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AN ANALYSIS OF Krr SCATTERING FROM THE REACTION K n ~ Krr p 

A. Firestone,* G. Goldhaber, D. Lissauer, and G. H. Trilling 

Department of Physics and Lawrence Berkeley Laboratory 
University of California, Berkeley, California 94720 

December 1, 1971 

ABSTRACT 

+ -We have analyzed K rr elastic scattering in the reaction 

+ + - / K n ~ K rr p at 12 GeV c. We have extrapolated to the pion pole 

LBL-5l6 

+ - . 
in order to obtain the on -mass-shell K rr elastic scattering cross 

section and angular distributions as functions of Krr mass in the 

range from threshold to 2 GeV. Using a simple model of Krr elastic 

scattering we have determined solutions of the I = 1/2 S-wave 

phase shift for m(Krr) < 1.7 GeV. We find that the I = 1/2 S-wave 

amplitude performs at least one complete loop in the Argand plot 

(" " .) down solutlon. In addition, if one chooses the appropriate "up" 

solutions two rapidly varying loops at m(Krr) near the K*(890) and 

K*(1420) respectively are also allowed by our data . 

( 
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I. ,INTRODUCTION 

Analyses of K~ scattering, using one-pion-exchange processes have been 

discussed in several recent papers. These studies have involved reactions: 

+ (K~ ) 0 6++ (1236) (1) Kp ~ 

K~p ~ (K~rp (2a) 

K-p ~ (~)on (2b) 

Kn ~ (K~r-p (2c) 

Data from reaction (1) at 7 GeV/c were used by Trippe et al. l to determine 

~ elastic cross sections and angular distributions up to masses of 2 GeV. 

Recently, more extensive data samples of reaction (1) between 2.5 

and 13 GeV/c from the World Data Summary Tape have been used to calculate 

the S-wave I = 1/2 Krt amplitude between threshold and about 1.1 Gev. 2,3 

At the same time, reactions (2) at 5 GeV/c have also been used to extract the 

S-wave 
; 4 

phase shift up to about 1.2 GeV. The recent analyses all indicate 

two possible I = 1/2 S-wave phase shift solutions: (a) a "dOwn" 

solution with a slowly varying phase shift which rJses to about 60-700 at 

1 GeV and (b) an "up" solution which contains a relatively narrow resonance 

at about the same mass as the K*(890). 

. + -
In this paper, we report the results of a study of K ~ scattering from 

threshold to a K~ mass of 1..7 GeV, based on a study of 'the reac·tion, 

+ + -
Kn~ K~p , 

at an ind.dent momentum of 12 GeV/c. The data were obtained in a 500,000-

picture exposure of the deuterium-filled SLAC 82-inch bubble chamber to a 

12-GeV/c rf-separated K+ beam. The complete analysis of the film has yielded 

+ + -a sample of 6419 K n ~ K rt P events, which correspond to a cross section 

of 400±20 ~b. The experimental details, as well as some particular aspects 

, I 
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of Klt scattering seen in these data have been reported previously. 5-8 Reaction 

(3) is analogous to (2b), but our momentum is much higher than that of Yuta 

4 et al., and our procedure very different. 

II. Klt CROSS SECTIONS 
,. 

For the study of Klt scattering, there are several signif-icant differences 

between reactions (2b), (3) and reaction (1). First of all, the kinematic 

boundary for the reaction with the nucleon in the final state allows the physical 

region to approach much closer to the pion pole than it does for the reaction 

with the delta in the final state. This dramatic difference in the kinematically I 

allowed regions, particularly important at high Klt masses, is seen in 

Fig. 1, which shows the kinematic boundaries for the two reactions (1) and (3), 

each calculated at 12 GeV/c incident momentum. Secondly, the baryon vertex 

function for the delta reaction is different from that for the reactions with 

nucleons in the final state. As a consequence of this difference the behavior. 

of the cross sections in the neighborhood of t = 0 is different in the two 

cases. 

