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TABLES OF THE CLEBSCH- GORDAN COEFFICIENTS FOR. ODD-
AND EVEN—MASS DEFORMED NUCLEI .

D. J. Gorman'and F. Asaro .
 Lawrence Radiation Laboratory -
0 . ' o University of California

A Berkeley, California 9L720 :

May 1970

A set'of tables has been prepared as a convenlent source of the Clebsch-
Gordan Coeff1c1ents commonly used in the calculat1on of nuclear tran51tlon pro-
~ babilities for-deformed nuclel. Slmllar less extensive tables have been
prepared by other authors (Sl 54k, Lu 61, and Ya 66).
The tran51tlon probablllty for a nuclesar tran51t10n of multlpole order
L between an 1n1t1al state I and a final state F is. characterlzed by the reduced '
transition probablllty B(L II »+ IF). o
| If the nuclear motlon is separated into two modes——rotatlonal and intrin-
sic~-the reduced transition probablllty can be wrltten as a product of a geo-
metrlcal factor, dependlng only on the angular momenta, and a factor 1nvolv1ng
integratlons over the intrinsic wave function of theglnrtlal and final states.+
Iflone compares the reduced transition probabillty for the emission
of a given multipole radiation from a state I to different members F,F' .« of
-Q; - a rotatlonal famlly, the factors involving the intrinsic wave functions are the
same. One thus obtalns a ratio whlch depends only on the geometrlcal factors.
*Available as UCRL-18975 from Lawrence Radiation‘Laboratory, University of
California,rBerkeley, California 94720. |

T s » ‘ ' ‘
This and most of the following discussion is taken from Ref. Al .
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B(L,IT » IF) . | {II L KI.KF-KI|IF KF >]2 o (1)
[ - 7 !
B(L,IT > IF') | (11 L kI KF-KI|IF' KF) |°

where (II L Ki kF—KIIIF KF >'is‘the Clebsch—Gordan Coefficient (éo 35).
IT = The spin of the initial state.
IF é;Thé spin of Lhe final state;
KI =$The K of‘therinitial‘state, where K is the projection
of the nuclear angular momentum on theAnuclear symmetry axis.
“KF = The K of the final state
L = The'anguiar momentum carriéd off by thé radiation
_emitted during the tramsition from the iﬁipial to the

'finai staﬁe}'

Theireiation (l) holds when the initial and final states beiphg to
the same or different rotational bands.

inrspecial cases when L = KI ; KF, symmetrization of fhe wave.function
may caﬁse the transition maﬁrix elgments to bécome a éum of two products of
geometrical and,intrinsic factors. The ratié 6f reducéd transition probabilities
can then Be written in the form. | |
B(L,IT » IF) [ (II L KI KF-KI|IF KF ) + b(—)IF+KF (II L KI —KF-KIIIf —KF ) §
B(L,IT > IF') [(II L KI KF-KI|IF' k7 )+ b(=)"F *KF (1T [ KI KF-KI|IF' —KF J

where b 1is a parameter depending on the intrinsic wave function.
The reduced transition probabilities are also important in Coulomb exci-
tation experiments. The cross section for Coulomb excitation of particular

states is proportional to B(L,II + IF).

¢
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THE ARRANGEMENT OF THE TABLES = =
The ccmpiiétion is arrahged into four tables covering integral and half-
a integral values of the spin (I) and positive and negative values of KF. The

range of the arguments used is shown in the table below.

K|
" Table I. Range of Arguments for Clebsch—Gordaﬁ'Coefficients
Table KT KF | T . L IF
1 1/2 - 31/2 1/2 - 31/2 1/2 - 31/2 - 0-6 1/2 - 43/2
2 1/2 --11/2  1/2 - (-11/2) 1/2 - 31/2 0-6 1/2 - 43/2
3 0 - 16 0 -16 -0 - 16 0-6 0 - 22.
4 0-5 -1 - (-6) 0-16 "~ 0-6 0 - 22
Some sémple pages from the tables are reprodﬁced'below.' The tables are
arranged such that the right hand argument IF variés the fastest, followed by
L, II, KF, and KI.
Q

U



L§ I

172
tr2

172

172 .

