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ABSTRACT 

The connection between Regge poles and elementaryparticle poles 

• 	•' 	as explored in a 'previous paper, where we made use of the approxirnation 

of elastic..unitarity and of the assumption of no C astillejo_DalitZ-DySO,fl' 

• 	(CDD) ambiguity. In this paper we include the CDD ambiguity, and, show 

• 	 without'.recourse to any approximation that the vanishing of F(s) • 

(the' renormali'zed pion-nucleon propervert6x function with one 'nucleon 

'off the mass shell) is the necessary and sufficient condition for the 

elementary nucleon to lie on the Regge trajectory. From the conaition 

F(s) 0 it also follows that Z1 = Z2 	M = Z2 '= 0,' where Z1 s - 'the 

vertex-renormalization constant, Z2  is the nucleon ve-function 

renorm1ization constant, and,M is the nucleon self-mass. 13ut the 

• 	 ' 	vanishing of 'r(s) does not always follow from Z 1  = Z2  = Z25M 0. , 

Therefore, the so far widely recognized c'ompositeness condition, 

Z1  = Z2  = 0, or Z2  = 0 with the finite self-mass, is not,suff±cient to 
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I INTRODUCTION AND S1J1'1ARY 

Let us consider the pion-nucleon scattering At first we 

• neglect the coin:plication due to spins and isospins. But they are .. . 

.taken into account inthe last section. If the nucleon isthe 

• 	elementaryarticle, the £th partial-wave amplitude T(s) . is 

• 	 always written s . 	 . 	 . 

T2 (s) 	8 	F(s) St( s ) F(s) + f(s) , 	 (1.1) 

where I(s) is the renormalized t-N proper vertex function with 

• 

	

	one nucleon off the mass shell, S'(s) is.the.renormalized. nucleon 

propagator.,.and s isthe total energy squared. . The vertex funQtion 

• 	 F(s) is related to the form factor K(s) throu 	. . 

• .. 	. 	 . 	 F(s) sr (s) 	K(s) SF(S) , 	. . 	. 	. 	. 	(1.2) 

where .S(s) = l/(M2-s) is the free nucleon propagator. with the 

2. 
nucleon mass M , .so T 2(s) is rewritten as 

T2(s) = 	[ rK/(m2 s)] + f2 (s) 	 (i 3) 

in andMcDowe111 ' 2  showed quite.generally that s ore increases 	: 

the strength of the force, F and f 0. develop .a pole at the same 	. . .. . 

position where S t  has a zero, before a .  pole of T0  on.the second 

Riemann sheet reaches the first sheet; thusthe poles of F and 

are not poles of T0  and K (canceltion theorem). By making. 	. . 



• 	 -- 	 .•• 

use of tIeanaly-tic continuation of f into the complex angular-

momentum plane, they further suggested that the pole of F is 

ass.ociatedth aRegge pole, i.e., if f 2  has a Regge pole at 

'2 = a(s) with the proper siguature, IP has a pole at the point where 

the Regge trajectory crosses the value 2 = 0. By the cancellation 

theorem, however, this pole exactly cancels the Begge pole, so that 

it does not appear in T 0 . 

In a previous paper3  we.took this.interprettion for the 

vertex function pole for granted, and explored the connection between 

the elementary—particle pole and the Régge pole. The basic idea was 

as follows The scattering amplitude T 2  contains the Kronecker 

delta singularity in the 2 plane )  de:tp the existence. of..the 

elementary particle If the elementary particle lay on the Regge 

trajectory, such a singularity should disappear, and the inverse of 

this would be true Our analysis following this idea, however, was 

restricted by assumptions of elastic unitarity and no Castiflejo-Dalitz-

Dyson (cDD) ambiguity In the present paper we include the CDD 

ambiguity, and show without recourse to any approximation that the 

vanishing of P .  is.the necessary and sufficient conditionfor the 

elementary nucleon to lie on the Regge trajectory. From the condition 

F 0 it also follows that Z 	z 	z 2. M 0, where 	Is the 

• 	vertex-renormalizatibn constant, Z 2  is the nucleon wave-function .. 	• 	• 	• 	• 	 • 

renormalization constant, and EM is the nucleon self-mass But the 

vanishing of P. does not always followfrom1Z 1  =z 	Z26M =0.. 	• 
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• 	p(s) 	being the pion-nucleon, 	= 0,phase-space factor. 	The wave-.. 

