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ABSTRACT OF THE DISSERTATION

Mean-Field Games: Computation, Modeling, and Applications

by

Siting Liu
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2022
Professor Stanley J. Osher, Chair

Mean-field game(MFG) systems are revolutionary models to describe complex multi-agent
dynamic systems, such as competition between asset managers in finance and traffic congestion
in population dynamics. They combine mean-field approximation techniques to describe the

population with optimal control approaches to characterize a representative player.

This thesis investigates both computation and modeling aspects of the mean-field games.
We propose a computational method for nonlocal MFGs. Our approach relies on kernel-
based representations of mean-field interactions and feature-space expansions, which yields a
dimension reduction. Based on the monotone inclusion formulation, we further generalize
the splitting method for nonlocal MFGs to solve a class of non-potential MFGs. In terms of
modelings, we integrate the spatial epidemic models with mean-field control (MFC) models
to control the propagation of pandemics. We also apply MFCs to study the optimal vaccine
distribution strategy. Numerical experiments demonstrate that the proposed model effectively
separates infected patients in a spatial domain and transports vaccines efficiently. Finally, we
study an inverse MFG problem. We propose a model recovery algorithm to reconstruct the

ground metrics and interactions in the running costs with some noisy observations.
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CHAPTER 1

Introduction

We first consider a continuous differential game, where each rational player takes actions to
minimize their own cost. When the number of players is small, the state of the system is
determined by the state of every player. A single player, by itself, may significantly change
the system’s evolution. In such a scenario, the study of Nash equilibrium requires tracking
every player and their actions. Therefore, the problem becomes intractable if we want to use
agent-based models when the number of players is large. Nevertheless, tracking the state of
the individual player usually does not provide practice insights into the model. Mean-field
games were firstly introduced independently by J-M. Lasry and P-L. Lions, and by M. Huang,
R.P. Malhamé, and P. E. Caines as a new approach to optimization problems involving a
large number of interacting players. Mean-field games study strategic decision-making in
large populations of identical rational players, where the individual agent interacts in a non-
cooperative manner through a certain quantity in the mean-field. At the Nash equilibrium,
a consensual state is reached, in which no players have further incentive to change their
strategy unilaterally. Indeed, when the number of players is significant, an individual player’s
contribution to the system state is relatively small. Mean-field games connect the microscopic
(individual player) with the macroscopic (overall system state). Such MFG systems can
be described using the system of PDEs, which consist Hamilton—-Jacobi equations and a

Fokker—Planck equations.



1.1 Review of the literature

Mean-field game was initiated by Lasry and Lions [LLO06al, [LLO6D, [LL07], and by Huang
Malhamé and Caines [HMCO06, [HCMOT]. Since then, the research on mean-field games have

been thriving, in theory, computations, and applications.

The classical mean-field games are described using a system of a Hamilton—Jacobi equation
and a Fokker—Planck equation, which is derived by Lions and Lasry in their original paper.
The existence of solutions for the MFG systems are carefully studied. For the first order and
second order Hamilton—Jacobi equation with smooth dependence on the measure, the existence
is proved via fixed point argument [Carl3al. As for the MFG systems with local couplings,
various models are discussed [Gue(9, [CLL12, I(GPS12, [Car15, BF16]. The uniqueness of
classical solution of MFGs are proved via Lions-Lasry monotonicity method. Potential
mean-field game models, which admits variational formulations that allows the use of calculus
of variations and duality techniques, are also studied in[LLO7, [ACCI12| [Car13bl BCS17]. Such
variational problems are also connected to the Benamou-Brenier formulation for the optimal
transport problem [BB00]. The linear-quadratic mean-field game that consists a linear adjoint
equation is considered in [HCMOT7, Bar12, NH12, BSY16]. In the probabilistic view, MFG
system can be analyzed as a backward stochastic differential equations with a mean-field
McKean-Vlasov type, see [BDL09., [AD11]. Forward-backward stochastic differential equations
are also used to study NFGs [CD13al [CD13bl [CL15]. A more general formulation of mean-
field games, referred as master equation, is thoroughly investigated [CD14, BEY15, [CDIL19].
Related research directions include well-posedness of second order master equations with
non-smooth data [MZ19], long time behavior of master equation [CP19], large deviations
principle [DLR20], and Hamilton-Jacobi equations in probability space of potential games
[GNTO0S8, [GS15, [GM20]. For a detailed introduction and review of MFG theory we refer
to[LLO7, IGLL11L [Cari3al, [GS14].

MFG system has a special forward-backward in time structure. Moreover, the two



equations are coupled with nonlinear terms, making the system difficult to analyze. There-
fore, numerical methods are crucial for understanding the qualitative and quantitative
behaviors of the MFG systems. Pioneering works of numerical methods for the MFGs are
investigated using a finite difference scheme [ACCI2]. Proximal point algorithm|[BKS1§]
and Newton’s method[ACI10] IACC13] are applied to solve the finite difference
system. The discrete approximations of the MFG model rely on monotone approxima-
tions of the Hamiltonian. The existence and uniqueness of the discretized problems are
proved[AC10]. Semi-Lagrangian approaches are studied in [CS12] [CS14] [CS15, [CS18]. For
MFG and MFC problems with a variational structure, optimization methods are applied,
including Augmented Lagrangian [FGO00, BCI5b], Alternating Direction Method of Multi-
pliers (ADMM) [EB92, BB00, [AL16, [And17], and Primal-dual Hybrid Gradient (PDHG)
[CP11) [CP16, BKS18, BKK19]. Monotone deformation flow is studied in [GS21], while basis
method for non-local interactions are handled in [NS18| [LN21, [LJT.21) [ATF22, MY7Z22]. An
approach that solves the Hamilton-Jacobi equation in density space via the Hopf formula
is discussed in [CLOT19]. Numerical methods for stationary MFG equations are studied
in [AFGI17]. MFG systems are solved using game theory approaches, such as fictitious
play|[CHIT, Had17, [HS19, BLP21]. Deep learning approaches are also explored in the con-
text of MFGs [ROL20, [LEL21], [CCS21], optimal transport [FJN20, [OWL21], and optimal
control [ONL21bl [ONT.21a]. Reinforcement leaning methods are also developed to compute
MFG and MFC problems in a model-free fashion [YYTI8 [GHX20, [AFL21), [AFL22]. For

surveys of numerical methods of MEGs, see [AL20), Lau21l [HL22].

Mean-field games offer powerful descriptions ranging from social-economical to biodiver-
sity ecology, and have brought significant impact in the understanding of finance[LLL16} [CL18|
(CJ19, [FC17, [LRS19, [CJ20], economics[GLL1TL [ABL14, (GNP15, [AHLIT,ICL18], biology [NCM11],
[SS21], epidemics[CPP20l, [EHT20, LLT21), [ACD22|, opinion dynamics[BTB16, [GLB22], and
data science[WHLI9, [GHX19, [CLTT9, [FIN20]. In [WHLI9], they analyze deep learning by

recasting it as an optimal control problem. In population dynamics, MFGs were used to



study crowd motions|[LW11l, BDM14, [DTT17, [ADIS, [AL19] and traffics|[CLM15, [ZYL19].
MFG models have various applications in engineering, including robotic controls[KC12]
SPB19, [EB19, [GLK22], demand management in power grids [MLT13, BB14, [KSM19] and
others [BEY13| BLY21]. For example, in [KLZ21], they use MFG models to generate trajec-

tories for mobile vehicle networks.

1.2 Outline of the thesis

In this thesis, we study three different aspects of the mean-field games: computations,

modelings, and applications.

In Chapter we present two projects on computational approaches for mean-field
games. This part is based on the papers [LJL21] and [LN21].

We first introduce a novel framework to model and solve first-order mean-field game
systems with nonlocal interactions extending the results in [NS18]. Our approach relies on
kernel-based representations of mean-field interactions and feature-space expansions in the
spirit of kernel methods in machine learning. We demonstrate the flexibility of our approach
by modeling various interaction scenarios between agents. Additionally, our method yields a
computationally efficient saddle-point reformulation of the original problem that is amenable
to state-of-the-art convex optimization methods such as the primal-dual hybrid gradient
method (PDHG). We also discuss the potential applications of our methods to multi-agent

trajectory planning problems.

Next, we extend the methods from [NS1§| [LJL.21] to a class of non-potential mean-field
game (MFG) systems with mixed couplings. Up to now, splitting methods have been applied
to potential MFG systems that can be cast as convex-concave saddle-point problems. Here, we
show that a class of non-potential MF'G can be cast as primal-dual pairs of monotone inclusions
and solved via extensions of convex optimization algorithms such as PDHG algorithm. A

critical feature of our approach is in considering dual variables of nonlocal couplings in Fourier



or feature spaces.

The main contribution of this part is the numerical method for nonlocal MFGs and a

type of non-potential MFGs.

In Chapter [l5] we address some modeling of MFGs to the epidemic model. This chapter
is based on the papers [LLT21] and [LLL21D].

We incorporate the mean-field control framework with SIR and SIRV model, and introduce
a mean-field control model for controlling the propagation of epidemics on a spatial domain.
The coronavirus disease 2019 (COVID-19) pandemic is changing and impacting lives on a
global scale. As the propagation of COVID-19 has a significant spatial characteristic, it is
crucial to have a spatial-type SIR model to study the spread of infectious diseases and the
movement of individuals. Beyond this, mean-field games (controls) provide a perspective to
study and understand the underlying population dynamics. The control variable — the spatial
velocity — is first introduced for the classical disease models, such as the SIR model. We
provide fast numerical algorithms based on proximal primal-dual methods for this proposed
model. Numerical experiments demonstrate that the proposed model illustrates how to

separate infected patients in a spatial domain effectively.

Later, with the invention of the COVID-19 vaccine, shipping and distributing is crucial in
controlling the pandemic. We extend this work by using the concept of mean-field control
to study the optimal transportation strategy for vaccine distribution. Numerical examples
demonstrate that the proposed model provides practical strategies for vaccine distribution in

a spatial domain.

The main contribution is to generalize the mean-field control problems to the epidemic
models. Numerical algorithms are derived to solve the proposed models, with experiments

demonstrating that our models can effectively control the propagation of the pandemic.

In Chapter [0} we propose a new mean-field game inverse problem. This part is based on

the paper [CFL22].



We aim to recover the mean-field game model parameters that govern the underlying
interactions among the population based on a limited set of noisy partial observations of the
population dynamics under the limited aperture. Due to its severe ill-posedness, obtaining
a good quality reconstruction is very difficult. Nonetheless, it is vital to recover the model
parameters stably and efficiently to uncover the underlying causes for population dynamics
for practical needs. Based on insights from [NSI8| [LJL21) [LN21] we postulate a feature
expansion representation for the interaction kernel K and formulate the forward problem as
a convex-concave saddle point problem. Furthermore, we design a three-operator splitting
scheme [DY17] for the resulting inverse problem with a saddle-point constraint. The algorithm
reduces to a forward-backward splitting for the parameter updates, a primal-dual hybrid
gradient for the forward saddle point problem update, and a proximal-point algorithm for

the adjoint problem update.

The main contribution of this part is that we propose a novel MFG inverse problem with
non-invasive partial boundary measurements. We propose a model recovery algorithm to
recover the model coefficients numerically. Intriguingly, our algorithm applies to inverse

problems whose forward problem has a saddle point structure beyond MFG.



CHAPTER 2

Computational Methods for Nonlocal Mean-field games

In this chapter, we propose a novel computational framework to solve nonlinear PDE arising
in mean-field games (MFG) theory. These PDEs characterize equilibria in large systems of
interacting agents that solve optimal control problems. When interactions are nonlocal, the
PDEs contain integral terms that are computationally expensive to handle with existing
algorithms. Our approach solves this problem by approximating these interactions with
suitable bases in the spirit of Fourier or feature-space expansions in machine learning. We
demonstrate the flexibility of our approach in terms of choices of bases and compatibility
with existing computational methods for MFGs with local interactions and optimal control

problems. The work builds on a theoretical analysis performed in|GS21].

This chapter has the following organization. Firstly, we introduce the nonlocal mean-field
games and discuss motivations on efficient computational method for this certain type of
MFGs in Section2.1] In Section 2.2] we provide a detailed description of our method. In
Section 2.3 we devise a PDHG algorithm to solve based on our method and discuss
the computational efficiency of our approach. In Section [2.4] we show how to model and
approximate interactions using kernel methods from machine learning. Next, in Section [2.5]
we discuss potential applications of our methods to multi-agent trajectory planning problems.

Finally, in Section we provide several numerical experiments.

The contributions in this chapter were first presented in the joint work with Matthew

Jacobs, Wuchen Li, Levon Nurbekyan, and Stanley Osher in [LJL21].



2.1 Introduction

We study computational and modeling aspects of first-order nonlocal mean-field game systems.

Specifically, we are interested in the system

(

—¢y+ H(x, Vo) = [ (x, [, K(x,y)p(y, t)dy)

pe—V - (pV,H (2, V) = 0 (21.1)

kp(xv O) - pO(I)’ ¢(9§, 1) =49 (IE, fQ S(:v,y)p(y, 1)dy)

Above, 2 C R? is either the flat torus, T¢, or a closure of a domain with smooth boundary,
H : QxR? = R is the Hamiltonian, K,S :  x 2 — R are interaction kernels, and

fyg: € xR — R are interaction functions.

System describes Nash equilibria in an infinite-dimensional differential game where
a continuum of agents interact through their distribution in the state-space. In , p(-, 1)
represents the population density at time ¢, and pg is an initial distribution. Furthermore,
(x,t) — ¢(x,1t) is a value function that measures the optimal value of an agent at position x
and time ¢. Functions f, g and kernels K, .S model the interaction between a single agent and

the population.

In general, does not admit classical solutions, and a suitable notion of a weak
solution is necessary. A pair (¢, p) is a weak solution of if ¢ is a viscosity solution for
HJB, and p is a distribution solution for the continuity equation with a no-flux boundary
condition. For the existence, uniqueness, and regularity theory of we refer to [LLO7,
Car13a] for Q € {T? R?} and [CCIS], [CCC19, [CCC21] for bounded € with smooth boundary.

Our goal is to develop computational and modeling methods for (2.1.1). There are several
general purpose numerical methods for MFG that can be used to approximate the solutions of
. In [ACT0l [Ach13, [ACC13], the authors develop and analyze finite-difference methods
for second-order versions of . Their approach is based on a solution of the discrete

problem applying Newton’s method. Although the authors consider second-order systems



with a positive viscosity parameter, their numerical experiments indicate robustness with

respect to the vanishing viscosity and can be used to approximate first-order systems such as

(2.1.1)) (see [ACI0, Test 6] and Section here).

For so-called potential MFG systems, there are several primal-dual convex optimization
methods such as alternating direction method of multipliers (ADMM) [BCI5al BCS17] and
primal-dual hybrid gradient (PDHG) [AKS18|[AKK19] (the latter employing the discretization
in [ACI0]). These methods are extensions of the celebrated Brenier-Benamou method for
computation of optimal transport maps [BB00] to the MFG setting. Although originally
designed for local interactions, these methods can be naturally adapted to nonlocal ones: see

Section [2.3.3] for further details.

Here, our goal is to develop computational and modeling methods specifically for nonlocal

MFG systems. The term nonlocal refers to expressions

f (%/QK(I,y)p(y,t)dy), g (fﬁ,/QS(fmy)p(y?l)dy)-

Indeed, the calculation of these terms at x requires the knowledge of p(y, t) at all y. For general
MFG systems, these terms are replaced by f(x,p), g(x,p) where one allows local interactions
as well; that is, f(x,p) = f(z, p(x, 1)), and g(z, p) = §(z, p(x,1)) where, f,§: QA xR, = R
are some functions, and p(z,t) is the density of p. Note that for local interactions, the

calculation of f, ¢ terms at x requires information only at z.

Existing methods in the literature discretize interaction terms directly in the state-space.
For local interactions such discretizations are economical. For the nonlocal case though, the
calculation of interaction terms requires matrix multiplication on a full grid to evaluate the
expressions [, K(z,y)p(y,t)dy, [, S(z,y)p(y,1)dy. Our approach solves this problem by

encoding the interactions in a small number of expansion coefficients.

Furthermore, a critical feature of primal-dual methods mentioned above is that one of the
proximal steps results in a decoupled system of one-dimensional convex optimization problems

at the grid-points. Therefore, this step is parallelizable and yields a linear computational



cost in the number of grid-points. However, direct applications of these methods to nonlocal
problems yield fully coupled systems that are not parallelizable and yield a superlinear
computational cost. Our method solves this problem as well. The expansion coefficients, that
encode the interactions, decouple the aforementioned systems. Furthermore, we update these

coefficients by an explicit proximal step that yields a linear computational cost.

Our method is also well-suited for the Lagrangian framework. Indeed, in [NS18], where
this approach was introduced, the authors solved (2.1.1)) in Lagrangian coordinates. Thus,
this approach paves a way to efficient computational methods for high-dimensional MFG

problems.

Another appealing feature of our method is the flexibility of modeling interactions. We
expand K,S in a basis that can be interpreted as features from kernel methods in ML
IMRT'1S8, Chapter 6]. This allows us to design various interactions by only manipulating
the basis. In particular, we can easily model heterogeneous regimes where agents interact
only within specific subdomains and other interesting scenarios. Additionally, we can handle

nonlocal interactions that are given by differential operators [ACI0, Tests 5, 6].

Finally, we would like to point out potential applications of our methods to multi-agent
trajectory-planning. In general, even single-agent trajectory-panning problems are highly
complex. With the number of agents increasing in a system, problems quickly become

computationally overwhelming.

A critical difficulty comes from modeling and computing the interactions. MFG theory
provides a flexible framework to solve this problem. Theoretically, MFG solutions are optimal
only when the number of agents is infinite. Nevertheless, one can generate sub-optimal
trajectories that have appealing properties such as no-collision. Since our method provides a
way of encoding mean-field interactions in a few coefficients independent of the number of

agents, it is potentially applicable to large multi-agent trajectory planning problems.
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2.2 The method of coefficients

We assume that  is either the flat torus, T¢, or a closure of a bounded domain with
C? boundary. Additionally, we assume that f, g, K, S are C? functions. To alleviate the
presentation, we first discuss the periodic case and assume that interactions are given by
f(z,¢) = ¢, and g(z,() = g(x). We provide remarks on the non-periodic case and more

general interactions in Remark 2]

Thus, assume that Q = T?, py € P(Q) N L®(Q), and H € C?(Q x RY) is such that
1
Gla <V, H(z,p) < Cly, ¥(w,p) € @ xR,
—C(1+|pl*) <V.H(z,p) - p, Y(z,p) € A x R,

for some constant C' > 0. Assuming f(z,() = ¢, and g(z, () = g(z), (2.1.1) reduces to

(

¢+ H(2, Vo) = [ K(2,y)p(y, t)dy

§pe— V- (pV,H(z, V) =0 (2.2.1)

\p(ZL’, 0) = pO(x)v ¢($7 1) = g(l‘)

It is proved in [LLOT] (see also [Carl3al, [Car13b]) that (2.2.1)) admits solutions ¢ € W1 () x
[0,1]) and p € L>*(2 % [0,1])NC ([0, 1]; P(R2)), where ¢ is a viscosity solution of the HJB, and
p is a weak-solution of the continuity equation. Additionally, when the mean-field interaction
is monotone; that is,

. K(z,y)(p2(z) — p1(2))(p2(y) — p1(y))dzdy >0, Vp1,ps € P() (2.2.2)

the solution is unique.

The essence of the method of coefficients is in an expansion of K(z,y) in a family of
functions. More precisely, assume that {f;}/_; C C*(Q) is an arbitrary family of functions.

Furthermore, suppose that

K(z,y) = Y kijfi(=)f;(y) (2.2.3)

ij=1

11



Remark 1. In general, K may not have the form (2.2.3). In these cases, we approximate K
with kernels of such form [NS18, Section /).

We denote by K = (k;j) € M,«,(R). A straightforward calculation yields that
| Kot e = Yo fia).
i=1

where

wlt) =Yk / £)p(y. t)dy.

Thus, for an arbitrary probability measure p, the expression [, K(x,y)p(y,t)dy is a combina-
tion of {f;}_; with some unknown coefficients ay,as, - - ,a,. These coefficients encode all
necessary information about the interactions. Thus, (a;) will be our new unknowns. Note that

once we find (a;) we can solve (2.2.1]) by solving decoupled HJB and continuity equations.

It turns out that (a;) are zeroes of an operator that is monotone if p — [, K(z,y)p(y)dy
is monotone, and a gradient when K is symmetric. To state the results precisely, denote by

¢, the viscosity solution of the HJB

—0i+ H(x, Vo) =371 ailt) fi(x)

(2.2.4)
¢(x,1) = g(x)
Furthermore, denote by p, the distributional solution of the continuity equation
pr =V - (pVypH(z,V¢a)) = 0
t ’ (2.2.5)

p(x,0) = po(x)
The following two theorems are the basis of our approach.

Theorem 2.2.1. [NS18, Theorem 2.3] The functional a — [, ¢a(x,0)po(x)da is concave and

everywhere Fréchet differentiable. Moreover,

o
5(11'

/ Ga(,0)po(z)dr = / fi(x)pa(x, )de, 1 <i<r. (2.2.6)
Q Q

12



Theorem 2.2.2. [NS18, Theorem 3.1]

i. A pair (¢,p) is a solution of (2.2.1)) if and only if (¢,p) = (¢, pa) for some a €
C ([0,1];R") such that

a= K%/qua(a:,O)pg(x)dx (2.2.7)

ii. If K is strictly monotone; that is, £ K& > 0 for all ¢ € R™\{0}, then (2.2.7)) is equivalent
to finding a zero of a monotone operator a — K~ la — (S%fﬂ ¢a(z,0)po(z)dx, a €

C([0,1];R").

iit. Additionally, if K is symmetric, (2.2.7) is equivalent to the convexr optimization problem

_ (K~ 'a,a) /
f it e/ 2.2.8
aGC(l[{)l,l];]RT) 5 g ¢a(,0)po(z)dx, ( )

where (a,b) => ., fol a;(t)b;(t)dt for a,b e C ([0, 1];R").

Remark 2. Several remarks are in order.

1. Theorem asserts that instead of finding (¢, p) in (2.2.1)) we just need to find the
right coefficients (a;) and then solve the decoupled equations (2.2.4]), (2.2.5)).

2. Here, we do not concentrate on technical aspects of Theorems such as

well-posedness of (2.2.1)), (2.2.4), (2.2.5), that are discussed for the periodic case in

[NS18]. For the non-periodic case in a bounded domain, (2.2.1) must be complemented

with a no-flur Neumann boundary condition
N H(r, Vo(r,1) - v(x) =0,z € 02N supp(p(- 1), t € (0,1),

where v(x) is the outer unit normal to Q at x, and V¢ should be understood in a suitable
sense. Informally speaking, V¢ is the gradient of ¢ “from inside 2.7 Additionally,
wiscosity solutions must be understood in the constrained sense. We refer to [CCIS,

CCC19,[CCC21)] for precise definitions and statements.

13



In this context, Theorems should be modified accordingly. Indeed, ¢, is
still well-defined as a unique constrained viscosity solution of (2.2.4). However, unlike
the unconstrained case, ¢, is not reqular enough in general for (2.2.5)) to be well-posed.

Consequently, the functional a — [, ¢a(x,0)po(x)dx is concave but not necessarily

Fréchet differentiable.

Hence, in Theorems we should replace Fréchet derivatives by superdiffer-
entials and instead of working with p, work with probability measures supported on
minimizing trajectories as it is done in [CC18, [CCC19, [CCC21)]. Furthermore, solu-
tions p(+,t) of might not be absolutely continuous with respect to the Lebesgue
measure. Nevertheless, we believe that suitable extensions of Theorems and
the saddle-point formulation are valid in the constrained case based on the results
in [CC18, [CCC19, [CCC21]. We will address this intriguing point in our future work.

For now, we proceed informally and impose a no-flux boundary condition m -v =0 on
02, where m = pv, and v = —V,H(x,V¢) is the optimal velocity field. Note that we
do not exploit the relation between m and V¢ explicitly but impose the no-flux boundary
condition directly on m instead of V. This approach is consistent with the results

obtained in [CCC21, Section 4].

. According to [NS18, Lemma 4.1], K is monotone if and only if the interaction is
monotone; that is, (2.2.2) holds. As mentioned above, this condition is essential for the

uniqueness of solutions of (2.2.1) [LLO7, [CC1§)].

. K is symmetric if and only if K is symmetric; that is, K(x,y) = K(y,z) for all
x,y € .

. For monotone interactions, (a;) are solutions of a monotone variational inequality or a
convex optimization problem. Therefore, one can apply powerful convex optimization

techniques to find (a;).
. Equation (2.2.6)) is critical for update rules of (a;). Indeed, it gives the ascent direction

14



10.

2.3

Jo, @a(@,0)po(2)dx with respect to (a;). Moreover, this direction depends on p,, which
is available once ¢, is (approximately) computed at current (a;). As we shall see below,

this property yields extremely simple update rules for (a;).

These previous points are also very appealing for potential applications of our methods

to multi-agent trajectory planning problems.

Optimization problem (2.2.8) is equivalent to the infinite-dimensional optimal control
problem (58)-(59) in [LLO7|.

There is nothing special about the choice f(x,() =, g(z,() = g(x) except simplicity.
Analogous results are valid for general f, g as well. This topic is discussed in a companion

paper [LN21).

Similar theorems are valid for stochastic systems as well.

A primal-dual hybrid gradient algorithm for symmetric kernels

Here, we assume that K is symmetric and formulate (2.2.8)) as a convex-concave saddle

point problem. Furthermore, we devise a primal-dual hybrid gradient (PDHG) algorithm of

Chambolle and Pock [CP11} [CP16] to solve it.
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2.3.1 A saddle-point problem formulation

Introducing a Lagrange multiplier for the HJB equation in (2.2.4) we obtain

e 0 | uta0)m(a)ds

a€C(]0,1;R™)

—1
—mf{ 2a,a /¢ZB 0)po(x)dz s.t. -hOIds}

: mp{ < [t
(2.3.1)
( ¢+ H(x, V) — Z () fi(x )) dtd:c}
K 1
= mf gs;%){ ;’a /¢x0po dx—// (poy + pv - Vo) dtdx

- /Q/O P (L(x,v) + ;ai(t)fi(x)> dtdm},

where we used the convex duality
H(x,V¢)=sup—v-Vo¢— L(x,v).

The saddle point problem in is convex in (¢, a) but not concave in (p, v). Non-concavity
comes from the terms pv - ¢ and pL(z,v). Following [BB00], we remedy this problem by
replacing v with a flux variable m = pv. Thus, we obtain an equivalent saddle point problem

_ 1
inf sup{L;’@—/ﬂé(:c,O)po(x)dx—/Q/o (ppt +m - Vo) dxdt

é(z, 1) =9 p,m
_ /Q /0 p (L <x %) 4 iilai@) fi(x)> dxdt} (2.3.2)

= inf sup L(¢,a,p,m
¢(mvé):g p,’ﬂ]i) (¢ P )

Note that (¢, a) — L(®,a, p,m) is convex, (p,m) — L(¢,a, p,m) is concave, and the coupling
between (¢,a) and (p,m) is bilinear. Thus, we can apply PDHG [CP11l [CP16] to solve

16



(2.3.2)). Also, note that the first-order optimality conditions for ¢ are
(

pr+V-m=0 in Qx(0,1)

m(z,t)-v=0 in 00 x (0,1)

|pl0) = pola) in 9
Therefore, the no-flux boundary condition for m and the initial condition for p are incorporated

in (2.3.2), and no extra considerations are necessary.

Furthermore, we must add a constraint p > 0 to account for p being a probability
distribution. This adjustment is coherent with the derivation because the viscosity-
solution constraint should be replaced by pointwise constraints —0,¢ + H(z, V¢) <
Yo ai(t) filx), ¢(z,1) < g(z). Additionally, the expression L (x, %) must be understood

in the following sense

;

L(m,%), when p > 0

m
L I,F =930, whenm =0, p=20

+00, when m #0, p=0

We refer to [BCS17] for further details.

