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ABSTRACT OF THE DISSERTATION

Sample-Efficient Nonconvex Optimization Algorithms in

Machine Learning and Reinforcement Learning
by

Pan Xu
Doctor of Philosophy in Computer Science
University of California, Los Angeles, 2021

Professor Quanquan Gu, Chair

Machine learning and reinforcement learning have achieved tremendous success in solving
problems in various real-world applications. Many modern learning problems boil down
to a nonconvex optimization problem, where the objective function is the average or the
expectation of some loss function over a finite or infinite dataset. Solving such nonconvex
optimization problems, in general, can be NP-hard. Thus one often tackles such a problem
through incremental steps based on the nature and the goal of the problem: finding a first-
order stationary point, finding a second-order stationary point (or a local optimum), and
finding a global optimum. With the size and complexity of the machine learning datasets
rapidly increasing, it has become a fundamental challenge to design efficient and scalable
machine learning algorithms that can improve the performance in terms of accuracy and save
computational cost in terms of sample efficiency at the same time. Though many algorithms
based on stochastic gradient descent have been developed and widely studied theoretically
and empirically for nonconvex optimization, it has remained an open problem whether we
can achieve the optimal sample complexity for finding a first-order stationary point and for

finding local optima in nonconvex optimization.

In this thesis, we start with the stochastic nested variance reduced gradient (SNVRG)
algorithm, which is developed based on stochastic gradient descent methods and variance

reduction techniques. We prove that SNVRG achieves the near-optimal convergence rate
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among its type for finding a first-order stationary point of a nonconvex function. We fur-
ther build algorithms to efficiently find the local optimum of a nonconvex objective function
by examining the curvature information at the stationary point found by SNVRG. With
the ultimate goal of finding the global optimum in nonconvex optimization, we then pro-
vide a unified framework to analyze the global convergence of stochastic gradient Langevin
dynamics-based algorithms for a nonconvex objective function. In the second part of this
thesis, we generalize the aforementioned sample-efficient stochastic nonconvex optimization
methods to reinforcement learning problems, including policy gradient, actor-critic, and
Q-learning. For these problems, we propose novel algorithms and prove that they enjoy
state-of-the-art theoretical guarantees on the sample complexity. The works presented in
this thesis form an incomplete collection of the recent advances and developments of sample-
efficient nonconvex optimization algorithms for both machine learning and reinforcement

learning.
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CHAPTER 1

Introduction

1.1 Overview and Background

We study the following nonconvex optimization problem: minycgas F'(x), where F' is a non-
convex smooth function. A popular example of this problem is the finite-sum optimization,

where the loss function is a sum of n nonconvex component functions:
1 n
min F'(x) = — (X)), 1.1.1
it P = 3 i) (111)

where each f; is defined on a different data point. The finite-sum optimization problem
(1.1.1)) is often regarded as the offline learning setting in the literature [AZLI1S, [FLLZIS].
A closely related variant of the finite-sum optimization problem in (|1.1.1)) is the following

general stochastic optimization problem:

min F(x) = Eqop[F(x; )], (1.1.2)

x€R4

where ¢ is a random variable drawn from some fixed but unknown distribution D and F'(x;§)
is a nonconvex smooth function indexed by £&. The general stochastic optimization problem
defined in encloses innumerable large-scale machine learning applications which keep
generating oceans of data samples. Therefore, is also referred to as the online learning
setting [AZLI1S].

For either (1.1.1]) or (1.1.2)), finding the global minimum of such nonconvex optimization

problems can be generally NP hard [HL13]. Therefore, instead of finding the global mini-

mum, various optimization methods have been developed to find an e-approximate first-order

stationary point of (1.1.1)) and (1.1.2)), i.e., a point x satisfying

IVF(x)]l2 <e, (1.1.3)
1



where € > 0 is a predefined precision parameter. This vast body of literature consists of gra-
dient descent (GD), stochastic gradient descent (SGD) [RM51], stochastic variance reduced
gradient (SVRG) [RHS™16, [AZHT6], StochAstic Recursive grAdient algoritHm (SARAH)
INLST17h], stochastically controlled stochastic gradient (SCSG) [LJCJ17] and many others.
To avoid unsatisfactory stationary points (saddle points or local maxima), one can further

pursue an (€, €y )-approximate second-order stationary point [NP0OG] of (1.1.1) and (1.1.2)),

namely a point x that satisfies
[VE(x)|l2 <€, and Apin(VZF(x)) > —€p, (1.1.4)

where €,ey € (0,1) are predefined precision parameters and Ay, (-) denotes the minimum
eigenvalue of a matrix. An (e, \/€)-approximate second-order stationary point is considered
as an approximate local minimum of the optimization problem [NP0G]. In many tasks such
as training a deep neural network, matrix completion and matrix sensing, one have found
that local minima have a very good generalization performance |[CHM™15, [DPG™14] or all
local minima are global minima [GLM16, BNS16, ZWYGIS8|. However, when local minima
are also unsatisfactory, one needs to develop global optimization methods. One popular
and promising type of approach is sampling from a distribution that concentrates around
the global minimum of F(x) [Dall7bl [Dall7a]. In this way, we can transform the (global)
nonconvex optimization problem into a Bayesian posterior sampling problem, where we can
use plentiful methods such as Monte Carlo Markov Chain (MCMC), variational inference,

and many others to generate random samples from the desired distribution.

Nonconvex optimization algorithms are being used almost everywhere in machine learn-
ing. Omne of the most exciting but challenging nonconvex optimization problems lies in
reinforcement learning (RL) [SB18], which has received significant success in solving vari-
ous complex problems such as learning robotic motion skills [LWA15], autonomous driving
[SSSS16] and Go game [SSST17|, where the agent progressively interacts with the environ-
ment to learn a good policy to solve the task. In RL, the agent chooses the action based
on the current state and the historical rewards it has received so far. After performing the

chosen action, the agent’s state will change according to some transition probability model.
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A new reward would be revealed to the agent by the environment based on the action and
the new state. Then the agent continues to choose its next action until it reaches a terminal
state. The agent aims to maximize its expected cumulative rewards. Therefore, the pivotal
problem in RL is to efficiently find a good policy which is a function that maps the state
space to the action space and thus informs the agent which action to take at each state.
Most successful RL algorithms can be categorized into two types: (1) policy gradient meth-
ods [SMSMO0Q] that parameterize the policy by an unknown parameter 8 € R¢ and directly
optimizes the policy by finding the optimal 8; and (2) action-value function (Q-function)
based methods such as Q-learning that assign a value to each state-action pair and infer
the optimal policy based on the action values, both of which can be formulated as a general
stochastic nonconvex optimization problem as stated in . In particular, policy gradi-
ent methods try to directly optimize the performance function, which is the expected return
under a specific policy, while action value-based methods often try to optimize the mean-
squared Bellman error, which is based on the optimal Bellman equation for the action-value

function.

Compared with the general nonconvex optimization problem, RL problems often bear
more unique challenges, and thus the efficient optimization algorithms developed for solving
the general problem in (1.1.2)) may not be easily generalized to reinforcement learning. In
particular, we have to deal with the following challenges when we develop nonconvex opti-
mization algorithms for reinforcement learning: (1) The data distribution in reinforcement
learning is changing over time. Unlike the optimization problem in supervised learning,
where data are drawn from an unknown but fixed distribution, in reinforcement learning, we
are learning to optimize the policy while using the policy to generate data for the learning
process. Thus the data distribution changes at every step once we update the policy pa-
rameter. (2) The objective function in reinforcement learning is changing over time. This is
especially true if we use gradient-based algorithms to optimize the policy. Since, in practice,
we do not know the data distribution or the transition probability in the environment, we
can only sample a batch of data to approximate the gradient of the optimization problem.

(3) The optimization trajectories are highly dependent in reinforcement learning. Since the

3



Bellman equation involves the current state-action pair and further state-action pairs, the
gradients used in action-value function-based methods such as temporal difference learning
and Q-learning are not i.i.d. even conditioned on the current iterate. Therefore, it is an
exciting but challenging task to develop efficient reinforcement learning methods based on

tools from nonconvex optimization.

1.2 Organization of Chapters

In the first part of this thesis, we present a series of works addressing the problems of finding
the first-order stationary points, finding the local minima, and finding the global minima
in nonconvex optimization. In particular, in Chapter [2, we develop the stochastic nested
variance reduced gradient algorithm (SNVRG) and prove that SNVRG enjoys the state-of-
the-art gradient complexity for finding a stationary point in nonconvex optimization. We also
extend it to an algorithm that finds local minima only using first-order information and prove
that it enjoys a faster convergence rate to local minima when the objective function satisfies
the third-order smoothness condition. To find the global minima in nonconvex optimization,
in Chapter 3, we present a unified framework for analyzing the global convergence of Langevin
dynamics-based algorithms. We prove that stochastic gradient Langevin dynamics (SGLD),
variance reduced stochastic gradient Langevin dynamics (SVRG-LD), and other variants of

SGLD converge to an almost global minimizer of a nonconvex objective function.

In the second part of the thesis, we generalize the efficient nonconvex optimization al-
gorithms developed for general stochastic optimization problems to reinforcement learning,
where we address the challenges mentioned above with a diverse set of techniques. In Chap-
ter 4] we propose the stochastic recursive variance reduced policy gradient (SRVR-PG) algo-
rithm, which significantly improves the sample efficiency of previous policy gradient methods
by using similar variance reduction techniques in the last part for general nonconvex opti-
mization problems and using importance sampling to control the changes in data distribution
in RL. In Chapter 5], we study the finite-time analysis of the two time-scale actor-critic meth-

ods, which use linear function approximation to learn the value function of the current policy
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that changes over time. Finally, in Chapter [0, we study the finite-time convergence of Q-
learning with neural network function approximation, where non-i.i.d. data with Markov

noises are considered in the analysis.

1.3 Notations

Throughout this thesis, unless particularly specified, we will use the following notations. We
denote [n] = {1,...,n} for any n € N*. ||x||5 is the Euclidean norm of a vector x € R¢. For
a matrix W € R™*" we denote by ||W]||; and ||W/|| its operator norm and Frobenius norm
respectively. We denote by vec(W) the vectorization of W, which converts W into a column
vector. For a semi-definite matrix X € R%? and a vector x € R?, ||x||x = vxTXx denotes
the Mahalanobis norm. We write a,, = O(b,,) (or a,, = Q(b,)) if a, < Cb,, (or a, > Cb,) for
some constant C' > 0. We use O(-) notation to hide logarithmic terms and constants, which
means a, = O(b,) if and only if a, = O(b,) up to some logarithmic term or constant. We

also denote a,, < b, (a, = b,) if a, is less than (larger than) b, up to a constant.

The Dirac delta function 6(z) satisfies §(0) = +oo and §(x) = 0 if z # 0. Note that
d(z) satisfies fjozo d(z)dz = 1. For any a > 0, we define the Rényi divergence [Ro61] be-
tween distributions P and @ as Do (P||Q) = 1 /(o — 1) log, [, P(z)(P(x)/Q(x))* 'dx, which
is non-negative for all & > 0. The exponentiated Rényi divergence is d,(P||Q) = 2P=(PllQ),

dry (P, Q) is the total variation norm between two probability measure P and @), which is

defined as dry (P, Q) = 1/2 [, |P(dz) — Q(dx)|.
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CHAPTER 2

Local Convergence of Stochastic Algorithms for

Nonconvex Optimization

2.1 Introduction

In this chapter, we focus on the finite-sum optimization problem defined in (1.1.1). Among
all first-order methods such as gradient descent (GD), stochastic gradient descent (SGD)
[RM51], stochastic variance reduced gradient (SVRG) [RHST16, [AZHI6], StochAstic Re-
cursive grAdient algoritHm (SARAH) [NLSTI17b], and stochastically controlled stochastic
gradient (SCSG) [LICI17], SCSG achieves the lowest gradient complexityll] O(n A e=2 +
e 193 A (n?/3¢72)) for finding the first-order stationary point (defined in (T.1.3)) in noncon-
vex optimization under the smoothness (i.e., gradient Lipschitzness) and bounded stochastic
gradient variance assumptions. The key idea behind variance reduction is that the gradient
complexity can be saved if the algorithm use history information as reference. For instance,
the representative variance reduction method SVRG is based on a semi-stochastic gradient
that is defined by two reference points. Since the the variance of this semi-stochastic gradi-
ent will diminish when the iterate gets closer to the minimizer, it therefore accelerates the

convergence of stochastic gradient method. A natural and long standing question is:

Is there still room for improvement in nonconvex finite-sum optimization without making

additional assumptions beyond smoothness and bounded stochastic gradient variance?

In this chapter, we provide an affirmative answer to the above question, by showing that

'We usually use gradient complexity, the number of stochastic gradient evaluations, to measure the
convergence speed of different first-order algorithms.



the dependence on n in the gradient complexity of SVRG [RHST16, [AZH16] and SCSG
[ILJCJ17] can be further reduced. We propose a novel algorithm namely Stochastic Nested
Variance-Reduced Gradient descent (SNVRG). Similar to SVRG and SCSG, our proposed
algorithm works in a multi-epoch way. Nevertheless, the technique we developed is highly
nontrivial. At the core of our algorithm is the multiple reference points-based variance
reduction technique in each iteration. In detail, inspired by SVRG and SCSG, which uses
two reference points to construct a semi-stochastic gradient with diminishing variance, our
algorithm uses K +1 reference points to construct a semi-stochastic gradient, whose variance

decays faster than that of the semi-stochastic gradient used in SVRG and SCSG.

Based on the SNVRG algorithm we proposed for finding the first-order stationary point
in nonconvex optimization, we take a step further to propose faster algorithms for finding the
second-order stationary point (defined in ) More specifically, we present a novel algo-
rithm that can find local minima faster than existing algorithms [XRY18| [AZLI8] YXGI§]
in a wide regime for the finite-sum optimization problem . The proposed algorithms
essentially use Neon2 [AZLIS]| to extract the negative curvature direction based on gradient

evaluation, which saves Hessian-vector computation.

2.1.1 Contribution

We summarize the major contributions of this chapter as follows:

e We propose a stochastic nested variance reduced gradient (SNVRG) algorithm for noncon-
vex optimization, which reduces the dependence of the gradient complexity on n compared

with SVRG and SCSG.

e We show that our proposed algorithm is able to find an e-approximate stationary point
with O(n A €2 + ¢3 A n'/2¢72) stochastic gradient evaluations, which outperforms all
existing first-order algorithms such as GD, SGD, SVRG and SCSG. A detailed comparison
is demonstrated in Figure [2.1]

e We further propose an algorithm, SNVRG + Neon2™*  that can find an (e, ey) second-
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order stationary point of the finite-sum problem (T.1.1) within O(n!/2e~2+ne;?+n®4e,"?)
stochastic gradient evaluations, which is faster than the best existing algorithm SVRG +
Neon2f™it® [AZLI8] that attains O(n*3e2 + ne,® + n¥/*e;’*) gradient complexity in a

wide regime. A thorough comparison is illustrated in Figure [2.3]

e We also show that our proposed algorithms can find local minima even faster when the
objective function enjoys the third-order smoothness property. We prove that our proposed
algorithms achieve faster convergence rates to a local minimum than the FLASH algorithm
proposed in [YXGI18], which also exploits the third-order smoothness of the objective

function.

2.2 Background and Related Work

In this section, we review and discuss the relevant work in the literature of nonconvex

optimization for solving the finite-sum problem (|1.1.1]).

Finding first-order stationary points For nonconvex optimization, it is well-known
that Gradient Descent (GD) can converge to an e-approximate stationary point with O(n-e~2)
[Nes13] number of stochastic gradient evaluations. GD needs to calculate the full gradient
at each iteration, which is a heavy load when n > 1. Stochastic gradient descent (SGD)
[RM51], Nes13] and its variants [GLI3, [GL16, [GLZ16] achieve O(1/€*) gradient complexity
under the assumption that the stochastic gradient has a bounded variance. Inspired by
the great success of various variance reduced techniques in convex finite-sum optimization
such as Stochastic Average Gradient (SAG) [RSB12], Stochastic Variance Reduced Gradi-
ent (SVRG) [JZ13| XZ14], SAGA [DBLJ14], Stochastic Dual Coordinate Ascent (SDCA)
[SSZ13], Finito [DDol4] and Batching SVRG [HAV™15], [GHI5, [SS16] first analyzed the
convergence of SVRG under nonconvex setting, where F’ is still convex but each component
function f; can be nonconvex. The analysis for the general nonconvex function F' was done
by [RHS™16, [AZH16], which shows that SVRG can converge to an e-approximate stationary

point with O(n?/3 - €72) number of stochastic gradient evaluations. This result is strictly



better than that of GD. [NLST17al, NLST17b] proposed StochAstic Recursive grAdient al-
goritHm (SARAH) with recursive estimators for finding first-order stationary points with
O(n + L?/€*) stochastic gradient evaluations. [LJCJI7] proposed a new variance reduction
algorithm, i.e., the stochastically controlled stochastic gradient (SCSG) algorithm, which
finds a first-order stationary point within O(min{e '%/3 n2?/3¢=2}) stochastic gradient eval-
uations for finite-sum optimization in , and outperforms SVRG when the number of

component functions n is large.

The literature of finding local minima in nonconvex optimization can be roughly di-
vided into three categories according to the oracles they use: Hessian-based, Hessian-vector
product-based and gradient-based (Hessian-free). We review each category in the sequel

accordingly.

Finding local minima using Hessian matrix The most popular algorithm using
Hessian matrix to find an (e, y/€)-approximate local minimum is the cubic regularized New-
ton’s method [NPO6], which attains O(e%/2) iteration complexity. The trust region method
is proved to achieve the same iteration complexity [CRS17]. To alleviate the computa-
tion burden of evaluating full gradients and Hessian matrices in large-scale optimization
problems, subsampled cubic regularization and trust-region methods [KL17, XRM20] were
proposed and proved to enjoy the same iteration complexity as their original versions with
full gradients and Hessian matrices. Recently, stochastic variance reduced cubic regulariza-
tion method (SVRC) [ZXG18b] was proposed, which achieves the best-known second-order

oracle complexity among existing cubic regularization methods.

Finding local minima using Hessian-vector product Another line of research uses
Hessian-vector products to find the second-order stationary points. [CDHS16, IAABT17] in-
dependently proposed two algorithms that can find an (e, /€)-approximate local minimum
within O(e="/*) full gradient and Hessian-product evaluations. [AAB¥17] also showed that
their algorithm only needs O(ne=3/2 +n3/4€7/*) stochastic gradient and Hessian-vector prod-
uct evaluations for finite-sum optimization problems (L.1.1]). [RZS*18] proposed a generic
algorithmic framework that uses both first-order and second-order methods to find the lo-

cal minimum within O(n?/3¢=2 + ne=3/2 4 n3/47/*) stochastic gradient and Hessian-product
10



evaluations. [AZ18] proposed the Natasha2 algorithm which finds an (e, v/€)-approximate
second-order stationary point within O(¢~7/2) stochastic gradient and Hessian-vector product

evaluations.

Finding local minima using gradient The last line of research uses purely gradient
information to find the local minima. The local minima finding algorithms proposed in this
chapter also fall into this category. [GHIY15, [Levi6] studied the perturbed GD and SGD
algorithms for escaping saddle points, where isotropic noise is added into the gradient or
stochastic gradient at each iteration or whenever the gradient is sufficiently small. [JGNT17]
further proposed a perturbed accelerated gradient descent, which can finds the second-order
stationary point even faster. [XRY18] showed that perturbed gradient or stochastic gradient
descent can help find the negative curvature direction without using Hessian matrix and
proposed the NEON algorithm that extracts the negative curvature using only first-order
information. Later [AZL18] developed the Neon2 algorithm, which improves upon on Neon,
and turns Natasha2 [AZI8] into a first-order method to find the local minima. [YZGI17]
proposed the gradient descent with one-step escaping algorithm (GOSE) that saves negative
curvature computation and [YXG18] proposed the FLASH algorithm that exploits the third-
order smoothness of the objective function. Very recently, [DKLHI§| proved that SGD with
periodically changing step size can escape from saddle points under an additional correlated

negative curvature (CNC) assumption on the stochastic gradient.

To give a thorough comparison of our proposed SNVRG algorithm with existing algo-
rithms for nonconvex finite-sum optimization, we summarize the gradient complexity of the
most relevant algorithms in Table for finding first-order stationary points and in Table
for finding local minimum using first-order information. We also present the gradient
complexities of first-order local minimum finding algorithms in Table 2.2 According to
Table [2.1] the proposed SNVRG algorithm achieves the lowest gradient complexity to find
an e-approximate first-order stationary point for nonconvex smooth functions. We can also
see from Table that our proposed algorithm SNVRG + Neon2™ outperforms all other
first-order algorithms in finding an (e, ey )-approximate second-order stationary point for
finite-sum nonconvex optimization problems in a wide regime.

11
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Figure 2.1: Comparison of gradient complexities.

After the first appearance of our SNVRG algorithm in a conference paper [ZXG18al, there
have emerged a considerable amount of exciting work on this topic. [FLLZI18] concurrently
proposed the Stochastic Path-Integrated Differential EstimatoR (SPIDER), which uses re-
cursive update to define the semi-stochastic gradient in the variance reduction algorithm.
They proved that SPIDER achieves O(n'/2¢72 A ¢73) gradient complexity for finding an e-
approximate stationary point in nonconvex optimization. [WJZ719] proposed an improved
analysis for SPIDER (also called SpiderBoost) and SPIDER with momentum. Note that
all the aforementioned algorithms enjoy a similar convergence rate to SPIDER [FLLZ1S§].
[FLLZ18, [ZG19a] also showed that both SPIDER and SNVRG are near optimal with re-
spect to the gradient complexity. In a recent work, [FLZ19] proposed a tighter analysis of

the gradient complexity for SGD to escape saddle points.

2.3 Preliminaries

In this section, we present some definitions that will be used throughout this chapter.

Definition 2.3.1 (Smoothness). f : RY — R is Li-smooth for some constant Ly > 0, if it

15 differentiable and satisfies

IVf(x) = VIW)ll2 < Lillx =yl for any x,y € R™. (2.3.1)

12



Table 2.1: Comparisons on gradient complexity of different algorithms. The second col-
umn shows the gradient complexity for a nonconvex and smooth function to achieve an
e-approximate stationary point (i.e., ||[VF(x)||2 < €). The last column indicates whether the

algorithm needs the Hessian Lipschitz condition in their analyses.

Algorithm Gradient complexity Need Hessian Lipschitz?
GD O(%) X
SGD O(E%) X
SVRG [RHST16] o(=5) X
SCSG [LICTIT] O (b A2 X
GNC-AGD [CDHSIT) O(=%s) v
Natasha 2 [AZIS] O~(63,125) v
X

SNVRG (Algorithm [2)

=
oIl
—~
mo."“
>
3
a | =
Nf ~
%)
~—

Definition implies that if f is L-smooth, we have for any x,h € R?
Lo
flx+h) < f(x) +{Vf(x), h) + S |h[>. (2.3.2)

Definition 2.3.2 (Hessian Lipschitzness). f : R? — R is Lo-Hessian Lipschitz for some

constant Ly > 0, if it is twice-differentiable and satisfies

IV2f(x) = V2f(¥)ll2 < Lollx — yll2,  for any x,y € R™.

The above two smoothness conditions are widely used in nonconvex optimization prob-
lems [NPO6]. We will call them first-order smoothness and second-order smoothness re-
spectively in this chapter. As shown in [CDHSI7, YXGI§|, when the objective function
has additionally third-order smoothness, one can design algorithms that find local minima
even faster. Following [YXGI8], we denote the three-way tensor V3f(x) € R¥4*? as the

third-order derivative of f.

Definition 2.3.3 (Third-order Derivative). The third-order derivative of function f : R? —

13



Table 2.2: Comparisons on gradient complexities to find an (e, € )-approximate second-order
stationary point in finite-sum nonconvex optimization. The last column indicates whether

the algorithm exploits the third-order smoothness of the objective function.

Algorithm Gradient complexity Need 3"-order smooth?
PGD [JGNT17] O(%) (for e > €'/?) X
SVRG + Neon2™ite 3/
O(Zf + & +27) X
[AZL1S] T
FLASH [YXGIS) O("jf g ) v
€H
SNVRG + Neon2™* .
O(2r + 3 +27) X
(Algorithm i o
SNVRG + Neon2i™ 3/4
O(2r + 3 +27) v
H

(Algorithm

R is defined as a three-way tensor V3 f(x) € R4 yhere

0

A L g k=1,... RY.
(%iaxj@xkf(x)’ bhik=1,....d andx €

(V2 f(x)]iji =

Now we are ready to present the formal definition of third-order smoothness, which
has been explored in [AGI6, [CDHSI7, YXGIS§|. It is also called third-order derivative
Lipschitzness in [CDHS17].

Definition 2.3.4 (Third-order Smoothness). f : R? — R is Ls-third-order smooth for some

constant Lz > 0, if it is thrice-differentiable and satisfies

IV3f () = V2 ()lIF < Lslx = yll2,  for any x,y € R*.

The following definition characterizes the distance between the initial point of an algo-

rithm and the minimizer of function f.

Definition 2.3.5 (Optimal Gap). The optimal gap of f at point xq is denoted by Ay and

14



f(x0) — min f(x) < Ay.

x€R4

W.L.O.G., we assume Ay < +00.

Definition 2.3.6. f : R? — R is A-strongly convex for some constant X\ > 0, if it satisfies
A
Fle+ ) > F(x) 4 (VF(x) ) + S[Z  for anyx,y € R (2.3.3)

While the above definitions are based on a general function f, the following two definitions

rely on the finite-sum structure of F' defined in ((1.1.1)).

Definition 2.3.7. A function F with finite-sum structure in (1.1.1)) is said to have stochastic

gradients with bounded variance o2, if for any x € RY, we have

E ||V fi(x) — VF(x)|j3 < o2, (2.3.4)
where i a random index uniformly chosen from [n] and E; denotes the expectation over such
1.

o2 is called the upper bound on the variance of stochastic gradients [LIJCJIT].

Definition 2.3.8. A function F' with finite-sum structure in (1.1.1)) is said to have averaged

L-Lipschitz gradient, if for any x,y € R, we have
E|[Vfi(x) = Vfi(y)l3 < L?|x — yll3, (2.3.5)

where i is a random index uniformly chosen from [n] and E; denotes the expectation over the

choice.

It should be noted that the smoothness condition of each f; in Definition will directly

imply the averaged L-Lipschitz gradient for F.

Inspired by the SCSG algorithm [LJCJ17], we will use the property of geometric distri-

bution in our algorithm design. The definition of geometric random variable is as follows.

Definition 2.3.9 (Geometric Distribution). A random variable X follows a geometric dis-

tribution with parameter p, denoted as Geom(p), if it holds that

P(X =k)=p(1—-p)*, VE=0,1,....
15



Definition 2.3.10 (Sub-Gaussian Stochastic Gradient). We say a function F has o?-sub-

Gaussian stochastic gradient VF(x;&) for any x € R and random variable & ~ D, if it

JPCALE Vf(X)H%)] B—

o2

satisfies

Note that Definition [2.3.10{ implies E[||VF(x; &) — V f(x)||3] < 202 [Verl(]. In the finite-
sum optimization setting (1.1.1), we call V f;(x) a stochastic gradient of function F' for a
randomly chosen index i € [n], and we say F has o%-sub-Gaussian stochastic gradient if

E[[[V fi(x) = VF(x)|3] < 20*.

2.4 Stochastic Nested Variance-Reduced Gradient Descent

In this section, we present our nested stochastic variance reduction algorithm, namely,

SNVRG for finding first-order stationary points in nonconvex optimization.

One-epoch-SNVRG: We first present the key component of our main algorithm, One-
epoch-SNVRG, which is displayed in Algorithm [T, The most innovative part of Algorithm
attributes to the K + 1 reference points and K + 1 reference gradients. Note that when
K = 1, Algorithm (1] reduces to one epoch of SVRG algorithm [JZ13, RHS™16, [AZH16].
To better understand our One-epoch-SNVRG algorithm, it would be helpful to revisit the
original SVRG which is a special case of our algorithm. For the finite-sum optimization

problem in (|1.1.1)), the original SVRG takes the following updating formula
X1 = X — NV = X — U(VF(i) + Vi (xt) = Vi, (5()),

where n > 0 is the step size, i; is a random index uniformly chosen from [n] and X is a
snapshot for x; after every T} iterations. There are two reference points in the update
formula at x;: xgo) = X and xgl) = x;. Note that x is updated every T; iterations, namely,
X is set to be x; only when (¢ mod T;) = 0. Moreover, in the semi-stochastic gradient vy,
there are also two reference gradients and we denote them by g§°) = VF(x) and ggl) =

Vi (%) = Vi, (%) = Vi, (xV) = V£, (xV).

Back to our One-epoch-SNVRG, we can define similar reference points and reference
16



Algorithm 1 One-epoch-SNVRG(xo, F, K, M,{T;},{B;}, Bo)

1: Input: initial point x(_l)1 + X, | € [K]; function F'; loop number K; step size parameter

M; loop parameters {7;}; batch parameters { B;}, base batch size By.
2: Option I T =[[",T;
3: Option IT T ~ Geom(1/(1 + [[X, Th))
4: fort=20,...,T—1do
5. r=min{j:0=(t mod [[',,T), 0<j <K}
6: {Xgl)} — Update,reference,points({XEQI}, x4, 7),0 << K.
7. {g"} « Update_reference_gradients({g\", }, {x\"},7),0 < < K.
8 Vi leio g
9 Xpp1 < x¢— 1/(10M) - vy
10: end for
11: Xoyt < uniformly random choice from {x;}, where 0 <t < Hfil T,

12: Output: [Xou, X7]

13: Function: Updatejeference,points({Xgll)d}, X, 1)
14: xr(fgwexgﬁi,o <Il<r-—1; XI(QW +—xr<I<K

15: return {Xr(llgw}

16: Function: Updatejeference,gradients({g(()llzi}7 {XI(QW}, T)

17: if » > 0 then

18 gl e g0 <l <rglh 0 r+1<I<K

19:  Uniformly generate index set I C [n] without replacement, |/| = B,
20:  ghow — 1/Br Sier [Vilxtw) = Vfi(xia)]

21: else

22:  Uniformly generate index set I C [n] without replacement, |I| = B,
23 g 1/Bo e, Vi(xiw); glow < 0,1 <1< K

24: end if

25: return {gf@w}

17



gradients as that in the special case of SVRG. Specifically, for t = 0, ..., Hl[il T, — 1, each
point x; has K + 1 reference points {xgl)},l =0,..., K, which is set to be xgl) = xyu with
index t' defined as

= {;J . ﬁ Ty, (2.4.1)

K
Hk:l+1 Tk k=l+1

Specially, note that we have X,EO) = X and xéK) =x;forallt=0,..., Hlli . Ty — 1. Similarly,
x; also has K + 1 reference gradients {ggl)}, which can be defined based on the reference

points {xﬁ”}:

1 ! 1 ! I—
g’ = 5 > Vfi(xo), g = §Z VA = V] =1, K, (2.4.2)
icl Vier
where I, I; are random index sets with |/| = B, |;| = B; and are uniformly generated from

[n] without replacement. Based on the reference points and reference gradients, we then
update x;11 = x; — 1/(10M) - v;, where v, = Efio ggl) and M is the step size parameter.
The illustration of reference points and gradients of SNVRG is displayed in Figure [2.2(b)]

We remark that it would be a huge waste for us to re-evaluate gt@ at each iteration.

Fortunately, due to the fact that each reference point is only updated after a long period,

we can maintain gil) = gﬁ?l and only need to update gt(l) when xgl) has been updated as is

suggested by Line [20] in Algorithm [I]

SNVRG: Using One-epoch-SNVRG (Algorithm [1)) as a building block, we now present our
main algorithm: Algorithm [2| for finding an e-approximate stationary point in nonconvex
finite-sum optimization. At each iteration of Algorithm [2] it executes One-epoch-SNVRG
(Algorithm (1)) which takes z,_; as its input and outputs [y, zs]. We choose you as the
output of Algorithm 2| uniformly from {y,}, for s=1,...,5.

Space complexity: We briefly compare the space complexity between our algorithms and
other variance reduction based algorithms. SVRG and SCSG needs O(d) space complexity
to store one reference gradient, SAGA [DBLJ14] needs to store reference gradients for each
component functions, and its space complexity is O(nd) without using any trick. For our

algorithm SNVRG, we need to store K reference gradients, thus its space complexity is
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1=0
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Figure 2.2: Illustration of reference points and gradients in SVRG and SNVRG.

O(Kd). In our theory, we will show that K = O(loglogn). Therefore, the space complexity
of our algorithm is actually O(d), which is almost comparable to that of SVRG and SCSG.

Algorithm 2 SNVRG(z, F, K, M,{T,},{B:}, Bo, S)
1: Input: initial point zg; function F; loop numbers K, S; step size parameter M; loop

parameters {7;}; batch parameters {B;}; base batch size Bj.
2: fors=1,...,5 do
3. |ys,2s] = One-epoch-SNVRG(z,_y, F, K, M, {T;},{ B}, Bo) > Algorithm [1] with
Option I

4: end for

Ut

: Output: Uniformly choose you from {ys},1 <s < S.

2.4.1 Convergence of SNVRG

The following theorem shows the gradient complexity for Algorithm 2] to find an e-approximate

stationary point with a constant base batch size Bj.
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Theorem 2.4.1. Suppose that F' has averaged L-Lipschitz gradient and stochastic gradients
with bounded variance o®. In Algorithm [3, let By = n A (2002 /€?) and suppose By > 4,
S =1V (2CLAF/(Bé/2€2>> and C' = 6000. The rest parameters (K, M,{B,},{T;}) are
chosen as follows:

K = loglog By |,

M =6L4,

Tl = LBgiKJ7 Tvl _ LBglfK—zj’ f07"2 S I S K, (243)

K 2
B = 6Kl+1(HTS) , for1<I<K.
s=l
Then the output o of Algorithm[d satisfies E[||V F(you)||3] < € with less than
o? o? LAFr [o? 1/2
O(log3 (6—2/\71) L—Q/\n—l— 2 [6—2/\71] }) (2.4.4)

stochastic gradient computations, where Ap = F(z¢) — F™*.

Remark 2.4.2. If we treat 0%, L and Ap as constants, and assume € < 1, then can
be simplified to O(e™® An'/2e72). This gradient complexity is strictly better than O(e =193 A
n?3¢=2), which is achieved by SCSG [LJCJ17]. Specifically, when n < 1/€%, our proposed
SNVRG is faster than SCSG by a factor of n'/S; when n > 1/¢2, SNVRG is faster than
SCSG by a factor of € '/3. Moreover, SNVRG also outperforms Natasha 2 [AZ18] which

attains O(e=3*°) gradient complexity and needs the additional Hessian Lipschitz condition.

2.5 SNVRG for Finding Local Minima

In this section, we present our algorithm that is built upon One-epoch-SNVRG (Algorithm
and Neon2 [AZL18] to find a local minimum in nonconvex optimization faster than existing
methods. It is worth noting that to find local minima, we employ a different choice of
the number of iteration 7" which is chosen to be a random variable following a geometric
distribution (Algorithm [I] with Option II) rather than fixed. We will show in the next section

that these differences are essential in the theoretical analysis of finding local minima.
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2.5.1 SNVRG + Neon2: Finding Local Minima

In particular, to solve the finite-sum optimization problem ([1.1.1), we propose the SNVRG +

2finite aloorithm to find the local minimum, which is displayed in Algorithm . At each

Neon
iteration of [3] it first determines whether the current point is a first-order stationary point
(Line 4]) or not. If not, it will run Algorithm (1] (One-epoch-SNVRG) in order to find a first-
order stationary point. Once obtaining a first-order stationary point, it will call Neon2/init
to find the negative curvature direction to escape any potential non-degenerate saddle point.
According to [XRY 18| [AZL18], Neon-type algorithms can output such a direction with prob-
ability 1—0 for some failure probability 6 € (0,1). If Neon2i* does not find such a direction,
it will output v =1 and Algorithmterminates and outputs z,_; (Line@ since it has already
reached a second-order stationary point according to . If Neon2™t finds a negative
curvature direction v 1, Algorithm [3| will perform one step of negative curvature descent in
the direction of v or —v (Line to escape the non-degenerate saddle point. The direction
can also be chosen in the same way as in [CDHS17] via comparing the function values at the
two resulting points. Here to reduce the computational complexity, we follow [XRY18] and
generate a Rademacher random variable to decide the direction, which leads to the same

result in expectation. Note that Algorithm |3 is only based on the gradient information of

the objective function and therefore belongs to first-order optimization algorithms.

2.5.2 Convergence Analysis of SNVRG + Neon2

In this section, we provide the main theoretical results for finding local minima using SNVRG.
The following theorem provides the gradient complexity of Algorithm 3| in finding an ap-

proximate local minimum.

Theorem 2.5.1. Suppose that F = 1/n)"" | f;, where each f; is Ly-smooth and Ly-Hessian
Lipschitz continuous. Let 0 < e€,ey < 1, § = € /(144L3Ap) and U = 24L3Apey;’ +
1800L; Ape 2012, Set By = n, M = 6L, and all the rest parameters of One-epoch-SNVRG
as in of Theorem . Choose step size n = €y /La. Then with probability at least
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Algorithm 3 SNVRG + Neon2™(z, F, K, M, {T;},{B,}, By, U, €, €, 8,1, L1, L)
1: Input: initial point zy; function F'; loop number K; step size parameter M; loop pa-

rameters {71;}; batch parameters {B;}; base batch size By; gradient accuracy €; Hessian
accuracy eg; failure probability 0; negative curvature descent step size n; gradient Lips-
chitz parameter Lq; Hessian Lipschitz parameter L.

2: foru=1,...,U do

33 8u-1=VF(zy1)

4:  if ||gu—1|l2 > € then

5: z,, = One-epoch-SNVRG(z,_1,F, K, M,{T;},{B,}, By) > Algorithm |I| with Option

11
6: else
7: v = Neon2™(F z, 1, Ly, Ly, 0, €g)
8: if v =1 then
9: return z,_;
10: else
11: Generate a Rademacher random variable ¢
12: Zy & Zy_ 1+ (NV
13: end if
14:  end if
15: end for
16: return
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1/4, SNVRG + Neon2™ will find an (e, ey )-second-order stationary point within

~ <AFTLL% 1 AFTLS/ZIL}/QL% n Apnl/ZLl)

o 3 7/2 2
H €5

(2.5.1)
stochastic gradient evaluations.

Remark 2.5.2. Note that the gradient complexity in Theorem holds with constant
probability 1/4. In practice, we can repeatedly run Algorithm[3 for log(1/p) times to achieve

a result that holds with probability at least 1 —p for any p € (0,1). Similar boosting techniques
have also been used in [YZG17, [AZLIS, [YXG1§].

Gradient
Complexity n

e
e
.
.

-------- SVRG + Neon2/inite

2 ——— SNVRGY 4 Neon2finite
! 1 L n
€ 63/2

Figure 2.3: Comparison of gradient complexities between SNVRG + Neon2i™* and
SVRG + Neon2™ for finding an (e, /€)-approximate local minimum in finite-sum opti-

mization problems.

Remark 2.5.3. For finite-sum nonconvexr optimization, Theorem [2.5.1 suggests that the
gradient complezity of Algorithm@ (SNVRG + Neon2¢) is O(n'/?e 2 + neg’ + n3/4el_{7/2).
In contrast, the gradient complexity of other state-of-the-art local minimum finding algorithms
(SVRG + Neon2™¢) [AZL18] is O(n*3e~2 + ne; + n3/461_{7/2). Our algorithm is strictly
better than that of [AZL18] in terms of the first term in the big O notation.

If we choose eg = /€, the gradient complexity of our algorithm to find an (e, \/€)-
approzimate local minimum turns out to be O(n*/?e=2 4+ ne=3/% + n3/4e_7/4) and that of
SVRG + Neon2™ js O(n*3¢=2 4 ne=3/2 + n3/4¢7/%). We compare these two algorithms in

Figure when ey = /€ and make the following comments:
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o When n > €%/2, the gradient complexities of both algorithms are in the same order of

O(ne=3/?),

o When €' < n < €32, SNVRG + Neon2™ enjoys O(ne=3/?) gradient complexity,
which is strictly better than that of SVRG + Neon2™' j.e., O(n?*3e?).

o Lastly, when n < €', SNVRG + Neon2™ achieves O(n'/?e~2) gradient complexity,
which is again better than the gradient complezity of SVRG + Neon2™ O (n?/3¢?),
by a factor of O(n*/%).

In short, our algorithms beats SVRG 4+ Neon2™ when n < e=3/2

2.5.3 Finding Local Minima with the Third-Order Smoothness Condition

As we mentioned before, it has been shown that the third-order smoothness of the objec-
tive function F' can help accelerate the convergence of nonconvex optimization [CDHSI17,
YX@G18]. For the intuition of the acceleration by third-order smoothness, we refer readers
to the detailed exhibition and discussion in [YXGIS§]. In this section, we will show that our
local minimum finding algorithm (Algorithm [3)) can find local minima faster provided this

additional condition.

Theorem 2.5.4. Suppose that F = 1/n " | f;, where each f; is Ly-smooth, Lo-Hessian
Lipschitz continuous and F is Lz-third-order smooth. Let 0 < €,ey < 1, 6 = €%,/(T2L3AFR)
and U = 12L3AF6;{2 + 1800C L1 Ape2n~Y2. Set By = n,M = 6Ly and all the rest pa-
rameters of One-epoch-SNVRG as in . Choose the step size asn = \/m Then
with probability at least 1/4, SNVRG+ Neon2™ will find an (e, e5)-second-order stationary

point within

- (ApnLs  An3ALY?Le  Apnl/2L
< Fos (OF 1 s | OFR 1) (2.5.2)

o 2 5/2 2
H €5

stochastic gradient evaluations.

Similar to previous discussions, we can repeatedly run Algorithm (3| for log(1/p) times to

boost its confidence to 1 — p for any p € (0, 1).
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Remark 2.5.5. Compared with step size n = ey /Lo used in the negative curvature descent
step (Line @) of Algorithm @ i Theorem without third-order smoothness, the step
size in Theorem s chosen to be n = \/m where L 1s the third-order smoothness
parameter. Note that when ey < 1, the step size we choose under third-order smoothness
assumption is much bigger than that under only second-order smoothness assumption. As
is pointed out by [YXGI1§], the key advantage of third-order smoothness condition is that
it enables us to choose a larger step size and therefore achieve much more function value

decrease in the negative curvature descent step (Line |19 of Algorithm @

Remark 2.5.6. Theorem suggests that the gradient complezity of SNVRG+ Neon2™ie

;IE)/ %), In stark contrast, the gradient

under third-order smoothness is O(n'/?e¢ 2+ ne? +n/e
complexity of the state-of-the-art finite-sum local minimum finding algorithm with third-order
smoothness assumption (FLASH) [YXGI8] is O(n*3e~2 + nej? + n3/461_{5/2). Clearly, our
algorithm is strictly better than the FLASH algorithm [YXGI18] in the first term of the

gradient complexity.

Specifically, if we choose ey = \/e, SNVRG + Neon2™ is faster for finding an (€,/€)-
approzimate local minimum than FLASH by a factor of O(1/€'/%) when n < e 2. SNVRG +
Neon2™% is also strictly faster than FLASH when e 2 < n < €% and will match FLASH
when n 2 e 3. We show this comparison in Figure which clearly demonstrates that the
gradient complexity of SNVRG + Neon2™¢ is much smaller than that of FLASH in a very

wide regime.

2.6 Experiments

In this section, we conduct experiments to validate the superiority of the proposed algo-
rithms. In the first part of this section, we compare our algorithm SNVRG with existing
baseline algorithms on training a convolutional neural network for image classification. In
the second part of this section, we consider a symmetric matrix sensing problem, where
many saddle points exist and thus the proposed SNVRG+Neon2 is compared with vanilla

SNVRG, SGD+NEON and SCSG+Neon?2.
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Figure 2.4: Comparison of gradient complexities between SNVRG + Neon2™i* and FLASH
for finding an (¢, v/€)-approximate local minimum in finite-sum nonconvex optimization prob-

lems.

2.6.1 SNVRG for Training CNNs for Image Classification

We compare the performance of the following algorithms: SGD; SGD with momentum
[Qia99] (denoted by SGD-momentum); ADAM [KB14]; SCSG [LJCII17]. It is worth noting
that SCSG is a special case of SNVRG when the number of nested loops K = 1. Due to the
memory cost, we did not compare Gradient Descent (GD) or SVRG which need to calculate
the full gradient. Although our theoretical analysis holds for general K nested loops, it suf-
fices to choose K = 2 in SNVRG to illustrate the effectiveness of the nested structure for the
simplification of implementation. In this case, we have 3 reference points and gradients. All
experiments are conducted on Amazon AWS p2.xlarge servers which comes with Intel Xeon
E5 CPU and NVIDIA Tesla K80 GPU (12G GPU RAM). All algorithm are implemented in
Pytorch platform version 0.4.0 within Python 3.6.4.