function renormalization constantof the nucleon is given by 

• 	 Z2 = 	11th 	sF/SF 	: (2.5) 
s - ° •• - 

00 - 	
S  S 

f ds 	(s)- C 

• 	 (M+) n- • • 

Since 	0  	1, 	we have the inequality 	S 
S 

• 	 S 	 • 	 CO 
 

, 

(s-M2)2 
(26) 

S • 

from which it follows 	that 
• 

lIfl 	 sin/si2 - 	0 	. 
5-  (2.1)  

Co 

• 	 • 	

S 	
2 	 5 

• 	 • 	 The nucleon self-mass 	5M 	s given by the formula. i 

: 

• 	 S 	 • 	
• 

Z26M2 = 	lini 	(s-M2) 1Z2. _(sF/sF')] (28) 

f(
CO 

ds (s-i) i(s) + 

• 
-. 

S 	

S 	 • 	
M+I) 	• 	 n • 

If 	Sf,' - CO 	as 	s - 	CO, 	then we get 	Z2  = Z26M2  = 0 1 	from which at 

• 	 • 	

• 	 least one of the s n 's 	must be smaller than 	M2 . In fact,. from (2.2) 	• 	

• 

• 	one can see that 	SF' S •has one zero for 	s 	M 
S 

when 	S ' 	Co 

• 	 asS00. 
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Now let us turn our attention to (1 3) 	Several authors61 

showed. that in the elastic region f 	and 	F 	satisfy i.mitarity by .  

themselves L. 

= 	off 	, (2 

n F 	= 	pFf0* = 	pf0 F (2 io) 

These relations are the seine as those of 	T 	and K. 	In fact, a combined 

use of (1 2), 	(i 3), 	(2  3), and (2 Li),  together with unitarity relations 

of 	T0 	and 	K, 	yields (2 9) and (2 10) 	From these relations (2 9) 

and (2.10) we see that 	f0 	and 	F 	could have a pole at the same 

position on the second sheet, given by 	1 + 2ipf0 	0 	If this pole 

moves onto the first sheet,f0 	and 	F 	develop a pole at the same 

position, say 	s = sThen the integral path in (2.3)  is deformed, 

yielding a pole term 

s - M2 	 rs') 	(s') 	I() 	s - M2   
ds' 	 = -CO 

J (s'-M2 ) 2 (s' 	- s) 	
S 

-so 

2 

2 
,  

M-s 0  

I() = F(s)/El + 2ip(s)f0 (s)] 	, (2 13) 
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• 	
III. 	THE 	F(s) 	0 	LIT. 

In the ReggeiZew0rld the Kronecker delta term in 	T1  should 

• 	disappear, i.e., 	1 	0. 	We assume that 	K 	has no pole. Then it 
• V .  

cannot be identically zero if 	g 	0, 	g being the pion-nucleon 

coupling constant 
8

. 
	Since we are not interested in the 	g = 0 	case, 

the condition 	IC 	0 	is nothing but the condition F. 0. In the 	• 

following we assume the existence of 	K, 	even if 	F = 0 When 	K 

has a pole, we can take tie limit 	K 	0 	but 	g 	0. 	This case was 	• 	 •: 

considered by 	aus and Zachariasen., 10  and .i...discussd in.te.. .. 

next section 

Now consider the dispersion relation of 	F 

00 

F(s)=g_SM 	 + 	s-M2 	 dSIm F ( 5 ) 

- 	 - s 0 	 )(M~ 2 	(s' 	- M2 ) 	(s' 	- s) 

(3. 1) 

Here 	F 	needs at most one subtraction, because the asymptotic behavior 

of 	F 	is given by (2 y) 	From  (3 1) one can see that the limit 

11 r mOyields 

s 	=M , (3 2) 

and 

lim 	/(M2 - s 0) 	= 	g (3 3) 2 
M 	I 





• 	lie on the Regge trajectory. inGnis prooI, 	 iic 	j- 

w 

been required, even in the limit .F•= 0.. 

