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ABSTRACT: Atomic polarizabilities are considered to be
fundamental parameters in polarizable molecular mechanical
force fields that play pivotal roles in determining model
transferability across different electrostatic environments. In an
earlier work, the atomic polarizabilities were obtained by fitting
them to the B3LYP/aug-cc-pvtz molecular polarizability tensors of
mainly small molecules. Taking advantage of the recent
PCMRESPPOL method, we refine the atomic polarizabilities for
condensed-phase simulations using a polarizable Gaussian Multi-
pole (pGM) force field. Departing from earlier works, in this work,
we incorporated polarizability tensors of a large number of dimers and electrostatic potentials (ESPs) in multiple solvents. We
calculated 1565 × 4 ESPs of small molecule monomers and dimers of noble gas and small molecules and 4742 × 4 ESPs of small
molecule dimers in four solvents (diethyl ether, ε = 4.24, dichloroethane, ε = 10.13, acetone, ε = 20.49, and water, ε = 78.36). For
the gas-phase polarizability tensors, we supplemented the molecule set that was used in our earlier work by adding both the 4252
monomer and dimer sets studied by Shaw and co-workers and the 7211 small molecule monomers listed in the QM7b database to a
combined total of 13,523 molecular polarizability tensors of monomers and dimers. The QM7b polarizability set was obtained from
quantum-machine.org and was calculated at the LR-CCSD/d-aug-cc-pVDZ level of theory. All other polarizability tensors and all
ESPs were calculated at the ωB97X-D/aug-cc-pVTZ level of theory. The atomic polarizabilities were developed using all
polarizability tensors and the 1565 × 4 ESPs of small molecule monomers and were then assessed by comparing them to the 4742 ×
4 ab initio ESPs of small molecule dimers. The predicted dimer ESPs had an average relative root-mean-square error (RRMSE) of
9.30%, which was only slightly larger than the average fitting RRMSE of 9.15% of the monomer ESPs. The transferability of the
polarizability set was further evaluated by comparing the ESPs calculated using parameters developed in another dielectric
environment for both tetrapeptide and DES monomer data sets. It was observed that the polarizabilities of this work retained or
slightly improved the transferability over the one discussed in earlier work even though the number of parameters in the present set
is about half of that in the earlier set. Excluding the gas-phase data, for the DES monomer set, the average transfer RRMSEs were
16.25% and 10.83% for pGM-ind and pGM-perm methods, respectively, comparable to the average fitting RRMSEs of 16.03% and
10.54%; for tetrapeptides, the average transfer RRMSEs were 5.62% and 3.95% for pGM-ind and pGM-perm methods, respectively,
slightly larger than 5.41% and 3.61% of the fitting RRMSEs. Therefore, we conclude that the pGM methods with updated
polarizabilities achieved remarkable transferability from monomer to dimer and from one solvent to another.

■ INTRODUCTION
A variety of methods have been explored to accurately account
for the contributions from atomic polarization, including
induced point dipole (IPD) models,1−4 Drude oscillator
models,5 and fluctuating charge models6 and the ACKS27

implementation and explicit electron approach8 in the reactive
force field ReaxFF.9 In the IPD polarizable models, the atomic
polarization is modeled as an IPD in response to an electrostatic
field. Examples of the IPD models include those in AMBER,1,2

AMOEBA,3 and SIBFA.4 In the Thole-style10 IPD models, the
interactions between induced dipoles are attenuated at short

range for stability to circumvent the divergence problem
associated with point-induced dipoles.11 To this end, a
significant departure from the IPD framework is the polarizable
Gaussian Multipole (pGM) model12−20 that consistently treats
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all monopoles and multipoles by Gaussian distribution
functions.
The induction energy, also called polarization energy, plays

critical roles in the accurate representation of molecular
potential energy surfaces. Because molecular conformation
fluctuation leads to changes of the electrostatic environments,
lacking the induction term, as in the nonpolarizable fixed charge
models, can significantly reduce the transferability and accuracy,
as demonstrated earlier.17,19,20 Furthermore, because induction
energy is nonadditive, such deficiency is difficult to compensate
by other (additive) terms. In polarizable molecular mechanics
force fields, atomic polarizabilities and the associated atomic
radii are considered fundamental parameters upon which all
other electrostatic parameters, including charges andmultipoles,
are developed. In practice, polarizable force field development
often starts from determining atomic polarizabilities and radii
(or the screening constant in the case of Thole-style models).
Charges and multipoles that determine the electrostatic
components of the force field are obtained thereafter. On the
other hand, because the electrostatic components account for
the long-range forces and are often approximated by the
contributions up to atomic quadrupoles, they can potentially be
one of the least transferable parts of a force field. Therefore,
accuracy of the atomic polarizabilities and radii can affect the
fidelity of reproducing the ab initio electrostatic potential (ESP)
as well as the transferability of a polarizable force field across
multiple solvation environments.
Because of their importance, efforts have been made by a

number of groups, including our own, to develop accurate
atomic polarizabilities. Earlier approaches often involved fitting
to the molecular polarizabilities as we did earlier.2,14

Interestingly, Bosque and Sales21 were able to obtain an average
fitting error of 2.31% using a simple additive model to fit
experimental molecular polarizabilities without considering the
intramolecular polarization effect. Their results were rather
counterintuitive. Such an excellent agreement and the fact that
their model did not consider the intramolecular polarization at
all suggest that, perhaps, molecular polarizability alone is
insufficient to determine the atomic polarizabilities. Alter-
natively, one may obtain the polarizabilities by placing probes
outside the molecule and perform appropriate fitting to the
changes of the ESPs as Elking et al.12 and Litman et al.22 have
done. Here, we propose to use the ESPs generated in multiple
solvents by the polarizable continuum model (PCM)23 for its
realism to mimic the solvation environment. Multiple solvent
ESPs also provide a natural avenue to evaluate the accuracy and
transferability of the model that are intimately related to
polarizabilities.
Another important factor that has been overlooked might be

the difference between gas-phase and condensed-phase polar-
izabilities. Because atomic polarizabilities are intimately related
to the local population of electron densities, it is possible that
effects such as charge transfer that can take place in the
condensed phase would be difficult to observe in the gas phase.
To alleviate the problem, we now include a set of large number
of dimers in our polarizability tensor data set. The combination
of a large number of dimer polarizability tensors and
multisolvent ESPs is expected to help make the model better
suited for condensed-phase simulations.
We have investigated the pGM model14−20 in a series of

recent studies that was developed based on the work of Elking et
al.12,13 We found that pGM can model the cooperative effects of
the peptide main chain hydrogen bonds accurately17 and has

excellent transferability across oligomeric states, peptide
conformations, and different sequences with varied lengths19

of amino acid sequences. When we tested the transferability
across multiple solvents,20 we found that pGM is highly
transferable, making it a promising framework to develop a
polarizable force field that can model the ESPs accurately across
multiple solvents and conformations, a key impetus of
polarizable force field development.
The pGM model is an induced dipole polarizable model.

