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Abstract

Pricing mortgage contracts is complicated by the behavior of home-
owners who may choose to exercise their options to default or to prepay.
These options are distinct, burt not independent. In this paper, we present
and estimate a unified economic model of the competing risks of mortgage
termination by prepayment and default. We adopt a proportional hazards
framework to analyze these competing and dependent risks in a model with
time-varying covariates applied to a large sample of individual loans. The
empirical model is computationally feasible only through the development
of an alternative estimation technique based on semi-parametric methods
(SPE). The SPE has several other advantages over more familiar approaches
when applied to this class of problem.

The substantive results of the analysis provide powerful support for the
contingent claims model which predicts the exercise of financial options.
The results also provide strong support for the interdependence of the de-
cisions to prepay and to default on mortgage obligations. Furthermore, the
results indicate that liquidity constraints, investor preferences for risk. and
investor sophistication also play important roles in the exercise of options

in the mortgage market.






1. Introduction

The mortgage market is quite large and is increasing in importance. The out-
standing volume of residential mortgages is currently over $ 3 trillion. and volume
has doubled in the past decade. In comparison, the stock of outstanding U.S. gov-
ernment debt is currently about $ 5 trillion. Almost half of the stock of mortgages
1s held in “mortgage-backed securities,” and about two-thirds of new mortgages

”

are “securitized.” The rise of securitization. the trading of these securities, and
the growing use of mortgage securities as collateral for “derivatives” (e.g., collat-
eralized mortgage obligations) has generated a great deal of interest in the pricing
of mortgages and mortgage-backed securities.

Pricing mortgage contracts is complicated, primarily by the options available
to the borrower to default or to prepay. These option are distinct, but not inde-
pendent. Thus. one cannot accurately calculate the economic value of the default
option without considering the financial incentive for prepayment. Appropriately
valuing these prepayment and default risks is crucial to the pricing of mortgages
and to understanding the economic behavior of homeowners.

The contingent claims models, developed by Black and Scholes [4], Cox, In-

gersoll. and Ross (10], and others, provide a coherent motivation for borrower be-



havior, and a number of studies have applied this model to the mortgage market.!

All empirical applications. however, ignore the interdependence between the
prepayment and default options. Indeed, all these empirical analyses. typically
based upon hazard models, focus on the exercise of a single option. In early
work, for example, Schwartz and Torous [29] analyzed mortgage prepavment by
employing a model with fixed covariates and assuming that mortgages were simply
free of default risk. More general models using time-varying covariates by Green
and Shoven [13] and Quigley and Van Order [25] made analogous assumptions in
the analysis of prepayment behavior. Quigley and Van Order [26] studied default
behavior using the model of a single hazard and assuming prepayments followed
some given pattern.

In this paper we present a unified economic model of the competing risks
of mortgage termination by prepayment and default. We adopt a proportional
hazard framework to analyze these competing and dependent risks in a model
with time-varying covariates applied to a large sample of individual loans. The
empirical model is computationally feasible only through the development of an

alternative estimation technique based on semi-parametric methods. In the em-

ISee, for example, Dunn and McConnell [11], Buser and Hendershott [6]. Brennan and
Schwartz (5], Kau et al [17](18], Quigley and Van Order [26]. Hendershott and Van Order
[15], and Kau and Keenan [19] provide surveys of these results.



pirical analysis below, we derive the semi-parametric estimator (SPE) for the
proportional hazard model with competing risks and compare it with the Cox
partial likelihood estimator (CPL).

The properties of the CPL estimator are well known, as are the computational
difficulties, at least in principle. The SPE estimator derived below offers several
important advantages in the application of the model to the mortgage market,.

The paper is organized as follows: section 2 reviews briefly the contingent
claims model and the proportional hazard model. It also clarifies some economet-
ric issues when applying the proportional hazard model to the study of mortgage
terminations. Section 3 derives the semi-parametric approach for the proportional
hazard model, specified with competing risks and time-varying covariates. Section

4 presents an extensive empirical analysis. Section 5 is a brief conclusion.

2. Mortgage Terminations and Competing Risks

Well-informed borrowers in a perfectly competitive market will exercise financial
options when they can thereby increase their wealth. Absent either transactions
costs or reputation costs which reduce credit ratings, these individuals can increase
their wealth by defaulting on a mortgage when the market value of the mortgage

exceeds the value of the house. Similarly, by prepaying the mortgage when market



value exceeds par, they can increase wealth by reﬁnancing.‘

The problem of pricing these options and also of determining when to exercise
either option requires specifying the underlying state variables and parameters
that determine the value of the contract and then deducing the rule for exercise
that maximizes borrower wealth. For residential mortgages, the kev state variables
are interest rates and house values. The value of a mortgage 3}/ (e,r,H,7,T)
depends upon the coupon rate. ¢, a vector of relevant interest rates, r, property
value, H. the age of the mortgage. 7, and the remaining time to maturity, I
With continuous time, a standard arbitrage argument is sufficient to derive an
equilibrium condition for M (a second order partial differential equation) such
that the value of the mortgage equals the risk-adjusted expected present value of
its net cash flows.