2.3.2 PDHG updates

As illustrated in [JLI19, [JT.20], the choices of spaces for variables are crucial when applying
PDHG. Correct choices render algorithms with grid-size-independent convergence rates. For
a, p,m we choose L? spaces, whereas for ¢ we choose H'. The motivation for this choice
comes from convergence analysis of PDHG. Indeed, upper bounds on the step-sizes depend

on the inverse of the norm of the bilinear coupling

1
/ / (o + .- V) dadt| < || (o)1 z2 - |61
QJO

This norm is finite if we choose L? norm for (p,m) and H' norm for ¢. If we chose L? norm

for ¢, the bilinear coupling would have infinite norm. Therefore the corresponding norm

17



of the finite-dimensional coupling on a grid would depend on the grid-size and converge to
infinity as grid gets finer. Consequently, the step-sizes that guarantee the convergence of the
algorithm would shrink to 0 and yield an impractically slow algorithm. The H' norm, on the

other hand, yields convergence guarantees and rates that are grid-independent.

For step-sizes Tvg, 7o, T4(0)s Tp> Tm, and current iterates (a*, ¢*, p*, m* a*, ¢*) the update

rules for PDHG are

;

(o1, mhH) = argmax { £(8%, %, p,m) — ikllp = M3 — 5 lm — m¥2, |
pym ’ z,
("1, 6+1) - = argmin {cw,a,pkﬂ,m“l) =116, 0) = 6 (-, 0) 2,
V6 = VHIZ,  + 5 llon— b2 + sk lla— a2, )
(a1, GFF) = 2(ak @) — <ak, &)

The critical observation is that the variational problems above are well-posed and easy to

solve. In what follows we discuss in details each of the updates.

The updates for (p,m). We have that
oL m m\ m
=—0¢ (x,—)—I—VvL(x,—)-—— a;(t) fi(x
5 - p 5 Z (t) fi(x)

5£:—V¢ VL( m)
om P

Therefore, for updating (p, m) we must solve the following system

Vol (%) 5 = L(n%) - S5 = o+ Tl Oh() 2.33)
VoL (2,2 4 22t~ vk

Remark 3. Once discretized, system yields decoupled one-dimensional convex op-
timization problems at the grid-points. Therefore the proximal update for (p,m) can de
performed efficiently in parallel. This feature is one of the most appealing properties of
ADMM |[BB00, |BC15d, |[BCS17] and PDHG [AKS1S, [AKK19, |[JLL19, [LRO18] algorithms

for MFG systems and related problems for local couplings. However, direct extensions of
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aforementioned methods to nonlocal MFG systems do not preserve this property. One of the
critical features of our approach is that we preserve this property. We refer to Section
for details.

For some Lagrangians, ([2.3.3) simplifies greatly. For instance, for L(x,v) = % + Q(z,t)
we have that V,L(z,v) = v, and (2.3.3)) becomes

bt — o=t = Q(a,t) + G + X1, ab () fil)
%+m;—:z*=v&’“

Furthermore, eliminating m from the second equation, we obtain

mk Tm rk|2 _ )k
e — 5 = Q1) + f + X, @ (D) fil)

mF 47, Vok

m= Tm+p

Therefore, we just need to solve a cubic equation for p and update m by an explicit formula.

Remark 4. As mentioned before, we must add a constraint p > 0 in (2.3.2)). Therefore, equa-

[mF+rm VF2
2(Tm+p)?

p_pk, p > 0 is strictly decreasing. Therefore, either v(0) > Q(z,t) + ¢F + > i_ ak(t) fi(x) o

tions above must be complemented by the condition p > 0. The function vy(p) =

v(0) < Q(z,t) +¢F +>°i_, ak(t) fi(z). In the former case, there exists a unique p*+'(z,t) > 0
such that y(pF*(z,t)) = Q(x,t) + ¢f(x,t) + >oi_, ak(t) fi(x). In the latter case, we set

p* (. t) = 0. In both cases, we update m accordingly.

The updates for (a,¢). We have that

aﬁ_K1 (/fZ xtdx)
da i=1

oL
0¢

where v is the outward normal of 2, and dyq is the surface measure of 9€2. Note that we

=pt+ V- -m+ (p—po)dx X d4—g — m - v dyox X dt

only consider variations that preserve the boundary condition ¢(z,1) = g(x). Therefore, to
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update (a, ¢) we must solve the system

( k

Ko — (fo filw)p (2, t)da)_ + 2 =0

Bl 4\ okl bu—df _ Ap—Apk _ 0

Pt Ty ve
P (x, 0) — polu) — LEO0ED 000
Toy Te(0)
¢(x,1) = g(x)
okl Vo=VeF )
\( m + r— ) v=20

Note that the equations for a and ¢ are decoupled. Furthermore, we obtain explicit updates

for a:

"t = (r, K+ 1) (ak + 7, ( /Q filx)pt+H(x, t)d:p)r ) (2.3.4)

=1

Finally, to update ¢ we must solve the space-time elliptic equation

@+&:p§+l+v.mk+1+%+% in Qx(0,1)
t

Tt ™V¢
Gr(z,0) _ (@0) _ k1 _ P (x,0) _ ¢F0)
T¢t 7—¢(0) p (x7 0) 100(3:) + T¢t ’T¢<0) mn Q

¢(x,1)=g(z) in

Op(z,t) _ O¢* (x,t)

B S+ rgemM oy in 99 x (0,1)

\

Once discretized, this step can be efficiently performed by the Fast Fourier Transform (FFT).

2.3.3 Dimension reduction

Here, we illustrate the dimension reduction and computational efficiency obtained with our
method. Assume that € is bounded, and K,, S, are approximations of K, S in the C? norm

INS18 Section 4]. Then we have that

\ [ sCom - [ Kempn] <i -l
Q Q 2
/ SC.y)ply)dy - / Smedy| < 15 = Sillee.
Q Q 2
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for all p € P(§2). Therefore, if we approximate f,g by f, g, in the C? norm, we obtain C?

approximations of the terms

i ( / K(x,y>p<y,t>dy>, g ( / s<x,y>p<y,1>dy)

that are uniform in p.

In the periodic case, from the stability theory of (2.1.1]) [LLOT, [Cari3al], we have that solu-
tions of (2.1.1)) corresponding to f;, g., K., S, are precompact in C'(Q2x [0, 1]) x C ([0, 1], P(Q2)),
and all accumulation points are solutions corresponding to f, g, K,S. Additionally, if the

e ot (o [ Kestan) oo (v [ sanar) - @5)

are monotone, (2.1.1) admits a unique solution, (¢, p), and

lim |6, = 6fl= =0, lim sup Wilp,(1), pl-,1)) = 0,

T ¢e(0,1]

if lim || =& |2 =0, £ €{f, g, K,S}, where W is the 1-Wasserstein or Monge-Kantorovich
r—>00
distance in P(£2).

Thus, if we discretize the approximation error of the interaction functionals
introduced by replacing f, g, K, S by f., g., K., S, will be independent of the discretization.
Therefore, once we fix r, we can solve the r-problem as accurately as we wish without extra
cost for approximating the interactions on fine grids. Additionally, as we show below, for
fixed r, the computational cost is on par with those of existing algorithms for local couplings.

Of course, the smaller r the better, and the size of r depends on how well { f;} approximate

fagaK7S'

Remark 5. To the best of our knowledge, the stability of with respect to the data
in the non-periodic s not explicitly discussed in the literature. Nevertheless, results in
[CC18, [CCC1Y, [CCC21)] indicate that such stability should be valid. In this case,
guarantees the uniqueness of ¢ only [CC18, Theorem 4.1].
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We now compare the computational complexity of our method versus direct applications
of primal-dual optimization algorithms to solve (2.1.1)) on the example of (2.2.1)). The starting
point for these methods is to write (2.2.1) as a convex optimization problem introduced in

[LLO7]. More precisely, when K is symmetric, one has that (2.2.1) is equivalent to

inf sup{ /gbepo dx—// (poy + m - Vo) dxdt
#(z,1)<g p>0,m

_/0 {/QpL( p)dx+]—"( (-, ))}dt} (2.3.6)

— inf sup Li(dp.m)

¢(9:701[)§g p>0,m

where

Flp) =35 . K(z,y)p(x)p(y)dzdy, p € P(Q). (2.3.7)

One can also work with the convex dual F* of F by introducing a dual variable a:

1
s { / F(att)dt = [ ole.0p(@its = [ [ (oo +m- o) daat

o2 ed

= inf sup L a,p,m),
(11)<gp>o€n 2(6 0 p,m)

where F*(a) = sup, [, a(x)p(z)dz — F(p). Therefore, there are two options for solving
(2.2.1): (i) work directly with F and solve or its variants [AKS18|, [AKK19], (ii) work
with the dual 7 and solve or its variants [BC15al, [ BCS17]. We illustrate that direct
applications of both approaches to nonlocal problems lead to computationally expensive

updates.

For concreteness, we estimate the computational complexity of the PDHG algorithm
proposed here, with and without applying the coefficients method. The analysis of other

primal-dual algorithms is analogous. First, we discuss the option of working directly with F
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and solving ([2.3.6)). In this case, the proximal update for (p,m) would be

1
sup { -/ o"(x,0)po(x)dr — /Q/O (pdf +m - V§¥) dadt

_ —/01{/QpL (x%) dx+]-"(p(~,t))}dt}

1

1
k112 k12
STl P el LA

2T

Therefore, we must solve the following system

L(2,2) = VoL (2,2) 2 + 6 4+ 2225 1 ,F(p) = 0 (2:3.9)

VoL (2,2 + =t~ vk

Tm

For local interactions, one has that F(p) = [, F(p(x))dz for some F', and ([2.3.9) becomes

m m m —pF
L(ng) —Vib(ng) 5+ e ) =0

k

Vol (1) 4 mont

S
which is a decoupled system of one-dimensional equations that can be solved efficiently
at each node. Therefore, the computational complexity of solving this system for local
problems is linear in the number of grid-points. However, for nonlocal interactions such
as in (2.3.7) we have that 6,F = [, K(x,y)p(y)dy, and (2.3.9) is now a fully coupled (in
space) system of nonlinear equations. Additionally, the complexity of the system grows with
the mesh-size. One could approximate the term by 6,F (p) by 6,F(p") and decouple the

system. Nevertheless, this would require a matrix multiplication that yields a superlinear

computational cost. Moreover, the proximal step could not be parallelized.

On the other hand, our method yields fully parallel proximal updates for (p,m) (2.3.3)
at the expense of solving an r X r system of equations to update the coefficients (a;). To
assemble the system for (a;), we need to evaluate terms [, fi(z)p"™ (2, t)dz that yields a
linear cost in the number of grid-points. Therefore, once r is fixed, we obtain an overall linear

cost for updating (p,m) and (a;) which is the case for local interactions.
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Next, we discuss the option of working with F* and solving (2.3.8]). In this case, the

proximal update for a would be

1 1
1

inf/ ]—"*(a(-,t))dt—// pFladzdt + — o — |32

a Jo aJo 27a o

Therefore, we must solve the following system

5 F (@), ) — P (1) 4 B D =@ (2.3.10)

Ta

For local interactions, F(p) = [, F(p(z))dx, we can calculate F*(cv) on the continuum level

by an explicit formula
F(a) = / F(afa))ds,
Q

where F* is the convex dual of F. Therefore, §,F (a)(z) = (F*)' , and (2.3.10) becomes

(FY(ala, 1) — (a0 + SO0

Ta
As before, we obtain one-dimensional decoupled equations that can be solved in parallel at
grid-points.
In the nonlocal case though, the first issue is that we cannot calculate F* analytically on

the continuum level unless K is special. However, one can calculate F* on the discrete level.

Assume that {xl} _, is some space-discretization. Then we have that
F(p ZK (i, xj)pip;, F(a ZQwa aj, 0 F (a ZQU%
i,
where p; = p(z;), o = a(z;), and Q = (Qy5) = (K (4, ;). Therefore, (2.3.10) becomes
an N x N system of linear equations

> Qijoy(t) — pf () + o) —ai(t) _ 0, ie{l,2,---,N}L (2.3.11)

Ta

As before, we obtain a coupled system in the nonlocal case. The solution of this system

yields a polynomial computational complexity unless (K (x;, x;)) is special. For instance, if
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(K (z;,x;)) is diagonalizable in a Fourier basis the computational cost is of order N log N via

FFT.

In our method, on the other hand, we replace dual variables (a;(t))Y, by coefficients
(a;(t))i_,, and is replaced by an r x r system (2.3.4). Therefore, we have to store much
less variables and, as mentioned before, obtain a linear computational cost. Additionally,
we can calculate the r x r matrix (7,.K~' 4+ I)~! prior to optimization and use it afterward.
Moreover, since the size of this matrix is independent of the mesh-size, we do not have to
deal with conditioning issues for every mesh-size separately: we can do it once and for all

before optimization.

Finally, as we will see in Section , a smart choice of basis functions {f;} yields K = 1.
Therefore, the updates for (a;(t))i_, are trivial and there is no need to solve linear systems at

alll

2.4 Modeling interactions with kernels

Here, we discuss modeling aspects of nonlocal MFG systems. In particular, we show how
to build kernels to enforce suitable behavior of agents. For that, we draw inspiration from

kernel methods in machine learning [MRT18| Chapter 6].

As mentioned before, (2.2.1) is well posed when p — [, K(x,y)p(y)dy is monotone. This

condition means that agents repel one another and try to minimize the cost

olart) = int | 1 {L<z<s>,z<s>> < K<z<s>,y>p<y,t>dy}ds T g(2(T))

z(t)=x

Therefore, K(z,y) is a similarity measure between positions x and y that agents try to
minimize. Kernel methods in ML study exactly this type of K for data separation. Different

choices of K lead to different separations.

The simplest example of K is the inner product, K(x,y) = x - y, which is amenable to

rigorous mathematical analysis. Natural extensions of the inner product are positive definite
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symmetric (PDS) kernels.

Definition 1 ([MRT1S|). K : (z,y) — K(z,y) is a PDS kernel if (K(x*,27))"_, is symmet-

i.j=1

ric positive semidefinite matriz for all {z*}™, C R%

Assume K is a continuous PDS kernel. Thus, its symmetric, and for arbitrary py =

~ > widyi, k=1,2 we have that

K(2,y)(p2(2) — pr(2))(p2(y) — pr(y))dwdy

Q
=) K, a?)(wh — wi)(wh —wi) >0,
o

and hence p — [, K(z,y)p(y)dy is monotone.

The discussion above shows that PDS kernels suit MFG models extremely well. Thus, we
will build various MFG models by choosing suitable PDS kernels. In this context, as we shall

see below, the basis { f;} corresponds to feature vectors.

The remarkable fact about PDS kernels is that all of them are inner products. More

precisely, K is PDS iff there exists a Hilbert space H and a mapping = +— f(z) € H such that

K(z,y) = (f(x), fy))n, Vr,y

In other words, one can associate points {z} in the input space with vectors {f(x)} in a
Hilbert space so that K (x,y) is precisely the inner product of f(z) and f(y) in H [MRT18,

Theorem 6.8]. The vector f(z) is called the feature vector of x. If H is separable we can

wiite f(2) = (f1(2), fa(a), -+, fulw),-+) in some basis of H and fi(2), fo(x), - , fule), -
will be the features of x. H is called a reproducing kernel Hilbert space (RKHS). For

K(z,y) =x -y =>_ z;y; the features are simply the coordinates.

The RKHS theory blends very well with our coefficients method by providing the basis

we need in the form of feature vectors. Indeed, assume that K is a PDS kernel and H is its

26



RKHS with a basis {e;}. Then, we obtain that
K(x,y) =(f(x), f(y)n = <Z fi(x)€i7Zfi(y)e 2
:Z<61763>7{f1 kafz

ihj
which is the representation we need. In this case, K = ((e;,€;)#) is the Gram matrix
associated to the basis {e;} in H. Below, we present several common choices for K and

provide the basis {f;} and the matrix K.

2.4.1 Maximal spread

Assume that we want to enforce a maximal spread of the population by penalizing individual
agents for being close to the average position of the population. This means that an individual
agent faces an optimal control problem
d
mf / 0z — Z Ai |zi(s) — /Qyip(ya s)dy
i=1

d d
= inf / Z)\Azz |2+22)\Z~ {/ zi(s) - yip(y, s)dy}
z(t)=z Jq i—1 i1 Q
2
_ Z \;

Above, A1, Ao, -+, Ay > 0 signify how much we enforce spreading in each coordinate direction.

ds + g(z(1))

s)dy| |ds+ g(z(1))

Additionally, ¢(x,u) is some intrinsic running cost.

Since the term — Zle by U}Rd %-p(y,s)dy’2 does not depend on the trajectory z, the

problem above is equivalent to

int, / f<z<s>,z'<s>>—;Mzi(sn% / {2;Aizi<s>-yi}p<y, s)dydt

+9(2(1))
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Therefore, we obtain an MFG system ([2.2.1]) where
d

L(z,v) =C(x,v) = Y Aila|?
i=1

d
K(z,y) =2 Z iy
i=1
H(z,p) =sup{—p-v— L(z,v)}

The key point is that R? is an RKHS for this K, and
d
K(z,y) =Y filz) fi(y)
i=1

where f;(z) = +2MNxz;, 1 <i <d. Thus, we use these {f;} as the basis in our method. An

excellent feature of this choice is that we obtain K = K~ = I which yields a trivial update

rule (2.3.4) for a that reads

Ta Jo [i(@)pF (2, t)dx + af (1)
7, +1

al-“+1(t) =

(2

2.4.2 (Gaussian repulsion

Another common choice for PDS kernels are Gaussians

d
|z — yil?
K(z,y) = MHeXP (_T 5
i=1 i

for some p, 01,09, ,04 > 0. The parameter o; signifies how repulsive are the agents in ¢-th

coordinate direction.

As before, we will try to find a suitable expansion of K. Using the power series expansion

of e* one can show that

Syl L g S T Sy
K = =120 N SR O i=1 3,7 ¥
e= X S L e

ar,02,,0q>0 =1

= Z faraz,,04(%) a0z, 00 (Y);

1,02, ,0q>0
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where .
|zl [e%]
- Z’L 1 2; xl

fal,az,-",ad('r) = \//76 H O_ai—\/mv a1, Q9,04 Z 0.
i=1 "t e

Hence, we choose {fa, a0, .} as the basis for our coefficients method and choose n to
approximate K with functions of order Zle a; < n. As before, an excellent feature of this

basis is that K = K~1 = 1.

Interactions in sub-regions

Methods described above also provide flexible framework to model interactions within sub-
regions. Assume that 2, )y are complementary in §2. Furthermore, assume that agents in
Q; interact only with those in €2; for ¢ = 1,2. There is a straightforward way of extending the

framework above to this setting.

Suppose that kernels modeling the interaction in €1,y are Ky, Ky, respectively. Addi-
tionally, assume that the basis for K is {f}}, and the one for K, is {f?} that can be of a

different size. Thus, we want to construct K such that

Ki(x7y)a (xay) € Ql X Qz
K(x,y) =
0, otherwise

Furthermore, we want to construct a basis for K out of {f!} and {f?}. These can be done

as follows:
K(z,y) =Ki(z, y) : an(x)m(y) + Ko (2, y) - Xa, (:E)XQQ (y> =
= Z ki f y)xe. (@)xe, (y Z ki f (¥)xa, (%)X, (¥)

= Z ki fH ) xa, (v ) y)xa, (y) + Z K2 f2(2) xa, (2 )ff(y)XQQ (y),

where x4 is the characteristic function of A. Therefore, the basis for K can be obtained from

the ones of Ky, Ky by simply restricting them into subdomains and combining:

{fi (@)xau (), f7(2)x0,(2)}
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Furthermore, we have that

-1
0 K, 0 K;!

where K; = (kf]), i = 1,2. Therefore, low complexity matrices for Ki, K5 yield a low

complexity matrix for K.

In case we have multiple regions €, Qs, - -+ , Qx with kernels K7, Ky, -+ , Ky and bases

{2y - {fN} we obtain a basis

{fil(x)XQ1(x)> fi2<x>X92<x)> >fiN($)XQN(x)}7

and
K, 0 .. 0 Kfl 0 e 0
0o K, --- 0 0o K;' - 0
K= , K= :
0 - Ky, O 0 K]—Vl_1 0
0 -~ 0 Ky 0 0 K,

where K is the matrix corresponding to K;.

Formally, using restrictions violates the smoothness assumption on kernels and bases.
Thus, we can use smooth cutoff functions instead of characteristic ones. In practice though,

we obtain solid results with the latter choice.

2.4.3 Interactions given by differential operators

Finally, we demonstrate how our methods work for interactions given by differential operators.
In a seminal paper on numerical methods for MFG [AC10], the authors consider an interaction

term

Vip] = (I — A)7p,
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where 11 > 0, A is the Laplacian operator, and the problem is set on a flat torus T¢. We have

that
Vip] = /Td [z —y)p(y)dy,

where I is the fundamental solution; that is,
(I — AT = pudp. (2.4.1)

Thus, we have that K(z,y) = I'(x —y). As pointed out in [NS18], for convolutions on a torus,
the appropriate basis is the trigonometric one. Thus, we need to expand I' into Fourier series
with respect to functions {cos(2ma- ), sin(2ra- )} where o = (o, g, - -+, arg). Furthermore,
by the symmetry we have that I'(z) = I'(—x). Therefore, the expansion of I' contains only

even functions; that is,

= Z Yo COS(2TCx - )
a>0
Next, solving (2.4.1]) in a Fourier space yields

21
1+ 872||? + 1674 |a|*’

Yo =ty Vo= a >0,

where |a|? = 3%, a2, Furthermore, we have that
K(z,y) =I'(z —y) = Y _Yacos(2ra - (x — y))
a>0

= Z (7a cos(2mar - ) cos(2ma - y) + Yo sin(2mar - ) sin(2mar - y))

a>0

_ Z fcos fcos _|_ Z fsm fsm

a>0 a>0

where
fo8(x) = /Yacos(2ma - x), f(z) = \/asin(2ra-1), a>0.

Therefore, we choose {f, f5"} as the basis for our coefficients method and choose n to

approximate K with functions of order Z _, @ < n. Again, this choice renders K = K~! = L.
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2.5 Potential applications to multi-agent trajectory planning prob-

lems

Here, we discuss potential applications of our methods to multi-agent trajectory planning
problems. To provide a self contained discussion and for the convenience of readership
unfamiliar with MFG, we start by a brief derivation of and that can be found
in [LLO7, [Carl3a]. Assume that we have a swarm of agents where agent i € {1,2,--- , N}

aims at minimizing a cost

Us

inf/t L(zi(s),ui(s), ) + fi(zi(s), 2—i(s))ds + gi(zi(1), z2—(1)) 25.)

s.t. Zi(s) = c(zi(s), ui(s)), zi(t) = x;
Above, z_; = (z;);#i, and f, g model interactions between the agents. This problem leads to a
system of N coupled HJBs that is extremely challenging to solve, especially in high-dimensions

and for many agents.

The MFG framework provides a solution to this problem by assuming symmetric in-
teractions and considering the continuum limit N = oo. More precisely, if we suppose

that

1 1
filzi,z—s) = f (Zi, N _1 Z5z]~> ;o Gi(z,2-) =g (Zia N _1 Zdz]') )
JF#i JFi
and formally pass to the limit when N — oo we obtain a system where a generic agent solves

an optimal control problem

¢(x,1) = inf/t L(z(s),u(s), s) + f(2(5), p(-; 8))ds + g(2(1), p(+ 1))

u

s.t. 2(s) = e(z(s),u(s)), z(t) ==,
where p(-, s) is the distribution of population at time s. We have that ¢ solves the HJB

equation
_th + sup,, {—ng(l‘, t) ’ C(ZE, u) - L<I7u7 t)} - f(l‘, p(l‘,t))

¢(x,1) = g(z, p(x, 1)),
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and the optimal control, u*, is given by the Pontryagin Maximum Principle:
u*(z,t) € argmax, {—Vo(x,t) - c(x,u) — L(z,u,t)}
Furthermore, p satisfies the continuity equation
pie(x,t) + V- (p(z, t)e(, u(x, 1)) = 0

p(l‘, 0) = pﬂ(m)v
where pg is the initial distribution of the agents. Collecting all equations together we obtain

the MFG system

"

— @4 + sup,, {—V¢ ) c(x,u) - L($7 u>t)} = f(l',p($, t))

pi(a,t) + V- (p(z, t)e(z, u (,1))) = 0 (2.5.2)

u*(z,t) € argmax, {—Vo(z,t) - c(z,u) — L(z,u)}

kp(x’ O) = pO(x>a Qb(x, 1) = g(l’,p(l’, 1))
Remark 6. Equations (2.1.1)), (2.2.1)) correspond to the case c(x,u) = u, and u— L(z,u)

convez, for which we have a rigorous mathematical analysis [LLO.

The appealing feature of MFG systems is that instead of solving a highly coupled system
of N HJBs in d x N dimensions we have to solve a single HJB coupled with a continuity
equation in d dimensions. More importantly, the MFG optimal control, u*, yields near

optimal controls for the N agent problem ([2.5.1]).

Of course, the performance of the MFG control in depends on N and gets better
as N grows. Nevertheless, it still makes sense to apply MF'G controls because they are faster
to generate and provide appealing properties such as no-collision trajectories. For instance, if
c(x,u) = u, and L(z,u) = ‘UT2| + Q(z,t) for some smooth @), one can show that trajectories

corresponding to u*(x,t) do not intersect [Carl3al Lemma 4.13].

In the context above, our method may provide a flexible way of augmenting existing
solution methods for single-agent trajectory planning problems to generate MFG optimal

controls for multi-agent problems.
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Indeed, Theorem asserts that, under the settings of Section[2.2] we have that (2.5.2)

is equivalent to the optimization problem

, (K 'a,a) /
f —— 2.5.
ot B o o (253

where ¢, solves the HJB
—¢¢ +sup, {=V(x, 1) - c(z,u) — Lz, u, 1)} = 370 ailt) fi(x)

¢(z,1) = g(z),
In Section [2.3] we showed how to apply a PDHG algorithm to solve (2.5.3). Here, we argue

(2.5.4)

that virtually any HJB solver (single-agent trajectory-planner) can be augmented to solve

25.3).

We propose solving (12.5.3) by some type of gradient descent on a = (a;). For that, we fix
an iterate ¢ and run any single-agent trajectory planning algorithm to solve (2.5.4]) for
a = a"" and generate an optimal control u¢“"*"*. Then we solve the forward continuity

equation

pi(z,t) + V- (p(z, t)c(z, ucmrem(x>t))) =0

:0<I7 0) - IOO(‘IL
and generate p®"". Finally, we update a = (a;) by a gradient descent step using (2.2.6)):

a?ew (t) _ afurrent(t) . hz kija;urrent(t> + h/ fz (x)pcmw“e'rzt(x7 t)d(lf,
i=1 @
where h > 0 is the descent step-sizes.

Remark 7. Several remarks are in order.

current

1. Explicit gradient descent steps and exact solutions u can be replaced by implicit

(prozimal) steps and approximate solutions as in the PDHG here and [NS18].

2. The approach above works for both Fulerian and Lagrangian solvers. For latter, the
terms [, fi(x)p™ " (x,t) are simply averages of f;-s on the trajectories of particles

[NS1§].
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3. The number of coefficients, r, does not depend on the number of agents, and we always

need to (approzimately) solve one decoupled HJB at each iteration.

Finally, we observe that the methods discussed here also work the other way around; that

is, optimal control solvers can be easily adapted to solve MFG problems.

2.6 Numerical experiments

Here, we present several numerical experiments in a two-dimensional case for kernels and

bases discussed in Section [2.41

2.6.1 The finite difference scheme and the discrete variational problem

We consider rectangular domains Q x [0, T] = [by, bo]? x [0, 1] and choose a regular space-time

grid with N, = N,, X N,, = 64 X 64 points in space and Ny = 32 points in time.

We employ the finite difference scheme introduced in [AKK19] (see also [AC10, [AKS1S]).

