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ABSTRACT

Equations providing the first and second derivatives of a
configuration interaction (CI) energy with respect to an external
parameter are provided. We assume no restriction on the form of the
CI expansion built from molecular orbitals obtained in a multiconfig-
uration Hartree-Fock (MCHF) calculation. Also the coupled perturbed
multi-configuration Hartree-Fock formalism is presented for a general
MCHF wavefunction and provides the first order and second order
changes of the molecular orbital expansion coefficients with respect

to an external parameter.



INTRODUCTION

The capability of efficiently calculating the gradient of the
energy with respect to nuclear coordinates for single configuration (HF)
or multi-configuration Hartree-Fock (MCHF) wavafuﬂctionsqas has had a
significant impact on molecular structure determination in recent years.
It is now feasible to calculate near Hartree-Fock structures of molecules
containing more than a few heavy atoms, and to predict their vibrational
spectra. Recently., Morokuma et aTQSand Schaefer et a137 have reported
applications of gradient techniques for MCHF wavefunctions of the Generalized
Valence Bond type, and the same formalism is commonly used in this Taboratory,g
The use of the gradient for general MCHF wavefunctions has been hampered
by the complexity of methods which generate the MCHF wavefunction, but
this is bound to change as the MCHF formalism is better understood9’1o
and more entrenched among quantum chemists as a tool necessary for quanti-

tative predictions of chemical structures and reactivity°13972

13 and Pople et a1014 have

Going one step further, Schaefer et al.
renorted the imnlementation of computational methods, which provide the
energy gradient for correlated wavefunctions of the Configuration
Interaction (CI) type and of Moller Plesset (MP) type. However, a
serious restriction of both programs lies in the nature of the molecular
orbitals which can be used to construct the correlated wavefunction: the
molecular orbitals from a closed-shell (HF) calculation or from a spin-
unrestricted HF calculation (UHF). Tachibana et a1915 have given the

epxression of the energy gradient for CI wavefunctions constructed from

spin restricted open shell HF calculations.



In addition, Pople et aLS showed that the analytic calculation of
the energy second derivative for closed-shell HF and UHF wavefunctions
is now practical.

The difficulty in carrying out the calculation of the gradient
for correlated wavefunctions or the second derivative for HF or UHF
wavefunctions 1ies in the need to know the derivatives of the molecular
orbital (MO) coefficients, with respect to the nuclear coordinates. The

Counled Perturbed Hartree-Fock (CPHF) method described by Garrett and Mi11sg?6

17-19

and used by several research groups to calculate atomic and molecular

properties (such as polarizabilities) provides a formalism by which

one can obtain the MO coefficient derivatives. CPHF formulas used in
cpen-shell HF wavefunctions are given by Tachibana915 while Sadley et a1°20
extended the CPHF formalism for MCHF wavefunction in which a pair of
electrons is excited from a closed shell to another closed shell.

The first objective of this paper is to present a global formalism
giving the first and second derivatives of the energy for CI wavefunctions
constructed from MCHF orbitals without any restrictions on the form
of the CI and MCHF wavefunctions, The second objective is to reformulate
the coupled perturbed multi-configuration Hartree-Fock theory applied to
the most general MCHF wavefunctions. Working equations for the first

and second derivatives of the MO coefficients with respect to an

external parameter are provided.



WAVEFUNCTION AND ENERGY

Let us consider a molecule consisting of nuclei and n electrons
and describe the wavefunction of the molecule with the aid of the
Configuration Interation (CI) method. The CI theory 1is based on an
n-electron wavefunction V¥ expressed as a Tinear combination of n-electron
configuration state functions (CSF). Each CSF is a linear combination
of Slater determinants built from an orthonormal set of one-particle
spin-orbitals (one-electron functions of spatial and spin coordinates).
In the expansion regime (LCAQ), the spin-orbitals are written as linear
combinations of atomic basis functions of one-electron spatial and spin
space.

