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TABLES OF THE CLEBSCH-GORDAN COEFFICIENTS FOR ODD-

AND EVEN-MASS DEFORMED NUCLEI* 

D. J. Gorman and F. Asaro 
S 

Lawrence Radiation Laboratory.  
University of California 
Berkeley, California 94720 

May 1970 

A set of tables has been prepared as a convenient source of the Clebsch-

Gordan Coefficients commonly used in the calculation of nuclear transition pro-

babilities fordeformed nuclei. Similar, less extensive tables have been 

prepared by other authors (Si 5, Lu 61, and Ya 66). 

The transition probability for a nuclear transition of multipole order 

L between an initial state I and a final state F is characterized by the reduced 

transition probability B(L, II 	IF). 

If the nuclear motion is separated into two modes--rotational and intrin-

sic--the reduced transition probability can be written as a product of a geo-

metrical factor, depending Only on the angular momenta, and a factor involving 

integrations over the intrinsic wave function of the initial and final states. 

If one compares the reduced transition probability for the emission 

of a given multipole radiation from a state I to different members F,F' ••. of 

a rotational family, the factors involving the intrinsic wave functions are the 

same. One thus obtains a ratio which depends only on the geometrical factors. 

* 
Available as UCRL-18975 from Lawrence Radiation Laboratory, University of 

California,.. Berkeley, California 914120. 

tThis and most of the following discussion is taken from Ref. Al 
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B(L,II 	IF) 	(ii L KI.KF-KIIIF KF 
12 

B(L,II 	IF') 	(ii L KI KF-KIIIF' KF > 1 2  

where (ii L KI KF-KIJIF KF ) is the Clebsch-Gordan Coefficient (Co 35). 

II = The spin of the initial state. 

IF =.;The spin of the final state. 

KI = The K of the initial state, where K is the projection 

of the nuclear angular momentum on the nuclear symmetry axis. 

KF = The K of the final state 

L = The angular momentum carried off by the radiation 

emitted during the transition from the initial to the 

final state. 

The relation (i) holds when the initial and final states belong to 

the same or different rotational bands. 

In special cases when L KI + KF, syinmetrization of the wave function 

may cause the transition matrix elements to become a sum of two products of 

geometrical and. intrinsic factors. The ratio of reduced transition probabilities 

can then be written in the form. 

IF+KF 	 .2 
B(L,II -- IF) - 	(ii L KI KF-KIJIF  KF )+ b(-) 	(II L KI .KF-KIIIF -KF > 
B(L,II 	IF') 	

(II L KI KF-KI IF' KF ) + b(-) 	(II L KI --KI I IF' -KF 

where b is a parameter depending on the intrinsic wave function. 

The reduced transition probabilities are also important in Coulomb exci.-

tation experiments. The cross section for Coulomb excitation of particular 

states is proportional to B(L,II - IF). 
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THE ARRANGEMENT OF THE TABLES 

The compilation is arranged into four tables covering integral and half-

integral values of the spin (I) and positive and negat.ive values of KF. The 

range of the arguments used is shown in the table below. 

Table I. Range of Arguments for Clebsch-Gordan Coefficients 

Table 	KI 	 KF 	 II 	. L 	 IF 

1 	1/2- 31/2 	1/2 - 31/2 	1/2 - 31/2 	0 -6 	1/2. - 3/2 

2 	1/2 -.11/2 	1/2 - (-11/2) 1/2 - 31/2 	0 - 6 	1/2 - 3/2 

3 	0-16 	o-16 	0-16 	o-6 	0-22 

	

0-5 	 -1 -(-.6) 	0-16 	o - 6 	0-22 

Some sample pages from the tables are reproduced below. The tables are 

arranged such that the right hand argument IF varies the fastest, followed by 

L, II, KF, andKI. 
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KI kF II i. IF ICLFS3 	2 CIER 

112 112 3/2 0 5/2 1.00000000 1.00000000 

liz lIZ 5/2 1 1/2 .40000000 -.63245553 
512 .02557143 .16903055 
7/2 .7142R57 .75592095 