Assume that house price changes are continuous with an instantaneous mean
# and a standard deviation 0. Let d be the imputed rent payout (“dividend”)
rate. For simplicity, assume there is only one interest rate, the instantaneous short
rate 7, which determines the yield curve. Let @ be the mean value of the short
rate, y be the rate of convergence for the short rate, o, be the volatility of the
short rate, and p be the correlation between interest rate changes and house price

changes. Then it has been shown (Kau et al [18]) that the value of the mortgage
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This follows almost directly from the model of Black and Scholes [4]. From equa-
tion (2.1) together with the appropriate boundary conditions, one can solve for
the optimal values of the state variables r* and H*. This leads to a decision rule
about mortgage termination: default when the house value falls to H*; prepay
when interest rates decline to r*, where both 7* and H* depend upon the same
parameters (i.e., ¢, T and I'). The borrower does not have to solve (2.1) and the
boundary conditions in order to know when to exercise either option. For instance,
the prepayment option should be exercised whenever the borrower can refinance
the loan at par at an interest rate less than the coupon on the loan. The decision
to default depends simply on the value of the house compared toithe market value
of the mortgage.

Of course, this theory assumes that all observations on mortgage termination
behavior are generated by rational, fully-informed mortgage holders who face
zero transactions costs, complete capital markets, and have no other motives for

prepayment or default. If this is not true. then other “trigger events.” such as job



changes, unemployment, or household dissolution can affect the probability that a
mortgage will be terminated. Hence, we should not expect the frictionless model
to hold exactly?, and we should not expect all consumers to exercise options at
the same values of r* and H*. We can, however, estimate the extent to which
the option is “in the money”® and model the probability of exercise as a function
of the extent to which it is financially profitable. The proportional hazard model
provides a convenient framework for considering empirically the probability of
exercise of these options and the importance of other trigger events.

Let T be a continuous random variable which measures the duration of stay,
i.e., the length of time since a mortgage was originated. If each individual enters
the state at the same calendar time (i.e., all take out mortgages on the same
day), then there is no difference between duration and calendar time. In general,
however duration is not the same as calendar time.

Define

F(t) =Pr(T > ¢) (2.2)

%In any event, we cannot observe either the market value of an old mortgage (due to the
changing of its riskiness and term during the mortgage contract period) or (for the same reason)
the coupon at which it could be refinanced at par.

3For the default option, this is measured by the house price minus mortgage balance. For
prepayment, it is measured by the present value of remaining payments discounted at the current
coupon rate minus the remaining balance.



as the survivor function. The probability density function of the random variable

t is:
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The relationships among the density function f (t), the survivor function F (2),

and the hazard function A (t) are thus:



2.1. The Cox Partial Likelihood Estimator

In the Cox proportional hazard model [9]. the hazard function is defined as

h(tij; z) = ho (i) exp (2 (t:;) B) (2.7)

where j denotes failure types, z (t) is a set of time-varying covariates (for example,
measures of the extent to which the default or prepayment option is in the money)
as well as some trigger events. hg (-) is the hazard for an individual under baseline
conditions, i.e., z = (.

The partial likelihood function for the independent competing risks model with

time-varying covariates and censoring, provided by Cox [9], is

LP (’31: .-.,,BJ) _ H ]f[ ( exp [zij (tij):@j] ) , (28)

j=1i=1 ZIER(tij) exp [zl (tij) IBJ}

where j = 1....,J denotes failure types, n; is the number of failure time obser-
vations of the jth failure type, and R(:) is the risk set such that, R (t(,-j)) =
{(U Ty 2> t:'j}-

This partial likelihood function is derived from the rank statistic of a data

set containing observations on durations. It is not a full likelihood function, and



the derivation of the function does not depend on the error distribution of the
duration variables. With a Cox partial likelihood specification, one cannot specify
the correlation among competing risks through the error terms.

Note, further, that the partial likelihood function defined above does not allow
Interaction among competing risks through its functional form. This is because

the log partial likelihood function has an additive form such that

lOng (,61,...,,6]) =Fl (,@1)++FJ (BJ) (29)

Thus the Hessian is assumed to be block diagonal, and statistical inferences about
the 0’s estimated simultaneously will be the same as inferences obtained from
separate maximum likelihood estimations.