Given N, N.,, N, we have Az, = bfv;bl, Azy = bfv_bl, At = N% For x1 = iAxy, 290 =
1 2
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jAxy, t; = IAt, define

pii=plxizt) 1<i< Ny, 1<j< N, 0<1<N,

i = (Mo, ()T 1<i< NG 1< <N, 1<I<N,
mh; i =— (Mg, (x,25,1))”  1<i< Ny, 1 <5< Ny, 1 <IN,
m s = (may (w25, 0))F 1<i< N, 1 <5< N,y 1 <1< N,
Ml =— (May(x,25,1))"  1<i< Ny, 1< < Ny, 1 <IN,

¢ =z, x5 t) 1<i< Ny, 1<j< N, 1<I<N,
ab =a;(t)) 1<I<N,1<k<r
Jrij = fe(xixzj) 1<i< Ny, 1<j< N, 1<k<r
P =polaix;) 1<i< N, 1<j< N,
9ij = g(xi,z;) 1<i< N, 1<j<N,,
where " := max(u,0) and v~ = u" — u.
We define the first order finite difference operators

Wit1,j — Wiy Wi g1 — Wiyj
(Dlu)’i,j = A—xl, and <D2u)l,j = A—;CQ

[Dul;; := ((Dlu)i,j , (Dlu)z‘—l,j ] (DQu)i,j ) (D2u>i,j—1)
(Dul,, = (D). = (Drw) 5, (Dyw);, = (Do), )

7/7.7 )

To satisfy the Neumann boundary condition, we set

l
(Dlml)l.l.:ml”'#'_O i=1,1<j<N,,1<I<N,
i—1,5 Al'l = i 2 I
(Dyma)l = 2= M2id N < i< N 1<I< N,
b Axy Voo s ==
!
(Dymg)l . = 230 —~ << N, j=1,1<I<N,
(2% A:L,Z — — 1 —= =
I 0— mil,i,j . .
(D2m4)i]'_A— 1 <i< Nyy,j= Ny, L KIS N
9. x2
The Fokker-Planck equation discretized with forward difference in time as follows:

1 ! I ! I
AL (P?Zl - Pi,j) + (Dlm)l,ifl,j + (Dlm)l,z’,j + <D2m>3,i,jfl + (D2m)4,i,j =0.
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The HJB equation is discretized with backward difference in time as follows:

_it (¢l ¢l 1)+H<x], [D¢], ) Zaklsz,]a

With above finite difference scheme, we are ready to define the objective function of our
min-max problem L(¢, a, p, m) in discrete form:

Ny Nay

.
L(¢,a,p,m Z Z aklakgqhkg Az Ay Z & ,Jpl,]
=1 ky,k2=1 3,j=1
N9617N$2 Nt ¢l+1 _ ¢l) 1
— Az Axy At Z Z { ( —t + mi’j . [Dgzﬁ]zJ)
i,j=1 [=1
+ pZ < p 7] akfk’lvj > }7
T

where (gp,x,) = K~ L ,j = [mll,i,j’mé,i,j’mé,i,pmil,i,j} .

For discretized p, m,a, the updates are straightforward. For ¢, we provide details here.
For the following discretized system,
(iAt + LAJE) &= Vip T+ Vo mii T 4 ( A+ A ) e
Tor Y Tor Y2
where the A,, Ay, V., V; are finite difference Laplace and finite-difference operators in space
and time, respectively. Next, we apply Discrete Fourier Transform (in space) to the system.
Specifically, we use Discrete Cosine Transform, due to the Neumann type boundary condition.

For each Fourier mode u, we have the following:

(a0 22 7oy, = Fin,

TV

where hi ; represents the right hand side of the previous equation and c(u) = F(A,), is the
Discrete Cosine transform of the finite difference Laplace operator. This is a tridiagonal
system that can be solved easily. Note that at the t = 0, T, the equation can be modified

accordingly. Finally, we apply an inverse cosine transform to get the qbl K+ at the (k+ 1)th

iteration.
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For the rest of this section, we present four sets of numerical results of nonlocal MFG
models presented in section [2.4] For each example, we run the algorithm for 5,000 iterations

using MATLAB, which takes around 3 minutes.

2.6.2 Maximal spread

We consider a maximal spread model on from Section in the domain Q x [0,7] =
[0, 1]? x [0,1]. We denote by pg(c1, c2,0%) the density of a homogeneous normal distribution
centered at (c1,cy) with variance o2. We set the initial-terminal conditions for our MFG

system to be

po = pc(0.5,0.9,0.04?)
g(z1,22) = 2exp (=10 (2 — 0.5)* — (x5 — 0.1)2) (22 — 0.1)* — 1).

Furthermore, we set

2
1
L(z,v) = §||v||2 +10° (max (Jzg — 0.5], |2z — 0.5))° = > Alwi]?
i=1

We have computed the MF'G solutions for four choices of parameters
(A1, A2) € {(0.1,0.1),(0.1,4), (4,0.1), (4,4)}

The results are shown in Figure 2.1l We can see that, in accordance to theory, larger \;
prompt larger spread in x; directions. Additionally, we see the flexibility of our method for

modeling interactions that are heterogeneous in different directions. We provide a 3 D view

of the solutions in Figurd2.2]
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Figure 2.1: Example of maximal spread. MFG solution p(x,t) at t = 0.1,0.5,0.9 with different

choices of \; along x, x5 directions.
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Figure 2.2: The 3D view of MFG solutions p(z,0.5) for different choice of A;. From left to

right : case a,b,c, and d.
2.6.3 Gaussian repulsion with static obstacles

We consider a MFG model with Gaussian repulsion from Section [2.4.2] on the domain
Qx[0,T] =[-1,1* x [0,1]. We set the initial-terminal conditions for our MFG system to be
po = pc(0,—0.9,0.04%)
g(z1,22) = 2exp (=5z7 — 0.25 (v2 — 0.9)%) (2 — 0.9)* — 1) + 7

We fix this g for all examples with Gaussian repulsion. Furthermore, we set
Lo
L, v) = 3ol + Q)

where Q() takes on extremely high values on the four rectangular regions in Figure and
0 elsewhere. Thus, () models four static rectangular obstacles. Finally, we choose n = 3
to approximate the Gaussian kernel in later examples. Larger n will give a more accurate
approximation of the Gaussian repulsion kernel. Here we choose n = 3 such that, when
varying the kernel parameters oy, o9, i1, we can observe quantitatively different behavior in

our numerical examples.
We have computed the MFG solutions for four choices of parameters
(01,09, 1) € {(0.8,0.8,0.1),(0.2,0.2,5),(0.5,0.2,5),(0.2,0.5,5)}

40



40

30

20

25

20

(d) 61 =0.2,020 =0.5,u=5

Figure 2.3: Example of Gaussian repulsion with static obstacles. MFG solution p(z,t) at
t =0.1,0.5,0.9 with different Gaussian parameters (o1, o9, i), where bright yellow rectangles

represents static obstacles.



The results are shown in Figure[2.3] As we can see, agents travel through the channels created
by Q(z) to avoid high cost. Recall that small o; yields strong repulsion in z; direction, which
results in different behavior by agents. For instance, in Figure (C) we impose a strong

repulsion in x5 direction and see horizontally elongated density evolution.

2.6.4 Gaussian repulsion with dynamic obstacles

Next we consider a MFG model with Gaussian repulsion on Q x [0, 7] = [-1,1]* x [0, 1] with

dynamic obstacles. We set

5
1
=< > pele;,=0.9,0.04%),  ¢;=-12404j, 1<j <5,
j=1

To model dynamic obstacles, we set
Lo
L{t,,0) = 5llolP + Q. 1)

where ) now represents time-dependent rectangular obstacles that move vertically. The
center of each obstacles (from left to right) are moving with position z(t) = [1.5¢t — 0.7, 1.5¢ —
0.7, —1.5t + 0.6, —t + 0.5] along x; direction. The rest of the parameters are the same as in
the previous section. The results are shown in Figure 2.4 Again, values of o1, 05 control how

spread is the solution in x1, x5 directions.

We also note that the computational cost for the static obstacles and dynamic obstacles

models is the same.

2.6.5 Interactions in sub-regions

Next, we consider a MFG model with a Gaussian repulsion on Qx [0, 7] = [—1,1]>x [0, 1] where

agents interact only within domains ; = {(x1,22) : 21 <0} and Qp = {(x1, z2) : 27 > 0}.
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Figure 2.4: Example of Gaussian repulsion with dynamic obstacles. MFG solution p(x,t) at
t =0.1,0.5,0.9 with different Gaussian parameters o1, 09, i1, where bright yellow rectangles

represent obstacles moving along x; direction.
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This means that agents in €); interact only with those in §2;. We set
1 1
po = §pg(0.2, —0.9,0.1%) + 5pG(—o.Q, —-0.9,0.1%)
g(z1,29) = —dexp (=5 (z1 — 0.0)* — 2.5(z2 — 0.5)*))
The rest of the parameters are the same as for previous examples with Gaussian repulsion.

We apply the basis modification explained in Section to compute the solution. The

20
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(a) Kernel with sub-region interactions.
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(b) Kernel with global interactions.
Figure 2.5: Example of sub-region interactions. MFG solution p(z,t) at t = 0.1, 0.5, 0.9 for sub-

region and global interactions kernels. Parameters are set as follows: 01 = 09 = 0.2, u =>5.

results are shown in Figure [2.5) where we have also included the solution with same data but
full interaction. In both cases, densities spread before concentrating at the desired location.
However, in the sub-region interaction case, Figure (A), there is a concentration of agents
along the common boundary of €2y, {25. The reason is that agents on different sides of this

boundary do not interact with each other, so they do not mind congestion.
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2.6.6 Differential-operator interactions

Throughout this section, we set V = u(I — A)™2, u > 0 and Q = T In [ACI0], the authors

solve a stationary MFG system

(

H(z, Vo) = Vip]+ A

V- (pV,H(z, V) =0 (2.6.1)

| [p=1p=0, AeR

by approximating it with its second-order version

(

—oA¢+ H(z,Vé) = V[p] + A

Y —08p = V- (pV,H(z,V)) = 0

fp=1p>0 XeR

\

for small o > 0. Here, we recover the results in [AC10] using our method. Since we consider
first-order time-dependent systems instead of second-order stationary ones, we apply a

different approximation procedure for (2.6.1)).

To approximate (2.6.1)) we use the long-time convergence, or the turnpike property, of
MFG systems discussed in [Carl3b]. More precisely, we approximate (2.6.1)) by

(

—ti + H(z, Vi) = V]

v — V- (WV,H(z, Vi) =0 (2.6.2)

| V(,0) = po(2), d(z,T) = g()
where py € L®(T?), g € C?(T?) and T > 0 is large. To formulate the convergence results,

we need to scale the time variable in (2.6.2)) and obtain a problem on a time-interval [0, 1].

For that, we write ¢(z,t) = ¢(z, %), v(z,t) = p(z, ), and becomes
—¢+ T H(z,V¢)=TV|p|
1=V (pV,(T - H(z,V))) =0 (2.6.3)

\p(iL’,O) = Po(m)a ¢(£L’, 1) = g($)
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Furthermore, a triple (¢, p, \) is solution of (2.6.1)) if ¢ is a Lipschitz viscosity solution of the
HJB in (2.6.1), ¢ is differentiable p a.e., and the continuity equation in (2.6.1) is satisfied in
the sense of distributions. We summarize the results from [Carl3b] in the following theorem.

We omit assumptions and technicalities and refer to the original paper for details.
Theorem 2.6.1 ([Carl3b]). Under suitable assumptions,

1. system (2.6.1) has at least one solution. Moreover, if (¢1,p1, \1) and (¢a, p2, Xo) are
solutions, then A\; = \a, and V[p1] = V[pa].

2. for a solution (¢, p,\) of [2.6.1)) one has that

A CLINN

sup T

te[0,1]

and
' C
/ ||V[pT(7t)] - V[p]HLoo(Td)dt < —
0 T2

where (o7, pr) is the solution of (2.6.3]).

Therefore, to approximate solutions of we need to solve . We take H(z,p) =
@ — Q(x) where @ is a smooth periodic function. In this case, one can easily verify that
assumptions in [Carl3b] are fulfilled.

As mentioned in the theorem above, a solution ¢ in (2.6.1]) is not necessarily unique even
up to constants, whereas A and V[p] are. However, for V = p(I — A)~? the uniqueness
of V[p] implies that of p. Furthermore, 711_{1;0 |V {pr(-,t)] = V[p]l| Loo(ray = O implies a weak
convergence pr(-,t) — p. Hence Theorem m guarantees that for a large set of times

t € [0, 1] the solution pp(-,t) of (2.6.3) converges weakly to a well defined limit p.

As in [ACI0] we take d = 2, u = 200, and
Q(z1,x2) = —sin(2mzy) — sin(27wxy) — cos(4dmxy)

We approximate V' as in Section [2.4.3| using trigonometric polynomials up to order n = 2.

Additionally, we set T' = 10, po(xz) = 1, g(x) = 0 . The results are shown in Figure
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where we plot pr(z,t). We also plot ¢r(x,t) — [ra d7(y,t)dy to test whether it approximates
a solution ¢ of (2.6.1]). Latter holds for second-order problems but not the first-order ones.

As we can see, we obtain accurate reconstructions of Tests 5, 6 in [ACI0]. Our solutions

are slightly less diffused because we consider first-order equations as opposed to second-order

ones in [AC10]. Additionally, we use H(z,p) = e _ Q(z) whereas the examples in [AC10]

2

are computed for H(z,p) = |p|% — Q(z). Nevertheless, we believe that qualitative properties

and shapes of the solutions do not alter much due to this difference.
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Figure 2.6: The contours and graphs of ¢r(xz,t) — [, ¢r(y, t)dy and pp(x,t) for T = 10 and
t=0.4.
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CHAPTER 3

Splitting Methods for a Class of Non-potential
Mean-field Games

We extend the methods from Chapte to a class of non-potential mean-field game (MFQG)
systems with mixed couplings. Up to now, splitting methods have been applied to potential
MFG systems that can be cast as convex-concave saddle-point problems. Here, we show
that a class of non-potential MFG can be cast as primal-dual pairs of monotone inclusions
and solved via extensions of convex optimization algorithms such as the primal-dual hybrid
gradient algorithm. A critical feature of our approach is in considering dual variables of

nonlocal couplings in Fourier or feature spaces.

This chapter is organized as follows. In Section3.1], we review computational methods for
potential mean-field games and introduce a class of non-potential MFGs with mixed couplings
in form of [3.1.1} In Section we present our approach and derive the monotone-inclusion
formulation of with formal derivations. In Section , we propose a primal-dual
algorithm based on this formulation. Furthermore, in Section [2.4] we consider a concrete
class of non-potential models with density constraints. Finally, in Section [3.5] we provide

numerical examples.

The contributions in this chapter were first presented in the joint work with Levon

Nurbekyan in [LN21].
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3.1 Introduction

Our goal is to develop computational methods for the mean-field games (MFG) systems of

the form

"

_(bt + H(t>$a V¢) = f0<t,x,p<l‘,t)) + fl (t,:C, fQ K(:Cay>p(yat)dy)

pe—V - (pVpH(t, 2, V(1)) =0 (3.1.1)

Kp(x7 O) = p()(-T), (]5(&3, 1) = gO(x7p<x7 1)) + 9 (l’, fQ S(J?, y)p<y7 1>dy)

This system characterizes Nash equilibria of a differential game with a continuum of agents.
For a detailed introduction and description of these models we refer to seminal papers
[LLO6al [ILLO6DL, LLO7, HMCO06, HCMOT], manuscripts [GLLI11] [Carl3al [GS14], and references

therein.

In , x € Q represents the state of a generic agent, and ¢ € [0, 1] represents the time.
We assume that  C R? is a smooth bounded domain. Furthermore, ¢ is the value function of
a generic agent, p is the distribution of the agents in the state-space, H is the Hamiltonian of
a single agent, and fy, f1, go, g1 are the terms that model interactions between a single agent
and the population. These interactions can be either local, fy, gy terms, or nonlocal, fi, g
terms. In the latter case, one needs to assemble information across the whole population
using interaction kernels K, S. More specifically, K (x,y), S(z,y) signify how agents located
at y affect the decision-making of an agent at z. Finally, we impose a no-flux condition on
the boundary

v(z)- (pV,H (t,z,V(x,t))) =0 (t,z) €[0,1] x 09, (3.1.2)
where v(x) is the outer normal to 02 at x. This assumption ensures that agents do not leave
Q). Throughout the chapter, we assume and often do not write it explicitly.

Computational methods for (3.1.1)) can be roughly divided into two groups. The first
group of methods applies to a specific class of MFG systems that are called potential and
can be cast as convex-concave saddle-point problems. In this case, (3.1.1)) can be efficiently
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solved via splitting methods such as alternating direction method of multipliers (ADMM)
[BC15al, BCS17] and primal-dual hybrid gradient (PDHG) algorithm [AKSI8, [AKK19]. These
methods are mostly applicable to systems with only local couplings because only a limited

class of problems with nonlocal ones are potential: see Section 1.2 in [CHI17].

The second group of methods are general purpose and do not rely on a specific structure
of (3.1.1). We refer to [AC10, [Ach13, [ACC13]| for finite-difference, [CS12, [(CS14, [(CS15) [CS18]
for semi-Lagrangian, [AFG17, [GS21] for monotone flow, and [CH17, [Had17, [HS19] for game-

theoretic learning methods.

Systems considered in Chapter [1f [NSI8| [LJL21]) have only nonlocal interactions and are
potential. Here, we extend these results to systems of the form that are non-potential
in general and contain both local and nonlocal interactions. Our method relies on a monotone-
inclusion formulation of where inputs from different interaction terms are split via
dual variables. In this context, our approach is analogous to [BC13| where the authors find
Nash equilibria for non-potential games with finitely many players. A critical feature of our

method is that dual variables corresponding to nonlocal terms are set up in Fourier spaces.

We list a number of advantages of our method. Firstly, the Fourier approach yields a
dimension reduction: see Chapter (1| Section for a detailed discussion. Secondly, any
number of local and nonlocal interactions can be added to the system bearing minimal and
straightforward changes on the algorithm. Furthermore, the algorithm is highly modular and
parallelizable. Indeed, the updates of dual variables corresponding to different interactions
are decoupled. Finally, the monotone inclusion formulation readily provides the convergence

guarantees for the algorithm.

Here, we do not concentrate on theoretical aspects of and our derivations are
mostly formal. For purely nonlocal interactions; that is, fy, go = 0, existence and uniqueness
of suitable weak solutions was established in [LLOT] (see also [Carl3al, [Car13b]). For purely
local interactions; that is, fi = g1 = 0, we refer to [GM18] for a detailed exposition on the

subject and higher-order regularity of solutions. To the best of our knowledge, the regularity

20



theory for in the presence of both local and nonlocal interactions is not explicitly
discussed in the literature. However, nonlocal terms in are regularizing and separated
from local ones. In this context, can be considered as a smooth perturbation of purely
local system with an analogous regularity theory. For an analysis of second order problems
with mixed and not necessarily separated interactions we refer to [FGT21]. See Remark

for further comments.

3.2 MFG via monotone inclusions

We solve ([3.1.1]) in two steps. Firstly, we approximate (3.1.1)) by a lower-dimensional system
via orthogonal projections of nonlocal terms. Next, we formulate the lower-dimensional

system as a monotone inclusion problem.

Assume that {¢;}7_; € C?*() is an orthonormal system with respect to the L*(Q)
inner product. Then the system of functions {(; ® (;},-; is also orthonormal, where
G @ (i(z,y) = G(x)((y). Furthermore, denote by P, and P,, the orthogonal projection
operators in L*(Q2) and L*(Q2*) onto span{(;}j_, and span{¢; ® (;}},;_,, respectively. Now
consider the following approximation of

;

_¢t + H(tax’v¢) = fo(t7x,p(x,t)) + ]P)T (fl (t7 B) fQ KT(7y)p(y7t)dy)) (I)7

pi— V- (pVH(t, 2, Vé(z,1))) = 0, (3.2.1)

| P(2,0) = po(x), o(x,1) = go(, p(,1)) + P, (91 (- Jo, SeCow)p(y, 1)dy)) (),

where K, =P, .(K), S, = P,,.(S). For smooth K, S, f1, g1 and a suitable choice of {(;}i_;,
solutions of (3.2.1)) approximate those of (3.1.1): see Remark [12] Furthermore, we solve
(3.2.1)) by the coefficients method proposed in [Nurl8, INS18, [LJL21]. The key observation is
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that for any p we a priori have that

T

(1 (1 [ Kooty ) ) (0) =3 asoito

P, (gl ( [ st 1>dy)) (x) :ﬁlbicm,

where

oilt) = [ 1 (t / Kr<x,y>p<y,t>dy) G2,

b= [ o ( / sr<x,y>p<y,1>dy) G(2)do.

Therefore, introducing variables
Oé(l‘,t) :fo<t7I,p(I,t)), ,B(l’) :go(l‘,p(l’,l)), m(x,t) :_pva(t7x7v¢)7

we obtain that (3.2.1]) is equivalent to

;

_¢t + H(t> xz, v¢) = O./(.Q?, t) + Z::l al(t)cl(x)v

m(x,t) = —pV,H(t,z,V¢), (3.2.2)

\p(.ﬁlﬁ, O) - po(l'), ¢($’ 1) = ﬂ(ﬂf) + Z’:‘:l szz(x)a

supplemented with compatibility conditions

/

ai(t) = fo Ji (t. 2, o Prr(K) (2, 9)p(y, t)dy) Gi(x)dz, Vi
bi= Jo91 (2, JoPrr(S)(@,9)p(y, D)dy) Ci(2)dw, Vi
a(z,t) = folt,z, p(z, 1))

B(x) = go(z, p(x,1))

pe(t,x) +V-m(t,x) =0

(3.2.3)

\m(t,a:) v(z) =0, z €00

Thus, our goal is to formulate (3.2.2))-(3.2.3) as a monotone inclusion problem. For that,
we start by casting (3.2.2)) as a convex duality relation between variables (a, b, o, 3, ¢) and
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(p,m). We omit the domains in the notation of Lebesgue and Sobolev spaces when there is

no ambiguity. Recall that
L(Zf,{l?,?}) =Sup —v-p— H(t,x,p)
p

is the convex dual of H. The indicator function of a convex set A is defined as

0 ifre A
]_A(ZL‘) =
+oo ifz ¢ A

We assume that p — H(t,z,p) is convex and lower-semicontinuous. For detailed assumptions

on H for various instances of (3 we refer to [Carl13b, [GMIS].

Proposition 1. For (a,b,o, 3,¢) € L7 x I* x L2, x L? x H; , define

W(a,b,a, f,0) =inf Z( //( xt—i—Zaz )G ) (2, t)dzdt

+A;Q%xw+§jmgmf)M%lﬂx (3.24)

1
_|_/0 /Q(btp—i—V(;ﬂ-deJdt—/Q(ﬁ(x:l)p(mal)dx
+L¢@®M%®M

E p7 / / pL ( ) dxdt + 1 p(z,0)= po(ff)(p) + 1p20(p> + 1m<<p<p7 m)

Then (¢, p) satisfy [3-2.2) if and only if (p,m) is a solution of the optimization problem in

where

(13.2.4). Furthermore,
U(a,b,a,8,¢0) = =" (C(a, b, 0, 3, 9)),

where
— > ai(1)Gi(x) — afz,t) — ¢y
~Vé
C(aab7a>ﬁa¢) = , (325)

— 22 bii(x) = B(x) + o(x, 1)
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*

and =* 1s the convexr dual of =; that is,

=5 (p,m, p(+,0), p(-, —sup/ /pp+m mdxdt—i—/ p(x,0)p(z,0)dx
+1ﬁuﬂm@AMx—amm»
In particular, (p,m) is a solution of the optimization problem (3.2.4)) if and only if
C(a, b, B,0) € 0Z(p,m), or (p,m) € IZ* (C(a,b, v, 5, 9))

Proof. Calculating the first variation with respect to p,m in (3.2.4]), we obtain

;

L <t z, p) ny,L ( ) +alzt) + S, ai(t)G(@) + dp =0
v, L (t,x, %> Y Vo=0

B(x)+ > biGi(z) — ¢(z,1) =0

Additionally, p(z,0) = po(x) as Z(p, m) < co. From the properties of the Legendre transform,
we obtain that

~= _VPH(tv €, VQS)

p

H(t,x,V¢) = ™V,L (t, z, %) .y (t, z, %>
which yields (3.2.2). Rest of the proof readily follows from the convex duality relation between
= and =*. |

Next step is to find a map M such that the relation can be written as

- (O*<p7m>p(70)>p(7 1))) S M(avbvaaﬁa ¢)7

where C* is the adjoint operator of €', and M is a maximally monotone map. We have that

29) = Y b)), b = | Ko )G@)G 1) dody,

p,g=1
T

5:@) = 3 s Gol@G0): 5= [ S0 0)dody,

p,g=1
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and we denote by K = (k,,), S = (s,,). Without loss of generality, we assume that K, S are

invertible.

Additionally, assume that fo(¢,z,-), go(x,-), fi(t,x, ), ¢1(z,-) are increasing. This as-
sumption means that agents are crowd averse that leads to a well posed system ((3.1.1)) [LLO7].

Furthermore, denote by

//Fotxpxt)dxdt Vol /Gow
- /0 /Q Fi (t,x,Zcp@)cp(x)) s, Vilw) = [ G ( S w e )

where 0,0,(t,x,z) = ¢; for O € {f,¢} and i € {0,1}. Then we have that U;, V; are convex,

(3.2.6)

and we can consider their dual functions

Ui (a —sup/ Zap cp(t)dt — Uy(c), Vi*(b) =supb-w — Vi(w),

Uj(a) = sup/ / apdzdt — Uy(p), Vi(B) = sup/ Budr — Vo(p).
p Jo JQ HoJQ
Proposition 2. Assume that C is defined as in (3.2.5). Then we have that

- fQ p(l’, t)Cz(x)dx)z

C*(p,m, p(+,0), p(+, 1)) = —p(x, 1) , (3.2.7)

L Ypt+V-m, m-v, 0,0)

where L = (At,x, Oy lo11x00; (Id =0%) [axgoy, (Id +0;) LQX{l}). Furthermore, (3.2.3)) is equiva-

lent to

- (C*(pv m, p(? O): p(? 1))) € M<a7 b, a, 67 (b)a (328)
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where

1 9,Uf(a)
S~ 9V (b)
M(a,b,a,B,¢0) = | 0, U0 ()
Vo' (B)
0

Proof. The components of C* corresponding to variables a,b, o, § are straightforward to
calculate as they are in L? spaces. As for the component corresponding to ¢, we have to find

h = h(p,m) such that for all ¢ one has that

1
= [ [+ Vo masat+ [ o 1ol o~ [ oo 0)p(z. 00z
0 Q Q Q

1 1
://¢(Pt+V-m)da:dt—/ ¢ m-v drdt
0o Jo 0o Joa

We have that

1
(h, @) i —/§2¢(x,0)h(x,0)dx+/ﬂgb(x,1)h(m,1)dx—|—/0 /Qvt,xqﬁ'vmhdxdt

1 1
- / / OA phdadt + / ¢ O,h drdt
0 Q 0 o0

—i—/ngS(x,l) (h(x,l)+ht(x,1))dx—|—/ﬂ¢(x,0) (h(z,0) — hy(z,0)) da

Therefore h must satisfy the conditions

(

At,xh = —(pt—FV-m)

Oh=—-m-v
(3.2.9)

h(z,0) — hy(x,0) =0

h(z,1) + hy(z,1) = 0

\

and we obtain (3.2.7). Next, we prove (3.2.8)). We have that

Uj(« / /F* (t,z,a(x,t))dzdt, 0U;(a(x,t)) = 0.F;(t, x, afz,t)),
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where F§(t,r,a) = sup,ap — Fy(t,z,p). Therefore, the a-entry inclusion in (3.2.8) is

equivalent to
p(z,t) € 0. Fy(t, x,a(x,t)) <= a(x,t) € 0,Fy(t,z, p) = folt,z,p)
Similarly, the S-entry inclusion is equivalent to
p(z,1) € 0,Gi(z, B(z)) <= B(x) € 0,Go(z, p(x,1)) = go(x, p(z, 1))
Next, the ¢-entry inclusion means that h = 0 in that is equivalent to
pr+V-m=0

The a-entry inclusion in (3.2.8) is

T

(/Q p(x,t)@(:p)dx)’" € K'9,U{(a) <= K (/Q p(x,t)@(x)dx) € 0,U; (a)

i=1 =1

Applying the properties of the Legendre transform again, we obtain that this previous

a € 0., (K ( /Q p(:r,t){i(x)):_l) (3.2.10)

On the other hand, we have that

o0 = [ [ 5 (t,x,ch<t><p<x>) () dadt

inclusion is equivalent to

and therefore

Oc,Ur (K (p(,1)Gi(2)) ;1)

= /0 1 /Q fi (t,w,iik’pq /Q p(yi)cq(y)dyép(fﬂ)) Gi()ddt

p=1 g=1

-/ 1 [ (v [ Kooty ty) capdea

Hence, ([3.2.10)) is equivalent to the first equation in (3.2.3)). The derivation for the b-entry in
(3.2.8)) is similar. |
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Remark 8. The inverse Laplacian operator appears in C* because we consider ¢ as an

element of H' space rather than L?. As an inner product in H* we set

1
(6,1 = /Q o(z, 0)h(z, 0)dx + /Q o(z, Dh(z, dz + /O /Q Viat - Vohdrdt

where we slightly abuse notation by using dx for the surface measure of 02. As pointed out in
[JLL19,|JL20], the choice of spaces is crucial for grid-independent convergence of primal-dual

algorithms. We come back to this point below when we discuss the algorithms: Remark [13

Combining Propositions we obtain the following theorem.
Theorem 3.2.1. The pair of systems (3.2.2)-(3.2.3)), and so (3.2.1)), can be written as a
primal-dual pair of inclusions

0€ M(a,b,a,3,0) + C*(N(C(a,b,, 8,0))) (P)

(p,m,p(-,0),p(-,1)) € N(C(a,b,a, 8, 9)) D) (3.2.11)
_C*(p7m7p(.70)7p(.7 1)) E M(a’b7a’/67¢)
where N = 0=*. Furthermore, if ¢ — 0.U;(Kc) and w — 0,V1(Sw) are mazimally monotone,

then M is maximally monotone, and (3.2.11)) is a primal-dual pair of monotone inclusions.

