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A B S T R A C T

Local lattice distortions (LLD) and structural stability of body-centered cubic (bcc) Nb–Ta–Ti–Hf high-entropy
alloys (HEAs) are studied as functions of composition employing ab initio density-functional theory calculations,
with specific focus on the role of the relative concentrations of group IV (Ti and Hf) versus group V (Nb and
Ta) elements. Calculated results are presented as a function of composition 𝑥 in Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2
alloys, for elastic moduli, phonon spectral functions, LLD and structural energy differences for the bcc and
competing hexagonal close-packed (hcp) and 𝜔 phases. The results highlight the important role of group V
elements and LLD in stabilizing the bcc structure. They further reveal how composition 𝑥 can be tuned to alter
both the magnitude of the LLD and structural energy differences. Specifically, the magnitude of the structural
energy differences, and elastic and dynamic stability of the bcc phase, are enhanced with increasing 𝑥, while
the LLD increase in magnitude as this concentration is decreased. The results also show evidence of correlated
LLD at lower values of 𝑥, reflecting local structural distortions towards the 𝜔 phase, but not hcp. The degree
of 𝜔-collapse is nevertheless partial i.e., transformation towards this phase is not observed to be complete due
to the presence of Ta and Nb. At lower values of 𝑥 we further find an energy landscape characterized by
multiple, nearly degenerate local energy minima for different values of the LLD.
1. Introduction

Body-centered cubic (bcc) high entropy alloys (HEAs) formed as
mixtures of group IV (Ti, Zr, Hf), V (V, Nb, Ta) and VI (Cr, Mo, W)
elements have been demonstrated to form as single-phase solid solu-
tions over a wide compositional range [1–3]. These HEAs have received
great interest due to their unique combinations of materials proper-
ties, spanning excellent high-temperature strength [4–6] and high low
temperature ductility [7–9], depending on composition. Theoretical
and experimental research probing the origins of these properties have
highlighted the important role of local lattice distortions (LLD) arising
from atomic-size [10,11] and elastic [12,13] misfit, as well as twin-
ning [7] and transformation-induced plasticity (TRIP) [7,14,15] arising
from competing stability of metastable phases with the bcc structure.
The TRIP mechanism has been shown to be particularly relevant in bcc
HEAs enriched in group IV elements, particularly for compositions that
demonstrate high ductility at low temperatures [7–9].

The understanding of LLD, twinning and phase competition in
bcc HEAs, and how they are affected by composition, has been ad-
vanced through computational studies based on density-functional
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theory (DFT). Focusing specifically on bcc HEAs with high concen-
trations of group IV elements, these calculations have quantified the
energetic phase competition between bcc, face-centered cubic (fcc),
hexagonal close-packed (hcp) and 𝜔 structures, and how they are
impacted by the ratio of the concentrations of group IV to group V
elements [16,17], as well as the important role of LLD [17]. The effects
of composition on elastic [16,18] and dynamic (as characterized by
the phonons) stability [19,20] of the bcc lattice has been reported,
with the role of LLD highlighted in the latter case. Some of these
studies [17,18] have also highlighted how high concentrations of group
IV elements lead to signatures of local structural distortions of the bcc
lattice towards competing phases.

The current work builds on these previous computational studies,
employing DFT calculations to thoroughly characterize the interrelation
between composition, phase competition, elastic and dynamic stabil-
ity, and LLD, in the Nb–Ta–Ti–Hf system. Interest in this system is
motivated in part by the experimental reports of high ductility and
strength in related alloys [5,7,21], particularly at room temperature
and low temperatures. From a more fundamental perspective, this
system provides a platform to understand the impact of group IV to
vailable online 10 October 2023
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group V composition on the intrinsic structural and energetic properties
underlying phase and lattice stability. Specifically, we present detailed
analyses of calculated elastic moduli, phonon spectral functions, LLD,
and structural energy differences between bcc, hcp and 𝜔 phases, over
a wide range of compositions in Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2, with 𝑥
anging from 0 to 0.5. The results demonstrate the effects of composi-
ion and LLD in governing the energetic, elastic and dynamic stability of
he bcc structure. It also highlights how the incipient stability of the 𝜔
hase is manifested in the LLD and how a surprisingly complex energy
andscape characterized by multiple, nearly degenerate structures can
rise from the competition between structural preferences dictated by
he group IV and V elements. The results provide potentially important
uidelines for designing metastability in bcc HEAs, and demonstrate
henomena that could have important implications for deformation
rocesses.

. Methods

.1. Ab initio calculations

First principles calculations are performed using density functional
heory (DFT) implemented in the Vienna ab initio simulation pack-
ge (VASP) code [22–24]. We employ the projected-augmented-wave
PAW) method [25,26] in combination with the Perdew–Burke–
rnzerhof generalized gradient approximation for the exchange–
orrelation potential [27]. Wavefunctions are expanded in a plane-
ave basis set with a kinetic energy cutoff of 400 eV. The PAW
otentials employed in the calculations treat as valence 11, 5, 4 and
electrons for Nb, Ta, Ti, and Hf, respectively. This choice excludes

onsideration of the semi-core 𝑝-states as valence for Ti and Hf; we
ave verified that this approximation does not affect the stability
f the bcc structure, as detailed in the supplementary materials. We
mploy the Methfessel–Paxton scheme [28] with a smearing of 0.2 eV
o broaden the electronic occupation. Atomic positions are relaxed
sing the conjugate gradient algorithm until residual ionic forces have
agnitudes below 10−3 eV/Å.

Phonon frequencies are calculated at the harmonic level employing
he framework of finite differences, using the Phonopy package [29].
n order to enhance precision, we use an energy converge criterion of
10−7 eV for the electron self-consistency criterion in these calcula-

ions. Calculations of phonon spectral functions from zone-unfolding
f the phonon spectra are performed using the method and publicly
vailable code from Ref. [30].

Finite temperature simulations are performed with ab initio molec-
ular dynamics (AIMD) to explore potential energy landscapes. In these
simulations, the same methods and convergence parameters as de-
scribed above are employed. Simulations are performed in the NVT-
ensemble, using the equilibrium lattice parameter calculated at abso-
lute zero and the Langevin thermostat [31] with a friction coefficient
of 10 ps−1. Simulations are carried-out using a time step of 2 fs.

2.2. Simulation cells

We study eleven compositions of Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2
HEAs with 𝑥 ranging from 0 to 0.5, where chemical disorder is mim-
icked using the special quasirandom structures (SQS) approach [32].
The SQS are generated using the MCSQS [33] package in the Alloy
Theoretic Automated Toolkit (ATAT), and are constructed to provide
correlation functions for the first two neighbor shells that approximate
a random solution for all constituent elements. All simulation cells
contain 54 atoms, corresponding to a 3 × 3 × 3 expansion of the
conventional bcc and hcp cells and to a 3 × 3 × 2 expansion of the
conventional 𝜔 cell. Since number of atoms (54) in the SQS cells is not
commensurate with some of the nominal compositions listed above,
we list the exact number of each atom type for each values of 𝑥 in the
supplementary materials.
2

To sample the Brillouin zone in the DFT calculations, we make use
of a 𝛤 -centered 6 × 6 × 6 k-point grid in the case of the bcc SQS
supercell and a 6 × 6 × 4 k-point grid in the case of the hcp and 𝜔 SQS
supercells. All DFT calculations are performed at constant cell shape
and volume.

The lattice parameter of the ideal bcc structure (𝑎bcc) is chosen
to be the reference to build the hcp and 𝜔 structures via the known
transformation paths relating these structures to the bcc lattice. Specif-
ically, considering the Burgers [34] relation for the hcp and bcc phases,
the ideal lattice parameter of the hcp structure (𝑎hcp) can be obtained
using 𝑎hcp ≈0.89 𝑎bcc, assuming the tetragonal path as discussed in
Section 3.2 [35]. We also assume an ideal hexagonal angle of 120◦,
corresponding to a 𝑐∕𝑎 ratio of ≈1.63, which was shown to be a

inimum along the transformation path in pure bcc Ti and Hf [36].
he ideal 𝜔 phase can be obtained by a complete collapse of alternate
airs of {111}bcc planes [37,38]. The resulting two-layered structure
as a hexagonal lattice with P6/mmm space group in the absence of
ompositional disorder. The relation between the lattice parameter of
cc and 𝜔 phases is given by: 𝑎𝜔 =

√

2 𝑎bcc and 𝑐𝜔 =
√

3∕2 𝑎bcc. In all
f the supercell calculations we keep the supercell shape constrained
o cubic for bcc and to the geometry described above for hcp and 𝜔.