Second, it is worth noting that if the data collected are in discrete groups, and
if there are heavy ties in the discrete index of failure time, then the Cox partial
likelihood estimation generates a biased estimator for the hazard rate (This is
discussed by Cox [9]).

Finally, as noted above, the Cox partial likelihood estimaiion concentrates the
baseline hazard function out of its estimation procedure. In order to estimate the

shape of the baseline hazard, one may either arbitrarily assume some functional



form for the baseline hazard.* or use a two step semi-parametric approach to

estimate the baseline functions, for example following Kaplan-Meier.5

3. A Semi-parametric Estimator

Prentice and Gloeckler [24] and Meyer [23] (PG, for short) suggested a maximum
likelihood estimation approach for the proportional hazard model with grouped
duration variables. The PGM approach integrated the baseline hazard function
into grouped intervals so that the baseline could be estimated simultaneously
with the coefficients of the covariates in a semi-parametric way. Compared to
the Cox partial likelihood approach, the PGM approach is a consistent estimator
even with many ties in the discrete duration variables. In addition, the PG)M
method allows the proportional hazard model to incorporate heterogeneous error
terms with the assumption that such unobserved error terms follow a Gamma
distribution. However, the PGM method is valid only for the proportional hazard
model with a single risk.

As we document below, a major concern in applying the competing risks haz-

ard model to analyze mortgage terminations is the computational requirements.

4Schwartz and Torous [29] assumed a log logistic function form for the baseline hazard for
their prepayment hazard model.
5See Quigley, Van Order, and Deng[27], Appendix A.2.
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More generally. even with modern technology, computational time can be a con-
straint when the model involves time-varying covariates. Ryu [28] suggested a
minimum chi-square approach (MCS) to estimate the proportional hazard model
with a single hazard and categorical time-invariant covariates. Ryu’s MCS trans-
forms the proportional hazard model into a regression-based model: thus it reduces
computational time significantly. However, with continuous time-varying covari-
ates. such as option values, it is hardly feasible to group them into categories.
Furthermore, Ryu’s MCS is based on a chi-square statistic derived from the sur-
vivor function. With competing risks, the survivor function cannot identify the
specific risk it has survived. Thus, the MCS cannot be applied directly, but the
idea behind the MCS can be generalized.

In this section, we derive a semi-parametric estimator (SPE) for the propor-
tional hazard model with competing risks and time-varying covariates.

Define T € R* as a duration variable. Let T;(i=1,2,...,q) be the discrete

time intervals that partition the support of T. Let
hj (t,Z) = ho; () lexp (Z; (t) B))] n; (3.1)

be the hazard rate of duration ¢, where J =1,2....,J is the type of competing

11



risk. ho; (-) is a baseline hazard function, exp (Z; (t) B;) is a proportionality factor,
and 7; is an error term with a non-negative distribution.

A log integrated hazard function for risk type J can be constructed:

i-1

log ( [ wee Z,->dtJ = Z,(T) 8, + % (T) +2;. 5.2

where

¥ (T}) = log [/;l ho; (2) dtJ , (3.3)

i

and

given that Z; (t) is constant between T;-1 and T..

The left-hand side of equation (3.2) is not directly observable in micro data.
We can, however, use the “local smoothing” technique, developed in the literature
on non-parametric methods, to estimate individual hazard functions based on the
empirical distribution of the hazard functions. Partition the covariate matrix Z
into K distinct matrices Zy, ..., Zx. The kth subgroup contains M, observations.

M+ My + ... + My = N, where N is the total sample size. For each subgroup,

12



Tkt

estimate the hazard rate such that Ejkt = , where nj, is the number of

kt
individuals who fail in the tth period with type j in the kth subgroup. and Si; is
the total number of individuals surviving to the tth period in the kth subgroup.®
Selection of the value of the smoothing parameter is analogous to parameter
selection in non-parametric estimation. My is chosen to reduce the noise as well
as to keep the approximation error (bias) low. Noise will be reduced by letting M,
approach infinity as a function of the sample size. Approximation error will be
eliminated if the neighborhood around =z shrinks asymptotically to zero. Unfortu-
nately. these prescriptions conflict. A standard proposition in the non-parametric
literature” suggests that as M — 00, % — 0, and N — oo, a balance between
these two goals can be achieved in an asymptotic sense by setting M, ~ N¥/5. A
consequence is that the mean squared error itself converges to zero at a rate of
MY ~ N=(4/5) In other words, the rate of convergence for this non-parametric
estimation is N ~(2/5),

Now replacing the left-hand side of equation (3.2) with the smoothed log haz-

6Note the risk set of the conditional hazard rates includes not only the individuals that have
the same failure type and whose failure times are greater than the current one, but also all those
individuals who fail by a different failure type and whose durations are greater than the current
one. Furthermore, the risk set also includes those right-censored observations if their censored
times are greater than the current failure time.