We assume that, for small enough momentum transfers, the reaction 

.+ + -K n ~ K It P does in fact proceed primarily through pion exchange. We there-

fore restrict our attention to the region with t < 0.2 (GeV/c)2, where t is 
---

the square of the four-momentum transfer from incident neutron to final proton. 9 

In this region the Treiman-Yang angular distributions are consistent with iso-

+ -) tropy for all v~lues of m(K It • The i-dependence of the data may be repre-

. -m 2 
sented by an exponential, da/dt = Ae ,where B ~ 10 (GeV/c)- for all 

+ -regions of m(K rt ).The Dalitz plot for this reaction has been published 

7 + -previously as has the scatter plot of cos e vs m(K rt ), where e is the polar 

angle in the Gottfried-Jackson frame. 8 

. 10· 11 
We have folloyled the procedures of Colton and Malamud and tla et al. 

in extrapolating the cross section to the pion pole. The pole equation is 

given by,12 
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q(m)a(m)F(m,t) 
(t + Il ) 
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(4) 

in which m
t 

is the target (nucleon) mass, p£ is the incident laboratory momentum, 

(g2/4rc ) = 29.2, J..l is the pion mass, m is the K+ rc - invaria.'lt mass, q(m) is the .-' 

+ - + -on-shell momentum in the K rc rest frame, aCm) is the on-shell K rc elastic 

cross section, and F(m,t) is a form factor whose value is unity at the pion 

pole. 

in mb. 

namely 

In Eq. (4) all masses and momenta are inGeV and all cross sections 
. '10 

For the function F(m,t), we make the same choice' as Colton and Malamud, 

F(m,t) 

where G(m,t) 

1 + = G(m,t)( 
1 + 

, 

+ + -in which ~ is the momentum of the incident K in the K rc rest frame, Pt is 

the momentum of the incident neutron in the proton rest frame, and p is the 

value of this momentum at the pion polej i.e., p2 is a negative quantity. ' 

The terms involving q, ~ in (5b) have the DUrr-Pilkuhn form13 corresponding 

to a P-wave K:re system., We have however used them even in K:re mass regions 

dominated by other waves (s and D). Our justification is that in principle 
f 

F(m,t) c~n be any smooth function which goes to unity at the pole, and the 

usefulness of a particular choice is determined by the ability to extrapolate 

Eq. (4) from the physical region to the pole with a simple t-dependence. The 

form (5) did permit a simple linear extrapolation in t throughout the whole 

Krc mass range studiedj this is taken as a posteriori justification for the 

. 14-16 form of F(m,t) used. The use of such form factors has been shown to 

+ describe Chew-LoI" distributions for reactions of the type, Xp ~ X:re n (X = :re, 

K or p) for many incident momenta. 

'I i 

, -

• 
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10 
We use the expression, 

II ta" (6) 

to evaluate "ta" for a given 6tCm bin, where n is the mb/event ratio in this 

~ experiment. The sum is performed over all events in the particular 6tCm bin, 

and the bracketed quantity is calculated individually for each event in the 

bin. The integral Jdtdm is performed over that portion of the particular 6tCm 

bin which is included in the physical region of the Chew-Low plot. The denom­

inator in brackets in Eq. (6), (d
2

a/dtdm) OPE' is given by Eq. (4) with a(m) 

set equal to unity. 

, II II The procedure is to fit polynomials in t to the experlmental to points. 

Least squares fits have been performed separately to the forms IIta ll 
== bt, 

"ta ll 
::: a + bt, and IIta ll 

== a + bt + ct2 • In every case it was found that c 

did not differ significantly from zero, and that no si~~ificant improvement 

in x2 probability was obtained by adding the quadratic term. Therefore we 

have considered only the linear extrapolations IIta ll == bt and lito" == a + bt, 

which give reasonable X2 values in nearly all bins. Figure 2 shows the extrapo-

+ -) lation to the pole in each bin in m(K n for.the polynOmial "to" ::: a + bt. 

The results are presented in Table I, and the cross sections for the two extrapo-

lations are plotted in Figs. 3 and 4. 