We represent the set of wavefuntions describing the ground and ex-

cited states of the molecule by

ARl SR UV 1 (1)

the set of CSF's used to expand the wavefunction by

@ = {950 50 y) s (2)

the set of spin-orbitals used in the construction of the CSF's by

¢ = {¢19¢29”°¢N} s (3)
and the set of atomic basis functions used in the expansion of the spin

orbitals by

2'(: {X19X296°°XN} 3 (4)

The molecular energy is the expectation value of the non-
relativistic e1e¢tron%c Hamiltonian of the molecule. The latter may be

written:



n n n
- 2 4 ‘iﬂ =1
H o= -% Ei Vi Zi Vp 2, Tuv * VﬁUCTear i (5)
u=1 p=1 U>v

where v%gvi is the kinetic energy operator of electron u, Vu is the
potential experienced by electron u in the field of all the nuclei,
r;i is the Coulomb electron repulsion operator between electron p and v,

and V is the nuclear repulsion operator.

nuclear
We denote by H the CI matrix in the @ basis

H o= <o |H[o> 9 (6)

by € the matrix of coefficients of the ground and excited states of

the molecule in the & basis

vo=er (7)

oo

by E the diagonal matrix of the ground and excited states energies.

The matrices € and E are solutions of the secular equation

Me = CE (8)

~

and satisfy the orthonormality condition

. =

% 9 - I‘M 2 (9)
where ?M represents the unit matrix of order M. Furthermore, we
denote C the expansion matrix of the spin orbitals ¢ in the spatial-

spin atomic basis yx:

¢ = xC . (10)

S o= o<x e . (11)



The orthonormality condition for the spin-orbitals ¢ has the form

ctse = T, . (12)

YR ~

where ‘ﬁN represents the unit matrix of order N.

CI ENERGY DERIVATIVES

Let us suppose that we have solved the secular equation for the mol-
ecule in some conditions, and that the molecule is subjected to a small
one-electron perturbation characterized by a parameter A. Without loss
of generality we assume that the energy and wavefunction of the system
are known for x=0, and we wish to find the solution of the secular
equation for a neighboring value of A.

For the unperturbed case (A =0), we have

i

H(0)E(0) = C(0)E(0) (13)

¢(0) £(0) = Ty, = (14)

In the perturbed conditions, the secular equation has the form

HOAJER) = 0D EQ) (15)

~

and the orthonormality condition is

Ci) ¢(x) = Ty, . (16)

o~

Let us expand the various matrices in a power series in A:

2,2

H() = H0) + AdH(0) + % Nd B(O)+ ... (17)
C(0) = 6(0) +ade(0) + 3 XdC(0) + ... . (18)
E(A) = E(0) + AdE(0) + % Md*E(0) + ... . (19)



e

Note that dE(0), QiE(O)S ... are all diagonal matrices since E())
and T(0) are both diagonal. In addition, if $()) represents the metric
matrix in the ¢ basis, then we have $()\) = “M for any value of ).

It follows that in an expansion similar to (17), we have

ds(0) = d°$(0) = ... = 0

~

We substitute Egs. {17)-(19) into Eq. (15)and collect the terms of the same

order in ). In first-order we get

@(O)d@(@) + dH(0) €(0) = €(0) dE(0) + d€(0) E(0) ,

o ~

(20)
while the second-order terms give
d*H(0) €(0) + 2dH(0) d€(0) + M(0)d*e(0)
= d*0(0) E(0) + 2d6(0)dE(0) + €(0) d*E(0) . (21)
Similarly, substitution into the orthonormality condition gives in
first order
o
de(o) £(n) + €(0) de(o) = O (22)
Focusing one's attention on the Pth cotumn of Eg. (20), we
get after rearrangement
[H(0) - E,(0)1 ] dty(0) = - [dH(0) - dE (1] e (0) , (23)
and after multiplication by gp(of‘ on the left,
Jr
dEp(G) = gp(O) Qﬁ(o)ﬂp(O) (24)

