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therotation/resampling phase. We shall devel op better methodsto identify grid cellscontaining
isosurfaces, more efficient ones than our current linear-search scheme. We intend to apply our
technique to other volume visualization techniques, e.g., Levoy’s method, and possibly to the
rendering of vector fields. We also will investigate the elimination of the rotation stepsin this
algorithm (see Cleary and Wyvill [3]).

If adata set has the same value over large regions, methods to smoothly approximate these
regions by high-degree schemes do not improve smoothness: they require many unnecessary
coefficients to be stored. Adaptive methods, such as an octree-based approach, could possibly
be used to determine regions that hardly vary, and we could use low-degree schemes in such
regions. Additional work must be doneto improvetheray tracing phase of thealgorithm: There
isahigh degree of correlation among ray-isosurfaceintersectionsfor adjacent pixels, which we
do not consider at this point. We plan to investigate thisin the future.
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(b)

FIGURE 11: Equine metacarpal data set: (a) using tricubic sampling and trilinear interpolation in the ray tracing step
(Note the bands running diagonally through theimage); (b) using tricubic sampling and tricubic interpolationin the ray
tracing step. The banding has effectively disappeared.

(@ (b)

FIGURE 12: A second view of the equine metacarpal data set: (@) using tricubic sampling and trilinear interpolation;
(b) using tricubic sampling and tricubic interpolation. Again, the banding virtually disappears.
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FIGURE 10: The skull data set rendered with tricubic sampling in the rotation step and tricubic interpolation in the
ray tracing step. The artifacts are nearly gone.

effect of tricubic sampling in the rotation step and trilinear interpolationin the ray tracing step.
Here, most of the artifacts are muted, but still visible. Figure 9 illustrates the effect of Hardy
sampling in the rotation step and tricubic interpolation in the ray tracing step. In thisimagethe
artifactsdueto the algorithm are muted, but the data artifactslook blurred. Figure 10 illustrates
the effect of tricubic sampling in the rotation step and tricubic interpolation in the ray tracing
step. The artifacts have nearly disappeared.

In animation, these vertical bands appear to move and pulse across the isosurface. In an
animation generated with tricubic sampling and tricubic interpolation in the ray tracing step
the images appear smooth and very few artifacts are visible.

8. Conclusions

We have discussed a new method for rendering smooth isosurfaces of trivariate scalar fields
using C'!-continuous spline functions with an efficient ray-tracing scheme. We have shown
how a rotation-resampling approach can be used to reduce the complexity of ray-isosurface
intersection calculations.

We plan to develop error metrics to characterize and quantify the error introduced during

17



FIGURE 8: The skull data set rendered with Hardy sampling in the rotation step and tricubic interpolation in the ray
tracing step. Note that the artifacts are reduced, but they are slightly blurred.

FIGURE 9: The skull data set rendered with tricubic sampling in the rotation step and linear interpolation in the ray
tracing step. One can see a substantial reduction in the artifacts generated by the algorithm.
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artifacts
v in the data
artifacts
of the
algorithm

FIGURE 6: The artifacts generated from the algorithm and from the data in the skull data set. The artifacts inherent
to the data are the ring patterns, while the artifacts from the algorithm are the vertical patternsin the image.

FIGURE 7: The skull data set rendered with trilinear sampling in the rotation step and tricubic interpolation in the ray
tracing step. Notice that most of the artifacts remain in the image.
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each cell and determine whether the isosurface existswithin the cell. If theinterval bounds the
isovalue, trace the ray through the grid cell and determine the possible intersections with the
isosurface. If the ray intersects the isosurface, then we compute the intersection closest to the
image plane and shade the surface using the gradient of the isosurface. Ray tracing terminates
when all pixels have been processed.

We have implemented our algorithm on several Silicon Graphics workstations, including
systemswith multiple processors. Our implementation takes advantage of multiple processors
by executing all compute-intensive activitiesin parallel. We have found a near-linear speedup
between the implementation on an SGI O2 (single-processor system) and an Origin2000 (16-
processor system).

The mapping of source grid verticesto target grid verticesisdonein parallel. The mapping
of verticesis structured such that the size of the needed memory stride is kept at a minimum.
Each processor runs to completion, and waits until the other processors are done. We have ex-
perienced that the differencein completion time, considering all processors, isusually lessthan
ten percent.