In principle, the quantity "to''' as defined in Eq. (6) should pass through 

• • zero at t::: O. It actually appears from Ta~le I that in a number of m(Kn) 

bins, the quantity a, from the fit lito" == a. + bt, is significantly different 

from zero. This discrepancy may be attributable to the effects ofabsorption.17 

On the other hand, the results of the CEm~-Brussels-UCLA Group,3 based on extrapo-

lation of the some.lhat different pole equation applicable to reaction (1), agree 

better wl't.h our "tcr"::: bt fl'ts than the "t" bt f't t' 1 1 _ a == a + 1 s, par lCU ar y 

I 
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* in the neighborhood of the K (890). We are therefore unable to make a compelling 

argument in favor of one form rather. than the other. 

+ - + -We observe from Fig. 4-that the cross section a(K ~ ~ K ~ ) is dominated 

by the K*(890), and also has a significant enhancement corresponding to the . .-

K*(1420). The width of the K*(890) peak is consistent with the conventional 

value of about 50 MeV observed in K~ mass distributions, but the value of the 
. - + - . 

cross section in the highest bin (p.88 GeV < m(K ~ ) <0.92 GeV) is significantly 

higher than the P-wave unitarity limit. As is well known this effect is 

attributable to the presence of a large S-wave phase shift in this region. 18 

The peak in the region of. the K*(1420) appears broader than the conventional 

100 MeV observed in Kn mass distributions, and is centered more at 1.35 GeV 

than at l. 4 GeV. . Evidence has been pre sented previously fur an additional re sonance 

on the low-mass side of the K*(1420).7 The extrapolated cross section, using 

either extrapolation procedure, exceeds the calculated D-wave contribution· of 

the K*(1420), based on an elasticity of 57%. This excess may be due to the 

presence of a large S-wave phase shift in this mass region. 

/ III. ANG~R DISTRIBUTIONS 

. 16 
As has peen done in·previo~s analyses we express the K~ angular distri-

butions in terms of the average values of spherical harmonics (t;). We have 

considered two ways of determining these moments, namely (i) by extrapolation 

to the pole and (ii) by averaging over the phYSical region in the momentum 

transfer range· t < 0.2 (GeV/c)2. 

The extrapolation to the pole was done in the same bins in-both t and 

m(Kn) used to extrapolate the quantity "ta". The procedure was to calculate 

the average value of the particular spherical harmonic, <r;), in each bin 

6t6m, and then to extrapolate the t-dependence of (Y~) to the pion pole for 
. . 

each value of m(Kn). This was done separately for' each bin in m(Kn) and for 

II 
,; 

• • 

• 
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each particular spherical harmonic. The extrapolation used in each case was 

1 . .' "( . .m),, lnear; 1.e., x£ = a 

any 'XT;)" distribution in 

+ bt. We found no evidence for a quadratic, term in 

any mass bin. The linear fit gives a reasonable X2 

~. in most cases. We have considered only Y~ terms with £ ~ 4j consequently 

our subsequent partial wave analysis applies only up to about m(Kn) = 1.7 

• 

GeV.8 The extrapolated (Y~) to (Y4) are listed in Table II and shown in Fig. 

5. The (~), where m f 0, are not significantly different from zero. 

It has been pointed out by Kane17 that extrapolations of quantities such 

as (T;) for reactions (2) and (3) may run into singularities before getting 

to the pion pole. Since this may cast some doubt on the validity of the (~) 

obtained by extrapolations such as those just described, we have also considered 

the moments calculated in the physical region, t ~ 0.2 (GeV)2. Values of these 

moments are given in Table III and shown in Fig. 6. The general 
very although 

features of the extrapolated and phYSical region (Y~) areAsimilar,Athe struc-
slightly 

tures tend to beAmore accentuated in the extrapolated moments. It is inter-

esting to compare our values of (Y~) with those obtained by extrapolation using 

data from reaction (1). The vertex functions are different in that reac-

tion, and the criticism of the extrapolation of moments mentioned above does 

not apply. The moments calculated from reaction (1) are :inrmscnal::iLe agreement 
both 

wi th,..our physical region moments and with our extrapolated value s. 3 

The general qualitative features of the moments are as follows. 

is large and falling rapidly near the K*(890), remains small between 1.0 and 

1.4 GeV and then rises again. (Y~) has maxima in the neighborhoods of,both 

K*(890) and K*(1420) although the latter peak seems to occur at about 1.5 GeV 

rather than at the conventional D-wave resonance mass. The value of (Y~) 

remains small up to about 1.6 GeV at which point it rises rapidly. Finally 

(Y4) is close to zero up to 1.4 GeV at which point it exhibits significant 

structure. 