Let us make a few remarks co'acerning the limit F = 0 

From F = 0 it follows that Z1  Z2  = Z2 M2  = 0, rhere 	is 

defined by urn 	F(s) = Z1g But the inverse of this-is not 
CO 

aiwnys true The last condition Z 2 M2  = 0 was used by Gerstein and 

Deshpande12  as one of compositeneSS conditions They showed that if 

0, and if the self-mass 5M2  is finite, then (s) = 0 and 

= 	follow. However, from (2.8) it is clear that when one of 

s• in (2.8) appears in the region s <M2, i.e., when SF' becomes 

infinite.as s •- 	, their.conclusion never follows. If 5F satisfies 

the unsu'otracted dispersion relation; the condition. Z 28M2  = 0 is 

equivalent to the condition F = 0 in the scalar theory. However, if 

spins of the pion and the nucleon are taken into account, the latter 

does not again follow from the former, as was shown by Deshpande 12 

Since the pole s 0  of F coincides with the zero of SF', the 

limit s 0  = M2  is possible only if the integral in the Lehmann 

representation becomes divergent or the subtraction constant tends to 

infinity, or both This means SF' 	Then from S?F = SK = finite 

we get F = 0, or from ( 2 .3) i(s) must vanish and hence F = 0 

This is an alternative proof of obtaining F = 0 In this case the 

2  limit g0  = g2  is derived from is = 	through F = 0 
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• 	
: 

• 	 where - - - 

I(s) = 
	f M 	) 	(s' - 	s) 

Now, in the limit 	s 	=2 	the integral in (2.2) or the subtraction 

• 	 onstant 	d 	becomes infinite, or both. However, we suppose that the 

integral in the numerator in (3.8) is finite. 	Then 	Sn 	must go to 

pIus infinity. 	However, the motion of 	s 	is somewhat different 

• 	 • 	 . 	 2 
from these of, 	STS. 	Since 	s1 -.,M , 	we have 

2/(s 	- M2 ) = d - [d2 	I(sl )] 2  (3 io) 

As 	s 	approaches 	M2 	the right-hand side in (3 10) tends to various 
0. 

• 	 values, depending on those of the ratio I(s1 )/d. 	But the case 

should be rejected 	because s1 	tends to 	M 	and .henc 

• 	 K(s1 ) = K(M2 ) = g = 0,. 	contradicting our assumption 	g. 	0. 	If we 

require 	I(s1)/d - 	0 	as s0 - M2, then s1 	tends to minus infinity, 

which means 	K(s) - 0 	as 	s - oo • 	Thus the CDD zeros in 	K 	disappear. 

I. 
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IV THE KAUS-ZACEARIASEN CASE 

10 
I 

Kaus and Zachariasen considered..theReggeizatiOfl when K has 

• 	an extra ole nea M2  .p 	 , say 6B Let us suppose that, this pole comes. 

from the second. Riemann sheet of K.', Then SF ' turns out to be 

00  

S(S) 
= M2 	+ SB 	5 	+ 	

d.s' 	
f(S) 

or 	 ' 

S '(s) 
= 	

+ d. 
+ s - M2  ___ + - M 	f 	, 	 o(s 

- S 	
- S 

( 2 )3 	 M+)2 	(s' - M2) 	, - 

- 	

(.2) 	v 

-, 

where ?.. is the coupling constant between the nucleon and the ney particle 

with the mast S 2 , and we set M2  < 5B. The propagator must have one 

zero s0' between M2  and .s, and may have at most one zero 

between 
2B  a

nd (M+) 2 . These zeros come from the second sheet of 	' 

F, and hence coincid.e. with the poles of F., Therefore, by the 

cancellation theorem these poles are not poles of T. . The propagator ,  

may have also CDD zeros in the region (M+) 2 _~ s, and one CDD zero 

in the regin s.<M2 , if S' - 	 as s - 	 . • But these zeros, are 

not poles of F but zeros of 'K, just like ,those in the preced.ing 

sections. For 'simplicity, hereafter we consider only, the case when ' 
14 

there is no zero between 
5B 

and (M±i)?. 	Then Eq  

for 'sF/sF.  and the d.ispersion relation (3.1) for F, remain un- 

changed.. 	 '. 	 "' 
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Now, in the Reggeized world 	rK 	should. vanish, so that 