Proof. The equivalence of (3.2.11)) and (3.2.2))-(3.2.3)) is simply a combination of assertions
in Propositions (1| and . Furthermore, assume that ¢ — 0.U;(Kc) and w +— 9, V1 (Sw) are

maximally monotone. We have that
(O.U1 (Ke)) ' = KT'0,U7 (), (9Vi (Sw)) ™ = ST1,177(b)

Therefore a — K7'0,U{(a) and b — S~19,V*(b) are maximally monotone. Next, o —
0, U (a) and 8 +— 03V () are maximally monotone by the convexity of Uj, V. Hence, M

is maximally monotone. |

Remark 9. The monotonicity of ¢ — 0.U;(Kc) and w — 0,,V1(Sw) yields that the mean-field
coupling in (3.2.1)) satisfies the Lasry-Lions monotonicity condition [LLO7, Theorems 2.4,

2.5], and hence (3.2.1)) is well-posed.
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Remark 10. Throughout the chapter, we embed a,b, «, 3, ¢, p, m in suitable Hilbert spaces.

In general, (3.2.1) and (3.1.1) do not admit smooth solutions, and a suitable notion of a weak

solution is necessary. Thus, a natural question arises whether (3.2.11)) admits solutions in
these Hilbert spaces and can be regarded as a weak formulation of (3.2.1)). This question is a
subject of our subsequent work, and we do not address it here. Nevertheless, we provide some

comments on possible methods and expected results below.

When has only nonlocal smoothing interactions; that is, fo, g0 = 0, and fi, 91, K,S,( €
C?, one can prove that admit weak solutions (¢,p) € W x L>® if py € L™
JLLO7, [Cari3b]. Here, weak solutions are understood in the viscosity sense for ¢ and
distributional sense for p. In this case, we solutions of and coincide [NS18,
Theorem 3.1].

In the presence of local interactions, the theory of weak solutions is more peculiar and
depends on the growth of p— H(t,z,p), p— fo(t,z,p), p— go(t,z,p) and the variational
structure of the problem. Typically, one obtains suitably defined weak solutions (¢,p) €
Wha x L™ for some q,r related to these previous growth rates. We refer to [GM18, [GMSTY]
for a thorough discussion on the topic. In this case, rigorous connections between (3.2.11)) and
weak solutions of 15 an interesting question remaining to be understood. For related

analyses of monotone inclusions methods for non-potential MFG systems see [FG18, [FGT21).

Remark 11. On the discrete level, there is no obstruction to Hilbert-space embedding caused
by the lack of reqularity, which is then relevant for the convergence-rate analysis of the discrete
solution to the continuous one. In this context, the choice of Hilbert spaces corresponds to
metric chosen for discrete variables which can affect the convergence rate of primal-dual

algorithms: see Remarks@ and [JLL19, [JL20]. Rigorous analysis of discrete versions of

(3.2.1), (3.2.11)) and their convergence to continuous counterparts is a subject of our future

studies.

Remark 12. Another important question is whether solutions of (3.2.1)), and consequently
of (3.2.11)), converge to those of (3.1.1)). This question reduces to the stability of solutions
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under smooth, C?, perturbations of the nonlocal smoothing coupling. In the absence of local
interactions, solutions are indeed stable under such perturbations: see [Carl3d, Section 4.3]
and the discussion in [NS18, Sections 2, 4]. As before, systems that involve local interactions
remain to be analyzed. Nevertheless, stability results in [CGP15, Section 6] and the fact that

perturbations are only in the nonlocal smoothing terms suggest that solutions will be stable.

3.3 A monotone primal-dual algorithm

We apply the monotone primal-dual algorithm in [V_13] to solve (3.2.11)) (and thus (3.2.1))).
We start by an abstract discussion of the algorithm. Following [V 13|, assume that H,G

are real Hilbert spaces, M : H — 2" N : G — 29 are maximally monotone operators, and
C :H — G is a nonzero bounded linear operator. Furthermore, consider the following pair of

monotone inclusion problems

find s s.t. 0 € Ms+ C*(N(Cs)) (P)
(3.3.1)

find ¢ s.t. ¢ € N(Cs), —C*q € Ms, for some s (D)

When M = 0f, N = 0g (3.3.1)) reduces to a convex-concave saddle-point problem
inf f(s) + g(C's) = infsup f(s) + (Cs,9) — g7(q)
q

Accordingly, one can solve (3.3.1) by a monotone-inclusion version of the celebrated primal-
dual hybrid gradient (PDHG) method [CP11, [CP16]. In its simplest form, the algorithm in
[V_13] reads as follows

"= J (8" — 7,C*q")

gl = ggntl — gn (3.3.2)

¢t = J‘qu—l(qn + TqC§n+1)>

\

where J.p = (I + 7F)~! is the resolvent operator, and 7,7, > 0 are such that 7,7,||C/||* < 1.

Note that when M = Jf, N = dg (3.3.2)) reduces to the standard PDHG [CP11l [CP16].
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3.3.1 A primal-dual algorithm

Applying (3.3.2) to (3.2.11) we obtain the following algorithm to solve the MFG system

B3-2.1):

(
(an—i-l7 bn—i—l7 an+17 Bn—&—l, ¢n+1)

= JrM ((an’ bna an’ 51@7 ¢n) - TC*(pna mn’ Pn(7 0)7 pn(’ 1)))
(an—l—l’ j)n+17 &n—&—l’Bn—&-l, anﬂ)

(3.3.3)
— 2(an+1’ bn+1’ a/nJrl’ 5n+17 ¢n+1) _ (an7 bn’ an,ﬁn’ ¢n)

(Pn+1; mn+17 pn+1('7 0)7 pn-ﬁ-l(., 1))

= Jooz ((,0", m®, p"(+,0), p"(, 1)) + oC (a1, b+, antt, gret, gsnﬂ))

\

Remark 13. The time-steps in (3.3.3) must satisfy the condition To||C||* < 1. Note that

(Cla,b,8,6), (p.ms p(-,0), o D < (llallzz + 01l + llal o2, + 181z + ol )
(ellzz, + lmllzz, + loC,0)laz + 1o 1)z )

Therefore, ||C|| is finite, and independent of the grid-size.

The updates for (a,b, a, 3, ¢). Note that the updates for a, b, o, 5, ¢ are decoupled. Indeed,

B33) yields

(

a™(t) + 7 (fo, p"(z, t)Ci(x)dx)i € a" i (t) + TK710,Uf (a™ (1))
0" + 7 (fo 0" (2, 1)Gi(x)dx) € b + 78719, Vi (0" )
a™(z,t) + 7p"(z,t) € " (2, t) + 7OLUG (o (z, 1))

B"(x) + 7p"(x, 1) € BN () + 705V (B (7))

(" (2, 1) + 7L (pf + V- m™,0,0) = ¢" (2, 1)
To update a, we need to solve an r x r system for every fixed . Next, to update b we need to

solve an 7 X r system. Once r is fixed the sizes of these systems do not depend on the mesh.
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Next, we observe that

U () :/0 /QFJ(t,x,a(x,t))dxdt, O U (a(z,t)) = 0o F (t, z, ax, 1)),
Vi(8) = | il B, 0,15 (5(a) = 04Gi(w. B(@),

where
F(;k(t7 Z, O{) =Ssupap — FO(tv Z, p)? GS(SE, /8) = SuPﬁP - Go(fﬁ, p)
p p
Therefore, the updates for «, 8 correspond to decoupled one-dimensional proximal steps; that
is,

((E,t)—Tpn (IE,t)|2
2T

ﬂn—H € arg ming GB(%@ + |5—/B”(x)2—:pn(x,1)‘2

o™ (z,t) € argmin, Fi (¢, z, a) + 2=

Therefore, the updates for «, 5 can be efficiently performed in parallel yielding linear-in-grid
computational cost. Finally, recalling the definition of £, we obtain that to update ¢ we need

to solve a space-time elliptic equation

(

Apad = D" +7(pf +V-m")
gb(x, 0) - (;515(1}70) = ¢n(x70) - ¢?(x70)
602, 1) + 01l 1) = 6", 1) + 672 )

This step can be efficiently performed via Fast Fourier Transform (FFT).

The updates for (p,m). The resolvent operator J,s= is the proximal operator prox,=.
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Therefore, (p, m) updates reduce to an optimization problem

mf/ / pL (t x, ) dxdt + 1,u.0)=po(z) + 1p>0 + Lin<<p

L [ (40 a0 i)

2
+ % <P(£E, 1) - ,On(x, 1) + UZ B:L‘HCZ(:E) + O'BH—H(Q?) . O'CZn—H([L', 1)) de

2
/ /( (x,t) — p™(z, 1) +UZ A" (t)¢Gi(x) + oa" T (x, t)+aqb”+1(a:,t)> dxdt

/ / ‘m x,t) "(z,t) + oV (x, t)‘ dxdt

Again, we obtain decoupled one-dimensional optimization problems

)
(p" Yz, t),m" T (z, 1)) € arg mln pL <t X, ) + 1,50+ Lies,
L err@iros, a"+1<t><l(x>+o—a"+1(m D+0d (@)’
20

|m7m" (x,t)+o Ve t1(z,t) |
+ 20

—o" (x 0'~"+1 , 2
;On—H(l', 0) € arg min 1, po@) + [p=r"( 70)'20‘?5 (,0)]
p

. _n 1)+ igﬂ+1i + an+1 _ o in+1 1 2
pn_t'_]_(x’l) c argmpln lp—p" (2. 1)+ 3, b C(c;)7 oB Y (z)—0 ¢ (1) + 1,50

\

3.4 A class of non-potential MFG with density constraints

Here discuss an instance of that is non-potential and incorporates pointwise density
constraints for the agents. We illustrate that our method handles mixed couplings in an
efficient manner. Assume that
filt,x,2) =z, fo(t, @, 2) = 0:1hep<a<hion)
91(x,2) =0,  go(x,2) = 0:1e@w)<z<e) + 9(@)
Functions h, h > 0 and e, & > 0 are density constraints; that is, the solution to the MFG
problem must satisfy the hard constraints h(x,t) < p(z,t) < h(z,t), (z,t) € 2 x (0,1) and

e(x) < p(x,1) < é(zx), z € Q. Next, g is a terminal cost function.
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Remark 14. We can model static and dynamic obstacles in this framework. Indeed, assume
that Q, C Q is a dynamic obstacle and set h(x,t) = h(z,t) = xq,(2). Then the hard constraint
h(x,t) < p(x,t) < h(x,t) is equivalent to suppp(-,t) Ny = 0, which means that there are
no agents in €2;. One can also use the lower bounds on p to maintain a minimal fraction of

agents at specific locations.

From (3.2.6)), we obtain

Ui(e) = /01/9 <Z§=1 Cj;t)Cj(x)>2dxdt _ %/01 i:c?(t)dt

j=1

1
Us(p) :/ /1h(x7t)<p(z,t)<h(x7t)dxdt
0 Jo
Vo() :/Q Le(a)<p(a)<e(z) + 9(x)p(z)dx

Note that we do not need V; and b since g; = 0. Furthermore, the dual functions are

* 1 "o
Uite) =5 [ St
j=1

Ui () :/0 /Qmax {a(z,t)h(z,t), a(z, t)h(z,t)} dudt
Vo' (B) Z/Qmax{(ﬁ(l") — g(x)) ex), (B(x) — g(x)) e(x)} dx
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Accordingly, the algorithm (3.3.3]) reduces to
(

@t = (LK) (0 7 (0 2,0 (), )

o (z,t) = min {max {0, a"(z,t) + 7p"(z,t) — Th(z, 1)} ,a"(x,t) + 7p"(2,t) — Th(z,1)}
B (@) = min {max {g(x), 8" () + 7p"(z,1) — 7é(x)}, 8" (x) + 7p"(x, 1) — 7e()}
Aped"™ = Dad" + 7o) + V- m")

¢ (2,0) — ¢1 ' (2,0) = ¢"(,0) — ¢7'(,0)

¢" (@, 1) + ¢ (2, 1) = 6" (2, 1) + ¢} (2, 1)

(d”“, antt, g, &"“) =2(a"™, ", gt gt — (o, e, 87, ¢")

(p"*H (2, 1), m" (2, 1)) € arg min pL (t, x, %) + 1,50 + Lies,

n |p—p" (@) +0 32, antt (t)(i(x)+ad"+1(m t+oal (@) +odrH (z,t) |2
20

|m m"(z,t)+o Vet (z, t)’
20

pH(2,0) = pola)

§H1 (2, 1) = max{p"(z, 1) — 05" (@) + 06" (x, 1), 0}

\

We have that K = (k,,) where k,, = fQQ (,y)(p ()¢ (y)dzdy. Therefore, K may
not be symmetric if K is not. In this case, is non-potential. Nevertheless, if K is
monotone then such is K, and our methods apply. Below we discuss a class of non-symmetric

interactions that are monotone but non-symmetric. For §_,d, > 0 consider

a:2 9;2

Vo_ .64 (ZL’) =€ ~ Xxz<0 +e + Xz>0, reR

The cosine transform of ~ is

/cos (2imCx) y(x)dx = \/g (5_6_2”2425% + 5+6_2”2<25-2+> >0, ¢eR.
R

Therefore, K (z,y) = v(y — ) is a monotone kernel. Therefore, for §_, 5, € R%

Ks_s5,.(z,y) H'75,61+ — ;)
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is a monotone kernel. Furthermore, for any non-singular linear transformation () we have that
Ks 5. (@', Q@ 'y) is a monotone kernel. Therefore, for a basis v = {vy,v9,- -+ , vy} C R

we have that

d
KV,6_,5+ (.Z', y) = K5_75+(Q_1517, Q_ly) - H Vi~ 6+ (yzl - -’E;) (341)
i=1
is a monotone kernel, where ) = (v1 vy -+ 1) is the coordinates transformation matrix and

2’ = Q7 'z are the coordinates in v.

Kernels in (3.4.1)) model interactions that have different strengths of repulsion along lines
parallel to v;. Moreover, these interactions are not symmetric as they depend on the sign
of y. — 2 that tells us whether y is in the front or back of x relative to v;. We can think of

crowd motion models where people mostly pay attention to the crowd in front of them.

3.5 Numerical experiments

In this section, we present three sets of numerical examples for MFG with mixed couplings
using Algorithm (3.3.3)). In these MFG systems, we have the running cost L(¢,x,v) = %

which leads to

(
|m >

pL(t,x,%)Z 0 if (p,m) = (0,0)

+o00 otherwise.
\

We take Q x [0,T] = [-1,1]* x [0, 1], with a uniform space-grid N, = 64 and a uniform
time-grid V; = 32 in all examples. The finite difference scheme follows [AC10]. As for the
orthonormal system, we use the Legendre polynomials and set the number of coefficients
r = 152 to get a suitable approximation of the kernel. Figure shows the quality of

approximated kernels.
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Figure 3.1: Plot of approximated kernels for example 5.1 case B. From left to right: approxi-

mated kernel with » = 5%; approximated kernel with r = 15%; the exact kernel.

3.5.1 Density Splitting with Asymmetric Kernel

We consider a MFG problem where the density splits into 8 parts at final time. For this
non-potential MFG with density constraints (3.5.3)), we set

po(z) = N([O 0],0.1%)

1 2my 2
=3 Z (1 —exp (20]|z — z;]|*)), where z; = 0.75 {sm% cos %]
7=1
é(x) =4,

where N (x,0¢) is the density of a homogeneous normal distribution centered at z with
variance o2. As for the Gaussian type Kernel K (z,y) in , we choose the three following

set-up:

e Case A, symmetric kernel

r—yl?
K(z,y) =4exp <—%>

5:(5@_ = 52',4_ =0.1for¢ = 1,2
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e Case B, asymmetric kernel

K(z,y) = 4%_,5(331 - yl)%,&(@ —y2)
0=0.1,6_=04.

e Case C, asymmetric kernel (coordination transform)

_N\T _
K(z,y) = 4exp (_(w y)%%(rc y))
v
Q=" ‘51 c=10.956 =02
2 2

The results are shown in Figure As we can see nonlocal kernel affect how the density
moves and have different final distributions. In case A, a symmetric kernel leads to an even
splitting of the initial density. Comparing case A and B, we see that the large ; _ causes
density to favor a motion towards x; _ direction. As a result, the final density has more
concentration in z; _ domain. As for a comparison between A and C, we see that agents in
case C have a preference to move along x; = x5 direction, which is consistent with the shape

of the kernel K (z,0).

3.5.2 Static Obstacles Modeled with Density Constraint

Here we provide a MFG problem where the the density moves while avoiding the obstacles,
which is modeled using density constraint. We also include a small local interaction term in

this example:
fO(ta Z, Z) = azlﬁ(x,t)_zgf_z(a:,t) + Elog Z, €= 0017

h(z,t) =0,é(x) = 0 for x € Qups,

K(z,y) =47 s(x1 — y1)vss(x2 —y2), 06=0.1,6_=04

As for the initial-terminal conditions, we have
1 1
po(r) = 5/\/([—0.8, 0.5],0.1%) + 5/\/([—0.8, 0.5],0.1%)

g(x) = 2% + (2 — 0.85)% — 2¢1002-0T)",
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(b) Asymmetric kernel

(¢) Asymmetric kernel (coordination transform)

Figure 3.2: MFG solution p(x,0.3), p(z,0.6), p(z, 1) for density splitting examples.

69



Under above setup, we consider the following 2 cases: case A, h(z,t) = 20; case B, h(z,t) = 10
for all (z,t),x & Qups.

20
15

10

[

_
o
_
-
o
—_
-
o
—_

20

—_

o

—_
-
o
-

(b) h(z,t) =10

Figure 3.3: MFG solution p(x,0.3), p(z,0.6), p(x, 1) for static obstacles examples, where the ob-
stacle (yellow) is located at Qs = {||z — [0,0.2]]|* < 0.15*} U{|z1| > 0.1, |22 + 0.15] < 0.05}

The numerical results are shown in Figure [3.3] As we see the density moves from left to
the right and avoids both the rectangle and round obstacles. It avoids the round obstacles
via an uneven splitting, which is caused by the asymmetric kernel. Comparing Case A and B,
we see that the density constraint make the agents spread more. We present 3D plots of final

density distribution for both cases in Figure
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20

Figure 3.4: 3D plots of example 5.2. From left to right: initial density distribution; final

density distribution for Case A; final density distribution for Case B
3.5.3 Dynamic Obstacles Modeled with Density constraint

In the last example, we model an Optimal-Transport-like problem with dynamic obstacles

via density constraint. Our mean field game system is as follows:

o2
K(z,y) = exp (——”30253” ) , 0=0.1

5
1
po(r) = § EN(Q;J., 0.1%), for z; = [-0.9 + 0.35, —0.85]
j=1

g(x) = 27 + 5|2y — 0.85]*5.

We use the density constraint A(x,t) to model 4 rectangles moving vertically. As for the density

constraint at final time, we choose e(x) to be exactly a density distribution. Specifically,
e(z) = ¢, for ||z —z;|| <0.08, for x; = [-0.94 0.35,0.85],5 = 1...5,

where ¢, is a constant that normalized e(x). This setup is equivalent to specifying the final

density distribution p(z,1) = e(x). This is case A that is shown in Figure 3.5

We also relax the density constraint at t = 1, by setting

1
e(r) = 5Cer for ||z — z;|| <0.08, for x; = [-0.9+0.35,0.85],5 = 1...5.
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Figure 3.5: MFG solution p(x,0.3), p(z,0.6), p(z, 1) for dynamic obstacles examples.
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That is, we decrease the lower bound of p(z,1) by half. This is Case B shown in Figure
As we can see, unlike case A, the agents do not completely fill the support of e(z). The

aspect of modeling dynamic obstacles also works well as agents avoid the prohibited regions.

3.5.4 Acceleration of PDHG

To accelerate the convergence of PDHG, we have modified the algorithm following the idea
of balance residual and the adaptive PDHG from [GLY13|. To show the improvement, we
conduct the following experiment. We initiate a pair of stepsizes (79, 09) that guarantee
the convergence of the algorithm. During the PDHG iteration, we update the step sizes
by (7x, 0%) according to Algorithm 2 in [GLY13]. We obtain faster convergence in terms of
primal-dual residuals py, d as defined in [GLY13]. In Table we present the number of
iterations required to satisfy the stopping criteria py, d; < e. We run examples for a set of
(70, 00) values and report the best number of iterations achieved. We see that the adaptive

PDHG shows better performance than the PDHG with constant stepsizes.

Table 3.1: Comparison of adaptive PDHG and PDHG

€ 1.00e-3  1.00e-4 1.00e-5 1.00e-6  1.00e-7
PDHG 393 955 3030 9108 >2e4
adaptive PDHG 295 701 2033 6200 17842
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CHAPTER 4

Controlling Propagation of Epidemics via Mean-field

Controls

In this chapter, we focus on modeling perspective of mean field controls. We introduce a
mean-field control model in controlling the propagation of epidemics on a spatial domain.
The control variable, the spatial velocity, is first introduced for the classical disease models,
such as the SIR model. For this proposed model, we provide fast numerical algorithms based
on proximal primal-dual methods. Numerical experiments demonstrate that the proposed

model illustrates how to separate infected patients in a spatial domain effectively.

This chapter is organized as follows. We review studies on epidemic models, especially
recent ones on COVID-19 in Section [4.1} In Section [4.2] we introduce the mean field control
model for propagation of epidemics. We introduce a primal-dual hybrid gradient algorithm
for this model in Section [4.3] In Section [£.4] several numerical examples are demonstrated.

We discuss some potential directions in Section 4.5

The contributions in this chapter were presented in the joint work with Wonjun Lee,

Hamidou Tembine, Wuchen Li, and Stanley Osher in[LLT21].

4.1 Introduction

The outbreak of COVID-19 epidemic has resulted in over millions of confirmed cases and
hundred thousands of deaths globally. It has a huge impact on global economy as well

as everyone’s daily life. There has been a lot of interest in modeling the dynamics and

74



propagation of the epidemic. One of the well-known and basic models in epidemiology is the
SIR model proposed by Kermack and McKendrick [KM27] in 1927. Here, S, I, R represent
the number of susceptible, infected and recovered people respectively. They use an ODE
system to describe the transmission dynamics of infectious diseases among the population.
As the propagation of COVID-19 has significant spatial characteristic, actions such as travel
restrictions, physical distancing and self-quarantine are taken to slow down the spread of
the epidemic. It is important to have a spatial-type SIR model to study the spread of the

infectious disease and movement of individuals [Ken65, [Kal84! [HI95].

Since the epidemic has affected the society and individuals significantly, mean-field controls

(MFC) provide a perspective to study and understand the underlying population dynamics.

In this chapter, we combine the above ideas of spatial SIR model and MFG. In other
words, we introduce a mean-field control model for controlling the virus spreading within a
spatial domain. Here the goal is to minimize the number of infectious agents and the amount
of movement of the population. In short, we formalize the following constrained optimization
problem

. T Q; C
inf E(p/(T")) + / / > Seillull + Sos + pr + pr)*dudt
0 Q

(Pisvi)ic{s,1,R} ic (SR}

subject to
2

(
Oips +V - (psvs) + Bpspr — %SAPS =0

2
Apr +V - (prvr) — Bpspr +vpr — %Apf =0
772
Oipr +V - (prVR) — Yp1 — ?RAPR =0

(£5(0,+), p1(0, ), pr(0, -) are given.

Here p; represents population density and v; describes the movement, with ¢ € {S,I, R}
corresponding to the susceptible, infected and recovered compartmental state or class. We
consider the spatial SIR model with nonlocal spreading modeled by an integration kernel K

representing the physical distancing and a spatial diffusion of population, and set it as dynamic
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to our mean-field control problem, which is the constraint to the minimization problem. The
minimization objective include both the movement and the congestion of the population.
The kinetic energy terms describes the situation that, if population (the susceptible, infected
or recovered) needs to be moved to alleviate local medical shortage, there is a cost behind it.
The congestion term models the fact that government don’t want the population gets too
concentrated in one place. This might increase the risk of disease outbreaks and their faster
and wider spread. Note that Kendall [Ken65|] introduced this kernel for modeling pandemic
dynamics and took the nonlocal exposure to infectious agents into consideration. Due to
the multiplicative nature of the interaction term between susceptible and infectious agents
Bpspr, the mean-field control problem is a non-convex problem. With Lagrange multipliers,
we formalize the mean-field control problem as an unconstrained optimization problem. Fast
numerical algorithms are designed to solve the non-convex optimization problem in 2D with

G — proz preconditioning [JLL19].

In the literature, spatial SIR models in the form of a nonlinear integro-differential [Aro77,
Die79, [Thi77] and reaction-diffusion system [Kal84, [HI95] have been studied. Traveling
waves are studied to understand the propagation of various type of epidemics, such as
Lyme disease, measles etc, and recently, COVID-19 [CGCO02, [GBKO01, WW10, BRR20]. In
[BRR20], they introduce a SIRT model to study the effects of the presence of a road on
the spatial propagation of the epidemic. For surveys, see [MurO1l, Rua07]. As for numerical
modelling of epidemic model concerning spatial effect, finite-difference methods are used
to discretize the reaction-diffusion system and solve the spatial SIR model and its various
extensions [CC10, [JCI4, [FH16]. Epidemic models have been treated using optimal control
theory, with major control measures on medicare (vaccination) [SS78, [LESIS, JKT.20]. In
[JKL.20], a feedback control problem of SIR model is studied to help determine the vaccine
policy, with the goal to minimize the number of infected people. In [LZM19], they introduce
a nonlinear SIQS epidemic model on complex networks and study the optimal quarantine

control. Compared to previous works, our model is the first to consider an optimal control
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problem for SIR on a spatial domain. In particular, we formulate velocity fields among S, I,

R, populations as control variables.

4.2 Models

In this section, we briefly review the classical epidemics models, e.g. SIR dynamics. We then
introduce a mean field control model for SIR dynamics on a spatial domain. We derive a

system to find the minimizer of the proposed model.

4.2.1 Review

We first review the classical SIR model.

¢ dS

2 — _3S]
dt B3
dl

— — BST—~I
o BSIT —~
dR

Y |
Car !

where S, I,R: [0,7] — [0, 1] represent the proportion of the susceptible population, infected
population, and recovered population, respectively, given time t. The nonnegative constants
[ and ~ represent the rates of susceptible becoming infected and infected becoming recovered.
SIR has an interpretation in terms of stochastic processes of agent-based models. The
SIR model can be obtained as a motion of the law of a three-state Markov chain with the
transition from S to [ and I to R. The simplicity of this model allows people to predict an
infectious disease epidemic by only estimating a few parameters. However, it has limitations
by assuming the population is homogeneous-mixing, which means that every individual has
an equal probability of disease-causing contact. As a result, the predictions will lack spatial
information and may not help the (local) governments make policies or relocate medical
resources. Therefore, we are motivated to study the spatial SIR model. On the other hand,

the SIR model does not consider the latent period between when a person is exposed to
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a disease and when they become infected. This leads to the extension of the SIR model,
such as the SEIR model. Our proposed model has a flexible structure and can naturally be

generalized to such epidemiological models.

4.2.2 Spatial SIR variational problem

We then consider the spatial dimension of the S, I, R functions. Let  C R? be a bounded

domain. Consider the following functions
PSS, PI; PR * [O7T]XQ_>R+7 (ZE{SvlaR})

Here, pg, pr, and pg represent susceptible, infected, and recovered populations, respectively.
We assume p; for each i € {S,I, R} moves on a spatial domain with velocities v;. We can

describe these movements by continuity equations.

