
UC Merced
Proceedings of the Annual Meeting of the Cognitive Science 
Society

Title
Individual differences in proof structures following multimodal logic teaching

Permalink
https://escholarship.org/uc/item/42t2r442

Journal
Proceedings of the Annual Meeting of the Cognitive Science Society, 18(0)

Authors
Oberlander, Jon
Cox, Richard
Monaghan, Padraic
et al.

Publication Date
1996
 
Peer reviewed

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/42t2r442
https://escholarship.org/uc/item/42t2r442#author
https://escholarship.org
http://www.cdlib.org/


Individua l  difference s i n p roo f  structure s followin g m u l t i m o d a l  logi c teachin g 

Jon Oberlander and Richard Cox and Padraic Monaghan 

Keit h Stennin g an d Richar d Tobi n 
Human Communicatio n Researc h Centr e 

Universit y  o f  Edinburg h 
2 Buccleuc h Place ,  Edinburg h EH8 9lw ,  Scotlan d 

{J.OberlanderIR.Co x IP.MonaghanIK.StenningIR.Tobin}@ed.ac.u k 

Abstrac t 

We have been studying how students respond to multimodal 
logi c teachin g wit h Hyperproof .  Performanc e measure s hav e 
alread y indicate d tha t  students '  pre-existin g cognitiv e style s 
hav e a  significan t  impac t  o n teachin g outcome .  Furthermore , 
a substantia l  corpu s o f  proof s ha s bee n gathere d vi a automati c 
loggin g o f  proo f  development .  W e repor t  result s fro m ana -
lyse s o f  final  proo f  structure ,  exploitin g (i )  'proofograms' ,  a 
nove l  metho d o f  proo f  visualisation ,  an d (ii )  corpus-linguisti c 
higra m analysi s o f  rul e use .  Result s sugges t  tha t  students '  co -
gnitiv e style s d o indee d influenc e th e structur e o f  thei r  logica l 
discourse ,  an d tha t  th e effec t  ma y b e attributabl e t o th e relativ e 
skil l  wit h whic h student s manipulat e graphica l  abstractions . 

Introduction: multimodal logical discourse 

Computer-base d multimoda l  tool s ar e givin g peopl e th e free -
d o m t o expres s themselve s i n bran d ne w ways .  Bu t  wha t  d o 
peopl e actuall y d o w h e n give n thes e tools ? Doe s everyon e 
end u p generatin g th e sam e form s o f  multimoda l  discourse ? 
Do multimoda l  system s lea d t o bette r  performanc e tha n m o -
nomodal  systems ? 

Thes e question s aris e i n m a n y area s relate d t o human -
compute r  interaction ,  bu t  the y ar e particularl y importan t  i n 
educationa l  applications ,  sinc e multimodalit y i s believe d t o 
be especiall y helpfu l  t o novice s (d i  Sess a 1979 ,  Schwar z an d 
Dreyfu s 1993) .  Hyperproo f  i s a  progra m create d b y Bar -
wis e an d Etchemend y (1994 )  fo r  teachin g first-orde r  logi c 
(se e Figur e 1) .  Inspire d b y a  situation-theoreti c approac h t o 
heterogeneou s reasoning ,  i t  use s multimoda l  (graphica l  an d 
sentential )  methods ,  allowin g user s t o transfe r  informatio n t o 
and fro ,  betwee n modalitie s (se e Figur e 2) . 

We hav e bee n carryin g ou t  a  serie s o f  experiment s o n Hy -
perproof ,  t o hel p evaluat e it s effect s o n student s learnin g logic . 
The stud y ha s establishe d tha t  ther e ar e importan t  individua l 
difference s i n th e w a y student s respon d t o logi c taugh t  multi -
modall y  (Cox ,  Stennin g an d Oberlande r  1994 ;  Stenning ,  C o x 
and Oberlande r  1995) .  I n th e cours e o f  thi s large r  study ,  w e 
hav e buil t  u p a  substantia l  corpu s o f  proofs .  Thes e 'hyperpro -
ofs '  ar e a n unusua l  for m o f  discourse ,  fo r  tw o mai n reasons . 
Firstly ,  the y ar e primaril y use d fo r  5c//-communication :  a 
studen t  arrange s proo f  step s an d rule s i n a n externa l  represen -
tatio n a s a n ai d t o thei r  individua l  problem-solvin g activities . 
Secondly ,  hyperproof s  are ,  o f  course ,  multimoda l  discourse : 
the y involv e bot h languag e an d graphics ,  an d ar e therefor e i n 
some way s mor e comple x tha n tex t  o r  speech . 

We believ e tha t  th e corpu s o f  hyperproof s ca n provid e a 
detaile d insigh t  int o th e path s whic h student s follo w i n thei r 
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Figur e 1 :  Th e Hyperproo f  Interface .  T h e mai n w i n d o w (to p 
left )  i s  divide d int o a n uppe r  graphica l  pane ,  an d a  lowe r 
calculu s pane .  Th e too l  palett e i s floatin g nex t  t o th e mai n 
window ,  an d othe r  w indow s ca n po p u p t o revea l  a  se t  o f  goal s 
whic h hav e bee n posed . 