Datasets We use three image datasets: (1) The MNIST dataset [SS02] consists of handwrit-
ten digits and has 50, 000 training examples and 10, 000 test examples. The digits have been
size-normalized to fit the network, and each image is 28 pixels by 28 pixels. (2) CIFARI10
dataset [Kri09] consists of images in 10 classes and has 50, 000 training examples and 10, 000

test examples. The digits have been size-normalized to fit the network, and each image is

32 pixels by 32 pixels. (3) SVHN dataset [NWCT11] consists of images of digits and has
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531,131 training examples and 26, 032 test examples. The digits have been size-normalized

to fit the network, and each image is 32 pixels by 32 pixels.

CNN Architecture We use the standard LeNet [LBBH9S§|, which has two convolutional
layers with 6 and 16 filters of size 5 respectively, followed by three fully-connected layers

with output size 120, 84 and 10. We apply max pooling after each convolutional layer.

Implementation Details & Parameter Tuning We did not use the random data aug-
mentation which is set as default by Pytorch, because it will apply random transformation
(e.g., clip and rotation) at the beginning of each epoch on the original image dataset, which
will ruin the finite-sum structure of the loss function. We set our grid search rules for all
three datasets as follows. For SGD, we search the batch size from {256,512, 1024, 2048} and
the initial step sizes from {1,0.1,0.01}. For SGD-momentum, we set the momentum pa-
rameter as 0.9. We search its batch size from {256, 512,1024,2048} and the initial learning
rate from {1,0.1,0.01}. For ADAM, we search the batch size from {256,512,1024, 2048}
and the initial learning rate from {0.01,0.001,0.0001}. For SCSG and SNVRG, we choose
loop parameters {T;} which satisfy B; - Hé.:l T; = B automatically. In addition, for SCSG,
we set the batch sizes (B, By) = (B, B/b), where b is the batch size ratio parameter. We
search B from {256,512,1024,2048} and we search b from {2,4,8}. We search its initial
learning rate from {1,0.1,0.01}. For our proposed SNVRG algorithm, we set the batch
sizes (B, By, By) = (B, B/b, B/b*), where b is the batch size ratio parameter. We search
B from {256,512,1024,2048} and b from {2,4,8}. We search its initial learning rate from
{1,0.1,0.01}.

2.6.1.1 Experimental Results with Learning Rate Decaying

In this section, we first present the experimental results with learning rate decay. In particu-
lar, following the convention of deep learning practice, we apply learning rate decay schedule

to each algorithm with the learning rate decayed by 0.1 every 20 epochs.
We plotted the training loss and test error for different algorithms on each dataset in

Figure The results on MNIST are presented in Figures [2.5(a)] and [2.5(d)} the results on
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Figure 2.5: Experiment results on different datasets with learning rate decay. (a) and (d)
depict the training loss and test error (top-1 error) v.s. data epochs for training LeNet on
MNIST dataset. (b) and (e) depict the training loss and test error v.s. data epochs for
training LeNet on CIFARI10 dataset. (c) and (f) depict the training loss and test error v.s.
data epochs for training LeNet on SVHN dataset.

CIFARI1O0 are in Figures [2.5(b)| and 2.5(e); and the results on SVHN dataset are shown in

Figures[2.5(c)land [2.5(f)| It can be seen that with learning rate decay schedule, our algorithm

SNVRG outperforms all baseline algorithms, which confirms that the use of nested reference

points and gradients can accelerate the nonconvex finite-sum optimization.

We would like to emphasize that, while this experiment is on training convolutional neural
networks, the major goal of this experiment is to illustrate the advantage of our algorithm
and corroborate our theory, rather than claiming a state-of-the-art algorithm for training

deep neural networks.
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2.6.1.2 Experimental Results without Learning Rate Decay

We also conducted experiments comparing different algorithms without the learning rate
decay schedule. The parameters are tuned by the same grid search described in Section [2.6]
In particular, we summarize the parameters of different algorithms used in our experiments
with and without learning rate decay for MNIST in Table 2.3] CIFAR10 in Table 2.4, and
SVHN in Table We plotted the training loss and test error for each dataset without
learning rate decay in Figure The results on MNIST are presented in Figures and
2.6(d)} the results on CIFARI10 are in Figures 2.6(b)| and 2.6(e)} and the results on SVHN

dataset are shown in Figures [2.6(c)[ and [2.6(f)l It can be seen that without learning decay,

our algorithm SNVRG still outperforms all the baseline algorithms except for the training
loss on SVHN dataset. However, SNVRG still performs the best in terms of test error on
SVHN dataset. These results again suggest that SNVRG can beat the state-of-the-art in

practice, which backups our theory.

Table 2.3: Parameter settings of all algorithms on MNIST dataset.

With Learning Rate Decay Without Learning Rate Decay
Algorithm Initial learning Batch size Batch size learning Batch size Batch size
rate 7 B ratio b rate 7 B ratio b
SGD 0.1 1024 N/A 0.01 1024 N/A
SGD-momentum 0.01 1024 N/A 0.1 1024 N/A
ADAM 0.001 1024 N/A 0.001 1024 N/A
SCSG 0.01 512 8 0.01 512 8
SNVRG 0.01 512 8 0.01 512 8

2.6.2 Experimental Results for Escaping Saddle Points

In this section, we conduct experiments to validate the superiority of our proposed algorithms

for escaping from saddle points. We consider the matrix sensing problem, which is defined
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Table 2.4: Parameter settings of all algorithms on CIFAR10 dataset.

With Learning Rate Decay Without Learning Rate Decay
Algorithm Initial learning Batch size Batch size learning Batch size Batch size
rate n B ratio b rate n B ratio b
SGD 0.1 1024 N/A 0.01 512 N/A
SGD-momentum 0.01 1024 N/A 0.01 2048 N/A
ADAM 0.001 1024 N/A 0.001 2048 N/A
SCSG 0.01 512 8 0.01 512 8
SNVRG 0.01 1024 8 0.01 512 4
as follows:
1 n
min f(U) = — A, UUT) —p,)2, 2.6.1
Juin, F(0) =53 )= b) (2.6.1)
where {A;}", are sensing matrices, b; = (A;, M*) is the i-th observation, and M* =

U*(U*) T is the underlying unknown low-rank matrix. Following the same setting in [YXG18],
we consider two matrix sensing problems: (1) d = 50,7 = 3 and (2) d = 100, = 3. We
generate n = 20d sensing matrices {A;}! ,, where each entry of A; follows the standard
normal distribution. We generate U* randomly where each row of U* follows the standard
normal distribution. We generate uy from standard normal distribution and set the initial

point as Uy = [uy, 0, ..., 0].

We compare our algorithm SNVRG+Neon with following baselines for nonconvex op-
timization problems: SNVRG, noisy stochastic gradient descent (NSGD) [GHJY15], and
Stochastically Controlled Stochastic Gradient with Neon (SCSG-Neon) [XRY18|, [AZL1§].
For the simplicity, we choose the gradient batch size to be 100 for all algorithms. For SCSG-
Neon, we set the outer batch size to be n. For SNVRG and SNVRG+Neon, we choose K = 2
and set (B, By) = (n,n/5). We apply Oja’s algorithm [Oja82] to calculate the negative cur-
vature with a Hessian mini-batch size of 100. We perform a grid search over step sizes for

all algorithms. We report the objective function value versus CPU running time.
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Table 2.5: Parameter settings of all algorithms on SVHN dataset.

With Learning Rate Decay Without Learning Rate Decay
Algorithm Initial learning Batch size Batch size learning Batch size Batch size
rate n B ratio b rate n B ratio b
SGD 0.1 2048 N/A 0.01 1024 N/A
SGD-momentum 0.01 2048 N/A 0.01 2048 N/A
ADAM 0.001 1024 N/A 0.001 512 N/A
SCSG 0.01 512 4 0.1 1024 4
SNVRG 0.01 512 8 0.01 512 4

The experimental results are shown in Figures[2.7(a){and [2.7(b)} From the figures we can

see that without adding additional noise or using negative curvature information, SNVRG
tends to get stuck in saddle points. In sharp contrast, NSGD, SCSG-Neon and SNVRG-Neon
are able to escape from saddle points. We also notice that SNVRG-Neon outperforms all

other baseline algorithms in both problem settings.

2.7 Proof of Main Theory

In this section, we provide the proofs of our theoretical analysis in omitted in previous

sections.

2.7.1 Proof of Main Theory for Finding Stationary Points

We start with the following supporting lemma that characterizes the function value decrease

of One-epoch-SNVRG (Algorithm |1).

Lemma 2.7.1. Suppose that F' has averaged L-Lipschitz gradient. Suppose that By > 4
and the rest parameters (K, M, {B,},{T}}) of Algorithm[]] are chosen the same as in (2.4.3).
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Figure 2.6: Experimental results on different datasets without learning rate decay. (a) and
(d) depict the training loss and test error (top-1 error) v.s. data epochs for training LeNet
on MNIST dataset. (b) and (e) depict the training loss and test error v.s. data epochs for
training LeNet on CIFARI10 dataset. (c) and (f) depict the training loss and test error v.s.
data epochs for training LeNet on SVHN dataset.

Then Algorithm [1] with Option I satisfies

E||V F (%0u) |12 < c(# E[F(x0) — F(x7)] + %0 (B, < n)> (2.7.1)

within 1V (10Bylog® By) stochastic gradient computations, where T = HZI; T,, C = 6000 is

a constant and 1(-) is the indicator function.

Now we prove our main theorem which spells out the gradient complexity of SNVRG.

Proof of Theorem [2.4.1. By (2.7.1)) we have

E||[VF(y.)|2 < C(ﬁ E[F(a1) — Fa)] + 5 1(Bo < n)), (2.7.2)
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Figure 2.7: Experimental results on matrix sensing problems. (a) depicts matrix sensing

problem with d = 50,7 = 3. (b) depicts matrix sensing problem with d = 100, = 3.

where C' = 6000. Taking summation for (2.7.2)) over s from 1 to .S, we have

S 2
S EIVF(y)IE < o(Bi/ B[Fa) - Flas)] + 5 WB<n)-8). @73)

s=1

Dividing both sides of (2.7.3) by S, we immediately obtain

LE[F(zg) — F*] o2
2
BIVF Gl < O 1<) 274
LAF 0'2

where (2.7.4]) holds because F(zg) > F* and by the definition Ap = F(z9) — F'*. By the
choice of parameters in Theorem , we have By = nA(2C0?/€?), S = 1\/(2C’LAF/(BS/2€2)),

which implies
1(By < n)-0%/By < €2/(2C), and LAp/(SBY?) < €2/(20). (2.7.6)

Submitting (2.7.6) into (2.7.5), we have E||VF(you)||3 < 2Ce*/(2C) = €2. By Lemma
2.7.1] we have that each One-epoch-SNVRG takes less than 7B, log® By stochastic gradient

computations. Since we have total S epochs, so the total gradient complexity of Algorithm
2 is less than

LAp
62
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2 2 LA 2 1/2
:O(log3(a—2/\n){a—2/\n+ QF{U—Z/\n} }),
€ € € €

which leads to the conclusion. O

2.7.2 Proof of Main Theory for Finding Local Minima

In this section, we prove the gradient complexity of SNVRG + Neon28* It is worth noting
that in order to find local minima we apply One-epoch-SNVRG with Option II which samples
the total number of epochs T" from a geometric distribution. Similar to the analysis for finding
first-order stationary points, we also have the following supporting lemma about the function

value decrease of Algorithm

Lemma 2.7.2. Suppose that each f; is Li-smooth and F has o?-sub-Gaussian stochastic
gradient. In Algorithm[1], suppose that By > 4 and the rest parameters (K, M,{B;},{T;}) of
Algorithm are chosen the same as in (2.4.3). Then Algorithm with Option II satisfies

B[V F(x0)|l2 < c(ﬁ B{F (o)~ Fler)] + o1 < n}), (2.7.7)

By

where C' = 1000. In addition, the total number of stochastic gradient computations T by
Algorithm 1] satisfies ET < 10B, log® By.

Remark 2.7.3. Note that Lemma |2.7.1 is regarding X,u, which is a uniformly chosen
iterate from xq,...,Xp. In contrast, Lemma is regarding the last iterate of X1 in
Algorithm [1.  This difference leads to the nonergodic-type and ergodic-type guarantees of
One-epoch-SNVRG which plays different roles in the analysis of stationary point finding

algorithms and local minimum finding algorithms.

Remark 2.7.4. For simplicity, we use V f;(x) to denote the stochastic gradient at point x
in our One-epoch-SNVRG algorithm (Lines and in Algorithm 1)) and the analysis of
Lemma [2.7.3. However, we emphasize that One-epoch-SNVRG also works in the general
stochastic optimization setting if we replace V f;(x) with VF(x;&;) for any index i. And the
theoretical result in Lemma still holds.
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When F(x) has the finite-sum structure in (1.1.1)), we choose By = n,M = 6L, in
One-epoch-SNVRG. Lemma [2.7.2] straightforwardly implies the following corollary.

Corollary 2.7.5. Suppose that each f; is Li-smooth. We choose By = n, and let other
parameters be chose as in Lemma |2.7.2. Then the output of Algorithm |1 with Option II
satisfies

CLy

nl/2

E|VF(x7)[5 < -E[F(x0) — F(xr)],

where C'= 6000. Let T be the total amount of stochastic gradient computations of Algorithm
then we have ET < 10nlog®n.

The following lemma shows that based on Neon2™* the negative curvature descent step
of Algorithm 3| (Line enjoys sufficient function value decrease. The proof can be found
in Theorem 5 and Claim C.2 in [AZLI1S].

Lemma 2.7.6 (JAZLI18]). Suppose F = 1/n3"" | fi, each f; is Ly-smooth and Ls-Hessian
Lipschitz continuous. Let eg € (0,1) and set n = €x/Ly. Assume \pin(V>F(2y_1)) < —€g
and that at the u-th iteration Algom'thm@ executes the Neon2™ algorithm, (Line @ Then
with probability 1 — 0 it holds that

Ec[F(z.) - F(z,1)] < —¢i/(12L).
In addition, Neon2™" takes O((n + n*\/Ly/er)log*(d/d)) stochastic gradient computa-

tions.

Proof of Theorem[2.5.1, Let Z ={1,...,U} be the index set of all iterations. We denote Z;
and 7, as the index sets such that z, is obtained from Neon2i* for all w € Z; and z, is
the output by SNVRG for all «' € Z,. Obviously we have U = |Z;| 4 |Z,|. We will calculate
|Z11, |Z>| separately. For |Z;|, by Lemma , with probability 1 — §, we have

E[F(z,) — F(zy-1)] < —€3;/(12L3), for u € 7;. (2.7.8)
Summing up over u € Z;, then with probability 1 — 0 - |Z;| we have

Ty - €3,/ (12L3) < ) E[F(24-1) < E[F(zu—1) = F(z)] < Ap,  (27.9)

uely uel
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where the second inequality holds because by Corollary it holds that

ClLy

nl/2

0 <E[VF(z.)|; <

By (79), we have

E[F(2y-1) — F(zu)], for all u € Z,. (2.7.10)

|Z,| < 12L3AFp /€.

To calculate |Zy|, we further decompose Z, into two disjoint sets such that Z, = 7 U 73,
where 7, = {u € I : ||gullz > €}, Z3 = {u € I, : ||gull2 < €}. Tt is worth noting that
if u € T? such that ||g,|lzs < €, then Algorithm [3| will execute Neon2™* and a negative
curvature descent step, which means v + 1 € Z; by definition. Thus, it always holds that
|Z2| < |Z|. For |Z;|, note that x9 = z, 1 and x7 = z, in Corollary [2.7.5, which directly
implies

CL
S EVF(z)3 <) 1/21 F(2y-1) — F(2,)]

u€eT} u€Td

< B [F(nu) - F(a)]

uel
CLy

= /2

Ap, (2.7.11)

where the second inequality holds because E[F(z,_1) — F'(z,)] > 0 for u € Z; UZ, by (2.7.8))
and (2.7.10). Applying Markov’s inequality, with probability at least 2/3, we have

3CLiAR
Zl HVF Zy HZ n1/2 :
uel,

Since for any u € 7}, we have |VF(z,)|2 = ||gull2 > €, with probability at least 2/3 it holds
that

3CL1 AR

2nl/2

75| <
Thus, the total number of iterations is U = |T;| + |Zo| < 2|Th| + |Z3| < 24L2Arpe; +
3CLiApe2n~1/2,

We now calculate the gradient complexity of Algorithm [3] By Corollary one single

call of One-epoch-SNVRG needs at most 20n log® n stochastic gradient computations and by
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Lemma one single call of Neon2™* needs O((n + n¥*\/L;/ex)log?(d/d)) stochastic
gradient computations. In addition, we need to compute g, at each iteration of Algorithm
(Line [3)), which takes O(n) stochastic gradient computations. Thus, the expectation of the

total amount of stochastic gradient computations, denoted by ET., can be upper bounded

by

IZi| - O((n + n**\/Ly/en) log*(d/6)) + |To| - O(nlog® n) + |Z] - O(n)
= |Ti|- O(n + n**\/Li/en) + (|| + |Z3]) - O(n)
= 7| - O(n + n**/Li/en) + (|T3| + |T1]) - O(n). (2.7.12)

We further plug the upper bound for |Z;| and |Z;| into and obtain
ET ot = O(L3Apes) - O(n + n3/4 Ll/eH) + O(LlAFefzn’l/Q)O(n)
= O(AFnLge;;’ + AFTL3/4L}/2L§€;I7/2 + Apn1/2L16_2).
Finally, applying Markov inequality, with probability 2/3, it holds that
Trotar = O(ApnLies® + Apn® Ly L2 + Apn'/?Lie7?).

Since |Z,]0 = |T,|/(144 - L2Are;?) < 1/12, then by the union bound, with probability
1—1/3—1/3—|71|6 > 1/4, SNVRG + Neon2™ will find an (e, eg)-second order stationary

point within
O(Aangel}?’ + Apn?’/‘lL}/QL%el_;/Q + AFnI/QLle_Z)

stochastic gradient computations. O]

2.7.3 Proof of Main Theory with Third-order Smoothness

In this section, we prove the theoretical results of our proposed algorithms under third-order
smoothness condition. The following lemma shows that the negative curvature descent step
(Line|12)) of Algorithm [3|achieves more function value decrease under third-order smoothness

assumption. The proof can be found in Lemma 4.3 of [YXG18].
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Lemma 2.7.7 ([YXGIS]). Suppose that F' = 1/n"" | fi, each f; is Ly-smooth, Ly-Hessian
Lipschitz continuous and F' is Ls-third-order smooth. Let ey € (0,1) and n = \/m
Suppose that Xpin(V2F(2,_1)) < —eg and that at the u-th iteration Algom'thm@ executes the
Neon2™1 glgorithm (Line @ Then with probability 1 — 6 it holds that

E¢[F(2,) — Flz,-1)] < —€4/(6Ls).

In addition, Neon2™" takes O((n + n*\/L/ex)log?(d/d)) stochastic gradient computa-

tions.

Proof of Theorem[2.5.4. DenoteZ = {1,...,U} as the index of iteration. Let Z = {1,...,U}
be the index set of iteration. We use Z; and Z, to represent the index set of iterates where the
7, is obtained from Neon2™® and One-epoch-SNVRG. Since U = |T;| 4 ||, we calculate
71|, |Z»| separately. For |Z;|, by Lemma[2.7.7] with probability at least 1 — &, we have

E[F(z,) — F(2z4-1)] < —€3;/(6L3), for u € Z;. (2.7.13)

Summing up (2.7.13]) over u € Z; and applying union bound, then with probability at least

1 —6-|Z;| we have

IZ1| - €3/(6Ls) < > E[F(zy1) = F(2,)] <> E[F(24-1) — F(2)] < Ap,  (2.7.14)

uely uel
where the second inequality holds due to the fact that by Corollary we have
0 <E|VF(z,)|3 < 1—/2E[F(zu_1) — F(z,)], for u € Z,. (2.7.15)
n

(2.7.14) directly implies

‘Il| S 6L3AF/€§{

For |Z,|, we decompose Z, = Z3 UZ3, where Z) = {u € I, : ||gull2 > ¢} and 77 = {u € I, :
gullz < €}. If u € Z2, then at the (u 4 1)-th iteration, Algorithm [3| will execute Neon2™t,
Thus, we have |Z2| < |Z,|. For |Z}], note that xy = z,_; and x7 = z, in Corollary and
summing up over u € Z; yields

CL
Z E|VF(z.)]3 < Z 1/21 F(zy—1) — F(Zu)}

u€l} u€ll
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<Y CHR[F(a ) - Fla)]

uel
CLq

= /2

- Ap, (2.7.16)

where the second inequality follows from (2.7.14]) and (2.7.15)). Applying Markov’s inequality,
with probability at least 2/3, we have

3CL,A
Y IVF(z)3 < =75

/2
uGZl
by definition for any u € Z;, we have [|[VF(z,)||2 = [|gu/l2 > €. Then we have with probability
at least 2/3 that

3C L1 AR

1
|IZ | S €2n1/2

Total number of iteration is U = |Z;| + |Z,| < 2|T1| +|Z3| < 12L3Ape” +3C L Ape 2012,
We now calculate the gradient complexity of Algorithm By Lemma one single
call of Neon2™"* needs O((n + n® /*\/Li/eg)log? (d/6)) stochastic gradient computations
and by Corollary one single call of One-epoch-SNVRG needs 20nlog®n stochastic
gradient computations. Moreover, we need to compute g, at each iteration, which takes O(n)
stochastic gradient computations. Thus, the expectation of the total amount of stochastic

gradient computations [ET;.:. can be bounded by

IZi| - O((n + n**\/Li/en) log*(d/6)) + |To| - O(nlog® n) + |Z] - O(n)
= |Z|- O(n+n**\/Li few) + (1T3] + 1Z3]) - O(n)
= |Z.] - O(n +n**/LiJex) + (|Z3] + |T1]) - O(n). (2.7.17)

We further plug the upper bound of |Z;| and |Z3| into (2.7.17)) and obtain

ETotal = O(LsArez?) - O(n +n**\/Lifen) + O(LiApe *n~?)O(n)
= O(AFnL;;e;IZ + Apn3/4L}/2L36;15/2 + Apn1/2L1€_2).

Using Markov inequality, with probability at least 2/3, we have

Thotal = O(AFnLSEH + Ap n3/4L1/2L + AFn1/2L1€ )
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Note that |T,|§ = |T,|/(72 - LsApe;?) < 1/12. By union bound, with probability at least
1-1/3—1/3—|71|6 > 1/4, SNVRG + Neon2™ will find an (e, eg)-second order stationary

point within
O(AFTLL:;EI_{2 + Apn3/4L}/2L361_{5/2 + AFnI/QLle_Z)

stochastic gradient computations. O]

2.8 Proof of Supporting Lemmas

2.8.1 Proof of Lemma [2.7.1]

We first prove our key lemma on One-epoch-SNVRG. In order to prove Lemma [2.7.1] we
need the following supporting lemma, which shows that with any chosen epoch length T,

the summation of expectation of the square of gradient norm Z]T;(}EHVF (x,)]|3 can be

bounded.

Lemma 2.8.1. Suppose we arbitrarily fix the amount of epochs T > 1 in Algorithm[1. In
other words, we do not bother with Options I or II for the present. If the step size and
batch size parameters in Algom'thm satisfy M > 6L and B; > 6K_l+1(H§:l T,)* for any
1 <1< K, then the iterates of Algorithm[1] satisfies

T-1

SOEIVEG)|E < o(ME[F<xO> _ F(xn)] +

=0

20°%T

0

-1{By < n}), (2.8.1)
where C' = 100.

Proof of Lemma [2.7.1. We can check that 2 < Bg_K < 4, and we can check that the choice
of M, {T;},{B,;} in Lemma satisfies the assumption of Lemma[2.8.1, Moreover, we have

K
T:HTl
=1

K
> =[BT -
=2
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> — B/, (2.8.2)

where the first inequality holds due to the fact |z] > xz — 1 for any > 1, the second
inequality holds since 2 < B2 " < 4 and the fact [, (z; — 1) > [[, 21(1 — Yo, a7 t) for
any sequence {z; 11X, satisfying V2 < 1 < K, ; > 2, the third inequality holds since 22 < By,
the last inequality holds due to the fact that Z{; 272" < 4/5. We now submit into
(2.8.1]), which immediately implies . Next we compute how many stochastic gradient
computations we need in total after we run One-epoch-SNVRG once. According to the
update of reference gradients in Algorithm , we only update gio) once at the beginning
of Algorithm (1| (Line is only reached when r = 0), which needs By stochastic gradient
computations. For ggl), we only need to update it when 0 = (¢ mod HJKZZ +171}), and thus
we need to sample g\” for T/ HJI.{:ZH T; = H§':1 T; times. We need 2B; stochastic gradient
computations for each sampling procedure (Line [20|in Algorithm . We use T to represent

the total number of stochastic gradient computations, then based on above arguments we

have

K l
T=Bo+2) B[] (2.8.3)
I=1 j=1

Now we calculate 7 under the parameter choice of Lemma [2.7.1] Note that we can easily

verify the following inequalities:

l l ol
2-K 27— K -2 SKFT
[I7 <5 " []5 " =57,

j=1 j=2

2 K 2
(HT) : (HB@sz) =By, V2 << K,

K
. =1
K

7=l
2 —-K K j—K—2 2
(H j) < (Bg ‘HB(%J ) = By,
j=1 Jj=2

)

~
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which implies that

1 K 2
B -] = 6K<HTj) Ty <65B, -4,
j=1 j=1
l K 2 1
B -] 1y =6<" (HTJ) [[7 <6 "B (2.8.4)
j=1 j=l j=1

Submit (2.8.4)) into (2.8.3) yields the following results:
K

T =By +2 (4 x 6By + ) 6K—l+1BO)
1=2

< BO =+ 9 x 6KBO
S BO +9x 6loglogBOBO

< BO + 9BO 10g3 Bo.

Therefore, the total gradient complexity 7 is bounded as follows.

K l
T =By +2 Z B - HTJ < By + 9By log® By < 10B,log® B,. (2.8.5)

=1 j=1

O

2.8.2 Proof of Lemma [2.7.2]

Now we prove Lemma about the function value decrease of Algorithm [I] with Option
II. Note that Lemma [2.8.1| shows that with any chosen epoch length 7', the summation of
expectation of the square of gradient norm Z;F:_Ol E||VF(x;)||3 can be bounded. In order
to prove the upper bound on E||VF(x7)||3, we need the following technical lemma about

geometric distribution.

Lemma 2.8.2. Suppose that G ~ Geom(p), where P(G = k) = p(1 — p)*,k > 0. Let
a(7),b(j) be two series and b(0) > 0. If for any k > 1, it holds that Zf;é a(7) < b(k), then

we have

! ;p Eca(G) < Egb(G).
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Proof of Lemma[2.7.4. We can easily check that the choice of M, {T;},{B;} in Lemma
satisfies the assumption of Lemma [2.8.1] By Algorithm [I} we have ' ~ Geom(p) where
p=1/(1+T[5, T)). Let

2 .

aj) = E|VF(x)[2, b(j) = C(ME [Fxo) = Flxp) + L 10 < n}).

Then by Lemma [2.8.1] for any 7" > 1, we have Z;F:_Ol a(j) < b(T) and b(0) = 0. Thus, by

Lemma [2.8.2, we have

1—0p 20K, T

ErE||VF(x7)|2 < C<M]ETIE [Fox0) = Floer)] + =5 1By < n}).

Since E;T = (1 —p)/p = HfilTj > Bé/2/10 due to (2.8.2) , we have

BIVF ()l < O (e BIF ) — Foxn)] + 5 150 <))
< 1OC(BA14/QE[F(XO) — F(x7)] + QBLO -1{B, < n}),

which immediately implies (2.7.7)).
Finally we consider how many stochastic gradient computations for us to run One-epoch-
SNVRG once. According to the update of reference gradients in Algorithml for ggl), we need

to update it when 0 = (¢t mod [[%,,,T}), and thus we need to sample g\ for T/ I

j=l+1 j= l+1

times. We need B, stochastic gradient computations to update gt ) and 2B, stochastic
gradient computations for g,g) (Lines and in Algorithm |1] respectively). If we use
T to represent the total number of stochastic gradient computations, then based on above
arguments, we have

K
ET ET
ET < By —p—+2Y B+ =
Hj:l ir] =1 Hj:l—l—l 7}

K l
=By+2> B]]T
=1 j=1

S 1OBO 10g3 BQ,

where the last inequality holds due to (2.8.5]). [
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2.9 Proof of Key Lemma

In this section, we focus on proving Lemma [2.8.1} which holds for any fixed T" and plays a piv-
otal role in the analyses of Algorithm [1]with both Option I and Option II. Let M, {T;},{B;}, By
be the parameters as defined in Algorithm . We define filtration F; = o(xo,...,%;). Let
{Xgl)}, {ggl)} be the reference points and reference gradients in Algorithm [Il We define v\”
as
l .
vi' =Y g’ for0<I<K. (2.9.1)
=0

We first present the following definition and two technical lemmas for the purpose of our
analysis.

Definition 2.9.1. We define constant series {c§~s)} as the following. For each s, we define
(s)

Cr. as
s M
&) = — (2.9.2)
s 6K—S+1 Hl:s 7_7[
When 0 < j < T, we define cgfs) by induction:
. 1\ o 302 It T
) = (1+T)c§+)1+ YR (2.9.3)

Lemma 2.9.2. For any p, s, where 1 < s < K,p-H]K:STj <T Cmdqnjl-ilTj SP'HJKZSTJ' <
(p+1)- TS, Ty < (¢ + 1) T, Ty, we define

K K
start =1p - HT], end = min {star’t+ HTj,T}
j=s

j=s
for simplification. Then we have the following results:
end—1
VF(x)|? s
E|: Z ”10(()—]\]4>H2 + F(Xend) + Cg“s) : HXend - Xstart||§‘-rstart‘|

j=start

2
S F(Xstart) + M : E[HVF(Xstart) - VstartHnytaTt} : (end - Start)'

Lemma 2.9.3 ([LICJ1T)). Let a; be vectors satisfying Zf\;l a;, = 0. Let J be a uniform

random subset of {1,..., N} with size m, then
1 P _1(J<N) ¢
EHEZ% ) < TZ 12 [3-
JjeTJ J=1
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Proof of Lemma|2.8.1. We have

T-1
E[VF(x))][3 E[VFx;)]3 () 2
2 "ot TE Z oonr TEFGn) + ey - llxr = xol)
2
< E{F(Xo)} + — -E[[VF(x0) — goll3- T, (2.9.4)

M

where the second inequality comes from Lemma with we take s = 1,p = 0. Moreover

we have

2

BIVF() - gl = B| 5 3 (VA - V()

iel 2
1 1
=1
2
<1(By<n)- L, (2.9.6)
By

where (2.9.5)) holds because of Lemma [2.9.3] Plug ([2.9.6]) into (2.9.4]) and note that we have
M = 6L, and then we obtain

T-1

2T o
D E|VEx)3 < C(MIE [F(x0) — F(xr)] + B" 1(By < n)>, (2.9.7)
j=0 0
where C' = 100, which complete the proof of Lemma [2.8.1} O

2.10 Proof of Technical Lemmas

In this section, we provide the proofs of technical lemmas used in Appendix

2.10.1 Proof of Lemma 2.9.2]

Let M,{T;},{B}, By be the parameters defined in Algorithm [1| and {x\"},{g\"} be the
reference points and reference gradients defined in Algorithm (1 I Let Vt ,]-"t be the variables
and filtration defined in Appendix 2.9 and let c ) be the constant series defined in Definition
291

In order to prove Lemma [2.9.2, we will need the following supporting propositions and

lemmas. We first state the proposition about the relationship among x\”, g!* and v!*:
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Proposition 2.10.1. Let v§l) be defined as in (2.9.1). Let p,s satisfy 0 < p - HJK s 1y <
(p+1)- H] o1 1j <T. For any t,t' satisfying p - H] s <t<t <(p+1)- HJ o1 L
it holds that

() _ (s) _

Xt — Xt/ — pl—[§<:8+1 T], (2.10.1)
ggs/) — gg, ), for any s’ that satisfies 0 < s’ < s, (2.10.2)
v v v (2.10.3)

The following lemma spells out the relationship between cg-s*l)

is about 1+ T,_; times less than cgfs):

and cgfs) In a word, c(s 2

Lemma 2.10.2. If B, > 65—+, T))%, 71 > 1 and M > 6L, then it holds that

ST+ T) <, for2<s<K0<j< Ty, (2.10.4)
and
(1 +Tk) <M, for0<j < Ty. (2.10.5)

Next lemma is a special case of Lemma with s = K:

Lemma 2.10.3. Suppose p satisfies quil T, <pTx < (p+1)Tk < (qg+1) Hfil T; for some

q and pTx < T. For simplification, we denote
start = pTk, end = min{(p + 1)1k, T}.

If M > L, then we have

E F<Xend) + Cg"K ernd XstartH2 Z

j=start

100M

) 2
2 Fstart

2
S F(Xstart) + M . E[HVF(Xstart) — VstartH;‘-Fstart} . (end — Start).

Oy _

The following lemma provides an upper bound of E [HVF (x;”) Vil) H;], which plays an

important role in our proof of Lemma [2.9.2
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Lemma 2.10.4. Let t' be as defined in (2.4.1)), then we have X,El) = Xy, and

1>

L2
E[|VFG?) =il Fa] < Fllx =0, + IV F6T) -

Proof of Lemma[2.9.9. We use mathematical induction to prove that Lemma holds
for any 1 < s < K. When s = K, we have the result hold because of Lemma [2.10.3]
T; < T and

Suppose that for s + 1, Lemma [2.9.2 holds for any p’ which satisfies p H] st

qHJK,1 T; <p Hﬁsﬂ T; < (p+1) ijsJrl T; < (¢g+1) Hj:1 T;. We need to prove Lemma
T; < T and qHJKﬂT- <pH]K:STj <

2.9.2| still holds for s and p, where p satisfies pH

Jj=s+1
(p+1) H] T < (g+1) H T;. We choose p’ = pT;+u which satisfies that p’ H] a1 1 < T,
and we set indices start,, and end, as
K K
start, = p/ H T;, end, = min {startu + H Tj,T}.
j=s+1 Jj=s+1
Then we have
end, —1
~ |[VF(x))]3 o+1)
E[ Z Tj\f + F(Xen u) + C(TL ||Xendu - Xstartung‘]:startu
j=start,,
2
S F(Xstartu) + E[HVF(Xstartu) — Vstart,, H§|fstartu:| : (endu - Startu), (2106)

M

where the last inequality holds because of the induction hypothesis that Lemma holds
for s + 1 and p’. Note that we have Xgar, = x®)  from Proposition [2.10.1}, which implies

start,,

E [HVF(XStart“> — Vstarty H; }fStartu] = [HVF startu) Vé:;rtu Hi ’-Fstartu}

S E”Xé:ﬁzrtu - Xs‘far‘ii H2 + HVF Sarg‘ startu H2
(2.10.7)
L? 9

= g”xstartu - Xstart”% + ||VF(Xstart) — Vstart 9
s

(2.10.8)

where (2.10.7) holds because of Lemma [2.10.4] and (2.10.8]) holds due to Proposition [2.10.1}
Plugging (2.10.8)) into (2.10.6) and taking expectation E[-|Fstart] for (2.10.6]) will yield

end, —1
~ [VF&5)I3 ot1)
E|: Z T]\f + F(Xel’ldu> + CT_:l HXendu Xstartu ”g}fstart

j=start,,

47



212
S E |:F(Xstartu) + (endu - Startu)muxstartu - XstartH%

st art:|

2L?
S E F Xstartu H T MB Hxstartu XstartH2

Jj=s+1
2(end,, — start,)
M

2(end,, — start,,
_|_ (en MS ar )HVF<Xstart) VstartH

HVF(XStart) VstartH start:| (2109)

We now give a bound of ||Xena, — Xstart ||3:

HXendu — Xstart H%
- ||Xstartu — Xstart ||§ + ||Xendu — Xstarty, ||g + 2<Xendu — Xstarty ) Xstarty, — Xstart>

S Hxstartu - Xstart”% + HXendu — Xstarty, Hg + : Hxstartu - Xstart“% + Ts : erndu — Xstarty ”g

T
(2.10.10)

1
_ (1 n 7) otarty — ot [3 (14 T2 - [ Xena, — Xetares I (2.10.11)

where (2.10.10) holds because of Young’s inequality. Taking expectation E[-|Fgpart] over
(2.10.11f) and multiplying cq(f_)H on both sides, we obtain

s 1
Cl(H)_l]E[HXendu Xstart” }Fstart} < C( ) (1 + T ) [Hxstartu - Xstart‘@‘fstart]

e (1 + TOE[[Xendw — Xotarts 3| Fotart] . (2.10.12)

Adding up inequalities(2.10.12)) and (2.10.9) together, we have

= IVER)I
]E|: Z T]\}z + F(Xendu) + Cq(j_|)_1 ||Xendu - Xstart”% + Cgf::) ||Xendu — Xgtarty, ||%|]:start:|
Jj=start,,
, 302 &
S ]E |:F(Xstartu) + HXstartu Xstart”z [Cull (1 + ) H T:| start:|
j =s+1

2
) | Fetart| (end,, — start,,)

2
+ ME[”VF(Xstart) — Vgtart
+ 07321(1 + T3>E[||Xendu — Xstart,, ||§}]:start}
< ]E |:F<Xstartu) + Cgs) HXstartu - XstartHg ’«Fstart]

2
+ ME [HVF(Xstart) — Vstart H; ‘-Fstart} (endu - startu)
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‘I‘ Cgfj__i |:||Xendu - Xstartu ”g"’rstart} ) (21013)

where the last inequality holds due to the fact that ¢ = ci(H)rl( 1+ 1/Ts) + 3L?/(BsM) -

H; _o+1 1 by Definition 2.9.1) and cu+1 (1+1T,) < cgfﬂ by Lemma [2.10.2, Cancelling out
the term cngr [erndu — Xgtart, Hz‘]-"start] from both sides of (2.10.13)), we get

end, —1
§=" g [IVE o)l
100M

fstart:| + E[F(Xendu) + Cl(j_;)_l . ||Xendu - Xstart”%‘Fstart]

j=start,

< E[F(Xstartu> + C(us) ||Xstartu - XstartH%{]:start]
2 2
+ ME [HVF(xStart) — vstartHQ‘}"Start} (end, — start,,). (2.10.14)
We now try to telescope the above inequality. We first suppose that u* = max{0 < u <

T : start, < T}. Next we telescope (2.10.14]) for u = 0 to u*. Since we have start, =

end, 1, startg = start for 0 < u < u*, then we get

u"< end —1
N |[VF(x;
|:Z Z | LI A LA ||2 + F(Xen ) + C HXend Xstart|’§‘f3tart:|

100M
u=0 j=start,,
2T, 2 -
S F(Xstart> + W : E[”VF(Xstart) — Vstart 2‘-Fstart] : Z(endu - Startu)-
u=0

Since for 0 < u < u*, we have start, = end,_1, starty = start, end,» = end, and c(ui) > cgfs),

thus we have that

end—1
IVE ()13
. {j;rt T]\ZQ + F<Xend) + CT ||Xend Xstart ||§ ‘fstart
2
S F(Xstart) + M . ]E[HVF(Xstart) - VstartH;|Fstartj| . (end — start). (21015)

Therefore, we have proved that Lemma [2.9.2] still holds for s and p. Then by mathematical
induction, we have for all 1 < s < K and p which satisfy quilTj <p- HJKZSTJ <
(p+1)- H]K:s T, <(qg+1) Hle T;, Lemma [2.9.2 holds. O

2.10.2 Proof of Lemma 2.9.3

The following proof is adapted from that of Lemma A.1 in [LJCJ17]. We provide the proof

here for the self-containedness of our work.
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Proof of Lemma[2.9.3 We only consider the case when m < N. Let W; = 1(j € J), then

we have
EW? = EW, = " Bw,w, — ™11
;o N NN =)
Thus we can rewrite the sample mean as
N
1 1
- a] - Z Wzaza
jeg i=1
which immediately implies
1 P&
B Sa = SEwzla - S Eww )
JjeTJ J=1 J#7
N
1 (m 5,  m(m—1)
(% >l + Sy e
N N 2
1 m  m(m—1) 5  m(m—1
=\ (v~ wov o ) 2 Il o 2
Jj=1 j=1 2
1 fm m(m-—1) al 9
(5 - 7o) >l
N
1 1
<Y gl
7j=1
This completes the proof. O

2.11 Proofs of Auxiliary Lemmas

In this section, we present the additional proofs of supporting lemmas used in Appendix
m. Let M, {T;},{B;} and By be the parameters defined in Algorithm |1| Let {x,gl)}, {ggl)}
be the reference points and reference gradients used in Algorithm . Finally, vi”, F; are the
variables and filtration defined in Appendix and cg»s) are the constant series defined in
Definition 2.9.1]
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2.11.1 Proof of Proposition 2.10.1

Proof of Proposition [2.10.1. By the definition of reference point ng) in , we can easily
verify that (2.10.1]) holds trivially.

Next we prove . Note that by ([2.10.1] m we have xt = xt,). For any 0 < &' < s,
it is also true that X(S) = xt, s) by (2.4.1] - which means x; and xy share the same first s + 1
reference points. Then by the update rule of gt ) in Algorithm |1 , we will maintain gg )

unchanged from time step ¢ to ¢’. In other worlds, we have gt(s) = gt, ) for all 0 <s <s.

We now prove the last claim (2.10.3). Based on (2.9.1) and (2.10.2), we have v§5) =

s o) _ () _ . < o<
Y w08t Z '~ 8, T, v, T 1y Since for any s < §” < K, we have the

following equations by the update in Algorlthm (Line .

(s")
X =X K K
pHJ s+1 1) LPHJ s+1 15 /szs//+1TjJ'Hj:s“+1Tj

=X K K K
p‘Hj:s+1 15/ H]’:s”+1 Tj‘Hj:5//+1 T

«(8)

pH] s Ty’
Then for any s < §” < K, we have
(s _ 1 ( ) B ( (s""—1) ) _
Eoll Ty~ B > [sz K, Vi XK 7 0. (2.11.1)

i€l

Thus, we have

(S// S”)
VoIl Ty — ngnj LT ngr[] T th = v, (2.11.2)

// 0 // 0 // 0
where the first equality holds because of the definition of VoIl T the second equality
Jj=s

holds due to (2.11.1)) , the third equality holds due to (2.10.2)) and the last equality holds
due to (2.9.1). This completes the proof of (2.10.3)). O

2.11.2 Proof of Lemma 2.10.2

Proof of Lemma [2.10.4. For any fixed s, it can be seen that from the definition in (2.9.3)),

cg-s) is monotonically decreasing with 7. In order to prove (2.10.4]), we only need to compare
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(1+T,_1)- ™ and cgfs ). Furthermore, by the definition of series {cgs)} in (2.9.3)), it can be
inducted that when 0 < 5 < T, 4,

T57 —J —q K
Qo (1 LT e (VT )T -1 B0 T T g gy g
J Tsfl Ts-1 1/T871 M Bsfl ) ’ ’
We take j = 0 in (2.11.3]) and obtain
O o GO YT)™ 0 —1 3L [T
0 T5,1 Tomt 1/7—1571 M Bsfl
2 K
s-1 . 6L* T[T
2.8 . 2114
< X CTs—l + M B871 ( )
2.8M +6L*/M (211.5)
> 6](_54,_2.1—[[1;8_17} A1
3M
5 (2.11.6)

< K—s+2 K
—S
6 ' Hl:sfl Tl

where holds because (1 + 1/n)" < 2.8 for any n > 1, holds due to the
definition of cgf'sj) in and B, ; > 65*t2([[X,_,T))? and holds because
M > 6L. Recall that cg-s) is monotonically decreasing with 7 and the inequality in .
Thus for all 2 < s < K and 0 < j < T, 1, we have

(14+Ty_1) - C§ -1) < (14T, y)- C(()sfl)

3M
S (1 + Tsfl) : K
652 [, T
6M
GE—s+2 . H{is T
=) (2.11.7)

where the third inequality holds because (1 4+ Ts_1)/Ts—1 < 2 when T;_; > 1 and the last
equation comes from the definition of ¢, in (2.9.2). This completes the proof of ([2.10.4).