"See Hirdle [14].

13
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ard function, log/

Ty

Ry (£ Z,3) dt. vields

I A T; .
where u;; (T3) = log [ / his (t. Z;6) dt] ~log [ / hoi (8, Zor) dt}
Tioy T

t-1

It is easy to show that the coefficient vector 3 estimated from equation (3.4) is
consistent. To simplify. consider the case with one period and one risk type.

T; T .
Denote y = log [ / hyi (2, ij)dt}, and § = log { / P (t, ij)dt}, M =
Ti-1 Ti-1

max (My, My, ..., Mg). The least squares estimate of [ is

K M, ‘ K M,
ZZ(L}—E)@} ZZ(Zi—E) (v: + i)
3 — k=1 i=1 = k=1 i==1
! K M, " K M )
> 2 (=-73) > (u-3)
k=1i=1 k=11i=1
K M, 1 K M, (35)
ZZ(zi“E)yi ‘MZZ(%—E)U*
— k=1 i=1 + k=1 i=1
K M, . 1 K M, 0
> (z-3) MZZ(%'—E)
k=1 i=1 k=1 i=1
=B+C
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It is clear that B is the standard least squares estimator of 3, and l&i_rp@ C=0.
Thus 3 is a consistent estimator of 8. This result generalizes in an obvious way
to the multivariate case.

The covariance of the £;'s captures the correlation among competing risks.
Equation (3.4) is a seemingly unrelated regression system which can be estimated
by the approach proposed by Zellner (30].

Note that the log hazard transformation of the proportional hazard model
defined by equations (3.4) also permits us to specify the competing risks as en-
dogenous in the log hazard regression system. For example,

T A —
log [ /T hsi (t, Z;x) dtJ = H5, (T, Z5) 0 + Zs (T2) B+ 7, (T2) + uge (T3),
i-1

i=12..J k=12..K i=12 .4
(3.6)

T;

where f/f\;k (Ti: ka) = log [./T

i-1

E;k (t, Z;k) a’tJ, and 7 denotes all failure types
other than j. Since ﬁ;k (Ti,Z;k) is endogenous, this is a linear simultaneous
equations system, and standard techniques can be applied.

The semi-parametric approach has several desirable features when compared
to the Cox partial likelihood approach (CPL). First, the SPE can model the

dependent competing risks in a straightforward manner. Second. the SPE can



be used to estimate the baseline simultaneously with the covariates. Third. ties
in failure time are not a problem in the SPE. Fourth. it allows heterogeneous
unobserved error terms to be incorporated into the competing risks hazard model.
Last but not least, because the SPE transforms the proportional hazard function
into a regression framework, it is far less demanding in computation.

This latter advantage should not be underestimated when dealing with a large

sample size of duration data with time-varying covariates.

4. The Empirical Analysis

The empirical analysis is based upon individual mortgage history data maintained
by the Federal Home Loan Mortgage Corporation (Freddie Mac). The data base |
contains 1,489,372 observations on single family mortgage loans issued between
1976 to 1983 and purchased by Freddie Mac. All are fixed-rate, level-payment,
fully-amortized loans, most of them with thirty-year terms. The mortgage history
period ends in first quarter of 1992. For each mortgage loan, the available infor-
mation includes the year and month of origination and termination (if it has been
closed). indicators of prepayment or default, the vurchase price of the property,
the original loan amount, the initial loan-to-value ratio, the mortgage contract
interest rate. the monthly principal and interest payment, the state. the region

16



and the major metropolitan area in which the property is located. The data set
also reports the borrower’s monthly gross income at origination. For the mortgage
default and prepayment model. censored observations include all matured loans
as well as the loans active at the end of the period.

The analysis is confined to mortgage loans issued for owner occupancy, and
includes only those loans which were either closed or still active® at the first quarter
of 1992. The analysis is confined to loans issued in 30 major metropolitan areas
(MSAs) — a total of 780,443 observations. Loans are observed in each quarter
from the quarter of origination through the quarter of termination, maturation,
or through 1992:] for active loans.

The key variables are those measuring the extent to which the put and call
options are in the money. To value the call option, the current mortgage in-
terest rate and the initial contract terms are sufficient. We compute a variable
“POPTION" measuring the ratio of the present discounted value of the unpaid

mortgage balance at the current quarterly mortgage interest rate? relative to the

81t excludes those observations which were in delinquency or foreclosure at the time data
were collected.

9The rate used is the average interest rate charged by lenders on new first mortgages reported
by Freddie Mac's quarterly market survey. This mortgage interest rate varies by quarter across
five major US regions.

