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Q U A L I T A T I V E G E O M E T R I C R E A S O N I N G 

Robert K. Lindsay 

Artificial Intelligence Laboratory 

Univers i t y o f  M i c h i g a n 

A B S T R A CT 

This paper addresses an old and fundamental problem, the role of visual imagery in cognition. 
Whil e th e proble m ha s a  lon g histor y i n philosoph y an d psychology ,  i t  ha s ha d les s attentio n 
explicitl y  directe d towar d i t  i n artificia l  intelligenc e researc h o n reasonin g (a s oppose d t o machin e 
visio n an d graphics) .  Thi s pape r  addresse s th e questio n o f  wha t  i t  mean s fo r  a  cognitiv e agen t  t o 
thin k directl y i n visua l  image s (depictions) ,  an d ho w suc h abihtie s migh t  b e formalize d an d 
accomplishe d wit h compute r  hardware .  I t  i s  argue d tha t  th e identificatio n o f  imager y wit h non -
propositiona l  o r  wit h non-digita l  representations  i s incorrect ;  rather ,  th e qualit y o f  imager y tha t 
give s i t  a  specia l  characte r  i s tha t  i t  employ s non-deductiv e inference ,  an d thi s ma y wel l  b e 
achieve d b y descriptive ,  digita l  representations .  Furthermore ,  researc h o n knowledg e 
representation  withi n A I  suggest s approache s t o th e classica l  problem s o f  imagisti c thinking .  A 
progra m i s describe d fo r  translatin g propositionall y state d geometri c assertion s int o diagrammati c 
representations  an d employin g a  constraint-propagatin g procedur e t o manipulat e th e 
representations,  thereb y makin g inference s an d testin g conjectures . 

INTRODUCTION 

Much of the imagery debate within psychology still grapples with several puzzles that have been 
lon g wit h us :  I f  knowledg e i s represente d a s depiction s whic h mus t  b e "observed" ,  ho w ca n a n 
endles s regress  o f  homuncul i  withi n homuncul i  b e avoided ? Sinc e imager y lack s th e detai l  an d 
vividnes s o f  perception ,  an d i s no t  restricted  b y actua l  observatio n o f  th e worl d bu t  ma y b e 
produce d "a t  will "  eve n t o represen t  non-veridica l  possibilities ,  ho w ca n i t  b e o f  us e i n reasoning? 
Sinc e anythin g tha t  ca n b e represente d ca n b e represente d descriptionall y t o an y desire d amoun t  o f 
detail ,  an d sinc e description s ca n b e deal t  wit h computationall y i n straightforwar d ways ,  wh y 
bothe r  wit h depictiona l  representatio n a t  all ? Sinc e depiction s mus t  b e specific ,  ho w ca n the y b e 
use d t o reac h genera l  conclusions ? Th e debat e betwee n Kossly n (1980 ;  Kossly n &  Pomerantz , 
1977 ;  Kossly n e t  al. ,  1979 )  an d Pylyshy n (1973 ,  1980 ,  1981 )  testifie s t o th e continuin g concer n 
thes e problem s cause . 

Research in artificial intelligence has illuminated many of the issues that have stimulated cognitive 
researc h i n general ,  an d it s emphasi s o n explicitl y  define d computationa l  model s offer s certai n 
insight s an d technique s tha t  ca n appl y productivel y t o th e imager y problem .  Fo r  example ,  sinc e a 
programme d mode l  require s th e specificatio n o f  th e processe s tha t  construc t  an d us e it s 
representation s (i n thi s pape r  thes e ar e calle d constructio n an d retrieva l  processes) ,  th e homunculu s 
proble m i s addresse d an d solve d wit h eac h A I  implementation .  Bu t  th e majo r  relevan t  insigh t  o f 
AI  i s  that ,  whil e som e sor t  o f  genera l  calculu s fo r  reasonin g ma y b e possible ,  whe n on e consider s 
th e computationa l  complexit y an d efficienc y issue s tha t  mus t  b e addresse d i n th e constructio n o f  a 
real-tim e intelligence ,  i t  become s clea r  tha t  no t  al l  in-principl e adequat e representation s ar e 
equivalent .  Specifically ,  a  representatio n tha t  capture s th e geometri c propertie s o f  spac e woul d b e 
abl e t o mak e inference s (and ,  a s w e wil l  propos e here ,  conjecture s a s well )  b y constrain t 
satisfactio n method s tha t  avoi d th e combinatoria l  problem s o f  deductiv e proof .  Suc h methods , 
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then ,  ar e a  too l  tha t  addresse s th e fram e proble m (ho w knowledg e shoul d b e update d whe n som e 

fact s change )  b y lettin g "th e sid e effect s tak e car e o f  themselve s (Haugeland ,  1985 ,  pag e 229)" . 

