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ABSTRACT

Two-photon absorption in indirect gap semiconductors is a frequently encountered, but not well-understood phenomenon. To address this,
the real-density matrix approach is applied to describe two-photon absorption in silicon through the excitonic response to the interacting
fields. This approach produces an analytical expression for the dispersion of the two-photon absorption coefficient for indirect-gap materials
and can be used to explain trends in reported experimental data for bulk silicon both old and new with minimal fitting.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0219329

I. INTRODUCTION

Two-photon absorption (2PA) is a nonlinear optical phe-
nomenon in which the combined energy carried by two incident
photons is near-instantaneously absorbed by a material. Because
of its nonlinear intensity dependence, the 2PA process is spa-
tially confined when focused light is used, thus making it possible
to use the effect as a local probe in the material for imaging,’
microfabrication,”” or three-dimensional data storage.* In semicon-
ducting materials, the 2PA phenomenon produces charge carriers
that can be read out electronically, a mechanism that has been
used extensively for measuring the envelopes of ultrashort optical
pulses.”® The use of semiconductors as 2PA detectors is particu-
larly attractive in the case of non-degenerate two-photon absorption
(NTA), in which case the energies of hw, and hw;, of the two
photons in the interaction can be vastly different, enabling the
registration of individual photon energies that are well below the
bandgap energy of the semiconducting material. For instance, the
NTA process has made it possible to detect mid-infrared (MIR)
photons with wide-bandgap semiconductors, such as GaAs’ and
Si,® thereby circumventing thermal noise issues that have plagued
traditional MIR photodetectors based on low-energy bandgap

materials. Moreover, the NTA principle has also been shown to
enable rapid MIR imaging with high-definition visible/near-IR
cameras,” ' thereby overcoming several persistent limitations of
conventional MIR cameras.

The recent developments in NTA-based imaging underline the
potential of this nascent detection technology, particularly as it con-
cerns the use of Si-based cameras for versatile imaging in the MIR
range.”'' From a commercial point of view, silicon is an attrac-
tive material because of its ubiquity as a feedstock and the mature
technology for Si-device fabrication. On the other hand, silicon is
an indirect semiconductor that has a much lower 2PA absorption
coefficient compared to direct semiconductors in the same spectral
range. The main reason for silicon’s lower performance as a 2PA
material is the additional involvement of lattice phonons for provid-
ing the momentum needed in the indirect transition, which lowers
the transition probability.

Improving the 2PA response of Si-based photodetectors
requires a better understanding of the indirect two-photon transi-
tion in silicon. Reasonable progress has been made in describing
degenerate and non-degenerate two-photon absorption in direct
bandgap semiconductors. Current models compute the 2PA tran-
sition rate in such materials through a second-order perturbation
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of stationary material states,"”* or via evolving Volkov-type wave-
functions in the context of first-order perturbation theory.'” These
approaches have successfully produced expressions that generally
predict the energy scaling of the two-photon absorption coefficient
in direct bandgap materials, including the expected enhancement
of the 2PA effect in the case of extremely non-degenerate photon
energies.” Existing models are flexible with respect to the input band
structure but do not incorporate dephasing mechanisms explicitly,
and extra care must be taken to account for material anisotropy.'
Alternative formulations include the use of semiconductor Bloch
equations, which have been evaluated in the framework of the den-
sity operator that is better equipped to account for relaxation and
dephasing mechanisms.'” "

The description of 2PA in indirect semiconductors, such as sili-
con, has so far relied heavily on the theoretical models developed for
direct bandgap materials. For instance, to account for the interaction
vertex with lattice phonons, higher order perturbative expansions
of stationary”””" or dressed states’” have been developed to derive
expressions for the nonlinear absorption coefficient. Although such
models reproduce the general behavior of measured two-photon
absorption coefficients, quantitative matching between experiment
and theory has proven more challenging. Recently, Faryadraz et al.
obtained a semi-empirical scaling law for NTA coefficients, which
was compared with experimental data.”” While semi-empirical mod-
els can be useful for gaining mechanistic insights, a more complete
theory of two-photon absorption in indirect bandgap materials is
needed to quantitatively predict the scaling of 2PA coefficients over
a wide range of the energy ratio hw;, /hw,.

In this work, we advance the theoretical description of the two-
photon absorption process in silicon through the application of the
real density matrix approach (RDMA). This approach has been suc-
cessful in describing linear and nonlinear optical properties of semi-
conductors in terms of Rydberg excitons for the case of one-photon
excitation.”””” The RDMA method allows the use of a small num-
ber of well-known parameters (e.g., effective masses, gap energy, and
dielectric constant) to derive expressions for the optical response of
the material. Here, we adapt the RDMA for the case of two-photon
excitation in semiconductors, extending it for the case of silicon
to include both excitonic and continuum states, as well as lattice
phonons for momentum matching. Using this approach, we derive
analytical expressions for the two-photon coefficient while includ-
ing dephasing times and anisotropy of the material under study. We
compare the energy scaling of the predicted NTA coefficient with
published experimental data, supplemented with new experimental
data, and demonstrate excellent quantitative agreement over a broad
range of hwy, /hw, dispersion values.

Il. THEORY
A. Real density matrix approach

In this section, we briefly review the basic principles of the
RDMA method in the context of linear and nonlinear optical excita-
tions in semiconductors. In general, the optical response of semicon-
ductors to incoming electromagnetic (EM) waves can be described
in terms of the correlations in a many-body system (semiconduc-
tor) caused by the interactions between the EM fields, electrons, and
holes (quasiparticles). A variety of theoretical methods has been used

to describe the response, including Green’s function approach’®”’
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and the RDMA. The latter, also known as coherent wave theory or
the band edge equations, was developed in works by Stahl et al; see,
for instance, Refs. 28 and 29.

In this work, we have chosen the RDMA to take advantage of
its formulation in the real space. The method provides a direct rela-
tion between the density matrices and relevant observables, allowing
an easy comparison between experimental and theoretical results. In
general, the Coulomb interaction between the carriers in a many-
body system produces an infinite hierarchy of evolution equations
for n-point density matrices. The lowest level consists of two-point
density matrices, which describe the interband transitions, between
the valence and the conduction band, as well as the intraband transi-
tions. Two-point density matrices are directly related to measurable
quantities such as polarization and carrier densities, whereas higher
order correlations are related, for example, to the formation of
biexcitons.”

