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ABSTRACT OF THE DISSERTATION

Global Weyl Modules for Twisted and Untwisted Loop Algebras
by
Nathaniael Jared Manning

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2012
Dr. Vyjayanthi Chari, Chairperson

A family of modules called global Weyl modules were defined in [7] over algebras of the form
g ® A, where g is a simple finite-dimensional complex Lie algebra and A is a commutative
associative algebra with unity. Part [[] of this dissertation contains a characterization the
homomorphisms between these global Weyl modules, under certain restrictions on g and
A. The crucial tool in this section is the reconstruction of the fundamental global Weyl
module from a local one. In Part [T, global Weyl modules are defined for the first time for
loop algebras which have been twisted by a graph automorphism of the Dynkin diagram.
We analyze their relationship with the twisted local Weyl module, which was defined in [§],

and with the untwisted global Weyl module.
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Introduction

This manuscript is concerned with Lie algebras of the form g® A, where g is a sim-
ple, complex finite-dimensional Lie algebra and A is a commutative associative algebra with
unity over C. The main content of Part [I| first appeared as [3]. In it, we study the category
Z4 of g ® A—modules which are integrable (locally finite-dimensional) as g—modules. This
category fails to be semi—simple, and it was proved in [I1] that irreducible representations of
the quantum affine algebra specialize at ¢ = 1 to reducible, indecomposable representations
of the loop algebra. This phenomenon is analogous to the one observed in modular rep-
resentation theory: an irreducible finite-dimensional representation in characteristic zero
becomes reducible in passing to characteristic p, and the resulting object is called a Weyl
module.

This analogy motivated the definition of Weyl modules (global and local) for loop
algebras in [II]. Their study was pursued for more general rings A in [7] and [12]. Thus,
given any dominant integral weight of the simple Lie algebra g, one can define an infinite—
dimensional object W4 () of Z4, called the global Weyl module, via generators and relations.
It was shown (see [7] for the most general case) that if A is finitely generated, then W4(\)

is a right module for a certain commutative finitely generated associative algebra A, which



is canonically associated with A and A. The local Weyl modules are obtained by taking the
tensor product of W4(\), over Ay, with simple Ay-modules. This construction is known
as the Weyl functor Wi‘l; equivalently, local Weyl modules can be given via generators and
relations. The calculation of their dimension and character has led to a series of papers
([, 1, [sl, 23], [).

The local Weyl modules have been useful in understanding the blocks of the cate-
gory F 4 of finite-dimensional representations of g&® A, which gives homological information
about this category. One motivation for Part [I] of this dissertation is to explore the use of
the global Weyl modules to further understand the homological properties of the categories
Fa and Z4. The global Weyl modules have nice universal properties, and in fact they play
a role similar to that of the Verma modules M (\) in the study of the Bernstein-Gelfand-
Gelfand category O for g (for a more precise treatment of this topic, see [4]). A basic result
about Verma modules is that Homg (M (), M () is of dimension at most one and also that
any non-zero map is injective. In Part [[] of the dissertation we prove an analogue of this
result (Theorem [3]) for global Weyl modules.

In Part we consider the twisted loop (sub)algebras of g ® C[t*!], which we
denote by L' (g). These are the algebras of fixed points in g ® C[t*!] under a group action
of I' & Z/mZ obtained from an order m Dynkin diagram automorphism of g. Here I' acts
upon C* by multiplication with an m!* primitive root of unity ¢; using the induced action
on the coordinate ring C[t*!] of this variety (that is, t — ¢~ 't) we have a diagonal action
on g ® C[t*!].

In [§], local Weyl modules were defined and studied for these algebras. The main

result of that paper was that any local Weyl module of L' (g) can be obtained by restricting



a local Weyl module for L(g). As an application, one of the authors of [§] obtained in his
thesis a parametrization of the blocks of the category of finite—dimensional representations
of the twisted loop algebras. The notion of a global Weyl module for L (g), however, has
not appeared in the literature thus far, and it is the main aim of Part [[I] to fill this gap.

The fixed—point subalgebra gg of g under the action of I is a simple Lie algebra,
called the underlying Lie algebra. Its weight theory is crucial in our development. In Part[I]
using the same tools as [7], we define, for any dominant integral weight A\ of go, a global
Weyl module W'()\). We also describe its highest weight space AE, by giving it a natural
algebra structure, and define a Weyl functor WE from the category of left AE—modules to
the category of integrable L' (g)-modules. As in [7], we obtain, by using the Weyl functor,
a homological characterization of Weyl modules. We also prove that there is a canonical
embedding of AE into A, for any p € P satisfying the condition that u |ho = A, where by
is the fixed—point subalgebra of a Cartan subalgebra b of g.

The global Weyl module W (u) (€ PT) for the loop algebra L(g) is, via restric-
tion, also a module for L'(g). Furthermore, if A is a dominant integral weight of gg, then
@, W(u) (where the sum is taken over all u such that p [y = A) is a L' (g)-module and the
main theorem of Part [l (Theorem [8) relates this module with W1 ()). Some motivation for
this work also comes from the finite-dimensional representation theory of the quantum affine
algebra, where relationships are known ([I7, Theorem 4.15]) between Kirillov-Reshetikhin

modules for the twisted and untwisted algebras.
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Chapter 1

In this chapter we establish some notation and then recall the definition and some
elementary properties of the global Weyl modules. Throughout, we assume that the reader

is familiar with the material from an introductory graduate course in Lie theory.

1.1 Preliminary notation

Let C be the field of complex numbers and let Z (respectively Z.) be the set
of integers (respectively non—negative integers). Given two complex vector spaces V, W
let V@ W (respectively, Hom(V,W)) denote their tensor product over C (respectively the
space of C-linear maps from V to W).

Given a commutative and associative algebra A over C, let Max A be the maximal
spectrum of A and mod A the category of left A—modules. Given a right A-module M

and an element m € M, the annihilating (right) ideal of m is

Ammgm={a€ A : m.a=0}.



1.1.1

The assignment z — z®1+1®ax for € a extends to a homomorphism of algebras
A :U(a) = U(a) ® U(a),

and therefore defines a bialgebra structure on U(a). In particular, if VW are two a—
modules then V @ W and Homc(V, W) are naturally U(a)-modules and W@V =2V @ W

as U(a)-modules. One can also define the trivial a—module structure on C and we have
V@={veV:av=0} = Hom,(C,V).

Suppose that A is an associative commutative algebra over C with unity. Then

a ® A is canonically a Lie algebra, with the Lie bracket given by
[z ®a,y @b = [z,y] ® ab, x,y € a, a,b € A.

We shall identify a with the Lie subalgebra a ® 1 of a ® A. Note that for any algebra
homomorphism ¢ : A — A’ the canonical map 1® ¢ : g® A — g® A’ is a homomorphism

of Lie algebras and hence induces an algebra homomorphism U(g® A) — U(g® A').

1.2 Simple Lie algebras

1.2.1

Let g be a finite-dimensional complex simple Lie algebra with a fixed Cartan
subalgebra h. Let ® be the corresponding root system and fix a set {c; : ¢ € I} C h* (where
I ={1,...,dimb}) of simple roots for ®. The root lattice @ is the Z—span of the simple

roots while QT is the Z,-span of the simple roots, and ®+ = & N Q" denotes the set of



positive roots in ®. Let ht : Q7 — Z, be the homomorphism of free semi-groups defined
by setting ht(a;) = 1,4 € I.

The restriction of the Killing form  : g x g — C to h x b induces a non—degenerate
bilinear form (-,-) on h*, and we let {w; : i € I} C h* be the fundamental weights defined
by 2(wj, ;) = 8; j (e, ), i, j € I. Let P (respectively PT) be the Z (respectively Z. ) span
of the {w; : i € I} and note that @ C P. Given A\, u € P we say that u < X if and only if
A — € Q7. Clearly < is a partial order on P. The set ®* has a unique maximal element
with respect to this order which is denoted by @ and is called the highest root of ®*. From

now on, we normalize the bilinear form on h* so that (6,0) = 2.

1.2.2

Given « € D, let g, denote the root space
go={z€g : [hz]=alh)z, heb},

and define subalgebras n* of g by

n:t = @ O+a-

acdt

We have isomorphisms of vector spaces
g=n @ohent, UG =Un )aU) o Un). (1.2.1)

For o € &7, fix elements 2> € g1, and h, € b spanning a Lie subalgebra of g isomorphic
to sly, i.e., we have
(he, 5] = +22F, [z, 2] = ha,

and more generally, assume that the set {z% : o € ®+} U {h; :== hy, : i € I} is a Chevalley

basis for g.



1.3 Representation theory of simple Lie algebras
Given an h—module V| we say that V is a weight module if

V=V Vi={veV:hv=pu(h, heb},
HED*

and elements of the set wt V = {u € h* : V}, # 0} are called weights of V. If dim V), < oo
for alll u € b*, let ch V' be the character of V, namely the element of the group ring Z[hH*|

given by,

ch V= Z dim V,e(p),
peh*

where e(u) € Z[h*] is the element corresponding to p € h*. Observe that for two such

modules V] and V5, we have

ch(Vi; @ Vo) =ch Vi 4+ ch Va, ch(V; ® V3) = ch Vich Vs.

1.3.1

Definition 1. For A € PT, let M () be the left U(g)-module generated by an element m

with defining relations:
hmy = A(h)my, xrmy =0, heh, iel.

In other words, M (A) is the quotient of U(g) by the left ideal J(\) generated by
the vectors {zf , h—A(h) : h€b, i € I}, and the vector my is the image of 1 € U(g)

modulo this ideal.



As a direct consequence of the definition, we have the following lemma, which we

isolate here for later comparison.
Lemma 1. Let A\, € h*. Then,
(i) M () is not isomorphic to M (u) if A # p.
(ii) Hom(M (X)), M(p)) = 0 unless A < p. O

The modules M (), for A € h*, are called Verma modules. They play an impor-
tant role in the representation theory of semisimple complex Lie algebras g, and we have
introduced them here for purposes of analogy with the global Weyl module. They are also
useful for us as a way of producing a family of simple modules for U(g). The following is an
amalgamation of standard results on the simple quotients of Verma modules (for instance,

see [B]).

Theorem 1. For any A\ € h*, the Verma module M(A) has a unique irreducible

quotient, denoted by V(A).

(i) The module V()) is finite-dimensional if and only if A € P*. Moreover, if V is a
finite-dimensional irreducible g-module then there exists a unique A € P* such that

V' is isomorphic to V().

(ii) For A € P*, V()) is the left g-module generated by an element v, with defining

relations:

hoy= Aoy, afon=0,  (zz)\e oy =0, heb, iel



(iii) V(A) is a weight module, with

wt VIA) CA—QT and dimV()\), = 1.

We shall say that V' is a locally finite-dimensional g—module if
dimU(g)v < 00, veV.

It is well-known that a locally finite-dimensional g—module is isomorphic to a direct sum of

irreducible finite-dimensional modules, and moreover it is easy to see that as vector spaces,

V,NV" = Homy(V(u),V), pe Pt

1.4 Global Weyl modules

Assume from now on that A is an associative commutative algebra over C with
unity. We recall the definition of the global Weyl modules. These were first introduced
and studied in the case when A = C[t*!] in [I1] and then later in [I2] in the general case.
We shall, however, follow the approach developed in [7]. We observe the similarity of this

definition with that of the Verma module (Section |1.3.1]).

Definition 2. For A\ € P, the global Weyl module Wa(\) is the left U(g ® A)-module
generated by an element wy with defining relations,

(M@ Awy=0,  hwy=ANhwy,  (x,) )Ty =0, (1.4.1)
where h € h and ¢ € I. In other words, W4 (A) is the quotient of U(g ® A) by the defining

ideal I(\), where I(\) is generated by the set

{x@a, h®1—A(h), (:r:_)’\(hi)Jrl cxent, iel, heh}.

g

10



The following immediate consequence of the definition establishes a crucial prop-

erty of the global Weyl module.

Lemma 2. Let V be any g ® A-module and let A € P*. If v € V satisfies the relations in

Equation then the assignment wy +— v induces a (g ® A)-module homomorphism
Wa(A) = V.
O

Suppose that ¢ is an algebra automorphism of A. Then ¢ ® 1 induces an automor-
phism of U(g® A) as in Section which clearly preserves each generator of the defining
ideal ideal I(\) of W4(A). Thus I()) is also preserved, and we have an isomorphism of
g ® A—modules,

WaN) = (1® @) Wa(N). (1.4.2)

1.4.1

The following construction shows immediately that W4 () is non—zero. Given any

ideal J of A, define an action of g® A on V(\) ® A/J by
(r®a)(v®b) =2v® ab, reg,ac A be AT,

where @ is the canonical image of a in A/J. In particular, if a ¢ J and h € b is such that
A(h) # 0 we have
(h®@a)(vy®1)=Ah)vy®a #0. (1.4.3)
Clearly if 7 € Max A, then
VIN)@A/T=V(N)

11



as g-modules and hence vy ® 1 generates V(\) ® A/J as a g-module (and so also as a
g® A-module). Since vy ® 1 satisfies the defining relations of W4 ()), we see from Lemma 2]

that V/(\) ® A/J is a non—zero quotient of Wa(\).