Anderson (1978) has argued that it cannot ultimately be decided whether human thinking is 

imagisti c o r  propositional ,  sinc e i t  i s alway s possibl e t o impos e a n imagisti c interpretatio n o n a 

prepositiona l  description ,  an d vic e versa .  However ,  tw o informationall y equivalen t 

representation s m a y nonetheles s no t  b e computationall y equivalen t  (a s pointe d ou t  b y Larki n an d 

Simon ,  1987) .  Thu s specifi c  model s ca n succee d o r  fai l  t o matc h empirica l  facts ,  exhibi t  varyin g 

amount s o f  explanator y power ,  o r  b e computationall y an d biologicall y mor e o r  les s plausible . 

Theorie s mus t  b e judge d no t  b y direc t  verificatio n o f  thei r  underlyin g assumptions ,  bu t  b y th e 

usua l  standard s o f  empirica l  tes t  o f  thei r  prediction s o f  observabl e behavio r  an d thei r  coherenc e 

wit h othe r  establishe d theor y an d fact .  Se e Hayes-Roth ,  1979 .  Consequently ,  thi s pape r  i s 

conceme d wit h account s o f  the/M«cr/6>na/propertie s o f  representation s rathe r  tha n wit h issue s o f 

th e natur e o f  th e bas e representation .  I  believ e tha t  imager y i s indee d functionall y differen t  fro m 

logic-base d systems ,  thoug h no t  becaus e logi c i s propositional .  I  hav e argue d elsewher e (Lindsay , 

1988 )  tha t  ther e i s a  differenc e betwee n knowledg e representation s tha t  suppor t  inferenc e b y 

deduction ,  tha t  is ,  b y th e us e o f  a  proo f  procedur e suc h a s tha t  o f  first-orde r  logic ,  an d thos e tha t 

suppor t  inferenc e withou t  deduction ,  suc h a s b y heuristi c searc h and/o r  constrain t  mechanism s 

inheren t  i n th e representation .  I n othe r  words ,  i t  i s no t  th e distinctio n betwee n propositiona l  an d 

non-propositiona l  representation s tha t  i s a t  issue ,  bu t  th e distinctio n betwee n representation s base d 

on a  logico-deductiv e formalis m an d thos e tha t  hav e inheren t  structure ,  includin g bu t  no t  limite d t o 

schema systems .  Thi s i s a n ide a tha t  ha s als o bee n advance d b y other s i n somewha t  differen t 

terms ,  includin g Palme r  (1978 )  an d Dretsk e (1981) . 

Palmer's analysis is particularly illuminating. He defines a hierarchy of three types of 

isomorphis m betwee n a  representatio n an d tha t  whic h i t  represents .  Physica l  isomorphism s 

preserv e informatio n b y virtu e o f  representin g relation s tha t  ar e identica l  t o th e relation s 

represented .  Thu s a  physica l  mode l  o f  a  natura l  terrai n preserve s th e spatia l  relation s o f  th e 

represente d terrai n wit h th e ver y sam e relations ,  includin g fo r  exampl e elevation ,  bu t  o n a  differen t 

scale .  Functiona l  isomorphisms ,  o n th e othe r  hand ,  preserv e informatio n b y representin g relation s 

tha t  hav e th e sam e algebrai c structur e a s th e relation s represented .  Thu s th e elevation s o f  a  natura l 

terrai n m a y b e represente d a s color s o n a  m a p o f  th e terrain ,  provide d th e color s ar e interprete d 

appropriatel y (a s a n ordere d set )  an d mappe d s o a s t o preserv e th e orde r  o f  th e physica l  elevation s 

of  th e terrain .  Thu s physica l  model s ar e a  prope r  subse t  o f  functiona l  models .  Palme r  introduce s a 

clas s o f  isomorphism s betwee n physica l  an d functional ,  whic h h e call s natura l  isomorphisms .  I n a 

natura l  isomorphism ,  th e representatio n o f  preserve d relation s nee d no t  b e b y mean s o f  identica l 

relations ,  a s i n physica l  isomorphism ,  henc e no t  al l  natura l  isomorphism s ar e physica l 

isomorphisms .  O n th e othe r  hand ,  no t  jus t  an y algebraicall y equivalen t  se t  o f  relation s qualifies . 