Although pGM can include higher order atomic multipoles, we
limit our effort, in this iteration, to develop a force field with
atomic charges and permanent and induced atomic dipoles and
leave more complex models such as atomic quadrupoles for
future efforts. Induced dipole modeling is one of the most
extensively studied methods in polarizable force field develop-
ment. In this method, the induction energy due to polarization
of atomic dipoles is

=V E
1
2 i iind

2
(1)

Here, Vind is the potential energy due to induction, αi is the
polarizability, and Ei is the static external electrostatic field
exerted on atom i from the permanent multipoles (charges,
permanent dipoles, and, if applicable, higher order multipoles).
Note that Vind is many-body in nature and nonlinear to the
electrostatic field. Therefore, the potential energy surface of
polarizable force fields modeled by induced dipoles are
nonadditive. A consequence is that all contributions from
monopoles and multipoles need to be accounted for in a
consistent manner. This includes short-range terms such as
polarization between bonded atoms and long-range terms such
as non-bonded electrostatic interactions. We showed in our
previous work14 that the short-range interactions are critical to
reproduce molecular anisotropicity largely because of the
nonlinear term Vind. Furthermore, because of the need to
include the short-range static fields, the fields from nearby static
monopoles, and multipoles, the short-range fields also need to
be attenuated when atoms are close to each other. This includes
all of the electrostatic interactions. Failure to do so may lead to
unphysically large induced dipoles, akin to what has been termed
as “polarization catastrophe”.10 Partially due to this reason, some
of the existing polarizable models have to ignore the short-range
interactions, leading to unrealistic molecular anisotropicity and
inconsistency between intra- and intermolecular interactions.
Fortunately, pGM provides a unique property that allows for
consistent attenuation for all short-range interactions and fields.
In the induced dipole models, the atomic induced dipoles are

calculated by
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where μi represents the induced dipole of atom i, αi is its
polarizability tensor, Ei is the electrostatic field from the
permanent multipoles acting on atom i, andTij is the dipole field
tensor. Here, I is the identity matrix, and x, y, and z are the
Cartesian components of the distance vector rij between atoms i
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and j. fe and f t are distance-dependent Thole10 damping
functions that attenuate Tij, preventing the “polarization
catastrophe” phenomenon observed in classical Applequist
point-induced dipole models11 when interatomic distances rij
become small, where induced dipoles can mutually reinforce
each other and impede convergence. However, it is important to
note that the strict Thole models only attenuate the induced
dipole interactions while still treating other electrostatic terms as
interactions between point monopoles and multipoles without
attenuation. This can potentially lead to unphysically large fields
from short-range point charges and point multipoles when two
atoms are in close contact (e.g., ions). As we stated earlier,
because the nonlinear induction energy requires a full account of
the electrostatic fields, including even the mostly static fields
from bonded atoms, reconciling the short-range and long-range
contributions in the Thole models remains a challenging task
without damping terms other than the induced dipole
interactions. Therefore, in practice, one often needs to exclude
the short-range interaction terms such as the so-called 1−2 and
1−3 terms. Such ad hoc treatment of the 1−2 and 1−3 terms
further reduces the consistency of the model. For example, when
1−2 and 1−3 terms are ignored, the critically important solvent
water model would have no intramolecular interactions, making
it difficult to delineate permanent and induced dipoles.
Fortunately, pGM consistently allows attenuation of all short-
range interactions consistently. Therefore, all 1−2 and 1−3
interactions can be explicitly accounted for in the pGM. This is a
critical advantage of the pGM over other types of polarizable
models.
The pGM model offers a comprehensive framework for

coherent modeling of electrostatic interactions. In the pGM
model, all multipoles are represented by Gaussian distribu-
tions12,13 with the nth-order multipole defined by eq 4

= · | |r R( ; ) en n
R
n r R( ) ( ) ( )

3
2 2i

k
jjjj

y
{
zzzz (4)

Here, ρ(n) is the distribution of the n th-order multipole, r is the
atomic coordinate, R is the distance from the atom, Θ(n) is the
nth-order multipole, ∇R

(n) is the nth-order gradient, and β is the
Gaussian factor (see βij in eq 7). This formulation provides a
unified treatment of all multipoles and effectively eliminates the
point charges and point multipoles that are the root causes of
potential singularities on the energy surface, while also
coherently addresses the charge-penetration effect. With this
framework, the damping functions are defined as follows
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In these equations, rij is the distance between atoms i and j, and
Ri and Rj are their respective pGM radii of the Gaussian
functions.
To calculate the molecular polarizability tensors from the

atomic polarizability tensors, we need the total molecular
induced dipole, which is a sum of all atomic induced dipoles of
the molecule.
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where μmol is the total induced molecular dipole, μi is the
induced dipole of atom i, αmol is the polarizability tensor of the
molecule, and E is the external static field. Since atomic induced
dipoles can be calculated in eq 2 which can be rewritten as
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The molecular polarizability tensor is
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Therefore, given a set of molecular polarizability tensors, αmol,
the atomic polarizability tensors αi can be determined. Since Tij
(therefore, A) depends on the screening functions fe,ij and f t,ij,
polarizability must depend on the specific screening functions.
For example, the polarizabilities derived for Applequist point-
induced dipoles that have constant fe,ij = 1 and f t,ij = 1 are
expected to be different from those developed for Thole-type
induced dipole polarizable models, which have nonconstant
screening functions. Therefore, it is unrealistic to expect a set of
universal polarizabilities that are equally applicable to all
induced dipole polarizable force fields. In fact, the atomic
polarizabilities would need to be developed for each type of fe,ij
and f t,ij in a specific polarizable force field, even though with an
aim to reproduce the same molecular polarizability tensors.
In recent developments, a python program, PyRESP,16 has