The second-order equation gives



Using (23), the final expression for dZEp(O) is

d“E (0) = £7(0) d?m(0) € (0) - 2de (0) [m(0) - E_ T |de (0)
p ~p ~ ~p ~p ~ P~d~p
(26)
Alternatively we can expand d€(0) and dE@(O) along the
orthonormal basis of states
o) = Loy (27)
d’c(0) = €(0) W (28)
Equations (20) and (21) become
E(0)V-VE(0) = dE(0) - ¢(0)f dH(0)C(0) (29)
E(0)W - WE(0) = d®E(0) - € (0)' d°H(0) €(0) + 2V d E(0)
- 20(0)" dm(0) ¢(0) v, (30)
while the orthonormality condition gives
vyt o= o , (31)
Equation (29) provides the following expression for VPQ when P#Q,
T
€ (0) dH(0) €.(0)
- ._P ~ ' ~Q
Vpq " . (32)
while from (31) we get
Voo = 0 (33)

It follows that



2 - 2 ny . y iwp ~
PE0) = £(0) a?H(0) B (0) -2 -

(34)
Equations (24) and (26) are in accord with well known nroperties of

perturbation theory: the first order correction to the energy can be
ohtained from the knowledge of zeroth-order wavefunction, while the
second-order correction to the energy requires the knowledge of the
first-order correction to the wavefunction. The calculation of d@p(O
can be carried out using the inhomogeneous system of coupled equations {(23).
Even for large CI expansions of several thousand configurations, (23) can
be solved by some iterative process.

It what follows, we will proceed in determining the first and second
(0) and

derivatives of the CI matrix elements necessary to calculate dE

2
d Ep(O)°

Y

DERIVATIVES OF CI MATRIX ELEMENTS

For a value A of the perturbation parameter, the general formula

for the interaction energy between configurations I and J can be written

0ccC oce
Z YIJ <¢ ) > N z F?Jkﬁ j )\)q)J(}\) ?j;;_ ¢)'i(}\)¢5?,(>\} S
IPNVEL & 5& '

(35)
In (35), hi(x) represenfg the usual one-electron bare nucleus operator,
and "occ" represents the set of molecular orbitals denoted i, j, k and 2
.occupied in both configurations. The quantities Yiﬂ and T%gk% are the

structure constants which depend only on the formal expression of the two

configurations. In what follows, we will delete the subscripts 1 and J
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for sake of clarity, and will adhere to the following conventions:

we will represent the one-electron integrals <¢ﬁ(x)]¢j(x)> by (i]3),
<¢i(k)§h(x)l¢j(k)> by (i|nh|j), and the two-electron repulsion integrals
<¢i(x)¢j(x)]i/rlzl¢k(x)¢g(x)> by (¢i¢j§l¢k¢z) or (ij}/ke) when there is

no possibility of confusion. The symbols 1,3,k,2... will represent molecular
orbitals occupied in’at least one configuration; a,b,c,d... will represent
molecular orbitals occupied in none of the configurations; p,q,r,s...

will be used as summation indices; u,v,p,0... will represent

basis functions, and the short-hand notation (u|v), (pjh|v) and

(uv]lpo) will be used for the one- and two-electron integrals over

basis functions .

It is convenient to define the new quantities

oce
F'9o= hy +z U, TR (36)
kot
usually called the "generalized Fock operator" for the orbitals i and j,
where sz is the electron potential operator given by

Ve (D) = f;i-» o{? {2 dr, . (37)

12

Using Eq. (36), the energy expression (35) can be written

occe
HOD = % Lo, FI 0105005 + v <o, 00100 [o5(0)> }
1] (38)

In the spatial-spin function basis x(1), we denote by S(x), H'W(A), 6'I(2),
~ occ .
r?gk%

and Fjj(x) the matrices of the overlap, YTJh(A)s N Vm(k)S and
- kg

FlI(0) operators respectively:
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HYO) = oy n() [x () 9 (40)
6900 = [T P )00

~ ~ ke -

Eij(k) = <X+(X) Fij(A)jx(K)> . (42)

