follows from Barbalat’s Lemma that 

0, 21 →xx  as ∞→t , i.e., the control objective in (2-7) is achieved. 
ÿ 

 
 In [23], an adaptive controller was proposed with the nonlinear time headway in 
(2-11), and the gain k was chosen as  
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( ) 2

0
σδ−−+= eckck kk         (2-43) 

 
where k0, ck, and σ are positive constants to be designed (with ck < k0). Even though it 
was shown in [23] that such choice for h and k could lead to good platoon performance, 
the system stability was not established. However, k in (2-43) is bounded by ck and k0 all 
the time. Hence Lemma 2.3 points out that if we choose the parameters properly, the 
adaptive controller in (2-36) and (2-37) makes the closed-loop system stable with h and k 
as chosen in [23]. 
 

Since we have the flexibility to choose ∆(δ, t), we can set ∆(δ, t) = kδ where k is a 
positive constant. Hence we have the following lemma, which is a special case of Lemma 
2.3 with the fact that kl = k = ku. The proof follows the same steps as the proof for Lemma 
2.3, and is omitted. 
 
Lemma 2.4: Consider the system (2-2) - (2-4), with the control law 
 

321 kkvku r ++= δ         (2-44) 
 
where ik  the estimate of *

ik  (defined in Lemma 2.2) with initial condition 0ik  (i =1,2,3) 
is generated according to the adaptive laws:  
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   (2-45)  

 
where am, p1, 1γ , 2γ  and 3γ  are positive design parameters, and Proj{•} is defined in 
Lemma 2.3. All the signals in the closed-loop system are bounded if the design 
parameters are chosen such that 
 

11 >pam          (2-46a) 

H
kkpaa

kp

mm

sup
4

1

1 >
−+

       (2-46b) 

 
Furthermore, if vl and d are constants, then the control objective in (2-7) is achieved, i.e. 
vr,δ → 0 as t → ∞. 

ÿ 
 

To avoid unnecessary switching between the brake and fuel systems, the 
following switching rules are incorporated in the vehicle following mode: 
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S1. If the separation distance xr is larger than xmax (xmax>0 is a design constant), 
then the fuel system is on. 
S2. If the separation distance xr is smaller than xmin (xmin>0 is a design constant), 
then the brake system is on. 
S3. If xmax≤xr≤xmax, then the fuel system is on when u>0, while the brake system is 
on when u<−u0 (u0>0 is a design constant). When −u0≤u≤0, the brake system is 
inactive and the fuel system is operating as in idle speed. 

 
These rules were successfully employed in PATH TO 4203 [31]. 
 

There are several other practical issues associated with the application of the 
controller (2-36) or (2-44). To guarantee that the constraints C1, C2 are not violated, we 
should avoid the generation of high or fast varying control signals. Such high or fast 
varying control signals can be generated by the control law (2-36) or (2-44) if the lead 
vehicle accelerates rapidly or changes lanes creating a large spacing error or the ACC 
vehicle switches to a new target with large initial spacing error. The control parameter k 
shown in (2-43) is proposed in [23] to eliminate the adverse effects of large separation 
error. In [26], the nonlinear filter shown in Figure 3 is used to smooth the speed trajectory 
of the lead vehicle. The filtered speed trajectory lv̂  is then used by the controller. The 
sat(δ) function defined as 
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 if     ,
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δ
δ
δ

δ ee
ee

sat
       

(2-47) 

 
is used instead of δ in order to eliminate the adverse effects of large separation error. 
Furthermore, a low pass filter is placed before the throttle actuator so that fast varying 
commands will not be sent to the throttle system. The modifications in [26] are adopted 
in our vehicle following controllers and evaluated using simulations. 
 
 The following logic is used for the ACC system to switch between the speed 
tracking controller and vehicle following controller: 
 

The speed tracking controller is active when no object is detected by the 
looking-forward sensor, or one object is detected with vl>vd and δ>δn1 (vd is set by 
the roadway controller, and δn1 is a negative design parameter), or one object is 
detected with δ>δp (δp is a positive design parameter). The vehicle following 
controller is active when δ<δn2 (δn2 is a negative design parameter and δn2<δ<δn1). 
In all the other cases, the controller used in the previous time interval is employed.  

 
This simple switching logic will be used in the integrated roadway/ACC system 

so that all ACC vehicles can interact with the roadway controller in a safe manner. 
 



 18 

2.4.3 Simulations 
 
In this section, we present the simulation results that demonstrate the performance of the 
vehicle following controller given by (2-44) when applied to the validated nonlinear 
vehicle model used in [26]. The variable time headway given in (2-13) is used for control 
design and the control parameters are chosen as 
 

s0 = 5m, h1 = 0.5, h2 = 0.016, vmax = 30, k = 0.2, am = 2, p1 = 20 
emax = 10m, emin = −30m, amax = 1.0m/s2, amin = −2.0m/s2, p = 10 
k10 = 10, k1u = 16, k1l = 4, 
k20 = 2, k2u = 2.8, k2l = 0.6, 
k30 = 0, k3u = 30, k3l = −30, 
γ 1 = 1.4, γ 2 = 0.2, γ 3 = 0.6 

 
It can be seen that the safety spacing in (2-17) is not violated and the parameters satisfy 
the conditions given by (2-25), (2-46a) and (2-46b). In simulations 3 and 4, the Pipes’ 
vehicle following model [35] is chosen among several other vehicle following models to 
simulate manually driven passenger vehicles, as it simulates slinky type effects that are 
often observed in actual vehicle following [9, 33]. It is a linear follow-the-leader model 
based on vehicle following theory that pertains to a single lane dense traffic with no 
passing and assumes that each driver reacts to the stimulus from the vehicle ahead. The 
transfer function of the Pipes’ model is given by 
 

 s
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==

1

)(        (2-48) 

 
with vi-1 and vi are the speeds of the lead and following vehicles, respectively, sec5.1=τ  
and 1sec37.0 −=K [9, 33]. 
 
 
Simulation 1 
 
Two vehicles are used to evaluate the vehicle following properties of the proposed 
controller. The following vehicle is equipped with the ACC controller (vehicle following 
controller in (2-44)). The speed, acceleration, speed error, separation error, throttle angle 
and brake pressure responses are presented in Figures 4(a)-(f), respectively. 
  

At time zero, the two vehicles have zero speed and are separated with a distance 
of s0. From t = 0s to t = 20s, the lead vehicle increases its speed with a constant 
acceleration 0.8m/s2, and then cruises at 16m/s. From t = 50s to t = 53s, the lead vehicle 
increases its speed with a constant acceleration 2.0m/s2, and then cruises at 22m/s. From t 
= 90s to t = 100s, the lead vehicle increases its speed with a constant acceleration 0.6m/s2, 
and then cruises at 28m/s. From t = 140s to t = 144s, the lead vehicle decreases its speed 
deceleration –2.0m/s2, and then cruises at 20m/s. As we can see, when the acceleration of 
the lead vehicle is not too large (0.8 or 0.6m/s2), the throttle controller regulates the fuel 



 19 

system smoothly and the ACC vehicle follows the lead vehicle with small speed and 
separation errors. These errors are regulated towards zero when the lead vehicle reaches a 
constant speed. When the acceleration of the lead vehicle is large (2.0m/s2) for a short 
time, the following vehicle increases its speed in a smooth and comfortable way. The 
transient speed and separation errors are large due to the high acceleration of the lead 
vehicle. However, the errors are regulated towards zero as soon as the lead vehicle 
reaches a constant speed. When the lead vehicle decreases its speed rapidly, the brake 
system on the ACC vehicle is active and the brake pressure is shown in Figure 4(f). From 
the acceleration and separation error responses, we can see that the ACC system works in 
a comfortable and safe way. 
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(b) 

(a) 
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(d) 



 21 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Responses of the following ACC vehicle: (a) speed, (b) acceleration, (c) speed error, (d) 
separation error, (e) throttle angle and (f) brake pressure in Simulation 1.  