1.4.2
Given a weight module V' of g ® A, and a Lie subalgebra a of g ® A, set
Vi=V.nVve4 weEb*.

The following lemma is proved by observing that W 4(\) is a highest weight module

for g and that the adjoint action of g on U(g ® A) is locally finite.

Lemma 3. For A € P the module W4()) is a locally finite-dimensional g-module and

we have

Wah) = @ Wa\)ay
neQt

which in particular means that wt W4(A\) C A— Q™. If V is a g® A-module which is locally

finite—dimensional as a g—module then we have an isomorphism of vector spaces,
Homgga(Wa(A), V) 2 Vi &4, O
The following remark extends the analogy with Verma modules (cf. Lemma |1f).
Remark. Fix A\, € PT. Then
(i) Wa(A) is not isomorphic to Wa(u) if X\ # p.

(ii) Homgga(Wa(X), Wa(p)) =0 unless A < p.

12



1.4.3

The weight spaces W4 (A)r—, are not necessarily finite-dimensional, and to under-
stand them, we proceed as follows. We first observe that one can regard W4 () as a right

module for U(h ® A) by setting
(uwy)(h ® a) = u(h ® a)wy, ueU(g A), hebh, acA

To see that this is well-defined, it suffices to show that for every generator x of I(\), we

have z(h ® a)wy = 0. In other words, we must see that

(nt @ A)(h®a)wy =0 = (h— A(h))(h ® a)w,,

(@) (h@a)wy =0, heb, iel.

The first two conditions follow promptly from the defining relations of the module W(\).
To see the last condition, recall that W4(\) is a locally finite-dimensional module for g,

and therefore the vector (h ® a)w) generates a finite-dimensional module for the sly triple

+

(z3,, hi). In particular, since
z (h®a)wy =0
for each ¢ € I, we see that the third condition is satisfied. O

Since U(h ® A) is commutative, the algebra A defined by
A, = U(h & A)/ AnnU(b@A) w)

is a commutative associative algebra. It follows that W (\) is a (g ® A, A))-bimodule.

Moreover, for all n € Q*, the weight space Wa(A)y_, is a right Aj—module: given u €

13



U(g ® A) with uwy € Wa(A)x—y, let a € Ay with preimage a € U(h ® A). Then,

(h®1)(uwy.a) = (h @ 1)(uawy) = (u(h @ 1)awy) + [h @ 1, u] awy

= Ah)uawy — n(h)uawy = (A — n)(h)uw,.a.
Clearly the assignment wy +— 1+ Anny(pea) wa induces an isomorphism
WaA(A)A =a, A (1.4.4)

of Aj)—modules, where we regard A as a right Ay-module through right multiplication.

The following is immediate.

Lemma 4. For A\ € Pt n € Q" the subspaces WA(/\)'}:U and WA()\)':\J:%A are A)—

submodules of W4 (\) and we have

nt

WAL = Wa(A)L @4 = Wa(M)a.

1.4.4

For A\, € PT, the space Homgga(Wa (1), Wa(A)) has the natural structure of a
right Ay—module: given a homomorphism f : Ws(u) — Wa(A) and a € Ay, we define
fa: Wa(u) — Wa(X) by extending the assignment w, — wy.a to a homomorphism of
g ® A—modules. To see that this is well-defined, by Lemma [2] it is enough to observe that
wy,.a satisfies the defining relations of W4 (u).

The following lemma establishes some basic properties of this module structure.

Lemma 5. Given \,u € P, we have

Homgg 4 (Wa (), Wa(\) Za, Wa(A)L &4,

14



In particular,

Homgg 4 (Wa(X), Wa(N)) Za, Ay Za, Wa(A)L A,

Proof. Let ¢ : Wa(u) — Wa(A) be a nonzero g ® A-module map. The vector ¢ (w,) €
Wa(A) clearly has weight p and is annihilated by n* ® A. Thus, we obtain a well-defined
map Homgga(Wa(p), Wa(X)) = Wa(X), of right Ay—modules given by 9 — 1p(w,,). It is
straightforward to see that this map is injective, since W4 (u) is a cyclic U(g®A)—module and
thus ¢ is determined by ¢ (w,). On the other hand, given any vector w € WA(/\)Z+®A, the
assignment w,, — w induces a well-defined homomorphism W4 (u) — W4(A) by Lemma

which establishes the first part of the lemma.The second part follows immediately from the

first and from Equation and the lemma is proved. O

15



Chapter 2

In this chapter, we state the main results of Part [] and make some comments

about the restrictions in their hypotheses.

2.1 Statement of results

First, let us establish some additional notation.

2.1.1

For s = (s;)er € Zfr, set
As=QAZT,  Wals) = QWalw)®,  ws=Qui™, (2.1.1)
el el iel
where all tensor products are taken in the same (fixed) order. Given k,f € Z let Ry
be the algebra of polynomials C[tfl, ..,tfl,ul, ..., up] with the convention that if £k = 0

(respectively ¢ = 0), Ro. (respectively Ry ) is just the ring of polynomials (respectively

Laurent polynomials) in ¢ (respectively k) variables.

16



2.1.2

The main result of Part [I] is the following.

Theorem 2. Assume that A = Ry for some k,¢ € Z. For all s € Z", and p € PT, we

have

Homgea(Wa(u), Wa(s)) Za, Wa(s)! @4 = (®(WA(M)"+®A)®8¢>M. (2.1.2)
icl

In the case when g is a classical simple Lie algebra, we can make ([2.1.2]) more
precise. Let Iy be the set of i € I such that «; occurs in 0 with the coefficient 2/(a;, ;). In
particular, Iy = I for g of type A or C. Given s = (8;)ics € Zi and A € Pt let cs()\) € Z

be the coefficient of e(\) in

Si

. k-1
e I X (75 et
iclo i¢ly \0<j<i/2 J

where wg = 0.

Corollary 6. Let A € P™ and s € Zfr. Assume either that g is not an exceptional Lie

algebra or that s; = 0 if i ¢ Iy. We have
Homgs a(Wa(), Wa(s)) =a, AT,
where we use the convention that A = 0 if cs(A) =0.

2.1.3

Our next result is the following. Recall from Lemmal5 that for all A € P+ we have

Homg@,A(WA(/\), WA()\>) %A/\ A,

17



Theorem 3. Let A be the ring Ro; or Rio. For all p = )., siw; € PT with s; = 0 if

i ¢ Iy, and all A € P, we have

Homgga(Wa(X), Wa(p)) =0, if A # p.

Further, any non-zero element of Homgg a(Wa (), Wa(p)) is injective. An analogous result

holds when A = Ry, k, 0 € Z4, g = sl,,11 and p1 = swy.

2.2 Remarks on the main results

We now make some comments on the various restrictions in the main results.
The proof of Theorem [2| relies on an explicit construction of the fundamental global Weyl
modules in terms of certain finite—dimensional modules called the fundamental local Weyl
modules. A crucial ingredient of this construction is a natural bialgebra structure of Ry .
The proof of Corollary [6] depends on a deeper understanding of the g-module structure of
the local fundamental Weyl modules. These results are unavailable for the exceptional Lie
algebras when k + ¢ > 1. In the case when k + ¢ = 1, the structure of these modules for
the exceptional algebras is known as a consequence of the work of many authors on the
Kirillov—Reshetikhin conjecture (see [6] for extensive references on the subject). Hence, a
precise statement of Corollary [6] could be made when k 4+ ¢ = 1 in a case by case and in a

not very compact fashion. The interested reader is referred to [16] and [20].

2.2.1

Before discussing Theorem [3] we make the following conjecture.

18



Conjecture 7. Let A = Ry for some k,¢ € Z,. Then for all A € P and s € Z", any

non-zero element of Homgg a(Wa(X), Wa(s)) is injective.

The proof of Theorem |3 will rely on the fact that this conjecture is true (see
Section when k+¢=1and s; = 0ifi ¢ Iy as well as on the fact that the fundamental
local Weyl module is irreducible as a g—module if i € Iy. We shall prove in Section [£.3.2]
using Corollary |§| and the work of [I2] that the conjecture is also true when g = sl,; and
A = swi. Remark [22] of this paper shows that Homgga(Wa(A), Wa(u)) can be non-zero if

we remove the restriction on p.

2.2.2

Finally, we make some remarks on quantum analogs of this result. In the case of
the quantum loop algebra, one also has analogous notions of global and local Weyl modules
which were defined in [11], and one can construct the global fundamental Weyl module from
the local Weyl module in a way analogous to the one given in this paper for A = C[t*1]. It
was shown in [I1] for the quantum loop algebra of sly that the canonical map from the global
Weyl module into the tensor product of fundamental global Weyl modules is injective. For
the general quantum loop algebra, this was established by Beck and Nakajima ([I]) using
crystal and global bases. They also describe the space of extremal weight vectors in the

tensor product of quantum fundamental global Weyl modules.

19



Chapter 3

In this chapter we recall some necessary results from [7] and also the definition

and elementary properties of local Weyl modules.

3.1 The highest weight space

3.1.1

For r € Z, the symmetric group S, acts naturally on A®" and on (Max A)*" by
permuting the factors. Let (A®7)% be the corresponding ring of invariants and (Max A)*" /S,
the set of orbits, respectively, of these actions. If » = r; + ... + r,, then we regard
Sp, X -+ x S, as a subgroup of S, in the canonical way: S, permutes the first r; let-

ters, Sy, the next ra letters, and so on. Given A = Zie] riw; € PT, set
Ty = ZT’»L‘, S/\ = S”’l X oo X Srn7 A/\ = (A®TA)SA7 (311)
el

Max Ay = (Max A)™ /S). (3.1.2)

20



The algebra A is generated by elements of the form

ri—1

symj (a) = 1901+ @ ( S 1% @aw 1®(”_k_1)> ® 18ttm) g e Aie
k=0

(3.1.3)

The following was proved in [7, Theorem 4].

Proposition 8. Let A be a finitely generated commutative associative algebra over C with
trivial Jacobson radical. Then the homomorphism of associative algebras U(h ® A) — Ay
defined by

hi ® a s symh(a), i€, a€ A

induces an isomorphism of algebras sym, : Ay — A,. In particular, if A is a finitely

generated integral domain then A is isomorphic to an integral subdomain of A,. O

3.1.2

For A\, u € P, it is clear that the tensor product Wa(\) @ Wa(u) has the natural
structure of a (g ® A, Ay ® A,)-module. We recall from [7] that, in fact, there exists a
(g ® A, Ay, )-bimodule structure on Wa(A) @ Wa(u).

It is clear from Definition E that the assignment wyy, — wy ® w, defines a
homomorphism 7y, : Wa(A + p) = Wa(X) @ Wa(p) of g ® A-modules. The restriction
of this map to Wa(X + )4, induces a homomorphism of algebras Ay, — Ay ® A, as
follows. Consider the restriction of the comultiplication A of U(g® A) to U(h® A). It is

not hard to see that

AnnypeA)eUhe) (WA @w,) C Annypea) wr@U(h® A)+U(h® A) @ Annypea) W
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and hence we have
A(Anny hg.a)y(Waty)) C Anngpeay wa @ U(h @ A) + U(h @ A) @ Annyge.a) Wy

It is now immediate that the comultiplication A : U(h ® A) - U(h® A) @ U(h ® A)
induces a homomorphism of algebras Ay, : Ayxy, — A\ ® A,. This endows any right
A\ ® A -module (hence, in particular, W4 (A\) ® Wa(u)) with the structure of a right Ay -
module. It was shown in [7] that 7y , is then a homomorphism of (g ® A, Ay, ,)-bimodules.

Summarizing, we have

Lemma 9. Let Ay € PT, 1 < s < k and let A = >.F_ \,. The natural map Wa()\) —
Wa(A) ®--- @ Wa(Ag) given by wy — wy, ® - - - ® wy, is a homomorphism of (g ® A, A)-

bimodules. O

3.2 Local Weyl modules

For A € PT, let Wﬁ be the right exact functor from Ay — Mod to the category of

g ® A-modules given on objects by
WAM =Wa(\) ®a, M, M € Ay—Mod.

This is known as the Weyl functor; it plays a crucial role in all that follows. Clearly Wi“M

is a weight module for g and we have isomorphisms of vector spaces
(WAM)x—y = (Wa(M)a—y ©@a, M, n€Q",
(WAM)y 2= (Wa(A\)2) ®a, M = wy @ M.
Moreover, WQM is generated as a g ® A-module by the space wy ®c M and
WiM = WHN <= \=pu, M=, N.
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Because A is a commutative associative algebra over the algebraically closed field C, the
isomorphism classes of simple objects of Ay — Mod are given by the maximal ideals of A .
Given I € Max A, the quotient A)/I is a simple object of Ay — Mod and has dimension
one. The g ® A-modules Wj}xAA /I are called the local Weyl modules and when \ = w;,
i € I we call them the fundamental local Weyl modules. It follows that (WA /I), is also

a one-dimensional vector space spanned by
w)\,A)\/I = W) ® 1.
We note the following corollary.