Appl y Extract s informatio n fro m a  se t  o f  sententia l  premises ;  ex -
presse s  i t  graphicall y 

A s s u m e Introduce s a  ne w assumptio n int o a  proof ,  eithe r  graphi -
call y o r  sententiall y 

Observ e Extract s informatio n fro m th e situation ;  expresse s  i t  sen -
tentiall y 

Inspec t  Extract s commo n informatio n fro m a  se t  o f  cases ;  expres -
ses  i t  sententiall y 

M e r g e Extract s commo n informatio n fro m a  se t  o f  cases ;  expresse s 
i t  graphicall y 

Clos e Declare s tha t  a  sentenc e i s inconsisten t  wit h eithe r  anothe r 
sentence ,  o r  th e curren t  graphica l  situatio n 

C TA (Chec k trut h o f  assumptions )  Declare s tha t  al l  sententia l  an d 
graphica l  assumption s ar e tru e i n th e curren t  situatio n 

Exhaus t  Declare s tha t  a  par t  o f  a  proo f  exhaust s al l  th e relevan t 
case s 

Figure 2: A set of relevant Hyperproof rules. 
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pursui t  o f  proo f  goals .  I n thi s paper ,  w e therefor e firs t  fram e 
some hypothese s concernin g th e relatio n betwee n th e indivi -
dual  difference s i n teachin g outcom e whic h w e found ,  an d th e 
structure s t o b e foun d i n students '  proofs .  W e the n outlin e 
th e relevan t  aspect s o f  th e desig n o f  th e mai n study ,  indi -
catin g ho w i t  distinguishe s tw o style s o f  student .  W e the n 
describ e (i )  th e wa y 'proofograms '  ar e use d t o trac k th e wa y 
student s dea l  wit h abstractions ;  an d (ii )  th e applicatio n o f  bi -
gra m an d trigra m analyse s o f  rul e us e pattern s i n th e dat a 
corpus ,  demonstratin g tha t  th e differin g style s o f  studen t  en d 
up producin g multimoda l  proof s o f  distinctiv e types . 

Hypotheses 

The observatio n tha t  graphica l  system s requir e certai n classe s 
of  informatio n t o b e specifie d goe s bac k a t  leas t  t o Bisho p Ber -
keley .  Elsewhere ,  w e hav e terme d thi s propert y 'specificity' , 
and argue d tha t  i t  i s  usefu l  becaus e inferenc e wit h specifi c 
representation s ca n b e ver y simpl e (Stennin g an d Oberlan -
der  1991 ,  1995) .  W e hav e als o urge d tha t  actua l  graphica l 
system s d o allo w abstraction s t o b e expressed ,  an d i t  i s  thi s 
tha t  endow s the m wit h a  usabl e leve l  o f  expressiv e power . 
Thus ,  Hyperproo f  maintain s a  se t  o f  abstractio n convention s 
fo r  objects '  spatia l  o r  visua l  attributes .  A s wel l  a s concret e 
depiction s o f  objects ,  ther e ar e "graphica l  abstractio n sym -
bols' ,  whic h leav e attribute s under-specified :  th e cylinder ,  fo r 
instance ,  depict s object s o f  unknow n siz e (se e Figur e 1) .  A 
key step ,  then ,  i n masterin g a n actua l  graphica l  syste m i s t o 
lear n whic h abstraction s ca n b e expressed ,  an d how . 

As w e describ e below ,  ou r  pre-test s independentl y allowe d 
us t o divid e subject s int o tw o cognitiv e styl e groups ,  o n th e 
basi s o f  thei r  performanc e o n a  certai n typ e o f  proble m item . 
Loosely ,  on e grou p i s 'goo d wit h diagrams' ,  an d th e othe r 
les s so .  Th e goo d diagrammer s turne d ou t  t o benefi t  mor e 
fro m Hyperproof-base d teachin g tha n th e others .  Ou r  belie f 
i s  tha t  thos e wh o benefi t  mos t  from  Hyperproo f  d o s o becaus e 
the y ar e bette r  abl e t o manipulat e th e graphica l  abstraction s i t 
offers .  Cal l  thi s vie w th e abstractio n abilit y  hypothesis . 

A secondar y issu e concern s th e relatio n betwee n ou r  binar y 
distinctio n i n cognitiv e style s an d mor e traditiona l  dimension s 
of  individua l  difference—suc h a s th e "visualiser-verbaliser ' 
dimension .  On e hypothesi s i s tha t  th e goo d diagrammer s ar e 
simpl y thos e subject s wh o hav e a  preferenc e fo r  th e visua l 
modality .  Cal l  thi s vie w th e visua l  preferenc e hypothesis . 

I n wha t  follows ,  w e ai m t o sho w tha t  th e first  hypothesi s i s 
vindicate d b y th e analysis ,  bu t  tha t  th e secon d i s not ,  an d tha t 
a riva l  vie w migh t  fit  th e dat a better . 

Method 

I n th e ful l  study ,  tw o group s o f  subject s wer e compared ;  on e 
( n =  2 2 a t  cours e end )  attende d a  one-quarte r  duratio n cours e 
taugh t  usin g th e multimoda l  Hyperproof .  A  compariso n grou p 
( n =  1 3 a t  cours e end )  wer e taugh t  fo r  th e sam e period ,  bu t  i n 
th e traditiona l  syntacti c manne r  supplemente d wit h exercise s 
usin g a  graphics-disable d versio n o f  Hyperproof . 