(e) 

(f) 
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Simulation 2 
 
This simulation is used to demonstrate that the proposed vehicle following controller in 
(2-44) guarantees string stability. In this simulation five vehicles are simulated in a 
vehicle following scenario. The lead vehicle generates the speed trajectory shown as a red 
dotted line in Figure 5(a). The four following vehicles are ACC vehicles. The speed, 
speed error, and separation error responses of the ACC vehicles are shown in Figures 
5(a)-(c), respectively. As we can see the speed and separation errors are attenuated within 
the vehicle string when the brake system is not activated. When the lead vehicle begins to 
decelerate rapidly, the speed and separation errors are not attenuated within the vehicle 
string. This is because the switching logic introduces a hysteresis effect in the ACC 
system. However, the errors are still propagated in a satisfactory manner. 
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Figure 5. Responses of the following ACC vehicles: (a) speed, (b) speed error and (c) separation error 

in Simulation 2. 

 

(b) 

(a) 

(c) 



 24 

Simulation 3 
 

Despite previous modifications in the vehicle following controller to take care of the 
acceleration and jerk constraints, under certain conditions, the constraints C1 and C2 may 
still get violated. This simulation demonstrates this flaw.  
 

In this simulation, ten vehicles are simulated and the ACC vehicle is in the second 
position. The other eight vehicles following the ACC vehicle are manually driven 
passenger vehicles simulated using the Pipes’ model (2-48). At time zero, all the vehicles 
have zero speed. From t = 0s to t = 6s, the lead vehicle increases its speed with a constant 
acceleration 2m/s2, and then cruises at 12m/s. From t = 50s to t = 56s, the lead vehicle 
increases its speed with a constant acceleration 2.0m/s2, and then cruises at 24m/s. The 
speeds, acceleration, speed error, separation error responses are presented in Figures 6(a)-
(d), respectively. Though the control objective is achieved, the ACC vehicle accelerates 
in an aggressive manner, as shown in Figure 6(b). This is because when the preceding 
vehicle accelerates rapidly, large speed error may appear temporarily and cause fast 
varying separation error. Hence the separation error should also be filtered in a proper 
way so that fast varying control effort is avoided and the control objective is achieved. 
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Figure 6. (a) Speed responses in the vehicle string, and responses of the ACC vehicle: (b) 
acceleration, (c) speed error and (d) separation error in Simulation 3. 

(a) (b) 

(c) (d) 
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Simulation 4 
 
This simulation is similar to Simulation 3. However, in this simulation the lead vehicle 
accelerates in an aggressive manner and its speed oscillates before settling to a constant 
value. This situation may arise in today’s traffic where traffic disturbances downstream 
create a situation where the driver speeds up and then slows down in an oscillatory 
fashion before reaching steady state. In this situation, the temporary separation distance 
between the first and second vehicles will be large, and we would like to investigate how 
the vehicle equipped with controller (2-44) will behave with respect to the high 
acceleration and speed oscillations of the lead vehicle.  
 

At time t = 0s the lead vehicle begins to accelerate from 0m/s with a constant 
acceleration of 2.0m/s2 for 6 seconds, and its speed oscillates around 12m/s before 
settling to the constant speed of 12m/s. At time t = 50second, the lead passenger vehicle 
accelerates again with 2.0m/s2 for another 6 seconds and its speed oscillates around 
24m/s before settling to the constant. The speeds, acceleration, speed error, separation 
error responses are presented in Figures 7(a)-(d), respectively. As we can see, the ACC 
vehicle accelerates aggressively and the oscillations in the speed of the lead vehicle are 
unattenuated along the vehicle string.  
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Figure 7. (a) Speed responses in the vehicle string, and responses of the ACC vehicle: (b) 
acceleration, (c) speed error and (d) separation error in Simulation 4. 

 
 
 
 
 
 
 
 
 

(a) (b) 

(c) (d) 
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The above simulations demonstrate that the adaptive vehicle following controller 
(2-44) can guarantee system stability and provide good transient response under normal 
driving conditions. However, when the preceding vehicle accelerates rapidly, the fast 
increasing vl may also lead to fast increasing d since the ACC vehicle is not allowed to 
accelerate rapidly. This fast increasing d may cause high control effort (as shown in 
Simulation 3 in the previous section). When the separation error is very large, it may take 
long time for the ACC vehicle to catch the preceding vehicle. If we simply use sat(d) for 
the controller (2-44), any changes in vl will affect the control signal when d>sat(d), while 
some changes in vl may be ignored. In the next section we design the ACC controller to 
address these issues in addition to others.  
 

 
2.5 ACC Design Strategy 2: Disturbance Rejection 
 
In the previous section, we have shown that the controllers in (2-36) or (2-44) can 
guarantee system stability and provide satisfactory transient performance under normal 
driving conditions (see Simulations 1 and 2). However, under some extreme conditions, 
they cannot guarantee good transient performance and the oscillations in vl affect the 
following vehicle’s speed without any attenuation, even though the separation error is 
very large. This class of ACC systems has very similar properties to the ACC systems 
proposed in the literature. 
 

In this section, we design an ACC system that can use the knowledge of vl and δ 
and provide better transient responses than those in (2-36) or (2-44) in the presence of 
traffic disturbances. In the report for PATH TO 4203 [31], a vehicle following controller 
is proposed for heavy trucks to reject high frequency disturbances in the speed of the lead 
vehicle. This controller converts the vehicle following task to a special speed tracking 
task, and has been shown to guarantee good transient responses and better fuel economy. 
In this subsection, we design the ACC system based on the same motivation but with 
different control design methodology. The ACC system designed in this subsection can 
guarantee global stability, in contrast to only local stability established for the ACC 
system in [31]. 
 

2.5.1 ACC Design 
 
The following lemma establishes that the vehicle following task is a special speed 
tracking task.  
 
Lemma 2.5: For the vehicle following task described in section 2.2, if the controller is 
designed such that vr + kd → 0 as t → ∞ (k is a positive constant) and dt

d (vr + kd) is 
uniformly continuous, then vr and d are bounded. In addition, if vl is a constant, then the 
control objective in (2-7) is achieved. 
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Proof: If dt
d (vr + kd) is uniformly continuous and vr + kd → 0 then it follows from 

Barbalat’s Lemma, that dt
d (vr + kd) → 0 as t → ∞ and therefore 

 
( ) ( ) ( ) 01 →+−++=+ llrrrdt

d vHHkkvvkHkv &&δ     (2-49) 
 
as t → ∞. It also follows from dt

d (vr + kd) being uniformly continuous and dt
d (vr + kd) → 0 

as t → ∞ that dt
d (vr + kd) is bounded. Since k is a positive constant, H > 0, and H, Hl and 

lv&  are bounded, it follows that vr is bounded. In addition vr + kd is uniformly continuous 
since dt

d (vr + kd) is bounded. Hence it can be shown that (vr + kd) is bounded since it is 
uniformly continuous and converges to zero. Hence d is bounded. In particular, if vl is a 
constant, then (2-49) implies vr → 0 and therefore d → 0 which in turn implies that the 
control objective in (2-7) is achieved. 