Below, we restrict our model to two-point density matrices.
The basic equations of the chosen approach are called the consti-
tutive equations, or band-edge equations, and will be applied to
describe the 2PA processes. We follow the description developed
in Ref. 29. The RDMA takes into account the following contribu-
tions: (a) the electron-hole interaction, (b) the dipole interaction
between the electron-hole pairs and the electromagnetic field. (c)
the particle-surface interaction, and (d) the interaction between
electron-hole pairs (excitons) and phonons. We consider a semicon-
ductor in the real space representation, characterized by a number of
valence and conduction bands. Electrons at site j in the conduction
band are described by fermion operators Ej.T (¢5), which correspond
to the creation (annihilation) operators. Similarly, operators d‘]'T ( d‘]’)
are creation (annihilation) operators for holes in valence bands
at site j. In the case of direct interband transitions, the Hamilton
operator in our model consists of four parts,

H = Hp + Hem + Hc + Hph. (1)

The term Hy indicates the one-particle Bloch states in the con-
duction and valence bands and describes the intraband transport
processes,

o= (2 105 - 3 13! ), @
] c v

where the transfer matrices T};" are given in terms of the band

eigenvalues E, (k) as

TS :iz MRRIE (K)

7N
L 3)
Ty =y 2 O TVE (k)
k

where R; and R; are lattice position vectors. The operator Hem
describes the interaction with the electromagnetic field,

Hem = =3, Bje - 3 M3 dii + he, “
e cv

and M7, is the interband-dipole matrix element between Wannier
states, which can be cast in the following form:
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My = 3 M TOMa (K), 5)
k

in terms of the dipole matrix element between Bloch functions,

Mcv(k) = _e<wf(k)|r|1//v(k) > (6)

where r = r. — 1}, is the relative electron-hole coordinate. Here, we
use the real-space version, i.e., Fourier transform, of Eq. (6),

eh f Py (k)eikr 3
imo(27)° Jbz Ecy(k) = Epa (k)

M/\,y (l‘) = (7)

where E., (k) represents the energy of the band electrons, p, ,(k)
is the momentum matrix element between Bloch states, and my is
the free electron mass. The integration extends over the first Bril-
louin zone. This form is chosen because all subsequent equations
are expressed in the real-space representation. The electric field Ej,
is considered at a mean point between the sites j and £ of the lattice;
below, this position is assumed to coincide with the exciton center-
of-mass. In the following, we assume the band structure is known
from specific calculations.

The carrier interactions are described by the term Hc of the
Hamiltonian,

1 s iNga g
He = 53 Vis(hi = hi) (7 = hy), ®)

i#j

where the electron-hole interaction is screened by a background
dielectric constant ¢y,

2
(4

Vij= ————, 9
Y 4nsosh|r,- - l'j‘ ( )

where r; and rj are the electron and hole positions, respectively.
Here, we define the electron and hole occupation numbers as

s st L
nj—ch. & hj—Zd; d. (10)
c v

The free phonon Hamiltonian can be expressed as

Hph = > hwublby, an
u

where b; and b, are the phonon creation and annihilation operators
of mode y with energy hw,,.

The physical quantities relevant for finding the optical proper-
ties can be expressed in terms of mean values of the following pair
operators:

excitonic transition density amplitude: Y = (V) = (df &),
electron density: cl = (CT?) = (éi’f?:g),

hole density: D‘ff = (DTf )= (d* dg ),
(12)
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where the indices a, b, . . . label the conduction bands, while &, 3, . ..

label the valence bands. The excitonic transition density Y% con-
tributes to the interband transition polarization with the following
term:

P=2Re (/ &ry Mgﬁ*Yrg), (13)
r=ri—r, pon

and the diagonal elements (the matrices C and D) correspond to the
densities of electrons,

, (14)

r=r

pe= —eX
c

and holes,

(15)

pn=ey. Di;
v

n=r,

The matrices above are sub-matrices of the following density matrix:

Cy Y
p=1.r ) (16)
Z \Y 1-D,

The dynamics of the two-point matrices Y, C, D is part of the hierar-
chy of reduced density matrices and is obtained from the Heisenberg
equations of motion,

ihdp = [p,H] +ihdp (17)

=irrev

where the term p

ation decay procersrse;s due to all dephasing processes. In this paper,
we consider electron-electron interactions, electron-phonon inter-
actions, and the optical transitions caused by the electromagnetic
field. In many practical calculations, all irreversible processes are
described in terms of two dephasing times T4, T2, which are taken
as phenomenological constants that satisfy the following equation:

describes the irreversible dissipation and radi-

o o) -cV] [y (1) - Y]
= | T T, (18)
), Y-y (D) - D)
irrev T2 ’1"1

where the states with superscript (0) denote the steady-state solu-
tions. Although silicon is an indirect bandgap semiconductor, the
valence and conduction bands near the fundamental critical points
can be effectively approximated by paraboloids.”’ Therefore, in
our current model, the Hamiltonian in Eq. (17) employs parabolic
bands. This Hamiltonian is derived from Eq. (1) by averaging the
relevant operators and can be expressed as follows:

H = Hee + Hyn + Hen + Hex—ph (19)
where the electron Hamiltonian,

1. e (3
Hee = ﬁ[(PZ“‘eAZ)Z— (p1—eAr)’ ] +e(@] - @3),  (20)

the hole Hamiltonian,
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Hin = ——[(p2 - eA2)’ - (p1 +edr)’] (@] - @5) (D)

1
2my,
and the electron-hole interaction,

B 1 2 1 2 h e
Hon = B = Vi + 3 —(pr = eAn)’ + - (pa+ o)+ (@} - @3),
(22)

where E,; denotes the gap energy, m., my, are the effective masses
of electrons and holes, respectively, —V, is the statically screened
Coulomb potential, My is the element in Eq. (5) integrated over the
real space, A; is the vector potential of the EM at position rj, which
may include an external magnetic field, CD§/ " is the scalar, external, or
electromagnetically induced potential acting on electrons (or holes)
at position rj, and E; denotes the electric field of the radiation at
the point rj. We neglect for the moment the vectorial and tensorial
indices and use the common notation for the momentum operators:
p, = —ihV1, etc. The electron-electron, hole-hole, and electron-hole
exchange terms are included in the third term of the Hamiltonian
(1), as given by expression (8), and are obtained by means of the
random phase approximation (RPA) decoupling scheme.*

The Hamiltonian Hp, (11) is expressed using creation and
annihilation operators. In line with the RDMA approach, we
have replaced it with Hexpp, the Hamiltonian corresponding to
exciton-phonon interaction, formulated in real space as

Hexph = a(q) ¢ "'V, (g, 1) + ccc., (23)
with
N
V,(q,r) = g V:V(r-Ry). (24)
@0 - () eMamve-r)

where wp, is the angular phonon frequency and q is its wave vector.
The a(q) is the phonon annihilation operator (with corresponding
momentum %q and energy Aw,y), its adjoint is the phonon creation
operator, V(r—R;) is the potential at the point R,, and e is the
phonon polarization.