been introduced for electrostatic parameterization for both
polarizable and nonpolarizable force fields and a companion
tool, PyRESP_GEN,18 was developed for generating the input
files for PyRESP.16 PCMRESP20 has been developed for explicit
consideration of solvent polarizations in electrostatic parameter-
ization using PCM.24 A key departure from the traditional RESP
(and PyRESP) is that PCMRESP considers the polarizations
due to surface charges explicitly. In this study, we apply
PCMRESP to evaluate the transferability of electrostatic
parameters across multiple solvents. We also use this method
in the fitting of the polarizabilities.
Methods for the development of ESP parameters, including

atomic polarizabilities, are based on the molecular properties.
Depending on the approach, the methods can be broadly
categorized as energy- and density-based decomposition or
fitting to molecular ESPs and polarizability tensors. Ideally, the
results of these two types of approaches should be in close
agreement. However, a large discrepancy can often be observed.
For example, in the work of Montilla et al.,25 the atomic
polarizability of oxygen inH2Owas 0.723 (Å3), less than twice of
hydrogen (0.365 Å3) in H2O. This was somewhat surprising
given the high electronegativity and the presence of the lone
electron pairs of oxygen. Thus, we chose to develop the atomic
polarizabilities based on both gas-phase molecular polarizability
tensors and multisolvent ESPs. A key factor in our reasoning to
make such a choice is the observation that atomic polarizabilities
play pivotal roles in the transferability of electrostatic parameters
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(charges and multipoles) across solvents. In addition, the
methods we use in this study will allow for full representation of
intramolecular polarization that is a key feature of the pGM
framework and has been shown to play critical roles in
determining molecular anisotropicity in our earlier study.
In an earlier work, we developed a set of atomic polar-

izabilities2 to reproduce the experimental21 and ab initio
molecular polarizabilities for a 420-molecule data set for a
variety of Thole-style10 IPD models. Subsequently, we refined
the atomic polarizabilities14 based on ab initio polarizability
tensors of 4842 molecules and dimers, including amino acid
analogues, dipeptides, tetrapeptides, nucleic acid bases, and
water clusters. In this work, we combine more than 13,000
molecular polarizability tensors and more than 6000 × 4
molecular ESPs in four different solvents. We chose to use a
least-squares fitting process in which the first derivatives were
calculated numerically to guide the iterative search. The
developed polarizabilities were subjected to evaluations in two
stages with a focus on the transferability. In the first stage, the
four-solvent ESPs of dimers were calculated using the
parameters obtained from monomer ESPs and compared to
the ab initio ESPs. This test examined the monomer to dimer
transferability. In the second stage, four solvents and gas-phase
ESPs of small molecule monomers and tetrapeptides were
calculated using the parameters obtained from the ESPs in a
different solvent and compared them to the ab initio ESPs. This
test examined cross-solvent transferability.

■ METHODS
Polarizability Tensor Data Sets. In this study, we utilized

three data sets: (1) the JMW set, the molecules and dimers used
in the development of an earlier polarizability set14 plus
additional dimers with noble gas atoms; (2) the DES set,
comprising 418 small molecules, including single-atom species,
and their 3867 dimers;26,27 and (3) the QM7b set, 7211 small
molecules of up to seven heavy atoms. The initial coordinates of
the molecules in the DES data set were sourced from Shaw and
co-workers.26 Geometries of molecules and dimers in both JMW
and DES data sets were optimized at the MP2/6-311++G(d, p)
level of theory for consistency, and the polarizability tensors
were calculated at the ωB97X-D/aug-cc-pVTZ level.28 The
QM7b polarizability tensors and coordinates were sourced from
the data set of Yang et al. andWilkins et al.,29 and their molecular
polarizabilities were calculated at the LR-CCSD/d-aug-cc-
pVDZ level.
In this work, the polarizability tensors of JMW and DES

monomer sets were calculated by five methods, including
B3LYP/aug-cc-pVDZ (model 1), B3LYP/aug-cc-pVTZ (model
2), MP2/aug-cc-pVDZ (model 3), MP2/aug-cc-pVTZ (model
4), and ωB97X-D/aug-cc-pVTZ (model 5). Among them, only
ωB97X-D/aug-cc-pVTZ (model 5) polarizability tensors were
used for the development, and the polarizability tensors from all
other four methods (models 1−4) were included for
comparisons. In addition, we chose to include the QM7b
polarizability tensors at the LR-CCSD/d-aug-cc-pVDZ level in
the development rather than performing calculations at the
ωB97X-D/aug-cc-pVTZ level. We compared a subset of
randomly selected molecules between these two levels and
found that the agreement was excellent.

Electrostatic Potential Data Sets. The ESPs were
calculated for the JMW and DES sets. All ESPs were calculated
in four solvents: diethyl ether (ETH, ε = 4.24), dichloroethane
(DCE, ε = 10.13), acetone (ACT, ε = 20.49), and water (WAT,

ε = 78.36). To account for solvent polarization effects, we
employed the PCM continuum solvent.24 The surface was
generated using Lebedev−Laikov grids, applying SMD-
Coulomb atomic radii developed by Truhlar and co-workers.30