I n a  natura l  isomorphism ,  th e representin g construct s hav e inheren t  constraint s (Palmer' s  term) ; 

tha t  is ,  ther e i s additiona l  structur e impose d o n th e representin g object s tha t  limit s th e way s i n 

whic h the y m a y relate .  I f  thes e inheren t  cons&aint s preserv e th e relation s o f  th e represente d world , 

we hav e a  natura l  isomorphism . 

Palmer identifies natural (including physical) isomorphisms with analog (including pictorial) 

representations ,  an d functiona l  bu t  non-natura l  isomorphism s wit h propositiona l  representations . 

Propositiona l  representation s ar e thu s les s restricted ,  a s w e normall y suppose ,  becaus e th e 

structur e o f  th e representin g worl d i s extrinsi c t o it ,  tha t  i s i t  m a y b e arbitraril y  imposed ,  sa y i n th e 

for m o f  rule s o f  deduction .  However ,  analo g (includin g pictorial )  representation s emplo y 

representation s tha t  hav e inheren t  (non-arbitrary ,  unalterable )  structur e ('inheren t  constraints' )  tha t 

allo w u s t o d o awa y wit h deductio n rules .  Thi s limit s thei r  applicability ,  bu t  a t  th e sam e tim e 

increase s thei r  powe r  b y reducin g th e computationa l  complexit y o f  inferenc e (an d easin g th e frame 

problem) .  A  simila r  definitio n o f  "analog "  wa s suggeste d b y Dretske .  Not e tha t  thi s us e doe s no t 

identif y analo g wit h continuou s (non-digital )  representations . 
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The concept s o f  simulatio n an d constrain t  satisfactio n whic h deriv e fro m artificia l  intelligenc e 
researc h provid e mean s t o realiz e thes e ideas .  A  progra m tha t  simulate s th e behavio r  o f  a  physical , 
geometric ,  o r  abstrac t  syste m ma y serv e th e rol e o f  a  natura l  isomorphism .  A  cognitiv e agen t  o r 
progra m make s inference s abou t  th e externa l  situatio n b y runnin g it s  model ,  whos e inheren t 
constraint s mirro r  th e structura l  an d functiona l  constraint s o f  th e situation .  Wit h appropriat e 
implementations ,  th e costl y searc h require d b y proo f  procedur e method s i s avoided .  Th e cos t  o f 
usin g suc h representation s i s a  los s o f  th e generalit y  of ,  say ,  a  logi c base d syste m whic h bot h 
permit s arbitrar y description s an d provide s a  proo f  procedure .  A  secon d cos t  i s  a  los s o f  generalit y 
due t o th e nee d fo r  a  variet y o f  representation s fo r  a  variet y o f  problems .  Thi s cos t  ma y b e 
partiall y offse t  b y th e us e o f  analogy ,  suc h a s whe n non-geometri c problem s ar e translate d int o 
geometri c terms . 

The essence of this dissolution of the imagery problem is present in many knowledge 
representatio n method s tha t  ar e no t  overtl y depictional .  Fo r  example ,  inheritanc e hierarchie s 
(Touretzky ,  1986 )  exhibi t  th e essenc e o f  depictiona l  representatio n simpl y becaus e certai n 
inference s (tha t  propert y P  i s tru e o f  eac h member  o f  an y subse t  o f  a  clas s t o whic h P  i s 
appropriatel y attributed )  follo w "automatically "  fro m th e additio n o f  informatio n t o th e 
representation .  Suc h inference s ar e inheren t  i n th e constructio n an d us e o f  th e representation , 
withou t  explicitl y  employin g a  proo f  procedure .  Hierarchie s are ,  o f  course ,  readil y an d universall y 
represente d propositionally . 