With the above expressions, the Heisenberg Eq. (17) becomes
a closed set of differential equations (“constitutive equations”) for
Y, C, D, which can be obtained in explicit form using the following
procedure:””*

(i) setting up the Heisenberg equations of motion for the pair
operators,

(ii) applying anti-commutation rules for the Fermion operators
AN
order,

(iii) computing the expectation values of the relevant operators,

(iv) using an interpolation procedure to obtain a continuum
dependence on the position variables (for example, Ref. 34),

(v) making use of the RPA to factorize four-point density
matrices.

c;l‘j'»T, and d; to bring all operator products into normal

As a result, we obtain the constitutive equations for the inter-
band transition density amplitudes, which for any couple of bands
are of the following form:

ARTICLE pubs.aip.org/aipl/jcp

- ih@tle + HehYIZ + X1Y2

oY, (25)
= My(ES12 — E1C12 — E;Da1) *ih( = ) ,

ot

with X7, being the electron-hole exchange term, while the last dissi-
pative term is responsible for irreversible excitation transfers. For
intraband transitions (time dependence of the population of the
band states), we obtain

aC
~ i3 Crz + HeeCr2 + X35 = ~Mo(E1 Y12 - E2Y5)) - ih( 8;2) ,
irrev
(26)

oD
— ih®:D12 + Hy, D12 +X1D2 = —MO(YZIEI — Yl*zEz) - lh( atlz) s
irrev

27)

where X$; and XD are the electron-electron and hole-hole exchange
terms, respectively. We note that the relaxation processes incor-
porated here are characterized by the condition T1 > T,. This
implies that phonons remain in equilibrium during the cre-
ation/annihilation of excitons. The numerical subscripts are abbre-
viations for the coordinates, such as in Y = Y(ry,r2), etc. The
exchange terms X", X, X” read

i

X}/z “h fdar (Vi2 = V23) (Y13Cs2 — D31Y23),
i *

chz % _[dsr (Vi3 = Va3) (Y3 Y32 + Ci3Cs2), (28)
i *

X{)z “h /dsr (Vi3 = Va3) (Y31 Y32 + D13Ds32),

where V1, is the statistically screened Coulomb potential.”> It can be
seen that those terms represent four-point correlations but are not
taken into account for two-point correlation functions. It should be
stressed that Hamiltonians are bilocal—they are defined in (ri,r2)
space.

The electromagnetic fields A, E, and @ that appear in (21)
and (22) are self-consistent fields that include the induced contribu-
tions produced by the sources and those contained in Y, C, D. The
spatial dependence of the functions Y, C, D in the constitutive equa-
tions refers to a macroscopic scale. Microscopic structures can be
taken into account by an appropriate choice of the parameters, as,
for example, effective masses and My in expressions (25)-(27). The
above expressions must be solved simultaneously with the Maxwell
field equations,

- (:280V xV xE-— SOSbE = f’, (29)

where the polarization is given by expression (13), and c is the speed
of light. A theoretical scheme containing higher order correlations
has been presented in Ref. 36, which also discusses phonon-assisted
transitions.

As mentioned above, the term Hpy, in the Hamiltonian (19)
describes the electron-crystal lattice interaction. Using perturbation
calculus, we obtain the matrix elements of Hep,, under the condi-
tion of momentum conservation, and that of Hph, which involves
transfer of a specific momentum q. The calculated transition prob-
ability per unit time of a process in which the valence electron is
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scattered to the conduction state y,, and a photon of energy hiw
with a phonon of momentum q = k; —k; and energy fwq are both
absorbed, which gives the absorption coefficient in the case of the
phonon absorption,*”

for hw < Eg — hwpy

0,
‘xph,abs ( w) = {

Ci(hw - Eg + hwph)znq, for hw > Eg + hwyp ’

(30)

where nq is the phonon occupation number representing the num-
ber of available phonons with wave vector q, and C; is a constant. By
considering all values of q corresponding to energy fiwpp, we use the
distribution

1
Mph (@ph) = ——jo— (31)
exp W -1
where kg is the Boltzmann constant, and J is the temperature. The
absorption coefficient in the case of phonon emission is given by

0, hw < Eg + hwpp

, (32)
C1(hw - Eg — hwp) nph,

‘xph,em(w) = {

hw > Eg + hwpp

The case of exciton formation in an indirect transition can be
illustrated as follows. Following the discussion above, let us consider
the case of parabolic non-degenerate energy bands with a maximum
of the valence band at k = 0, and a minimum of the conduction band
atk = q,, with the dispersion,

hZ (ke -q )2 h2k2
Ee(ke) = ——— " +E;, E,(ky)=-——1. 33
(ke) omr B Bk) 2! (33)
For kex = g,, we obtain possible exciton energies,
Eex(qo) = E, - |Enems (34)

[see also Eq. (48)] for states below the energy gap and a continuum
for states above the indirect gap. The absorption coefficients due
to indirect exciton transitions in a process in which a photon and
a phonon are simultaneously absorbed, and for the lowest exciton
state, are given by

Oph,abs(w) = 0 for hw < Eg — E; — hwpp,

ocph,abs(a)) = Cz(hw - Eg + E1 + ha)ph)l/znph (35)
for hw > Eg — Ey — hwph.

where C; is a constant,” and we have written E; = |E1on|- The anal-
ogous expression for the absorption coefficient under the emission
of a phonon has the following form:

dph,em(w) =0 for hw < Eg — Ey + hwph,

ocph,em(w) = Cz(hw — Eg + El — hwph) % nph (36)

for hw > Eg — E1 + hawpp.

The total contribution of phonons to the absorption is then given by

ARTICLE pubs.aip.org/aipl/jcp

(Xph,total = ‘xph, abs (w) + aph,em ((U) (37)

It can be seen from the above expressions that the effect of phonons
is relevant when considering continuum states.

As discussed in Refs. 38 and 39, the phonon density of states
contains two local maxima at 20 and 60 meV, with a weighted
average of ~hwpy =40 meV. This simplified approach of taking
an estimate of the average phonon energy provides a good fit to
experimental data. In the same manner, as mentioned above, an inte-
gration of nq over all of the values of q yields an average phonon
number #p;, that can be used in Egs. (30)-(36).

B. Two-photon absorption

We next adapt the described RDMA approach to the case of
two-photon absorption. We assume that static external fields are
absent, thus neglecting the vector potential A and the scalar poten-
tial " in the Hamiltonian expressions (21) and (22). In expressions
(25)-(27), the electromagnetic field E now includes two frequencies
w, and wy, and is written as

E = Eq, exp (iksR —iwgt) + Egp, exp (ik,R — iwpt) + c.c,  (38)
where

w; w; .
k| = 7]\/5(‘01') = ”j7]> j=ab, (39)

and n; are refractive indices at the frequencies w; and R is the
electron-hole pair center-of-mass coordinate,

mp¥i| + mel

R=Rp = (40)

my + me

The linear optical properties are calculated by solving the interband
Eq. (25), supplemented by the corresponding Maxwell equation,
where the polarization (13) acts as a source. For computing the
nonlinear optical properties, we use the entire set of constitutive
Egs. (25) and (26). Although finding a general solution of the equa-
tions is challenging, in special situations, a solution can be found.
For example, if one assumes that the matrices Y, C, and D can be
expanded in powers of the electric field E, an iterative procedure can
be used.

In general, solving for Y, C, and D in the context of two-
photon absorption depends on the relation between the incoming
frequencies wq, w;, (and thus energies hwa, hw;,) and the fundamen-
tal gap energy E,, which enters as a parameter in the electron-hole
Hamiltonian. We consider two relevant cases to be discussed
separately.