172

8’72

/2

572

$r2

172

t72

172

2.

172

KF
172

172

172

172

72

N

-

372

32

 ses s e

L]
-

=172

=172

-172

-172

-

872
572

s$/2

572

S/72

s72

572

572

572

Nesses e

~

32

572

s72

I

1F

572

32
572
/2.

172
32
572
172 .
2

172
372
/2
172
9/2
172

372
8/2
172
972
172
1372

b ea e e

372 -
572
172

32
572
172
972

372
572
172
972
1172

‘a2
572
172
972

1172

1372

r72
22
1172
1372

Qs2?
1172
1372
1572

372
572
172

172
372
572
172
/2

172
372
572
172
e/2
1172

(CLFRY®e2

1.00000000

« 40000000
202857143
+57142A57

220000000
«05714286
«228%7143
+03R09526
+4761904A

. 14285716,

e114628S71
«0T619048
+19047619

«046329004 -

443290043

219047619
«09523810
+08658009
«17316017
« 04662009
« 40792341

« 660666667

- «2R571 629

04761905

«28571429 .

« 42857143
23909524
« 04761905

07142857

28571429
«38C95238
21645022
«04545455

+00793651

«09523810
«28860029
«36075036
«20396270
04351204

¢ s ecase

+16363636
$N6545655
.22377622
«36713287

«3A713287
«(559640CH
« 20769231
+ 24923077

«230000C0
«51424571
«28571629

+13333333
«238C9524
«C8LLCCO0
31111111
3746032

219047619
+009523A1
« 22857141
«015A7302
«23(R4C2Y
«32467532

Y ocLER

1.00000000

-63245853"

+16903085
.« 78592095

(44721360

~.23904572

- 47809144
-19510001
+69006556

«37796447
+33806170
-.27602622
=:43543578
«20R062%9
«657951 69

+41841578
«30860670
22942449
=e415612%19
e21591676
+63A69039

BRI

© .81649658

«53452248
«21821789

+53652268
«65465367
+48795004
+21821789

26726124
253452248
«61721340
«46524211
.21320072

" +OB0ATOR
«30860670
«53721531
+80062498
«45162230
«2085954}1

c e s e evae

“«60302269
=.21320CT2
+ 471306992
«60591 490

=e6059) 49C
~e2%652494
«45573272
«60764382

«h67213060
«T1713717
53452244

=+36514837
~s4ATI56CH
«COrCocuo
«55777335
«5H362617

«43643579
=+09759001
=+478C9)1 44
~.12598816

«46£49998

+56960208

"UCRL-199060

n

‘7



_5- S © UCRL-19900

EXAMPLES OF THE USE OF THE TABLES

A. Aﬁ'E2 transitionvfrom a kK= 5/2 to a Kv=b3/2 rotational band.

. |
W | S —T A —5/2 . K=5/2
)
9/2 |
v 7/2 |
| B n> X = 3/2
v o : 5/2 |
y 372 )

"We can obtain the relative transition probabilities' from the spin.5/2 member

of the K = 5/2 rotational band to the different fotational members of the

K = 3/2 band using formula 1. In this case II =>5/2; KI = 5/2, KF = 3/2,
L =2, and IF = 9/2, T/2, 5/2 and 3/2. |
B(2,5/2 ~ 3/2) a | (5/2 2 5/2 -1]3/2 3/2 ) |2 = 0.28571k29
B(2,5/2 > 5/2) a | (5/2 2 5/2 -1|5/2 3/2) [° = 0.42857143
© B(2,5/2 > 7/2) a | (5/2 2 5/2 -1|7/2 3/2) |° = 0.2380952}

i B(2,5/2;+ 9/2) a | {5/2 2 5/2 -1|9/2 3/2 )]2 = 0.04761905

'B. An Ml transition within a K = 1/2 rotétional band with a decoupling

constant (a) of -1.5.
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S/?-v}

[ 2

' - ) k=172
1/2 | g

3/2 )
In this‘case, to find the relative transition probabilitiés for the

transitions7froﬁ the S/2Ito the T/2Sand 3/2 members of the K = 1/2 band we must

‘use formula 2. . Here we have II'= 5/2, KI = KF =1/2, L = 1, and IF = 7/2 and

3/2.