Corollary 10. Suppose that M € A, — Mod is finite-dimensional. Then Wi“M is finite—
dimensional. In particular, the local Weyl modules are finite-dimensional and have a unique

irreducible quotient Vf)‘M .

3.2.1

We note the following consequence of Proposition

Lemma 11. For i € I, we have A,,, = A and W4 (w;) is a finitely generated right A-module.

The fundamental local Weyl modules are given by
WZiA/j: WA(wi) XA A/j, J € Max A.
In particular, we have

(h X a)wwi’A/g =0, (h ® b)wwi’A/j = w,-(h)wwi ® E, hebh,acd, be A ]
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3.2.2

The following lemma is a special case of a result proved in [7] and we include the

proof in this case for the reader’s convenience.

Lemma 12. Let A be a finitely generated, commutative associative algebra. For J € Max A

there exists N € Z4 such that for all ¢ € I,
(g IV)W49A/T =0. (3.2.1)
Proof. First, we claim it is enough to show that for j € I there exists N; € Z, with

(2, © TN )wy,, 473 = 0. (3.2.2)

Indeed, write z, = [a:;il [ [zg, X xaip] ---]] for some iy,...,1, € I (where we recall that
o

0 is the highest root of g) and take N = Z§:1 N;;. Together with the fact that
WS A/T=Un" @ A)wy, a/3, [z,,n7] =0,
Equation implies that
(x5 @ IV )wy, 475 =0,

and because g is a simple Lie algebra, this will prove the lemma.
It therefore remains to establish Observe first that for j £i € I, k € I and

forallaec A

‘T;rk (x;j ® a)wwi,A/J = 5k,j(hj ® a)wwi,j =0,

by Lemma and the defining relations of Wa(w;). Thus, (25, ®a)w,, a5 € (WiA/ I
and since w; — a; ¢ PT we conclude that
(x;j ® A)wwi,A/ﬁ = 07 J 7é 1.
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If j =4, then
0= (a, @ a) (w3, ws, = 2((w, © 1) (h © a) — (a5, © 0))uw.

By Lemma we have (h; ® a)w,, a/3 = 0 if a € J, and so we get

~

(:U(;i ® a)wwi’A/j =0, acd

which completes the proof.

3.3 Fundamental global Weyl modules

In this section we establish the main tool for proving Theorem It is not, in
general, clear how (or even if it is possible) to reconstruct the global Weyl module from
a local Weyl module. The main result of this section is that it is possible to do so when

A =w; and A = Ry for some k, 0 € Z,.

3.3.1

We begin with a general construction. The Lie algebra (g ® A) ® A acts naturally
on V ® A for any g ® A-module V. Suppose that A is a bialgebra with the comultiplication
h: A— A® A. (It is useful to recall that A is a commutative associative algebra with
identity). Then the comultiplication map h induces a homomorphism of Lie algebras 1®h :
IRA—>gRA®A (cf and thus a g ® A-module structure on V ® A. Explicitly, the

(g ® A, A)-bimodule structure on V' ® A is given by the following formulas:

(x®a)(v®b)=2(m®a;)v®agb, (v@bla=v®ba,veV, abe A,

S
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where h(a) = )", a,, ® a]. We denote this bimodule by (V' ® A)p, and observe that it is a
free right A-module of rank equal to dimg V. It is trivial to see that (V ® A)y is a weight

module for g ® A if V is a weight module for g ® A and that
(VR Ap),=V,@A4, VYV gAc(VeAr e
Moreover, if V;, V5 are g ® A-modules, one has a natural inclusion
Homgyg 4 (V1, V) = Homgga (Vi ® A)p, (Vo @ A)n), n—n® 1. (3.3.1)

In particular, if V' is reducible, then (V ® A)y, is also a reducible (g ® A)-module.

3.3.2
Let hy o : Rp¢ — Ry @ Rie be the comultiplication given by,
hk,g(tfstl) = t;tl b2y tfetlv hk,é(ur) =1, RR14+1® Uy,

where 1 < s < kand 1 <r < /. Any monomial m € Ry, can be written uniquely as a

product of monomials
m = m,my, mtGC[tfl,...,tfl],muEC[ul,...,ue].

Set degtf! = +1 and degu, = 1 for 1 < s <k, 1 < r < £ and let deg, m (respectively,
deg, m) be the total degree of m; (respectively, m,) and for for any f € A define deg, f

and deg, f in the obvious way. The next lemma is elementary.

Lemma 13. Let m = m;m,, be a monomial in Ry . Then m; € R}, hy¢(m;) = my @ my

and

hy(m) = m® m; + Z mihqrnt ® mZ7qmt =m; ®m+ Z mZ7qmt ® m;,qmt, (3.3.2)
q q
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where my, ,, my , are (scalar multiples of) monomials in the u,, 1 < r </, such that if

my, , # 0, my , # 0, then deg, m;, , < deg, m and deg, m;, , + deg, m} , = deg, m. O

3.3.3

For the rest of the section A denotes the algebra Ry for some k.l € Zy and J
the ideal of A generated by the elements {t;1 — 1,...,tp — L, u1,...,up}.

Suppose that J € Max Ry . It is clear that there exists an algebra automorphism
¢ : Ry — Ry such that ¢(J) = J. As a consequence, we have an induced isomorphism of
g ® A-modules,

W A/T 2 (10 ¢0) WA/, (3.3.3)

Moreover, if we set

hf,z:(sf?@@)ohk,eocp_l:A—>A®A,

then hf ;, also defines a bialgebra structure on A and we have an isomorphism of g ® A-

modules

(1@ @) (WHA/T@ Ay, , = (WHA/JO A)ye . (3.3.4)

This becomes an isomorphism of (g® A, A)-bimodules if we twist the right A-module struc-

ture of (W{'A/J ® Ape , by .

3.4 Construction of fundamental global Weyl modules

We now reconstruct the global fundamental Weyl module from a local one.
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Proposition 14. For all i € I, the assignment w,, — w,, 4/5 ® 1 defines an isomorphism
of (g ® A, A)-bimodules

Wa(wi) = (W(:liA/j ® A)hk,l'

Remark 15. It is clear from (3.3.4)) and Section that one can work with an arbitrary
ideal J provided that hy , is replaced by hf s» Where ¢ is the unique automorphism of A

such that ¢(J) = J.

Proof. The element w,, 1/5 ® 1 € (W'A/T ® A)y satisfies the relations in Definition

and hence the assignment wy, — w,, 4,5 ® 1 defines a homomorphism of g ® A-modules
pP: WA(‘«%) — (WZiA/j ® A)hk,z'

We begin by proving that p is a homomorphism of right A-modules. Using Lemma [3.2.1

and the definition of the right module structure on W (w;) we see that
P((uwy,)a) = plu(h; ® a)wy,) = u(h; ® a)(wy, a/3 @ 1), ueU(gR A),ac A
This shows that it is enough to prove that for any monomial m in A, we have
(hi @ m)(wy, a3 @ 1) = w,, 475 @ m. (3.4.1)
Write m = m;m,, and observe that m; — 1 € J while

deg, m >0 = mec7.
Using (3.3.2) we get
hk,g(m) —1@meJI® A

and since (h; ® T® A)(w,, 473 ® 1) =0 by Lemma we have established (3.4.1)).

28



To prove that p is surjective we must show that
U(g® A) (w45 ®1) = (WHA/T® A, ,,
and the remarks in Section [3.3.1] show that it is enough to prove
(WSHA/T)wy @A CU(gR A)(w,, a5 ®1), neQt. (3.4.2)

The argument is by induction on htn, the induction base with htn = 0 being immediate
from ([3.4.1]). For the inductive step assume that we have proved the result for all n € Q™
with ht n < k. To prove the result for ht n = k, it suffices to prove that for all j € I and all

monomials m in A we have
(2o, ®m)w) ® g € U(g ® A)(w,, 45 @ 1),

where w € (W% A/J),,_y with htn’ =k — 1 and g € A. For this, we argue by a further

induction on deg, m. If deg, m = 0 then m = m; and we have
((z, ®m)(w) @ g = (25, @m)(we@m™'g) € U(g® A) (W A/T)0,—y.
This proves that the induction on deg, m starts. If deg, m > 0 we use (3.3.2)) to get

(2, ®m)w) ® g = (2, @m)(w@m; 'g) = Y ((z;, ® m, m;)w) ®m} g.
q

Both terms on the right hand side are in U(g® A)(W'{' A/J),, —y: the first by the induction
hypothesis on ht ' and the second by the induction hypothesis on deg, m. This completes
the proof of the surjectivity of p.

To prove that p is injective, recall from Section m that (W' A/T® Ay, , is a

free right A-module of rank equal to the dimension of W%'A/J. Hence if K is the kernel
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of p we have an isomorphism of right A-modules,
Wa(wi) =K & (WY A/I® Ay,
Using we see that for any maximal ideal J in A,
dim(Wa(w;) ®a A/J) = dim WA/ = dim W' A/T = dim(W'A/T @ A)p, , ®a A/J).

Therefore, K ®4 A/J = 0. Since K is finitely generated over the (Noetherian) ring A,
Nakayama’s Lemma implies that there is « € A with a — 1 € J, so that Ka = 0. In

particular, a becomes invertible in the localization Aj, from which it now follows that

Ky =0 for all J € Max A. Thus, K = 0. ]
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Chapter 4

This chapter contains the proofs of the main theorems of Part [Il

4.1 Proof of Theorem [2] and Corollary [6]

We continue to assume that A = Ry, k,¢ € Z and that J is the maximal ideal

of A generated by {t; —1,...,tx —1,u1,...,us}. We also use the comultiplication hy

+1

s

and denote it by just h. Let 94 C A be the set of monomials in the generators w,, ¢
1<r<{1<s<k.
4.1.1

The following proposition, together with Lemma [12]and Proposition completes

the proof of Theorem

Proposition 16. Suppose that Vs, 1 < s < M are g ® A-modules such that there exists
N € Z, with

eIV, =0, 1<s<M. (4.1.1)
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Then

(V@A @ (V@A) =1 e Ape o (Ve A

4.1.2

The first step in the proof of Proposition is the following. We need some

notation. Let V' be a g ® A-module and let K € Z. Define
Vok ={veV : (n"@m)v=0, me My, |deg, m| > K}.
Note that Vs = V@4,

Lemma 17. Let V be a g ® A-module and K € Z. Then
(Ve An)sk = Vog ® A (4.1.2)

In particular,

(Ve AN et yredg 4 (4.1.3)

Proof. Let vy € (V ® A)y and write, vy = >, v, ® gp, where {gp}, is a linearly independent

subset of A. By (3.3.2) we have

(r @ m)vy, = Z(m ® m)v, @ myg, + Z(m ® m), ,my)v, ® my mgg,.
P P

with deg, m;, , < deg, m. Since deg, m;, ,m; = deg;, m, it follows that

q

Vo @ AC (V& A)n)>k-

We prove the reverse inclusion by induction on deg, m. Let vy, € ((V ® A)n)>k and let

deg, m > K. If deg, m = 0, then

0=(xr®@m)u, = Z(x ®m)v, ® gpym.
p
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Since the set {g,m}, is also linearly independent, we see that (z ® m)v, = 0 for all p. If

deg, m > 0, we use (3.3.2)) to get
0= (x®@m)u, = Z({L‘ ® m)v, ® mgy, + Z(x ® my, ;my)v, ® My, myg,.
p P.g

Since deg,, m;’q < deg, m all terms in the second sum are zero by the induction hypothesis,

and the linear independence of the set {m;g,}, gives (z ® m)v, = 0 for all p. O

4.1.3

Proposition 18. Let U,V be g ® A-modules and suppose that for some N € Z
oMV =0

Then

U (Ve A" @4 =y"eig yriedg a), (4.1.4)

Before proving this proposition, we establish Proposition The argument is by

induction on M, with (4.1.3]) showing that induction begins at M = 1. For M > 1, take
U=Vi®Anh® & (V-1 ® A)n, V =Vuy.

The induction hypothesis applies to U and together with Proposition [I8] completes the

inductive step.

4.1.4

Lemma 19. Let A = Ry, with £ > 0. Let V be a g ® A-module and suppose that

(nt ®JIV)V =0 for some N € Z,. Then for all K € Z we have

tRA
AR 75
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Proof. 1t suffices to prove that V> C Vs> for all K > 1. Since (1 — tlil)N e 3N we have

N
0=(z@ml—tH")w = (z@m)v + Z(—l)s (f) (z ® mtF*)v, (4.1.5)

s=1

for all z € nt, m € M4y and v € V Suppose that v € Vs and take m € My with
|deg,m| = K — 1. If deg, m > 0 (respectively, deg, m < 0) then |deg, mtj| > K (respec-
tively, | deg, mt; °| > K) for all s > 0. Thus we conclude that all terms in the sum in (4.1.5)

with the appropriate sign choice equal zero hence (z @ m)v =0 and so v € V> _;. ]

4.1.5

Lemma 20. Let A = Rgy. Let V be a g ® A-module and suppose that (n™ ® JV)V = 0

for some N € Z,. Let K > N € Z. Then
ved g 4 = {fone (Ve AL : (0" @m)vy, =0, m € My, deg, m > K} (4.1.6)

Proof. Since (V ® A)y is a (g ® A, A)-bimodule the sets on both sides of are right
A-modules. Hence if vy, is an element of the set on the right hand side of then vhuj
is also in the right hand side of for all s € Z. Write vp =}, vp ® gp, where {gp},
N

is a linearly independent subset of A. Since the uj, 1 < j < £ are primitive and uj €

if s> N, wehaveforall 0 <r <N

N
0 — (l‘ ® u§K+Nfr))(vh)u§r) _ Z (Z((x ® U§S))Up) Q U§K+N77“78)gpu§7‘))

s=0 P

= Si:; <K +i\7 B S) (Zp:((x ® ugs))vp) ® u§K+N75)gp>.