112 112 512 2 112 .20000000 .44721360 
312 .05714286 -.23904572 
5/2 .22557143 -.47509144 
7/2 .03509524 • 19515001 
0/2 .47619045 .69006556 

112 112 5/2 3 1/2. .14285714 .37796447 
312 .11425511 .53506170 
5/2 .07619048 -.27602622 
712 .  .19047615 -.43643578 
912 .04329004 .20506259 

1112 .43280045 .65795169 

112 1/2 3/2 4 3/2 .19047819 .65643578 
512 .09523510 .30560670 
712 .08658009 -.29424494 
9/2 .17316017 -.41612519 

1112 .04662005 .21591676 
132 .40192541 .63569039 

512 312 312 1 3/2 .66666667 .81649655 
5/2 .25571429 .53452248 
712 .04761905 .21521789 

512 312 5/2 2 3/2 .25571429 .53452245 
5/2 .42957143 .65465367 
7/2 .23409524 .48795004 
9/2 .06761905 .21521 789 

32 3/2 3/2 3 3/2 .01142857 .26726124 
5/2 .28571429 .53452245 
712 .35C95239 .61721740 
92 .21645022 .46524211 

112 .04543455 .21320072 

312 32 52 4 412 .00793651 .08905705 
5/2 .09523810 .30860670 
712 .28960029 .53721331 
9/2 .36075036 .60062498 

11/2 .20396270 .45162230 
13/2 .04351204 .20859341 

112 -1/2 5/2 5 7/2 06363636 -.6052269 
9/2 .45454SS .21320172 

1112 .22377622 .41104092 - 	- 15/? .36713257. .60591491 

1l? -112 3/2 6 517 .36733797 -.60593 490 
11/2 .15594414 -.23851496 
11/2 .27765231 .45573272 
1512 .A973077 .60764362 

1/2 -0/2 512 1 312 .73r00000 .44721161 
5/2 .51425571 .71713717 
7/2 .25571429 .53452249 

1/2. -112 512 2 112 .13333333 -.365141337 
3/2 .?'1005524 -.45795006 
5/2 .COCCC000 .00t'COGOO 
7/2 .3Il11111 .5577735 

- 9/2 .31746032 .56341617 

12 -112 5/2 3 112 .19047639 .43643579 
3/2 .00952981 -.05759001 
512 . 	.22135714' -.418C9144 
712 .01557302 -.12598816 
0/2 .21CSSC23 .48040998 

11/2 .32467532 .36980288 

Fig. 1 
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EXAMPLES OF THE USE OF THE TABLES 

A. An E2 transition from a K 5/2 toa K = 3/2 rotational band. 

I 
C 

	

- - - - 	 5/2 	K = 5/2 

	

__ -- 	 9/2 

	

-- 	 7/2 
K=3/2 

5/2 

3/2 

We can obtain the relative transition probabilities from the spin 5/2 member 

of the K = 5/2 rotational band to the different rotational members of the 

K = 3/2 band using formula 1. In this case II = 5/2, KI = 5/2, KF = 3/2, 

L = 2, and IF = 9/2, 7/2, 5/2 and 3/2 

B(2,5/2 	3/2) a 	(5/2 2 5/2 -113/2 3/2>1 2  = 0.28571429 

B(2,5/2 	5/2) a 	(5/2 2 5/2 -115/2 3/2>1 2  = O.285713 

B(2,5/2 	7/2) a (5/2 2 5/2 -117/2 3/2) 2  = 0.2380952 

U 
	 B(2,5/2. 	9/2) a 1(5/2 2 5/2 -119/2 3/2)1 2  = o.o761905 

B. An Ml transition within a K = 1/2 rotational band with a decoupling 

constant (a) of -1.5. 



-6- UCRL-19900 

I 

5/2 

7/2 
K=l/2 

1/2 

3/2 

In this case, to find the relative transition probabilities for the 

transitions from the 5/2 to the 7/2 and 3/2 members of the K = 1/2 band we must 

use formula 2. 	Here we have 11= 5/2, KI = KF=1/2, L = 1, and IF = 7/2 and 

3/2. 	 . 