.3. Elastic constants

Elastic moduli (𝐶𝑖𝑗) are obtained from stress–strain relations using
inear elasticity theory [39,40]. We consider ten sets of deformation:
niaxial strain along X, Y and Z; simple shear along XY, XZ and
Z; in-plane strain, shear along (111) and two sets of mixed strains.
e apply Voigt convention and strain amplitudes are equal to ±0.01

nd ±0.02 Å/Å. For every deformed configuration, atomic positions
re optimized and the stress tensor is calculated on the basis of the
FT formalism. 𝐶𝑖𝑗 are then computed via a least-squares fit over all

train conditions, assuming cubic (bcc phase) or hexagonal (hcp and 𝜔
hases) symmetry.

. Results and discussion

This section presents calculated results concerning the effects of
roup IV element concentration on the lattice stability and struc-
ural distortions of Nb–Ta–Ti–Hf HEAs, highlighting properties that
re relevant to mechanical behavior and structural transformation. The
resentation begins with a discussion of the properties of the reference
deal bcc structures derived from the equation of state, including trends
n lattice parameters, cohesive energies and bulk moduli (Section 3.1).
he mechanical stability of the bcc lattice relative to homogeneous
lastic distortions is then analyzed through results for elastic moduli,
nd energy versus strain relations along pathways associated with trans-
ormations of the bcc lattice to fcc and hcp structures (Section 3.2).
hese results are complemented by an analysis of dynamical structural
tability with respect to finite-wavelength phonons, including those
ssociated with transformation to 𝜔, and the shuffle components of
he transformation to hcp (Section 3.3). Section 3.4 provides additional
nformation related to structural stability, focusing specifically on the
tructural energy differences between bcc, hcp and 𝜔 phases. Finally,
ection 3.5 is devoted to the important topic of local lattice distortions
LLD). We present results showing the effects of group IV element con-
entration on the magnitude of the LLD (Section 3.5.1), and the relation
f the LLD to charge-transfer. The nature of the LLD in the bcc phase
s then analyzed (Section 3.5.2) in terms of local structural descriptors
elated to transformations to the hcp and 𝜔 phases, highlighting the
mportant features of the potential energy landscape (Section 3.5.3),
nd also the mechanisms underlying substantial 𝜔-like distortions at
igh group IV concentrations (Section 3.5.4).
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Table 1
Ideal bcc structure. Average atomic mass (𝑚̄), bcc cohesive energy (𝐸bcc

ideal), equilibrium
lattice parameter (𝑎bcc) and bulk modulus (𝐵) obtained by fitting the Birch–Murnaghan
equation of state to energy–volume relations obtained for pure Nb, Ta, Ti, Hf, the binary
Ti0.5Hf0.5 and Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems with atoms constrained to reside on
deal bcc lattice sites.
Compositiona 𝑚̄ (u/atom) 𝐸bcc

ideal (eV/atom) 𝑎bcc (Å) 𝐵 (GPa)

pure Nb 92.91 −10.90 3.324 170
pure Ta 180.95 −11.86 3.308 202
pure Ti 47.87 −7.66 3.237 112
pure Hf 178.49 −9.78 3.532 107
Ti0.5Hf0.5 113.18 −8.67 3.397 105
0 130.12 −9.47 3.365 126
5 129.11 −9.49 3.361 128
10 128.09 −9.63 3.355 134
15 127.08 −9.69 3.351 136
20 126.07 −9.71 3.350 138
25 125.05 −9.85 3.344 144
30 124.04 −9.90 3.342 148
35 123.03 −9.92 3.339 150
40 122.01 −10.06 3.335 156
45 121.00 −10.12 3.334 158
50 119.98 −10.14 3.332 161

a The bottom eleven rows give 𝑥 in at.%.

3.1. Properties of reference ideal bcc structures

We first focus on the ground state properties of the ideal bcc
structure i.e., considering atoms confined to ideal bcc lattice sites at
zero temperature. The ideal bcc structure is used as reference to build
the hcp and 𝜔 structures in the discussion of energetic relative stability
(see Section 3.4). In addition, although the state is idealized, it allows to
obtain preliminary insights on the effects of the relative concentrations
of group V (namely Nb) and group IV (Ti and Hf). Table 1 presents
calculated results for the cohesive energies and lattice parameters for
these idealized bcc HEAs and their pure constituents.

Additionally, for reference, in the discussion of calculated phonons
below (see Section 3.3) an analysis of mass effects becomes relevant.
As listed in Table 1, if we take the atomic mass of Nb as reference,
the atomic masses of Ti and Hf are 48% and 92% lighter and heavier,
respectively. As such, these two effects counteract, resulting in a small
net decrease of the HEA average mass (𝑚̄) such that 𝑚̄ decreases as the
Nb concentration increases, showing a variation of −8.5% across our
studied compositions.

Using a fit of the energy–volume relation over the third-order Birch–
Murnaghan equation of state (EOS) [39], we obtain the equilibrium bcc
energy (𝐸bcc

ideal), lattice parameter (𝑎bcc) and bulk modulus (𝐵) listed
in Table 1. Results show a monotonic decrease of the bcc energy,
indicating an enhancement of the bcc structural stability with respect
to the constituent atoms with increasing Nb concentration. The lattice
parameter slightly decreases with increasing 𝑥, consistent with the
smaller size of Nb compared to Hf, showing a total volume variation
of −0.55 Å3/atom from 𝑥 = 0 to 50 at.%. The decrease of interatomic
spacing is correlated with an increase of bond strength, as reflected by
a stiffening of the bulk modulus. Since the bulk modulus of pure Nb
is greater than Ti and Hf, this stiffening is also expected due to the
increase of its concentration. We highlight that for each composition
we use four different SQS models to perform the EOS analysis, and
the differences between the obtained values of the lattice parameter
are smaller than 0.005 Å across these models. We therefore adopted
the same lattice parameter (as presented in Table 1) across all SQS
configurations at a given composition throughout this work.

In order to distinguish the interplay of Ta concentration from
Nb, we compare the results obtained for the binary bcc Ti0.5Hf0.5
and Ta0.25Ti0.375Hf0.375 (i.e., Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 with 𝑥 =
0 at.%). Table 1 shows that the addition of Ta to the binary Ti0.5Hf0.5
alloy provides pronounced stiffening of the bulk modulus (+20%) and
leads to a larger magnitude for the bcc energy, both indicating that Ta
significantly enhances the bcc structural stability.
3

Fig. 1. Elastic stability of the bcc phase. Calculated values of the tetragonal shear
modulus (𝐶 ′, blue circles) and 𝐶44 (red diamonds) for bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2
re plotted versus Nb concentration (lower x-axis) and valence electron count (VEC,
pper x-axis). Reference values of 𝐶 ′ and 𝐶44 for the pure constituent elements in

the bcc structure are provided in the inset. In the case of HEAs, values are averaged
over four different SQS models, with the error bars indicating minimum and maximum
calculated values. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

3.2. Elastic moduli and elastic stability

We consider next the elastic stability of the compositions considered
in this work. For a cubic crystal, the criteria for elastic stability can
be formulated as 𝐵, 𝐶44 and 𝐶 ′ >0 [41], where 𝐶 ′ = (𝐶11 − 𝐶12)∕2
is the tetragonal shear modulus. The single-crystal elastic moduli 𝐶𝑖𝑗
are computed from calculated stress–strain relations as described in the
Methods section. Atomic configurations used to compute 𝐶𝑖𝑗 include
local lattice distortions (LLD) i.e., atomic positions are fully relaxed
before applying the finite strains unless otherwise noted.

We first discuss the elastic stability of pure bcc Nb, Ta, Ti and
Hf. Fig. 1 (inset) shows that while Nb and Ta are elastically stable,
both Ti and Hf show 𝐶 ′ <0 reflecting an unstable bcc lattice. This
instability is documented in the literature and is associated with the
bcc→hcp transformation [36,42]. We also note the low value of 𝐶44 in
Nb relative to experimental measurements, which is a trend consistent
with prior DFT results [43–45]; while calculated values are consistently
lower than experiments, they show a range of values due to sensitivities
to the nature of the pseudopotential or PAW approximations and their
numerical implementations.

Fig. 1 plots for bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 the calculated
values versus 𝑥 of 𝐶44 and 𝐶 ′ averaged over four different SQS models.
n order to ensure the relevance of our results, we compare the obtained
ulk modulus using the EOS and the one calculated from elastic con-
tants. We verify that results provided by these two different methods
re in excellent agreement, showing a maximum relative difference
maller than 5% (see supplementary materials). Furthermore, we note
hat computed values for 𝐶𝑖𝑗 by DFT calculations agree to within 10%
ith experimentally measured results for bcc NbTiZrHf reported in
efs. [46,47].