1. When hw, + hwy, < 2E,, the excitation of discrete excitonic
states is possible. Therefore, we seek solutions in terms of
eigenfunctions and eigenvalues of the electron-hole Hamilto-
nian, taking also into account the phonons.

2. In the energy range hw, + hwy, > 2E,, we solve Eqgs. (44) and
(77) and the following equations for the matrices C, D assum-
ing V12 =0,* thus entering the energy range represented
by continuum states. The solution is obtained in terms of
appropriate Green’s function.
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C. Discrete states—linear susceptibility

Our goal is to derive expressions for the NTA absorption
coefficients. These can be obtained from the third-order nonlinear
susceptibility, which, in turn, can be determined via an iterative pro-
cedure within the context of the RDMA. The first step in the iteration
consists of solving Eq. (25), which at this stage takes on the following
form:

y®
ino, Y™ — H,, v :—ME+ih(8a ) . (41)
For the irreversible part, we assume the following simple form:
8Y(1) 1 )
=-—Y 42
( 8t irrev T2 ( )

In the discussion of nonlinear effects, we also take into account
the non-resonant parts of the amplitude Y. The excitonic density
Y will consist of two parts, Y,, Y}, as defined by the angular fre-
quencies w, and wy. In addition, due to the valence band structure
of the semiconducting material (Si), we must consider heavy-hole
(H) and light-hole (L) excitons. Considering optical transitions
between the (H, L) valence bands and the conduction band, with the
mentioned inclusion of both the resonant and anti-resonant parts,
Eq. (12) generates eight equations: a pair for amplitude Y.x: Ya(,l{)_

y®

oc exp (—iw,t) and for Y,/

o< exp (iwqt), as follows:

1 .
ih(iwa + ?)Y‘f}g ~H, YD) = —MyE! (R, 1), (43)
2

1
ih(—iwa + E)Ya(é{ ~Hy YY) = -MuE.(R,1), (44)

with similar equations for Y,flli)i, where My is the transition dipole

density. Analogous equations hold for the amplitudes Ya(lb)L . with
the appropriate transition dipole density M;. In the following, we
consider only one component of the vectors E, P, and M, and focus
our attention on the heavy hole exciton transition.

For the case of discrete exciton states, the exciton density in the

first step is found as

m CremaPn (1)
Y = E(R ¢ —,
daH— ( )% h(QnémH —Wg — l/TZ)

(45)
(1) * Cném(PanH(r)
Y = E, (Rt ; >
daH+ a( )r%;n Fl(QngmH + wg — l/Tz)
and similar expressions for Yﬁ;ﬁ; - The subscript “d” indicates the

case of discrete excitonic states. The expansion coefficients are
defined as follows:

CnémH = fdarMH(r)¢némH(r);

hQanH = hQanH = Eg + EnlmH(YaH))
Pnemt = Ruer (1) Yer (0, 4),

where R,¢y are the hydrogen radial functions of the anisotropic
Schrodinger equation,*

(46)
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ZZ
r=q| 4y, (47)
YaH

where Yy,,(0,¢) are the spherical harmonics, and E,,y are the
corresponding eigenvalues,

_ Momn (ya)Riy
3 >
n

Euomu = =1,2,..., ¢=0,1,2,...n—-1,

m=0,1,2,...4,
(48)
where R} is the effective excitonic Rydberg energy for the heavy hole
exciton,

4
* H|ne

H= 2(47‘[80‘ /€H€z)2hz’

and the anisotropy parameter y_;, is defined as

(49)

_ Mg
>
UzHEZ

where 1 ;; and p;; are the heavy hole exciton reduced masses in the
x-y plane and in the z-direction, respectively,
1 1 1 1 1 1

— = + , = + . (50)
WH M Mp|H PzH  Mez  Mpzy

The anisotropic electron and heavy hole masses (in-plane and
in the z-direction) are listed in Table I, where ¢y is the vacuum dielec-
tric constant, and ¢, ¢; are relative dielectric tensor elements. The
quantity #,,... (y,;) is given by the following expression:

|Yem|* sin 646

2 T
Hemt (Yarr) = fdfbf : —.
0 0 \/sin” 0+ yuy cos” 0

In what follows, we consider only the excitonic s states, with
¢ =m =0, and denote

(51)

Qn00H = PnH>  CnooH = CnH> Enoorr = En,

52
hQuoorr = K + En(YaH)- (52)

It should be noted that at room temperature, accounting for the
relatively low binding energy of excitons in Si (15 meV as in Ref. 41),
only the lowest excitonic state is relevant, so we set n = 1.

The solutions for Ya(z;)h .. determined above permit the calcula-
tion of the linear polarization,

3 1 1)%*
f d T[Y;a;_ + YG(MZH]MZ;(I')
+ f dr{YSh + Y5 [Mi(r)
_ Epa 2|eiu*Qun Ey, 2| Qun

Q- (wa+i/T2)? B Q- (wp +i[Ts)

80)(53 (wa)Eoa + 50)(;11{) (@) Eop- (53)

P (w) =

The susceptibilities defined in Eq. (53) can be expressed in
terms of the band parameters and, for energies below the gap, when
spatial dispersion is neglected, we obtain
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TABLE . Band parameter values for Si, masses in free electron mass myg, H denotes Aty 2 2u|n M (58)
heavy-hole, and L light-hole, Ry, is calculated from (H\\H,L/fg) x 13 600 meV, a R* eoepm a ki’ OH>
is calculated from (1/HHH,L)£b % 0.0529 nm, and mg g, (density-of-state effective
mass) is calculated from 62/% (mg mgymez)'/3. where the above mentioned bulk dielectric constant is given by
& = /&€ and is fulrry for the excited states (n > 1). Treating
Parameter Value (4.2 K) Value (300 K) Unit References Arry as a known quantity, the above relation allows computation
of the dipole matrix element Mop.
E; 1170 1124 meV 43
Avi 0.1 meV D. Discrete states—nonlinear susceptibility
Ry 15 16.56 meV
R{ 7.94 9.6 meV To obtain the nonlinear response, the solutions for chali)” , are
v 4285 2.45 44 inserted as a source term in the conduction band Eq. (26) and the
7, 0.339 0.194 44 valence band Eq. (27). Note that each of these equations depends on
Vs 1.446 0.826 44 the electromagnetic field. If the irreversible terms are well defined,
Mez 0.9163 1.09 mo 45 Eqgs. (26) and (27) can be solved, and this second step of the iteration
) 0.1905 0.2 mo 45 yields expressions for the density matrices Cy and Dy. We use for
Me dos 1.06 1.16 mo the irreversible terms a linear relaxation time approximation,
MhoH 0.28 0.485 mo  Equation (102),%
thH 0.72 1.25 mo Equation (1()2) (@) — —l[C(X, r, t) _ foE(r)C(X,r =0, t)] _ @’ (59)
ML 0.2 0.35 Mo Ot irrev T T:
L 0.14 0.24 o
. 0214 0.336 Mo where X = (r1 + 12)/2, 7 is the carrier relaxation time, and fo., fon
iy 0.15 0.172 mo are normalized Boltzmann distributions for electrons and holes,
. 0.164 0.26 mo respectively,
2N 0.08 0.1 Mo R p
ai 413 366 nm folw) = [dafola)e™
a; 7.74 6.3 nm o -
ToH 0.46 0.44 nm = exp (_ e kf‘/ Pt - m“kf‘cjzz), (60) E
roL 0.64 0.58 nm 2h 2h g
& 11.7 11.9 2
T, 0.1 ns 41 The same type of expression holds for the holes. The diagonal ele- S
T, 8 ns Fitting ments of the matrices are related to charge densities (14) and (15), §
# W 40 meV Fitting which are conserved quantities. Therefore, we assume that they relax >
to an equilibrium normalized to the actual number of carriers. The N
relaxation time T stands for the interband recombination time.*’
Using the irreversible terms (59) in the intraband Eqs. (26) and (27),
(1) fiaArTH /RE and looking for stationary solutions, we obtain the matrices C,D in
XdH(wj):Sb(E heo — i * > (54) he following form:
T1H — wj—lh/Tz)/RH the tollowing form:
where j = a,b, and Erp is the energy of the first heavy hole exciton _ _
resonance. For the dipole density My (r) described by the following Cii(r) h [#Jcr (x) = /e (0) + Ti foe(x)Jeu (0)]
formulx Dis(x) = = (e (x) = T (0) + Tist foa (©) s (0))
- 1 1 —r/Ton
MH(r) = M()H E me Y()()(G, ¢), (55) where
h _ 2N-1/2 . . B 21'M0|E0,,|2
where roy = (2uEg/h”) ™" is the so-called coherence radius, the Jeu = T[Im gH(—wa, 1) + Im gy (wa, r)]
anisotropy-dependent oscillator strength fiy has the following form: ) 5
5 . + %[Im gu(—wp,r) + Im g (wp, )], (61)
Fin = oot (1 = ook Tor /ary ) (56) h
T (U moonronfag) " and