Theray-isosurfaceintersection calculations are parallelizable as well. Since rays may pass
through different numbers of grid cellsand different types of computations may be performed,
we use a more sophisticated load-balancing scheme: We use ajob queue that consists of scan
lineindices. A processor reads a scan line index from the job queue and casts rays for all the
pixelsin the scan line. The time needed to acquire and update the job queue isvery small com-
pared to line scanning.

7. Results

Figure 6 shows the data set and artifacts that brought this research problem to our attention.
Thisdata set is the result of a computerized-axia-tomography (CAT) scan of askull. The size
of the data set is64 x 64 x 68, and its small resolution produces artifacts in the renderings.
These artifacts are the “circular” patterns shown in Figure 6. However, when we rendered the
skull using conventional techniques, we obtained artifacts that were not inherent to the data.
Theseare also visiblein Figure 6 asthe vertical “stripe” pattern. When animated, the artifacts
inherent to the data set stay fixed, but the stripe artifacts ripple and move.

Figures 7-10 illustrate our methods as applied to thisdata set. Figure 7 illustrates the effect
of trilinear sampling in the rotation step and tricubic interpolation in the ray tracing step. We
note that most of the artifacts due to the algorithm remain in theimage. Figure 8 illustratesthe
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e If D < 0, then the equation has three different real roots. The roots are given by

4
slzkcos%“sz:kcos a,and53:kcos 7r;—a,
where
4 —4
k= —Epand cosa = k—gq

e If D = 0, then the equation has three real roots, of which two are equal. Theroots are

S1 = i/gand&@ = —2§/g,

To accelerate the ray-isosurface intersection computations, we store an interval with each

given by

where s; isthe double root.

grid cell in 7", which represents alower and upper bound of the function values within the cell.
The Catmull-Rom interpolants are polynomial splines, and we find the lower and upper bound
by determining minimal and maximal spline coefficients of the corresponding Bernstein-Bézier
representation (see Section 3). If, for agiven grid cell, the desired isosurface value is outside
the interval associated with this cell, then the cell cannot contain any part of the isosurface.

We also store intervals for each “ column of grid cells’.? Thus, aray can intersect an iso-
surface in a grid cell of a particular column only if the column-specific interval contains the
particular isovalue. The calculation of lower and upper bounds turns out to be beneficial for
“gparse data sets,” i.e., data sets containing large homogeneous areas, or thin features.

6. Implementation

Thealgorithm requiresaninitial grid S and anisovalue f, and it outputs an image of the isosur-
face f = f. To reduce sampling artifacts, we use a resolution for the grid 7" that is at least the
twicetheresolution of the S grid (Nyquist limit) in each direction [9, 13]. We estimatefunction
valuesin T from thosein S by using one of the sampling methods discussed in Section 4. We
computeintervalsfor each grid cell in 7', and intervals for each column of grid cellsin T'.

For each pixel in theimage plane, we casearay r(t) into thegrid 7'. If the column-specific
interval of the column of cellsintersected by r(¢) does not contain the specificisovalue, we skip
to the next pixel. Otherwise, for each grid cell intersected by the ray, examine theintervals for

2A column of grid cellsin 7" consists of all the cells of 7" intersected by an axis-aligned ray.
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If p isavertex of the grid 7', we consider the 64 data sites given by the vertices of the
“stencil” in S of the cell containing p (see Figure 5). Assuming that the spacing of the S grid
is uniform, the distances ||p; — p;|| are the same throughout the grid and one needs to invert
the 64 x 64 matrix only once. Hardy’s method is considerably slower than the tricubic spline
approximation due to the computation of the squareroots. The visual resultsof the two approx-
imation schemes are similar.