As indicated by the calculated results in Fig. 1, all bcc
b𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems are elastically stable even at

ow Nb concentrations. The calculated 𝐶𝑖𝑗 values are averaged over
our SQS models, each displaying different degrees of LLD in the
elaxed configurations, as described below. We observe that relative
ifferences between the average and extremum 𝐶 values across these
𝑖𝑗
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Table 2
The role of Ta concentration and local lattice distortions (LLD) on the elastic stability
of bcc, 𝜔 and hcp structures. Elastic moduli (𝐶𝑖𝑗 , in GPa) with and without LLD are
obtained via the finite distortions approach for Ti0.5Hf0.5 and Ta0.25Ti0.375Hf0.375. The
ulk modulus (𝐵, in GPa) and tetragonal shear modulus (𝐶 ′, in GPa) are calculated
sing the obtained 𝐶𝑖𝑗 .

Phase LLD 𝐶11 𝐶12 𝐶13 𝐶33 𝐶44 𝐵 𝐶 ′

Ti0.5Hf0.5

bcc w/o 88 115 – – 47 106 −13
𝜔 w/o 194 81 53 243 53 111 56
hcp w/o 198 72 88 201 56 121 63

Ta0.25Ti0.375Hf0.375

bcc w/o 140 119 – – 41 126 10
bcc w/ 166 109 – – 48 128 28
𝜔 w/o 217 113 72 246 44 133 52
𝜔 w/ 204 108 84 230 43 132 48
hcp w/o 219 113 113 247 32 151 53
hcp w/ 229 104 108 235 41 148 62

SQS structures are less than 5% across all compositions. We therefore
conclude that the obtained elastic properties are not strongly affected
by the difference in chemical distribution across the different SQS, and
further that the variations in the magnitudes of LLD do not significantly
influence the magnitude of the elastic constants.

Fig. 1 shows that 𝐶44 is almost constant up to intermediate Nb
concentrations and then softens when 𝑥 becomes greater than 40 at.%,
which correlates with the high Nb concentration and the low value of
𝐶44 for this element as previously discussed. In contrast, we evidence
a pronounced stiffening of the tetragonal shear modulus as the Nb
concentration increases, with 𝐶 ′ at 𝑥 = 50 at.% being almost twice that
or 𝑥 = 0 at.%. We however observe a softening of 𝐶 ′ from 𝑥 = 0 to
at.%, which arises from the greater relative increase of 𝐶12 compared

o 𝐶11 (see supplementary materials).
The tetragonal shear modulus connects the bcc to the hcp and fcc

tructures via the Burgers [34] and Bain [48] paths, respectively. Using
he bcc structure as reference, both paths can be described by a single
ontinuous strain order parameter 𝜼tetra = (−𝛿∕2, −𝛿∕2, 𝛿, 0, 0, 0),
here 𝜼tetra indicates the Lagrangian tetragonal strain tensor in Voigt
otation and 𝛿 is the strain amplitude. The resulting body-centered
etragonal lattice has 𝑐∕𝑎 ratios of 4

√

3∕2 and
√

2 in the case of the hcp
nd fcc structures respectively, corresponding to a strain amplitude of
≈ −0.10 and 𝛿 ≈0.23, respectively. Since the change in energy (𝛥𝐸)

long this path is given by 𝛥𝐸 ∝ C′ 𝛿2 around the bcc configuration,
a small value of the tetragonal shear modulus implies a low energy
barrier for structural change.

A more rigorous approach to study the bcc→hcp transformation
would consider an orthorhombic shear deformation as formulated by
Ref. [49]. In this work, we consider a first order approximation of
the strain for this transformation [35], coinciding with the tetragonal
case as discussed above, which was shown to be accurate enough to
model the Burgers path energy landscape in pure group IV metals [50],
group IV–V binaries [35] and even group IV enriched bcc HEAs [20]. In
order to complete the bcc→hcp transformation, an alternating shuffle
displacement of {110}bcc planes is required. Here we focus only on the
hear part of the Burgers path and the shuffle is discussed in Section 3.5.

Fig. 2 shows the calculated strain–energy profiles along the Bain
nd Burgers tetragonal paths for three different Nb concentrations
𝑥 = 0, 25 and 50 at.%). The effect of LLD is incorporated through
onic relaxations at each value of 𝛿. We evidence that the bcc phase
s a minimum with respect to the strains corresponding to the hcp
nd fcc structures. Around the minimum, the stiffening of the energy
urvature around 𝛿 = 0 (i.e., the bcc structure) with increasing Nb
oncentration reflects the increasing magnitude of the tetragonal shear
odulus, consistent with the results in Fig. 1. The fcc configuration is
owever a local maximum along the Bain path and is thus elastically
nstable, with the instability being enhanced as the Nb concentration
ncreases. Relaxed configurations can only be obtained thanks to the
igh symmetry of the fcc network and do not correspond to a stable
4

attice arrangement of the Nb–Ta–Ti–Hf systems considered.
Fig. 2. Burgers and Bain tetragonal paths connecting the bcc to the hcp and fcc
phases, respectively. Nb concentration (𝑥) in Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems is
equal to 0 at.% (blue circles), 25 at.% (red diamonds) and 50 at.% (green squares).
Ionic relaxation is performed for each strain amplitude (𝛿) in calculations of the
corresponding elastic energy (𝛥𝐸). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

For the tetragonal compressive strain corresponding to the hcp
structure (see Fig. 2), the energy is not a local extremum (minimum
or maximum). With further increase of the strain amplitude (in ab-
solute value), the elastic energy rapidly increases, to a degree that is
enhanced with increasing Nb concentration. Overall, the Burgers and
Bain tetragonal paths of our studied bcc HEAs behave similarly to pure
group V elements, and are qualitatively distinct from pure group IV
elements. Specifically, Ref. [50] calculates the energy versus tetragonal
strain for pure bcc elements, showing that the group IV metals display
a local maximum around the bcc configuration along the Burgers and
Bain paths, in contrast to the results for the HEAs presented in Fig. 2,
but qualitatively similar to the results for group V elements.

The results in this sub-section establish the elastic stability of the
bcc structure for Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems, even for the
case where 𝑥 = 0 at.% i.e., the Ta0.25Ti0.375Hf0.375. We now investigate
he role of lattice distortions and Ta concentration on the elastic
tabilization. As such, we first study the elastic properties of the binary
i0.5Hf0.5. We find that, upon ionic forces relaxation, the bcc Ti0.5Hf0.5
tructure spontaneously undergoes a structural transformation towards
he 𝜔 phase. We identify the structural reconstruction based on the
escriptor proposed in Section 3.5.2 (which takes a value of 𝑝1 − 𝑝2
0.90 in the relaxed structure), complemented by a coordination

nalysis of pair separation distance and analysis of the LLD in the
elaxed structure (which takes a value of ∼0.040 Å relative to the ideal

structure). In that case, it is only possible to obtain elastic constants
f the bcc structure for this composition by constraining the atoms to
eside on ideal lattice sites. Table 2 shows the calculated 𝐶𝑖𝑗 using

the finite distortions approach with atoms constrained to (scaled) bcc
lattice sites. The obtained 𝐶 ′ of the bcc Ti0.5Hf0.5 is negative, indicating
elastic instability. In contrast, both hcp and 𝜔 phases are elastically
stable. We highlight that the obtained 𝐶𝑖𝑗 for all three phases (bcc,
hcp and 𝜔) calculated here for Ti0.5Hf0.5 agree well with previous
calculations [51,52], to within 5%.

Table 2 shows the obtained elastic properties of the Ta0.25Ti0.375
Hf0.375 with and without LLD. In the case of the bcc structure, results

show that while LLD provide noticeable increase of the tetragonal
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Fig. 3. Calculated phonon spectral functions for bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems. Panels (a)–(c) plot results for atoms constrained to reside on ideal bcc lattice sites and
(d)–(f) accounting for local lattice distortions (LLD) resulting from the relaxation of these positions. Nb content (𝑥) is equal to 0 at.% in (a) and (d), 25 at.% in (b) and (e), and
50 at.% in (c) and (f). The color map indicates phonon spectral functions including both mass and forces fluctuations, while black solid lines show results obtained using the
virtual-crystal approximation. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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shear modulus, and thus enhance the stability of the bcc lattice, they
are not the sole mechanism of the elastic stabilization. Composition
effects associated with adding 25 at.% Ta to the binary Ti0.5Hf0.5 result
in a positive 𝐶 ′ even considering atoms constrained to ideal lattice
sites. The results thus highlight that there is a critical Ta concentration
required to elastically stabilize the bcc structure, as reported previously
in calculations for related group IV enriched bcc HEAs [18].

