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' In a single-channel two-body scattering problem, Levinson's . 

" .· . 1 
·theorem has been generalized to include the resonance poles in 'the 

unphysical sheet. It was found that a relationship exists between the. 

total number of composite-particle poles and the phase change of the 

s matr.ix along the ·left-hand .cut. In this note we consider further the! 
. . . l, 

generalization to the case of many channels each having only ~wo particles. 

•·: 

1. One-Channel Case. For the sake of completeness we summarize'here 

the derivation for the one-channel- case. The hypotheses are that the 
·-···-~- .. ~~~~-· 

partial-viave S matrix, St(s) ·, is a. real analytic function in the s 

(energy squared) plane, cut on the real axis from the thres'hoJ:d~sr-:-· to 
l 

+00 and . from -oo to s
1 

<: s
1 

; in the physical region S t ( s} 

satisfies the unitarity condition; and in the asymptotic region '' as 

· Is I -+ oo, · S t ( s) tends to a constant. ·The continuation of S t ( s ). to 

the unphysical sheet through the unitarity ·cut leads·to the function 
.. ·' u . . . ' -1 · .. ' < 

' s t ( s) ' vThich _can be established to be. s t . ( s) . • . Thus if . no and ri 
·P . . . . . .·' . ·, . 

. , designate respectively the number of zeroes· and of poles .of S t ( s) ,. on 

the physical sheet, then: n
0 

+ np is the total numbe.r of poles · 

(elementary and composit.e particles) in the. two-sheeted Riemann surface 
' ~ • • • . !; 

bounded by the; left7~a.nd ;cut }'rom -oo': t~ ·~1}~n, both· sheets. 

.· ;• '··'· 

.~ ~-! ·-~ .. ~ 

.. . . . 

•,' 

·.· ~ .· 
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Sheet Structure in the Multichannel Problem. Wheri there are 

· · two-particie channels, we· consider the Riemann sur:fac~ consisting of all 
~ '. 
" 

the. sheets connected by the unitarity cut'with n no~l thresholds. We 
.,_ 

derive here the ~tructure of this' surface and the total' number of sheets. 

be the partial-wave. scattering amplitude from channel ex to 
. ·' .,,_,. -~-- . ..:.::::.....~ .. ~~~-:...:: 

·. channel · j3 , and let · A( s) · be , an n-by.:.n ·rna trix in channel space formed · 
' ~ . 

·. . .· . . 

·by a coll~ction of such amplitudes. 

any amplitude being.operated on along a standard path in the s plane--
' . . ' 

·.·.which is a path leading from the original point ~ ·· to the neighborhoo_d. 

.- .. 

.... ·. 

of the .!_th threshold,_ si , stayine; entirely on the sheet which contains . s, 

.. and. then,. after a. small clockwise rotation around . si:; retreating to s 
II . ;i .. ·on· an adjacent sheet along the· same path. We define 

'. 

= 

and so on •. Since ·each channel contains only two particles, the branch · 

points at si, 1€ (l, .. •·,n), are all'of squa~e:,;root'type; thus 
··-) 

' . ' ( 2) 
' . 

We want to establish that (L1, LjY ;, 0, so that . . ' 

'{ 

A ( ij) ('s) 
a{3 

' ( ji) (' ). = Aa{3 _ s . 

- . , .. . 

. ( 3) '.,. 

The unitarity condition may be stated as3 . ' 
•.; 

1 ' . 
A- (s + i~) ~ R(s + i€) 
~ . '· ,. 'V\N ' . 

i£_(s -+ 1~) ~<5) , 
•' ... " 

. ' . . . 
. .. 

' . ' .. 

· .. - ·, 
space factor l=h(s ). :has ·a. square-~oot branch:· poin·< ~t . :sci and . · ·· 

8(x~ =·e(s-~;;;·scx)oaf3···~.It:the_n 'fo~l~ws,th~t::•.' ~··;:~.·)·<}~~·'·'·;,·' ... ,·· -.. ·i;.. 
- ~- . 

' ,: ~ ·' 
.· -t, 

.. 
~ ., J '.,,·• 

. .... 
. -. r 

··"'-
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-~ -~-.- ... . ~ .. ,., . •: .•'. . 

· .-;tl ·· , •. . :··:·Is ~'e~i· . eAi'.r ·~ 
.·• ../.:\h .:·.·., ........... , ..... • ..... ..~ .· ..... :>".;~· 
•f' -. ~-~-;_,l: ,;~-.._~'..:·<· -~: '~-' :},.. _,,· "r. ·.-~- .• ... :f ... : .. 