Using similar techniques, we can obtain the upper bound for c¢f which is similar to

inequality (2.11.6)) with s — 1 replaced by K. Therefore, we have

6M
1+ Tg) & <14 Tk) - < < M,
J 0 GE—K+1 . HlIiK T,
which completes the proof of ([2.10.5)). O
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2.11.3 Proof of Lemma 2.10.3]

Now we prove Lemma [2.10.3] which is a special case of Lemma [2.9.2) when we choose s = K.

Proof of Lemma [2.10.5. To simplify notations, we use E[] to denote the conditional expec-
tation E[-|F,r.] in the rest of this proof. For pTx < pTx + j < min{(p + 1)Tk,T}, we
denote h, 7, +; = —(10M)~' - v,1. ;. According to the update in Algorithm [1| (Line @, we

have

XpTr+j+1 = XpTr+j T hP'TK+j7 (2'11'8)
which immediately implies
F(Xp1ictj41)
= F(Xp1ye+j + hpryets)
L
< F(pmers) + (VEXp 1), Bpme ) + 5 1Byl (2.11.9)

= [(Vprie s Bpmievs) + 5SM [y 5115] + F(Xpm15)
L
H(TF 05 145) ~ Votess By + (5 = 5M ) Iy

< F(XP'TK+j) + <VF(XP'TK+J') — VpTg+js hp'TK+j> + (L - 5M)||hp‘TK+j||gv (2'11'10)

where (2.11.9)) is due to the L-smoothness of F" and ([2.11.10)) holds because (V.15 +;, Dp.1e 1)+
S5M||hy 1y ill3 = =5M|hyr45]13 < 0. Further by Young’s inequality, we obtain
1 2 M 2
F(xp1c+j+1) < F(Xpryess) + m||VF(XP'TK+j) — Vprietillz + o + L —5M |[[hyr4l
1
< F(pmers) + 37 IV 0 micrs) = Vpmerslz = 3M By 12, (2.11.11)

where the second inequality holds because M > L. Now we bound the term cﬁf% | Xp Ty 541 —

Xp 14 |13- By (2.11.8) we have

K
A 1 Xpr 41 — Xpre |2
K
= §'+%pr-TK+j — XpTi T hP'TK+]'H§

K
= C§‘+i |:||XP'TK+j — XpTk Hg + ||hP'TK+j||§ + 2<XP'TK+j — XpTk> hP'TK-l-j”'
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Applying Young’s inequality yields

K
S Xpririe1 — XpriclI3
< 2| Bpmcss — Soml + Iyl
j+1 pTk+j = SpTkll2 pTr+jll2
1
s = X I + iy
K 1
= o] [(1 + 7 1%p 1515 — Xpaye |5 + (1 + T) by 15115 | (2.11.12)
Adding up inequalities (2.11.12)) and (2.11.11]), we get
2
F(Xprtjr1) + ¢ +1||Xp Ttit1 — Xpi|l2
1 K
< F(pres) + 37 IVE (o) = Vo3 = [BM = ¢ (1 + Tie) Iy i 3
1
K
+ C;-ﬁ (1 + T_K) 1Xp 7 +5 — Xp1c I3
1
< F<XP'TK+j) + MHVF(XP'TK-H') - VpTK-FjH% - 2M||hp'TK+j”%

. 1
#8147 e — %o 21113)

where the last inequality holds due to the fact that c; +i( 1+ Tk) < M by Lemma [2.10.2]

Next we bound ||V F (X1 +;) |3 with ||h,7, 1;]|3. Note that by (2.11.8)

IVE i) 13 = | [VF prics) = Voriers] = 10Mby gy

<2(IVE(Xp1ic45) — Vprietills + 100M3|hy, 1, 45113),

which immediately implies

2
Plugging (2.11.14)) into (2.11.13)), we have

K
F(xpresji) + % mesien — Xpr |12
1 1
S F(XP'TK-i-j) + MHVF(XP'TK-H') - VP'TK+j||§ + 50M ' ||VF<XP'TK+j) - VpTK-FjH%
1 1
- o0 VO B+ (1 ) s = o
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1
100M

1
+c) (1 + T_K> 1Xp 745 — Xp1e I3 (2.11.15)

2
< F(XP'TK-H) + MHVF(XP'TK-H') - VP'TK-H'Hg - HVF(XP'TK-i-j)“g

Next we bound ||VF(Xp74+) — Vp1s+jll3. First, by Lemma [2.10.4| we have

2 2 2
< L—]E‘
Bk

Since X(K) =X ; V(K) =V ; X(K_l) =X and V(K Vo =v we have
pTi+j — I+ YpTr+j — YpIx+i SpTr+j — STk p-Tr+j P Tk

(K)
pTr+j

(K) (K-1)
= Xy T +j

]EHVF v

Dy _ -
+IE?HVF xft) = v

pT +])

2
E|VF (Xp1ic+i) = Vpre+ills < B ElPXo Tt = Xpe 15+ EIVE (xp7) = Vprell5-

(2.11.16)
Taking expectation E[-] with (2.11.15) and plugging (2.11.16)) into (2.11.15)) , we obtain

K
E [F(xp.TKHH) N e — o2+ IV (1) ||%}

100M
1 3L*
< B[ Fgpme) + (5 (14 1) + gy ) omces = ol
2 2
b IVEGn) ~ VoI
=E|F )+ - 2 2|V - 2 2.11.17
= (Xp1sc+4) + G 1%p 1515 — Xpric |2 + M | (Xp1y) = Vpric |2 |5 (2.11.17)
where (2.11.17) holds because we have cg. gfl(l + 1/Tk) + 3L*/(Bxg M) by Definition
2.9.1| Telescoping (2.11.17)) for j = 0 to end — start — 1, we have

end—1

E[F(Xend) +CTK [ Xena — Xstart”%} + EHVF(X])Hg

100M

j=start
end—1

3 EIVF():

j=start

S E[F (Xend) + C(K) . ||Xend - Xstart”%} +

end—start

2(end — start)
M

S F(Xstart) + : ]EHVF(Xstart) - Vstart“ga

which completes the proof. O]

2.11.4 Proof of Lemma [2.10.4

Proof of Lemma[2.10.4 If t* = t'=! we have xi) = x,gl Y and v,ﬁl) = v,gl_l). In this case the

statement in Lemma, [2.10.4] holds trivially. Therefore, we assume t' # /! in the following
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proof. Note that

E[||[VEx") - vi¥|21F4]

=E[|[VF") - v{" —E[VFx") - vI"] |2 F] + |E[VF) — v |Fd] |

l l 2
=E HW(xi”) -> & -E [W(xﬁ”) -> gtﬂ fﬂ}
=0 j=0 2
s
l 2
+ ‘E [VF(X§”) > g’ ;Etl] : (2.11.18)
2

where in the second equation we used the definition Vgl) = 22:0 ggi) in . We first
upper bound term J;. According to the update rule in Algorithm (1 (Line , when
Jj <l ggj ) will not be updated at the -th iteration. Thus we have E[gij )|.th] = gt(j ) for all
j < l. In addition, by the definition of F;, we have E[VF(XIEI))LEZ] = VF(XEZ)). Then we

have the following equation
B =E[||lg” — E[gl"|Fa] |21 F]. (2.11.19)

We further have

1 _ _
g’ =5 2 (VD) = VAT] Bl |F] = VF() - VR,
i€l

Therefore, we can apply Lemma [2.9.3to (2.11.19) and obtain

1 1 _ _
B g Ve = VA~ [VEG) - VRG],
i=1

L2 .
< EHxﬁ“ —x1Z, (2.11.20)

where the second inequality is due to the fact that E[|| X —E[X]||3] < E|| X ||? for any random
vector X and the last inequality holds due to the fact that F' has averaged L-Lipschitz

gradient.
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Next we turn to bound term J;. Note that

E[g|Fa] =E [;lz[w ) = Viilx H V@) = VF(x),

which immediately implies

! -1
. {VF ) =28 ] =E [VF (") = V") + VE!) -3 gV ft,}
j=0 prs

=E[VFx") - vV F]
= VF(x{y -y

where the last equation is due to the definition of F;. Plugging J; and Jy into (2.11.18])
yields the following result:

2
27

E[|VFe) = vl 7] < —IIXt +[VEeET) = v

I

which completes the proof. n
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CHAPTER 3

Global Convergence of Langevin Dynamics Based

Algorithms

3.1 Introduction

In this chapter, we aim to find the global optimum of the finite-sum nonconvex optimization
problem defined in . Recent studies by [Dall7bl [Dall7a] showed that sampling from
a distribution which concentrates around the global minimum of F(x) is a similar task
as minimizing F via certain optimization algorithms. This justifies the use of Langevin
dynamics based algorithms for optimization. In detail, the first order Langevin dynamics is

defined by the following stochastic differential equation (SDE)
dX (t) = —-VF(X(t)dt + /267 1dB(t), (3.1.1)

where 5 > 0 is the inverse temperature parameter that is treated as a constant through-
out the analysis of this chapter, and {B(t)}so is the standard Brownian motion in R<.
Under certain assumptions on the drift coefficient VF', it was showed that the distribu-
tion of diffusion X (¢) in converges to its stationary distribution |[CHS87], a.k.a.,
the Gibbs measure 7(dx) o exp(—/SF(x)), which concentrates on the global minimum of
F [Hwa80l [GM91], RT96]. Note that the above convergence result holds even when F(x)
is nonconvex. This motivates the use of Langevin dynamics based algorithms for noncon-
vex optimization [RRT17, ZLC17, [TLRI18, ISYNT18|. However, unlike first order optimiza-
tion algorithms [Nes13| I(GL13, RHS™16, [AZH16], which have been extensively studied, the
non-asymptotic theoretical guarantee of applying Langevin dynamics based algorithms for

nonconvex optimization, is still under studied. In a seminal work, [RRT17] provided a non-
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asymptotic analysis of stochastic gradient Langevin dynamics (SGLD) [WT11] for nonconvex
optimization, which is a stochastic gradient based discretization of (3.1.1]). They proved that
SGLD converges to an almost minimize!| up to d?/(c/*\*)log(1/e) within O(d/(\*€*)) it-
erations, where o is the variance of stochastic gradient and \* is called the uniform spectral
gap of Langevin diffusion , and it is in the order of =@, In a concurrent work,
[ZLC17] analyzed the hitting time of SGLD and proved its convergence to an approximate
local minimum. More recently, [TLR18] studied the local optimality and generalization per-
formance of Langevin algorithm for nonconvex functions through the lens of metastability
and [SYNT18| developed an asynchronous-parallel stochastic L-BFGS algorithm for non-

convex optimization based on variants of SGLD. [EMSI§| further developed non-asymptotic

analysis of global optimization based on a broader class of diffusions.

In this chapter, we establish the global convergence for a family of Langevin dynamics
based algorithms, including Gradient Langevin Dynamics (GLD) [Dall7bl IDM15] [Dall7al],
Stochastic Gradient Langevin Dynamics (SGLD) [WTT1] and Stochastic Variance Reduced
Gradient Langevin Dynamics (SVRG-LD) [DRW™16] for solving the finite sum nonconvex
optimization problem in . Our analysis is built upon the direct analysis of the discrete-
time Markov chain rather than the continuous-time Langevin diffusion, and therefore avoid

the discretization error.

3.1.1 Our Contributions

The major contributions of our work are summarized as follows:

e We provide a unified analysis for a family of Langevin dynamics based algorithms by a
new decomposition scheme of the optimization error, under which we directly analyze the

ergodicity of numerical approximations for Langevin dynamics (see Figure .

e Under our unified framework, we establish the global convergence of GLD for solving

IFollowing [RRTT17], an almost minimizer is defined to be a point which is within the ball of the global
minimizer with radius O(dlog(8+1)/8), where d is the problem dimension and £ is the inverse temperature
parameter.
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(L-1.1). In detail, GLD requires O(d/(\e)) iterations to converge to the almost minimizer
of (1.1.1)) up to precision €, where A is the spectral gap of the discrete-time Markov chain
generated by GLD and is in the order of e=9@_ This improves the é(d/ (A\*e*)) iteration

complexity of GLD implied by [RRT17], where \* = e~ ig the spectral gap of Langevin

diffusion (3.1.1)).

e We establish a faster convergence of SGLD to the almost minimizer of (1.1.1)). In detail,
it converges to the almost minimizer up to e precision within O(d7 / ()\565)) stochastic
gradient evaluations. This also improves the O(d'7/(A\**¢®)) gradient complexity proved

in [RRT17].

e We also analyze the SVRG-LD algorithm and investigate its global convergence property.
We show that SVRG-LD is guaranteed to converge to the almost minimizer of
within O(\/ﬁd5/ (A1€%/2)) stochastic gradient evaluations. It outperforms the gradient
complexities of both GLD and SGLD when 1/¢* < n < 1/€*. To the best of our knowl-
edge, this is the first global convergence guarantee of SVRG-LD for nonconvex optimiza-
tion, while the original paper [DRWT16] only analyzed the posterior sampling property of
SVRG-LD.

3.1.2 Additional Related Work

Stochastic gradient Langevin dynamics (SGLD) [WT11] and its extensions [AKW12, MCE15,
DRW™16|] have been widely used in Bayesian learning. A large body of work has focused
on analyzing the mean square error of Langevin dynamics based algorithms. In particular,
[VZT16] analyzed the non-asymptotic bias and variance of the SGLD algorithm by using
Poisson equations. [CDCI5|] showed the non-asymptotic bias and variance of MCMC algo-
rithms with high order integrators. [DRW'16] proposed variance-reduced algorithms based
on stochastic gradient Langevin dynamics, namely SVRG-LD and SAGA-LD, for Bayesian
posterior inference, and proved that their method improves the mean square error upon
SGLD. [LZL18] further improved the mean square error by applying the variance reduc-
tion tricks on Hamiltonian Monte Carlo, which is also called the underdamped Langevin
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dynamics.

Another line of research [Dall7bl, [DM16], [Dall7al, DK17, DCWY18| [ZXG18c| focused on
characterizing the distance between distributions generated by Langevin dynamics based
algorithms and (strongly) log-concave target distributions. In detail, [Dall7bh] proved that
the distribution of the last step in GLD converges to the stationary distribution in O(d/e?)
iterations in terms of total variation distance and Wasserstein distance respectively with a
warm start and showed the similarities between posterior sampling and optimization. Later
[DM15] improved the results by showing this result holds for any starting point and estab-
lished similar bounds for the Wasserstein distance. [Dall7a] further improved the existing
results in terms of the Wasserstein distance and provide further insights on the close re-
lation between approximate sampling and gradient descent. [CCBJI8| improved existing
2-Wasserstein results by reducing the discretization error using underdamped Langevin dy-
namics. To improve the convergence rates in noisy gradient settings, [CEM™18| [ZXGI18d]
presented convergence guarantees in 2-Wasserstein distance for SAGA-LD and SVRG-LD
using variance reduction techniques. [ZXGI18c| proposed the variance reduced Hamilton
Monte Carlo to accelerate the convergence of Langevin dynamics based sampling algorithms.
As to sampling from distribution with compact support, [BELI§| analyzed sampling from
log-concave distributions via projected Langevin Monte Carlo, and [BDMP17] proposed a
proximal Langevin Monte Carlo algorithm. This line of research is orthogonal to our work
since their analyses are regarding to the convergence of the distribution of the iterates to
the stationary distribution of Langevin diffusion in total variation distance or 2-Wasserstein

distance instead of expected function value gap.

On the other hand, many attempts have been made to escape from saddle points in
nonconvex optimization, such as cubic regularization [NP06, [ZXG18b|, trust region Newton
method [CRS14], Hessian-vector product based methods [AAZB™17, [CDT16l [CDHST16], noisy
gradient descent [GHJIY15, JGNT17, [JNJ18] and normalized gradient [Lev16]. Yet all these
algorithms are only guaranteed to converge to an approximate local minimum rather than a

global minimum. The global convergence for nonconvex optimization remains understudied.
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3.1.3 Preliminaries

In this section, we present some preliminaries for SDE. Note that throughout this chapter,
we use lower case bold symbol x to denote deterministic vector, and use upper case italicized

bold symbol X to denote random vector.

Kolmogorov Operator and Infinitesimal Generator

Suppose X (t) is the solution to the diffusion process represented by the stochastic differential
equation ([3.1.I). For such a continuous time Markov process, let P = {PF;};~o be the
corresponding Markov semi-group [BGL13|, and we define the Kolmogorov operator [BGL13]

P, as follows
Pyg(X(t)) = E[g(X (s +1))| X (¢)],

where g is a smooth test function. We have P, = P, o P, by Markov property. Further we
define the infinitesimal generator [BGLI13] of the semi-group £ to describe the the movement

of the process in an infinitesimal time interval:
Elg(X(t+h))|X(t)] —g(X(t
Co(X (1)) : = lim HIXEHM)X D]~ g(X(1))
h—s0+ h

= (= VF(X(t) V+B'V)g(X(t)),

where [ is the inverse temperature parameter.

Poisson Equation and the Time Average
Poisson equations are widely used in the study of homogenization and ergodic theory to
prove the desired limit of a time-average. Let £ be the infinitesimal generator and let 1 be

defined as follows

L =g—3, (3.1.2)

where ¢ is a smooth test function and g is the expectation of g over the Gibbs measure,
ie., g:= [g(x)m(dx). Smooth function 1 is called the solution of Poisson equation ([3.1.2)).
Importantly, it has been shown [EMSI1S8] that the first and second order derivatives of the
solution 9 of Poisson equation for Langevin diffusion can be bounded by polynomial growth

functions.
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3.2 Review of Langevin Dynamics Based Algorithms

Now we briefly review three popular Langevin dynamics based algorithms.

In practice, numerical methods (a.k.a., numerical integrators) are used to approximate
the Langevin diffusion in (3.1.1)). For example, by Euler-Maruyama scheme [KP92], (3.1.1)

can be discretized as follows:

Xip1 = Xp —nVF(Xy) + /21871 - €, (3.2.1)

where €, € R? is standard Gaussian noise and 1 > 0 is the step size. The update in (3.2.1)
resembles gradient descent update except for an additional injected Gaussian noise. The
magnitude of the Gaussian noise is controlled by the inverse temperature parameter 5. In our
work, we refer this update as Gradient Langevin Dynamics (GLD) [Dall7bl [DM15| [Dall7al.
The details of GLD are shown in Algorithm [

In the case that n is large, the above Euler approximation can be infeasible due to the
high computational cost of the full gradient VF(X}) at each iteration. A natural idea is
to use stochastic gradient to approximate the full gradient, which gives rise to Stochastic
Gradient Langevin Dynamics (SGLD) [WTT11] and its variants [AKW12, MCF15] [CDCT5].
However, the high variance brought by the stochastic gradient can make the convergence of
SGLD slow. To reduce the variance of the stochastic gradient and accelerate the convergence

of SGLD, we use a mini-batch of stochastic gradients in the following update form:

Yo =Yi— LY VAY) + V25 e (3.2.2)
i€l
where 1/B ) ., Vfi(Yy) is the stochastic gradient, which is an unbiased estimator for

VFE(Yy) and I is a subset of {1,...,n} with |I;| = B. Algorithm [5| displays the details of
SGLD.

Motivated by recent advances in stochastic optimization, in particular, the variance reduc-
tion based techniques [JZ13, RHST16, [AZH16], [DRW™16] proposed the Stochastic Variance
Reduced Gradient Langevin Dynamics (SVRG-LD) for posterior sampling. The key idea is

to use semi-stochastic gradient to reduce the variance of the stochastic gradient. SVRG-LD
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takes the following update form:

Zyi1 = 2y, — n@k + /20671 - €, (3.2.3)

where V;, = 1/B D el (Vi (2Zy) - Vi (Z©) +VF(Z(S))) is the semi-stochastic gradient,
Z®) is a snapshot of Zj, at every L iteration such that &k = sL+/ for some ¢ =0,1,...,L—1,
and Iy is a subset of {1,...,n} with |I;| = B. SVRG-LD is summarized in Algorithm [6]

Note that although all the three algorithms are originally proposed for posterior sampling
or more generally, Bayesian learning, they can be applied for nonconvex optimization, as

demonstrated in many previous studies [AKW12, RRT17, [ZLC17].

Algorithm 4 Gradient Langevin Dynamics (GLD)
input: step size n > 0; inverse temperature parameter 5 > 0; Xq =0

for k=0,1,..., K —1do

randomly draw €;, ~ N(0,L;xq)
X1 = X —nVF(X}) + \/2n/Be

end for

Algorithm 5 Stochastic Gradient Langevin Dynamics (SGLD)
input: step size n > 0; batch size B; inverse temperature parameter 5 > 0; Yy = 0

for k=0,1,..., K —1do

randomly pick a subset I from {1,...,n} of size |Iy| = B; randomly draw €, ~
N(0,I4xq)
Y1 =Y, —n/B Zielk Vfi(Ye) + \/Wﬁk

end for

3.3 Main Theory

We first lay out the following assumption on the loss function.

Assumption 3.3.1 (Smoothness). The function f;(x) is M-smooth for M > 0,i=1,...,n,

where the smoothness condition is defined in Definition |2.5.1.
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Algorithm 6 Stochastic Variance Reduced Gradient Langevin Dynamics (SVRG-LD)

input: step size n > 0; batch size B; epoch length L; inverse temperature parameter
6>0

initialization: Z, =0, Z© = Z,

for s=0,1,...,(K/L)—1do

W =VF(Z¥)
for (=0,...,L—1 do
k=sL+¢

randomly pick a subset I from {1,...,n} of size |Ix| = B; draw €; ~ N(0,Ix4)
Vi=1/BY.. o1 (Vi (Z) = Vi, (Z9) + W)
Zyi1 = Zy — Vi + 20/ Ber

end for

Z(s) — Z(s+1)L

end for

Assumption 3.3.2 (Dissipative). There exist constants m,b > 0, such that we have

(VE(x),x) >m|x||? =b, for all x € R%

Assumption is a typical assumption for the convergence analysis of an SDE and
diffusion approximation [MSHO02, RRT17, [ZLCI17], which can be satisfied by enforcing a
weight decay regularization [RRT'17]. It says that starting from a position that is sufficiently
far away from the origin, the Markov process defined by moves towards the origin on
average. It can also be noted that all critical points are within the ball of radius O(\/b/_m)

centered at the origin under this assumption.

Let x* = argmin, g« F'(x) be the global minimizer of F'. Our ultimate goal is to prove
the convergence of the optimization error in expectation, i.e., E[F(X})] — F(x*). In the
sequel, we decompose the optimization error into two parts: (1) E[F(X})] — E[F(X7)],
which characterizes the gap between the expected function value at the k-th iterate X, and
the expected function value at X7, where X7 follows the stationary distribution m(dx) of

Markov process { X (t)}i>0, and (2) E[F(X™)] — F(x*). Note that the error in part (1) is
65



algorithm dependent, while that in part (2) only depends on the diffusion itself and hence

is identical for all Langevin dynamics based algorithms.

Now we are ready to present our main results regarding to the optimization error of
each algorithm reviewed in Section [3.2] We first show the optimization error bound of GLD
(Algorithm [)).

Theorem 3.3.3 (GLD). Under Assumptions |3.5.1 and |3.3.3, consider Xk generated by

Algorithm [f] with initial point Xo = 0. The optimization error is bounded by

. _ C d eM(bB/d+1
E[F(Xk)] — F(x*) < Qe M7 4 %” + 25 log (%) (3.3.1)
Rr
where problem-dependent parameters © and X\ are defined as
o _ CoM(b8 +mp +d)(m + e MBS +mb+d) 2mp
m2pg/2 ’ log(2M (b +mfB + d)/m)’

Co, Cy > 0 are constants, and pg € (0,1) is a contraction parameter depending on the inverse

temperature of the Langevin dynamics.

In the optimization error of GLD (3.3.1]), we denote the upper bound of the error term
E[F(XT™)] — F(x*) by R, which characterizes the distance between the expected function
value at X™ and the global minimum of F'. The stationary distribution of Langevin diffusion
7 ox e PP ig a Gibbs distribution, which concentrates around the minimizer x* of F. Thus
a random vector X7 following the law of 7 is called an almost minimizer of F' within a

neighborhood of x* with radius Ry, [RRT17].

It is worth noting that the first term in (3.3.1) vanishes at a exponential rate due to
the ergodicity of Markov chain {Xj}r—01... Moreover, the exponential convergence rate is
controlled by A, the spectral gap of the discrete-time Markov chain generated by GLD, which

is in the order of =0

By setting E[F(X )] — E[F(X™)] to be less than a precision ¢, and solving for K, we
have the following corollary on the iteration complexity for GLD to converge to the almost

minimizer X7.
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Corollary 3.3.4 (GLD). Under the same conditions as in Theorem provided that
n <€, GLD achieves E[F (X k)] — E[F(X™)] < e after

ERG)

Remark 3.3.5. In a seminal work by [RRT17], they provided a non-asymptotic analysis

iterations.

of SGLD for nonconvex optimization. By setting the variance of stochastic gradient to 0,
their result immediately suggests an O(d/(e*X*)log®((1/€))) iteration complexity for GLD to
converge to the almost minimizer up to precision €. Here the quantity \* is the so-called

uniform spectral gap for continuous-time Markov process { X, }i>0 generated by Langevin

dynamics. They further proved that \* = 0

, which is in the same order of our spectral
gap A for the discrete-time Markov chain { Xy }r—o.1.. generated by GLD. Both of them match
the lower bound for metastable exit times of SDE for nonconvez functions that have multiple
local minima and saddle points [BEGK0J)]. Although for some specific function F, the spectral
gap may be reduced to polynomial in d [GLR17], in general, the spectral gap for continuous-
time Markov processes is in the same order as the spectral gap for discrete-time Markov

chains. Thus, the iteration complexity of GLD suggested by Corollary 15 better than
that suggested by [RRT17] by a factor of O(1/€%).

We now present the following theorem, which states the optimization error of SGLD

(Algorithm [3]).

Theorem 3.3.6 (SGLD). Under Assumptions |3.53.1] and |3.3.4, consider Y generated by

Algorithm [J] with initial point Yo = 0, the optimization error is bounded by

B(n — B)(MVT + G)*1"? kg, Gl
B(TL — 1) + Oe 4 7 + RM, (332)

where Cy is an absolute constant, Cy, X, © and Ry are the same as in Theorem [3.3.3, B is

E[F(Yi)] - F(x') < C\TKy

-----

Similar to Corollary 3.3.4) by setting E[F(Y})] — E[F(X™)] < ¢, we obtain the following

corollary:.
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Corollary 3.3.7 (SGLD). Under the same conditions as in Theorem[3.3.6, if n S €, SGLD

achieves

E[F(Yx)] — E[F(X™)] = o(gf—//; log (%) + e), (3.3.3)

ol )

iterations, where B is the mini-batch size of Algorithm[J

after

Remark 3.3.8. Corollary[3.3.7 suggests that if the mini-batch size B is chosen to be large
enough to offset the divergent term log(1/€), SGLD is able to converge to the almost mini-
mizer in terms of expected function value gap. This is also suggested by the result in [RRT17].
More specifically, the result in [RRT17] implies that SGLD achieves
E[F(Yx)] - E[F(X™)] =0 (‘;—2 (0—1/4 log (%) + e))

with K = O(d/(\*€*)-log’(1/€)), where o? is the upper bound of stochastic variance in SGLD,
which can be reduced with larger batch size B. Recall that the spectral gap N* in their work
scales as O(e*é(d)), which is in the same order as X in Corollary|3.3.7 In comparison, our
result in Corollary(3.3.7 indicates that SGLD can actually achieve the same order of error for
E[F(Yk)] — E[F(XT™)]| with substantially fewer number of iterations, i.e., O(d/(Ae)log(1/e))

Remark 3.3.9. To ensure SGLD converges in Corollary one may set a sufficiently

large batch size B to offset the divergent term. For example, if we choose

SGLD achieves E[F(Yk )| —E[F(X7™)] < € within K = O(d/(X\e) log(1/€)) stochastic gradient

evaluations.

In what follows, we proceed to present our result on the optimization error bound of SVRG-

LD.
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Theorem 3.3.10 (SVRG-LD). Under Assumptions|3.3.1] and|3.5.3, consider Z generated

by Algorithm [0 with initial point Zy = 0. The optimization error is bounded by

E[F(Zk)] - F(x")

LAM2(n — B)
B(n—1)

1/4
d)} +@e‘AK"+%+RM, (3.3.4)

< 01FK3/477{ <977L(M2F +G?) + 3

where constants Cy, Cy, X, 0,T,G and Ry are the same as in Theorem [3.3.6, B is the mini-
batch size and L is the length of inner loop of Algorithm [0

Similar to Corollaries [3.3.4] and [3.3.7, we have the following iteration complexity for
SVRG-LD.

Corollary 3.3.11 (SVRG-LD). Under the same conditions as in Theorem if n Se,
SVRG-LD achieves E[F(Zg)] — E[F(XT™)] < € after

Ld® 1 1
K=0(———log"( = -
O(B)\4e4 o8 <e> i €>

iterations. In addition, if we choose B = \/ne 32, L = \/ne*/?, the number of stochastic
gradient evaluations needed for SVRG-LD to achieve € precision is

o(ﬁ) 0@,

€5/2

Remark 3.3.12. In Theorem and Corollary [3.3.11], we establish the global conver-
gence guarantee for SVRG-LD to an almost minimizer of a nonconvex function F. To the
best of our knowledge, this is the first iteration/gradient complezity guarantee for SVRG-LD
in nonconver finite-sum optimization. [DRWT16] first proposed the SVRG-LD algorithm
for posterior sampling, but only proved that the mean square error between averaged sample
pass and the stationary distribution converges to e within O(1/€%/?) iterations, which has no

implication for nonconvex optimization.

In large scale machine learning problems, the evaluation of full gradient can be quite
expensive, in which case the iteration complexity is no longer appropriate to reflect the

efficiency of different algorithms. To perform a comprehensive comparison among the three
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Table 3.1: Gradient complexities of GLD, SGLD and SVRG-LD to converge to the almost

minimizer.
Work GLD SGL SVRG-LD
RRTIN  O(2) %9 O(%)-©  N/A
this chapter O(%) . 0@ O(e%) . 0(d) O(%) . 0@

algorithms, we present their gradient complexities for converging to the almost minimizer
X7 with € precision in Table [3.1} Recall that gradient complexity is defined as the total
number of stochastic gradient evaluations needed to achieve e precision. It can be seen from
Table that the gradient complexity for GLD has worse dependence on the number of
component functions n and SVRG-LD has worse dependence on the optimization precision
€. More specifically, when the number of component functions satisfies n < 1/, SVRG-LD
achieves better gradient complexity than SGLD. Additionally, if n > 1/e3, SVRG-LD is
better than both GLD and SGLD, therefore is more favorable.

3.4 Proof Sketch of the Main Results

In this section, we highlight our high level idea in the analysis of GLD, SGLD and SVRG-LD.

3.4.1 Roadmap of the Proof

Recall the problem in (1.1.1)) and denote the global minimizer as x* = argmin, F(x).
{X(t)}+>0 and {Xi}r—o. x are the continuous-time and discrete-time Markov processes
generated by Langevin diffusion (3.1.1)) and GLD respectively. We propose to decompose

the optimization error as follows:

E[F(Xy)] — F(x7)

2For SGLD in [RRTT7], the result in the table is obtained by choosing the exact batch size suggested by
the authors that could make the stochastic variance small enough to cancel out the divergent term in their

paper.
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= B[F(Xy)] ~ E[F(X")] + E[F(X")] - E[F(X")] + E[F(X)] - F(x'), (3.4.1)

I I I

where X* follows the stationary distribution u(dx) of Markov process { Xy }r—0.1

sdlyeeey

K, and
X7 follows the stationary distribution 7(dx) of Markov process { X (t) };>0, a.k.a., the Gibbs
distribution. Following existing literature [MSHO02, [MSTT0l [CDC15], here we assume the
existence of stationary distributions, i.e., the ergodicity, of Langevin diffusion and
its numerical approximation . Note that the ergodicity property of an SDE is not
trivially guaranteed in general and establishing the existence of the stationary distribution
is beyond the scope of this work. Yet we will discuss the circumstances when geometric

ergodicity holds in the Appendix.

X(0 X7 ---->X"

X

XM
Figure 3.1: Hlustration of the analysis framework in our work.

We illustrate the decomposition in Figure [3.1] Unlike existing optimization anal-
ysis of SGLD such as [RRT17], which measure the approximation error between Xj and
X (t) (blue arrows in the chart), we directly analyze the geometric convergence of discretized
Markov chain X to its stationary distribution (red arrows in the chart). Since the distance
between X and X (t) is a slow-convergence term in [RRT17], and the distance between
X (t) and X™ depends on the uniform spectral gap, our new roadmap of proof will bypass

both of these two terms, hence leads to a faster convergence rate.
Bounding /;: Geometric Ergodicity of GLD

To bound the first term in (3.4.1]), we need to analyze the convergence of the Markov chain
generated by Algorithm {4 to its stationary distribution, namely, the ergodic property of the
numerical approximation of Langevin dynamics. In probability theory, ergodicity describes
the long time behavior of Markov processes. For a finite-state Markov Chain, this is also

closely related to the mixing time and has been thoroughly studied in the literature of Markov
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processes [HMOS, LPWO09, BGL13|. Note that [DM16] studied the convergence of the Euler-
Maruyama discretization (also referred to as the unadjusted Langevin algorithm) towards its
stationary distribution in total variation. Nevertheless, they only focus on strongly convex

functions which are less challenging than our nonconvex setting.

The following lemma ensures the geometric ergodicity of gradient Langevin dynamics.

Lemma 3.4.1. Under Assumptions|3.5.1 and|3.5.9, the gradient Langevin dynamics (GLD)

in Algorithm @ has a unique invariant measure p on R, It holds that

) mknpd
[E[F(X,)] — E[F(X")]| < Crps™*(1+ re™) exp ( - 210g(1/7sp)6)’

where C' > 0 is an absolute constant, pg € (0,1) is a contraction parameter depending on the

inverse temperature parameter of Langevin dynamics (3.1.1), and k = 2M (b5 + mf + d)/b.

Lemma establishes the exponential decay of function gap between F(X}) and
F(XT™) using coupling techniques. Note that the exponential dependence on dimension
d is consistent with the result from [RRT17] using entropy methods. The contraction pa-
rameter pg is a lower bound of the minorization condition for the Markov chain X}, which is
established in [MSHO02]. Nonetheless, we would like to point out that the exact computation

of ps requires additionally nontrivial efforts, which is beyond the scope of this work.
Bounding /;: Convergence to Stationary Distribution of Langevin Diffusion

Now we are going to bound the distance between two invariant measures g and 7 in
terms of their expectations over the objective function F. Our proof is inspired by that of
[VZT16, [CDCI15]. The key insight here is that after establishing the geometric ergodicity of

GLD, by the stationarity of u, we have

[ Fooutax) = [ EIF(G0)X0 =) plax)

This property says that after reaching the stationary distribution, any further transition
(GLD update) will not change the distribution. Thus we can bound the difference between

two invariant measures.
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Lemma 3.4.2. Under Assumptions|3.5.1 and|3.5.4, the invariant measures p and w satisfy

Cyn
5 Y
where Cy, > 0 is a constant that dominates E[||VP)(X)||] (p = 0,1,2) and v is the solution

of Poisson equation (3.1.2]).

[E[F(X*)] — E[F(X7)]| <

Lemma [3.4.2] suggests that the bound on the difference between the two invariant mea-
sures depends on the numerical approximation step size 7, the inverse temperature parameter
B and the upper bound Cy. We emphasize that the dependence on 3 is reasonable since
different § results in different diffusion, and further leads to different stationary distributions

of the SDE and its numerical approximations.
Bounding /5: Gap between Langevin Diffusion and Global Minimum

Most existing studies [WTT11, [SN14, [CDC15] on Langevin dynamics based algorithms
focus on the convergence of the averaged sample path to the stationary distribution. The
property of Langevin diffusion asymptotically concentrating on the global minimum of F
is well understood [CHS87, IGM91] , which makes the convergence to a global minimum

possible, even when the function F' is nonconvex.

We give an explicit bound between the stationary distribution of Langevin diffusion and
the global minimizer of F, i.e., the last term E[F(X7)] — F(x*) in (3.4.1). For nonconvex
objective function, this has been proved in [RRT17] using the concept of differential entropy

and smoothness of F'. We formally summarize it as the following lemma:

Lemma 3.4.3. [RRT17] Under Assumptions and[3.3.9, the model error I in (3.4.1)
can be bounded by

- . d eM(mpB/d+1)
E[F(X™)] - F(x*) < %bg( )

m

where X™ 1s a random vector following the stationary distribution of Langevin diffusion

B.1.1).

Lemma suggests that Gibbs density concentrates on the global minimizer of objec-
tive function. Therefore, the random vector X™ following the Gibbs distribution 7 is also

referred to as an almost minimizer of the nonconvex function F' in [RRT17].
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3.4.2 Proof of Theorems |3.3.3, and |3.3.10

Now we integrate the previous lemmas to prove our main theorems in Section (3.3, First,

submitting the results in Lemmas [3.4.1] [3.4.2| and [3.4.3 into (3.4.1]), we immediately obtain
the optimization error bound in (3.3.1) for GLD, which proves Theorem [3.3.3] Second,

consider the optimization error of SGLD (Algorithm , we only need to bound the error
between E[F(Yk )] and E[F (X )] and then apply the results for GLD, which is given by the

following lemma.

Lemma 3.4.4. Under Assumptions and[3.3.9, by choosing mini-batch of size B, the
output of SGLD in Algorithm[5 (Y ) and the output of GLD in Algorithm[{] (X k) satisfies

(3.4.2)

- 1/4
E[F(Yi)] - E[F(Xx)]| < C1y/BO(MVT + G)Kn[ b )] |

B(n—1

where Cy is an absolute constant and T' = 2(1 + 1/m)(b + 2G* + d/B).

Combining Lemmas |3.4.1} [3.4.2} |3.4.3| and |3.4.4] yields the desired result in (3.3.6) for SGLD,

which completes the proof of Theorem [3.3.6] Third, similar to the proof of SGLD, we require
an additional bound between F(Zf) and F(X[) for the proof of SVRG-LD, which is stated

by the following lemma.

Lemma 3.4.5. Under Assumptions and [3.3.9, by choosing mini-batch of size B, the
output of SVRG-LD in Algorithm [0] (Zx) and the output of GLD in Algorithm [{] (Xk)
satisfies

: LM?(n — B)(3LnB(M?T + G?) + d/2)1"*

[E[F(Zk)] - E[F(Xx)]| < C;TK/* Bn—T) ,

where T' = 2(1 + 1/m)(b+ 2G* + d/j3), C} is an absolute constant and L is the number of
inner loops in SVRG-LD.

The optimization error bound in (3.3.4) for SVRG-LD follows from Lemmas 3.4.2]
B.4.3 and B.4H

74



3.5 Fokker-Planck Equation and Backward Kolmogorov Equation

In this section, we introduce the Fokker-Planck Equation and the Backward Kolmogorov
equation. Fokker-Planck equation addresses the evolution of probability density p(x) that

associates with the SDE. We give the following specific definition.

Definition 3.5.1 (Fokker—Planck Equation). Let p(x,t) be the probability density at time t

of the stochastic differential equation and denote py(x) the initial probability density. Then

atp<x7 t) = £*p<x7 t)v p(X, 0) = Do (X)7
where L* is the formal adjoint of L.

Fokker-Planck equation gives us a way to find whether there exists a stationary distribu-
tion for the SDE. It can be shown [IW14] that for the stochastic differential equation (3.1.1),

its stationary distribution exists and satisfies
1
m(dx) = ée_ﬂF(x), Q= /e‘ﬁF(x)dx. (3.5.1)

This is also known as Gibbs measure.

Backward Kolmogorov equation describes the evolution of E[g(X (t))| X (0) = x| with ¢

being a smooth test function.

Definition 3.5.2 (Backward Kolmogorov Equation). Let X (t) solves the stochastic differ-
ential equation (3.1.1)). Let u(x,t) = E[g(X (¢))| X (0) = x], we have

Ou(x,t) = Lu(x,t), u(x,0) = g(x).
Now consider doing first order Taylor expansion on u(x,t), we have
0
u(x,t) = u(x,0) +

o
= g(x) + tLg(x) + O(t?). (3.5.2)

X, t)|=0 - (t — 0) + O(t?)
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3.6 Proof of Corollaries

In this section, we provide the proofs of corollaries for iteration complexity in our main

theory section.

Proof of Corollary[3.3.] To ensure the iterate error converge to € precision, we need

e Cun
-~ 27 /6
The second inequality can be easily satisfied with 7 = O(e€) and the first inequality implies

K > —log (26)
An €

Combining with 7 = O(¢) and © = O(d?/p%?), we obtain the iteration complexity

s-ofn(?)

which completes the proof. O]

<

l\.’)lm

Proof of Corollary[3.3.7. To ensure the iterate error of SGLD converging to € precision, we

require the following inequalities to hold

<

n—B 1Y
Civ/BT(MNT + G)Kn {m] <

wlm

€
3 Y
The third inequality can be easily satisfied with n = O(e). For the second inequality, similar
as in the proof of Corollary [3.3.4] we have

Kn > llog (@)
A €

Since € < 1, we know that log(1/e) will not go to zero when € goes to zero. In fact, if we set

n = 0(e) and K = O(d/(Xe)log(1/€)), the first term in scales as
n—p 1/ 432K 43/ 1
r'mMvr Kn|—— = — | = 1
/BT -0 g | = Bw) (e (7))
Therefore, within K = O(d/(e\) - log(1/e)) iterations, the iterate error of SGLD scales as

d3/? 1
O(B1/4)\log( ) —i—e).

This completes the proof. O
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Proof of Corollary|3.5.11 Similar to previous proofs, in order to achieve an e-precision iter-

ate error for SVRG-LD, we require

LBM?(n — B)
B(n—1)

wl
Wl ™

"B 3 B

By previous proofs we know that the second and third inequalities imply n = O(e) and

AN e Cyn
01FK3/477{ (Qn(M2F+G2) )} < Qe M < <

Kn=0(1/\1og(30/¢)) respectively. Combining with the first inequality, we have

1/4

_0 BY4¢
- (Kn)3/4d5/4L1/4 )

Combining with the first inequality, we have

1o {})

Combining the above requirements yields

L& (1) 1

For gradient complexity, note that for each iteration we need B stochastic gradient eval-

Ui

uations and we also need in total K /L full gradient calculations. Therefore, the gradient

complexity for SVRG-LD is

€

O(K-B+K/L-n)=0~(<%+L)é+ (%+B)1) . 0@,

If we solve for the best B and L, we obtain B = y/ne %2, L = \/ne3/?. Therefore, we have

the optimal gradient complexity for SVRG-LD as

o(22) -,

572

which completes the proof. ]

3.7 Proof of Technical Lemmas

In this section, we provide proofs of the technical lemmas used in the proof of our main
theory.
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3.7.1 Proof of Lemma [3.4.1]

Geometric ergodicity of dynamical systems has been studied a lot in the literature [RT96,
MSHO02|. In particular, [RT96] proved that even when the diffusion converges exponentially
fast to its stationary distribution, the Euler-Maruyama discretization in (3.2.2)) may still
lose the convergence properties and examples for Langevin diffusion can be found therein.
To further address this problem, [MSHO2] built their analysis of ergodicity for SDEs on a
minorization condition and the existence of a Lyapunov function. In time discretization of
dynamics systems, they studied how time-discretization affects the minorization condition
and the Lyapunov structure. For the self-containedness of our analysis, we present the

minorization condition on a compact set C as follows.

Proposition 3.7.1. There exist to € R and & > 0 such that the Markov process {X (t)}

satisfies
B(X (ts) € AX(0) = x) = £v(A),

for any A € B(R?), some fized compact set C € B(R?Y), and x € C, where B(R?) denotes the

Borel o-algebra on RY and v is a probability measure with v(C¢) =0 and v(C) = 1.