II U :: I I I 
, P',' 
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IV. PARTIAL WAVE ANALYSIS 

We have attempted to fit the cross section and angular distribution data 

+ -listed in Tables I, II and III to the fOllowing simple mO,del of K n: elastic 

scattering. The cross sections and moments are given by the following equations: .~ , 

1 =-
J4; 

{ 3 .464 Re ( sp*) + 6.928 Re (PD*)} . 

IsI 2 + 31pI2 + 51DI2 
(8) 

(2.683IpI2 + 4.472 Re(SD*) + 3.194~DI2} 
IsI2 + 31pI2 + 51DI2 , 

1 =-
J4;{ 

= ~ ( 6.803 Re(PD*) } 

J4; IsI 2 + 31pI2 + 51D12, 
(10) 

= ~ ( '4.286IDI
2 

} 

J4; IsI 2 
+ 31pI2 + 51DI2 

(11) 

in which S, P, and D are the complex amplitudes for K+ r( elastic scattering.19 

Initially we neglect the contribution of I ~ 3/2' K+n:- elastic scattering 

which is known to be small and have no structure from threshold up to m(Kn:) ~ 2 

GeV.20 The P and D amplitudes in the above formulas have been parametrized 

2l * as simple Breit-Wigner forms fixed at conventional values for the K (890) and 

K*(1420) respectively, i.e., 

xr/2 
P or D = mo - m - ir/2 (12) 

22 
where m = 0.901 GeV or 1.420 GeV and r = 0.050 GeV or 0.100 GeV for P and 

o 

D respectively, x is the elasticity which is taken to be 1 and 0.57 for P and 

+ -D respectively, and m refers to the K n: invariant mass. 

For the S wave we have taken the simple parametrization, 

2i5° 
e - 1 

S = 2i 
, 

o where 5 is the phase shift. The parametrization assumes an S-wave elasticity 

of unity. , This assumption can be justifieq. ,on the follovling grounds. The 

'." I ' , I' I, I' 

, . 
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lowest mass systems which can be produced inelastically from a ~ = 0+ Kn 

state are Krrnrr ~u1ti-body) and K*(890)p(765) (~uasi-two-body). The latter 

has a threshold of nearly 1700 MeV. Although the Krrrrrr can be produced at 920 

~- MeV, phase space considerations favor very much higher masses. It is there-

• 

• 

fore reasonable that in the Kn mass range below 1. 7 GeV, the S wave be assumed 

to remain essentially elastic. 

We have made a series of fits to the values of 00 as a function of KIT mass 

with the following inputs as shown in Table IV. The results are shown in Figs. 

7, 8, 9 as indicated in Table IV. A representative fit is shown in Fig. 10. 

The (Y~) are reproduced ~uaJitatively by this model as 

can be seen from this figure. We have investigated the effect of the I = 3/2 

KIT contribution by.putting the entire K n 
20 

cross section determined by Cho et ala 

into an elastic S wave. The effect, as seen in Fig. 9, is relatively small and 

therefore does not significantly change any conclusion one might draw from Figs. 

7 and 8. 