. : : : - 2
B(1,5/2 >~ 7/2) o [ (5/2 1 1/2 0|7/2 1/2)>+ b {5/2 1 1/2 0|T/2 -1/2) ]

_ L
[0.75592895 + b (0.534522L8)]

- | L S | 5
B(1,5/2.~ 3/2) a [ ¢5/2 1 1/2 0]3/2 1/2)+ v {5/2 1 1/2 0|3/2 -1/2) 1"

[-0.63245553 + b (0.447213601° |

‘THE COMPUTER PROGRAM
Thé-éompufer program consists of.a main prdgram, which is slightly dif- "
ferent for each of the four.tablés, and a subroﬁtiné CLEB‘which remains the
same. The_ﬁrogram is written in Chippewa Fortran for the CDC 6600.

The main prograﬁ for calculating the'coefficients'fof'half—integral

values of I and negative KF is reproduced below.
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PUOSRAM IDAL N

TLOUTPUT TAPE2a INOUHT ,TAPE Y eNTPYT)

c .
¢ TIES PHOIGRAM (ALCHLATES CLEBSCH GOPDON CNEFFICTENTS &Nk
< HALE —INT ORAL APGUMENTS
[4 AND NEGATIVE ‘VALUFS OF KF
4
[4 x(1y = 1t
- [4 (2t =
[ x(3 = If
€ Xte) = K1 -
c Xt{e) = wF -~ x
- AlAY = XE
- A
FE.JI . R LILETS I 0ATA LINT 70/
) LD UNTS ] NATA CUT/C400C0000017
coe 013043 - PIMENSTIN X(A) M(A)
0NAGAY QIMENSTiN FUT ()
0ann&y DATA NPAGTZL/
LNan4 s FUT(1) = 10H{IH1,S5%, ¢~
_(‘U\"“S © . FMT(3) & 10HOX,eUCP] -]
PONO4K - FUT(6) = LOHBITSe)
020080 . DIGITL = [OHe, J],0-9,5
ooons ] . NDIGIT2 = 10He,12,0-2,5
[LLOLS) PIGITY = LOMe, 13, 0-0,5
0u0NSe DIGITA = LOHe, [4,0-%,5
€Co0se PRINT
LLLLIN] 1 FORMAT(6HYOCVES)
000n41 . 1COUNT = @
000062 LFNPAGE.LF.9999) FMT(2) » DIGITA
0ConaT TFINPAGELLL 999 FNTI2) = OIGITY
001y [F(NPAGE oLF499) FMT(2) e NIGET2
ononre IFINPAGE LI E.9) FUT(2) = DIGITL
LLLIDAN AOLTEUY.FMT) NPAGE
00011t 1 NPAGL = NPAGE o 1
006113 WRITE(3,3003)
contie ARITECY, 3000
oont2i . ARITZ03,30101)
020124 1COUNT = ICOUNT & S
00Nt 26 DO RO 16 = Le1lL,2
oo0t27? ALe) = FLOATII&N/2,
000131 . PMAX = (6. - X{4VI®2,
Qn'ﬂ!! KMAX = [FIX{PMaX)
002138 NN 60 16 = L,KMAX,2
LLUIRTY Xt63 = -FLCATILGI/2.
onoteo X(Sh = xt6) - X(4)
00142 DO 50 11 = 14,31,2
LIRS X{1) = FLCATUILN/2.
000146 . 2N 40 12 = 1,7 .
0n1eT LINE =« O
00150 L OX(2) .z FLOMTLIZY - e
090152 IFEARSIX{S)I1.GT.XI2)) GN T 40
030157 JNIN = ARS(XUL) - X(23) ¢ 2
0001673 JMAX = ARS(XI1) & X(2)) * 2
crote?r - XMIN 3 AdSUXT6)) ¢ 2
000172 TELIMINCLT . KUIND JMIN o -vuu
000174 DO 30 13 = JUIN,JMAXR,2
000176 X(3) = FLNAT(131/2.
005290 ©¥ = CLEALX)
006202 IF(ARS(Y).F0Q.0) YveCUT
000205 2 = vew2
000207 TOUINE « LINE ¢ ]
€nozto gLy = 2 & xt1}
006213 ME2) = X(P)
00n21% ME3) = 2 ¢ X(3}
000220 Mi&) = 2 & X{4)