Interestingly, Table 2 shows that 𝜔 and hcp Ta0.25Ti0.375Hf0.375
re also elastically stable with or without LLD. On top of that, the
nclusion of LLD does not provide significant changes on the hexagonal
lastic constants. The main effect of LLD is on the hexagonal symmetry
ondition related to volume conservation defined as: (𝐶11 + 𝐶12 +
𝐶33 − 4𝐶13)∕6 >0 [53]. In the case of the 𝜔 phase, this quantity is
pproximately equal to 89 and 73 GPa respectively without and with
LD, corresponding to a softening of more than 20% as a result of the
ymmetry breaking of basal planes produced by LLD.

.3. Phonons and dynamical instabilities

We consider next the dynamical stability of the bcc structure, re-
lected by the phonon frequencies 𝜈 (𝐤), where 𝐤 is the wave-vector [54].
otably, phonon softening at zero temperature in pure bcc group

V metals along the 1/2[110] and 2/3[111] directions are associ-
ted with a structural transformation towards the hcp and 𝜔 phases,
espectively [36,42,55].

At the harmonic level, we employ the finite differences approach
o obtain the phonon frequencies [29]. All phonon calculations are
erformed on a 54-atoms cell and band unfolding is carried out us-
ng phonon modes decomposition [30] according to the translational
ymmetry of the primitive bcc cell. Phonon dispersion relations for a
isordered materials are most generally described by a spectral function
hich provides the ‘‘weight’’ associated with each frequency of the
honon spectrum [30], and which are the proper representation of the
honons in a disordered alloy [19]; conclusions concerning dynamical
tability are made based upon these results in what follows. Rather
5

han the sharp peaks associated with elemental crystals, these spectral d
unctions are broadened by the compositional disorder observed in
EAs [19].

Fig. 3 shows the computed phonon spectra considering two sce-
arios: one (without LLD) with the reference atom positions for the
honon calculations associated with ideal lattice sites, and the other
with LLD) accounting for local lattice displacements resulting from
elaxation of these atomic positions. Results are again presented for bcc
b𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 HEAs for 𝑥 equal to 0, 25 and 50 at.%.
he colored features in Fig. 3 represent the spectral weight of the cal-
ulated phonons. Before discussing these results, we first consider the
honon frequencies provided by the solid lines, which were obtained
or an idealized bcc crystal modeled by the virtual crystal approxima-
ion (VCA), to later highlight the effects of mass and force-constant
isorder (absent in the VCA) on the calculated spectral functions.

In the VCA framework, phonon frequencies are calculated using
he system average atomic mass and force constants are averaged
ccording to the bcc crystal symmetries [30]. Although the VCA does
ot reproduce the full complexity of the spectral functions (as noted in
ef. [19]), it does highlight some important trends that are discussed

n more detail in the context of the spectral functions below. First, for
= 0 and 25 at.%, the VCA phonon dispersion curves show ranges

f 𝐤 with imaginary frequencies, indicating dynamic instability, in the
ystems with atoms on ideal lattice positions (see Figs. 3(a) and 3(b),
ithout LLD). These dynamic instabilities disappear when referenced
tomic positions are relaxed (with LLD), suggesting a stabilization
ffect associated with LLD, consistent with findings for related bcc
EAs in Ref. [20]. Second, the dynamical instabilities disappear at the
ighest Nb concentrations (i.e., 𝑥 = 50 at.% in Fig. 3).

We focus next on the results for the spectral functions shown in
ig. 3. For the case with ideal lattice positions (without LLD) presented
n Fig. 3(a) and 3(c), all systems show pronounced spectral weight
ssociated with imaginary frequencies, with these instabilities being
ccentuated as the Nb concentration decreases. However, when LLD
re taken into account (see Fig. 3(d) and 3(f)), we find that the
pectral weight for imaginary frequencies decreases, indicating that the

isplacements enhance the stability of the bcc structure. Importantly,
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Fig. 4. Pressure effects on atomic vibrations. Calculated dispersion relations for the vibrational spectral functions for bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems, with 𝑥 equal to
(a) 0 at.%, (b) 25 at.% and (c) 50 at.% at 0.75𝑉0, where 𝑉0 is the atomic volume at zero pressure. The color map is the same as used in Fig. 3, and the solid lines again indicate
phonon dispersions calculated using the VCA. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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however, the LLD-induced stabilization is not complete for 𝑥 equal to
0 and 25 at.% (see Figs. 3(d) and 3(e)), as spectral weight at negative
requencies remains, for example along the 1/2[110] branch (N–point)
nd between the 1/2[111] and 1/2[110] directions (P–N branch).

A comparison of Figs. 3(d)–3(f) highlights the important role of
omposition in stabilizing the bcc structure. Specifically, the weight of
he spectral functions corresponding to imaginary frequencies decreases
ith increasing Nb content (𝑥), becoming absent (apart from some

emaining weight near 𝛤 ) for 𝑥 = 50 at.%. In the supplementary
aterials we include calculated unfolded phonon dispersion curves for

ll eleven compositions between 𝑥 = 0 and 50 at.%, finding that this
tabilization occurs for 𝑥 >30 at.%.

At long wavelengths, dynamic stability can be studied in the elastic
imit where acoustic frequencies can be written as a linear combination
f elastic constants: 𝜈2 ∝ ∑

𝐶𝑖𝑗 𝐤𝑖𝐤𝑗 [54]. In a bcc crystal, the tetragonal
hear modulus 𝐶 ′ is the relevant material property governing the slope
f the 1/2[110] branch [36]. The observed trends in the calculated 𝐶 ′

see Fig. 1) agree well with computed phonon dispersions; in particular
e observe a pronounced increase in 𝐶 ′ with increasing Nb concentra-

ion consistent with the stiffening frequencies in the long wavelength
imit along this direction shown in Fig. 3.

We note that although 𝐶 ′ is positive for 𝑥 = 0 and 25 at.%, we
ompute a small spectral weight for imaginary frequencies along the
/2[110] direction, which is most pronounced near the N-point. The
ehavior is in contrast to the behavior at a Ti0.5Hf0.5 composition,
here a negative value of 𝐶 ′ is associated with an entire unstable
ranch (see supplementary materials) that reflects instability with re-
pect to a displacive transformation towards the 𝜔 phase.

We consider next phonon broadening i.e., the distribution of the
pectral weight for a given 𝐤. For the Ta0.25Ti0.375Hf0.375 composition
see Fig. 3(d)) the spectral function shows a ‘‘phonon band gap’’ near
he H-point associated with two different peaks in the spectral function
eparated by ≈2 THz. As described further below, this phonon band
ap is a result of the mass difference between the species, as discussed
or similar alloys in Ref. [19], due to the fact that the atomic mass
f Ta and Hf are much higher than Ti. The band gap shrinks as the
b concentration increases once the spatial mass distribution becomes
ore homogeneous.

More generally, the broadening of phonons due to mass fluctuations
an be understood with reference to the Klemens model [56], which
efines a mass scattering parameter (𝑓𝑚) of lattice vibrations as: 𝑓𝑚 =

𝑛 𝑐𝑛
(

𝑚𝑛 − 𝑚̄
)2 ∕𝑚̄2, where 𝑐𝑛 and 𝑚𝑛 are respectively the concentration

nd atomic mass of the 𝑛–th specie, and 𝑚̄ is the system average
tomic mass. The scattering parameter is equal to 0.24 and 0.16 when
he Nb concentration is 0 and 50 at.%, respectively. This decrease in
he scattering parameter correlates with the reduction in the extent
f phonon broadening with increasing Nb content shown in Fig. 3.
he phonon band gap is only clearly observed when LLD are taken

nto account. The phonon dispersions obtained using ideal lattice sites
orrespond to an unphysical state and do not properly reflect phonon
6

roadening. The absence of the phonon band gap in Fig. 3(a) is possibly
n artifact of such an idealized state.

In principle, phonon broadening associated with dynamical insta-
ilities should arise from fluctuations in the force constants. To explore
he relative importance of the force-constant and mass disorder, we ex-
mine the role of pressure on the calculated phonons. Applied pressure
s expected to stiffen the force constants by a degree that depends on
ond type and thus should impact force-constant fluctuations, while
eaving the mass fluctuations unchanged. Specifically, in Fig. 4 we
resent calculated phonons for a compressed volume of 0.75𝑉0, where
0 denotes the equilibrium atomic volume corresponding to the results
n Fig. 3. Such volume compression mimics hydrostatic pressures of 58,
8 and 77 GPa for 𝑥 = 0, 0.25 and 0.5, respectively.

The finite-pressure results in Fig. 4 show two noteworthy results.
The first is that pressure suppresses the dynamic instabilities reflected
by the imaginary frequencies in Fig. 3. This is to be expected for
positive values of the Grüneisen parameter 𝛾 = − 𝜕 ln 𝜈∕𝜕 ln𝑉 . An
analogous behavior is reported in the literature in elemental-crystals,
with pressure being correlated to a phonon stiffening observed in fcc
tungsten under compression as an illustrative example [57]. We there-
fore conclude that force fluctuations are the origin of the appearance
of spectral weight at imaginary frequencies, corresponding to dynamic
instabilities. In this sense, broadening of the frequency range for the
spectral functions to low and imaginary frequencies is concluded to be
dominated by force-constant fluctuations.