Inheritance of properties, however, is a limited and specific form of reasoning. Reasoning with 
visua l  image s i s a  mor e genera l  an d ubiquitou s abilit y  fo r  whic h cognitiv e (a s wel l  a s perceptual ) 
mechanism s ar e presumabl y alread y i n plac e i n an y organis m wit h vision .  Visua l  reasonin g ca n b e 
accomplishe d wit h a  representatio n whos e constructio n an d retrieva l  processe s embod y th e 
inheren t  geometri c and/o r  physica l  constraint s o f  spac e an d mechanics .  Onc e thi s i s understood , 
th e researc h issue s n o longe r  tur n o n whethe r  th e representatio n i s propositiona l  o r  not ,  no r 
whethe r  i t  i s analo g o r  digital .  Th e issu e i s ho w t o represen t  geometri c an d physica l  system s i n 
ways tha t  ar e computationall y efficien t  an d ca n interfac e appropriatel y wit h othe r  form s o f 
knowledg e representation .  Shoul d th e representation s loo k lik e o r  b e readil y translatabl e int o a 
conventiona l  descriptiv e format ,  suc h a s frames ,  the y remain ,  throug h th e fac t  o f  thei r 
specialization ,  basicall y differen t  i n kin d fro m a  general ,  arbitraril y  structurabl e formalis m suc h a s 
predicat e calculus .  The y ar e "natura l  isomorphisms" ,  whic h combin e th e virtue s o f  a  physica l 
model ,  whos e behavio r  i s force d t o obe y physica l  laws ,  wit h th e virtue s o f  a n abstrac t 
representation ,  whic h ca n b e recorde d an d processe d b y digita l  computer s o r  brains . 

GEOMETRIC REASONING 

The bulk of artificial intelligence research on reasoning has not directly addressed imagistic 
reasonin g i n spit e o f  th e seemin g centrality ,  alon g wit h verba l  reasoning ,  o f  thi s mod e o f  though t 
as suggeste d b y th e long-standin g interes t  i n psychology ,  th e commo n introspectiv e impressio n o f 
th e layman ,  an d extensiv e anecdota l  evidenc e fro m literatur e o n th e histor y o f  scientifi c  discovery . 
The specia l  cas e o f  reasonin g abou t  tw o dimensiona l  geometri c object s ha s bee n addresse d bot h i n 
th e cognitiv e modellin g an d A I  literature ,  however .  Spac e doe s no t  permi t  discussio n an d 
compariso n wit h th e presen t  wor k excep t  t o acknowledg e relate d researc h b y Gelemte r  (1959) , 
Nova k (1977) ,  Fun t  (1977 ,  1981) ,  Kossly n (1980) ,  Forbu s (1983) ,  Anderso n e t  al .  (1985) , 
Larki n &  Simo n (1987) ,  an d Koedinge r  &  Anderso n (i n press) .  Som e o f  thi s researc h ha s 
employe d deductiv e method s augmente d b y a d ho c codin g o f  diagrammati c information ,  whil e 
some o f  i t  ha s employe d non-deductiv e representation s mor e centrally ,  althoug h fo r  circumscribe d 
tasks .  Th e presen t  wor k i s a n attemp t  t o abstrac t  an d generaliz e th e insight s o f  thes e authors . 

It is now widely understood that any knowledge representation must specify, in addition to the 
underlyin g forma t  o f  th e recorde d data ,  th e procedure s fo r  addin g an d recallin g informatio n fro m 
th e store .  A s noted ,  I  cal l  thes e constructio n processe s an d retrieva l  processe s respectively ;  I  refe r 
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t o th e passiv e record  a s th e representation-proper .  Previou s wor k o n model s o f  imager y hav e 
employe d severa l  representations-proper.  Non e o f  thes e i s "purel y depictional "  i n an y intuitivel y 
clea r  way ,  bu t  a s I  hav e argued ,  tha t  i s  no t  th e issue . 