K = 0 	or r = 0 	Since 	K 	as well as 	P 	has a pole, we can take 

the limit K = 0 	or F = 0 	even if 	g 	0 	Kaus and Zachariasen 

considered only the former limit 	K = 0, and neglected erroneously 

the latter limit 	.I 	= 0. 	We assume that 	TX 	satisfies the 

subtracted dispersion relation 

2 - N2  (TX) = 	- - 

o 	0 
s - 	 S - M 	

f(M+~L) 

K 	
+ 	

ds' 
5 - S3 	0 	 2 	(s' - N2 ) 	(' 	- s) 	' 

(1. 3) 

where 

F0 = 	flc(60)/(M2 * s0) 
= 	2 (4.4) 

K0  = - N2) 
= 	2  (4. 5) 

Here 
_2  

and -  Xg. are residues of poles of 	T0 	and K 	at 

s =s 	respectively.  We rewrite (L 3) as 

g(5 	N2 ) 	g02(s0 
- 

TX = (g2 
+ 

- g02) 
- + 

00 
s-M2 	I ds' 	im(flc) 

(s T -  M) 	(s' - s) 	(4 . 6) 
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Then the limit 	IK = 0 	yields 	 •. 

2 	2 	2 	 . 	 . 

g 	=g0  
•. 

-) 	(SB - s) 
01 

and 

2 	2 	2 	2...- - .. 
• 	

- M ) 	= g0 	(s 0  - M ) 	. (1.9) 	. 	 . 

From these eqtions we obtain three solutions: 

2 	2 	•2 	 2 
(i) 	SB = 80 	M ,gB ,= g0  , 	and hence 	g 	= 0, 

• 

2 	2 	 • 	2 	2 
• • 	 • 	 (ii) 	s 	M 	SB, 	= 0, •. and hence 	g 	= g0 	., • 	 • 	 .• 

(i11) 	= 	
= SB; 	and in general 	0, i.e., g2 	g02  

The solution (i) contradicts the assumption • g 	., so this must be 

• rejected. 	The solution (ii) means that the elementary nucleon lies • 

on the.Regge trajectory, whereas the solution (iii) does not mean it,: 

• 	 .2 	2.  
because of •g 	g0  .. Thus we reach the conclusion that in order for 	. 	•. 

the same resIdue to appear as in the elementary ease, we must 	in 

adaitionrequire 	g2  = 902 	or 	2 = 0 	in the 	1K = 0 limit 	This 

• means 	that 	• 	• . 	 • 	 • 	 • 	 • • 

lim 	(s 	_M2)/(s .- M2) 	2 = 0 	, (.10) 
• 	 •Pjç-O 	 • 
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as is seen from (4.9). 	 . 

Inversely, if we require 	g2  = g0 	and 	urn 	2 . 	. 
s 0 -M 

- M2)/(s 	- M2 ). = 0; 	then we have fl 	= 0 	and 	2 = o. This is 	
•0 

seen as follows: 	From (k.i) or (4.2) we have 

SB 	 SB - 
- 	

=+ 

) 

+ J 	0(5') 
, (4.11) 

2 
s' - M. 	 - M 	. 	 s' 	- 	S0  ,. 

or 	. 	. 	 . 	 . 	. 

2(sB - M2)/(s0 - M. 	= ( 	+ o + 1) + 	+ 	+ 1)2  + - M2)2] 
2 

(4.12) 

where 	d = d 	- (4.13) 

( B - 	(s0  - M2) 
Cr 

= 	 fl 	ds' 	0(5') 

(s' 	- M2 ) (s' 	- s0 ) 

(L 	1k) 

If 	- M2 )/(s0  - M2 )1 	, then X2/(sB - M2 ) 2  or the integral in 

(k 11) becomes infinity, or both, or the right-hand side in (4,12) 

becomes infinity. 	This.meansSF ' —3 	oo• 	Hence from 	S,'' =.SK 

finite (including zero) we get. flC 	0. 	On the other hand, g2  = 902  

:. 	and 	0 	'ield 	
2 	

= 	. 	, 	'. 	 . 	. 	.. 	 .. 	 . 	. .... 	 . 	. 