The grids were on the molecular surface with a density of
approximately 5 points/Å2 and further smoothed using the
York−Karplus algorithm.31 The surface polarization charges
were represented as spherical Gaussians. For comparison with
our earlier work, we also used the ESP set of DESmonomers that
we used in our previous work20 which was calculated at the
MP2/aug-cc-pVTZ//MP2/6-311++G(d,p) level with PCM in
the above-mentioned four solvents and in the gas phase.
In addition, we also used the ESPs of the tetrapeptides that has

been reported earlier.20 Here, we briefly summarize the key
details. Each tetrapeptide was terminated by the N-acetyl (ACE)
and N-methylamide (NME) groups and was modeled in five
distinct conformations: antiparallel β-sheet (aβ), right-handed
α-helix (αR), left-handed α-helix (αL), β-sheet (β), and
polyproline type II (pII) conformations. The initial coordinates
of the 100 tetrapeptide conformers were obtained from the work
of Jiang et al.32 The coordinates were subsequently optimized at
the MP2/6-311++G(d, p) level of theory, with fixed mainchain
torsional angles (ϕ, ψ) set to (−140°, 135°), (−57°, −47°),
(57°, 47°), (−119°, 113°), and (−79°, 150°), corresponding to
the five conformations.
Except for the DESmonomers, all ESPs were calculated at the

ωB97X-D/aug-cc-pVTZ level of theory with solvent polar-
ization effects being represented by PCM.We used two ESP sets
for DESmonomers in this study at different stages of the present
work: one set at the MP2/aug-cc-pVTZ level of theory that was
used in our earlier work and the other set at the ωB97X-D/aug-
cc-pVTZ level of theory. The MP2 ESPs were used only for
cross-solvent transferability assessments, whereas the ωB97X-D
ESPs were used in the polarizability fitting as well as monomer−
dimer transferability assessments. In all ESP calculations, grid
points were generated based on the method developed by Singh
et al.33 These grid points were located at distances of 1.4, 1.6, 1.8,
and 2.0 times the van der Waals radii, with a grid density of 6
points per Å2. All QM calculations were performed using the
Gaussian 16 package.34

Parameter Development and Test. The main departure
of this refinement from the traditional approach is the utilization
of both molecular polarizability tensors and solution-phase ESPs
in the fitting process. This has been made possible by the
recently developed PCMRESPmethod20 that facilitates induced
dipole polarizable force field parameterization in multiple
solvents. Therefore, in our fitting procedure, we fit both the
molecular polarizability tensors and the in-solution ESPs
simultaneously. The molecular polarizability tensors were
calculated using eq 11. They were iteratively fit to 13,523 ab
initio polarizability tensors. The atomic polarizabilities were
applied to fit the 1565 × 4 monomer ESPs in four solvents.
Numerical derivatives were calculated by varying the atomic
polarizabilities (and radii or screening constant, if applicable) by
a small amount. A steepest descent procedure was performed to
iteratively search the minimal weighted-sum-of-square error
(WSSE) of both ESPs and molecular polarizability tensors.

Journal of Chemical Information and Modeling pubs.acs.org/jcim Article

https://doi.org/10.1021/acs.jcim.4c02175
J. Chem. Inf. Model. 2025, 65, 1428−1440

1431

pubs.acs.org/jcim?ref=pdf
https://doi.org/10.1021/acs.jcim.4c02175?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


= +
= =

=

ESP ESP

ESP

w wWSSE
i

N
i i

i j

N

l

N
j l j l

j l

p
1

calc QM

QM

2

ESP
1

1

,
calc

,
QM

,
QM

2

pol ESP

solv

i
k
jjjjj

y
{
zzzzz

i

k
jjjjjjj

y

{
zzzzzzz (12)

whereWSSE is the weighted sum of square errors, αi
calc and αi

QM

are the pGM and ab initio polarizability tensors, respectively, of
the i th molecule, ESPj,l

calc and ESPj,l
QM are the pGM and ab initio

ESPs, respectively, of the jth molecule in the lth solvent, ∥αi
QM∥

is the isotropic molecular polarizability, ∥ESPj,l
QM∥ is the root-

mean-square ESP, and wp and wESP are two adjustable weighting
factors. In our case, wp = 1 and wESP = 1 were chosen.
Tests were then performed on the atomic polarizabilities by

comparing the ESPs against those calculated quantum
mechanically using three ESP data sets: (1) the 4785 × 4 DES
and amino acid analogue dimer set for the monomer to dimer
transferability test; (2) the 403 × 5 DES monomer set for the
cross-solvent transferability test; and (3) the 20 × 5 × 5 TET-
pep set for the cross-solvent transferability test. Two sets of ESP
parameters were developed for the DES monomer data sets,
including atomic monopoles and permanent dipoles, and were
applied to calculate either the dimer ESPs or ESPs in different
solvents. The parameters that were applied to evaluate the
monomer to dimer transferability were developed by combining
ESP DES monomers in four solvents (ETH, DCE, ACT, and
WAT). The DES monomer parameters were then applied to
calculate the ESPs of the dimers. For the parameters used to
evaluate the cross-solvent transferability, only the ESPs in a
chosen solvent were used in parameterization.
The charges and permanent dipoles were obtained by fitting

to the in-solution ESPs using the PCMRESP method.20 The
surface charges, coordinates, and weighting factors were taken
directly from Gaussian 1634 outputs. Except those of the TET-
pep data set, all ESP parameters were developed using a two-
stage fitting procedure that involved iteratively fitting the ESPs,
as extensively detailed in our prior publications.16,18 In the first
stage, the initial monopoles were set to zero, and for the pGM-
perm model, the initial permanent dipoles were also set to zero.
During this stage, chemically equivalent atoms, except those in
the −CH2− and −CH3 groups, were constrained to have
identical parameters. In the second stage, only the −CH2− and
−CH3 groups underwent fitting with appropriate chemical
equivalencing applied, and all other parameters, including
monopoles and permanent dipoles, retained values obtained
from the first stage of fitting. The surface charges and ESPs for
multisolvent fittings were obtained by combining those of the
same molecule. The parameters (charges and dipoles) in
different solvents were equivalenced.
For the TET-pep data set that was used in cross-solvent

transferability tests, parameters were developed for each peptide
by combining the ESPs in the designated solvent of all five
conformations in a single-stage procedure. In this process,
chemical equivalence was enforced for all atoms, except the
methyl groups of the terminal residues. The chemical
equivalence in the fitting process is expected to lead to some
degree of deterioration in the fitting quality because of the
reduced number of degrees of freedom. However, because many
of these groups can rotate freely, chemical equivalence
effectively accounts for the average effects.