B(1,5/2 	7/2) 	[(5/2 1 1/2 017/2 1/2 )+ b (.5/2 1 1/2 017/2 -1/2> 

2 
= 	[0.75592895 + b 	(0.53452248)] 

B(1,5/2 	3/2) ot[(5/2 1 1/2 013/2 1/2 > + b( 5/2 1 112 013/2 -1/2> 

= [-o.632553 + b (o.72136012 

THE COMPUTER PROGRAM 

The computer program consists of a main program, which is slightly dif- 	r 

ferent for each of the four tables, and a subroutine CLEB which remains the 

same. 	The program is written in Chippewa Fortran for the CDC 6600. 

The main program for calculating the coefficients for half-integral 

values of I and negative KF is reproduced below. 
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10013*0 I 001 150117.007711? ,7307 7. 14'11 9 1*P7 3.0117737 I 

C 	lullS 700)0*', (ALCuJL*VS CLIIIOCH 0.117006 COFFFICIO6TO 0(6 
('*1 1 1070.63)1: *0,(MFN1S 

C 	*60 6',G0lV' v*i.urc OF 01 

C 	0(11II 
C 	01/I 	1 
C 	*111 • IF 
C 	014)•KI 	- 
C 	0161 • 00  

0• 	1161.00 

	

1: 110,114 3 
	

0*78 1 I6 	/0 

	

lu'14 3 
	

(18 TO Cult/C .nu,ro'oonii 

	

001043 
	

• 	PI'I,SSIIS 0161,316) 

	

00.3043 
	

Ol*1631'lN FMTISI - 

	

000041 
	

0*0* sPoor/I, 

	

11)34 a 
	

001)1) • Iflull l34I.63,- 

	

tu0" ,uSS 	• 	FOTI II • I 3)0)10, *11001 - I 

	

00)1041, 	 CTI4I • 1008976•1 

	

0000 
	

1)10111 • I0'**.I  

	

0000 SI 
	

3101?? • I0l•l,l?, 0 -*,6 

	

000003 
	

011111 • 

	

('00054 
	

010114 • 101I1 I4,*-*,5 

	

000056 
	

77)6T 1 

	

30)1041 
	

1 r -,3437(64).rv7.) 

	

020'I6 I 
	

IC'JUST 	0 

	

0l)064 
	

IFISP*&t.LF.3900) FIOT)?) •OIGIT4 

	

303(347 
	

IFI003')f.lL.'IQiI 13112) - 010111 

	

00") 10 
	

IFI1lPu,F.LF.'7q) 0*0(7) • 010112 

	

0)13011 
	

IFISP*1.F.l0.'ll 730)2) • 1110111 

	

Cfl'lIOl 
	

°IT0l1.F7TI #P000 

	

0730111 
	

60301 	37*07 0 I 

	

00011 3 
	

8*IT*13, 30031 

	

('37116 
	

'4 3 II F. II. 10 00 I 

	

000121 
	

.IRIt0I 3.30101 

	

090124 
	

I 1:01161 	11:01131 • 5 

	

003)176 
	

00 70 14 • 1,11.2 

	

070121 
	

0141 	Ft031(I4)/7. 

	

000131 
	

P'4*X • 16. - 01411*2. 

	

Cool 11 
	

1(7*0 • 171317*30) 

	

303116 
	

13 1) 60 II. - 1.07*0,2 

	

0303 lb 
	

0161 • - rIt*TIThl/?. 

	

000140 
	

XIS) • 7161 - X141 

	

000342 
	

01) 00 II • 14,01,? 

	

000144 
	

OIl) • FI000(II)/2. 

	

030146 
	

104012 .1.7 	- 

	

03034? 
	

1160 • 0 

	

000150 
	

0121 	71030117) - I. 

	

00015? 
	