Predicate representations: Individual constants are single letters, such as A, B, C, and D. 
Predicate s introduc e objects ,  fo r  example ,  POINT(A) ,  POINT(B) ,  POINT(C) ,  POrNT(D) , 
SEGMENT(POINT(A),  POINT(C)) ,  ANGLE(POINT(A) ,  POINT(D) ,  POINT(B) )  an d 
QUADRANGLE(POINT(A),  POINT(D) ,  POINT(B) ,  POINT(C)) .  Metri c relation s ma y b e introduce d wit h 
th e us e o f  a  numerica l  equalit y predicat e '= '  an d number s [LENGTH(SEGMENT(B,C) )  =  1 0 an d 
MEASURE(ANGLE(D,  A ,  C) )  =  90 ]  o r  wit h additiona l  predicate s suc h a s RIGHTANGLE(D,  A ,  C) . 
Non ratio-scal e positiona l  relation s ar e expresse d wit h predicate s suc h a s BELOW(D,  C )  an d 
LONGER(SEGMENT(A,  C) ,  SEGMENT(A,  D)) .  I n general ,  arbitrar y description s ma y b e constructe d 
includin g diagrammaticall y impossibl e description s suc h a s BELOW(D,  C )  &  ABOVE(D,  C) . 
Description s ma y als o b e incomplet e an d inaccurate . 

Schema (Frame) representations: Schemas are structured propositional knowledge that 
relat e severa l  predicate s an d impos e restriction s o n variabl e types .  Fo r  example ,  a  schem a fo r 
triangl e include s th e fac t  tha t  i t  i s  compose d o f  thre e vertice s (whic h mus t  b e poin t  names )  an d 
thre e side s (whic h mus t  b e segments) .  Poin t  schema s an d segmen t  schema s i n tur n contai n 
informatio n abou t  names ,  locations ,  an d impose d constraint s (suc h a s rigidit y o f  a  segmen t  o r 
fixednes s o f  a  location) ;  som e o f  thi s informatio n ma y b e unknow n a t  an y give n time .  Fo r 
example ,  a  segmen t  coul d b e recorde d i n a  schem a wit h thi s format : 

SEGMENT SCHEMA 
N A ME 
ENDl 
END2 
SEGMENTPOINTS 
MARKING 
SOURCE PREMISE 
LENGTH 
LENGTHSTATUS 
BEARING 
BEARINGSTATUS 

NI L 
A 
C 
(fPOINT)#6166 6 fPOINT)#6333 3 .. .  . ) 
BLACK 
INPUT-1 :  "OUADRANGLE(A,  D ,  B ,  C) " 
10 
FIXE D 
30 
ARBITRARY 

Coordinat e representations :  Th e representation-prope r  consist s o f  a  se t  o f  marke d points , 
each o f  whic h i s assigne d numerica l  x, y coordinates .  Som e o f  th e marke d point s ma y hav e 
associate d names .  Object s exis t  b y virtu e o f  thei r  coordinate s satisfyin g certai n definin g numerica l 
relations .  Fo r  example ,  a  segmen t  exist s i f  al l  o f  th e coordinate s "between "  (algebraicall y defined ) 
it s  endpoint s correspon d t o marke d points .  Th e definitio n o f  a  triangl e i s mor e complex .  Metri c 
relation s ar e represente d implicitiy ,  an d ar e retrieve d b y computations .  Fo r  example ,  th e lengt h o f 
a segmen t  i s compute d b y applyin g th e Euclidia n distanc e functio n t o th e coordinate s o f  it s 
endpoints .  Ordina l  metri c relation s suc h a s "t o th e right  o f  ar e define d b y appropriat e 
computation s o n coordinates . 

