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Abstract

The N-sum box protocol specifies a class of Fy linear functions f(W1,--- ,Wg) = Vi W; +
VoWy + -+ + VEWgk € IF;”“ that can be computed at information theoretically optimal
communication cost (minimum number of qudits Ay, - -, Ax sent by the transmitters Alice;,
Alicey,- - -, Aliceg, respectively, to the receiver, Bob, per computation instance) over a noise-free
quantum multiple access channel (QMAC), when the input data streams W}, € F;"**' k € [K],
originate at the distributed transmitters, who share quantum entanglement in advance but are
not otherwise allowed to communicate with each other. In prior work this set of optimally
computable functions is identified in terms of a strong self-orthogonality (SSO) condition on
the transfer function of the N-sum box. In this work we consider an “inverted” scenario, where
instead of a feasible N-sum box transfer function, we are given an arbitrary F linear func-
tion, i.e., arbitrary matrices V;, € F'*™* are specified, and the goal is to characterize the set
of all feasible communication cost tuples (A4, ---, Ag), not just based on N-sum box pro-
tocols, but across all possible quantum coding schemes. As our main result, we fully solve
this problem for K = 3 transmitters (K > 4 settings remain open). Coding schemes based
on the N-sum box protocol (along with elementary ideas such as treating qudits as classical
dits, time-sharing and batch-processing) are shown to be information theoretically optimal in
all cases. As an example, in the symmetric case where rk(V;) = rk(Vy) = rk(V3) £ 7y,
rk([Vl,VQ]) = I‘k([VQ,Vg]) = rk([V3,V1]) £ T2, and I'k([Vl,VQ,Vg]) £ T3 (I'k = rank), the
minimum total-download cost is max{1.5r1 + 0.75(r3 — r2), 73 }.



1 Introduction

Distributed encoding of classical information into entangled quantum systems over many-to-one
communication networks is a cross-cutting theme across a variety of active research areas that in-
clude quantum private information retrieval (QPIR) [1-3]], quantum metrology and sensing [4H6],
quantum machine learning [7,|8] and quantum simultaneous message passing [9,10]. By exploit-
ing uniquely quantum phenomena such as entanglement and superposition, the hybrid classical-
quantum (CQ) paradigm promises precision, security, privacy and efficiency guarantees beyond
the fundamental limits of purely classical systems. This may be accomplished, for example, by
sending the entangled quantum systems to a central receiver that extracts the desired information
through a joint measurement.

In order to understand the fundamental limits of many-to-one CQ systems it is imperative to
study the classical information carrying capacity of a quantum multiple access (QMAC) channel.
One approach in this direction focuses on the challenges posed by noisy quantum channels, both
for communication tasks — where the receiver’s goal is to recover the transmitters’ data inputs
(messages) [11H15], as well as computation tasks — where the receiver only wishes to retrieve a
particular function (e.g., sum) of the inputs [16-18]. Advances in this direction tend to require
quantum generalizations of classical random coding arguments, made especially challenging by
the superadditivity of quantum capacity [19] which presents obstacles to single-letterization. Re-
markably, even for a point-to-point noisy quantum channel, a computable closed form capacity
expression is not always available.

An alternative approach, called the LC-QMAC problem [20], emerged relatively recently out
of QPIR literature and focuses exclusively on the utility of transmitter—sid quantum entanglement
for linear computation (LC) tasks under idealized assumptions on the QMAC, e.g., the channels
through which the quantum systems are delivered to the receiver may be assumed to be noise-free.
The noise-free model ensures that the capacity reflects the fundamental limits of entanglement as a
resource for computation, rather than those of the underlying noise models and associated coun-
termeasures. Essentially in this case, the entanglement is the channel, i.e., quantum entanglement
introduces non-classical dependencies between the distributed quantum systems, which collec-
tively constitute a non-trivial channel. The challenge is to optimally shape that channel through
distributed coding schemes and joint measurements to match the desired computation task at the
receiver, thereby maximizing the efficiency (capacity) of the communication resource (qubits) required
for the desired computation. Idealized channel models make the problem more tractable — opti-
mal coding schemes under this approach are more likely to be non-asymptotic, and the capacity
more likely to be found in closed form, thus somewhat transparent and insightful. Indeed, this is
the case when the function to be computed is simply a sum of the transmitters” inputs [20]. The
LC-QMAC approach seeks a resource theoretic accounting as in [22], analogous to the degrees of
freedom (DoF) studies of wireless networks [23] where the noise is similarly de-emphasized. It is
a quantum extension of corresponding topics in classical network coding literature, including but
not limited to network function computation [24-27].

It is important to note that despite the simplification afforded by idealized (rather than noisy)
channel models the LC-QMAC problem remains challenging because of the long recognized [28]
increased difficulty of characterizing the capacity for computation (rather than communication) tasks,
as evident from the abundance of open problems in network function computation. The present

!Prior entanglement with the receiver is not assumed by default in the LC-QMAC, but can be modeled by including
a dummy transmitter as in [21].



work falls under the LC-QOMAC paradigm.

1.1 Background: N-sum Box for Linear Computation over a QMAC (LC-QMAC)

As the starting point for this work, consider the N-sum box protocol formalized in [29], which
specifies a set of 4 linear functions that can be computed over an ideal (noise-free) N-to-1 QMAC,
with N-qudits being transmitted to a central receiver, one each from each of N transmitters who
share quantum entanglement in advance but are not otherwise allowed to communicate with
each other. Specifically, if the n'" transmitter, n € [N}, has classical inputs (z,, 2,) € F5 which it
encodes into its own qudit by local Pauli X, Z operations, then after receiving 1 noise-free qudit
per transmitter, following the N-sum box protocol, the receiver is able to obtain y = M,x +
M.z, where x = [z, -+ ,2,],2 = [21, -+, 2,] |, and M, M, are N x N matrices in Fy such that
rank|[M,, M,] = N and M, M, = M, M, . The last condition is called the strong self-orthogonality
(SSO) condition. It is worth mentioning that the N-sum box protocol emerged out of the QPIR
literature [1-3] and was formalized in [29] primarily as a useful abstraction that hides the details of
the underlying quantum coding schemes, and thereby makes these quantum coding applications
accessible to classical coding and information theorists.

1.2 Motivating Examples

Let us motivate this work with three toy examples.

1.2.1 Toy Example 1

. . 1 000 . . i
Given the matrices M, = [8 é ((ﬂ M, = [:1{ (2) (23], say over Fy,d = 3, it is readily verified that
x1+x2+T
the SSO property is satisfied, giving us an N-sum box (N = 3) with output y = [ 1zlfgzz 3}
z1 z3

The box can be used for example, in an LC-QMAC setting where we have 3 transmitters: Alice;,
Alicey, Alices, with prior shared quantum entanglement, who are presented with independent
classical input streams (A, B), (C, D), (E, F), respectively, all symbols in 3, and a receiver (Bob)

who wishes to compute,

A+C+E
B+2D

A,B,C,D,E,F) =
f(? 707 Y Y ) B+2F

The total download cost incurred by the N-sum box solution in this case is 3 qudits. In fact, the
scheme is information theoretically optimal in its communication cost because with i.i.d. uniform
inputs the entropy H(f(A, B,C, D, E, F)) = 3 dits, and Holevo’s bound implies that 3 dits (in this
case meaning d = 3-ary digits) worth of information cannot be delivered by fewer than 3 qudits.
By the same reasoning, given arbitrary SSO matrices M, M, we can identify the corresponding
linear function that is optimally computed by the N-sum box protocol in an LC-QMAC setting.

1.2.2 Toy Example 2

Now let us consider an ‘inverted” situation, i.e., instead of the M,, M, matrices, we are given
a desired linear function to be computed over a given QMAC. For example, suppose the three
transmitters, Alice;, Alicey, Alices, have classical input data streams (A), (B), (C), respectively, all
symbols in F3, and Bob (the receiver) wishes to compute g(A, B, C) = [ A+B+C], i.e., the sum of the



three data-streams. Since the entropy of g(A, B, C) is at most 1 dit per instance, Holevo’s bound
only indicates that the communication cost is at least 1 qudit per instance of g. One could try to
search for an N-sum box (i.e., SSO matrices M, M) that can output g(A, B, C) at the total commu-
nication cost equal to (or approaching asymptotically with joint coding across many computation
instances) 1 qudit per instance, but such a search would be futile. This is because an information
theoretic (min-cut) argument (cf. [20]) shows that no quantum coding scheme can allow Bob to re-
cover g(A, B,C) at a cost less than 1.5 qudits per computationﬂ The optimal total download cost
is indeed 1.5 qudits in this case, and it is achievable with the N-sum box protocol [20] by coding
over L = 2 instances so that A = (43, As), B = (B1, B3),C = (C1,C2). In fact the same N-sum

box as in the previous example suffices, by setting x = [41 B, ¢1]" and z = [42 B> 2], which
A1+B1+C

produces output [ érlégg ' } . Note that once Bob recovers both Ay + 2B, and Ay + 2C5, he can
24202

add them and divide the sum by 2 to recover A; + By + Cy. The inverted problem formulation —
finding a suitable N-sum box protocol given the desired computation — is perhaps more natural.
However, the inverted problem can be difficult to solve especially when the desired computation
does not directly correspond to an SSO matrix structure, and therefore may need to be minimally
expanded (e.g., by breaking A + By + C5 into Ay + 2B and A + 2C; as in this toy example) into
a larger computation that does fit an SSO structure.