The primary objective of our transferability test was to assess
to which extent the electrostatic parameters obtained in one
medium or monomeric state could be applied to other media or
a dimeric state. We selected the gas phase, diethyl ether, acetone,
dichloroethane, and water as the test media, encompassing a
range of dielectric constants from 1.0 to 78.36. All the solution
media were implicitly described using PCM as implemented in
Gaussian 1634 software.
As measures of errors, we calculated the root-mean-square

error (RMSE), root-mean-square difference (RMSD), and
relative RMSE (RRMSE) between calculated and ab initio
ESPs as well as between calculated and ab initio molecular
polarizabilities. We also calculated the mean-absolute-percent-
difference (MAPD).

■ RESULTS AND DISCUSSION
Comparing Ab Initio Polarizabilities to Experimental

Measurements. In addition to the polarizabilities reported
earlier that were calculated using four different methods,2,14 we
have now calculated the polarizability tensors using the ωB97X-
D/aug-cc-pVTZ method for a diverse set of molecules. All
polarizability calculations were performed in the gas phase.
Therefore, the polarizabilities are what are commonly referred to
as “static polarizabilities”. Among them, a subset of approx-
imately 400 molecules were calculated by all five methods
(B3LYP/aug-cc-pVDZ, B3LYP/aug-cc-pVTZ, MP2/aug-cc-
pVDZ, MP2/aug-cc-pVTZ, and ωB97X-D/aug-cc-pVTZ) and
were experimentally measured. The remaining approximately
300 molecules with experimental data were too large, and
calculation of the polarizability tensors at the MP2/aug-cc-
pVTZ level was too expensive. Therefore, calculations on these
300 molecules were performed by using the DFT methods only.
For unbiased comparison of the methods, data in Tables 1 and 2
and Figure 1 were collected from the set of 400 molecules that
were calculated by all five methods.

Table 1. Comparison between Calculated and
Experimental21 Isotropic Polarizabilities of the Subset of
Molecules That Were Calculated by All Five Methods and
Have Experimental Data

model 1a model 2b model 3c model 4d model 5e

slope 1.0176 1.0051 0.9854 0.9896 0.9909
R2 0.9995 0.9995 0.9994 0.9994 0.9994
RMSE 0.34 0.27 0.33 0.31 0.30
MAPD 1.98% 1.59% 2.52% 2.19% 2.06%

aModel 1: B3LYP/aug-cc-pVDZ. bModel 2: B3LYP/aug-cc-pVTZ.
cModel 3: MP2/aug-cc-pVDZ. dModel 4: MP2/aug-cc-pVTZ.
eModel 5: ωB97X-D/aug-cc-pVTZ. Models 1−4 were obtained
from ref 14.

Table 2. RMSD (in Å3) between the Isotropic Polarizabilities
Calculated by the Modelsa

model 1 model 2 model 3 model 4

model 2 0.154
model 3 0.418 0.299
model 4 0.353 0.225 0.095
model 5 0.329 0.194 0.150 0.080

aSee Table 1 caption for definition of models.
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As shown in Table 1 and Figure 1, among the five methods,
results of “model 2” by B3LYP/aug-cc-pVTZ were closest to the
experimental measurements, in terms of both root-mean-square-
error (RMSE = 0.268 Å3) and mean-absolute-percent-difference
(MAPD = 1.59%), whereas the results of “model 1” by B3LYP/
aug-cc-pVDZ had largest RMSE = 0.344 Å3 and those of “model
3” by MP2/aug-cc-pVDZ had the largest MAPD = 2.52%. In

both cases, the difference between smaller basis set and large
counter parts suggests the basis set convergence issue existing in
the calculations of polarizabilities.
It is also interesting to note that both B3LYP/aug-cc-pVTZ

and ωB97X-D/aug-cc-pVTZ are closer to the experimental
results than MP2/aug-cc-pVTZ. We speculate that basis set
convergence might have played a role, given the notably smaller

Figure 1. Comparison between experimental and calculated isotropic molecular polarizabilities. Experimental values were obtained from Bosque and
Sales.21 Models 2−4 were obtained from our earlier work.14 For consistency, only thosemolecules that were calculated by all methods are shown in this
comparison. Model labels are explained in Table 1 caption.

Figure 2. Comparison between the isotropic polarizabilities calculated by ωB97X-D/aug-cc-pVTZ and LR-CCSD/d-aug-cc-pVDZ of the randomly
selected 682 molecules from the QM7b database.
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improvements from MP2/aug-cc-pVDZ to MP2/aug-cc-pVTZ
than from B3LYP/aug-cc-pVDZ to B3LYP/aug-cc-pVTZ.
Another interesting observation is that B3LYP/aug-cc-pVTZ
was notably closer to experimental results than ωB97X-D/aug-
cc-pVTZ. This was somewhat surprising given the considerable
improvement of ωB97X-D over B3LYP for their ability in
reproducing the MP2 and CCSD ESPs as we have shown
earlier.18 Nevertheless, we opted to useωB97X-D/aug-cc-pVTZ
polarizability tensors in the development of the pGM force field,
not the B3LYP/aug-cc-pVTZ data. Our choice was informed by
the observations that (1) ωB97X-D was one of the two DFT
methods that can accurately reproduce MP2 and CCSD ESPs,18

notably better than the B3LYP method, and (2) MP2 and
CCSD polarizability calculations can become prohibitively
expensive for large molecules.
Another interesting comparison is the consistency among the

polarizability calculation methods. As a direct measurement of
similarities, we calculated the root-mean-square-differences
(RMSD). In Table 2, interestingly, the smallest RMSD =
0.080 Å3 was the one between models 4 and 5, namely, MP2/
aug-cc-pVTZ and ωB97X-D/aug-cc-pVTZ. This was even
smaller than the ones between MP2/aug-cc-pVTZ and MP2/
aug-cc-pVDZ (RMSD = 0.095 Å3) and between B3LYP/aug-cc-
pVTZ and B3LYP/aug-cc-pVDZ (RMSD = 0.154 Å3).
In this iteration, we also included the QM7b data set. The