17



value discounted at the contract interest rate.!0

To value the put option analogously, we need to measure the market value of
each house quarterly and to compute homeowner equity quarterly. Obviously, we
do not observe the course of price variation for individual houses in the sample.
We do, however, have access to a large sample of repeat (or paired) sales of
single family houses in these 30 metropolitan areas (MSAs). This information is
sufficient to estimate rather precisely a weighted repeat sales housing price index
(WRS) separately for each of the 30 MSAs. The WRS index provides estimates

of the course of housing prices in each metropolitan area. It also provides an

193pecifically, POPTION for the Ith loan observation is defined as

termy—T; termy~7;

Z mopipmt; X 3 Z mopipmt; X 3
(1 + mktrate,, x4, /400) (1 + noterate;/400)*

t=1 t==1

poption,; Py———

mopipmi; x 3

Z—; (1+ mktrate,, x,4r, /400)

L termy—-7,
mhkt tew X[ 1-
Tatey, x +7; < (1 + noterate;/ 400) >

1 termi—mn,
terat 1-
noterate x ( (1 +mktratey, o /400) )

where 7; is loan age measured in quarters, w; is a vector of indices for geographical location,
K¢ is loan origination time, mopipmt, is monthly principal and interest payment, noterale; is
mortgage note rate, mktrate,, «,+r,, is the current local market interest rate, and termy is
mortgage loan term calculated by

(4.1)

1~

log mopipmt,;
° \origamt, x (noterate;/ 1200) + mopipmt,
log (1 + noterate;/1200) x 3

termy = , (4.2)

where origamt, is original loan amount,.

18



estimate of the variance in price for each house in the sample, by metropolitan

area and elapsed time since purchase.!

Estimates of the mean and variance of individual house prices, together with

! Housing price indices and their volatilities are estimated according to the three stage proce-
dure suggested by Case and Shiller [’ and modified by Quigley and Van Order[26]. The model
assumes that log price for ith house at time ¢ is given by

P:t = It + H.;t +Ngt (43)

where I; is the logarithm of the regional housing price level, H;; is a Gaussian random walk,
such that,

ElHis- - it]2 = 0,

EHip- - Hal® = 710} +72%02;

and Nj; is white noise, such that,

E [.‘Vit] =
ENg)? =

¥

ol

v~ O

The model is estimated on paired sales of owner occupied housing. In the first stage, the
log price of the second sale minus the log price of the first sale is regressed on a set of dummy
variables, one for each time period in the sample except the first period. The dummy variables
have values of zero in every quarter except the quarter in which the sales occurred. For the
quarter of the first sale, the dummy is ~1, and for the quarter of the second sale, the dummy is
+1. (This follows Bailey, Muth, and Nourse (3] exactly.)

In the second stage, the squared residuals (62) from each observation in the first stage are

regressed upon T and 72
€2 =A+Br+Cr?, (4.4)

where 7 is the interval between the first and second sale. The coefficients A, B, and C are

estimates of o2, 0',2“, and 0,2,2 respectively.

In the third stage, the stage one regression is reestimated by GLS with weights

VAT BrrCre.

The estimated log price level difference (f,+,—ft) is normally distributed with mean

(It+r — It), and variance (T‘O'gl +Tzaf’;2 + o‘f). Denote msa, = exp (IT) as the estimated re-
MSQytr

> is normally distributed with mean ([4r — I,)

gional housing price index; then log (

and variance (102 + 7202 +02).
Means and Variances are estimated for each of 30 major MSA regions using samples of paired
sales. There are about four million paired sales in the Freddie Mac data base.

19



the unpaid mortgage balance (computed from the contract terms). permit us to
estimate the distribution of homeowner equity quarterly for each observation. In
particular, “EQY™ is the estimate of equity. “EQR" is the equity ratio, and
“PNEQ” is the probability that equity is negative, i.e., the probability that the
put option is in the money.!2

As proxies for other “trigger events,” we include measures of the quarterly

unemployment rate and the annual divorce rate.!3

2Specifically, equity for the Ith loan observation is defined as:

mktvalue; — pdvunpblc,

eqyr =
b mktvalue;
term, -T; .
. TMSAy, k47 mopipmt; x 3

purprice; X ———t=tTT Z -

MSAyy,k, = (1+noterate;/400)
= ; maa, :
DUTPrice; X ——eLRIFTTE

msay, x, (4.5)

1 termy—r,
(LTV/100) (1 B (l + noterate¢/400> >

- termy
NSy, +7 x |1~ 1
M3y, x, 1 + noterate; /400

where purprice; is the purchasing price of the house at the time of loan initiation. and pdvunpblic;
is the present discounted value of the remaining loan balance.
The probability of negative equity, pneq, is thus

]

log (pdvunpbic;) — log (mktvalue,)

b
/o2
ewl Wy FTy

where pdvunpblc; and mktvalue; are defined above, nedf(-) is cumulative standard normal
distribution function, and eihm_,_,.‘_ is defined in footnote 8.