Proposition does not always hold for a Markov process generated by an arbitrary
SDE. However, for Langevin diffusion studied in this chapter, [MSH02] proved that
this minorization condition actually holds under the dissipative and smooth assumptions
(see Corollary 7.4 in [MSHO2]). For more explanation on the existence and robustness of the
minorization condition under discretization approximations for Langevin diffusion, we refer
interested readers to Corollary 7.5 and the proof of Theorem 6.2 in [MSHO02]. Now we are

going to prove Lemma [3.4.1] which requires the following useful lemmas:

Lemma 3.7.2. Let V(x) = C + ||x||2 be a function on R?, where C' > 0 is a constant.
Denote the expectation with Markov process { X (t)} starting at x by EX[-] = E[-| X (0) = x].
Under Assumption we have

b+m+d/j

m

EX[V(X(t))] < e ™V (x) + (1 — e 2™y,

for all x € R?.
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Proof. Applying 1t6’s Lemma yields

2d 2
AV(X (1)) = ~2(X (1), VF(X (0)dr + i + z\fgpm), dB(t)). (3.7.1)

Multiplying €™ to both sides of the above equation, where m > 0 is the dissipative constant,

we obtain
me*™ V(X (t))dt + *™dV (X (t)) = 2me*™V (X (t))dt — 2e*™ (X (t), VF (X (t)))dt

2d 8
+ Ze?™mtdt + \/7 Mt X (t),dB(t)).
B 8
We integrate the above equation from time 0 to ¢t and have

V(X (1) = e ™V (X,) +2m/ 2m( )V(X(s))ds—Q/Ot D (X (5), VF (X (s)))ds

w20 [t [2 [ neoix ), amoy, (372

Note that by Assumption [3.3.2], we have

=2 [ e (X (6), R () < =2 [ 0 (] X ()] ~ B)as

t
b
— —om [ mDV(X (s))ds + %(1 ety

(3.7.3)

Combining (3.7.2)) and (3.7.3), and taking expectation over X (¢) with initial point x, we get

b d
EX[V(X ()] < eV () + (1 - ) 41— )
— emetv(X) 4 b + mm+ d/ﬁ(l o 672mt>7

where we employed the fact that dB(s) follows Gaussian distribution with zero mean and is

independent with X (s). O

Lemma 3.7.3. (Theorem 7.3 in [MSHO02]) Under Assumptions|(3.3.1 and|3.3.2, let V(x) =

Co + M/2||x||3 be an essential quadratic function. The numerical approzimation (3.2.1])
(GLD) of Langevin diffusion (3.1.1) has a unique invariant measure p and for all test func-
tion g such that |g| <V, we have

[Blg(X)] — Blg(X™)]| < Crpy (1 + ke™) exp (_ kan%)

log(r)
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where C' > 0 is an absolute constant, pz € (0,1) is some contraction parameter depending

on the inverse temperature B of Langevin dynamics, and k = 2M(b+ m + d)/m.

Here we provide a sketch of proof to refine the parameters in the results by [MSH02|. For
detailed proof, we refer interested readers to Theorem 7.3 in [MSHO02].

Proof. Denote k = 2M (b+m+d)/m according to Lemma[3.7.2) where b, m are the dissipative
parameters. Following the result in [MSHO02], we define ¢ = p% with some parameter 0 <
pp < 1 that can depend on the inverse temperature parameter 3 of the dynamics .
¢ is some lower bound of the minorization condition similar to that in Proposition [3.7.1
but is established for the Markov chain for the discretized algorithm. Note that we actually
have f =1 in [MSHO2]. For the ease of presentation, we will omit the subscript 5 when no
at sample rate

confusion arises. Let {X;};—01,.. be a sub-sampled chain from {X}};—01

........

7 > 0. By the proof of Theorem 2.5 in [MSH02|, we obtain the following result

[Blo(X,.)] ~ Elg(X*)]| <V +1](1=6)°" + VEVr)aw" A (37.4)

is a bounded constant, § € (e72™ 1) is a constant, and « € (0,1) is chosen small enough

such that 6x*2 < 1. In particular, we choose a € (0,1) such that dx*/? < (1 — ¢)%, which

yields

oo los1/8) o1/
= Tog(V/(1=9)) ~ log(v)’

where the last inequality is due to 1 — ¢ < 1. Submitting the choice of « into (3.7.4)) we have

UHMXLH—EMCX%H§2$§WV+Jn%mx1—¢whwﬁVmw®

22k
Vo

where r = (1—¢)'8(1/9)/1og(v¥) ig defined as the contraction parameter. Note that by Taylor’s

[V 4 1]V (xq)elm 108 (3.7.5)

expansion we have

logr = log(1 — (1— 1)) = —(1— ) — U _27")2 _a _37")3 — < —(1—7), (3.7.6)
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when |1 — r| < 1. By definition r = (1 — ¢)°8(1/9/106(V%) and ¢ = p¢ where p € (0,1) is a
constant. Since it is more interesting to deal with the situation where dimension parameter
d is large enough and not negligible, we can always assume that |¢| = p? is sufficiently small

such that for any 0 < ( < 1
(1—-¢)=1-Co+C¢(¢C—1)/2¢" + ...+ (i)(—¢)”+... <1-¢(¢ (3.7.7)

by Taylor’s expansion. Submitting (3.7.6) and (3.7.7)) into (3.7.5)) yields

2v2k 2ml7‘77pd)
Vo log(r) )

where we chose § = e™""1. Next we need to prove that the unsampled chain is also exponential

[Elg(Xir)] — Elg(X")]] < [V + 1]V (xo) exp ( - (3.7.8)

ergodic. Let k =17+ 7 with j =0,1,...,7 — 1. We immediately get

22k - Ve [ — 2mlrnp?
VR (e (- )

Since the GLD approximation (3.2.1]) of Langevin is ergodic when sampled at rate 7 = 1, we
have k = I7 =1 and j = 0. Note that by Lemma A.2 in [MSHO02], we have C = {x: V(x) <

[Elg(Xiris)] — Elg(X")]| <

#x/e~™1}, which implies that V = ke™. Thus we obtain

[Bia(X,)] ~ Bla(X")]| < Crp (e + yexp (= o).

where we used the fact that xo = 0 and C > 0 is an absolute constant. O

Proof of Lemma[3.4.1. The proof is majorly adapted from that of Theorem 7.3 and Corollary
7.5 in [MSHO2]. By Assumption [3.3.1] F'is M-smooth. Thus we have

F(x) < F(y) + {VE(y), %~ y) + 3 I~ vl

for all x,y € R%. By Lemma and choosing y = 0, this immediately implies that F'(x)
can always be bounded by a quadratic function V(x), i.e.,

M M

F(x) < 7V(X) = 7(00 + |1%]13)-

Therefore V' (x) is an essentially quadratic Lyapunov function such that |F(x)| < MV (x)/2
for x € R%. By Lemma the Lyapunov function satisfies
b+m+d/f

m

E[V(X (1)) < e ™™V (xo) +
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.....

N M(b—i—m—i—d/ﬁ)'

EX[MV(X1)/2] < e ™MV (xg)/2] 5 (3.7.9)
Recall the GLD update formula defined in
X1 = X —nVF(Xy) + V21871 - €.
Define F'(Xy) = BF (X)) and ' = n/B, we have
X1 =X —0'VE(XL) + /27 - €. (3.7.10)

This suggests that the result for § # 1 is equivalent to rescaling n to /5 and F(-) to SF(-).

Therefore, in the following proof, we will assume that 5 = 1 and then rescale n, F'(-) at last.

Similar tricks are used in [RRT17, ZLC17]. Under Assumptions |3.3.1] and [3.3.2] it is proved

that Euler-Maruyama approximation of Langevin dynamics (3.1.1)) has a unique invariant
measure i on R?. Denote X* as a random vector which is sampled from measure p. By

Lemma [3.7.3] for all test function g such that |g| <V, it holds that

[Elg(X,)] — Elg(X*)]| < O’y (14 w'em) exp ( - 2m’“?pﬁ),

log(r/)

where C' > 0 is an absolute constant, pg € (0,1) is some contraction parameter depending
on the inverse temperature § of Langevin dynamics, and ' = 2M (b + m + d)/m. Take F
as the test function and X, = 0, and by rescaling n and F(-) (dissipative and smoothness

parameters), we have

E[F(X,)] - E[F(X*))| < Crps (1 + re™) exp ( B kanprB)’

log(r)
where k = 2M (b3 + mp + d)/m. O

3.7.2 Proof of Lemma [3.4.2]

To prove Lemma|3.4.2] we lay down the following supporting lemma, of which the derivation

is inspired and adapted from [CDCI5].
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Lemma 3.7.4. Under Assumptions and the Markov chain { Xy}, generated

by Algorithm [{] satisfies

= ) 3 0

& S EFC)Xo = - F < (S + 8,

where F = [ F(x)m(dx) with 7 being the Gibbs measure for the Langevin diffusion (3.1.1)).
To prove Lemma , we choose the test function in Poisson equation as g = F.

Given the Poisson equation, suppose we choose g as F', the distance between the time average

of the GLD process and the expectation of F' over the Gibbs measure can be expressed by
K K

= F(Xy) - F=—) Ly(Xp). (3.7.11)
k=1 k=1

Note that by [MST10, VZT16], we know the Poisson equation (3.1.2) defined by the gen-

erator of Langevin dynamics has a unique solution ¥ under Assumptions [3.3.1] and [3.3.2]

According to Theorem 3.2 in [EMSIS], the p-th order derivatives of ¢ can be bounded by
some polynomial growth function with sophisticated coefficients (p = 0,1,2). To simplify
the presentation, we hence follow the convention in the line of literature [CDCI15, VZT16]
and assume that E[||VP¢(X})||] can be further upper bounded by a constant Cy for all
{Xi} k>0 and p = (0,1,2), which is determined by the Langevin diffusion and its Poisson
equation. In fact, [EMSI18] showed that the upper bound of derivatives (up to fourth order)
of ¥ only requires the dissipative and smooth assumptions. We refer interested readers to
[EMS18] for more details on deriving the C, for Langevin diffusion. We show that the case
p = 0 can be easily verified as follows. By Assumption [3.3.1] using a similar argument as in

the proof of Lemma [3.4.1) we bound F(x) by a quadratic function V' (x)
M M
P < 2V = 2(Cy +x]3).

Applying Assumption and Theorem 13 in [VZT16] we have

)] < Ci(1+|Ix][2) < C2V (%) (3.7.12)

Note that by Assumptions [3.3.1] and [3.3.2| we can verify that a quadratic V(x) and p* = 2

satisfy Assumption 12 in [VZTI16] and therefore we obtain that for all p < p*, we have

sup EVP(X}) < oo. (3.7.13)
k
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Combining (3.7.12)) and ([3.7.13|) we show that ¢)(X}) is bounded in expectation.

Proof. For the simplicity of notation, we first assume that § = 1 and then show the result
for arbitrary S by a scaling technique. Note that for the continuous-time Markov process
{D(t) }+>0 defined in (3.7.33)), the distribution of random vector (X7, ..., X) is equivalent to
that of (D(n), ..., D(nK)). Let ¢ be the solution of Poisson equation £¢) = g— [ g(x)m(dx).
Since we have E[¢(X})| X = x] = E[¢(D(nk))| Dy = x]. We denote E[w(D(nk))|D0 = x|
by EX[¢)(D(nk))]. By applying (3.5.2), we compute the Taylor expansion of E*[¢(D(nk))]
at D(n(k—1)):

EX[ (D (nk))] = EX[(D(n(k — 1)))] + nE*[Lo(D(n(k — 1)))] + O(n*).

Note that the remainder also depends on the second order derivative of the Poisson equation

and are bounded by constant C,. Take average over & = 1,..., K and rearrange the equation
we have
1 1«
n—K(E"W(D(nK))] —¥(x) +0(n) = > EX[Lo(D(n(k — 1)) (3.7.14)
k=1

Submit the Poisson equation (3.7.11)) into the above equation (3.7.14)) we have

Z - F- % EX[L(Xi )] = ZEX LoD (k1))
- niK(EWD(nK))] — (x)) + ()
L s
= n_K<E [V(Xk)] — %D(X)) +0(),

where the second and the fourth equation hold due to the fact that the distribution of { X}
is the same as the distribution of {D(nk)}. We have assumed that (X}) and its first and
second order derivatives are bounded by constant C, in expectation over the randomness of

X. Therefore, we are able to obtain the following conclusion

_ 1
EX[F —F| <Cyl — .
'K Z ‘ - w(nK +n)
This completes the proof for the case § = 1. In order to apply our analysis to the case

where § can take any arbitrary constant value, we conduct the same scaling argument as in
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(3.7.10).

K-1
1 = 1 5 o.n
— EX\F(Xy) — F| <C "N =Cyl —=+-=).
'K; FX0) ‘_ ¢<77’K+77) w(nKJFB)
This completes the proof. O

Proof of Lemma([3.4.2. By definition we have

|E[F(X*)] —E[F(X7)]| = ‘ / / F(x)m(dx)|. (3.7.15)

For simplicity, we denote the average [ F(x)m(dx) as F. Since p is the ergodic limit of the

Markov chain generated by the GLD process, for a given test function F', we have

[ Fooutax) = [ ELF(G0)X0 =) plax)

Since p and 7 are two invariant measures, we consider the case where K — oo. Take average

over K steps {X;}5' we have

/F( :[;5{1)0/ ZE (X5)| Xo = x] - p(dx). (3.7.16)
Submitting (3.7.16)) back into (3.7.15)) yields
|E[F(X*)] — E[F(XT)] |—I}1m ‘/[ F(Xy)| X0 =x] — F] - p(dx)
— 00
< lim / ‘— F(Xy)| Xo = x| — F‘ - pu(dx). (3.7.17)
—00

Apply Lemma with g chosen as F' we further bound (3.7.17) by

[Bir ()] - BF O] < G i [ (24 7) ()

K—o0 nkK f
B . Bon
_ Cyn
B
This completes the proof. O]
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3.7.3 Proof of Lemma [3.4.4]

Lemma [3.4.4] gives the upper bound of function value gap between the GLD iterates and the
SGLD iterates. To bound the difference between F'(X ) and F(Yk), we need the following

lemmas.

We first lay down the following lemma on the bounds of gradient of f;.

Lemma 3.7.5. For any x € R%, it holds that
IV i)l < Mlx]2 + G
for constant G = max;—1__,{||V fi(x*)||2} + bM/m.
Proof. By Assumption |3.3.2] we obtain
(x", VF(x")) = m|x"||5 — b.

Note that x* is the minimizer for F', which implies that VF(x*) = 0 and therefore ||x*||; <
b/m. By Assumption we further have

IVfix)llz < IV Ai(x)l2 + Mllx = xls < [V fi(x)ll2 + —= + MlJx]l2.

The proof is completed by setting G = max;—1__,{||V fi(x*)||2} + bM /m. O

Lemma 3.7.6. Under Assumptions and for any x € R?, it holds that

C_ A= B)(M|x|l + G)?
- B(n —1) ’

where B = |I;| is the mini-batch size and G = max;—; . {||V fi(x*)||2} +0M/m.

Proof of Lemma[3.7.6. Let u;(x) = VF(x) — V fi(x), consider

|55,

i€l

Z—E > wix) u(x) + IEIIUIZ( iz

'L;éz el

~ i STl + B ()1
1751
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B-1 1
Bnn_l Zuz w(x) = oy B eI + GE (ol

n—DB 9
= mEHui(X)sz (3.7.18)

where the last equality is due to the fact that 1/n ", u;(x) = 0. By Lemma we have

IV fi(x)]l2 < M|x||2 + G, therefore we have |[VF(x)|2 < M|x||2 + G and consequently,
|u;(x)]]2 < 2(M||x]|2 + G). Thus (3.7.18)) can be further bounded as:

g

i€y,

n-B
B(n—1)

| /\

A(M||x[|2 + G)*.

This completes the proof. O]

The following lemma describes the L? bound for discrete processes X, (GLD), Y} (SGLD)
and Z; (SVRG-LD). Note that for SGLD, similar result is also presented in [RRT17].

Lemma 3.7.7. Under Assumptions and [3.3.3, for sufficiently small step size 1), sup-
pose the initial points of Algorithms EL @ and @ are chosen at 0, then the L? bound of the
GLD process , SGLD process and SVRG-LD process (3.2.3)) can be uniformly
bounded by

1 d
max{E[|| X.|5], E[[| Yz|3, E[| Zc|3]} < T, where T := 2(1 + E) (b +2G* + E>7
for any k=0,1,..., K, where G = max;—;__o{||V fi(x*)||2} + bM/m.

We provide the proof of L? bound of GLD and SVRG-LD iterates X, and Z,. Note that
a similar result of SGLD has been proved by [RRT17] and thus we omit the corresponding

proof for the simplicity of presentation.

Proof of Lemma[3.7.7. Part I. We first prove the the upper bound for GLD. By the defini-

tion in (3.2.1f), we have

E[| X [2] = B[l X, — 1V F(X)] + \/%Euxk ~nVF) )] + 2Bl
— E[|Xe — qVF(X)]3) + 2%1
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where the second equality follows from that € is independent on X,. Now we bound the

first term

E[| X5 — nVF(X)|3] = E[| Xi|l3] — 2nE[( X, VF(X0))] + 0"E[|VF(X5)I2]
< E[|| X[[2] + 2n(b — mE[[| Xk [3]) + 20 (ME[| X5 3] + G?)

= (1= 2nm + 20> M*)E[|| Xk 3] + 2nb + 20°>G?,

where the inequality follows from Assumption Lemma [3.7.5| and triangle inequality.

Substitute the above bound back and we will have

2nd
E[|| X |2 < (1 — 2pm + 202 MAE[|| Xx]2] + 20b + 22G2 + == (3.7.19)

B

For sufficient small 7 that satisfies n < min {1,m/(2M?)}, there are only two cases we need
to take into account:

If 1 — 2nm + 2n*M? < 0, then from ([3.7.19) we have

2nd d
E[|| X ||2] < 20b + 272G2 + % < | X2 + 2<b +G2 5)' (3.7.20)

If 0 < 1—2npm+ 2n>M? < 1, then iterate ([3.7.19)) and we have

nb + n?G? 4 1 2 d
E[| Xk [3] < (1 — 2nm + 20> M?)* || Xoll5 + - n2M2ﬁ < || X2 + - (b TG+ 3)'
(3.7.21)

Combine (3.7.20) and (3.7.21)) and we have

sl < 1l + (24 2) (e @2+ ) =2(1+ 1) (e 5),

where the equation holds by choosing X, = 0.

Part II: Now we prove the L? bound for SVRG-LD, i.e., E[|| Z,||3], by mathematical induc-
tion. Since Vi =1/BY, o1 (Vi (Z1) = Vi,(Z9) + VF(ZY)), we have

Ell Zen |2 = El 2. - n¥all2) + \/877E[<zk 1 ] + SRl

~ 2nd
= B[ 2~ nVillf + 5 (3.7.22)
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where the second equality follows from the fact that € is independent of Z; and standard
Gaussian. We prove it by induction. First, consider the case when k = 1. Since we choose

the initial point at Zy = 0, we immediately have

- 8 ~ 2
E(Z12) = Ell|Zo — n¥oll2 + \/ngo o )]+ B[l

E
2nd
= B[V F(Z0) ] + 5
2nd
S 2G2 + T4
! E

where the second equality holds due to the fact that Vo = VF(Z;) and the inequality follows
from Lemma [3.7.5] For sufficiently small n we can see that the conclusion of Lemma
holds for E[|| Z,||3], i-e., E[||Z1]|3] < T, where I' = 2(1 + 1/m)(b + 2G* + d/3). Now assume
that the conclusion holds for all iteration from 1 to k, then for the (k + 1)-th iteration, by
(3.7.22) we have,

2nd

E[| Z11 ]3] = E[| Zx — 0 Vill3] + 5

(3.7.23)
For the first term on the R.H.S of (3.7.23) we have

E[|Zi — nVill3] = E[|| Zx — nVF(Zy)|3) + 20E(Zyx — 0V F(Zy),VF(Zy) — Vi)

+n°E[|VF(Z) - @k”%]

— E[| 2, - qVF(Z)|3] + PEIIVE(Z) - Vi3, (3.7.24)

T Ts
where the second equality holds due to the fact that E[?k] = VF(Z). For term T7, we can
further bound it by

E[|Z — nVF(Zy)|I2] = E[| Zi]12] — 2nE[(Ze, VF(Zi)] + B[V F(Z)|12]
< E[l|Zx12] + 2n(b — mE[| Zu|13]) + 20*(ME[|| Zi|I2] + G*)

= (1 = 2npm + 20> M*E[|| Zx||2] + 2nb + 2n*G?,

where the inequality follows from Lemma [3.7.5] and triangle inequality. For term 75, by

Lemma [B.7.11] we have

M?*(n — B) = (5)[12
Bl 1) EllZi =27, <

2M?*(n — B)

= 2
— <
E|VE(Zy) — Vs < B(n—1)

(Bl Zll; + B Z2]3).
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Submit the above bound back into (3.7.22)) we have

n—B
E[|| Zy413] < <1 — 2nm + 2n° M? (1 + m))E[szng]

20 M?(n —
B(n—1)

2nd

5
Note that by assumption we have ]EHZJHE <Tforallj=1,...,k where = 2(1+1/m) (b+
2G? + d/ﬁ), thus (3.7.25) can be further bounded as:

(3.7.25)

Blgl| 20| +20p + 2207 +

2(n— B 2nd
B[|| Z1||2] < (1 — 2m + 22 M2 (1 + ﬁ)) T+ 2nb + 22G2 + % (3.7.26)

Cx

For sufficient small n that satisfies

m
< min | 1, ,
7= ( 2M2(1+2(n—3)/(3(n—1)))>
there are only two cases we need to take into account:

If C) <0, then from (3.7.26) we have

ond d
E[|| Zri1 3] < 2nb+ 2n°G* + % < z(b +G? + 5)' (3.7.27)

If 0 < C) <1, then iterate and we have

nb + n*G* + %l
nm — 772M2<1 + %)
Combining and , we have

Elll Zin 2] < 2(1 i %) <b Lt %)

Thus we show that when E[|Z;||3],7 = 1,...,k are bounded, E[||Zx1()3] is also bounded.

2 d
E[ll Ze 3 < O 11Zol3 + <2 (b e _). (3.7.28)

B

By mathematical induction we complete the proof. O

The following lemma gives out the upper bound for the exponential L? bound of X.

Lemma 3.7.8. Under Assumptions and [3.3.9, for sufficiently small step size n < 1
and the inverse temperature satisfying 8 > max{2/(m — M?n), 4n}, it holds that

268(b+ G?) +2d

log Efexp([| Xx][2)] < [1Xoll2 + 5=y

kn.
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Proof. We have the following equation according to the update of GLD in (3.2.1),
2 2n |12
Elexp (| X D) = Bexp ( | Xe —nVF(Xi) +/ Fer

8 2
— Eexp (uxk — AV EXIE +[TX — nV (X0, ) + —"uekna).

G
(3.7.29)
Let H(x) = exp(||x||3), we have E[H(X}11)] = Ex, [E[H(X)11)|Xk]]. Thus we can first
compute the conditional expectation on the R.H.S of (3.7.29) given X}, then compute the
expectation with respect to X,. Note that €, follows standard multivariate normal distri-

bution, i.e., € ~ N(0,1;44). Then it can be shown that

E {exp (\/%Xk _OVE(X)), e + %”Hekné) M

1 ( 4n 5
= 2 P | 71Xk = V(X )
(1= an/3)"* "\ =4 2
holds as long as 8 > 4n. Plugging the above equation into (3.7.29)), we have
1
E[H(X}+1)] = —5Ex {exp ( | Xk — nVF(Xk)Hz)l. (3.7.30)
B N S 2

Note that by Assumption [3.3.2] and Lemma [3.7.5| we have

Ex, exp ( | Xk — UVF(X)Hg)

s
p—4n
= ]E’Xk eXp(

2 X — 2005, TFOK) + P IVFXIR))

< Ex, oxp ( (X2 — 20(m ] Xell2 — b) + 202 (M2 X2 + GQ)))

5
B —4n

= Ex, exp ( ((1—277m—{—2772M2)HXkH§—|—2b77—|—2772G2)>.

B —dn
Consider sufficiently small i such that n < m/M?. Then for § satisfying 8 > max{2/(m —
M?n),4n}, we have 8(1 — 2nm + 2n>M?)/(B — 4n) < 1. Therefore, the above expectation

can be upper bounded by

Ex, exp (

2
X = iV F O ) < exp (21

L el XL
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Substituting the above inequality into (3.7.30)), it follows that

1 2nB(b + nG?)
I (Xi)] < g o (2200 s
2n(8b + nBG?* + d)
< exp (2L D g )

where we used the fact that log(1/(1 —z)) < x/(1 —z) for 0 < 2 < 1 and that

1 d 1 2dn/B  2nd
tos ((1—477/5)””2) —gloe (1—4n/ﬁ> =7 —4n/B  B—4n’

Then we are able to show by induction that

2
E[H(X,)] < exp (an(ﬁb;_nff +d)

which immediately implies that

ﬁwwmm,

268(b+ G?) +2d
B —4n

where we assume that n <1 and g > 4n. [

log Elexp([| Xx15)] < [1Xoll5 +

kn,

Lemma 3.7.9. [PW14, [RRT17] For any two probability density functions p, v with bounded

second moments, let g : R? — R be a C' function such that
[Vg(x)|l2 < Ci||x||2 + Cy, ¥x € R
for some constants Cy,Cy > 0. Then

[ o= [ st

where W is the 2-Wasserstein distance and o = max { [o. ||x[[30(dx), [a [|x]30(dx)}.

< (Cro + Co)Wa(u,v),

Lemma 3.7.10. (Corollary 2.3 in [BV05]) Let v be a probability measure on R?. Assume
that there exist xo and a constant o > 0 such that [ exp(a||x — xo||3)dv(x) < oco. Then for

any probability measure 1 on R?, it satisfies

Wa (1, v) < Co(v/Dia(ull7) + (D (pllv)/2) )

where C), 1s defined as

. 1/3 ,
CV B xoGIer‘ga>0 \/a (5 + IOg / eXp(O'/HX - XOHQ)dV(X)) .
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Proof of Lemma([3.4.4 Let Px,Qr denote the probability measures for GLD iterate X g
and SGLD iterate Yx respectively. Applying Lemma to probability measures Pk and

Qx vields
[E[F(Yio)] ~ E[F(Xx0)]| < (CiVT + Co)WalQic, Pr). (3.7.31)

where C,Cy > 0 are absolute constants and I' = 2(1 + 1/m)(b + 2G* + d/f3) is the upper
bound for both E[|| X4||2] and E[||Y;||3] according to Lemma [3.7.7 We further bound the
W, distance via the KL-divergence by Lemma as follows

Wi(Qk, Px) < A/ Dx1(Qk||Px) + v/ Dxi(Qk|| Px)), (3.7.32)

where A = /3/2 + log Ep, [exp(|| X k||2)]. With Lemma we have A = /(6 + 2I")Kn.

Therefore, we only need to bound the KL-divergence between density functions Py and Q.

To this end, we introduce a continuous-time Markov process {D(t)}+>0 to bridge the gap

between diffusion {X (t)}+>0 and its numerical approximation { Xy }x—01. . k. Define
dD(t) = b(D(t))dt + \/26-1dB(t), (3.7.33)

where b(D(t)) = — > 7 VF(X (nk))1{t € [nk,n(k + 1))}. Integrating (3.7.33) on interval
[nk,n(k + 1)) yields

D(n(k+1)) = D(nk) —nVF(D(nk)) + /207" - €,

where €, ~ N(0,1;.4). This implies that the distribution of random vector (X;, ..., Xk) is
equivalent to that of (D(n),...,D(nK)). Similarly, for Y, we define

dM (t) = ¢(M(t))dt + \/26-1dB(t),

where the drift coefficient is defined as c¢(M(t)) = —> oy g(M(nk))1{t € [nk,n(k +
1))} and gi(x) = 1/B ) ;c; Vfi(x) is a mini-batch of the full gradient with [ being a
random subset of {1,2,... ,n} of size B. Now we have that the distribution of random
vector (Yi,...,Yx) is equivalent to that of (M(n),..., M(nK)). However, the process

M (t) is not Markov due to the randomness of the stochastic gradient g,. Therefore, we

define the following Markov process which has the same one-time marginals [Gyo86] as

dM(t) = h(M(t))dt + /28~ dB(t), (3.7.34)
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where h(-) = —E[gr(M (nk)) 1{t € [nk,n(k + 1))}|M(t) = -] is the conditional expectation
of the left end point of the interval which M(t) lies in. Let P, denote the distribution of
D(t) and Q; denote the distribution of M (¢). By (3.7.33) and (3.7.34), the Radon-Nikodym

derivative of PP, with respective to Q; is given by the following Girsanov formula [LS13]

ot e {5 [[01(6) ~ ) (@01() - )09

d@t
-5 [ i - b(M(s))II%ds}-

Since Markov processes {D(t)}:>0 and {M (t)}:>¢ are constructed based on Markov chains
X and Y%, by data-processing inequality the K-L divergence between Px and (i can be
bounded by

D1 (Qkl||Px) < Dkr(Quk||Pyx)

=#[os ()|

=2 [ sl - o Rlar, (3:.35)

where in the last equality we used the fact that dB(t) follows Gaussian distribution inde-
pendently for any ¢ > 0. By definition, we know that both A(M (7)) and b(M(r)) are step
functions when r € [nk,n(k + 1)) for any k. This observation directly yields

n(k+1)

/O” E[[[A(M(r)) — b(M ()| dr<2 / E[|lgx (M (nk)) — VF(NE(nk))|[2]dr

-1

nZE lgr(Yz) — VF(Y3)|2],
k=0

where the first inequality is due to Jensen’s inequality and the convexity of function || - ||?,

and the last equality is due to the equivalence in distribution. By Lemmas [3.7.6[ and [3.7.7],

we further have

K 4K (n — B)(MT + G)?

/ E[|(M (1) — HM () [2]dr < T B(n)f oy TG (3.7.36)

0

Submitting and into (3.7.32)), we have
pnK(n— B)(MT' +G)? ,[fnK(n— B)(MT + G)?
Wel@ i) < A(\/ Bln—1) +\/ Bln—1) )
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gA\/ﬁ"KV"_B(MF+G>2. (3.7.37)

B(n—1)

Combining (3.7.31)) with (3.7.37)), we obtain the expected function value gap between SGLD
and GLD:

PTGy | B = BT + G v

[E[F(Y3)] - E[F(X))]| < Cy Bn—1)

bl

where we adopt the fact that Kn > 1 and assume that C; > Cs. O

3.7.4 Proof of Lemma [3.4.5|

Similar to the proof of Lemma to bound the difference between F(X ) and F(Zk),

we need the following lemmas.

Lemma 3.7.11. Under Assumptions |3.5.1) and |3.5.2, for each iteration k = sL + ¢ in
Algorithm[6], it holds that

M?*(n — B)

. .
BV~ VF(ZIE < T

E||Z, — Z¢

I

where Vi, = 1/B D el (Vi (2Zy) - Vi, (Z 7)) + VF(Z®) ) and B = |I;;| is the mini-batch

size.

Proof. Since by Algorithml[f|we have Vi = (1/B) ", ;. (Vi (Z4) -V £, (Z9)+VF(ZVY)),
therefore,

B9, - VP21 ~E| 5 3 (V/u(Z1) - VA(Z9) + VF(Z®) - VF(Z)

ik €1k

2

Let w; = VF(Zy) — VF(Z®) — (V. (Z)) — Vi, (ZD)).

EH_ZW

= LE Y w0 w0 + B ()

1€y, 175161k
Bm_l Zuz )+ Euux )12
B—-1 1
i(x) "y (x) — B w(x)||2 + SE[u(x)]3
Bnn—l Zu B =Bl ol + ZE (ol
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n—B 9
mEHUi(X)Hm (3.7.38)

where the last equality is due to the fact that 1/n )" | u;(x) = 0. Therefore, we have

B{IVe ~ VA(ZIE) < Bl
= S IV () = V£u(2) ~ EIV (20 - VA2
< G EIVAZ) - V)
< %Euzk A (3.7.39)

where the second inequality holds due to the fact that E[||x — E[x]||3] < E[||x||3] and the last

inequality follows from Assumption [3.3.1] This completes the proof. O

Proof of Lemma[3.4.5. Denote Q% as the probability density functions for Zy. For the
simplicity of notation, we omit the index Z in the remaining part of this proof when no
confusion arises. Similar as in the proof of Lemma |3.4.4] we first apply Lemma to
probability measures Px for X and Q% for Zg, and obtain the following upper bound of

function value gap
IE[F(Zk)] — E[F(Xk)]| < (C1VT + Co)Wh(Q%, Px), (3.7.40)

where C1,Cy > 0 are absolute constants and I' = 2(1 + 1/m)(b + 2G? + d/f3) is the upper
bound for both E[|| X}||3] and E[|| Z||3] according to Lemmal[3.7.7] Further by Lemmal3.7.10]
the W, distance can be bounded by

Wa(Q% Pic) < A(y/ Die(QZ1|Px) + 4/ Dicc(QZ 11 Pxc). (3.7.41)

where A = \/3/2 + log Ep, [elXxI3]. Applying Lemma [3.7.8| we obtain A = /(6 + 2T') K.

Therefore, we need to bound the KL-divergence between density functions Px and QZ.

Similar to the proof of Lemma |3.4.4] we define a continuous-time Markov process associated
with Z, as follows dIN (t) = p(N(t))dt + \/28-1dB(t), where p(N(t)) = — 3202 V. 1{t €
[nk,n(k-+1))} and V}, is the semi-stochastic gradient at k-th iteration of SVRG-LD. We have

that the distribution of random vector (Z1, ..., Zk) is equivalent to that of (IN(n), ..., N(nK)).
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However, N (t) is not Markov due to the randomness of V. We define the following Markov

process which has the same one-time marginals as N ()

dN (t) = q(N(t))dt + /26~ 1dB(t), (3.7.42)

where ¢(-) = —E[V, 1{t € [nk,n(k + 1))}|p(N(t)) = ]. Let Q7 denote the distribution of
N(t). By (3.7.33) and (3.7.42), the Radon-Nikodym derivative of P; with respective to QZ

is given by the Girsanov formula [LS13]

TN — exp {\[ / b(N (1)) (AN (r) = h(N(r))dr)

d@t
2 [ lawve - b(N(r»H%dr}.

Since Markov processes {D(t)}:;>0 and {N(t)}+>0 are constructed based on X and Zj,
by data-processing inequality the K-L divergence between Px and Q% in (3.7.41)) can be
bounded by

Dx1(Q%|1Px) < Dxu(Qfk|[Pyx)

()

_8 / E[llg(N(r)) — BN ()|2] dr- (3.7.43)

where in the last equality we used the fact that dB(t) follows Gaussian distribution inde-
pendently for any ¢ > 0. By definition, we know that both ¢(IN(r)) and b(IN(r)) are step

functions when r € [nk,n(k + 1)) for any k. This observation directly yields

nK n(k+1) B
[ Bl o) - s ) Bl < Z [ ST - wE G
-1
=1 E[HVk(Zk) — VF(Zy)|3],
k=0
where the first inequality is due to Jensen’s inequality and the convexity of function || - ||3,

and the last equality is due to the equivalence in distribution. Combine the above results

we obtain

[Wk — VF(Z)|3)

MN

D (QlIPe) < IS

=
Il

0
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< 5—22 E[|Vopee — VE(Zoreo) 3, (3.7.44)

where the second inequality follows the fact that & = sL + ¢ < (s 4+ 1)L for some ¢ =
0,1,...,L — 1. Applying Lemma [3.7.11] the inner summation in (3.7.44]) yields

“M2

L-1
> E[|Virie — VF(Zor10)|}] Bn ]EstLH ~ZY)|2. (3.7.45)
£=0 £=0
Note that we have
E| e~ 29
-1 5
( sLJru) vfzsL+u( s)) + VF Z(S Z ;65L+K
u=0
o— —1 dnd
Z 277 vaZsL+u SL+U) vflsL+u( ) + VF S) H + Z 7
u=0 u=0
(91277 (M°T? +G?) + g) (3.7.46)

where the first inequality holds due to the triangle inequality for the first summation term,
the second one follows from Lemma and Lemma [3.7.7, Submit (3.7.46) back into
(3.7.45) we have

L-1 L 1
~ 4 M2 td
> EllVerse = VE(Zusd) 3] < =5 T B $ <9£2 (MT? + G?) + F)
=0 =0
477M2(n — B) 3 9 o dL?
< —————| 3L n(M°T — 7.4
Boi—1) 3L°n( +G)+25 (3.7.47)

Since (3.7.47)) does not depend on the outer loop index ¢, submitting it into (3.7.44) yields

" KLM?*(n — B)(3LnB(M?T + G*) + d/2)

MN

% (3.7.48)

>
I

0

Combining (3.7.40)), (3.7.41]) (3.7.44)) and ([3.7.48)), we obtain

n*KLM?(n — B)(3LyS(M™T + G*) +d/2)]"*
[E[F(Zk)] — E[F(Xx)]| < CiTVEn il |

where we use the fact that Kn > 1, n < 1 and assume that C > Cj. m
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CHAPTER 4

Sample-Efficient Policy Optimization Methods with

Variance Reduction

4.1 Introduction

In the previous part, we have discussed nonconvex optimization algorithms for general op-
timization problems. Now, we will generalize the sample-efficient optimization algorithms
for general nonconvex optimization problems to reinforcement learning. In this chapter, we
will focus on policy gradient methods, which are the most popular approach to optimize
the agent’s policy in the high dimensional continuous action space. Policy gradient method
[SMSMO0] parameterizes the policy by an unknown parameter @ € R? and directly opti-
mizes the policy by finding the optimal 8. The objective function J(8) is chosen to be the
performance function, which is the expected return under a specific policy and is usually
non-concave. Our goal is to maximize the value of J(0) by finding a stationary point 6*

such that ||[V.J(0*)|]2 = 0 using gradient based algorithms.

Due to the expectation in the definition of J(@), it is usually infeasible to compute the
gradient exactly. In practice, one often uses stochastic gradient estimators such as REIN-
FORCE [Wil92], PGT [SMSMO00] and GPOMDP [BB01] to approximate the gradient of
the expected return based on a batch of sampled trajectories. However, this approxima-
tion will introduce additional variance and slow down the convergence of policy gradient,
which thus requires a huge amount of trajectories to find a good policy. Theoretically, these
stochastic gradient (SG) based algorithms require O(1/€?) trajectories [RM51] to find an
e-approximate stationary point such that E[||V.J(0)]|3] < e. In order to reduce the vari-

ance of policy gradient algorithms, [PBCT18| proposed a stochastic variance-reduced policy
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gradient (SVRPG) algorithm by borrowing the idea from the stochastic variance reduced
gradient (SVRG) [JZ13 [AZH16, RHST16] in stochastic optimization. The key idea is to
use a so-called semi-stochastic gradient to replace the stochastic gradient used in SG meth-
ods. The semi-stochastic gradient combines the stochastic gradient in the current iterate
with a snapshot of stochastic gradient stored in an early iterate which is called a reference
iterate. In practice, SVRPG saves computation on trajectories and improves the perfor-
mance of SG based policy gradient methods. [PBCT1§| also proved that SVRPG converges
to an e-approximate stationary point @ of the nonconcave performance function J(0) with
E[||VJ(0)]3] < € after O(1/€*) trajectories, which seems to have the same sample complex-
ity as SG based methods. Recently, the sample complexity of SVRPG has been improved
to O(1/€°/3) by a refined analysis [XGG19], which theoretically justifies the advantage of
SVRPG over SG based methods.

Table 4.1: Comparison on sample complexities of different algorithms to achieve a first-order

stationary point, i.e., [[VJ(0)]|3 < e.

Algorithms Sample complexity
REINFORCE [Wil92] O(1/€?)
PGT [SMSMO0] O(1/€?)
GPOMDP [BBO1] O(1/€?)
SVRPG [PBCT1§] O(1/€?)
SVRPG [XGG19| O(1/€°/3)
SRVR-PG (This work) O(1/63/?)

This work continues on this line of research. We propose a Stochastic Recursive Vari-
ance Reduced Policy Gradient algorithm (SRVR-PG), which provably improves the sample
complexity of SVRPG. At the core of our proposed algorithm is a recursive semi-stochastic
policy gradient inspired from the stochastic path-integrated differential estimator [FLLZI1S],

which accumulates all the stochastic gradients from different iterates to reduce the variance.
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We prove that SRVR-PG only takes O(1/¢%/?) trajectories to converge to an e-approximate
stationary point @ of the performance function, i.e., E[||[VJ(0)|]3] < e. We summarize the
comparison of SRVR-PG with existing policy gradient methods in terms of sample com-
plexity in Table [{.1] Evidently, the sample complexity of SRVR-PG is lower than that
of REINFORCE, PGT and GPOMDP by a factor of O(1/e*/?), and is lower than that of
SVRPG [XGG19] by a factor of O(1/€'/°).

In addition, we integrate our algorithm with parameter-based exploration (PGPE) method
[SOR™08, ISOR™10], and propose a SRVR-PG-PE algorithm which directly optimizes the
prior probability distribution of the policy parameter @ instead of finding the best value.
The proposed SRVR-PG-PE enjoys the same trajectory complexity as SRVR-PG and per-
forms even better in some applications due to its additional exploration over the parameter
space. Our experimental results on classical control tasks in reinforcement learning demon-
strate the superior performance of the proposed SRVR-PG and SRVR-PG-PE algorithms

and verify our theoretical analysis.

4.1.1 Additional Related Work

We briefly review additional relevant work to ours with a focus on policy gradient based
methods. For other RL methods such as value based [WD92, MKS™15] and actor-critic
[K'T00L, [PS08al, SLH™14] methods, we refer the reader to [PSO8bl [KBP13, [SB1§| for a com-

plete review.

To reduce the variance of policy gradient methods, early works have introduced unbi-
ased baseline functions [BB0I, [GBB04, [PSO8b] to reduce the variance, which can be con-
stant, time-dependent or state-dependent. [SMLT15] proposed the generalized advantage
estimation (GAE) to explore the trade-off between bias and variance of policy gradient. Re-
cently, action-dependent baselines are also used in [TBGT18, [WRD™ 18| which introduces
bias but reduces variance at the same time. [SORT08, [SOR*10] proposed policy gradient
with parameter-based exploration (PGPE) that explores in the parameter space. It has been
shown that PGPE enjoys a much smaller variance [ZHNSTI|]. The Stein variational policy

gradient method is proposed in [LRLP17]. See [PSO8b), IDNPo13| [Lil7] for a more detailed
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survey on policy gradient.

Stochastic variance reduced gradient techniques such as SVRG [JZ13, XZ14], batching
SVRG [HAV™15], SAGA [DBLJ14] and SARAH [NLST17a] were first developed in stochastic
convex optimization. When the objective function is nonconvex (or nonconcave for maxi-
mization problems), nonconvex SVRG [AZH16, RHST16] and SCSG [LJCIJI17, [LLI8] were
proposed and proved to converge to a first-order stationary point faster than vanilla SGD
[RM51] with no variance reduction. The state-of-the-art stochastic variance reduced gra-
dient methods for nonconvex functions are the SNVRG [ZX(G18a] and SPIDER [FLLZI§]
algorithms, which have been proved to achieve near optimal convergence rate for smooth

functions.

There are yet not many papers studying variance reduced gradient techniques in RL.
[DCL™17| first applied SVRG in policy evaluation for a fixed policy. [XLP17] introduced
SVRG into trust region policy optimization for model-free policy gradient and showed that
the resulting algorithm SVRPO is more sample efficient than TRPO. [YLTZ19] further ap-
plied the techniques in SARAH [NLST17a] and SPIDER [FLLZI8] to TRPO |SLAT15]. How-
ever, no analysis on sample complexity (i.e., number of trajectories required) was provided
in the aforementioned papers [XLP17, [YLTZ19]. We note that a recent work by [SRHT19)
proposed a Hessian aided policy gradient (HAPG) algorithm that converges to the station-
ary point of the performance function within O(H?/€*?) trajectories, which is worse than
our result by a factor of O(H?) where H is the horizon length of the environment. More-
over, they need additional samples to approximate the Hessian vector product, and cannot
handle the policy in a constrained parameter space. Another related work pointed out by
the anonymous reviewer is [YZ19], which extended the stochastic mirror descent algorithm
[GLZ16] in the optimization field to policy gradient methods and achieved O(H?/¢?) sam-
ple complexity. After the ICLR conference submission deadline, [YZ19] revised their paper
by adding a new variance reduction algorithm that achieves O(H?/e3/ %) sample complexity,

which is also worse than our result by a factor of O(H?).

Apart from the convergence analysis of the general nonconcave performance functions,

there has emerged a line of work [CYLW19, LCYW19, YCHW19, WCYW20| that stud-
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ies the global convergence of (proximal/trust-region) policy optimization with neural net-

work function approximation, which applies the theory of overparameterized neural networks

[DZPS19, DLLT19 [AZLS19, ZCZG19, [CG19b)] to reinforcement learning.

4.2 Backgrounds on Policy Gradient

Markov Decision Process: A discrete-time Markov Decision Process (MDP) is a tuple
M ={S, A, P,r,v,p} S and A are the state and action spaces respectively. P(s'|s,a) is
the transition probability of transiting to state s’ after taking action a at state s. Function
r(s,a) : § x A — [—R, R] emits a bounded reward after the agent takes action a at state
s, where R > 0 is a constant. v € (0,1) is the discount factor. p is the distribution of
the starting state. A policy at state s is a probability function 7(a|s) over action space
A. In episodic tasks, following any stationary policy, the agent can observe and collect
a sequence of state-action pairs 7 = {sq, ao, $1,a1,...,Sg-1,a5_1, Sy}, which is called a
trajectory or episode. H is called the trajectory horizon or episode length. In practice,
we can set H to be the maximum value among all the actual trajectory horizons we have
collected. The sample return over one trajectory 7 is defined as the discounted cumulative
reward R(7) = ZhH:_Ol Y (sn, ap).