¢ 2
Oips +V - (psvs) + Bpspr — %SAPS =0

2
Owpr +V - (prvr) — Bpspr +vpr — &Apl =0
2 (4.2.1)

5
Owpr + V- (prUR) — Yp1 — UERAPR =0

kPS(Oa ')7 PI(Oa '), pR(O, ) are given.

where v; : [0, T] x Q — R? (i € {S, I, R}) are vector fields that represent the velocity fields for
pi (i € {S,1, R}) and nonnegative constants n; (i € {5, I, R}) are coefficients representing for
viscosity terms. In addition, we will assume zero flux conditions by the Neumann boundary

conditions. These systems of continuity equations satisfy the following equality:

0
5 [ pstta) & pilt.2) + pat )i =
Q

i.e., the total mass of the populations will be conserved for all time.

Lastly, we introduce the proposed mean field control models. Consider the following
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variational problem:

inf E(p,(T,->)+/OT/Q >

Q; c
—Pz‘HUiH2 + =(ps+ pr+ pR)dedt
(Pivi)ie(s,1,R} wisim 9 9

subject to (4.2.1)) with fixed initial densities.

Here E is a convex functional and «; (¢ € {S,I, R}) and ¢ are nonnegative constants.
The minimizers of the above variational problem will provide the optimal movements for
each population while minimizing the terminal cost functional with respect to the infected

population p;. The last term in the running cost, £(ps + pr + pr)?, penalizes congestion of

the total population.

We note that the function (p;, v;) — pillvs||* is not convex. By introducing new variables

m; = p;v;, we convert the cost function to be convex.

min  P(p;, M;)ic(s,1,Rr}

Pisvi
subject to
( Ui
Oips +V -ms + Bpspr — ?Aps =0
o
Owpr +V -my — Bpspr +ypr — EIAPI =0
2
Opr +V - mp = ypr = App =0
kpS(O’ ')7 p[<07 ')7 pR(Oa ) are given.
Here

T
P(pi,mi)icis.1,r} IE(PI(T,'))+/ /F(Pi,mi)ie{s,I,R}dll?dt
o Ja

asllms|®> | arllmg]]* | aglmel?
F(pi,mi)icis,,my = s 27 2n

+ —(ps +pr + PR)Q-

oo

From an optimization viewpoint, we note that the minimization problem is not a convex
problem since the coupling terms, Spsp;, in constraints make the feasible set nonconvex. To

regularize the nonconvex coupling term Spgp;, we replace products by convolutions.

min P(pi,mi)icis,1,r}
(pirvi)ie{s,1,R}
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subject to
( 2
Oups(t.) + ¥ - ms(t,x) + Fps(t.) | Ko y)ou(t,y)dy - "5 Aps(t,n) =0
Q
2
atp[(t7x) +V- m](t,l'> - ﬁpf(x) / K({E,y)pg(t,y)dy + ’7,01(25,1) - %Ap](t,l‘> =0
Q

2
atpR<ta I) +V- mR(t7x) - ’)/p[(t7l’) - %Aﬁ]{(t, I) =0

kps<07 ')7 /)I<07 ')7 /)R(Oa ) given'

Here K(z,y) is a symmetric positive definite kernel representing the physical distancing
between a susceptible agent located at position z and infectious agent at position y, and
Jo K (x,y)p1(t,y)dy is the exposure of a susceptible located at « to infectious agents. Here,

we focus on a Gaussian kernel

1 ﬁ 1 ’l’k — yk|2
o= Tl o (2200
(2m)d k1 Ok 20/’3
In modeling, the variance o of Gaussian kernel can be viewed as a parameter for modeling

the spatial spreading effect of virus.

Remark 15. The formulation is not limited to the SIR model. It can be used to solve any

types of spatial epidemiological models.

4.2.3 Properties

We next derive the mean field game system, i.e. the minimizer system associated with spatial

SIR variational problem (4.2.3)).

Define the Lagrangian functional

L((pi, mi, Gi)ic(s,1,r})
T 772
=P(pi, Mi)ie(s,1,ry — / / E i (@pi +V-m; — EZAp,-) dxdt
0o Jo

1€{S,I,R}

T
+ / / Borpr K x ps — BospsK * pr +vpr(or — or)dadt.
0 Q
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Using this Lagrangian functional, we convert the minimization problem into a saddle problem.

inf sup  L((pi Mi, ¢i)ic(s,1,r})- (4.2.4)

(i mz)ze{S I,R} (¢1)1€{S I1,R}

Because of the nonconvex functional (pg, pr) — pspr, the feasible set here is nonconvex.
Thus, we cannot guarantee that the dual gap is zero for this problem. Swapping infimum
and supremum will only provide us a lower bound for the minimization problem. Here we

hope that we can gain good information from the bound.

inf sup ﬁ((piami7¢i)i€{5,1,R}) > sup inf E((Pi,mi, ¢i)i€{S,I,R})-

(pismi)ie(s,1,RY (¢)ics,1,m) ¢i (Pimi)ie(s,1,R}

The following propositions are the properties of the saddle point problem derived from

optimality conditions (Karush-Kuhn-Tucker (KKT) conditions).

Proposition 3 (Mean field game SIR system). By KKT conditions, the saddle problem
(4.2.4) satisfies the following equations.

(0165 — 1905 + B b+ clps + p1 + pa) + B (K  (pr) — 65K 5 pr) =0
D1 — —|V¢ 2+ 2 Acbz +clps + pr + pr)
+ B(¢rK * ps — K * (¢sps)) +vp(¢r — ¢1) = 0
Osor — —|V¢> 2+ 22 A¢R +clps +pr+pr) =0 (4.2.5)

Oips — a—SV (psVos) + BpsK * p; — fﬁps =0

1 2
Opr — a_v - (pVor) — BprK * ps +vpr — %API =0
I

1 2
Don — —V - (pVér) — 1p1 — LApg = 0.
\ R 2

where pS(Oa '>7 /)1(07 '>7 pR(Ov ) are given and

or(T,z) = 0E(p1(T, x)).
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Proof. Via integration by parts, we reformulate the Lagrangian function (4.2.4) as follows.

L((ps, ms, ¢i)ie{S,I,R})

T
=E(p:1(T,")) + / / BorprK * ps — BospsK * pr +vpr(¢r — ¢r)dxdt

OészzH n;
/ / + pzat¢z +m; - V¢z pzA¢z (PS + pr + ,OR) dxdt
’LE{SI R}

+ Z /pZ (0,2)0:(0,2) — pi(T, 2)¢s(T, x)dx

1€{S,I,R}

Let the differential of Lagrangian with respect to p;, m;, ¢; (i € {S,I, R}), pr(T,-), equal to

zero. We have 5
)

L=0
Opi
o
L=0
577’1,@'
)
L=0.
L0
Hence —V¢, = ai%. And we derive the result. |

We note that dynamical system (4 models the optimal vector field strategies for S,I,.R
populations. It combines both strategies from mean field games and SIR models. For this

reason, we call (4.2.5)) Mean field game SIR system.

4.3 Algorithm

In this section, we implement optimization methods to solve the proposed SIR variational
problems. Specifically, we use G-Prox Primal Dual Hybrid Gradient (G-Prox PDHG) method
[JLL19]. This is a variation of Chambolle-Pock primal-dual algorithm [CP11, [CP16].
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4.3.1 Review of primal-dual algorithms

The PDHG method solves the minimization problem
min f(Az) + g(x)

by converting it into a saddle point problem

mminsgp{L(x,y) = (Az,y) +g(z) — f*(v)}.

Here, f and ¢ are convex functions with respect to a variable x, A is a continuous linear

operator, and
[ y) =suwpz-y— f(z)
is a Legendre transform of f. For each iteration, the algorithm finds the minimizer z,

by gradient descent method and the maximizer y, by gradient ascent method. Thus, the

minimizer and maximizer are calculated by iterating

k+1

x k|2

— argmin, Lz, y") + e -

k+1

y = argmax, L(z"", y) + o |ly — o*|?

where 7 and o are step sizes for the algorithm.

Here G-Prox PDHG is a modified version of PDHG that solves the minimization problem
by choosing the most appropriate norms for updating x and y. Choosing the appropriate
norms allows us to choose larger step sizes. Hence, we get a faster convergence rate. In
details,

k+1

o1 = argming L, y) + e - o,

k+1 k+1

y = argmax, L(zF* y) + Ly — v¥|12

where H and G are some Hilbert spaces with the inner product

(Ul, Ug)g = (Aul, AUQ)'H

83



In particular, we use G-Prox PDHG to solve the minimization problem (4.2.3]) by setting

0 if Az = (0,0,7vpr)
T = (Ps,ﬂhpR,mS,mme)a 9(53) = F(phmi)iE{SJ,R}a f(AfE) =
oo otherwise.

2

Az = (Oips +V -mg — %APS + BpsK * pr,
2

Opr +V -my — %Ap; — BprK x ps +vpr,

2
Oipr +V -mp — %APR)-

Note that the operator A is not linear. In the implementation, we approximate the operator

with the following linear operator

2
Az = (Bips + V - mig — %Aps + Bps,

2
Oypr +V -mp — %Apl + (v = B)pr,
2

Opr +V -mp — EAPR)-

4.3.2 G-Prox PDHG on SIR variational problem

In this section, we implement G-Prox PDHG to solve the saddle problem (4.2.4). For
ie€{S,I,R},

k41 . k k 1 k
pg + argmin L(p, mE ),<Z5Z(' )) + Q_Hp - :0@( )H%?
P Ti
1
mgk—i—l) _ argminﬁ(p(k+1), m, ¢§k)) + ?”m . ml(k)||%2
(k+1) k+1 1 k
¢i 27 = arg;naxﬁ(p(k—’—l),mg * ), QS) - %HQZ) - ¢§ )H%I2

¢(k+1) _ 2¢(k+%) _ ¢(k)

where 7;, 0; (i € {5, I, R}) are step sizes for the algorithm and by G-Prox PDHG, L? norm

and H? norm are defined as

T
l|w|| L2 :/ /u(t,x)Zd:L‘dt
o Ja
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il = [ [ 0a? 4 19 + L (waaa

for any w : [0,7] x Q — [0, 1].

By formulating these optimality conditions, we can find explicit formulas for each variable.

pgk+l) — T00t+ (1

2
Tg n 1
(atgb(s’“) + BApW — —pk) 4 g <K (3P pP) — P K p(k)>
TS 2 TS
TsOéS(mEqk)V)

0 _
+C<PI+PR))> ) 2(1—|—C7'5)

1

D48 (o K+ - K (0 p0))

Tlal(mfrk))z)

2(1 -+ CT[)

2

E+1 TI k n k
A = root, (1 T (00 + Lol -
+v(or — ¢1) + cps + PR)) ,0, —

2 1 TRO m(k) 2
( 1) URA¢$§) - E/)g) + c(ps + PI)) , 0, _TrAr(my )

pgﬂ) = root 4 (

1+¢ 2(1 —+ CTR)
(k+1) _ p(kﬂ) (k) (k)
+ i ;
m; (k+1) <mz - TV¢1 > ) (Z S {Sa [> R})
TOG; + p;

2
¢gk+1) _ (Sk) 4 Js(AgAs)fl < 3tp (k+1) _v. m's (k+1) 5pgk+1)K N p§k+1) 4 %@*Apngrl))

1
§k+2) _ ¢gk) + UI(A?AI)A (—@pﬁ“” _v. m§k+1) 4 ﬁpgkﬂ)K « p(slcﬂ)

2
k+1 n k41
—w§+)+3[Ap§+)>

(k+ ) _ ¢R i UR<A AR) ( @p (k+1) V. m%ﬂ—l—l) X 7p§k+1) 4 %Ap%ﬂ-l))
where root , (a, b, c) is a positive root of a cubic polynomial 2% + az? + bx + ¢ = 0 and
ALAg = —0y + %N — (14 2Bns)A + 3
ATy =0, + A~ (14 2y~ B + (v B

4
AT Ap = —8, + %RA? — A
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We use FFTW library to compute (A7 A;)~! (i € {S, I, R}) by Fast Fourier Transform (FFT).
Computing these inverse operators is O(nlogn) operations per iteration where n is the

number of points. Here calculation of convolution is also realized by FFT.

In all, we summarize the algorithm as follows.

Algorithm 1 Algorithm: G-proximal PDHG for mean field game SIR system

Input: pz(07 ) (Z S {‘97 I, R})
Output: p;,m;, ¢; (i € {S,I,R}) for x € Q, t € [0,T]

while relative error > tolerance do

k+1 . k k k
Pz(' +) _ argmin,, L(p, mg ),qbﬁ )) + %HP - Pz(‘ )H%?
m§k+1) = argmin,, £(p*+tD) m, qbﬁ'“) + %Hm - mz(k)||2L2
(k+3) k b
¢; * = argmax, ﬁ(p(k+1),m§ H), ¢) — 2%,1 ¢— ¢z( )H%#

qb(jﬁq) _ 2¢(k+%) _ o®

end while

Here, the relative error is defined as

7 ) 7

P(p",m™)]

(2

P(p*) EHDy _ pp® )
relative error:‘ (p m ) (pi "m0

4.4 Numerical Experiments

In this section, we present two sets of numerical experiments using the algorithm with various

parameters and all algorithms are coded in C++. Let = [0, 1]* be a unit cube in R? and
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T = 1. The domain €2 is discretized with the regular rectangular mesh

. (k+0.5 [+0.5
kl — )

N, N,
. n
N, =1’

),kzo,qu—1,z:o,~J%—1

tn n=0,---,N,— 1.

where N,, N, are the number of data points in space and N; is the number of data points in

time. For all the experiments, we use the same set of parameters,
N, =128, N, =128, N;=32

=001, ¢=001 =07 n =001 (ie{S I, R}
Oégzl, oqle, OéRzl

and a terminal cost functional

1
B(pr(1,) = 5 [ AL o)
Q
By setting higher value for oy, we penalize the movement of infected population more than
other populations. Considering the immobility of infected individuals, this is a reasonable

choice in terms of real-world applications.

To minimize the terminal cost functional E(p;), a solution needs to minimize the number
of infected population. There are mainly two ways of reducing the number of infected. First
way is to transition infected to recovered population. However, it may not be feasible if a
rate of recovery v is small. Another way to reduce the number of infected is by separating
susceptible population from infected population. The number of infected doesn’t increase if
there are no susceptible people near infected. However, the total cost increases when densities
move due to p;l|v;||* (i € {S, I, R}) terms in the running cost. A solution needs to find the
optimal balance between the terminal cost and the running cost. The following two sets of
experiments show that the algorithm finds the proper solutions based on values of v given

different initial densities.
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4.4.1 Experiment 1

In this experiment, initial densities for susceptible, infected, and recovered populations are
ps(0,x) = 0.5exp (—10((x1 —0.5)* + (29 — 0.5)2)>
p1(0,2) = 15(0.03 — (z1 — 0.6)* — (5 — 0.6)%) ,
pr(0,2) =0

where

z ifx>0
()4 =
0 otherwise.

Susceptible population is a Gaussian distribution centered at (0.5, 0.5) and infected population

is concentrated at (0.6, 0.6).

We show two different numerical results with a low rate of recovery v = 0.1 (Figure
and a high rate of recovery v = 0.5 (Figure . In both figures, the evolution of densties p;
(1 € {S,1, R}) are shown at t = 0,0.21,0.47,0.74, 1. The total population of each density is

indicated as sum in the subtitle of each plot.

When 7 is small (Figure , the solution separates susceptible population from infected
population. By separating susceptible from infected, the solution minimizes the terminal cost
at t = 1. When # is large (Figure , susceptible population barely moves over time. The
solution minimizes the terminal cost by converting infected to recovered population which is

considered to be cheaper than moving susceptible away from infected.

4.4.2 Experiment 2

In this experiment, initial densities for susceptible, infected, and recovered populations are

ps(O, x) =0.5

p1(0,7) = 70 <0.005 — (V(z—05)2+ (y — 0.5)2 — 0.25)2)
pr(0,2) = 0.
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t=0.00 t=0.23 t=0.48 t=0.74 t=1.00

sum = 0.149 sum = 0.148 sum = 0.148 sum = 0.147 sum = 0.146
sum = 0.021 sum = 0.022 sum = 0.022 sum = 0.022 sum = 0.022

sum = 0.000 sum = 0.001 sum = 0.001 sum = 0.002 sum = 0.002

Figure 4.1: Experiment 1. The evolution of populations from ¢ = 0 to t = 1 with g = 0.7 and
~v = 0.1. The first row represents susceptible, the second row represents infected, and the last

row represents recovered. The solution moves susceptible away from the infected over time.

Susceptible population is a uniform distribution on €2 and infected population is a ring shaped
density centered at (0.5,0.5). We again show that two different numerical results with a low
rate of recovery v = 0.1 (Figure and a high rate of recovery v = 0.5 (Figure . Similar
to Experiment 1, we see that the solution minimizes the number of infection by moving
susceptible away from infected when v is small. By separating these two populations, it
minimizes the rate of contacts between susceptible and infected. When + is large, the solution

converts infected to recovered population rather than moving susceptible population.
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t=0.00 t=0.23 t=0.48 t=0.74 t=1.00

sum = 0.149 sum = 0.148 sum = 0.148 sum = 0.147 sum = 0.146
sum = 0.021 sum = 0.020 sum = 0.018 sum = 0.017 sum = 0.015

sum = 0.000 sum = 0.002 sum = 0.005 sum = 0.007 sum = 0.009

Figure 4.2: Experiment 1. The evolution of populations from ¢t = 0 to t = 1 with = 0.7
and v = 0.5. The first row represents susceptible, the second row represents infected, and the
last row represents recovered. The solution minimizes the number of infected at time ¢ = 1

by recovering infected population.
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t=0.00 t=0.23 t=0.48 t=0.74 t=1.00

sum = 0.500 sum = 0.497 sum = 0.494 sum = 0.492 sum = 0.491
sum = 0.052 sum = 0.054 sum = 0.056 sum = 0.056 sum = 0.056

sum = 0.000 sum = 0.001 sum = 0.003 sum = 0.004 sum = 0.005

Figure 4.3: Experiment 2. The evolution of populations from ¢t = 0 to t = 1 with = 0.7
and v = 0.1. The first row represents susceptible, the second row represents infected, and the

last row represents recovered.

4.4.3 Experiment 3

In this experiment, we consider nonsymmetric initial densities.
ps(0,z) = 0.45 (exp(—15((x —0.3)* + (y — 0.3)%))
+ exp(—25((z — 0.5)* + (y — 0.75)*))
+exp(—30((z — 0.8)2 + (y — 0.35)2)))
p1(0,2) = 10(0.04 — (z — 0.2)° — (y — 0.65)%) ,
+12(0.03 = (z — 0.5)* = (y — 0.2)) ,
+12(0.03 — (z — 0.8)* — (y — 0.55)%) ,

0,z) =0.



t=0.00 t=0.23 t=0.48 t=0.74 t=1.00

sum = 0.500 sum = 0.497 sum = 0.493 sum = 0.490 sum = 0.487
sum = 0.052 sum = 0.050 sum = 0.047 sum = 0.045 sum = 0.042
sum = 0.000 sum = 0.005 sum = 0.011 sum = 0.017 sum = 0.023

Figure 4.4: Experiment 2. The evolution of populations from ¢t = 0 to t = 1 with = 0.7
and v = 0.5. The first row represents susceptible, the second row represents infected, and the

last row represents recovered.

Susceptible population is the sum of three Gaussian distributions and infected population is
the sum of positive part of quadratic polynomials. We conduct this experiment to show that
the algorithm works for nonsymmetric initial densities. Using the same set of parameters,
the experiment is repeated twice with v = 0.1 and 7 = 0.5. The same behavior of solutions

can be observed from Figure 4.5 and Figure [4.6
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t=0.00 t=0.23 t=0.48 t=0.74 t=1.00
sum = 0.183 sum = 0.182 sum = 0.181 sum = 0.179 sum = 0.178

- - -

sum = 0.059 sum = 0.059 sum = 0.059 sum = 0.059 sum = 0.059

sum = 0.000 sum = 0.001 sum = 0.003 sum = 0.004 sum = 0.006

Figure 4.5: Experiment 3. The evolution of populations from ¢t = 0 to t = 1 with = 0.7

and v = 0.1. The first row represents susceptible, the second row represents infected, and the

last row represents recovered.

4.5 Discussion

In this paper, we chapter a mean-field control model for controlling the virus spreading of
a population in a spatial domain, which extends and controls the current SIR model with
spatial effect. Here the state variable represents the population status, such as S, I, R, etc
with a spatial domain, while the control variable is the velocity of motion of the population.
The terminal cost forms the goal of government, which balances the total infection number
and maintain suitable physical movement of essential tasks and goods. Numerical algorithms

are derived to solve the proposed model. Several experiments demonstrate that our model
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t=0.00 t=0.23 t=0.48 t=0.74 t=1.00

sum = 0.183 sum = 0.182 sum = 0.180 sum = 0.179 sum = 0.178
sum = 0.059 sum = 0.054 sum = 0.050 sum = 0.045 sum = 0.041
sum = 0.000 sum = 0.006 sum = 0.013 sum = 0.018 sum = 0.024

Figure 4.6: Experiment 3. The evolution of populations from ¢t = 0 to t = 1 with = 0.7
and v = 0.5. The first row represents susceptible, the second row represents infected, and the

last row represents recovered.

can effectively demonstrate how to separate the infected and susceptible population in a

spatial domain.

Our model opens the door to many questions in modeling, inverse problems and com-
putations, especially during this COVID-19 pandemic. On the modeling side, first, we are
interested in generalize the geometry of the spatial domain. Second, our current model only
focuses on the control of population movement. The control of the diffusion operator among
populations is also of great interests in future work. Third, the government can also put
restrictions on the interaction for different class of populations, depending on their infection

status. Fourth, in real life, the spatial domain is often inhomogeneous, containing airports,
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schools, subways etc. We also need to formulate our mean-field control model on a discrete
spatial graph (network). In addition, our model focus on the forward problem of modeling
the dynamics of the virus. In practice, real time data is generated as the virus spreading
across different regions. To effectively model this dynamic, a suitable inverse mean-field
control problem needs to be constructed. On the computational side, our model involves
a non-convex optimization problem, which comes from the multiplicative term of the SIR
model itself. In future work, we expect to design a fast and reliable algorithm for these
advanced models. We also expect to develop and apply Al numerical algorithms to compute

models in high dimensions.
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CHAPTER 5

Mean-field Control Problems for Vaccine Distribution

This chapter studies mathematical modeling of mean-field controls. With the invention of
the COVID-19 vaccine, shipping and distributing are crucial in controlling the pandemic. We
build a mean-field variational problem in a spatial domain, which controls the propagation of
pandemics by the optimal transportation strategy of vaccine distribution. Here, we integrate
the vaccine distribution into the mean-field SIR model discussed in Chapteid] Numerical
examples demonstrate that the proposed model provides practical strategies for vaccine

distribution in a spatial domain.

We organize this chapter as follows. In Section [5.1] we review some recent mathematical
models proposed to predict and control COVID-19 epidemic, with a focus on optimal control
problems. Section proposes a novel multi-population mean-field control model and
explains how population movement and vaccine distribution are integrated into a constrained
optimization problem. Section discusses the challenges in numerically solving this mean-
field control model, proposes a first-order primal-dual algorithm to solve it, and shows the
local convergence of the algorithm. Lastly, in Section [5.4] we present numerical experiments

with different model parameter choices and discuss their implications on mean-field controls.

The contributions in this chapter were presented in the joint work with Wonjun Lee,

Wuchen Li, and Stanley Osher in[LLL21Db].
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5.1 Introduction

The COVID-19 pandemic has affected society significantly. Various actions are taken to
mitigate the spread of the infections, such as the travel ban, social distancing, and mask-
wearing. The recent invention of the vaccine yields breakthroughs in fighting against this
infectious disease. According to the recent effectiveness study [FGG21], vaccines including
Pfizer, Moderna, and Janssen (J&J) show approximately 66%-95% efficacy at preventing
both mild and severe symptoms of COVID-19. Therefore, the deployment of COVID-19
vaccines is an urgent and timely task. Many countries have implemented phased distribution
plans that prioritize the elderly and healthcare workers getting vaccinated. Meanwhile, the
shipping of vaccines is expensive due to the cold chain transportation [LZL20]. An effective

distribution strategy is necessary to eliminate infectious diseases and prevent more death.

In this work, we propose a novel mean-field control model based on [LLT21]. We consider
two approaches (controls) to control the pandemic: relocation of populations and distribution
of vaccines. The first one has been discussed thoroughly in [LLT21], where we address the
spatial effect in pandemic modeling by introducing a mean-field control problem into the
spatial SIR model. By applying spatial velocity to the classical disease model, the model
finds the most optimal strategy to relocate the different populations (susceptible, infected,
and recovered), controlling the epidemic’s propagation. We considered several aspects of
the vaccine in our model for vaccine distribution, including manufacturing, delivery, and
consumption. Our goal is to find an optimal strategy to move the population and distribute
vaccines to minimize the total number of infectious, the amount of movement of the people,
and the transportation cost of the vaccine with limited vaccine supply. To tackle this question,

we ensemble these two controls and propose the following constrained optimization problem:

min G ((pi,vi)ie{s,LR,v}, f) (G defined from (5.2.7)))

(Pivi)iers,1,r,vYsf
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subject to

/

Oips +V - (psvs) = —BpsK * pr + %Aps —bipvps (t,x) € (0,T) x
Opr +V - (prvr) = BpsK x pr — vpr + %?API (t,z) € (0,T) x Q2
Oipr + V - (prVR) = Ypr + %APR + b1pv ps (t,x) € (0,T) x Q
dpv = f(t,x) — O2pvps (t,x) € (0,T") x Q
| Doy + V- (pvvv) = —bapvps (t,x) € [I",T) x Q

and
0 S f(t,l‘) S fmax (t,l‘) € [O7T/} X Qfactory

f(tu .CL’) =0 (tu LC) € [O7TI} X Q\Qfactory
pv(t,x) < Cfactory (t, l’) € [O,Tq X Qfactory

In our model, different populations are described using p; (i € {S, I, R}), representing the
susceptible, infectious, and recovered. The term py (x,t) describes the density distribution
of the vaccine over the spatial domain at location x and time ¢. The control variables v;
(1 € {S,1, R}) create velocity fields over time-space domain that move the corresponding
populations. As for vaccines, the control variable vy represents the vaccine’s transportation
strategy, and the control variable f(¢,z) describes how many vaccines are produced at a
specific time and location. The optimization objective function G is the sum of terminal costs
Efinar and running costs Eynning. The terminal costs Eyinq represent the goal of our control
to achieve at the terminal time, such as minimizing the total number of infectious individuals
and maximizing the total number of recovered (immune) persons. The running costs Erunning
include the costs of transportation of vaccines and different classes of the populations, etc.
We will discuss more details of cost functionals in Section £.2.21 As for constraints of our
optimization problem, the five partial differential equations of p;, v; (i € {S, I, R, V'}) describe
the dynamics of the different classes of population and vaccines in terms of densities and
velocities. The inequalities of f(t, ) model the limitation of vaccine manufacturing. Vaccines

are produced at particular factory locations €2¢4ct0ry With a daily maximal production rate
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fmaz- The dynamics of the vaccine density py share some similar aspects to the unnormalized
optimal transport [LLL21a]. Specifically, they both study mass transportation with a source

term that creates masses.

We solve the main problem using the algorithm based on the first-order Primal-Dual
Hybrid Gradient (PDHG) method [CP11), [CP16]. Due to the multiplicative interaction
terms, psK * pr, prK * pg, pyps, the optimization problem is based on nonlinear PDE
constraints, whereas the PDHG only considers linear constraints. We use the extension of
the PDHG [CV17] that solves nonsmooth optimization problems with nonlinear operators
between function spaces. We extend the method utilizing the preconditioning operator
from [JLL19] which provides a suitable choice of variable norms to achieve a convergence rate
independent of the nonlinear operator. As a result, the algorithm converges to the saddle

point locally with step length parameters independent of the finite-difference mesh size.

Lots of mathematical models have been invented to predict the future of COVID-19
epidemics. Recently proposed models take more real-world situations into consideration and
tend to be more effective in quantitative forecasting. Specifically, there have been studies on
the impact of actions such as lockdown, social distancing, wearing a mask [DPT20), [DPS20,
FMG20]. Data-driven approach and machine learning techniques are also integrated to
estimate the parameters for the epidemic better and boost the prediction of the trend of
the pandemic model [Ses20, NTS20]. Meanwhile, optimal control serves as an important
tool in pandemic control. They seek the optimal strategy to minimize the total number
of infected people while keeping certain costs at a minimum. There are work focused on
mitigating the epidemic with limited medical supply, such as ICU capacity [CEL20], face
masks [LW20], and vaccines [ZKJ08, [HD11l, KKTL16| [LLP20, JKL20]. In [JKL20], an optimal
vaccine distribution strategy is proposed with a limited total amount of vaccines and maximal
daily supply. |[LLP20] first uses an inverse problem to determine the parameters of the SIR
model. Then it formulates two optimal control problems, with mono- and multi-objective,

and solves for the optimal strategy of vaccine administration. Other non-pharmaceutical
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interventions are also considered in the scope of optimal control of epidemics, including social
distancing, closing schools, and lockdown [GHH21), [KK20, SCT21]. [KK20] computes the
optimal non-pharmaceutical intervention strategy based on an extended SEIR model with
the absence of the vaccine. The mean-field control problem can be viewed as a particular

type of optimal control applied to an individual in terms of population density.