Let C()) be the matrix of coefficients of the orbitals ¢(X\)
in the spatial-spin basis x{)\). The orthonormality condition between

spin-orbitals is valid for all values of Ai:
¢ty s e = 1 : (43)

To obtain the derivative of H(\) given by Eq.(38), it is convenient
to define a modified spatial-spin basis, denoted i(x) corresponding

to the unperturbed spin-orbitals:

x(2) = x(x) c(o0) : (44)

~ ~

In this basis we write the spin-orbitals ¢()\) as

o) = x() Uy, (45)

~

which implies that

) = co Uty (46)

Equation (45) is used as a means to separate the variations of the orbitals
and the variations of the basis set of functions. Clearly Q(O): . In
the modified spatial-spin basis y(A), we denote by S(2), ﬁij(X), gij(x)
and fij(x) the matrices corresponding to S, ﬁij, gije and Eij

respectively:



=12~

s = g RM> = cto) sy co) (47)
HI0) = g0 x> = o) 1Y) co) L (a8)
60 = <i(A)IO§C Fijkﬁvkﬁ<x)li(x)> = ¢0) 60 clo)

9 (49)
FIO) = < IFY 0 x> = o) FYM) (o) (50)

From Eq. (48) we get

N
{ §(k)}pq = 1 Cp(0) € (0) <, ()], (1)> ; (51)
[PERY
Note that
{S(O)}pq = <0,(0)]0g(0)> = 8 (52)
From Eq. (49) we get
ij ij N |
{ H (X)}pq =y qu Cup(O) Coq(0) <xu(k)lh(x)lxv(x)> 5(53)
Note that
Crton = v <o lnlg 0> (54)
Simitlarly from Eq. (50) get get
ij ) occC kg - _
(700 = DT sl g Way)>
08 ik N oo e
= k%z r r?g <xp(k)xq(A)H Xp (WX (A)> U (1) U, (R)

(55)
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where
N
Ko (Mg (M X (M)xg (M) > = u;zm Cp(0) Cyq(0) € (0) Cog(0)
<t Oy O O (0> (56)
Note that
occ
iJ - ijka
feloy} - ;;ZQT <6, (0)0,(0)[| 9, (0)9g(0)> . (57)

In order to obtain the first-order and second-order contributions
to the energy, we expand the various matrices in power series of X,

as well as the energy scalar:

S(A) = T+ ads(0) +%2%d’S(0) + ... (58)

uoy = #0) )+ 5 )+ L, (59)
f If d f

¢ = o) +adgt(0) ¢y a0+ L (60)

FI0) = FY) ¢ aar) e EY 0 s L (61)

U() = T+ du(o) +% 2*d’u(o) + , (62)

H(A) = H(0) + AdH(0) + EA"d"H(0) +... . (63)

In the modified spatial-spin basis, the energy expression and

orthonormality condition take the form:
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occC

HOY = % ou o {0+ a Y nm ()
%

UT) s u) =1 (65)

In (64), Qi(x) denotes the ith column of U(r).

Let us substitute Eq. (58) through (63) into Eq.(64) and (65), and let us
collect the terms of same order in A. In zeroth order we obtain Eq. (64)
for the value A=0 of the perturbation parameter, which is the energy of
the unperturbed system.

The first- and second-order equations are:

)b odus(0) + { dF (o) + anli(o)

~J J ~ 1]
(66)
Z OCC 2 o © =ie
_ 1] 1]
d“H(0) = % z [dwuiw)«g Fil(o) + 3l (0)
15J

. L
s F0) ¢ P00} d?Uj(0) + {dPF

i 2, 1]
Fi Nij(())«e»dﬁﬁ,(o)}

N

+ .. ., . T , .t
+2dug(0) {dF 7(0) + dt P(0)) + 2{dF T(0) + di i (0)} du(0)

~ ~ ~J

v 200,000 F10) + 10} du,(0) (67)