Policy Gradient: Suppose the policy, denoted by 7, is parameterized by an unknown

parameter 8 € RY. We denote the trajectory distribution induced by g as p(7]6). Then

p(710) = p(s0) HhH:_ol mo(an|sn)P(Sht1]Sh, an)- (4.2.1)

We define the expected return under policy 7o as J(0) = E.p.j9)[R(7)|M], which is also
called the performance function. To maximize the performance function, we can update
the policy parameter 8 by iteratively running gradient ascent based algorithms, i.e., 051 =

01 + nVeJ(0y), where n > 0 is the step size and the gradient V¢.J(0) is derived as follows:
Ve J(0) = [ R(T)Vep(7|0)dT = [ R(T)(Vep(7|0)/p(7|0))p(7|0)dT
= ET~ID('|9) [Vg logp(T‘e)'R(T)’M]. (4.2.2)

However, it is intractable to calculate the exact gradient in (4.2.2) since the trajectory
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distribution p(7|@) is unknown. In practice, policy gradient algorithm samples a batch of
trajectories {7;}Y, to approximate the exact gradient based on the sample average over all

sampled trajectories:
Vo (0) =1/N SN, Vologp(r;|0)R(;). (4.2.3)

At the k-th iteration, the policy is then updated by 641 = 0y + nVeJ(0;). According to
(4.2.1)), we know that Vg log p(7;|@) is independent of the transition probability matrix P.

Recall the definition of R(7), we can rewrite the approximate gradient as follows

Vel () = 1/N SN (X0 Velogme(aj|s)) (S0 A" (sh, i)
YN g(r10), (4.2.4)

where 7; = {s},ab, st al, ... sy q,ak sy} foralli =1,..., N and g(7;|@) is an unbiased
gradient estimator computed based on the i-th trajectory 7;. The gradient estimator in
(4.2.4)) is based on the likelihood ratio methods and is often referred to as the REINFORCE
gradient estimator [Wil92]. Since E[Vglogmg(als)] = 0, we can add any constant baseline
b; to the reward that is independent of the current action and the gradient estimator still
remains unbiased. With the observation that future actions do not depend on past rewards,
another famous policy gradient theorem (PGT) estimator [SMSMO00] removes the rewards

from previous states:
g(7;10) = hH:_Ol Ve log mg(a}|st) ( Zf‘;l yir(st, al) — bt), (4.2.5)

where b; is a constant baseline. It has been shown [PSO8b] that the PGT estimator is

equivalent to the commonly used GPOMDP estimator [BBO1] defined as follows:

9(7:10) = S0 (X0 Ve log mo(ailsi)) (v (s, af) — by). (4.2.6)

All the three gradient estimators mentioned above are unbiased [PS08b]. It has been proved
that the variance of the PGT/GPOMDP estimator is independent of horizon H while the
variance of REINFORCE depends on H polynomially [ZHNS11, [PRB13]. Therefore, we will
focus on the PGT/GPOMDP estimator in this chapter and refer to them interchangeably

due to their equivalence.
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4.3 The Proposed Algorithm

The approximation in using a batch of trajectories often causes a high variance in
practice. In this section, we propose a novel variance reduced policy gradient algorithm
called stochastic recursive variance reduced policy gradient (SRVR-PG), which is displayed
in Algorithm Our SRVR-PG algorithm consists of S epochs. In the initialization, we
set the parameter of a reference policy to be 8° = 6,. At the beginning of the s-th epoch,
where s = 0,...,5 — 1, we set the initial policy parameter 85" to be the same as that of
the reference policy 8. The algorithm then samples N episodes {7}, from the reference
policy 74, to compute a gradient estimator vj = 1/N Zf\il g(7:10%), where ¢(7;|0%) is the
PGT/GPOMDP estimator. Then the policy is immediately update as in Line@of Algorithm
[

Within the epoch, at the t-th iteration, SRVR-PG samples B episodes {7; }le based on

the current policy Tget1. We define the following recursive semi-stochastic gradient estimator:
s B s B s s
vi™ =1/B Zj:l 9(7j|0t+1) —1/B Zj:l gw(7j|0tj11) +viH, (4.3.1)

where the first term is a stochastic gradient based on B episodes sampled from the current
policy, and the second term is a stochastic gradient defined based on the step-wise important
weight between the current policy Tgs+i and the reference policy mg.. Take the GPOMDP

estimator for example, the step-wise importance weighted estimator is defined as follows

9.(7516) = 40 won (7101, 02) (4 Vo log mo(als))) 7" r(s},, ). (4.3.2)

where wo.; (701, 02) = HZ,:O o, (an|sn)/me, (an|sy) is the importance weight from p(7,|0:™)
to p(7,|0:1]) and 7, is a truncated trajectory {(ay, s;)}", from the full trajectory 7. The
difference between the last two terms in (4.3.1]) can be viewed as a control variate to reduce
the variance of the stochastic gradient. In many practical applications, the policy parameter
space is a subset of R?, i.e., 8 € ® with ® C R? being a convex set. In this case, we need to
project the updated policy parameter onto the constraint set. Base on the semi-stochastic
gradient , we can update the policy parameter using projected gradient ascent along

the direction of vi™": 671! = Pe(0;*" + nv{™"), where n > 0 is the step size and the
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projection operator associated with © is defined as
Po(0) = argmin,ce [|0 — ul3 = argmin,cpe{le(u) +1/(2n)(|6 — ul3}, (4.3.3)

where 1g(u) is the set indicator function on O, i.e., Ig(u) =0if u € ©® and 1g(u) = +o00
otherwise. n > 0 is any finite real value and is chosen as the step size in this work. It is
easy to see that 1g(-) is nonsmooth. At the end of the s-th epoch, we update the reference

policy as 6571 = 51 where 51 is the last iterate of this epoch.

The goal of our algorithm is to find a point 8 € © that maximizes the performance
function J(@) subject to the constraint, namely, maxgce J(0) = maxgera{J(0) — 1o(0)}.
The gradient norm ||V.J(0)]|2 is not sufficient to characterize the convergence of the algo-
rithm due to additional the constraint. Following the literature on nonsmooth optimization
[RSPS16l, [GLZ16, NLST17al, [LL18, WJZT19], we use the generalized first-order stationary

condition: G, (@) = 0, where the gradient mapping G, is defined as follows
Gy(60) =1/n(Pe(0 +nV.J(6)) - 6). (4.3.4)

We can view G, as a generalized projected gradient at 6. By definition if ®@ = R?, we have
G,(0) = V.J(0). Therefore, the policy is update is displayed in Line[L0]in Algorithm [7} where
prox is the proximal operator defined in ([£.3.3). Similar recursive semi-stochastic gradients to
(4.3.1]) were first proposed in stochastic optimization for finite-sum problems, leading to the
stochastic recursive gradient algorithm (SARAH) [NLST17a, NvDP™19] and the stochastic
path-integrated differential estimator (SPIDER) |[FLLZ18, W.JZ"19]. However, our gradi-
ent estimator in (4.3.1]) is noticeably different from that in [NLST17al [FLLZI18, W.JZ"19,
NvDPT19] due to the gradient estimator g, (7;|0;1) defined in that is equipped with
step-wise importance weights. This term is essential to deal with the non-stationarity of the
distribution of the trajectory 7. Specifically, {7;}7., are sampled from policy Tgs+1 while the
PGT/GPOMDP estimator g(-|@:*]) is defined based on policy mgs+1 according to (4.2.6).
This inconsistency introduces extra challenges in the convergence analysis of SRVR-PG. Us-
ing importance weighting, we can obtain E__, . g:+1)[0u(7|6;77)] = ETNP(T|9tsj11)[g(T|Hf_+11)],
which eliminates the inconsistency caused by the varying trajectory distribution.
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Algorithm 7 Stochastic Recursive Variance Reduced Policy Gradient (SRVR-PG)
1: Input: number of epochs S, epoch size m, step size 7, batch size N, mini-batch size B,

gradient estimator g, initial parameter 8° = 6, € ©
2: fors=0,...,5—-1do
3. O3 =6
4:  Sample N trajectories {r;} from p(-|6*)
5 vt = Ve (6°) = 1/NY L, g(:l6°)
6: 07" =Pe(85" + vyt
7. fort=1,...,m—1do

8: Sample B trajectories {7;} from p(-|6; %)

s s B s s
0 v =V 4 5250 (9(7107) — gu(7167))
0 07 = a6 + i)

11:  end for
12: @5t = @5t
13: end for

14: return 6,,, which is uniformly picked from {6; };—o . m-1.5-0...5

It is worth noting that the semi-stochastic gradient in also differs from the one
used in SVRPG [PBC*18] because we recursively update vi'' using vi'| from the previous
iteration, while SVRPG uses a reference gradient that is only updated at the beginning
of each epoch. Moreover, SVRPG wastes N trajectories without updating the policy at
the beginning of each epoch, while Algorithm [7] updates the policy immediately after this

sampling process (Line @, which saves computation in practice.

We notice that very recently another algorithm called SARAPO [YLTZ19] is proposed
which also uses a recursive gradient update in trust region policy optimization [SLAT15].
Our Algorithm 7| differs from their algorithm at least in the following ways: (1) our recursive
gradient v defined in has an importance weight from the snapshot gradient while
SARAPO does not; (2) we are optimizing the expected return while [YLTZI19] optimizes

the total advantage over state visitation distribution and actions under Kullback-Leibler
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divergence constraint; and most importantly (3) there is no convergence or sample complexity

analysis for SARAPO.

4.4 Main Theory

In this section, we present the theoretical analysis of Algorithm [7 We first introduce some

common assumptions used in the convergence analysis of policy gradient methods.

Assumption 4.4.1. Let mg(als) be the policy parameterized by 6. There exist constants
G, M > 0 such that the gradient and Hessian matriz of log mg(a|s) with respect to 0 satisfy
Ve logmg(als)|| < G and ||V} logm;(@\s)”2 < M, foralla € A and s € S.

The above boundedness assumption is reasonable since we usually require the policy func-
tion to be twice differentiable and easy to optimize in practice. Similarly, in [PBCT18], the
0 02

a0, log me(als) and 55755~ log me(als) are upper bounded elementwisely,

authors assume that 36,00,

which is actually stronger than our Assumption [4.4.1]

In the following proposition, we show that Assumptio directly implies that the
Hessian matrix of the performance function V2J(0) is bounded, which is often referred to

as the smoothness assumption and is crucial in analyzing the convergence of nonconvex

optimization [RHST16, [AZH16].

Proposition 4.4.2. Let g(7|0) be the PGT estimator defined in (4.2.5)). Assumption[{.4.1]
implies: (1) ||g(7]|601) — g(7162)||2 < L||01 — 6|2, V01,05 € R, with L = MR/(1 —~)?; (2)
J(0) is L-smooth, namely ||[V2J(0)||2 < L; and (3) ||g(7]0)]l2 < C, for all 6 € R?, with
C,=GR/(1 —~)%

Similar properties are also proved in [XGG19]. However, in contrast to their results, the
smoothness parameter L and the bound on the gradient norm here do not rely on horizon H
and hence are tighter. The next assumption requires the variance of the gradient estimator

is bounded.

Assumption 4.4.3. There exists a constant & > 0 such that Var(g(¢|0)) < &2, for all policy

.
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In Algorithm [7, we have used importance sampling to connect the trajectories between
two different iterations. The following assumption ensures that the variance of the impor-

tance weight is bounded, which is also made in [PBCT18, XGG19].

Assumption 4.4.4. Let w(-|01,03) = p(-|61)/p(-|62). There is a constant W < oo such that
for each policy pairs encountered in Algom'thm@ Var(w(7)01,0:)) < W, V01,0, € RY 1 ~
p(:62)

4.4.1 Convergence Rate and Sample Complexity of SRVR-PG

Now we are ready to present the convergence result of SRVR-PG to a stationary point:

Theorem 4.4.5. Suppose that Assumptions[f.4.1) [{.4.3 and[{.4.4 hold. In Algorithm[7, we

choose the step size n < 1/(4L) and epoch size m and mini-batch size B such that
B > 12mnG*(2G? /M + 1)(W + 1)y/(1 — 7).
Then the generalized projected gradient of the output of Algorithm[7 satisfies
E[[|Gy(0our) |I;] < 8[7(6) — J(B0) — 1o(6%) + Lo (80)]/(nSm) + 662/N,
where @* = argmaxg.g J(0).

Remark 4.4.6. Theorem[].].5 states that under a proper choice of step size, batch size and

epoch length, the expected squared gradient norm of the performance function at the output

of SRVR-PG 1is in the order of
1 1
Ol —+ — .
(Sm + N)

Recall that S is the number of epochs and m is the epoch length of SRVR-PG, so Sm is the
total number of iterations of SRVR-PG. Thus the first term O(1/(Sm)) characterizes the
convergence rate of SRVR-PG. The second term O(1/N) comes from the variance of the
stochastic gradient used in the outer loop, where N is the batch size used in the snapshot
gradient vi™ in Line[d of SRVR-PG. Compared with the O(1/(Sm) +1/N +1/B) conver-
gence rate in [PBCT 18], our analysis avoids the additional term O(1/B) that depends on the

mini-batch size within each epoch.
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Compared with [XGG19], our mini-batch size B is independent of the horizon length
H. This enables us to choose a smaller mini-batch size B while maintaining the same
convergence rate. As we will show in the next corollary, this improvement leads to a lower

sample complexity.

Corollary 4.4.7. Suppose the same conditions as in Theorem [{.4.5 hold. Set step size as
n = 1/(4L), the batch size parameters as N = O(1/¢) and B = O(1/€"/?) respectively, epoch
length as m = O(1/€'/?) and the number of epochs as S = O(1/e'/?). Then Algorithm @
outputs a point 6, that satisfies E[||G,(0out)||3] < € within O(1/€3/?) trajectories in total.

Note that the results in [PBCT18, [XGGI9] are for |[VeJ(0)||3 < ¢, while our result in
Corollary is more general. In particular, when the policy parameter 6 is defined on the
whole space R? instead of @, our result reduces to the case for |[V.J(0)]|3 < € since @ = R?
and G,(0) = Vg J(0). In [XGG19], the authors improved the sample complexity of SVRPG
[PBCF18] from O(1/€?) to O(1/€°/3) by a sharper analysis. According to Corollary 4.4.7]
SRVR-PG only needs O(1/€*?) number of trajectories to achieve | V.J(8)||2 < €, which is
lower than the sample complexity of SVRPG by a factor of O(1/e/%). This improvement is

more pronounced when the required precision € is very small.

4.4.2 Implication for Gaussian Policy

Now, we consider the Gaussian policy model and present the sample complexity of SRVR-PG
in this setting. For bounded action space A C R, a Gaussian policy parameterized by 6 is

defined as
mo(als) = 1/vV2mexp (= (07¢(s) —a)®/(20%)), (4.4.1)

where 02 is a fixed standard deviation parameter and ¢ : S — R? is a mapping from the state

space to the feature space. For Gaussian policy, under the mild condition that the actions

and the state feature vectors are bounded, we can verify that Assumptions [4.4.1] and |4.4.3|

hold, which can be found in Appendix It is worth noting that Assumption does

not hold trivially for all Gaussian distributions. In particular, [CMM10] showed that for two
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Gaussian distributions 7g, (a|s) ~ N(u1,07) and 7g,(al|s) ~ N(ua,03), if 05 > v/2/2071, then
the variance of w(7|@y, 03) is bounded. For our Gaussian policy defined in (4.4.1)) where the

standard deviation o2 is fixed, we have o > v/2/2¢ trivially hold, and therefore Assumption
holds for some finite constant W > 0 according to (4.2.1)).

Recall that Theorem holds for any general models under Assumptions
and Based on the above arguments, we know that the convergence analysis in Theorem
applies to Gaussian policy. In the following corollary, we present the sample complexity
of Algorithm [7] for Gaussian policy with detailed dependency on precision parameter e,

horizon size H and the discount factor ~.

Corollary 4.4.8. Given the Gaussian policy defined in (4.4.1)), suppose Assumption m
holds and we have |a| < C, for all a € A and ||¢(s)||2 < My for all s € S, where Cy, My >0
are constants. If we set step size as 1 = O((1 —~)?), the mini-batch sizes and epoch length
as N =0((1—9)3¢Y), B=0((1-7)"2Y2) and m = O((1 —~)"te"¥/2), then the output
of Algorithm [1 satisfies E[||G,(our)||3] < € after O(1/((1 —~)*€¥?)) trajectories in total.

Remark 4.4.9. For Gaussian policy, the number of trajectories Algorithm [7 needs to find
an e-approzimate stationary point, i.e., E[||G,(0,u)|3] < €, is also in the order of O(e~3/%),
which is faster than PGT and SVRPG. Additionally, we explicitly show that the sample
complexity does not depend on the horizon H, which is in sharp contrast with the results in

(PBCT 18, XGG19]. The dependence on 1/(1—y) comes from the variance of PGT estimator.
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Figure 4.1: (a)-(c): Comparison of different algorithms. Experimental results are averaged
over 10 repetitions. (d)-(f): Comparison of different batch size B on the performance of

SRVR-PG.

4.5 Experiments

In this section, we provide experiment results of the proposed algorithm on benchmark re-
inforcement learning environments including the Cartpole, Mountain Car and Pendulum
problems. In all the experiments, we use the Gaussian policy defined in (4.4.1). In addi-
tion, we found that the proposed algorithm works well without the extra projection step.
Therefore, we did not use projection in our experiments. For baselines, we compare the pro-
posed SRVR-PG algorithm with the most relevant methods: GPOMDP [BB01] and SVRPG
[PBC*18]. For the learning rates 7 in all of our experiments, we use grid search to directly
tune 7. For instance, we searched 7 for the Cartpole problem by evenly dividing the interval

[107°,107'] into 20 points in the log-space. For the batch size parameters N and B and the
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epoch length m, according to Corollary 4.7, we choose N = O(1/¢), B = O(1/¢"/?) and thus
m = O(1/€'/?), where € > 0 is a user-defined precision parameter. In our experiments, we set
N = Cy/e, B = Cy/e"/? and m = Cy/¢'/? and tune the constant parameters Cy, Cy, Cy using
grid search. The detailed parameters used in the experiments are presented in Appendix

410

We evaluate the performance of different algorithms in terms of the total number of
trajectories they require to achieve a certain threshold of cumulative rewards. We run each
experiment repeatedly for 10 times and plot the averaged returns with standard deviation.
For a given environment, all experiments are initialized from the same random initialization.

Figures|4.1(a), {4.1(b){and [4.1(c)[ show the results on the comparison of GPOMDP, SVRPG,

and our proposed SRVR-PG algorithm across three different RL environments. It is evident
that, for all environments, GPOMDP is overshadowed by the variance reduced algorithms
SVRPG and SRVR-PG significantly. Furthermore, SRVR-PG outperforms SVRPG in all
experiments, which is consistent with the comparison on the sample complexity of GPOMDP,

SRVRPG and SRVR-PG in Table [4.1]

Corollaries [4.4.7) and [4.4.8] suggest that when the mini-batch size B is in the order of
O(V/'N), SRVR-PG achieves the best performance. Here N is the number of episodes sam-

pled in the outer loop of Algorithm [7] and B is the number of episodes sampled at each
inner loop iteration. To validate our theoretical result, we conduct a sensitivity study to
demonstrate the effectiveness of different batch sizes within each epoch of SRVR-PG on its
performance. The results on different environments are displayed in Figures
and respectively. To interpret these results, we take the Pendulum problem as an
example. In this setting, we choose outer loop batch size N of Algorithm [7] to be N = 250.
By Corollary [£.4.8, the optimal choice of batch size in the inner loop of Algorithm [7] is
B = CV/N, where C > 1 is a constant depending on horizon H and discount factor .
Figure shows that B = 50 ~ 3v/N yields the best convergence results for SRVR-PG
on Pendulum, which validates our theoretical analysis and implies that a larger batch size B
does not necessarily result in an improvement in sample complexity, as each update requires
more trajectories, but a smaller batch size B pushes SRVR-PG to behave more similar to
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GPOMDP. Moreover, by comparing with the outer loop batch size N presented in Table
for SRVR-PG in Cartpole and Mountain Car environments, we found that the results in

Figures and are again in alignment with our theory. Due to the space limit,
additional experiment results are included in Appendix 4.10}

4.6 Extension to Parameter-based Exploration

Although SRVR-PG is proposed for action-based policy gradient, it can be easily extended to
the policy gradient algorithm with parameter-based exploration (PGPE) [SORT08]. Unlike
action-based policy gradient in previous sections, PGPE does not directly optimize the policy
parameter 0 but instead assumes that it follows a prior distribution with hyper-parameter
p: 0 ~ p(0|p). The expected return under the policy induced by the hyper-parameter p is

formulated as followd]]
1) = | [ slpinirloR(r)drde. (46.1)

PGPE aims to find the hyper-parameter p* that maximizes the performance function J(p).

(
Since p(@|p) is stochastic and can provide sufficient exploration, we can choose mg(als)

d(a — pg(s)) to be a deterministic policy, where § is the Dirac delta function and pg(-) is

)
a deterministic function. For instance, a linear deterministic policy is defined as mg(als) =
§(a — 07s) [ZHNSI1, MPFRIS]. Given the policy parameter 8, a trajectory 7 is only
decided by the initial state distribution and the transition probability. Therefore, PGPE is
called a parameter-based exploration approach. Similar to the action-based policy gradient
methods, we can apply gradient ascent to find p*. In the k-th iteration, we update pp by

Pi+1 = pr + 1V, J(p). The exact gradient of J(p) with respect to p is given by

Vol(e)= [ [ (6loin(r16)V, los6lp)R () drde.

To approximate V,J(p), we first sample N policy parameters {6;} from p(@|p). Then we

sample one trajectory 7; for each 6; and use the following empirical average to approximate

"'We slightly abuse the notation by overloading J as the performance function defined on the hyper-
parameter p.
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H

N

. 1

Vol (p) = 5> V,logp(8ilp) Y A"r(sh,a}) ==+ Zg 7ilp), (4.6.2)
=1

h=0

where v € [0,1) is the discount factor. Compared with the PGT/GPOMDP estimator in
Section [4.2] the likelihood term V,log p(6;|p) in (4.6.2) for PGPE is independent of horizon
H.

Algorithm [7] can be directly applied to the PGPE setting, where we replace the policy
parameter @ with the hyper-parameter p. When we need to sample N trajectories, we first
sample N policy parameters {6;} from p(6|p). Since the policy is deterministic with given 6;,
we sample one trajectory 7; from each policy p(7|6;). The recursive semi-stochastic gradient

is given by
B
S 1 S S S
Vt+1 = B Zg(T]|p +1 Zgw 7ilpity +1 t+11> (4.6.3)

where g,,(7;|p{™]) is the gradient estimator with step-wise importance weight defined in the
way as in . We call this variance reduced parameter-based algorithm SRVR-PG-PE,
which is displayed in Algorithm [§

Under similar assumptions on the parameter distribution p(6|p), as Assumptions [4.4.1]
and [4.4.4] we can easily prove that SRVR-PG-PE converges to a stationary point of
J(p) with O(1/€%/?) sample complexity. In particular, we assume the policy parameter
0 follows the distribution p(@|p) and we update our estimation of p based on the semi-
stochastic gradient in (£.6.3). Recall the gradient @pJ (p) derived in (4.6.2). Since the
policy in SRVR-PG-PE is deterministic, we only need to make the boundedness assumption

on p(@|p). In particular, we assume that

L [[V,logp(6]p)|2 and ||[VZlogp(8]p)|2 are bounded by constants in a similar way to
Assumption [4.4.T}

2. the gradient estimator g(7|p) = V,logp(8|p) Y1, v"7(sn, an) has bounded variance;

3. and the importance weight w(7;|p{*1, pi™") = p(8;|p;1)/p(8;|pi™") has bounded vari-

ance in a similar way to Assumption [1.4.4]
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Then the same gradient complexity O(1/e*?) for SRVR-PG-PE can be proved in the same
way as the proof of Theorem and Corollary [4.4.7 Since the analysis is almost the
same as that of SRVR-PG, we omit the proof of the convergence of SRVR-PG-PE. In fact,
according to the analysis in [ZHNS11, MPFR1S], all the three assumptions listed above can

be easily verified under a Gaussian prior for 8 and a linear deterministic policy.

Algorithm 8 Stochastic Recursive Variance Reduced Policy Gradient with Parameter-based

Exploration (SRVR-PG-PE)
1: Input: number of epochs S, epoch size m, step size 7, batch size N, mini-batch size B,

gradient estimator g, initial parameter p? := p° := pg
2: for s=0,...,5—1do

S

3: p8+1 =

p
4:  Sample N policy parameters {6;} from p(-|p®)
5. Sample one trajectory 7; from each policy 7,
6 Vi = Vl(p) = £ g(nlp)

Toopit =t vt

& fort=1,....,m—1do

9: Sample B policy parameters {6;} from p(-|p;*")
10: Sample one trajectory 7; from each policy g,

1 vt =i 0 (a(nlei ) = gu(mleith))
122 pi =it et

13: end for
14: end for

15: return pgy, which is uniformly picked from {p;}i—o  mis—0...s

4.7 Proof of the Main Theory

In this section, we provide the proofs of the theoretical results for SRVR-PG (Algorithm .
Before we start the proof of Theorem |4.4.5) we first lay down the following key lemma that

controls the variance of the importance sampling weight w.
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Lemma 4.7.1. For any 0,,0, € R?, let wo;h(T\Hl,Og) = p(14]601)/p(71|02), where 1, is a

truncated trajectory of T up to step h. Under Assumptions|4.4.1| and|4.4.4), it holds that

Var(won (7161,62)) < C[01 — 655,
where C,, = h(2hG?* + M)(W +1).

Recall that in Assumption we assume the variance of the importance weight is
upper bounded by a constant . Based on this assumption, Lemma further bounds
the variance of the importance weight via the distance between the behavioral and the target
policies. As the algorithm converges, these two policies will be very close and the bound in

Lemma [4.7.1] could be much tighter than the constant bound.

Proof of Theorem[{.4.5 By plugging the definition of the projection operator in (4.3.3)) into
the update rule 87 = Pe (0;*' +nvi™'), we have
07 = argmin1g(u) + 1/(2n)||u — ef“Hj — (vitt u). (4.7.1)
uecRd
Similar to the generalized projected gradient G, (@) defined in ([@.3.4), we define Gi™ to be

a (stochastic) gradient mapping based on the recursive gradient estimator v; !

I = %(efi% — ;") = %(Pewf“ +vi ) = 6;7). (4.7.2)

The definition of G differs from G, (0;*!) only in the semi-stochastic gradient term v;*!,

while the latter one uses the full gradient V.J(6;™'). Note that 1g(-) is convex but not
smooth. We assume that p € 91e(0;[]) is a sub-gradient of 1g(+). According to the
optimality condition of (4.7.1)), we have p + 1/n(0; — 6;*") — vi™" = 0. Further by the

convexity of 1g(-), we have

Lle(0;1) < 1e(6;™") + (p.6;f] — 6;)

— Lo(0;™) — (1/n(0; — ;") —vi™ O3 — 6. (4.73)

By Proposition 4.4.2 J(0) is L-smooth, which by definition directly implies

2
9

T0:) 2 9(0:) + (T (0;7) 05t — 07) — S 0551 — 0:7
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For the simplification of presentation, let us define the notation ®(0) = J(0) — 1e(0).
Then according to the definition of 1g we have argmaxgcps () = argmaxy g J(6) := 0*.

Combining the above inequality with (4.7.3]), we have

®(07f) > @(0;7") + (VI (6;7) — it o — 0t + (% - %) lo:r —6;+;

~ ~ L
= 0(0;7) +(VI(0;) —viThnG ) + |G, - Sl - 6
. L
> 0(0;) = 1| VI (O) = vt + NG - S lert - 6,
s Ui s s URTEL 1 L s s
- q)(gtﬂ) - §HVJ(0tH) - Vt“”i + gHgt“lli + <@ - §> ||‘9t++11 - 9t+1H§
> a(0r) — 2|6 —vit [+ 26, (6

Ui s 5 1 L s s+1112
- Z”gn(atﬂ) G5+ (% - 5) [Craess 0t+1”27 (4.7.4)

where the second inequality holds due to Young’s inequality and the third inequality holds

due to the fact that [|G,(0;"")3 < 2/GI™'3 + 2/G,(6;*") — G713, Denote 6] =

prox, 16077+ 7V J(6;1)). By similar argument in (4.7.3) we have
lo(0;57) < Le(0:47) — (1/n(0 — 6;7") — vi™h 0.5 — 6;1)),

Le(671) < le(07{1) — (1/n(67y — 0;71) = V.J(6;7), 6711 — 6;1).

Adding the above two inequalities immediately yields |05 — 052 < 5|V J(0; ") — vz,

which further implies [|G, (6;™) — G|, < | VJ(0; ') — viT!||2. Submitting this result into

([4.7.4), we obtain
D(0:51) = B(07) — 22 [V(0;) —vi* 2+ LiG (07
" (% N g) 675t — ;7. (4.7.5)
We denote the index set of {7;}7, in the ¢-th inner iteration by B;. Note that
Ivr(6:*) = vi!|l;

1
= Hw(e;ﬂ) —viti+ 5> (9.(161) — a(716:))

JEB:

2

2
1 2
= [[vater - vaerh + S G rler) - a(rlor)) + Ve v

JEB:

2
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1 2
= [wotor) -~ voer + S (o rlorh) ~ o)
JEB:
2
+ 5 D (VI(O) = VIO + 0. (710:10) — 9(716; 1), VI (61)

JEB:

+ HV'] 05+1 S+1H2

Conditional on ;%! taking the expectation over B; yields
E[(VJ(6;T") — g(7;16;1"),VJ(6;]) — vit])] = 0.
Similarly, taking the expectation over 8;*! and the choice of B, yields
E[(VJ(0;1) — g, (510;1), VJ(6;1]) = vit])] = 0.
Combining the above equations with , we obtain
Ef|v(6;+) = vit!|l
2

1
- EHw(egﬂ) VIO Y (018 — a6

JEB:

2

—’—]EHVJ es-i-l S+1H2
1
= =5 D E[VI(6;") = VIO;) + g (r167]) — g (r 10,7
JEB:

+E||VJ(6;1]) — viti]

2
27

2
27

< S Bl (516:7) — a(ml0 ) |2 + [ V65 - it

JEB:

s+1

t

—vith)

(4.7.6)

(4.7.7)

(4.7.8)

where (4.7.7) is due to the fact that E||x;+. . .4+x, |3 = E||x1|2+. . . +E||x, |2 for independent
zero-mean random variables, and (4.7.8) holds due to the fact that xi,...,x, is due to

E|x — Ex||3 < E||x]||3. For the first term, we have

H-1
H|gw(TJ|05+1) (T]|98+1 H [ Z wo.p, — 1) [ng 10g7rg(at|st)} (sﬁ,aﬁl)
h=0 t=0
H-1
= 3K | won - 1) {Zvelogm(atm]v (shy )
h=0
H-1

]
]

<N R22G2 + M)W +1)||6;1] - 6;7Y[S - h2GP R

>
Il

0
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24RG*(2G? + M)(W
< ( + M)W +1 7Hgs+1 0%9-‘:-1”2’
(1 =7)° ?
where in the second equality we used the fact that E[V log mg(als)] = 0, the first inequality
is due to Lemma and in the last inequality we use the fact that ZOO A" = y(y3 +

1192 + 11y + 1) /(1 — ~)? for |y| < 1. Combining the results in and (4.7.9), we get

C. s s s s
Slott = oil; + e —vitil,

(4.7.9)

B[V (65%) —vit, <

(4.7.10)

>

t
< % Z Helsﬂ 03+1H2 + HW 95+1) s+1
=1

which holds for ¢t = 1,...,m—1, where C,, = 24RG*(2G*+ M)(W +1)v/(1—7)®. According
to Algorithm [7] and Assumption [4.4.3] we have

52

E[[VI(657) —vi[l, < 5 (4.7.11)

Submitting the above result into (4.7.5)) yields

1 L
Exa[(O31)] > Brno(6:)] + 216,03+ (5 - 5 )l - 67

2
3"C”ENB{ZH9S+1 ;4| ] %, (4.7.12)

fort =1,...,m — 1.Recall Line @ in Algorithm @, where we update 81" with the average of
a mini-batch of gradients v§ = 1/N S~ | ¢(7;]@%). Similar to ([£.7.5), by smoothness of J(8),
we have
2(677) > @(657) — IIVI(657) i+ LllG (057
v (-5 )llerr - a5
Further by , it holds that

3nE? 1 L
Ble(o)] = Elo(e5)] - Sh + 2160+ (3 - 5 ) lor - e (aras)

Telescoping inequality (4.7.12]) from ¢ = 1 to m — 1 and combining the result with (4.7.13)),

we obtain

, , nm , 3mng?
Enp[®(6,,")] > Eng[®(65") ggo 16, (0 1)]]3] - AN
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If we choose step size n and the epoch length B such that

1 B G2 (2G? + M 1
n< - B C, _ 2nG (2G* + M)(W + )’}/7 (4.7.15)
4L m L M(1—~)3

and note that 857! = 6%, 5+ = °+!, then (4.7.14) leads to

3

~ ~ 3 2
By [6(0°)] 2 Ex[0(0)] + 1Y Ex[[6,(67) 2] - 27 (4.7.16)
t=0
Summing up the above inequality over s =0,...,5 — 1 yields

S—1m—

n s N ~ SSm/rIgQ

153" (6,0 |2 < E[0(6°)] - E[0(8%)] + 21
s=0 t=0

which immediately implies

{6, (6] < SELEN -ER@)]) | s& 8201 —2(0y) , ¢

=< =
- +~
This completes the proof. O

nSm N — nSm

Proof of Corollary[{.4.7. Based on the convergence results in Theorem [4.4.5] in order to

ensure E[HVJ(Oout) H;] < ¢, we can choose S, m and N such that

S0 - J6) ¢ 62
nSm 27 N 2

which implies Sm = O(1/¢) and N = O(1/¢). Note that we have set m = O(B). The total

number of stochastic gradient evaluations 7, we need is
N B 1

where we set B = 1/¢'/2, O
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4.8 Proof of Technical Lemmas

In this section, we provide the proofs of the technical lemmas. We first prove the smoothness

of the performance function J(8).

Proof of Proposition [{.4.3. Recall the definition of PGT in (4.2.5). We first show the Lips-

chitzness of g(7|@) with baseline b = 0 as follows:

H-1
IVg(710)]l2 = || > Vi log me(an]sn) (ZW“ St, (g )
;1 o
< (Z hHVglOgﬂ'g at\st H2>:
t=0
< MR
T (=)

where we used the fact that 0 <y < 1. When we have a nonzero baseline b,, we can simply

scale it with 4" and the above result still holds up to a constant multiplier.

Since the PGT estimator is an unbiased estimator of the policy gradient VgJ(0), we
have Vg.J(0) = E,[g(7|0)] and V3.J(0) = E.[Veg(7|0)]. Therefore, the smoothness of .J(0)
can be directly implied from the Lipschitzness of g(7|6):

MR
)l =

[V5J( IE-[Vag(7]0)]ll2 < [Vog(T|0)]]2 < TESEL

which implies that J(6) is L-smooth with L = MR/(1 — 7).

Similarly, we can bound the norm of gradient estimator as follows

H— h H—h
Y'R(1 —~7~") GR
0 Vgl <
lg(7[0)]]2 < h§ 0g mg(ansn) T LS
which completes the proof. ]

Lemma 4.8.1 (Lemma 1 in [CMMI10]). Let w(x) = P(x)/Q(x) be the importance weight for
distributions P and Q. Then Elw] = 1,E[w?] = dy(P||Q), where do(P||Q) = 2P2(PIQ) gnd
Dy (P||Q) is the Rényi divergence between distributions P and Q). Note that this immediately
implies Var(w) = da2(P||Q) — 1.
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Proof of Lemma[{.7.1. According to the property of importance weight in Lemma [£.8.1] we

know
Var (wo (716°,0;1)) = da (p(7416°)[Ip(74,]6; 7)) — 1.

To simplify the presentation, we denote 8; = 6° and 6, = 0; ™! in the rest of this proof. By

definition, we have

= T, p(74/61) T= T, *p(T “ldr
(p(r10)17/62) = [ pirlo) T ar = [ piril6)pn 02)

Taking the gradient of dy(p(75,|601)||p(74]602)) with respect to 81, we have

Vo da(p(s]01)|p(71162)) = 2 / P(74161) Vo, p(74]0:)p (71 02) .

T

In particular, if we set the value of 6, to be 8; = 0, in the above formula of the gradient,

we get

v91d2(p<7—h’01)‘|p(7—h’02))|91:92 = 2/V¢91P(Th’01)d7|91292 = 0.

Applying mean value theorem with respect to the variable 8;, we have

dy(p(74]01)||p(72162)) = 1+ 1/2(01 — 65) " Vida(p(7416)|p(74]62)) (61 — 62), (4.8.1)

where @ = t0,+ (1 —1)0; for some t € [0, 1] and we used the fact that da(p(74]02)||p(7,|602)) =
1. To bound the above exponentiated Rényi divergence, we need to compute the Hessian

matrix. Taking the derivative of Vg, da(p(75,|01)||p(7]02)) with respect to 6y further yields

0 2
V2ds(p(74]0)||p(74]62)) = 2 / Vo log p(74]6) Ve log p(ry]9) T2L0)
T p(Th‘02>

+2/V?,p(ThIO)p(Th\O)p(Thwg)1d7. (4.8.2)

dr

Thus we need to compute the Hessian matrix of the trajectory distribution function, i.e.,

V2p(7h]0), which can further be derived from the Hessian matrix of the log-density function.
V2log p(14|0) = —p(74|0) *Vep(1|0)Vep(m4|0) " + p(71,|0) " Vip(46). (4.8.3)
Submitting (4.8.3)) into (4.8.2)) yields

I930r10) 1)z = |4 [ Vologatrs|6)Vologirl6)T
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p(7]6)?
p(Th|92)

p(Th|0)2 1 0 2 21 0
< (4/ Vo log p(74|0) |13 + 2[|V log p(74/0)[|2) dT
Tp(Th|02)

< (4h2G2 + 2hM)E[w(7]6, 6,)?]

+2/V3 log p(74|0) dr

2

< 2h(2hG* + M)(W + 1),

where the second inequality comes from Assumption and the last inequality is due to
Assumption and Lemma [4.8.1 Combining the above result with (4.8.1)), we have

Var (won (716°,6;11)) = da (p(1a16°)|Ip(7]6; 7)) — 1 < C..]|€° — 6513,

where C,, = h(2hG?* + M)(W + 1). O

4.9 Proof of Theoretical Results for Gaussian Policy

In this section, we prove the sample complexity for Gaussian policy. According to (4.4.1),

we can calculate the gradient and Hessian matrix of the logarithm of the policy.

(a—07d(s))o(s) b(s)p(s)"

)
o2 o2

Vlog mg(als) = V?log mg(als) = — (4.9.1)

It is easy to see that Assumption holds with G = C,My/0® and M = M7 /o*. Based
on this observation, Proposition also holds for Gaussian policy with parameters defined
as follows

RM?

L=—"— and (O, =

R V= T (4.9.2)

The following lemma gives the variance £ of the PGT estimator, which verifies Assumption

4.4.3

Lemma 4.9.1 (Lemma 5.5 in [PRB13]). Given a Gaussian policy me(a|s) ~ N(0T¢(s),c?),
if the |r(s,a)] < R and ||¢(s)|l2 < My for all s € S,a € A and R, My > 0 are constants,
then the variance of PGT estimator defined in (4.2.5) can be bounded as follows:

R2M2 1_72}[ 1_,}/H
Vi 0)) < &2 = 0 — Hy —oyH ),
GT(Q(T| ))—f (1_7)20_2<1_f}/2 Y Y 1_7
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Proof of Corollary[{.4.8 The proof will be similar to that of Corollary [4.4.7 By Theorem
4.4.5] to ensure that E[||VJ(Oou)||3] < €, we can set

8(J(67) —J(B) _ e 66

nSm 27 N 2
Plugging the value of €2 in Lemma into the second equation above yields N = O(e™*(1—

v)73). For the first equation, we have S = O(1/(nme)). Therefore, the total number of
stochastic gradient evaluations 7, required by Algorithm [7]is

Tg = SN+ SmB = O(N—i—E).

nme  Me
So a good choice of batch size B and epoch length m will lead to Bm = N. Combining this
with the requirement of B in Theorem [.4.5 we can set

/LN IN
and B = 770
7

Note that C., = 24RG*(2G* + M)(W +1)v/(1 —~)°. Plugging the values of G, N and L into

the above equations yields

m”(m)’ B—O(a——%wz)

The corresponding sample complexity is

=0 ye)

This completes the proof for Gaussian policy. n

4.10 Additional Details on Experiments

Now, we provide more details of our experiments presented in Section [£.5] We first present
the parameters for all algorithms we used in all our experiments in Tables [4.2] and (4.3
Among the parameters, the neural network structure and the RL environment parameters
are shared across all the algorithms. As mentioned in Section [£.5] the order of the batch size

parameters of our algorithm are chosen according to Corollary 4.7 and we multiply them by
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Figure 4.2: Performance of SRVR-PG-PE compared with PGPE. Experiment results are

averaged over 10 runs.

a tuning constant via grid search. Similarly, the orders of batch size parameters of SVRPG
and GPOMDP are chosen based on the theoretical results suggested by [PBCT18, XGG19].

Moerover, the learning rates for different methods are tuned by grid search.

We then present the results of PGPE and SRVR-PG-PE on Cartpole, Mountain Car
and Pendulum in Figure [1.2] In all three environments, our SRVR-PG-PE algorithm shows
improvement over PGPE [SOR™10] in terms of number of trajectories. It is worth noting
that in all these environments both PGPE and SRVR-PG-PE seem to solve the problem
very quickly, which is consistent with the results reported in [ZHNSII, [ZHT*13, MPFR18].
Our primary goal in this experiment is to show that our proposed variance reduced policy
gradient algorithm can be easily extended to the PGPE framework. To avoid distracting the
audience’s attention from the variance reduction algorithm on the sample complexity, we do
not thoroughly compare the performance of the parameter based policy gradient methods
such as PGPE and SRVR-PG-PE with the action based policy gradient methods. We refer
interested readers to the valuable empirical studies of PGPE based algorithms presented in

[ZHNSI1, ZHT*13, MPFRIR].
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Table 4.2: Parameters used in the SRVR-PG-PE experiments.

Parameters Cartpole Mountain Car Pendulum
NN size - 64 88
NN activation function Tanh Tanh Tanh
Task horizon 100 1000 200
Total trajectories 2000 500 1750
Discount factor 0.99 0.999 0.99
Learning rate n 0.01 0.0075 0.01
Batch size N 10 ) 20
Batch size B ) 3 10
Epoch size m 2 1 2
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Table 4.3: Parameters used in the SRVR-PG experiments.

Parameters Algorithm  Cartpole Mountain Car Pendulum
NN size - 64 64 8x8
NN activation function - Tanh Tanh Tanh
Task horizon - 100 1000 200
Total trajectories - 2500 3000 2 x 10°
GPOMDP 0.99 0.999 0.99
Discount factor ~ SVRPG 0.999 0.999 0.995
SRVR-PG 0.995 0.999 0.995
GPOMDP  0.005 0.005 0.01
Learning rate n SVRPG 0.0075 0.0025 0.01
SRVR-PG 0.005 0.0025 0.01
GPOMDP 10 10 250
Batch size N SVRPG 25 10 250
SRVR-PG 25 10 250
GPOMDP - - _
Batch size B SVRPG 10 5 50
SRVR-PG 5 3 50
GPOMDP - - .
Epoch size m SVRPG 3 2 1
SRVR-PG 3 2 1
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CHAPTER 5

Finite-Time Analysis for Policy Optimization with

Linear Value Function Approximation

5.1 Introduction

In the previous chapter, we discussed about optimization techniques in policy gradient meth-
ods. The gradient estimators for REINFORCE defined in and for SRVR-PG in (4.3.2)
are all based on the discounted average of the rewards obtained from a batch of trajectories.
In this chapter, we will study the Actor-Critic (AC) method [BSA83| [KT00], which use value
function approximation to learn the gradient estimator used in policy gradient methods. The
policy parameter is called the actor, and the value function approximator is called the critic.
Specifically, actor-only methods, such as policy gradient [SMSMOQ] and trust region pol-
icy optimization [SLAT15], utilize a parameterized policy function class and improve the
policy by optimizing the parameters of some performance function using gradient ascent,
whose exact form is characterized by the Policy Gradient Theorem [SMSMO00]. Actor-only
methods can be naturally applied to continuous setting but suffer from high variance when
estimating the policy gradient. On the other hand, critic-only methods, such as temporal
difference learning [Sut88] and Q-learning [WD92], focus on learning a value function (ex-
pected cumulative rewards), and determine the policy based on the value function, which is
recursively approximated based on the Bellman equation. Although the critic-only methods
can efficiently learn a satisfying policy under tabular setting [JAZBJIS]|, they can diverge
with function approximation under continuous setting [Wie04]. Therefore, it is natural to
combine actor and critic based methods to achieve the best of both worlds. The principal

idea behind actor-critic methods is simple: the critic tries to learn the value function, given
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the policy from the actor, while the actor can estimate the policy gradient based on the

approximate value function provided by the critic.