IFl*3S10151).01.012)l 6(11(140 
0001 
	

OMIN • *331*111 - If 	* 2 

	

000163 
	

J380 • *071011) 0 0)2)) * 2 

	

COO 11,1 
	

03(3 • A,7%111611 * 2 

	

000172 
	

I0IJMIS.IT.K*(1,) .)MIN • * 317 

	

000174 
	

011 33 II • ,1 01 14.J381,2 

	

000176 
	

0)31 • Fl..041I!0)/2. 

	

0007 10 
	

I • ClEullo) 

	

000202 
	

1 0 1*IS(Yl.F0.0) V.CUT 	 -. 

	

000205 
	

£ • 00.2 

	

000207 
	

11'II • 1160 7 I 

	

C007 10 
	

(I) • 2 • Xli) 

	

00021) 
	

3(7) • 3(7) 

	

00021 S 
	

3(3) • 2 * 0(3) 

	

0002/0 
	

3141 • 2 3 3(4) 

	

000270 
	

3(33 • 3)5) 

	

(00??4 
	

3(6) • 2 	0(6) 

	

000/7? 
	

1711 I'I.GT.I  

	

00')? 37 
	

W*ITF(I,IOOI I •(4) ,I6),M(  I) •"l2),Ml 31,2,! 

	

01)0253 
	

!C0UPT • (COUNt 7 7 

	

003755 
	

IFIICOUNI.0E.601 60 1(3  100 

	

000061 
	

001010 

	

3)0070? 
	

20WP11010,30023 3131.1,0 

	

0002 10 
	

1(11)1ST • ( COUNT * 1 

	

000272 
	

III lC)UNT.&F.601 00 00 100 

	

000274 
	

30 (11)116110 

	

000277 
	

40 006TI'4.JE 

	

000101 
	

50 C'lNl'INIJI 

	

000113 
	

60 (1(0113110 

	

C003')b 
	

30 C0.'ITINU 7  

	

017310 
	

COIL COLT 

	

000311 
	

190 11:2)161 	0 

	

000012 
	• 	IFloX01.l'.999qI 131121 • 0(6374 

	

00031 7 
	

IFIS000.r.Lr.099) 13112) • 010(13 

	

000323 
	

10l60300.(1.9QI 7*337) • DIGIt? 

	

0003?? 
	

IF(N7460.L(.9I Fill?) .010111 

	

000333 
	

001711 3,13T) 67*01 

	

000141 
	

NP*IE • OP000 3 I 

	

000343 
	 .1* 1111 3.1000) 

	

000346 
	

QITE(1,3000) 

	

000361 
	

W)IITEI 3,0010) 

	

000054 
	

ICOI)Nl • 11:01)11' • S 

	

000166 
	

1(60 • 0 

	

000367 
	

("0 70 3(1 

	

00016? 
	

1010 (-fl3M*TIIHOI 

	

00010 1 
	

1000 33*3*1) IHI'.10,?H0I ,60,2H37,60,2HlI,b8,1HL,6K,?Hl,70,3I4lCLE3)'2. 
1101. 400 1° 3) 

	

3)00361 
	

3l3l 7J#M*T11140,3l, t3.?HFZ.31,l3.7H2,3I. I3,201?,I*,(3,41,13.?012,5*, 
1* 12.8. 3% .112.7) 

	

000367 
	

3002 30*3*7(10 •36*.13,2H22,3k,FI2.*,5*.7I2.3) 

	

COO 007 
	

0390 70*3*7110 I 

	

300 is 7 
	

0*3) 

Fig. 2 
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111401115 	€11111') 
000513 OIMONSIOS 	K161 - 
000535 !)I114Sl05 	I 0(11 tOt 
000sos 'moo 'oono.-s, 	- - 
000515 DAT 