The above model is obviously an oversimplified description of what is 

going on. Our approach is one of using the minimum set of partial wave ampli-

tudes re~uired to give a ~ualitative representation of the data. A more precise 

analysis would have to include (a) amplitudes due to waves with t > 2, (b) 

P-wave contributions other than the K*(890), and (c) a more accurate representa-

tion of the D-wave behavior near 1.4 GeV. All these effects which will modify 

the 00 values are likely to become most important in the high mass region • 
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It is well known that there are several kinds of ambiguities in the deter- ~, 

mination of the phase shifts. First of all any phase shift can be shifted by 

any multiple of 1800
• SecondlYi in mass regions where the K~ cross section is 

dominated by a single partial wave, the determination of other phase shifts 

depends principally on interference terms which lead ,to another type of ambi­

guity. Thus in the neighborh~od of the K*(890), if '00 is a solution for the 

S-wave phase shift and 01 the P-wave phase shift at the same m(~), then 00 

defined from, 

, (14) 

is also a solution~3 A similar ambiguity occurs in the neighborhood of the 

K*(1420). Distributions of x2 versus 00 for two Kn mass bins are shown 

in Fig. 11 to illustrate the manner in which the ambiguities enter. We have 

indicated those mass bins where there is a serious ambiguity of the sort shown 

1'1 1 
I I, I 

i' . 

• 
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in Fig. 10 by dashed crosses in the results of Figs. 7 to 9. 

LBL-516 

In interpreting 

these figures, it must be remembered that the 1800 ambiguity, though not explic-

itly exhibited, is also there and can be used to form a smoothly varying depen-

- dence of 50 on m(Krr). 

• 

• 

A more explicit representation of the possible solutions is shown in Fig. 

12 based on the use of the physical region (Y~) and the cross-section extrapola­

tion "ta-" = a + bt. This representation can be characterized as follows: 

(i) Between the K*(890) and the K*(1420) the S wave appears to have a rela­

tively slow variation, and a large phase shift crossing 900 (or 2700
) near 

m(Krr) ~ 1.3 GeV. 

(ii) Near both 0.89 and 1.4 GeV the S wave can either maintain its fairly 

slow variation or exhibit a very sharp upward rise corresponding to narrow 

resonances at either or both of these masses. This behavior near 0.89 GeV has 
2-4 been previously observed in analyses of reactions (1) and (2c). An S-wave 

resonance near 1.4 GeV would correspond to the interpretation of part of these 

data discussed earlier. 7 

Although Fig. 12 uses a particular set of inputs, it is clear from Figs. 

7 and 8 that qualitatively similar representations can be made from the other 

inputs in Table IV. 

v. CONCLUSIONS 

+ -We have determined K rr elastic scattering cross sections and angular 

+ + -
distributions for m(Krr) < 1.7 GeV, using the reaction K n ~ K n p at 12 

GeV/c. We have interpreted these data in terms of a simple model for Kn scat­

tering which consists of the K*(890) and K*(1420) resonances using conventional 

parameters and an elastic I = 1/2 S-wave. We find that this model gives a 

reasonable representation of the gross features of our data. The S-wave phase 

shift, 50, as determined in this analysis has the following characteristics: 

(1) For 
o m(Kn) < 1 GeV, 5 is in qualitative agreement ",ith the results of 
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2-4 
earlier analyses involving different reactions. In particular, our data 

also show both IIUpll and "down" solutions. However, our values for 50 in this 

mass region for the down solution tend to be somewhat larger than those of 

.,-, Ref. 3. 

(2) For m(Kn) between 1.0 and 1.3 GeV, 50 remains constant at a value of 

about 900 ("dOwn" solution) or 2700 ("Up" solution). 

(3) For m(Kn) ~ 1.4 GeV, where the cross section is dominated by the D-wave 
\ 

resonance, we find an additional up-down ambiguity. 

(4) For 1.4 GeV < m(Kn) < 1.7 GeV the phase shift increases by 900 (lIdO'lmll 

solution) or 2700 Crupll solution). In either case, the S-wave amplitude is 

close to zero for m(Kn) ~ 1. 7 GeV. 