QM7b set comprises diverse small molecules with up to seven
heavy atoms. In this database, polarizabilities were calculated by
B3LYP/d-aug-cc-pVDZ, SCAN0/d-aug-cc-pVDZ, and LR-
CCSD/d-aug-cc-pVDZ methods. Because of the diversity,
QM7b has been used widely in the development of models
using machine learning techniques.
To compare the LR-CCSD/d-aug-cc-pVDZ method against

the ωB97X-D/aug-cc-pVTZ method, we randomly selected a
set of 682 molecules from the total of 7211 molecules in the
QM7b set. The polarizabilities of these 682 molecules were
calculated by the ωB97X-D/aug-cc-pVTZ method using the
geometry presented in the QM7b database.
Shown in Figure 2 is the scatter plot of the isotropic static

molecular polarizabilities by both the LR-CCSD/d-aug-cc-
pVDZ and ωB97X-D/aug-cc-pVTZ methods. Overall, the two

polarizability sets are in excellent agreement with a slope of
1.004 and R2 = 0.9997, with RMSD = 0.1822 Å3 and MAPD =
1.08%. It is also interesting to note that the polarizabilities
covered in the QM7b set were mostly within the range between
7 and 14 Å3, whereas the ranges covered in other sets used in this
study were within 40 Å3, significantly broader than the QM7b
set.

Fitting Quality Assessment: pGM Model Compared to
QM and Experimental Polarizabilities. Shown in Figures 3,
S1, and S2 are scatter plots comparing the polarizabilities
calculated by pGM and those calculated by the ωB97X-D/aug-
cc-pVTZ and LR-CCSD/d-aug-cc-pVDZ methods. Here, the
slope, RMSD, and MAPD in Figure 3 were obtained for the
entire data set, whereas those in Figures S1 and S2 were obtained
for their respective data sets. Relative to QM and experimental
values, the pGM model tends to underestimate the polar-
izabilities. The regression slopes were 0.9675 and 0.9385,
respectively, for QM and experimental data, the RMSDs were
0.6615 and 1.1053 (Å3), respectively, and the MAPDs were
4.25% and 6.62%, respectively.
Remarkably, these results are comparable to those of Litman

et al.22 In Litman et al., the atomic polarizabilities were averages
of two sets: one was from training with a set of 773 molecular
polarizabilities, and the other was from training a set of 316
probing ESPs of 37 small molecules. Apparently, their MAPDs
of 4.7% (training) and 4.4% (validating) and the present work
4.25% MAPDs were similar, and both were notably worse than
the average 2.31% error of Bosque and Sales21 who utilized a
rather simple linear additive fitting without consideration of
intramolecular polarization. We attribute these observations to
the inclusion of ESPs in Litman et al. and our work and the lack
of consideration of ESPs in Bosque and Sales. Furthermore,
these observations suggest that molecular polarizabilities alone
may not be sufficient to determine atomic polarizabilities for an
accurate representation of molecular ESPs.
It is important to note that in this work, we combine both

molecular polarizability tensors and the ESPs in the develop-
ment. Therefore, we anticipate that our fitting quality, as
measured by the polarizability difference from both QM and
experimental data, would be somewhat large compared to those

Figure 3. Comparison between the isotropic molecular polarizabilities calculated by pGM against (A) by ωB97X-D/aug-cc-pVTZ (blue) and LR-
CCSD/d-aug-cc-pVDZ (light brown) and (B) experimental values.
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that were fit solely to the polarizability tensors. In addition, in
this work, we limit our independent fitting variables to atomic
polarizabilities only and derive the atomic radii by applying a
formula developed by Elking et al.12 This significantly reduces
the number of independent variables and degrees of freedom of
fitting that naturally lead to numerically less accurate fit.
Since polarization plays the pivotal role in facilitating

transferability across multiple oligomeric states, multiple
conformations, and multiple dielectric environments, we will
focus on the transferability of parameters in this work.
Specifically, we will measure how well the parameters developed
in the monomeric state and one dielectric environment can be
transferred to the dimeric state and other dielectric environ-
ments.

Fitting Quality Assessment: Monomer ESPs in Multi-
ple Solvents. Figure 4A,B illustrates the fitting quality of the
combined multisolvent ESPs as measured by the histograms of
the RMSE (in e/Å) and relative RMSE (in percent) of the
calculated monomer ESPs. The data set in this fitting includes
the monomers from the DES data set, the polarizability data set
we use earlier, as well as amino acid side chain and nucleotide
analogues, for a total of 1345 compounds. The ESPs in four
solvents (ETH, DCE, ACT, and WAT) were calculated for all
molecules, for a combined total of 1345 × 4 ESP sets. A two-
stage fitting was performed by combining the four ESPs for each
molecule. Among the 1345 compounds, 506 (37%) had RMSE
less than 0.002 e/Å and only 20 (or 1.5%) had RMSE greater
than 0.005 e/Å. In terms of relative RMSE, 322 of the 1345
compounds (24%) were smaller than 5%, 1024 (76%) were
smaller than 10%, and 1251 (93%) were smaller than 20%. Only
9 out of 1345 (or 0.7%) were greater than 50%. Overall, the
average RMSE was 0.0023 e/Å, and the average RRMSE was
9.12%. Thus, judging by the small RMSE and RRMSE overall,
fitting of the ESPs was considered to be good quality.
Detailed information about the 9 outliers is presented in

Table S4. Among them, 3 are cycloalkanes. These molecules
have a weak electrostatic field. Their root-mean-square
potentials were about 0.004 e/Å, compared to the average of
0.060 e/Å of all 1345 monomers. Their RMSE’s were about

0.0019 e/Å, which is slightly smaller than the average RMSE of
1345 monomers (0.0023 e/Å). Thus, the elevated RRMSEs of
these 3 cycloalkanes were due to their weak electrostatic field.
Among the remaining 6 monomers, 4 are diatomic molecules
(including 3 homonuclear) and 4 are halogen molecules. The
observation suggests that these molecules have unique
chemistry that may require separate atom-type assignments or
more elaborate models.