Distinguishing cognitive styles 

Subject s wer e administere d tw o kind s o f  pre -  an d post-cours e 
paper  an d penci l  tes t  o f  reasoning .  Th e first  o f  thes e i s mos t 
relevan t  t o th e curren t  discussion .  I t  teste d 'analytica l  reaso -
ning '  ability ,  wit h tw o kind s o f  ite m derive d fro m th e O R E 

scal e o f  tha t  nam e (Duran ,  Power s an d Swinto n 1987) .  On e 
subscal e consist s o f  verba l  reasoning/argumen t  analysis .  Th e 
othe r  subscal e consist s o f  item s ofte n bes t  solve d b y construc -
tin g a n externa l  representatio n o f  som e kin d (suc h a s a  tabl e o r 
a diagram) .  W e labe l  thes e subscale s a s 'indeterminate '  an d 
'determinate' ,  respectively .  Score s o n th e latte r  subscal e wer e 
used t o classif y subject s withi n bot h Hyperproo f  an d Syntacti c 
group s int o DetH i  an d DetL o sub-groups .  Th e scor e reflect s 
subjects '  facilit y  fo r  solvin g a  typ e o f  ite m tha t  ofte n i s bes t 
solve d usin g a n externa l  representation ;  DetH i  score d wel l  o n 
thes e items ;  DetL o les s well .  Fo r  th e moment ,  w e ma y con -
side r  DetH i  subject s t o b e mor e 'diagrammatic' ,  an d DetL o 
t o b e les s so .  Obviously ,  th e relatio n betwee n diagrammati c 
abilit y  an d th e visualiser-verbalise r  dimensio n i s a n issu e t o 
whic h w e retur n below . 

Computer-based protocols 

Bot h th e Hyperproo f  an d Syntacti c group s containe d DetH i 
and DetL o sub-groups .  Al l  subject s sa t  post-course , 
computer-base d exams ,  althoug h th e question s differe d fo r 
th e tw o groups ,  sinc e th e Syntacti c grou p ha d no t  bee n taugh t 
t o us e Hyperproof' s system s o f  graphica l  rules .  Student -
compute r  interaction s wer e dynamicall y logged—thi s ap -
proac h migh t  b e terme d 'computer-base d protoco l  taking' . 
The log s wer e tim e stampe d an d permitte d a  full ,  step-by-step , 
reconstructio n o f  th e tim e cours e o f  th e subject' s reasoning . 

Here ,  w e discus s onl y th e dat a fro m th e 2 2 Hyperproo f 
subjects ,  al l  o f  w h o m complete d th e exams .  Th e fou r  questi -
ons tha t  thes e student s wer e se t  containe d tw o type s o f  item : 
determinat e an d indeterminate .  Here ,  determinat e problem s 
wer e take n t o b e thos e whos e proble m statemen t  di d no t  uti -
lis e Hyperproof' s abstractio n conventions .  Tha t  is :  determi -
nat e problem s containe d onl y concret e depiction s o f  object s i n 
thei r  initiall y  give n graphica l  situation ,  wherea s indeterminat e 
problems—suc h a s tha t  i n Figur e I—coul d contai n graphica l 
abstractio n symbol s i n th e initia l  situation . 

Results 

A proo f  lo g capture s bot h th e proces s o f  proo f  development , 
and it s product—th e final  proo f  submitte d b y th e subject . 
Her e w e discus s th e dat a extracte d fro m th e latter . 

Proofograms 

What  evidenc e i s ther e fo r  th e abstractio n abilit y  hypothesis ? 
Among th e Hyperproo f  students ,  d o th e tw o sub-groups — 
DetHi  an d DetLo—us e graphica l  abstractio n symbol s i n cha -
racteristicall y differen t  ways ? T o investigat e this ,  w e score d 
eac h ste p o f  eac h proo f  o n th e basi s o f  numbe r  o f  concret e 
situation s compatibl e wit h th e graphica l  depiction .  W e giv e 
eac h graphica l  symbo l  i n a  situatio n a  score :  fo r  eac h visibl e 
attribut e (size ,  shape ,  an d location )  a  symbo l  score s 1  i f  tha t 
attribut e i s specified ,  an d 0  otherwise .  B y totallin g th e score s 
fo r  th e individua l  symbols ,  w e ca n giv e eac h situatio n i n a 
proo f  a  score .  Fo r  example ,  i n Figur e 3 ,  th e tota l  concretenes s 
scor e fo r  th e situatio n show n woul d b e 9 ,  sinc e eac h objec t  i s 
full y  specified ;  i n Figur e 5 ,  th e scor e woul d b e jus t  6 ,  sinc e 
one objec t  i s  specifie d onl y fo r  location ,  an d anothe r  onl y fo r 
siz e an d location .  A  lo w scor e indicate s mor e abstracfion ;  a 
highe r  scor e indicate s mor e concreteness . 