1.2.3 Toy Example 3

For our third example, suppose the 3 transmitters Alice;, Alices, Alices, have classical input
streams (A), (B), (C, D), respectively, all symbols in F3, and Bob wishes to compute the function

h(A,B,C,D) = [ATB+C],

Applying Holevo’s bound for this case only shows that the communication cost must be at least 2
qudits. Min-cut arguments also produce the same bound. However, a search for such an N-sum
box fails, leading to the question: Does there always exist an N-sum box protocol that achieves the infor-
mation theoretically minimal download cost per computation given an arbitrary desired linear computation
over a QMAC? Or, more generally, what is the optimal communication cost per computation instance for
an arbitrary desired linear computation over a QMAC, and how can it be achieved? For the particular
setting of Toy Example 3, it turns out that what is needed is a stronger information theoretic con-
verse bound (see Theorem [2|in this work), that will show that the optimal communication cost is
at least 2.5 qudits (per computation). Once this bound is found, an N-sum protocol that achieves
it is quite apparent. Specifically, A + B + C is computed as in the previous example with a total
download cost of 1.5 qudits, and the remaining symbol D is recovered at the cost of 1 additional
(unentangled) qudit simply by treating qudits as classical dits (TQC), i.e., by independent encoding
of the qudit along the computational basis. In fact, if A;, Ay, A3 represent the number of qudits
(per computation instance) sent to Bob from Alice;, Alicey, Alices, respectively, then the (closure
of) set of all feasible tuples is characterized as follows (see Theorem in this work).

*We will occasionally drop the qualifier ‘per computation’ for the sake of brevity, with the understanding that down-
load costs are always measured per instance of the desired function computation.



Ay >1/2

Aq
>
o = |n,| er3| 2221/ , (1)
Ag > 1
A3

A4+ Ay + Az >5/2
which is illustrated in Fig.

Figure 1: ©* for Toy Example 3.

1.3 Summary of Contribution

To summarize the motivating examples, while the N-sum box abstraction specifies what can be
computed given any choice of SSO matrices M,, M, typically we are interested in the inverted
problem formulation, where we are given only the desired 4 linear function f of the transmitters’
inputs, and need to find the information theoretically optimal quantum coding protocol. Notably,
the case where f is simply the sum of inputs has been settled in [20], and coding schemes based on
the N-sum box are shown to be capacity achieving in that case. However, in the general case where
f can be an arbitrary vector linear function, it is far from obvious what the optimal cost might be
for computing f on a QMAC; whether that cost is achievable with an /N-sum box protocol; if so,
then how can it be achieved; and if not, then what else may be needed. In particular, the SSO
constraint that limits the scope of N-sum box functionality is quite intriguing. Does it represent
a fundamental information theoretic limitation? If so, then how does it translate into entropic
constraints? Or is it merely an artifact of the N-sum box protocol that may be circumvented by
other, more general constructions? Remarkably, it follows from [20] that the SSO constraint does
not pose a limitation for the K = 2 transmitter settingﬂ Therefore, the smallest case that is open is
the 3-to-1 LC-QMAC setting, which is indeed our main focus in this paper. The main contribution
of this work is to answer the aforementioned questions fully for the K = 3 transmitter setting.

Specifically, our main result is a solution to the inverted problem identified above, hence la-
beled an inverted 3-sum box. Given any desired [F4 linear computation f (not limited to scalar linear
functions as in [20]) on a 3-to-1 QMAC, the inverted 3-sum box solution provides,

3This is because for linear computations the 2-sum box allows full cooperation between the two transmitters [20].
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- aregion ©* of download cost (per computation instance) tuples (A1, Ag, A3) corresponding
to Alice;, Alicey, Alices, such that each of these tuples is sufficient for the desired computa-
tion (note that this is a region of tuples, so we are not limited to just the total download cost,
or to symmetric download costs),

- a coding scheme that makes use of only the N-sum box protocol and TQC to achieve the
desired computation for any feasible download cost tuple in ©*, and

- an information theoretic converse which shows that for any download cost tuple outside
the set ©* the function f cannot be computed by any coding scheme (not limited to just the
N-sum box or TQC schemes).

The result establishes the information theoretic optimality of the /N-sum box protocol for the K = 3
transmitter LC-QMAC. Interestingly, this is indicative of the information theoretic significance of
the SSO constraint, since the achievable schemes that are limited primarily by the SSO constraint,
end up being information theoretically optimal.

Last but not the least, since we focus on the 3 transmitter LC-QMAUC, let us recall a somewhat
surprising observation from [20], that 3-way entanglement is never necessary to achieve capacity
in the 3-QMAC. The X-QMAC is a special case of the LC-QMAC where the desired computation
is simply a sum of data-streams, like the setting of Toy Example 2. Recall that coding schemes
based on the N-sum box are sufficient for achieving the capacity of the -QMAC in [20]. In partic-
ular, [20] shows that any coding scheme for a X-QMAC that utilizes a 3-sum box, can be translated
into an equally efficient coding scheme that utilizes only 2-sum boxes, and therefore only 2-way
entanglements. For instance, in Toy Example 2, we note that A 4+ B 4 C can be computed equally
efficiently with only 2-sum boxes by computing f1(A, B) = Ay — A2 + By, f2(B,C) = By — C1 +
Cy, f3(A, C) = Az + (1, each of which requires only a 2-sum box, and then recovering the desired
computations as f1+ f3 = A1 +B1+C1 = g(A1, B1,C1) and fao+ f3 = Aa+ Ba+Cy = g(Az, Ba, C2),
for the same total download cost of 1.5 qudits per computation instance. Remarkably, we find that
this is no longer the case when the scope of desired computations is expanded from the 3-QMAC
to the LC-QMAC, i.e., instead of only a sum of inputs, the desired computation can be an arbitrary
vector linear combination of inputs, as in this paper. Indeed, 3-way entanglements are necessary in
general for vector linear computations. For instance, 3-way entanglements between the transmit-
ters are necessary in the 3-transmitter LC-QMAC setting of Toy Example 1 in order to achieve the
optimal cost of 3 qudits per computation. Specifically, we prove in Appendix [B|that with only 2-
way entanglements (which allow 2-sum boxes) the total download cost for Toy Example 1 cannot
be less than 3.5 qudits per computation.

Notation: For n € N, define [n] £ {1,2,--- ,n}. Fora < b € N define [a : b] = {a,a + 1,---,b}.
Given a set S, define As £ {A; | s € S}. F, denotes the finite field with order d being a power of
a prime. For a matrix M € FZXb, rk(M) denotes its rank over F;. R and Q denote the set of reals
and rationals, respectively. For vectors u, v of the same length, u > v is equivalent to u; > v;, Vi
where u;,v; are the i component of u and v, respectively. Given a tripartite quantum system
ABC in the state p, H(A), denotes the entropy of A with respect to the state p. The conditional
entropy H(A | B), is defined as H(AB), — H(B), and the conditional mutual information is
defined as I(A; B | C),=H(A|C),+H(B | C),— H(AB | C),. The subscript in the information
measures may be omitted for compact notation when the underlying state is obvious from the
context. If the state additionally depends on a classical random variable X with distribution px,



and say p denotes the joint state of the classical-quantum system, then H(A | X = z), denotes the
entropy of A conditioned on the event X = x. Similar to classical information measure, we have
H(A[X)p =2, px(@)H(A] X =),

2 Problem Formulation

2.1 LC-QMAC

An LC-QMAC setting is specified by the parameters (Fq, K, V1,---, V). Fy is a finite field of
order d. K is the number of transmitters (denoted as Alicei, k € [K]). For k € [K], Vi is an
m X mj matrix with elements in F;. Alicey, k € [K] has a data stream W}, which takes values in
IE‘;”’“ x 1, and the receiver, Bob, wants to compute an arbitrary [F; linear function of the data streams,
F=V{W, 4+ ---+VgWg € Fg’”l. Without loss of generality we assume that for all £ € [K],

1. mp < m;
2. V. has full column rank.

The desired computation is to be performed multiple times, for successive instances of the data
streams. Specifically, for ¢ € N, the realization of the data stream W}, corresponding to the ¢
instance of the computation is denoted as W,f Denote WIEL} = [WL W2, -, WkL ]. The ¢*" instance
of the function to be computed is then identified as F* and we have the compact notation FI* =
[F1,F2, ... F..

* Quantum i
- Entanglement -

s

f(Wl,Wz,-“ ,WK)
=ViWi1+VoWso +---+ VWgk
N

= F

Figure 2: LC-QMAC(F4, K, V1, Va,--- V). Q1,Q2, -+ ,Qk are entangled quantum systems.
Alicej, encodes W, into (), and Bob measures the joint system Q1Q)> - - - Qi to obtain the desired
computation F'.