where aj; is the heavy hole effective excitonic Bohr radius, cn@n (1)

gu(zwj,r) = ; m, (62)
. Anhle, feE
aH = HHHez ’ (57) with Joy = Jpy. These density matrices can then, in turn, be used as
a source term for Eq. (25), which can be solved to obtain expressions
The longitudinal transverse splitting of the ground state is”’ for YLEELH ., in the final step of the iteration.
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y®

The equations for the third-order coherent amplitudes Y7,

now take on the following form:

1 i
ih(iwu + —)Ya(gl ~Hy Y = Mow(E*Cy + E*Dyy) = E* (R, ),

T,
(63)
1
ih(—iwu N E)y;,%,z CHu Y
= Mo (E*Cy + E*Dy) = E* (R, t)]n, (64)

with similar equations for Ylf;[)i, where

Jor = _%MOH[TIICH(O)fOeH(r) + T1Jva(0) fonu (r)].

Once YSI)i and Yh(;)i are known, the third-order polarization can be
determined as

PP (@) = [dr[¥GL+ YG Mii(r)
+ f Y5+ Y M (). (65)

We consider nonlinear polarizations at the same frequency w (or
frequencies in the case 2PA) as that of an incident field, which
means that we consider the susceptibilities y'" and ¥ related to
the excitonic amplitudes Y and Y®, respectively.

Similar to the approach presented in Sec. II A, to account
for the presence of phonons, we separate the polarization related
to the emission of a phonon (subscript “em”) and the absorption
of a phonon (subscript “abs”). The emission contribution has the

following form:
Pc(i?i),em (w“’ wb) = Pfizl?ieme_iwﬂt + Pc(iZI)—I,eme_iwht’ (66)

where the polarization amplitudes are defined by

P;Z?—I,em - eoxgslg,self,em (w“’ Wa ) |E(wa) ‘2 E(wa)

3 2
+ 20X ) crossem (@ 00| E(@3)[* E(wa),

!
—
®
N
|

= e sutem (@0 @0)|[E(@p) [ E(wp)

3 2
+ soxillg,cross,em(wb’ w“)|E(wﬂ)| E(wb)’

The nonlinear susceptibilities have the following form:

3
Xfif)l,self,em(wj’wj) = _(nPh + 1)

2Mgy 1 ihé(w - 2w;)

i Tl +

g T hw + lh/Tl
ceri(Aen + Ber ) AQup em

7 ()"'ngH,em)2 - (hwj + ihT;l)z

CnH(PnH(O)

) 67
L (Quttem — hwj) + (B T2)? (67)

ARTICLE pubs.aip.org/aip/jcp
2M2, (T
XS crossem (0 @3) = =(tgy + 1) OH(—I)
) , €0 T2

corr(Aer + Ber )hQyp em
7 (hQem)® — (hwa + KTy ")?
CnH(PnH(O)
w (hQumem — hwy) + (B T2)*

X

(68)

The additional cross term Xffg crossem (@b @a) is obtained by

permuting the frequencies w, and w; in Eq. (66). The expres-
sions HQyp em.abs are the exciton resonance energies that include the
phonon energies hiw,y,,

hQuH em,abs = Eg + Eng + hwph, (69)

«  »

where “+” stands for phonon emission and “-” for phonon
absorption. The coefficients Ay, By in Eq. (67) appearing in the

v®

expressions for Y .

have the following form:
Awr = [ @ gura(e) foe(r)

2 2
:fd3r oeu(r)exp| - p___= ,
ZAch,eH 2/X?h,ez

(70)
Byy = fdsr @er(t) fornu(r)

2 2
= [ &r oer(r)exp| - P -z R
/ Wi 2Aparr

where Ay, ¢, Ay are the so-called thermal lengths for electrons and
holes, respectively,

B2 1/2 e 1/2
Athe = , A = —— s 71
th,e ( mekBg) th,hH ( mthg) ( )

determined for the appropriate masses (|| or z). The above expres-
sions are valid when fw < Eg + hwph. For iw > Eg + hwpp, one should
replace npp, + 1 by

G(hw — Eg — hwph)z(np;1 +1). (72)

where €is a constant.”’
Analogous expressions can be obtained for the susceptibilities
that include phonon absorption,

2

(3) _ 2Mp 1

XdH, self,abs(wj’ wj) = ~Hph £ T T
0 2

ihé(w - 2w;)
how + lh/T]
ce(Aer + Ber )y abs

7 (hQZH,abs)z - (hwj + ihT;l)z

% CnH(PnH(O)
Zﬂ: (hQupabs — ha)j)z + ()'/'1/’1"2)2 i (73)
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®) ~
XdH,cross,abs(w“’ wb) = —Hph

2Miy (T
o7
cor(Aen + Bo)hQem abs
7 (thH,abs)z - (hwa + ihTz_])2
Z CnH(PnH(O)
. (WQupans — hwy)” + (B)T2)*

x (74)

plus the additional cross term Xiflg, cross.abs (Wb> Wa) obtained by per-

muting the input frequencies in (74). The above expressions are valid
when

hw < Eg — hwpp.
Otherwise, n;, should be replaced by
@(hw — Eg + hwpp) ph. (75)

In Sec. II F, we use the expressions for the nonlinear susceptibility
above to determine the nonlinear absorption coefficients in silicon.