By contrast, the characteristics of broadening associated with the
appearance of the phonon band gap appears to arise primarily from
mass fluctuations. Specifically, we note in both the calculations at 𝑉0
(Fig. 3) and 0.75𝑉0 (Fig. 4) the presence of a phonon band gap of
≈2 THz at 𝑥 = 0 at.%, which vanishes at 𝑥 = 50 at.%.

As a final noteworthy result from the calculations discussed in this
section, we find that the main features of the phonon spectra are not
appreciably affected by the details of the atomic configurations across
different SQS models employed in the computations. Specifically, for
𝑥 = 0 at.% (i.e., the Ta0.25Ti0.375Hf0.375), we have computed the spectral
functions for the configurations giving the smallest and largest values
of the LLD. The results are very similar, as demonstrated in the sup-
plementary materials Fig. S2, indicating that phonon dispersions and
thus the energy landscape are essentially a function of the composition
regardless of either the magnitude of lattice distortions or spatial
chemical distribution. We recall that this behavior is also observed for
the calculated elastic moduli. This result is supported by previous work
which demonstrated that random structures and structures showing B2-
type short-range ordering (SRO) for a fixed HEA composition leads
to almost identical phonon spectra [19]. In addition, Ref. [20] also
showed that phonon dispersion curves of different SQS and Monte Carlo
optimized (i.e., showing some degree of SRO) configurations exhibits
the same major features.
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Fig. 5. Averaged values over twenty different SQS models for each phase and
composition of the (a) relaxation energy and (b) norm of atomic displacements
of phases bcc (blue circles), hcp (green squares) and 𝜔 (red diamonds) of
Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems. Error bars indicate the variance. In (a), note
that the relaxation energy of hcp and 𝜔 phases is presented using a different scale.
In (b), note that the magnitude of LLD is normalized by the correspondent ideal lattice
parameter for each phase and composition. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

3.4. Relaxation energies and structural energy differences

We consider next the energetic stability of the bcc structure with
reference to the structural energy differences between the bcc, hcp
and 𝜔 structures, as well as phase separation into constituent elements
or unmixing. The formation energy (𝛥𝐸form) for a bcc alloy with a
given composition Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 is defined in terms
of its energy (𝐸bcc) by the relation: 𝛥𝐸form = 𝐸bcc(𝑥) − 𝑥𝐸bcc(Nb) −
0.25𝐸bcc(Ta)−(0.75−𝑥)∕2𝐸hcp(Ti)−(0.75−𝑥)∕2𝐸hcp(Hf), and represents
the energy to form the bcc alloy from pure Nb, Ta, Ti and Hf in the bcc
(Nb, Ta) and hcp (Ti and Hf) structures. Similarly, the mixing energy
(𝛥𝐸mix) is defined as: 𝛥𝐸mix = 𝐸bcc(𝑥)−𝑥𝐸bcc(Nb)−0.25𝐸bcc(Ta)−(0.75−
𝑥)∕2𝐸bcc(Ti) − (0.75 − 𝑥)∕2𝐸bcc(Hf), and represents the energy to mix
the alloy on a bcc lattice. We analyze twenty different SQS representing
various chemical arrangements for each phase and composition.
7

Fig. 6. Calculated (a) formation energies (𝛥𝐸form) and (b) mixing energies (𝛥𝐸mix) for
Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 with and without LLD as a function of composition (𝑥).
The calculated values make use of bcc energies for the alloys averaged over twenty
SQS models for each composition.

Figs. 5(a) and 5(b) show respectively the averaged relaxation energy
and the norm of the LLD when the structures with compositional
disorder are relaxed, starting from the reference ideal bcc, hcp and 𝜔
structures. The relaxation energy of a given structure is defined as the
energy difference between the cases with and without LLD, taking the
first one as reference. With such convention, relaxation energies are
always positive, and their magnitude reflects the energetic driving force
for distortions away from the ideal reference lattices. We note that the
relaxation energy scale for hcp and 𝜔 structures is much greater than
for bcc. Further, we note that the trend in relaxation energies versus
composition is opposite for hcp and 𝜔 structures versus bcc, with the
former (latter) increasing (decreasing) in magnitude with increasing 𝑥.

The effects of LLD on the formation and mixing energies of the Nb–
Ta–Ti–Hf alloys are plotted in Fig. 6. Fig. 6(a) shows that accounting for
LLD i.e., accounting for the relaxation energy of the bcc phase, signifi-
cantly decreases the tendency for phase separation into the constituent
hcp and bcc elemental constituents. Specifically, the magnitudes of
𝛥𝐸form decrease by about 60% with lattice relaxations, to values that
would enable these alloys to be stabilized with respect to the phase-
separated state by an ideal configurational entropy at temperatures
above approximately 1030, 560 and 350 K for 𝑥 = 0, 0.25 and 0.5,
respectively.

Considering also the mixing energy results in Fig. 6(b), we see that
without LLD the values have positive values for all 𝑥. The effect of relax-
ations is to reduce the values of 𝛥𝐸mix to small magnitudes very near
the ideal mixing limit of zero. Thus, although the lattice relaxations
lead to a structurally more complex alloy due to the presence of LLD,
they lead to a more ideal alloy in terms of mixing properties.

We consider next the energetic stability of the bcc structure relative
to hcp and 𝜔 phases. Specifically, we plot in Fig. 7 results for the energy
differences among these three structures, considering twenty different
SQS models for each phase at each composition. The spread in energy
across these structures are indicated with box plots with the median
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Fig. 7. Calculated structural energy differences for Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems. Box plots of the difference between the energies of bcc (blue) and hcp/𝜔 (green/red)
phases considering structures with atoms constrained to reside on ideal lattice sites (without LLD) in (a) and (b), and accounting for the ionic relaxation of these structures (with
LLD) in (c) and (d). Annotated values throughout indicate the difference between the averages of respective energy distributions, taking the bcc structure as reference. A total of
twenty different SQS configurations are used for each phase and composition. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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energy for each structure and composition indicated by the horizontal
lines, and the difference between the averages of respective energy
distributions relative to bcc at each composition indicated by annotated
values.

Results are plotted in Fig. 7 both excluding (panels a and b) and
including (panels c and d) the contributions from structural relaxations,
in order to highlight the role of the LLD. Whereas LLD enhance the
stability of the bcc phase at low Nb concentrations (𝑥), they lower the
magnitude of the structural energy differences between bcc versus hcp
nd bcc versus 𝜔, as 𝑥 increases beyond 0.1. The most important effect
f LLD is seen to be for the bcc versus hcp structural energy differences.
verall the results highlight the importance of including consideration
f LLD in calculations of relative structural stability, as pointed out for
elated alloys in Ref. [17].

The results in Fig. 7(c) clearly demonstrate the stability of the
cc structure relative to hcp, since the average energies for the latter
re higher and there is no overlap in the distributions across the
ifferent considered SQS models. By contrast, the results in Fig. 7(d)
ndicate that in the case of the 𝜔 phase a clear conclusion regarding
he energetic preference of the bcc structure is possible only when 𝑥
s larger than 20 at.%. Indeed, at low Nb concentrations the statistical
istribution of bcc and 𝜔 phases almost fully overlap. This result
ay be important for activation of transformation-induced plasticity

TRIP) [16,17,58,59] mechanism, such that the results in Fig. 7(d)
howing compositions where the energies of 𝜔 and bcc are close may
rovide guidelines for metastability alloy design.

The results in Fig. 7 show that the bcc phase is energetically stable
elative to 𝜔 for all configurations only for intermediate and higher Nb
oncentrations. This is qualitatively consistent with the phonon results
n Section 3.3, which show that increasing Nb content decreases the
resence of spectral weight at imaginary frequencies associated with
he transformation of the bcc structure towards a hexagonal lattice.

The valence electron concentration (VEC) i.e., the average number
f valence s and d electrons per atom, has been used to compare the
tructural stability between the bcc and fcc phases in Cantor HEAs [60–
2] and is well-known to correlate with structural stability for fcc, bcc,
8

cp and 𝜔 phases in elemental transition metals [63]. We thus include
he VEC along with the composition variable 𝑥 in the plots throughout
his work.