We ca n explor e th e wa y concretenes s varie s throug h th e 
cours e o f  a  proo f  b y graphin g i t  agains t  th e hierarchica l  struc -

202 



m 

. ^ ^ ^ ^ ^ ^ ^ 

1 < f 
.  V v (SmalUv )  - > 3 y (SmalKg )  A  CuO»(« )  A 

A(]]Drn$<y ,  v)) ) 

Aa)Oiris(y .  V)) ) 
i  •  -.3 -  Lorgef- ) 

• 

<> 
<> 
^ 
Ki-
AsEumptton s venflt d 
s 
Assumption s VarUte d 
V 
Assumption s Vertne d 
o 
Assumption s Vortrto d 
O 
<;, 
<̂  

cmiaustlv o 
<£, 
•  3 "  3< j  (CuDe(x )  A  CuDe(y )  a  x  •  y ) 

7 
r 

/  Cl«« a 
/  »• » 
/  CIn s 

/  Ctw t 

/  AaiV M 
/  AMSM 
J hM%mm 
J toasM 
/  CI A 
/  *••«• • 
/  CT« 
/  kn,m > 
J CT« 
/  ASIS M 
J CI « 
/  A*>« M 
/  Atays M 
/  AnnB I 
/  Cvh«Ml 
/  nr v 
/  ln»M I 

Dl 

a 

^ 
'l i 

. ^ 0 I—I—I—I—I—I—I  I  I—I—I—I—I—I—I—1—I  1—4—I—I 
Step 

Figur e 4 :  Proofogra m fo r  C 2 attemptin g Q 4 .  Proo f  step s ar e 
plotte d o n th e i-axis ;  th e concretenes s o f  th e curren t  graphi -
cal  situatio n i s compu te d fo r  eac h ste p o f  th e proof ,  an d i s 
plotte d o n th e y-axis .  Horizonta l  line s indicat e dependenc y 
structure ;  vertica l  line s indicat e use s o f  A s s u m e ;  slopin g line s 
indicat e use s o f  Appl y o r  Merge .  C2" s proofogra m i s "spikey' , 
indicatin g a  serie s o f  independent ,  concret e cases . 

Figur e 3 :  Submitte d proo f  fo r  a  D e t L o subjec t  (C2 )  attemptin g 
an indeterminat e questio n (Q4 ) .  T h e situatio n o n vie w i s fro m 
th e 9t h ste p o f  th e proof . 

tur e o f  th e proof .  W e cal l  suc h graph s 'proofograms' .  Figu -
re s 3  an d 5  s h o w h o w subject s C 2 an d C I 4 tackl e a n indeter -
minat e e x a m question ;  Figure s 4  an d 6  giv e thei r  proofograms . 

T h e visua l  difference s betwee n proofogram s ar e quit e stri -
king :  on e grou p i s "spikey'—a s i n Figur e 4 ;  an d th e othe r 
i s layered'—a s i n Figur e 6 .  T h e difference s ar e mos t  pro -
nounce d o n th e 2  indeterminat e e x a m questions .  T h e visua l 
groupin g o f  proofogram s suggest s th e existenc e o f  a  "stagin g 
phenomenon ' :  DetH i  introduc e concretenes s b y stages ,  w h e -
rea s De tL o introduc e i t  m o r e immediately .  I n term s o f  proo f 
structure ,  DetH i  ten d t o produc e structure d set s o f  cases ,  wit h 
superordinat e case s involvin g graphica l  abstraction ;  D e t L o 
len d t o produc e set s o f  case s withou t  suc h over t  superordinat e 
structure . 

T o asses s whethe r  thi s apparen t  patternin g w a s reliable ,  th e 
88 proofogram s ( 4 e x a m question s fo r  eac h o f  th e 2 2 H y -
perproo f  subjects )  wer e printed .  T h e proofogram s wer e ran -
doml y ordered ,  an d t w o prototype s (on e spikey ,  on e layered ) 
wer e selecte d a s categor y exemplars .  T w o independen t  ra -
ter s the n assigne d eac h proofogra m t o eithe r  th e 'spikey '  o r 
'layered '  category ,  unde r  a  force d choic e regime .  Ther e w a s 
a hig h degre e o f  inter-rate r  agreement ,  wit h a  discrepanc y o n 
onl y 2  o f  th e 8 8 proofograms .  A  thir d observe r  w a s emp loye d 
t o resolv e th e tw o categorisatio n disagreements . 

To tes t  fo r  existenc e o f  th e stagin g p h e n o m e n o n ,  th e con -
cordanc e betwee n subjec t  typ e (DetLo/Hi )  an d proofogra m 
styl e wa s analysed .  Fo r  eac h o f  th e 4  e x a m questions ,  2 
X 2  table s wer e produced ,  showin g th e n u m b e r  o f  item s 
i n eac h cel l  (DetLo/spikey ;  DetLo/layered ;  DetHi/spikey ; 

Ig i I  Cl4' f  answe r  t o Q4 I ^ 

Vy (SmolKv )  - •  3 v (SmslKy )  A  CuOeCy)  A 
Ad]oms(y ,  v)} ) 
Vv (Meaium(v )  - •  3 y (rieOlum(y )  A  Cube(y )  A 
Ad)oins(y ,  v) n 
3̂« Lurgedc ) 

lO 
l O 

i !.• 
I  Assumption s Vertrie d 

i l-O 
I  Assumplton s vertrtc d 

Exhaustlva 
O 
'  3 k 3 y (Cube(x )  A  CuCie(y )  a  •  x  y ) 

Exhaustiv e 
• 3x 3y <Cube(x) A Cube(y) A y « y> 

1 * 
!•  3 x 3 y (CuDe(K )  A  CuOe(y )  A x  .  y ) 

/  ClVC M 

y Given 

/ Given 
/ Attune 
J AtiuNte 
J Apptg 
/ Aimme 
/ CTA 
•/ Aiitime 
y Appiv 
/ A»>«ine 
y CTA 
•/ Exhau*) 
y Marq* 
y Inspecl 
y Asay ma 
y AaatiiM 
y Appiv 
/ Assume 
y Apply 
y cxhtvx 
y Mert* 
y Impac t 
y Exkaual 
y narta 
y InapacI Figur e 5 :  Submitle d proo f  fo r  a  De lH i  subjec t  ( C I 4 )  attemp -

tin g a n indeterminat e questio n ( Q 4 ) .  T h e situatio n o n vie w i s 
f ro m th e 9t h ste p o f  th e proof . 
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Figur e 6 :  Proofogra m fo r  C 1 4 attemptin g Q 4 .  C14' s proofo -
gra m i s layered" ,  indicatin g paralle l  sub-cas e structure s wit h 
abstrac t  superordinat e cases . 