E. Continuum states

In this section, we consider the case relevant to heavy-hole exci-
ton transitions. If (hw — hw,y,) > Eg for the case of phonon emission,
or (hw + hwyy) > Ey for the case of phonon absorption, then there is
no generation of bound exciton states, and continuum states consti-

tute the final states instead. In this case, YP(II) is calculated in the first
iteration step by setting V1, = 0 in the electron-hole Hamiltonian,”
giving rise to equations of the following form:

2
(Eg + hw % hwph — i h—vz)YHi =My (r)E.  (76)
Tz 2y||H

Equation (76) can be solved by means of appropriate Green’s
function,

() = f & ¥ gus (1,7 )Mu (7', 6, 6)E, (77)
where
r_ 24u sinhkpers o
gu=(n1) = R Ankpar<r ¢ ’ 78)
r* = min(r,7") and " = max(r,r"), and
2 h
Kie = "J!H (Eg + ho + hwy, - i—). (79)
h T,

Assuming a linear polarization and the wave vector E having a
component Ey in a direction a, simultaneously with the dipole den-
sity My having a component Moy in the same direction and, for
simplicity, using the dipole density of the following form:

_ MOH(S(T’ - T’OH)

80
47'”’3}1 (80)

MH(I‘)

we obtain
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Y,(fi) = MonEo gus (1, rom). (81)

We may again define amplitudes of the form YC(;,} o Yc(blgl > Where the

subscript “c” now indicates the involvement of continuum states. If,
in the case of phonon emission, we encounter K%{ < 0, and introduce

KH = _iK}'b (82)
where

. 20\ . h
Ké_ = hﬂ (hw—hwph—Eg+zE),

and, in this case, Green’s function takes on the following form:

PR <
21 SINRHST" ey

_— 83
K Ankpgar<r (83)

gu-(rr') =

The linear terms for the case of phonon emission and absorption and
input frequency w, are found as

Yc(all-)l—,em ( I’) = MOHEOaguH—,em (r> rOH), Yc( 11_)1_,3135 (T’)

a.

= MOHEOagaH—,abs(r: rOH); (84)
with

. ~ <
2u)y sin (Rap—em?™) Gttt

gaH—,em(r; TOH) = =
B ARRab-em?To

>

2 2
kiH—,em = ;!H [hwa —(Eg+ hwph)] i Hin h

BT
Similar expressions can be obtained for the amplitudes at input

frequencies wy. The linear amplitudes, thus, are obtained from the
source for calculating the Cy and Dy matrices, followed by the

. ; (3)
third step to determine Y., bhe

in Sec. IT C. Once the YS;H . amplitudes are found, for both
the phonon emission and absorption process, we may write the

nonlinear cross susceptibility for the continuum states as

, similar to the procedure described

(3) _ .3 (3)
XcH,cross - XcH,cross,em (wa’ wb) + XcH,cross,abs (wll’ Wy ) > (85)
with
2
®) _ 2. N 241
XcH,cross,em(w“’ wb) - _(nph + 1)52? OH( hz

4nron ﬁuH—,em YoH

1 (sin(;eaH,,eerH) )2
]

X [ Rpfr—em?oH + Kb absTOH

X (MeH,em + '%hH,em)’ (86)
(©) _ 2 2T1 M 2upm\
XcH,cross,abs(wa’ wb) - _nphg ? 0H 2
. ~ 2
x 1 sin (KaH—,ubSVOH)
drron K aH—,absTOH

X [RpH—emToH + RpH—absToH |
x ('SjeH,abs + ‘%;hH,ahs)> (87)
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where
B Eg + hapy, 12
KiH—emToH = | Xj — x|
g
Eg - hw h 12 88
Kj—absToH = (xj - Tp) , (88)
4
hw;
x]' = 71.
Eg

Here, Yett,em> Bnrt,ems> Dett,avss Bun abs are the continuum coun-
terparts to expressions (70), appropriate for discrete states. Making
use of the relations (70), we obtain

ZMHH sin (kaH—,eerH)

2 ~
h KaH—,emT0H

d d exp (—ikaH—,em) V P2 + (Zz/yﬂH)
po/HP P[ ) VP + (2 yan)

2 2
X exp £ _Z (89)
T, o

th,ez

’ 7
deH,em = deH,em + ldeH,em =

with an analogous expression for H,y aps» Bhr,em> and By aps. The
value por = rop/ag.

F. Nonlinear absorption coefficients

The propagation of the field components Ey, and Ep, in the
semiconductor follows from the wave equation with P'* as a source
term, which, after making the well-known slowly varying amplitude
approximation, yield the following coupled equations for the field

amplitudes:
OE
820:1 = (Ua)‘EOa| Epq
Krossts (@0 @0) B[ Ene (90)
8E0b . Wy 3 2
0z = ’7X§el)m(wh>wh)|50h| Eop
+ ITXS(Z“H(O);,,(U“)‘EO“‘Z Eqp. (91)
From the equation above, the intensities of the input beams can
be found as
OE OE;,
I, =2 na ¢ |E0u| = 2e) g ¢ | Eyy =2 + Epy—20 92)
0z 0z 0z

Similar expressions are obtained for I, resulting in the fol-
lowing set of coupled Egs. (90) and (91), and we obtain the set of

equations:
aIa 2
T = (e 00) [1(2) ~(0n05) L()h(2),
(93)
oI, 2
E = —ocz(wb,wb) Ih (Z) - ocz(a);,,a)a) Ib(Z)Iu(Z),

ARTICLE pubs.aip.org/aipl/jcp

These equations define the nonlinear absorption coefficients
a; as

__ Wa ()1
a2 (Wa, Wa) = 200 122 Xeeirps (@as @a),
w 3).I
i (wa 0p) = ———— XD (way @),
2&0 Ng Ny €
o (94)
‘xZH(wh’w“) = 280 Ha M C2 XcrossH(wb’wﬂ)
Wy 3).1
fsz(a)bwa) = 3 Xgel)fH(wb:wb),

2¢9 nﬁc

where ng)z indicates the imaginary part of X}(f). The refractive
indices 14 = n(wa), np = n(w,) are defined by the real parts of the
linear susceptibility y, written as

.

with analogous formulas for w, and the absorptive term 7€, 4.
Here, y, = h/(E¢T2), fi is the oscillator strength (here for the heavy
hole exciton), written as

flALT[hQn,em/E 7xu:| 1/2
[(PQunem/Eg) ~ xag]2 + 93 )]} ’ (95)

3
_ HooH
T = 0 oo (ronfaf) T 0

see Eq. (56).