5. Ray-lsosurfacelntersection Tests

To intersect the parametricray r(¢) = (zo, yo, 20 + tz4) With the isosurface
3 3 3 o
J@,9,2) =) 3" eijraty’zh =0 (4)
k=0 7=0 =0
we substitute the coordinate functions for z, ¥, and z into equation (4) leading to the (normal-
ized) cubic equation
B 4at> +bt4+c=0. (5)
Tofind theroots of thisequation, weuse Cardan’ssolution [21], which first transforms equation
(5) by substituting s = ¢ — £ leading to the polynomial
s>+ ps +q, (6)
where

a’ a\3 ab

Equation (6) hasthreeroots. The characteristics of these roots are determined by the discrimi-
nant of the cubic equation
D = 4p® + 274,

which leads to three cases:

e If D > 0, then the cubic equation has one real root and two complex roots. The single
real root is given by

81:A+B,

D D
Azsg—H/—andB:Sg— —.
2 27 2 27
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thecell in S containing p are

w =2z, — |2 ©)
Thus, the function value f(p) is
1 1 1
f(p) = Z Z S ) 4, L) 4,20 ) 5 Li(w)Lj(v)Lr(w),
k=0 7=0 =0

where the Lagrange polynomiasare Lo(t) = 1 — t and L1(t) = t.

We can extend the trilinear spline approximation scheme to tricubic spline approximation
by using the Catmull-Rom spline. In thiscase thefunction valuefor avertex p of 7' is approxi-
mated by considering the 64 vertices of the* stencil cell” in S associated with the cell containing
p. If w, v and w denote the local parameter values of p (equation (3)), then the function value

f(p)is

3 3 3

F®) =D Flapltislup)+inlzp) +£Cil @) Ci(0)Cr(w),
k=0 j=0 i=0

where C;(¢) denotes the cubic Catmull-Rom blending functions.

Hardy’s multiquadric method [8, 11, 12, 23] is a standard scattered data approximation
scheme. Itisused in caseswhere the data sites are randomly distributed and (typically) no con-
nectivity information is known for the data sites. Hardy’s approximant smoothly interpolates
the values at the data sites and we use it for estimating function valuesfor the verticesof the T’
grid.

Given avertex p inthe T grid and n vertices pg, p1, -.-, P, Of .5, with associated function
values fo, f1, ..., fn, Hardy’smulti-quadric interpolant is defined by the linear system

=S an/ps —pill? + B2 j=0,.m,
=0

andtheestimateat p is

12) =Y e/l — pill)* + B2

where R? is some positive constant. The computation of the coefficients «; requirestheinver-
sonof an(n+ 1) x (n 4+ 1) matrix.
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FIGURE 5: A two-dimensional illustration of resampling in threedimensions: Given avertex p of thegrid 7', trilinear
approximation uses the eight vertices of the three-dimensional grid cell in .S containing p to approximate a function
valueat p; tricubic spline approximation and Hardy’ smethod use the 64 vertices of S inthestencil of thecell containing
p to approximate a function value.

Therotation of S into 7 is effectively performed by resampling the scalar field approxima-
tion at the vertices of T, i.e., we must approximate new function valuesfor the vertices of each
cellin T fromtheoriginal valuesat the verticesin 5. Theseresampling problemsarisein many
visualization applications and they can beresolved in anumber of ways[7, 15, 16, 23, 31]. We
compare three different approximation techniques for the estimation of function values at the
verticesof T': (1) trilinear approximation ; (2) tricubic spline approximation using the Catmull-
Rom spline; and (3) Hardy’s multiquadric method [11, 12].

Trilinear interpolation isthe standard techni que used to estimate function valuesfor rectilin-
ear datasets. Inthismethod thefunction valuefor avertex p of T'isapproximated by trilinearly
interpolating the eight values at the vertices of the cell in S that contains p (see Figure 5). De-
noting the coordinates of p in S by z,, y,, and z,,, p’slocal parameter values with respect to

10



~

FIGURE 3: Casting raysthrough thegrid S: ray r(¢) passesthrough apixel center in theimage plane I and intersects
the arbitrarily oriented grid cellsof S.

FIGURE 4: Definition of the grid 7": One family of grid planes of 7" is parallel to the image space plane I. Ray r(t)
isaxis-aligned with T'. After resampling at the vertices of T, ray tracing can be performed with axis-aligned rays.

with the isosurface f = f. Tointersect r(¢) with the isosurface, we substitute the z, y and =
valuesof equation (2) into equation (1) and obtain, in general, apolynomial of degreenineint.
We reduce this prablem to solving a third-degree equation by using rays that are aligned with
the z axis, e.q., x4 = y4 = 0.