ESP Transferability from Monomer to Dimer in Four
Solvents. In this test, we apply the parameters developed from
fitting the monomer ESPs to calculate the ESPs of the dimers in
four solvents. There were 4743 dimers used in this assessment.
Among them, 3827 were from the DES data set, 888 were amino
acid analogue dimers (including water and noble gas to amino
acid analogue dimers), and 28 were nucleotide base pairs. All
ESPs were calculated in four solvents (ETH, DCE, ACT, and
WAT) for a total of 4743 × 4 ESPs in this test set.
The histograms of RMSE and RRMSE values of the calculated

dimer ESPs (Figure 4C,D) show that the parameters developed
using multisolvent monomer ESPs can be readily transferred to
calculate the dimer ESPs in multiple solvents. The dimer
histograms (Figure 4C,D) were similar to those of the monomer
histograms (Figure 4A,B), Among the 4743 dimer RMSEs, 821
(17.2%) were smaller than 0.002 e/Å, and only 92 (1.9%%)were
greater than 0.01 e/Å. Among the RRMSEs, 2996 (63.2%) were
smaller than 10%, 4461 (94.1%) were smaller than 20%, and 20
(0.4%) were greater than 50%. Overall, the average RMSE was
0.0036 e/Å, and the average RRMSE was 9.22%. The maximum
RMSE was 0.0515 e/Å. Compared to those from the monomer
fitting, the average RMSE of the dimers was notably larger than
the average RMSE 0.0023 e/Å of themonomers, and the average
RRMSE was similar to the average of the monomers (9.12%).
Thus, the increased average RMSE of the dimer ESPs was
mostly due to the fact that dimer ESPs are overall larger than
monomer ESPs. Given the high degree of similarities between
the average RRMSEs, we conclude that the ESP parameters of
the monomers are highly transferable to dimers, and the
polarizability parameters are applicable to both monomers and
dimers.

Figure 4.Histograms of RMSE and RRMSE values of the ESP of monomers (A,B) and dimers (C,D) by pGM. The dimer ESPs were calculated using
parameters derived from monomer ESPs.
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ESP Parameter Transferability across Multiple Sol-
vents.A key impetus of polarizable force field development is to
enable simulations across diverse dielectric environments.
Therefore, the ability to model ESPs in multiple solvents is
considered an important test. Here, we assess the transferability
using two data sets that were used in our earlier work.20 The first
set of ESPs were those of monomers from the DES data set, and
the second set of ESPs were those of tetrapeptides. Both sets
were calculated in four solvents and gas phase. Table 3 illustrates

the performance of the pGM models with the polarizability set.
Here, pGM-ind and pGM-perm are two variants of the pGM
models; both pGM-ind and pGM-perm share identical formal-
ism, except pGM-ind does not contain permanent dipoles,
whereas pGM-perm does. In our earlier work,20 in which the
atomic radii were treated as independent adjustable variables,
the average fitting RRMSEs of the pGM-ind were 19.5% and

7.6%, respectively, for DES monomer and TET-pep in four
solvents plus gas-phase ESPs (Figure 1 of ref 20). In this work,
even though all atomic radii were assigned using the formula
developed by Elking et al.,12 the average fitting RRMSEs of
pGM-ind were reduced to 16.6% and 5.6% for DES and TET-
pep sets, respectively. We conclude that the updated parameter
set improves the fitting quality of the pGM-ind model. On the
other hand, the average RRMSEs of the pGM-perm model were
somewhat mixed. Improvement, albeit small, was observed in
the DES set (from previous 11.7% to current 10.9%), whereas
for the TET-pep set, the fitting quality was comparable to earlier
work (3.7%, previous vs 3.8%, current).
Figures 5 and 6 show the heat maps of the cross-media

transferability of DES and TET-pep sets, respectively, as
measured by the RRMSE of the calculated ESPs using
parameters developed under another dielectric condition.
Once again, for the DES set, the updated polarizability set
exhibits improvements over the set we reported earlier.20 About
2% improvement was observed for the pGM-ind method,
whereas pGM-perm was also improved by less than 1%.
A similar trend was observed for the TET-pep set. In this case,

the pGM-ind model exhibits an average of 1.6% improvement
(reduced from 7.9% of our earlier work20 to 6.3% of present
result), and pGM-perm had a comparable RRMSE (from 4.5%
in an earlier work20 to 4.7% in this work). However, if we exclude
all entries that involve gas-phase data, only focus on the other
four media, as seen in the col under the title “AVE-gas” (Tables
S1 and S2), pGM-ind improved from 7.5% to 5.6%, and pGM-
perm remained essentially unchanged (4.1%−4.0%). It is
noteworthy that the polarizabilities were obtained using the
pGM-perm method. Here, we see notable improvements with

Table 3. Average Relative Root-Mean-Square-Fitting Errors
of the pGM Model in Four Solvents and Gas-Phase
Conditions Using DESMonomer and Tetrapeptide Data Sets

GAS ETH DCE ACT WAT AVE

DES/RRMSE (%)
RESP 24.70 21.52 20.60 20.33 19.52 21.33
pGM-ind 18.68 16.73 16.12 15.93 15.35 16.56
pGM-perm 12.37 11.03 10.60 10.48 10.04 10.90

TET-peptide/RRMSE (%)
RESP 10.24 8.45 7.78 7.70 6.73 8.18
pGM-ind 6.50 6.00 5.55 5.36 4.71 5.62
pGM-perm 4.45 3.94 3.68 3.60 3.21 3.78

Figure 5.Transferability for theDESmonomer data set. Column titles indicate the testing solvents. Fittingmethods and solvents are labeled on the left.
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pGM-ind in both DES and TET-pep data sets, even though the
numbers of degrees of freedom in ESP fitting were identical to
those used in the RESP method. Therefore, the improvements
observed in pGM-ind suggest that the pGM-ind model is
significantly more transferable than the nonpolarizable point
charge models. Furthermore, because the difference between
RESP and pGM-ind is the inclusion of the induced dipoles, the
significant improvements over the RESP method strongly
suggests that induced dipole polarization significantly enhances
transferability.
On the other hand, the pGM-perm method performs

consistently better than both RESP and pGM-ind. Since
pGM-perm differs from pGM-ind by the presence of the
permanent atomic dipoles, it is not surprising that fittings using
pGM-perm were systematically better than those using pGM-
ind due to additional parameters. However, we also see
systematic improvements in transferability when the parameters
were used to calculate the ESP in another solvent. This indicates
that the addition of permanent dipoles enhances the model
quality and reliability. This suggests strongly that, in addition to
the significantly improved transferability due to induced dipoles,
pGM-perm with monopoles, induced and permanent dipoles, is
highly transferable and reliable.
Remarkably, after excluding the gas-phase data, the average