In the case of the Nb–Ta–Ti–Hf systems considered here, this pa-
ameter is expected to provide only qualitative correlations, showing a
rend towards increasing stability of the bcc structure with increasing
EC. It is shown in Refs. [64,65] that significant charge transfer accom-
anies local relaxations in bcc HEAs. We find similar charge transfer
ffects, primarily between Ta, Ti and Hf atoms in the systems studied
ere, and important reconstruction of the 𝑑-project DOS, which are
ost pronounced for the lower values of 𝑥, as shown in supplementary
aterials Figs. S4 and S5. In this way, since theory of stability based

olely on VEC is justified by rigid band models, these assumptions be-
ome inconsistent with charge transfer effects and electronic structure
eorganization described above.

Further, Ti, Zr and Hf belong to the same chemical group, and
hus have the same VEC. Nevertheless, the energetics associated with
ransformation of the bcc structure is significantly different across these
hree elements [35,50]. For instance, at the elastic limit where the
etragonal shear modulus reflects the instability of the bcc structure,
e compute 𝐶 ′ values of −3, −9 and −20 GPa in pure bcc Zr, Ti and Hf,

espectively. These results highlight that the role of group IV elements
n governing stability of the bcc lattice is generally expected to differ
etween Ti, Zr and Hf despite them having the same VEC.

.5. Local lattice distortions (LLD)

We consider in this section the calculated LLD. We start by present-
ng the magnitude of these displacements in the first subsection, and
ove to consider the nature of the LLD in relation to 𝜔 and hcp trans-

ormation pathways subsequently. We then focus on 𝜔-like distortions
n the bcc lattice, discussing the energy landscape underlying these
istortions as well as compositional effects.
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3.5.1. LLD magnitudes and atomic misfit versus composition
The magnitudes of the calculated LLD are presented in Fig. 5(b)

which plots versus 𝑥 the quantity ⟨|𝐫𝑖 − 𝐫0𝑖 |⟩: the norm of atomic dis-
placements averaged over all atoms of a given configuration, across
twenty SQS configurations for a given composition, where 𝐫𝑖 and 𝐫0𝑖
enote the coordinates of the 𝑖–th atom at relaxed and ideal lattice
ositions, respectively. The magnitudes of the LLD calculated in the
cc structure monotonically decrease with increasing 𝑥, contrary to
he hcp and 𝜔 structures where the displacements initially increase
n magnitude with 𝑥 and then continue to grow at a slower rate.

hile the hcp structure shows the largest lattice distortions (normalized
y the respective lattice parameter) from medium up to high Nb
oncentrations, the 𝜔 phase shows slightly smaller magnitudes and
lateaus at intermediate values of 𝑥. Over this concentration range, the

most important contribution of atomic displacements observed in the
𝜔 phase comes from the high distortion of the atoms that are located
in the basal planes of this structure, corresponding to about 85% of the
LLD magnitudes, which indicates a spontaneous reconstruction towards
the bcc structure. Due to cell geometry constrains of the hcp phase,
we do not observe a clear structural reorganization of the structure
towards bcc even at high Nb concentrations. A detailed analysis of the
displacements for the bcc phase is presented in the next subsection.

The magnitude of LLD observed in the bcc phase may provide in-
sightful guidelines for alloy design, with respect to controlling strength
versus ductility relations. Whereas chemical complexity induces the
formation of cross-kinks in screw dislocations leading to extra strength
[66,67], large LLD in the bulk have been observed in simulations to
correlate with decreasing disparity between the mobility of edge and
screw dislocations [68,69], which has been suggested to be a factor
underlying improvements in ductility [69]. As shown in Fig. 5(b),
a large concentration of group IV elements allows to maximize LLD
observed in the bcc phase, and correlates with the known improvement
of room-temperature ductility in the group IV containing Senkov al-
loys [5,7,21] compared to the refractory bcc HEAs (e.g., NbTaMoW [4])
composed of group V and VI elements alone. A LLD informed duc-
tility criterion is presented in Ref. [70], which correlates well with
experimental observations. Although models based on VEC have also
shown guidelines in describing brittle versus ductile alloys [71], use
of LLD informed ductility criteria are viewed to be better justified
theoretically given that the lattice distortions are coupled with charge-
transfer and electronic structure changes that are beyond the rigid band
models that typically underlie predictions based solely on VEC. We note
that the large magnitudes for LLD obtained here have been measured
experimentally in other group IV enriched bcc HEAs [64], and are
computed to be more than five and three times larger than fcc and other
bcc HEAs [20,72], respectively.

We consider further the atomic volume misfit across the composi-
tions considered in this work. The importance of this parameter in the
context of the solid-solution strengthening effect for edge dislocations
in HEAs has been highlighted in previous theoretical work [73,74]. A
broadly-used normalized misfit parameter 𝛿misfit is defined as 𝛿misfit =
√

∑

𝑛 𝑐𝑛𝛥𝑉 2
𝑛 ∕9𝑉 2 [74], where 𝑐𝑛 and 𝛥𝑉𝑛 are respectively the concen-

ration and misfit volume relative to the average atomic volume (𝑉 )
f the 𝑛–th specie. We consider two different scenarios to calculate
he misfit parameter: (i) using a concentration-weighted sum of the
lemental atomic values to compute 𝑉 (i.e., Vegard’s Law [75,76]), and
ii) using a Bader charge analysis [77] and accounting for LLD, where
he misfit parameter is calculated in terms of Bader atomic volumes.
he second method is introduced as it enables an assessment of how
harge transfer affects atomic misfit. Details on the Bader analysis can
e found in the supplementary materials. Table 3 lists the values of 𝑉
nd 𝛿misfit calculated by these two methods.

Table 3 shows that 𝑉 obtained via the Bader analysis (method (ii))
s consistent with the alloy equilibrium volumes calculated using the
OS (aside from numerical errors <10−3 Å3), and that the Vegard’s Law
method (i)) slightly overestimates 𝑉 by 1% maximum at 𝑥 = 0.25. The
9

Table 3
Average atomic volume (𝑉 ) and misfit parameter (𝛿) of bcc
Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems calculated according to two differ-
ent scenarios outlined in the text, based on (i) volumes of the bcc pure
elements (Vegard’s Law [75,76]), and (ii) an analysis based on Bader
volumes.
𝑥 𝑉 (Å3/atom) 𝛿misfit (%)

(at.%) (i) (ii) (i) (ii)

0 19.13 19.05 4.0 6.5
5 19.10 18.98 3.9 6.2
10 19.01 18.88 3.7 5.9
15 18.97 18.81 3.6 6.4
20 18.93 18.80 3.5 6.0
25 18.86 18.68 3.3 5.2
30 18.80 18.66 3.2 5.1
35 18.76 18.61 3.1 4.9
40 18.67 18.55 2.8 4.6
45 18.63 18.53 2.7 4.2
50 18.60 18.50 2.5 4.1

difference in the results provided by methods (i) and (ii) is more evident
in the obtained misfit parameters. Specifically, method (ii) leads to
significantly larger values of 𝛿misfit due to the related LLD and charge
transfer effects noted earlier. Moreover, whereas the Vegard’s Law
analysis provides a monotonous relation between the Nb concentration
and misfit parameter, the Bader analysis shows a nonlinear correlation
at lower and intermediate Nb content, highlighting the role of charge
transfer effects on atomic misfit calculated by method (ii). While it is
not clear which of these different methods give values that are most
relevant to increasing strength, the differences point to potential limits
of employing estimates based solely on alloy composition (i.e., method
(i)).

3.5.2. Nature of displacements in the bcc phase
We investigate next the nature of the LLD in relation to the dis-

placements towards the 𝜔 and hcp structures. Specifically, we employ
an analysis involving the projection of the lattice displacements onto
known structural transformation paths for these phases. Such a frame-
work was first proposed to detect a bcc→𝜔 transformation in pure Ti in
Ref. [78], and then modified to analyze the structural stability of group
IV enriched bcc HEAs in Refs. [17,18].

We recall that the 𝜔 phase can be obtained from the bcc struc-
ture through correlated displacements of {111}bcc lattice planes, as
illustrated in Fig. 8(a). Specifically, along the 1/2⟨111⟩bcc direction,
the bcc structure shows an ABC stacking, with an interplanar spacing
of

√

3∕6 𝑎bcc, where 𝑎bcc is the lattice constant of the parent bcc
structure. Thus, the pathway for the bcc→𝜔 transformation can be
described by one parameter, 𝛿𝜔 defined as in Fig. 8(a), where 1/3 of
the {111}bcc planes remain undisplaced while the other 2/3 collapse
onto a common plane. The total atomic displacement to accomplish a
full transformation is: 𝛿𝜔 =

√

3∕12 𝑎bcc. We can thus define a structural
descriptor based on the projection of the atomic displacements onto
this transformation path as follows:

1. Calculate atomic displacements of optimized structures with
respect to ideal bcc lattice sites.

2. Project these displacements along the four independent ⟨111⟩bcc
directions.

3. Compute the projected amplitudes (i.e., the norm of the pro-
jected displacements) along each direction and then average
them over all atoms in the cell.