Multi-population mean-field game (control) problems have also drawn lots of attention
[BHL1S, [Cirl5, [Fel13]. This type of problem studies the interactions on two levels: between
agents of the same population and between populations. Our model is a multi-population
mean-field control problem with population dynamics described using reaction-diffusion
equations adopted from the epidemic model and the controls over the vaccine production

and distribution. Therefore, we obtain a novel mean-field control problem.

5.2 Models

In this section, we introduce a variational problem to control the SIRV dynamics.

5.2.1 Spatial SIR variational problem with vaccine distribution

Now we consider the optimization problem for the distribution of vaccines. We add an extra
function py : [0,7] x Q — [0,00) which represents the vaccine density in Q at each time

t € [0,T]. The vaccine distribution will be described as the following PDE:

dpy = f(t,z) —Oapvps  t€(0,1)

8tpv + V- -my = —92pvp5 te [T/, T), 0<T < T,

(5.2.1)

where my : [T",T) x Q — R? is a momentum, 6, represents the utilization rate of vaccines,
and f: (0,77) x Q — [0, 00) represents the production rate of vaccinesinz € Qat 0 <t < 1",
During 0 < t < T”, the vaccines are produced with a production rate f and used at a rate

Ospyps. During T" < t < T, the vaccines are delivered to the area where the susceptible
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population is located, and they are used at a rate of fpy pg. In summary, the first part of the
PDE describes vaccines’ production, and the second part describes the delivery of vaccines.
For all time 0 < t < T, the susceptible population is vaccinated if the vaccines are available

in the same area. Now we are ready to introduce the new system of equations for the SIRV

model.

4 2

Ops +V -mg = —LpsK * pr + %Aps —bipyps (t,z) € (0,T) x Q
2
Oipr +V -myp = BpsK * pr — ypr + %Apz (t,r) € (0,T) x Q
B Tk
Opr +V -mp =ypr + - Apr + O1pyps (t,r) € (0,T) x Q
2 (5.2.2)

atpv = f(ta I) - QQPVPS (ta .T) € (O7TI) x
3tpv +V-my = —Qgpvps (t,ZL’) € [T’,T) x Q

\pS(Oa ')7 pI(Oa ')7 pR<0a ')7 pV(0> ) are given.

In the first and third equations, we add the terms —6;pyps and +6;py ps, respectively. The
constant #; represents the vaccine efficiency and 01py (¢, z)ps(t, z) represents the vaccinated
population at (¢,z) € (0,7) x 2. We denote a set S := {S,I, R,V} and define a nonlinear
operator A as follows
2
A(pis mi)ies, f) := (Oups +V - mg — %SA,OS + BpsK x pr + b1pspv,
2
Opr +V -my — %API — BpsK * pr +pr,

2
1)
Opr+V -mp — ?RAPR —ypr — Oipspv,

(5.2.3)

Orpv — fXo1)(t) + V- my X 11 (L) + O2pspv ),

where X¢ : [0,7] — R is a step function that equals 1 on C' and 0 otherwise.
5.2.2 The cost functional
We design the cost functional so that the solution (p;, m;), i € S satisfies the following criteria:

(i) minimize the transportation cost for moving each population;

101



(ii) minimize the total number of infected people and the total number of susceptible people

by maximizing the usage of the vaccines at time T’
(iii) maximize the total number of recovered people at time T’;
(iv) avoid high concentration of population and vaccines at each time ¢t € (0,7);
(v) minimize the amount of vaccines produced during ¢ € (0,7");

(vi) minimize the transportation cost for delivering vaccines during ¢t € (7", 7).

Item |(i)[ can be described by

/OT /Q Fi(pi(t,z), m;(t, z))dx dt,

for i € {S,I, R} where

(

ai\mi\Q .
Ei(pi,mi) = 40 if p; =0 and |m;| =0 (5.2.4)
00 if p; = 0 and |m;| > 0,

\
which is convex, lower semi-continuous, and 1-homogeneous with respect to (p;,m;). The
parameter a; characterizes the cost of moving p; with velocity 'Z— Larger o; means it is more
expensive to move p;. Note that this function comes from the quadratic kinetic energy. To
see this, we use the definition m; = p;v; and plug into the formula (5.2.4)):

ailmi® E

Fi(pi, mi) = = 5 PilVil"-
(pi, ;) 2 5 Pilv

Item and can be described by the terminal costs of the cost functional

Ep(T, ) = / ei(pu(T,2)) dz (i =5.1,V),

Enlpr(T, ")) = / e (1 - pr(T, 1)) dr,

Q
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where functions e : [0,00) — [0, 00) are convex and lower semi-continuous functions. We also
minimize the terminal cost for py because maximizing the usage of vaccines is equivalent
to minimizing the number of vaccines left at the terminal time 7. The total number of the
recovered can be maximized by penalizing the density at the terminal time if the value of

pr(T,x) is far away from 1 for z € €. Here, we use a quadratic cost function

ei(t) = %t?, (t € [0,00)) (5.2.5)

where q; is some constant.

For Item the cost functional for the concentration of the total population and vaccines

can be represented by

/Qpps( )+ pi(t,-) + pr(E, /vav

where
Gr(w) = [ geluta))dz, Grlw) = [ gv(u(e) s (5.2:6)
Q Q
for u: Q — [0, 00) and convex and lower semi-continuous functions gp, gy : [0,00) — [0, 00).

Similar to e; (5.2.5) from Item [(ii)} we use quadratic functions for gp and gy.

[tems and are criteria specific to the vaccine distribution. From the PDE (/5.2.1]),
the vaccines are produced during 0 < ¢t < 7" by a function f. We use the similar func-

tional ([5.2.6]) to minimize the amount of vaccines produced by f. Thus, we set the functional

T/
go ))dt = / / go(f(t,x)) dxdt
0

where gq : [0,00) — [0, 00) is a convex and lower semi-continuous function.

The vaccines are delivered during 77 < t < T'. Similar to the Item , we set

T
/ / FV(10V7mV> dIdta
" JQ

where Fy, has the same definition as (5.2.4)).
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The total cost functional we consider is then

G((plamz ZES7 ZE pz

i€eS
/ / Z i(pi, M dl’dt-f—/ /FV pv,my) dz dt
i=5,1,R /
/ Gp((ps + pr+ pr)(t:-)) + G (pv(t, ) dib (5.2.7)
T/

0

/ /f2+ZpZ + |my|? da dt.

€S

In the perspective of a control problem, the first term at the right-hand side in is
the terminal cost, while the rest of the terms accounts for the running costs. The quadratic
terms in the last line is a A-strongly convex functional. The functional F'is A-strongly convex
if for any u = ((p;, m;)ics, f), F satisfies

F(a) = Fu) + 0F (u)(a —u) + gllﬁ —ulZz, for all @ = ((pi, 7)ies, f)

where ||@ — ul|7, is defined as

//f P2+ (5 — po)? + i — ma|* da dt

€S

and OF denotes the convex subdifferential of F'. Since &;, F;, G; are convex and lower-

semicontinuous, G is A-strongly convex as the sum of convex and A-strongly convex functionals.

5.2.3 Constraints for vaccine production

In addition to the constraint from ([5.2.2)), we adapt the following constraints to reflect the

limited vaccination coverage:

0 S f(t7$) S fmaaz (t7x) € [O,T,] X Qfactory
f(t,z) =0 (t,2) € [0, 7] x Q\Qactory (5.2.8)

IOV(ta CL’) S Cfactory (t,[E) € [07T,] X Qfactory
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where Qf4e0ry C €2 indicates the factory area where vaccines are produced and fy,q, is
a nonnegative constant representing the maximum vaccine production rate. In the third
inequality, a nonnegative constant Cfaeory limits the total number of vaccines produced

during 0 < T < T".
Tl
/ /Q,OV (ta 1') dx dt < CfactoryTI’Qfactory"
0

The constraints ((5.2.8]) can be imposed by having the following functionals for Gy, and Gy.

Gu(pr () = [ grlpv(t o) Ao+ iy (0(E)
2 (5.2.9)

Go(f(t,)) = / 0ol (1 2) + ey (2) (1) i+ i gy (f (1)

where Qqc10ry C €2 indicates the factory area where vaccines are produced. The functionals

1[—00,C actory] and i[_oo, f,..,] are defined as

0, a<u(z)<b foralxze
oo, otherwise

where a, b are constants and u :  — R is a function. The function iq,, () is defined as

. 07 VS Qfactory
ZQfactory ('CE) =
00, x € N\Qfactory-

This function forces f(t,z) = 01if (t,x) € (0,77) x (Q\Qfqctory), thus vaccines are produced

only in Q¢qctory-

Remark 16. The formulation is not limited to SIR epidemic model. For example, we can

describe the SIRD (Susceptible-Infected-Recovered-Deceased) epidemic model by adding an
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extra population pp for the deceased population with a mortality rate .

(

2
Ops +V -mg = —PpsK * pr + 5 Aps — bipyps  (t,x) € (0,T) x Q

2
Opr +V -mp = BpsK * pr —ypr — ppr + L Ap; - (t,x) € (0,T) x Q

Opr+ YV -mp=ypr+ %Apg + 01pyps (t,z) € (0,T) x Q
\ Oipp = ppr + %Ap[) (t,z) € (0,T) x Q
dpv = f(t,x) — O2pvps (t,z) € (0,1") x
Opy +V -my = —bspyps (t,z) € [T",T) x Q

\pS(Oa ')7 pl(07 ')7 pR(07 ')7 PD(O7 ')7 PV(07 ) are given'
5.2.4 Properties

From the definition of the cost functional and the constraint ([5.2.2)), we have the following

minimization problem:

inf {G((pi,mi)ieg,f) : subject to 5.2.2}.

(pismi)ies, f
We first define the inner product of vectors of functions in L?. Given vectors of functions
u= (u1(t,x),ua(t, ), - ,ur(t,z)) and v = (v1(t, ), v2(t, x), -, vp(t, x)) with u;, v; : [0,T] X

Q0 — R, the L? inner product of vectors v and v and L? norm of u are defined by

k
(u,v)r2 = Z(qui)m, lull32 = (u,u) 2 (5.2.10)

=0

where (-, -)r2(jo.7]x0) is @ L? inner product such that

T
(4, V) L2(0,7]x0) :/ /u(t,x)v(t,x) dx dt.
o Jo

We introduce dual variables (¢;);es for each continuity equation from (5.2.3)). Using the dual
variables and the definitions of the inner products, we convert the minimization problem into

a saddle point problem.

inf sup L((pi, mi, di)ies, [), (5:2.11)
(pismi)ies:f (¢)ses
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where £ is the Lagrangian functional defined as

E((Pz’; my, ¢i)ie8, f)
= G((pi, mi)ies, f) — (A((pi, mi)ies, f), (i)ies) 12

2
ips +V -mgs + BpsK * pr + 01pspy — %SAPS> dx dt

S
< -
%
/N

2
Owpr +V -mp — BpsK * pr +ypr — %Am) dz dt

2
¢r | Owpr +V - mr —ypr — b1pspv — %RA/)R> dz dt

|
S~ —
=
//~

T/ ov (Owpv — [ X (t) + Y - my X 1y (8) + Oapspy) da dt.
For brevity, we denote
u=((pi,mi)ies, f), P = (di)ies.
We can rewrite the Lagrangian as
L(u,p) = G(u) = (A(u), p)r2
where the nonlinear operator A(u) is defined as
A(u) = (As(u), Ar(u), Ap(u), Ay (u)) (5.2.12)
As(u) = Ops +V - mgs — %%APS + BpsK * pr + b1pspy,
Ap(u) = Owpr +V -my — %%Apf — Bp1K * ps + vpr,
Agr(u) = Oipr +V -mp — %APR —Ypr,

Av(u) = 8tpv — fX[07T/)(t) + V- mv.)(‘[T/’T] (t) -+ lespv.
As noted in [LLT21], the dual gap, the difference between the primal solution and dual solution,
may not be zero because the nonconvex functions (pg, pr) — psK * p; and (pg, pv) — pspv

make the feasible set nonconvex. We circumvent the problem by linearizing the nonlinear
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operator at a base point «
A(u) = Az(u) = A(u) + [VA(u)](u — a).

In our formulation, the linearlized operator A;(u) can be written as follows.

Ag(u) = (Asa(u), Am(u), AR@(U)a Aya(u))

Asa(u) = Ops +V -mg — %SAPS + BpsK * pr + b1pspy,

2
Ara(u) = Opr +V -my — %A[)I — BprK * ps + ypr,
Apra(u) = Opr +V -mp — TRAPR — Y1,

Ava(u) = Opy — X (t) +V - my X () + 01pvps

where @ = u = ((p;, M;)ies, f). We define a linearized Lagrangian as
Eﬁ(“uP) - G(U) - <Aﬂ(u)7p>L2'

By the first-order optimality conditions (also known as KKT conditions), the saddle point

satisfies

VA, p. € 0G(u,)
(5.2.13)
A(uy) = 0.

In the next proposition, we present the equations derived from the KKT conditions (5.2.13)).

Proposition 4 (Mean-field control SIRV system). By KKT conditions, the saddle point
((piymiy @i)ies, f) of (5.2.11) satisfies the following equations.

as 2 77% 0Gp
Orps — 7|V¢s| + 7A¢s + W(Ps + pr + pr) + B(dr — ¢5) K * pr
+ pv (01(dr — ¢s) — b20v))= 0 (t,r) € (0,T) x Q

« 2 oG
Orpr — EI|V¢1!2 + %Afbl + 5—;(05 + pr + pr)

+ BK * (ps(¢r — ¢s)) +v(pr — ¢1) =0 (t,) € (0,T) x Q
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2 59

Db — —\qu 2+ "RA¢R + 5—;(;)5 +pr+pr) =0 (t,z) € (0,T) x
5gv /

v + 5—p(pv) +ps(01(¢r — ds) — ba0v))=0 (t,2) € (0,T7) x

0Gy /
Oy — —|V¢v|2 + W(Pv) + ps(01(dr — ds) — O2y))=0 (t,x) € (T",T) x Q
2

Oips — a—SV (psVds) + BpsK * pr + O01pspy — %SAPS =0 (t,z) € (0,T) x Q2
1 2

Opr = —N - (p1Vr) = BpsK  pr +ypr = %Apz =0 (t,z) € (0,T) x Q
I
1 2

Oipr — a—RV - (prRVOR) — vp1 — b1pspy — %RAPR =0 (t,z) € (0,T) x Q2

opy — [+ O2pspy =0 (Zf, x) S (O, T/) x
1 /

Orpv — @V (pyVoy) + b2pspy =0 (t,z) € (T, T) x Q

)

5gfo<f”¢vo (t,) € (0.T') x 0
0&;
¢iT7' = - iT,' ) 1 €S.
(1) = 5o ()
The terms 5?;, 5?;’, %g[f’, 65gf°, and 5;52_) are the functional derivatives. In other words, given

F :H — R be a smooth functional where H is a separable Hilbert space and p € H, we say a

map ‘;—1; 15 the functional derivative of F' with respect to p if it satisfies

g HED =IO [ i) a,

e—0 € Q (5p

for any arbitrary function h : Q — R.

The dynamical system models the optimal vector field strategies for S, I, R populations
and the vaccine distribution. It combines both strategies from mean field controls and SIRV

models. For this reason, we call it Mean-field control SIRV system.

Proof of Proposition [/, From the saddle point problem ([5.2.11)), we can rewrite the problem
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as

inf  sup G((pi, mi)ies; f / / Z bi ((%pﬂrv m; — L Apz> dx dt

(piymiies:f ¢ ie{S,I,R}

+/0T Q((Pia¢i)ies)dt_/OT/§2¢v3tpvdxdt+/0T//Qf¢vd1;dt—/T/T/Q(pvv.mvdxdt

(5.2.14)

where a function Q : (0,7) x Q@ — R is defined as

Q((pi, Pi)ies) = /Qﬂps(cbf — ¢s)K % pr +vp1(or — 01) + pspv (01(dr — ds) — 20v)) da

If ((pi, mi, @:)ies, f) is the saddle point of the problem, the differential of Lagrangian with

respect to p;, my, ¢; (1 €S), fand p;(T,-) (i € {S,I,V}) equal to zero. Thus, from =0
we have
U5 5Q ‘
Owpi +V - m; — EAPZ' + E((Pu@)ieg) =0 (t,z)e(0,T)xQ, i=SILR
0Q /
atp\/ f + Qb ((pz7¢z)z€§) - O (t7ZL') € (O7T) X Q

)
Doy + Y -y + 5¢Q (pss d)ses) = 0 (1) € (T',T) x 2

Using integration by parts, we reformulate the Lagrangian function (5.2.14)) as follows.

L((pi, mi, di)ies, [)

T -
:Zgi(pi(T, ) +/ Gp(ps + p1 + pr) + Gy (py) dt + Go(F(t,-)) dt
i€S 0
042|mZ
3 S]R/ / 2, +m;-V; + —,OZA@ dz dt + Z/ /pzathz dor dt

/l/av2|pvv|2+mv.v¢vd:cdt+/ /fqbvdxdt—i-/o Q((pi, di)ics) dt

+ Z /pZ 0 x sz 0 l‘) pz(T x)qbz(T x)dx

i=S,I,R,V
From £ =0 (i € {S,1,R}),
0 (5Q ;[T 2 ZQ
5; (ps + pr + pr) + 5_Pi((pi’ ®i)ies) — ;p; + %A¢i +09p; =0 (t,7) € (0,T) xQ
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From JM =0,
pv
5 5Q ,
YV ov) + —=((p1, bi)ics) + Dby =0 (t,2) € (0,T') x O
opv opv
5gV 5Q Oév|mv|2 y
S ~——\\Pi, Gi)ies) — —5 35— = T.T) x Q.
5PV (pV) + 5pv((pza¢z)2€S) QP%/ + at¢V 0 (tam) € ( ) ) X
From pr(—%_):() (1 €8), o
i T) = ().
From ‘;? 0, .
5gf°(f) +¢y =0, (t,) € (0,T) x Q.
From 2 =0 (i € S),
ai;”ti =-V¢; (t,x) e (0,T)xQ, ie{S I,R}
W Gy (tx) € (0,T') x <.
Pv
= —Vp; in M =0 and M = 0, we derive the result. |

5.3 Algorithm

In this section, we propose an algorithm to solve the proposed SIRV variational problem. The
algorithm follows the Algorithm [I| proposed in Section as a variation of G-Prox PDHG
method.

The algorithm takes the following iterative updates:

. 1
w2 = argmin g(u) + (u, AT p®) —lu—u® |17,
" 27(k)
WD 9y (k) ®)
P = argmax (A(u™) + Aw (uF) — u®), p)re — f*(p) — Uf)”i(k)-
p
where the norm || - || &) is defined as

HPH?LL(k) = HAZUe)PH%Z-
and A(u) defined in Equation [5.2.12]
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5.3.1 Implementation of the algorithm

To implement the algorithm to the minimization problem ([5.2.7)), we set

u = ((pi,Ms)ies, f)

b= (¢i)i€§
g(u) = G(u)
0 ifA(u)=0
f(A(u)) = <)

oo otherwise
f*(p) = 0.

We use ((5.2.12)) for the definition of the operator A. Define the Lagrangian functional as

L(u,p) := G(u) — (A(u), p) 12
where (-, )72 is defined in (5.2.10). We summarize the algorithm as follows.

Here, L2 and H® norms are defined as
T
Jull = e = [ [ aldvit, IplFyo = 9 AW DI, i€
0 k3

for any u : [0, 7] x 2 — [0,00). Moreover, the relative error is defined as

7 7 7

G, mi)]

(2

G FHD Dy (k)7 (k)
relative error:| (p , M ) (i m )|

In the section , We use quadratic functions for & (i € {S,1,V}), Gp, Gy, Go. With the
definitions ((5.2.9)), we use

Si(pi(T,-)):/Q%pi(T,x)?dx, i=S 1,V

Gr(p(t. ) = [ SFolt,a) da

Gulp(t.)) = [ ot o+ iy (008 )

) = | GF0) i, (@) (1.0l + i g ()
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Algorithm 2 Algorithm: G-prox PDHG for mean-field control SIRV system

Input: p;(0,-) (i €S)
Output: p;,m;, ¢; (i €8), f

while relative error > tolerance for i € S do

k1 : k
pg +1) argmlnpﬁ((p, m(k), f(k)), ¢(k)) + %HP - Pz( )”%2
mgkﬂ) = argmin,, L((p*+D m, fF0), qbfk)) + 5 |lm — mg“”%?

SED = argmin L((p*), mED ] ) o®)) 4 L f — B2,
(k+3) k
o) = argmas, (o140, m+, 1), ) = Lo — 692,

¢(k+1) _ 2¢(k+é) _ (b(k)

end while
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Thus, we can write the cost functional as follows

G((plv mz 1687 / —pz )2 dx
Qi—s,1,v

/ / Z i (piymy dxdt—i—/ /FV pv, my) dx dt

i=S,I,R
dp 2 dv 2
+ —(ps + pr + pr)" + —pi dedt
o Ja 2 2

T dO

+/ /—f2+z'gfamyfdxdt
0 Q 2
T

[ i (000.) + i (8 )

/ /f%ZpZ + |my|? da dt.

€S

(5.3.1)

where a;, dp, dy, dy are nonnegative constants. With this cost functional, we find explicit

formula for each variable pgkﬂ), mgkﬂ), ¢l(.k+1) (i €S), fk+D),

1 Y

Proposition 5. The variables p(kH) mgkﬂ), gzﬁl(kﬂ) (i €S), and f*+) from the Algorithm@

satisfy the following explicit formulas:

2
(1) _ T (k) M5 AWk 1 ) (k) _ (k) ()
pg ~ =rooty (m (3t¢s + 7A¢s ——rs B <¢1 — ¢g ) K x py

(k) (k) (k) ragimg’ 2
—l—PV (91( — b3 )_92¢v>+dp( + PR )>=07_2(1+7_(d§+)\))>

2
k T K 7 ko1 @ k), (K k

1+7(dp + A
2
o g)—qﬁ )+ dp (ps +PR )) 0, _2(1T;|Z;JL)\))>>

(k+1) T

raglmy’

2

T

(k+1) . k) (k) (k)
pv = Imin (Ofactorya m( 3t§25 ( (¢ ¢ ) 02¢ )+ pv >) 9

(t,z) € 0,T'] x Q
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(kt1) T (%) L k) ray|my|?
Py 700 +<1+T(dv+)\)( wpv + ps(01(dr = ds) = O20v) = —py )’ A0t r(dy + ) )
(t,2) € (T, T] x
(k+1)
(k+1) _ Pi ( (k) (k)) -
m,; = m; — TV ), 1E€S
To; + (1+ T)\)pz(»kﬂ) ( )

f(k+1) — min (fmaxa m ( f(k [0) k))) Xﬂfacto""y (-77)

ék—i— 3) _ (k +o(AgAT)" ( _v. mk+1) 5/)( )K*p(k+1) elpgk+1)p$+1)+§Apgk+
§k+ 3) (k +o(A, AT 1< 8,p" (k+1) _ 7 mk+1)+5p (k+1) K*p(k+1) 7p§k+1)+%%Ap(Ik+l)>
§§+ 3) (k +o( ARAT 1( up k+1 V_m%chl) +7p§k+1 +91p(k+1 (k+1) @Apgﬂ))
$+ O (k + o (Ay AD) 1( atp(k—i-l D 20 (1) — V- m(v )X[T/ 7(t) — 0 p(k+1)p(k+1)>

where root, (a,b,c) is a positive Toot of a cubic polynomial x* + ax* + bx +c = 0 and we

approzimate the A;AY as follows

4
AgAL = 0, + Z—SAQ = (1+ (B+00n5)A + (8 + 61)°

4
AAT = —8, + %AQ — (L+ (v +B)nHA+ (v + B)?

4
ApAL = 8, + %RAQ A

AVA@ — —8,5,5 — A + 0%

Similar to Algorithm I} we use FFTW library to compute (A;A7)~! (i € S) and convolution
terms by Fast Fourier Transform (FFT), which is O(nlogn) operations per iteration with
n being the number of points. Thus, the algorithm takes just O(nlogn) operations per

iteration.
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5.4 Numerical Experiments

In this section, we present several sets of numerical experiments using the algorithm 1 with
various parameters. We wrote C++ codes to run the numerical experiments. Let Q = [0, 1]?
be a unit square in R? and the terminal time 7' = 1. The domain [0, 1] x  is discretized

with the regular Cartesian grid below.

1 1 1
Az = Axy = At =
T le ) T2 Nxz ) Nt —1

i = ((E+0.5)Axy, (I +0.5)Axs), k=0,--- N, —1, [=0,--- N, — 1
tn:nAt, n:O’...,Nt_l
where N,,, N,, are the number of discretized points in space and /V; is the number of

discretized points in time. For all the experiments, we use the same set of parameters,

N,, =128, N,, =128, N, =32
as =10, oy =30, ar=20, ay=20.005
as =2, ar=2, agr=0.001, ay=0.1
T'=0.5, 0=001, dp=04, dy=04, dy=0.01

By setting a higher value for «a;, we penalize the infected population’s movement more than
other populations. Considering the immobility of the infected individuals, this is a reasonable
choice in terms of real-world applications. By setting 7" = 1/2, the solution will produce the
vaccines during 0 < t < 1/2 and deliver them during 1/2 <t < 1. Furthermore, we fix the

parameters for the infection rate and recovery rate
5=08 ~=0.1.

The Chapter|3|describes how the parameters 3 and v affect the propagation of the populations.

In this chapter, we focus on the vaccine productions and distributions. Recall that from the
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thpspv

Figure 5.1: Visualization of the flow of three populations. The susceptible transforms to
the infected with a rate 5 and the recovered with a rate 6;. The infected transforms to the

recovered with a rate ~.

formulation ([5.3.1]), we have terminal functionals
ST ) = [ GoTolde, ie(s.1V)

Thus, the solution to the problem has to minimize the total number of susceptible, infected,
and vaccines at the terminal time 7. The solution reduces the total number of infected by
recovering them with a rate v and decreases the total number of susceptible by transforming
the susceptible to the infected with a rate 8 or to the recovered with a rate ¢; (Figure . If
the [ is large and + is small, the number of infected will grow since there are more inflows from
susceptible than the outflows to the recovered. To minimize the total number of the infected,
the solution has to vaccinate the susceptible as much as possible to avoid the susceptible
becoming infected. Thus, the vaccines need to be produced and delivered to the susceptible

efficiently while satisfying the constraint conditions (5.2.8)).

We present two experiments that demonstrate how the various factors in the formulation

affect the production and the distribution of vaccines.
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5.4.1 Experiment 1

In this experiment, we show how the parameters related to py affect the solution. We set the

initial densities for the p; (i € S) and the factory location Qf4et0ry as

ps(0,2) = (2exp(=5[(z1 — 0.7)* + (zy — 0.7)%]) — 1.5)Jr

)= (

0,2) = (2exp(=5[(z1 — 0.7)% + (o — 0.7)*]) = 1.8) ,
)=0 (5.4.1)
)

Qfactm“y - BO,1<0.3, 03)

where (z); = max(z,0) and B,z is a ball of a radius r centered at x.

S I

Figure 5.2: Experiment 1: Initial densities of pg (left) and p; (right). The green circle

indicates € ¢qctory-

With the initial densities (5.4.1), we run two simulations with different values for 6, 65,
and fmaac-

Parameters | Sim 1 Sim 2 Description
01 0.5 0.9 Vaccine efficiency
frmaz 0.5 10 Maximum production rate of vaccines

Maximum amount of vaccines that can be

Cfactory 0.5 2
produced at x € Q during 0 <t < %
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Figure[5.3|shows the comparison between the results from the simulation 1 and the simulation 2.