13L'nemployment and divorce rates are measured at the state level. State unemployment data
are reported in various issues of: US Department of Labor, “Employment and Unemployment
in States and Local Areas (Monthly)” and in the “Monthly Labor Review”. State divorce data
are reported in various issues of U.S. National Center for Health Statistics, ~Vital Statistics of

pneq = ncdf (4.6)

20



Figure 1 summarizes the raw data used in the empirical analysis. Panel A
of Figure 1 displays the conditional prepayment rate, separately by loan-to-value
ratio (LTV). as a function of duration. Conditional prepayment rates are slightly
higher for higher LTV loans. Rates increase substantially after the first fifteen
quarters. Panel C of F igure 1 displays raw conditional default rates by LTV. Note
again that default rates increase substantially after about fifteen quarters. Note
also that the default rates increase dramatically with initial LTV. Default rates
for 90 percent LTV loans are four or five times higher than default rates for 80 to
90 percent LTV loans. The default rates for these latter loans are, in turn, about
twice as high as for those with LTV below 80 percent.

Finally, note that conditional default fates are quite low. Even for the riskiest
class of loans. conditional default rates are no higher than two in a thousand in any
quarter. Residential mortgages are relatively safe investments (and simple random
samples of mortgages are likely to contain very few observations on default).

The competing risks CPL model is estimated using a sub-sample of these
loans drawn using a choice-based sampling technique which greatly over samples
defaulted loans. A sample of 1455 mortgage loans was selected, of which 587

were randomly drawn from prepaid loans, 614 from defaults and 274 from cen-

the United States, Volume I1I, Marriage and Divorce”, and in “Statistical Absiract of the U.S.”,
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sored observations. Weights appropriate to this choice-based sample were applied
to the likelihood function, following Manski and Lerman(21], and the coefficient
estimates were obtained by maximum likelihood procedures.

The size of the sub-sample and the covariates included in the analysis are
constrained by the computational intensity of the CPL model. | The model reported
below includes three covariates in the prepayment function and four covariates in
the default function.

For the SPE model. the entire sample of 780,443 loans has been partitioned
into 120 groups, according to 30 major MSAs and 4 LTV groups. For each group,
there are 64 cells. reflecting failure time periods (measured in quarter. from 76:I1to
92:I). Empirical hazard rates of prepayment and default have been calculated for
every period in each cell based on the entire sample. Then the estimated empirical
hazard rates were mapped to 10,977 mortgage loans which were randomly drawn
from the total sample. We assume that the randomly-drawn sub-sample has the
same distribution as the population.

Table 1 presents coefficients of the competing risks model estimated by the
two methods. Each model uses the same set of covariates and the same 1.435 ob-
servations. The results of both models confirm the importance of financial factors

in motivating prepayment and default. For example, when market interest rates

3
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drop. the value of the prepayment option increases. and the prepayment hazard
increases. Similarly, when housing prices decline, the probability of negative eq-
uity increases, and the default hazard increases. Both of these effects are large in
magnitude, but the statistical significance is much higher for the results from the
SPE procedure.

Note also that the probability of negative equity is highly significant in the
prepayment model, verifying the dependence between prepayment and default
behavior. The coefficients of the SPE model provide weak evidence on the link
between initial payment-to-income levels and subsequent default behavior. The
default probabilities are also sensitive to state variations in marital stability.

The model also suggests that unemployment probabilities are negatively re-
lated to default probabilifies, i.€., higher unemployment rates are associated with
lower default rates. This seems surely to be incorrect and may be attributable to
the parsimonious specification of the model.

The process of estimating the parameters in Table 1 also reveals the com-
putational limitations of the CPL method. The estimation of model 1, with
1455 individual mortgages evaluated quarterly for up to 64 qﬁarters took approx-
imately two weeks on a SPARC-2 workstation. Further, it took almost three

weeks to estimate the parameters of model 2 using the CPL method. Finally, it
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Table 1. Competing Risks of Mortgage Termination Estimated

by Cox Partial Likelihood and Semi-parametric Methods

(t ratios in parentheses)

Model 1 . Model 2
Prepayment Defauit Prepayment Default

CPL SPE CPL SPE CPL SPE CPL SPE

POPTION 3722 3117 3.951 3.733

(5.18) (3.10) (7.34) (2579
PNEQ 2.954 1.695 -8.467 -1.106 3.063 3.005
(2.95) (9.02) 2.8D) (2.43) (1.07) 9.67)
Pmnt/Income 0.668 -0.251 0.924 1.452
(0.58) (0.84) (0.23) (2.69)
Unemploymnt -0.016 -0.169
0.05) (5.43)
Divorce -0.126 0.301
0.19 .14

Note: CPL models are estimated by maximum likelihood criteria
- SPE models are estimated by minimum distance criteria usin
reported) are estimated simultaneously under the SPE metho

Kaplan-Meier technique under the CPL method.
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proved computationally infeasible to expand the specification of the model using
the CPL method.