If the actor is fixed, the policy remains unchanged throughout the updates of the critic.
Thus one can use policy evaluation algorithm such as temporal difference (TD) learning
[SB1§| to estimate the value function (critic). After many steps of the critic update, one can
expect a good estimation of the value function, which in turn enables an accurate estimation
of the policy gradient for the actor. A more favorable implementation is the so-called two
time-scale actor-critic algorithm, where the actor and the critic are updated simultaneously
at each iteration except that the actor changes more slowly (with a small step size) than the
critic (with a large step size). In this way, one can hope the critic will be well approximated
even after one step of update. From the theoretical perspective, the asymptotic analysis of
two time-scale actor-critic methods has been established in [BK97, [KT00]. In specific, under
the assumption that the ratio of the two time-scales goes to infinity (i.e. lim;_, 5;/cy = 0),
the asymptotic convergence is guaranteed through the lens of the two time-scale ordinary
differential equations(ODE), where the slower component is fixed and the faster component
converges to its stationary point. This type of analysis was also applied in the context of

generic two time-scale stochastic approximation [Bor97].

However, finite-time analysis (non-asymptotic analysis) of two-time scale actor-critic is
still largely missing in the literature, which is important because it can address the questions
that how many samples are needed for two time-scale actor-critic to converge, and how to
appropriately choose the different learning rates for the actor and the critic. Some recent
work has attempted to provide the finite-time analysis for the “decoupled” actor-critic meth-
ods [KKR19,[QYYWT9|. The term “decoupled” means that before updating the actor at the
t-th iteration, the critic starts from scratch to estimate the state-value (or Q-value) function.
At each iteration, the “decoupled” setting requires the critic to perform multiple sampling
and updating (often from another new sample trajectory). As we will see in the later com-
parison, this setting is sample-inefficient or even impractical. Besides, their analyses are
based on either the i.i.d. assumption [KKR19| or the partially i.i.d. assumption [QYYW19]
(the actor receives i.i.d. samples), which is unrealistic in practice. In this chapter, we present
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the first finite-time analysis on the convergence of the two time-scale actor-critic algorithm.

We summarize our contributions as follows:

e We prove that, the actor in the two time-scale actor critic algorithm converges to an e-
approximate stationary point of the non-concave performance function J after accessing at
most 0(6*2'5) samples. Compared with existing finite-time analysis of actor-critic methods
[KKR19, QYYWTIY9], the algorithm we analyzed is based on two time-scale update and
therefore more practical and efficient than the “decoupled” version. Moreover, we do not
need any i.i.d. data assumptions in the convergence analysis as required by [KKRI19,

QYYW19], which do not hold in real applications.

e From the technical viewpoint, we also present a new proof framework that can tightly
characterize the estimation error in two time-scale algorithms. Compared with the proof
technique used in [XZL19], we remove the extra artificial factor O(¢%) in the convergence
rate introduced by their “iterative refinement” technique. Therefore, our new proof tech-
nique may be of independent interest for analyzing the convergence of other two time-scale

algorithms to get sharper rates.

5.2 Related Work

In this section, we briefly review and discuss existing work, which is mostly related to ours.

Stochastic Bias Characterization The main difficulty in analyzing reinforcement
learning algorithms under non-i.i.d. data assumptions is that the samples and the trainable
parameters are correlated, which makes the noise term biased. [BRS18] used information-
theoretical techniques to bound the Markovian bias and provide a simple and explicit anal-
ysis for the temporal difference learning. Similar techniques were also established in [SY19)
through the lens of stochastic approximation methods. [GSY19, XZL19] applied such meth-
ods to deriving the non-asymptotic convergence of two time-scale temporal difference learning
algorithms (TDC). [ZXL19) ICZD™19, XG20] further applied these analysis methods to on-

policy learning algorithms including SARSA and Q-learning. In addition, [HS19] formulated
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a family of TD learning algorithms as Markov jump linear systems and analyzed the evo-
lution of the mean and covariance matrix of the estimation error. [CYJWI19] studied TD

learning with neural network approximation, and proved its global convergence.

Two Time-Scale Reinforcement Learning The two time-scale stochastic approxima-
tion can be seen as a general framework for analyzing reinforcement learning [Bor97, [TMO03),
KTo04]. Recently, the finite-time analysis of two time-scale stochastic approximation has
gained much interest. [DSTMI7| proved convergence rate for the two time-scale linear
stochastic approximation under i.i.d. assumption. [GSY19] also provided finite-time analysis
for the two time-scale linear stochastic approximation algorithms. Both can be applied to
analyze two time-scale TD methods like GTD, GTD2 and TDC. [XZL19] proved convergence
rate and sample complexity for the TDC algorithm over Markovian samples. [KMN™20] fur-
ther improved the convergence rate of two time-scale linear stochastic approximation and
removed the projection step. However, since the update rule for the actor is generally not

linear, we cannot apply these results to the actor-critic algorithms.

Analysis for Actor-Critic Methods The asymptotic analysis of actor-critic methods
has been well established. [KT00] proposed the actor-critic algorithm, and established the
asymptotic convergence for the two time-scale actor-critic, with TD(\) learning-based critic.
[BSGLO9] proved the convergence result for the original actor-critic and natural actor-critic
methods. [CM10] proposed a single time-scale actor-critic algorithm and proved its conver-
gence. Recently, [ZLYW19] proved convergence of two time-scale off-policy actor-critic with
function approximation. Recently, there has emerged some works concerning the finite-time
behavior of actor-critic methods. [YCHW19] studied the global convergence of actor-critic
algorithms under the Linear Quadratic Regulator. [YZHBIS| analyzed the finite-sample
performance of batched actor-critic, where all samples are assumed i.i.d. and the critic per-
forms several empirical risk minimization (ERM) steps. [QYYWI9| treated the actor-critic
algorithms as a bilevel optimization problem and established a finite sample analysis under
the “average-reward” setting, assuming that the actor has access to independent samples.
Similar result has also been established by [KKR19], where they considered the sample com-
plexity for the “decoupled” actor-critic methods under i.i.d. assumption. [WCYW20] also
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proved the global convergence of actor-critic algorithms with both actor and critic being

approximated by overparameterized neural networks.

When we were preparing this work, we noticed that there is a concurrent and independent
work [XWT.20] which also analyzes the non-asymptotic convergence of two time-scale actor-
critic algorithms and achieves the same sample complexity, i.e., @(6*2'5). However, there
are two key differences between their work and ours. First, the two time-scale algorithms
analyzed in both papers are very different. We analyze the classical two time-scale algorithm
described in [SBI§|, where both actor and critic take one step update in each iteration. It
is very easy to implement and has been widely used in practice, while the update rule
in [XWL20] for the critic needs to call a sub-algorithm, which involves generating a fresh
episode to estimate the Q-function. Second, the analysis in [XWL20] relies on the compatible
function approximation [SMSMO0], which requires the critic to be a specific linear function
class, while our analysis does not require such specific approximation, and therefore is more

general. This makes our analysis potentially extendable to non-linear function approximation

such as neural networks [CY.JW19].

5.3 Preliminaries

In this section, we present the background of the two time-scale actor-critic algorithm.

5.3.1 Markov Decision Processes

Reinforcement learning tasks can be modeled as a discrete-time Markov Decision Process
(MDP) M = {S, A, P,r}, where S and A are the state and action spaces respectively. In this
work we consider the finite action space |A| < co. P(s'|s, a) is the transition probability that
the agent transits to state s’ after taking action a at state s. Function r : S x A — [-U,, U, ]
emits a bounded reward after the agent takes action a at state s, where U, > 0 is a constant.
A policy parameterized by 0 at state s is a probability function mg(a|s) over action space A.

1e denotes the stationary distribution induced by the policy mg.
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In this work we consider the “average reward” setting [SMSMO0|, where under the ergod-
icity assumption, the average reward over time eventually converges to the expected reward

under the stationary distribution:

. Z]\L T(Sta a/t)
r(0) := A}l_f)rloo % = Espg.amme [7(5,0)].

To evaluate the overall rewards given a starting state sg and the behavior policy 7g, we
define the state-value function as
o
vre(.):=E [Z (r(st, ag) — 7’(0)) |sg = } ,
t=0
where the action follows the policy a; ~ mg(:|s;) and the next state follows the transition
probability s;11 ~ P(:|st,a;). Another frequently used function is the state-action value

function, also called Q-value function:

[e.9]

Q™ (s,a) : = E[Z (r(st, ae) — (0))]so = s,a0 = a] =r(s,a) —r(0) + E[V™(s)],

t=0

where the expectation is taken over s’ ~ P(:|s,a).

Throughout this chapter, we use O to denote the tuple O = (s, a,s’), some variants are

like Ot = (St, ag, St+1> and Ot = (gt, CNlt, §t+1)-

5.3.2 Policy Gradient Theorem

We define the performance function associated with policy mg naturally as the expected

reward under the stationary distribution pg induced by mg, which takes the form
J(0) :=1r(0). (5.3.1)

To maximize the performance function with respect to the policy parameters, [SMSMO00]

proved the following policy gradient theorem.

Lemma 5.3.1 (Policy Gradient). Consider the performance function defined in (5.3.1)), its
gradient takes the form
VI(0) = Eeep| 30 Q5. Vilals) .

acA
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The policy gradient also admits a neat form in expectation:
VJ(0) = By () ammo(ls) [@ (s,a)V Iog mo(als)].

A typical way to estimate the policy gradient V.J(0) is by Monte Carlo method, namely
using the summed return along the trajectory as the estimated Q-value, which is known as

the “REINFORCE” method [Wil92].

Remark 5.3.2. The problem formulation in this chapter is what [SMSMO0] had defined as
“average-reward” formulation. An alternative formulation is the “start-state” formulation,
which avoids estimating the average reward, but gives a more complicated form for the policy-

gradient algorithm and the AC algorithm.

5.3.3 REINFORCE with a Baseline

Note that for any function b(s) depending only on the state, which is usually called “baseline”
function, we have

> " b(s)Vm(als) = b(s)V ( > 7r9(a|s)) = 0.

acA acA

So we also have

VJ(6) = E[Z (Q™(s,a) — b(s))Vw@(aLs)} .

acA
A popular choice of b(s) is b(s) = V™ (s) and A™(s,a) = Q™ (s,a) — V™ (s) is viewed as
the advantage of taking a specific action a, compared with the expected reward at state s.

Also note that the expectation form still holds:
VJ(0) =E,,[A™(s,a)Vlogme(als)].

Based on this fact, [Wil92] also proposed a corresponding policy gradient algorithm named

“REINFORCE with a baseline” which performs better due to the reduced variance.

In practice the policy gradient method could suffer from high variance. An alternative
approach is to introduce another trainable model to approximate the state-value function,

which is called the actor-critic methods.
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5.3.4 The Two Time-Scale Actor-Critic Algorithm

In previous subsection, we have seen how the policy gradient theorem appears in the form
of the advantage value instead of the Q-value. Assume the critic uses linear function ap-
proximation V(-;w) = ¢ (-)w, and is updated by TD(0) algorithm, then this gives rise to
Algorithm [9] that we are going to analyze.

Algorithm [J] has been proposed in many literature, and is clearly introduced in [SBIS]
as a classic on-line one-step actor-critic algorithm. It uses the advantage (namely temporal
difference error) to update the critic and the actor simultaneously. Based on its on-line
nature, this algorithm can be implemented both under episodic and continuing setting. In
practice, the asynchronous variant of this algorithm, called Asynchronous Advantage Actor-

Critic(A3C), is an empirically very successful parallel actor-critic algorithm.

Sometimes, Algorithm [9] is also called Advantage Actor-Critic (A2C) because it is the
synchronous version of A3C and the name indicates its use of advantage instead of Q-value

[MBM*16].

Algorithm 9 Two Time-Scale Actor-Critic
1: Input: initial actor parameter 6, initial critic parameter wy, initial average reward

estimator 7, step size a; for actor, f; for critic and ~; for the average reward estimator.
2: Draw sy from some initial distribution
3: fort=0,1,2,... do
4:  Take the action a; ~ g, (+|s;)
5. Observe next state s;.1 ~ P(+]s, a;) and the reward r, = r(sy, a;)
6: Oy =11 — 1+ P(sp1) wp — Ps) Twy
T Mg =+ Ye(re — M)
8 w1 = llg, (wt + 5t5t¢(5t))
9:  Oy1 = 0, + 2,0,V log g, (as;)

10: end for

In Line 6 of Algorithm [9 the temporal difference error d; can be calculated based on

the critic’s estimation of the value function ¢(-)"w;, where w; € R? and ¢(-) : S — R is a
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known feature mapping. Then the critic will be updated using the semi-gradient from TD(0)
method. Line 8 in Algorithm []also contains a projection operator. This is required to control
the algorithm’s convergence which also appears in some other literature [BRS18|, XZI1.19].
The actor uses the advantage ¢; (estimated by critic) and the samples to get an estimation

of the policy gradient.

Algorithm [9]is more general and practical than the algorithms analyzed in many previous
work [QYYWT19, [KKR19]. In our algorithm, there is no need for independent samples or
samples from the stationary distribution. There is only one naturally generated sample path.
Also, the critic inherits from last iteration and continuously updates its parameter, without

requiring a restarted sample path (or a new episode).

5.4 Main Theory

In this section, we first discuss on some standard assumptions used in the literature for de-
riving the convergence of reinforcement learning algorithms and then present our theoretical

results for two time-scale actor-critic methods.

5.4.1 Assumptions and Propositions

We consider the setting where the critic uses TD [SBI1§| with linear function approximation
to estimate the state-value function, namely V(, w) = @' (-)w. We assume that the feature
mapping has bounded norm ||¢(-)|| < 1. Denote by w*(0) the limiting point of TD(0)

algorithms under the behavior policy mg, and define A and b as:

A =Eou[o(s)(0(s) — 8(s)) '],
b = Eqou|(r(s,a) — 7(6))(s)],

where s ~ pg(-),a ~ mo(:|s), s’ ~ P(:|s,a). It is known that the TD limiting point satisfies:

Aw*(8) +b =0.
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In the sequel, when there is no confusion, we will use a shorthand notation w* to denote
w*(0). Based on the complexity of the feature mapping, the approximation error of this
function class can vary. The approximation error of the linear function class is defined as

follows:

app(8) = /By (6(5)Tw*(8) — V7o (s))".

Throughout this chapter, we assume the approximation error for all potential policies is

uniformly bounded,
V0, €app(0) < €app,

for some constant e,,, > 0

In the analysis of TD learning, the following assumption is often made to ensure the

uniqueness of the limiting point of TD and the problem’s solvability.

Assumption 5.4.1. For all potential policy parameters @, the matriz A defined above is

negative definite and has the mazimum eigenvalues as — .

Assumption is often made to guarantee the problem’s solvability [BRS18, [ZXT.19,
X7ZIL19]. Note that Algorithm |§| contains a projection step at Line 8. To guarantee conver-
gence it is required all w* lie within this projection radius R,,. Assumption indicates

that a sufficient condition is to set R, = 2U,./\ because ||b|| < 2U, and ||[A7|| < A71

The next assumption, first adopted by [BRS18] in TD learning, addresses the issue of

Markovian noise.

Assumption 5.4.2 (Uniform ergodicity). For a fized 0, denote pg(-) as the stationary
distribution induced by the policy mg(-|s) and the transition probability measure P(-|s,a).
Consider a Markov chain generated by the rule a; ~ mo(-|st), S¢x1 ~ P(-|s,ar). Then there

exists m > 0 and p € (0,1) such that:

drv (P(s; € “[so = ), po(+)) < mp”,¥7 > 0,Vs € S.

We also need some regularity assumptions on the policy.
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Assumption 5.4.3. Let mg(a|s) be a policy parameterized by 6. There exist constants

L, B, L; > 0 such that for all given state s and action a it holds

(a) HVlogﬂg(aLs)H < B, V0 € R,
(b) HVlogmgl(aLs) - V10g7r92(a|3)H < L;||0, — 6]|, V6,0, € R?,
(c) ‘ng(a|s) — 7r92(a]s)‘ < L6, — 05|, V0,0, € R™.
The first two inequalities are regularity conditions to guarantee actor’s convergence in

the literature of policy gradient [PBCT18| [ZKZB19, KKR19, XGGI19, XGG20]. The last
inequality in Assumption is also adopted by [ZXL19] when analyzing SARSA.

An important fact arises from our assumptions is that the limiting point w* of TD(0) ,

which can be viewed as a mapping of the policy’s parameter 0, is Lipschitz.

Proposition 5.4.4. Under Assumptions [5.4.1 and [5./.9, there exists a constant L, > 0

such that

|w*(61) — w*(62)|| < L.|61 — 05, V61,6, € RY.

Proposition states that the target point w* moves slowly compared with the actor’s
update on 0. This is an observation pivotal to the two time-scale analysis. Specifically, the
two time-scale analysis can be informally described as “the actor moves slowly while the

critic chases the slowly moving target determined by the actor”.

Now we are ready to present the convergence result of two time-scale actor-critic methods.

We first define an integer that depends on the learning rates a; and f;.
7 :=min {i > 0|mp’™" < min{ay, B;}}, (5.4.1)

where m, p are defined as in Assumption [5.4.2 By definition, 7; is a mixing time of an
ergodic Markov chain. We will use 7; to control the Markovian noise encountered in the

training process.
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5.4.2 Convergence of the Actor

At the k-th iteration of the actor’s update, wy is the critic parameter estimated by Line
7 of Algorithm [9] and wj is the unknown parameter of value function V7 (-) defined in
Assumption [5.4.1l The following theorem gives the convergence rate of the actor when the
averaged mean squared error between wy and w; and the error between 7, and r(6) from

k =1, to k =t are small.

Theorem 5.4.5. Suppose Assumptions hold and we choose oy = ¢o/(1 +1)7 in

Algorithm @ where o € (0,1) and ¢, > 0 are constants. If we assume at the t-th iteration,

the critic satisfies

8 R 2
;ZEHwk —wk||2+ZZE(nk — () = (), (5.4.2)
k=1 k=1
where E(t) is a bounded sequence, then we have
1 log” ¢
I” = Olean) + O(t”) + 0( = ) +0(E()),

where O(+) hides constants, whose exact forms can be found in the detailed proof in Appendix

[5.7.1

min E||V.J(6))

0<k<t

Note that £(t) in Theorem is the averaged estimation error made by the critic

throughout the learning process, which will be bounded in the next Theorem [5.4.7]

Remark 5.4.6. Theorem[5.4.5 recovers the results for the decoupled case [QYYW19,[KKR19]
by setting o = 1/2. Nevertheless, we are considering a much more practical and challeng-
ing case where the actor and critic are simultaneously updated under Markovian noises. It

1s worth noting that the non-i.i.d. data assumption leads to an additional logarithm term,

which is also observed in [BRS18, [ZXL19,SY19, |CZD™19].

5.4.3 Convergence of the Critic

The condition in ((5.4.2)) is guaranteed by the following theorem that characterizes the con-

vergence of the critic.
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Theorem 5.4.7. Suppose Assumptions [5.4.1{5.4.3 hold and we choose oy = ¢/ (1 + t)°
and By = cg/(1 +t)" in Algorithm[9, where 0 < v < o < 1, ¢, and cg < A™! are positive

constants. Then we have

t
1 12 1 logt 1
—1 T . Z]EHwk - wk“ - O(tl_y) + O( w ) + O(W—_V)), (543)

Ht;_n ZE e —r(0,))" = O(tl ) +O(logt) +0(t2(01 V)) (5.4.4)

where O(-) hides constants, whose exact forms can be found in the detailed proof in Appendiz

5.7.9 and[5.7.3

Remark 5.4.8. The first term O(t*~1) on the right hand side of (5.4.3) and (5.4.4) comes

from loosely bounding the error’s morm, and can be removed by applying the “iterative re-
finement” technique used in [XZL19]. Using this technique, we can obtain a bound (also
holds for n;) Ellw;, — wi||> = O(logt/t") + O(1/t*@=)=8) where & > 0 is an arbitrarily
small constant. The constant £ is an artifact due to the the “iterative refinement” technique.
Similar simplification can be done for . Nevertheless, if we plug and
(after some transformation) into the result of Theorem it 1s easy to see that the term
O(1/t'77) is actually dominated by the term O(1/t'=7). Thus this term makes no difference
in the total sample complexity of Algorithm [9 and we choose not to complicate the proof or

introduce the extra artificial parameter & in the result of Theorem [5.4.7.

The second term in both and comes from the Markovian noise and the
variance of the semi-gradient. The third term in these two equations comes from the slow
drift of the actor. These two terms together can be interpreted as follows: if the actor moves
much slower than the critic (i.e., 0 —v > v), then the error is dominated by the Markovian
noise and gradient variance; if the actor moves not too slowly compared with the critic (i.e.

o —v K v), then the critic’s error is dominated by the slowly drifting effect of the actor.

5.4.4 Convergence Rate and Sample Complexity

Combining Theorems and leads to the following convergence rate and sample

complexity for Algorithm [9] The detailed proof is in Appendix
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Corollary 5.4.9. Under the same assumptions of Theorems|5.4.5 and|5.4.7, we have

' 1 log t 1
2 _ o -
BB EIVION = 0t +0( 555 ) +0(2 ) + 075 )

If we set ¢ = 3/5,v = 2/5, leading to the actor step size oy = O(1/t3/°) and the critic step

size B, = O(1/t2/°), Algorithm @ can find an e-approximate stationary point of J(-) within
T steps, namely,
min I[‘EHVJ(Ok)H2 < O(€qpp) + €,

0<k<T

where T = O(e~2%) is the total iteration number.

Corollary combines the results of Theorems [5.4.5 and [5.4.7] and shows that the

convergence rate of Algorithm |§| is O(t”/ ®). Since the per iteration sample is 1, the sample

complexity of two time-scale actor-critic is O(e=2).

Remark 5.4.10. We compare our results with existing results on the sample complexity
of actor-critic methods in the literature. [KKR19] provided a general result that after T =
O(€e7?) updates for the actor, the algorithm can achieve ming<y<7 E||VJ(01)]|? < € , as long
as the estimation error of the critic can be bounded by O(t~/?) at the t-th actor’s update.
However, to ensure such a condition on the critic, they need to draw t samples to estimate
the critic at the t-th actor’s update. Therefore, the total number of samples drawn from the
whole training process by the actor-critic algorithm in [KKR19] is O(T?), yielding a O(e™*)
sample complexity. Under the similar setting, [QYYW19] proved the same sample complexity
O(e™Y) when TD(0) is used for estimating the critic. Thus Corollary suggests that the
sample complezxity of Algorithm[9 is significantly better than the sample complexity presented
in [KKR19,[QYYWI9] by a factor of O(e~').

Remark 5.4.11. The gap between the “decoupled” actor-critic and the two time-scale actor-
critic seems huge. Intuitively, this is due to the inefficient usage of the samples. At each
iteration, the critic in the “decoupled” algorithm starts over to evaluate the policy’s value
function and discards the history information, regardless of the fact that the policy might
only changed slightly. The two time-scale actor-critic keeps the critic’s parameter and thus

takes full advantage of each samples in the trajectory.
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Remark 5.4.12. According to [PBCT 18], the sample complexity of policy gradient meth-
ods such as REINFORCE is O(e™?). As a comparison, if the critic converges faster than
O(t~'2), namely E(t) = O(t~"/?), then Theorem|[5.4.5 combined with Corollary|[5.4.9 implies
that the complexity of two time-scale actor-critic is 0(6_2), which matches the result of policy
gradient methods [PBCT 18] up to logarithmic factors. Nevertheless, as we have discussed in
the previous remarks, a smaller estimation error for critic often comes at the cost of more
samples needed for the critic update [QYYWI19,[KKR19/, which eventually increases the total
sample complexity. Therefore, the 0(6_2‘5) sample complexity in Corollary s indeed
the lowest we can achieve so far for classic two time-scale actor-critic methods. However,

it 1s possible to further improve the sample complexity by using policy evaluation algorithms

better than vanilla TD(0), such as GTD and TDC methods.

5.5 Proof Sketch

In this section, we provide the proof roadmap of the main theory. Detailed proofs can be

found in Appendix [5.7]

5.5.1 Proof Sketch of Theorem [5.4.5]

The following lemma is important in that it enables the analysis of policy gradient method:

Lemma 5.5.1 ([ZKZB19]). For the performance function defined in (5.3.1), there exists a
constant L; > 0 such that for all 8;,0, € R, it holds that

|V.7(6:) = VI(82)]| < Ls||6: — 6],
which by the definition of smoothness [NesI8] is also equivalent to

L
J(05) > J(6:) + (V.J(8:),0, — 0,) — 7"”‘91 — 6%

This lemma enables us to perform a gradient ascent style analysis on the non-concave

function J(0):

J(0t+1> Z J(@t) + Oét<VJ(0t>, 5tV 10g e, (CLt|St)> - LJOétQ H5tv 10g o, (at|st) ||2
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— J(6)) + (V. J(8,), AR(Oy, mi, wi, 0,)) + (V. J(8,), AW (O, 8,))

2

+ (O, 0,) + oz,gHVJ(Ht)H2 — LjafHé,ngog T, (atlstﬂ

, (5.5.1)

where O; = (s, a4, S141) is a tuple of observations. The second term Ah(Oy,wy, 0;) on the
right hand side of (5.5.1)) is the bias introduced by the critic. The third term AR/'(Oy, 0;)
is from the linear approximation error. The fourth term I'(Oy, 6;) is due to the Markovian

noise. The last term can be viewed as the variance of the stochastic gradient update. Please

refer to ([5.7.1)) for the definition of each notation.
Now we bound each term’s expectation in ([5.5.1)) respectively.

First, we have

E(V.J(8,), Ah(Or, iy w1, 81)) > —ByE[[ V(00| /8B |2 + 2E[y?),

where z; := w; — w; and y; := n; — n/, and the inequality is due to Cauchy inequality and

Lemma 5. 7.2

Second, taking expectation over the approximation error term containing Ah’, we have

E(VJ(0,), AR(0,,0)) > —Go\/E|| Al (0, 0,)|]

+ G 28\ [5(0) @i — V()

> —QBGQEapp,

Third, we have

t
]E[F(Ot, 0,5)] Z —Ge <D1(T + 1) Z EHO]C — Ok_1|| + ngpT_l),

k=t—7+1
t—1
> —Gg <D1(T + 1)G9 Z oy + ngpTl),
k=t—7+1

where the first inequality is due to Lemma [5.7.3) and the second inequality is due to
H&Vlog W@t(at|8t)H < Gy by Lemma Taking the expectation of ((5.7.2)), plugging

the above terms back into it and rearranging give

E”VJ(Ot)Hz < oy '(E[J(6i41)] — E[J(6:)]) + By EHVJ(Gt)HQ\/8}E||Z1t||2 + 2E[y7]
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t—1
+DiGE(T+1) > ap+ DaGomp” " + LGyay.

k=t—T1
Setting 7 = 7; and summing over each term, and further dividing (1 + ¢ — 1) at both sides

and assuming ¢ > 27; — 1, we can express the result as

15 2 1 (logt)?
1+t—7—t ];E”VJ(OI:)H S O(tlo’) +O( to ) +O(€app)

1+t Z\/EHVJ& I /8El|2 + 2E[2). (5.5.2)

By Cauchy-Schwartz inequality, we have

1

ey VEVI0)[*/SElz0 | + 2E[y2)

1

1 ! 5
<1+t ZEHVJ ) H) (m;(mnztnuzmyﬂ)) |

Now, denote F(t) := 1/(1+t—m;) Zk:n E[|VJ(0y)|* and Z(t) := 1/(14+t—7) ZZ:Tt (8E||z¢||*+
2E[y?]), and putting them back to (5.5.2) (O-notation for simplicity):

F(t) < O(%) +O((10gt) ) + O(eapp) + 2BVF (1) -/ Z(2),

which further gives

(VFWD - BVZ0) <05

Note that for a general function H(t) = A(t) + B(t)(with each positive), we have

H(t) = O(A*(t)) + O(B(t)), V/H(t) = O(\/A(t)) + O(\/B(t)).

This means

tO’

L) +0(YED) 4 0fes) + 5220

t
min E[|V.J(8,)|° < 1 S E(|vI6y)]

0<k<t T 1l+t—m7
k=Tt

_ o(t11_0> +O( > + O(eapp) + O(E(1)).

5.5.2 Proof Sketch of Theorem [5.4.7]

The proof of Theorem can be divided into the following two parts.
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5.5.2.1 Estimating the Average Reward 7,

We denote y; := np — r(0y). First, we shall mention that many components in this step is
uses the same framework and partial result as the proof regarding w; in the next part. Also,
part of the proof is intriguingly similar with the proof of Theorem [5.4.5, For simplicity, here
we only present the final result regarding 7. Please refer to Section for the detailed

proof. By setting 7 = (1 +¢)~", we have that

> Elyi] = O(t") + O(logt - t'7") + O(t' ).

k=1¢
5.5.2.2 Approximating the TD Fixed Point

Step 1: decomposition of the estimation error. For simplicity, we denote z; := w; —wy,
where the w; denotes the exact parameter under policy mg,. By the critic update in Line 7

of Algorithm [9} we have

Hzt+1H2 = ”ZtH2 + 25t<zt7§(wt, 0t>> + 2B A (O, wy, 0y) + 25t<zt, Ag(Oy, mr, 0t)>
2

+ 2(z, Wi — W) + ||ﬁt(g<0t;wt»0t) + Ag(Op,m1, 04)) + (w; — w:+1)H .
(5.5.3)

where Oy := (8¢, ay, s141) is a tuple of observations, g(Oy, w;) and g(6;,w;) are the estimated
gradient and the true gradient respectively. A(Oy, wy, 0;) := (w; — wi, g(Or, wy) — §(Or, wy))
can be seen as the error induced by the Markovian noise. Please refer to (5.7.7) for formal

definition of each notation.

The second term on the right hand side of can be bounded by —2\f;||z||* due to
Assumption [5.4.1] The third term is a bias term caused by the Markovian noise. The fourth
term Ag(Oy, 1, ;) is another bias term caused by inaccurate average reward estimator 7.
The fifth term is caused by the slowly drifting policy parameter ;. And the last term can

be considered as the variance term.
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Rewriting ((5.5.3) and telescoping from 7 = 7 to ¢, we have

t
2A Z Efjz|* < Z IE‘3||Z/c||2 — Elzia[?) 2> EA(By, wp, Oy)

k=T k= 7',5 ) k=7t )
IT T
(6%
+ 2L, GOZ “VElzel + ) \/ [v2] - \/Esz +C, Zﬁk. (5.5.4)
k T+ B k=m; k=1
}; 14 I

We will see that the Markovian noise I, the “slowly drifting policy” term I3 and the estima-

tion bias I, from 7, are significant, and bounding the Markovian term is another challenge.

Step 2: bounding the Markovian bias. We first decompose A(6;,w;, O;) as follows.

Ay, wi, Op) = (A(Ot,wn Or) — A0, wy, Ot)) + (A<0t77‘7wt7 O¢) — A0y, wi—r, Ot))
+ (A(et—Tawt—Ta O) — A0, wi—r, Ot)) + A0y 7, wi_r, ét) (5.5.5)

The motivation is to employ the uniform ergodicity defined by Assumption [5.4.2] This tech-
nique was first introduced by [BRSI§| to address the Markovian noise in policy evaluation.
[ZXT.19] extended to the Q-learning setting where the parameter itself both keeps updated
and determines the behavior policy. In this work we take one step further to consider that the
policy parameter 6, is changing, and the evaluation parameter w; is updated. The analysis
relies on the auxiliary Markov chain constructed by [ZXT.19], which is obtained by repeatedly
applying policy mg, .:

91‘7’ 9f‘l'~ 61‘7‘~ P~ ~ P~
Sty — Qg T%St T+l T Qg T+1%8t 42 T Q- T+2% > S /> Qp 7 Sg41-

For reference, recall that the original Markov chain is given by:

01— 01— r41 01142 P 0, P
Stq —> Qg T—>3t 1 G T+1—>St 4o T Qg r+2% © > St = Q¢ =7 Sg41-

By Lipschitz conditions, we can bound the first two terms in ([5.5.5). The third term will be
bounded by the total variation between s, and s, which is achieved by recursively bounding

total variation between s;_; and 55_1.

In fact, the Markovian noise I'(Oy, 6;) in Section is obtained in a similar way. Due

to the space limit, we only present how to bound the more complicated A(8;, wy, O;).
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We have the final form as:
A(Gt,wt, Ot) S 01(7_ + 1)||0t — 075—7’” —|— OQmpT_l + CSH"‘Jt — UJt_—,—H, (556)

where Cy = 2U3|A|L(1+ [log, m™ '] +1/(1—p)) 4+ 2UsL., Cy = 2U;,C3 = 4U; are constants.

Step 3: integrating the results. By some calculation, terms [y, Iy and I; can be re-
spectively bounded as follows (set 7 = 7; defined in (5.4.1))). The detailed derivation can be
found in Appendix [5.7.3],

I = 432 = O(t"),

“ B
t—T1¢ t—T1¢
_[2 S ClG@(Tt + 1)2 Zozk + Cg(t — T + 1)Oét + CgUth Zﬂk
k=0 k=0

= O((log t)*t~7) + O(t'~7) + O((log t)t' ")
= O((logt)t'™),

I =) B=0(t"").

The logt comes from 7, = O(logt). Performing the same technique on I3 as in Step 3 in the

proof sketch of Theorem [5.4.5] we have

t—7¢ o % t %
ns (X 5) (Temr)

k=0 "k k=¢
t % t %
ns(YEn) (Yo
k=1 k=7

After plugging each term into (5.5.4)), we have that

2A Y Eljzi|? < O(t") + O((log t)¢'™)

: +2L*G9(t§f6k> (ZEuzkn?) (Ffﬁ[ya)é(iEnzkH?)%.

k: 0 =Tt k‘:O k,‘:Tt
This inequality actually resembles (5.5.2]). Following the same procedure as the proof of

Theorem [5.4.5] starting from (5.5.2)), we can finally get

logt 1
1+t ZEHZ’CHQ (tl z/> +O( >+O(t2(a V))

Note that this requires the step sizes v, and (; should be of the same order O(t™").
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5.6 Preliminary Lemmas

These useful lemmas are frequently applied throughout the proof.

5.6.1 Probabilistic Lemmas

The first two statements in the following lemma come from [ZXL19].

Lemma 5.6.1. For any 6, and 0, it holds that

1
drv (pe,, 1e,) < |A|L(f10gp m~H + lTp) 161 — 62,

1
dry o, o i, 7.) < JAIL (14 log m ]+ 12 ) 161 = 6,

1
dry (o, 70, P o, 70, 9 P) < LAIL 1+ Tlog, m] + 12 ) 161~ 6,

Proof. The proof of the first two inequality is exactly the same as Lemma A.3 in [ZXL19],
which mainly depends on Theorem 3.1 in [Mit05]. Here we provide the proof of the third
inequality. Note that

dTV(,Uel K T, X Pa Mo, & Tg, & P)

- %/%:/ |16, (ds)mo, (als)P(ds'|s, a) — g, (ds) e, (als)P(ds'|s, a)]

— %L;LP(d8,|S7 a)|pe, (ds)me, (als) — g, (ds)m,(als)|

_ % /S ; |16, (ds) o, (als) — pig, (ds)ma, (als)]

= dpv (jig, ® Ta,, e, ® Tg,), (5.6.1)
so it has the same upper bound as the second inequality. O

Lemma 5.6.2. Given time indexes t and 7 such that t > 7 > 0, consider the auxiliary
Markov chain starting from s;_,. Conditioning on s;_r+1 and 6;_., the Markov chain is

obtained by repeatedly applying policy g, __.

Bth P Htf‘r ~ P~ etf‘r ~ P P~ 0t77' ~ P~
Sty =2 Qt—7r —> St—r41 — 7 Q441 —7 St—r42 — > Qt—742 —7 *° —7 S —> Ay > St41.
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For reference, recall that the original Markov chain is given as:
0; t—7+1 0, t—T+2 P 0 P
C = St —> At —7 St41-

St— T—>Gt r—>5t S B g ¢ T T+1_>St 42 T A r+2—>

Throughout this lemma, we always condition the expectation on s;_.y1 and 0, and omit

this in order to simplify the presentation. Under the setting introduced above, we have:

dry (P(si41 € ), P(311 € ) < dpy (P(O, € -),P(O; € +)), (5.6.2)
dry (P(O; € ), P(O; € -)) = drv (P((s1,a0) € -),P((3, ) € -)), (5.6.3)

drv (P((se,ar) € ), P((Be,iy) € ) < day (P(sy € -),P((3; € ) + %|A|L]E[H0t —0,.].
(5.6.4)

Proof of (5.6.2)). By the Law of Total Probability,
P(si41 € - / ZP(St =ds,a; = a,5.41 € *),
S
and a similar argument also holds for O,. Then we have

2dy (P(St+1 €),P(311 € ))

ZP(St = dS,Gt = a, Styr1 — dS/) — / Z]P)(St = dS,CLt =a,541 = dS/)
S s
S / / Z hp(st - dsya/t = a, St+1 = dsl) —_ ]P’(st — d$7at =a, S84 = dsl)‘
SIS 4
- / / Z IP(O; = (ds,a,ds")) — P(O,; = (ds,a,ds))|
SIS 4

= 2dry (P(O; € -),P(O; € -)).

The last equality requires exchange of integral, which should be guaranteed by the regularity.
O

Proof of (5.6.3).

2dry (P(O; € -),P(O, € +))

B / Z/ |P<Ot = (d57 a, dsl)) - P(Ot = (dS, a, d5/>>‘
S 4 VS
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= /S%:/S |73(ds'|s,a)IP’((st,at) = (ds,a)) — P(ds'|s,a)P((8;, a;) = (ds,a))‘
:/Z/P(dS/P,a)}P((st,at) — (ds,a)) — P((30,ar) = (ds, a))]

s s
= / > [P((st,a0) = (ds, a)) = P((3,, @) = (ds,a))]

S A

= 2y (P((s1, a1) € -), P((3, ) € ).

Proof of (5.6.4]). Because 6, is also dependent on s;, we make it clear here that
P((st, a) = (ds,a)) = / P(s; = ds)P(6, = dB|s, = ds)P(a; = als; = ds, 0, = dO)
OcRd
= / P(s; = ds)P(6, = dB|s; = ds)mg,(alds)
OcRd
=P(s; = ds)/ P(0; = d@|s; = ds)me,(alds)
OcRd
= P(s; = ds)E[mg,(alds)|s, = ds].
Therefore, the total variance can be bounded as

2dry (P((se, ar) € -),P((51, @) € -))

= /SZ P(s; = ds)E[ng,(alds)|s, = ds] — P(5, = ds)m,_, (alds)|
A
_ /S ™ [P(s, = ds)E[ms, (alds)|s, = ds] — P(s, = ds)mo,__(alds)|
A
- /S XA: }P(St = ds)me,_, (alds) — P(5; = ds),_, (a|ds)‘
= [ Pl = ) 3 i, alds) = ds] — . (alds)
S A

+ QdTv(]P(St € ),P((gt < ))
< |A|LE[||6; — 6,_-||] + 2d7v (P(s; € -),P((3; € -)),
where the inequality holds due to the Lipschitz continuity of the policy as in Assumption
b.4.3l O
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5.6.2 Lipschitzness of the Optimal Parameter
This section is used to present the proof of Proposition [5.4.4]

Proof of Proposition [5.4.4. [SB1§| has proved in Chapter 9 the fact that the linear TD(0) will
converge to the optimal point (w.r.t. Mean Square Projected Bellman Error) which satisfies
A,w*(0;) = by, where A; := E[¢(s)(p(s) — (') "] and b; := E[(r(s,a) — r(6;))p(s)]. The
expectation is taken over the stationary distribution s ~ pg,, the action a ~ mg,(+|s) and
the transition probability matrix s’ ~ P(:|s,a). Now we denote wi,ws;,w; as the unique

solutions of the following equations respectively:
Ajwl =by, Ayw; =by, Ayw; =bs.

First we bound ||w} — w;||. By definition, we have

lwi — @l < [JAT" = A [[[ba]l.
It can be easily shown that

AT - AT = ATHA, - A)ASY
which further gives

lwi — @l < JAT AT — Aal[[|AZ{[[[oa .

Then we bound ||@; — wi| as || — wi|| < [[AS!]|||br — bs|. By Assumption the
eigenvalues of A; are bounded from below by A > 0, therefore ||A; || < A7, Also ||by|| < U,
due to the assumption that |r(s,a)| < U, and ||¢(s)|| < 1. To bound ||A;—A,]| and ||b;—bs||,

we first note that

1AL = Azl < sup [|p(s)(#(s) — @(s) ||, - 2drv (P(O' € ), P(O* € )),

s,s'eS
< 4dyy (P(O' € -),P(O” € 1))
by —by|| < [[E[r(s",a")p(s")] — Elr(s*, a*)(s)]]| + [[r(8)El(sh)] — r(62)Eleb(s”)]
< 6U,dry (P(O' € -),P(O* € 1)),
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where O' is the tuple obtained by s° ~ pg.(+), a® ~ mg,(+|s!) and (s')* ~ P(:|s’,a’). And the

total variation norm can be bounded by Lemma [5.6.1] as:
1
dTv(]P)(Ol € -)’]P’(OZ € )) < ’A|L<1 + Dogp mfl-‘ + Tp) ”91 — 02H
Collecting the results above gives

lwi — wa| < flwt =@l + [lor — wsl

1
< (2A?U, + 3A1Ur)|A|L<1 + [log, m™ '] + —> 10, — 6],

and we set L, := (207U, + 3X7'U,)[A|L(1 + [log,m™'] 4+ 1/(1 — p)) to obtain the final
result. [

5.6.3 Asymptotic Equivalence

Lemma 5.6.3. Suppose {a;} is a non-negative, bounded sequence, 7 := C1+Cylogt(Cy > 0),

then for any large enough t such that t > 7 > 0, we have:

1 1
i ne=o(i )

Proof. We know that 7 = O(logt) and the sequence is bounded: 0 < a; < B. For the first
equation, we have

t t t

t
1 1 t1 1
— i < i ST i < 0| - i|s
1+t—7;a—1+t—7k§a—1+t—T et (tza)

k=1
and further assuming t > 27 — 2 gives a constant 2. For the second equation, we have

t

1 ¢ log t 1
_Zaz_ (T—lB—FZCLZ): +¥ZQZ:O(%>+O(W—_T;CL1>

k=T

[]
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5.7 Proof of Main Theorems and Propositions

5.7.1 Proof of Theorem [5.4.5|

We first define several notations to clarify the dependence:

Oy = = (8¢, a4, Sp41)5
0" = 1(0) = Eanspamro (o1 (5, )]
(O, 7.w.6) : = (n(8) =+ (¢(s) = $(s)) (w —w") ) VIogmalals)
AN(0,8) : = ((¢() w" = V™ (s) = (&(s) w" = V™(5)) ) V log ma(als),
h(O,0) : = (r(s,a) — 1(8) + () Tw" — ¢(s)"w") Vlog mo(als),
I'(0,0) : =(VJ(0),h(0,0) — By pyamrg,s~p[R(O',0)]). (5.7.1)

Note that Ah, Ah' and h — Ah/ together gives a decomposition of the actual gradient we use
in Algorithm[9] They each correspond to the error caused by the critic w;, the approximation

error of the linear class, and the stochastic policy gradient.

['(0,0) is the Markovian noise for h(O, ). Here O' = (s,a,s’) is a shorthand for an
independent sample from s ~ ug,a ~ mg, s’ ~ P. Using a more compact notation Eq|-], it is

clear we have Eo/[h(O',0) — AN (O',0)] = VJ(0) and Eo/ ||AN (O, 0)||> < 4B?*¢2 because

app

((@(s)w" = V™(s) = (¢(5) w" = V7™(5)) ) Vlog mo(als)

2

Eo ||AN (O, 0)|]* = Eo

< Eor|B2((6(5) 7w = V70 (s) = (8(6)w" - V(s) )]
< Eor[2B2(g(s) Tw = V™ (s)" + ((s) Tw — V7 (s)) ]
— 4B%E,, [(¢(s)m*(9) - V’“"(s))z}

_4B22

app’
There are several lemmas that will be used in the proof.