In conclusion we have shown that when 	K 	has an extra pole, 	 p 

2 	 . 
fl( =0 	and 5B 
	

= 0 	are the necessary and sufficient conditions.for 

the nucleon to lie onthe Regge trajectory., We have agin.cojectured 

thatin the limits 	rK = 0 	and g
B = o 	the CDD zeros 1n 	K :got.o-. 	' 

infinity. 	.. 	 '. 	 . 	. 	 . 	 . 	. 	. . 
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where W 	are real zeros of 	S ' 	, 	and 	C: 

	

F. 	 n 
0. Let us.ie  the form 

• • 	 • • 

factor with one nucleon off the mass shell in the form 

(p') 175K17p) = 	(p') iy 	[A(p) K(W) + 	A_(p) K(-w)] 

(55) 

where - 

= 	(w ; iyp)/2W 
7'  

(5 6) 

-'--7 	 --•-•- 

- 	• 	 7- 

Here K(W) • is normalized to 	g 	at 	W = M. 
.7- 

In the elastic region, 

0(W) is then given by 

p.(W) 	• 

o(w) = (57) 
(w;M)2 

where . 	. 	 . 

P±(W) = 	q(W) M)2 
- 	2] 

/ w2  

2Wq(W) W - M) 
- 	

+ M)2 
- 

2 	
9) 

• 	 ... -.• • • 	 p 
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Im K(W) 	= q(W) T1(W) K(W+) , (5 i) 

Im K(-W) = 	q(-W) T1(-W) K(-W~ ) , (5 is) 

for 	W, 	M + 	W < M + 2, 	where 	= W + 1€,. and 	€ is an 

infinitesimallY small positive number. 	By • rtue of the MacDowell 

18 • 

relation 

• T i
+
(-W) •= 	 •- 	Ti 	(w), 	S  

	

2 	 •. •. 

(5.16) 
• 	 2. • 

Eq. 	(5.15) can be reitten as 	• 	 • 

Im K(-W ) 
= 	q(W 

) 
Ti(W ) 

K(-W  
+• 	+ + .+ 	2 

Here we have taken the cuts of 	q(W) 	in the 	W plane between 

and 	(M - 	 ) 	
and between, N - 	 and M ±, so that 	• 

q(W) 	is real for W, 	!Wl> 	M ± 	, and 	q(-W) = _q(W) when 

W > • N ± 	. 	 One can show that F 	and 	f.: 	satisfy imitarity relations 	•.- 

by themselves, S. 	 • •• 

-S  

Im P(w) = q(W) 	F(w) , (518) 

ImF(-W) q(-W) f1(-w+ ) r(-w) , ;•. 
(5.19) 
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and 

Im f.'w+) = q(w) 	 2 ' 	 (5.20) 

for W, M. + 	W M + 2. By virtue of (5.16), f.(W) also has 

• 	 the same reflectioi property, so that (5.19)'canlJe rewritten as 

Im F(-w) = .q(w) fl*(w) r(-w) . 	 ( 5.21) 

• 	 In quite the same way as in the'.preeding sections, the KroneckeI 

delta singularity in T.±(W) must disappear in the .ReggeiZed world; from 

(5.12) it then follows that F(w) SO.. We shall not.take the case when 

K(W) has an extra pole. A generalization of the case is easy, just like 

Sec. IV. Now, the dispersion relation of r(w) normalized to g at 

'W=M is 	 • 

-(M+) 

F(w) = g + 
	M 	

- w) 
+ W - M f dW'-aw 

00 

(. 5. 22 ).  

• '. • 	 Im F(Wt) 	W - N 	7 	 •' 

	

(W T  -M) (WTW)7.W0 : 	MW0'" 	.' 	• 	 •• 

where W0 • is a pole.. of r(w) coming from the second Riemann sheet, and • 

7 is its residue From the' same argument 'as in the preceding section, • 	• • 

this pole W0  is also a pole of f(W), but riot a pole of T1(W) • ., • 12+ 
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a line 	(M2  - s)/(s - s
0 ) =1. 	The author is indebted to 

. Professor Toio Kato for this point. 	.• 	 . 
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