In a similar fashion, from the orthonormality condition Eq. (65), we get

du'(0) + dS (0) + due) = o (68)

o~ ~

£

d?0'(0) + d°s(0) + dfu(0)+2Edy+(0) ds(0) + du'(0) du(0) + ds(0)du(0)] = o

~ ~
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From (54) and (56) we get the derivatives of H?j(x) and Gﬁj(x)g

pq Pg
TS ® o N
1
{%{J(o)}pq =y UZ\)CUP(O) Coql0) dulh[v)yg (70)
[d%#13(0)} v”§ ¢ (0) €. (0) d?(ulh|v), o s (71)
~ pq .y up vq A=0
.. occ .. N
ij _ ijka
{d6 (0}, = k%zr usvz,pﬁcw(o) Cq (0) Cop(0) € (0) dluvlfpoy g
oce .. N
ijke
to2 kzz r ;éqsp(owq(o)ll $,(0)0,.(0)) du,(0) , )
2 i3 _0CC kg N 2
{d6-(0)},q = k};g r wng 1pl0) €0 (0) € (0) € (0) d(wvl[pa)y
ooy ik § (6,.(0) 6(0) || 6,.(0)0,.(0)} d°U_, (0)
o) por q k r rL
oce N
ik ]
+ 2 k};g r YES écbp(O)cbq(O) 1 ¢,.(0)0(0)) du, (0)dU,,(0)
oce .. N N
ik
+ 4 k}gﬁ r }Z U\)}jpgcw(o)C\)q(o)cpk((-))CW(O) d(wvlpo), .o dU,.,(0)

(73)
Straightforward algebraic manipulation gives the final

expressions for dH(0) and dZE(O):
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occ

- > Z V¢ 100 ¢5(0) dlulh v,

SJ uﬁ\)

occe

%Z z Iﬂﬂm 1(0) €5(0) €y (0) €y (0) d

12J5Ko% 10, 0,0

occe

4

LN S ATVIele)

occ N

4 z N du.(0) de"T(0)

Lo ori
Y‘ﬁ

+

.‘i

0cce

+ZZZ dU 0) (o)

occ

+ 2 z z dU; )<rlFij|S> dUSj(O)

i, r,s

occ

a4 Z Z I‘”M dU <rjl]s£>dusk(0)
93 k Q/Y‘s

+

where € '(0) and deﬁ(o) are given by

;éz zfim 1(0) €500 €y (0)C y(0) ¢
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£ 2 T e (0),(00C, (00C,(0) (wlleo) . (76)

4" (0) - éi g% v ¢ (006,500 dlu]h]v), g

occe N

£ 2 T (006,500 € (06, (0) dlmllon )y g
jsst’ HVOCo (77)

Equation (76) can be rewritten as

ri 0C 45 OCC ik
10) = <o,0)| T v + T oy e, 00
; )
occe ii
= <9u(0)| ] FM(0)]44(0) > (78)
j

Note that Eq. (77) is analogous to Eq. (76), but is constructed from the
derivative integrals rather than the normal integrals. We will see
later that these quantities gri(o) are identical to the Lagrange
multipliers to be introduced as a means to enforce the orthonormality
constraint on s if we are to minimize the energy of a CI wavefunction

by variation of the spin-orbital coefficients.
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Conclusion: We have derived compact formulas Eq. (74)-(77), for the first-
and second-derivatives of CI matrix elements. These derivatives can be
easily calculated from the first and second derivatives of the one-electron
and two-electron integrals, the Lagrange multipliers, and the first
and second derivatives of the spin-orbital coefficients with respect to

the perturbation parameter ).