The susceptibilities and, consequently, the nonlinear absorp-
tion coefficients, are composed of four components: two corre-
sponding to the contributions of discrete and continuous states,
and each of them containing terms related to phonon emission and
absorption,

2 (Wa, W) = dap (Wa, wp) + Aac (Wa, Wp). 97)

For the discrete states, we only consider the lowest exciton state with
n = 1, yielding the following form:

& Hpp + 1
naty (hQH.em/Eg — xb)2 + y%
h Q1 p1em  Eg
(M ustenfE) — 5 + (2923a)’

&p Mph
o 2. .2
natty (A prabs/Eg — Xa)™ + ¥3
AQ 100/ Eg }
[(hQIHabS/Eg) -x]° + (292:)

T
or (Wa, Wp) = —2Xa Y20 ( 1){
T,

(98)

where the constant o' is defined as
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ot (wa, wp)
4F, 2M}
=2 4 OH 0)A1x + @11 (0)Big]c
sohng nb252E3 » [(P1H( ) 1H (PIH( ) lH] 1H
22 2 4

= 2 E0ELTT ay ALTH X ——
4 neohn, nhczEf,

3
1
) [(PIH(O)AIH " (PlH(O)BlH]( }1“021—1 ) (1 + nOOHVOH/a* )2
H

_ zﬂeiAfrH(WOOHaf-zf [¢11(0)A1r + @11(0)Bin]
Eéhcz Na Ny (1 + noorsror /ay)?

The continuum states contribution has the following form:
et (Wa, Wp) = Aot em (Was p) + Ao aps (Was @ ), (99)
where
Wt em (Wa, Wp)

:74Eg(nph+1)M4 (ZV\\H)Z 1 T
eohnan, & O\ K ) 4mron h

. B 2
sin (Rapr—emrorr) \ 1 - ;
xa( = [KbH—,em ToH + KhH—,aberH]
KaH—-,emT0OH

X (QlleH,em + ‘%”hH,em): (100)

and

“ZCH,ubs(wm wb)
2
_ 4E; nyp, M (ZI/‘HH) 1 E
- 2 t¥10H 2
eohing ny ¢ h dnron B
. 2
s (KaH—,abs TOH) - -
Xo| == | [Roti—emPorr + Kori— apsToH]

kaH—,aberH
X (&{/eH,abs + ‘%”hH,abs) (101)

The solutions obtained in the two regimes of discrete and con-
tinuous states are smoothly connected via the use of hyperbolic tan-
gent functions. Using the above formula, we have calculated the 2PA
coefficient o (wq, w,) as a function of the energies fiw, + hwy,. The
band parameters used in the calculations are listed in Tables I-II1.

The masses are calculated from Luttinger parameters,

TABLE II. Anisotropy parameters for Si and excitonic energies calculated from
Eq. (48).

Parameter Value (4.2 K) Value (300 K) Unit Reference
You 0.7 0.51 Equation (51)
Mook 1.058 1.1 Equation (51)
|Eron| 16.79 20 meV

ARTICLE pubs.aip.org/aipl/jcp

TABLE Ill. Thermal electron and hole lengths for Si and expressions
?11(0)A1, 94(0)Bypy.

Quantity Value 4.2 K Value 300 K Reference
Aitel 8.08 1.05 Equation (103)
Athez 3.68 0.45 Equation (103)
At H 4.15 0.42 Equation (103)
MhhzH 6.66 0.67 Equation (103)
9,11 (0) A 4x1.52 4x0.173
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With the reduced electron and hole masses, the thermal lengths are
given by
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(103)

The calculated values are summarized in Table TII.

I1l. EXPERIMENTAL

We perform optical experiments to determine nonlinear
absorption coefficients of silicon to supplement existing data in the
literature, spanning a wider range of x = w values. For this

g

purpose, we perform cross-correlation experiments, using optical
pulses derived from a 1 kHz amplified femtosecond laser system
(Spitfire Ace, Spectra Physics). The laser seeds two optical para-
metric amplifiers (OPA, TOPAS-Prime, Light Conversion), where
one OPA is used as a source of near-infrared (NIR) probe radia-
tion between 1150 and 1350 nm (1.08-0.91 eV), producing pulses in
the range of 100-150 fs. The signal and idler pulses from the second
OPA system are used to generate MIR pump pulses through the pro-
cess of difference frequency generation (DFG) in the 2480-4651 nm
(0.5-0.27 eV) range, producing 175-265 fs pulses. The MIR pump is
modulated using an optical chopper at a frequency of 500 Hz that is
synchronized to the laser output (MC2000B, Thorlabs).

We use a 280 um thick [100] silicon window (99.999% purity,
University Wafer) as the sample target. The MIR and NIR pulses are
focused in a non-collinear arrangement on the Si target, using nor-
mal incidence for the pump beam and a ~20° incidence angle for the
probe beam. Temporal overlap is controlled through an automated
translation stage (GTS150, Newport) in the probe arm, producing a
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FIG. 1. Exemplary pump-probe data and corresponding nonlinear transmittance
fit. The photon energies used here are 0.91 and 0.376 eV.

TABLE IV. Experimentally obtained values for o in cm/GW.

Wavelength (nm) 2480 3295 3755 4220
1150 1.099 0.71 0.823 0.955
1200 0.951 0.638 0.705 0.817
1250 0.846 0.564 0.501 0.481
1350 0.634 0.452 0.385 0.307

cross-correlation of pump-induced probe absorption via NTA. The
remaining probe is attenuated by an OD = 3 neutral density filter and
detected using a home-built InGaAs photodiode. The modulated
change induced by the MIR pump is analyzed by a lock-in amplifier
(SR860, Stanford Research Systems). The resulting cross-correlation
is then used to extract the nonlinear absorption coefficient a, as
described by Negres et al.*’

Figure 1 shows a representative cross-correlation and its cor-
responding fit, and the tabulated data of extracted a, values are
presented in Table IV. A full description of the data analysis is pre-
sented in the supplementary material. Pump-to-probe beam radius
ratios were maintained to at least 8:1 as measured by knife edge
scan. The low irradiance of the probe beam in conjunction with the
use of a lock-in amplifier ensures that any degenerate two-photon
absorption present is excluded from the measured signal. The pump
beam is always the longer wavelength beam, minimizing free car-
rier absorption induced by the probe via three- or four-photon
absorption.

IV. RESULTS AND DISCUSSION

The derived form of a;y that follows from the RDMA con-
tains contributions from the two regimes of exciton production,
namely, the contributions from discrete states and continuum states,
see Eq. (97). The discrete regime is visually depicted in Fig. 2, which
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FIG. 2. Scaling behavior of the two-photon absorption coefficient a, [Eq. (103)] as
a function of normalized photon energy while both photons are below the gap.

highlights the two-dimensional dispersion of «,. The analysis rec-
ognizes the presence of a single discrete excitonic state below the
band edge, corresponding to the creation of a bound state through
the absorption of a phonon, #Q,;,,, which may provide considerable
enhancement to the 2PA process. This is manifested by the pres-
ence of resonant denominators for the discrete regime, which can be
written in a simplified form from Eq. (98) as

1
(hQaps/Eg — hwy[Eg)* + 3
Qe Eg

(o] B — (haa T+ by’ 0P

“de(wu, a)b) o<

This single state is the only one considered due to the low bind-
ing energy of Si, which precludes the formation of bound excitons
with higher principal quantum numbers. When fw, /hw, is detuned
away from degeneracy, we observe an increase of a, that is as much
as 5x the equivalent degenerate response, amplifying the process as
it becomes doubly resonant with the lowest discrete state and the
edge of the continuum at room temperature. This behavior is evi-
dent in the corners of Fig. 2. While smaller in magnitude, the Q)
state provides additional enhancement when at least one incident
photon approaches this energy. An alternate resonance condition
exists when both photons are resonant with the discrete exciton level
at ~95% of the band gap. This is a singly resonant process where
the intermediate state is the lowest excitonic state, providing some
enhancement to the two-photon process.