RRMSEs were 16.03% and 10.54% (Table 3), for fittings using
the pGM-ind and pGM-permmethods, respectively. These were
just slightly better than those average RRMSEs, 16.25% and
10.83% (Table S1), of the transfer ESPs, for pGM-ind and pGM-
perm, respectively. Similar observations can be made with
respect to the TET-pep set.With exclusion of the gas-phase data,
the average RRMSEs were 5.41% and 3.61% (Table 3), for

fitting using the pGM-ind and pGM-perm methods, respec-
tively. These were just 0.21% and 0.34% better than the average
RRMSEs, 5.62% and 3.95% (Table S2), of the transfer ESPs, for
pGM-ind and pGM-perm, respectively. Thus, we conclude that
both pGM-ind and pGM-perm with the refined polarizabilities
are highly transferable across multiple solvents for both the small
molecule DES monomer and the TET-pep sets.

Atomic Radii in pGM Can Be Derived Directly from
Polarizabilities. In the work of Elking et al.,12 the Gaussian
exponent, β, is given by

= a/
2
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where a < 1 is a scaling constant, and α is the isotropic
polarizability. In pGM

= r1/( 2 ) (14)

For simplicity, the monopole and all multipoles of each atom
share identical r and β. The Gaussian radii can be calculated as
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Importantly, constant a affects the rate of convergence12 of
the induced dipole calculations which are typically calculated
iteratively. When a is too large a > 1, the induced dipole iteration
may not converge,12 leading to the so-called “polarization
catastrophe”.10 For this reason, a < 1 and r must satisfy12
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Figure 6. Transferability test for Tetrapeptide set. Column titles indicate the testing solvents. Fitting methods and solvents are labeled on the left.
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Furthermore, when the same constant a is used for all atoms,
we call such a scheme the “universal screening factor” (USF).
Alternatively, a can vary for different atoms, leading to
independent Gaussian radii, and the scheme is called the
“variable screening factor” (VSF). Although the two types of
polarizability sets may share identical polarization schemes, they
differ significantly by the number of independent fitting
variables. In the USF type, the atomic radii are not independent
fitting parameters, whereas they are in the VSF. Therefore, the
number of independent fitting parameters in the VSF scheme is
essentially twice as many as that in the USF scheme. Naturally,
due to the significant increase of independent fitting parameters,
the VSF types are expected to have smaller numerical fitting
errors. However, such decreased errors may or may not be a true
reflection of the underlying physical property and in fact can be a
result of overfitting. In our case, to assess whether or not such
increase of independent fitting parameters constitutes over-
fitting, we compared the performances of the two parameter sets.
The reported results in this work so far are those from the USF

scheme in which a = 0.45069523 is a constant for all atoms
(Table S3). The atomic radii in Table S3 were calculated directly
using eq 15. It is noteworthy that the value of a is about half of
that reported by Elking et al.12 Because a affects the rate of
convergence of induced dipole calculations, we anticipate that
our parameter set may have better convergence rate than Elking
et al.12

We also evaluated the VSF scheme. We started from the USF
atomic polarizabilities and radii in Table S3 and further
optimized both the polarizabilities and radii by minimizing the
WSSE in eq 12. Shown in Figure S2 is the scatter plot of QM (x-
axis) versus pGM molecular isotropic polarizabilities (y-axis).
The data set in Figure S2 was identical to those used in Figure 3A
which includes bothωB97X-D/aug-cc-pVTZ and LR-CCSD/d-
aug-cc-pVDZ polarizabilities. Overall, the isotropic polar-
izabilities of the VSF scheme had an RMSD = 0.651 (Å3) and
MAPD= 4.17%. Compared to RMSD= 0.6615 (Å3) andMAPD
= 4.25% from the USF set, the VSF set shows slight reduction of
the fitting error by less than 2% of the RMSD. This trend holds
true also for the ESPs. For monomer ESPs in multiple solvents,
the average relative RMSE was 9.14%, which was only slightly

better than the 9.12% observed in the USF fitting. Figure 7A,B
shows the histograms of RMSE and RRMSE of VSF from the
monomer fitting, and Figure 7C,D shows the dimer testing
results, respectively. Here, the high degree of similarity to the
USF results in Figure 4 is apparent. For the dimer tests, the
average relative RMSE of VSF was 9.30% slightly inferior to
9.22% of USF. Because of these observed small changes and the
notably increased number of independent fitting parameters in
VSF, we conclude that the USF set is sufficiently accurate, and
that addition of atomic radii as independent variables did not
significantly improve the fitting quality or transferability, that
atomic radii in pGM can be derived directly from the
polarizabilities, and that the large increase of number of
independent fitting variables in the VSF scheme is unnecessary.

■ CONCLUSIONS
Atomic polarizabilities are considered fundamental parameters
in polarizable force fields that affect the accuracy and
transferability. In this work, we refined the atomic polar-
izabilities using both a large set of molecular polarizability
tensors and multisolvent ESPs. The resulting polarizabilities
were examined by comparing the multisolvent dimer ESPs that
were calculated using parameters obtained frommonomer ESPs.
Further examinations were made for cross-solvent transferability
of small molecules and tetrapeptides. In all these examinations,
both the pGM-ind and pGM-perm methods with the updated
polarizabilities (Table S3) were found to be highly transferable
from monomers to dimers and from one solvent to another.
Remarkably, the average transfer RRMSEs in all cases were
comparable to the average fitting RRMSEs after excluding the
gas-phase data.
Electron polarization can be broadly categorized into two

types. In addition to local induction, which is characterized by
localized small scale movement of electrons, electrons can also
undergo large scale and delocalized movement. The induced
dipole polarizable models, such as pGM, are more suitable to
treat local induction, which is the focus of the present work. To
treat the large-scale delocalized induction, however, additional
terms such as charge transfer can be introduced.

Figure 7. Histograms of RMSE and RRMSE values of the (A,B) monomer and (C,D) dimer ESPs in pGM with variable radii.
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