MULTI-CONFIGURATION HARTREE~FOCK WAVEFUNCTION:
FIRST AND SECOND ENERGY DERIVATIVES

A multi-configuration Hartree-Fock wavefunction (MCHF) is a CI
wavefunction for which the energy has been minimized with respect to
variations of the spin-orbital coefficients, within the orthonormality

21

constraint of the spin-orbitals. Following Hinze,“" one can show that upon

convergence, the spin-orbitals satisfy the following equations:

OcCcC 34 occe ki
yOF e = Y o> e , (79)
j J kK

where F'Y s defined by Eg. (36), and akj‘s.are the Lagrange multipliers,
given by Eq .(78). Furthermore, szkni = gjk if i and k represent a pair of

k1:§0 if k represents a virtual orbital and i

occupied orbitals, and ¢
an occupied orbital. This property of the Lagrangian matrix makes it
possible to further simplify the expressions for dH(0) and dZEKO)Q

The third contribution in Eq. (74) can be written



~19~

occe 0cc  occ

= 2y du_.(0) ¢
DT a0 <o)

™
T~
S~ =
(ol
[eos
———
[ew]
[
m
-~
ol
s
L]
S
f

6CC  occ ) i
) ; [du,.;(0) + du;,.(0)] e"'(0) .

i
(80)

it

The orthonormality condition Eq., (65}, expanded up to second-order as in Egs.

(68) and (69), implies

du,,(0) = -%ds; (0) » (81)
dup, (0) + dUy,(0) = -dS . (0) (82)
d?U_(0) +d2U (0) = -d%s_(0) - 2 ? {du,. (0)ds_ (0)
Pq qp Pq £ rq
+ dU,,(0)dU, () + dS (0)dU, (0)] (83)
with
N P
qu(o) = 3% C,1p(0) €q(0) (ulv)y=g > (84)
N
dSpq(0) = § € (0)C0(0) dluv), g s (85)
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N
2 - 2
d°s,,(0) UZ\) Cp(0) Cq(0) d (V) g (86)
Using Eq. (84), we get for Eq. (80),
occ N i oce N
2 7 1 dig0e0 = - T T e0)C,4(0) €, 00) dlulv), g
i r (IR

(87)
Equation (87) shows that for a fully variational wavefunction,
the energy derivative can be calculated from the knowledge of the wave-
function alone, without requiring the knowledge of qy(o)g the variation
of the spin-orbital coefficients.

Similarly the fourth contribution to dzﬁﬂo) in Eq. (75) can be

written
occ N ' . oCcCc  occ .
2 ) 1 du e = T T [P (0) +d%, (0)] € T(0)
i v i r
(88)
which can be simplified using Eq. (83),
occ N 9 ri occ N ri 5
2 Z Z d Uri(O)g (0) = - .Z ) € (O)Cu%(D)CVr(O) d (“‘V)A:O
1 v 1.7 UV
occ NN i
-2} 322 L oe du (0 c ((0)c (0) dlulv),.
it S UV s us vr =0

N .
+ 3 e du ,(o)dusr(O)} : (89)
s
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In the case of a fully variational wavefunction, the second-order
derivative can be calculated from qg(@)s the first-order derivatives of
the spin-orbital coefficients. It is clear then that first derivatives
of a CI energy and second-derivatives of a MCHF energy require dg(o>a
When the wavefunction is a Hartree-Fock wavefunction (HF), dU(0) is
obtained by the method of coupled-perturbed Hartree-Fock theory (CPHF).
The first energy derivative of a CI wavefunction constructed from a
single configuration orbital can then be readily calculated. In what
follows, we shall present an extension of the CPHF theory to a MCHF

wavefunction, referred to as Coupled Perturbed Multi-Configuration

Hartree-Fock theory.

COUPLED PERTURBED MULTICONFIGURATION HARTREE-FOCK THEORY

In matrix notation, the Lagrangian matrix g(k) for a perturbation A

is given by

VT T ) = By L forall i, (90)
L £

with Ei(x) denoting the ith column of E(A), We expand E(X) in a power

series in A

2 92E00) + ... . (97)

~

E(A) = E(0) + xqg(o) + %A

—~

We substitute Eqs. (91) and (61), (62) into Eq. (20) and collect terms

of the same order in A;

occe

I F0) = EN0) : (92)
J
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+ , occ . . :
du(0) E'(0) + T [dF;7(0) + F(0) dus(0)1 = dE'(0) (93)
J
. ocC . PN
d“u™(0) %0 + ZC [aF3(0) + F13(0) d?u (0]
J
oy (% rartd i
+ 2.du(0) { ] [dF;o(0) + F77(0) dus(0)] }
, occC - ! 2 5
+ o2 ] dF(0) dug(0) = dTET(0) (94)

J
Equations (92)-(94) are valid for all i.