000223 M{S) = XI5)
600224 Mi6) = 2 * xt6) .
000227 TFEL [ME.6T.10 GU TO 20 . |
oen232 WRITF(3,3001) uuv.ﬂtu.nun.-(u.nunz.v
nun2s3 TCOUNT = TCOUNT « .
nnzss TFULICOUNT.GE«60) 60 T 100
000257 G0 10 10
noN257 20 WRITE{3,3002) M{3),2,Y
ano210 ICOUNT "= TCOUNT « 1
00272 IFI1COUNT.GE.60) GO TO 100
20n274 30 CONTINGE
- 000277 40 CONTINUE
000301 50 CONTINUE ‘
030193 60 CUNTINUE _‘
Goo306 . 80 CONTINUS . . !
0920310 caLL Extt . : : i
©00311 T190 1COUNT =0 . i
00n3t2 - IFINPAGE.LT.9999) EMT(2) = DIGITS - . !
000317 TF{NPAGr .LE.999) FMT(2) = DIGITS : . . :
000373 T1F(NPAGE.LE,99) FMT(2) = DIGIT2
00013217 IFINPAGE.LE.9) FMT{2) = DIGITH
000333 - WRITZ(3,FMT) NPAGE
000341 NPAGE = NPAGE ¢ |
000163 AITEL Y, 3003)
001346 WRITE(3,3000)
000351 HWRITE(3,3010)
. 000156 TCOUNT =« [COUNT & S
000156 LINF = 0
010357 60 TO Y0
000357 1010 FNRMAT{IHO)
0nns Y oo ma-un|ur~.n.znu|.ex.m«s.u.zuvl.ol.INL.sx.zul‘.n.emcunnz.
1L0X, 44CLEAY
000357 IO FORMATIIHOSXe 13,2H7293Xe T30 2H/ 2, N T30 2H/ 2 3Xo £ 00X 134 2H/ 2,30,

$F12.849%,F12.8)
000357 30N2 FORMATIIH 36X 13,2H/723KsF12+8,5%eF12.0)
€n03¥s7 3DV FORWAT(AN )
200387 Fan

Fig. 2
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FURCTION C1éntxy
DIMINSIAN X(A),
DIMENSTIIN FACT(INL)
DATA CPS/1G.E-%/ B
DATAFACTII) it 3007
13000030 0N0CQUF +00,
1.414213V562173617e0n,
L ELETE DECEYNIL NERY TN
246A32B15TIPDOBSE 401,
2.COT9RACAIGAICET 02,
1906964097 396 162F 001,
2. 1HABLOS1R11 5347 406,
2.9525910120021HF 405,
4a5764 10362 165R27F 4020,
RaUNT4HYIGZA%GISNTI e 0T,
LeSSATTH20d6 2095 409
Y.3526L1200R2 V16T e 1N,
T.HTaASGTL32295TC 0,
2.000211 79442429561 3,
505216695350 T705F o ta,
DATA(FACTIIY1=31,60)7
16248535211 6863 ¢ 1n,
Be129R2R026H0119F 01 T,
1.7tH2339762R617F 6 19,
6.099125%66 743491720,
2.286961TT43C613Fe22,
9.032802905216R0T 213,
VeT4nI112341403F 25,
1.63062367417555F 27,
T.6417966136206927+28,
3457333IR69%65390k 0130,
L. T43961680A5RTAS+37,
8.94093965429102F ¢33,
4.30461962425391E¢135,
2.6066455A771LL365 )T,
1.533154066014457+39,
DATA(FACTII) ;Ix61,9087
Y. 1219444A8166793E040,
5.609RL1NG6TTB2434 042,
3.56211920328933C 444,
2.33%20097719011E+46,
1e%768178594HT11C+48,
1.09446661300462F 450,
T282526694032643F+51,
5.75142194719355F+53,
4. V6222R346NK521E455,
3.36519693721494T€ 457,
2.675265H4926229F ¢959,
2. 1802851 5CV66BARFeR 1,
1.A20905461 261825 +53,
1.556505551574 1 3F 465,
13619201234N0039F +61,