.. . .. . .. · :·· .. ~ . '·~.:·. ·- .. · ·.·.; ,: ., .. ·: :· \ _},: .: . ' ; .. .;:i·'>'~., ... -~. \:: .. ··-. . ~.:: ·\.} . ; 
'for any". s·. in the•cut complex plane ':There·· A. (s)·. exists~··· Fron(thi~; 
. ; ' • ~ •' .:.1 ~ \·.,>I; .· -f . ,:•; ,j,.;; ·,, ; .:l:~'' ·· .. ~ . '. _,;. · •. ; ~ ,• . .-~,- . ,. :·: ' • ~~~;,'-- t; 

-~j~iA:•:= t.iLJ:A_~~··;';:s:~'-.. _[L1 ~;_;~j,l~=:i,O, an~_(3?~:ther=~~re ····· ., .... . :~ 
,On the basis of ( 2)' and ( 3) .we can nOW· .. label .th~. sh,eets as follows: , • .. i', ·~ 

, . ' . :· ..• :···<~•.' I~- ;. , '>I. : ··~<_,~~;:.:~;, • :··_..:·t_!'_ . '··:{·'··~<f·~·' •:. '~.>.' ,_•~. ·-~~,_.· .,·.· ~·~,:'< '•.:.-_,·: t~ 
. [With the_.physical sb;eet 'denoted 'by. (0)](~1-(i};< ,~:/"-~·?,~; ·~:;•,n;;:-'_::.. :J 

J . . . 
:·(ijk)/:~ l·~ i' <'j <··k ~ n; 

• : _J, ;y • 

The;~ 'are· alt6g~ihe~" · 2n:· ::~;he~~~~:-~ .f_,; 

,·.,.. 
oh ' 

. ·' 

'"! ' 

·.· '· 
r=l .•.·, 

.. · :~.. . ...... -~ ' 
..... -

mat;~x/and s'ince .th~ .. ' 
; :t~ . . • ) . ' 

.'• ~ ·,:,~ • ' .':.~ .. -, ., ~~-u\1' 

.. , Since ahy pole of . ~( s): .. is _in·' eyery element of the 
I . ,·: 

. j; 

A1 .. j 

I 
tJ 
t: (_, tt 
f;1 
. tl~ 
~~ 
11 
:~ 

~~ 

. ~4.' ·, :,, j residue~ at th~. pol~ ,:~re tJctorizabie-;,--Le., the. res,idue :~~t:ti~' is.·of~ "ra~. ·< ·. ;: 
~- . ~, .· "' . ' . ·. ~- . ~· ~' ~ . . . '' .·. '( ' .. ~- ··•. 

. . . . . (. . . 

one~-we fin~ :t:irs_tJ.y:·;that 
- . . . . . ''-

:-, 

. a·e:t; ·fi( s) · has only simpl~: .. poies ~nt s,ecoJ?-d~y · 
~ ••. ' .•; . ! . -. • ~ .. 

that ·each dlement of .A -l( s); ·is regular at:the .position:of· any pole._ of'.~ .. ·..: 
"""'-"' - • .·- • ," ' • • ' :. -" ~ '_. •. • :_ ·.: • ~- .J_ l 

Because the, second term on ,·the right side: 6r. '( 5) .l.S a kin~maticaf/· 
. . ~ ~ . _' \ ··. ;.._ .. -. 

_,.,) ··-
. ~ ~ ... ·-'· 

•. 

. -;';, 

. ,.:·.,·,/. 
.·' . .. ·.quantity only,. whereas 'A;"1 . has drnamical c~nt~~t~r·,.'d~·i~ A~:£ml(.s);.<:;\ /,;,;:: 1 ~ . ,· ·· ·.!~ 

.... ' ' '" >< "" """' •. ".· '·.· '.'.· .,._ • ... ';· •. . • • . f;\ 

'· • ·L [m] .- (il' ~ • ·, im) , is in general. rionvani~hing_ ~t -~~~ v~lue .~f:·:·::s, ~h~~-~- . .t. · ·' ,~ 

.. ~ •• ·;~· :~-·~~de~, A -l< :[m~:·h~".·8·~;~~];r)i~~~~i7\<::· ;::;;~,~~:.~~if;(?:t,~fr{'.:.:: -. . .~· .. .· .~ · .... i 
:: , ,\ ,, ~[~]( 

6
) ~ i, +,',21 t. :" ~i;.(::,)~i~c}:( ~ j •;t .. ; • ; ::• ·.; (~;;~~; '\ ! ' 

~.. ' .•. 

·{ .. ' 
~-, } ......... 

... • . 
. ~- . .. . 