Pixel Array representations: This representation is similar to Cartesian coordinate 
representation s excep t  tha t  i t  i s  digitized :  coordinate s mus t  be ,  say ,  integer s o r  rationa l  decimal s o f 
limite d precision .  Eac h pixe l  ma y b e on e o f  a  finite  numbe r  o f  value s t o denot e a  gre y leve l  o r  a 
color .  Pixel s ar e reference d b y indices ,  an d relativ e location s ma y b e determine d b y arithmeti c o n 
indices .  I n mor e elaborat e pixe l  arra y representations ,  th e "grain "  o f  th e arra y ma y b e stratifie d 
under  progra m contro l  s o tha t  som e o r  al l  o f  th e representatio n ma y b e "exploded "  o r 
"compressed "  t o obtai n varyin g level s o f  detail . 
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Pixe l  Networ k representations :  Element s o f  th e representation-prope r  ar e interprete d a s 
point s eac h o f  whic h i s connecte d t o eigh t  neighbors :  i n th e north ,  northeast ,  east ,  southeast , 
south ,  southwest ,  west ,  an d northwes t  directions .  A n elemen t  ma y hav e a n associate d nam e an d a 
marking .  Object s suc h a s segment s ar e represented  implicitl y  b y markin g a  connected , 
appropriatel y straigh t  se t  o f  elements .  Metri c  relations  suc h a s lengt h ar e retrieved  b y determinin g 
th e cardinalit y o f  th e se t  o f  marke d points .  Ordina l  metri c  relations  ar e implici t  i n th e topolog y an d 
must  b e retrieved  o r  teste d b y searchin g o f  th e connection s an d applyin g appropriat e definition s 
(e.g. ,  B  i s righ t  o f  A  i f  ther e i s a  pat h from A  t o B  tha t  goe s throug h mor e step s i n th e thre e "right " 
direction s (northeast ,  east ,  southeast )  tha n i n th e thre e "left "  directions . 

I have implemented a system for the representation of simple geometric elements such as points, 
lines ,  an d triangle s i n two-dimensiona l  space .  A t  th e hear t  o f  th e syste m i s a  fixed  se t  o f 
constructio n an d retrieval  processes .  Fo r  example ,  ther e i s a  proces s tha t  construct s a  lin e segmen t 
betwee n tw o give n point s ( a constructio n process )  an d a  proces s tha t  determine s whethe r  o r  no t 
tw o lin e segment s ar e o f  th e sam e lengt h ( a retrieval  process) .  Th e representatio n i s a  pixe l 
array/networ k tha t  combine s th e feature s o f  bot h o f  thes e representation  type s i n a  singl e structure , 
plu s a  structur e o f  inter-relate d schema s fo r  geometri c object s (point ,  lin e segment ,  triangle ,  an d s o 
forth )  presen t  i n a  depiction .  Th e pixe l  arra y i s  finite  i n extent ,  an d ha s a  certai n inheren t  grai n o r 
minimu m resolution  bot h i n distanc e an d direction .  Th e distanc e resolutio n ca n b e se t  t o coarse r 
value s an d thi s wil l  affec t  th e behavio r  o f  th e constructio n an d retrieval  processes ;  thu s th e tes t  o f 
segment  lengt h check s equalit y t o withi n th e currentl y operativ e resolution,  an d th e constructio n o f 
a lin e segmen t  wil l  exhibi t  a  correspondin g compliance .  Th e frames relate  th e geometri c object s t o 
th e pixe l  array ,  an d record  propositionall y specifie d o r  derive d description s o f  th e objects ,  suc h a s 
tha t  a  particula r  lin e segmen t  i s  required  t o b e rigid.  Predicat e representations  ar e use d a s inpu t 
(only) .  Th e informatio n thu s give n t o th e syste m i s use d b y th e constructio n processe s t o buil d th e 
thre e component s o f  th e representation  system ,  thereb y describin g a  specifi c  instanc e o f  tha t  whic h 
was describe d i n th e predicat e input . 

Although lines in a depiction have specific lengths and polygons have specific areas, only 
qualitativ e judgment s abou t  thes e metri c quantitie s ar e know n t o th e processes .  Thus ,  a  lin e ma y 
be judge d longer ,  shorter ,  o r  equa l  i n lengt h t o another ,  bu t  difference s i n length s canno t  b e 
compare d unles s a  constructio n ca n b e mad e (wit h thes e processes )  tha t  produce s ne w lin e 
segment s o f  th e appropriat e length s t o b e compared . 

In the human mind, imagery and verbal thought cohabit, interact, and complement one another. 
Therefore ,  i t  i s  importan t  t o se e ho w suc h interaction s coul d com e about .  Althoug h th e syste m 
canno t  produc e representation s throug h visua l  perception ,  i t  ca n d o s o from  description s provide d 
eithe r  externall y o r  b y it s ow n highe r  orde r  goal-drive n processes .  I n addition ,  th e program s 
illustrat e ho w image s ca n b e use d bot h t o produc e an d t o tes t  conjecture s abou t  wha t  i s possible , 
and thu s hav e th e abilit y  t o ru n Gedanke n experiment s i n th e servic e o f  proble m solving .  Thi s 
requires  th e interactio n o f  th e representatio n wit h th e mor e conventiona l  searc h method s o f  A I  a s 
discusse d later . 