In summary, our data show that the S-wave amplitude performs at least 'one 

complete loop in the Argand plot. For each of the two IIUp" solutions i-lhich 

may be chosen, an additional narrow resonance loop is introduced in the Argand 

plot. The two possible additional loops occur in the neighborhoods of the 
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1.45-1.50 
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1.80-1.85 

1.85-1.90 

1.90-1.95 

1.95-2.00 
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Table I. 
. +-

a(K n: ~ + -) K n: from extrapolation of "to'''. 

litO''' = bt 

X2 

Events 9 doi' b=a (mb) 

30 5·9 12.1±2.8 

34 6.1 26.1±5·2 

109 31.7 46.1±5·7 

203 19·6 89.0±7·2 

90 23·9 27·0±3·5 

53 15·0 11.6±2.0 

138 6·3 13·4±1.2 

127 9·5 8.7±0.8 

174 18.7 8.2±0·7 

131 24.5 9·2±0·9 

171 4.9 13.4±1.1 

181 14.6 12.1±1. 0 

127 13·5 7·1±0·7 

154 17·9 3·9±0·3 

165 6.0 3·9±0·3 

99 14.2 3.5±0.4 

100 12.2 3·4±0.4 

92 14.4 2·9±0·3 

102 6.8 3·3±0·3 

112 10.2 3·5±0.4 

88 10.0 2.6±0.3 

'I I ,. I i'l' 

X2 

8 dOf a 

4.8 

5·8 

25·9 

9·8 

23.8 

10.4· 

4.8 

9·2 

12.4 

22·3 

4.7 

14.3 

6.4 

17.8 

3.8 

6.8 

12.2 

14.1 

6.2 

6.2 

9.6 

"to''' = a + bt 

(mb(Gev/c)2) 

-0.07±0.07 

-0.08±0.16 

-0.36±0.15 

-0.60±0.19 

-0.02±0.10 

-O.lo±O·05 

-0.04±0.03 

0.01±0.03 

-0.05±0.02 

-0.04±0.02, 

-0.02±0.03 

-0.02±0.03 

-0·05±0.02 

O.Oo±O.Ol 

0.. 05±0. 03 

-0.04±0.02 

0.00±0.02 

-0.02±0.03 

-0.03±0.03 

-0.07±0.03 

-0.02±0.03 

• 1 • 

, ' 
I "1 , 'I 

b (mb) 

15·3±4.1 

29.4±8.4 

63·2±9·1 

. 116·3±11.3 

27·6±5·0 

16.7±3·'1 

14·9±1.7 

8·3±1.1 

10.0±1.0 

10.6±1.3 

13·9±1·5 

12.6±1.3 

9·0±1.0 

4.0±0·5 

3·1±0.6 

4.6±0.6 

3.3±0.6 

3·2±0·7 . 

3·8±0.7 

4.8±0.7 

3·0±0.6 

, I . I 
I 

LBL-516 

0' (mb) 

19·0±5·4 
'~J. 

33·4±11.6 

81.9±12.0 

146·9±14.9 

28·5±7·1 

22.o±4.0 

17·2±2·5 

7 ·5±1.8 

12.3±1.4 

12.5±1.8 

14.8±2·3 

13·5±2.2 

11.7±1.4 

4.2±0.8 

0.6±1.8 

6·5±0·9 

3·3±1.3 

4.1±1.8 
• 

5·3±1·9 

8·3±1.9 ., 

4.1±1·9 

I, . ~ 
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Table II. Extrapolated values of (Y~> • 