ÿ 
 

Lemma 2.5 indicates that the vehicle following task can be viewed as a special 
speed tracking task, in which the desired speed vd is equal to vl + kd. If we can design the 
vehicle following controller such that v → vl + kd in a proper way (for example, keeping 

dt
d (vr + kd) → 0 at the same time), then vr and d are guaranteed to be bounded, and the 

control objective in (2-7) can be achieved when vl is a constant. We propose the speed 
tracking controller  
 

( ) refvrefu vkkekvfu &321
1 +++= −

      (2-50) 
 
where ev = vref − v,  vref is the reference speed, and the control parameters ki (i =1,2,3) are 
updated by 
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In (2-51) γi (i =1,2,3) are positive design parameters, and the function Proj{⋅} limits ki 
between their lower bounds kil and upper bounds kiu (i =1,2,3). Note, the control gains ki 
(i =1,2,3) are different from those used in controller (2-36) or (2-44).   
 
Lemma 2.6: Consider the system in (2-2) - (2-4) with the controller in (2-50) and the 
update laws in (2-51). If kli and kui (i =1,2,3) are properly chosen, then all the signals in 
the closed-loop system are bounded. In addition: 
(i) If d is a constant, ev→ 0 as t → ∞. 
(ii) If d is a constant and refv&  is uniformly continuous, ve , ve& → 0 as t → ∞. 
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Proof: For the system represented in (2-2) - (2-4), if a, b and d are known, then the 
controller can be designed as 
 

( ) refvrefu vkkekvfu &*
3

*
2

*
1

1 +++= −

      (2-52) 
 

where 
b

aa
k m −

=*
1 , 

b
d

k −=*
2 , 

b
k

1*
3 =  and am is a positive constant. In this case the 

close-loop system becomes 
 

vmv eae −=&          (2-53) 
 
Hence, ve , ve& → 0 as t → ∞. Since a, b and d are unknown, the control law (2-50) is 
proposed, and the closed-loop system can be rewritten as 
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Consider the following candidate Lyapunov function 
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If kli and kui are chosen such that kli ≤ ki

* ≤ kui is true for each i, then with the update law 
in (2-51), it can be shown that 
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It can be shown [34] that ev and all signals are bounded. (2-56) also implies that if d is a 
constant, then ∞∩∈ LLev 2  and ∞∈ Lev& , which implies ev → 0. Furthermore, if refv&  is 

uniformly continuous, it can be verified that ve&  is also uniformly continuous. Using 

Barbalat’s Lemma, we can show that ve&  also converges to zero.   
ÿ 

 
Since the selected desired speed vl + kd may vary fast, we employ the nonlinear 

filter in Figure 8 to generate a smooth signal vref to be tracked. The saturation function 
inside the nonlinear filter serves as an acceleration limiter that restricts the rate of change 
of vref between amin and amax. The signal generated by the acceleration limiter is z = 
sat{p(vl + kd - vref)}, where p is a positive design parameter. The function after the 
acceleration limiter is designed to accept or ignore the change rate signal z, and is given 
as 
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where mv and Mv are constant design parameters with 0 < mv < Mv. When vl − mv < vref < 
vl + mv, which means the reference speed for the following vehicle is not too low or too 
high, vref can vary with any value provided by z. If vl increases and stays at some constant 
value, vref will never exceed vl + mv. Similarly if vl decreases and stays at some constant 
value, vref will never be lower than vl − mv. If for some reasons the condition vl + mv ≤ vref 
≤ vl + Mv is satisfied (for example, the preceding vehicle slows down), then vref decreases 
when vref > vl + kd, or remains constant when vref ≤ vl + kd. If vref ≤ vl − mv is true, then vref 
increases when vref > vl + kd, or remains constant otherwise. In the last case, when vref > vl 
+ Mv, vref decreases with the deceleration amin to avoid a higher than the limit reference 
speed. 
 

As we can see, this nonlinear filter limits the rate of change of vref between amin 
and amax, and prevents regulating vref much higher or lower than vl. In some situations, 
this nonlinear filter ignores some unnecessary changes in vref and generates constant 
reference speeds. By regulating the ACC vehicle’s speed towards vref, the ACC system 
forces the vehicle to follow the preceding vehicle in a safe and comfortable way, and the 
control objective in (2-9) is still achievable. The acceleration limits amin and amax are 
chosen based on the constraint C1 and the vehicle dynamics. 
 
 

Figure 8. Nonlinear filter used in the new ACC design for disturbance rejection. 

 
Remark 2.1: Even though the signal z within the nonlinear filter in Figure 8 is 
continuous, the function (2-57) may generate discontinuous signals, which may cause 
problems in the analysis related to the existence and uniqueness of solutions to the 
resulting differential equation. The discontinuities may arise when vref varies around vl − 
mv, or vl + mv or vl + Mv. However, the function (2-57) can be slightly modified so that it 
will always generate continuous signals when z is continuous. For example, we can 
choose a small positive constant ε, and when z>0 and vl + mv − ε ≤ vref < vl + mv are 

amax 

amin 

vd vref vl 

δ 

z 
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satisfied, we set f equal to (vl + mv − vref)⋅z/ε instead of z. In such a way, discontinuous 
signals will not be generated when vref varies around vl + mv. 
 
Lemma 2-7: Consider the system in (2-2) - (2-4) with the controller in (2-50) and the 
update laws in (2-51). If kli and kui (i =1,2,3) are properly chosen and vref is generated by 
the nonlinear filter in Figure 8, then u, v and vr are bounded. In addition: 
(i) If d is a constant, refvv →  and refvv && →  as t → ∞. 
(ii) If vl and d are constants, and the control parameters are chosen such that 
 

( ) vmaHk >+ mininf/1        (2-58a) 

( ) vmaHk >+ maxinf/1        (2-58b) 
 
where inf H is the infimum of H, then all the signals in the closed-loop system are 
bounded. 
 
Proof: With the function in (2-57), it is easy to see that |vl − vref| is bounded from above 
by max{|vl(0)−vref(0)|, Mv}. Since we can always set vref(0) = vl(0), it can be concluded 
that |vl − vref| is bounded by Mv. It is followed from Lemma 2-7 that (v − vref) is bounded, 
which implies that vr is bounded. Using the fact that vl is bounded, it is easy to show that 
u, v are bounded. It can be shown that dt

d (vl + kd) is bounded, so it follows that vl + kd is 
uniformly continuous. It is verified that refv& generated by (2-57) (with modifications 
suggested in Remark 2.1) is also uniformly continuous. Hence part (i) can be proven 
using Lemma 2-6. For part (ii), when vl and d are constants, we consider the following 
Lyapunov function: 
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In the following analysis, we only consider the situations in which vl − mv ≤ vref ≤ vl + mv 
is satisfied since vref will be bounded by vl − mv and vl + mv in finite time for any bounded 
initial conditions. 
 