2.2 Coding Schemes for LC-QMAC

For the LC-QMAC (Fy4, K, V1, -+, V), a (quantum) coding scheme involves the following ele-
ments.



¢ A batch size L € N, which represents the number of computation instances to be encoded
together by the coding scheme.

* A composite quantum system @ = Q1Q2---Qx comprised of K subsystems, with initial
state of ) specified by the density matrix p'™".

* A set of encoders represented as quantum channels {5;;"’“ )ike (K], wy, € F"* *IY such that
the output dimension of each Slgw’“) is equal to 6.

* A set of operators {A,: y € V} that specify a POVM.

The coding scheme is explained as follows. There are three stages, referred to as the preparation
stage, the encoding stage, and the decoding stage.

Vw = (wi, - ,wr) € FFF s Br2XE o Frext
o — (Alice) : (Bob)
§ | Qir—el™ —
U>')\ :
£ i (Alices) :
2 |osls (w2) :
Ao P — POVM
< | | : — y(w)
& . SRR, Y
2| i)
G S
| :
pinit p(w)

Figure 3: A quantum coding scheme for the LC-QMAC. The output measured at the receiver,
Y (@) must be equal to Viw; + Vaws + - - - + Vgwg, for all realizations of (w1, wa, - - , wi).

1. (Preparation stage): A K partite quantum system Q1) - - - Qi is prepared in the initial state
p'"t and distributed to the Alices such that for all k € [K], Alice has the subsystem Q.

2. (Encoding stage): For data realization (over L instances)
(WI[L]a 2[L]7"'1WI[(L]):(wl>w27"'>wK)7

Alicey, applies S,Ew’“) to Qy, for k € [K]. The output state of the composite quantum system is
thus determined as,

p(wl"”’wK) _ gl(uu) ® gz(wz) Q- ® g}(;vx)(pinit). )

3. (Decoding stage): Bob measures ()1Q)2 - - - Qx with POVM {A,: y € Y} to obtain the output
random variable Y, such that,

Pr(Y =y) =Tr(p"1 " IA,), vy €Y. ©
A feasible coding scheme must satisfy the following correctness condition,
[Correctness] Pr(Y = FIH) =1, 4)
for all realizations of the data streams (wy, -+ ,wg) € F;”IXL X - X IF;”KXL.
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2.3 Download Cost Tuple

Given a feasible coding scheme, define

)

log ;& log, 6
AZ(A1,---,AK)=< 8401 984 K>

L L

as the normalized download cost tuple (simply referred to as the cost tuple in the rest of the paper)
achieved by the coding scheme. A cost tuple is said to be achievable if it is achieved by some feasible
coding scheme.

2.4 Optimal Cost Region

For an LC-OMAC, the optimal cost region ©* is defined as the closure of the set of all achievable
cost tuples. Specifically, let €;, denote the set of feasible coding schemes with batch size L. Let
A(C) denote the cost tuple achieved by the coding scheme C. Define ®1, = {A(C): C € €1 }. Then

9* 2 Dy, (6)
L=1
where X denotes the closure of X in R¥.

3 Preliminaries

We briefly review some relevant known results.

3.1 N-sum box

Formally, an N-sum box is specified by a finite field F,, a matrix M = [M,, M.] where M,,
M, € Fév *N such that rk(M) = N and M, M, = M,M], which is referred to as the strong self-
orthogonality (SSO) property. The matrix M is called the transfer matrix. The following lemma
summarizes the functionality of the N-sum box.

Lemma 1 (N-sum box [29])). There exists a set of orthogonal quantum states, denoted as {|V)yy},, cpn =1
q

defined on H;@)N , the Hilbert space of N g-dimensional quantum subsystems Q1,Qz, - -- ,Qn, such that
when X(x;)Z(2;) is applied to Q; for all i € [N], the state of the composite quantum system () changes from
la)ng to [a+ M3 ])yy (with global phases omitted), i.e., @;cnX(2:)Z(2:) |a)yg = [a+ M3 ])py, for all

Xé [‘T17 7:1;N]T E]FéVXI andzé [21’--. 7ZN]T eF(]ZVXI'

Note that each of these ¢" orthogonal quantum states is uniquely indexed by a vector in F}.
According to the lemma, if the input state is chosen as |0),,, then the output state is [M[}])y;-
Since the states are orthogonal, y = M|} | can be obtained with certainty by jointly measuring the
quantum system Q1Q2 - - - Qn in the basis {’V>M}veF§VX1‘

It is noteworthy that coding schemes based on the N-sum box have been shown to be capacity
achieving for the X-QMAC (where the desired computation is simply a sum of the transmitters’
inputs) with arbitrarily distributed entanglements in [20], for the ¥-QEMAC, i.e., the 3-QMAC
where the channels are subject to erasures [21], and for several QPIR applications [1,2].

9



3.2 Classical communication capacity of a noiseless quantum channel

The classical communication capacity of a point-to-point noisy quantum channel was studied in
[12,30,31]], and the special case of a noiseless channel is particularly well understood (e.g., see [12,
Table I]). The noiseless channel capacity result is informally summarized as follows:

Fact 1: Without receiver-side entanglement, a /-dimensional quantum system can carry at most
log,; ¢ dits of classical information;

Fact 2: With unlimited receiver-side entanglement, a /-dimensional quantum system can carry at
most 2log, d dits of classical information.

For our computation problem, the point to point communication capacity results yield elementary
converse bounds through cut-set arguments [32], i.e., by separating the parties into two groups and
allowing full-cooperation within each group, collectively considering each group as the transmit-
ter or the receiver, and bounding the communication costs in the resulting communication prob-
lem. Remarkably, while cut-set arguments were sufficient to obtain tight converse bounds in the
Y-QOMAC [20], these bounds will not suffice for the vector LC-QMAC problem considered in this
work.

4 Results

4.1 Converse bounds on ©*

For any set of indices K = {k1, k2, - -, kl’C\} C [K], let us define,

Vic = [V, Vi, Vigg |- (7)
Further, let us introduce the compact notation,
ri =rk(Vi), (8)
sk = rk(Vx)) — tk(Vigpk), )
Ap =) Ay (10)
kek

Using this compact notation, let us first formalize for our LC-QMAC setting a baseline result that
follows from existing work as mentioned in Section 3.2}

Theorem 1 (Communication bounds). The following bounds hold for the LC-QMAC(Fq4, K, V1,--- , V),

Aig) = Tk (11)

2Ak > i, VK C [K]. (12)

This theorem essentially follows from the known capacity results of quantum communication

channels (e.g., [12]) together with a cut-set argument in network coding (e.g., [32]). A formal
proof is provided in Section 5.1} The following discussion elaborates upon the cut-set argument.

1. Consider Alice; — Alicex together as one transmitter that has all the data and Bob as the

receiver. The receiver must be able to recover V; Wl[L] + VQWQ[L} 4+ 4V KW[L], which is
L x (g dits of information. According to Fact 1 in Section[3.2] log 01 +logdz + - - - +log dx >
L x rg) = Ajx] > 7k This gives us the bound (11).

10



2. Let £ C [K]. Consider the Alices with indices in K collectively as the transmitter, and the rest
of the Alices joining Bob together as the receiver (making their data and entangled quantum
resource available to Bob for free). Then the receiver must be able to recover », - Vy W,£L]
from the merged transmitter. Note that what the receiver recovered constitutes L x ri dits
of information. According to Fact 2 in Section we have 2 Zke[ K] logdp > L xreg =
2Ak > ri, which is the bound (12).

Next, as the first significant contribution of this work, we present the following stronger con-
verse bounds.

Theorem 2 (Multiparty computation bounds). Let {Ki, Ko, -, Kz} be a partition of [K]. Then the
following bounds hold,

2A[K] > 8K, Fric, F T, o TS, VT > 1, (13)
2(A]C1 + A/CQ) +4(A,C3 + - "AICT) > (5161 + S;CQ) + (TlCl +T]C2)
+2(ries + -+ rg), VI =2 (14)

The proof of Theorem [2]is presented in Section[5.2] Note that is recovered as a special case of
by setting T' = 1, K1 = [K] which corresponds to r(x] = s|x]- Next let us illustrate the theorem
with a couple of toy examples.

4.1.1 Toy Example 4

To see how the converse bounds from Theorem [2| can be significantly stronger than those from
Theorem |1} consider the following example. Suppose K > 2 and V| = Igxk, Vi = e1,Vk €
{2,3,---, K}, where Ik i denotes the K x K identity matrix and e; is the first column of I KEI
It is not difficult to verify that the best bound implied by Theorem [I| for the total download cost
Ak is Ajg] > K, whereas Theorem 2| implies Ag) > 3K/2 — 1. Thus, we note that the gap
between the two bounds can be of the order of K. In other words, the additive gap between the
baseline cut-set bounds of Theorem [I|and the optimal value of the sum-download cost A, is
unbounded in general.