K 	I .D000I1'J 	'IV'Il( 0o7 *015 • I .l000II00I100111'OOF *00. 
K 	I.5t42I351)11K410.0O. 2.44946'K74'181?I'.00, 
K 	4.'IK 	(94 	('5110,00, I.O54451180115qfl100t. 
K 	2.683)III57K000LIbF.I5t. l.099P,lt),0f*Ot., 
K 	?. 0 079H40 4 310311r.0). 6.02i9b/t91'144138r*02, 
K 	l.904940541967(?0.01. b.Kt?3?S.'505.0t, 
K 	 "46  T.R91  
K 	'.95?S9l7?I(IAf*r.c. I. 143595105864K7(.06, 
K 	4.151414 In) 11,5K? 1, *06. I .KH5o571 10616141•1) 1, 
K 	K.00l4('14'K549s10*01. 3.467?65?K6141565F , CK, 
K 	1.15S917?6 	.?$915(*09, '.141l910181K156(.09. 
K 	I.3S7bt11('?3167,t0. I.607455?t,45470€.tI, 
K 	t.1116K15471 	?9S1".II, 3. 0 1114?1156614531.I?, 
K 	2.O012l17944?4?o'.II, I.04349745t10'104?I,14, 
K 	S.4?Il.6951Sn70540.16, 2.5195101)460lt4)F.,t5/ 

('00515 )AT0IIKCTIII,I1KI,60) 
K 	I.621K55.,/7141K63f* 16, 9.0619 ,K691)610641r 'lb. 
K 	S.I),6?KllMIOltqr,l1, i.944l4611559K309**tq. 
K 	l.PIHZIK'114/K6l 7'' II, 1 .51615/fl 9?I190KKF*?0, 

• K 	6,fl99t2S64741SI , 15, l.715?951?4649*,q.*.2I, 
K 	2. 	b'160775K(6tl*.??, t.428?1I5411KIK,?l, 

• K 	..000905,t,Rnr,?3, S,ldIK)59?143564(,?4, 
• K 	9.t411411fl4140K1.?j, ?.4157q51648403411,)4, 

K 	l.6334?0674175155r.??, I.0997I'143711t3l07*?K, 
K 	7.411964I367('65fl.2K, 5.085501K66729151.29, 
K 	9.S)lK3*h9l643K0*1'), ?.4669310K975?2)7.Kl, 
K 	I,l439(,9hRflK5R7l.'.K?, I.1454191008'13I7f,lK, 
K 	8.qK0qdq6s42qIo7r.. 6.538?5915977o851,14, 
O 	4,904619674753911*35, t.S6'?01274K4641(.36, 

• K 	2.66445S477IKt36*.37, ?.011I.TKKKOIIIIOI.33, 
K 	I.153115601.6011545:.19. I.t116979675tj7b.4O/- 

000535 30101F417111 ,T.6l,911U 
K 	q.I)1444K461q3.4l3, 1.1?4444391154760*41, 
K 	5.609410441Tl1?4!*.42. 4.4S?649(1 0411166F*43, 
K 	't.S6/(I120924933',44 • 2.4118173K411J#40('.45. 
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K 	5.7St421947193551 *53 •  4.'m0K1715t4lSOK?**54, 
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K 	I.?l189154dP1)6004F*69, I.162756005204141*70, 
K 	1.1 15?763K0135021•fl, 1.075533591 77891K.??, 
0 	l.04214850516?750.79, l.016365011496Il(.14, 
K 	0.951130?74I10833F*14. 9.('0179K764431151*73, 
K 	I.709211S0118271 0 *74, 9.A61549437809041.77, 
K 9.66054943779K46*?KI 
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000536 'IA.2.*KI Il*FPS 
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0001576 13.K121*KI5I*EPS 
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00061? 'lItKRS(0IIK.0141-F10011L811.G1. p05) 	RFTIJPN 
000626 IF(0015)0131-X16l-PLPATILIO)) .01. 	005) 	#EYI*4 
000616 10.1301K*L10 
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000644 III IAKSINU) 	.01. 	IlK 	.00. 