We claim that the matrix C(N, K) = ((Kt{v_s) Jo<sr<n is invertible. Assuming the claim,

we get



and since the g, are linearly independent this implies that
(e@u),=0, 0<s<N

and so (z ® uf)vp = 0 for all z € n*, s € Z,.
Now, let m € M4 and let « € ®T. Then (h, ® m)vy is also an element of the

right hand side of (4.1.6) and hence by the preceding argument, we get

0= (2q ®1)(he ® m)vy

= (ha @ m)(zq4 @ 1)vp — 2(zq @ M)vp = —(224 @ M)vp,

thus proving that vy € (V ® A)“+®A VoA @ A by (“.1.3).
To prove the claim, let u be an indeterminate and let {p, € Clu]: 0 <r < N}
be a collection of polynomials such that degp, = r (in particular, we assume that pg

is a non-zero constant polynomial). Then for any tuple (ag,...,an) € CN*!, we have

det(p(as))o<rs<n = cdet(ag)o<rs<v = ¢[lo<,<s<ny(@as — ar), where ¢ is the product of

highest coeffcients of the p,, 0 < r < N. Since (;f) is a polynomial in u of degree r with
highest coefficient 1/7!, we obtain with a; = N + K — s,

det C(N, K) (Hw) ! H (r—s) = (_1)N(N+1)/2. -

0<r<s<N
4.2 Proof of Proposition

Now we have all the necessary ingredients to prove Proposition

Proof of Proposition [T, Let vy € (U ® (V @ A)p)™ €4 and write v, = D ops Ws @ Vsp ® g,
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where {ws}s and {g,}, are linearly independent subsets of U and A respectively. We have

0= (@amo =Y ((z@muw,) @v, g, +w,@ @om)(v,0g5)  (421)

= (r @ mw,) @ v,y 9 g,
57p

+ Z ws @ ((x ®@m)vs )y ® gpmy + Z(:c ® my, my)v,, ® mqumtgp>, (4.2.2)
S,p q

Suppose first that A = Ry, with & > 0 and let K = max), |deg; g,| + 1. If m is such that
|deg, m| > K, then the set {g,}, is linearly independent from the set {my myg,},, and

hence we must have that

Z((m ®m)ws) @ vsp ® gp =0, Z ws @ (z @ m)(vsp ® gp) =0 (4.2.3)
S7p S?p

and using the linear independence of the elements {w;}s we conclude that for all s

Z(Us,p ®gp) € (VR Ap)sk =Vox ® A= YA g g
P

using (4.1.2)) and Lemma . This proves Proposition [18]in the case when &k > 0.
Suppose now that A = Ro, and let N € Zy be such that (nt ® IV =o.
Let K = N + 1 + max, {deg, gp} and let z € n*. If deg,m > K then m € 3" and

so (r ® m)vs, = 0. Furthermore, (z ® mj,  )Jvs, # 0 implies that deg, m; , < N. By

q

Lemma it follows that deg,, ng > maxy, {deg gp}. Therefore, the non-zero terms, if any,
in the second sum in (4.2.2) are linearly independent from those in the first sum and we

obtain (4.2.3)). Furthermore, we have

0= X (@omu,omi,

p {q :deg,, m;,q<N}

and as before we conclude that (r ® mj, ,)vsp = 0 when deg, mj , < N. Thus, (r ®

q

m) ( Zp Vsp ® gp) =0 for all s and it remains to apply Lemma O
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4.2.1

We conclude this section with a proof of Corollary [l The following is a special

case of Theorem 7.1 and Proposition 7.7 of [7].
Theorem 4. Let J € Max A, where A = Ry . Then
dim(W% A/7)" 84 = dim(W9 A/3),, =1, i€ Iy,
If g is of type B, or D,, and i ¢ I then
0, 1 # wi-2j,
<j + k —1

J

where wg = 0. ]

dim(W*4 A/3)V" @4 =

>> p=wi—25,1—25 >0

Alternately, one may reformulate this result in the following way. The subspace

(W5 A/ 3)""®4 is an h-module with character given by

w4/ o= (T el

§1i—2§>0 J

Hence, using Theorem [2, we get

chWa(s)™ ©4 = [[(ch (W 4/3)" @4y,
i€l

and Corollary [6] follows.

4.3 Proof of Theorem [3

Given s € Zi, define pus € P* by ps = > icr Siw; and let 75 @ Wa(us) — Wa(s)
be the natural map of (g ® A, A)-bimodules defined in the above lemma and satisfy-

ing 7s(wy,) = ws. Since Wy(s),, = ws ® Ag, we see that any non-zero element 7 of
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Homgga(Wa(us), Wal(s)) is given by composing 75 with right multiplication by an element

of Ag, ie. 7 = 15a with a € Ag.

4.3.1

Lemma 21. Assume that A € P* and s € ZL satisfy
(i) any non-zero element of Homgga(Wa(A), Wa(s)) is injective,
(ii) the map 75 : Wa(us) — Wal(s) is injective.

Then any non-zero element of Homgga(Wa(X), Wa(us)) is injective. Moreover, if s; = 0 for
all i ¢ Iy, then

Homgga(Wa(A), Wa(ps)) =0, A # ps.
Proof. Let n € Homgga(Wa(X), Wa(us)). If n # 0, then 75 - n € Homgga(Wa(X), Wa(s))
is non-zero since 7g is injective. Hence 75 - ) is injective which forces n to be injective. If
we now assume that A # pg and that s; = 0 if ¢ ¢ I, then it follows from Corollary |§| that

Homgg 4 (W4(X), Wa(s)) = 0 and hence it follows that n = 0 in this case. O

Remark 22. Using Theorem [4] we see that if g is of type B,, or D,, with n > 6 and i = 4,

then (W'*A/ J)U";@’A # 0 or equivalently
Homgga (W A/T, W45 A/T) # 0.
Using Proposition [14] and we get
Homgga(Wa(w2), Wa(ws)) # 0,

which in particular proves that the last assertion of the above Lemma and hence Theorem

[Bl fail in this case.
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4.3.2

From now on, we shall assume that s € Zﬂ_ is such that s; = 0 if ¢ ¢ Iy. By
Corollary [6] we see that Homgg 4(Wa(X), Wa(us)) = 0 if A # ps and the first condition of
Lemma [21] is trivially satisfied. Hence Theorem [3] will follow if we show that us satisfies
both conditions in Lemma [2I By the discussion at the start of Section 5, we see that
proving that us satisfies the first condition is equivalent to proving that 7sa is injective for

all a € Ag. In other words, Theorem [3| follows if we establish the following.

Proposition 23. Let s € Zi be such that s; = 0 if i ¢ Ip. For all a € Ag, the canonical
map 7,a : Wa(us) — Wa(s) given by extending w,, — wsa is injective, in the following

cases:
(i) A=TRoa or Rip,
(ii) A=Rgys, g =541 and s = (s,0,...,0) € ZL, s > 0.

The rest of the section is devoted to proving the proposition.

4.3.3
We begin by proving the following Lemma.

Lemma 24. Let A be a finitely generated integral domain. Let s € Zfr be such that s; =0
if i ¢ Iy. Then 7, a1 Wa(us) — Wa(s) is injective for a € Ag\ {0} if and only if 7, is

injective.
Proof. Consider the map pa : Wa(s) — Wa(s) given by

pa(w) = wa, w € Wa(s).
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This is clearly a map of (g ® A, Ag)-bimodules. Since
Wa(s)us = ws @ As,

and Ag is an integral domain, it follows that that the restriction of pa to Wa(s),, is injective,
and so

ker pa N WA(S)MS = {0}

Since wt Wa(s) C us — Q™ it follows that if ker p, is non-zero, there must exist w’ € ker pa
with

(nt @ A)w' =0.

But this is impossible by Corollary |§| and hence ker p, = 0. Since 7,,a = pa7y,, the Lemma

follows. [

4.3.4

We now prove that 7, is injective. This was proved in [11] for g = slp and A = Ry
and in [12] for g = sl 41,8 = (5,0,...,0) € Z}, s > 0 and for any finitely generated integral
domain A.

Since

TSWA(MS)/LS %A#s (Ug® A)WS)us = Ausa

the following proposition completes the proof of Proposition [23]

Proposition 25. Let p € P and let 7w : Wa(u) — W be a surjective map of (g® A, A,)-
bi-modules such that the restriction of 7 to W4 (u), is an isomorphism of right A ,-modules.

s;wj, then 7 is an isomorphism.

If A= RO,I or Rl,O and m = Z

i€l
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4.3.5
Assume from now on that A is either Rg 1 or R1. The following is well-known.

Proposition 26. For all r € Z,, the ring (Rg%g)ST is isomorphic to Ry, and (R%)ST is

isomorphic to C[t,ta, ..., t., ;1]

The proposition implies that Max A is an irreducible variety. Given A € PT,
define D) C Max A by: I € D, if and only if the S, -orbit of sym, I is of maximal size, i.e,
sym, Iis the S, -orbit of ((t—ay1),...,(t—a1r)s...,(t—an1),..., (t—any,)) € (Max A)*"™
for some a;, € C (respectively a;, € C*) with a;, # a;s if (i,7) # (j,s). The set of such
orbits is clearly Zariski open in Max A). Since sym, induces an isomorphism of algebraic
varieties Max Ay — Max A, we conclude that D) is Zariski open, hence is dense in Max A .

Therefore, given any non-zero a € A there exists I € D) with a ¢ L.
4.3.6

We shall need the following theorem.
Theorem 5. Let A ="TRg; or Rig and let A=, riw; € PT.

(i) The right Ay-module W4 () is free of rank dy, where

dy = [[(dim Wi (4/3))",
el

for any J € Max A.

(ii) Let I € Dy. Then

WAL = R R W (4/3;,),

icel r=1
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where J;, € Max A is the ideal generated by (t — a;,). If, in addition, we have r; =0

for i ¢ I, then W% (A, /I) is an irreducible g ® A- module.

Part ({i)) of the Theorem was proved in [II] for sly, in [9] for sl,4; and in [I5] for
algebras of type A, D, . The general case can be deduced from the quantum case, using
results of [I}, 19 22]. Part of the Theorem was proved in [11] in a different language and

in [7] in the language of this paper.

4.4 Proof of Proposition

Proof of Proposition[23. Let {ws}1<s<q, be an A -basis of Wa(u) (cf. Theorem ) Then
for all T € max A, {ws ® 1}1<4<q, is a C-basis of W/ A, /I. Suppose that w € ker 7 and

write

w = E Wsasg, as; € A,

s=1

If w # 0, let a be the product of the non-zero elements of the set {a; : 1 < s < d,}.
Since A, is an integral domain we see that a # 0. By the discussion in Section we
can choose I € D, with a ¢ I. Then a, # 0 implies that a;, ¢ I and hence w :=w® 1 =
Zfi L Ws®as # 0, where a is the canonical image of a; in A, /I. Notice that Theorem
implies that W (A,,/I) is a simple g ® A-module.

Since 7 is surjective, W is generated by m(w,,). Setting W’ = mw(W4(p)I), we see
that

W,i = m(Wa(p)D),) = m(wy)L.
In particular, this proves that m(w,) ¢ W', hence W’ is a proper submodule of W and

(W/W"I = 0.
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This implies that 7 induces a well-defined non-zero surjective homomorphism of g ® A-
modules & : W4 (A, /I) - W/W’' — 0. In fact since W/{(A,,/I) is simple, we see that 7 is

an isomorphism. But now we have
0 = m(w) = 7(w),

forcing w = 0 which is a contradiction caused by our assumption that w # 0.

The proof of Proposition [25]is complete. O
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Part 11

Global Weyl modules for the

twisted loop algebra
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Chapter 5

For Part[[I]of the manuscript, we alter our notation to fit the context of the twisted
loop algebras. From now on there will be two simple Lie algebras under consideration (one
being the set of fixed points of the other under an automorphism). As such, we need to
introduce some alternate notation, as the context will not always make it clear. This chapter
is devoted to some explication and reminders of preliminary results, in addition to these

notational changes.

5.1 Preliminaries

5.1.1

Asin Part[[} Let g be a finite-dimensional simple Lie algebra of rank n with Cartan
matrix (a;j)ijer, where I = {1,--- ,n}. Fix a Cartan subalgebra h of g and let R denote
the corresponding set of roots. Let {«;}icr (resp. {w;}icr) be a set of simple roots (resp.
fundamental weights) and @ (resp. Q%), P (resp. PT) be the integer span (resp. Z,—span)

of the simple roots and fundamental weights respectively. Denote by < the usual partial
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order on P,

MpEP, A< <= p—-reQ@m.