4.1.2 Toy Example 5

Consider an LC-QMAC with K = 4 transmitters, namely Alicey, k£ € [4]. Each Alice;, has data
(x, z), say all symbols in F3, and sends one qudit (d = 3) to Bob. Then is it possible for Bob to
obtain -
y = [:ﬂerath%u} — 1\/1[:z<]7
z2+23+24

where

T : .
M = 00001000 | X = [$17$27x3a$4] s z = [2172'27733724] (15)
00000111

*For example, this setting includes the case of K = 3 transmitters, namely Alice;, Alices, Alices, who have data
(A, B,C), (D), (E), respectively, and the receiver (Bob) desires the vector (A + D + E, B, C).
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by measuring the four qudits? We cannot immediately construct such an N-sum box protocol
because this M does not satisfy the SSO condition. But could this be achieved through some
other construction? Theorem [I|does not preclude the existence of such a construction because the
constraints and are not violated. However, Theorem [2|shows that such a computation is
not possible by any construction, i.e., it violates the laws of quantum physics. To see this, consider
the T' = 4 way partition (K1, K2, K3, K4) = ({1},{2}, {3}, {4}). We have s;;; = 2 and ry; = 2 for
t=1,2,3,4,so Condition in Theorem@implies that 2A 4 > 10, i.e., at least a total of 5 qudits
must be sent from the four Alices to Bob in order for Bob to recover such an output function.

4.2 Capacity for K =3

As the main result of this work, we now characterize the capacity for LC-QMAC when K = 3,
establishing in the process that the bounds from Theorem (1| and Theorem [2| together provide a
tight converse.

Theorem 3. For the LC-QMAC problem (K = 3,F4, V1, Va, V3), the optimal cost region is,

rk(V1) 1)
I‘k(VQ)
Al Al I'k(V3)
D*={ [As| eRP|A |Ay| >B | 1k([V1,Va)]) : (16)
Ag A3 I‘k([Vl, Vg])
I‘k([VQ, Vg])
_I‘k([Vl, Va, V3])_ )
where
2 0 O] 1 0 0 O 0 0 0]
0 2 0 010 O 0 0 O
0 0 2 0 01 O 0 0 0
1 1 1 0 00 O 0 0 1
2 2 2 1 11 -1 0 0 1
A= 2 2 2|’ B = 111 0 -1 0 1 (17)
2 2 2 1 11 0 0 -1 1
4 2 2 211 -1 -1 0 2
2 4 2 121 -1 0 -1 2
12 2 4] 112 0 -1 -1 2]

The proof is divided into two parts. The direct part (achievability), i.e., (RHS of (16)) C D* is
proved in Section @ The converse, i.e., ©* C (RHS of (16)) is proved in Section 5} According to
Theorem (3, ®* is characterized by 10 linear inequalities on (A1, Az, A3) that appear in Condition
(16), and thus the region ©* is a polyhedron. For the achievability proof, it suffices to show that
each of the corner points of the polyhedron is achievable, because the achievability of all other
points then follows from a standard time-sharing argument. For the converse, we shall show that
all 10 bounds hold for the cost tuple achieved by any feasible coding scheme, based on Theorem ]
and Theorem 2|
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Remark 1. To see Toy Example 3 in terms of the notation used for the problem formulation, note that we
have W1 = A,Wa = B,W3 = [C, D] and f(A, B,C, D) = [A+ B + C, D]". This corresponds to,

tk(Vy)) 1 T
I‘k(Vg)
rk(Vs)
Vi=[§],Va=[§], Vs =[], and | tk([V1,V3]) | =

I‘k([Vl,Vg])

I'k([VQ,V3])
_I‘k([Vl, VQ,Vg])_ 2

: (18)

NN~ DN = =

which, by Theorem 3| produces the region ©* specified in (1), and illustrated in Fig.

Remark 2. In the symmetric case where tk(V1) = rk(V3) = rk(V3) £ 71, rk([V1, V3]) = k([ V2, V3)])
= 1k([V3, V1]) & 1o, and rk([V1, Vo, V3]) £ 73, the optimal value of the total-download cost from
Theorem 3|is found to be max{1.5r1 + 0.75(r3 — r2), 73}

4.2.1 Toy Example 6

As one more example, consider K = 3 transmitters, and let (4, B,C, D, E, F,G, H,I) be 9 vari-
ables in a finite field F;. Let

Wl = [AaDvG]TaWQ = [BaEvH]TaWi’) = [C7FaI]T

and
f(AB,--- ,I)=[A+B+C,D+E+F, G, H, I]".

From this, we obtain,

0
8] : (19)
1

I'k(Vl) 3

I'k(VQ) 3

I‘k(V3) 3
rk([Vy, Vo)) | = [4], (20)
I‘k([Vl, Vg]) 4
I'k([VQ, Vg]) 4

_I‘k([Vl, VQ, Vg])_ b

and

A1 >3/2
Ay > 3/2
A > 3/2
201+ Ay + A3 >7 (7
Ay +200 4+ A3 > 7
A1+A2—|—2A327

@*

(21)

which is illustrated in Fig. E}
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Ay
<

N

Figure 4: ©* for Toy Example 6.

5 Proof of Converse Bounds

In this section we present the proof for Theorem [I| and Theorem [2l Consider any feasible LC-
QOMAC coding scheme with batch size L. Since the scheme must be correct for all realizations
of

(Wl[L}) Q[L}v"' aW}?]) = (w17w27"' awK> € FZHXL X FZIQXL X X FZIKXL)

it must be correct even under the additional assumption that (Wl[L], Q[L], ‘e ,W[[(L }) are gen-

erated uniformly in F7*E x F2Xl ... F'%*F Note that this assumption implies that
Wl[L], WQ[L], e ,W[[(L I are independent. For compact notation, in the remainder of this section,
we omit the superscript ‘[L]” over the data streams. Let p denote the state of the joint classical-

quantum system W1 Ws - - W Q1Q2 - - - Q in the encoding stage.

Lemma 2 (No-communication). I(W7; WzQz), = 0 for exclusive subsets Z,J C [K]. Since con-
ditional mutual information is non-negative, this directly implies that I(Wz;Qz | Wz), = 0 and that
H(QI ’ Wz, WJ)p = H(QI | WI)p-

Proof. Since Wy, W, -- - , Wk are assumed independent, this implies Wz and W are independent.
The lemma now follows from the no-communication theorem, e.g., see [33]. O

5.1 Proof of Theorem[ll

Recall that in the decoding stage, Bob measures Q) to obtain Y, from which he gets FI (written
as F' to simplify notation). Therefore, for any K C [K],

L xXrg

=I(Wi; F | Wigpx) (22)
=I(Wi; Y | Wigpk) (23)
< I(Wi; Qury | Wik (24)
< H(Qx)) (25)
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< ) logsy (26)

= A 27K (27)

Plugging in K = [K] proves (1I). Information measures on and after Step are with respect to
the state p. Step follows from Holevo bound, since Bob measures Q[ to obtain Y. Step
is because Wi and Wik« are classical, and thus conditioning on any realization of Wik, the
mutual information between Wic and Q[ is not greater than H(Qx)-

Continuing from (24),

L xXrg

< I(Wi; Qiry | Wikpk)

= I(Wi; Qe | Qupes Wik\i) (28)
= H(Qk | Qe Wikne) — H(Qk | Qe Wir) (29)
< H(Qk | Qs Wikpk) + H(Qxe | Wie) (30)
<2H(Qk) (31)
<2 logdy (32)

kek
= 2Ax > 1k (33)

This proves (12). Step follows from Lemma [2} which implies I(W; Qi) | Wikpe) = 0.
Step follows from the Araki-Lieb triangle inequality, by conditioning on W1, and noting that
H(Qx | Wig)) = H(Qk | Wk), as implied by Lemma Step holds because conditioning does
not increase entropy.

5.2 Proof of Theorem [2]

We need the following lemmas.

Lemma 3. For K C [K],

L x sk < H(Qx)) — H(Qxy | W) (34)

Proof.

L x sk

= L (rpgg = i)

—H(F)—H ( > Vka) (35)

ke[KI\K

= H(F) - H(F | W) (36)

= I(F; W) (37)

= I(Y; W) (38)

< I(Qx); Wk) (39)

= H(Qx) — H(Qx) | Wk) (40)
Step follows from Holevo’s bound. O
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Lemma 4. For {K1, Ko, - ,Kr} a partition of [K],

L x (sk, +T’C2+"'+T’CT)
< H(Q[K]) - H(Q’Q ‘ WIC1) JrI{(QI@ | WIC2) +oee Jr}I(QICT | WICT)'

Proof. According to LemmaBland (30), we have

L x (SIC1+TIC2+“‘+TICT)
< H(Qx1) — HQxp | Wky)

T
+) (H(Qici | Quepvis Wiknk,) + H(Qx, | W;g—))
1=2
< H(Qix)) — HQx | Wky)

_l’_

-

[\

<H(Q]CZ ‘ Q/ClUmU’Ci,lU’CiJrlU“-UICT7 W’Cl) + H(QKZ ‘ WK:Z)>

i

IN

O

[K}) - H(QKl | W/Cl) - H(Q]CQU’CE}U”'U’CT ‘ Q/C17W’C1)

M=

+ (H(QICZ | Q]C1U~~UK7;_17 W’Cl) + H(Q’Cl | WIQ,))

[\

1=

=H Q[K}) - H(Q’C1 ’ W’C1) + H(QK2 ‘ WIC2) +ot H(Q/CT ‘ W/CT)
where in Steps and we use the fact that conditioning does not increase entropy.