When the energy of the wavefunction has converged to a stationary

point, then E(A) is a hermitian matrix, and

ETk = Ek1 for i occupied, k occupied

Eik = 0 for 1 virtual, k occupied . (95)
ii .

E # 0 for 1 virtual.

The above property of E()A) is true for any value of A, therefore

dE(0) and dZE(O) satisfy the same equations, i.e.,

dEik = ciEkzi s ciZE”ik = dZEki for i occupied, k occupied,
de’k = g . dEik o g for i virtual, k occupied ,
dEll £ 0 L A for i virtual. (96)

After substitution of Eqs. (70) and (72), the first-order equations (95)

and (96) become:



for i

for i

-93.

[d0,, 0 EV(0) - au_s(0)E(0) ]

5 122

occ occ N y 5
Do) T 2™ (kglme) - o™ (4gme) 1w (0)
j mn v

.,§_

occe

C . .
VoY L<k[FY]r> a<‘i]Fk3{r>j durj(o)
J

-+
S 1=

occ

N .
1 (r9e,40) €500 = ¥Me 1 (0) 501 ) dlulnlvy, g

i
4
Camdo T3 3

occ occ N i min 0
- § 1 wzpcir ¢, (0) c5(0) ¢ (0) o (0)

ki ¢, (0) ¢, (0 Cpm(o) Cgﬂ(_@)} d(ullpo), .4 (97)

occupied and k occupied, and

N k occ occ N kjmn
L du(0) ETN(0) + § ) ) oer (1j]jme) du, (0)
r j mn r
occ N i
+ )1 <iFYe>du . (0)
; J
i r
cgc ; K
= - vy oc :(0)c (0) d{ulh|v),_
i ui Vi A=0
occ occ N kjmn
- g mzh LNZDG r Cm(o)cvj(ﬁ)cgm(ﬂ)cgﬂ(O) d(uwleo ),

virtual and k occupied.
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Equation (94) can be written
. occ o s s 2
4 13
duto) g0y + ] [eFI(0) + EV0) 41000
- J

occ s . .
2 ) [gF(0) duy(0)] + 2 du™(0) (dE"(0) - au(0) E'(0))
; 1U70) {ds W (0) E

+

il

d%i(0) (99)

and after substitution of Egs. (71) and (73) into Egs. (95 and (96) we get:
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N .
) (a2, (0)E™(0) - U, (0)E™(0) ]

+

oce occ
L)
J

0

cc
)
J

oce

)
]
O%C
]

o
[ L]
e}

Q o
-5 ~d 22 Cte T O Cse b1 O
le] l9]

e~

N - .
Yol Z[Tijmﬂ(kjﬂmr) - FkJmn(inmr)] dZUrn(O)
m v

[<k|Fij[r> - <i[ij|r>jd2Urj(O)

-5 D~ 22

N s .
L (e (0)c,5(0) - ¥
(Y

occ N

N
11 (1M (00,5016 (0)c, (0

C
i w
occ N N .
1jmn
DR 2(rH™ ¢ (0)c, 1 (0)c 1 (0)c n (0)
~Kjmn
M ¢ L (0)c, (0)c, (0)ey, (0)) dU,5(0) dluvllpo), g
occ N N . .
ijmn
mfn ; U\Z}p@ 4<T ¢ (0)c,5(0)e  (0)c (0)
K
pJmn cm(O)cvj(O)cpm(O)cw(o)) du,.(0) d(uw]leo), _,
oge X ijmn kimn , .
W% rzs 4<? (kr|lms) - T (1ans)) dUrj(O) dUSﬂ(O)
occ N