DetHi/layered) .  A  nonparametri c measur e o f  associatio n (</ > 
coefficient )  wa s calculate d fo r  eac h table .  Th e result s indi -
cate d tha t  th e hypothesise d associatio n onl y hel d o n indeter -
minat e question s (o n questio n 2 ,  0  =  .43* ;  o n questio n 4 , 
(p =  .28) .  O n question s  1  an d 3  (determinat e questions) ,  bot h 
rater s assigne d al l  proofogram s t o th e spike y category . 

I t  seems ,  then ,  tha t  o n indeterminat e questions ,  DetH i  sub -
ject s d o diffe r  fro m DetL o subjects ,  i n tha t  the y ar e mor e 
pron e t o develo p layere d proofs ,  introducin g concretenes s b y 
stages .  Evidenc e fo r  th e stagin g phenomeno n therefor e pro -
vide s suppor t  fo r  th e abstractio n abilit y  hypothesis :  th e tw o 
group s ar e certainl y usin g abstraction s i n differen t  ways . 

I t  would ,  o f  course ,  b e convenien t  t o b e abl e t o encapsu -
lat e th e graphica l  attribute s o f  th e proofogra m i n numerica l 
form .  Ou r  first  attempt s t o d o s o hav e involve d computin g 
mean chang e i n concretenes s pe r  proo f  ste p pe r  proof .  H o w e -
ver ,  th e chang e onl y exceed s unit y o n th e mos t  indeterminat e 
exa m problem—questio n 4 .  I n fact ,  w e ca n conside r  th e fre -
quenc y wit h whic h subject s emplo y change s i n concretenes s 
of  varyin g magnitude .  Figur e 7  graph s th e differin g beha -
viou r  o f  th e subjec t  group s o n questio n 4 .  Thi s reinforce s 
th e ide a tha t  DetH i  subject s ten d t o mak e smal l  change s i n 
concreteness ,  wherea s DetL o subject s m a k e large r  changes . 

Corpus analysis 

Of  Hyperproof' s rules ,  onl y Assume ,  Appl y an d Merg e in -
creas e concreteness .  W e therefor e examine d th e kin d o f  pat -
tern s i n whic h the y occu r  throug h proof-corpu s analysis .  Th e 
proofogra m result s alread y indicat e tha t  DetH i  an d DetL o dif -
fe r  i n th e wa y the y handl e concreteness .  Sinc e Assum e i s b y 
fa r  th e mos t  frequen t  mean s o f  addin g concretenes s  (see ,  fo r 
instance .  Tabl e 3  below) ,  th e corpu s analysi s distinguishe s 
betwee n use s o f  th e rul e whic h introduc e totall y concret e gra -
phica l  situations ,  an d thos e whic h leav e som e abstractnes s i n 
th e graphic .  Th e ter m Fullassum e denote s th e forme r  typ e o f 
use ,  an d assum e denote s th e latter . 

Usin g technique s develope d originall y fo r  th e analysi s 
of  linguisti c corpora ,  w e hav e carrie d ou t  bigra m an d tri -
gra m analyse s o f  rul e use ,  utilisin g Dunning' s (1993 )  'Log -

Figur e 7 :  Frequencie s wit h whic h DetH i  an d DetL o subjec t 
group s emplo y change s i n proo f  concretenes s o f  varyin g ma -
gnitude ,  whe n attemptin g Questio n 4 .  Th e frequenc y  i s nor -
malise d t o tak e int o accoun t  th e differin g siz e o f  th e subjec t 
group s (DetH i  n  =  13 ,  DetL o n  =  9) . 

Likelihoo d Test' ,  whic h ca n b e applie d t o relativel y smal l 
corpora .  Th e tes t  i s designe d t o "highligh t  particula r  A' s an d 
B' s tha t  ar e highl y associate d i n text "  (p.71) .  Rankin g th e 
bigram s accordin g t o thi s tes t  provide s a  goo d pmfil e o f  th e 
individual's ,  o r  th e group's ,  rul e us e i n th e corpus .  W e ca n 
the n compar e th e profile s fo r  th e sub-group s o n th e tw o que -
stio n types ,  assessin g th e significanc e o f  a  give n bigra m b y 
usin g th e x ^  tes t  o n th e log-likelihoo d value . 

Table s 1  an d 2  illustrat e th e natur e o f  th e resultin g profiles , 
and sho w th e mos t  importan t  part s o f  th e bigra m profile s fo r 
DetH i  an d DetL o o n indeterminat e an d determinat e questions , 
respectively .  Takin g th e profile s fo r  th e tw o groups ,  w e ca n 
conside r  difference s bot h between-group s an d within-groups ; 
th e forme r  ar e th e mos t  interesting . 