We proceed as follows. First, by Lemmaand (30), we have

L x (si, +r, +7Ke +--+7TKcy)
S H(Q[K}) + H(Q’Cl | Q/CQU~~~UICT7 W/CQU~~~U]CT)
+H(Q/C2 | WlCz) +"'+H(QICT | WICT)

<2 Z log oy,
ke[K]

= (3

Next, noting the symmetry in Lemma 4}, we have

Lx (sky + iy + i+ 1)

< H(Qxy) — H(Qx, | Wi,) + H(Qxe, | Wiey) + H(Qrey | Wiey) + -+ + H(Qierr | Wiey).

Adding and (49), we obtain
L x (SICl + SIC2) =+ (T}Cl =+ T‘KQ) + Q(T’]CS “+ -+ ’I“]CT)
< ZH(Q[K]) + Q(H(QKS | WICS) +oot H(Q’CT | W’CT))

<2 Z log 6 + 4 Z log &y,
ke UK kek3U---UKT

= (@
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6 Proof of Theorem 3; Achievability

6.1 Standard form of the linear function

Given the LC-QMAC problem specified by (Fq, K = 3, V1, Vg, V3), the function computed at Bob
is by definition,

F=V{W;+ VW, +V3Ws. (53)
According to [34, Lemma 2], there exist F; matrices (with full column ranks and m rows each)

{Ui23, U2, Urs, Uas, Uy (2 3), Ua(1,3), Us(1,2), Ur, U2, Us }

such that,
1 [Ulgg Uiz Uiz Ujz3) Ul] form a basis for the column span of V;
2. |\Uiag Ujs Usg U2(173) UQ] form a basis for the column span of Vy;

Uiz Uiz Uzz Uz o) Ug] form a basis for the column span of V3;

Uiz Uz Uiz Uss Uyeg) Uz Ui UQ] form a basis for the column span of [V, Vj;

U123 U12 U13 U23 U2(173) U3(1’2) U2 Ug] formabasisforthecolumnspanof[Vz,Vg],'

N

5. [Uizs Uiz Uiz Usz Uys) Usagy Ur Us] formabasis for the column span of [V, V);

Uias Uia Ujs Uss U2(173) U3(172) U, U Ug} form a basis for the column span of

8. U1(273), U2(1’3) and U3(1’2) have the same size and U1(2,3) = U2(173) + U3(172).

Let n,. denote the number of columns of U,, for x € {1,2, 3,12, 13,23, 123}. The number of columns
for Uy (2,3 (the same for Uy(; 3y and Us(q ) is denoted as n,.

Recall that each V}, is an m x mj, matrix. Since we assume without loss of generality that
my, < m and each V, has full column rank, it follows that there exist invertible matrices R;, Ry, R3
such that

Vi =[Uws Up Us Uyps Ul R, (54)
Vo= [Uns Ux Uz Uspgy Us] Ry, (55)
V3= [Uns Uiz Ux Usna Us|Rs. (56)

Thus, becomes

F=[Uws U U Uygpg U (RiW))
+ [Ur2s Uiz Usz Uiz Us] (ReWa)
+ [Ui2s Uiz Usz Uspy Us| (RsW3). (57)
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R Wy, can be considered as the (mj-dimensional) data available to Alice;, for & € [3]. It will be

convenient to write R, W), as,

A123 Bias C1a3
Arg B C13
RiWy = | A1z | ,RoWa = | Bag | ,RsW3 = | Co3 | , (58)
AO BO CO
Ay By Cs

where Ajo3, A1o, A1z, -+

-,C,,C5 are vectors with elements drawn in F;, with X, being an n,-

length vector for X € {A, B,C} and * € {0,1,2,3,12,13,23,123}. Then, becomes,

F=[Ugs Uia Uiz Usz Uyug Usaz Ui Uz Us)

[A123 + Bi2g + C123]
A1z + Byo
A3+ C13
Bos + Cas

Ay, + B, 59)

U

by noting that Uy23) = Usq,3) + Us(1,2)

‘AO + CO
Aq
By
Cs

Since U is a basis (and thus has full column rank),

computing F'is equivalent to computing F', where,

ies]

[A123 + Biag + C123]

A2 + Bi2
A3+ Ci3
Bos + Cas
A, + B, ;
AO + CO

Aq

By

Cs

(60)

such that all A, symbols come from Alice;, B, come from Alice,, and C, come from Alices. Let us

refer to the form in as the standard form of the linear computation for K = 3. We will refer to

the elements of F as demands, that the achievable scheme will need to satisfy. For example, the

achievable scheme should satisfy n123 dimensions of Bob’s demands along A;23 + Bi23 + Clias.
Specifically, the standard form is composed of,

1. Ai23 + Bi23 + Ci23, which is an nj23-dimensional 3-way sum and each term comes from a

different Alice;

2. A2 + B2, which is an njo-dimensional 2-way sum of the inputs from Alice; and Alicey;
A1s + Ci3, which is an nj3-dimensional 2-way sum of the inputs from Alice; and Alices;
B3 + (3, which is an no3-dimensional 2-way sum of the inputs from Alice; and Alices,
such that Ao, A13, Bia, Bog, Ci3, Cog are different terms.
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3. A,+B,, which is an n,-dimensional 2-way sum of the inputs from Alice; and Alice; A,+C,,
which is another n,-dimensional 2-way sum of the inputs from Alice; and Alices, such that
the same A, appears in both A, 4+ B, and A, + C,. Since 4, + B, and A, + C, always have
the same dimension n,, in the following they shall always be considered together.

4. A;, an ni-dimensional vector from Alice;; By, an no-dimensional vector from Alicey, and Cs,
an ns-dimensional vector from Alices.

With this form, we can evaluate Theorem B]in terms of {n, | * € {1,2,3,12,13,23,123,0}} as

[m123]
n12
A A, n13
D =4 |Ay| eR3|A [Ny >C| "], (61)
Az Ag o
ni
N9
L n3 |
where
2 0 O MM 1 1 0 1 1 0 0]
0 2 0 1 1011010
0O 0 2 1 01 11001
1 1 1 1111 2111
2 2 2 3 2 2 2 3 2 11
A= 2 2 2 ,C = 3 2 2 2 31 21 (62)
2 2 2 3 2 2 2 3 1 1 2
4 2 2 4 3 3 2 4 2 2 2
2 4 2 4 3 2 3 4 2 2 2
2 2 4] 4 2 3 34 2 2 2

In the remainder of this section, the goal is to prove that (RHS of (61)) C D*.

6.2 Building block protocols

Let us list the building block protocols that will be used to establish the achievable region. The
tirst building block protocol is based on trivially treating qudits as classical dits (TQC). It is sum-
marized as follows.

[TQC]: For any transmitter with [F; input z, by receiving one (encoded) qudit from that transmit-
ter, the receiver can measure x with certainty. This protocol is suitable for satisfying Bob’s
demands along certain dimensions of Ay, By, C3 in (60). Specifically, when applying TQC to
satisfy certain dimensions of A;, the protocol is referred to as P1. An amortized cost tuple
(1,0,0) is used for this protocol as with (Alice;, Alicey, Alicez) sending (1,0, 0) qudit, one
dimension of A; demand is satisfied for Bob. Similarly, P2 with amortized cost tuple (0, 1, 0)
refers to TQC for satisfying By, and P3 with amortized cost tuple (0,0, 1) refers to TQC for
satisfying a Cs demand.
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The rest of the building block protocols P4 — P17 are based on the N-sum box (Lemma I). Note
that to apply Lemma(l|one must first specify the transfer matrix M = [M,,, M| with full row rank
N and MM = M,M/ (SSO property). For our purpose, we need the following two N-sum
boxes.

Box 1: A 2-sum box with transfer matrix M = [1 (1) (1) _OJ .
1110 0 0

Box 2: A 3-sum box with transfer matrix My = (0 0 0 1 -1 0 |.
0001 0 -1

It is readily verified that M, M, satisfy the SSO property. Using Box 1 with transfer matrix M,
we develop the following protocols.