0 	1*1401511 	.01. 	61) 	.138. 
O 	IARSIPIF) 	.01. 	NO) 81711)6 

00066K 11.10-bC 
000665 12.18-50 
000661 19134F 
000611 111.110-NI 
000673 16'10-5R 
000675 17.1)-NA 
00067? 14.L6-L2 
00070) 15.17-13 
000709 120.40*1 
000705 K4IN.900010,-14,-15) 
000112 KMAK.4150111,12,13) 
000770 111605* 	.11. 	ISMIN)Rr 1 IIPN 
000124 C0I.*OCTI 11*11 *10011 16*1l*1001(11*1I*F*CTIIK,1 I 

O 	*PIACTI12.II*1801113.lI 
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000163 112.11-KAI 
000165 113.12-6.1 
00016? 114.1 3-6*1 
700170 1I5.14*K*I 
000111 Lt6.L5*k.I 
000173 0K4i.KACIIK•I )*I*C111121070C111 I3p.K*C1aI4I.**CTILIK).1807I1I6I 
Ol3IOfll CLFO.C1E8*SGIlKfOI/DK5*8? 
(*0)006 SON.- SON 
0010.16 I 	C0'K't'KI$ 
00)0)6 t*(40016IN,PI 	.61. 	0) Ct8.-Ct?8 
00)02? PFtU6 
001024 2 CLt8.U.fl. 
00)026 601LS'4 
00)0?? P40 

Fig. 2 
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To calculate the coefficients for positive values of KF, the following 

changes should be made. 

DO 80 14 	1,11,2 	 becomes 	 DO 80 I = 1,31,2 

PMAX 	= (6. - X( t ))* 2. 	becomes 	 PMAX 	= (x() + 6.)* 2. 

x(6) 	= -FLOAT(16)/2. 	becomes 	 -x(6) 	= FLOAT(16)/2. 

The variable NPAGE which is set in a data statement gives the initial 

page number. This enables one to calculate the four tables successively and 

keep consecutive page numbers. 

The statements i Fo T(6H1*OVF*)l suppress the automatic skip to a 

new page on the printer. 

For calculating the coefficients with integral arguments and negative KF, 

the lines from 000126 through 00022 should be replaced by the following sequence. 
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000126 0 ' 	80 	14 	• 	0,6 

000(27 -0(4) 	• 	71047(14) 
000100 1'808 	• 	6. 	- 	8)4)) 

000132 . 	80*0 	• 	IF(o)P08) 

COO)" 00 	60 	(7. 	• 	(.080)) 

000135 0(6) 	- 	-F104Tt16) 
Q('flhi6 0(5) 	• 	0)6) 	- 	1(4) 

000)40 00 50 	II 	• 	(4.16 

000(47 KIll 	71000(111 

000143 0)) 40 	12 	• 	0,6 
000145 11SF 	• 	0 

000146 0(7) 	• 	FICKTII2I 

000147 )F)005(X(5)I.O'.l)2)( 	GO 	TO 40 

000(54 JOlO 	• 	ASSIXU) 	- 	8(2)) 

007151 JN*k 	4*5(0))) 	• 	X()J 

000(62 KMIS 	• 	485(8)6)) 

000164 171J8174.LO.KPll'4) 	JM(PI 	- 	KNIN 

000(66 00 00 	10 	• JlN,JM6K 

000170 3(3)• 	71760(131 

000(11 0 	• 	CIT8IX) 	. 

000(74 I7(&IOSIY).E0.0) 	V 	- CIfl 

000(71 0 
• 	 00O201 LINE 	• 	LI'(F 	• 	* 

000202 00 	10 4 • 	(.6 

000207 10 	8(J) 	• 	0(J) 	 -- - 

- 0 

Fig. 	3 
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For positive KF and integral arguments make the following substitutions. 

DO 80 II = 0,6 	 becomes 	 DO 80 14 = 0,16 

PMAX 	= 6. - 	 becomes 	 PMAX 	= 	+ 6. 

DO 60 16 = 1,KMtX 	 becomes 	 DO 60 16 = o,uvIAx 

x(6) 	= -FLOAT(16) 	becomes 	 x(6) 	FLOAT(16) 

The subroutine CLEB was written by Marjory Simmons of the Math and Com-

puting division at LEL Berkeley. 
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This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or 
Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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