Our agorithmisanimage-spacealgorithm, i.e., wecast raysthrough each pixel intheimage
plane I and find intersections with an isosurface. A ray, perpendicular to theimage plane I, is
cast through the source grid 5 (see Figure 3). We replace the grid .S by a second rectilinear
grid 7', agrid with one family of grid planes parallel to the image plane. Rotating grid ' into
grid T allows usto perform ray-isosurface computations with axis-aligned rays (see Figure 4).



Bézier “ control coefficients’ are given by

br_1 Jre—1
bk — ] gli\/lc fk

brt1 Jr41
bryo Jht2

We define I as the smallest interval containing all four values by_1, b, bxt1, and byy2. The
convex-hull property ensures that the curve f(z ) is contained within the interval 7.

The univariate Catmull-Rom spline can be extended to the trivariate case by constructing a
tensor-product spline. In the trivariate case, an individual tricubic segment is given by

F@,9,2) = ) > flajiotyl+i-ilz)+h-1 Cile = [2]))C5(y = [y])Cr(z = |2]).

k=0 7=0 =0

We use this spline scheme to represent a piecewise tricubic approximation of ascalar field. We
must consider a stencil of 64 data valuesto define the Catmull-Rom spline for a particular grid
cell. These 64 data values include the scalar values at the corners of a grid cell ', and the
scalar values at the corners of the 26 neighboring cells sharing at least one vertex with C'. The
64 values are the set

{fijreii€{io—1i0+2},5€{jo— L, g0+ 2}, ke {ko— 1, ko+2}},

where f;, ;, .k, iISthe valueat the vertex of C' withminimum 7, j, £ indices. Again, it ispossible
to determine the range of function values for a particular tricubic polynomial by converting it
to Bernstein-Bézier form and computing the minimal and maximal coefficient.

4. Rotation and Resampling

We useray tracing asthe mechanismfor finding and rendering anisosurface of atrivariate scalar
function. Suppose we are to render the isosurface defined by the expression

3 3 3
F@y,2) =Y > cijuaiyizh =7 1)
k=0 7=0 =0
for aparticular voxel. We must intersect the ray
xg + txg
r(t) =po+id=| yo+tyg 2

zg +1zq



f(z)

i—1 i i+ 1 P42 i+3 x

FIGURE 2: A Catmull-Rom spline: The curve interpolates the control points at integer values of the parameter; the
dope of the curve at the integer knots is given by the central difference of the two values on either side of each knot.

where
Cola) Ci(z) Coe) Co(e) | =[1 @ a? 2* | Mo,

and thefunctions C';(z ) denote the Catmull-Rom basis functions.
We can bound the values of a Catmull-Rom spline for a particular knot interval by convert-
ing it to Bernstein-Bézier form. This conversion is given by

Jre—1
-1 fk
f(x) =] Bo(z) Bi(z) Bay(z) Bs(z) | Mg'Mc ,
Jrt1
Jr42
where
1 0 0 0
-3 3 0 0
Mpg =
6 3 0
-1 3 -3 1

The matrix Mp converts from the cubic power basis to the Bernstein basis B;(z) [6]. The
convex-hull property of Bézier curves ensures that each segment of the spline lies between the
minimal and maximal valuesof itsfour defining Bernstein-Bézier control points. TheBernstein-



Givenaset of scalar values fy, f1, --., fr, theunivariate cubic Catmull-Rom splineisapiece-
wise cubic polynomial function

f(z) = 3 fiz)Ffa)

whereeach f;(z) isafunction of thevalues f;, and the F;(z ) denotesaset of blending functions
[2]. Thefunctions f;(z) depend on the f; values but are allowed to vary with z. Catmull and
Rom discovered that certain choices of the functions f;(z ) alowed the curve to interpolate the
control paoints f;.

For our application, it is sufficient to assume that the knots of the spline curve are the in-
tegers, and, by utilizing the basis functions F(z) = (z — |z|)*, we can obtain an interpol at-
ing spline segment (see the discussing in [2] by setting f;(z) = 0 forj < |z] — 1 and for
Jj>|z]+2,and

fk—1(90) fk—l
Ju(z) Mo Tr

Jet1(2) Jer1
Jrt2(2) Jes2

wherek = |z, and

Thus one canwrite f(z) as

Jr—1
) 3 Ik
fz)=1]1 a—-k (z-k)?* (z-k)® | Mc ,
Jr+1
Jkt2
wherek = |z]. For z = k the spline interpolates the point f;, and the derivativeat z = k is
%(fkﬂ — fr—1). Figure 2 illustrates a Catmull-Rom spline scheme.