) 2<r‘ijm”(kj{|rs) - pkdmn (ij[lrs)) du_(0) dug, (0)

mn r,s

2 (durk(O)dEM(O) - dUﬁ(O)dErk(O)>

2 (40,4 (0)dUg (0)EST(0) - dUy4(0) i, (0)ESK(0))

3

(100)



for i

occ

occ

3
(e} Q o [ le]
e T e P-4 Ccdo g O o] O3 Ll O Cate I3 (Y Cte1 D Cotolrd
[} (] @) (@} [

for 1 virtual

occupied,
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k occupied, and

occ occ N

(OE™ ) + T T T 2 ™G ar) dPu_ (o)

j mn v

N o
.1 -KJ 2
;diF lr> d UY‘j(O)
b M (). (0) Clulnlv)
uz;) B He
occ N\ smn 2
mZn prgF ¢,i(0)cy;(0)e (0)c  (0) d™(wv]jeo), g
NN
L L2 (00, (0) dUs(0) dlulniv),g
occ N N Kimn
A E U3%62T cui(O)Cvr(O)cpm(O)cgﬂ(O) dUrj(O) d(uvac)%:O
occ N N k3mn
IoL b ar™ (00,500, (0)cor(0) dUpy(0) dtwllon), g
occ N ,
7 oarkIm i lims) du,.;(0) dug, (0)
mn rs
occ N .
by 2rk™ (iggies) du (0) du_ (0)
mn rs
N
2dU,.;(0) dE"(0) + § 2du_.(0) au_ (0) EK(0) ,  (101)
r,S

and k occupied.
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We want to determine qy(O) and diU(O)n The set of N(N-1)/2
equations (97),(98) and (100),(101), along with the orthonormality
conditions (81) and (82) form two well defined systems of linear equations
for dU(0) and dEU(O). These linear systems can be solved by an iterative
process described by Pople et a1.5 Note that only the inhomogeneous contribution
to the equations differ for du(0) and dEU(O)g and that dEU(O) depends
on qy(o)s For completeness, ;e repeat Pople's iterative method.
Let us denote by B the supervector of unknowns (qy(o) or QEU(O)}S
then the set of coupled equations Eqs. (97) and (100) can be written in the

form

(1 - AB = By s (102)

where A s a non-symmetric square matrix, and B, is a vector formed
with the terms of the right-hand side in Eqs. (97), (98), (100), and
and (101).

Let us define an increasing set of orthogonal vectors,

§ - gosgis ce En’§n+1 ’ (103)

with B the inhomogeneous part of Eq. (102) with

By = A0y L « (104)

The number of expansion vectors n increases by one for each iteration.

The solution vector B 1is approximated by B where

? o - ’ (105)

i
Qg 5
o
[==]

with the b's solution of the nxn set of coupled equations



28

n
é ‘<§a]1”’5l§8> bB ) <Eu‘§o> ? (106)

for o= 1...n.

CONCLUSION

We have derived equations which provide the first and second
derivatives of the energy of a molecule, with respect to an external
parameter. These formulas apply when the wavefunction is described with
a HF, MCHF or CI expression. We note that the formalism
presented here deals with spin-orbitals, which are the product of a spat-
jal orbital and a spin function of either o or B spin. In the restricted
scheme, spin-orbitals are grouped by pairs formed with one spatial orbital
multiplied by spin a for one member of the pair, and by spin 8 for the
other member. However, the same formulas can be used fof spatial orbitals

only if we introduce new reduced density matrix elements:

Lia i ind
Y”:YOLOL+YBB ) (107)

}ijkz _ Tiujakazu . Tiujukglg . TiBjBkuz@ . FiBjBkBQB 9
(108)
where ia? iB ... represent the spatial orbital i associated with
spin o and B respectively.
It is anticipated that the availability of programs providing the
first and second energy derivatives for wavefunctions of quantitative

accuracy will result in extended capabilities for calculations and
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predictions of molecular properties, for the determination of reaction
paths, and for the calculation of potential energy surfaces used in
chemical kinetics studies.

Implementation of the formulas is in progress, and applications

to chemical problems will be reported in subsequent publications.
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