4. Sort the obtained values such that they take form as
{

𝑝1, 𝑝2, 𝑝3,
𝑝4
}

, where 𝑝1 is the largest.
5. Evaluate 𝑝1−𝑝2 to distinguish the structural transformation from

random, uncorrelated LLD.
6. Normalize 𝑝1 − 𝑝2 by 𝛿𝜔 to allow a comparison across different
compositions.
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Fig. 8. Relationship between displacements in the bcc structure and transformations to 𝜔 and hcp. Schematic representation of the (a) bcc→𝜔 transformation and (d) alternating
slide displacement of {110}bcc planes yielding to an hcp stacking along this same direction. Illustration of the structure descriptor used to detect the transformation of the bcc
structure towards the (b) 𝜔 and (e) hcp phases. Descriptors are built based on atomic displacements projected along the transformation path reaction coordinate. Calculated values
of the 𝜔 and hcp descriptors for Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems are plotted in panels (c) and (f), respectively. Each cross in (c) and (f) corresponds to a different SQS
configuration, relaxed from an initial state with atoms located at ideal bcc positions. A total of twenty SQS configurations are considered for each composition.
c
t
i
o
R
a

b
a
t
i
o
T
w
e
w
F

3

l
q

Fig. 8(b) illustrates the definition of the structure descriptor. Ac-
cording to its formulation, 𝑝1 − 𝑝2 (𝛿𝜔) is equal to 0 or 1 when a given
structure is ideal bcc or 𝜔, respectively. Step 5 is key in the case of HEAs
since, regardless of structural reconstruction, atomic positions can fea-
ture substantial deviations from ideal lattice sites arising from chemical
disorder. Nevertheless, for the case where displacements reflect trans-
formation towards the 𝜔 phase, the projection described above, along
the symmetry-broken ⟨111⟩bcc direction should be appreciably larger,
allowing to identify such structural transformations [17].

The tetragonal Burgers path, connecting the bcc to the hcp phase,
is defined in terms of two parameters: a lattice shearing corresponding
to 𝐶 ′ (see above) and an alternating displacement of {110}bcc planes
resulting from phonon modes along the 1/2[110] branch [42,49]. We
focus here on the shuffle which is schematically presented by Fig. 8(d).
The total magnitude of the atomic displacement leading to hcp AB
stacking along 1/2⟨110⟩bcc is given by: 𝛿hcp =

√

2∕12 𝑎bcc. Following
an approach similar to that described above for bcc→𝜔, we can define
a structure descriptor to detect distortions reflecting the bcc→hcp
transformation. Specifically, in step 2, we consider the six independent
⟨110⟩bcc directions as illustrated by Fig. 8(e), with the resulting aver-
aged projected amplitudes labeled as 𝑞1 through 𝑞6, similar to step 4.
Further, in step 6 the normalization parameter becomes 𝛿hcp. Analogous
to 𝑝1 − 𝑝2 (𝛿𝜔), the descriptor 𝑞1 − 𝑞2 (𝛿hcp) is equal to 0 or 1 when
a given structure shows ideal bcc or hcp stacking along 1/2⟨110⟩bcc,
respectively.

Fig. 8(c) displays the computed bcc→𝜔 descriptors across all consid-
ered Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 compositions, considering twenty
different configurations for each 𝑥. At low Nb concentrations, the
structural descriptor 𝑝1 − 𝑝2 shows a broad range of values across
the twenty individual configurations, with magnitudes as large as
0.45. These results indicate that some configurations show structural
10

T

distortions consistent with transformation significantly towards the 𝜔
phase. From medium up to high Nb concentrations, the number of
structures showing large magnitudes for this structural descriptor sig-
nificantly decreases, indicating an enhancement of the stability of the
bcc lattice. Given the phonon and structural energy results presented in
Sections 3.3 and 3.4, respectively, we identify that a Nb concentration
greater than 30 at.% corresponds to a complete stabilization of the
bcc structure. For 𝑥 >30 at.%, Fig. 8(c) shows that only two SQS
onfigurations have 𝑝1 − 𝑝2 values (slightly) greater than 0.1. We
herefore set 𝑝1 − 𝑝2 (𝛿𝜔) = 0.1 to classify the local atomic structures
n two groups: bcc- and 𝜔-like. We remark that the employed criterion
f 𝑝1 − 𝑝2 (𝛿𝜔) = 0.1 to discriminate the structures is different than
ef. [17], partly due to our chosen normalization parameter (𝛿𝜔), and
lso the results described above.

A similar analysis for 𝑞1−𝑞2 does not show evidence of a significant
cc→hcp structural reconstruction for any of the configurations at
ny of the compositions, as shown in Fig. 8(f). We employ the same
hreshold of 0.1 as used for 𝜔 distortions, also for 𝑞1 − 𝑞2 in the plot
n order to highlight that relaxed bcc structures show little evidence
f distortions towards to hcp, in comparison to what is found for 𝜔.
hus, neither the shuffle nor the tetragonal shear (see Fig. 2) associated
ith hcp transformation are reflected in the relaxed configurations and
nergy versus strain relations, respectively. These results are consistent
ith the large energy difference separating bcc and hcp phases (see
ig. 7(c)).

.5.3. Energy landscape underlying 𝜔 distortions
We consider further the bcc versus 𝜔 competition, noting that for

ow Nb concentrations Fig. 8(c) shows a wide range of values for the
uantity 𝑝1−𝑝2 corresponding to different quasirandom configurations.
his configurational dependence stands in contrast to the elastic and
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Fig. 9. Potential energy (𝐸𝑝𝑜𝑡) versus time recorded during the AIMD trajectories at
1300 K of two different SQS configurations (shown by different colors and markers) for
Ta0.25Ti0.375Hf0.375. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Table 4
Computed structural bcc→𝜔 descriptors (𝑝1 − 𝑝2) and relative energy
differences (𝛥𝐸) of structures obtained by energy relaxation at zero
temperature, starting from the different initial states indicated in Fig. 9.
The reference configuration (Ref.) used to compute 𝛥𝐸 is the initial
snapshot of the AIMD simulation (i.e., t = 0 ps), corresponding to atomic
positions obtained upon the relaxation of ideal bcc lattice sites.

SQS Snapshot 𝑝1 − 𝑝2 𝛥𝐸
(𝛿𝜔) (meV/atom)

(i)

Ref. 0.28 –
#1 0.42 <1
#2 0.13 <1
#3 0.21 <1

(ii)

Ref. 0.03 –
#4 0.01 <1
#5 0.40 <1
#6 0.20 <1

dynamic stability which, as discussed above, showed little variation
across the different SQS structures.

To gain further insight into this result, we investigate the potential
energy landscape, focusing specifically on the Ta0.25Ti0.375Hf0.375 (i.e.,
𝑥 = 0 at.%) system. Specifically, we perform ab initio molecular dynam-
ics (AIMD) simulations on two different SQS models for this ternary
alloy, namely those which display high and low values of 𝑝1 − 𝑝2 in
Fig. 8(c). The systems are brought to high temperature (T = 1300 K)
and we record the evolution of the potential energy (𝐸𝑝𝑜𝑡) explored by
the system through thermal fluctuations (details of the simulations can
be found in the Methods section).

Fig. 9 plots the potential energy versus time during the AIMD
trajectory. We select several snapshots from the trajectory for each
SQS, and then these configurations are structurally relaxed at zero
temperature. As shown in Table 4, the calculated energy differences
between these relaxed snapshots, and their reference configuration
represented in Fig. 8(c) (obtained from energy minimization starting
with ideal bcc coordinates) are less than 1 meV/atom. However, all
computed bcc→𝜔 descriptors (i.e., 𝑝1 − 𝑝2) are different in magnitude,
being either larger or smaller than the corresponding values in the
reference configuration. Moreover, we verify that this same behavior is
observed not only considering local minima of the potential energy but
also in snapshots that are just a few time-steps apart (see supplementary
materials). Optimized atomic positions obtained upon ionic relaxation
are thus strongly influenced by the initial starting displacements.

We therefore conclude that the multidimensional energy landscape
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features multiple, nearly energetically degenerate local minima. Some
of them corresponding to nearly uncorrelated LLD, with others showing
pronounced correlated distortions towards the 𝜔 phase, as reflected in
the larger values of 𝑝1 − 𝑝2.