[2-way-sums]: For 2 transmitters with F, inputs (21, 21), and (z2, 22), respectively, by receiving
one qudit from each transmitter, the receiver can measure two sums (z1 + x2, 21 + 22) with
certainty. The negative sign can be handled by transmitter-side local operations. This proto-
col is suitable for satisfying demands along certain dimensions of A2+ Bj2, referred to as P4
with amortized cost tuple (0.5, 0.5, 0), or A;3+C43 (P5 with amortized cost tuple (0.5, 0, 0.5)),
or Bas + Cas (P6 with amortized cost tuple (0,0.5,0.5)). In addition, it is used to satisfy
certain demands along the dimensions of A, + B, or A, + C,. It will be sufficient to use
2-way-sums to satisfy demands for the same number of dimensions in A, + B, as in A, + C,.
Specifically, by letting (Alice;, Alicey, Alices) send (1,1,0) + (1,0,1) = (2,1,1) qudits, we
satisfy 2 demand dimensions in each of A, + B, and A, + C,. The amortized cost tuple is
(1,0.5,0.5) per dimension of A, + B, and A, + C,. Denote this protocol as P7. Then note that
(Ao+ By, Ap+C,), (Ao+ By, —B,+C,) and (A,+C,, B,—C,) are computationally equivalent
(invertible) expressions, i.e., any one of them suffices to compute all three of them. Therefore,
alternatively, by sending (1,2,1), or (1, 1,2) qudits, (Alice;, Alices, Alices) can also satisfy 2
dimensions in both A, + B, and A, + C,. This gives us another two protocols P8 and P9,
with respective amortized cost tuples (0.5,1,0.5) and (0.5,0.5, 1).

[Superdense coding]: Setting 2 = 23 = 0in 2-way-sums, by receiving one qudit from each of the
two transmitters, the receiver can measure (z1, z1) with certainty. Note that this is exactly
the superdense coding protocol, and the second transmitter only provides entangled qudits.
This protocol is suitable for satisfying demands along certain dimensions of A; (referred to
as P10 if Alice; provides the entanglement, or P11 if Alices provides the entanglement). The
amortized cost tuple for P10 is (0.5, 0.5,0) per dimension of A;, and for P11 is (0.5,0,0.5).
Similarly we define P12 with amortized cost tuple (0.5,0.5,0), P13 with amortized cost tuple
(0,0.5,0.5) as the protocols that use superdense coding to satisfy each dimension of By, and
define P14 with amortized cost tuple (0.5,0,0.5), P15 with amortized cost tuple (0,0.5,0.5)
as the protocols that use superdense coding to satisfy each dimension of Cs.

[3-way-sums]: For 3 transmitters with F; inputs (u1, vi, w1, z1), (ug, v2, w2, z2) and (us, v3, w3, x3),
respectively, by applying 2-way-sums once to each pair of the three transmitters, with ap-
propriate precoding at the transmitters, the receiver obtains [(u; — v1) + ug, (w1 — 1) + w2,
[va + (v3 — u3), x2 + (z3 — w3)] and [v1 + us, 1 + w3]. From these, it is easy to verify that the
receiver is able to obtain [u; + us + ug, v1 + v2 + v3, w1 + wao + w3, x1 + 2 + 3. In the pro-
cess, the receiver receives 6 qudits, 2 from each transmitter, and the output is 4 dimensions
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of 3-way sums. This protocol is suitable for satisfying demands along certain dimensions
of Aj23 + Bia3 + Ci23. Note that the amortized cost tuple is (0.5,0.5,0.5) per dimension of
3-way-sum. Denote this protocol as P16.

Using Box 2 with transfer matrix My, we further develop the following protocols.

[3+2+2]: For 3 transmitters with with inputs (z1, 21), (x2, 22) and (x3, 23) respectively, by receiving
one qudit from each transmitter, the receiver can measure three sums (:c1 + X9 + x3,21 +
22, 21+ 23) with certainty. Note that the same z; appears in both 2-way sums. This protocol is
suitable for satisfying demands along certain dimensions of (A123+ Bi23+C123, Ao+ Bo, Ao+
C,). The amortized cost tuple is (1, 1, 1) per dimension in each of 4123+ Bi23 + C123, Ao+ B,
and A, + C,. Denote this protocol as P17.

[3+1+1]: Setting z; = 0 in P5 allows the receiver to measure (x; + z2 + =3, 22, z3) with certainty.
This protocol is useful for satisfying demands along certain dimensions of (Aj23 + Bi23 +
Ch23, A1, By) (referred to as P18), or (A23+ Bi23+Cli23, A1, C3) (referred to as P19), or (Aq23+
Bia3 + Ch23, Ba, C3) (referred to as P20). The amortized cost tuple is (1, 1, 1) for P18-P20.

6.3 Achievable region with auxiliary variables

Define ©,; as follows,

(1123
[ A1 ] PSH ni2 | 0] PSH
AI AI /\2 /\2 nis 0 )\2
Dachi =4 |2 €R[[Ag| 2D [As| [ E || > || 0] <A ecQ®h, (63
Asg Asg . . Mo : .
: : n : :
| A20_ [ A20 ] ny | L0 LA )
L 3 Cond2(Q)
Cond1
where
1 0 0 05 05 O 1 05 05 05 05 05 0 05 0 05 1 1 11
D=0 1 0 05 0 05 05 1 05 05 0 05 05 0 05 05 1 1 1 1},
0O 01 0 05 05 05 05 1 0 05 0 05 05 05 05 1 1 11
(64)
0 0 0000 O OODOO0ODO0ODODOOT1TT1TT1 1 17
00 01O0O0OO0O0O0OO0ODO0OO0OO0OSOODOODOODOLDDQO
000O0O1O0O0O0OO0OO0OO0ODO0OOO0OO0OS®O0ODO0OO0UODOQO0ODQO
E— 00 0O0O0OT1QO0O0O0OO0OO0OTO0ODOSODOOOO OO DO (65)
0O000O0OO0OO0OBI1TTI1T1O0O0O0O0DO0O0O0OT1UO0OTQO0OSFU@0
100 0O0O0OOO0OOT1TT1TO0O0O0ODOOOT1IT1TO0
01 00O0O0OO0OO0OO0OO0OODI1TT1TO0O0O0OO0OT1TTGOT1
0 01000 00O0O0OO0OO0ODCOT1TT1TO0O0O0OT1T 1]

N
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Let us first establish that ©,4,; C ©*. This is argued as follows. (A1, A2, A3, - , Ayg) are the amor-
tized amounts of usage of the corresponding building block protocols (P1-P20). Since the batch
size L can be chosen to be any positive integer, ); are allowed to be any non-negative rationals.
Therefore, as long as there exist such non-negative Ay that satisfy the condition in (63), a feasible
coding scheme can be constructed from the combination of the aforementioned building block
protocols. Denote D,,; as the closure of D,4,; in R3. It then follows that D,4,; C D* as D* is
closed by definition. To obtain D,,;, let

D £ {(Ap) Apoy) € R* | Cond1, Cond2(Q)}, (66)

where the conditions Cond1 and Cond2(Q) have appeared in (63). It is readily seen that the
closure of ® in R? is equal to

D = {(Ap), A\po)) € R* | Cond1, Cond2(R)} (67)

where Cond2(R) is the condition Cond2(Q) with Q replaced by R.
Let ¢ be the mapping from R?? to R? such that

d(Agg), A\20)) = Agg)- (68)

It follows that D,4,; = ¢(D). Since ¢ is continuous, ¢(D) C D, [35, Ex. 9.7]. On the other

hand, ©,4,; € ¢(D), and thus D,4; € ¢(D) = #(D), where the last step is because ¢(D) is a
3-dimensional polyhedron and thus closed. We conclude that

Dachi = ¢(D) = {A[g] eR? | Condl, Cond2(R)} . (69)

6.4 Eliminating the auxiliaries

Recall that our goal is to show that (RHS of (61)) C ©*. Since D, C D%, it suffices to show that
(RHS of (61)) € D,chi- This is done by Fourier-Motzkin elimination. We also show this explicitly
in Appendix[A]

7 Conclusion

The information theoretic optimality of the N-sum box protocol for all 3 user I, linear computa-
tions in the LC-QMAC setting, as established in this work, is both promising and intriguing. In
particular, it motivates a natural follow up question — does this optimality hold for any number of
users? Since the N-sum box is constrained primarily by the SSO condition, generalized optimality
results could shed light on the information theoretic significance of this condition. Based on this
work, one would expect that generalizations beyond 3 users might require both new converse
bounds, as well as larger subspace-decompositions. In addition to the results of this work, the
previously established optimality of N-sum box protocols in the £-QMAC [20] under generalized
entanglement distribution patterns, and in the X-QEMAC [21] (where the quantum channels are
subject to erasures) bodes well for future efforts towards these generalizations.
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A Eliminating auxiliaries

Our goal is to show that, given non-negative (A, Ao, Az) and (n123, 112, - - - , ng) that satisfy
[m123]
nio
Al n13
Ala|>c|"™ ], (70)
A. "o
3 n
no
L 73 |
there exist non-negative (A1, - -, Ayo) such that
]
Aq A2
Ay >D | A3 |, (71)
A3
[ A20 ]
(1123 ]
PR ni2
Ao nis
E|X|>]|"3]|. (72)
. o
: n
_>‘20- ng
L n3 |

Let us use analogy for intuition. First note that all variables considered are non-negative reals. Let
A1, Az, Az be the amounts of three non-exchangeable currencies, namely Currency;, Currencys
and Currencys, say corresponding to 3 different countries, that are available to an importer of
goods, subject to the constraint (70). Let P1-P20 represent 20 different goods, and A1, A2, -+, g
be the amounts of these goods to be imported, respectively. D specifies the prices of the 20 goods
sold by the three countries. Specifically, the (i, )" entry of D, i.e., D;; is the cost in terms of
Currency; to import a unit of Pj. Condition says that the total amount of any type of currency
spent cannot exceed the amount of that type of currency given to the importer. Further constraints
are specified by E: each row in places a demand on the amounts of goods that need to be
imported. There are 8 rows in E. Let us refer to the 8 requirements as R1 — R8. For example, the
first row of corresponds to R1, and with E as defined in (65), this constraint says that the total
amount of P16 to P20 imported has to be at least n123. We will show that as long as the importer
is given the amount of currencies (Aj, Ay, A3) that satisfy (70), then there is always a strategy
(described as follows) to satisfy all the constraints.
The strategy is divided into the following main steps.