On indeterminat e questions ,  w e find  tha t  th e bigram s as -
s u me Apply ,  Merg e Inspect ,  C T A Observe ,  assum e Close ,  Gi -
ve n assume ,  an d assum e Fullassum e ar e significan t  i n DetH i 
proofs ,  bu t  no t  i n DetL o ones .  Conversely ,  onl y th e bigra m 
Inspec t  Merg e i s significan t  i n DetL o proofs ,  bu t  no t  i n DetH i 
ones .  Th e profile s ar e weakl y bu t  significantl y correlate d 
( r  =  0.167*). ^  W h e n takin g int o accoun t  onl y thos e bigram s 
tha t  ar e significantl y associate d i n th e profiles ,  th e correlatio n 
i s higher ,  bu t  no t  significan t  ( r  =  0.315 ,  ns) . 

On determinat e questions ,  th e bigram s assum e Apply ,  CT A 
Observ e an d Clos e Fullassum e ar e significan t  i n DetH i  proofs , 
but  no t  i n DetL o ones .  Conversely ,  a s wit h th e indeterminat e 
questions ,  th e onl y bigra m significan t  i n DetL o proofs ,  bu t 
not  i n DetH i  ones ,  i s  Inspec t  Merge .  Here ,  th e tw o subjec t 
group' s profile s ar e significantl y correlate d ( r  =  0.537**) . 
Th e correlatio n betwee n significantly-associate d bigram s i s 
eve n stronge r  an d stil l  highl y significan t  ( r  =  0.918**) . 

Thi s finding  accord s wit h th e proofograms '  indicatio n tha t 
i t  i s  indeterminat e question s whic h bes t  discriminat e th e tw o 
subjec t  groups .  Recal l  tha t  thes e ar e th e question s  i n whic h th e 

'Correlation s reporte d her e ar e non-parametri c (Spearman' s  p) . 
Significanc e a t  th e p  <  .0 5 leve l  i s denote d b y  ' ;  significanc e a t  th e 
p <  .00 1 leve l  b y " 
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Tabl e I :  Digra m profile s fo r  subjects '  indeterminat e que -
stions :  (a )  DetHi ;  (b )  DetLo .  Th e first  colum n indicate s 
Dunning' s 'log-likelihood* ;  th e highe r  th e number ,  th e mor e 
natural '  th e association .  k { A B )  i s a  coun t  o f  th e numbe r 

ot  time s th e bigra m A B occurs ,  k { A ~  5 )  i s a  coun t  o f  th e 
number  o f  time s A  i s followe d b y a  rul e othe r  tha n B ,  an d s o 
on.  Fo r  reason s o f  space ,  w e sho w onl y thos e bigram s tha t 
ar e significantl y associate d ( p <  .05) . 

DetH i 
-2l0i! > 
I4.'i.4 3 
123.5 2 
78.7 2 
69.4 7 
.S3.6 3 
36.4 6 
26.1 6 
26.0 1 
25.CX ) 
\9.f-( > 
19.5 5 

k(AB)  k(A~B )  k(~AB )  k(~A~B )  A 
57 
26 
33 
17 
39 
2 
14 
12 
15 
17 
6 

22 
13 
85 
II 
43 
77 
68 
27 
103 
9 

112 

29 
5 
3 
12 
40 
116 
7 
17 
4 

101 
73 

355 
419 
342 
423 
341 
268 
374 
407 
341 
336 
272 

1 
Fullassum e C I A 1 
Exhaus t 
assum e 
Merg e 
CTA 

Merg e 
Appl y 
Inspec t 
Fullassum e 

Fullassum e assum e 
CTA 
Exhaus t 
assum e 
Give n 
assum e 

Observ e 
Inspec t 
Clos e 
assum e 
Fullassum e 

DetL o 
•:io!! A 
1.34.9 0 
78.7 0 
.•?6.7 5 
.34.4 8 
33.0 9 
27.9 7 

k(AB )  k(A~B )  k(~AB )  k ( ~ A ~ B )  A  B  | 
67 
19 
10 
1 

45 
11 

33 
13 
8 

99 
35 
21 

15 
5 
11 
54 
55 
10 

221 
299 
307 
182 
201 
294 

Fullassum e CT A 
Exhaus t  Inspec t 
Inspec t  Merg e 
Fullassum e assum e 
CTA Fullassum e 
Exhaus t  Merg e 

Tabl e 2 :  Bigra m profile s fo r  subjects '  determinat e questions : 
(a )  DetHi :  (b )  DetLo .  Fo r  reason s o f  space ,  w e agai n sho w 
onl y thos e bigram s tha t  ar e significantl y associate d ( p <  .05) . 