Lemma 5.7.1. For the performance function defined in (5.3.1)), there exists a constant
Ly > 0 such that for all 0,,0, € R?, it holds that

[V (6:) = VI(6:)|| < Ly[|61 — 62],
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which by the definition of smoothness [NesI8] implies
L
J(02) 2 J(6:) + (VI (6:).0: — 0:) = 7161 — 6”

The following two lemmas characterize the bias introduced by the critic’s approximation

and the Markovian noise.

Lemma 5.7.2. For anyt > 0,
|AR(Os, mi, wi, 0:) || < B2(8]|we — wyl[? + 2(m: — m7)?).

Lemma 5.7.3. For any 6 € R?, we have ||6V logmg(als)| < G := Us - B, where Us =
2U, + 2R,,. Furthermore, for any t > 0, it holds that

t
E[T(0,,6,)] > =Go(Di(r+1) Y E|| — 01|+ Damp™ "),
k=t—7+1

where Dy = max{(UsL; +2L.B + 3L;),2UsB|A|L} and Dy = 4U;sB.

Proof of Theorem[5.4.5 Under the update rule of Algorithm [9) we have

J(8:41) > J(8:) + (V. J(8,), 8,V log e, (as]s:)) — Lya?||6,;V log e, (ad]s.)||”

= J(6;) + . (VJ(6;), AL(Oy, 1, wy, 6;))
+ai(VJ(6,), h(Oy,8,)) — Lya2||6,V log e, (as]s.)||”

= J(0:) + . (VJ(8,), Ah(Op, 1, w1, 6,))
+a(VJ(8,), Eor[(0',0)]) + T (01, 8,) — Lya?||6,V log mo, (a]s:)||”

= J(6,) + (VJ(0,), AM(Oy, 1, wy, 6,)) + (V J(6,), Eor [AR (O, 6,)])
+ ||V I(0,)|]” + uT(Os, 0;) — Lya?||6,V log ma, (ass:) || (5.7.2)

The first inequality is by Lemma . The first equality is by the definitions in ; the

second equality is by the definition of A(Oy, 6;) in (5.7.1). The last inequality is due to the

remarks under ([5.7.1).

We will bound the expectation of each term on the right hand side of ((5.7.2)) as follows.

First, we have

E<V‘](0t>7 Ah(ota Nty Wt, 0t)> Z —B \/ EHV‘]<0t)H2\/8EHZtH2 + 2E[yt2]7
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where z; := w; — w; and y; := 1, — 7/, and the inequality is due to Cauchy inequality and

Lemma [5.7.2.

Second, we have

t

E[F(Ot, 0,5)] 2 —Gg <D1(T + 1) Z ]EHGk — Gk,lﬂ —+ ngpTl),

k=t—7+1
t—1

> —Gy <D1(T + 1)Go Z ay + DzmpT_l),

k=t—7+1
where the first inequality is due to Lemma [5.7.3] and the second inequality is due to

|6:V log 7, (a¢]s:)|| < Ge by Lemma m

Third, by the remarks under (5.7.1) regarding Ah’, we have

(VJ(8,), Eo/[AN (O, 6,)]) > —G,,\/H]EO, [AR(0:,6,)])?

> ~Gyy/Eo
> _QBGBGappv

AN(O,,8,)|”

Taking the expectation of (5.7.2]) and plugging the above terms back into it gives

E[J(61:1)] = ELJ(6,)] — ouB\/E|VJ(8,)|*\/8E |22 + 2E[y?) — 2BCocuppor

— ;G (Dl(T +1)Gg Z ay + ngpT_l) + R VJ(0,)|* — L;Gaal.

k=t—1

Rearranging the above inequality gives

B[ V(60| < - (ELT(6us1)) ~ ELT(6))) + By E|[VI(0) /5B | + 2Bl

+ D1Gy(T +1) Z oy, + DoyGemp™ 't + L ;G
k=t—71

By setting 7 = 7, we get

E|v.J(6)" < a%(E[J(GtH)} —E[J(6))]) + B\E|VI(6)|*\/SEllz| + 2E[y2

+ 2BGoéapp + D1Go(1: + 1), + DaGoas + LGy
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Summing over k from 7; to t gives

>_E[vI@f

kZTt

t 1 t
<> a_k(E[J(ekH)] —E[J(6:)]) +B > \/E||VJ(0t)H2\/8EHth2 + 2E[y?]
k=m k=1¢
)
t t
+ Z DyGy(m + 1) r, + Z(DQGG + L;G)ay, +2BGgeapp(t — 7 + 1).
k=7 k=7¢
I

For the term I, we have,

S L (O - T0) = 3 ( L i)Emem ~ B0, + B (6)

P Q P (077 ] Qg Qr—1
t
1 1 1
S <_ - )Ur + Ur + _Ur
o (673 Ap—1 Qr—1 Qi
_Tt
L/ 1 1 1
= Up Z - — + + —
i Ok QE—1 Qr—1 O
= 2U,a; !,

where the inequality holds due to |E[J(0)]| < U,.

For the term I, we have

t
Z DiGo(my + 1)y, = D1Go(1y + 1) Z Oz,

k=Tt

= ch;%(’rt + 1)2 Z (673

and

t

t
N (DyGo + LiGh)ar = (DaGo + LiG3) Y o
k=T k=7
t—T1¢

S (DQGQ + LJG%) Z (073

k=0
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t—T1¢ 1

= (DyGo + L;G3)c, )
(D2Go + L,Gg) 1; T+ k)7
Note that both upper bounds rely on the summation >, "7 1/(1 + k)7 < Jfﬁﬂ r %dr =

1/(1 = o0)(t — 7+ 1)!77. Combining the results for terms I; and I, we have

ZEHW )] <

k=r¢

+ (DlG?g(Tt + ) + D2G9 + LJG@) (t — Tt + 1)

+ B Y VEIVIO)| \/SEll 2 + 28y

k=T¢

+ 2BGgeapp(t — 1 + 1).

Dividing (1 4+ ¢ — 7;) at both sides and assuming ¢ > 27, — 1, we can express the result as

1
1—0'(t—Tt+1)

2B
T VE[ VI8 \/$Elz0]1> + 2Ely2

AU, 1
Co (t+1)177

1 t
1+t—17 kZTtEHVJ(et)HQ < (DiGy(1i +1)* + DyGo + L, G)

+ 2BGeapp- (5.7.3)

By Cauchy-Schwartz inequality, we have

1+t_7-tk:

1 > \/E||V‘](0t>H2\/8EHZt“2 +2E[y7]

t t 1

b 2\ * 1 2 a7y )
< (Ht_ﬁl;EHW(et)H) (1+t_Tt;(8]E||th +2]E[yt])) .

Denote F(t) = (14— 1)~ SS4_ EIVI0)| and Z(t) = (141 — )" S (SEfa]* +
2E[y?]), and putting them back to (5.7.3) (O-notation for simplicity):

F(t) < O(t11_0> +O((logt) ) + Olenpp) + 2BVF(t) - V2 (1),

which further gives

(VF{) — BVZ() < o(t11_0> + o((logt) ) + Oleapp) + B2Z(1). (5.7.4)

o

159



Note that for a general function H(t) < A(t) + B(t)(with each positive), we have

H?(t) < 24%(t) +2B*(t),

VH(t) < /A() + /B(t)

This means ((5.7.4]) implies

VE®) - BVZ) < VA + BVZ(D),
VEW) < AT +2BVZ(0),

F(t) < 2A(t) + 8B*Z(t).

By Lemma |5.6.3 assuming ¢ > 27, — 1, it holds that

| Do

1 t
Z(t) = > 8El|z* + 2E[y7] <

S SE 2 4 2R[¢?] = 2E(1).
) 5" Sl + 2552 = 2610

k=1

t

And finally, we have

o2in B[V I"< 7= - ZEHV‘] %)
8U, 1
T ey (L 1)

2¢,, 1
1—0’(t—7}+1)0

+ (Dng(Tt + 1) + D2G9 + LJGQ)

—+ 4BG9€app

+16B*E(t)

- o<t11_0) +O( ) + O(eapp) + O(E(1)).

5.7.2 Proof of Theorem [5.4.7; Estimating the Average Reward

The two time-scale analysis with Markovian noise and moving behavior policy can be com-

plicated, so we define some useful notations here that could hopefully clarify the probabilistic

160



dependency.

O : = (Staat;StJrl)a
n =0 (0:) = J(6;),

(5.7.5)
Yot = — 1),

E(Oa 7, 9) F= yt(rt - 7]:)
We also write J(6;) = r(6;) sometimes in the proof.

Lemma 5.7.4. For any 61,0y, we have |J(0,) — J(62)] < C;||0; — 65|, where C; =
2U,|A|L(1 + [log, m~ "] + 1/(1 = p)).

Lemma 5.7.5. Given the definition of Z(Oy,my, 0y), for any t > 0, we have

E[E(Or, m1, 04)] < 4UCy |0y — Oy || + 2Ur |1 — 1|
t
+2U2|AIL Y E|6; — 6| + 4Ump"

i=t—T
Proof. From the definition, 7, is the average reward estimator, n; = J(6;) = E[r(s,a)] is
the average reward under the stationary distribution pg, ® mg,, and y, = 1, — 7;. From the
algorithm we have the update rule as 1,41 = + % (r(st, a;) — nt), where we leave the step

size ¢ unspecified for now. Unrolling the recursive definition we have

* * 2
Yror = (e + 00 — i+ 7e(re —me))
<7+ 29 (e — me) + 20 (nf — mjy) + 207 — 0f)? 4 297 (e — )
= (1= 29%)y; + 2veye(re — ) + 2ye(nf — mfy) + 200 — mf0)” + 297 (e — )

= (1= 27)y; + 2%E(Ok, M, Ok) + 20 (0} — miy) + 2(0 — miy)” + 297 (re — me)*.

Rearranging and summing from 7, to ¢, we have

t t t
1 _
d Ely <> —QVkE(yi—yiH)JrE E[Z(Og, nk, 01)]

k=7 éi’?’t ., ]\9:7} P
n In
t 1 t 1 t
+ > —Elylnp —np)l+ > —Elmr — mey)?1+ D wEI(re — mk)].
kZTt ’)/k kZTt 7k‘ k:Tt
I A Is
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For I, following the Abel summation formula, we have

yk+1)

R
i

2k

1 2 ]' 2 1 2
- + o [
(2 2k—1 ) Uk 2r—1 Y 2 Vet

’Vt'

For I, from Lemma [5.7.5] we have

]E[E(Ot7 N, et)]
t
< AULC 0 — Ou | + 20, — mie] + 202 AIL S B0, — 0, + 4UZmp!

i=t—T
< AU, CyGoray_r + AUy s + 2U|A|LT(T + 1)Gooy_r + 4Ump™

S C(17—2051577' + 027'%—7 + CSmpTil

By the choice of 7;, we have

t t
S B0 .80] < (Crr? + C) Y+ Cor 3

k=1 k=7, k=7
For I3, we have

Iy < (ZEL@]> (CJGOZ“’“) :

k=7 k=7
which is because by Lemmal5.7.4] (13—, ) can be linearly bounded by [|6x—8j41]| < Go-ay.
For I, by the same argument it holds that

1
Iy = Z %E[(U 77k+1>2]
k=T
t
1
=" —E[(J(0k) — J(Ors1))’]
k=t Tk
< Z CJHek — Ot |?
k= Tt
< Z CJG
k= Tt



For I5, we have
t t t
=3 Bl - ] < 40 =0 X))
k=7 k=7 k=1

by bounding the expectation uniformly.

Now, we set v, = 1/(1 + ¢)” and combine all the terms together to get

t t

D Eli] 2UF1 ) + (Ci7f + Ca)ea ) (14 k)7 + Com Y (14 k)™

k=T¢ k= k=m¢
t /2 , ¢ 1/2
+CoGaea( Y0) (014 h2)
k=1 k=1

t t
+ 3G Y (L+ k)27 +4U2 > (1 + k)™
k=1¢ k=T¢
t

<221+ ) + [(C17* + Cs)ca + Comy + C3Gac2 +4U2] Y (1+ k)™

k=1¢
t /2 , ¢ 1/2
+CyGoca < > E[y,a) ( > o+ k)“”’)

k:Tt kZTt
(1 +1— Tt>1_y
1—v

<2UF (14 1) + [(C17* + Cs)cq + Coty + C5Gcz + 4U?]

t 1/2 _ 1-2(c—v) \ 1/2
14+t —m7
+CJGGCQ<ZE[3/I§]) << 1 _2(;)_ V) >

k=1¢

By applying the squaring technique already stated in the proof of Theorem [5.4.5, we have

t
1 t— 1—-v
D ER] 4UR1L+ )" + 2[(Cr77 + Cy)ca + Comy + C5GcE + 4U7] ( +1 - Zt)
kZTt
14— 1-2(o—v)
n 8C3G‘296i( + Tt) (5.7.6)

1—2(c—v)
= O(t") + O(log*t - t1=) + O (172,
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5.7.3 Proof of Theorem [5.4.7; Approximating the TD Fixed Point

Now we deal with the critic’s parameter w;. The two time-scale analysis with Markovian
noise and moving behavior policy can be complicated, so we define some useful notations

here that could hopefully clarify the probabilistic dependency.

Oy 1 = (St, Gty St41),

9(0,0.0) : = [r(s,0) = J(0) + ($(s)) — B(s)) Tw|b(s).

Ag(O,n,0) - =[J(0) —nld(s),

§(©,0) : = Evupipanrginp | [1(3,0) = J(0) + ($(5) — $(5)) w] ().

wp = w'(8),
2 =n"(0:) = J(6:)

AO,w,6) : = (w = w(8),9(0,w,0) = §(,0)),
Y= — 1y (5.7.7)

A bounded lemma is used frequently in this section.

Lemma 5.7.6. Under Assumption[5.4.3, for any 0, w, O = (s,a,s") such that ||w|| < R.,
Hg(O,w,O)H < Us:=2U, +2R,,, HAg(O,n,O)H < 2U,, !A(O,w,0)| < 2R, -2Us < 2U3.
The following lemma is used to control the bias due to Markovian noise.
Lemma 5.7.7. Given the definition of A(0;,w;, Oy), for any 0 < 7 < t, we have
E[A(Oy, wi, 8,)] < Ci(7 + 1)[|6; — 0, || + Comp™ ' + Cs|lw; — wy—-|,
where Cy = 2U3|A|L(1+ [log, m™ '+ 1/(1—p)) +2UsL,, Cy = 2U;, C5 = 4Us are constants.

Proof of Theorem[5.4.7]. By the updating rule of w; in Algorithm [9 unrolling and decom-

posing the squared error gives

|z |* = ||Zt + Bi(g(Or, wy, ;) + Ag(Or,ny, 0;)) + (wy — wt*+1)H2
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= ll2el1? + 26:(2e, (O, wi, 0) ) + 28z, Ag(Op, 1y, 64))

+ 20z, wi — wiyy) + || Bi(9(Or,wi, 0:) + Ag(Op, e, 1)) + (w — wipy)|)”
= ||z¢||* + 2B:(zs, G(wr, 01)) + 2B:A(Oy, wr, 0;) + 28,(zs, Ag(Oy, 1, 0;) )

+ 2z, W) — wiyy) + || Bu(g(Or, wr, 0;) + Ag(Or, e, 0r)) + (W) — w:+1)||2
< lzel|” + 26:(2e, G(wr, 0:)) + 28:M(Or, wi, 0) + 28, (21, Ag(Oy, i, 64))

+ 2z, wp — wyiy) + 267 ||9(Or, wi, 6:) + Ag(Oy, 1y, 0,5)H2 +2[|w; — wi iy |
< lzel|? + 28,24, G(wr, 0r)) + 2B:M(Or, i, 0y) + 26,(2e, Ag(Oy, 1, 0y))

+ 2<Zta w: - w:—i—l) + 2U526t2 + 2”"‘);%k - w:+1||27

where the first inequality is due to [[x + y[|* < 2||x[|* + 2[ly||* and the second is due to
19(Oy, wy, 8;) + Ag(Oy,my, 6,)|| < Us. First, note that due to Assumption [5.4.1] we have

(21, 5w, 00)) = (2. (w1, 8:) — 3(w].0)
= (2. E[(0(5) — ¢(5)) (we — wi)(s)] )
=2 E[o(s)((5') — $(5)) ]
— 2] Az,

< =AMz,

where the first equation is due to the fact that g(w*,0) = 0 [SB1§|. Taking expectation up

to si11, we have

El|zi1]]* < Ellz|* + 257&E<Zt7§(wt, 9t)> + 2BEA(Oy, wy, 0;) + QﬁtE<zt, Ag(Oy,ny, 9t)>
+ 2E(zy, wf — Wy, y) + 2U526t2 + 2E||w; — wt*+1||2
< (1 - ZAﬁt)E”ZtHQ + 25tEA(Ota Wi, Ot) + 25tE<Zt> Ag(Ota Mt 9t)>

+ 2B (2, wff — wj i) + 20557 + 2Ew; — wi, ||
Based on the result above, we can further rewrite it as:

El|ze ] < (1= 2X8)E||z|* 4 28 EA(Oy, wy, 6;) + 28, E|z | - |y

+2L.El|z]| - 0, — O]l + 20557 + 2LIE|16; — 0,11
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< (1= 2XB)E||z||*> + 2BEA(Oy, wy, 0;) + 2B, E|| 2| - ]
+ 2L.GooiE||z4|| + 2UZ 37 + 2L2Ga}

< (1= 2XB)E||ze||? + 2BEA(Oy, wy, 0;) + 268,z - ||
+ 2L.GooyE||z|| + <2U5 + 212Gy (max @) )@2

= (1 = 2AB)E||z||* + 2B,EA(Os, wy, 8;) + 2B E||z| - |ye] + 2L.GoiEl|ze|| + Cy57,

where we denote the constant coefficient before the quadratic stepsize 87 as C, at the last
step. The first inequality is due to Proposition and Cauchy-Schwartz inequality. The
second inequality is due to the update of 8, is bounded by Gga;. The third inequality is

from employing the fact that o > v so «a;/f; is bounded. Rearranging the inequality yields

oY
20|z ||* < (EHZtH2 El|ze41]1%) + 2EA(Or, wi, 1) + Bzl - |yi| + 2L.Go—

Elz|l + C
CEll + o

(EHthQ I[‘-‘3|’Zt+1||2) + 2EA(Oy, wy, 9t) + \/E?Jt2 : \/EHZtH2

+ 2L Ge \/E||zt |2+ C, b,

where the second inequality is due to the concavity of square root function. Telescoping

from 7, to t gives:

t
2/\ZE|]zk||2 < Z E]|zk||2 — Ellzia|*) +2 Y EA(By, wi, Ox)

k=7, k= ’Tt k=7 B
Z L
(0%
+2L, Gez “VElzel 2+ ,/Eyk VE|z |2 +C, Zﬁk (5.7.8)
k Tt k Tt k Tt
~~ d ~~ N——
I3 14 Is

From ([5.7.8), we can see the proof of the critic again shares the same spirit with the proof
of Theorem [5.4.5] For term I;, we have

t

1
Li=) E(EHZHI2 — Ellzis [1*)

]i):Tt

t
- - E||z||* + E||z.,||? — —E|z1||?
; <5k Bk—l) H kH Br-1 H ” B, || t+1”
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1 2 2
Z(Bk e e

(t( ) as)
£ Be  Br Bri—1

=Tt

R
5
o1+

= 4R, (1+1)" = 0(t"),

where the first inequality is due to discarding the last term, and the second inequality is due
to El|zx||* < (R, + Ru)%
For term I, note that due to Lemma we actually have

A(Ok, Wi, Ok) § 01(7} + 1)||0k — Ok_n || + Cgmp”_l + C'3||wk — W7y ||

k-1 k-1
<Ci(n+1) Z Goa; + Comp™ ' + Cy Z UsB;
i=k—T¢ i=k—T¢

< C1Go(Ti + 1)? s, + Cocyy + C3UsTi By,
and the summation is

t
]2 = Z EA(Ok, Wi, Ok)

k=T¢
t t t

< C1Go(t + 1)? Z gy, + O Z ay + C3UsTy Z Br

k=1¢ k=1¢ k=T¢

t*Tt t*Tz
< C1Gol(mi+ 1))+ Colt — 7+ Doy + CsUsm Y i

k=0 k=0

1 t — l1—0o 1 t — 1—v
< O1Go(my +1)%c ( +1 — :) +Cy(t =7+ Ve (1+6)77+ OgU(;Tt( +1 — Zt)
G 1)2%¢c, CsU,
< 1Go(Te +1)°c 4 Chen + 3UsTy (1+ t)l_
1—0 1—v

= O((logt)*t"™),

where the second inequality is due to the monotonicity of ax and S;. The O(+) comes from
that 7 = O(logt) and > k™ = O(t'™).
For term I3 and I;, we will instead show it can be bounded in a different form. Using
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Cauchy-Schwartz inequality we have

- v () (L) < (55 (£owr)’

k=7¢ k=0 k=7,
t 1 t i t—T7¢ i t 1
=Y B VTl < (ZEyi) (Coal) < (Tet) (L Elml)
k=7 k=m k=m k=0 k=
For term I, simply bound it as ", _7 8, < (1+¢)'7/(1 — v).

Collecting the upper bounds of the above five terms, and writing them using O(+) notation

give

t
20 Bz < 4RZ(1+1)" +2

k=Tt

Cyey + —21 9 (1 4 1)1
T — o + Cye,, + T (1+1)

|:01G9(Tt + 1)2004 CgU(;Tt + C

i E) S )

k=0 k=
i ) 3 ) 3
¥ (ZEyk) (ZEnzkn ) . (5.7.9)
k=0 k=Tt
Now, we first divide both sides by (1 + ¢ — 73), and denote
Z(t): = ——— > Elzl?
1) =1 Z ol
1 t—Tt o t 2(o—v)
F(t):= — <— =0tV
®) 1+t—7'tzﬁ,3_1—2(0—y) ( )
1 t—1¢
G(t):= ———) Efgf] =0t +O(logt-t7") + Ot
(1) Ht_ﬁ; [y2] = O(t"™") + O(logt - ™) + O( ),

and the rest as A(t) = O(t") + O(t'™"). G(t)’s constants appear at (5.7.6) in exact form.

This simplification leads to

(V2D - L2 Fm - SvEw) < an (L5 vTw + LVEw)

which further gives Z(t) < A(t)/A + 16F(t) + 16G(t). This is again a similar reasoning as

in the end of the proof of Theorem [5.4.5] We actually show that

logt 1
1 Tt — ZEHwk _wkHQ (tl y) +O< ) +O<t2(o 1/))

This completes the proof. To obtain the exact constant, please refer to 6) and (5 O
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5.7.4 Proof of Corollary
Proof of Corollary[5.4.9. By Theorem [5.4.7, we have

! zt:EHw Wiz =0 +oet) Lol
Lt —m 0 = 2o )

By Lemma [5.6.3] £(¢) in Theorem is of the equivalent order:
1<
D=1 Bl - wil
k=1
1 ! logt
— - E o * |2 C) mache
O Bl —it”) < o)
1 logt 1 logt
o) o (o) +olemm) +o(F)
1 logt 1
=0(a) +o(3) o (wmm)

The same reasoning also applies to

Ex(t) = %iE(nk (0)))? = 0<tll_y) + 0(1‘1—?) + 0<t2(%))

k=1

Plugging the above results into Theorem [5.4.5 and optimizing over the choice of ¢ and v

log?t logt
) ol o)

(which gives 0 = 3/5 and v = 2/5), we have

min E||VJ(0,)|* = < ! )—i—O

0<k<t

logt
_ O( 125 ) + O(€app)-
Therefore, in order to obtain an e-approximate(ignoring the approximation error) stationary

point of J, namely,

min E(|V.J(8,)|° = O(lOgT) + O(€app) < Of€app) + ¢,

0<k<T T2/5

we need to set T = O(e29). O
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5.8 Proof of Technical Lemmas

5.8.1 Proof of Lemma [5.7.1]

Proof of Lemma [5.7.1. The first inequality comes from Lemma 3.2 in [ZKZB19]. The second

inequality is well known as a partial result of [— L, L]-smoothness of non-convex functions. [

5.8.2 Proof of Lemma [5.7.2|

Proof of Lemma[5.7.9 Applying the definition of Ah() and Cauchy-Schwartz inequality im-
mediately yields the result. O

5.8.3 Proof of Lemma [5.7.3
The proof of Lemma will be built on the following supporting lemmas.
Lemma 5.8.1. For anyt > 0,

IT(Oy,6;) = T(Oy,0,—)| < Go(UsLy + 2L, B + 3Ly)||0; — 6,_]|.

Proof of Lemma[5.8.1. Let 6(Oy,0) := r(ss, as) + (d(se41) — P(s¢)) "w* — r(0) and it can be
shown that §(Oy, 01) — 5(Oy, 02) = (P(st11) — P(s1)) T (wi — w3) — (r(01) — r(6y)).

|A (O, 6:) — h(Oy, 0,_.)|| = ||0(Ox, 6:)V log 7, (ar|s¢) — 6(Oy, 0,—;)V log e, (ar]sy)||
< H(S(Ot, 0,)V log me, (as|s;) — (5(Ot,Ot)Vlogw(;H(aAst)H
+ ||6(Oy, 6,)V log ma,_ (arsi) — 6(Oy, 0,—-)V log mg,_, (arlsy)||
< UsLy||6; — 6;_.|| +2L.B||6; — 0;_,||.

By triangle inequality, we have

IT(O¢, 6;) — (O, 0,_-)| < Go||h(Oy, 0;) — h(Oy,0,_.)|| + 3Gy ||V (0:) — VI (6,

< Go(UsL; +2L.B + 3L,)||6; — 6,_.].
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Lemma 5.8.2. For anyt > 0,

t
[E[L(Or,0,—-) — T(Or, 0,—,)]| < 2UsBGolAIL > [0; — 6,_].

i=t—T
Proof of Lemmal[5.8.9. By the definition of in (5.7.1]),
E[L(O, 0,—;) — (01, 0,)] =E[(VJ(6i—;), h(Oy,0,—) — h(Oy, 0,_,))]
—E (VI (01-), h(O1, 8:1)) = (VJ(6,1) h(O1,0,.)) |
< 4U; BGodryv (P(Ot = "SthJrla Otf‘r)a]P)(Ot = '|3t77'+1> etfr))a
(5.8.1)

where the inequality is by the definition of total variation. By Lemma [5.6.2| we have
drv (]P)(Ot € “|St—rt1, Htf‘r)?P(ONt € |St—rt1, Oth))
=drv (P((St7at) € “|8t—r41,0i—1), P((5¢,a¢) € '|St—T+170t—T))
N 1
<drv (]P)<St € |5i—r41,0i—7), P(5; € -|54—r41, at—T)) + §|A|LE||0,5 — 0,

- 1
<dry (]P)(Otfl € |8—r41,01—), P(O4_1 € -[81—741, etf'r)) + §|A|L]E‘|0t —6,_-|.

Repeat the inequality above over ¢ to t — 7 + 1 we have

. 1 ¢
dry (P(O; € “|81-711,0,—7),P(O; € “|81-r41,0:-1)) < SMIL > E|6: - 6. (582)

1=t—T

Plugging (5.8.2)) into (5.8.1]) we get
t
E[[(Oy,0,—) — T(Oy, 0,—.)] < 2UsBGolAIL > [16; — 6.

i=t—T

Lemma 5.8.3. For any t > 0, it holds |E[F(C~)t, 6,_,) —T(0;,0,_.)]| < 4U;BGemp™".

Proof of Lemma|5.8.5,
E[[(O,0,+) —T(0;,0,)] < 4UsBGodry (P(O; = -|s1-741,0i7), 1o, © 79, . @ P)
< 4U(;BG’9mpT*1.

The first inequality is by the definition of total variation norm and the second inequality is

shown in Lemma [5.8.11] ]
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Proof of Lemma|5.7.5. First note that
J = ‘r(s,a) —JO)+ ¢ (5w — ¢T(s)w‘

< ‘r(s,a)‘ + ‘J(0)| + }q’)T(S/)w‘ + ‘(JST(S)w‘

=2U, + 2R,

=: Us,
which immediately implies

|6V log mg(als)|| < 18] - ||V 1og me(als)|| < Us - B,
where the last inequality is due to Assumption [5.4.3] We decompose the Markovian bias as
E[L(O, 6,)] = E[[(O;, 8;) — (O, 0;_,)] + E[[(Oy, 0,_,) — (O, ;)]
+E[[(Or,8,—,) — T(0;,6,-,)] +E[[(O}, 6;—)].

where O, is from the auxiliary Markovian chain and O; is from the stationary distribution
which actually satisfy E[I'(O},0;—,)] = 0. By collecting the corresponding bounds from
Lemmas [5.8.1} [5.8.2] and [5.8.3, we have that

t
E[D(Oy,6:)] > —~Go(UsLy + 2L.B + 3L,)E||6; — 0, || — 2Us BGo|AIL > E[|6; — 6, |

i=t—T

— 4UsBGomp™!

t
> —Go(UsLi+2L.B+3L;) > E[6;— 04|

i=t—7+1

t %
—2UsBGolAIL >~ > E|6; — ;1| — 4UsBGomp™ ™
i=t—14+1 j=t—7+1
t
> —Go(UsLy +2L.B + 3L;) Z E(6; — 60; ]|
i=t—7+1
t

— 2UsBGo|AlLT ) E|6; — 0,_1]| — 4Us BGomp™ "

j=t—r+1
t
> —Gl (Dl(T +1) ) E[|6r — 0]l + ngpT_l),
k=t—7+41
where Dy := max{(UsL; + 2L.B + 3L;),2UsB|A|L} and D, := 4U;B, which completes the
proof. O
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5.8.4 Proof of Lemma [5.7.4]
Proof of Lemma |5.7.4. By definition, we have

J(6,) — J(0y) = E[r(sV,aM) — r(s?, a?)],
where s ~ pg.,al) ~ .. Therefore, it holds that

1(0:) = J(82) = Elp(s, o) — (s, o)
S 2UrdTV (Mel X 7T917M92 ® 7T92)

1
S 2UT|A‘L<1 —+ ﬂng m_l" =+ Tp) ||91 — 62”

— CJ”el - 02”

5.8.5 Proof of Lemma [5.7.5
The proof of this lemma depends on several auxiliary lemmas as follows.
Lemma 5.8.4. For any 64, 0,,eta,O = (s,a,s"), we have
‘E(O, n, 01) - E(O, n, 02)‘ S 4U7»CJ||01 - 02”

Proof of Lemmal[5.8.4 By the definition of Z(O,n,0) in (5.7.5)), we have

2(0,1,61) = Z(0,1,60:)| = |(n — 1) (r —n7) — (0 —n3) (r —113)]

< |t =m)(r = ni) = (n = n7)(r —n3)]
+ [ =) —n3) — (0 —m3)(r — n3)]

—4U,|J(6)) - J(63)]

< AU, Cy||6, — 05]].
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Lemma 5.8.5. For any 6,n,,1m2,0, we have
‘5(0777170) E’(O 77270)| S 2UT’771 _772|
Proof of Lemma[5.8.5. By definition,

12(0,n1,0) — Z(0,15,0)| = | (m — ") (r =) — (n2 — ") (r — ")

S 2Ur‘7]1 - 772'

]

Lemma 5.8.6. Consider original tuples Oy = (si, a4, S¢41) and the auziliary tuples Ot =

(8¢, at, S¢41). Conditioned on s;_r11 and 6., we have

t
‘ [Z(O¢; M7, 01—7) — E(Otﬂ)t O T)]| < 2U7~2|A|L Z E|6; — ;.||

i=t—T

Proof of Lemmal5.8.6. By the Cauchy-Schwartz inequality and the definition of total varia-

tion norm, we have

E[Z(Os, -+, 01—+) — E(Op, 0t—r, 0r—r)| = (e—r — 0i_ )E[r(se, ar) — 7(5¢, )]
Since

E[r(s, ar) — (3¢, ay)] < 2U,dry (P(Ot € '|8t—7+179t—7')7p(0t S '|St—T+170t—T))7

the total variation between O, and O, has appeared in , in the proof of Lemma m

which is

ALY B0 -6,

i=t—T7

l\DIH

drv (P(Ot € '|5t—T+170t—7’)7]P)(ét € '|8t—T+170t—T> <

Plugging this bound, we have

t
[E[E(0, —r. 0:—-) — Z(O, i—r, 0,)]| < 2U2|AIL > E|6; — 6,

i=t—T

O

Lemma 5.8.7. Conditioned on s;_,.1 and 0,_., we have E[Z(Oy, m—r, 0,_,)] < AU>mp™ .
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Proof of Lemma[5.8.7. We first note that according to the definition,
E[U(OQ; M—r, 0t77)|0t7T] = 07

where O; = (s}, a3, s;,) is the tuple generated by s, ~ pg, . ,a; ~ m,_,s; ~ P. By the
ergodicity in Assumption , it holds that dry (P(Et = |S4—r11,0i7), ,ugw) <mp L It

can be shown that
E[E(ém Nt—r, et—ﬂ')] = E[E (Ot, Ne—r, 9t—r) - E(OQ, Ne—r) Ot—T)]
=E [(nt—T - 77:_7) (T(gb dt) - T(S/> CL,))]
< 4Ur2dTV (P(Ot = "3t77+1; Bth)>//J9t_T X 7e,_, & 7))

< AU*mp™ .
The argument used here is the same as that in the proof of Lemma [5.8.11] O

Proof of Lemma |5.7.5. By the Lemma [5.8.4] [5.8.5] [5.8.6| and [5.8.7], we can collect the corre-
sponding term and get the bound

]E[E(Ota Mt Ot)] = E[E(Ot7 Mt ot) - E(Ot7 N, Ot—‘l’)] + E[E<Ot7 Mt et—T) - E(Ot7 Nt—r, Ot—‘r)]
+ E[=E(O, —r, 01—7) — E(étv Nier, Or—r)] + E[E(éty N—rs Op—7)]

t
< AU,Cy |0, — 0| + 2U,|m — mi—r | + 2U2|AIL > E||6; — 6, |

i=t—T

+4Ump™ "

5.8.6 Proof of Lemma [5.7.6

Proof of Lemmal[5.7.6. For the first inequality, apply the property of norm and the Cauchy-

Schwartz inequality:

19(0,w,0)[| = [|(r(s,a) = J(8) + &' (s')w — @ (s)w)(s)]|

< |r(s,a)| + |70)]| + &' ()] - [[@" ()] + [¢" ()] - 6" ()]
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=U, +U,+ R, + R, <2U, + 2R,,.

For the second inequality, we can directly apply Cauchy-Schwartz inequality and obtain the

result. For the third inequality, apply Cauchy-Schwartz inequality as we have

A0, w, 0)] = ‘<w —w",9(0,w,0) — g(w,0)>‘
< lw = w*[| - [|9(0, w,8) — g(w, B)]]

< 2R, - 2U; < 2U3%,

which completes the proof. O

5.8.7 Proof of Lemma [(5.7.7]

This Lemma is actually a combination of several auxiliary lemmas listed here:

Lemma 5.8.8. For any 60,05, w and tuple O = (s,a,s’),
|AO,w,0,) — A(O,w,6:)| < Ki]|6; — 65,

where Ky = 2U3|A|L(1 + [log,m™'] +1/(1 = p)) 4 2UsL..

Proof of Lemma[5.8.8.

|A(07 W, 01) o A(07 W, 02)’

<

<w - w;g(Oﬂ"J) - g(elaw)> - <w - wf,g(O,w) - §(027w)>

N J/
-~

I

<w —wi,9(0,w) — g(é’g,w)> — <w — w3, 9(0,w) — g(Og,w)> .

. >
~~

1P

+

For the term Iy, we simply use the Cauchy-Schwartz inequality to get 2Us||w; — wi]|.

For the term Iy, it can be bounded as:

)<w —wi,9(0,w) — g(Ol,w)> - <w —wi,9(0,w) — g(eg,w)>‘
176



= (@~ wi,9(61,0) ~ (62, )]
S 2Rng(917w) - g(027w)H
< 2R,, - 2Us - dry (po, @ mg, @ P, pig, ® 7o, @ P)

< 2U62dTV(:u91 & o, ® P, He, ® g, & P)?

where the first inequality is due to Cauchy-Schwartz; the second inequality is by the definition

of total variation norm; the third inequality is due to the fact Us > 2R,,. Therefore, we have

’A(ela W, O) - A(927 w, O)‘

< QUcSZdTV(Mgl ® T, @ 7)7 Ho, @ T, @ P) + 2U5“w>1‘< - w>2k||

1
< 2U3\A|L(1 + [log,m™"] + Tp) 101 — 05| + 2U;L.||0; — 65|

= K1[|6, — 05,
where the second inequality is due to Lemma and Proposition [5.4.4] O]
Lemma 5.8.9. For any 0, wy,ws and tuple O = (s,a,s’),
‘A(O,wl,e) — A(O,wg,G)‘ < 6Us||lwr — wa|-
Proof of Lemma[5.8.9. By definition,

A0, wy,0) — A(O,ws, 0)]

= (w1 =", 9(0,w1) = §(w1,8)) = (w2 — ", 9(O,w2) — §(w2.6))

< ’<w1 —w", g(0,w;) — g(w1,0)> — <w1 —w", 9(0,wy) — g(w, 0)>‘
+ (e~ w900, 02) ~ 502, 0)) - <w2 W' 90, 22) ~ 3l )|
) —

< 2R, H (O, w1) — g(0, ws (g(w1,0 g(wg,O))H + 2Us||wy — wy|.

Note that we have ||g(O, w1, 0)—g(O,ws,0)|| = [(d(s") —d(s)) " (w1 —ws)| < 2||w; —ws]| and
similarly [[g(w1,6) — 5w, 0)]| < [E[(@(s') — ¢(5)T (w1 — w2)]| < 2fws — wsl|. Therefore,

‘A(O, w1, 0) — A(O, Wy, 9)‘
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< 2R || (9(0.w1) = 9(0,w2)) = (§(@1,0) = glws, 0))|| + 2Us|wr — ws
S 2Rw : 4”0)1 — QJQH + 2U5le — CUQH

< 6Us||lwr — wo|-

m
Lemma 5.8.10. Consider original tuples Oy = (S, ar, s¢+1) and the auziliary tuples O, =
(8¢, at, S41). Conditioned on s;_r11 and 6., we have
. t
E[A(Or, wi—r,01—;) — MOy, wi—r,0,_;)] < UF|AIL > E||6; — 6, | (5.8.3)

1=t—T
Proof of Lemma[5.8.10]. By the Cauchy-Schwartz inequality and the definition of total vari-

ation norm, we have

E[A(Ota Wiy et—r) - A(Ot, Wi_r, et—r)] (584)
=E |:<Wt,7- - wZLT? g(Ot7 wtf‘r) - g(Ot, wt,7->>i|
< 2W;dry (P(Ot € |st—r+1, 9t_7),IP’((§t € “|St—r11, 0t—7))' (5.8.5)

The total variation between O, and O, has appeared in (5.8.2)), in the proof of Lemma m,

which is

t
AL Y B0~ 0, ||

i=t—T7

N| —

drv (P(Ot € '|St—T+1>0t—7)7]P)(Ot € '|5t—T+170t—T>) <

Plugging this bound into (5.8.5)), we have

t
E|A(Oy, wi—r,0,—) = MOy, wi—r, 0,_)| < UFAIL > E||6; — 6|
i=t—T

]

Lemma 5.8.11. Conditioned on s,_r41 and 0,_., we have E[A(Oy, w;_,, 0,_,)] < 2U2mp™".
Proof of Lemma [5.8.11, We first note that according to the definition in Section [5.7.3|

E[A(O::a Wi—r, 0t—7’)|8t—7'+17 Ot—‘r] =0,
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where O; = (s}, a3, s;,1) is the tuple generated by s; ~ pe,  ,a; ~ mg, s, ~ P. By the
ergodicity in Assumption , it holds that dpy (P(ét = [S$4—r11,017), ,ugt_T) <mp L It

can be shown that

E[A(Ot> Wi_r,0,_;)] = E[A(Ota Wi—r, 0r_7) — A(O;, Wi—r,0;_)]
= E<wt—r — Wy, g(ét, wi—-) —g(0;, wt_7)>
< 4R, Usdry (P(O; = |St—r41,04—+), lt6,_, ® To,_, @ P)
< 2UFdpy (P(3; = “|St—r11,01—1), 116, )

<2Uimp™ .
The third inequality holds because 2R, < Us and

dry (]P)(Ot = "3t77+1> Otf-r), He, , @ mg, . & 73)
— dTV (]P)((gt, &t) = ‘|8t—7'+17 Ot_T), ,ngt77_ ® 7T0t7_r)

=dry (]P)(gt = '|St—7'+17 0t—7’)7 Met,f)-

This can be shown following the same procedure in ([5.6.1)), because P(O; = -|s;_41,0;_,) =
P(gt = "81&—7'4-17 0t—7‘> X mY,_, & P. ]

Proof of Lemma|5.7.7. By the Lemma [5.8.8, [5.8.9 [5.8.10] and [5.8.11] we can collect the

corresponding term and get the bound

E[A<Ot7 Wi, et)] = E[A(Ot7 Wi, Ht) - A(Ota Wi, Hth)] + E[A<Ot7 Wi, Oth) - A(Ot7 Wi—r, Bth)]
+ E[A (O, wi—7,0,—7) — A(Ot, wi—r, 0_7)] + E[A(Ot, Wi—r, 0;7)]

< it +1))|16; — O, || + Comp™ " + Csllwy — wi—r ||,

where C} = 2U5|A|L(1 + [log,m™'] +1/(1 = p)) 4 2U;L., Cy = 2U§, Cs = 4Us. O
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CHAPTER 6

Q-Learning with Deep Neural Network Function

Approximation

6.1 Introduction

Apart from policy gradient methods and actor-critic methods, Q-learning has been another
important and effective learning strategies in Reinforcement Learning (RL) over the past
decades [WD92| [Sch15l [SB18]. Different from policy gradient methods in Chapter 4| and
actor-critic methods in Chapter |5 which directly optimizes the parameterized policy, Q-
learning estimates an action-value function (a.k.a., Q-value function) for all action-state
pairs and the agent takes an action based on the Q-value of actions at the current state.
Recent advance in deep learning has also enabled the application of Q-learning algorithms
to large-scale decision problems such as mastering Go [SHM™16| ISSST17], robotic motion
control [LWATH, [IKIPT18] and autonomous driving [SSSS16, SAMRIS]. In particular, the
seminal work by [MKST15] introduced the Deep Q-Network (DQN) to approximate the
action-value function and achieved a superior performance versus a human expert in playing
Atari games, which triggers a line of research on deep reinforcement learning such as Double

Deep Q-Learning [VHGSI16] and Dueling DQN [WSH™16].

Apart from its widespread empirical success in numerous applications, the convergence
of Q-learning and temporal difference (TD) learning algorithms has also been extensively
studied in the literature [JJS94, Bai95, [TVRI7, [PP02, MMROS, MMO09, [LLG™15, BRSIS|,
LS18, [ZXT.19]. However, the convergence guarantee of deep Q-learning algorithms remains a
largely open problem. The only exceptions are [YXW19] which studied the fitted Q-iteration

(FQI) algorithm [Rie05, IMS08] with action-value function approximation based on a sparse
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ReLU network, and [CYLW19] which studied the global convergence of Q-learning algorithm
with an i.i.d. observation model and action-value function approximation based on a two-
layer neural network. The main limitation of the aforementioned work is the unrealistic
assumption that all the data used in the Q-learning algorithm are sampled i.i.d. from a fixed

stationary distribution, which fails to capture the practical setting of neural Q-learning.

In this chapter, in order to bridge the gap between the empirical success of neural Q-
learning and the theory of conventional Q-learning (i.e., tabular Q-learning, and Q-learning
with linear function approximation), we study the non-asymptotic convergence of a neural
Q-learning algorithm under non-i.i.d. observations. In particular, we use a deep neural
network with the ReLLU activation function to approximate the action-value function. In
each iteration of the neural Q-learning algorithm, it updates the network weight parameters
using the temporal difference (TD) error and the gradient of the neural network function. Our
work extends existing finite-time analyses for TD learning [BRS18] and Q-learning [ZXT.19],
from linear function approximation to deep neural network based function approximation.
Compared with the very recent theoretical work for neural Q-learning [YXW19, [(CYLWT19],
our analysis relaxes the non-realistic i.i.d. data assumption and applies to neural network
approximation with arbitrary number of layers. Our main contributions are summarized as

follows

e We establish the first finite-time analysis of Q-learning with deep neural network function
approximation when the data are generated from a Markov decision process (MDP). We
show that, when the network is sufficiently wide, neural Q-learning converges to the op-
timal action-value function up to the approximation error of the neural network function

class.

e We establish an O(1/+v/T) convergence rate of neural Q-learning to the optimal Q-value
function up to the approximation error, where 7' is the number of iterations. This con-
vergence rate matches the one for TD-learning with linear function approximation and
constant stepsize [BRS18|]. Although we study a more challenging setting where the data

are non-i.i.d. and the neural network approximator has multiple layers, our convergence
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Table 6.1: Comparison with existing finite-time analyses of Q-learning.