?  For vl − mv < vref < vl + mv, or vref = vl + mv and z≤0, or vref = vl − mv and z≥0:   
In this case, 1x&  = −z = −sat{p(x1+kx2)}. Hence 
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If amin≤ p(x1+kx2) ≤ amax, then (2-61) becomes 
 

( )( ) ( )( )2121
2

211 ηη HkxxkxxHkpV +++++−=&     (2-62) 
 
In this case 0<V&  if |x1 + kx2| > |η1 + η2H|/[p(1/k+H)]. If p(x1+kx2)>amax, then (2-61) 
becomes 
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It is easy to verify that when t is sufficiently large and (2-58b) is satisfied, 0<V&  always 
holds in this case. If p(x1+kx2)<amin, it can also be verified that when t is sufficiently large 
and (2-58a) is satisfied, 0<V&  always holds. 
 
?  For vref = vl + mv and z>0: 
In this case, x1 = −mv, x1 + kx2 ≥ z > 0 and 1x&  = −z = 0. Hence 
 

( ) ( )( )212121 ηη HkxxmkxxV v ++++−=&      (2-64)

  
When t is sufficiently large, mv>|η1 + η2H| always holds, which indicates that 0<V&  in 
this case. 
 
?  For vref = vl + mv and z>0: 
Following the same arguments as above it can be shown that 0<V&  holds for this case 
when t is sufficiently large. 

We have shown that as t → ∞, V&  might be positive only when |x1 + kx2|<|η1 + 
η2H|/[p(1/k+H)]. Since we have shown that x1 is bounded, it is easy to conclude that V is 
bounded and all the signals inside the closed-loop system are bounded. 

ÿ 
 
Remark 2.2: In the proof for Lemma 2-7, we have assumed that (2-57) always generates 
continuous signals when z is continuous. One can verify that using the modifications for 
(2-57) suggested in Remark 2.1, the proof for Lemma 2-7 can be achieved in a similar 
way but with more regions for vref. 
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Remark 2.3: If η1 and η2 are zero in (2-60), it can be shown that x1, x2 → 0 as t → ∞, i.e. 
the control objective in (2-7) is achieved. The simulation results demonstrate that (2-7) 
can be achieved when vl is a constant, even though we cannot prove it analytically in 
Lemma 2-7. 
 

The new ACC system consists of two reference speed generators and the speed 
tracking controller (2-50) with the update laws (2-51). The nonlinear filter in Figure 3 is 
used as the reference generator in the speed tracking mode, while the nonlinear filter in 
Figure 8 is used in the vehicle following mode. The following switching rules are 
incorporated in the ACC system: 
 
 (In the vehicle following mode) 

S1. If the separation distance xr is larger than xmax (xmax>0 is a design constant), 
then the fuel system is on. 
S2. If the separation distance xr is smaller than xmin (xmin>0 is a design constant), 
then the brake system is on. 
S3. If xmax≤xr≤xmax, then the fuel system is on when u>0, while the brake system is 
on when u<−u0 (u0>0 is a design constant). When −u0≤u≤0, the brake system is 
inactive and the fuel system is operating as in idle speed. 

 
 (In the speed tracking mode) 

S4. The fuel system is on when u>0, while the brake system is on when u<−u0.  
When −u0≤u≤0, the brake is off and the fuel system is operating as in idle speed. 
 
The ACC system designed in this subsection can be easily integrated with a 

roadway controller to receive desired speed commands send out to all ACC vehicles by 
the roadway. In real time implementation, the two reference speed generators work in 
parallel. The lower reference speed and its derivative are passed to the speed tracking 
controller. In this way, the ACC vehicle will follow the preceding vehicle in a safe 
manner and without violating the speed limit set by the roadway controller. 
 

2.5.2 Comparison Simulations 
 
In this section, we perform simulations to demonstrate the performance of the ACC 
system given in (2-50) with the update laws in (2-51). For comparison purpose, the four 
simulations conducted in section 2.4.3 are repeated here with the ACC system developed 
in section 2.5.1. For easy reference, we use ACC01 to represent the ACC system 
designed and tested in section 2.4 and ACC02 for the one designed in section 2.5.1. The 
variable time headway given in (2-13) is used for control design and the control 
parameters are chosen as 
 

s0 = 5m, h1 = 0.5, h2 = 0.016, vmax = 30, k = 0.2,  
mv = 2m/s, Mv = 8m/s, amax = 1.0m/s2, amin = −2.0m/s2, p = 10 
k10 = 6, k1u = 16, k1l = 6, 
k20 = 0, k2u = 30, k2l = −30, 
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k30 = 4, k3u = 8, k3l = 2, 
γ 1 = 5, γ 2 = 0.8, γ 3 = 0.4 

 
It can be seen that the control parameters are chosen such that the conditions given by (2-
58a) and (2-58b) are satisfied. 
 
 
Simulation C1 
 
Two vehicles are used to evaluate the vehicle following properties of the proposed ACC 
system. The following vehicle is equipped with ACC02.  
 

At time zero, the two vehicles have zero speed and are separated with a distance 
of s0. From t = 0s to t = 20s, the lead vehicle increases its speed with a constant 
acceleration 0.8m/s2, and then cruises at 16m/s. From t = 50s to t = 53s, the lead vehicle 
increases its speed with a constant acceleration 2.0m/s2, and then cruises at 22m/s. From t 
= 90s to t = 100s, the lead vehicle increases its speed with a constant acceleration 0.6m/s2, 
and then cruises at 28m/s. From t = 140s to t = 144s, the lead vehicle decreases its speed 
deceleration –2.0m/s2, and then cruises at 20m/s. The speed, acceleration, speed error, 
separation error, throttle angle and brake pressure responses are presented in Figures 
9(a)-(f), respectively. As we can see, ACC02 works in a comfortable and safe way, and 
its transient performance is almost the same as that of ACC01 in this case. 
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Figure 9. Responses of the following ACC vehicle: (a) speed, (b) acceleration, (c) speed error, (d) 
separation error, (e) throttle angle and (f) brake pressure in Simulation C1. 

 
 
 
 
 
 
 
 
 

(e) 

(f) 
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Simulation C2 
 
In this simulation five vehicles are simulated in a vehicle following scenario. The lead 
vehicle generates the speed trajectory shown as a red dotted line in Figure 10(a), and the 
four following vehicles are equipped with ACC02. The speed, speed error, and separation 
error responses of the ACC vehicles are shown in Figures 10(a)-(c), respectively. The 
simulation results demonstrate that ACC02 has good string stability properties. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10. Responses of the following ACC vehicles: (a) speed, (b) speed error and (c) separation 
error in Simulation C2. 

(b) 

(a) 

(c) 



 39 

Simulation C3 
 
In this simulation, ten vehicles are simulated and a passenger vehicle equipped with 
ACC02 is in the second position. The other eight vehicles following after the ACC 
vehicle are manually driven passenger vehicles simulated with the Pipes’ model (2-48). 
At time zero, all the vehicles have zero speed. From t = 0s to t = 6s, the lead vehicle 
increases its speed with a constant acceleration 2m/s2, and then cruises at 12m/s. From t = 
50s to t = 56s, the lead vehicle increases its speed with a constant acceleration 2.0m/s2, 
and then cruises at 24m/s. The speeds, acceleration, speed error, separation error 
responses are presented in Figures 11(a)-(d), respectively.  
 