M(K+1(-) GeV (yO) 
1 

(yO) 
2 

(yO) 
3 

(yO) 
4 

0·70-0.S0 0.21fO.04 -0.09f o.07 0.04fo.08 0.07f O.ll 

0.So-0.S4 0·31f O.ll \ 0.11fO.l0 0.04fO.ll 0.09f o.ll 

0.S4-0.SS 0.16±0.06 0.15f O.06 O. 03f O. 06 0.09f o.06 

0.SS-0.92 0.24fO.04 0.22±0.04 0.06f o.05 0.07f O.04 

0·92-0·96 0.05f O.06 0.lo±o.06 0.13f O.06 -0.07f o.06 

0·96-1.00 -O.12fO.oS -0.02fO.OS O.llfO.OS 0.04fO.OS 

1.00-1.10 O.Olf O.05 -0.01f O.05 0.05f O.04 0.07f O.05 

1.10-1.20 0.12f O.05 0.10f O.05 0.11fO.05 0.OSfO.05 

1.20-1·30 0.14f o.05 0.06f o.05 -0.02fO.05 0.oSfO.05 

1.30-1·35 -0.06fO.06 0.09f o.06 -0.03f o.05 -0.05f O.06 

1.35-1.1+0 -0.02f O.05 0.14fO.05 0.oSfO.05 0.02fO.05 

1.40-1.45 -0.06fO.06 0·30f O.05 -0.01fO.06 0.19f o.05 

1.45-1.50 -0.15f O.OS 0·35f O.07 -O.OSfO.OS 0.07f O.07 

1.50-1.60 -0.05f O.07 0.40fO.06 0.02fO.07 0.26fo.06 

1.60-1·70 0.10±0.06 0.2SfO.05 0.01fO.07 0.26fO.06 

1. 70-1. 75 0.26±0.oS 0.22f O.07 0.21fO.07 0.01f O.09 

1. 75-1.S0 0.25f O.07 0.32f O.OS 0.26fO.OS 0.11f O.09 

1.S0-1.S5 0·37f o.09 0.40±0.09 0·31fO.09 0.16fO.09 

1.85-1.90 0.25f O.08 0·3o±O.07 0.27f O.07 O.llfO.oS 

1.90-1.95 0.28f o.09 0·35f O.09 0.43f O.l0 - 0.13f O.l0 

1.)5-2.00 0.27f O.l0 0.46fO.ll 0.46fO.l0 0·36f o.l0 
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(Y~) in the physical region [t < 0.2 
. 2 

Table III. Values of (GeV/c) ]. , . 

M(K+1(-) GeV (yO) 
1 

(yO) 
2 

(yO) 
. 3 

(yO) 
4 

0·70-0.80 0.192±0.037 0.025±0.049 0.008±0.047 0.004±0.041 

0.80-0.84 0.232±0.036 0.102±0.046 0.027±0·050 -0.014±0.047 

0.81- 0 •88 0.147±0.027 0.106±0.028 0.oo4±0.03C? 0.012±0.030 ... 

0.88-0·92 0.105±0.022 0.135±0.021 -0.006±0.022 0.028±0.022 

0·92-0·96 O. 017±0. 035 0.099±0.030 0.033±0.033 -0.040±0.032 

0·96-1.00 -0.038±0.044 b.091±0.044 . 0.007±0·045 0.062±0.045 

1.00-1.10 -0~034±0.025 0.029±0.025 -0.020±0.026 . 0.009±0.027 

1.10-1.20 0.015±0.027 0.062±0.028 0.059±0.028 . 0.O38±0.028 

1.20-1-.30 -0.020±0.015 0.075±0.023 -0.009±0.025 0.026±0.024 

1.30-1.35 0.052±0.029 0.116±0.028 0.018±O.O30 O.O57±O.O29 

1.35-1.40 O. 071±0. 025 0.111±0.023 0.053±0·023 0.005±0.024 

1.~-0-1.45 0.022±0.027 0.243±0.021 -0.O23±O.026 O.098±O.O25 

1.45-1.50 o.008±0.034 O.311±0.O24 0.010±0.035 0.150±0.032 

1·50-1.60 0.116±0.030 o. 342±-0. 020 O. 105±0. 032 0.174±0.031 

1.60-1.70 0.167±0.027 0.278±0.022 0.085±0.030 0.140±0.029 

1. 70-1. 75 0.244±0.030 0.282±0.026 0.200±0.032 0.078±0.037 

1.75-1.80 0.23-9±0.030 O·316±0.027 0.255±0.033 0.172±0.037 

1.80-1.85 0.232±0.031 0.286±0.029 0.298±0.029 0.144±0.040 
., 

1.85-1.90 0.263±0.029 0·324±0.024 0.286±0.028 0.128±0.038 -

1.90-1.95 0.294±0.027 0.356±0.023 0·332±0.027 0.191±0.037 r 

1.95-2.00 0·350±0.024 0.400±0.023 0·35l±0.031 0.253±0.O39 

I ,1 
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Table IV. Information used in phase-shift calculation. 