Set RT = RNQ™ and let 6 be the unique maximal element in R* with respect to the partial
order.

Fix a Chevalley basis, which we now denote with capital letters by X, Ojf, H;,a € RT,
i €1 of gandset X;" = XE, Hy = [X],X;] and note that H; = H,,. For each a € RT,
the subalgebra of g spanned by {XF, H,} is isomorphic to sly. Define subalgebras n* of g

by

nt = @ CXZ,

aceRt

and note that g has a triangular decomposition
g=n ohont.

Let o be a permutation of I satisfying a,(;s(;) = ai; for each 4,5 € I. Then the

7)
assignment

X X3y, Him Hopy, i€

extends to an automorphism of g called a diagram automorphism and also denoted by o.
Fix such an automorphism, say of order m, and take I' = (o) = Z/mZ. The character
group GG of I' is defined as the set of group homomorphisms I' — C*; fixing ¢ a primitive

m! root of 1, we obtain a G-grading of g:

where



Given any subalgebra a of g which is preserved by I, set a; = gs N a. The following is well
known (see for example [5] or [I8, Chapter 8]). The fixed—point subalgebra go is a simple
Lie algebra and b is a Cartan subalgebra of g, and we denote by Ry the corresponding set
of roots. We fix a set of simple roots {;}c; , and let Qo (resp. QF), Po (resp. ) be the
integer span (resp. Zi-span) of the simple roots {a;};.; and the weights {w;}ier, (resp.
in the case where g is of type Ag, the span of {w;}ier,\ (rk go} U{2wWik go }), Tespectively. This
conflict in notation between the roots of gg and the roots of g will not cause a problem
in practice, where it will always be clear from context which we mean. The rank of gg is
equal to the number of orbits of I under the induced action of I'. We identify this set of
orbits with an index set for the simple roots of gy, and further identify this with a subset
Ip = {1,...,tk go} C I by adopting the standard labeling as the first rk gy nodes of I.
Moreover, g is an irreducible representation of gg for all s, and
nt N g0 = n(jf = @ (9)+a-
aERY

We set ho = h M go, so we have g =ny © ho @ ng is a triangular decomposition of gg.

As by C b, we have a natural map h* — b given by restriction; furthermore our
choice of Chevalley basis elements {h;} is such that P — Py. If A € P, we denote its image
under this projection by A € Py. We will frequently suppress the bar if it is clear from
context whether a functional lies in P or in Fp.

As diagram automorphisms, the group I' acts upon the nodes I = {1,...,n} of
the Dynkin diagram of g, and for a node ¢ of this diagram we denote by I'; the stabilizer of
i in I'. More generally, I' acts on R and we denote by I',, the stabilizer of a. For o € Ry,

we often choose a preimage lying in R, and when this will not cause confusion, we also
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label it . For 0 < k < m and a € Ry, we define the following elements hy(k) € b N gy,

rE(k) e nt Ny

1m k]H 1 ]X:t
B = T 2 ?Z

In the case that g is of type Ao, and o € Ry is a short root, we also use the formula

above to define additional elements 3 (1), satisfying

Cu, (1) = CIXZ, X7, .

Observe that if 'y, = T', then ho(e) = 0 for all € # 0. We set hi(k) = hq,(k),
zE (k) = zZ (k) and write h; = h;(0), z¥ = 23F(0).

Then for all zX(0) € (g0)a, ha(0) € b, the vectors {zZ(0),ho(0)} generate a Lie algebra

isomorphic to sly, and {zZ(0), hs},, IpacR} 15 @ Chevalley basis of go; see [14] for details.

In the case when I is trivial, we recover the untwisted case in the sense that gy = g,
20(0) = Xa, ha(0) = Ha, P = P* and QF = Q*,
5.1.2

Let A=C [til] and let AL be a fixed vector space complement to the subspace

C of A. Given a Lie algebra a, define a Lie algebra structure on a ® A, by
[T®a,y®b =[x,y ®ab, z,y€g, abec A
Definition 3. The Lie algebra a ® A is called the loop algebra of a and is denoted by L(a).

We will denote by I' : A — A the group action of I' on A given by extending the

th

map o : t — (t to an algebra homomorphism (recall that ¢ is a primitive m*™ root of unity).
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Then A decomposes as

m—1

A= (P A,

s=

where A; = {a € A:0(a) = (*a}. We then have Ay = C[tT™] and A; = t°Ay. The linear
extension of the map ¢ : 2 ® t* — o(z) ® o(t*) for all x € g, k € Z is a Lie algebra

automorphism of g ® A, and the set of fixed points

m—1
@A) =@Po.oA,
s=0
is a Lie subalgebra of g ® A.

Definition 4. The Lie algebra (g ® A)' is called the twisted loop algebra of g with respect

to I'; we will denote this algebra by L' (g).

These loop algebras occur as a main ingredient in a realization of the affine Kac—
Moody algebras and also of the extended affine Lie algebras; see for example [5, Chapter
18] or [18] for details. For any subalgebra a of g which is invariant under the action of T,
we set L'(a) = (a® A)L.

As T is generated by a diagram automorphism of g, the subalgebras n*,  of g are

each preserved by I and hence L' (g) inherits the triangular decomposition of g:
L'(g) = L' (n") & L' () & L' (n™).

We briefly mention a more geometric realization of these loop algebras. The ring
C [tﬂ] is the coordinate ring of the affine variety C*. The Lie algebra g can be viewed
as an affine variety, and if we denote by M(C*,g) the Lie algebra of regular maps from
C* to g (where the bracket is defined pointwise), the group action of I' on g and on A

(hence on C*) extends to an action I' : M(C*,g) — M(C*,g). Then it is easy to see that
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M(C*,g)'' = L' (g); we call such a realization of L' (g) an equivariant map algebra (see [24]
for more details).

We identify a with the Lie subalgebra a ® C of a ® A. Similarly, if b is a Lie
subalgebra of a, then b ® A is naturally isomorphic to a subalgebra of a ® A. Finally we
denote by U(g® A, ) the subspace of U(g® A) spanned by monomials in the elements x ® a
where x € g, a € A4

m—1
If Jp is any ideal in Ap, then @ gs ® t75J is clearly an ideal of L' (g); conversely,

5=0
the following can be deduced from [§] or [21].

Lemma 27. Let J be an ideal of LI'(g). Then there exists an ideal Jy C Ag such that

J=Pa: @t .
SEZ

5.1.3

A very important tool for understanding and analyzing modules for loop algebras
has been the use of results for L(sly). In the twisted loop setting, we will once again
use results for the smallest available twisted loop algebra. Namely, let g = sls and ' be
induced by the non-trivial Dynkin diagram automorphism of g. Then in our notation, the
fixed-point algebra is denoted by L'(sl3). In this case go = sl and g1 = V (4w), the five-
dimensional irreducible sls-module.

In contrast with the loop case, the twisted loop algebras are in some sense built from copies

of L(sly) and L' (sl3). The following lemma, proved in [14], makes this idea precise.

Lemma 28.
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(i) If g is of type Ay, then we have canonical isomorphisms
L(sly) 2 sp{zZ(j) @ t™ I, ha(j)@t™ 7 |s€Z,0<j<m~—1},
if a is a long root, and
LV (sl) 2 sp {af(j) @ ™, a5, (j + 1) @™, ho(j)@t™ 7 | s€Z, 0< j<m—1},
if « is a short root.
(ii) If g is not of type A, then we have canonical isomorphisms
L(sly) 2 sp {zZ(0) @ t™, ho(0) @™ | s € Z},
if a is a long root, and
L(sl) 2 sp {zf(j) @t™ 7, ho(j)@t™ 7 |s€Z,0<j<m—1},

if o is a short root.

5.1.4

In this section, we will recall some crucial results on the classification of simple
finite-dimensional modules for L(g). We begin with the definition of an evaluation module.
Given A € PT and a € C*, the the g-module V()) descirbed in Theorem (1| has an L(g)-

module structure given by
(z@t")v=ad"zwv forall xeg, veV(A).

We denote this module by V,(\). Clearly, since V() is a simple g-module, V, () is a simple

L(g)-module. This result has a generalization for tensor products of simple modules. To
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state this result, we will first introduce some useful terminology, due to [24]:

Let = be the monoid of finitely supported functions from C* to PT. Thus, for £ € Z,

supp(§) == {a € C* [ {(a) # 0} C C*

is a finite set. We define the weight of { € Z by the formula wt(£) = >_ cqppe) §(@) € pPt.

Consequently we have

(1]

= U =

AeP+

where E) = {{ € 2 | wt(§) = A}. We associate to each £ € Z an L(g)-module

Vo= Q) Valéla)).

a€supp(£)

The following characterization of simple finite-dimensional L(g)-modules was proved in [10].

Theorem 6. V; is a simple finite-dimensional L(g)-module. Moreover, if V' is a simple

finite-dimensional L(g)-module, then there exists £ € =, such that V = V.

5.1.5

Before recalling the results on simple finite-dimensional modules for L' (g), we will

introduce the necessary notion of admissible sets.

Definition 5. A finite subset X C C* is called admissible, if for all a # b € X we have
FanT.b=0.

We say a finitely supported function £ € Z is admissible if its support supp(§) is an ad-
missible set. Furthermore, for every finite subset X C C*, we denote by X,qn a maximal
admissible subset (clearly this set is not unique, but for our purposes the uniqueness will

not be necessary).
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Now, observe that any Dynkin diagram automorphism ¢ induces an automorphism
of P* given by the formula o(w;) = wy(;). As stated in Section the group of

th

automorphisms I' acts also on C* by multiplication with {, a primitive m"" root of unity.

We say € € Z is equivariant with respect to I, if
£(o(a)) =0(&(a)) forallae C* and o €T.

We denote by = the set of equivariant functions in Z. The following was proved in [24].
Theorem 7. = parametrizes the simple finite-dimensional L (g)-modules.

For the reader’s convenience, we recall here the assigment of a simple module to
an equivariant function. In order to do so, we introduce the symmetrizer map ¥ : & — ZI,
given by

fHZUofoa_l.

oel

Clearly, this function is well-defined, since the right hand side is by construction equivariant.
Given y € ZI', a function ¢ € Z is called x-admissible if ¥(¢) = x and supp(€) is an
admissible set. Before continuing, we observe that for each y € =L, there exists at least one
x-admissible function, constructed as follows.

Let x € =1 and choose a maximal admissible subset X,qm C supp(x). For a € C*,

define € € = by

X(a) ifa € Xadm
§(a) =

0 a ¢ Xadm
Then ¢ is finitely supported, and supp(€) is admissible by construction, with X(x) = &.

The following was shown in ([21],[24]):
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Lemma 29. Suppose ¢ € = is admissible. Then the L(g)-module V is simple as an L' (g)-

module. Moreover, every simple L' (g)-module is obtained in this way.

The parametrization of Theorem [7] is completed by observing that for two admis-

sible functions &1, & € Z with X(&;) = 3(&2), we have
Ve, = Ve, as Lr(g)-modules.

We shall also define the weight of an equivariant function y € Z''. This was done
before for elements from =, but it is important to note that although Z'' C Z, the weight of

r

an element in = considered as an equivariant function is different from its weight considered

as an element in =. To define the weight of y, let £ € = be y-admissible and set

wto(x) = wt(§) € Py

We observe here that the weight is independent of the choice of &.

5.2 The category ZI"

In this section we will (by analogy with [7]) define the category of locally finite
modules and the global Weyl modules. We keep the exposition as short as possible without

sacrificing necessary detail.

5.2.1

Let Z' be the category whose objects are modules for L'(g) which are locally

finite—dimensional gyp—modules and whose morphisms are

Homgzr (V, V') = Homyr g (V, V'), V,V' €.
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Clearly Z' is an abelian category and is closed under tensor products. We shall use the
following elementary result often without mention in the rest of the paper.
Lemma 30. Let V € ObZ'.
(i) IfVy#0and wt V CA—Qq, then A € Py and
L'mH) vy =0, @)y, =0, iel.

)

If in addition, V' = U(L'(g)).Vy and dim V), = 1, then V has a unique irreducible

quotient.
(ii) If Vv =U(L'(g)).Vy and L' (n™).V), =0, then wt V C A — Qg .
(iii) If V € ZV is irreducible and finite-dimensional, then there exists A € wt V such that

dmVy =1, wtV CA-Q{.

5.2.2

We recall here the definition of the global Weyl module for L(g) (due to [10]); it

will play a crucial role in all that follows.

Definition 6. Let A € Pt. The global Weyl module W () is generated by a non-zero

vector wy, subject to the defining relations:
LnH)ay =0, (H®1)wy=AH)wy, (X)) )+, =0, iel, Heh.

The study of these modules initiated a series of papers ([10], [9], [15], [23], [1]),

and we give here a brief summary of the results contained therein. W (\) is an integrable
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projective module in a certain category (see Section [5.2.3)). Furthermore, W () is a free

module of finite rank over the algebra

A, =U(L(h))/ Annyy(r ) w,

which is isomorphic to a Laurent polynomial ring in finitely many variables.