It can be seen that ACC02 provides better transient responses than ACC01. It 
provides a smoother speed trajectory for the following passenger vehicles which will lead 
to better fuel economy and emission results. As shown in Figure 11(b), the acceleration is 
strictly bounded by amax. Since the ACC vehicle responds in a smooth way, the speed and 
separation errors are temporarily large. At steady state however the control objective is 
achieved in a smooth manner satisfying all the safety and driver comfort constraints. 
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Figure 11. (a) Speed responses in the vehicle string, and responses of the ACC vehicle: (b) 
acceleration, (c) speed error and (d) separation error in Simulation C3. 

 

(a) (b) 

(c) (d) 
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Simulation C4 
 
In this simulation, ten vehicles are simulated and a passenger vehicle equipped with 
ACC02 is in the second position. The other eight vehicles following the ACC vehicle are 
manually driven passenger vehicles simulated with the Pipes’ model (2-48). At time t = 
0s the lead vehicle begins to accelerate from 0m/s with a constant acceleration of 2.0m/s2 
for 6 seconds, and its speed oscillates around 12m/s before settling to the constant speed 
of 12m/s. At time t = 50second, the lead passenger vehicle accelerates again with 2.0m/s2 
for another 6 seconds and its speed oscillates around 24m/s before settling to a constant 
speed. The speeds, acceleration, speed error, separation error responses are presented in 
Figures 12(a)-(d), respectively. The ACC vehicle responds in a smooth way, and the 
oscillations in the speed of the lead vehicle are not propagated upstream by the ACC 
vehicle due to the use of (2-57). This demonstrates the ability of the ACC02 to reject 
disturbances which would otherwise be propagated upstream by most of the existing 
ACC systems. 
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 Figure 12. (a) Speed responses in the vehicle string, and responses of the ACC vehicle: (b) 
acceleration, (c) speed error and (d) separation error in Simulation C4. 

 

 

(a) (b) 

(c) (d) 
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3 ENVIRONMENTAL CONSIDERATIONS 
 
It has been demonstrated via extensive simulations and actual experiments that the 
presence of 10% ACC vehicles in mixed traffic could lower fuel consumption and 
pollution levels by as much as 8% and 3.8% to 47.3% respectively during certain traffic 
disturbance scenarios [9]. Our simulation results demonstrate that the ACC system 
designed in section 2.4 (ACC01) with different time headways provides similar transient 
responses as the one investigated in [9], and leads to similar fuel consumption and 
emission results. The work that has been done in [9] won’t be repeated here. However, 
the ACC system designed in section 2.5 (ACC02) can regulate the vehicle speed in a 
more intelligent way and provide better transient response than ACC01 (see Simulations 
3, 4, C3 and C4). In this section, we investigate the impact of ACC02 on mixed traffic, 
with comparison to ACC01, in terms of emission and fuel consumption using the 
simulation results presented in sections 2.  ACC01 has very similar properties as most 
existing ACC systems and is a good benchmark to be used in evaluating the performance 
of the improved and more intelligent ACC which we referred to as ACC02. 
 

In our work, the Comprehensive Modal Emissions Model (CMEM) developed at 
UC Riverside is used to analyze the vehicle data and calculate the air pollution and fuel 
consumption [36]. It calculates vehicle emissions and fuel consumption as a function of 
the vehicle operating mode, i.e. idle, steady state cruise, various levels of 
acceleration/deceleration, and other variables associated with road and vehicles 
characters. A simple diagram for the CMEM model is shown in Figure 13. In our 
simulations, we selected the vehicle category to be 5, which is the most common vehicle 
type in California: high-mileage, high power-to-weight.  The inputs for the CMEM model 
are vehicle longitudinal speed and acceleration data, while road grade is taken to be zero 
and no wind gust is considered.  Other variables associated with vehicle accessories like 
air-conditioning are also neglected.  The outputs generated by the CMEM models include 
second-by-second tailpipe emissions of unburned hydrocarbons (HC), oxides of carbon 
(CO, CO2), oxides of nitrogen (NO, NO2, denoted by NOx) and fuel consumption. More 
detailed information about the emission model can be found in [36]. 
 

Figure 13. Diagram of the CMEM model 
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We investigate and compare the behavior of two vehicle strings, each containing 
ten vehicles. In vehicle string 1, the lead vehicle generates different speed trajectories, the 
second vehicle is a passenger vehicle equipped with ACC01, and all the other eight 
vehicles are manually driven passenger vehicles (modeled using the Pipes’ model (2-48)). 
Vehicle string 2 is the same as vehicle string 1, but its second vehicle is replaced by a 
passenger vehicle equipped with ACC02. We investigate how vehicles equipped with 
ACC02, compared to those with ACC01, in terms of travel time, fuel efficiency and 
emissions calculated using the emission model in [36] and the simulation results in 
Simulations 3, 4, C3 and C4 presented in section 2. In our study we assume that no lane 
changes take place despite the creation of possibly large intervehicle spacing during 
vehicle maneuvers.  

 
Since the simulations results of section 2 demonstrated that the ACC01 and 

ACC02 have very similar response at low lead acceleration maneuvers, we only consider 
the following two tests involving high lead vehicle accelerations, in which the ACC01 
and ACC02 behave differently.  
 
Test 1: High Acceleration Maneuvers 
 
The purpose of this test is to compare the effects of ACC01 and ACC02 on the behavior 
of the following eight passenger vehicles when the lead vehicle performs a high 
acceleration maneuver creating a disturbance that propagates upstream. 
 

At t = 0s, the lead passenger vehicle begins to accelerate from speed 0m/s with a 
constant acceleration of 2.0m/s2 for 6 seconds, cruises at a constant speed until t = 50s, 
accelerates with 2.0m/s2 for another 6 seconds, and then cruises at a constant speed 24m/s. 
We calculate the fuel consumption and emissions of each vehicle from the time the lead 
vehicle begins to accelerate, until the string covers a distance of 1.5km.  The travel time 
is recorded over a distance of 1.5km as this is the distance taken by the vehicles to reach 
a steady state speed after completing the acceleration maneuver. 

 
Table 2 shows the travel times, fuel consumption and emission data for the nine 

following passenger vehicles in the two vehicle strings. The percentage numbers in the 
last column represent the fuel and emission benefits of ACC02 over ACC01. As we can 
see, the presence of ACC02 will not affect the travel time of the following passenger 
vehicles. However, it has better disturbance rejection properties presenting a smoother 
speed response to be tracked by the following passenger vehicles in the presence of a 
wide class of high acceleration maneuvers performed by the lead vehicle. This property 
of ACC02 accounts for the fuel and emission benefits shown in Table 2. 
 
 
Test 2: High Acceleration Maneuvers with Oscillations 
 
The purpose of this test is to compare the impacts of ACC01 and ACC02 on the behavior 
of the following 8 passenger vehicles when the lead vehicle performs a high acceleration 
oscillatory maneuver creating a disturbance that propagates upstream. 
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At time t = 0s, the lead passenger vehicle begins to accelerate from 0m/s with a 
constant acceleration of 2.0m/s2 for 6 seconds, and its speed oscillates around 12m/s 
before settling to the constant speed of 12m/s. At time t = 50s, the lead passenger vehicle 
accelerates again with 2.0m/s2 for another 6 seconds and its speed oscillates around 
24m/s before settling to a constant speed. The travel time is recorded over a distance of 
1.5km as this is the distance taken by the vehicles to reach a steady state speed after 
completing the acceleration maneuver. 
 