3.5.4. Compositional effects on 𝜔 distortions in the bcc lattice
We focus next on the compositional effects on the 𝜔-like distortions

discussed above, and the associated relaxation energies. Due to the
presence of the group V elements (Nb and Ta), the observed intrinsic in-
stabilities in the bcc lattice are weaker than in pure group IV alloys (see
Section 3.3), such that they cannot lead to a perfect alternate collapse
of {111}bcc planes (i.e., a complete bcc→𝜔 transformation) such as we
have observed in relaxations in binary bcc Ti0.5Hf0.5. Indeed, the great-
est 𝑝1−𝑝2 obtained among all of the bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2
HEAs considered here represents less than 50% of the bcc→𝜔 re-
construction. We also show that increasing Nb concentration induces
appreciable changes on the energy landscape such that atomic arrange-
ments corresponding to energy minima become closer to ideal bcc
lattice sites, reflected by their smaller magnitude of LLD (see Fig. 5(b))
and low variation of 𝑝1 − 𝑝2 (see Fig. 8(c)).

We propose that, more generally, lattice distortions observed in
the bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems do not merely reflect
the atomic and elastic misfit of accommodating the different chem-
ical species [12,13], but correlate with a competition between two
effects: (i) a driving force for bcc→𝜔 transformation which arises
from the Ti-Hf bonding preferences, and (ii) a shear energy barrier
to such transformation induced by the group V elements (Nb–Ta)
concentration.

The aforementioned shear resistance is correlated with the shear
modulus 𝐺111 along the ⟨111⟩bcc direction on the {112}bcc plane, asso-
ciated with the collapse mechanism of the bcc→𝜔 transformation [59,
79]. 𝐺111 can be computed using the elastic constants obtained for the
bcc structure such that: 𝐺111 = (3 × 𝐶44 × 𝐶 ′)∕(2𝐶44 + 𝐶 ′) [42,80]. As
such, 𝐺111 is closely related to the tetragonal shear modulus, showing
the same trends as observed for 𝐶 ′ presented in Fig. 1. Specifically, 𝐺111
is always positive for all bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems,
indicating a shear energy barrier opposing the bcc→𝜔 transformation.

Moreover, 𝐺111 shows pronounced stiffening with increasing Nb
concentration, with 𝐺111 rising from 29 to 44 GPa for 𝑥 equal to 0
and 0.5, respectively (see supplementary materials). We note that a
similar intrinsic competition between a bcc→𝜔 transformation driving
force versus a shear energy barrier has been proposed in the literature
to explain the partially collapsed 𝜔 phase observed in metastable bcc
Ti-Nb [58] and Ti-Mo [59] alloys.

We investigate next the energy landscape along the bcc→𝜔 trans-
formation of binary Ti0.5Hf0.5, as shown by black circles in Fig. 10. We
use the 𝑝1 − 𝑝2 descriptor to indicate the reaction coordinate along the
transformation path. As such, the atomic arrangement corresponds to
ideal bcc lattice sites when 𝑝1 − 𝑝2 (𝛿𝜔) = 0, and perfect 𝜔 lattice posi-
tions when 𝑝1 − 𝑝2 (𝛿𝜔) = 1. Images (i.e., intermediate configurations)
along the transformation path are obtained using linear interpolation.
The energetic driving force is computed by performing frozen DFT cal-
culations (no constrained optimization is employed). Fig. 10 highlights
that the bcc→𝜔 transformation for Ti0.5Hf0.5 is spontaneous, showing
no energy barrier, as found for similar calculations in pure bcc Ti and
Hf [50].

To elucidate the proposed competition mechanism presented above
to describe the nature of the LLD observed in our studied HEAs, we
juxtapose in Fig. 10 on the plot for Ti0.5Hf0.5, the maximum 𝑝1 − 𝑝2
and relaxation energy at each composition for bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2
Hf(0.75−𝑥)∕2 systems (from Fig. 8(c)). For clarity, we use here the ideal
bcc structure as reference to compute the relaxation energy such that
it has opposite sign relative to the convention used in Section 3.4.

Fig. 10 shows that at 𝑥 = 0 at.%, and at the same energy coordinate,
the maximum observed 𝑝1 − 𝑝2 (see Fig. 8(c)) in the HEAs is very
close to the correspondent reaction coordinate of the Ti0.5Hf0.5 bcc→𝜔

transformation. In other words, in the Ta0.25Ti0.375Hf0.375, the bcc→𝜔
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c

Fig. 10. Composition interplay on 𝜔-like distortion observed in the bcc phase. Black
ircles denote frozen DFT calculations along the pathway of the bcc→𝜔 transformation

of the binary Ti0.5Hf0.5. Colored crosses represent maximum 𝑝1 − 𝑝2 observed at each
composition shown in Fig. 8(c), and the correspondent energetic driving force arising
from the relaxation of ideal bcc lattice sites of these structures. The legend box
indicates the Nb concentration (𝑥) in bcc Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 systems. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

reconstruction driving force induced by the large Ti-Hf concentration
is strong compared to the shear energy barrier induced by 25 at.% of
Ta, as reflected by the low 𝐺111 computed at this composition. With the
increasing Nb concentration, again at the same energy coordinate, the
separation between the maximum HEAs 𝑝1 − 𝑝2 and the correspond-
ing Ti0.5Hf0.5 reaction coordinate increases, reflecting the increasing
shear energy barrier, which correlates with the observed stiffening of
𝐺111. In fact, when the Nb content becomes greater than the critical
concentration required for a complete stabilization of the bcc lattice
(𝑥 >30 at.%, see Section 3.3), Fig. 10 shows that the results for the
Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 no longer shows a correlation with the
Ti0.5Hf0.5 bcc→𝜔 energy pathway. In this way, we demonstrate that the
large magnitudes of LLD observed at low Nb concentrations not only
reflect atomic-size and elastic misfit, but also show evidence of a bcc→𝜔
transformation driving force arising from Ti-Hf bonds. This driving
force becomes less important as the Nb concentration increases, which
combined with the increasing shear resistance to structural change
away from the bcc lattice arising from Nb–Ta bonds, results in the
smaller magnitudes of LLD observed in the bulk.

4. Summary and conclusions

We present results of DFT calculations for the elastic, dynamic,
energetic and structural stability of bcc phases in the Nb–Ta–Ti–Hf
HEA system. We consider the effects of varying the ratio of group IV
(Ti + Hf) to group V (Nb + Ta) concentrations, through calculations as a
function of 𝑥 in Nb𝑥Ta0.25Ti(0.75−𝑥)∕2Hf(0.75−𝑥)∕2 alloys. We demonstrate
the roles of composition and local lattice distortions (LLD) in governing
the stability of the bcc phase relative to the competing hcp and 𝜔
structures. The main conclusions can be summarized as follows:

• Calculated elastic moduli indicate elastic stability for all values
of 𝑥 between 0 and 0.5, independent of the detailed atomic
configurations used in the different special quasirandom structure
(SQS) models. Both increasing concentration of group V elements,
and the presence of LLD enhance the elastic stability of the bcc
structure, as reflected by increasing values of the tetragonal shear
modulus.

• The dynamic stability assessement of the bcc structure, analyzed
in terms of the phonon spectral functions, shows indications of
instabilities associated with the transformation towards a hexag-
12

onal lattice for lower and intermediate concentrations of group
V elements. These instabilities are qualitatively similar to those
obtained in binary bcc Ti0.5Hf0.5, but with both LLD and increas-
ing group V content acting to suppress them. No indications of
dynamic instability are observed for 𝑥 greater than 0.3.

• Although the bcc phase is found to be energetically stable for all
compositions relative to hcp, the 𝜔 phase shows energies close
to bcc for lower values of 𝑥 with the spectra of energies across
different SQS configurations overlapping for 𝑥 <0.2. For larger
values of 𝑥 bcc becomes clearly energetically stable. The effect
of LLD is to decrease the magnitude of the structural energy
differences, enhancing the stability of the bcc phase for low 𝑥, but
making the 𝜔 phase in particular more energetically competitive
for higher concentrations of group V elements.

• The magnitudes of the LLD are calculated to be large (up to
an average value of 0.24 Å) in bcc alloys with the highest con-
centration of group IV elements, and decrease in magnitude to
values comparable to other stable HEAs with increasing 𝑥. The
LLD show signatures of correlated displacements towards the 𝜔
phase for 𝑥 less than approximately 0.3, where we also find
a complex energy landscape characterized by multiple nearly
degenerate energy minima corresponding to different degrees of
𝜔-like distortions. The degree of 𝜔-like collapses are incomplete
for all configurations and compositions considered. No evidence
of displacements towards the hcp phase are found.

Overall, the results provide important insights into the ways in
which composition can be tuned to control the relative stability of
competing phases in bcc Nb–Ta–Ti–Hf alloys, which may have im-
portant implications for activating transformation-induced plasticity
(TRIP) mechanisms [16,17,58,59]. Additionally, composition is shown
to have a strong effect on LLD, the control over which could have
important implications for the mobility of edge versus screw disloca-
tions [68,69].
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