QUALITATIVE GEOMETRIC REASONING 

Certain inferences are straightforward in the system. For example, if a triangle is constructed with 
tw o equa l  angles ,  th e inferenc e tha t  i t  ha s tw o equa l  side s ca n b e mad e b y "observation" ,  usin g th e 
abov e cite d retrieva l  process ;  thi s i s a n inferenc e bu t  no t  a  deduction .  Mor e interestin g i s th e us e o f 
th e syste m t o produc e an d tes t  conjectures .  Thi s depend s o n th e architectur e o f  highe r  processe s 
tha t  se t  appropriat e tasks .  I n m y model ,  al l  o f  thes e proble m solvin g method s wor k throug h a  se t 
of  "visua l  routines "  tha t  emplo y th e constructio n an d retrieva l  processes .  Thes e visua l  routine s 
manipulat e existin g depiction s b y propagatin g smal l  perturbation s o f  poin t  position s o r  lin e 
lengths .  This ,  i n effect ,  simulate s "i n th e mind' s eye "  wha t  woul d happe n i f  real  geometri c object s 
wer e manipulate d physically . 
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Thes e processe s ar e calle d qualitativ e geometri c reasoning  processes ,  o n analog y t o wor k b y d e 

Klee r  &  B row n (1984) ,  Forbu s (1984) ,  an d otiicr s (se e Bobrow ,  1985 )  o n qualitativ e physica l 

reasonin g methods .  I n tha t  work ,  composit e physica l  structures ,  suc h a s a n electroni c circui t  o r  a 

pressur e regulating  valve ,  ar e modelle d fro m a n inventor y o f  components ,  eac h o f  whic h behave s 

accordin g t o equation s tha t  relate  it s input s an d outputs .  A  progra m reason s abou t  th e composit e 

model  b y observin g it s behavio r  whil e smal l  qualitativ e perturbation s o f  physica l  quantitie s ar e 

propagate d throug h th e model ,  obeyin g th e componentia l  equations .  I n m y mode l  o f  qualitativ e 

geometri c reasoning ,  smal l  perturbation s o f  position s (suggeste d b y th e highe r  processe s i n servic e 

of  testin g a  conjectur e o r  attemptin g t o mak e a  constructio n i n accordanc e wit h a n externall y 

supplie d propositiona l  description )  ar e propagate d whil e obeyin g th e inheren t  constraint s o f  two -

spac e (a s implemente d b y th e constructio n an d retrieva l  processes )  an d an y arbitrary ,  externall y 

specifie d constraint s o n th e depictio n (a s recorde d i n th e fram e structures) .  Thu s th e representatio n 

determine s whethe r  a  propose d alteratio n i s possible ,  an d i f  i t  i s possible ,  wha t  follow s fro m it . 

To illustrate, consider Figure 1, interpreted as a shortest path problem. A representation of the left 

sid e o f  Figur e 1  i s constructe d b y th e progra m fro m descriptiv e statement s abou t  point s an d lines , 

includin g tha t  al l  lin e segment s ar e rigid  (an d henc e ca n b e rotate d bu t  no t  stretche d o r 

compressed) .  Externa l  "pulls "  ar e impose d o n point s A  an d B  i n th e direction s indicate d b y th e 

arrows .  Thi s manipulatio n i s externa l  i n th e sens e tha t  i t  i s impose d b y th e "highe r  processes " 

allude d t o above ,  rathe r  tha n b y th e geometri c representatio n syste m itself .  A  step-wis e simulatio n 

of  th e effect s o f  thes e force s cause s a  gradua l  transformatio n t o th e representatio n illustrate d t o th e 

right.  A t  thi s configuration ,  n o furthe r  motio n i s possibl e withou t  violatio n o f  th e rigidity 

constraints .  Thi s effectivel y demonstrate s tha t  th e shortes t  pat h fro m A  t o B  i s throug h D ,  no t  C . 