Table 3 shows the travel time, fuel consumption and emission results for the nine 
following passenger vehicles in each vehicle string. The travel times of the following 
passenger vehicles for the two vehicle strings are the same. It follows from Table 3 that 
the presence of ACC02, compared with ACC01, can significantly improve fuel efficiency 
and decrease emissions. This is due to the fact that ACC02 is designed to provide smooth 
response and reject disturbances such as oscillations which do not contribute to travel 
time and do not affect safety.  
 
 

String of 10 vehicles ACC01 in the 2nd position ACC02 in the 2nd position 
 

Travel Time (sec) 101.7 101.7 
Fuel (g) 1327 1095 (17.5%) 
CO2 (g) 3632 3205 (11.8%) 
CO (g) 356 164 (53.9%) 
HC (g) 5.85 3.02 (48.4%) 
NOx (g) 7.22 4.56 (36.8%) 

 
Table 2. Travel time, fuel consumption and emission data of the 9 passenger vehicles in a string of 10 

vehicles for high acceleration maneuvers of the lead vehicle (no cut-ins) 

 
 

String of 10 vehicles ACC01 in the 2nd position ACC02 in the 2nd position 
Travel Time (sec) 100.3 100.3 

Fuel (g) 1482 1134 (23.5%) 
CO2 (g) 4003 3289 (17.8%) 
CO (g) 429 191 (55.5%) 
HC (g) 7.13 3.38 (52.6%) 
NOx (g) 8.82 5.10 (42.2%) 

 
Table 3. Travel time, fuel consumption and emission data of the 9 passenger vehicles in a string of 10 

vehicles for high acceleration maneuvers with oscillations of the lead vehicle (no cut-ins) 

 
In our approach we assume that the lead vehicle reaches a steady state giving time 

for the ACC vehicle to close in by using a higher speed leading to a travel time that is not 
affected by the presence of the ACC vehicle. We can also create scenarios where the 
travel time will be affected when the ACC vehicle does not speed up to close in with the 
lead vehicle especially when the lead vehicle accelerates rapidly and stays at the speed 
limit that the ACC vehicle cannot exceed. In such situations another effect takes place as 
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the sluggish response of the ACC vehicle creates large intervehicle gaps inviting vehicles 
from neighboring lanes to cut in front of the ACC vehicle. This effect has been studied in 
[37] and is not considered here. 
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4 TRAFFIC FLOW CONSIDERATIONS 
 
In this section we investigate the effect of ACC vehicles on traffic flow characteristics in 
mixed traffic on the macroscopic level using the fundamental flow-density diagram. A 
fundamental flow-density diagram defines the steady-state relation between the traffic 
flow rate q and the traffic density k. The precise definitions of these two traffic variables 
and the means of measuring them are explained in [38]. We outline flow-density 
diagrams for 100% manual/ACC vehicles traffic, and discuss the flow-density curves of 
the mixed traffic. The manual traffic flow-density curve discussed in this report is 
constructed using the linear relationship between speed and density hypothesized by 
Greenshields [22]. There are two time headways considered for ACC vehicles: one is the 
constant time headway, and the other is a variable time headway modified based on the 
Greenshields relationship, i.e., the time headway ha given as 
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h
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where r is a positive scale constant. Different values may be chosen for r based on the 
safety or traffic flow concerns.  
 
 
4.1 Manual Traffic 
 
In constructing the fundamental flow-density diagram for the 100% manual vehicles 
traffic, we consider the hypothesis in [22] that 
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where v is the vehicles’ mean speed (or traffic flow speed), vfree and kjam are the same 
terms as those in (2-10) and (4-1). The density corresponding to the jam condition, kjam, is 
equal to 1/L where L is the average spacing occupied by one vehicle when the traffic flow 
speed is zero. In the following analysis, L incorporates safety spacing at low speeds and 
is larger than the average length of a vehicle. The Greenshields relationship implies that 
the average time headway used by human drivers, hm, is given as 
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h
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(4-3) indicates that human drivers use smaller time headways for lower speeds, or 
equivalently, higher traffic density. 
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The traffic flow rate q at steady state measures the number of vehicles moving in 
a specified direction on the road per unit time and is given by 

 
kvq =           (4-4) 

 
With (4-3), the manual traffic flow-density relationship at steady state is given by 
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The fundamental q-k diagram labeled as “100% manual” in Figure 14 is generated using 
(4-5). It follows from (4-5) that the traffic flow rate achieves its maximum value 
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Figure 14. Fundamental flow-density diagram of the manual traffic 

 
 

If the traffic is dense enough to be viewed as a fluid, then from the conversation 
of mass equation, we have 
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         (4-6) 

 
Further assuming that the human driver or the ACC system can adjust the vehicle’s speed 
instantaneously to the steady state value based on the current traffic density, we can treat 
q as a function that depends only on k, and (4-6) can be rewritten as [39] 
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where 
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When the traffic density on any road section is close to a constant k0, c  can be 

approximated as a constant equal to ( )
0

00
kkdk

dv
kkv

=

+ , which can be interpreted as the 

slope of the tangent to the q-k curve at k=k0.  When c is a constant, the solution of (4-9) is 
a traveling wave [39] 
 

( ) ( )ctxFtxk −=,         (4-9) 
 
where F is an arbitrary differentiable function. If v is a non-increasing function of k, 
which is true in practice, we can see that c ≤ v always holds. This means the traveling 
wave always propagates backwards relative to the traffic flow. If c > 0, then any density 
disturbance propagates as a forward traveling wave. If c < 0, then the density disturbance 
propagates as a backward traveling wave, which indicates that any density disturbance is 
traveling upstream in the space without any attenuation. Using the flow-density 
relationship of manual traffic described by (4-5), it can be shown that 
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It follows that c is a strictly decreasing function of k and 
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In the 100% manual traffic, the q-k curve has a stationary point that corresponds 

to a critical density kcm that gives the maximum traffic flow rate qmm or the capacity on 
that section of the road.  The point (qmm, kcm) has been empirically observed to be 
unstable, i.e. it leads to a breakdown in traffic flow [33]. When such traffic flow 
conditions exist the traffic flow rate and the average speed decrease as the traffic density 
increases, and the operating point moves towards the jam density kjam on the q-k curve.  
This observation is explained in [40]. As capacity is approached, the flow tends to 
become unstable as the number of available gaps reduces. Traffic flow at capacity means 
that there are no usable gaps left.  A disturbance in such a condition due to lane changing 
or vehicle merging is not “effectively damped” or “dissipated”. As indicated by (4-9) and 



 50 

(4-11), any disturbance propagates upstream without attenuation. This leads to a 
breakdown in traffic flow and “formation of upstream queues”. 
 
 
4.2 Impact of ACC Vehicles 
 
While the behavior of human drivers is random and at best we can develop a manual 
traffic flow-density model that is qualitatively valid, the response of ACC vehicles is 
more deterministic due to the use of a specific spacing policy. For simplicity we assume 
that all ACC vehicles have the same length L and use the same spacing policy. 
 