.. "> ~ .. ~ 
·"'' 

"· . ,. . .' :: . ·:'·. ·~ T · ;· ;:i.;_t.:~.; )~/J}.;~~·.;~~ } .. : .::, :, : ~~.: . . :, · ., . . . . . ! 
.; . ·. ,_, ·:. ,· .· ·, ; ·- .. ' ·. -.. ~. ·''. ' ·~ .. ·'' 

" ~ . ~ • i!'.i ., ~ . •;· . ('. ,, .. .;- ':"-,_· 

~- ~ ... ';._'.· 

· .. -~--

. ~ -~ . ·. '· 
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,"•~·· C···--:· >f 

', 

'· 

' . ' 

·-; .. we see that the only places where A(~](s) -·. can have poles are where 

·-:; det Jqm](s) =; 0. Here, R.[m] ·;·is. a~ n~by-n ·matrix •. :.: It is ea,sy to . ·· 
-:~ /'. . -\- '•-._ 

' ~. 

.. ·;:_- _· . : · establish that det l>[m). ~et ..§,(m], where · .2[m.l ·is the S ~atrix in an · 

·:-:. ~·;·; ~ .. ~_;: \n-dimen~ional.cpannel"space.1panned by .the. channel~.· ·i
1

,·,:::;·i · • That is, . 

. , . ' .' .';: . < ;. '·. . /; ;;,.\;':./ .,.·:" '\· .·. ' .. m ' .• 

:<. ' ' ' ' . :' 'l_ : l, . ' .-.. ,;• ·~ ,. 

:,_.§_(··1)~-.~.····~ii ,·· ., ·!i :·-·.,.. .,~: •• , ~.'._ •. 

• •• ~.,. ... _. • j .·~ •• -.::·.f~( :t: .. ·:~ .. 
_. ~ ' 

. ~ .. 

... 
' -~ . 

''' '· '·'·. --.f.· 
·..,, .:~· .. ~.}1 'f:-.... ·>~·:;,·. -<;; 

.• ··.· 

. ~ . 
•.: 

,..-,·. 

·" -._; ·-·l- -..:: .. 

-~· ' .. 

'• I',:, 

where 

. ···s:.(s) 
. . l.J 

... -, ·._ 

··. ~ 

·J: .. · .• 

. ·. 
• ,I ~·-·\ 

• (!--' 

' · Note that all elements 'of . ~(m] ;.'.in th~."unphysicai· s~ee:t [m] 
.', ·,. ....,.., 

poles at the sam~_, position.~· .fTher.e are · _2n -~ : .equa~i~ns ~f: the 
· .. , !o; -~-. .-;:;.:~~--:~).:~~- ~ ......... 

:.• 

. ,·_\ .. -- .. .' . 

must have' 
... ~L ,-' ,, 

form · .. ) \ ·.·~· 
_·? '• .• -·. 

' • • ,. < 'I ~ , " 

'.;;_ .. .- ... -
. ' . 

;~ . [m] ·det s[ · .. 1(s) = o , 
. .. - m 

. I 

., _., 

: , ... 

·.· .. ' 
:"", ': 

: ,·, : .1,"·,-. ,·.· ., 

;., 

.... -

.... , yhich determine the positions of poles in the 2n-l . :unphysical sheets:.: . "· · ~· · _, .. ,_ · '· 
. ' . - t 

I ~· .~ '• ' ' ·, 

·- · ... in.' terms o:t1 amplitudes on the physical sheet. ·· 
.. •: 

.~ . .- .. - ·' 
. . . ' . ~ ·: .. . ~. -.' 

~. ' I • • ... :.· 

· .. · _ _.,:- 4~ .· Boundaries of the Riemann ·surface. Let the Riemann ~urface,. which·· 
. ' 

.i.' .'z.,, . .. . . . . . . n. .. ·' c',· 
. . consists of the . 2 sheets connect~d to one another by the uni tari ty C\J.t, "~ ~ :. 

·"'·-

. - ~ . ;· 

' ~ · . 

.. ~ . . •' 'be bounded by the left-hand cuts on each sheet • ' ·By left-hand cuts we. ~ean ·. ~--

' .. 

. '. 
:' ! . '_,·, 

. j .. - , all branch cuts beside the_ unitarity one. In the multichannel problem ..-.·.· .... 

. · .. ·· ... ··'". i 
· ; · ,._: ':there a:re scattering. ampl_i tudes whose left-hand_, cut bverlaps with the ~ 

-~ 

'(' 

.. 