A segment of the Catmull-Rom spline can aso be written as

f@) =" flaj4ioaCilz — |2)),

1=0

| 2| denotes the floor of z, the greatest integer less than z.
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sizeregionsin athree-dimensional data set where the (scalar) function values are in a certain
range, one can assign higher weights to data in these regions by increasing their opacity val-
ues. Furthermore, one can use the gradient to emphasize boundaries between different “tissue
types’: High gradientsimply such boundaries and can therefore be used to increase the opacity
of boundary regions. Levoy describes an efficiency improvement of hisalgorithm in [19, 20].

Several volumevisualization algorithmsthat utilize and render the datadirectly arebased on
transforming arectilinear data set so that it coincideswith an “image-space cube” [14, 15, 25].
These methods factor the viewing matrix into athree-dimensional shear and atwo-dimensional
“warp,” thus projecting the given data set into image space. The shear-warp algorithmisare-
sampling scheme which is advantageous for algorithms utilizing SIMD architectures[27].

Yagel and Kaufman [31] present an algorithm for volumerendering that isbased on expl oit-
ing coherency between raysin parallel projections. Raysare cast from abase plane, which sim-
plifies the paths through the volume in a serial image-order algorithm, insuring uniform sam-
pling of the volume.

Webber [28] describes an algorithm that casts raysthrough the grid directly. Thisalgorithm
constructs a biquadratic isosurface over each grid cell, and intersects the ray with this surface.
Thisbiquadratic surfaceisderived by examiningthe 3 x 3 x 3 volumeof voxelsaround thetarget
voxel and using one of the 3 x 3 sides of this voxel array as a base for a biquadratic function.
This approximating function is used for ray-isosurface intersection tests. This method alows
the derivation of a precise intersection and a precise normal over avoxel.

Our approach combines ray-casting methods with atricubic spline interpol ation schemefor
high-quality image generation and animation. To eliminate the root-finding for ninth-degree
polynomials, we rotate and resample the original rectilinear data set at the vertices of aagrid
with one family of grid planes parallel to the image plane. We cast rays that are normal to the
image planeand thus perform ray-intersection cal cul ationsfor third-degree polynomials. These
methods are all independent cal culations and can be efficiently implemented on a parallel pro-
cessing system.

3. TricubicInterpolation

To solve the general ray-isosurface intersection problem, we must compute the intersection of
a(parametric) ray and an isosurface of atricubic approximant. We utilize cubic tensor-product
Catmull-Rom splines [2, 6] to represent the scalar field for al grid cells. We briefly review this
spline scheme for the univariate case.



of its coordinate “directions’ is parallel to the ray direction, and by resampling the field at the
verticesof the“ray-aligned” grid. Thus, each intersection calculation isreduced to root-finding
for athird-degree polynomial.

In Section 2, wereview research related to this problem. 1n Section 3, wereview thetricubic
splinethat we useto approximateathree-dimensional field. In Section 4, we discusstherotation
and resampling stepsthat allow usto efficiently render smooth isosurfacesby using axis-aligned
rays. Theray-isosurfaceintersection method isdiscussed in Section 5. 1n Section 6, we discuss
ray-isosurface intersection and implementation details of the algorithm. We present results of
our approach in Section 7 and conclude with an outlook on future work in Section 8.

2. Related Work

Two basic approaches are used in scientific visualization for the identification, extraction, and
rendering of isosurfaces: those that generate an intermediate representation of the isosurfaces
for rendering purposes and those that render the data directly.

The marching-cubesalgorithm [30, 22, 24] generates an intermediate triangle mesh from a
set of trilinear interpolants. Considering each trilinear interpolant independently, the algorithm
determines a set of trianglesthat approximates the isosurface within each voxel. The resulting
triangle mesh is displayed using conventional rendering hardware. The number of casesto be
considered for generating the mesh within avoxel can be simplified by symmetry and rotation
to 14 cases, and the algorithm uses alook-up table to quickly generate the triangular mesh ap-
proximating anisosurface. The marching-cubesmethod has been adapted to tetrahedral meshes
by Shekhar et al. [26], where only three cases must be considered.