5.2.3

Given an integrable left go-module V, it is a standard fact of relative homological
algebra that

PY(V) :=U(L" () ©g V

is a projective L''(g)-module. Moreover P!'(V) lies in Z'. Furthermore, if A € P;", then

PY(V())) is generated as an L' (g)-module by a non-zero element v with relations
ng.w=0 hov=Ah)v, (27 )\ P)H 4y = 0, i€y, he€hp.
For v e P(T and V € ObZ", let V¥ € ObZ" be defined by:

VY=V UL (g)V (5.2.1)
ptv

Equivalently, this is the unique maximal L' (g) quotient W of V satisfying wt W C v — Q.
A morphism 7 : V' — V' of objects in Z' clearly induces a morphism 7” : V¥ — (V')”. Let
7l be the full subcategory of objects V' € ZU such that V = V¥. If V € ObZL, then its
weights are bounded above by v and, since it is integrable, it decomposes into a direct sum

simple finite—dimensional go-modules. Hence,
V € ObZl — #wtV < oo (5.2.2)
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Remark 31. If \,v € Py, then P'(V(\))” € ObZL.
We are now able to define the main object of study for this paper:

Definition 7. The global Weyl module of weight A € Py for LI (g) is
WE\) = PY V()
The following proposition is proved analogously to [7, Proposition 4].

Proposition 32. WT()\) is generated by a nonzero element wy with relations

LK)y =0, hay = AR)wy, (z;) MOy =0, ey, hehy. (5.2.3)

5.2.4

For p € P, W(u) may be viewed as a module for L' (g) by restriction, in which
case the highest weight vector will be of weight . It follows that there is a natural map
W) — W(p). The immediate questions, whether this map is injective or surjective,
must be answered in the negative in general. Nevertheless, we shall find an L(g)-module
into which a global Weyl module for L' (g) embeds: let \ € Pgr and consider

W = @ W ().

HEPT : p=\

This is clearly a module for L(g) and hence, by restriction, for L' (g). The main result of

our paper is that W' ()\) appears as a submodule of WW.

Theorem 8. Let )\ € P0+ . There is an injective homomorphism of L' (g)-modules
WER) = D W (),
=\
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induced by the assignment
Wy > w = Z Wy
=\

By Proposition it is clear that this assignment gives a homomorphism of L (g)-
modules. The remainder of this manuscript is devoted to the proof that the map is, in fact,

injective.
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Chapter 6

In this chapter, we continue to follow the methods established in [7] by analyzing
the highest weight space of the twisted global Weyl module, and using it to define a twisted

Weyl functor.

6.1 The Weyl functor and its properties

For A € P;", we denote by Anny(zry)) wa the annihilator of wy in U(LY(h)). This

is an ideal in U(LY()), and we define A} as the quotient of U(L''(h)) by this ideal:

AF = U(Lr(h»/ADDU(LI‘(b)) W)y -
Clearly, AI; is a commutative associative algebra and we will see in Theorem (10| that it is
finitely generated.

6.1.1

We define a right module action of ALY on WT()\) as follows: for a € A} and
u € U(L(g)),

UW.Q = UG W).
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The verification that this map is well-defined is straightforward; see [7] for details. For all
p € Pyt the subspaces WT()\), are L' (h)-submodules for both the left and right actions

and
Annyrr(g)y wa = {ue ULY(h) : wyu=0= wwy }
= {ue UL (h)) : W'(\).u =0} .

Therefore W (X) is an (L'(g), A})-bimodule and each subspace W (\), is a right Al

module. Moreover, W (), is an Al -module and
WA Zar AL
Let mod AE be the category of left Al;fmodules.
Definition 8. Let WE : mod Al;\ — I)l: be the right exact functor given by
r _ r re

where M € Obmod A} and f € HomAE(M, M) for some M’ € Obmod A. We call this

functor the (twisted) Weyl functor.

The go—action on W} M is locally finite (since WT'(\) € ObZ}), so that WM €
ObIE, and

WHAL e WHQN),  (WIM), 2 WH(N), @1 M,

for y € Py, M € Obmod AY.

6.1.2

In this section we adapt results from [7] and state them without proofs, since

these proofs carry over almost verbatim from the case of untwisted loop algebras. The first
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ingredient we shall require is the restriction functor, which will be right adjoint to the Weyl

functor. For this we need the following lemma, whose proof can be found in [7, Lemma 4].
Lemma 33. For all A € P;” and V € ObZ} we have Anngr g (wy).Va = 0.

As a consequence, we see that the left action of U(L' (b)) on Vy induces a left action
of AE on V), and we denote the resulting Al;fmodule by R%V. Given 7 € HomIE(V, V')

the restriction my : V) — V is a morphism of Al)}modules and
V = RV, 7 R =my

defines a functor

R} : Zh — mod A}

which is exact since restriction of 7 to a weight space is exact. If M € Obmod AE, we have

an isomorphism of left Al/;fmodules,
RYWM = (WiM)y = WH(A)y ®ar M = wyA) @0 M 2 M,

and hence an isomorphism of functors Id,r = R%WE
A

We may apply the restriction functor to an object of I}:, then apply the Weyl func-
tor and obtain once again an object of IE. The following proposition shows the relationship

between these two L' (g)-modules.

Proposition 34. Let A € P and V € ObZ}. There exists a canonical map of L'(g)-
modules 7y : WER%V — V such that n : WER% = IdI{ is a natural transformation of

functors and R% is a right adjoint to WE
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As an immediate consequence we obtain with standard homological methods:
Corollary 35. The functor WK maps projective objects to projective objects.

We now have all the ingredients necessary to state the main result (Theorem 1)
of [7] in the case of twisted loop algebras. The proof carries over almost identically, hence

will be omitted.

Theorem 9. Let A € " and V € ObZL. Then V = WIRAV iff for all U € ObZ! with
Uy = 0, we have
Homgr (V,U) =0, Extlr(V,U) = 0. (6.1.1)
A
6.1.3

Another consequence of Proposition [34] is the one-to-one correspondence between

maximal ideals of AL and simple modules of L' (g) of highest weight .

Lemma 36. For )\ € POJr , there exists a natural correspondence between maximal ideals of

I =I
A)\ and =\

Proof. Let M € Max Al. Then W} (A} /M) has a unique simple quotient V of highest
weight A, so by Theorem @ there exists & € EE so that V' = Ve,. On the other hand, let
¢ € Z} and V% be the corresponding simple L' (g)-module (Theorem . Then RV is a

simple A/F\—module7 and so there exists M € Max AE such that
RAV: = AL /M.

Since R% is right adjoint to WL, we have Em, =& and M = Mg,,. O

62



6.1.4

In this section, we will prove that the global Weyl module is finitely generated as
a right Al-module. This result is analogous to [7l Theorem 2], but requires a new proof
when I' is nontrivial.
To clarify the importance of this result, first recall that the global Weyl module is infinite—
dimensional, and even decomposes into infinitely many simple go-modules. By applying the
Weyl functor on one—dimensional AE—modules we obtain the so called local Weyl modules
(see Section [7.1)). Once we show that the global Weyl module is finitely generated, we can

deduce that the local Weyl modules are finite-dimensional (see [8, Proposition 4.2]).
Theorem 10. W' () is a finitely generated right Af-module.

Let u be an indeterminate and for o € R, we define for all £ > 1 the following

power series in u with coefficients in U(L''(p)):

[e.e]

ha © t%
Po,(u) = exp (— Z k:Uk) .

k=1

Let pa(u) = Z;’;O pijuj. Note that pg! =1, and that pzy’z is contained in the subalgebra
generated by {ha Rtk 0<k< j}. For the proof, we need the following lemma, which is
an immediate consequence of [8, Lemma 2.3] via the substitution ¢ s ¢¢.

Lemma 37. Let o € R(')F and r € Zy. Then if

Zso , if a € (Rp)s and g is not of type Ay,

mZsq , if a € (Rp); and g is not of type A,

le

27~ , if a € (Rp)s and g is of type Ay,

Zso , if a € (Rp); and g is of type Ay,

\
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we have

(k@) (g @)™+ (7 |3 (0 09) 17 | € U @)U )
=0

Using this containment, we now prove the theorem.

Proof. Since WT()) is an object of Z} (see Remark, we know that #wt W (\) < oo. It
follows that for any monomial u € U(L"(g)) with wtg,(u) # 0, and any v € WT()), there
exists N > 0 such that «".v = 0. In particular, W () is locally finite-dimensional for any

vector of the form z @ t*, z € n~ N g, k = —e mod m.

Let A € P" and o € Rf. We set ¢ = 1 if g is of type Az, and « is a long root,
or g is not of type Ao, and « is a short root. In any other case, we set £ = m. By setting

r = M(ha), we see from the defining relations of W1 ()) and the lemma above that

r—1
2y @t wy = (1) [ D ag @t9pl 7 | wa, (6.1.2)
§=0
which, after an inductive argument, implies
— o 4lk — o 4l r.
(ma ®t ) RTHN Esp{<xa ®t )w)\A/\ 0<s< )\(ha)}.

Additionally we must consider the elements z,, ® ¢t and z,, ® t, when g is of type
Agp and v € (Rp)s. We proceed with the latter case, the former being very similar.

Set 8 = 2v and let a be the Lie algebra generated by the elements

1
+ 2q+1 — 2q—1 - 2q
Ty @t , Ty @t , 2hy®t , q €7,
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then we have a Lie algebra ismorphism to L(slz) (by Lemma [28]), given by
1
_ 1 _
Ty @ s ag @t wg @ i ay @1, Shy @1 hetl,

Lemma [37] gives us

ooy (s ort) T [ 30 (0 02 7 | e @) UET ),
=0

where we define p{a € AE by
9] oo 1 2k
oo sh, @t
§=0 k=1

Again, since W'()) is integrable, we have

r—1
— o p2r—1 — o 2j—1Y) 7
Tg @t wy = (=1) Z (a:ﬁ ®t )pg N IRTN
§=0
for r > 0, and the second case is proven.
To complete the proof of the theorem, let {fi,---,8n} be an enumeration of

Ry URy (resp. Ry UR; UR;). Using the PBW theorem, we can see that elements of the
form

((961)@1 ®t”) ((g@)% ® t”) ((gq),@i[ ® t”) W)
for 0 < e <m, B, € {B1,....8n}, 1 <ip <dipg <o <y <N, L €Zy,and 1y = ¢
mod m, generate W' ()\) as a right module for AL. Using this spanning set and the fact
that #wt W1 (\) < oo, an inductive argument on the length ¢ of a monomial from this

spanning set shows that W ()) is finitely generated as an A}-module. O

6.2 The algebra Al

In this section we will give an explicit description of the algebra AE and deduce

that it is finitely generated.
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6.2.1

We continue to follow the model of [7]. That is, we identify AE with a ring of

symmetric polynomials. To begin, recall that a basis for L' (h) is given by the set
{hile)@t™ < . icly, 1<e<m—1, keZ}={h(k)@t™ : ke Z, icl},

where k denotes the least nonnegative residue of k& modulo m.

Set A (k) = C [t*F] and for A =", ; riw; € Py, define

i€lp

A5 = @ (ATl ™.

i€ly

. . . F
Now we identify a natural generating set of A .
For N € Z, and B any associative algebra over C, we define a homomorphism of

algebras symy : B — B®Y by the assignment

N—-1
bis Z 100 bhg 18N1
=0

Now set

symj (b) = 1925<i %) @ sym) g, (b) ® 1922551 1)
for i € Iy. Taking B = A(|I';]) for i € Iy, we clearly have
{symi (t*) : ke |[y|Z} c AL.
The following lemma makes clear the role of these elements in generating AL.
Lemma 38. The set
{sym}(t*) : i € Io, k € |[4|Z, |k| < A(h;)}

generates AE as an algebra over C.
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Proof. Fix i € Iy and set N = A(h;). It is well known that the algebra A((|T;|)®V)5N is
isomorphic to the polynomial algebra C[f1, f2..., [N, f&l], where the f, are the elemen-
tary symmetric functions in the N variables t|1Fi|, ... ,t‘NFi‘. On the other hand, the element
sym’, (t*) corresponds to the power sum g of degree k|T';| in the factor A(|T;[)®%, so that

we have

Clgr,...,gn] = Ce oSy > c[py, . fu)].

In order to prove the lemma, it therefore suffices to check that f]f,l lies in Clg_1,...,9-N].

But this is clear, since

- =T —|T ~
frec™ TS 2 clgy, . gon).

As a consequence of Lemma we see that the assignment
hi(k) @t~ F s symi (t7F), iely, keZ

extends to a surjective homomorphism of algebras 7 : U(LI'(h)) — AL. We shall show in

the rest of this section that 7, descends to an isomorphism 7y : AE ~ AI;.