,'_ unitarity cut. on the ·real axis belbw_ the physical reg:l.bn.' Thus, .inor_der .. J> ... ··· .. .: •' 
• [1 

to construct the Riemann ·surf'a.ce' as :-:we have defined, ~we must first introduce , 1: 

. : small imagi~ pa;t.• :to ~e ~··~~· Of t~ Pf:i~~~· so .that the ·i7~~Cand ; . ; : ! 
~- --=-~~t-.~_cuts are,.;.>~~~niang~~~ .,Af~~~r.·;·~e.nru.r·d,·J0~~ ( di":c~s~~.~· .~ .~ .~-:. .•·· -.: l 

,. ·, . !. 

..... · 

. ,: ·.~ 

';'''. 
·o; .-

J':., 

...... i 

,, .. 

!i 
t 
t 

i 



.,. 

V: 

... : . 

'I 

. -}.i. 

.·. 

.. I .' 

,._. 
; . ~ . :.~ . . 

... 

?) have' .been 'constructed~ ··ve ·'then· take·;tl;le';.lili'lit o:r·:rea.J.· masses: •. ~-:/\';i~}:~~~:.·";,;;·~· .; ,l • 
·. ; :. >; . . . ·.· :: : >,·, ,, :~· . : '., :·: >. ,,:: ':. . ' ·.··~<:.. :• ·: .. :. /• ·': .. ;'\;:).:/.:·:ti·:?:::,:.~.. ~~ <; 

. ·Another· comp~icati?ri:".that' arise,s~.i~ t:qe.nnilti~~nnel .. ::PI:o~leiD: ~~·~,:"·~~/:~1:::\~':~:·}·n:' !j 
-.: • .. - · - ·._ ·:i .· < ::~ . ~-:~, . ___ , ~.: .- --· · .. :'·, · ... · .-:<;- ~-~_:.-';- .. r -> ., ;:.-: ·: __ ,.:;;_~ ·. ··: .. ; ~ · -·- . ~ ·. : .·~ ·· --~_;·~- . ·:· . -_ .. --~ ·- } -.. -~ -_ .. ;·.;.~ ..... · · ~-~ - --· ~ ~-->>~-;< -~-;--: R 

that some reaction amplitudes may ·have :anomalous thresholds;· or·'have .v .•. ·'· :;·.) 

;•; Contj)i;x si~l.B.ri tieS in .the ~se of unS'ti.ble :~rru>.i: p;;;;,1 C1~ .:·• · !~ ;.. ' ' ' ';,L;!':'>l,: .. 

· •s·uch. situations· we·. distort .the ri~ht .. hand · tuts ~6 as t'O avo:tct·:intersect.ion ·I: 
• .r • • • ~ ' • •• •· • ' i; 

wit~ the left-band ~~.. :n,,/ ~tru~ture of 'tb~ Hiema~ surface i,;, o( :,,:' •. J 
. i~ 

course, unaltered by this' distortion. ·:The amplitudes on the un~hys:i.cal_;;: 
.4 . ~ • •• • • ' . ~·:·, • .;;·,.: 

':;, ' sheets are still-related to the ·~amplitudes ··on. the~ physical sheet 'in the ' 
,· "~ ' "' l;<'· . ~-" ·:· ... -;_··· ~.:>·< . ~ -·-. :;-~~ .. 

.. j; 
li 

-H ,, 
~ 
j; 

"I: 
·i- same way, ··.except that. the. domainS Of definition of the': sheets are 

,' ~ ~-· "< ,. "'· f' / t ' - '!- ·. ' .,.: ' "( /< ,;_,. 

.,-,'according to the ne\v locations. df the distorted 'right-OO:nd' cuts~ < . •: .... ,,· ·.:. ·.; ........ ·· ..... -,. -'·.:··~· -·".· ... ·.··:.:· .· ...... · .... ' .. ·· .. ··.lr\ 
t Let a contour . :?t .. · _1~· tpe :'~omplex' s :plane he defi~~~ i;i.such. ~' \,

1
: . 

.;. way that:: it. encircles tight:J.y a· clockWis~· direction ·.around. the· lef~.;.harid 

··, .. 

. .._. 1 _ . . , ·., ·. • .. :r :. :»:;Z·;~ ->_;. .i.! 

.. '·"· . brandl: · cuts o~ :' det ~ s) ;<which gener~lly• has . tii1· the left .. ~rid.' sing;;iari ties 

. : ' .. eVery; ;~eri~ · ?~· ::~ ~) ~ ~~I~~~' i(~J' are' S~b~tH~e··~~-:~ , .~~ i~ ;clea~ . •· 

·;; .... tha.t .· cr,' '.must also e'riclose :all_ the left..; hand b~anch ·. ~:ut_s' ;.of, any'.--.;:;:. 
~-~- ..-'. i . ... ,·: ,:·f :· •' • _. ,l • ·• :· '·' • / ' I -· .. ' ' ·~ .t. .. •. ... . .... ~:~-,-\··.- · .. ·-. ··, ·._.' 