DetH i 
•2loi: A 
112.3 7 
72.8 2 
65.0 0 
36.3 9 
26.7 9 
26.1 6 
23.0 8 
20.1 9 
13.6 5 
10.7 8 

k(AB)  k(A~B ) 
24 
48 
15 
35 
10 
16 
11 
32 
10 
26 

11 
73 
13 
86 
16 
36 
27 
25 
47 
26 

k(~AB )  k(~A~B )  A 
5 
14 
6 
17 
15 
19 
14 
89 
12 
95 

366 
271 
372 
268 
365 
335 
354 
260 
337 
259 

Exhaus t 
B 
Merg e 

Fullassum e CT A 
Merg e Inspec t 
Fullassum e Clos e 
Give n 
Clos e 
assum e 
CTA 
CTA 
Clos e 

Appl y 
Exhaus t 
Appl y 
Fullassum e 
Observ e 
Fullassum e 

DetL o 
•2IP1! A k(AB )  k(A~B )  k(~AB )  k(~A~ B 
51.4 9 1 3 
50.0 3 2 8 
41.3 5 1 0 
38.0 5 9 
24.9 3 2 3 
19.2 0 1 1 
13.9 9 4 
12.5 9 1 8 

8 
47 
8 
6 
52 
21 
2 
11 

5 
4 
4 
5 
9 
11 
14 
57 

207 
154 
211 
213 
149 
190 
213 
147 

)  A  B 
Exhaus t  Merg e 
Fullassum e C T A 
Give n Appl y 
Merg e Inspec t 
Fullassum e Clos e 
Clos e Exhaus t 
Inspec t  Merg e 
CTA Fullassum e 

initia l  graphica l  situatio n i s abstract ,  s o tha t  al l  concretenes s 
must  b e introduce d explicitl y  b y th e subjects . 

Discussion 

The proofogra m an d corpu s analyse s provid e evidenc e tha t 
subject s diffe r  i n th e wa y tha t  the y us e th e graphica l  abstrac -
tio n convention s o f  Hyperproof .  O n question s wher e th e sub -
jec t  mus t  construc t  th e concret e graphic ,  i t  seem s tha t  DetH i 
subject s exhibi t  stagin g behaviour ,  an d buil d thei r  graphic s 
incrementally ,  wherea s DetL o subject s ar e pron e t o construc t 
thei r  concret e graphic s i n on e go .  Th e abstractio n abilit y  hy -
pothesi s thu s seem s plausible ,  sinc e th e 'stagers '  ar e exactl y 
thos e w h o m ou r  mai n stud y showe d benefi t  mos t  fro m tea -
chin g wit h Hyperproo f  (Stenning,Co x an d Oberlander ,  1995) . 

Sno w (1987 )  an d colleagues ,  i n thei r  studie s o f  aptitude -
treatmen t  interaction s (ATI) ,  characteris e suc h within-perso n 
adaptation s an d flexibilities  a s a n importan t  sourc e o f  indivi -
dual  difference s i n comple x skil l  performance .  S n o w (1987 ) 
report s tha t  subjects '  abilit y  t o "strategy-shift '  i s  particularl y 
detectabl e o n test s o f  comple x spatia l  visualizatio n suc h a s 
th e paper-foldin g tes t  (Tes t  V Z 2 i n Ekstrom ,  Frenc h an d Har -
mon,  1976) .  Suc h test s involv e menta l  manipulation s tha t  ar e 
ver y simila r  t o thos e require d fo r  skille d us e o f  a  multimoda l 
syste m suc h a s Hyperproof . 

However ,  t o characteris e th e differenc e betwee n subject s 
solel y i n term s o f  visuo-spatia l  abilit y  differences—o r  i n term s 
of  cognitiv e styl e difference s alon g a  •visualiser-vcrbaliser ' 
dimension—ma y b e to o hasty .  T o b e sure ,  th e visua l  prefe -
renc e hypothesi s ha s som e initia l  plausibility :  i f  th e DetH i  ar e 
'goo d wit h diagrams' ,  perhap s the y ar e simpl y th e visualisers , 
and hav e a  preferenc e fo r  th e visua l  modality .  However ,  th e 
evidenc e fro m th e corpu s goe s agains t  th e hypothesis . 

First ,  conside r  th e wa y tha t  us e o f  assum e an d Fullassum e 
varie s betwee n th e DetH i  an d DetL o groups ,  a s show n i n Ta -
bl e 3 .  DetH i  mak e mor e us e o f  assum e tha n DetLo ,  whil e 
th e latte r  mak e mor e us e o f  Fullassum e tha n th e former .  Th e 
bigra m assum e Fullassum e i s foun d t o b e significan t  i n DetH i 
indeterminat e proofs ,  bu t  no t  i n DetL o proofs .  However ,  thes e 
fact s d o no t  suppor t  th e hypothesi s tha t  DetH i  prefe r  visua l 
ove r  verbal .  O n th e contrary ,  DetL o subjects '  favourin g o f 
Fullassum e ove r  assum e confirm s tha t  the y ar e no t  'stagers' : 
i n a  sense ,  i t  i s the y w h o exhibi t  a  preferenc e fo r  th e graphica l 
modality .  B y contrast ,  DetH i  subjects '  us e o f  assum e indica -
te s gradua l  additio n o f  informatio n t o th e graphica l  windo w 
pane ,  eithe r  b y assumption ,  o r  b y transfe r  fro m th e sententia l 
pan e (vi a Apply) .  Th e differenc e seem s t o b e tha t  th e DetH i 
grou p operat e ove r  th e graphica l  situations ,  frequentl y usin g 
a graphi c a s inpu t  t o furthe r  stage s o f  proo f  construction .  Th e 
DetLo ,  o n th e othe r  hand ,  see m jus t  t o outpu t  graphics ,  with -
out  subsequentl y usin g them . 

Tabl e 3 :  Occurrence s o f  Assume ,  Apply ,  an d Observe . 