Figure 15. Mixed traffic with ACC and manually driven vehicles. 

 
 

Consider the mixed traffic flow shown in Figure 15, where sa and sm are the 
average intervehicle spacing used by ACC and manual vehicles, respectively. Note, the 
safety distance at the congestion conditions, s0, has been incorporated in L. The average 
intervehicle spacing at steady state, s , is given by 
 

( ) ( )vspvpss ma )1( −+=        (4-12) 
 
where p is the penetration of ACC vehicles. In the following analysis, we consider p to 
be a positive number. The average traffic density, kmix, is given by 
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(4-13) can be rewritten as 
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where qmix(v), qa(v), and qm(v) are the flow rates at speed v for the mixed, ACC, and 
manual traffic, respectively. In the following analysis, we will always use k, instead of 
kmix, to represent the traffic flow density of the mixed traffic. We also use the notations kc 

sa sm 

L 

s0 

sa 
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and qm as the critical density and the maximum flow rate of the mixed traffic, 
respectively.  
 

4.2.1 Constant Time Headway 
 
In this subsection, we consider the impact of ACC systems which employ constant time 
headway policy. Consider the 100% ACC traffic case. When the traffic density is low, we 
can assume no vehicle interaction and all the ACC vehicles operate at the free speed vfree. 
As the traffic density increases, and reaches the critical density kca, given by 
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        (4-15) 

 
where ha is the average time headway, the ACC vehicles begin to interact with each other.  
The total spacing, s, occupied by an ACC vehicle using constant time headway ha at a 
speed v is given by  
 

s h v La= +          (4-16) 
 
Note that the safe distance term s0 in the spacing policy (2-6) has been incorporated into 
L. The fundamental flow-density diagram for the traffic with 100% ACC vehicles is 
given by 
 

( )



≤<−

≤≤
=

jamcaa

cafree

kkkhkL

kkkv
q

   1

0             
      (4-17) 

 
Equation (4-17) does not capture effects that are due to individual vehicle responses but 
describes the average steady state traffic flow characteristics. The relationship described 
by (4-17) is graphically viewed in Figure 16. It follows from (4-17) that the traffic flow 

rate achieves its maximum value 
Lvh

v
q
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For the ACC traffic described by (4-17), it follows that 
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       (4-18) 

 
where kca is the critical density given in (4-15). From (4-18), it follows that the speed of 
the traveling wave is the same as the average speed of all the ACC vehicles when the 
traffic density is lower than kca. When the traffic density is higher than kca, any 
disturbance in the traffic will propagate upstream with a constant speed L/ha. As we can 
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see, selecting small ha increases not only the maximum traffic flow rate but also the 
traveling speed of traffic disturbances. 
 
 

Figure 16. Fundamental flow-density diagram of the ACC traffic (constant time headway). 

 
Using (4-13) and (4-14), it is trivial to show that the traffic density of the mixed 

traffic is a strictly decreasing function of the flow speed, and that the fundamental flow-
density diagram of the mixed traffic must be bounded between those of the 100% ACC 
traffic and 100% manual traffic. Now we consider the following cases in the mixed 
traffic: 
 

Case 1: 
free
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In this case, kca is lower than kcm and qma is lower than or equal to qmm, respectively, as 
shown in Figure 17. qma is equal to qmm if and only if ha=3L/vfree. Using (4-13) and (4-14), 
it can be further shown that the critical density, kc, and the maximum flow rate, qm, of the 
mixed traffic are lower than kcm and qmm, respectively. This conclusion indicates that 
ACC vehicles using large constant time headway (no less than 3L/vfree) will decrease the 
critical density and the maximum flow rate of the highway traffic, which is undesirable.  

flow rate q 

flow density k 

100% ACC 
(constant time headway) 

qma 

kca kjam 



 53 

 

Figure 17. Fundamental flow-density diagrams of the manual traffic and the ACC traffic (constant 
time headway ha≥3L/vfree). 

 

Case 2: 
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In this case, kca is lower than kcm but qma is higher than qmm, as shown in Figure 18. The 
flow rate of the ACC traffic is not higher than that of the manual traffic at kcm. Using (4-
13) and (4-14), it can be further shown that the critical density of the mixed traffic, kc, is 
always lower than kcm. However, the relationship between qm and qmm depends on p, the 
penetration of the ACC vehicles. qm is lower than qmm for small p, while qm is higher than 
qmm for large p. In this case the presence of ACC vehicles increases the highway capacity 
when the penetration is high, and it decreases the highway capacity otherwise.  
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Figure 18. Fundamental flow-density diagrams of the manual traffic and the ACC traffic (constant 
time headway 2L/vfree≤ha<3L/vfree). 

 
 

Case 3: 
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In this case, kca is lower than kcm but qma is higher than qmm. This case is different from 
case 2: the flow rate of the ACC traffic at kcm is higher than qmm, as shown in Figure 19. 
Using (4-13) and (4-14), it can be further shown that qm is always higher than qmm, which 
means the presence of ACC vehicles always improves the highway capacity. 
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In this case, ha is smaller than the average time headways used by human drivers at any 
density. Its fundamental flow-density curve is not presented here but it can be easily 
verified that the mixed traffic flow rate is always higher than the manual traffic flow rate. 
Though it sounds to be an interesting case, using such small time headway is not 
desirable due to safety considerations. 

flow rate q 

flow density k 

100% ACC 

100% manual 

qma 

qmm 

kcm kca kmax 



 55 

 

 
Figure 19. Fundamental flow-density diagrams of the manual traffic and the ACC traffic (constant 

time headway L/vfree<ha<2L/vfree). 

 
 
Now we can have a look at the simulation studies conducted in [21]. It was shown 

in [21] that using the variable time headway based on the Greenshields relationship can 
lead to better traffic performance than using the constant time headway. The simulation 
parameters used in [21] are: vfree=36m/s, L=10m (or kjam=100veh/km), and ha=1s. This 
situation falls into case 1 in our study. It is not surprising to find out that the variable time 
headway performs better than the constant one around the traffic density kcm, which 
agrees with simulation results in [21].  
 

4.2.2 Modified Variable Time Headway based on the Greenshields 
relationship 
 
As described in (4-1), we assume that the variable time headway used by ACC vehicles, 
ha, is r times of that used by human drivers on the average. r is a scaled factor that could 
be adjusted for safety concerns. When r=1, the time headway used by ACC vehicles is 
the same as that of the manually driven vehicles. In this subsection, we analyze how ACC 
vehicles with such variable time headways will affect the traffic flow characteristics. In 
[31], a similar work has been done for heavy trucks. 
 
 From (4-13), it can be derived that 
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where )1( pprph −+= , hm is given in (4-4), and k and v are the density and speed of the 
mixed traffic, respectively.  With (4-4), it follows that 
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When p=0, (4-20) is the same as (4-3), and the corresponding fundamental flow-density 
diagram is labeled as the “0% ACC” in Figures 20 and 21. With (4-4) and (4-20), the 
traffic flow rate q is given by 
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From (4-21), it follows that 
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and 
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From (4-20), it follows that the speed of the traveling waves, c, is given by 
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With (4-20), (4-25) can be rewritten as 
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Using the above equations we examine how the presence of ACC vehicles affects the 
traffic flow characteristics. We consider the following cases: 
 
Case 1: r = 1 
 

In this case, the time headway used by ACC vehicles is the same as that used by 
manually driven vehicles, or equivalently, ph = 1 for all p. This is a trivial case: the 
presence of ACC vehicles doesn’t affect the traffic flow-density diagram.  
 