The first three plots (Figure |5.3a]) show the total mass of p; (i = S, I, R), i.e

/pi(t,x)da:, i=S,1,R, tel0,1].
Q

and the last plot (Figure | shows the total mass of py during 0 <t < %

1
/pv(t,x) de, te€ [O, —} )
Q 2

The total number of vaccines produced from the simulation 1 is smaller than that from the
simulation 2 because the solution cannot produce a large amount of vaccines due to the low
production rate f,4.. Furthermore, the solution from the simulation 1 cannot vaccinate a
large number of susceptible due to a small #;. Thus, there are more susceptible and less

recovered at the terminal time in the simulation 1.

5.4.2 Experiment 2

This experiment includes the spatial obstacles and shows how the algorithm effectively finds
the solution that utilizes the vaccine production and distribution given spatial barriers.

Denote a set €,,, C §2 as obstacles. We use the following functionals in the experiment.

/ Z —,0,, (t,z) +iq,, () Z pi(t,z) | dz

1€{S,I,R} 1€{S,I,R}

Gup(t. ) = [ G ab(t.a) +ing, (W)ov(t.o) do
Ep(1L) = [ G0,0) + in (@l o) de. T€{S.1V)

a

Enlp(L,)) = / O a1, ) — 1 + i, (x)pr(1, ) da.

The densities p; (i € S) cannot be positive on Qs due to ig,,.. Thus, the densities transport

while avoiding the obstacle Q4. We show two sets of experiments based on this setup.
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S | R

8.00e-04 + . :
g 4.30e-02 11\ 7.10e-03 - —— Simulation 1
% 4.28e-02 Simulation 2
a 7.00e-03 - 6.00e-04 4
& 4.26e-02
5 6.90e-03 -
o 4.24e-02 -04
8 6.80e-03 1 4.00e-04
= 4.22e-02 A
© 6.70e-03 -
§ 4.20e-02 2.00e-04 >
2 4180024 S!mulat!on 1 6.60e-03 —_— S!mulat!on 1 /
= Simulation 2 Simulation 2 0.00e400 4
4.16e-02 L5 ; . . ! | 6:50e-03 1] ] . : ; 10-00e+0071 ] ] ] ] .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Time Time Time

(a) The total populations of pg, pr, pr.
v

—— Simulation 1

1.50e-03 1 Simulation 2

1.25e-03 A
1.00e-03 4
7.50e-04
5.00e-04 -

2.50e-04

0.00e+00 -

T T T

0.0 0.1 0.2 0.3 0.4 0.5
Time

(b) The total mass of vaccines produced during 0 < ¢ < 0.5.

Figure 5.3: Experiment 1: The comparison between the results from the simulation 1 and the
simulation 2. The first three plots (a) show the total mass of p; (i = S, I, R) and the fourth
plot (b) shows the total mass of py produced at the factory area during the production time

0<t<0.5.
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5.4.2.1 Single factory

We set the initial densities and 2 ¢4ci0ry as follows

ps(0,x) = (2exp(=15((x1 — 0.2)* + (22 — 0.5)%)) = 1.6) ,

+

(2exp(=15((z1 — 0.8)* + (22 — 0.5)%)) = 1.6) ,

p1(0,2) = (2exp(=15((z1 — 0.2)* + (22 — 0.5)%)) = 1.8)
0

Qfactory = BO.075<O-5, 05)

and fix the parameters

'91 = 097 fmax = 107 Cfactory = 2.

The initial densities are shown in Figure |5.4

S

Figure 5.4: Experiment 2: The initial densities pg (left) and p; (right), and the location of

the factory (indicated as a green circle).

Figure [5.5| and Figure |5.6| show the evolution of densities with and without obstacles,

respectively. In both simulations, the density of vaccines py (the fourth row) transports

to the areas where the susceptible people are present. In Figure 5.0, py transports while

avoiding the obstacle at the right. Figure shows the comparison between these two

solutions and how the presence of the obstacle affects the production and delivery of vaccines
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t=0.00 t=0.42 t=0.58 t=0.65 t=0.74 t=1.00

Figure 5.5: Experiment 2: The evolution of densities p; (i € S) without the obstacle over

Ps

PrI

PR

j4%

time 0 <t < 1. The first row: the susceptible density ps. The second row: the infected

density p;. The third row: the recovered density pgr. The fourth row: the vaccine density py .
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t=0.00 t=0.42 t=0.58 t=0.65 t=0.74 t=1.00

pPrI
R ------

Figure 5.6: Experiment 2: The evolution of densities p; (i € S) with the obstacle (indicated

as a yellow block) over time 0 < ¢ < 1. The first row: the susceptible density ps. The second
row: the infected density p;. The third row: the recovered density pgr. The fourth row: the

vaccine density py.
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quantitatively. Figure shows the total mass of the vaccines in the factory area factory
during the production time

/ pv(t,x)dz, te€[0,0.5).
Q

factory

Figure shows the total mass of the vaccines during the delivery time at the left side and

the right side of the domain

/ pv(t,z)dx, Left
QN {a1<0.5}

/ pv(t,x)dz, Right
ON{z1>0.5}

during ¢ € [0.5,1]. When there is no obstacle, the vaccines are delivered more to the right
than to the left (Figure . The number of susceptible people at the left decreases very
fast because there are infected people with a high infection rate. When py, starts to transport
at time ¢t = 0.5, the number of susceptible is lower at the left. Thus, the solution distributes
fewer vaccines to the left with less susceptible people. When there is an obstacle, py has to
bypass the obstacle to reach the susceptible areas. Thus, the kinetic energy cost during the
delivery time ¢t € [0.5, 1] increases at the right. The solution cannot deliver the vaccines as
much as the case without the obstacle. It results in a fewer number of vaccines produced

during ¢t € [0,0.5) (Figure |5.7a) and delivered to the right during ¢ € [0.5, 1] when there is an
obstacle (Figure [5.7b)).

5.4.2.2 Multiple factories

Similar to the previous experiment, we show how the obstacles in the spatial domain affect
the production and distribution of the vaccines. We use more complex initial densities, an
obstacle set 2,5, and three factory locations in this experiment. We set the initial densities

and Q¢qetory as follows
ps(0,2) = (2exp(=15((z1 — 0.8)* + (22 — 0.8)%)) — 1.6) ,
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b 3.5e-04 17 _ Wwithout obstacle 4 N Y e A it il l
€ 3.00-04 With obstacle £ 2.5e-041
2 2.5e-04 A 2 2.0e-04 1
(7] [
S 2.0e-04 - o
3 2.0e- 2 15044+ Pommmm—mmmmmem e a e
< @ s
& 1.5e-04 ©
5 © 1.0e-04 A1 :
ﬁ 1.0e-04 ﬁ Left w!thout obstacle
£ £ 50605 - Lt.aft W|th obstacle
< 2:0e-05 4 = Right without obstacle
2 =
2 2 . .
© 0.0e400 - © 0.06400 4 Right with obstacle
0.0 0.1 0.2 0.3 0.4 0.5 0.5 0.6 0.7 0.8 0.9 1.0
Time t Time t
(a) The total mass of py during ¢ € [0,0.5) (b) The total mass of py during t € [0.5, 1]

Figure 5.7: Experiment 2: The left plot shows the total mass of vaccine density py during the
production time ¢ € [0,0.5). The right plot shows the total mass of py at the left side of the domain
QN {zr; < 0.5} and at the right side of the domain Q@ N {z; > 0.5}.

+ (2exp(=15((z1 — 0.2)* 4 (22 — 0.7)%)) — 1.6) ,
+ (2exp(=15((z1 — 0.8)* + (22 — 0.3)%)) — 1.6) ,
+ (2exp(=15((z1 — 0.2)* 4 (22 — 0.2)%)) — 1.6) ,
p1(0,2) = (2exp(=15((x1 — 0.2)° + (22 — 0.7)%)) = 1.8)
+ (2exp(=15((21 — 0.2)* + (22 — 0.2)%)) — 1.8) |
pr(0,2) =0
pv(0,z) =0

Qractory = Bo.075(0.5,0.2) U By 75(0.5,0.5) U By ¢75(0.5,0.8)

and fix the parameters
01 = 097 fmax - 107 Cfactory = 2.
The initial densities are shown in Figure [5.8

Figure 5.9 and Figure [5.10| show the evolution of densities with and without obstacles,
respectively. The experiment demonstrates that even with the complex initial densities, the

algorithm successfully converges to the reasonable solution that coincides with the previous
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S

Figure 5.8: Experiment 2: The initial densities pg (left) and p; (right), and the location of the

factory (indicated as green circles).

t=0.00 t=0.42 t=0.58 t=0.65 t=0.74 t=1.00

Figure 5.9: Experiment 2: The evolution of densities p; (i € S) without the obstacle over time

P

n

P

~

p

=

p

<

0 <t < 1. The first row: the susceptible density ps. The second row: the infected density p;. The

third row: the recovered density pr. The fourth row: the vaccine density py .
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t=0.00 t=0.42 t=0.58 t=0.65 t=0.74 t=1.00

Figure 5.10: Experiment 2: The evolution of densities p; (i € S) with the obstacle (colored

yellow) over time 0 <t < 1. The first row: the susceptible density ps. The second row: the
infected density p;. The third row: the recovered density pr. The fourth row: the vaccine

density py.
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experiments. The density of vaccines py (the fourth row) transports to the areas where the

susceptible people are present while avoiding the obstacles.

Figure shows the total mass of the vaccines produced during the production time at
each factory location. Without the obstacles, the total mass of py at the middle is the lowest
at time 0.5 because the factory at the middle is the farthest away from the susceptible people.
It is more efficient to produce the vaccines at the factories closer to the susceptible (the
top and the bottom) to reduce the kinetic energy cost during the delivery time ¢ € [0.5, 1].
However, the vaccines are produced the most at the middle factory with the obstacles. Since
the obstacles block the paths between the top and the bottom factories and the susceptible
people, py has to bypass them to reach the target area. The pathways from the middle
factory to the susceptible people are not blocked as much as from the top and the bottom

factories. Thus, producing more vaccines at the middle factory is more efficient.

Figure shows the total mass of the vaccines during the delivery time at different

locations. The lines in the plot represent the following quantities:

py(t,z)dx, Top Left pv(t,z)dx, Top Right

/Qﬂ{xl <0.5}N{z2>0.5} /Qﬂ{xl >0.5}N{x2>0.5}

pv(t,z)dx, Bottom Left / pv(t,z)dx, Bottom Right
Qﬂ{$120.5}ﬁ{1‘2<0.5}

/S;ﬂ{:cl <0.5}ﬁ{1‘2<0.5}

over t € [0.5,1]. With the obstacles, the kinetic energy cost increases since py has to bypass
to reach to the targets when it transports from the top and the bottom factories. As a result,
the vaccines are not produced as much as the simulation without the obstacles, and there are

less vaccines reached to the targets.

5.4.3 Experiment 3

This experiment compares the vaccine production strategy generated by the algorithm and

the strategy with the fixed rates of production without using the algorithm. The initial
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(b) The total mass of py during t € [0.5, 1]

Figure 5.11: Experiment 2: The top plot shows the total mass of vaccine density py at three
factory locations during the production time ¢ € [0,0.5). The bottom plot shows the total
mass of py at the top left area of the domain QN {z; < 0.5} N {zy > 0.5}, at the bottom left
area QN {z; < 0.5} N {zy < 0.5}, at the top right area QN {z; > 0.5} N {z2 > 0.5}, and at
the bottom right area QN {x; > 0.5} N {x2 < 0.5} during the distribution time ¢t € [0.5, 1].
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densities and Qjqct0ry are set as follows

ps(0,2) = (4exp(=15((x1 — 0.5)* + (22 — 0.55)%)) — 1.6)

(0,2) = (

p1(0,2) = (4exp(=15((z1 — 0.5)% + (22 — 0.55)%)) — 1.8)
(0,2) =0
(0, z)

Qfactory = Bo.04(0.1,0.3) U By 4(0.5,0.3) U By4(0.9,0.4).

We fix the parameters

0, = 0.9, fma:r =9, Cfactory =1

The initial densities and locations of factories are shown in Figure [5.12

Figure 5.12: Experiment 3: The initial densities pg (left) and p; (right), the location of the factory

(indicated as green circles), and the obstacle (colored yellow).

To fairly compare the effect of the optimal vaccine production strategy, we remove the

momentum of S, I, R groups; thus, removing the spatial movements defined by mg, myr, mg.
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We consider the following PDEs:

2
Oips = —PpsK * pr + %SAps —bipvps (t,x) € (0,T) x Q

Owpr = BpsK x pr — ypr + %%API (t,x) € (0,T) x Q2
Opr = Ypr + %ApR + b1pvps (t,z) € (0,T) x Q
Oy = f(t,x) — bapyps (t,z) € (0,T") x Q
Oy +V -my = —bypyps (t,x) € [T',T) x Q.

Furthermore, by taking out the momentum terms from S, I, R groups, the cost functional

for this experiment is

G((Pz‘,mi)zes,f):/—m/ d27+/ /FV pv, My dffdt+/ /—Pvd dt
T/
+/ /—°f2+z'ﬂf _ fdzdt
0 Q 2 actory

T
+ /0 (6,1 <Ctactory} (P 1)) 501 < frman (f (25 7))

Y T
+—/ /f2+p%,+|mv|2dxdt.
2Jo Ja

With the PDEs and the cost functionals above, we compare two results. The first result is
using the optimal vaccine production and distribution strategy generated by the algorithm 1.
The second result is using the fixed vaccine production rate and the algorithm’s distribution

strategy. In the second result, the factory variable f is fixed as

1.2, (t,l’) S [O,T/] X Qfactory
07 (tax) € [O7T/] X Q\Qfactory'

Figure |5.13| shows the comparison between these two results. The result from the fixed

.

production rate is “without control”, and the result from the optimal vaccine production
strategy is “with control”. The labels “left”, “middle”, and “right” are the locations of the
factories in Figure [5.12] The solid lines, the result with the same fixed rates of production,

show that all three factories produce identical amounts of vaccines. The dotted lines show the
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least amount of vaccines in the middle factory and much more in the left and right factories.
When vaccines produce at the middle factory, one needs to pay more transportation costs
because they bypass the obstacles. The obstacle does not block the paths from the left and
right factories to the susceptible. Thus, it’s an optimal choice to utilize the left and right

more than the middle to minimize the transportation costs.

4.0e-03 4 —— w/o control right A
w/ control right /
—— w/o control middle /
3.0e-03 1 ——- w/ control middle 7

—— w/o control left

2.06-03 - w/ control left

1.0e-03 A

-
-
-

Total mass of produced vaccines
1

-
-
-
[

0.0e+00 4 =E= e ===

Figure 5.13: Experiment 3: The plot shows the total mass of vaccine densities fot fQ py dz dt
during production t € [0,7"] at each factory location: left, middle, and right. The dotted
lines are from the optimal strategy from the Algorithm 1, and the solid lines are from the

fixed production rates.

Table is the quantitative comparison between the two results.

The first row of the table shows that more vaccines are produced with a fixed rate of
production. However, the result of the fixed-rate vaccinizes fewer susceptible people; as a
result, more infected people at the terminal time. Furthermore, the result from the fixed rate
shows higher transportation costs. The algorithm finds the more efficient strategy with fewer

vaccines produced.
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Quantity Description Algorithm 1 Fixed rates

The total amount of vaccines pro-
Jopv(5 7)de 7.997 x 1073 8.411 x 1073
duced.

The number of susceptible people
fQ ps(l,x) dx 1.520 x 1072 1.525 x 1072
at the terminal time.

The number of infected people at
fQ pr(l,z)dx 5.133 x 1073 5.134 x 1073
the terminal time.

‘ 2

fll Jo @p"v dx dt The transportation cost of vaccines. 7.339 x 1073 7.544 x 1073
2

Table 5.1: Comparison of vaccine production of fixed and non-fixed rate.
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CHAPTER 6

A Numerical Algorithm for Inverse Problem from

Partial Boundary Measurement Arising from

Mean-Field Game Problem

This chapter considers a new inverse problem arising from mean-field games. We aim to
recover the MFG model parameters that govern the underlying interactions among the
population based on a limited set of noisy partial observations of the population dynamics
under the fixed aperture. Due to its severe ill-posedness, maintaining high quality in the
reconstruction is very difficult. Nonetheless, it is vital to recover the model parameters stably
and efficiently to uncover the underlying causes of population dynamics for practical needs.
Our work focuses on the simultaneous recovery of running cost and interaction energy in the
MFG equations from a finite number of boundary measurements of population profile and
movement. We formalize the inverse problem as a constrained optimization problem of a
least squared residual functional under suitable norms to achieve this goal. Then we develop
a fast and robust operator splitting algorithm to solve the optimization using techniques
including harmonic extensions, the three-operator splitting scheme, and the primal-dual
hybrid gradient method. The numerical experiments illustrate the effectiveness and robustness

of the algorithm.

This chapter is organized as follows. Firstly in Section [6.1] we discuss the motivation
for studying inverse mean-field games and related studies. In Section [6.2], we introduce an

abstract inverse problem with a saddle point constraint and a generic algorithm to solve it.

134



In Section [6.3], we present the inverse MFG formulation. Next, in Section [6.4] we discuss the
implementation of the algorithm in Section [6.2]for the inverse MFG in Section Section [6.5
contains three numerical examples to demonstrate the robustness and effectiveness of our

algorithm. Finally, Section contains a discussion and concluding remarks.

The contributions in this chapter were first presented in the joint work with Yat Tin

Chow, Samy Wu Fung, Levon Nurbekyan, and Stanley Osher in[CFL22].

6.1 Introduction

The basis for the MFG framework is the concept of Nash equilibrium, where agents cannot
unilaterally improve their objectives. Under suitable regularity assumptions, a common MFG
model reduces to the following system of partial differential equations (PDE):

(

—0ip(x,t) — vAP(z,t) + H(x,V,d(z, 1)) = F(z,p(-, 1)), in Q x (0,1),

Op(z,t) —vAp(z,t) — V- (p(z,t) Vo H(x, Vap(z,t)) =0, in Q' x (0,1),

p(ZE,O) = po(ﬂf), ¢(33, 1) = g(éE), in Q.

\
Here, p(-,t), t € [0, 1] represents the population distribution over the state space €' at time
t satisfying a Fokker-Planck equation, and ¢(x,t) is the value function of each player that
satisfies a Hamilton-Jacobi equation and governs optimal actions of players. The Hamiltonian,
H, is the Legendre transform of the Lagrangian, L, representing the running cost for each
agent. Furthermore, F' represents an interaction between the agents and the population.

Typical choices for H, L, F' in crowd motion applications are

H(x,p) = %K(x)‘p’Q’ L(z,v) = 2/:(:6) lv?, F(x,p) = . K(z,y)p(y)dy. (6.1.2)

MFG is an actively growing field that provides a flexible tremendously powerful descriptions
ranging from socioeconomics to biodiversity ecology, and have recently gained enormous

attention. They significantly advancing the understanding of social cooperation and economics
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[ABL14, [CL18, [GNP15], biological systems [SB18], election dynamics [YYT1§|, population
games [LT20], robotic control [LWLI18], machine learning [ROL20, [LFL21], dynamics of
multiple populations [Cirl5]. Recently, they are utilized to understand pandemic modeling

and control such as COVID-19 [LLT21].

With the significant descriptive power of MFGs, it is vital to consider inverse problems
arising in MFGs. We aim to reconstruct MFG parameters for a class of nonlocal problems,
including the geometry of the underlying space and the interactions between large crowds,
based on partial population observations. More specifically, we are interested in the following

problem.

Problem 1. Given a part of the solution to an MFG system (6.1.1), (6.1.2), for instance,

(p (x,s),—p(z,s) V,H(z, V,o(z, t))) loax(0,1)

for finitely many examples of py and terminal cost g, can we numerically recover the speed

field k(x) and the interaction kernel K(x,y) from observations?

Such a model-recovery algorithm can help understand the underlying population dynamics
in numerous problems, such as migration flow or contagious rate of COVID-19. We further
envision applications to include rescue and exploration team management, policymaking,

diplomacy, election modeling, catastrophe management, and evacuation planning.

Note that m(x,s) = —p (z,s) V,H(x, V,¢(z, s)) represents the flux of the agents through
the state x at time s as a result of optimal actions. The interpretation of the flux is
straightforward for crowd-dynamics models and can be measured by counting people crossing
checkpoints or parts of the border. For such models, the value function ¢(z, s) could represent
the travel cost for a traveller who is at location x at time s. Hence, one could also consider
an inverse problem where one observes the value function, instead of the flux, by looking at
travel companies’ expenses or consumer ticket prices (discounted for the companies’ profit

margins).
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For economic and finance models [GPV16, [ABL14) [CL18] the state variables typically
represent asset (wealth, income, inventory) levels instead of a physical location. Hence, the
value function represents maximal utility for agents with a given asset level, and the flux
represents the total amount of transactions performed by them. Interestingly, in economic
models one often has implicit mean-field interactions reflected in market-clearing type
conditions instead of an explicit interaction functional F(z,p). Hence, a related inverse
problem is to find an appropriate market-clearing condition or tune its parameters for a given
economy. This chapter addresses explicit models with flux data leaving the implicit ones

with other data types for future work.

6.1.1 Related work

Despite of the large body of work on theory, numerical methods, and applications [ACD20],
inverse problems arisen from MFG is still quite an unexplored terrain. To the best of our
knowledge, only [DLO20, KAST5, BPW20] study such problems. The work in [DLO20] is the
closest to our objective but considers the case with a full space-time measurement of data in
the sampling domain. However, most inverse problems in practice only have partial boundary
measurements available, either obtained via non-invasive measurement methods or because
of the limited access to the sampling domain. Compared with the case with full space-time
measurement in the domain, inverse problems with only partial boundary measurements are
generally known to be more severely ill-posed. In this work, we focus on the recovery problem

with only boundary measurements coming from several measurement events.

6.2 An inverse problem with a saddle point forward model

In this section, we formulate an abstract inverse problem with a saddle point forward model.
We discuss suitable Karush-Kuhn-Tucker (KKT) conditions and a generic algorithm to solve

such inverse problems.
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6.2.1 A forward saddle point problem
Consider a saddle point problem

1 F 6.2.1
B ), oy

where F': U x X XY x D — R|J{£o0} a smooth functional such that (z,y) — F(u,x,y,c)
is strongly convex-concave. Here, x is the primal variable, and y is the dual variable in the
forward problem. Commonly, y is either used to handle constraints in the forward problem
or linearize nonlinear components via some splitting scheme. The variable ¢ represents model
parameters associated with the functional F', while u represents boundary and initial-terminal

conditions. Given model parameters ¢, we define a boundary measurement map A, as follows:

ACZU — HBXXHBY

v — (Upy(z),Up, (y)) where (z,y) € argmin argmax F'(u, z,y, ¢),
x y

where Ilg ., 115, denote a projection operator that represent the partial boundary measure-
ments of x,y available. We note that u corresponds to boundary conditions of the forward

problem, whereas B is the subset of the domain where the partial measurements are collected.

6.2.2 The inverse problem and a generic algorithm

Assume that

(7B, 8B4) = Ae(ui) = (Mg ()] (wi), Mpy (v)] (us))

are noisy measurements for a given {u;}~; € U. Our goal is to recover ¢ € D. We formulate
this problem as a constrained optimization problem
iy |
nt, {5 S = sl + 3 3T — Sl + )
trwhizee Uiy i=1 (6.2.2)

(‘ria yz) S argmin arginax F(ulu z,Y, C) }7

x y
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where R is a suitable regularizer and || - || are suitable choices of (semi)-norms. Introducing

Lagrange multipliers (dual variables) (A, Ay,), (6.2.2) reduces to

N
1 -
inf sup {ZiHHB,x(xz) TBZHZ"‘Z_HHBy(yl) 5paill* + R(e)

{zoyiirie g, Ay, 1Y

B v
+Z<aziF(Ui,iCiayi, ;A Z uzaxi7yiac)7)‘yi>}‘
- - (6.2.3)
Thus, the KKT condition for , are as follows:
(HE,z[HB,x(xi) — T + 02, 4 F (i, i, Yi, ©) s, =0,
5 g e(yi) = 3Bl — 05, F (i, @i, yi, ©) Ay, =0,
ORI + 34000 F (14 0) ) — 0.0y Pl i) M) =0,
O, F(ui, i, yi, ) =0,
=0y, F'(ui, 74, i, ) =0,

\

fori=1,...,N. Here, Il ,,IT};  are the adjoints of llp, II5,, respectively.

Finally, we formulate these KKT conditions as an inclusion problem

0De A (C, (137 y), ()\17 Ay)) +C (Cv (l’,y), (Ama )‘y)) )

where
J.R(c)
A(Cv (xvy)a()‘:m/\y)) = (0,0) )
(0,0)
and

C (e (2,9), (Aas Ay))
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ZZZl(acasz(uu Lis Yy C)7 )‘iﬂz> - Zil(acayzF(uw Lis Yis 0)7 )‘yz>
(00, F(wiy i, iy ), =0y, F(us, 245,43, ) )

(8323 T (uiJ Tiy Yiy C))\xl + H*B,z [HB,m<x2> - 7::B,i]u

_8§i,yiF(ui7 Ti, Yi, C)Ayi + H*B,y[HB,;r (yz) - gB,i])

Note that A is monotone but C' is not known to be monotone in general.

6.2.3 A generic algorithm

Here, we outline an iterative algorithm for solving (6.2.3). At (n + 1)-th iteration, we first
update the adjoint variables {(\;, Ay,)})¥; using the Chambolle-Pock method [CP11]; then
we update c¢ for the inverse problem by taking a proximal gradient step; next we use the
Chambolle-Pock method again to compute forward problems {(z;,y;)}Y,. Summarizing, a

high level description of the (n + 1)-th iteration is as follows:

( (
At = [1— o, 05, Flus, o}, yf, )] (A, — oo, I, [ (47') — $5.1])
)\;'Lj_l,temp - [1 + Oé)\ati aﬂ%Z,ZZF(u747 I?7 y’ln7 Cn)]_l ()\22 - a>\mi H*B,J: [HBaI (ZU?) - fBaZ])
)\'rle—l-l — 2)\Zj—l,temp _ )\;L;temp

\
(

A = (I + a.0.R)7! [C” — . ZL(acaziF(ui, alr yt, ), /\gj1>

\ e SO (00, F (s, a7 ), A |
(

I;H_l - [1 + aaclaszOJ’Za * y?? CnJrl)]il(x?)
PR (1 a0, (g 2 0] ()
yn+1 _ 2y?+17temp o y?,temp7

\ \

where (ay, , ay, , Qc, Qa,, ;) are the corresponding time steps.

In what follows, we specify the MFG inverse problem and the implementation of the

algorithm above for it.
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6.3 An inverse MFG problem

Here, we explain the saddle point problem formulation of nonlocal MFG [NS18| [LJL21] [LN21]

and formulate the inverse MFG problem of our interest.

6.3.1 Saddle point formulation of MFG via feature-space expansions

Consider the following MFG system with nonlocal couplings:

(

—¢(z,t) — vVAP(x,t) + HV¢ z,t)|]? = [, K y,O)dy in Q' x(0,1),
pr(x,t) —vAp(z,t) — V- (k(z)p(z,t)Vo(x,t) =0 in Q' x (0,1),
(6.3.1)
(k(z)p(x,t)Vo(z,t)) - n =0 on 0€Y x (0, 1),
p(x,0) = po(z), ¢(z,1) = g(x) in €'

\

We assume that K is positive definite and translation invariant, which yields that the
mean-field interaction satisfies the Lasry-Lions monotonicity condition [LL0O7] and agents are

crowd averse. Moreover, (6.3.1) admits a saddle point formulation
1
igf supR — [ o(x,0)po(z)dx — / / (pdy + vpAp +m - Vo) dtdx
p, o Jo

m o
—/ l;wdtdx— 1/ K(z,y)p(x,t)p(y, t)dxdy — Xp>0 + Xo(1)= <x>}
o Jo 26(x) 2p 2 Jorxar r= e
(6.3.2)

Here, yz(z) is the indicator function over the set Z defined by

0, ifzeZ
Xz(2) =
oo, otherwise.