Whil e proo f  o f  thi s woul d requir e relativel y littl e searc h o f  pat h combination s i n thi s simpl e 

example ,  th e manipulatio n provide s a  numbe r  o f  othe r  inference s a t  th e sam e time ,  suc h a s tha t  C 

remain s abov e D ,  an d th e resultin g figur e i s a  triangle .  O n th e othe r  hand ,  whil e th e sam e 

computationa l  procedur e coul d i n principl e handl e network s o f  dozen s o r  hundred s o f  node s t o 

comput e shortes t  path ,  w e not e tha t  peopl e ar e unabl e t o d o s o withou t  th e ai d o f  a  physica l  strin g 

model  o r  som e suc h externa l  aid .  Th e explanatio n o f  thi s withi n th e term s o f  th e presen t  mode l 

comes fro m th e amplificatio n o f  error s b y th e qualitative ,  lo w resolutio n representation .  Not e 

furthe r  tha t  th e computation s involve d i n thi s experimen t  wer e tim e consumin g becaus e the y wer e 

carrie d ou t  serially ,  poin t  b y point .  However ,  th e sam e computation s len d themselve s t o 

distribute d processing .  I f  eac h pixe l  elemen t  i n th e representatio n ha d it s o w n associate d 

processo r  t o d o th e vecto r  calculations ,  th e processe s woul d b e mor e rapid . 

TESTING OF GEOMETRIC CONJECTURES 

The testing of conjectures requires an exploration of "all possible" alterations of a given type. This 

involve s highe r  processe s tha t  contro l  search ,  backtracking ,  an d enumeratio n o f  possibilities .  Fo r 

example ,  i t  i s well-know n (t o us )  tha t  tw o triangle s wit h correspondin g side s equa l  i n lengt h mus t 

be congruent .  A  non-deductiv e "visua l  proo f  o f  thi s theore m amount s t o showin g tha t  a t  mos t 

one triangl e ca n b e constructe d fro m thre e lin e segment s o f  fixed  length .  Th e highe r  processe s se t 

th e tas k o f  constructin g on e suc h triangle .  Thi s woul d prov e impossibl e i f  th e length s chose n d o 

not  satisf y th e triangl e inequahty ;  otherwise ,  th e constructio n processe s succee d i n constructin g a 

triangle .  Doin g s o require s makin g specifi c  choice s fo r  location s o f  vertices .  Th e motivatio n o f 

thes e choice s i s determine d b y th e highe r  processes ,  an d thes e embod y importan t  strategi c 

assumptions .  I n th e presen t  case ,  choice s ar e mad e t o produc e depiction s o f  a  siz e appropriat e t o 

th e curren t  resolutio n an d a t  location s an d orientation s tha t  avoi d ambiguitie s an d potentia l 

interferenc e durin g subsequen t  manipulation s o f  th e depiction .  Onc e a  triangl e i s constructed ,  th e 

highe r  processe s constmc t  th e secon d triangle ,  wit h side s o f  th e sam e length s a s thos e chose n fo r 

th e first  triangle .  Th e triangle s o f  cours e prov e t o b e congruent .  The n t o complet e th e tas k o f 

conjectur e testing ,  modification s o f  th e secon d triangl e ar e propose d t o "see "  i f  anothe r  triangl e ca n 

be constructe d tha t  differ s fro m th e first.  An y propose d modificatio n o f  th e positio n o f  a  poin t  wil l 

forc e th e modificatio n o f  othe r  position s i n orde r  tha t  length s remai n unchanged ,  an d i t  wil l  b e 
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observe d tha t  angle s thu s d o no t  chang e (th e triangl e ca n onl y rotat e o r  translat e rigidly).  An y i s 
her e stresse d t o emphasiz e tha t  th e highe r  processe s mus t  b e abl e t o propos e al l  possibl e 
modifications .  Thi s i s no t  a  trivia l  matte r  sinc e i t  woul d b e foolis h t o conside r  al l  possibl e triangle s 
tha t  coul d b e marke d o n th e array :  i t  mus t  b e possibl e fo r  th e highe r  processe s t o recogniz e 
equivalenc e classe s o f  propose d perturbation s i n orde r  t o avoi d exhaustiv e searc h an d ye t  conclud e 
tha t  a  triangl e i s uniquel y determine d b y thre e sides .  I t  wil l  b e necessar y t o integrat e th e depictiona l 
representatio n wit h a  searc h architectur e t o enabl e th e mode l  o f  geometri c reasonin g t o b e full y 
goal-directed . 
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