1. Satisfy R2, R3, R4 by importing ni2 units of P4, n;3 units of P5 and ny3 units of P6. This incurs
a cost 0.5(n12 + 113, n12 + nag, n13 + neg) in terms of (Currency;, Currency,, Currencys), and
the feasibility (availability of sufficient currency) is guaranteed by (70).
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2. Import min{nj23, 10} £ 7 unit of P17, which incurs a cost (7,7, 7). The teasibility is guar-
anteed by (70). Note that after this step, either R1 or R5 is satisfied: if 7 = nig3, then R1 is
satisfied; if 7 = n,, then R5 is satisfied.

3. Case I: If 7 = nq23, then import appropriate amount of P7, P8, P9 to satisfy R5, and import
appropriate amount of P1-P3, P10-P15 to satisfy R6-R8. Case II: if n = n, < nj23, then
import appropriate amount of P1-P3, P10-P16, P18-P20 to satisfy R1 and R6-R8.

While in the first two steps we specify exact amount of imported goods and the currencies spent,
the third step is more complicated and needs further analysis, since it involves further optimiza-
tions that are not so straightforward. In the following we analyze the third step.

Recall that the initial currency amounts given to the importer are (A;, Ag, Ag). Thus, after the
first two steps, there remains

h

(A1, Az, A3) — 0.5(n12 + ni3, nig + ne3, ni3 + neg) — (7, 1, 1) (73)
2 (A}, Ap, AY) )

currency for the importer to allocate.

Case I: In this case 71 = n123. Define n), = n, — ny23 > 0. After the first two steps, the importer still
needs to fulfill R5-R8. For R5, since . = nj23 out of n, is satisfied by importing P17, there remains
another n)) to be fulfilled. The first four rows of imply,

AL > L0l 4+ )
A/ > %(n —|—TL2) (75)
AL > I(nl, + ng)
A+ AL+ AL > 2n) +ny 4+ ng +ng
Therefore, there exist non-negative (a;, b;);c[3) such that
1
Al = i(n; +n;) +a; + b;, Vie 3], (76)
and
n 1+n2+n
a1+a2+a3=?0, b1+bz+bs—# (77)
The strategy then finds
(105 05] [\ L
05 1 05| [As|=|% +ay (78)
05 05 1] [d] |4,
"Ar %ﬁ) + 3a1—;2—a3 Mo _ witaptag 0
= || = %er > %_% — o (79)
A9 T + 3az—ai—az Ny _ aitastag 0
- 1 2 1 2

With this choice of (A7, Ag, Ag), the remaining n;, part in R5 is satisfied, as A7 + Ag + Ag = n),. Now,
only R6 — R8 remain to be fulfilled, and the remaining currency amounts are,

( +m, 2 4 by, 23 —Mﬁz(” N (80)
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The importer will then import P1-P3, P10-P15 to satisfy R6-R8. We claim that this is feasible as
long as the following conditions hold,

(81)

Al > Vi € [3],
AT + A + AL > ny +n2 +n3

Intuitively, this claim (formalized in Lemma 5) follows from the fact that P1-P3 are from TQC and
P10-P15 are from superdense coding. This condition (81) is satisfied because b1, bs, b3 are non-
negative and because by + by + b3 = % Therefore, R5-R8 are satisfied. This completes the
proof for Case I.

The claim is formalized in the following lemma, which will be useful again in the sequel.

Lemma 5. Say the remaining demands to be satisfied are ny,no, n3 corresponding to R6, R7, R8, respec-
tively. If the remaining currencies (Ay, Az, A3z) satisfy A; > 5, Vi € [3] and A+Az+A3z > ni+na+ngz,
then there exist non-negative (\;)ic(1,2,3,10,.. 15} such that

(A1 > M\ +0.5(A10 + A1t + Arz + Awa)
Ao > Ao+ 0.5(A10 + A2 + A1z + Ais)
Az > A3+ 0.5(A11 + A1z + g+ Ais)
AL+ Ao+ A >y
A2 + A2 + A3 > ng
Az + Mg+ Ais > ng

(82)

Note that the first three conditions in (82) imply that the available currency is sufficient for
the amounts corresponding to (Ai)ic{1,2,3,10,..,15), With the remaining \; set to zero. The last three
conditions in imply that R6, R7, R8 are satisfied.

Proof. It suffices to show the existence of (\;)ic1,2,3,10,. 15} for

ny N9 N1+ n9 ni ni+ns ns ng + N3 n9g N3
A1, Ay, A —, — —
(A1, Ag, 3)€{<2,2, 5 +3> <2, 5 +n2,2>,< 5 +1,2,2>}

because other cases can be reduced to a convex combination of these 3 points. Due to symmetry
it suffices to consider the first case, i.e., (A1, A2, A3) = (5, %, "1+"2 + n3). The solution for
(Ai)ie(1,2,3,10,-,15) in this case is listed explicitly as,

A3 =ngz, A1 =n1,A13 =19, AN =0,Vi€ {1, 2,10,12, 14, 15}. (83)
The proof of the lemma is thus complete. O

Case II: In this case 7 = n, and nj23 > n,. Define n),g £ nigs — ne > 0. After the first two
steps, the importer still needs to fulfill R1, R6-R8. For R1, since 7 = n, out of the ni23 constraint
is already satisfied by importing P17, there only remains another n/,5 to be fulfilled. To this end,
we will show that it suffices to import certain amounts of P1-P3, P10-P16, P18-P20. Starting with
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(70), we note that the remaining currency amounts (A, A}, A}) after the first two steps satisfy

1
A} > 5(nfe3 +n1)
1
Af > 5(ne3 +n2)
1
A3 > 5(nfe3 +1n3)
A} + A+ Ay > nfpg + MFRE 4 T (84)
All A22 + 3 > nl 93 + n1+n2+n3
A+ %4_ S5 >n123+m
A
(A5 + 5 + 52 2 njyy + mtnptm

where we define,

[ 2 max { n’1232+ m n’1232+ n2 n’1232+ ns m + 7122 +ng } (85)
Af > A+ Auidebhas g f g + Ay

AIQ >\ + >\10+/\12+>\%3+/\15+)\16 + A1s + Ao + A2

Af > Ny AFMsRARAsEMG | Ao 4 Ajg + Agg

A16 + Mg + A1g + Aogg > n’123 R1 (86)
A1+ A1 + A1+ Ais + A9 > n1 R6

A2+ Ao+ A3+ Aig + A9 > ng R7

A3+ A4+ A5 + A9 + A0 > n3 R8

\

It suffices to show the existence of (\i);c{1,2,3,10, ,16,18,19,20} for the corner points of (A}, A5, Aj) in
the region induced by (84). Further by symmetry, it suffices to consider the following 7 subcases
(IL1-11.7).

IL.1: In this case we consider

Al ”’123;‘”1
1
/
A’Q = ”1232+”2 (87)
Aé na3tns
2

which corresponds to the first three inequalities in (84) being tight. It can be verified that (84) then
implies

ny=mng =ng =0, (88)

by noting the non-negativity of n;,Vi € [3]. This means that R5-R8 do not require anything.
Therefore, for this subcase, the importer only needs to import n/,3 amount of P16 to satisfy R1.

The feasibility is guaranteed since A} > % fori € [3].
IL.2: In this case we consider

A/ nggtm1
2
Al = n’1232+nz (89)
!/
Ay B +T

26



which corresponds to the 15,24 4" inequalities in being tight. It can be verified that
then implies

; (90)

n1 > min{ny + ng, nfys}
ng > min{n; + ns, nfys}

and we consider the following subcases.

I1.2.a: n)y5 > max{ni + n3,na + ns}. implies ny = na2,n3 = 0. Import n; amount of P18, and
n) 95 — n1 amount of P16. This is feasible as A > nl%ﬂ”, Vi € [3].

IL2.b: n1 + ng > nlyg > ng + ng. implies ny > ng + n3, ny > nfye. This in turn implies that
ni = ng = ng = nfyy = 0. No further consideration is required for this subcase.