Kn cross-section I == 3/2 Figure no. 

(yo) 
£ information used contribution of results 

., • .<) 

Extrapolated None Neglected 7a 

.... Extrapolated "tall == a + bt Neglected 7b 

Extrapolated "toll :::: bt Neglected 7c 

Physi1al 'Region None Neglected 8a 

Physical Region II tall :::: a + bt Neglected 8b 

Physical Region "to" :::: bt Neglected 8c,12 

Physical Region "to" == bt Included as 
9 S wave 
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FIGURE CAPTIONS 

+ + - ++ 
Fig. 1. Kinematic boundaries for the two reactions K p ~ K :rr b.. (curve a) 

and K+n ~ K+:rr-P (curve b) evaluated ~t an in~ident momentum of 12 GeV/c. 

, ( + - + -) Fig. 2. Extrapolated cross section a K:rr ~ K:rr using the extrapolation 

"tall = bt. The three labeled curves represent the P-wave unitarity limit, 

the S-wave unitarity limit and the D-wave unitarity limit. Curve D is 

calculated assuming aD-wave elastic'ity of 57% •. 

( + - + -) Fig. 3. Extrapolated cross section a K:rr ~ K:rr using the extrapolation 

lito" = a + bt. The curves are the same as in Fig. 2. 

Fig. 4. The extrapolation to the pion pole, "tall = ,a + bt in each of the 

21 mass bins. 

Fig. 5. The extrapolated values of the spherical harmonics, (a) (Y~), (b) (Y~), 

(c) (Y~), and (d) (y4). 

Fig. 6. Spherical harmonics in the phYSical region for events with t < 0.2 

(GeV/c)2. (a) (Y~), (b) (Y~), (c) (Y~), and (d) (Y4) (not extrapolated). 

Fig. 7. The S-wave phase shift, 00
, as a function of m(K:rr') for the fits with 

extrapolated values of tiE spherical harmonics for (a) no cross-section data 

used, (b) the cross-section data from the extrapolation "ter" = a + bt 

used, and (c) the cross-section data from the extrapolation IIterll = bt 

used. The dashed crosses correspond to explicitly ambiguous solutions. 

Fig. 8. The S-wave phase shift, 00
, as a function of m(K:rr) for the fit with 

spherical harmonics evaluated in the phYSical region and (a) no, cross-

/ section data used, (b) the cross-section data from the extrapolation 

"to" = a + bt used, and (c) the cross-section data from the extrapolation 

"to" = bt used. The dashed crosses correspond to explicitly ambiguous 

solutions. 

Fig. 9. The S-wave phase shj,ft, 00
, as a function of m(K:rr) for the fits using 

spherical harmonics evaluated in the ,physical region, cross-section data 

, I 
, I 

, " 
, ,. , I 

~ I 
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from extrapolation litO''' = bt, I = 3/2 contribution to Krr elastic scat-

tering put in explicitly. 

Fig. 10. The spherical harmonics in the physical region for events with 

t < 0.2 (GeV/c)2 (same as in Fig. 6). The curves are the results of fits 

to the data carried out to determine 00
, as in Fig. Bc; i.e., for litO''' = bt. 

' .... 
Fig. 11. Chisquare of the fit to 00 as a function of the S-wave phase shift 0

0 

in mass bins (a) o.BB GeV < m(Krr) < 0.92 GeV, and (b) 1.40 GeV < m(Krr) < 

1.45 GeV. Here again the case corresponding to Fig'.- Bc is shown; i.e., 

spherical harmonics in the physical region and . "to''' = bt. 

Fig. 12. The S-wave phase shift 00 vs m(Krr) again ~orresponding to the case 

in Fig. Bc. The four ambiguous solutions are shown explicitly here. The 

curves are given only to guide the eye • 

.. 
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r------------------LEGALNOTICE---------------------. 

This report was prepared as an accoun t of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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