Table 2 presents a variety of models estimated by the SPE method. specifying
the prepayment and default functions as a seemingly unrelated regression system.
These models are estimated using the sample of 10,977 mortgages. This sample
is about seven and a half times as large as that underlying the estimates in table
1. The dependence between prepayment and default behavior is reflected by
the correlations of unobserved error terms between the prepayment and default
functions.

The results again show that financial motivation is of paramount importance
governing the prepayment and default behavior. For example, when the call option
1s in the monev. the prepayment hazard increases very substantially. Similarly a
higher probability of negative equity increases the default hazard and reduces the
prepayment hazard.

Model 3 expands model 2 to include unemployment and divorce variables in
the prepayment function. Both variables are negative and highly significant —
indicating that liquidity constraints (which make refinancing more difficult for
unemployed and divorced households) keep them from exercising in-the-money

call options. The model also includes a variable measuring the initial payment-to-



income ratio. This variable is negative and significant in the default function and
negative and less significant in the prepayment function. These general results
persist across other specifications reported in Tables 2 and 3.1 A smaller mortgage
payment relative to income generally indicates that housing is a smaller fraction
of the borrower’s investment portfolio. More sophisticated investors. such as these
borrowers. are apparently more likely to behave in a ruthless fashion in the face
of equity declines.

Model 4 expands model 3 to include the initial loan-to-value ratio. The variable
Is positive and highly significant, particularly in the default function. This may
well reveal borrowers’ risk preferences.

In Models 5 and 6. we impose the constr.aint that as the probability of negative
equity ratio approaches zero, then the probability of default also approaches zero.
The results are basically similar, but the statistical significance of the variable is
substantially increased.

Models 7 and 8 investigate the effects of different thresholds in the equity
ratio and the initial LTV upon prepayment and default behavior. We include
two dummy variables with values of one if the probability of negative equity is

less than ten percent, or if the probability of negative equity lies between ten and

HThese results also persisted in a variety of other specifications not reported here.
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thirty percent. respectively. We also include two dummy variables with values
of one if the initial LTV is less than 80 percent, or if the initial LTV is at least
95 percent, respectively. Clearly the hazard of prepayment declines as the equity
ratio is reduced. while the hazard of default increases as the equity ratio is reduced.
The higher LTV group is substantially more likely to exercise both prepayment
and default options.

In Table 3. we report the results when a fully simultaneous relationship be-
tween household prepayment and default is postulated. The probability of de-
fault is included in the prepayment function, and the probability of prepayment
1s included in the default function. Coefficients of the two-equation system are
estimated by three stége least squares. ‘Each of the models illustrates that the
probability of prepayment hazard has a negative effect on default behavior, but
that the probability of default hazard is insignificant in the prepayment function.
Npte also that these two endogenous variables are highly correlated with the vari-
ables measuring option value, “POPTION™ and “PN EQ”. This suggests that
the simultaneous equation system may not be a good empirical specification in
modeling mortgage prepayment and default behavior.

Figure 2 presents the estimated baseline hazards using the two different esti-

mation approaches. Panels A and B illustrate the baseline hazards from the CPL
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Table 3. 3SLS Estimates of Competing Risks

of Mortgage Prepayment and Default
(t ratios in parentheses)

Model 9 Model 10 Modet 11
Prepmt  Default Prepmt  Default Prepmt  Default
POPTION 0.057 0.065 0.068
(4.11) (4.53) 4.78)
PNEQ -1.057 4.278 -1.046 5.057 -1.067 6.967
(24.18) (3.31)  (23.95) +.74) (248D (7.52)
LTV 0.039 2.651 0.044 2.603
(2.30) (3339 (2.66) (3434
Pmnt/Income -0.113 -1.499 -0.123 -1.755
(3.07) (8.07) (3.32) (1043
Unemploymnt <0.046 -0.048 -0.047 -0.084 -0.046 0.077
(27.09) (0.96) (27.28) (1.67)  (27.06) (1.79)
Divorce -0.087 -0.114 -0.085 -0.089 -0.086 0.134
(2L.23) (1.20)  (20.82) (0.96)  (20.92) (1.68)
Prob Prepmnt -1.149 -1.476 -1.527
(1.10) (1.43) (1.74)
Prob Default 0.000 0.000 0.000
(0.00) (0.00) (0.00)
Var. of Res. 0.071 1.330 0.071 1.568 0.071 1.254
Cov. of Res. 0.107 0.132 -0.085
R? 0.866 0.279 0.866 0.169 0.866 0.306

Note: All models are estimated by SPE using 10,977 observations. Baseline
hazard estimates are not reported.
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Figure 2

Log Baseline Hazard
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model. using the two-step procedure.!® In general, the baseline hazard funcrions
have an increasing slope during the first fifteen years of the mortgage life.'® This
indicates that the proportional hazard specification is more appropriate for the
mortgage prepayment and default model than the logit model or simple regression
models.