DATA(FACT(1),1=91,10010/

1.7 19A9964906304F +69,
1.1152763R073502F 71,
1.042768505 167757473,
9.95330274110833F ¢+ T4,
9.709217501107 7775,
9.6605696 1779046+ 78/
CLER=0.
NAS2.#X{110EPS
NR=2.4X([2)4EPS
NC=2o9X{ V) oEPS

1.0600000/NNCS0F 400,
2.449489742 183715 s00,
1. 09546511501 98NF 01,
70992957 3212260¢ 6C 1
6.023952 191 N4RANF +02,
6.31T27615992505¢ 08,
TaB9L 14 TH450R4S 1T 40 &)
1.1435359050643 7E ¢ 06,
LoHASYOTIING2634E¢0 T,
Je4nTT65766146565F ¢ 08,
1. LATT9291818756( +09,
1.65T456235645420E 0L Ly
3.918427356614536412,
1.063649765809062E ¢ 6,
2.971351004601162F.¢15/

Ve N6TIRGVINDGTALLLF 16,
2ePen 1646955330536 019,

M1.016520921T20R8F 20, -

3. TOID53240664959LF 621,
1420211541 T93R 212,
SeTA3BL521435h4E 24,
2.457951 6484904 TF 624,
1.09371743781310€+28,
5085501 466T72975E+ 29,
2.46633708975722F ¢31,
1.24543913088317E¢33,
6+53825915977085E ¢ V4,
3.5632N12T4R40H4LE DG,
?2.01312989911718C+33,

Lel 7763796375137 00/ .

To124466393154765 441,
42657R49004L 1 1AGE+4T,
2.871872314 70040445,
1.90974110595541F 047,
130813730 7182609F +49,
9,22213960291451€+50,

6+ 6BIR9220TROIL4F ¢52, .
4.940R77514150825¢56, -

1. BINZRITL056721F 454,

2.99101A4905 7701 7€ +5A,

2.40772216433614F 460,
1.98633450460097F+62,
16784231 014348 7004,
1451011 12964034F ¢64,

122848328 T475282€+68/

1:16275600520414F4¢70,
1075533591 T77891€+72,
1.0163650174951 LE+T4,
. A07790T64431 ISE+TS,
9.686054943T80906E+77,

NN=SIGNIARSI2,¢X(4) ) ¢EPS, X&) )
NE=SIGNIARS (2.8 X{5)PeEPS,X(5))
NFe-SEGNIARS{2.9X{6))¢EPS,XIB})

IFLARSEX(&IaXES)I-X{b))
L3ax(2)ex{H)eEPS
LB=X{LVex(a)eEPS
L10sX{3)-X{O)¢EPS

oGTe EPS) RETIRN

IFLARSIX{20eX(S)-FLOATILIID «GTe EPS) RETIAN
AFIARSIXLLY*X{&}-FLOATILR)I).GY. EPS) RETURN

TFEAASIXN(3I-XI6)-FLOATILION) «GTe EPS) RETURN

LOsL3+LACLIO
TFILO .GT. 99} GO TO 2

IFLIARSINDY +GTs NA  +ORe
X TARSINEY GT. NB oDR,

X TARSINF) LGV, NC)
L1=LO-NC

L2=L8-ND

L9eL 3=NF

L1E=L10-NF

L&=L0-NR

L7=LO-MA

Le=L6-L2

LSaLT7-L)