, .. ,··J <'. _det ~[~](;)-.. H~ _ma~: t~eref6re regard :~~~·Ri'e-~~lu~f9:ce· a~_!being b~~ .. ~~~d.<· 

... ,. .. :. , by c1 on e:e:: s_h~-~~·~: ·,-:::\ .. >.~ ~1-:· ·.·:: ·.· ·. )ti .. :_:~:-:?X. ·. ),. ' ; .·.· '·: -~·-'"·?::· 

;,·· .,, 

; .. i-. 5. Total Number of Coniposite-Particle:Poles •. ~.we:now.;generalize ... ' '(l) to .·< ···.·:/J 
' • ~ . . •. ' ,. •; . ·. "' ... <·::·..... ; ; ',li 
. ... . the multichailne_l case, and :'obtain ·4 ··, . :·:~.·. 1 · . · :· .. _:'~:, · · X· . .:,.;:;.:- ;·" ,_ .:·t-·~ . :.:J: : ... ·: >·~ 

. .. -· . . . . ~ ~ ' -~ . . ..·. ~:(·~~f.~~?/' . ~- ·._, ,< •. '·.' ·, . ··.; . !: 

·,:·, ·;. , .. )~- ·.· ·.<.)·.··.·~::·.· :·en'. :.~a-'e .. t·~-~S:,,,(··~·.~.: ..•.. -.~-, •. ,· •• ;._·~.;·,.):·(~·-f.:~·~:· · ..... ~~· <' , ,'. _·_:::.-.:.:_·;::·:·::,···,:-~-\ ..... :.·, ! 
.. m= ' .il .•. ·<i·· .. ~> :·y -~>' '·.1~. 1' ~ m f ;.·,; c:r:: :;,,···.· ... l ·. ' ; ••• r· ·.;"/ '·· ;; / ,:, " ··11 

' ·. \ ' · ,; .. '" .. ' where·. n ~a':~~ ~~~.·~:~~{.:·~umb~~·,: ~i ~~~:~fJ,~t~~l~'~~·E:~~t~:'i}. ; ·~: }~. ~' I . 
/; ·.·: ... 2n ~she~t:d surfa~e. .'Equi ~~le~tJ):~e ·· ~~e .. : .. ~l~~<~~:). ;.:.:.:.;·:;.-;~,;:;.~: .. ::· ,· -~·:\ ·: :'~.'~:/<>::·~< .. -·~·.' . , I 

: . .. 

.... 

.... ' ·.~.· . ·~·· .:::·· ;:;£:E( ;·~1.k•~:i,~i~~fL'<.:;:;·:.1:J>ff,@,~~:~ir·}~.~~>.(}g;;.~;· : · ···:··'·',·. · t 
.i (• "t• 'I ~ .; 

f ,.~ : ..... ..... . . . .. ;. 
,•·'•: 

•,·:.. ·r·:~. •:t·· ..,_; ~ .. ,~ ··· . .,.;···· <·~·.~·-·-..~.:·: .. : ~: .... .·r··~··""'·...,-;.\, .~.,1 

: ', :', , . , c:\1.-:'-{: (,;,··· : . :' . , , ' ',:: . C(,· ii." . i' . · ; c, ··' ::<g.,~~ 
. . ·. . . ~.{ ~.,.· .:. .: 



_: ~ 
. ··. '' 

-.. ·::':··: ··.~:-.~~,~·r:': r~--~7~:-~-~- ·;-_ --· --7-"'": -::- ,_·;,: '"~-~-,.~--;:"T:~-~;::;~1;~;r 

- _. . . ., · -- _· _ :_, ::. UCRL-11625 , . 1 
; . .. . . . '· . . . ~- ,; 

. ~-- •.· . .- _..._.,.._.,. - .... ~ ...... -~ ·-~ ...... ~ ~.,.-_ ........ -~·· 
r ··""·-.. ••• :,._\:,; 

,.., ~- _, ~' .~- ··- .. 
·~· 1' . . '~ ~--- •. • . - .~ '< 

:;; ,. ~ '' ·•: ' 

: .· . .- ':··· . : ·, ~ .: 
··-.. .. i .. ~. ' . '·' . 

-7-··· ·, .·· --

- -' 
- . 

·where 
·, ' ... •'' 

/. r-
·,_ .. 

.... I:( s) = 
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This result can be-understood along_ the line' of argument- given in 
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vanishes • As.the effective interaction strength is increased, J;lOles can 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com• 
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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