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" FOR ALL COMPOSITE PARTICIES IN A MULTICHANNEL SCATTERING PROBLEM o

ﬂ»unphysmcal sheét.

'total number of composite-particle poles and the phase change of the

' S-matr;x~along the;left-hand cut.
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In a sxngle-channel two ~body scattering problem, Levinson's |

'itheorem has been generalizedl to include the resonance poles in “he

UCRL-11625

It was found that a relationship ex1sts between the |

L

In thls note we consider further thel_

o generalization to the'case.Of many channels each having only two particles.' .

1.

the derivation for the one—channel»case.

»One—Channel Case. For the sake of completeness we summarize’here_r'i‘

' partial-wave S matrix, S (s) » is & real analytic functlon in the

' "3+oo andtfrom -®  to

v"the unphysical sheet through the unltarlty cut leads to the functlon 7;_?

51’ L Sy

“t%satlsfies the unitarity condltlon, and in the asymptotlc reglon as :”

[ > o, S (s) tends to a constant. The continuation of S (s) to

0

(s) , Whlch can be established to be s (s) . Thus 1f - ‘n and np" |

":,des1gnate respectlvely the number of zeroes and of poles of S (s)

0

.t'the phy51cal sheet then n, <+ np is the total number of poles*ff“

;hr'bounded by the left~hand cut from -a> to }s

AR e e I At iov T S &2 M IR D g T el L e LIRS LI S i Db Rl 4GS Y 20 IR MR Bt

The hypotheses are that the »

in the physical reglon S (s)

."e(energy squared) plane, cut on the real axis from the thresholar~ l to '1_~

";3;,(elementary and composite partlcles) in the two-sheeted Riemann surface j;ls“

Ln both sheets._fpﬁ”;t“'“‘

e gt e e



-;,planes., By Cauchy theorem,ﬁ

-'__21 Im &n S(s)

o 1}}_ : . - N
ashift; On the basis of analytic1ty and unltarity, the usual Lev1nson s

Ay

.ﬁjtheorem can be derived2 f 8(s ) 5(00) (n

¥

;number of»elementary partlcles or CDD poles. Hence, we obtain-

';change- &n S(s) ;undergoes as
: o Sy
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vﬂi2, Sheet Structure in the Multichannel Problem. When.there'aré 'nvcoupled’fj{”"

fffafijltl;' ‘-two-particle channels, we consider the Riemann surface consisting of all

jzlsfg._;;f;- 'the sheets connected by the unitarity cut with n normal thresholds. Weijf7t";

.'*kf’derive here the structure of this surface and the total number of sheets.”;fttkivf'
f stEt A (s) “be the partial-wave scattering amplitude from channel ' to
”’Pﬁichannel B ; and let A(s) be ,an n—by-n matrix in channel spacéNESEEéa .
.;:hery a collection of such amplitudes. Let »L be an operat““«+hat takes
B Tany amplitude being operated on along a standard path in the 5 plane-;h’
%}aivyfj;\;fl}lwhich is a path leading from the original point . to the nelghborhood lf;fg

'_of the ith threshold i "y staying entirely on the sheet Wthh containsf.s,

i , retreating to s P

"“ _

‘1'and then, after a small clockwise rotation around s

-on’ an adjacent sheet along “the” same path We define ik:'

L

,;nctje 1' (s) _Li Aas(s)s{ o .‘, GB v‘s) f; Li AaB(s) ,-;'_‘-.vw
and 50 on. Since each channel contains only two particles, the branchv'i

pOints at si; 163 (l ---,n), are all of square-root type, thus'
1

L or L Litj:; We want to establish that [L P L ] = O, so that }.:; o bd-v'

A3 (jx) T N I S L
e . The unitarity.condition may be stated 553'.3Jiilck - ;ﬁ'wiﬁfufiifgi_' y

| ,'A-l(s + iéj - ._R(g + le) - 1&1(3 + le) &(s) 5 1 s sl,

fi where R is & real symmetric matrix, paB(S) = p (s) , the phase- R

BB

T ST

'space factor p (s) has a square-root branch p01nt at ;and 3Wi "; -

e “r;;' éb*— e(s"* a)qas s It then follows that

7




‘for any sv An the cutwcomplex plane where A (s)

’ "A-n : v" 5

[m]
a1

Vdep A‘:

(s) vanishes.; Thus, by inverting (5)




‘f;ffwe see that the only places where A[ ](s) can have poles are where

?detih{ ]( ) —-O.‘ Here, D [ ] is an n-by—n matrix.k It lS easy to

. —%f}which determine the positions of poles in the 2_41{’,unphysicalisheetsﬂﬂa

‘ﬁ in terms of amplitudes on the physical sheet.»?:i”

' '3"4:7 Boundaries of the Riemann Surface. Let the Riemann surface, which

1'ﬁicon51sts of the 2 » sheets connected to one another by the unitarity cut i

T. . *;thereene scattering amplitudes whose left-hand cut overlaps with the 1;:;’“;”
f; _unitarity cut on the real axis below the physical region.v Thus, in order .
'?2 'fvto construct the Riemann surface as we have defined we must first introducezi

;‘small imaginary parts to the masses of the particles so that the left-"andif

”;1Eright hand cuts areﬁdisentangled "fter the standardrpaths:(discussed;in

‘rf:ﬁbe bounded by the left hand cuts on each sheet‘» By left hand cuts we meanfirgi;“'ﬁf

E[fall branch cuts beside the unitarity one.' In the multichannel problem ffé;p;




'vwith the 1eft-hand cuts.j The structure of the Riemann surface is, of

. R

¢‘Gt on every sheet.

'n Total NUmber of Comp051te-Part1cle Poles

iy




Ao gy =

‘where

;“vfjifThis result can be understood along the line of argument given in f
l’reference l where the movements of the composite-particle poles are
a?:considered as functions of the interaction strength._ If the dynamical

f:system is not coupled to any elementary particles, and if the effectiVe

o that C

'Lf?_singularity. Thus, initially there are no poles in the Riemann surface o

"X;f{ in agreement With the fact that the phase change of Z(s) along CL

L :rLaboratory is gratefully acknowledged "

- ;_E,(S)._

[II S(i)(s)} [ II det S(i )(s)] f. [detA§ks) ] ;jdﬁ.

1<,j

'interaction strength is sufficiently weak Z(s) can be made arbitrarily '_fff,i”ﬁ;

"”vg“close to unity for any ‘s in the complex plane bounded bY GL s assuming o

L‘ is at a small, but finite, distance away from any left~hand

i
. . N '

;Jk}vanishes. As the effective interaction strength is increased, poles can 41:nJ;jt
ft»enter into the surface only through C; in the unphysical sheets,ri,fv
i;corresponding t6 zerdes of Z(s) pass1ng through C .: By conformal
.Qﬁi:?;mapping, each time a zero Of Z(S) enters (Or 1eave) the s plane through %?
,l:.cL ;0 z( S{c gains (or loses) phase by 2ﬂv.. Since the movements of poles;;f,ji}&;
.Jﬂ'fs between sheets through the unitarity cut do not change n, . (8) ls L |

N ;Tf verified. Application of (8) to obtain an upper bound of nc‘ for-any-»lfff:fi"

given set of discontinuities across the left-hand cuts can presumably be glrjf'“:"é
'?fifmade folloWing an analysis similar to the one outlined earlier.l?ﬁ l
o A
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hy51cal sheet for which the superscrlpt (O) shall always be”




This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission"” includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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