L20=NC+t
KU[N=MAXN{O0,-L4,-L5)
KMAX=TMINOILE.L2.L 3

RETURN

TFIKMAX +LTe KMINIRFTUPN

COU=FACTILICLI®FACTILOSLISFACTILTCLISFACTILA )
X SFACTIL21 1 FACTILIO L) .
KSFALT{LYSIIOFACTILIOCTIOFACTILLL*L)/FACTILOS2)
X CFACTIL20#1)/FACT(L20)

SGN= L. ..

DN | KsKMIN,KMAX

Li2aLl-Ke]

Li3=L2-%e}

Lla=L 3-Key

LiSaLasxet

Lib=LSoxe]
DENFACTIKSLISFACTILLI2ISFACTIL 1 3)OFACTILLADOFACTILISIOFACTILES)
CLERSCLERISGNSCD1/DENGS?

SGN=-ShAN

CANTINUS

TFIMODIXMING2) «NEo 0O) CLERa-CLER

PETURN

CLERSQ./Ne

KETUPN

END

Fig. 2
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To .calculate the coéfficiéhfsvfor.positive values'of KF, the following
'changes shbuld beimade.

1,11,2 becomes DO 80 Ik

DO 80 Ik = = 1,31,2:
v © maax. = (6. - X(k)* 2. becomes CoBax = (X(B) + 6% 2.
X(6) = -FLOAT(I6)/2. " becomes S x(e) = FLOAT(I6)/2.

The Variable NPAGE which is set in a data statement gives thé initial
page number. This enables one to calculate the four tables successively and

keep consecutive page numbers.

PRINT 1

The statements [l FORMAT ( 6H1¥*OVF*¥

)] suppress the automatic skip to a
new page on'thé'printer.

For'éalcplating the coefficients with integral“argumentsiand negative KF,

the lines from 000126 through 00022k should be replaced by the following sequence.



000126
oa0lL2?

000130

onol 2
cnollld
000135
000 1e
0n0l4n
000142
00n143
000145
000146
00nis7
onniS4
ooeLs?
onole2
00164
000166
000170
LLTIRAY
000174
aonm1?
aco20t
000202
000207
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on 80 14 * 0,6
Xta) « FLOATITG)
PMAX = (6. - XI&))
KMAX = [FiX{Puax)
DD 40 16 = 1yRMAX
X(6) = -FLOATU16)
X{5) = Xt6) - X{&)
D0 S0 11 = [4,16
Xt1) = FLOATLIE)
DN 40 12 = 046
LINF = O
x(2) = FLoavil2)
TFEASSEXTIS)DIGTaXE2)) GO TN 40
JUIN s ARSEXEL) - XL2V)
JMAX = ANSIX{1) & X{2))
KMIN = ABS{X(BI} .
TFIJMINJLT KMIND JMIN = KMIN
DN Y0 13 = J¥INgJMAXS
X{31 = FLOAT(I3)
v s ClLEaiX) . .
1F{aNSTY).EQ.0) ¥ = CUT
1 = Yee2
LINE o LINE o

10 4 = 18

no
10 WS} = xtJ}

<»

{
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For pqsitive KF and integral arguments make the following substitutions.

DO 8¢»Iu'

= 0,6 : becomes DO 80'1u = 0,16
PMAX - = 6. - X(W) | : - becomes ~ PMAX = X(k4) + 6.
DO 60 I6 = 1,KMAX o becomes DO 60 I6 = 0,KMAX
x(6) = -FLOAT(I6) _becomés X)) =

FLOAT(I6)

The subroutine CLEB was written by Marjory Simmons of the Math and Com-

puting division at LRL Berkeley.



Al

- Co

Lu

Si

Ya

35

61

5h

66
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, ‘method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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