Hamann et al. describeamethod for constructing a“ smoother” isosurfaceby fitting rational -
quadratic surface patchesto thetriangle mesh resulting from the marching-cubesal gorithm [ 10].
Since the contour of the bilinear interpolant on a face of a grid cell is a hyperbolic arc, ratio-
nal quadratic curves can represent this curve exactly. These boundary curves, together with
boundary curvesin the interior of agrid cell, can be used to generate the control nets of trian-
gular rational-quadratic patches that approximate the isosurface within the cell. The use of this
type of surface patch yieldsa*“ smoother” isosurface, but tangent plane discontinuitiesstill exist
at the boundaries of each grid cell.

Levoy [18] introduced the concept of casting rays directly through volumetric data to ob-
tain transparent images. His algorithm uses trilinear spline interpolation along with the spline
gradient to assign normal vectors pointsal ong theraysfor shading purposes. In order to empha-
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FIGURE 1: Ray-isosurfaceintersectionin avoxel: The shaded area showstheisosurface of the trilinear approximant.
The bounding curves of the isosurface on the faces of the voxel are hyperbolic arcs.

on an isosurface we insert a parametric ray equation
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into the individual tricubic polynomial segments characterizing field over each voxel, i.e.,
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Thus, we have to solve the equation
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to determine points on the isosurface f = f. Thisis an equation of degree ninein ¢, and so
the intersection of aray with the isosurface of a tricubic polynomial requires the solution of a
ninth-degree polynomial —a difficult task.

However, if the direction vector d of the ray r isparallel to one of the axes of the coordinate
system in which f(z,y, z) is defined, then two of the values of z4, y4, and z; must be zero,
and the intersection problem leads to a (solvable) third-degree equation. Thus, we reduce the
general ray-isosurface intersection problem by rotating the given rectilinear grid such that one

3



1. Introduction

With ever increasing speed, data sets are being generated that represent three-dimensional, vol-
umetric information. They arise asaresult of complex computational simulations or of empir-
ical data-collection procedures, and present achallengeto current visualization techniques. As
these are large data sets, the approximation techniques used to render the data produce arti-
facts that are visible in the resulting images, and especialy in the animations. These artifacts
frequently present misleading information about the data and may reduce the reliability of the
visualization. It is crucial to clearly display all information contained in a data set, and not to
simplify the data for the sake of rendering ease.

Scientific data sets are typicaly scalar- or vector-valued and defined on a grid in three-
dimensional space. In many cases, the grid is rectilinear and the data represents either point
values associated with the nodes (or vertices) or constant val ues associated with the voxels (or
grid cells). Three methods have been developed to visualize these data sets: the construction of
isosurfaces, i.e., surfaces defining theregionin spacefor which aparticular field variableis con-
stant [18, 22, 24]; volume visualization methods, where the algorithm casts rays through the
volume, averaging color and opacity values along the ray [18]; and splatting, which is based
on projecting the voxel data onto the image plane and considering relative depth to simulate
transparency [4, 17, 29].

We describe amethod based on a C'*-continuousinterpol ation scheme that leads to normal -
continuous isosurfaces. We construct a cubic tensor product spline interpolating the function
values at the grid points ensuring an overall C''-continuous representation of the field. The
algorithm extends the de facto standard of piecewise-trilinear interpolation of the datain acell
to piecewise-tricubic interpolation.

Piecewisetrilinear interpolation (Figure 1) of rectilinear datainterpol atesthe eight dataval-
ues at the corners of acell and yields an overall C°-continuous approximation of afield. The
resulting isosurfaces have normal discontinuitieson the shared boundary faces of each pair of
neighboring voxels. The resulting normal discontinuities are clearly visible when rendering
isosurfaces. Images obtained by ray casting aso suffer from the lack of smoothnessin the tri-
linear splineinterpolation. The resulting artifacts—“ring patterns’ — are particularly disturbing
in animations of a data set.

Piecewisetricubic interpolation utilizesthe 64 vertices at the cornersof a3 x 3 x 3 array of
cells, and calculates a tricubic approximant to the values within the cell. To determine a point
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