Case 2: r < 1 

 
In this case, the time headway used by ACC vehicles is smaller than that used by 
manually driven vehicles. Equivalently, ph = 1 if p = 0, and 0 < ph < 1 otherwise.  The 
fundamental flow-density diagram of the mixed traffic is labeled as “100p% ACC” 

shown in Figure 20. From (4-24a) and (4-24b), we know that 
L
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v
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=>  for nonzero p. This indicates the presence of ACC vehicles increases the 

critical density and traffic throughput since they are using smaller time headway. It is 
obvious that for two traffic flows at the same speed, the one with 100p% of ACC will 
have traveling waves propagating upstream faster, based on (4-26). This point can be 
graphically viewed as in Figure 20: the slope of the tangent at point Ap is smaller (more 
negative) than that at point A0. Following the same analysis, we conclude that for two 
traffic flows, the one with more percentages of ACC vehicles will have higher critical 
density and maximum flow rate. For two traffic flows at the same speed, the one with 
more percentages of ACC vehicles will have traveling waves transferring upstream faster. 
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Figure 20. Fundamental flow-density diagrams of the manual traffic and the ACC traffic (variable 
time headway r< 1). 

 
Case 3: r > 1 

 
In this case, the time headway used by ACC vehicles is larger than that used by manually 
driven vehicles. Equivalently, ph = 1 if p = 0, and ph > 1 otherwise. The fundamental 
flow-density diagram is labeled as “100p% ACC” shown in Figure 21. From (4-24a) and 

(4-24b), we know that 
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the presence of ACC vehicles decreases the critical density and traffic throughput since 
they are using larger time headway than the manually driven vehicles. It is obvious that 
for two traffic flows at the same speed, the one with 100p% of ACC will have traveling 
waves propagating upstream slower, based on (4-26). This point can be graphically 
viewed as in Figure 20: the slope of the tangent at point Ap is larger than that at point A0. 
Following the same analysis, we conclude that for two traffic flows, the one with more 
percentages of ACC vehicles will have lower critical density and maximum flow rate. For 
two traffic flows at the same speed, the one with more percentages of ACC vehicles will 
have traveling waves transferring upstream slower. 
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Figure 21. Fundamental flow-density diagrams of the manual traffic and the ACC traffic (variable 
time headway r > 1). 

 
Shock waves are discontinuous waves that occur when traffic on a section of a 

road is denser downstream than upstream.  The waves on the less dense section travel 
faster than those in the dense section ahead and catch up with them.  Then the continuous 
waves coalesce into a discontinuous wave or a “shock wave” [38].  It can be shown that 
shock waves travel at a speed, u, given by [38] 
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where (q1, k1) and (q2, k2) are the traffic flow rates and traffic densities on the two 
sections, respectively. In the fundamental diagram, this is given by the slope of the chord 
connecting the two points that represent conditions ahead and behind the shock wave at a 
and b, respectively (see Figure 22). In this report, we use (4-21) and (4-27) to analyze 
shock waves. Suppose the traffic speeds ahead and after the shock wave are v1 and v2, 
respectively. The speed of shock waves given by (4-27) is 
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Given ph, we can estimate how the presence of ACC vehicles affects the shock waves. 
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Figure 22. Illustration of shock wave in transportation traffic. 

 
 
Case 1: r = 1 
 
In this trial case, the presence of ACC vehicles doesn’t affect the shock waves.  
 
Case 2: r < 1 
 
ph = 1 if p = 0, and 0 < ph < 1 otherwise. This indicates the shock waves are propagated 
upstream faster in the case of mixed traffic with ACC vehicles. 
 
Case 3: r > 1 

 
ph = 1 if p = 0, and ph > 1 otherwise. This indicates the shock waves are propagated 
upstream slower in mixed traffic with ACC vehicles. 
 

 
In this mixed traffic, if ACC vehicles use the time headway in (4-1) smaller than 

manually driven vehicles, then the critical density and the maximum traffic flow rate get 
improved. Hence it is desired to choose r as small as possible. However, the time 
headway cannot be chosen arbitrarily small due to safety constraints. In addition the use 
of smaller r leads to a faster propagation of traffic disturbances or shock waves to their 
dissipation regions. 
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5 CONCLUSIONS 
 
In this project, we design two ACC systems, referred to as ACC01 and ACC02 that can 
be implemented with a general variable time headway that includes those proposed in the 
literature as well as new ones. The ACC systems are developed based on a simplified 
longitudinal vehicle model and have been proven to be able to guarantee global stability. 
Simulations are conducted with a validated nonlinear vehicle model to demonstrate that 
both ACC systems work in a safe manner and meet the control objectives. The ACC01 
has similar properties as the ACC systems proposed in the literature whereas ACC02 is 
different and is equipped with more intelligence when it comes to disturbance rejection 
and smooth response. It is observed that under certain conditions the transient response of 
ACC01 violates the control objective when the preceding vehicle accelerates rapidly. 
Furthermore, the oscillations in the speed of the preceding vehicle will be propagated 
back unattenuated by ACC01 even when the separation distance is very large. This is 
typical of the ACC systems proposed in the literature where in an effort to guarantee tight 
vehicle following they follow closely oscillatory speed responses of the lead vehicle. 
ACC02 treats the vehicle following task as a special case of the speed tracking task, and 
is designed to provide better transient performance by using a nonlinear logic function. 
As a result the oscillations in the speed response of the preceding vehicle can be 
efficiently attenuated when the separation distance is large. This special property of 
ACC02 leads to better fuel economy and emission results than ACC01. 
 

We establish that on the macroscopic level the effect of ACC on traffic flow 
characteristics depends on the spacing rule used rather than the type of individual control 
system on board of each vehicle. As a result ACC01 and ACC02 have similar properties 
on the macroscopic level if both use the same spacing rule. When large constant time 
headways are used, the presence of ACC vehicles decreases not only the capacity but also 
the critical density of the traffic flow. We propose and analyze a new variable time 
headway which is parameterized by a design constant r which is interpreted as the ratio 
of the time headway used by ACC vehicles versus that of manually driven vehicles. For 
r<1 the presence of ACC vehicles appears to improve the traffic flow characteristics 
whereas for r>1 the traffic flow of mixed traffic becomes unstable at lower traffic 
densities and at lower traffic flows compared with traffic with no ACC vehicles.  

 
Our study concludes that the ACC02 with the new proposed variable time 

headway with r<1 provides the best performance with respect to vehicle following, 
environment and traffic flow characteristics. Safety considerations may require r to be 
not much less than 1 or additional technologies may be used to improve the reaction time 
of ACC during braking maneuvers. The ACC02 system is also able to receive speed 
commands from the roadway and respond in a smooth way without any adverse effect on 
travel time. ACC02 will be used in a continuing project under TO5501 to develop a 
roadway controller in an integrated roadway/ACC system which can be implemented in 
today’s highway system. 
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