Modeling the interaction term

1
5 [ K)ptatply. dudy
Q' xQ/
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directly is costly for both forward model and the inverse problem. Moreover, based on
the works from [NS18, [LJL21, [LN21], [ALF22], we model and approximate this term using

feature-space expansions. More specifically, based on Bochner’s theorem [Ron9§|, we postulate

that
K(z,y) =Y pjcos(wy - (x —y))
k=1
= (pj cos(wy - ) cos(wy, - y) + pi sin(wy, - ) sin(wy, - y))
k=1

for some {w} C RY, and {p?} C R,. Denoting by
o :(,um, H12, 2,150 5 Hr 1y #T,Q) w = (w1,1,w1,2, W21, W, Wr,2)

Codd=even Z{(Il,h T1,2,X21, " , Tr 1, Jir,z) L1 = xi,Q}

C($§ 2 W) = (N1,1 COS(W1,1 : 1‘); 12 Sin(wl,z : 95), ety M COS(wr,l : 1‘); My 2 Siﬂ(wr,z : $)>
we obtain
K(QJ,y) = C(ZII,,M,(.U) : C(yuljlv w)7 H,w S C(Odd:even~

Using this representation, we obtain

2

1 1
5 [ Kot tptnoi = | [ ceipapte. s
Q' xQ

Q/

2

—sup ot [ ctmmarpte e = [ atoar).

a

where a(t) = (a11 (), a12(t),..,ar1 (t), a2 (t)) are auxiliary dual variables. The last equality
is a result from [NSI§]. Hence, (6.3.2) transforms to

Q@ p,m

. 1 1 ) 1
1¢nfsu {5/0 |la(t)||"dt — N ¢(x,0)p0(:v)da:—/,/0 (ppr + vpAp+ m - Vo) dtdx

lm]®

L7
N //0 (25(:1:) 2p +palt) - (e “’“)) dtdr = Xp>0 + Xo(e,1)=g(x)

;= inf sup { - E((po, 9), (p,m), (¢, a), (k, u)) }

(]5,(1 p,m

(6.3.3)
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For more details on representation of nonlocal MFG interactions via a basis and computational
methods, see [NS18| [LN21) [LJL21, [ALF22]. We also attach an example Algorithm [3| here for

calculating the nonlocal mean-field game problem.

Algorithm 3 Iterative algorithm for the nonlocal mean-field game system

Input: (pg,g), (K, 1), a set of initial guess (p°, m°, ¢°,a®), e, a set of stepsizes
(Oéfw azm 05257 Oéé)
Output: (p*, m*, ¢*, a*)

while iteration j < Juax and primal-dual gap PD(p/, m?, ¢’, a’) > ey do

(P, m ) ::mgmm@mg{ﬁ(Umgx<mwwxwt¢nxa40)

5L = pliZg + 2l = mli2,

(g1 i+ temp) :m@m%@{—zgmg»mwamwwmm@xmm)

1 j 2 1 j 2
+irllod =0l + gl = all

(641, 071) _ o(gititemp, giHLemy) _ (4, 7)
j+—7+1
end while

return (o, m’, ¢’ a’)

6.3.2 An inverse mean-field game problem

Denoting by

u:(p()’g)’ J::(p,m), y:((b;a)? c= (“7#)7
F((po, 9), (p.m), (6, a), (k, 1)) = L((po, 9), (p.m). (6, a), (K, 1)),
we place the MFG forward model in the abstract framework (6.2.1). Next,we assume that

Q C € and k(x) is known in the domain '\§2. We refer to 2 and ' as sampling and
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computational domains, respectively. An example is shown in Figure [6.1, where the ' is the

large square domain, while €2 is the inner square with its boundary highlighted in red.

Figure 6.1: Denote p as the solution to the mean-field game system. From left to right,
the pictures display the density distribution p at time ¢ = 0.1,0.5,0.9. The solid red line
represents the boundary of domain 2. In this mean-filed game, the density travels from the

right towards the left, crossing the boundary 92 twice.

Next, we take

HB,(p,m) (P, m) = (p> m- n) |[0,T]><89+7 HB,(a,¢>) (a> ¢) = (07 0) 5

for the partial boundary measurement along the boundary 92. Here, 92T means that the
normal vector n is pointing outward. Measuring the density and flux through 0f2 is reasonable
based on physical meaning of the variables. We cannot measure a directly because it is
a non-physical auxiliary variable introduced specifically for an efficient representation of

nonlocal interactions.

We assume that the ground truth parameters (x, pt) represent a disturbance of background
parameters (Ko, fi9). Therefore, given an additional parameter ¢ > 0, we would also like to have
a regularization term in the form of Rg = xp>-(8). We also write R(x, ) = Ry (k, pt)+Ra(k, 1),
where

Ri(k, 1) = Ri(k) + Ro(pt) := vl — Kollzr + vullt — pollzr,
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Ry (F, 1) = Xeze, (K) + Xp2<e, (1)

It is also possible to have other choices of regularization for (k, i), such as TV, H', Wavelet

norms.

Now, we can formulate the inverse MFG as follows:

N
1
inf —|[Tp(pi, m;) — Fpall> + Rk, p) -
{(pivmi)vlg(iivai) S { ; 2

(6.3.4)
(piv mi)? (¢w a'i) € argmin argmax F((po,iv gi)v (pv m)? (¢a CI,), (’%7 #)) } :

pym ¢,a
6.3.3 The KKT conditions of the inverse mean-field game problem
We denote by

£ i= £ (s, (om0 00, (5. ).

the function £ defined in Equation for simplicity. The KKT conditions for the inverse

mean-field game problem are then

(

0% oy B0y (Pis M) = Tl + 02, 05 iy )N pimy = 0, i =1,..., N,
15 0.0) B (a.6)(ai, &) — 3B.] — a(Qai,@),(a,-,gﬁ,-)E('>>‘(a¢7¢i) =0, 1=1,...,N,
Oy B (K, 1) + Oy Ra (5, p) + Zz]il <8(“7#)8(Pivmi)£(')7 A(pi,m¢)> g

= 2230 (Ot ar 80 £()s Atason)) = 0,

pimL£(-) =0, i=1,...N,

| —OaienL() =0, i=1.N.

Furthermore, the derivatives of £ are given by

1m

1 |m|?
L= Ad — — -m
a(ﬂumz)‘c (at¢ +v ¢ Ve p2 +a C( ,,U,CL)), V¢ + K p )
Nasp) L = (—a + / p(y) C(y; p,w)dx, =0p +vAp =V - m)
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ImP® _1m
2 o K p3 K p?
a(ﬂi7mi)7(91:,mi)£
1m 1
—wE el
I 0
2 JE—
a(aiy¢i)v(aia¢i)£ -
00
1 |mp? 1 m
W@ 2 RE p
a('%lﬁ)a(m,mi)‘c =
A(w,)a 0
0 0
Aoy Oai 00 L =
Jor P(W) Ai(w,y)dy O

where the variable A;(w, z) is defined as follows

cos(wy - x) 0
0 sin(wy - x)

cos(wy - x) 0

0 sin(w, - x)

6.4 The algorithm

We propose an inverse algorithm adapted from the three-operator splitting method [DY17],
which has also been shown to predict Nash equilibria in traffic flows [HML21]. We also discuss

stabilizing techniques that are essential in practice.
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6.4.1 The three-operator splitting scheme

Denoting by A(pm) := (Ap; Am) and Aag) := (Aq, Ag) and applying the framework in Section
to (6.3.4]) we obtain the following inclusion formulation of the inverse MFG problem:

O € A (’%7 N) + B (’%7 /~L) + C ((’%7 :u)v ((pv m)? (av ¢))7 ()‘(Pvmﬁ )‘(a,¢)>) ’

where
8R1(/£,,u) aRQ(K“ap“)
Alg,p) = 0,00 | Bw=1{ (0,00 |-
(0,0) (0,0)
and

C (5, 11), ((p,m), (@, ), Npm)» Aa.s)))

i (e Dtpsima) £ Apiom))

= 21 (O D6 L5 Atasron)

= (Otpr,mi £+ —0as, 00 L)
<‘9<2pi,mi>,<pi,mi>m<pumi> + g gy (L. (o) (i ) = T3]

2
_8(a27¢z)7(az,¢z)£)\(alv¢l))

The three-operator splitting scheme in [DY17] applies to optimization problems of the

form

find ze€H suchthat 0€ Az+ Bz+ Cxz, (6.4.2)
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where A, B,C' are maximal monotone operators defined on a Hilbert space H, and C' is
cocoercive. Denote by [y the identity map in H, and Jg := (I + S)~! the resolvent of a

monotone operator S. The splitting scheme for solving (6.4.2) can be summarized as follows
= (1= A\p) 2%+ N T2,
T .= IH — JWB + ‘]VA e} (QJWB — ]’H — ’}/C o J’yB)7
where v is a scalar. If an operator S is of the sub-differential forms; that is, S = 9 fs for some

functional fg, the resolvent Jg reduces to the proximal map z — argmin fs(y) + %Hx —ylI%.
)

Overall, the algorithm for (6.4.1)) follows three components of the generic framework in

Section [6.2.3] upon some modification. In what follows, we discuss each component separately.

6.4.1.1 Update of the adjoint problem

Firstly, we choose || - ||(pm) and || - ||(we) with L2([0,T], H-1/2(08)) x L*([0,T], H/?(99))

2
z,

semi-norm, and L? x L2, norms, respectively. Here the H2(9€) and H 2 (d) semi-norm

are taken as follows:

2 : 2
vl? . = min Vol 51
‘ ’H?(@Q) vo€H1(Q2),vo=v on 9N ‘ ‘H ()
2 : 2
[ul]? 1 = min Vo310
H™2(09) UOEH(% (), Onvo=0nv on 0N )

where the right hand side denotes the standard H'(Q) semi-norm.

Assuming appropriate regularity of (p,m), we recall that the operator Il (, ., is the

restriction/trace operator onto the appropriate Sobolev space on the boundary LQ([O,T ],

HY2(00)) x L2 ([0, T), HY*(09))

HB:(P»m) (p’ m) = (P, m:- n) |[0,T]><8§2+-

With the aforementioned choice of the semi-norms, we naturally have the (formal) adjoint of
5, (pm), 11 (> @s the Dirichlet and Neumann harmonic extension operators by definition;

that is,
(i, V&) = 1 (B (o (07 M7) — T4,
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where (1;,&;) satisfy

(

\

Attt =0in Q

n+l __ ~
= Pl — pryTp; on 90T
\

Antt =0 in Q\Q

nitt = pi' — pry7p,; on 00~

ntt =0 on 9

¢ (

;

“\

AET =01in Q

Ol = m? - n — pryFp,; on ONF
\

A =0 in Q\Q (6.4.3)
Ol = m? - + pryFp; on 90~

O£ =0 on O

Here we use pry, pr, to denote the projection from the noisy data. The harmonic extension

is taken at each time t € [0, 1] independently. In the implementation, we use a standard

finite difference scheme to compute the harmonic extension on spatial grids for each time grid

point. Note that if we assume k = K to be known outside of domain (2, the measurements of

m and V¢ are equivalent, as —ro(z)p(x)0,¢(z) = m(x) - n on OQT.

We remark that the techniques of harmonic extension have been applied to various other

problems, e.g. over point clouds and in machine learning [SST1§].

It is clear to see that A, is redundant and A\, = 0 whenever 0 € A+ B+ C. Hence, we can

consider only C ((k, n), ((p,m), (@, 9)), (Apmy, (0,0))). In this case, we preform a primal-dual

hybrid gradient method for updating A(,m:

;

n—+1,temp
)\Pi .
n—+1,temp
A
U S W
I+an P k™ (p})? &™ (p7)?
Alpsmy)ti n
_1m 17
i P W
)\n.—l-l )\n.—t—l,temp )\n?temp
Pi -9 Pi Pi
n+1 n—+1,temp n,temp
A At A,

- —1

)\n n+1
pi n n g
—a}, p (6.4.4)
)\m’.‘ vgin—i-l

7
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6.4.1.2 Update of the inverse problem

In this part, we focus on the update for the inverse problem variables (k, u).
( (
grLteme = G, (2/{" — /" —am sz\; A (K™, m?, i, )\Zjl, Aty — Iig) + Ko

/%n—i-l L + Kvn—i-l,temp E—

kHn+1 — max {e;, i"1}

p
Iun—l—l,temp — Soz"}'y (QH;j(Mn) _ ﬂn _ az sz\il A“()\Z’;H7 a?) - H;(,UO)) + HZ(MO)

~n+1 n+l,temp _ ,n

v =p"+p Iz
\ vun—H = 11, (min {ez, 7"*'})
(6.4.5)
where S, (r) is the shrinkage operator given as S, (r) = sign(r) max{|r| — «, 0}, and
T 2
L [[m(- s 1 m(,s)
Ac(K,my py A, A) = / ’ A+, 8) — — Am (-, 8)ds,
’ o 2(k)? (p(-,8))* " (k)% p(-s)
T
ANy a) = / / A (w, )M, (y, s)a(s)dyds.
0 !
Since we have the o, W & Codd:even = {(1317171’1,2,%2’1,1'272, ...,ZETJ,ZET,Q) C T = J]@QVZ. =
1,...,r}, we write the projector Oxc, ... (where we identify Cogq—even With R”) as
Hu : RZT — Codd:even =R
Ti1+ T2 To1+ Tog Tp1+ Tro
(S€1,1, T1,2,T21,L22, ---75137",175177«,2) = ( 9 ) 5 ) e 9 )

and its adjoint as
I, - R" — R*"

(x1, T, ..., ) > (T1, T1, To, Tay ooy Ty Tp).
6.4.1.3 Update of the forward problem

As for the forward problem, we use primal-dual hybrid gradient method (PDHG) [CP11]

to update ((p;, m;), (¢, a;)) for each event i, for 1 <i < N. The iterative updates contains
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three parts: firstly a proximal gradient descent step for (p;, m;) with stepsizes (O‘ZN ag, ); then
a proximal gradient ascent step for (¢;, a;) of stepsizes (o , af,); lastly an extrapolating step
for (¢4, a;). Note that we make the choice of norm H(be‘lé,t = Hgbtﬂii}t + HVﬂbHii’t for ¢, based
on the General-proximal Primal-Dual Hybrid Gradient (G-prox PDHG) method [JLL19] that
can be interpreted as a preconditioning step for obtaining a mesh-size-free convergence rate
for the algorithm. Overall, the computation for the forward model follows the computational

method proposed in [LJL21 [LN21].

( ?+17 sz'H_l) - a’rgmin(p,m) {E ((Po,m gz)a (:07 m)7 (CL?, ¢?>’ ("in—i_la Mn+l))

1 2 1
+2agi Hp? - pHLfm + 200

g — il

n
my

) angaing i~ £ (). (7 (0,00, () )

Faag 167 = 0l + aag llaf — allZ;

n+l n+l _ n+ltemp n+ltempy n .n
\(@ ,a;") = 2(¢; » @y ) — (¢}, ai)
(6.4.6)
Assembling all three components described above, we arrive at the following Algorithm [4]

for solving the inverse problem ([6.4.1)).

6.4.2 Stabilizing techniques

Here, we discuss key numerical strategies for stabilizing Algorithm 4l We refer to Algorithm

for more implementation details.

While the change of k"' is made from the accumulation of all measurement events
(through (AZF AnF1)), there is sometimes unexpected change of x"*!(z) that makes the
algorithm highly unstable. For instance, there may be a large x""!(z) at a single grid point.
Moreover, we are using harmonic expansion method to update ()\Zi“, /\Zlfl), which causes

large variances of k(z) along the boundary 0f2. Therefore, we add a cut-off function and
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Algorithm 4 Inverse method for the nonlocal mean-field game system

Input: (po;,gi,7p,) for i =1,...; N, (Ko, to)
Output: (k" u") for n =1, ..., Muax

while iteration n < Naximal dO
1.Update for the adjoint problem:
compute (A7 AvFL) use (6.4.3)(6.4.4) fori =1,..., N.
2. Update for the inverse problem:
compute ("1, u" 1) use (6.4.5))
3. Update forward problem:
compute (pI, mIt ¢ alt) use (6.4.6) for i =1,..., N.
n<n+1

end while

a convolution kernel to the step (6.4.5) to have a smoother change in x""!(z) in space.

Specifically, we have

where 7,45 18 a cut—off function that truncates the change of xk near 0f) given by

Tnash(r; ko) () = £(x)(k — ko) () + Ko(),

for a function &(x) vanishing near 02. As for the convolution

() — {517 / R () — y)dy} ;

where the convolution kernel ¢ (x) satisfies [, ¥ (2)dz = 1.

n+1

On the other hand, after the inverse problem parameters (k"*1, u"*1) are updated, we get

new pair of parameters for a set of mean-field game problems. It is unclear whether starting
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from (pl', ml', o7, al') and taking the update rule once produces physical solutions for

the new mean-field game system due to highly nonlinear dependence of the solution on the

system parameters. Therefore, instead of preforming one iteration for the forward problem, we

apply the PDHG algorithm for the forward problem until its error reaches a preset tolerance.

More specifically, at every iteration n, with new system parameters ("™, "), we use
n

(p?,ml, @I, al') as an initial guess and calculate the mean-field game solution accurately so

that the primal-dual gap is smaller than residual the preset tolerance.

We summarize the inversion algorithm for the nonlocal mean-field game system in details

in Algorithm [5

6.5 Numerical examples

This section demonstrates the efficiency and robustness of the inverse mean-field game
algorithm with three examples. We also discuss details on the rule we used to choose the

best reconstruction parameters.

6.5.1 Numerical implementation details

In this section, we present several numerical examples to illustrate the effectiveness of the

new algorithm for the reconstruction of parameters in the mean-field game problem.
We consider the spatial-time domain Q' x [0,7] = [-1,1]* x [0,1]. In the following
examples, the partial boundary measurements are taken along the domain 2 = [—0.5, 0.5]?,

we refer as 0€). The Figure gives an example of the forward measurement event.

In order to collect our observed data of the forward problem, we solve a set of mean-field
game problem (6.3.3)) with given (pg;, ¢;) and (&, p) by finite difference method with a mesh of
size (0.05,0.04) in space-time. Each problem is solved via primal-dual optimization approach

with primal-dual gap e;y < 2e — 3. The initial density function pg; is the average of two
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Algorithm 5 A detailed inversion algorithm for the nonlocal mean-field game system

Input: (po;,gi, ;) for i =1,..., N, (ko, o)
Output: (k", u") for n =1, ..., Niax

while iteration n < Myaximal dO
1.Update for the adjoint problem by computing (AZF, Avit)
( (Anf“ =0in Q
\77;”rl = p? — pry7p; on 90T
(Anf“ =0 in Q"\Q
nitt = pP — pr,7p; on 90
\77?“ =0 on 0¢Y
AEH = 0'in ©
\8,15?“ =m}'-n — pryip,; on 00T

AL =0 in Q\Q

8,15?“ =m} - n + pryrp,; on 002~

0p&" = 0 on O
\

n—+1,temp
)\Pi

n—+1,temp
At

1 Im?)lj 1 m§;2 A? n+1
K™ (p} K™ (pf Pi v
I an n 2 2 _ n
+ )\(piﬂn’i)pl n )\(pzsmz)pl
_1m i\ vert
k" (p)2 Khpl mp 7
- 7 T
)\n—i—l )\n—l—l,temp )\n,temp
Pi —9 Pi Pi
n+1 n+1,temp n,temp
e At At
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2. Update for the inverse problem by computing (s, ")

( (/{”H’temp = Sany (2&" — k"=l Zz]\il A (K™, mP p?, )\z:rl, )\%Tl) — Iio) + Ko
gl = K" + Trask (K" THEMP_gq) — K™
Gl = max {e1, K" x )}
'u”“’temp = Sapy <2H2(u") — it —an N A (A ar) — HZ(uo)> + 117, (110)
s — [ 4 grtltemp
= T (minfe, )

\ \

3. Update forward problem by computing (pf™!, m?™ ¢+t o) with the forward
mean-field game algorithm for i = 1,..., N.
Apply the iterative Algorithm (3| given input (po;, ¢:), (K", u"*), e with initial

guess (p, ml', ¢, al), and assign

Rt

(i mi ™ G afh) = (o], mi, 67, a)

i

n<n+1

end while
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Gaussian functions with centers xg € '\€Q. The final cost function g(z) is smooth and has a
smaller value around a single point z, € '\Q such that densities are concentrated in the
neighborhood of x, at the final time. We want to point out that there is room to improve
the initial density function and final cost function choices. We choose this set of (po, gi) to
ensure that the density’s movement covers the domain €2 as completely as possible. We also
expect the nonlocal interaction among agents to be better reflected at the partial boundary

measurements by setting the initial density as two Gaussians rather than one.

We only take 16 forward measurement events for each of the following numerical examples.
The partial boundary measurement means that we only collect the p, m along the boundary

0f) in each event. Therefore, the resulting inverse problem is severely ill-posed.

To test the robustness of our reconstruction algorithm, we add some random noise to the

measurements as follows:
(p,m - ”)6 (ti, ;) = (1 + €ndija)p, (1 + €xdijo)m - n) (Li, x;)

where {(t;, ;) }iz1, 1j=1,..5 € [0,T] x 0" represents sampling points on the measurement
boundary [0,77] x 0QF, {8;j1,0ij2}iz1,.1,j=1,.., are i.i.d. random variables uniformly dis-
tributed on the interval [—0.5,0.5] and €, corresponds to the noise level in the data, which is

always set to be ¢, = 10% in all our examples.

From the noisy observed data {(p,m - n)é (tiyx;)}iz1,.1j=1,...s on the sampling points of
the measurement surface, we then use the algorithm to reconstruct the forward problem
parameters (k, p). Recall that we paramatrized the running cost L(x,v) := #@)MQ by k
and nonlocal kernel K (x,y) := ((z;p,w) - ((y; u,w) by p. Since we aim at recovering the

model on a given domain with fixed grid points, we fix the choice of w, and only seek sparse

recovery of pi.

In the following examples, we use a set of parameters uniformly, without tuning. v, =
0.2,7, = 01,0, = 0.1, = 0.1, = 10. We set the lower-bound projection parameter

€1 = R, this is based on the additional assumption of the model parameters that x(x) >
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ke for x € '. The projection parameter for kernel coefficient is 5 = 1.

To account for unknown ground truth of the model parameters, we introduce Res to

quantify the quality of the reconstructed parameters.

Res" = /m (¥ = pry7pall® + Im - n = pryis|?)
%

where p', m] are the solution of the forward mean-field game problem with ¢-th choice of
initial density and final cost function with the reconstructed parameter (", u™) at the n-th
iteration of the algorithm. The boundary residual Res measures how much the new boundary
measurements of the mean-field game model with the recovered parameters deviate from the
given partial measurements. If (K, ) = (Kgrue, ftrue), We would expect that Res is close to 0.

Therefore, we pick the reconstructed parameters at n,,-th iteration by taking
Nopt = argmin Res”,
n
(K:Opt, ,uopt) et (I{nopt’ ”no?t),

When we implemented the algorithm, we observed that the quantity Res” first decreased then
increased with respect to the iteration. We also observed that with large enough number of
iterations, (for example, 1500), the inverse problem is contaminated and the reconstruction of
mean-field game coefficients are very bad. In the following examples, we take fixed number of
iterations N = 1500 for the inverse algorithm, and pick the reconstructed model parameters

accordingly.

6.5.2 Example 1

This example tests a running cost x(x) with a bump at point (0.25,0.25), which means the
density that travel crossing near this point has a lower cost than other routes. The density are
also expected to accelerate when they travel across this point. The nonlocal kernel K (z,vy) is
constructed via a Gaussian function plus some sparse terms in forms of u2 cos(wy - ). The

nonlocal kernel, in general, penalizes being too concentrated. The amplify of certain Fourier
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frequencies determines the agents’ particular interaction preferences. Specifically, we have

the following:

(21 — 0.25) + (25 — 0.25)2)

=244 —
k() + 4 exp < RE
Ko(z) = 2,

K(IL’,y) - K(](I',ZJ) + Ks(‘ray> + ]{50,

1 122 + y?
Ko(z,y) = 5 OXP (—5 0oz )

K(2,y) = 0.20947 (cos (m(z1 — y1)) + cos (m(z2 — 32)))

+0.2613% (cos (m(x1 — y1) + 7(w2 — y2)) + cos (—m(x1 — y1) + 7(z2 — 12))),

where x = [z, 22,y = [t1,y2]. We have pg, which represents Ky(x,y) via the expansions
form pi cos(wy, - x), known. The variable kg is a given constant value that makes the kernel
integration [ [ K(x,y)dzdy = 1. Varying this constant corresponding to changing the
coefficient of the zero Fourier mode (0,0). This constant ky does not change the intensity of
repulsion effect among the agents, since [ kop(y)dy = ko [ po(y)dy is uniform over the domain
Q. With K(z,y) = ((x; pu,w) - {(y; p,w) for p,w € Cogag—even, Wwe omit the even entries (eg.

2, wk,2) and express the kernel K as follows:

ps = (0.2094,0.2094, 0.2613,0.2613),

ws = ((m,0), (0,7), (7, ), (=7, m)).

Here, we also assume that k. = 2 and x(x) = 2 for x € '\ is known.

Given (kg, po) and the noisy partial boundary measurements with corresponding event
parameters (po, gi,75:), we apply our inverse algorithm.The results are shown in Figure
. In Figure , we plot the residual Res” and the max, £™(z) along the iteration. We see
that the residual oscillates and decreases first, then bounces back and increases. In Figure[6.3]
we show the reconstruction of model parameters by taking n,, = argmin, Res", (Kopt, flopt) =

(Kk™ort p"ort). We see that the reconstructed ko (x) has a single bump sits near (0.25,0.25).
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Figure 6.2: The residual Res" and the max, x"(x) at n-th iteration.
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Figure 6.3: From left to right: the true running cost x(x); the reconstructed running cost
Kopt(T) at iteration n,y; the coefficient representation of nonlocal kernel K (x,y) in vector

form, where x-axis represents different Fourier mode w and the y-axis corresponds to the

coefficients p.
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The shape of the bump is not as sharp as the ground truth k. The maximal value of running
cost max, Keye(r) = 6; while max, fope () = 4. As for the non-local kernel, we have fi
nicely reconstructed, where fi4e = po + fts = flopt- This example shows that our inverse

algorithm is robust to noise and can recover the model parameters (k, 1) simultaneously.

6.5.3 Example 2

In this example, we make the x(z) more complicated by having two bumps sitting diagonally.
We except that if the density travels across these two bumps, it will accelerate twice. The
model set-up is as follows:

(_ (14 0.25)* + (22 — 0.25)2> dexp (_ (z1 — 0.25)% + (x5 + 0.25)2)7

K(r) =2+ 4exp "RE RE

Ko(T) = 2, k. = 2,

K(l‘,y) = K0<x7y) + Ks<w7y) + kOa

1 122492
e Lo (1555)

2 042
0.3374,0.3374,0.2942,0.2942),

= (
= ((7,0),(0,m), (27,0), (0, 27)).

We can see from the Figure that recovered bumps are well separated, and their
locations are accurately captured. Reconstructed bumps are more spread compared to the
ground truth, and there is some noise on upper left and bottom right corners of the domain
). The nonlocal kernel is reconstructed nicely as shown in Figure (right). A precise
sparse representation of Kg(x,y) is recovered. Considering the severe ill-posedness of the
inverse problem with 10% multiplicative noise added to the boundary measurements, the

reconstruction quality is quite satisfactory.
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Figure 6.4: From left to right: the true running cost x(x); the reconstructed running cost

Kopt (%) at iteration n,y; the coefficient representation of nonlocal kernel K(z,y) in vector

form.

6.5.4 Example 3

In this example, we modify the x(x) by having two bumps sitting in parallel. Similar to the
Example 2, the density would prefer to move crossing these bumps. We set the nonlocal

kernel with K containing Fourier modes with higher frequency.

(21— 0.25)% + (25 — 0-25)2> + dexp (_ (21 = 0.25)% + (2 + 0.25)2)'

k(x) =2+ 4exp (— RE RE

Ko(T) = 2, K. = 2,

K(l’,y) = Ko(l',y) + Ks(x7y) + k’o,

1 122+ 92
Ko(z,y) = 5 OXP (—5 02 )

ws = (0.2973,0.2973,0.2973,0.2973),
ws = (

(2w, —n), (2m, ), (7, 27), (7, —2m)).

We have the reconstruction result shown in Figure [6.5 The two parallel sitting bumps are
well separated and located with reasonable accuracy. Again, the bumps are diffused with

some noise near the upper boundary of 2. The nonlocal kernel is recovered very nicely.
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Figure 6.5: From left to right: the ground true running cost k(z); the reconstructed running

cost Kopt() at iteration ney; the coefficient representation of nonlocal kernel K (x,y) in vector

form.

6.6

Conclusion

In this chapter, we formulate a new class of inverse mean-field game problems given only

partial boundary measurements. A novel model recovery algorithm is proposed based on the

saddle point formulation of MFGs. We demonstrate the robustness and effectiveness of the

numerical inverse algorithm with several examples, where the MFG model parameters are

reconstructed accurately. Our algorithm can be further generalized to other inverse problems

with saddle point structure in the forward problem.
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