IL2.c: ny + n3 > ng + ng > nlas. implies ny > nfyg,n2 > nlys. Import nfy; P18 and R1 is
satisfied. The remaining currency amounts are

Alll ni _2",123

Ayl =] rerim 91)
" ns !

A o+ = nig

and the remaining demands for R6-R8 are

/ /
ny n1 — Nya3
/ /

n ns

Lemma |5/ then implies that the remaining demands of R6-R8 can be satisfied with the remaining
currencies.
IL.3: In this case we consider

A nfogtn1
1 2
!
Ap| = | raine (93)
Ag n,1223 + % + ng

which corresponds to the 1%, 274 5! inequalities in being tight. It can be verified that
then implies

n1 < min{n/yg, na}. (94)

Import n; amount of P18 and n 53 —n; amount of P16. R1 is then satisfied. The remaining currency
amounts are

A 0
Al = | mpm (95)
Azl LMt

and the remaining demands for R6-R8 are

n} 0
nh| = [n2—n1| . (96)
n ns
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Lemma |5/ then implies that the remaining demands of R6-R8 can be satisfied with the remaining
currencies.
IL.4: In this case we consider

A nigstn
1 2
/
AL = 771123;”2 (97)
A Migs | nmitny | ng
3 B e S

which corresponds to the 15,274 7" inequalities in being tight. It can be verified that
then implies

N3 > N1 = ng, ng = 0. (98)

R8 requires nothing. Import n; amount of P18, and 7,5 — n; amount of P16. The feasibility can
be verified and this satisfies R1, R6 and R7.
IL.5: In this case we consider

All "/123;‘”1

/ _ +no+ /
A2 — n1 7122 n3 + 7112/3 _ F (99)
Al _m1 _ M3

3 RS .

which corresponds to the 1%¢, 4" 6" inequalities in being tight. Note that I" is a maximum of
4 terms, and we further consider subcases according to the value of I as follows.

IL5a:T = w This condition together with (84) implies
min{ny, nly3} > no + ns. (100)

Import np amount of P18, ng amount of P19, and n/,3 — (n2 + n3) amount of P16. R1, R7 and R8
are then satisfied. The remaining currencies are

Alll ni *7122*713
AY| = 0 (101)
Ag/ nl—n22—n3
and the remaining demand for R6 is
Ny =mny — ng — ng. (102)

Lemma 5| then implies that the remaining demand of R8 can be satisfied with the remaining cur-
rency amounts.

IL5.b: T = 71/123% This condition together with (84) implies
ng =0, njgg > ny = no. (103)

R8 requires nothing. Import ny amount of P18 and n/,3 — ne amount of P16. The feasibility can be
verified, and this satisfies R1, R6 and R7.
IL5.c: T = ™28 This condition together with implies

ng = 0, min{n)ss,n3}t > ny. (104)
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R7 requires nothing. Import n; amount of P19, n},; — n; amount of P16, and n3 — n; amount of
P3. The feasibility can be verified and this satisfies R1, R6 and R8.
IL5.d: I’ = 247243 Thig condition together with (84) implies

n1 > N3 > Mo, Na + ng > Ngs. (105)

Import ny amount of P18, and n53—n2 amount of P19. R1 and R7 are then satisfied. The remaining
currencies are

Alll "1_2”,123
Al = 0 (106)
Ag ”1*?2’"123 +ng + ng

and the remaining demands for R6 and R8 are
ny = N1 — Mgy, Ny = N3 — Mgy + N (107)

Lemma 5|then implies that the remaining demands of R6 and R8 can be satisfied with the remain-
ing currencies.
IL.6: In this case we consider

/ nitnas+ns /

Ay e gy — T

ALl = n1+n22+n3 + gy =T (108)
/ nit+na+ns /

Ajg 30 — 2 — Nyo3

which corresponds to the 4" 5! 6" inequalities in being tight. We further consider subcases
according to the value of I as follows.

I.6.a: T = w This condition together with (84) implies
niog > M1 = ng + na. (109)

Import ng amount of P18, ng amount of P19, and n/,3 — n; amount of P16. The feasibility can be
verified, and this satisfies R1 and R6 — RS.
IL6.b: I = M2:™"2 By symmetry, this case is the same as IL.6.a.

IL6.c: I = w This condition together with (84) implies
min{nfyz, n3} > n1 + na. (110)

Import n; amount of P19, ny amount of P20, n)y3 — (n1 + n2) amount of P16 and ng — n; — no
amount of P3. The feasibility can be verified and this satisfies R1 and R6 — R8.
IL6.d: I' = 2472%3  This condition together with (84) implies

ny +ng +n3
2
Import ny + ny — n). amount of P18, n’,. — ny amount of P19, n’,. — n; amount of P20, and
p 123 123 123

n1 + ng + n3 — 2n123 amount of P3. The feasibility can be verified and this satisfies R1 and R6-R8.
I1.7: In this case we consider

min {n1 + no,n1 + n3, Ny + n3, } > nfyg > max{ni, no}. (111)

Al n/1223 + n1+722+n3

1
A/Z = "/1223 + n1+722+m3 (112)
A Mio3 | nitnotng

3 B R A e—
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which corresponds to the 5,6 7" inequalities in being tight. It can be verified that
then implies

ny +ng2 +n3

5 (113)

n; +n; > ny, for distinct i, j, k € [3], nly3 >
Import 2422="3 amount of P18, M+28="2 amount of P19, "28="1 amount of P20, and nf,; —
% amount of P16. The feasibility can be verified and this satisfies R1 and R6-R8. O

B Necessity of 3-way Entanglement for Toy Example 1

Recall that the setting in Toy Example 1 contains Alice;, Alices, Alice3, who have data streams
(A,B),(C,D), (E, F), respectively, all symbols in F; with d = 3, and a receiver (Bob) who wishes
to compute,

A+CHE
B+2F

f(A,B,C,D,E,F) = { B+2D

Suppose instead of all possible quantum coding schemes as specified in the problem formula-
tion, we now only allow the transmitters to use pairwise entanglement throughout all the stages.
Specifically, Alice; and Alice; share a bipartite quantum system @; = @Q1,1Q1,2 such that Q3
is accessible at Alice; and @2 is accessible at Alice;. Similarly, Alice; and Alices share another
quantum system (2 such that Q)3 ;, is accessible at Alicey, for & € {1,3}; Alice; and Alices share
another quantum system @3 such that Q)3 is accessible at Alicey, for £ € {2,3}. Q1, @2 and Q3
are assumed to be independent in the preparation stage, kept unentangled in the encoding stage,
and measured separately in the decoding stage, whereas the subsystems Q; ; and Q; ;. are allowed
to be entangled for distinct j,k € {1,2,3}. Let ¢;,i € [3] denote the dimension of @; in the en-
coding stage. According to [20], one can lower bound the total download cost 3 ;5 logg d:/ L by

the classical (unentangled) total download cost of a hypothetical problem, where there are (3) =3
transmitters, denoted as Alice], Alice), Alice;, who know (A, B,C, D), (A,B,E,F),(C,D,E,F),
and the same receiver (Bob) who computes the same function f. This is because any output mea-
sured from @; can be sent directly through a same dimension classical system from Alice} in the
hypothetical setting for i € [3]. In the hypothetical setting, let X;,i € [3] be a J;-dimensional
(classical) system sent from Alice;. We want to obtain a lower bound for }~, (5 log, d;/L.

Without loss of generality, assuming that each of the data streams A, B, --- , F' is uniformly
distributed in FdL, we have

> log, 8} > H(X1, X, X3) (114)
1€[3]
= H(X1, X5, X3, [ 5137 ]) (115)
= H([F132]) + H(X1, X2, X3 | [ F137]) (116)
= 2L+ H(X1, X2, X3 | [5157]) (117)
3
1
> 2L+ 5 ) H(Xgay | Xi [5157]) (118)
=1
1 3
=2L+5 ) H(Xg\pA+C+E| X, [F157]) (119)

=1
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> 2L + %(3L) (120)

= 3.5L (121)
= Y log,0}/L>35 (122)
1€[3]

Step holds because (B + 2D, B + 2F) is determined by (X1, X3, X3). Step follows from
submodularity of classical entropy, i.e., the general property that 2H (2, Z, Z3 | Z4) > H(Z1, Z2 |
Z3,Zy) + H(Zy, Zs | Zy1,Zy) + H(Z3, Zy | Za, Zy) for any classical random variables Z1, Zs, Z3, Zy.
Step holds because A + C + E is determined by (X1, X2, X3). To see Step (120), note that
(X1,4,B,C, D, F)isindependent of E, so that the first term in the sum, i.e., H (X2, X3, A+ C+E |
X1, [B13P]) > H(X2, X3, A+ C+ E | A,B,C,D,F,Xy,[813P]) > H(E) = L, and similar
reasoning applies to each of the three terms in the sum, so that their sum is lower bounded by 3L.
Therefore, the total download cost for the hypothetical problem is at least 3.5. We conclude that
with only 2-way entanglement, the total download cost for Toy Example 1 is at least 3.5.
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