If the energy of the incident photons exceeds the bandgap
energy, then the two-photon absorption process proceeds entirely
via continuum states. This can be accessed by either phonon absorp-
tion or emission, and the nonlinear absorption coefficient has the
form as in Eq. (99). Beyond the band edge, the continuum causes
ascr to further increase up to the point where the energy of at least
one of the photons has enough energy to reach the direct gap of sil-
icon at E; = 3.43 eV. This increase is due to the oscillatory behavior
of the linear coherent amplitude of the exciton density Y, which
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FIG. 3. Scaling of the degenerate two-photon absorption coefficient o, as a func-
tion of x =hw/E 4. Squares are obtained from Ref. 48 and thick solid line results
from the RDMA analysis of two-photon absorption.

contributes to the induced polarization of the medium in order for
two-photon absorption to occur.

To validate the performance of the model, we first apply
it to explain an experimental data set of the degenerate two-
photon (DTA) cross section obtained from an open aperture Z-scan
reported in Ref. 48. As shown in Fig. 3(a), a; for the DTA process
reveals a resonance-like behavior as a function of photon energy.
A previous analysis using a model for direct transitions, corrected
for the center of mass energy when phonon scattering is involved,*
reproduced the general dependence of a; on the photon energy, but
it failed to predict the observed resonance structure. The RDMA
approach (indicated by the solid line in Fig. 3), on the other hand,
predicts a resonant behavior when the individual photon energy
approaches the energy of the discrete exciton state, resulting in
a satisfactory description of the data. When the photon energy
exceeds the bandgap, the role of the bound exciton states decreases,
and instead, the response is largely dictated by continuum states,
which results in a slight decrease of a,. Note that only the dephas-
ing times in the RDMA analysis are fitting parameters, while all
other parameters are obtained from the tabulated values given in
Tables I-III.

We next use the model to describe the energy scaling of the
NTA coefficient as measured in Ref 23, which encompasses pho-
tons with an energy ratio from 1.6 to 2.08 (Fig. 4). In addition,
we have performed measurements using pump photon energies of
0.294-0.5 eV and probe energies of 0.91-1.08 eV, corresponding
to the photon energy ratio from 1.82 to 3.67 (Fig. 5). Together,
these two sets of measurements cover a wide range of energy ratios
(1.6-3.7), offering a robust dataset for validating our model.

We observe that the RDMA predictions for a, are in good
agreement with both experimental datasets. The most notable fea-
ture in the normalized photon energy curve is the appearance of a
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FIG. 4. Scaling of the non-degenerate two-photon absorption coefficient a, as
a function of the normalized equivalent energy. Experimental data points are
obtained from Ref. 23 and thick solid lines represent the results from the RDMA
analysis. Different colors correspond to different photon energies hws.

peak, which the model attributes to the presence of the bound exci-
ton resonance. The position of this peak shifts in accordance with the
energy tuning of the lower energy pump photon, and its magnitude
is largely dictated by the damping terms in the resonant denom-
inators of a,4y. However, this resonant behavior is significantly
different from what is reported in Ref. 23, where the theoretical pre-
dictions anticipate a quasi-linear scaling of a, as a function of the
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FIG. 5. Scaling of the non-degenerate two-photon absorption coefficient a, as a
function of the normalized equivalent energy. Data points indicate experimental

results obtained in this study, and thick solid lines represent the results from the
RDMA analysis. Different colors correspond to different photon energies hws.
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normalized photon energy. Future work may include NTA experi-
ments to verify the behavior of «; and the influence of continuum
states above the band edge, such as can be obtained with a two-color
Z-scan.

This work is a significant departure from the conventional
understanding of the two-photon absorption process in semicon-
ductors. Previous methods have described the 2PA absorption
process in terms of transition rate matrix elements based on elec-
tron band states, where significantly non-degenerate photon pairs
become resonant with the interband transition and an intraband
transition simultaneously. Within the framework of the RDMA,
the defining feature of the absorption process is the ability to pro-
duce either bound or free excitons within the material. Tracking
the formation of excitons allows the RDMA to yield general expres-
sions for semiconducting materials with low binding energies, i.e.,
only the lowest discrete state needs to be considered. These results
are analytical in that there is no parametrization done to provide
free variables for fitting. The only variability results from loosely
determined material parameters, namely the relaxation times T}
and T,.

It is possible to apply this analysis to direct gap two-photon
transitions as well, which omits the involvement of phonon absorp-
tion or emission processes in the final equations. The RDMA
also accounts for the physical realities of material anisotropy and
relaxation mechanisms that are often added phenomenologically
elsewhere. Bolstered by the excellent agreement between theory
and experiment over a wide range of photon energies and non-
degeneracy ratios, we believe that the current description pro-
vides a deeper insight into two-photon absorption process in
semiconducting materials.

V. CONCLUSION

We have employed the RDMA approach to elucidate two-
photon absorption (2PA) in indirect gap semiconductors, using
silicon as the representative material. Our methodology, in contrast
to existing models for 2PA in semiconductors, uniquely incorporates
a detailed description of DTA (degenerate two-photon absorp-
tion) and NTA (non-degenerate two-photon absorption) through
the production of excitons, a physical insight often overlooked in
prior analyses. The approach allows the computation of the non-
degenerate two-photon absorption coefficient, capturing the influ-
ence of both bound and free excitonic states within the material.
In addition, the RDMA enables the inclusion of the effects of
phonon-assisted transitions and material anisotropy. According to
our model, the two-photon absorption process in silicon intensifies
as the energy of individual incident photons, while below the gap,
approaches the single bound excitonic state. This prediction aligns
with recently obtained experimental NTA absorption data, shedding
new light on the interpretation of published DTA data in bulk sili-
con. Above the gap, the 2PA process primarily occurs through the
continuum of free states, providing a satisfactory description of the
DTA data across a wide range of photon energies (hw/E, = 0.5-1.3).
Finally, the analysis outlined using the RDMA can be generalized
and readily applied to other indirect gap materials by adjusting the
necessary material values. Furthermore, the model can be adapted to
describe direct transitions by excluding the involvement of phonon
modes to complete the transition.
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SUPPLEMENTARY MATERIAL

The supplementary material provides further discussion on
the extraction of the two-photon absorption coefficient from
time-resolved data using pulse cross-correlation techniques.
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