R U LE 

assume 
Fullassum e 

Appl y 
Observ e 

frequenc y pe r  grou p 
DetH i 

143 
22 2 
61 
27 

\  DetL o 
62 
186 
24 
9 

frequenc y pe r  subjec t 
DetH i 

11 
17 

4. 7 
2. 1 

DetL o 
6. 9 

20. 7 
2. 7 

1 
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I n addition .  Tabl e 3  indicate s tha t  DetH i  subject s mak e mor e 
use o f  rule s tha t  transfe r  informatio n betwee n th e modahties . 
DetH i  mak e th e bigra m assum e Appl y a  significan t  componen t 
of  al l  thei r  proofs ,  an d us e i t  mor e frequentl y tha n DetLo :  4 4 
time s t o jus t  7 .  B y contrast ,  DetL o exhibi t  a  tendenc y t o 
invok e Appl y a s th e first  rul e i n thei r  proof s (givin g ris e t o 
th e bigra m Give n Apply) .  Subsequen t  interactio n betwee n th e 
modalitie s i s thereb y reduced ,  wit h cas e constructio n bein g 
performe d onl y withi n th e graphica l  window . 

Thus ,  DetH i  subject s d o no t  sho w a  simpl e preferenc e fo r 
th e visual-graphica l  modality .  Rather ,  wha t  distinguishe s th e 
DetH i  subject s i s thei r  greate r  tendenc y t o translat e betwee n 
graphica l  an d sententia l  modalitie s i n bot h directions . 

Perhaps ,  a s Monagha n (1995 )  ha s suggested ,  th e indivi -
dua l  difference s betwee n subject s migh t  b e bette r  capture d 
by tw o o r  mor e cognitiv e styl e dimensions .  Ther e may ,  fo r 
example ,  b e a n interactio n betwee n individuals '  processin g 
styl e an d th e preference s tha t  the y m a y exhibi t  fo r  informa -
tio n representation .  O n e promisin g candidat e fo r  th e secon d 
facto r  i s th e field-dependence  an d field-independence  dimen -
sion .  Field-independen t  individual s hav e bee n foun d t o prefe r 
mor e forma l  method s o f  insUTJCtion ,  t o rel y mor e upo n inter -
nal  frame s o f  reference ,  an d t o perfor m bette r  o n task s tha t 
requir e cognitiv e re-structuring .  The y als o see m bette r  abl e 
tha n field-dependents  t o represen t  concepts  analyticall y rathe r 
tha n takin g o n idea s a s presente d (Jonasse n an d Grabowski , 
1993 ;  Witki n an d Goodenough ,  1981) .  So ,  DetH i  individu -
al s migh t  wel l  b e mor e field  independent—bu t  w e shoul d no t 
immediatel y conclud e tha t  th e difference s ar e purel y repre -
sentational ,  a s oppose d t o operational . 

Anothe r  possibilit y  i s  tha t  DetH i  subject s m a y jus t  hav e 
highe r  level s o f  expertise .  Researc h i n th e physic s domai n 
(suc h a s Chi ,  Feltovic h an d Glaser ,  1981 ;  Larkin ,  McDer -
mott ,  Simo n an d Simon ,  1980 )  ha s show n tha t  expertis e i s 
characterise d b y greate r  domai n knowledge ,  wit h a n abilit y 
t o classif y problem s accordin g t o dee p structur e an d physica l 
principles ,  wherea s novice s ten d t o classif y problem s o n th e 
basi s o f  surfac e features .  Expert s als o ten d t o spen d mor e 
tim e tha n novice s o n analysin g an d understandin g problems , 
but  produc e faste r  solutions .  Workin g forwar d i s typica l  o f 
experts ,  wherea s novice s ten d t o wor k backwards . 

An accoun t  o f  th e difference s i n term s o f  expertis e seem s 
implausible ,  however ,  fo r  a t  leas t  tw o reasons .  First ,  subject s 
i n bot h group s receive d equa l  exposur e t o Hyperproo f  an d i t 
i s  difficul t  t o se e h o w th e DetH i  coul d hav e acquire d mor e 
domai n knowledg e tha n th e DetLo .  Secondly ,  th e expertis e 
literatur e woul d predic t  tha t  DetH i  produc e faste r  solutions . 
However ,  th e tw o group s di d no t  diffe r  significantl y  i n term s o f 
solutio n time s o n an y o f  th e fou r  Hyperproo f  exa m questions . 

Traditiona l  psychometri c approache s t o th e measuremen t 
of  cognitiv e an d learnin g style s contribut e detaile d an d usefu l 
characterisatio n o f  huma n behaviour ,  bu t  a t  th e leve l  o f  de -
scriptio n an d taxonomy .  Micro-analyse s o f  process ,  o f  rul e 
usag e patterns ,  i s a  methodolog y tha t  promise s t o exten d suc h 
account s an d i s on e tha t  w e expec t  t o pursue .  Th e nex t  phas e 
wil l  involv e th e buildin g o f  computationa l  models ,  testin g th e 
theoreticall y importan t  paramete r  o f  abstractio n ability .  Thi s 
approac h shoul d m a k e a  usefu l  contributio n t o th e develop -
ment  o f  a  cognitiv e characterisatio n o f  jus t  wha t  i t  mean s i n 
computationa l  term s t o b e a  'verbal *  o r  'visual '  thinker . 
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