6.2.2

The first step is to provide a natural correspondence between EE and the maximal
spectrum of AE. This description of Max(AE) will be used in the sequel to show that Al; and
AE are isomorphic as algebras. To describe the correspondence, we introduce an alternate
description of the maximal ideals in AE in terms of multisets on the maximal ideals of

A(IL)).
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For any set S, let M(.S) be the set of functions f : S — Z satisfying the condition
that f(s) = 0 for all but finitely many s € S. Such a function is called a finite multiset on
S. M(S) forms a commutative monoid under the usual addition of functions. The size of

f € M(s) is given by the formula

1F1= F(s).

seS

We also note that any element of M(S) can be written uniquely as a Z-linear combination

of characteristic functions x, for s € S, defined by x,(b) = d5 for b € S.

6.2.3

We shall use this language to describe the maximal ideals of the tensor product
AL. Tt is clearly enough to classify the maximal spectrum of rings (A(|T;|)®%)% for £ € Z .
Such ideals are given precisely by unordered ¢-tuples (with possible repetition) of maximal
ideals of A(|I';]), i € Iy, i.e. by elements f € M (Max(A(|T';]))) with |f| = ¢.

Since the maximal ideals of A(|T';|) are principal ideals generated by polynomials
tIlil — a3l for @ € C*, we may view elements of M (Max(A(|T;|))) as multisets consisting
of orbits of C* under the action of I';.

Abbreviating M (Max(A(|T4]))) by M, the product M = [lie;, Mi is also a

commutative monoid, and for f € M we set wt(f) = >ic, | filwi € Py Defining
M,\:{fej\;l:wt(f)zk}, A€ PR,

we see that Max (AE) is in bijective correspondence with M.

In this language, any £ € = can be written uniquely as a linear combination of
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fundamental weights w;, i € I, with coefficients from M(C*):

EF = {Zfzwl : fl S M(C*)} ,

el

where for £ =3, fiw; and ¢ € Max(A), we have {(c¢) = >, fi(c)w; € PT.

6.2.4

Next, we exhibit an isomorphism of monoids between M and EL. Observe that

for each i € Iy there is a surjective morphism of monoids
M(C*) - M;,

defined by extending the assignment x, — Xa, where a is the orbit of a under the action
of I';. If I'; is trivial, then of course m; is simply the identity map. We describe some of its

further properties in the following lemma.
Lemma 39. Let { =), ; fiw; lie in =L, Then
(1) For all vy € T and i € I we have m;(f;) = mi(fy@))-

(2) For each a € C* and i € I, we have
mi(fi)(@) = [Tilfi(a) € [Ts|Z. (6.2.1)
Proof. For the first part, observe that by the equivariance of £ we have

fi(y(a)) = fyi)(a) (6.2.2)

fori eI,y €T and a € Max(A). The result now follows by the definition of ;.
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For the second assertion, there is nothing to prove unless I'; = I, that is (i) =4
for all v € T', in which case the result follows from Equation (6.2.2]) and the definition of

- ]

Now construct a morphism of monoids « : EI' — M: given an equivariant function

¢ e Zl, write £ = Z fiw; and define «(&) € M by the formula
el

a(§) = <yr1i|7”<fi)> : (6.2.3)

1€lp
It follows from part (ii) of Lemma [39] that « is injective, so it remains to show that it is
surjective. For this, fix
9= (gi)ier, € M.

To find a preimage of § under «, define f; € M(C*) for i € Iy by

gi(a) ’Lf Fizl,
fila) =
g,(a) if I;=T,
so that f; is clearly constant on the orbits of C* under I';. It follows that f; satisfies
Equation and hence 7;(f;) = |I';|g:. Hence, « is an isomorphism.

Finally, we show that o induces a bijection Max(AE) & EE. For this, it suffices to

show that for ¢ € Z', we have

wto(§) = wi(a(§)), (6.2.4)

which follows from the observation that

Wto(f) = Z |1_‘11| ‘fz‘ Wi, for f = Zfzwz

i€lp i€l
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6.2.5
The next step is to show that 7, descends to a surjective homomorphism of algebras
AL — AL
For ¢ € ZY, define eve : U(LY(h)) — C by extending the assignment

hiR)@t™ = > aF¢(a)(hi(k), i€y, ke, (6.2.5)
aCsupp(€)

so that

uw =eve(u)v, ve (Ve)y, ueUL(R)).

Since V¢ is a quotient of WT()) for ¢ € 2L, it follows immediately that

Anny(prg)) wa C ﬂ ker(eve). (6.2.6)
¢ezl

For f e My, write ev IE AE — C for evaluation at the maximal ideal of AE

corresponding to f. Applying the relevant definitions, we have

eVo-1(f) = €V O Tx- (6.2.7)
We can now complete the proof that AE is a quotient of Al;.

Proposition 40.

AnnU(Lr(b)) wE - ker(%,\).

Proof. 1t follows immediately from Equation that

m ker(evfoi')\) = m ker(eve). (6.2.8)
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On the other hand, since the Jacobson radical J(A(s)) = 0 for all s € Z,, we see that

J(AY) = 0. In particular,

ker(7») ﬂ ker(ev; o 7). (6.2.9)
fem,
The proposition now follows from Equations [6.2.6], [6.2.8 and [6.2.9] O

Corollary 41. The map 7, descends to a surjective homomorphism of algebras

o AL — AL

6.2.6

It remains to show that 7 is injective. For this, we adapt the argument of [7], by

identifying a spanning set of AE which is mapped to a linearly independent subset of AE.

Lemma 42. The images of elements

HH t_k”) : Ogng)\(hz), ki,seZ

i€lp s=1

r
span A} .

Proof. 1t is clearly enough to prove that for each i € Iy and k1, ..., ks € Z we have

¢ r
[T(hi(ks) @ 7" )wy € sp {H(hi(es) ©twy ¢ < /\(hi)} . (6.2.10)

s=1 s=1

We shall prove this statement as Corollary [44] below. Assuming it, the lemma follows. [

In order to establish Equation [6.2.10] we shall first prove the following, more
general, proposition. For any element a of an associative algebra and any n € Z, we denote

by a(™ the divided power a™ /nl, with the convention that a™ =0 for n < 0.
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Proposition 43. Let k,¢ € Z, with k < {. Given €1,...,¢; € Z and ¢ € Iy, we have

k 2k
[[@E) @t @) = (@) Pue, ..., ),
s=1 r=0

where P,(e1,...,¢;) is an element of U(LY(g)) in the standard PBW order, having length
at most k and consisting of homogeneous elements of weight (k — r)a; as an sly(7)-module.
Moreover, Py (€1, ..., €;) has, except for terms ending in L' (n™), a unique term of length k,
which is [T"_, (hi(és) @ t~).

Proof. The proof proceeds by induction on k. For the base case, a simple induction on ¢

shows that
() (&) @t ) (x) D = (a7) (@] () @ 17) (6.2.11)
+ (@) (i@ @t™) + ()T (—ay (O @17,

Now assuming the result for k < ¢, we prove it for k 4+ 1. By the induction hypothesis and

repeated use of Equation [6.2.11] we have

k+1

H(xf(€5)®t‘“)(w;)“)—z ) (@ (Epr) @5+ Paey, .. . )

s=1

+ Z g - 1 <€k+1) ® t_€k+l)PT(€1, ey 6k>.

+Z (Z " 2) Z‘(Ek—H)®t_ek+l)Pr(€1a---,€k)'

Reindexing, this is

2(k+1)
Z (:U;)(Z_T)PT(ela sy 6k+1)7
r=0
where
Pr(er, .. sepi1) = (@] (p41) @ R Polen, ..., €x)

+ (hi(€ps1) @) Po_y(ex, ... ex) + (27 (Epg1) @ FH)Pog(er, ..., €x).
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(Here Pj(e1,...,ex) =01if j < 0 or j > 2k.) This element, once it is commuted into PBW
order, clearly has the correct weight and maximum length.

It only remains to analyze Pyi1(€1,...,€k1). Any monomial from the third term
of this element ends in a summand of Py_1 (€1, ..., €x), which has weight 2 and hence, being
already in PBW order, must end in some term from L' (nT). By the induction hypothesis,

the second term contains the desired product

k+1

[[(hies) @ t7)

s=1

as its unique term of length k + 1 (modulo L' (n™)).

To deal with the term
(.T;'_(Ek+1) X tiEkJrl)Pr(El, ey ek),

we observe that by weight considerations, any monomial not ending in L' (n*) must be of

the form
q

(27 (0) @t ) [[(hi(6s) ®t7%), q<k—1.
p=1

Now applying the element (2 (€;4+1) ® t~+1) and commuting to PBW order yields terms

that end in L' (nT), together with a term of length ¢ 4+ 1 < k. O
Corollary 44. Fix i € Iy and ky,...,ky € Z. Then

V4 r
[ (hi(ks) @ t*)wy € sp {H(hi(f_s) @t wy :r < )\(hi)} :
s=1 s=1
Proof. By setting k = ¢ in Proposition [43] we see that
l ¢
0=[](af (k) @ t7)(2; @ D)fwy = [ (halke) @t P )wp + Hawn, €2 Ahy) + 1,

(2
s=1 s=1
where H lies in the span of elements of the form [[\_,(h;(fs) ® t~%) with r < £. The

statement of the corollary now follows by induction on /. O
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6.2.7

It still remains to show that the images under 7, of the elements from Lemma

form a linearly independent subset of AK. Now, these are

® Hsym)\(hi)(t_kivs) :0<m; < ANhy), kis€Z

icly s=1

Since the tensor product preserves linear independence, it therefore suffices to check that

for each i € I the set of products

{Hsym)\(hi)(t_kivs) 2 0<m; < Ahy), ki€ Z}
s=1

is linearly independent. A slightly more general statement can be found in [7]; we reproduce
it and include a proof here for convenience. Recall from Section[6.2.1]that for any associative

algebra B we have a map symy : B — B®Y mapping

N—-1
b Z 1% 2bg 18N,
=0

Lemma 45. Let by, b1,... € B form a countable ordered basis, with by = 1 and b, € B

for » > 1. Then the elements

¢
{Hsym]\,(brs) crs€Zy 0 < N}
s=1

are linearly independent in B®N .

Proof. The projections onto the summand Bf‘fe ® 19N~ of the elements listed are

Z U'(bﬁ ® b7’2 K Q b?‘z) ® 1®N_£7
O'GS’V‘Z

where Sy acts in the obvious way on B®‘. Since these are clearly linearly independent by

the choice of b, as basis elements, the proof is complete. ]
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6.2.8

In this subsection, we compare the algebras A ) and Ag. For this purpose, let us

examine again the symmetrizer map defined in Section [5.1.5

Y

(1]

— = fb—)Zaofoail.
oel

If we restrict this map to the functions of weight A € P™, we obtain a map

T

E::)\—>:)\.

Let Vg be the simple L(g)-module associated to £ € Zy. It follows from the discussion in
Section that V is a simple L' (g)-module if and only if supp(€) is admissible. On the
other hand, Vg has, viewed as a L' (g)-module, a unique simple quotient of highest weight

A; in fact this quotient is isomorphic to Vs (¢), as we shall show in Proposition

Recall the evaluation map defined for any £ € = in [7] or, for € Eg, in Sec-
tion [6.2.5)

eve : U(L(h)) — C  and  ev,: U(L'(h)) — C.

The following theorem gives a natural embedding between the algebras A and Ag, and

also gives a necessary and sufficient condition on A for this embedding to be surjective.

Theorem 11. Let A = Y m;w; € PT, then there exists a natural injective map
AL <5 AL

A

Furthermore, ¢ is surjective iff for each ¢ € I, X satisfies the following;:

1. If i = {i}, then m; =0
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2. If m; # 0, then m, ;) = 0 for all 0 € I' \ {1}.
Proof. We have seen that Ag = Ag and from [7], we have
Ay = Ay = X)(AL)Em)Tm,
el
All of these isomorphisms are, by construction, compatible with the embedding of U(LY (b))

into U(L(h)). So it remains to show that
AL < Ay

It is sufficient to show this for each i € I;. Recall that we have identified Iy with a subset
of I. We proceed with two exhaustive cases:

First assume that i € I such that I".i = {i}, so that I'; = I". Then A(|T;|) € A(1), so we
have

(AT ) &m)5me € (A(L)Zm)5m,

=

if m; > 0.

In the other case, I'; = {1}, and we set n; = > My (;). Then we have

(A()) 5 C QA1) 7o),

el

with equality if and only if the right hand side consists of only one non-trivial tensor factor—
L.e., mg(;) = 0 for o # 1, which proves the theorem. O
6.2.9

Let A € Pt amd ¢ € =). We have seen in Lemma [36| that we can associate to £ a

maximal ideal M¢ € Max A . The simple module A /M, will be denoted by C¢. Similarly,
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for x € Eg we denote the simple Ag—module by C,.
Using the embedding Ag — A of Theorem we see that for every £ € £y, Cg¢ is a simple

Ag—module. Then we have by construction of the symmetrizer the following:
Proposition 46. Let { € =). Then C¢ = Cyxy¢) as Ag—modules.

Proof. In |21, Equation (5.18)], the symmetrizer map was given for multiloop algebras. It
was shown that for admissible £ € Z), C¢ = Cyyg) as Ag—modules. If £ is not admissible,
then V¢ is not simple as a L' (g)-module, but has a unique simple quotient. Denote this
simple quotient by Ve; then ¢ € Z) is admissible, C¢ = Cg as Ag—modules and X(¢') =

2(8). O
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Chapter 7

In this final chapter, we complete the proof of Theorem (8] To do this, we first study

the local Weyl modules by applying the twisted Weyl functor to the simple Al;fmodules.