Figures 3 and 4 illustrate the difference between hazard rates estimated jointly
from the competing risks model and those estimated separately. We use Freddie
Mac’s interest rate and house price inflation model to generate 300 random paths
of mortgage interest rates and 300 random paths of house price inflation rates.!”
All simulations use the SPE approach. The solid lines in both figures are the
average cumulative unconditional default and prepayment rates simulated from
the joint (SPE) estimation of default and prepayment functions. The dotted lines
in both figures are the average cumulative unconditional default and prepayment
rates estimated separately. The shadowed lines in figure 3 are the average cumula-

tive unconditional default rates estimated from the default function by assuming

Y5For the CPL model, baseline hazards are estimated quarterly, given the coeffcient estimates,
using the procedure estimated by Kaplan and Meier. For the SPE model, quarterly baseline
hazards are estimated simultaneously with the coefficients.

8The data set is not sufficient to investigate the shape of the baseline for the second half of
the life of 30 year mortgages.

1"The mean value of the house price inflation rate is set at 10 percent annually and the mean
level of the mortgage contract rate is set at 8 percent. Series are generated from mean reverting
processes with positive correlation. The mean value of unemployment and divorce rates are set
at 8 and 6 percent respectively.
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Figure 3

Simulated Cumulative Default Rates (LTV=95)
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Figure 4

Prepayment
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that prepayment follows an exogenously specified industry rule of thumb.®® The
figure indicates that the single risk model over-predicts the cumulative default
rate dramatically when the prepayment risk is ignored. The prediction error in
the single risk model increases with LTV as well as the mortgage age. (This arises
because the single risk default model ignores the negative effect of the prepayment
option upon borrowers’ default behavior.) However, if we assume a widely used
mechanical pattern of prepayment (the “PSA standard”), the single risk estima-
tion still greatly over-predicts the cumulative default rate at high LTV,1° and it
under-predicts the cumulative default rafe when LTV equals 80. In contrast. the

prediction error from the single risk model of prepayment is a good bit smaller.

5. Conclusion

This paper has presented a unified model of the competing risks of mortgage
termination by prepayment and default. The model considers the two hazards as
dependent competing risks and estimates them jointly. The paper also presents

a semi-parametric estimation approach for the dependent competing risks hazard

18 This rule of thumb, the “PSA Standard,” is defined as follows: 0 percent constant prepay-
ment rate (CPR) in month zero, increasing by .2 percent CPR monthly, rising to 6 percent CPR
in month 30, and remaining at 6 percent CPR thereafter through maturity.

1SFor LTV = 95, the average cumulative default rate is 31 percent higher from single risk
estimation after 54 quarters (the end of the sample). For LTV = 90, the average cumulative
rate is 17 percent higher.
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model with time-varying covariates. As shown, the SPE has several important
acvantages over the CPL when applied to mortgage prepayment and default.

The substantive results of the analysis provide powerful support for the contin-
gent claims model which predicts the exercise of financial options. The financial
value of the call option is strongly associated with exercise of the prepayvment
option. and the probability that the put option is in the money is strongly associ-
ated with exercise of the default option. The results also provide strong support
for the interdependence of the decisions to prepay and to default on mortgage
obligations.

The results also indicate that liquidity constraints play an important role in
the exercise of options in the mortgage market. Ceteris paribus, mortgage holders
who are at greater risk for unemployment (as measured by the unemployment
rate in their state of residence) are less likely to exercise in-the-money prepayment
options, as are those who are at greater risk for divorce (at least as measured by
the divorce rate in their state). Those who are more likely to have low levels
of equity are also less likely to exercise prepayment options when it is in their
financial interest to do so. All three of these results are explicable, not by option

theory, but rather by liquidity constraints which arise from qualification rules

typically enforced by lenders in mortgage refinance.
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The results also suggest that, holding other things constant, those who have
chosen high initial LTV loans are more likely to exercise options in the mortgage
market — prepayment as well as default. Further, those whose income. wealth.
or housing demands permit them to choose low initial payment-to-income levels
seem consistently more likelv to behave ruthlessly in the exercise of default op-
tions. It appears that these factors. known at the time mortgages are issued, also
reflect investor preferences for risk and investor sophistication in the market for

mortgages on owner-occupied housing.
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