Work Non-i.i.d. Neural Approximation Multiple Layers Rate

[BRSIS v X X O(1/T)
[ZXL.19] v X X O(1/T)
[CYLW19] X v X O(1/V/T)
This work v v v O(1/VT)

rate also matches the O(1/v/T) rate proved in [CYLWT9] with i.i.d. data and a two-layer

neural network approximator.

To sum up, we present a comprehensive comparison between our work and the most relevant

work in terms of their respective settings and convergence rates in Table [6.1]

6.2 Related Work

We review the most relevant work here in this section.

Asymptotic analysis The asymptotic convergence of TD learning and Q-learning algo-
rithms has been well established in the literature [JJS94, [TVRI7, [KT00, BMO00, [OS02,
MMRO8, DM17]. In particular, [TVRI7] specified the precise conditions for TD learning with
linear function approximation to converge and gave counterexamples that diverge. [MMROS)]
proved the asymptotic convergence of Q-learning with linear function approximation from
standard ODE analysis, and identified a critic condition on the relationship between the
learning policy and the greedy policy that ensures the almost sure convergence.
Finite-time analysis The finite-time analysis of the convergence rate for Q-learning algo-
rithms has been largely unexplored until recently. In specific, [DSTMIS, [LS1§| studied the
convergence of TD(0) algorithm with linear function approximation under i.i.d. data assump-
tions and constant step sizes. Concurrently, a seminal work by [BRSI18] provided a unified
framework of analysis for TD learning under both i.i.d. and Markovian noise assumptions

with an extra projection step. The analysis has been extended by [ZXL19] to SARSA and
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Q-learning algorithms with linear function approximation. More recently, [SY19] established
the finite-time convergence for TD learning algorithms with linear function approximation
and a constant step-size without the extra projection step under non-i.i.d. data assumptions
through carefully choosing the Lyapunov function for the associated ordinary differential
equation of TD update. A similar analysis was also extended to Q-learning with linear func-
tion approximation [CZD™19|. [HS19] further provided a unified analysis for a class of TD
learning algorithms using Markov jump linear system.

Neural function approximation Despite the empirical success of DQN, the theoretical
convergence of Q-learning with deep neural network approximation is still missing in the lit-
erature. Following the recent advances in the theory of deep learning for overparameterized
networks [JGHIS| [CB18, IDZPS19, DLL*19, [AZLS19, [AZLL19, [ZCZG19, ADH™19, [CG19b),
ZG19bL ICGH™19], two recent work by [YXW19] and [CYLW19| proved the convergence rates
of fitted Q-iteration and Q-learning with a sparse multi-layer ReLU network and two-layer

neural network approximation respectively, under i.i.d. observations.

6.3 Preliminaries

A discrete-time Markov Decision Process (MDP) is denoted by a tuple M = (S, A, P,r,7).
S and A are the sets of all states and actions respectively. P : & x A — P(S) is the
transition kernel such that P(s'|s,a) gives the probability of transiting to state s’ after
taking action a at state s. r: S x A — [—1,1] is a deterministic reward function. v € (0, 1)
is the discounted factor. A policy 7 : § — P(A) is a function mapping a state s € S to
a probability distribution m(-|s) over the action space. Let s, and a; denote the state and
action at time step t. Then the transition kernel P and the policy 7 determine a Markov
chain {s;};—01,. For any fixed policy 7, its associated value function V™ : & — R is defined

as the expected total discounted reward:

VTr(S) = E[Zzo ’}/tT‘(St, (lt)|8() = 8]7 Vs e S.
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The corresponding action-value function Q™ : & x A — R is defined as
Q7(s,a) =B[22 v'r(se, ar)lso = s,a0 = a] = 1(s,a) +7 [ V(s )P(s']s, a)ds,

for all s € S;a € A. The optimal action-value function Q* is defined as Q*(s,a) =
sup, Q@7 (s,a) for all (s,a) € § x A. Based on Q*, the optimal policy 7* can be derived
by following the greedy algorithm such that 7*(als) = 1 if Q(s,a) = max,eq Q*(s,b) and

m*(a|s) = 0 otherwise. We define the optimal Bellman operator 7 as follows
TQ(s,a) =r(s,a) + - E[max,e4Q(, b)|s' ~ P(:|s,a)]. (6.3.1)

It is worth noting that the optimal Bellman operator 7 is y-contractive in the sup-norm and

Q* is the unique fixed point of 7 [Ber95].

6.4 The Neural Q-Learning Algorithm

In this section, we start with a brief review of Q-learning with linear function approximation.

Then we will present the neural Q-learning algorithm.

6.4.1 Q-Learning with Linear Function Approximation

In many reinforcement learning algorithms, the goal is to estimate the action-value function
Q(-,-), which can be formulated as minimizing the mean-squared Bellman error (MSBE)
[SB1S]:

g%l% E,u,mp [(TQ(S,(I) - Q(S,(I))Z}, (641)
where state s is generated from the initial state distribution p and action a is chosen based
on a fixed learning policy 7. To optimize (6.4.1)), Q-learning iteratively updates the action-
value function using the Bellman operator in (6.3.1)), i.e., Q;11(s,a) = TQy(s,a) for all
(s,a) € S x A. However, due to the large state and action spaces, whose cardinalities, i.e.,
|S| and |A|, can be infinite for continuous problems in many applications, the aforementioned

update is impractical. To address this issue, a linear function approximator is often used
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[Sze10l [SB18], where the action-value function is assumed to be parameterized by a linear
function, i.e., Q(s,a;0) = ¢(s,a)' @ for any (s,a) € S x A, where ¢ : S x A — R? maps the
state-action pair to a d-dimensional vector, and 8 € ® C R? is an unknown weight vector.
The minimization problem in then turns to minimizing the MSBE over the parameter

space ©.

6.4.2 Neural Q-Learning

Analogous to Q-learning with linear function approximation, the action-value function can
also be approximated by a deep neural network to increase the representation power of the

approximator. Specifically, we define a L-hidden-layer neural network as follows
f(0;x) = vVmWro,(Wp_1---0(Wix)---), (6.4.2)

where x € R? is the input data, W; € R™¢ W; € R>*™ and W; € R™"™ for | =
2,...,L—1,0 = (vec(W;)T,...,vec(W)")T is the concatenation of the vectorization of
all parameter matrices, and o(x) = max{0,x} is the ReLU activation function. Then, we
can parameterize ()(s,a) using a deep neural network as Q(s,a;0) = f(0;¢(s,a)), where
0 c®and ¢:SxA— R?is a feature mapping. Without loss of generality, we assume
that ||¢(s,a)|l2 < 1 in this chapter. Let m be an arbitrarily stationary policy. The MSBE

minimization problem in (6.4.1) can be rewritten in the following form

:géiélE#mp[(Q(s,a; 0) — TQ(s,a;0))*]. (6.4.3)

Recall that the optimal action-value function Q* is the fixed point of Bellman optimality

operator T which is y-contractive. Therefore Q* is the unique global minimizer of (6.4.3)).

The nonlinear parameterization of Q(-, -) turns the MSBE in (6.4.3]) to be highly noncon-
vex, which imposes difficulty in finding the global optimum 6*. To mitigate this issue, we
will approximate the solution of (6.4.3) by project the Q-value function into some function

class parameterized by 6, which leads to minimizing the mean square projected Bellman

error (MSPBE):

roréiélEer[(Q(s,a;B) —xTQ(s,a;6))*], (6.4.4)
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Algorithm 10 Neural Q-Learning with Gaussian Initialization

1: Input: learning policy 7, learning rate {m};—o1,., discount factor -, constraint set ©,
Randomly generate the entries of Wl(o) from N(0,1/m),l=1,...,m

2: Initialization: 6, = (WSI)T, o ,VV(()L)T)T

3: fort=0,...,T—1do

4:  Sample data (s, ar, e, S¢41) from policy 7

5 Ay = [0 0(s1;a1)) — (re + 7 maxpen [ (0 ¢(s141,0)))

6:  8:(0r) = Vo f(0s; d(st,a1)) Ay

7 O =1le(0, — ni8:(0:))

8: end for

where F = {Q(+,+;0) : 8 € O} is some function class parameterized by 8 € O, and Il# is
a projection operator. Then the neural QQ-learning algorithm updates the weight parameter
0 using the following projected descent step: ;41 = llg(0; — 17:8:(0;)), where the gradient
term g;(0;) is defined as

gt(et) = v@f(et; ¢(3t7 at))(f(9t§ ¢(5t, at)) — T — Y 1NaXpea f(9t§ ¢(3t+1, b)))
o At(sta Qty St415 Ot)ng(Ot; ¢(3t> at)), (6-4-5)

and A, is the temporal difference (TD) error. It should be noted that g; is not the gradient of
the MSPBE nor an unbiased estimator for it. The details of the neural Q-learning algorithm
are displayed in Algorithm [10, where 6, is randomly initialized, and the constraint set is
chosen to be ® = B(6y,w), which is defined as follows

def

B(6y, w) < {6 = (vec(W)T, ... ,vec(W) )T [W, =W p<wl=1,... L} (64.6)

for some tunable parameter w. It is easy to verify that ||@ — @'||2 = S2F | [[W; — W||%.

6.5 Convergence Analysis of Neural Q-Learning

In this section, we provide a finite-sample analysis of neural Q-learning. Throughout this

chapter, we reserve the notations {C;},—o1,. to represent universal positive constants that
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are independent of problem parameters. The specific value of {C;},=1 2, can be different line

gooe

by line. Note that the optimization problem in (6.4.4]) is nonconvex. We focus on finding a

surrogate action-value function in the network function class that well approximates Q*.

6.5.1 Approximate Stationary Point in the Constrained Space

To ease the presentation, we abbreviate f(0;¢(s,a)) as f(@) when no confusion arises. We
define the function class Fe , as a collection of all local linearization of f(@) at the initial

point 6,
Fom ={f(60) +(Vof(6o),0 — ;) : 0 € OF. (6.5.1)

Following to the local linearization analysis in [CYLW19|, we define the approximate sta-

tionary point of Algorithm [10] as follows.

Definition 6.5.1 ([CYLW19]). A point 0* € © is said to be the approzimate stationary
point of Algorithm [10 if for all 8 € © it holds that

Eyrp[Als,a,8;0°) (Vo f (07 6(s,a)),0 — 67)] >0, (6.5.2)
where f(0;¢(s,a)) := f(0) € Fon and the temporal difference error A is
A(s,a,s';8) = f(8;0(s,a)) — (r(s,a) + ymaxse f(8; (s, b))). (6.5.3)

A~

For any f € Fe m, it holds that (Vef(8%),0 — 0*) = (Vo f(6,),0 — 6*) = £(8) — f(6%).
Definition immediately implies

Euxp[(£(07) = TF(07)(f(0) - f(6))] >0, VocO. (6.5.4)

According to Proposition 4.2 in [CYLW19], this further indicates f(6*) = II FomT. £(6%). In
other words, f(6*) is the unique fixed point of the MSPBE in (6.4.4). Therefore, we can
show the convergence of neural Q-learning to the optimal action-value function QQ* by first

connecting it to the minimizer f (6*) and then adding the approximation error of Fg .
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6.5.2 The Main Theory

Before we present the convergence of Algorithm [I0] let us lay down the assumptions used
throughout this chapter. The first assumption controls the bias caused by the Markovian
noise in the observations through assuming the uniform ergodicity of the Markov chain

generated by the learning policy .

Assumption 6.5.2. The learning policy ™ and the transition kernel P induce a Markov

chain {si}i—o1,. such that there exist constants A > 0 and p € (0,1) satisfying

goee

sup,esdry (P(s; € +|so = s),m) < A\p',  for allt =0,1,...

Assumption [6.5.2] also appears in [BRSIS, [ZXL.19], which is essential for the analysis of
the Markov decision process. The uniform ergodicity can be established via the minorization

condition for irreducible Markov chains [MT12] [LP17].

For the purpose of exploration, we also need to assume that the learning policy 7 satisfies
some regularity condition. Denote byax(0) = argmax,c 4 |(Vof(6o;s,b),0)| for any 8 € ©.
Similar to [MMROS8], ZXT.19, ICZD™19|, we define

S, =1/mE,[Vof(60;s,a)Vef(6o;s,a)'], (6.5.5)
35(0) = 1/mE, [V f(00; 5, bmax(8)) Ve f(0o; 5, bmax(6)) ] (6.5.6)

Note that 3 is independent of @ and only depends on the policy 7 and the initial point 6,
in the definition of f. In contrast, *(0) is defined based on the greedy action under the
policy associated with €. The scaling parameter 1/m is used to ensure that the operator
norm of ¥, to be in the order of O(1). It is worth noting that X, is different from the neural
tangent kernel (NTK) or the Gram matrix in [JGHIS8, IDLL"19, IADH"19], which are n x n

matrices defined based on a finite set of data points {(s;, a;)}i=1...n. When f is linear, ¥,

.....

reduces to the covariance matrix of the feature vector.

Assumption 6.5.3. There exists a constant a > 1 such that ¥, — ay?*¥*(0) = 0 for all 6
and 6.
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Assumption [6.5.3| is also made for Q-learning with linear function approximation in
[IMMRAOS, [ZXT.19, ICZD™19]. Moreover, [CZD™19] presented numerical simulations to verify
the validity of Assumption m [CYLWI9] imposed a slightly different assumption but
with the same idea that the learning policy 7 should be not too far away from the greedy
policy. The regularity assumption on the learning policy is directly imposed on the action
value function in [CYLWT19|, which can be implied by Assumption and thus is slightly
weaker. We note that Assumption can be relaxed to the one made in [CYLW19| with-
out changing any of our analysis. Nevertheless, we choose to present the current version
which is more consistent with existing work on Q-learning with linear function approxima-

tion [MMROS8, (CZD™19].

Theorem 6.5.4. Suppose Assumptions|6.5.2 and|6.5.5 hold. The constraint set © is defined
as in (6.4.6). We set the radius as w = Com~Y2L™%* the step size in Algorithm |10 as
n=1/2(1 —a~Y?)mT), and the width of the neural network as

m > Cy max{dL*log(m/6),w **L=%3log(m/(wd))},

where § € (0,1). Then with probability at least 1 — 25 — L? exp(—Cym?/®L) over the random-

ness of the Gaussian initialization 0y , it holds that

S
-

1
T
t

1 N Cot*log(T/6)log T N Cslogmlog(T/9)
VAN futs

E[(f(8:) — f(6))°|60] <

Il
=)

where B =1— a2 € (0,1) is a constant, 7 = min{t = 0,1,2,...|\p* < nr} is the miving

5 are universal constants independent

goon

.....

of problem parameters.

Remark 6.5.5. Theorem [6.5.4] characterizes the distance between the output of Algorithm
to the approzimate stationary point defined in function class Fe,,. From (6.5.4), we
know that f(@*) 1s the minimizer of the MSPBE . Note that T s in the order of
O(log(mT/logT)). Theorem suggests that neural Q-learning converges to the mini-
mizer of MSPBE with a rate in the order of O((log(mT))?/v/T + logmlog T /m!®), which
reduces to O(1/\/T) when the width m of the neural network is sufficiently large.
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In the following theorem, we show that neural Q-learning converges to the optimal action-

value function within finite time if the neural network is overparameterized.

Theorem 6.5.6. Under the same conditions as in Theorem |6.5.4), with probability at least

1 — 38 — L?exp(—Com?/3L) over the randomness of 0y, it holds that

~
-

* * 2
3E[(5e,,@"(5,0) —Q"(s,) ] 1
(1—=7)? VT
Ci7*log(T'/6) log T N Cylog(T/d) logm
#VT i
where all the expectations are taken conditional on 0y, Q* is the optimal action-value func-

tion, 6 € (0,1) and {C;}i=o

1
T

E[(Q(s,a;8;) — Q*(s,a))?] <

t

Il
=)

5 are universal constants.

The optimal policy 7* can be obtained by the greedy algorithm derived based on Q)*.

Remark 6.5.7. The convergence rate in Theorem [6.5.6 can be simplifies as follows

T ;EK@@» a;6:) = Q"(s,0))|60] = O(E[(Hf@,m@*<s, W)~ Q(5,0)"] + s + %)

The first term is the projection error of the optimal Q-value function on to the function
class Fe m, which decreases to zero as the representation power of Fe ., increases. In fact,
when the width m of the DNN s sufficiently large, recent studies [CG19b, [CG19d] show that
£(0) is almost linear around the initialization and the approzimate stationary point f(6%)
becomes the fized solution of the MSBE [CYLWI19]. Moreover, this term diminishes when
the Q) function is approximated by linear functions when the underlying parameter has a
bounded norm [BRS18, [ZXL19]. As m goes to infinity, we obtain the convergence of neural
Q-learning to the optimal Q-value function with an O(1//T) rate.

6.6 Proof of Main Results

In this section, we provide the detailed proof of the convergence of Algorithm To simplify
the presentation, we write f(6;¢(s,a)) as f(;s,a) throughout the proof when no confusion

arises.
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We first define some notations that will simplify the presentation of the proof. Recall the
definition of g;(-) in (6.4.5)). For any 8 € ©, we define the following vector-value map g that

is independent of the data point.

g2(0) =E,.»[Vof(0;s,a)(f(0;s,a) —r(s,a) — ymaxyca f(0;5',0))], (6.6.1)

where s follows the initial state distribution p, a is chosen based on the policy 7(+|s) and s’
follows the transition probability P(:|s,a). Similarly, for all 8 € ©, we define the following

gradient terms based on the linearized function f € Fom
my(0) = A(sy, ar, 5041;0)Vef(0), ™(0) =E,.p[A(s,a,5;0)Vef(0)], (6.6.2)

where A is defined in (6.5.3), and a population version based on the linearized function.

Now we present the technical lemmas that are useful in our proof of Theorem [6.5.4!
For the gradients g;(-) defined in (6.4.5)) and m,(-) defined in (6.6.2)), we have the following
lemma that characterizes the difference between the gradient of the neural network function

f and the gradient of the linearized function f .

Lemma 6.6.1. The gradient of neural network function is close to the linearized gradient.

Specifically, if 0, € B(©,w) and m and w satisfy

m > Cymax{dL*log(m/d),w 3L~ 1og(m/(w))}, ( )
6.6.3
and C1d*PL'm™3M <w< CyL %(logm) ™3,

then it holds that

(g:(6:) — my(6,),0, — 67)| < C5(2 + 7)w'/*L*\/mlog mlog(T/5)||6, — 6"
+ (C4w4/3L11/3m\/10gm + Csw’L*m)||6; — 6% |5,

with probability at least 1 — 25 — 3L% exp(—Cemw**L) over the randomness of the ini-
tial point, and ||g:(0:)|l2 < (2 + v)C7/mlog(T/0) holds with probability at least 1 — 6 —

.....

The next lemma upper bounds the bias of the non-i.i.d. data for the linearized gradient

map.
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Lemma 6.6.2. Suppose the step size sequence {ng,m,...,nr} is nonincreasing. Then it

holds that
E[(m;(8;) —m(6;),0, — 0")|0y] < Cy(mlog(T/d) + m2w2)7*77max{07t,7*},

for any fizredt < T, where Cy > 0 is an universal constant and 7% = min{t = 0,1,2,... | \p" <

goee

Since f is a linear function approximator of the neural network function f, we can show

that the gradient of f satisfies the following nice property in the constrained set ©.

Lemma 6.6.3. Under Assumption[6.5.5, m(-) defined in (6.6.2) satisfies

(m(9) — m(07),0 — 0%) > (1— o V)E[(f(0) — f(6))°]6,], VO€®.
Now we can integrate the above results and obtain proof of Theorem [6.5.4

Proof of Theorem [6.5.4. By Algorithm [10] and the non-expansiveness of projection Ilg, we

have

1601 — 6713 = |[Tle (0, — me:) — 67113
<116, — mig — 0|5

= 16, — 6°||5 + n7llg:ll3 — 2mi (e, 0; — 6°). (6.6.4)

We need to find an upper bound for the gradient norm and a lower bound for the inner
product. According to Definition [6.5.1} the approximate stationary point 8* of Algorithm
satisfies (m(0*),0 — 6*) > 0 for all @ € ©. The inner product in (6.6.4)) can be decomposed

into

(81,0, — 0") = (g —my(6,),0, — 0") + (m,(6,) —m(6,),0, — 0") + (m(6,),0, — 6)
> (g — my(6;),0; — 0%) + (m,(6;) — m(6,),0; — 6%)

+ (m(6,) —m(67),6, — 67). (6.6.5)
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Combining results from (6.6.4))and (6.6.5]), we have

1621 — 0712 < 116 — 67|12 + 'l gell2 — 2n¢ (g — my(6:), 6, — 67)

J/

-~

I

— 20, (m,(8,) —T(0,), 6, — 07) —2n, (M(6,) — m(67),6, —6"). (6.6.6)

J (.
-~ -~

I I3

Recall constraint set defined in (6.4.6). We have ® = B(6y,w) = {0 : |W, — Wl(O)HF <
w,Vl=1,...,L} and that m and w satisfy the condition in (6.6.3)).
Term [ is the error of the local linearization of f(0) at 6y. By Lemma/|6.6.1] with probability

at least 1 — 26 — 3L2 exp(—Cymw?3L) over the randomness of the initial point 6y, we have

(g — my(6),),0, — 0%)| < Co(2 4 v)m Y%\/logmlog(T/d) (6.6.7)

holds uniformly for all 8;,8* € ©, where we used the fact that w = Com~/2L=9/%,
Term I, is the bias of caused by the non-i.i.d. data (s;,a;,S¢y1) used in the update of

Algorithm Conditional on the initialization, by Lemma [6.6.2, we have
E[{m,(6,) — T(6,), 6, — 0°)/8] < Ca(m1og(T/6) + m*w®) T Maegor—rry.  (6:68)

where 7% = min{t = 0, 1,2, ... |A\p" < nr} is the mixing time of the Markov chain {s;, a; }1=01

gooe

Term I3 is the estimation error for the linear function approximation. By Lemma [6.6.3] we

have
(m(6,) — m(6"),6, — 6") > BE[(f(6,) — (6"))”|60]. (6.6.9)

where 3 = (1 — a~'/2) € (0,1) is a constant. Substituting (6.6.7), (6.6.8) and into
, we have it holds that
18041 — 0713 < 116, — 67[|5 + 07 CZ(2 + ) *mlog(T/5)
=20 Cy(2 + )m /0 \/log m log(T/5) — 2m,BE[(f(8,) — /(67))"|60]

— 20, C3(m1og(T/8) + m*w*)T* Nmax(0,4—r} (6.6.10)

with probability at least 1 — 20 — 3L? exp(—Cimw?>L) over the randomness of the initial

point 6y, where we used the fact that ||g||r < Cy(2 4+ v)y/mlog(T/6) from Lemma m
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Rearranging the above inequality yields

E[(f(6,) — /(67))°|60]
< 118 =671l — 1601 — 6715 | Ca2+ y)m~"/% log mlog(T/9)
B 201, B
Cy(2+7)?mlog(T/8)n:  Cym(log(T/8) + mw?)T* Nmaxfo,i—r+}
! E " E |

with probability at least 1 — 20 — 3L? exp(—Cimw?>L) over the randomness of the initial

point ;. Recall the choices of the step sizes 179 = ... = np = 1/(26m+/T) and the radius

w = Coym~Y2L=94. Dividing the above inequality by 7" and telescoping it from ¢t = 0 to T

yields
—ZE |9 ] < m”HO—O*H% N Co(2 + v)ym~Y%log mlog(T/6)
vT 3
pVT BT |

For 6y,0* € ©, again by w = Cm~/2L~9/4 we have ||y — 6*||2 < 1/m. Since f(-) € Fom,
by Lemma it holds with probability at least 1 — 2§ — 3L? exp(—Com?/3L) over the

randomness of the initial point 6y that

1 Cim*log(T/6)logT  Cslogmlog(T/o
ZE ) ‘00}_ n 17" log(T'/4) log L2 g g( /)’
T VT #IT Gl
where we used the fact that v < 1. This completes the proof. m

6.7 Proof of Theorem [6.5.6

Before we prove the global convergence of Algorithm [I0, we present the following lemma
that shows that near the initialization point 6y, the neural network function f(6;x) is almost

linear in @ for all unit input vectors.

Lemma 6.7.1 (Theorems 5.3 and 5.4 in [CG19b]). Let 6y = (Wél)T, . ,VV((]L)T)T be the
initial point and @ = (WWT . WENT ¢ B(G,,w) be a point in the neighborhood of .
If

m > Cy max{dL*log(m/68),w 3L~ 1log(m/(wd))}, andw < C,L~>(logm)~*/?,
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then for all x € S, with probability at least 1 — § it holds that

L L
|f(0;x) — f(@; x)| < wl/ng/gx/mlong ||W(l) — VV(()Z)H2 + CgLS\/mZ HW(l) — W(()l)Hz.
=1 =1

Under the same conditions on m and w, if 6, € B(Og,w) for allt = 1,...,T, then with
probability at least 1 — 6, we have |f(0; ¢(st,ar))| < Cyr/log(T/d) for allt € [T).

Proof of Theorem[6.5.6, By triangle inequality, it holds that

Q(s,a;07) — Q*(s,a) < f(Or;s,a) — f(Or;s,a) + f(Or;s,a) — f(0";5,a)
+ f(6*;5,a) — Q*(s,a). (6.7.1)

Recall that £(6*;-,-) is the fixed point of II=7T and Q*(-, -) is the fixed point of 7. Then we

have

|£(07;5,0) — Q(s,0)| = |£(0":5,a) — Iz, Q" (5,a) + Iz, Q"(5,0) — Q"(s,0)]
= |Hf@,mTf<0*; s,a) =z TQ (s, 0) + re,,Q*(s,a) — Q*(s,a)|
< e, TF(0%s,a) =Tz, TQ(5,0)| + |15, Q" (5,0) — Q*(s, a)]
<Af(0%5,0) = Q(s,0)| + |15, Q" (5,0) — Q*(s,a)],

where the first inequality follows the triangle inequality and in the second inequality we used

the fact that Ilz,,, 7 is y-contractive. This further leads to

(L=)If(6%5.0) = Q" (s,0)| < Nre,,Q"(s,0) = Q*(s, a)l.

To simplify the notation, we abbreviate E[-|6] as E[] in the rest of this proof. Therefore,

we have

E[(Q(s, a;01) — Q"(s,a))’]
< 3E[(f(0r;s,a) — f(0r;5,))°] + 3E[(f(Or;5,a) — f(6%;5,a))°]
+3E[(f(6%;5,0) — Q(5,0))”]
< BE[(f(O1;s,a) — f(BT; 5,0))°] + 3E[(f(0r;5,a) — f(6%;5,0))’]
+3(1 = 7)E[(Ilr,,, Q" (s.0) — Q*(5,0))"].
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By Lemma and the parameter choice that w = C/(v/mL?*), we have
E[(f(07:s,a) — f(Or;s,a))?] < ColwPL*\/mlogm)? < C’f/?’Cgm_l/g logm

with probability at least 1 — . Combining the above result with Theorem [6.5.4] we have

SE[(ITr,,,Q"(s,a) — Q*(s,0))] L1
(1—9)? VT
Cor*log(T/d)log T C3log(T/0)logm
VT il

with probability at least 1 — 36 — L? exp(—Cgm?®L), which completes the proof. O

E[(Q(s,a;0r) — Q*(5,))*] <

6.8 Proof of Supporting Lemmas

6.8.1 Proof of Lemma [6.6.1]

Before we prove the error bound for the local linearization, we first present some useful
lemmas from recent studies of overparameterized deep neural networks. Note that in the
following lemmas, {C;};—;,.. are universal constants that are independent of problem param-
eters such as d, @, m, L and their values can be different in different contexts. The first lemma
states the uniform upper bound for the gradient of the deep neural network. Note that by
definition, our parameter @ is a long vector containing the concatenation of the vectorization

of all the weight matrices. Correspondingly, the gradient Vg f(0;x) is also a long vector.

Lemma 6.8.1 (Lemma B.3 in [CG19al]). Let 0 € B(0y,w) where w is the radius satisfying
Cid®?L'm™3% < w < Oy L= %(logm)~3/2. Then for all unit vectors in R?, i.e., x € S%1,
the gradient of the neural network f defined in is bounded as ||Vof(0;x)||2 < Cs/m
with probability at least 1 — L? exp(—Cymw?/3L).

The second lemma provides the perturbation bound for the gradient of the neural network
function. Note that the original theorem holds for any fixed d dimensional unit vector x.
However, due to the choice of w and its dependency on m and d, it is easy to modify the

results to hold for all x € S41.
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Lemma 6.8.2 (Theorem 5 in [AZLS19]). Let 6 € B(6y,w) with the radius satisfying
01d3/2L_3/2m_3/2(10g m)_3/2 <w< CQL_g/Q(log m)_3.

Then for all x € S, with probability at least 1 — exp(—Csmw?3L) over the randomness of
0, it holds that

IVof(6;%) = Vo f(80:%)|ls < Caw'*L?/logm|| Ve f(8o; %) |-
Now we are ready to bound the linearization error.

Proof of Lemma [6.6.1. Recall the definition of g;(68;) and m;(6;) in (6.4.5) and (6.6.2]) re-
spectively. We have

g:(60:) — my(6,)]]2 = Hvef(et; S, ) A (S, ay, 5¢4156;) — Vef(9t§ St, at)A(Su at, St+1; et)HQ
< H(Vef(Ht; Sty Q) — Vaf(at; Sty @) ) A(St, @y Sty1; 9t)||2
+ Hvaf(et; Staat)(A(St;ata 8t+1;9t) - A(Smat, 5t+1;9t)) H2 (6-8-1)

Since f(O) € Fo,m, we have f(O) = f(6p)+(Vof(6y),0—0y) and Vof(g) = Vo f(60p). Then
with probability at least 1 — 2L? exp(—Cimw?>L), we have

(Vo f(Oy; s, ar) — Vo (6 50,a:)) A5t s, se41; Ht)HQ
= |A(st, ar, si41;6)] - H(ng(@,g; st.ar) — Ve f(0o; 3t>at))||2
< Cow'PL3\/mlog m|A(se, ag, si41; 01,

where the inequality comes from Lemmas[6.8.1and [6.8.2] By Lemma[6.7.1] with probability

at least 1 — 9, it holds that

[\ 00,0413 00)| = | £(81s 1, 00) = 70 = s (843 5011,b)| < (2 + ) C/Tog(T/),

which further implies that with probability at least 1 — & — 2L? exp(—Cymw?/3L), we have

H(Vof(et; S, at) — Vof(et; 5¢,a1))A(8y, ag, Sp11; et)H2
< (24 7)CoCsw' 3 L3\ /mlog mlog(T/6).
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For the second term in ([6.8.1]), we have

Hvef<0t§ St, at)(A<3t> Qt, St1561) — A(Su Aty St41; et)) H2
< HVBf(Ot; Sts at)(f<9t; St,at) — f(et; St at)) Hg

+ Hvef(et; St, at)(%ﬁff@t; St+1,0) — rglgf(&; St+1; b)) HQ
< Hvef(et; St at)||2 : ’f(et; St at) - f(et; St, Gt)}

+ (| Vo f(0e: s, ar) max | £ (045 5141,b) — f(0; 5041,b)]. (6.8.2)

By Lemma[6.7.1], with probability at least 1 — ¢ we have

10y 50, a0) — (O35, a)] < w>LY3/mlogm + Cyuw?Li/m,

for all (s;,a;) € S x A such that ||¢(ss, a¢)||]2 = 1. Substituting the above result into
(6.8.2) and applying the gradient bound in Lemma [6.8.1] we obtain with probability at least
1 -6 — L?exp(—Cymw?3L) that

Hvef(et; St, Q) (A(St, ag, Spq150) — A(St, Aty St41; Ot)) H2
< Csw'B L3 my/log m + Cew?L*m.

Note that the above results require that the choice of w should satisfy all the constraints in

Lemmas [6.8.1], [6.7.1] and [6.8.2] of which the intersection is

Crd?Ltm™3/* < w < Cs L% (logm) 2.

Therefore, the error of the local linearization of g;(6;) can be upper bounded by

(g(8,) —m(6,),0, — 0| < (2+~7)C,C5w3L3\/mlogmlog(T/6)||0; — 0|
+ (C5w4/3L11/3m\/logm + Cow?L*m) |6, — 6%,

which holds with probability at least 1 — 26 — 3L? exp(—Cymw?/®L) over the randomness of
the initial point. For the upper bound of the norm of g;, by Lemmas [6.8.1 and [6.7.1}, we

have

Ieillz = || Vo (8rs st a0) (£(8ri st ) = re = ymax (B 51:1,0) ) | < (24 7)Con/mlog(T/0)

holds with probability at least 1 — § — L? exp(—Cymw?3L). O
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6.8.2 Proof of Lemma [6.6.2]

Let us define (;(0) = (m;(0)—m(80),0—0*), which characterizes the bias of the data. Differ-
ent from the similar quantity ¢; in [BRS18], our definition is based on the local linearization of
f, which is essential to the analysis in our proof. It is easy to verify that E{m,(0)] = m(6) for
any fixed and deterministic 8. However, it should be noted that E[m;(68,)|0; = 6] # m(@) be-
cause 0, depends on all historical states and actions {s;, a;, s;_1,a;_1, ...} and my(-) depends
on the current observation {s;, a;, s;41} and thus also depends on {s;_1,a;_1,S;_2,a;_2,...}.

Therefore, we need a careful analysis of Markov chains to decouple the dependency between

0, and my(-).

The following lemma uses data processing inequality to provide an information theoretic

control of coupling.

Lemma 6.8.3 (Control of coupling, [BRS18]). Consider two random variables X and Y
that form the following Markov chain:

X = 5= S0 = Y,

where t € {0,1,2,...} and 7 > 0. Suppose Assumption holds. Let X' and Y' be
independent copies drawn from the marginal distributions of X and Y respectively, 1i.e.,
PX' =Y =)=P(X=-)PY =-). Then for any bounded function h: S x & — R, it
holds that

IE[h(X,Y)] — E[A(X", Y]] < 2 sup |h(s,s")|A\p".

Proof of Lemma[6.6.4 The proof of this lemma is adapted from [BRSIS§], where the result
was originally proved for linear function approximation of temporal difference learning. We

first show that (;(0) is Lipschitz. For any 8,0’ € B(6y,w), we have
G1(0) — Gi(0') = (my(6) —m(60),0 — 6") — (m,(6') —m(6'), 0" — 6)
= (my(6) —m(0) — (m,(6') —m(6)),6 — 6)
+ (my(0) —m(6'), 0 — 6'),
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which directly implies

1G(6) — (0] < [[my(6) —my(8')|2 - [|6 — 67[|> + [[m(0) —m(6)]]2 - |0 — 67
+ [[my(6") —m(8)]]2 - |6 — ][

By the definition of m;, we have

Vo (80)((£(6:5,) = £(8's5.)) = 7(max £(8: 5, b) — max £(6's5',0)) )

2

which holds with probability at least 1— L? exp(—Cymw?/3L), where we used the fact that the
neural network function is Lipschitz with parameter C3/m by Lemma Similar bound
can also be established for ||m;(0) — m;(€")| in the same way. Note that for 8 € B(6y,w)
with w and m satisfying the conditions in Lemma , we have by the definition in ((6.6.2))
that

lmy (8) ]2 <

£(8;s,a)| +7(s,a +7{maxf (0; s b)|)||ng(0)||2

A

<2(2+9)(1f(80)| + Ve f(O0)ll2 - 16 — 6ol2)[[Vef(Bo) |l
= 2(2 + 7)03(08\/%\/ 10g(T/5) + Cgmw).

The same bound can be established for ||m;|| in a similar way. Therefore, we have |(;(6) —

(0] <l 1]|0 — 0|2, where £y, 1, is defined as

bt = 2(1 +7)Camw + 2(2 + 7)C3(Csv/mr/log(T/§) + Camw).

Applying the above inequality recursively, for all 7 =0,... ¢, we have
t—1
G(0r) < G(0—7) + Ll 1 Z 1611 — 6:]|2
i=t—T7
t—1
< G(0i—7) + 2(2 + 7)C3(Csv/mn/10g(T/0) + Csmw) o, Z M- (6.8.3)
i=t—T7

Next, we need to bound (;(6,_,). Define the observed tuple O; = (sy, a, S¢41) as the collection

of the current state and action and the next state. Note that 8;,_, — s;_, — s; — O, forms a
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Markov chain induced by the target policy 7. Recall that m,(-) depends on the observation
O;. Let’s rewrite m(0,0;) = m,(0). Similarly, we can rewrite (;(6) as ((0,0;). Let 0,
and O; be independently drawn from the marginal distributions of 8; and O, respectively.

Applying Lemma yields
B[G(61-r. 0] ~ EIC(6;_,. O))] < 25up[¢(6.0) A"

where we used the uniform mixing result in Assumption m By definition 6;__ and O; are
independent, which implies E[m(0;, O;)|6;] = m(0;) and

E[C(6; ., O))] = E[E[(m(6;, O0;) —m(6;), 6; — 67)]|6;] = 0.

Therefore, for any 7 =0, ...,t, we have

t—1

E[¢(6,)] < B (0:—r) + 2(2 + 7)Cs(Csn/mn/log(T/8) + Camw)ly, 1 Z n;
i=t—T
< 25up Ap" + 2(2 + 7)Cs(Csn/mr/10g(T/) + Csmw)lp LT (6.8.4)
Define 7 as the mixing time of the Markov chain that satisfies
™ =min{t =0,1,2,... |A\p" < nr}.

When ¢t < 7%, we choose 7 =t in ([6.8.4)) and obtain

E[¢(0,)] < E[¢(00)] + 2(2 + 7)C3(Csv/ma/1log(T /) + Csmw )y, 710
= 2(2 + 7)03(6%\/%\/@ + C3mw)€m,LT*7707

where we used the fact that the initial point 8y is independent of {s;, a;, $;-1, a1, - - ., So, a0}

and thus independent of (;(-). When ¢ > 7*, we can choose 7 = 7* in (/6.8.4) and obtain

E[¢(0:)] < 2nr + 2(2 + v)C3(Csv/m/log(T/5) + Camw)ly, 1T N —
S é’<m lOg(T/(S) + m2W2)T*77t77*7

where C' > 0 is a universal constant, which completes the proof. O
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6.8.3 Proof of Lemma [6.6.3]

Proof of Lemma[6.6.3 To simplify the notation, we use E, to denote E, . p, namely, the
expectation over s € p,a ~ w(-|s) and s ~ P(:|s,a), in the rest of the proof. By the

definition of m in ([6.6.2)), we have

—~

m(0) — m(6"),0 — 6°)

Eﬂ[(A(s, a,s';0) — A(s,a, s'; 6*))(Vof(6o;s,a),0 — 6%)]
EW [(f(ea S, CL) - f(g*v S, a)) <V0f(907 S, (l), 0 — 0*>]
— 9B, [ (max f(6; 5,5) — max f(67:5'.0)) (Vo  (80: 5,0), 0 — 6)].

where in the first equation we used the fact that Vg f(0) = Vgf(8) for all @ € © and

f € Fom. Further by the property of the local linearization of f at 6, we have
f(8;5,0) = f(67;5,0) = (Vo [(Bo;5,a),0 — 6, (6.8.5)
which further implies

E[(f(6;5,a) — f(8%;5,a)) (Ve f(Bo;5,a),0 — 6%)|6]
= (60— 6")'E[Vof(60;5,a)Vef(o;s,a)" 6,](0 — 0%)

=ml|o —0"||5;..
where 3 is defined in Assumption m Let us define by (8) = argmax,. 4 f(6;s',b) and
brnax (0%) = argmax,  , f(0*; s',b). Then for the remaining term, we have
rep. . ook, . _ p*
E, | (max f(6:5',) = max /(63 5',0) ) (Vo (65, @), 0 - 67)|
= Er [(£(0; 5 bunax) — f(07;8",b7,0)) (Vo f (Bo; 5,a),8 — 67)]. (6.8.6)

For all (s,a,s’), when (Vg f(0o;s,a),0 —6*) >0, (6.8.6) can be upper bounded by

(£(8; 5, bnax) — f(0% 8,650 )) (Vo f(B0; 5,a),0 — 67)

= (f(ea 5/7 bmax) - f(a*a Sla bmax) + f(e*v 8/7 bmax) - f(e*a 5/7 bjnax)) <V0f(007 S, a)a 0 — 0*>

< (f(6; ', buax) — F(0%; 8, binax)) (Vo f(B0; 5,a),8 — 07)
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= (0 —0") Vo f(00: 5, bnax) Vo f(80;5,a) (8 — 67)
< (0 —6") ' Vof(00: 5 bmax)| - [Vaf (05 5,a)" (8 — 67)],

*
max

where the inequality comes from the optimality of 0¥ . and the last equality follows the fact
that f(O; -,) is linear. When (Vg f(0o;s,a), 0 — 6*) < 0, using the same argument, we can

upper bound ((6.8.6)) as follows

(f(e’ 3,7 bmaX) - f(0*7 S/a b:nax)) <V9f(00; S, a)? 0 — 0*>
= (f(07 8,7 bmax) - f(aﬂ Sl’ b;knax) + f(eﬂ Sl’ bjnax) - f(0*7 Sl’ b;knax>) <V0f(00, S, a>7 0 — 0*>

A

< (f(0;8, bia) — F(078,b5)) (Vo f (803 5,a),0 — 07)

max ? Ymax

<10~ 0°) Vo f(B0; 8 o) - [Vef (Bo;5,a) (8 — 67)].

’ Ymax

Combining the above result, we have for all tuples (s, a, s’) it holds that

~

(f<07 8/7 bmax) - f(e*a 5/7 bfnax)) <V0f(00, S, a)7 0 — 0*>
< (6 —6") Vo f(00; 5 bmax)| - [Vaf(Bo;5,a)" (6 — 6°)[1F

+ (0 —0)"'Vaf(00; 5", b)) - Ve f(B0;5,a)" (8 —6)[17,

’ ¥max

where we denote 11 = 1{(Vgf(0y; s,a),0 — 0*) > 0} and 1~ = 1{(Vef(0y;s,a),0 — 6*) <
0}. Taking expectation over the above inequality and applying Cauchy-Schwarz inequality,

we have

EHJF,’P [(.]E(ea Sl? bmaX) - f<0*7 5/7 b:nax)) <Vof(00; S, CL), 0 — 0*”

< \/IEW [(max|(0 — 07TV f(6o; s b)))’] \/EW [(Vof(6o;5,a)T(0 —6))]

=m| 6 — 6"

s+ 0-64)0 — 0%[|s,,

where we used the fact that X*(0 — %) = 1/mE,[Vef(00; 5, bmax) Vo f(80; 5, bmax) '] and

bmax = argmaxyc 4 [(Vo f(6o; s,b),0—6%)| according to (6.5.6)). Substituting the above results

into (6.8.6)), we obtain

E.[(max f(6:5',b) — max f(6%;5',0)) (Vo /(60: 5,a),0 — 67)]

< m|6 — 6

9 - 0*”27(7
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which immediately implies

(m(0) ~m(6°),0 — 0) > m||0 — 0[5 - (0~ 0"|ls, 0 — 0'l|sz(0-0-))
10 - 613, — 26 — 6"
0= 6. ~ 16— 6
> m(1—a )0 - 6%,

= (1—a YE[(f(0) - [(6))°]6y).,

2
* *(0—6*
=m||6 — 6", - ©0-9°)

3x(0—6%)

where the second inequality is due to Assumption and the last equation is due to (6.8.5))
and the definition of 3, in (|6.5.5)). O
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CHAPTER 7

Conclusion

This thesis discussed how to find the first-order stationary point, the local optimum, and the
global optimum in finite-sum nonconvex optimization problems, where the objective function
is an average of loss functions over a finite or infinite dataset. We proposed sample-efficient
optimization algorithms for these different settings and provided asymptotic analyses of
their convergence rates and sample complexities, matching or outperforming previous state-
of-the-art methods. We also generalized these sample-efficient optimization algorithms and
their analyses to reinforcement learning problems, including policy gradient, actor-critic,
and Q-learning methods. The works presented in this thesis are an incomplete collection
of the recent advances in sample-efficient nonconvex optimization methods in both machine

learning and reinforcement learning.
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