7.1 Local Weyl modules

We have seen in Lemma |36/ that simple Agfmodules are parametrized by EE
Definition 9. The (twisted) local Weyl module associated to x € E} is the L' (g)-module
r . r
WLCy =W (A) @1 Cy

One compelling reason to study the local Weyl modules is the fact that they admit

the following universal property:

Proposition 47. Let V € ObI}? such that V is generated by a highest weight vector v
of weight A, and suppose dim V), = 1. Then there exists y € EE such that the assigment

wy ® 1 — v extends to a surjective map

wic, - V.
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Proof. By Lemma [33] and since V is generated by v, the assigment w) — v extends to a

surjective map

wr\) - V.

Furthermore, V) is an AE—module and since dim V), = 1, this module is simple. Hence by
the discussion in Section there exists x € EE, such that V\, = C, as A/F\—modules. We
can deduce that the map induced by wy ~ v factors through the kernel of ev, and we have:

wy ® 1 — v extends to a surjective map
WE Cy >V,
and the proposition is proven. ]

Local Weyl modules for twisted loop algebras have been defined before in [§], as
well as in [I3] with two different approaches. We will compare these definitions and show

their equivalences; we begin by defining them for L(g).

7.1.1

Let A € Pt and € € E). The local Weyl module associated to &, as defined in [7],
is
W) =W(\) ®a, Ce.
Local Weyl modules had been defined previously in [10], but we will use the notation from

[7]. It was shown in the aforementioned series of papers ([10], [9], [15], [23], [1]) that

dim W (€) = [ [(dim W (&)™,

el
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where A = ) m,w; and & is any element of Z,,. This implies that the dimension of W (&)
is independent of &, but depends only on A. Furthermore, it has been shown (for instance

in [7]), that W (&) has Vg as its unique simple quotient.

7.1.2

In [13], local Weyl modules for L' (g) were defined to be the restriction of the un-
twisted local Weyl module for L(g); they are parametrized by equivariant finitely supported
functions. We should mention, that in [13] local Weyl modules were defined in a much more
general context. Namely, a finite group I' acting freely on an affine scheme X and g by
automorphisms, which clearly includes the case of twisted loop algebras.

Specifically, let x € Zl' and let ¢ be a y-admissible function as in Section

Then one defines by restriction the L' (g)-module

Now, since ¢ is admissible, it follows that W (£) is a cyclic U(L' (g))-module ([I3, Theorem
4.5]), and it was established in [I3, Proposition 3.5] that the definition of W' () is inde-
pendent of the choice of such £&. Moreover, the modules W () satisfy a universal property
([13, Theorem 4.5]) similar to the universal property of local Weyl modules for loop algebras

([I0)) and generalized current algebras (|7, Theorem 1]).

7.1.3

In [8], local Weyl modules for the twisted loop algebra were defined by a generator

w and certain relations. They were parametrized by a set of n-tuples (where n = |Iy|) of
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polynomials 7 = (m;);es, With constant term 1, and we will denote these modules by W (r).

Their universal property was proven in [8, Theorem 2|; we cite an abbreviated version here.

Theorem 12. Let A € Py and suppose that V' is a finite-dimensional L (g)-module gener-
ated by a one-dimensional highest weight space of weight A\. Choose a vector vy € V). Then
there exists an n-tuple (7;);er, of polynomials such that the assigment w +— vy extends to

a surjective map of L' (g)-modules
Wh(z) - V.
The following is immediate from the universal properties established above.
Corollary 48. For each x € EE, there exists a n-tuple of polynomials (7) such that
WLC, =W (x) =W (n),

and vice versa.

7.1.4

In [§], the dimension and character of local Weyl modules have been computed.

We recall this result ([8, Theorem 2]) here since it will be useful in the proof of Theorem

Theorem 13. Let A € Pt and y € ZL, then

dim WT' () ® ar Cy = ranka, W(X) = [ [(ranka,, W (w:))™.

In particular, the dimension is independent of y and depends only on A. Moreover, the g

character is also independent of .
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7.1.5

Using the fact that AE is a Laurent polynomial ring (Section and the fact
that

dim W' () @41 Cy

is independent of x, we can conclude a result which was previously known for untwisted

loop and current algebras:
Theorem 14. For A € P, W'(}) is a free right Al-module with
rank s W' (X) = dim W3 Cy

=T
for some, and hence for any, x € Z;.

7.2 Proof of Theorem

It remains to prove the main theorem:.

Theorem 15. For A € PJ', we have

WE ) = P W),

A=A

where the map is induced by
Wy = w = Z Wy
=\
By construction, we have a surjective map

Wr(\) - UL (g).w

The idea of the proof is to show that both sides are free AE—moduleS of the same rank.

Together with the surjectivity of the above map, this will complete the proof.
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7.2.1

We have seen in Theorem 11| that AI; C A, is a subalgebra, for any pu satisfying
7= A It follows that W (u) is a right module for Al and hence D, W(n) is a right
module for Al. Finally, the submodule U(L"(g)).w C @D,—, W(n) is a right module for
AL, being a quotient of WT(\).

We want to show that U(L(g)).w is a free Al-module of the same rank as W (\). Now
because AE is a polynomial algebra, in order to prove the freeness of U(L' (g)).w it suffices
to show that the dimension of

UL (@))0 91 Cy
is independent of the maximal ideal x € El;

In order to prove this, we will need the following lemma:

Lemma 49. For each y € EE, there exists 7 € P™ and £ € 2, such that £ is y-admissible
and
U(L"(g))-w @41 Cy Zpr(g) W(r) @4, Ce.
Assuming the lemma, we prove Theorem [§] as follows. Observe that the dimension

of the right hand side in Lemma [49]is independent of £ and depends only on 7: it is equal

to the rank of W(7) as a A;-module. By Theorem [13| we know that for 7 =) m,w;,
ranka W(7T) = H(rankAwi W(w;))™.
el

On the other hand

rankAwi W (w;) = ranka W(wa(i))‘

Yo (i)
To see this, one may recall, that o is an automorphism of L(g), and W (we(;)) is isomorphic

to the pullback of the module W (w;) by the automorphism o~ 1.
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Using this and the rank formula for the global Weyl module, we obtain that for all 7, €
PT with 71 = 7,

ranka, W(r) = ranka, W(72).
It follows that the dimension of U(L'(g)).w ® AT C, is independent of x, and hence
U(L'(g)).w C @D, W(n) is a projective Al-module. Since Al is a polynomial ring,
it now follows from the famous result of Quillen that U(L'(g)).w is a free Al-module.

Together with Theorem this gives for 7 = A,
ranka W(T) = rank zr W ).

We therefore conclude that the rank of U(L(g)).w C D W(n) as a Al-module is equal

to the rank of WT()) as a Al-module. Since we already have a surjective map
W) — U(L (g))w

and both modules are free AE—modules, the map is an isomorphism and the theorem is

proven.

7.2.2
It remains to prove Lemma [49}

Proof. We start by defining projection maps 7w, for 7 = A, onto the 7-th component of
@ﬁ:A W(n).
T @W(/J,) — W (1),

=X

and by restriction we obtain maps

7 U(LY (g)).w — W (7),
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where w = e\ Wyu- By construction, we have
7 (U(L" (g)).w) = U(L" (g)).w, € W(r),

the L' (g)-submodule of W (7) generated through the highest weight vector w..
For x € EE, let £ € = be a y-admissible function (whose existence is assured by

the discussion in Section [5.1.5)) and let 7 = wt(£). Consider the local L(g)-Weyl module
W(T) ®AT Cg.

We see, since the support of ¢ is admissible, that this is a cyclic L (g)-module, generated
by w; ® Cg. In fact, W(r) ®a, Cg¢ is by restriction a local Weyl module for L (g), but by

construction C, = C¢ as Al;—modules. Therefore, we have
W (r) ®A, Ce Zpr(g) WH(A) ®ar Cy. (7.2.1)
Since C, = Cg¢, we have the trivial isomorphism
U(L"(g)).w @ar Cy Zpr(g) U(L"(g)).w ®@ar Ce.
We use the projection map 7, to obtain
U(L" (@) 955 Ce. — (U(LT(9).0r) @45 C.

Combining this projection map with the fact that AE C A, is a subalgebra, we have as
L' (g)-modules

U(L (g)).w ®ar Cy = (U(L"(g)).w;) ®a, Ce. (7.2.2)

With the considerations above (we use that the support of £ is admissible), we obtain, that

W(r) ®a, C¢ = (U(L(9))-wr) @a, C¢ = (U(L' (9))-wr) ®a, Ce. (7.2.3)
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Combining [7.2.2] and [7.2.3] we obtain
dim U(L' (g)).w ®ar Cy = dimW(7) @4, Ce.

On the other hand, since U(L"(g)).w QAT C, is a cyclic L' (g)-module, generated

by the highest weight space, we have
wrN) ®ar Cy — UL (g).w ®ar Cy. (7.2.4)
So we obtain
dim W' (A) ® a1 Cy > dim U(L' (g)).w @41 Cy.
Concluding we have
dim W ()) ®ar Cy 2 dim U(L"(g)).w ®ar Cy = dimW(r) @4, Ce,
With we conclude that we have equality throughout. That is,
W) AL Cx Z1r(g) U(L'(g)).w ®ar Cy Zprig) W(T) @4, Ce,

which completes the proof. O
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Conclusions

We make some final remarks here about the connections between Parts [[| and
to place this manuscript in a broader context. Both sections are essentially aimed at un-
derstanding the global Weyl module, and the way it relates to other interesting structures
such as the local Weyl modules. These modules have been useful in understanding the
structure of various categories of representations of generalized loop algebras g® A. All this
is ultimately motivated by questions in the level-zero representation theory of the affine
algebra associated to g. The work represented in Part [I] was an early step in a program
(continued in [4] and [2]) to establish the global and local Weyl modules as “intermediate”
modules between the simples and their projective covers. This is analogous to the role of
the Verma module in the Bernstein—Gelfand—Gelfand Category O, and so Part [I] is really
an effort to form a comparison between global Weyl modules and Verma modules by ab-
stracting some important homological properties of the Verma modules. Along the way, we
are able to use a local Weyl module with a fundamental highest weight to reconstruct the
global Weyl module of the same weight. This provides both a crucial tool in our proof, and
some further insight into the relationship between local and global Weyl modules. In the

case of an arbitrary dominant integral weight, it is not clear how one might pass from a
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local Weyl module back to the global, so any special cases one can construct should aid in
understanding the general question.

On the other hand, the aim of Part [[I] is to define the global Weyl module in
the context of the twisted loop algebra L'(g), which has until now been missing from
the literature. The main goal is to prove that the twisted global Weyl module, which is
straightforward to define by generators and relations, enjoys some nice relationship with its
untwisted counterpart.

Intuitively, having already understood the connection between the twisted and
untwisted local Weyl modules from the main result of [§] (that is, every twisted module
may be found inside an appropriately chosen untwisted one), one might expect that the
analogous result holds in the global case. However, for A € P:', it is not true in general that
WT()\) embeds into W (u) with u satisfying i = A, which would be the most reasonable
guess. It turns out that the canonical map, sending w) to w,, generally fails to be injective.
In some cases, however, this canonical map is an embedding. Specifically, it can be shown
that for w; € Py, we have W (w;) = W(w;), for all j € T.i. It follows that in this
particular case, the results from Part [I| (and particularly Theorem [2|) may provide insight
into the homomorphisms between the twisted global Weyl modules we define in Part [[1}

Some remarks are also in order about more general Lie algebras than those of the
form g®A. Let I' be any finite group, acting on g and an affine scheme X by automorphisms.
The Lie algebras of I'-equivariant regular maps from X to g are called the equivariant map
algebras; they can also be realized as Lie algebras of fixed points (g®A)", where A is the ring
of regular functions on X and the action of I on A is diagonal. Many well-known infinite—

dimensional Lie algebras are in fact examples of these algebras, including the generalized
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Onsager algebra and the twisted loop and multiloop algebras. Their finite-dimensional
simple modules were studied and classified in [24]. Local Weyl modules for an equivariant
map algebra were defined and studied in [I3] in the case when T' is abelian and its action on
X is free. Similarly to the case of twisted loop algebras in [§], it was shown there that any
local Weyl module for (g ® A)" can be obtained by restriction from a local Weyl module
for g ® A.

The contents of Part [[ can be viewed as a preliminary step toward a definition
of the global Weyl module for the equivariant map algebras. In the twisted loop case, we
still have a Cartan subalgebra, so we have weights and can define the global Weyl modules
by generators and relations. In the general situation, there might be no non-zero Cartan
subalgebra; however, the direct sum of Theorem [§] can be adapted in a way that is not
dependent on having such a Cartan subalgebra. Thus, using our result for twisted loop
algebras, one may attempt to define global Weyl modules for (g ® A)' as submodules in a
direct sum of global Weyl modules for g ® A. Proving that they admit sufficient properties

to justify the name global Weyl module would the main task in such a project.
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